162

LEVY PROCESSES
IN LIE GROUPS

MING LIAG



http://www.cambridge.org/9780521836531

This page intentionally left blank



LEVY PROCESSES IN LIE GROUPS

The theory of Lévy processes in Lie groups is not merely an extension of
the theory of Lévy processes in Euclidean spaces. Because of the unique
structures possessed by noncommutative Lie groups, these processes exhibit
certain interesting limiting properties that are not present for their counter-
parts in Euclidean spaces. These properties reveal a deep connection between
the behavior of the stochastic processes and the underlying algebraic and
geometric structures of the Lie groups themselves.

The purpose of this work is to provide an introduction to Lévy processes in
general Lie groups, the limiting properties of Lévy processes in semi-simple
Lie groups of noncompact type, and the dynamical behavior of such processes
as stochastic flows on certain homogeneous spaces. The reader is assumed to
be familiar with Lie groups and stochastic analysis, but no prior knowledge
of semi-simple Lie groups is required.
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Preface

The present volume provides an introduction to Lévy processes in general Lie
groups, and hopefully an accessible account on the limiting and dynamical
properties of such processes in semi-simple Lie groups of non-compact type.
Lévy processes in Euclidean spaces, including the famous Brownian motion,
have always played a central role in probability theory. In recent times, there
has been intense research activity in exploring the probabilistic connections
of various algebraic and geometric structures, therefore, the study of stochastic
processes in Lie groups has become increasingly important. This book is
aimed at serving two purposes. First, it may provide a foundation to the theory
of Lévy processes in Lie groups, as this is perhaps the first book written on
the subject, and second it will present some important results in this area,
revealing an interesting connection between probability and Lie groups.

Please note: when referring to a result in a referenced text, the chapter and
enunciation numbering system in that text has been followed.

David Applebaum, Olav Kallenberg and Wang Longmin read portions of
the manuscript and provided useful comments. Part of the book was written
during the author’s visit to Nankai University, Tianjin, China in the fall of
2002. I wish to take this opportunity to thank my hosts, Wu Rong and Zhou
Xingwei, for their hospitality. It would be hard to imagine this work ever
being completed without my wife’s support and understanding.
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Introduction

Like the simple additive structure on an Euclidean space, the more compli-
cated algebraic structure on a Lie group provides a convenient setting under
which various stochastic processes with interesting properties may be de-
fined and studied. An important class of such processes are Lévy processes
that possess translation invariant distributions. Since a Lie group is in general
noncommutative, there are two different types of Lévy processes, left and
right Lévy processes, defined respectively by the left and right translations.
Because the two are in natural duality, for most purposes, it suffices to study
only one of them and derive the results for the other process by a simple
transformation. However, the two processes play different roles in applica-
tions. Note that a Lévy process may also be characterized as a process that
possesses independent and stationary increments.

The theory of Lévy processes in Lie groups is not merely an extension of the
theory of Lévy processes in Euclidean spaces. Because of the unique structures
possessed by the noncommutative Lie groups, these processes exhibit certain
interesting properties that are not present for their counterparts in Euclidean
spaces. These properties reveal a deep connection between the behavior of the
stochastic processes and the underlying algebraic and geometric structures of
the Lie groups.

The study of Lie group—valued processes can be traced to F. Perrin’s work
in 1928. Itd’s article on Brownian motions in Lie groups was published in
1951. Hunt [32] in 1956 obtained an explicit formula for the generator of
a continuous convolution semigroup of probability measures that provides
a complete characterization, in the sense of distribution, of Lévy processes
in a general Lie group. More recently, Applebaum and Kunita [3] in 1993
proved that a Lévy process is the unique solution of a stochastic integral
equation driven by a Brownian motion and a Poisson random measure. This
corresponds to the Lévy —It6 representation in the Euclidean case and provides
a pathwise characterization of Lévy processes in Lie groups.
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The celebrated Lévy—Khintchine formula provides a useful Fourier trans-
form characterization of infinite divisible laws, or distributions of Lévy pro-
cesses, on Euclidean spaces. For Lévy processes in Lie groups, there is also
a natural connection with Fourier analysis. Gangolli [22] in 1964 obtained
a type of Lévy—Khintchine formula for spherically symmetric infinite divis-
ible laws on symmetric spaces, which may be regarded as a result on Lévy
processes in semi-simple Lie groups. More generally, Fourier methods were
applied to study the probability measures on locally compact groups (see, for
example, Heyer [28] and Siebert [55]) and to study the distributional conver-
gence of random walks to Haar measures on finite groups and in some special
cases Lie groups (see Diaconis [15] and Rosenthal [53]). Very recently, the
author [43] studied the Fourier expansions of the distribution densities of Lévy
processes in compact Lie groups based on the Peter—Weyl theorem and used
it to obtain the exponential convergence of the distributions to Haar measures.

Perhaps one of the deepest discoveries in probability theory in connection
with Lie groups is the limiting properties of Brownian motions and random
walks in semi-simple Lie groups of noncompact type, both of which are ex-
amples of Lévy processes. Dynkin [16] in 1961 studied the Brownian motion
X, in the space X of Hermitian matrices of unit determinant. He found that,
as time t — 00, x, converges to infinity only along certain directions and at
nonrandom exponential rates. The space X may be regarded as the homoge-
neous space SL(d, C)/SU(d), where SL(d, C) is the group of d x d complex
matrices of determinant 1 and SU (d) is the subgroup of unitary matrices. The
Brownian motion x; in X may be obtained as the natural projection of a con-
tinuous Lévy process in SL(d, C). Therefore, the study of x;, in X may be
reduced to that of a Lévy process in the Lie group SL(d, C).

The matrix group SL(d, C) belongs to a class of Lie groups called semi-
simple Lie groups of noncompact type and the space X is an example of a
symmetric space. Such a symmetric space possesses a polar decomposition
under which any point can be represented by “radial” and ‘“angular” com-
ponents (both of which may be multidimensional). Dynkin’s result says that
the Brownian motion in X has a limiting angular component and its radial
component converges to oo at nonrandom exponential rates. This result is
reminiscent of the fact that a Brownian motion in a Riemannian manifold
of pinched negative curvature has a limiting “angle” (see Prat [49]). How-
ever, the existence of the angular limit is not implied by this fact because a
symmetric space of noncompact type may have sections of zero curvature.

Part of Dynkin’s result, the convergence of the angular component, was
extended by Orihara [47] in 1970 to Brownian motion in a general symmetric
space of noncompact type. Malliavin and Malliavin [44] in 1972 obtained a
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complete result for the limiting properties of a horizontal diffusion in a general
semi-simple Lie group of noncompact type. See also Norris, Rogers, and
Williams [46], Taylor [56, 57], Babillot [6], and Liao [38] for some more
recent studies of this problem from different perspectives.

In a different direction, Furstenberg and Kesten [21] in 1960 initiated the
study of limiting properties of products of iid (independent and identically
distributed) matrix or Lie group—valued random variables. Such processes
may be regarded as random walks or discrete-time Lévy processes in Lie
groups. The study of these processes was continued in Furstenberg [20],
Tutubalin [58], Virtser [59], and Raugi [51]. In Guivarc’h and Raugi [24], the
limiting properties of random walks on semi-simple Lie groups of noncompact
type were established under a very general condition. These methods could
be extended to a general Lévy process. This extension was made in Liao [40]
and was applied to study the asymptotic stability of Lévy processes in Lie
groups viewed as stochastic flows on certain homogeneous spaces.

The discrete-time random walks in Lie groups exhibit the same type of
limiting properties as the more general Lévy processes. However, the limit-
ing properties of continuous-time Lévy processes do not follow directly from
them. The Lévy processes also include diffusion processes in Lie groups that
possess translation invariant distributions. The limiting properties of such pro-
cesses can be studied in connection with their infinitesimal characterizations,
namely, their infinitesimal generators or the vector fields in the stochastic
differential equations that drive the processes. For example, the limiting ex-
ponential rates mentioned here may be expressed in terms of the generator or
the vector fields, which allows explicit evaluation in some special cases.

The limiting properties of Lévy processes may also be studied from a
dynamic point of view. If the Lie group G acts on a manifold M, then a
right Lévy process g; in G may be regarded as a random dynamical system,
or a stochastic flow, on M. The limiting properties of g, as a Lévy process
imply interesting ergodic and dynamical behaviors of the stochastic flow.
For example, the Lyapunov exponents, which are the nonrandom limiting
exponential rates at which the tangent vectors on M are contracted by the
stochastic flow, and the stable manifolds, which are random submanifolds of
M contracted by the stochastic flow at the fixed exponential rates, can all be
determined explicitly in terms of the group structure.

The purpose of this work is to provide an introduction to Lévy processes
in general Lie groups and, hopefully, an accessible account on the limiting
and dynamical properties of Lévy processes in semi-simple Lie groups of
noncompact type. The reader is assumed to be familiar with Lie groups and
stochastic analysis. The basic definitions and facts in these subject areas that
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will be needed are reviewed in the two appendices at the end of this work.
However, no prior knowledge of semi-simple Lie groups will be assumed.

Because the present work is not intended as a comprehensive treatment
of Lévy processes in Lie groups, many interesting and related topics are not
mentioned, some of which may be found in the survey article by Applebaum
[1]. The distribution theory and limiting theorems of convolution products
of probability measures in more general topological groups and semigroups
can be found in Heyer [28] and in Hognés and Mukherjea [29]. The theory
of Lévy processes in Euclidean spaces has been well developed and there
remains enormous interest in these processes (see Bertoin [9], Sato [54], and
the proceedings in which [1] appears).

This work is organized as follows: The first chapter contains the basic
definitions and results for Lévy processes in a general Lie group, including
the generators of Lévy processes regarded as Markov processes, the Lévy
measures that are the counting measures of the jumps of Lévy processes, and
the stochastic integral equations satisfied by Lévy processes. In Chapter 2,
we study the processes in homogeneous spaces induced by Lévy processes
in Lie groups as one-point motions, we will discuss the Markov property of
these processes and establish some basic relations among various invariance
properties, and we will show that a Markov process in a manifold invariant
under the action of a Lie group G is the one-point motion of a Lévy process
in G. We will also discuss Riemannian Brownian motions in Lie groups and
homogeneous spaces. Chapter 3 contains the proofs of some basic results
stated in the previous two chapters, including Hunt’s result on the generator
[32] and the stochastic integral equation characterization of Lévy processes
due to Applebaum and Kunita [3]. In Chapter 4, we study the Fourier expan-
sion of the distribution densities of Lévy processes in compact Lie groups
based on the Peter—Weyl theorem and obtain the exponential convergence of
the distribution to the normalized Haar measure. The results of this chapter
are taken from Liao [43]. In the first four chapters, only a basic knowledge
of Lie groups will be required.

In the second half of the book, we will concentrate on limiting and dynam-
ical properties of Lévy processes in semi-simple Lie groups of noncompact
type. Chapter 5 provides a self-contained introduction to semi-simple Lie
groups of noncompact type as necessary preparation for the next three chap-
ters. The basic limiting properties of Lévy processes in such a Lie group are
established in Chapters 6. To establish these results, we follow closely the
basic ideas in Guivarc’h and Raugi [24], but much more detail is provided
with considerable modifications. We also include in this chapter a simple
and elementary proof of the limiting properties for certain continuous Lévy
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processes. Additional limiting properties under an integrability condition,
including the existence of nonrandom exponential rates of the “radial com-
ponents,” are established in Chapter 7. In Chapter 8, the dynamical aspects of
the Lévy processes are considered by viewing Lévy processes as stochastic
flows on certain compact homogeneous spaces. We will obtain explicit ex-
pressions for the Lyapunov exponents, the associated stable manifolds, and
a clustering pattern of the stochastic flows in terms of the group structures.
The main results of this chapter are taken from Liao [40, 41, 42].



1

Lévy Processes in Lie Groups

This chapter contains an introduction to Lévy processes in a general Lie
group. The left and right Lévy processes in a topological group G are de-
fined in Section 1.1. They can be constructed from a convolution semigroup
of probability measures on G and are Markov processes with left or right
invariant Feller transition semigroups. In the next two sections, we introduce
Hunt’s theorem for the generator of a Lévy process in a Lie group G and
prove some related results for the Lévy measure determined by the jumps of
the process. In Section 1.4, the Lévy process is characterized as a solution of a
stochastic integral equation driven by a Brownian motion and an independent
Poisson random measure whose characteristic measure is the Lévy measure.
Some variations and extensions of this stochastic integral equation are dis-
cussed. The proofs of the stochastic integral equation characterization, due to
Applebaum and Kunita, and of Hunt’s theorem, will be given in Chapter 3.
For Lévy processes in matrix groups, a more explicit stochastic integral equa-
tion, written in matrix form, is obtained in Section 1.5.

1.1. Lévy Processes

The reader is referred to Appendices A and B for the basic definitions and
facts on Lie groups, stochastic processes, and stochastic analysis.

We will first consider Lévy processes in a general topological group G.
A topological group G is a group and a topological space such that both the
product map, G x G > (g, h) — gh € G, and the inverse map, G > g
g‘l € G, are continuous. Starting from the next section, we will exclusively
consider Lévy processes in Lie groups unless explicitly stated otherwise. A
Lie group G is a group and a manifold such that both the product and the
inverse maps are smooth. In this work, a manifold is always assumed to be
smooth (i.e., C*) with a countable base of open sets.

Let G be a topological group and let g, be a stochastic process in G. For
s < t,since g = 8,8, g = 88, ' g5, we will call g;'g, the right increment
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and g, g;l the left increment of the process g; over the time interval (s, ?).
The process g, is said to have independent right (resp. left) increments if these
increments over nonoverlapping intervals are independent, that is, if for any
O<ti<th<--<ty,

20, 80 &1 gglgzz,-.., g,}llgzn (resp. go. gngo_',gzzg,j‘,...,gf,,g,jf,)

are independent. The process is said to have stationary right (resp. left) in-
crements if g7'g, £ 20 gy (resp. gg;! £ g8, ") for any s < t, where
x4 y means that the two random variables x and y have the same distribution.

A stochastic process x; in a topological space is called cadlag (continu a
droite, limites a gauche) if almost all its paths t — g, are right continuous on
R, = [0, oco) and have left limits on (0, o).

A cadlag process g; in G is called a left Lévy process if it has independent
and stationary right increments. At the moment it may seem more natural to
call a left Lévy process a right Lévy process because it is defined using its
right increments. However, we call it a left Lévy process because its transition
semigroup and generator are invariant under left translations, as will be seen
shortly. Similarly, a cadlag process g, in G is called a right Lévy process if it
has independent and stationary left increments.

Given a filtration {F;}, a left Lévy process g; in G is called a left Lévy
process under {F;}, or a left {F;}-Lévy process, if it is {F;}-adapted and, for
any s < t, g_''g is independent of F;. A right {F,}-Lévy process is defined
similarly. Evidently, a left (resp. right) Lévy process is always a left (resp.
right) Lévy process under its natural filtration {F"}.

If g, is aleft Lévy process, then g, is a right Lévy process, and vice versa.
This is a one-to-one correspondence between left and right Lévy processes.
There are other ways to establish such a correspondence; for example, if G
is a matrix group and g’ denotes the matrix transpose of ¢ € G, then g, < g;
gives another one-to-one correspondence between left and right Lévy pro-
cesses. Because of the duality between the left and right Lévy processes, any
result for the left Lévy process has a counterpart for the right Lévy process,
and vice versa. We can concentrate only on one of these two processes and
derive the results for the other process by a suitable transformation. In the
following, we will mainly concentrate on left Lévy processes, except in Chap-
ter 8 and a few other places where it is more natural to work with right Lévy
processes.

Let g, be a left Lévy process in G. Define

g =g g (1.1)
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Then g¢ is aleft Lévy process in G starting at the identity element e of G, that
is, g§ = e, and is independent of go. Note that, fort > s, (g9)7'g¢ = g 'g:.

Itis clear that if g, is a left Lévy process under a filtration {#;} and if s is a
fixed element of R, then g, = g, ' g, is a left Lévy process identical in dis-
tribution to the process g¢ and independent of F;. The following proposition
says that s may be replaced by a stopping time.

Proposition 1.1. Let g, be a left Lévy process under a filtration {F;}. If t
is an {F;} stopping time with P(t < 00) > 0, then under the conditional
probability P(- | T < 00), the process g, = g7 ' g.1, is a left Lévy process in
G that is independent of F; and has the same distribution as the process g7
under P.

Proof. First assume 1 takes only discrete values. Fix 0 <t <f, <--- <
tk, ¢ € C.(G*¥) and & € (F;)4, where (F;); is the set of nonnegative F,-
measurable functions. Because & 1[;=;; € (F;)+, we have

E[¢(g;1gf+lla sy g;lg‘[-‘rt}()é | T < Oo]
=Y E[p(8 " grn- -8 gr4n )6 T =1]/P(T < 00)
<00
=Y E[¢(g " 8- & 8i4e) | EE: T =1)/P(r < 00)
<00
_ —1 -1
= E[¢(g0 8o 80 g,k)]E(E | T < 00). (1.2)
Setting E=1 yields E[¢(g- " grirys - » 8 8ras) | T < 00] =
E[qﬁ(galg,], ey galg,k)]. Therefore, for a general £ € (F°).,, the expression

in (1.2) is equal to
El¢(g; " gerny - 87 gran) | T < 001 E( | T < 00).

This proves the desired result for a discrete stopping time 7.

For a general stopping time t, let t, = (k + 1)27" on the set [k - 27" <
T < (k+1)27"]fork =0,1,2,.... Then t, are discrete stopping times and
7, | T asn 1 oo. The result for t follows from the discrete case and the right
continuity of g,. 0

Let B(G) be the Borel o-algebra on G and let B(G), be the space of
nonnegative Borel functionson G.Fort € R, g € G,and f € B(G).,define

P f(g) = E[f(gg’)]. (1.3)
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Because g; is a left Lévy process, fort > s and f € B(G),

E[f(s) | F)] = E[f(8:87'80) | ] = E[£ (hg{_))] . = Pi-s £(85).

almost surely. If g = go, then taking the expectation of this expression, we
obtain P, f(g) = Py P, f(g). This shows that {P,; t € R} is a semigroup
of probability kernels on G and that g, is a Markov process with transition
semigroup P, (see Appendix B.1).

Foranyg € G,letL,:G > g + gg' € Gand R,;: G 5 g' — g'g € G be,
respectively, the left and right translations on G. Let¢,: G 3 g’ — gg'g ! €
G be the conjugation map on G.

Let H be a subgroup of G. A linear operator T with domain D(T'), oper-
ating in some function space on G, is called left H-invariant if it is invariant
under Lj, for all h € H, that is, if

VhieH and feD(T), foL,e D(T) and T(foLy) = (Tf)oLy.

Similarly, a right H-invariant operator 7 is defined using R, instead of L.
A left (resp. right) G-invariant operator will simply be called left (resp. right)
invariant. A semigroup of probability kernels {P,} will be called left (resp.
right) (resp. H-) invariant if each P; is such an operator on G with domain
By (G), the space of all the bounded Borel functions on G. A Markov process
with such a transition semigroup will be called left (resp. right) (resp. H-)
invariant.

Now assume the topological group G is locally compact and has a count-
able base of open sets. Then by (1.3) and the right continuity of the process
&, it can be shown that P, is a Feller semigroup and is left invariant on G.
Therefore, g, is a Feller process and is left invariant on G. See Appendix B.1
for the definition of Feller processes.

For any measure ; and measurable function f on a measurable space, the
integral [ f dp may be written as u(f). In the following, the measurability
consideration on a topological space will always refer to the Borel o -algebra of
the space unless explicitly stated otherwise. The convolution of two measures
@ and v on G is a measure u * v on G defined by

W v(f) = / Flghyudg)v(dh) (14)

for f € B(G);+. A convolution semigroup of probability measures on G is a
family {11;; ¢ € R} of probability measures on G such that ;1o = §, (the unit
pointmass ate) and p; * s = ;44 fors, t € Ry. It will be called continuous
if u; — 8, weakly ast — 0. Then u; — u; weaklyast | s forany s € R,.
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Let g, be a left Lévy process in G and let {1;; t € R} be the family of
the marginal distribution of the process g;; that is, j, is the distribution of gf
for each t € R,.. Note that u, = P;(e, -). Then {u,; t € R,} is a continuous
convolution semigroup of probability measures on G and

P.f(g) = / Flghma(dh). (15)

Conversely, let {i;; t € R} be a continuous convolution semigroup of
probability measures on G. Then P, defined by (1.5) is a left invariant Feller
semigroup. By the discussion in Appendix B.1, there is a cadlag Markov pro-
cess g, in G with transition semigroup P, and an arbitrary initial distribution.
By the Markov property of the process g;, for s < ¢,

E[f (8 8)IF)] = Pis(f 0 L)) lgmgr1 = tu—s(f),

almost surely, where {70} is the natural filtration of the process g;. This shows
that the process g, has independent and stationary right increments; therefore,
itis a left Lévy process in G. Note that if g, is a cadlag Markov process with
a left invariant transition semigroup Py, then u, = P;(e, -) is a continuous
convolution semigroup of probability measures on G satisfying (1.5), and
hence g; is a left Lévy process.

To summarize, we record the following result:

Proposition 1.2. Let G be a locally compact topological group with a count-
able base of open sets.

(a) A left Lévy process g; in G is a Markov process with a left invariant
Feller transition semigroup P, given by (1.3). Moreover, the marginal
distributions |1, of the process gf = g Lg, form a continuous convolu-
tion semigroup of probability measures on G satisfying (1.5).

(b) If {1 t € Ry} is a continuous convolution semigroup of probability
measures on G and v is a probability measure on G, then there is a
left Lévy process g, in G with initial distribution v such that |, is the
distributions of g; for eacht € Ry.

(c) A left invariant cadlag Markov process g; in G is a left Lévy process
in G.

1.2. Generators of Lévy Processes

Let M be a manifold. For any integer k > 0, let C¥(M) be the space of the
real- or complex-valued functions on M that have continuous derivatives up
to order k with C(M) = C°(M) being the space of continuous functions on
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M and C®(M) = -0 CHM). Let Cf(M) denote the space of the functions
in C*(M) with compact supports. Let C,,(M), Co(M), and C,, (M) be, respec-
tively, the space of bounded continuous functions, the space of continuous
functions convergent to 0 at oo, and the space of uniformly continuous func-
tions on M with respect to the topology of the one-point compactification of
M. The spaces C(M), C.(M), C,(M), Co(M), and C,(M) are also defined
for a locally compact Hausdorff space M with a countable base of open sets.

From now on, we will assume that G is a Lie group of dimension d with
Lie algebra g unless explicitly stated otherwise.

Hunt [32] found a complete characterization of left invariant Feller semi-
groups of probability kernels on G, or equivalently, left Lévy processes in G,
by their generators. To state this result, we will fix a basis {X, X5, ..., X4}
of g. There are functions x1, x2, ..., x4 € C2°(G) such that x;(e) = 0 and
X jx; = §i. These functions may be used as local coordinates in a neighbor-
hood of the identity element e of G with X; = (d/dx;) at e, and, hence, will
be called the coordinate functions associated to the basis {X;, ..., X;}.Ina
neighborhood U of e, which is the diffeomorphic image of some open subset
of g under the exponential map exp of the Lie group G, x; may be defined
to satisfy g = exp[)_; x;(g)X;] for g € U. Note that the coordinate functions
are not uniquely determined by the basis, but if x{, ..., x; form another set
of coordinate functions associated to the same basis, then

x| =x; + O(|x|*) (1.6)
on some neighborhood of e, where |x|* = "7 x7.

Any X e ginduces aleft invariant vector field X’ on G defined by X'(g) =
DL,(X), where DL, is the differential map of L,. It also induces a right
invariant vector field X" on G defined by X"(g) = DR,(X). For any integer
k > 0,let C4"(G) be the space of f € CK(G) N Cy(G) such that

Y feCyG), YIYifeCyG), ..., YYI...YlfecCyG)

for any Yq, Ya, ..., Yi € g. We may call Cé’](G) the space of functions on
G with continuous derivatives vanishing at oo taken with respect to left in-
variant vector fields up to order k. The space Cg "(G) of functions on G with
continuous derivatives vanishing at co taken with respect to right invariant
vector fields up to order k is defined similarly with ¥/ replaced by Y.

Theorem 1.1. Let L be the generator of a left invariant Feller semigroup of
probability kernels on a Lie group G. Then its domain D(L) contains Cé’l(G),
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andVf € C;'(G) and g € G,

1 d d
Lf(®) =5 > apXi X f@+ > Xl f(g)

jik=1 i=1

o,

where a i, c; are constants with {a .} being a nonnegative definite symmetric
matrix, and I1 is a measure on G satisfying

d
fgh) = £(@) = > xi(WX! f(g)| Tdh),  (1.7)
i=1

d
M{e}) =0, n <Zx3> < o0, and TI(U®) <oo  (1.8)
i=1

for any neighborhood U of G with U€ being the complement of U in G.

Conversely, if the matrix {a;i} and the measure I1 satisfy the conditions
here and c; are arbitrary constants, then there exists a unique left invariant
Feller semigroup P; of probability kernels on G whose generator L restricted
to C'(G) is given by (1.7).

Note that the condition (1.8) on IT is independent of the choice of the
basis { X1, ..., X4} of g and the associated coordinate functions x, ..., x4 €
C2°(G). A measure IT on G satisfying this condition will be called a Lévy
measure on G. It will be called the Lévy measure of a Feller semigroup P, if
itis associated to P, as in Theorem 1.1, and it will be called the Lévy measure
of a Lévy process g, if P, is the transition semigroup of g,. Clearly, any finite
measure on G that does not charge e is a Lévy measure.

In some of the literature, the functions x1, ..., x; are not assumed to be
compactly supported; then one should replace H(Zﬁlzl x?) < oo in (1.8) by
Ju Z?: | X?dT1 < oo and require U to be relatively compact. However, in the
present work, we will always assume that the coordinate functions xy, ..., x4
are contained in C°(G).

The proof of Theorem 1.1 will be given in Chapter 3. The reader is referred
to theorem 5.1 in [32] for Hunt’s original proof. Some obscure points in
Hunt’s paper was clarified by Ramaswami [50]. A complete proof of Hunt’s
result is also given in Heyer [28, chapter IV]. Note that Hunt’s original result
was stated in a slightly different form. He regarded the generator L as an
operator on C,(G), the space of uniformly continuous functions on G under a
metric compatible with the one-point compactification topology on G, and he
proved that its domain contains the space of functions f € C,(G) N C*(G)
such that X' f, X'Y! f € C,(G) for any X,Y € g and established (1.7) for
such functions. Because such a function f can be written as f = fy+ ¢
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for some f € Cg’l (G) and ¢ € R (the set of real numbers), it follows that
Theorem 1.1 is equivalent to Hunt’s original result.

Let U be a neighborhood of e that is a diffeomorphic image of
the exponential map. Assume the coordinate functions x; satisfy g =
exp[Zf’z1 xi(g)X;] for g € U.Let f € C*(G). Applying Taylor’s expansion
to ¢(r) = f(gexp(r 0, x: X;)), we obtain

d 1 d
F&h) = f(@ =Y _xiXif(@) =5 > x;(xeMX;X; f(gh) (1.9)
i=1 Jok=1

for g € G and h € U, where h’' = exp[t Z?:l x;(h)X;] for some ¢ € [0, 1].
In particular, the left-hand side of (1.9) is O(|x|?), and itis O(|x|?) even when
the x;s are arbitrary coordinate functions associated to the same basis due to
(1.6). Therefore, by the condition (1.8) imposed on IT, the integral in (1.7) is
well defined and Lf € Co(G) for f € CF(G).

Proposition 1.3. The differential operator D = (1/2) Zj‘l,k=1 aj XX, on
C*(G) and the Lévy measure T1 given in Theorem 1.1 are completely deter-
mined by the generator L and are independent of the basis {X1, ..., X4} of
g and the associated coordinate functions x; and coefficients a;;.

Proof. By (1.7), for any f € C2°(G) that vanishes in a neighborhood of e,
Lf(e) = II(f). Since I1({e}) = 0, this proves that IT is determined by L.

Since x;(¢) =0 and Xﬂxk(e) =68k, L(xjxp)(e) = ajr + I(x;jx;). Let
X{youns xé be another set of coordinate functions associated to the same basis
{X1,..., Xy}of gandlet D' = (1/2) E?,k:l a}kXé-X,l< be the corresponding
differential operator. Then

ajx + H(x}x,’c) = L(x}x,/c)(e) = a;k + H(x}x,’c).

This implies aj; = a;- «> hence, D is independent of the choice of the coordi-
nate functions if the basis of g is fixed.

Now let {Yy, ..., Y} be another basis of g with ¥; = Zizl bj,X,. Let
{cjx} be the inverse matrix of {b;;}. Then y; = ZZ=1 cqkxg for 1 < k < dcan
be used as coordinate functions associated to the new basis {Y, ..., Y;}. Let
D' =(1/2) Z‘]I k=l a}k Y Jl Y, ,f be the operator corresponding to the new basis.
Then

a’y = L(yjyi)(e) — TI(y;yr)

d d
= Z CpjCak[L(xpxg)(e) — T1(xpxq)] = Z ApgCpjCqk
p.q=1 p.q=1
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and
1 ¢ 1 d
D'= E Z a;kY]lyli = 5 Z apqcl’jchbjubkvxuxv
Jik=1 J.k,p.q.u,v=1
| A
) Z apgXpXy = D.
p.q=1
This proves that D is independent of the basis {X|, ..., X4}. O

The second-order differential operator D = (1/2) Zf jo1 @i X; X', will be
called the diffusion part of the generator L. Note that the coefficients ¢; in
(1.7) in general depend on the choice of the basis of g and the associated
coordinate functions.

We note that the uniqueness stated in the second half of Theorem 1.1 may
be slightly strengthened as follows: There is at most one left invariant Feller
semigroup P, of probability kernels on G whose generator L restricted to
C2(G) is given by (1.7). To prove this, note that, by the proof of Proposi-
tion 1.3, IT and a;; are determined by this restriction, and it is easy to show
the same for ¢;. This will be formally stated in Theorem 3.1.

If the Lévy measure IT satisfies the following finite first moment condition:

d
/ > Ixi(9) Tidg) < oo, (1.10)
i=1

then the integral fG[f(gh) — f(g)]T1(dh) exists and the formula (1.7) sim-
plifies to:

1 d d
LF@ =5 Y apXiXif@@)+ Y biX! fle) + /G [f(gh) — F(ITI(dh)
i=1

Jk=1 (1.11)
for f € C3'(G), where b; = ¢; — [, x;(W)T1(dh). In this case, there is no
need to introduce the coordinate functions x1, . . ., x;. Note that the condition

(1.10) is independent of the choice of the basis and the associated coordinate
functions and is satisfied if IT is finite.

1.3. Lévy Measure

Let g; be a cadlag process taking values in a Lie group G. Since g, =
gt_g,’_lgt = gtgt’_lgt_, we will call g ' g, a right jump and gtgt’_1 a left jump
of the process at time 7.

Let g, be a left Lévy process in a Lie group G with Lévy measure IT and
let N be the counting measure of the right jumps; that is, N is the random
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measure on R, x G defined by
N0, 11 x BYy=#{s € 0, 1]; g 'g #eandg'g, B} (112)

fort € Ry and B € B(G). Since g;'g, = (g°_)"'g¢ N([0, t] x B) is F¢-
measurable, where F7 is the natural filtration of the process g;.

Proposition 1.4. Let g; be a left Lévy process in G. Then the random measure
N defined by (1.12) is a Poisson random measure on R, x G associated to
the filtration {F} and its characteristic measure is the Lévy measure I1 of g;.

See Appendix B.3 for the definition of Poisson random measures.

Proof. For B € B(G) lying outside aneighborhood of e, let NZB = N(O0, ] x
B). This is a right continuous increasing process that increases only by jumps
almost surely equal to 1. Because of the independent and stationary right
increments of g;, N2 also has independent and stationary increments. Itis well
known (see [52, chapter XII, proposition 1.4]) that such a process is a Poisson
process of rate cp = E(NIB). For disjoint sets By, By, ..., By in B(G) lying
outside a neighborhood of e, any two of the processes NZB‘, N,Bz, e, B,B k
cannot jump at the same time; it follows from [52, XII, proposition 1.7] that
these are independent Poisson processes. This proves that N is a Poisson
random measure on R, x G, which is easily seen to be associated to the
filtration {F7}. It remains to prove cg = I1(B). Forany ¢ € B(G)4, let Fy =
fol J #(g)N(dt dg) and let ¢, = E(Fy). It suffices to show that ¢y = I1(¢)
for any ¢ € C°(G) such that 0 < ¢ <1 and ¢ = 0 in a neighborhood of
elet0=t<ti<thh<---<t,=1witht;;; —f; =§=1/nforall 0 <
i <n—1andlet

n—1
fi=>0(2, " 8..)-
i=0

Then f5 — Fj4 almost surely as § — 0. However,

n—1 n—1
ZZE gz, gt,H ¢(gzjlgtj+l)]
i=0 j=0
=Y E[o(s)] E[#(s) +ZE
i#]
1-4 2 2 2 2
= T[Patb(e)] + 5P5(¢ )e) = [Lo(e)]” + L(@7)(e) asd —0

(¢)* + M(¢*) < o0,
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where the first half of Theorem 1.1 is used to justify the convergence and the
equality. This proves that the family { f;; § > 0} is L?(P)-bounded; hence, it
is uniformly integrable. It follows that

1
¢p = E(Fy) = lim E(f5) = lim gPad)(E) = L¢(e) = I1(¢). O

In some literature, the Lévy measure IT is defined to be a measure on
G — {e} and N a Poisson random measure on R, x (G — {e}). However, we
find it more convenient to regard I as a measure on G not charging {e} and
N as a Poisson random measure on R, x G not charging R, x {e}.

By the discussion in Appendix B.3, a nontrivial Poisson random measure
N onR; x G withafinite characteristic measure is determined by a sequence
of random times 7, 1 oo, with iid differences 7,, — 7,,_; of an exponential
distribution (setting 7y = 0) and an independent sequence of iid G-valued
random variables o,,. More precisely,

N([O0, t] x By=#{n; n>0, T, <t, and 0, € B}

fort € R, and B € B(G).

Jumps, determined by an independent Poisson random measure N’ of finite
characteristic measure, may be added to g; to form a new Lévy process y;,
as described in the following proposition. The process y, will be called the
Lévy process obtained by interlacing g, with jumps determined by N'.

Proposition 1.5. Let g; be a left Lévy process in G with generator L restricted
to CS’I(G) given by (1.7) and Lévy measure T1, and let N' be an independent,
nontrivial Poisson random measure on Ry x G with a finite characteristic
measure 1’ satisfying T1'({e}) = 0. Suppose N' is determined by the random
times T,, 1 0o and G-valued random variables o,,. Define y; = g; for0 <t <
T\ and inductively y, = y(Tn—)ang(Tn)’lg, for T, <t < T,4, that is,

v = g(Ti—)o18(T) ' g(Th—)o28(T2) ' g(T5—) - - - g(T,—)0wg(T,) ' &
(1.13)

for T,, <t < T,y with Ty = 0. Then y, is a left Lévy process in G whose
generator restricted to Cg’[(G) is given by (1.7) with I replaced by T1 + TT’
and c; replaced by c¢; + [ x;dI1’.
Proof. Tt is easy to see that the natural filtration of y; is given by

F! =o{g,and N'([0, s] x B); 0<s <tand B € B(G)}.

For t > s, y; 'y, can be constructed from {g; 'g, and N'([s, u] x -);
u €[s, t]} in the same way as yo_ly,_s from {g¢ and N'([0, u) x -);
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u € [0, t—s]}; it follows that y~ 'y, is independent of F) and its distri-
bution depends only on ¢ — s. This proves that y; is a left Lévy process in G.

Let L” be the generator of y,. For f € CS’I(G) and g € G,
, 1 .
L' f(e) =lim—{E[f(2¥])] = /(®)}

1 .
= lim —{E[/(s8]); 1 < T1]

+E [f(gg(Ti—)og (T 'gf; Th <t < T
+E[f(8v):1> D] - f(@)}-

Since T is an exponential random variable of rate ¢ = IT'(G) independent of
the process gf and P(t > 1) = 0(1?), we have

1
L' f(g)=lim —{E [f (ggf)] e™
+E [f (g8°(Ti—)o1g°(T) 'gts T < t] — f(9)}
1
=lim —{E [f (gg/)] — f(g)} e~

t—0
t

viim s [ E[r (55500 ()" 55)] - F@) ) coras

t—0 [ 0

= Lf(g)+ cE[f(go) — f(g)]
— Lf(g)+ /G Lf(g0) — f(T'(do).

Note that only the first half of Theorem 1.1 is used in this proof. O

Note that, in Proposition 1.5, the process g; does not jump at time t = T,
almost surely because it is independent of N'.

Let A be a Borel subset of G with a finite I1(A). The next proposition
shows that the jumps contained in A may be removed from a Lévy process
g: to obtain a new Lévy process x, whose Lévy measure is supported by A°.
Thus the original process g; may be regarded as x;, which has only jumps
contained in A€, interlaced with jumps contained in A. For any measure v on
a measurable space (S, S) and A € S, the restriction of v to A is the measure
V|4 defined by v[4(B) = v(AN B) for B € S.

Proposition 1.6. Suppose g, is a left Lévy process in G with generator L
restricted to CS’I(G) given by (1.7) and Lévy measure T1, and suppose A is a
Borel subset of G such that 0 < T1(A) < oo. Let Ty = inf{t > 0; g;l g €A}
and inductively let T,y = inf{t > T,; g, 'g, € A} (set inf@ = c0). Define
x; = g, fort < Ty and inductively x; = x(Tn—)g(T,,)_lg,for T, <t < Tyt
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that is,
xe = g(T1—)g(T) ' g(Ta—)g(T) ' g(T5—) - g(T,—)g(T,) 'gr  (1.14)

for T, <t < T, with Ty = 0. Then oo > T, 1 oo almost surely and x; is
a left Lévy process whose generator restricted to CS’I(G) is given by (1.7)
with T1 replaced by T1|s- and c; replaced by c; — fxid(l'I|A). Moreover,
{Th, T, — T\, T; — T», ...} isasequence of independent exponential random
variables of rate T1(A) and

(g(Ti—)'g(T), gN—)'gT), gT:—)'g(Ty), ...}

is a sequence of independent G-valued random variables with a common
distribution given by (I1|4)/T1(A). Furthermore, these two sequences and
the process x, are independent.

Note that Ny = N|g, x4 is a Poisson random measure with a finite char-
acteristic measure I1|,, and it is determined by the two sequences {7} and
{g(T,—)"'g(T,)} given here. By the present proposition, the process x, and
Ny are independent.

Proof. By Theorem 1.1, there is a left Lévy process x; in G whose generator
is given by (1.7) with IT replaced by IT| 4 and ¢; replaced by ¢; — [ x;d(I1| ).
By Proposition 1.5, jumps may be added to x; to obtain a left Lévy process
g, whose generator restricted to CS’I(G) is given by (1.7) with the original IT
and c¢;. By the uniqueness stated in Theorem 1.1, the two processes g; and g;
must have the same distribution. The claims of the present proposition follow
from a comparison between these two processes. O

It is clear that a left Lévy process g; is continuous if and only if [T = 0. In
this case, it is called a left invariant diffusion process in G.

All the discussion thus far, including Theorem 1.1 and all the propositions,
applies also to a right Lévy process g, and a right invariant Feller semigroup
P, with appropriate changes: For example, the words “left” and “right” should
be switched, and in (1.1), (1.3) and (1.5), (1.7), (1.9), and (1.11), one should
replace gf = g, g, 88¢> gh, X!, and C3'(G) by gf = g8 ", g¢g. hg, X},
and Cg’r(G), respectively. In Proposition 1.4, N should be regarded as the
counting measure of the left jumps of g, defined by

N([0, t] x By =#{s € (0, t]; g8, #eandgg,' € B} (1.15)

for t € R} and B € B(G). In Propositions 1.5 and 1.6, one should replace
the right jump g, 'g, by the left jump g, g,' and redefine y, and x, as
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Ve = glg(Tn)ilany(Tn_) and x, = gtg(Tn)ilx(Tn_) for T, <t < Ty1;
hence, the order of the products in (1.13) and (1.14) should be reversed.
A continuous right Lévy process is called a right invariant diffusion process
in G. In the following such changes will not always be mentioned explicitly.

1.4. Stochastic Integral Equations

Let{Xy,..., Xy} beabasisof gandletxy, ..., x4 bethe associated coordinate
functions introduced earlier. The reader is referred to Appendix B for the
definitions of a d-dimensional Brownian motion with covariance matrix {a;;},
the compensated random measure N of a Poisson random measure N on
R, x G, and the independence of {B;} and N under a filtration.

The basic results in stochastic analysis often require that the underlying
probability space is equipped with a filtration that is right continuous. In the
following, two types of filtrations will be mentioned: the natural filtration of
a Lévy process and that generated by a Brownian motion and an independent
Poisson random measure (possibly including an independent random variable
as well) as defined in Section B.1. It is not hard to show that both filtrations
are right continuous after completion. In the rest of this work, these filtrations
will automatically be assumed to be completed, and all the filtrations will be
assumed to be right continuous and complete.

The following result, due to Applebaum and Kunita [3], characterizes
a Lévy process in G by a stochastic integral equation involving stochastic
integrals with respect to a Brownian motion and a Poisson random measure.

Theorem 1.2. Let g, be a left Lévy process in G. Assume its generator L
restricted to CS’Z(G) is given by (1.7) with coefficients aji, ¢; and the Lévy
measure T1. Let N be the counting measure of the right jumps of g; given
by (1.12), and let {F}} be the natural filtration of the process g; = galgz.
Then there exists a d-dimensional { F¢}-Brownian motion B, = (B}, ..., BY)
with covariance matrix a;; such that it is independent of N under {F;} and,

Vf eyl G,
d ¢ ) d t
fg) = fg)+ Y /0 X[ f(g)odBl+ ¢ /0 X! f(g-)ds
i=1 i=1
+ /O /G LF (g ) — F(gs)IN(ds dh)

! d
- ~ S X!
+/() /G [f(gsh) S(gs-) ;X,(h)xlf(gs)] dsTI(dh).
(1.16)
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Conversely, given a G-valued random variable u, a d-dimensional
Brownian motion B; with covariance matrix {a;;}, some constants c;, and
a Poisson random measure N on R, x G whose characteristic measure T1
is a Lévy measure, such that u, {B;}, and N are independent, then there is
a unique cadlag process g; in G with gy = u, adapted to the filtration {F,}
generated by u, {B;}, and N, such that (1.16) is satisfied for any f € Cé'l(G).
Moreover, g, is a left Lévy process in G whose generator restricted to CS’I(G)
is given by (1.7).

For an integral taken over an interval on the real line with respect to any
measure, the convention | ' = f(s, ;7 is used here and throughout the rest of
this work.

The proof of Theorem 1.2 will be given in Chapter 3. In fact, a more
complete result as stated in [3] will be proved. For example, it will also be
shown that the pair of { B;} and N is uniquely determined by the Lévy process
g: and that the filtration generated by {B,} and N is equal to {F}.

Note that g, may be replaced by g, for the two integrals taken with re-
spect to the Lebesgue measure ds on R in (1.16). See Appendix B.2 for the
existence of the Stratonovich stochastic integral fot X f f(gs—)od Bj The ex-
istence of the stochastic integral taken with respect to N (ds dh) is guaranteed
by the discussion in Appendix B.3 and the condition (1.8). This condition
also ensures that the last integral in (1.16) exists and is finite. Therefore, all
the integrals in (1.16) exist and are finite.

We note that if g; is a left Lévy process that satisfies (1.16) for any f €
C*(G), then for any f € cl(G),

' ) t ) 1 d t
/0 flg)odB] = /0 Flg B+ 5 /0 X! f(gazds, (117)
k=1 "

where the first integral on the right-hand side is an Itd stochastic integral. To
prove this, let y = (y', ..., y?) be a set of local coordinates on a relatively
compact open subset U of G such that each y' is extended to be a function in
C(G). Theny, = y(g;)isad-tuple of semi-martingale. Suppose f € CcY(G)
is supported by U. Then 3 f € C!(R) such that f(g) = f(y(g)) for g € G.
By (1.16) applied to y', (B.3), and (B.11), we have

/0 f(gs—)odB] = /0 Ff(Gs)odB!

r . 1 . .
:/f(ys,)stj-l-E[f()’-), B/
0
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t~ . 1 o

= [ Fouasl+ 3050, B
0

t ) 1 d t .
= /0 f(gx_)dB‘HEZ /O X, f(gs)d[B, B];.
k=1

This proves (1.17) because [ B/, B¥], = ajit.Forageneral f € CcY(G),(1.17)
can be proved by a standard argument using a partition of unity on G as in
Appendix B.2.

Replacing f by X i fin (1.17), we see that the stochastic integral equation
(1.16) can also be written as

Flg) = f(go)+ M/ + /0 Lf(g))ds, (118)

where
d 't ) o ;
M =3, /0 X (85-)dB] + /0 /G [f(gs-h) = f(gs)IN(ds dh)
Jj=1

is an L%-martingale.

The two processes B; and N in Theorem 1.2 will be called, respectively,
the driving Brownian motion and the driving Poisson random measure of
the left Lévy process g;. It can be shown from the explicit constructions in
Propositions 1.5 and 1.6 that the three left Lévy processes g;, x;, and y, in
these two propositions have the same driving Brownian motion { B, }. Indeed,
the same {B;} for g, and y, is a consequence of Lemma 3.10 in Chapter 3,
and from which it also follows that x, has the same {B;} as g;.

In fact, the stochastic integral equation (1.16) holds for f contained in a
larger function space. Let f € C,(G) N C%*(G), the space of bounded func-
tions on G possessing continuous second-order derivatives. Then the first
integral in (1.16), a Stratonovich stochastic integral, exists and is finite by
the discussion in Appendix B.2. The same is true for the second integral be-
cause it is a pathwise Lebesgue integral. For the last two integrals, let U be a
relatively compact open neighborhood of e and let

ty =inf{t > 0; g, € U},

the first exit time from U. Then UU = {gh; g, h € U} is relatively compact
and ty 1 oo as U 1 G. Each of the last two integrals in (1.16), taken with
respect to N(ds dh) and dsT1(dh), can be written as a sum fol Ju+ fot Jye-
The first term of this sum is finite when ¢ is replaced by ¢ A Ty = min(t, 7y)
because of the Taylor expansion (1.9) and also because g;_h € UU, and so
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is the second term because f is bounded and IT(U°¢) < oo. Therefore, all the
integrals in (1.16) exist and are finite for f € C,(G) N C?(G).

Proposition 1.7. The stochastic integral equation (1.16) for a left Lévy pro-
cess g, holds for any f € C,(G) N C*(G).

Proof. Let R,(f) denote the right-hand side of (1.16). Fix f € C,(G)N
C*(G). Let U be a relatively compact open neighborhood of e and let 7 be
the first exit time from U such that the x; vanish on U¢. Choose ¢ € C°(G)
such that 0 <¢ <1 and ¢ =1 on UU. Since f¢ € CXG) C C3'(G),
(1.16) holds when f is replaced by f¢.If t < 1y, Y € g, and h € U, then
(fe)g) = f(&), Y (fp)gi) =Y f(g-), and (fp)(gi—h) = f(gi_h). It

follows that, for t < 1y,
d . ‘ d t
fe)= e+ [ XiforodB+ > o [ Xife)ds
i=1 i=1
+ [ [ 1 = o nms dn
+ [ ] 1o = s s an

dsTI(dh)

t d
sh_ s) — thl s
+/0/G[f(g )= 60 = L x0X. 1 (&)
h) — )] ds T1(dh
+ [ [ sy = feemias

— R+ [ [ 10N~ flsmINGs b
= R(f)+ D _[(f)er,—0) — (fd)gr, )],

T,<t

where the random times 7;, 1 oo and G-valued random variables o, are deter-
mined by the Poisson random measure N|g, xy«. Since 1y 1 oo and 77 1 00
as U 1 G, it follows that f(g;) = R;(f) almost surely foranyr e R,. [

In Theorem 1.2, if the Lévy measure IT satisfies the finite first moment
condition (1.10), then the integral

/0 /G Lf(gs_h) — f(gs)IN(ds dh)
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exists and the stochastic integral equation (1.16) can be simplified as follows:
d t . d t
P = fe+ Y [ Xifeorodsl+3 b [ Xifeods
i=l i=1

+ /O /G LF(gs_) — f(gs)IN(ds dh), (1.19)

where b; = ¢; — fG x;(h)T1(dh). The generator L of g, restricted to Cg’[(G),
is now given by (1.11).

The stochastic integral equation (1.19) in fact holds for any f € C%(G).
To see this, note that the first two integrals in (1.19) clearly exist and are finite
for f € C*(G). The third integral can be written as a sum fot fU + fot fU(.,
where U is a relatively compact open neighborhood of e. The first term of
this sum is finite when ¢ is replaced by ¢ A 7y because of (1.10) and also
because g,_h € UU for h € U. The second term is

/0 | g = f(g N @sdh) = 31 (gr,-00) = f(gr, ) (1.20)

T, <t

where 7, and o, are given in the proof of Proposition 1.7. The sum on the
right-hand side of (1.20) contains only finitely many terms. Therefore, all the
integrals in (1.19) exist and are finite. As in the proof of Proposition 1.7, it
can be shown that (1.19) holds for any f € C?(G).

Remark. Let C;/(G) be the space of functions f € C%(G) such that X' f €
Cy(G)and X'Y' f € C,(G) for any X, Y € g. The function space CZ”(G) is
defined similarly with X’ and Y’ replaced by X" and Y". We note that, for
f e C,%’I(G), the expression on the right-hand side of (1.7) is bounded. There-
fore, Lf may be defined for f € Cbz’l(G) as this expression or as the simpler
expression on the right-hand side of (1.11) when the Lévy measure IT has
a finite first moment. Note that, for f € CE’I(G), M,f in (1.18) is still an
L2-martingale. Taking the expectation on (1.18) yields E[f(g)] =
E[f(go)] + E[fot Lf(gs)ds]. Taking the derivative of P, f = E[f(g;)] at
t = 0, we obtain

d
VfeCy'(G) and geG, Esz(g) li=o = Lf(g) (1.21)
A similar conclusion holds for a right Lévy process g; in G and f € Cbz’r(G).

Sometimes it is convenient to work with stochastic integral equations
driven by a standard Brownian motion. Let a = {a;} be the covariance
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matrix of the Brownian motion B, = (B,l, ey Btd) in (1.16). Suppose o =
{0ij} is an m x d matrix such that a = o’c, where ¢ is the matrix transpose
of o. Note that such a matrix o always exists for some integer m > 0, in
particular, for m = d. Then there is an m-dimensional standard Brownian
motion W; = (W,l, ..., W) such that B, = W,o. When a is invertible and
m = d, one may let W, = B;o~!, but in general one may have to extend the
original probability space 2 (see chapter II, theorem 7.1" on p. 90 in [33];
not theorem 7.1 on p. 84). More precisely, the standard Brownian motion
W, may have to be defined on an extension of the original probability space
(R, F, P),thatis,on(2 x Q', F x F', P x P’),where (', F', P')is some
probability space. Then a process x; on the original probability space may be
naturally regarded as a process on the extended probability space by setting
x(w, @) = x,(w) for (0, ') € L x Q'. Let
d d
Y=Y 0;X; forl<j<m and Z=) ¢X. (1.22)
i=1 i=1

Then the stochastic integral equation (1.16) becomes

g = F(go) +,§_:1 /0 Y f(giy 0 dWI + /0 2 f(g)ds
+ t [ 1t = fs 0N s di

a

for f € C,(G) N C*(G). Moreover, the generator L of g; restricted to CS’I(G),
given by (1.7), becomes

dsTI(dh)
(1.23)

d
f(gs—h) = f(gs) = > xi()X! f(g;-)
i=1

1 m
Lf(@) = 5D YYif(®) +Z'f(g)
j=1

o

However, Equation (1.23) can be converted to (1.16) using (1.22) and
B, = W;o. As a direct consequence of Theorem 1.2, we obtain the following
result.

d
flgh) = f() = > xi(MX|f(g)| TI(dh). (1.24)
i=1

Corollary 1.1. Let g; be a left Lévy process in G with Lévy measure T1, let
N be its counting measure of right jumps given by (1.12), and let {F}} be the
natural filtration of the process g{ = go_lgt. Then thereare Yy, ..., Yy, Z € g
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and an m-dimensional standard Brownian motion W, = (th, L W,
adapted to {F{} and independent of N under {F}}, possibly defined on an
extension of the original probability space, such that (1.23) holds for any
f € Cp(G) N C*G).

Conversely, given Yy, ..., Y,, Z € g, a G-valued random variable u, an
m-dimensional standard Brownian motion {W,}, and a Poisson random mea-
sure N on Ry x G with characteristic measure being a Lévy measure, such
that u, {W,}, and N are independent, there exists a unique cadlag process g;
in G with g9 = u, adapted to the filtration generated by u, {B;}, and N, such
that (1.23) holds for any f € Cg’l(G). Moreover, g, is a left Lévy process in
G whose generator L restricted to Cg‘Z(G) is given by (1.24).

Note that the integer m in the first half of this corollary can always be
taken to be d = dim(G) and, in this case, if {a;;} is nondegenerate, then no
extension of probability space is required.

If I satisfies the finite first moment condition (1.10), then (1.23) simplifies
to

1= e+ [ ¥ireooaw+ [ ¥ireods
i=1

+/ /[f(gs—h)— f(gs-)IN(ds dh) (1.25)
0 JG

for f € C*(G), where Yy = Z — Zf;l[fG x;(W)I1(dh)]X;. In this case, the
generator L restricted to Cg’l(G) has the following simpler form. For f €
C'(G),

1 m
LF@) =3 D YY)+ Yif(e)+ /G [f(gh) — f(ITIdh). (1.26)
i=1

If we assume the stronger condition that the Lévy measure IT is finite, then
N is determined by a sequence of random times 7,, 1 oo with iid differences
T, — T,— of an exponential distribution and an independent sequence of iid
G-valued random variables o,,. In this case, the last term in (1.25) may be
written as Zan[ f(gr,—0n) — f(gr,-)]. Therefore, the stochastic integral
equation (1 25) is equivalent to the stochastic differential equation

dgi = Yl(g)odW, + Yi(g)dt (1.27)
i=1

on G together with the jump conditions g, = g,_o, att = T, forn =1,2,....
More precisely, the following result (whose simple proof is omitted) holds.
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Proposition 1.8. Let g; be a left Lévy process in G with a finite Lévy measure
I1, let u = go, and let random times T,, + 0o and G-valued random variables
o, be the two sequences determined by N, the counting measure of right
Jjumps of g; defined by (1.12). Then the process g; may be obtained by succes-
sively solving the stochastic differential equation (1.27) on the random inter-
vals [T,, T,1) withinitial conditions g(T,) = g(T,,—)o, forn =0,1,2,...,
where Ty = 0, go— = e, and oy = u.

By this proposition, a left Lévy process g; with a finite Lévy measure
may be regarded as a left invariant diffusion process, determined by (1.27),
interlaced with iid random jumps at exponentially distributed random time
intervals. It can be shown (see Applebaum [2]) that a general left Lévy process
can be obtained as a limit of such processes.

IfYy=Y =---=Y, =0and II is finite, then the Lévy process g, is a
discrete process consisting of a sequence of iid jumps at exponentially spaced
random time intervals. More precisely, g, = go for 0 <t < T}, and

g = gooy02---0; forT; <t <T;y; and i>1, (1.28)

where the two sequences 7, and o, are determined by the driving Poisson
random measure N of g;. Therefore, the random walks in G, which are defined
as the products of iid G-valued random variables, can be regarded as discrete-
time Lévy processes.

To end this section, we present a form of stochastic integral equation that
holds for a general left Lévy process g, and any f € C*(G). Let U be a
relatively compact open neighborhood of e. The stochastic integral equation
(1.23) may be written as

f@)=fle+Y /0 V! gy )odWi + /O Z0f (g ds
j=1

+ /O /U LF(gsht) — f(gs)IN(ds dh)

+ /0 /U Lf(g—) = F(g)INs dh)

! d
— _ . l
+/0 /U [f(gs_h) S(gs-) gx,(h)xlf(gs_)] dsTI(dh),
(1.29)

where Zo=Z — 30, [, x;(WII@dh)X;. By (1.20), it is easy to show
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that (1.29) holds for any f € C 2(G). This is essentially equation (3.6) in
Applebaum and Kunita [3].

1.5. Lévy Processes in GL(d, R)

In this section, let G be the general linear group GL(d, R), the group of the
d x d real invertible matrices. This is a d>-dimensional Lie group with Lie
algebra g being the space gl(d, R) of all the d x d real matrices and the Lie
bracket given by [X, Y] = XY — Y X. See Appendix A.1 for more details.

We may identify g = gl(d, R) with the Euclidean space R? and G =
GL(d, R) with a dense open subset of R?". For any X = {X;;} € R?, its
Euclidean norm

172
1X| = (in) = [Trace(X X)]'/?
i,j

satisfies | XY| < |X||Y| forany X, Y € R, where X' is the transpose of X
and XY is the matrix product.

Let E;; be the matrix that has 1 at place (i, j) and O elsewhere. Then the
family {E;;;i, j =1,2,...,d}isabasisof g. Let {x;;;i, j =1,2,...,d} be
asetof associated coordinate functions and let x = {x;;}.Itis easy to show that
one may take x(g) = g — I, for g contained in a neighborhood of e = I, (the
d x d identity matrix). In general, by (1.6), the coordinate functions satisfy
x(g) =g — I, + O(|g — I,|?) for g contained in a neighborhood of e.

For g € G = GL(d, R), the tangent space T, G can be identified with Rdz;
therefore, any element X of T, G can be represented by a d x d real matrix
{X;;} in the sense that

d
d
VieCG), Xf=> Xijga 18
ij

ij=1

where g;;,fori, j = 1,2, ..., d, are the standard coordinates on R4’ It can be
shown thatfor g, h € GL(d,R)and X € T,G = gl(d,R), DL, c DRy(X) is
represented by the matrix product g X/, where X is identified with its matrix
representation {X;;}. Therefore, we may write g Xh for DL, o DR;(X). Thus,
X!(g) = gX and X" (g) = Xg. This shorthand notation may even be used for
a general Lie group G.

Let g, be a left Lévy process in G = GL(d, R). Then it satisfies the
stochastic integral equation (1.23) for any f € C,(G) N C?*(G). Let f be the
matrix-valued function on G defined by f(g) = g;; for g € G. Although f
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is not contained in C,(G) N C%(G), at least formally, (1.23) leads to the fol-
lowing stochastic integral equation in matrix form:

m t t t
w=w+d [avioawi+ [wzas+ [ [ o toasan
i=1

t
+/ / gslh — 1 — x(h)]dsT1(dh). (1.30)
0o JG
For any process y, taking values in a Euclidean space, let
yi = sup |ys|.
O<s<t

Theorem 1.3. Let g; be a left Lévy process in G = GL(d, R) with Lévy
measure I1 and let N be the counting measure of right jumps of g; as defined
by (1.12). Assume

El|lgol*] < oo and / |h — I;)*TI(dh) < . (1.31)
G

Then, for any t > 0,
E[(gt*)z] < 00.

Moreover, there are Yy, ...,Y,,Z € g = gl(d, R) and an m-dimensional
standard Brownian motion W, = (th, ..., W), adapted to the filtration
{F7} generated by the process g = g, L¢, and independent of N under {F71,
possibly defined on an extension of the original probability space, such that
(1.30) holds.

Conversely, given Yy, ..., Y, Z € g, a G-valued random variable g, an
m-dimensional standard Brownian motion {W,}, and a Poisson random mea-
sure N on R, x G with characteristic measure I1 being a Lévy measure such
that (1.31) is satisfied, there is a unique cadlag process g; in G with g, as
given, adapted to the filtration generated by go, {W,}, and N, such that (1.30)
holds. Moreover, g, is a left Lévy process in G with Lévy measure T1.

Note that (1.8) implies fU |h — I;*TI(dh) < oo for any compact sub-
set U of G; therefore, the integrability condition for IT in Theorem 1.3 is
automatically satisfied if IT is supported by a compact subset of G. Because
[h — 1; — x(h)] = O(|h — 14)?) for h contained in a neighborhood of 1, the
finiteness of E [(gt*)z] implies the existence of the last integral in (1.30); hence,
all the integrals in (1.30); exist and are finite. If the coordinate functions are
chosen so that x(g) = g — I; for g contained in a neighborhood of 1, then
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the integrand of the last integral in (1.30) vanishes for / contained in a neigh-
borhood of ;. We also note that, as in Corollary 1.1, the integer m in the first
half of Theorem 1.3 may always be taken to be dim(G) = d>.

Proof. Let g, bealeft Lévy processin G. Since go and the process g; = g¢ le,
are independent, for simplicity, we may assume gy = I;. Fix two positive
integers n < m. Let f be a G-valued function with components contained in
CCZ(G) such that f(g) = g forany g € G with |g| <m and | f(g) — f(h)| <
C|g — h|forany g, h € G and some C > 0, lett = inf{r > 0; |g;| > n}, and
let

U=1{heG; |ghl <mforany g € G with |g| < n}.

We may assume that the x;; are supported by U. Let t A T = min(¢, 7). By
(1.23),

f(gtAr)ZId+Z/ gS_YiodW§+/ g Zds
i=1 /0 0
+/ M/ gs—(h — I;)N(ds dh)
0 U
[ ] treem = reoima@san
+/ M/ gslh — 1y — x(h)1dsT1(dh)
0 U

+/0 /Uc[f(gsh) — f(g)1dsTI(dh).

)

B E/o /U | f(gs—h) = f(gs-)1* dsTI(dh)

Since | f(gh) — f(g)l = Clgh —g| = Clg||h — 4],

E {‘/0 /Ur[f(gsfh) - f(gsf)]N(dS dh)

< nzCzt/ |h — I;)*TI(dh) = 0
Ue

as m 1 oo because U 1 G. Similarly,

g

/ v / [f(gsm—f(gs)]dsrl(dh)’} < nCi / \h — [,|TI(dh) — 0
O UL‘ U(,
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asm 1 oo.Since f(g) — gasm 1 ooforany g €G, wehave, foranyr € R,
gine =Ila+Ji + K + Ly,

where

m AT )
J,=Z/ g-YidW,,
i=1 70

AT
K, = / / ¢ (h — I)N(ds dh),
0 G

and

2 I
L 2/0 {Ezgsy,-y,- +gsz+/Gg5[h—Id—x(h)]H(dh)}dS-
i=l1

Applying Doob’s norm inequality (B.1) to the R? -valued martingale J; and
using the basic property of stochastic integrals, we obtain

m tAT AT
> / lgsYil* ds| < CzE[ / (gi‘)zdS}
i=1 /0 0

for positive constants C; and C,. Similarly, because fG |h — 1,;)*T1(dh) is
finite,

E[(K})?] < 4E [ / / ok — 1d>|2n<dh>ds} < CiE [ / W(g;")zds}
0 G 0

for some constant C3 > 0. Using the Schwartz inequality and the fact that

E[(J}Y?] <4E[lJ]*] <CE

/ |h — I — x(h)|T1(dh) < oo,
G
we obtain
E[(L;“)Z} < C4tE U f(g:)st]
0

for some constant C4 > 0. It follows that

INT

El(g.,)’] <B+CE [/ (g;‘)zds} < B+ Cin*
0

for some positive constants B and C,, with the latter depending on . Hence,
E [(gt*M)z] is finite. Moreover,

t
Bl ) = B+, [ Bl
0
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The Gronwall inequality (see, for example, [34, lemma 18.4], or simply apply
the inequality displayed here repeatedly to itself) yields E[(g},,)*] < Be“".
Since T 1 0o as n 1 oo, this proves that E[(g)*] < co and (1.30) holds for
anyt € R,.

If we repeat the preceding argument with gy = 0 (the origin in Rdz), then
B = 0. This proves the uniqueness of the process g, satisfying (1.30). The
existence of such a process follows from Corollary 1.1, but it can also be
established directly using the usual successive approximation method for
proving the existence of the strong solution of a stochastic differential equation
(see, for example, [33, sec. 3 in ch. 4]). In view of Corollary 1.1, the theorem is
proved. ]

Note that if the Lévy measure IT in Theorem 1.3 also satisfies [, |h —
1;|T1(dh) < oo, then the stochastic integral equation (1.30) becomes

m t t t
G=g+) /0 g YiodW! + /O g Yods + /0 /G g (h — I,)N(ds dh),
i=1

(1.32)

where Yo = Z — [; x(h)T1(dh).
By (1.29), we see that a general left Lévy process g; in G = GL(d, R)
satisfies the following stochastic integral equation obtained by Holevo [30]:

m

t t t
w=o+ Y [etioaw + [ ezt [ [ o th-1oNasdn
i=1 0 0 0 JU
t
+//gs_[h—ld]N(dsdh)
.

4 / / gl — Iy — x(W) dsTI(dh), (133)
0 U

where Zy = Z — [,;c x(WT1(dh).
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Induced Processes

In this chapter, we consider the processes in a homogeneous space of a Lie
group G induced by Lévy processes in G. In Section 2.1, these processes are
introduced as one-point motions of Lévy processes in Lie groups. We derive
the stochastic integral equations satisfied by these processes and discuss
their Markov property. In Section 2.2, we consider the Markov processes
in a homogeneous space of G that are invariant under the action of G. We
study the relations among various invariance properties, we present Hunt’s
result on the generators of G-invariant processes, and we show that these
processes are one-point motions of left Lévy processes in G that are also
invariant under the right action of the isotropy subgroup. The last section of
this chapter contains a discussion of Riemannian Brownian motions in Lie
groups and homogeneous spaces.

2.1. One-Point Motions

Let G be a Lie group that acts on a manifold M on the left and let g; be a
process in G. For any x € M, the process x; = g;x will be called the one-
point motion of g, in M starting from x. In general, the one-point motion of a
Markov process in G is not a Markov process in M. However, if g, is a right
Lévy process in G, then its one-point motions are Markov processes in M
with a common transition semigroup PM given by

PMf(x)=E[f(gfx)] for f € Co(M). 2.1

This can be proved as follows. Let F; be the natural filtration of the process
g/.Fors <tand f € BIM),,

E[f(x) | Fsl = E[f(gx) | Fs1 = E[f (g8, 'g5x) | F]

=E[f(gg& 'x) | F] = E[f(g/_y2)] lox, -

From (2.1), it is easy to see that PM is a Feller semigroup. By the duality
between the left and right Lévy processes, and that between the left and right

32
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actions, we see that this conclusion holds for the one-point motion of a left
Lévy process in a Lie group that acts on M on the right. To summarize, we
record the following simple fact:

Proposition 2.1. Let G be a Lie group that acts on a manifold M on the left
(resp. on the right) and let g; be a right (resp. left) Lévy process in G. Then
Vx € M, g;x (resp. xg;) is a Markov process in M with a Feller transition
semigroup PM f(x) = E[f(g¢x)] (resp. PM f(x) = ELf(xg))]) for x € M
and f € Co(M).

In the rest of this work, an action of a Lie group on a manifold will always
mean a left action unless stated otherwise.

Let g, be a right Lévy process in G starting at e. Then it is the solution of
a stochastic integral equation of the following form, which is just the version
of (1.23) for a right Lévy process: For f € C,(G) N C*(G),

fe)=fe+) /0 Y] f(g-)odW] + /0 Z" f(g,)ds
j=1
4 /O /G Lf(hge) — (8N (ds dh)

t d
hgg) — $) — (WX O |dsTl(dh), (2.2
+/O/G{f<g) £lg) [Z:;x(),f(g)}s( ) (22)

where Y;, Z, X;, x;, and W, have the same meanings as in (1.23), N is the
counting measure of the left jumps, and IT is the Lévy measure of g;.
Any X € ginduces a vector field X* on M given by

d
X*f(x) = Ef(e’XX) li=o0 (2.3)

forany f € C'(M)and x € M.Let m,: G — M be the map m,(g) = gx. If
f € CHM), then f om, € Cp(G) N C*(G) with X"(f om,) = (X* f) o,
for X € g. From (2.2), we obtain the following stochastic integral equation
for the one-point motion x; = g;x of g, in M: For f € Cf(M),

m

) = Y¥ f(x,_)odW/ IZ* ) d
fx) f(x)+§/0 Fredw] + [ 7 e ds

+ /O /G Lf(hxe) — f(x)IN(ds dh)

4 d
+ /0 /G {f(hxs)— f(xs)—;xi(h)X,- f(xx)]dsl'l(dh) (2.4)
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=+ /O Y} f(xso)dW,
i=1

+ / / Lf(hx,o) — f e )IN(ds dh) + / LY f(x)ds, (2.5
0 G 0

where LM is the generator of the Feller process x, whose restriction to C2(M)
is given by

1 m
LM [0 =2 D Y]V f) + 2" f(x)
j=1

d
+ /G [f(hx)—f(x)—meh)X;‘f(x)} M(dh). (2.6)
i=1

This last statement may be easily verified by differentiating E[ f(x;)] using
(2.5)att =0.

If IT satisfies the finite first moment condition (1.10), then (2.4) and (2.6)
simplify as follows. For f € C2(M),

fa) =@+ /0 Y f(ro)odWi + /O Yy f(x,)ds
j=1

+ /0 /G LF(hx,_) — f(re ) IN(ds dh) @7

and

M _l - * Yk * —
LY () = S YVIYFf) + Y5 f) + [ [f(hx) = fQITI(dh), (2.8)
2]=1 G

where Yo = Z — S0 [ [, xi(WTI(dh)]X;.

We note that because f om, € Cp,(G) N C%(G) for feCy(M)N C*(M)
and f om, € CXG) for f € C*(G), (2.4) in fact holds for f € C,(M)N
C*(M) and (2.7) holds for f € C2(M).

By Proposition 1.8, suitably adjusted for right Lévy processes, if IT is
finite, then Equation (2.7) is equivalent to the stochastic differential equation

dx, =Y Yi(x)odW/ + Yg(x)dt (2.9)
j=1
on M driven only by the standard Brownian motion W,, together with the
jump conditions x; = o,x,_ att =T, for n =1, 2,..., where the random
times 7,, 1 oo and the G-valued random variables o, are determined by N.
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We have seen that the one-point motion of a right Lévy process in G with
an arbitrary starting point in M is a Markov process. If we only require that
the one-point motion with a fixed starting point be a Markov process, the right
invariance of g; may be weakened.

Now let g, be a Markov process in G starting at e with transition semigroup
P, and assume that G acts transitively on M. Fix a point p € M and let H
be the isotropy subgroup of G at p; that is, H = {g € G; gp = p}. If g,
is right H-invariant as defined in Section 1.1, then it is easy to show that
Pi(f omp,)(g) depends only on m,(g) for any f € B(M),; therefore, O, f
givenby O, f(x) = P,(f om,)(g), where g € G is chosen to satisfy x = gp,
is well defined and

(Qif)omy, = Pi(f omp). (2.10)

From this, it is easy to show that {Q,; t € R} is a semigroup of probability
kernels on M.

Let x; be a Markov process in a manifold M with a transition semigroup
Q, and let G be a Lie group acting on M. The process x; or the semigroup
Q, will be called G-invariant if Q,(f o g) = (Q,f) o g forany f € B(M),
and g € G, where g is regarded as the map M > x — gx € M. In this case,
it is easy to show that gx; is a Markov process in M with semigroup Q, for
any g € G.

Proposition 2.2. Let G be a Lie group that acts on a manifold M transitively,
let H be the isotropy subgroup of G at a fixed point p € M, and let g, be
a Markov process in G starting at e with transition semigroup Py. If g, is
right H-invariant, then x, = g,p is a Markov process in M with transition
semigroup Q; given by (2.10). Moreover, if g, is also left invariant, then x; is
G-invariant. Furthermore, if P; is a left invariant Feller semigroup, then Q,
is a Feller semigroup provided either M or H is compact.

Proof. Let {F,} be the natural filtration of g,. Then, for f € B(M), ands < ¢,

E[f(x) | Fsl = ELf(gp) | Fs]1 = Pi—s(f o7p)(gs)
= (Qt—sf) o np(gs) = Qt—sf(xs)~

This proves that x, = g, p is a Markov process in M with transition semigroup
0Q,.In (2.10), replacing f by f o h with h € G, we obtain

Qi(f oh)(x) = P(f ohomp)(g) = Pi(fompoL)g).

It follows that Q; is G-invariant if P; is left invariant.
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Now assume that P, is a left invariant Feller semigroup. Then P, f(g) =
E[f(gg)] for f € B(G)y and g € G. Let f € Cp(M) and x, — x on
M. Then 3g,, g € G such that x, = g,p, x = gp, and g, — g. It follows
that Q; f (x») = Pi(f o mp)(gn) = P (f o7p)(g) = Qr f(x); hence, O, f €
Cp(M) for f € Cp(M).

Let f € Co(M). We want to show Q, f € Co(M). If M is compact, then
Co(M) = Cp(M) and this is proved in the last paragraph. Assume H is com-
pact. Let x, — oo on M. We will show that Q; f(x,) — 0asn — oo for any
t € R;.Thereexistg, € G suchthatx, = g, p.Forany ¢ > 0, there is acom-
pactsubset F of G suchthat P(g, € F°) < e.Since Q, f(x,) = E[f(gng:P)],
we need only to show that g,gp — oo on M uniformly for g € F. If not,
Jg! € F such that, by taking a subsequence if necessary, g, g, p is contained
in a compact subset of M = G/H. By the compactness of H, this implies
that g, must be contained in a compact subset of G, and then x,, is contained
in a compact subset of M, which is impossible.

It remains to prove that sup,..,;, |Q; f(x) — f(x)] = Oast — 0.Itis well
known (see, for example, [34, theorem 17.6]) that, if Q,[Co(M)] C Co(M),
then this property is equivalent to the apparently weaker property: Vf €
Co(M)andVx € M, Q; f(x) - f(x)ast — 0. This follows from Q;, f(x) —
f(x)=E[f(gg:p) — f(gp)]for g € G with gp = x and the right continuity
of g,atr = 0. O

2.2. Invariant Markov Processes in Homogeneous Spaces

If F: S — T is a measurable map between two measurable spaces S and
T, and if p is a measure on S, then Fu = p o F~! will denote the measure
on T defined by Fu(B) = u(F~!(B)) for any measurable subset B of T,
or equivalently, by Fu(f) = pu(f o F) for any measurable function f on T
whenever the integral exists. In the case when S = T, the measure p will be
called invariant under the map F or F-invariant if Fu = u.

Let G be aLie group and H be a subgroup. A measure ;. on G will be called
left (resp. right) H-invariant if L, = p (resp. Ry = ) forany h € H. It
will be called bi H-invariant if it is both left and right H-invariant. When
H = G, it will simply be called left (resp. right, resp. bi) invariant.

Itis well known (see [27,1.1]) that there is a unique left invariant probability
measure on any compact Lie group, called the normalized Haar measure. This
measure is in fact bi-invariant.

Let K be a compact subgroup of G. A measure v on the homogeneous
space M = G/K is called H-invariant if hv = v for any h € H, where A is
regarded as the map h: (G/K) > gK +— hgK € (G/K) via the natural action
of G on G/K.
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Let m: G - M = G/K be the natural projection. It is easy to see that if
1 is a left K-invariant measure on G, then v = 7 is a K -invariant measure
onM =G/K.Amap S: M = G/K — G satisfyingw o § = idy is called a
section on M. Although a smooth section may not exist globally on M, there
is always a Borel measurable section.

Proposition 2.3. If v is a K -invariant (probability) measure on M = G /K,
then the measure | on G, defined by

Vf e B(G)y, M(f)=/M/Kf(S(X)k)pK(dk)V(dX), 2.11)

is the unique bi K -invariant (probability) measure on G with w i = v, where
pk is the normalized Haar measure on K and S is a measurable section
on M.

Proof. For g € G, S om(g) = gk for some k € K. If i is a bi K-invariant
measure on G with 7w = v, then, using the left invariance of px on K, for
f € B(G)y,

w(f) = /K u(f o Ry) px(dk) = /K u(f o Ry o S o) px(dk)

_ /K W(f o Ry o S) p(dk).

This shows that p satisfies (2.11). Conversely, using the bi K-invariance of
pk and the K-invariance of v, it can be shown that u given by (2.11) is bi
K -invariant with wpu = v. It is clear that, if v is a probability measure, then
SO is u. O

For any two K -invariant measures ; and von M = G/K, let

wxv(f) = / / FSG)Y) pldx) vidy), 2.12)

for f € B(G),, where S is a measurable section on G/K as in (2.11). It
is easy to see that u * v(f) does not depend on the choice of S and is a
K -invariant measure on M, called the convolution of @ and v. It is clear that
W * v is a probability measure if so are p and v. A family {v;; t € R} of
K -invariant probability measures on M will be called a K -invariant convolu-
tion semigroup (of probability measures) on M if v,y = v, x vy fors,t € Ry
and vy = §,, where oisthe pointeK in M = G /K . It will be called continuous
if v, - 8, weakly ast — 0.

A family {u;; t € R.} of probability measures on G will be called
a generalized convolution semigroup (of probability measures) on G if
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Wirs = Mg % v fors, t € R It will be called continuous if 1, — o weakly
as t+ — 0. Note that a convolution semigroup {u,; t € R;} defined in
Section 1.1 is a generalized convolution semigroup with py = §,.

Recall that a Markov process x, in M with transition semigroup Q, is
called G-invariant if Q, is G-invariant; that is, Q,(f o g) = (Q, f) o g for
f € B(G)4+ and g € G. The following proposition provides some basic rela-
tions among several different invariance properties.

Proposition 2.4. Let G be a Lie group and let K be a compact subgroup.

(a) If Q; is a G-invariant (Feller) semigroup of probability kernels on M =
G/K, then v, = Q;(o0, ) is a K-invariant (continuous) convolution
semigroup on M, where o = eK.

(b) If v; is a K -invariant (continuous) convolution semigroup on M, then
Q;, defined by

VxeMand f € BIM)y, Q:f(x)= /f(S(X)y)vz(dy), (2.13)

where S is a measurable section on G/K, is the unique G-invariant
(Feller) semigroup of probability kernels on M satisfying v, = Q,(o, ).

(c) The map pu, — v, = mwu; provides a one-to-one correspondence be-
tween the set of the generalized (continuous) convolution semigroups
u: on G, with bi K-invariant (; and wy = pg, and the set of the
K -invariant (continuous) convolution semigroups v, on M.

Proof. For f € B(M)y, writing S, = S(x), we have Q.. f(0)=
J Os(0,dx)Q,(x, f) = [ Qs(0,dx)Q,(0, f o Sx) = vy x v, (f) with v, =
Q,(o, -). From this, it is easy to show that v, is a K-invariant convolution
semigroup, and it is continuous if Q, is Feller. This proves (a).

To prove (b), note that Qs f(x) = [ f(SX)Y)Vspi(dy) =
JJ FS)S()2)vi(dy)vs(dz) and S(x)S(y) = S(S(x)y)K' for some k' € K.
By the K-invariance of vy,

0var fx) = / / FSSEDAy)y(dz)

_ / 0, F(SCM(y) = 0, 0, f(x).

Moreover, for g € G, S(gx) = gS(x)k’ for some k' € K and Q, f(gx) =
J f(S(gx)yidy) = [ f(gS)K' y)vi(dy) = Qi(f o g)(x). Therefore, Q,
is a G-invariant semigroup on M. By (2.13), Q,(o, -) = v,. This determines
0, by the G-invariance. It remains to prove that Q; is Feller if v, is continuous.
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Although it may not be possible to choose a globally continuous section
S: M — G, it is always possible to choose a continuous or even smooth
section locally; therefore, for any xo € M, S(x) = S;(x)k, for x contained in
aneighborhood V of x(, where S is a section continuous in V and k, € K. It
now is easy to see that, for f € Co(M), Q, f defined by (2.13) is continuous
on M, by the K-invariance of v;, and Q,f(x) — 0 as x — oo under the
one-point compactification topology on M. The weak convergence v, — §,
implies Q, f — f ast — 0. Therefore, Q, is a Feller semigroup. Thus (b)
is proved.

For (c), let v; be a K -invariant convolution semigroup on M and let u, be
defined by (2.11). Then w, is the unique bi K -invariant probability measure
on G with mu, = v, and ug = pg. For f € B(G).,

penh = [ [ FS@Rpx ki)
= [ [ [ rssmampsindymaz)
= [ [ [ [ rssomampxa@npcaimiymaz
. / / / F(S(g2h)pk (kv (d2)pi(dg)
= [ [ [ res@unpraim@ne

=// feMp(dg)ns(dh) = p; * ws(f).

This shows that y, is a generalized convolution semigroup on G. Conversely, if
W, is abi K -invariant generalized convolution semigroup on G with ;o = px
and if v, = wu,, then v, is K-invariant and, for f € B(M),,

Vs (f) = tyss (f 0.7) = / / F o m(ghyn(dg)s(dh)
- / / Flemi(dgvy(dy) = / / FSCr(gIK Y (dg)v(dy)
- / / FSEYdDs(dy) = vy % v (f).

This proves that v, is a K-invariant convolution semigroup on M. It is clear
that p, is continuous if and only if v, = Ty, is also. O

Let g be the Lie algebra of G. Recall that, for g € G, ¢, is the conjugation
map on G defined by ¢ (h) = ghg™! for h € G. The differential of cgate
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will be denoted by Ad(g),
93 X > Ad(g)X = Dcy(X) = DL, 0o DR,1(X) € g. (2.14)
The map
Gxgo(g, X))~ Ad(@X eg

is an action of G on g, called the adjoint action of the Lie group G on its Lie

algebra g, and is denoted by Ad(G). For asubgroup H of G, depending on the

context, Ad(H) will denote either the adjoint action of H on its Lie algebra or

the action Ad(G) restricted to H givenby H x g > (h, X) — Ad(h)X € g.
We note that

VX cg,  Ad(e¥) = 2d®), (2.15)

where ad(X): g — gisthelinear map givenby ad(X)Y = [X, Y] (Lie bracket)
and 240 = $°° (1 /n1)ad(X)" is the exponential of ad(X). In particular,
(d/dD)Ad(e™)Y |=o=[X, Y].

Because K is compact, there is an Ad(K )-invariant inner product on g, that
is, an inner product (-, -) satisfying (Ad(k)X, Ad(k)Y) = (X, Y)for X, Y € g
and k € K. We will fix such an inner product. Let ¢ be the Lie algebra of K
and let p be the orthogonal complement of £ in g. It is easy to see that p is
Ad(K )-invariant; that is, Ad(k)p C p fork € K.

Let {Xy,..., X} be an orthonormal basis of g such that X1, ..., X, form
abasis of pand X4, ..., X, form a basis of £. Consider the map

¢: R'oay=1,..., ) > n(ez;;lyixf) eM.

Restricted to a sufficiently small neighborhood V of 0 in R”, ¢ is a dif-
feomorphism and hence y,...,y, may be used as local coordinates on
¢(V), a neighborhood of 0 in M. For x = ¢(y) in ¢(V), we may write
(3/8y;)) f(x) for (3/3y;)f o@(y) for f e C'(M) and 1 <i <n. In this
way, d/dy; may be regarded as a vector field on ¢(V). For k € K and
x € (V) kx = kep(y(x)) = w{exp[D>_r_; yi(x) Ad(k)X;1}; it follows that, for
x € V),

>3 AdRX; = yikx) X;. (2.16)
i=1

i=1
The functions y; may be extended so that y; € C>°(M) and (2.16) holds for

any x € M and k € K, by replacing y; by ¥y; for a K-invariant v € C>°(M)
with ¥ = 1 in a neighborhood of o. Thus extended, the y; will be called the
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canonical coordinate functions on M (associated to the basis {X1, ..., X,}
of p).

By the discussion in Sections 1.2 and 1.3, the generator T of a left invariant
diffusion process g; in G takes the form

Vf e CX(G), Tf Za,,x le—i-chXf (2.17)

ljl

where g;; and ¢; are some constants with a;; forming a nonnegative defi-
nite symmetric matrix. The operator 7 is left invariant, thatis, T(f o Lg) =
(Tf)oLg for feCX(G) and g € G, and will be called a left invari-
ant diffusion generator on G. If T is also right K-invariant, that is, if
T(foRy)=(Tf)oRy for f € C°(G) and k € K, then it induces a dif-
ferential operator 7 on M, given by T f(x) = T(f o m)(g) for f € CX (M)
and x € M, where g € G is chosen to satisfy x = 7(g). The operator T is
well defined by the right K -invariance of 7" and it satisfies

Viec®M), (TfHom=T(fon). (2.18)

The left invariance of T implies that 7 is G-invariant; that is, 7(f o g) =
(Tf)ogfor f € C*(M)and g € G.

The G-invariance of 7 implies that T is completely determined by 7 f(0)
for f € C2°(M). Note that X(f o 7)(e) = 0 for j > n, and

82
X X'(f om)(e) = —f(e”‘ €"%10) |(5.0=0.0)-

which vanishes for j > n. Since Xl XZ XZXI + [X;, Xi]l, if j > n, then
Xt Xl(f om)(e) = [X;, X;] 1'(f o n)(e) wh1ch is a linear combination of
Xf(f om)(e)fori =1,2,...,n.It follows from (2.17) that

- 1 & &
Vfecrmn, Tfe)=; D aiXIX(fom)e)+ Y i XI(f om)e),
ij=1 i=1
(2.19)
where a;; and ¢ are some constants with g;; forming ann x n nonnegative def-
inite symmetric matrix. In fact, the g;; are the same as in (2.17). Because both
the inner product (-,-) and the space p are Ad(K )-invariant, for any k € K, there
is an n x n orthogonal matrix {b;;(k)} such that Ad(k)X; = > !_, b;;(k)X;
for j=1,2,...,n. Since Xf(f okom)e) =[Adk)X;1'(f om)(e), the
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coefficients ¢;; and c; in (2.19) satisfy

VkeK, aij= Y apbip(bj k) and ;= c)bipk)
P.q=1 p=1

(2.20)
fori, j =1,2,...,n. In fact, this is also a sufficient condition for (2.19) to

be the expression at o of a G-invariant differential operator T on M. It is easy
to see from (2.19) and (2.20) that

1 n n ,
Vf e CX(G), Tf =5 > ai XX+ cXif (2.21)

ij=1 i=1

is the restriction to C2°(G) of a left invariant and right K -invariant diffusion
generator 7 on G satisfying (2.18).

A G-invariant differential operator 7 having the expression (2.19) at o
with coefficients satisfying (2.20) will be called a G-invariant diffusion gen-
erator on M because it is the generator, restricted to C2°(M), of a G-invariant
diffusion process in M. In fact, x, = w(g;) is such a process, where g; is a
left invariant diffusion process in G whose generator restricted to C°(G) is
given by (2.21).

The following result is an extension of Hunt’s result Theorem 1.1 to a
G-invariant semigroup Q, of probability kernels on M = G /K, obtained
also by Hunt [32]. The theorem here is a slightly different version of Hunt’s
original result, but it is easier to state and prove.

Theorem 2.1. Let G be a Lie group and let K be a compact subgroup of G. Fix
an Ad(K)-invariant inner product on the Lie algebra g of G, and choose an
orthonormal basis {X1, . . ., X4} of g and the associated canonical coordinate
functions y1, ..., y, on M aswas done previously. If Q; is a G-invariant Feller
semigroup of probability kernels on M = G /K with generator L, then the
domain D(L) of L contains C*(M) and, for any f € CZ(M),

. . n 9 .
Lf)=Tf(o)+ /M {fm — f(o) - Zyi(x>a—yf(o>} M(dx), (2.22)
i=1 !

where o is the point eK in G/K, T is a G-invariant diffusion generator on
M, and 11 is a K -invariant measure on M satisfying

[{o}) =0, TI(Jy|*) <oo, and TI(U®) < oo (2.23)

for any neighborhood U of o, where |y|* = Y ", y.
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Conversely, given T and T1 as in the previous paragraph, there is a unique
G-invariant Feller semigroup Q; of probability kernels on M such that its
generator L at point o, restricted to CX(M), is given by (2.22).

The proof of Theorem 2.1 will be given in Chapter 3. Note that, by using
the Taylor expansion of f at o and the condition I1(|y|?) < oo, it is easy to
see that the integral in (2.22) exists and is finite.

The following result provides a basic relation between G-invariant Feller
processes in M and right K -invariant left Lévy processes in G.

Theorem 2.2. Let G be a Lie group and let K be a compact subgroup. If
g: Is a right K-invariant left Lévy process in G with gy = e, then its one-
point motion from 0 = eK in M = G/K is a G-invariant Feller process in
M. Conversely, if x; is a G-invariant Feller process in M with xy = o, then
there is a right K -invariant left Lévy process g; in G with gy = e such that
its one-point motion in M from o is identical to the process x; in distribution.

Equivalently this theorem can also be stated in terms of Feller semigroups
as follows: A left invariant Feller semigroup P; (of probability kernels) on G
that is also right K -invariant determines a G-invariant Feller semigroup O,
on M by

Ve BM)y, (@i f)om = P(fom). (2.24)

Conversely, given a G-invariant Feller semigroup Q; on M, there is a left
invariant Feller semigroup P; on G satisfying (2.24). Note that, for a given
Q,, such P, may not be unique.

Proof. The first part of the theorem is a direct consequence of Propo-
sition 2.2.

To prove the second part, let x; be coordinate functions associated
to the basis {Xi,..., Xy} of g We may assume the x; satisfy g =
exp[>_i; xi(8)X:] exp[Zfzn 41 Xi(g)X;] for g contained in a neighborhood
of e. Then x; = y; o for 1 <i < n, and by (2.16),

Vk € K, > xi AdK)X; =) xioc X, (2.25)
i=1 i=1
in a neighborhood of e. We may assume x; = y; o w for | <i < n and Equa-

tion (2.25) hold globally on G by replacing x; by ¥ x; for a bi K-invariant
¥ € C°(G) with ¥ = 1 in a neighborhood of e.
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Suppose the generator L of x;, restricted to CX(M), is given by (2.22).
Let T be the left invariant and right K-invariant diffusion generator on G
satisfying (2.18). Let S: M — G be a measurable section such that S(x) =
exp[>_;_, yi(x)X;] for x contained in a K-invariant neighborhood V of o.
Define a measure I on G by

VfeBG).  I(f) = / / FUSCOK Dpx @OTdx).  (2.26)

Then IT is K-conjugate invariant (i.e., c;I1 = I1 for k € K), and because of
the K -invariance of [1, 7 IT = IT. By (2.16),fork € K andx € V, kS(x)k™!
=exp[Y_;_, yi(kx)X;]. It follows that x;i(kS(x)k~') = 0 for i > n. We may
assume the coordinate functions x; are supported by 7~ (V). Then I1(|x;|) =
0 for i > n. Since TI(Y_"_, x?) = T1(]y|*) < oo, we see that IT is a Lévy
measure on G.

It now follows that, for f € C2°(G),

Lf(g)=Tf(g)+ /G {f(gh) - flg) - Zm(h)Xﬁf(g)} M(dh) (2.27)
i=1

is the restriction to C2°(G) of the generator L of a left invariant Feller
semigroup P, on G. Such a P, is unique by the discussion in Section 1.2.
Let g, be a left Lévy process in G with gy = e and transition semigroup
P,. By the left and right K-invariance of T, the K-conjugate invariance of
I1, and (2.25), it is easy to show that L is K-conjugate invariant; that is,
L(f ocy) =(Lf)ocy forany k € K. It follows that the generator of the left
Lévy process g; = kg:k™' = c(g,) has the same restriction to C(G) as that
of g;; therefore, kg,k~! has the same transition semigroup as g;. This implies
that g, is right K -invariant. By Proposition 2.2, its one-point motion from o,
X, = g0, is a G-invariant Feller process in M. Let Q} and L’ be respectively
the transition semigroup and the generator of x;. Then, for f € C>(M),

L' f(o) = %Qif(O) li=o = %Pf(f om)(e) == L(f om)(e)
= T(fom)e) + /G {(f o 1)h) - f(0)
- ixi(h)xf(f o n)(e)} T(dh).
Since T(f o) = {Tf) om, I =nx, X\(fomn)e)=(3/dy)f(0), and

Xx; = y; om, this expression is equal to that in (2.22). The uniqueness in
Theorem 2.1 implies that x; has the same distribution as x;. O
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Remark. Let x, and g, be as in Theorem 2.2. If f is a function on M
such that f o € CF'(G), then (1/1)(Q,f — f)om = (1/D[P(f o) —
(fom)] = L(f om)ast — 0in Co(G). It follows that the domain D(L) of
the generator L of x, in Theorem 2.1 contains all the functions f on M with
fom e Cy'(G) and (2.22) holds for such f.

2.3. Riemannian Brownian Motions

Let M be a d-dimensional Riemannian manifold equipped with the
Riemannian metric {(-, -);; x € M}, where (-, -), is an inner product on the
tangent space 7, M at x € M, and let Exp,: T, M — M be the Riemannian
exponential map at x, defined by Exp,(v) = y(1) for v € T, M, where y:
[0, 1] — M is the geodesic with y(0) = x and y’(0) = v. The Laplace—
Beltrami operator A on M can be defined by

[ )

d
Af() =) —5 FEXP(Y) li=o (2.28)

for f € C*(M)and x € M, where {Yi1,..., Y;}is acomplete set of orthonor-
mal tangent vectors at x. This definition is independent of the choice of ¥;s.
It is well known that, in local coordinates xy, . . ., x4, writing 9; for d/dx;, we
get

d d
Af) =Y g*@aafx)— Y ¢F@ri@afx),  (229)

J.k=1 i,j,k=1

where {g/*} = {g;x})7", g(x) = (3;, &)y, and T =(1/2) 30, g™ x
(0j8pk +0kgpj — 0,8 k). The matrix {g;;} is called the Riemannian metric
tensor under the local coordinates.

A diffusion process x; in M is called a Riemannian Brownian motion if its
generator, when restricted to C°(G), is equal to (1/2)A. When M = R? is
equipped with the standard Euclidean metric, the Laplace—Beltrami operator
is just the usual Laplace operator and a Riemannian Brownian motion is a
standard d-dimensional Brownian motion.

From its definition, it is easy to see that the Laplace—Beltrami operator
with domain C?(M) or C2°(M) is invariant under any isometry ¢ on M. It
follows that if x, is a Riemannian Brownian motion in M, then so is ¢(x;) for
any isometry ¢ on M.

The Riemannian Brownian motion has the following scaling property: If
¢ > Oisaconstant, A is the Laplace—Beltrami operator, and x, is a Riemannian
Brownian motion with respect to the metric {(-, -),; x € M}, then (1/¢)A is
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the Laplace-Beltrami operator and x;/. is a Riemannian Brownian motion
with respect to the metric {c(-, -),; x € M}.

There is considerable interest in studying Riemannian Brownian motions
in connection with the geometric structures of the manifolds (see, for example,
Elworthy [17, 18], Ikeda and Watanabe [33], and Hsu [31]). In this section,
we consider several cases when Riemannian Brownian motions appear in Lie
groups and the associated homogeneous spaces.

Let G be a Lie group and let (-, -) be an inner product on the Lie algebra g
of G. The latter induces a left invariant Riemannian metric {(-, -)¢; g € G}
on G under which the left translations L, for ¢ € G are isometries. Note that
a Riemannian Brownian motion g, in G with respect to this metric is a left
invariant diffusion process, that is, a continuous left Lévy process, in G. We
will express the Laplace—Beltrami operator A in terms of left invariant vector
fields on G, and from this expression we will obtain a stochastic differential
equation satisfied by g;.

Let {X1, ..., X4} be an orthonormal basis of g with respect to (-, -) and let

d
[X;. X =) CiX. (2.30)
i=1
The numbers C'; '« are called the structure coefficients of G under the basis

(X1..... X,). Since [X;. X¢] = —[X¢, X1, Ciy = —C;.

Lemma 2.1. Let x1,...,xy be the coordinate functions associated to the
basis {X1,..., X4} such that g = exp[Zfl=1 x;(g)X;] for g close to e. Then
for g contained in a neighborhood U of e,

d
Z ()5

o]
Xi(g) = T3 Zx,(g)C,k

where b;q € C®WU) and b’pq = 0(]x]?).

Proof. For X, Y € g, let Yy be the tangent vector to the curve t — X +tY
in g at + = 0. We will denote D exp(Yx) by D expy(Y). By Helgason [26,
Chapter II, theorem 1.7],

idy — —adx)
D Y)=DL —|Y 5, 2.31
epr( ) exp(X){|: ad(X) :| } ( )
where idg denotes the identity map on g and

id, ad(X) 00

ad(X) Z

ad(X)" =idg ——ad(X)—i—Z

(r +1)' 20"
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is a linear endomorphism on g, which is invertible when X is sufficiently
close to 0. It is easy to show that

{idg — emado

—1 o0
1
= idg + ~ad(X) + 3 c,ad(XY,
2d(X) } ot g0 2 rad®)

where the last series converges absolutely in the operator norm for X suf-
ficiently close to 0. Recall that g = exp[z 1 Xi(®@)Xi ] for g contained in a

sufficiently small neighborhood U of e. For X = >7_, x; X, let

 [idg — e—adeo
- ad(X)
d
=X+ 5 Z x;ChL X+ O(lx ).
1] 1
By (2.31), D Lexpxy(Xi) = D expy(Z). It follows that, for f € C*°(U) and
X
g=e" €U,

-1
1
} Xp = Xi+ 51X, Xil + oXI%

kf(g) f(eXele) li=0= _f(eX+zZ) =0 -

This proves the claim because

d

d
1 .
X+zzz§ {x;+t(8;k+§§ Xx; ;k+0(|x|2)>}Xi. 0
j=1

i=1

From Lemma 2.1, 8 =X|—(1/2)};,x;C5 X} + O(|x|*). The
Riemannian metric tensor of the left invariant metric on G induced by the
inner product (-, -) on g can be written as

1 )
gij(-x) (8138 x—(SU pr EZXPCIJ)I+O(|X|2)
V4
and d;.g;j(e) = —(1/2)C}; — (1/2)C};. Since gi;(e) = g(e) = ;.
. 1
[y (e) = 5[31‘&'1«(6) + 0kgij(e) — d;igjk(e)]

- j’k - C?i - Cl; — Clij + Cikj +Cj) = (Czk] +C).

| =

Because Cf = 0,
x!x! = {a + - Zx,C O + O(|x| )} [a + - ijck % + O(x%

= 0;0; + 0(|X|)~
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It follows from (2.29) and the previous computation that, for f € C 2(G),

d d
Af(e) =) X!IX!f(e)—Xif(e) with Xo=Y C/X; (232)
i=1 i,j=1
holds for g = e. Since both sides of (2.32) are left invariant differentiable
operators on G, therefore, it holds for all g € G.

We note that X in (2.32) is independent of the choice of the orthonormal
basis {X1,..., X4} of g because the operator Z?:l X f Xf- is independent of
this basis.

By the discussion in Appendix B.2, the solution g, of the stochastic dif-
ferential equation

d
1
dg = ;m» odW/ — 2 X(g)dr, (2.33)
where W, = (W,l, e, W,d ) is a d-dimensional standard Brownian motion, is
a diffusion process in G with generator (1/2)A; hence, it is a Riemannian
Brownian motion in G. To summarize, we have the following result:

Proposition 2.5. The Laplace—Beltrami operator on G with respect to the
left invariant metric induced by an inner product -, -) on g is given by (2.32),
where {X1,..., X4} is an orthonormal basis of g and X defined there is
independent of the choice of this basis. Consequently, if g; is a solution of
the stochastic differential equation (2.33), then it is a Riemannian Brownian
motion in G with respect to this metric.

By a similar computation, it can be shown that if in (2.32) and (2.33), X f
is replaced by X! and —X) by +x/, then A becomes the Laplace-Beltrami
operator on G and the process g; becomes a Riemannian Brownian motion
in G with respect to the right invariant metric induced by (-, -).

If G is compact, then there is an Ad(G)-invariant inner product (-, -) on g.
Then the left invariant metric on G induced by (-, -) will also be right invariant;
hence, it will be called a bi-invariant metric on G. In this case, it can be shown
that Xy = 01in (2.32) and (2.33). In fact, a more general conclusion holds as
in the following proposition. For two subsets u and v of g, [u, v] will denote
the space spanned by [X, Y] for X euand Y € v.

Proposition 2.6. Let G be a Lie group with Lie algebra g and let (-, -) be an
inner product on g that is Ad(H )-invariant for some Lie subgroup H of G. If
[p, p] C b, where p is the orthogonal complement of the Lie algebra by of H in
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g, then Xo = 0in (2.32) and (2.33). In particular, if (-, -) is Ad(G)-invariant,
then Xo = 0.

Proof. We note that p is Ad(H)-invariant. Since (d/dt)Ad(e'*)Y |,—o=
[X, Y], [b, p] C p. Without loss of generality, we may assume that the or-
thonormal basis { X1, ..., X4} of g is chosen such that X1, ..., X, form a ba-
sisof pand X,41,..., Xy form a basis of ). Since [b, p] C pand [p, p] C b,
it is easy to show that C,’j =0for1 <i < pandany j. Because, forh € H,
Ad(h):p — pand Ad(h): h — bare orthogonal with respect to the restrictions
of (-, -) to p and to b, it follows that, for X € b, the matrix representations of
ad(X):p — punderthe basis {X, ..., X,} andad(X): h — b under the basis
{Xp+1, ..., Xa} are skew-symmetric; hence, Cl]] =0forp+1<i<dand
any j. This proves that Xy = 0 in (2.32) and (2.33). If the inner product (-, -)
is Ad(G)-invariant, we may take H = G and then the condition for Xy = 0
is satisfied. O

We will now assume that H is a closed subgroup of G with Lie algebra
b, (-,-) is an Ad(H)-invariant inner product on g, and p is the orthogonal
complement of h) in g. The Ad(H )-invariance of the inner product implies that
the space p is Ad(H )-invariant. Consider the following stochastic differential
equation on G:

p d
dgi = Xi(g)odW/ +c Y  Xi(g)odW,, (2.34)
i=1 i=p+1
where c is an arbitrary constant and { X, . .., X} is an orthonormal basis of g
withrespectto (-, -) such that {Xy, ..., X,}isabasisofpand {X ,,,..., X4}

is a basis of h. Note that, when ¢ = 1, the distribution of the process g; deter-
mined by (2.34) is independent of the choice of any orthonormal basis of g
because a suitable orthogonal transformation maps this basis into another that
can be divided into a basis of p and a basis of h as required here and such a trans-
formation will also transform the standard Brownian motion W, into another
standard Brownian motion. In this case, (2.34) becomes (2.33) with X, = 0.

We will consider the one-point motions of the process g, in the ho-
mogeneous space G/H. Let 7: G — G/H be the natural projection. The
restriction of (-, -) to p is an Ad(H )-invariant inner product on p that in-
duces a G-invariant Riemannian metric {{-, -),; x € G/H} on G/H such that
(D (X), Dt(Y))r() = (X, Y) forany X, Y € p. By Kobayashi and Nomizu
[35, chapter X], if the following condition is satisfied:

(X,[Z,Y]y) + ([Z.X],.Y) =0 forX,Y,Zep, (2.35)
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where X, denotes the p-component of X € g under the direct sum decompo-
sition g = h @ p, then, for any X € p, ¢ > e'X H is a geodesic in G/H.

Proposition 2.7. Let g; be a left invariant diffusion process in G satisfying
(2.34). Then g, is right H -invariant. Moreover, if go = e and if the restriction
of (-, -) to p satisfies the condition (2.35), then x, = g;0 is a Riemannian
Brownian motion in G/H with respect to the G-invariant metric on G/H
defined previously, where o is the point eH in G/H.

Proof. For any h € H, Ad(h) maps any orthonormal basis in p (resp. in h)
into another orthonormal basis in p (resp. in ), it follows that g, is right H-
invariant; hence, by Proposition 2.2, x, = g,o0 is a Markov process in G/H
with a Feller transition semigroup Q, defined by Q, f(x) = P,(f o m)(g)
for f € Co(G/H) and x = go, where P; is the transition semigroup of g;.
Let Lg/n and L be respectively the generators of x; and g;. For X € g,
let X = Dn(X) € T,(G/H). Then {X1, ..., X,,} is an orthonormal basis of
T,(G/H) and for any Y € p and g € G, Exp,,[Dg(Y)] = n(ge’) = ge’o.
We have, for f € C*°(G/H)and x = go € G/H,

d d
Le/pf(x) = _Qtf(x) li—0 = _Pt(f om)(g) li=o= Lc(f om)(g)

ZX’X’(forr)(gH — Z X{X[(f o7)(g)
i=p+1
14 2

P 1 d

Z XiXi(f o)) =3 ; Z T2l 0) lizo
i=1 =1

14

-2

1
f(Epr(th(X M li=0= 2AG/Hf(X),
where Ag,y is the Laplace-Beltrami operator on G/H. O

Now suppose G is a compact Lie group that acts on a manifold M tran-
sitively. An Ad(G)-invariant inner product (-, -) on the Lie algebra g of G
induces a bi-invariant Riemannian metric on G. Fix p € M and let H be the
isotropy subgroup of G at p with Lie algebra . The manifold M may be
identified with G/H viathe map G/H > gH +— gp € M. Because the inner
product (-, -) is Ad(H )-invariant, it induces a G-invariant Riemannian metric
on M = G/H, which will be called the G-invariant metric on M induced by
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the Ad(G)-invariant inner product (-, -) on g. It can be shown that this metric
is independent of the point p € M.
The condition (2.35) is satisfied because for X, Y, Z € p,

(X, [Z,Y]y) +([Z. X],, Y) = (X, [Z,Y]) + ([Z, X]. )

d
== (Ad(e'H)X, Ad(e'?)Y) |;=o=0

by the Ad(G)-invariance of the inner product. It follows from Proposition 2.7
with ¢ = 1 in (2.34) that if g, is a Riemannian Brownian motion in G with
go = e, then g, p is a Riemannian Brownian motion in M. Because p can be
an arbitrary pointin M and g, is right invariant, g,x is a Riemannian Brownian
motion for any x € M and even when gy # e. To summarize, we have the
following result.

Proposition 2.8. Let G be a compact Lie group that acts transitively on a
manifold M and let (-, -) be an Ad(G)-invariant inner product on the Lie al-
gebra g of G. If g; is a Riemannian Brownian motion in G with respect to the
bi-invariant metric induced by (-, -), then¥x € M, x, = g;x is a Riemannian
Brownian motion in M with respect to the G-invariant metric induced
by (-, -).
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Generator and Stochastic Integral Equation
of a Lévy Process

This chapter is devoted to the proofs of Theorems 1.1, 1.2, and 2.1. In
Section 3.1, we show that the generator L of a left invariant Feller semigroup
P;, restricted to Cg’l(G), is given by (1.7), which also determines P;. This is
the first half of Theorem 1.1 and the uniqueness stated in the second half. We
basically follow the arguments in chapter IV of [28], but some changes are
made. In Section 3.2, we prove that the stochastic integral equation (1.16) has
aunique solution. This is the second half of Theorem 1.2. As a straight forward
consequence, the existence stated in the second half of Theorem 1.1 follows.
The first half of Theorem 1.2—that is, a given left Lévy process satisfying
the stochastic integral equation (1.16)—is proved in Section 3.3. The main
ideas from these two sections are taken from Applebaum and Kunita [3], but
more details are provided here. Theorem 2.1 is proved in Section 3.4 mainly
by suitably changing the arguments in Section 3.1. The amount of work is
reduced by combining the proofs of the three results together.

3.1. The Generator of a Lévy Process

Let {u;; t € Ry} be a continuous convolution semigroup of probability
measures on a Lie group G, let {P;; t € R,} be the left invariant Feller
transition semigroup of probability kernels on G defined by (1.5), that is,
P f(g) = m(f oLg)for f € B(G)+ and g € G, and let L be its generator.
We show in this section that the domain D(L) contains Cé’l(G) and (1.7)
holds for any f € Cg’l(G). We also prove that the restriction of L to CS’Z(G)
determines the left invariant Feller semigroup P; uniquely.

Lemma 3.1. For any neighborhood V of e,

1 .
sup ;M,(V‘) < 0.

t>0

Proof. Recall that C,,(G) s the space of all the uniformly continuous functions
on G under the one-point compactification topology and that any f € C,(G)

52
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may be expressed as f = fy + ¢ for fy € Co(G) and ¢ € R. Let C be the
space of f € C,(G) such that (1/#)(P; f — f) converges uniformly on G
as t — 0. Since D(L) is dense in Cy(G), it follows that C is dense in
C,(G). Therefore, for any f € C,(G) and ¢ > 0, there exists ¢ € C such
that sup,. | £(8) — ¢(8)] < e, and (1/0)[1:(¢p o L) — ()] converges uni-
formly for g € G ast — 0. Let U be a compact neighborhood of e such that
U'=UandU*>=UU C V;let f € C,(G) satisfy 0 < f < 1, f(e) =0,
and f(g)=1for geU%let0<e¢e < %; and let ¢ € C be chosen as be-
fore withn = inf{¢(g); g € G}.Then—e <n<e¢,f—e<¢p < f+¢,and
dzeU with¢(z) =n.Lety =¢ —n. Then y > 0on G, ¥ > 1—2¢ on
U, and Y(z) =0.LetE§ =Y oL,. Then& >0on G, £ > 1 —2¢ on V¢,
and &(e) = 0. Moreover, lim,_ +t,(§) = lim—o 1[11:(¢ 0 L.) — ¢(2)] ex-
ists and is finite. This implies the conclusion of the lemma. O

Lemma 3.2. Let E be a Banach space, E' be a dense subspace of E, F
be a closed subspace of E of finite codimension, y € E,and M = F +y =
{x +y, x € F}. Then M N E' is dense in M.

Proof. 1t suffices to prove the case when dim(E) = co. Suppose the codi-
mension of F in E is equal to k. Then there exist linearly independent
X1,...,xx € E' such that E = F @ H, where H is the k-dimensional sub-
space of E spanned by x, ..., x;. Evidently, H C E’. Any x € E may be
written uniquely as x = f, + h, with f, € Fandh, € H.Let p: E > M
be the map defined by p(x) = fx +h, = fr — fy +y € M. Then p is con-
tinuous and fixes points in M. It now follows that p(E’) is dense in M. Since
H C E',itis easy to see that p(E") C E’'. This proves that E’ N M is dense
in M. O

As in Section 1.2, let X;,..., X; be a basis of g and let xy, ..., x4 €
C2°(G) be a set of associated coordinate functions. For any function f on G,
let || £l = sup,q | f(8)l, and for f € Cg’l(G), let

d d
LA = I+ Y UXEFI+ > XX £l
i=1

= ij=1

Similarly, for f € Cé”(G), | f15 is defined with the Xf replaced by X’. Note
that C,(G), Cé’l(G), and Cé” are Banach spaces under the norms || f]|, || f ||12,
and || f||; respectively.

Lemma 3.3. D(L)N Cy"(G) is dense in C3" (G).
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Proof. Itiseasytoseethatif f € C3”(G),then P, f € C;"(G)and || P f |} <
|| £1I5. By restriction, we may consider P; as a semigroup of linear operators
on the Banach space Cg‘r(G), and then by the Hille—Yosida Theorem (see,
for example, theorem 1 in Yosida [62, section IX.3]), the domain of its gen-
erator is dense in Cé”(G). This implies that D(L) N Cé”(G) is dense in
Cy(G). O

Lemma 3.4. There exist yi,...,vqs, ¥ € D(L)N Cé"(G) such that

(i) yi(e) =0and X[ y;j(e) =6 fori, j =1,2,...,d;
(it) Yy(e) = X{y(e) = 0 and X; X' y(e) = 28;; fori, j =1,2,....d;
(iii) 3 a neighborhood V of e and § > 0 such that ¥ (g) > § Z?:l xi(g)?
forallg e V.

Proof. Part (i) follows from Lemma 3.2 by setting E = Cé”(G), E' =
D(L)N C3" (G),

F={feCy"(G) fley=X[fle)=0 for 1<i=<d,

andy € Cg’r(G) satisfying y(e) = Oand Xjy(e) = §;;,j =1,2,...,d.Sim-
ilarly, (ii) can be proved with the same E and E’, but with

F={feCi(G); fle)=X|f(e)= XX f(e)=0fori, j=1,2,....d}

and y € Cg’r(G) satisfying y(e) = X/ y(e) =0 and Xi X' y(e) = 25;;.
To prove (iii), first assume the coordinate functions x; satisfy g =
exp[); xi(g)X;] for g in a neighborhood of e, then the Taylor expansion
(1.9) holds. The expansion holds also when gh and X! are replaced by hg and
X!, respectively; hence, if ¢ € C?*(G) satisfies ¥ (e) = X'y (e) = 0, then, for
g in a neighborhood of e,

d
1 A r
V(@) =3 > XX X[y (e,
ij=1
where g’ = exp[t Zflzl xi(g)X;] for some ¢ € [0, 1]. Part (iii) follows from
this and the fact that X7 X ; Y (e) = 28;;. Note that this conclusion is indepen-
dent of the choice of coordinate functions x; because of (1.6). (I

Lemma 3.5. sup,_ L1, (Y0, x?) < oc.

Proof. Let ¢ € D(L)N Cg’r(G) be given in Lemma 3.4. Note that ¢ €
D(L) = sup,. %,LL,(I//) < o0o. However, by Lemma 3.1, sup, ., %,LL,(V“) <
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oo for any neighborhood V' of e. This implies that sup,_, % Jy ¥du, < oo.
From this and Lemma 3.4(iii), we obtain sup,. %'LLZ(Z?:I x? - 1y) < o0. By

Lemma 3.1, sup,_o L1, (31 x?) < o0 0

Lemma 3.6. There is a constant ¢ > 0 such that

1
VfeCi'(G) and t>0, ’?[Mr(f) —f@l =clfl. 3.1

Proof. For f € Cy'(G), let

d
$(8) = f(8)— f(e)— > _ yi()X] f(e)

i=1

forg € G,whereyy,...,y; € D(L)N Cé’r(G) are givenin Lemma 3.4. Then
¢(e) = X/ ¢(e) = 0. Let W be a neighborhood of e such that the exponential
map exp is diffeomorphic on exp~!(W). By the version of the Taylor expan-
sion (1.9) using right invariant vector fields X!, for a properly chosen W and
allg e W,

d

1
e) = > xi(@)x () X[ Xp(g)

ij=1

for some g’ € W. Hence, there is a constant ¢; > 0, independent of f and ¢,
such that

d
Vee W, gl <ciloly ) xi(e)

i=1
and therefore

= alloll’, (3.2)

1
_/deﬂt
tJw

where ¢; = ¢ sup,. %M,(Zf:l x?) < oo by Lemma 3.5. However, for any
neighborhood W of e,

1

- / bd

t Jwe

where c¢3 = sup,_, %u,(W") < oo by Lemma 3.1. Note that |¢] <
lgll5 < call fIl5 for some constant ¢4 > O independent of f and ¢. Let

= allell, (3.3)
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¢s = (c3 + ¢3)cq. Adding (3.2) and (3.3) yields

1 1<
S = f@T = X f@m(y)
i=1

1
= ‘;Mt((ﬁ)‘ = CS”f”S

Since y; € D(L) and y;(e) =0, sup,.q |%P,y,-(e)| < 00. From this, (3.1)
follows. O

We may regard P, as a semigroup of operators on C,(G). Its generating
functional A is defined by

1
Af =lim 1) = f(@) (3.4)

for f € C,(G) if the limit exists and is finite. We may regard A as a linear
functional on C,(G) with domain D(A) being the setof f € C,(G) for which
this limit exists and is finite.

It is clear that D(A) contains D(L), the domain of the generator L, and for
f € D(L), Af = Lf(e). Moreover, by the left invariance of P,, if f € D(L)
and g € G, then foL, € D(L) C D(A)and Lf(g) = A(f o L,).

Lemma 3.7. C,(G)N C*(G) C D(A). In particular, D(A) contains both
Cg’r(G) and Cg‘Z(G) and is dense in C,(G) under the norm || - ||.

Proof. We first show that D(A) contains Cé”(G). By Lemma 3.3, Cg”(G) N
D(L) is dense in Cé’r(G). Since, for f € D(L), lim,_o(1/0)[u,(f) — f(e)]
exists and is finite, it follows from (3.1) that Cg‘r(G) C D(A).

Let f € Co(G) N C*(G). For any & > 0, there is a relatively compact
neighborhood V' of e such that f may be written as f = f; + f,, where
fi€ CZ.(G) C Cg’r(G) and £, € Co(G) N C*(G) satisfying fr =0 on V
and || 2| < €. Then f; € D(A) and |sup,.o(1/)u:(f2)| < ce, where ¢ =
sup,.o(1/6)u(V¢) < oo. This implies f € D(A). Since any f € C,(G)N
C*(G) can be written as f = h + ¢, where h € Co(G) N C*(G) and ¢ =
limg_, o, f(g) is a constant, it follows that C,(G) N C%*(G) C D(A). O

Lemma 3.8. There is a constant ¢ > 0 such that

VfeCy'(Gyandt > 0, ‘

1
TIPS - f]H <cllfl (3.5)

Proof For B € B(G), let f1,(B) = u,(B~"). Then {/1,; t € R} is a continu-
ous convolution semigroup of probability measures on G and (3.1) holds with
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ju; replaced by f1,. For f € C3'(G), let f(g) = f(g™"). Then f € C3"(G)
with ||f||’2 = 17115 and f1,(F) = p(f). For f € C5'(G)and g € G,

[sz(g) f(g)]‘ ‘[Mt(f L) = (f o Lg)(e)]

;{M(f oL1—(fo Lgﬂe)}‘
cl(f oLyl =clifoLelly =clifly. O

IA

Let G denote the one-point compactification of G with oo being the point
at infinity. Any function f in C,(G) will be regarded as a function in C(G )
by setting f(c0) = limg_, o f(g). The function spaces C,,(G) and C(G ) are
thus naturally identified. The measures 1, will be extended to G by setting
pi({oo}) = 0.

Let W be an open subset of G, whose closure does not contain e. For
£ € D(A)N Cu(W), Af = lim,_.o(1/ D), (f); hence, |Af] < eyl f1l, where
cw = sup,.o(1/6)p:(W) is finite by Lemma 3.1, and if f > 0, then Af >
0. Therefore, f +— Af is a positive bounded linear functional on D(A) N
C.(W) under the norm || f|| and, because D(A) N C.(W) is dense in C.(W)
by Lemma 3.7, it may be extended uniquely to be such a functional on C.(W).
By the Riesz representation theorem on a locally compact Hausdorff space,
there is a unique measure ITon W suchthat Af = I1(f) and [TI(f)| < cw| £
for f € D(A)N C.(W). By letting W 1 (G — {e}), T becomes a measure
on (G — {e}) such that [T(U°) < oo for any neighborhood U of e. We can
regard IT as a measure on G, by setting [1({e}) = 0. Then

Af =TI(f) forany f € D(A) vanishing in a neighborhood of e.  (3.6)

Let IT = II|g. Choose ¢, € C,(G) N C*®(G) such that0 < ¢, < 1, the ¢,
vanish in a neighborhood of e, ¢, = 1 in a neighborhood of oo, and [¢, =
111 (G —{e}) asn 1 oo, where [¢, = 1] = {g € G; ¢,(g) = 1}. Then

d d
n<;x3> = lim 1 (¢,, ;x})
d

= nlirg)A(%Zx[z) <sup— /L,(Z ) <oo. (3.7

i t>0 _

Therefore, IT satisfies the condition (1.8) and hence is a Lévy measure on G.
Let

aij = A()C,'.Xj) — H(X,'Xj) and Cc; = A(x,-). (38)
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It is clear that a;; = a;j;. For (&1, ..., &) € R, let ¢ = (X, &x;)>. Then

1 1
A = lim () = im 1, (§u) = A@u) = T @) 1 TI(W)

as n 1 00; hence,

d
> aEE = A@) —TI(¥) = 0.
i, j=1

This shows that the symmetric matrix {a;;} is nonnegative definite.

Let U be a neighborhood of e on which the coordinate functions xy, .. ., x4
may be used as local coordinates. We will assume that these coordinate func-
tions satisfy g = exp[Zf:1 x;(g)X;]for g € U.Because of (1.6), Lemma 3.9
below still holds without this additional assumption if the constants c; are
suitably changed.

Lemma 3.9. For f € C,(G) N C*(G),

d 1 d
Af =) Xl fle)+ 3 > apXi X, fle)

i=1 Jik=1

d
+1 {f — fle) =) xiX] f(e)} : (3.9)
i=1

Proof. Let f € C,(G)N C*(G). We may write

d 1 d
F@) = @)= x@Xif)+ 35 D xi(@u@X; X f(e)+ Ry(g)
i=1 k=1
' (3.10)
for g € G and some Ry € C,(G)N C?*(G). By Taylor expansion (1.9), for
gev,
1 d
Ri@) =3 > x(@x@IX;X f(€) = XX f (o),
jok=1

where g’ = exp[¢ Zle x;(g)X;] for some z € [0, 1].

We now show A(Ry) = 1=[(Rf). Let ¢, be chosen as before. Then
A(p,R;) = TI(¢yR;) — TI(Rs)asn — oo. Because |R;| < n Y%, x?ina
sufficiently small neighborhood of e for some € C(G — {e}) with n(g) — 0
as g — e, and because [¢, < 1] | {e}, it follows from Lemma 3.5 that

1
|A(R; — ¢uRy)| < sup ;m[(l —¢)IRfI1 — 0

as n — oo. This proves A(R;) = [I(Ry).
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Applying (1/¢)u, to (3.10) and then letting t — 0, we obtain, for any
fecCy, (G)ﬂCZ(G)

Af = ZA(x X! fle)+ = Z Axjx) X" X, f(e) + A(Ry)

i=1 jkl

= ZC,XI (€)+ Z aij ka(e)

]k 1
1 d
+5 D M x0X X f(e) + T(Ry)
Jok=1

— Zc,x fle)+ = Z aj XX} f(e)

i=1 jkl

[ Z xjx X5 X f(e) + Rf}

Jj.k=1

- Zc,le(e)—}- Z ap XX} fe) + 10 [f fle)— Zx X! f(e)]

i=1 ]k 1
d
= X/ fO)+ Z ap XX f(e)+ 1 [f fle)— Zx,X f(e)]
i=1 ]k 1
+clf(00) = fle)l, (3.11)

where ¢ = T1({oo}).

It remains to show ¢ = 0. If ¢ > 0, choose f, € C.(G) N C*(G) such
that f, = 1 in a neighborhood of e, 0 < f, < 1,and f, 1 1 on G asn 1 co.
By (3.11), Af, =(f, — 1) —c < —c. It follows that, for sufficiently
small r > 0, u,(f,) <1 —(c/2)t. This is impossible because u,(f,) 1 1 as
n 1 oo. O

‘We are now ready to prove the first half of Theorem 1.1 and the uniqueness
in the second half, which may be stated as follows:

Theorem 3.1. Let a;j, c;, and I1 be defined as before. If f € CS'Z(G), then
f € D(L)and, for f € CS’I(G), (1.7) holds. Moreover, there is at most one left
invariant Feller semigroup P; on G whose generator L restricted to CZ°(G)
is given by (1.7).

Proof. Let f € C3"(G). Then f o L, € C;"(G) C D(A) forany g € G and

1 1
lim [P, (g) = f(©)] = lim —[Pi(f 0 Ly)(e) = (f o L)@l = A(f o Ly).
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By (3.9), A(f o L,) is equal to the expression on the right-hand side of (1.7).
To prove the first statement of the theorem, we need only to show f € D(L).

For A > 0, let R, be the resolvent associated to the semigroup P, defined
by R, f = fooo e P, fdt for f € Co(G). It is well known that the range of
R; is equal to D(L); that is, D(L) = {R; f; f € Co(G)}. Let f € C3'(G).
By Lemma 3.7 and the invariance of Cé ’](G) under left translations, f o L, €
D(A) for g € G and

1 1
lim —[P,f(8) = f(@)] = lim —[u,(f 0 L) = (f 0 L)@ = A(f © L),

By Lemma 3.8, ||(1/t)(P,f — f)| is bounded in t. Therefore, writing
Bf(g) = A(f o L,), we have

1
Riof = Bf) = 1Ruf = lim ~Ru(P.f = f)

t

1 o0
=)LR)\f—}ir%—<eM/ e_MPSfds—R)\f>
g t

. 1 At : 1 At ' —As

= AR, f —lim — (¢ — )R, f + lim —e e " P fds
t—0 ¢t t—0 ¢t 0

=AR [ —ARf+ [f=T

This proves f € D(L).

We now prove the uniqueness. We will actually prove a slightly stronger
result: that there is at most one left invariant Feller semigroup P, of proba-
bility kernels on G if its generating functional restricted to C°(G) is given.
The idea of this proof is taken from Hunt [32]. Suppose P, and P/ are two
Feller semigroups on G whose generating functionals A and A’ agree on
C2°(G). Since the restriction of the generating functional to C°(G) deter-
mines IT, ¢;, and a;; in (3.9), by Lemma 3.9, A and A’ agree on C,(G) N
CX(G). For f € Cy"(G)and g € G, let Nf(g) = A(f o Lg) = A'(f o Ly).
Then (d/d1)P, f(g) = (d/ds)P, P, f(8) ls—o= (d/ds)i;[(P,f) o Lg] ls=o=
A[(P f)o Lyl = NP, f(g) and similarly (d/dt)P/f(g) = NP/f(g). Let
f € CX(G) and define h(t, g) = P, f(g) — P/ f(g) for g € G. It suffices to
show h(t, g) = 0 for any (¢, g) € Ry x G. In fact, one just needs to show
h(t, g) > 0 because replacing f by — f will then lead to h(¢, g) <O0.

Note that A(z, -) € Cé’r(G) and that it may be regarded as a continuous
function on R} x G, satisfying

d
h©,-)=0, h(,00)=0, and Eh(t’ g) = Nh(t, g).

By (3.9), Nf is given by the right-hand side of (1.7). From this it fol-
lows that if A(s, u) = mingcg, (s, g) for some (s, u) € (0, 00) x G, then
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(d/dt)h(s,u)= Nh(s,u) > 0.Leth.(t, g) =e " h(t, g) for some fixed ¢ > 0.
If h.(z, g) <O for some (¢, g), then there are 0 <§ <1, s >0, and u €
G such that —8 = h.(s, u) = mingeg_ h.(s, g) and h.(t, g) > —§ for all
(t, g) € [0, 5) x G. It follows that (d/dt)h.(s, u) < 0. However, h(s, u) =
mingeg, h(s, g) and (d/dt)h.(s,u) = —chc(s,u) +e “(d/dt)h(s,u) >
¢d > 0, which is a contraction. This shows #h.(¢,g) >0 and hence
h(t,g) > 0. O

3.2. Existence and Uniqueness of the Solution
to a Stochastic Integral Equation

In this section, we prove the existence and the uniqueness of the solution to
the stochastic integral equation (1.16), that is, the second half of Theorem 1.2.
From this result, it is easy to derive the existence stated in the second half of
Theorem 1.1

Let {F;} be a filtration, let B, be a d-dimensional {F;}-Brownian motion
with covariance matrix a;;, let N be an {F;}-Poisson random measure on
R, x G with characteristic measure IT being a Lévy measure, such that { B;}
and N are independent under {;}, and let ¢; be some constants. A cadlag
process g; in G with gy = e, adapted to {F;}, is called a solution of the
stochastic integral equation (1.16) if it satisfies (1.16) for any f € Cé’l(G).
Equation (1.16) is said to have a unique solution if any two solutions agree
almost surely for any time ¢ € R,..

Let {.7-",3 N } denote the filtration generated by {B,} and N as defined in
Appendix B.3. It is clear that 72" ¢ F,.

In the rest of this chapter, a Lévy process in G will mean a left Lévy process
unless explicitly stated otherwise.

Lemma 3.10. Given {B,}, N, I, and c; as before, let g; be a Lévy process
in G and suppose it is a solution of (1.16), let N’ be a {F;}-Poisson random
measure on Ry x G with a finite characteristic measure I1' and independent
of {B;} and N under {F;}, and let y; be the Lévy process in G obtained from
g by adding the jumps determined by N’ as described in the statement of
Proposition 1.5. Then vy, is a solution of (1.16) with the same {B,}, but with
N, I, and c; replaced by N + N’, T1 + I, and ¢; + f x;dT1'. Moreover, if g,
is adapted to {]—“,B‘N}, then y, is adapted to {.EB’NJFN/}.

Note that the construction of y, from g, and the proof that y, is a Lévy
process, as stated in Proposition 1.5, do not depend on Theorem 1.1. Although
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Propositions 1.4 and 1.5 are now available because their proofs depend only
on the first half of Theorem 1.1, which has been proved, they will not be used
in this section.

Proof. Fix B;, N, I1, and ¢; in (1.16). For f € CS’I(G), a cadlag process g,
in G adapted to {F;}, and a < D, let

d b d b
S(f, g,a,b):Z/ Xff(gs,)odB£+Zc,-/ X! f(g,—)ds
=174 i=1 a
b
+ / /G Lf(8_h) — f(g.)IN(ds dh)

b d
+ / /G [f(gs—h)—f(gx—)—Zxi(h)Xff(gx—)]dsl'l(dh).
a i=1

Equation (1.16) may be written as f(g;) = f(go) + S(f, g., 0, ¢). Note that,
if g, is a solution, then S(f, g., a, b) = f(g») — f(gs)- Moreover, forh € G,
S(folLy,g,a,b)=S(f hg,a,b).

Let random times 7,, 1 oo and G-valued random variables o, be the two
sequences determined by N’. For simplicity, write T = T} and o = o7. Then
w=gfort <Tandy = gT_ag;lgt forT <t <T.

Note that the process g, only jumps when N does. Since N and N’ are
independent, g; is almost surely continuous at t = T'. Thus, y, = grogr lg,
forT <t < T, and, for f € CS’I(G),

FOn) = fgr) + [f(grogr'e) — flgro)] + [f(gro) — flgr)]
= f(gr)+[f(grogr'e) — f(gro)l

+ /0 /G LF G t) — f (s )IN'(ds dh). (3.12)

Let B" and N be, respectively, the Brownian motion B, and the Poisson
random measure N shifted by the finite stopping time 7'; that is,

B =By, — By and NT(0, 1] x )= N(T, T +1] x ).

Then B,(T) is a Brownian motion with same covariance matrix as B;, and
N is a Poisson random measure on R, x G with the same characteristic
measure as N. Moreover, {B,(T)}, ND and Fy are independent.

Let T = grogy . Then  is independent of {B{"} and N'™. We have
f(grogr'8) — f(gro) = (f o L:)(g) — (f o L-)(gr)
=S(folL.g,T,t)
=S(f,tg.,.T,t)=S(f,y.,T,1).
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By (3.12), we obtain, for T <t < T,

FOD = f(gr) + Sf v To 1) + /0 /G LFOs_h) — (s )IN'(ds dh).

Since f(gr) = f(g0) + S(f, 8,0, T)= f(yo) + S(f, y,0,T), it follows
that

FOO = FO0) + Sy 3.2 0.1) + /0 /G LF(s_h) — (s )IN'(ds dh).

This is just Equation (1.16) with g,, N, I, and ¢; replaced by y,, N + N’, TT1 +
[T, and ¢; + [ x;dT1’ respectively. We have proved that y, satisfies Equation
(1.16) for 0 <t < T,. By a similar computation, we can prove successively

that it satisfies (1.16) for 7,, <t < T,y forn = 2,3, ..., and hence for all
t eRy.

It is clear from the explicit construction of y, from g, that if g, is adapted
to {.EB'N}, then y; is adapted to {.T,B‘NJ”N,}. O

Let U C V be two relatively compact neighborhoods of e such that the
closure UU of UU = {gh; g, h € U} is contained in V and the coordinate
functions x; form a set of coordinates on V.

For the moment, we will assume supp(IT) C U. An adapted cadlag process
g: in G with gg = e, adapted to {F;}, is called a local solution of (1.16) in U if
forany f € C3"'(G), (1.16) holds for < 7, where T = inf{r > 0; g, € U°}.
Equation (1.16) is said to have a unique local solution in U if two such
solutions agree for < t almost surely. Note that because IT is supported by
U, g € UU c V. Therefore, when checking whether g, is a local solution
in U, its value for ¢ > 7 is not important. In fact, one may assume g, = g,
for ¢t > t and then the function space Cg’l(G) can be replaced by C3(G).

Let o be a finite {F; }-stopping time, let B,(") and N be B, and N shifted
by o as defined earlier, and let {f,(U)} be the filtration generated by {B,(”)}
and N©. Note that if (1.16) has a local solution in U, then it will still have a
local solution in U when B,, N, and F; are replaced by B, N©, and F\*.

The following lemma may be used to reduce the existence and uniqueness
of the solution of (1.16) to that of a local solution.

Lemma 3.11. Assume supp(IT) C U. If the stochastic integral equation
(1.16) has a unique local solution x, in U, then it has a unique solution
g: in G with gy = e. Moreover, if x, is adapted to {}',B’N}, then g; is also
adapted to (FENY and is a Lévy process in G with generator L restricted to
Cy'(G) given by (1.7).



64 Generator and Stochastic Integral Equation of a Lévy Process

Proof. Suppose (1.16) has a unique local solution x, in U. Then a solution
g, of (1.16) in G with gy = e can be constructed as follows: Let g? = x;,
let 7y = inf{t > 0; g° € U} A 1, and let g/, be the local solution of (1.16)
in U with B,, N, and 7, replaced by B{™, N, and Z ™. Inductively, let

= inf{¢t > 0; g?’l € U’} A1 and let g7 be the local solution of (1.16) in
U with B;, N, and F; replaced by B™ N@) and 7™ . Then 11, 12, . . . are
positive iid random variablesand 7, = Y /_, 7; 1 oo almostsurely asn 1 co.
Letg, = g% for0 < ¢ < T and inductively g, = g7, g/ r, forT, <t < Ty
Obviously, g, is a solution of (1.16) for ¢+ < T;. Replacing g;, f, B;, and N
in (1.16) by g/, f o L, with g = g, B™ and N, we obtain

f(g%el) = f(gh, +Z/ X! f(ghel ) od(B™),
t
+Zci/0 X, f(g9,8,)ds
i=1

+ /0 / L£(s% g1 h) — f(g%g! )INT(ds dh)
G

+/O /G[f(g%gj_h) — f(g%8.)

d
=Y xi(X; f(g9,8)-)1dsTi(dh)

i=l
= f(ng)-i-Z/

T+t
/ / LF(gs—h) — F(gs N (ds dh)

T+t

) d T+t
XiferodBi+> e [ Xftgds
Py T

T+t
)= f(g) =) _xi(MX; f(g5-) |dsTI(dh).
+/T1 /G{f(g )= fles) ;x() if(g )} sTI(dh)

Since gOT] gt1 = gr,+: fort < T, — Ty, it follows that g, is a solution of (1.16)
for t < T5. This argument can be continued to prove that g, is a solution of
(1.16) for any ¢t € R,..

Suppose g; is another solution of (1.16) with g, = e. By the uniqueness of
the local solution in U, g; = g; for t < T;. Then g, ! 87,4+, 18 the unique local
solution of (1.16) in U with B, replaced by B and N by N 1t follows
that g = g, for r < T,. This argument can be continued to prove g, = g
for any ¢t € R,. Therefore, g, constructed in the last paragraph is the unique
solution of (1.16) in G satisfying gy = e.
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From the explicit construction of the solution g, in G from the local solution
x; in U, it is clear that for any b € R, the process g; for € [0, b] depends
only on x;, B;, and N([O, ¢] x -) for t € [0, b]. It follows that if the local
solution x; in U is adapted to {.7-',3 N }, then so is the solution g; in G. Fix
s € R, and let h = g . Using the notation in the proof of Lemma 3.10, we
have, for f € C2'(G),

f(& " ge) = f o Li(gsr) = f o Lu(g) + S(f o Ly, g, 5,5 +1)
= f(e)+ S(f, hg.,s,s +1).

This shows that the process g, = g;'g,7!; is a solution of (1.16) with B, N,
and F, replaced by B, N©®, and F*. It follows that g. 'gy4, is independent
of FB-N and, by the uniqueness, has the same distribution as g. This proves
that g, is a Lévy process in G. By (1.18), which is equivalent to (1.16),
it is easy to show that the generator L of g; restricted to CS’I(G) is given
by (1.7). U

We will prove that Equation (1.16) has a unique local solution in U that is
adapted to {}',B N }.

We may identify V with an open subset of R and regard (1.16) as a stochas-
tic integral equation on R?. More precisely, let ¢ = (x1, ..., x4): V — R?
with ¢(e) = 0 be a diffeomorphism from V onto an open subset of R con-
taining 0, let W = ¢(U), and let z: W x W — ¢(V) be the map that transfers
the product structure on G to W—that is, z(x, y) = ¢(¢ ' (x)¢~'(y)) for x,
y € W.Let X/(x) = D$[X} (¢~ (x))] and Xj(x) = D[S 5, ¢; XL (¢~ ()]
for x € W C R, N' = (idg, x ¢)N, and IT" = ¢I1. Then X, X}, ..., X},
are vector fields on W and N’ is a Poisson random measure on Ry x W with
characteristic measure I'T". Let y, = ¢(g;). We may extend X, X, ..., X/, to
be smooth vector fields on R and z to be a smooth function from R? x R to
R?, all with compact supports, and regard N’ and IT’ as measure on R, x R?
and R? respectively. Then stochastic integral equation (1.16) on G for g;
with go = e becomes the following stochastic integral equation on R¢ for

¥i = Blg,): For f € C2(RY),
d :
fGn) = f(0)+2/0 X f(ys-) 0 dB; +/0 Xof(s)ds
i=1
+ /0 /W LF 0o 2)) — (s )IN'(ds d)

t d
) = FO) = S x X! f ()| dsTT(dx).
+/0/W[f<z<y ) = ) i;x ,f(y)} STT(dx)
(3.13)
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Letoj;,b; € Cfo(Rd) be defined by
d 9 d 9
X/(x) = ;aij(x)gj forl<i<d and Xj(x)= ;bj(x)gj.
Leto;. = (0j1,...,0jq)andb = (by, ..., bg). Applying (3.13) to the vector-

valued function f = (x1, ..., x4), we obtain the following integral equation
for y, in vector form:

d t t
=3 [ atreasi+ [ boods
i=1

[ [ 0= ¥ @sdn)
0o Jw
¢ d

+/ / {z(ys,x) - inoi.(ys)] dsTl'(dx).  (3.14)
0o Jw i—1

Lemma 3.12. Assume supp(I1) C U. If (3.14) has a unique solution y;, then
(1.16) has a unique local solution x, in U. Moreover, if y; is adapted to
{]—',B’N }, then x; is adapted to {]—',B’N}.

Proof. Different solutions of (1.16) will lead to different solutions of (3.13)
and hence different solutions of (3.14). It suffices to show that, if y, is a
solution of (3.14), then it satisfies (3.13) for any f € C*(R).

We will write f; for (0/dx;)f and y;(¢) for the ith component of y,.
Leth(t, x) = [zi(y:, X)) — yi(t)]and (h.N"), = fot Jw h(s—, x)N'(ds dx). By
(B.10) and (B.11) in Appendix B.3, it can be shown that [y; (), (h.1\7’).]f =0,
and then, by (B.3), [ fi(y.), (h.]\Nf’).]lC = 0. It follows that

/0 fiys-) 0 d(h.N), =/0 Fi(s)d(h.N"),
:/0 /Wfi()}s—)[Zi(ys—, x)_Yi(S—)]N’(dsdx),

By the It6 formula (B.4), for any f € C*(RY),

d t
100 =10+ [ eyt
i=1

d
+> [f(ys) S EDY ﬁ(ysmsy,-(-)} :
i=1

O<s<t
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Note that 3o_, . [f () = f(3s—) — S0, fi(ys—)Ayi] is equal to

/0 l /U {f0¢(gs—0)—f0¢(gs_)
d

~3" o plgexi(gs—0) — x,‘(gs_n}zv(ds do)

i=1
= /OZ/W {f(Z(ys,x))—f(ys)
d

- Z Ji(ys ) zi(ys—, x) — yi(S—)]}N/(ds dx).

i=I

Let W, = {x € W; |x| > ¢}. Then
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d ! ) d t
100 =10+ 3 [ fioeioredsl + Y [ roonoods
i=1

ij=1

d t
+Z/0 /Wfi(ys—)[Zi(ys_,X) — yi(_g_)]N/(dS dx)
i=1

d 1 4
+ZA /W Ji(ys) |:Zi(ys, x) — yi(s) — ijaji(ys):| dsTT'(dx)
i=1 o

+ /0 l /W {f(z(ys—,X))—f(ys—)
d

=5 iz 1) — yi(s—)]}N’(ds dx)
i=1
d t ) t
—f0+Y /0 X' f(y)odB] + /0 Xy f (v ds
j=1
d ¢
+ tm{ [ oot 0 -y asan
i=1 g8

d t
-> /0 /W ﬁ(yn[z,»(ys,x)—yi(s—ndsn/(dx)}
i=1 e

d

t
+ ling{// Filzi(ys, x) — yi(s)1dsTT' (dx)
iz f0 LJoJw

t d
-1 ﬁ(ys)zxjoi,-(ys)dsﬂ’(dx)}
o Jw, ot
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wlim{ [ [ GO - FooWN s )
e—0 o Jw,
d t
-2 / / [Nz 1) = yisDIN'ds dx)}
i=1 70 JWe
d ' ) '
=fO)+) /0 X' f(ys-)odB] + /O Xof(ys-)ds
j=1
[ ] o m = roowds )

' d
+/0 / [f(Z(yx,X)) — fs) — ijx}f(ys):| dsTl'(dx).
114 =
This is Equation (3.13) and the lemma is proved. O

We will now prove that (3.14) has a unique solution that is adapted to
{]—',B’N/ }. This can be done by the usual successive approximation method. Set
y? = 0. Let y/ be the right-hand side of (3.14) with y, = y? and inductively
let y,’”rl be the right-hand side of (3.14) with y; = y;. Recall that o;;, b;, and
z; are smooth functions with compact supports. It is easy to show that there
is a constant C > 0 such that

t
E {sup Iyt —yé’lz] < C/) E
(

O<s<t

sup [y — y{fﬂ diy

O0<u<t

t 1
< Cz/ / E | sup |yi! —yb','*zfz dtdn
0 JO 0<u<tn,
t 1 th—1 5
5---50"// / E | sup |y,|" |dtudty—y---dty
0 Jo 0 0<u<t,
=

cret 4cne”
T [ 1P| < B

n!

O<s<t

where the last inequality follows from Doob’s norm inequality (B.1). Because
0ij, b;, and z are smooth functions with compact support, it is easy to show
that E[|y,|*] < oo. It follows that a subsequence of y!" converges, uniformly
on finite 7-intervals, to some y, that must be a solution of (3.14).

The uniqueness of the solution can be established by a similar computation.
Suppose y; and y; are two solutions of (3.14). Then

t
E [sup 19, —yﬂ < c/ E [ sup 1y, —y:,F]ds
0

0<s<t 0<u<s



3.2. Existence and Uniqueness of the Solution 69

forsome C > 0.Because 0;;, b;, and z are smooth functions with compact sup-
port, by (3.14), it is easy to show that E[sup_, -, |ys|*] and E[sup,_,, |/|’]
are finite. Now Gronwall’s inequality implies y; = y;.

We have proved the following lemma.

Lemma 3.13. Assume supp(I1) C U. The stochastic integral equation (3.14)
has a unique solution y,. Moreover, y; is adapted to (FENY,

We can now easily prove the following result, which contains the second
half of Theorem 1.2.

Theorem 3.2. Given a filtration {F;}, a G-valued random variable u that is
Fo-measurable, a d-dimensional {F,}-Brownian motion B, with covariance
matrix {a;;}, an {F;}-Poisson random measure N on R x G with character-
istic measure T1 being a Lévy measure, and constants c;, such that {B;} and
N are independent under {F;}, then there is a unique cadlag process g; in G
with go = u, adapted to {F;}, such that (1.16) holds for any f € Cé’l(G). The
process g; is a left Lévy process in G, its generator L restricted to CS‘Z(G) is
given by (1.7), and it is adapted to the filtration generated by u, {B;}, and N.

Proof. By Lemmas 3.11, 3.12, and 3.13, we have proved that Equation (1.16)
has a unique solution g, with gy = e that is a Lévy process in G, adapted to
the filtration generated by {B,} and N, in the case when supp(I1) C U. The
general case follows easily by applying Lemma 3.10 with N being N|r, xv
and N’ = N|g, xye. To prove the existence of the unique solution g, of (1.16)
with go = u, one just needs to replace f by f o L, in (1.16). (]

The existence stated in the second half of Theorem 1.1 follows directly
from Theorem 3.2 because the transition semigroup P; of the Lévy process
g: in Theorem 3.2 is the required Feller semigroup.

Corollary 3.1. If {a;i} is a d x d nonnegative definite symmetric matrix, c;
are some constants, and Il is a Lévy measure on G, then there is a left invariant
Feller semigroup P; of probability kernels on G such that its generator L
restricted to CS‘Z(G) is given by (1.7).

Theorem 1.1 is now completely proved.
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3.3. The Stochastic Integral Equation of a Lévy Process

Let g; be a Lévy process in G. Assume its generator L restricted to CS’I(G)
is given by (1.7) with coefficients a;; and ¢; and Lévy measure IT. Let N be
the counting measure of right jumps of g, defined by (1.12) and let {}} be
the natural filtration of the process g7 = g, lg,.

We will prove the first half of Theorem 1.2; that there is a d-dimensional
Brownian motion B; with covariance matrix {g;;}, independent of N and go,
such that (1.16) holds for f € C5"(G). We will also show that {F¢} is the
same as the filtration generated by { B;} and N.

By Proposition 1.6, which is now available because Theorem 1.1 has been
completely proved, g; can be obtained from a Lévy process x;, whose Lévy
measure is supported by an arbitrarily small neighborhood U of e, interlaced
with jumps contained in U¢. By Lemma 3.10 with N being N|r, «y and
N’ = N|g, xue, we see that if (1.16) holds for x,, then it also holds for g;.
Therefore, without loss of generality, we may and will assume that the Lévy
measure I1 is supported by a relatively compact neighborhood U of e, which
may be assumed to be as small as we want.

ForO<s <t letg,, =g 'g = (g 'g¢ and, forany f € C;"'(G) and
p € G, define

Moo f(p) = f(pgss) — F(p) — / Lf(pg)du. (315

Then, for v > ¢,
E[Ms,vf(p) | -7:16] =E |:f(pgs,tgt,v) - f(P)

- / Lf (pgeu)du — / Lf(pgs,,g,,ndum}

N t

= Poyf(pgs) — f(p) — / Lf (pgeu)du — / PooiLf(pger)du

s

= P f(pger) — F(p) — / Lf(pge.)du
vod

_/ Ipu—tf(pgs,z)du = Ms,lf(p)-
t u

This shows that, for fixed s, M , f(p) is a L?>-martingale with respect to {F7}
for t > 5. For any fi, f» € Cg'I(G) and p,q € G, (M;.fi(p), M. f2(q)):
and [M; . fi(p), M;.. fo(q)], are defined (see Appendix B.2). Although they
are normally defined to vanish at ¢+ = 0, since both processes are defined only
for t > s, we will now define them to vanish at t = s.
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Let

d
B(fi. )(p.q) = Y _ ai X, filp)X’ fo(q)

i,j=1

+ /G LA(po) — FipILfqo) — fH@ITdo).  (3.16)

Lemma 3.14. (M, .fi(p), My, /(@) = [ B(f1, -)(Ps.u» 48s.u) dut.

Proof. We willfirstassume f; = f, = fandp =q = e.Set M, f(e) = M,

and g (e) =¢r. Since f(¢) = f(e)+ M, + [/ Lf(¢,)du is a semi-
martingale, by the integration by parts formula and noting ¢, = e,

(@) = fe) +2 / - dM, 12 / F@GOLF@du + M. M),
Therefore,
M (f)e) = f(¢)* = f(e) — / L) du
-2 (G- dM, 4 TM. M), — (M. M),

+ {(M, M)z+2/ F(Pu)Lf (@u)du —/ L(fz)(cbu)du}-

Since MS,,(fz)(e), f; f(pu_)-dM,, and [M, M), — (M, M), are martin-
gales, the process contained in the curly braces is a predictable martingale of
finite variation. Such a process must be a constant. Since it vanishes at t = s,
we obtain (M, M), = f;[L(fz)(q&u) —2f(¢u)Lf(¢y)ldu. A direct compu-
tation shows B(f, f)(p, p) = L(f>)(p) — 2f(p)Lf(p) for any p € G. This
proves the lemma in the case when f; = f>, = f and p = g = e. Setting
f = fi £ f> and using the polarization identity (X,Y) = 1[(X +Y, X +
Y)— (X —Y, X —Y)], we obtain the lemma for f; # f>, and p =q =e.
Now replacing f; and f> by fio0L, and f> o L,, respectively, proves the
lemma completely. d

Using an inner product on g, one obtains a left invariant Riemannian metric
on G. Let p be the associated Riemannian distance on G. For s < ¢, let
S=up<u; <uy<---<u, =tbeapartition of [s, ¢].
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Lemma 3.15. Forany f € CS’I(G) and p € G,

n—1 2
E{ |:Mstf(p) - Z Mui,ui+1f(p)j| }

i=0

<C@t-s)E

sup  p(ghgy. &) A 1]
u€el0, t—s], vel0, 8]

Sfor some constant C > 0depending only on f, where § = maxo<j<p—1(Ui+1 —
u;) and g, denotes a Lévy process that is independent of and identical in
distribution to g;.

Proof. For fi, f» € C'(G), p.qg € G,and Y, Z € g,

d
B, H)pe, ge'?) li=o

d
=Y a; [Y'X ()X, flg) + XL F (D) Z' X folg)]

i,j=1
+ /G [[(Ad@ ™YY fi(po) — Y fip]Lfrlgo) — f(@)]
+[fi(po) — Aip1[(Ad(e™NZ) fa(qo) — Z' fo(@)] }T1(do).

Because IT is assumed to be supported by a relatively compact neighbor-
hood U of e, this expression is bounded in (p, g); hence, B(fi, f>) has a
bounded first-order derivative taken with respect to any left invariant vector
field on G x G. Using Taylor expansion, it is now easy to show that, for

p.q.p,q9 € G,

|B(f1, f2)(P, @) — B(f1, 2)(P'. g = Ci{lp(p, P") + p(g. ) A 1}
(3.17)
for some constant C; > 0 depending only on f; and f>.
Note that

n—1

My f(P) =Y My, f(P8su)- (3.18)

i=0

If i < j, then My, ., f(Pgs.;) and My, ,,,, f(p) are independent; hence,
their product has zero expectation. However, if i > j, then writing A for gs ,,,
we have

E[Mu,-,u,url f(pgs,u,v)Mu,v,uH] f(P)] = E{Mu‘,v,u‘,vﬂf(p)E [Mu,',u,url f(Ph) | —7:;,] }
= E{Muf,uf+1f(p) E[Mu,»,u,ﬂf(pz)]z:h} = O



3.3. The Stochastic Integral Equation of a Lévy Process 73

Similarly, we can show

E[My; i, f(P&sau) My f(PE5u))]
= E{Mu‘,-,u_,ur] f(ng,u,-)E[Mu,-,um F(pD)le=n} =0

fori > j. It follows that

n—1 2
E{ [Ms,zf(p) = Mui,u,+lf(p>] }
i=0

n—1

2
E{ |:Z(Mui,u;+1 f(pgs,u,') - Mu,»,u,-ﬂf(P))} }
i=0

n—1

= E{[Myu f(Pgs) — Mupu,, f(P))}
i=0

n—1

= ZE{/ N [B(f, ) P&su» PEs.u)

i=0
—2B(f., [)(P8s.us P&uiu) + BUS, F)P8u;us Pgui,u)]du},

where the last equality is due to Lemma 3.14. Note that, for u € [u;, u;4+1],
8s.u = 8s.u; 8u;.u and the two factors on the right-hand side are independent,

&s.u; L 8ri—s»and gy, u L 81—y, - Now the lemma follows from (3.17) and the
left invariance of the distance p. O

The following theorem contains the first half of Theorem 1.2. Recall that
N is the counting measure of the right jumps of the Lévy process g;, and it
is a Poisson random measure with characteristic measure equal to the Lévy
measure [T and is associated to {F}.

Theorem 3.3. There exists an {F; }-adapted d-dimensional Brownian motion
B, with covariance matrix a;; such that it is independent of N under {F}}
and, Vf € Cé’I(G), (1.16) holds. Moreover, the pair of the Brownian motion
{B;} and the Poisson random measure N on R, x G, which are independent
and for which (1.16) holds for any f € Cé’l(G), is uniquely determined by
the Lévy process g,. Furthermore, {F(} is the same as the filtration generated
by {B;} and N.

Proof. LetA:O0=1 <t) <th <--- <t <---withty — 0o be a partition
of Ry and assume its mesh |A| = sup; |t;+1 — ¢ is finite. For f € CS’I(G)
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and p € G, define

YAF(P) =) My iyani F(D). (3.19)

n=0

Note that this sum contains only finitely many nonzero terms and that the
process Y2 is an L2-martingale. Let A, be a sequence of partitions of R
with A, C A,4; and |A,| — 0. By Lemma 3.15, and noting that M, f(p)
and M, , f (p) are independent for any two disjoint intervals (s, ¢) and (u, v),
we can show that, for n < m,

2 e/ 4
E[[Y> f(p) =Y f(p) ] <CtE|  sup  p(gier, a) A1,
0<u<8,,0<v<3),
where §, = |A,|. It follows that YtA"f(p) is a Cauchy sequence in L*(P);
therefore, Y*" f(p) — Y, f(p) in L3(P) as n — oo for some L2-martingale
Y; f(p) with Yy f(p) = 0. By Lemma 3.14, it is easy to show that

(Y. f1(p), Y. fo(@))s =t B(f1, f2)(P, q). (3.20)

For any ¢ > 0, let U, = {g € G; p(g,e) < e}. Write the sum in (3.19),
which defines Y2 f(p), as 3, + 5.7, where the second sum Y7 is taken
over all the intervals (¢;, t;41] during which the process g; has a right jump
contained in U{. Because such jumps are counted by the Poisson random
measure N restricted to Ry x Uf, by (3.15), it can be shown that Zf —
IN Juelf (po) = f(p)IN(dudo) in L%(P)as |A| — 0. Let

Hf =/0 Uc[f(p")_ Ff(PIN(dudo).

Then Jf =Y, f(p) — Hf is an L?>-martingale that does not have a jump
of size exceeding sup{|f(g) — f(e)l; p(g,e) < e}. Because H/ depends
only on the right jumps of g, contained in U, whereas JS depends on
only the process g, with those jumps removed, by Proposition 1.6, the two
processes J; and H/ are independent. As ¢ — O,

HE = Yif(p) = / / LF(po) — F(P)IN(dudo)
0 G

in L2(P),so J£ converges in L2(P) to some continuous L2-martingale Y¢ f(p)
that is independent of Y f(p). We obtain the decomposition ¥, = Y¢ + Y<.
By (B.9),

(Y)Y frl), =1 /G [fi(po) — fip f2(qo) — fr(@)ITI(do),
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and by (3.16) and (3.20),

d
(YEAp). Y fa@)), =1 Y ai X A(PIX, falg). (3.21)

i,j=1

Let B! = Y¢(x;)(e). Then B, = (B,l, R Btd) is a d-dimensional Brownian
motion with covariance matrix a;;, which is {¥; }-adapted and is independent
of N under {F/}. A direct computation using (3.21) shows that

d d
(Yf(p) =D X f(p)B, Y f(p)—> X! f(p)B), =0.

i=1 i=1

It follows that Y¢ f(p) = S°°_, X! f(p)B!. Therefore,

d t
Y, =) X! B! - N(dudo). 3.22
OESEHLE /0 /G L (po) — F(IN(@udo).  (3:22)

Let0=1 <t <t <--- <t, =t be a partition of [0, ¢] into n subin-
tervals of equal length ¢/n, and for each j =0,1,2,...,n—1, let t; =

u) <uj <--- <uj, =ty be a partition of [#;, ;4] into m subintervals

of equal length t/(nm). Suppose gy = p. Note that g, = pg{ = pgo,, and
Mo, f(p) = Z?;(l) My, .., f(g;). We have

n—1m—1
Mo f ()= > My f(g)
j=0 k=0
n—1 m—1
= 3 M e) = Yoy 108)]
j=0 k=0

Square this equation and then take the expectation. It is easy to see that the
mixed terms coming from the right-hand side have zero expectation; hence,
by Lemma 3.15,

n—1m—1 2
E{ I:MO,tf(p) B Z M”ﬁ’”iﬂ f(gtj )] }
j=0 k=
n—1 m—1 2
= Z E{ |:Mtj,tj+1f(gtj) - Z Mu,f,u,fﬂf(gtj)] }
j=0 k=0

IA

CtE{ [ sup p(gigl, g A 1]} (— O0asn — o0)

0<u<l/n,0<v<l/m
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for some constant C > 0 and an independent copy g, of g¢. However, as
m — 00,

n—1 m—1 2 n—1
DMy fle) = Y Y (&) = Y f (8]
Jj=0 k j=0

n—1

=0
d .
=YY X!f()[B}, - B]

i=1j
4—2:/tf+ /G[f(gt_,.o)— flg)IN(dudo).
J=! 7

Because g, = g, almost surely, as n — oo, this expression will converge in
L*(P)to

¥
o

d t t
A=) /0 X! f(g,-)dB! + /0 /G [f(g5-0) — f(g)IN(ds do).
i=1

It follows that My, f(p) = A. This is (1.18) and is equivalent to (1.16).

Nowlet B = (B]', ..., B/) be a Brownian motion with covariance matrix
{a;;} and let N" be a Poisson random measure on R, x G with characteristic
measure IT such that {B/} and N’ are independent and (1.16) holds for any
fe Cg‘Z(G) with B, replaced by B; and N by N’. We want to show that
B/ = B, and N’ = N. We may assume p = g is arbitrary. Let A: 0 =1y <
t] < --- < t, be apartition of [0, ¢]. Then

n—1 n—1
YAF(P) =D My f(p)=) {f(pgt,.,tm)
Jj=0 Jj=0

— fp) - / Lf(pg,,.,ods]

J
n—1 d 11 )
=X [ Hros oan;
j=0 % i=1"1

+ / /G [f(pg,,..so)—f(pgt,,am'(dsda)},

where the last equality follows from (1.18). It is easy to see that, as the mesh
Al — 0,

d '
YAf(p) = Y X[ f(p)B! +/0 /G[f(po)—f(p)]ﬁ’(dsdo).
i=1
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However, it has been shown that YlA f(p) = Y, f(p)in L*(P). Comparing
the expression here with (3.22) and using the uniqueness of the decomposition
of an L?-martingale into continuous and purely discrete L>-martingales (see,
for example, [34, theorem 23.14]), we obtain

d d
D Xif(pBl =) Xif(p)B]

i=1 i=1

and
/O /G Lf(po) — f(p)IN(dsdo) = /0 /G Lf(po) — f(pIN/(dsdo)

forany f € CS’I(G) and p € G.From this it follows that B/ = B;and N' = N.

Since B; is an {F;}-Brownian motion and N is an {¥;}-Poisson random
measure, the filtration {J,} generated by {B,} and N is clearly contained in
{F7}. However, by Theorem 3.2, as the unique solution of (1.16), g, is adapted
to the filtration generated by go, {B;}, and N; hence, 7/ C F;. This proves
F=F. O

Theorem 1.2 is now completely proved.

3.4. Generator of an Invariant Markov Process

In this section, we prove Theorem 2.1. Let K be a compact subgroup of G and
let O, be a G-invariant Feller semigroup of probability kernelson M = G/K
with generator L. As for the most part the arguments in the proof are similar to
those in Section 3.1, we only outline the basic steps and indicate the necessary
changes.

Letv, = Q/(o, -), the K -invariant convolution semigroup on M associated
to Oy, and let T be the natural projection G — G/K.Recall that Q, can be ex-
pressed in terms of v, via (2.13). By essentially the same proof of Lemma 3.1,
changing G and P; to M and Q,, and letting U be a neighborhood of o such
that U = 7 (U’) for some neighborhood U’ of e satisfying 7 (U'U’) C V and
U'~! = U’, we can show that, for any neighborhood V of o,

sup lv,(V”) < 00. (3.23)
>0 I

As in Section 2.2, fix an Ad(K)-invariant inner product (-, -) on g and let
p be the orthogonal complement of the Lie algebra £ of K. Let {X, ..., X}
be an orthonormal basis of g such that X, ..., X,, form a basis of p and
Xu+1, ..., Xgformabasisof €. Let yy, ..., y, beasetof canonical coordinate
functions on M associated to this basis and let |y|*> = >_"_, y2. For X € g,
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let X* be the vector field on M defined by (2.3) and let Cg’*(M ) be the space
of functions f € Co(M) N C*(M) such that X*f € Co(M) and X*Y*f €
Co(M) forany X, Y € g. Then Cg’*(M) is a Banach space under the norm

LA = 0F1+ D IX I+ D IX X5 L
i=1 i,j=1

where || f|| = sup,y | f(x)]. Choosing a local smooth section S in (2.13) and
using the K -invariance of v,, we can easily to show that

Ve Cy*(M), O.f € Cy*(M) and |Q, fI5 < I fI3.

The proofs of Lemmas 3.3— 3.6 can be suitably adjusted, replacing Cg (G)
and D(L) by Cy*(M) and D(L), to show that D(L) N C*(M) is dense in
D(L),

1
sup ;v,(|y|2) < 00, (3.24)

t>0

and there is a constant ¢ > 0 such that

Vfe Cé‘*(M), sup

t>0

1
T = flo)l) = cll £1I3- (3.25)

We may regard Q; as a semigroup of operators on the Banach space C,,(M),
the space of continuous functions f on M with finite lim,_, o f(x), equipped
with norm || f||. Its generating functional is defined by

~ 1
Af =lim —[v(f) = f(o)] (3.26)

with domain D(A) being the space of f € C, (M) for which this limit exists.
By the proof of Lemma 3.7, suitably adjusted, it can be shown that C,,(M) N
C*(M) is contained in D(A).

Let M, be the one-point compactification of M with oo denoting the
point at infinity. Identify the space C,(M) with C (M) by setting f(oc0) =
lim,_, » f(x) for f € C,(M). Regard v, as a probability measure on M, by
setting v;({oo}) = 0. By essentially the same arguments as in Section 3.1 after
introducing G, we can show that there is a measure [T on M., such that
Af =TI(f) for any f € D(A) vanishing in a neighborhood of o and that
the restriction of IT to M, denoted also by I1, satisfies the condition (2.23).
Moreover, the n x n matrix {a;;}, defined by a;; = A(y;y;) — [(y;y;), is
symmetric and nonnegative definite.
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For f € C,(M)N C*(M), we may write

n 1 n
f=F) =) yiX{(fom)e)+ 5 D vy XiX(f om)e) + Ry

im1 ij=1

for some Ry e C,(M)N C*(M). By the Taylor expansion of ¢(t)=
(f om)(exp(t >_r_, i X;)), for x contained in a neighborhood of o,

1 n
Ry(0) =5 > 5@y 0[XiXj(f o)) = X[X[(f o m)(e)],
i,j=1
where g’ = mlexp(t’ Y ;_, yi(x)X;)] for some ¢’ € [0, 1]. By essentially the
same arguments as in the proof of Lemma 3.9, we can show that, for f €
C.(M) N CXM), TI(Ry) =A(R) and

~ 1
Af =lim-vlf - ()]

n 1 n
=D aXi(fom©+ 5 D ayXiXj(f o))

i=1 ij=1

+ 10 {f — f) =Y yiXi(fo n)(e)]
i=1

= Bf +11 {f — flo)=> wiXi(fo n)(e)} : (3.27)
i=1

where ¢; = A(y;) and Bf = Yi_, i X[(f om)(e) + (1/2) X} i aij Xi X,
(f o m)(e). Moreover, I[1(co) = 0.

The K-invariance of v, implies that A is also K-invariant; that is, for
any f € D(A)andk € K, f ok € D(A) and A(f o k) = A f. Therefore, I1
is K -invariant. Because Xf(f ok om)(e) = [Ad(k)X;]'(f o m)(e), by (2.16),
the K -invariance of A and I1, one sees that for any k € K,

ﬁ{fok—fok(o)—Zinf(fokon)(e)}
i=1

=1 [f — flo) =Y yiXi(fo n)(e)} :
i=1

It follows from (3.27) that B is K -invariant. Define T f(x) = B(f oSy) for
f € C?(M) and x € M. It is easy to show that T is a G-invariant diffusion
generator on M and, by the K -invariance of B, its definition is independent
of the choice of the section S. Noting Xf(f om)(e) = (d/3y;) f(0), we have
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proved that, for f € C,(M) N C2(M),
- ~ _ - a
f=Tfl)+1II|f - flo) - Zyiafy'(f)(O) . (3.28)
i=l !

This expression coincides with the right-hand side of (2.22). If f € D(L),
then f € D(A)and L f(0) = Af. To prove the restriction of L to C>°(M) at
point o is given by (2.22), it remains to prove C>*(M) C D(L).

The uniqueness part in Theorem 2.1 can be proved by the same method
that proves the uniqueness in Theorem 3.1. In fact, the proof shows that a
G-invariant Feller semigroup Q, on M is uniquely determined by its gener-
ating functional A restricted to C°(M).

Given T and IT as in Theorem 2.1, the proof of Theorem 2.2 shows that
there is a left Lévy process g, in G with gy = e such that g, is right K -invariant
and x; = m(g,) is a G-invariant Markov process in M whose generator, re-
stricted to C2°(M) at o, is given by (2.22). This proves the existence part in
Theorem 2.1. It also proves C°(M) C D(L) mentioned earlier because the
generating functional of the transition semigroup Q; of x; agrees with A on
C2°(M) and hence, by the uniqueness, Q) = Q,.



4

Lévy Processes in Compact Lie Groups
and Fourier Analysis

In this chapter, we apply Fourier analysis to study the distributions of Lévy
processes g, in compact Lie groups. After a brief review of the Fourier anal-
ysis on compact Lie groups based on the Peter—Weyl theorem, we discuss in
Section 4.2 the Fourier expansion of the distribution density p, of a Lévy pro-
cess g; in terms of matrix elements of irreducible unitary representations of
G.Itis shown that if g, has an L? density p;, then the Fourier series converges
absolutely and uniformly on G, and the coefficients tend to 0 exponentially
astime t — oo. In Section 4.3, for Lévy processes invariant under the inverse
map, the L? distribution density is shown to exist, and the exponential bounds
for the density as well as the exponential convergence of the distribution to
the normalized Haar measure are obtained. The same results are proved in
Section 4.4 for conjugate invariant Lévy processes. In this case, the Fourier ex-
pansion is given in terms of irreducible characters, a more manageable form
of Fourier series. An example on the special unitary group SU(2) is com-
puted explicitly in the last section. The results of this chapter are taken from
Liao [43].

4.1. Fourier Analysis on Compact Lie Groups

This section is devoted to a brief discussion of Fourier series of L? functions
on a compact Lie group G based on the Peter—Weyl theorem. See Brocker
and Dieck [12] for more details on the representation theory of compact Lie
groups and Helgason [27] for the related Fourier theory.

Let V be a complex vector space of complex dimension dim¢ V = n. The
set GL(V) of all complex linear bijections: V — V is a Lie group. With a
basis {vy, ..., vy} of V, GL(V) may be identified with the complex general
linear group G L(n, C) via the Lie group isomorphism

GL(V)> f  {f;j} € GL(,C), where f(v;))=Y_ fijv;.

i=1

81
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The unitary group U (n) is the closed subgroup of G L(n, C) consisting of
the unitary matrices, that is, the set of n x n complex matrices X satisfying
X~ = X* where X* = X', X is the complex conjugation of X, and the prime
denotes the matrix transpose. Its Lie algebra u(n) is the space of all n x n
skew-Hermitian matrices, that is, the set of matrices X satisfying X* = —X.
The special unitary group SU(n) is the closed subgroup of U(n) consisting
of unitary matrices of determinant 1, and its Lie algebra su(n) is the space of
traceless skew-Hermitian matrices.

Let G be a Lie group and let V be a complex vector space. A Lie group
homomorphism F: G — GL(V) is called a representation of G on V. It is
called faithful if F is injective. It is called irreducible if the only subspaces of
V leftinvariant by F are {0} and V. Two representations F,: G — GL(V})and
F>: G — GL(V,) are called equivalent if there is a linear bijection f: V| —
V, such that f o [Fi(g)] = Fa2(g) o f for any g € G. Assume V is equipped
with a Hermitian inner product (-, -). The representation F is called unitary
if it leaves the Hermitian inner product invariant, that is, if (F(v;), F(vy)) =
(v1, v2) forany vy, vo € V. Note that if G is compact, then any representation
of G on a finite-dimensional complex space V may be regarded as unitary by
properly choosing a Hermitian inner product on V.

Let U be aunitary representation of G on acomplex vector space V of com-
plex dimension n = dim¢ (V) equipped with a Hermitian inner product. Given
an orthonormal basis {vy, va, ..., v,} of V, U may be regarded as an unitary
matrix-valued function U(g) = {U;;(g)} given by U(g)v; = Zf’zl v; Ui ()
for g € G. Let Irr(G, C) denote the set of all the equivalence classes of irre-
ducible unitary complex representations. The compactness of G implies that
Irr(G, C) is a countable set. For § € Irr(G, C), let U® be a unitary represen-
tation belonging to the class § and let ds be its dimension. We will denote by
Irr(G, C)4 the set Irr(G, C) excluding the trivial one-dimensional represen-
tation given by U°® = 1.

For a compact Lie group G, the normalized Haar measure on G will be
denoted either by p¢ or by dg. Let L?(G) be the space of functions f on G

with finite L2-norm 2

1£12 = [Pl f1)]"* = [/|f<g>|2dg} ,
identifying functions that are equal almost everywhere under p;. We note that
the normalized Haar measure is invariant under left and right translations, and
the inverse map on G.

By the Peter—Weyl theorem (see section 4 in ch. II and section 3 in ch. III
in Brocker and Dieck [12]), the family

{d*Ub; i,j=1,2,....dyand 5 € Tt (G, O)}

ij°
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is a complete orthonormal system on L?(G). The Fourier series of a function
f € L*(G) with respect to this orthonormal system may be written as

f=pc(H+ D dsTrace(A; U%) with As = p(f U™*) (4.1)
selrrG.o),

in L? sense; that is, the series converges to f in L*(G). The Lz-convergence
of the series in (4.1) is equivalent to the convergence of the series of positive
numbers in the following Parseval identity:

I£13 = loc(NIP+ > dsTrace (A;A)). 4.2)
selrrG,c),

The character of § € Irr (G, C) is
xs = Trace (U?), 4.3)

which is independent of the choice of the unitary matrix U? in the class . By
[12, chapter II, theorem (4.12)], a representation is uniquely determined by
its character up to equivalence. The normalized character is

Vs = xs/ds. 4.4)

Proposition 4.1. The character ;s is positive definite in the sense that

k
> xs(gig; HEE =0

i,j=1

for any finite set of g; € G and complex numbers &;. In particular, |¥s| <
Ys(e) = 1. Moreover, for any u, v € G,

/wa(gugflv)dg = Ys(u)¥s(v). 4.5

Proof. Let U be a unitary representation in the class § on a complex vector
space V. Then

k k
> xsgigy HEE = Trace[ > U(gigj_l)é:iéj—j:|

i,j=1 i,j=1
— e { [ S vtso] [ S|} =0
i i

The inequality involving v; follows easily from the positive definiteness of
Y. To prove (4.5), let A(u) = f dg U(gug™")forany u € G. Then A(u)is a
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linear map: V — V. The invariance of dg implies that A(x) commutes with
U(v) for any v € G, that is,

UAWU™) = / dg Ulvgug ") = / dg Ulgug™) = A(w).

By Schur’s lemma (see [12, chapter I, theorem (1.10)]), this implies that
A(u) is a multiple of the identity map idy on V. Taking the trace on both
sides of [dgU(gug™") = A(u), we see that [dg U(gug™") = ys(u)idy.
Multiplying by U (v) on the right and taking the trace again proves (4.5). [

A function f on G is called conjugate invariant if f(hgh™') = f(g) for
any g, h € G. Such a function is also called a class function or a central
function in the literature. Let L2 (G) denote the closed subspace of L*(G)
consisting of conjugate invariant functions. The set of irreducible characters,
{xs; 8 €lrr(G, C)}, is an orthonormal basis of Lfi(G) (see sections I1.4 and
II1.3 in Brocker and Dieck [12]). Therefore, for f € Lfl-(G),

f=pc(N+ Y. dsasxs with as=pc(f¥s)  (4.6)

selrrc,o),

in L? sense.

4.2. Lévy Processes in Compact Lie Groups

In this chapter, we consider exclusively left Lévy processes in compact Lie
groups. Therefore, in the rest of this chapter, a Lévy process will be a left
Lévy process and we will let g; be such a process in a compact connected Lie
group G with Lie algebra g unless explicitly stated otherwise. Because G is
compact, by Theorem 1.1, the domain D(L) of the generator L of g; contains
C*(G) and, for f € C*(G), Lf is given by (1.7), or by the simpler expression
(1.11) when the Lévy measure IT has a finite first moment.

As in Section 1.1, the convolution of two probability measures p and
v on G is a probability measure puxv on G defined by u*xv(f)=
[ f(ghu(dg)v(dh) for f € B(G).

The density of a measure on G will always mean the density function with
respect to the normalized Haar measure dg unless explicitly stated otherwise.
For any two functions p and ¢ in B(G),, their convolution is the function
p *q € B(G), on G defined by

pra(g) = / p(gh™q(h)dh = / p(a(h~"g)dh
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for g € G, where the second equality holds because of the invariance of the
Haar measure dh. It is easy to show that if p is a density of u and ¢ is a
density of v, then p * g is a density of u * v.

Lemma 4.1. Let u and v be two probability measures on G such that one of
them has a density p. Then w * v has a density g with ||qll2 < || pll».

Proof. We will only consider the case when p is the density of x. The other
case can be treated by a similar argument. Forany f € C(G), by the translation
invariance of dg,

W v(f) = / / F(gh)p(g)dg v(dh) = / / F(e)p(gh™")dg v(dh)

-/ f(g)[ / p(gh—'w(dh)] dg.

Hence, ¢(g) = f p(gh~"v(dh) is the density of  * v. It is easy to see, by
the Schwartz inequality and the translation invariance of dg, that ||g|» <

Pl O

Remark. Using the Holder inequality instead of the Schwartz inequality,
we can prove the same conclusion in Lemma 4.1 with || - ||, replaced by the
L"-norm || - ||, for 1 <r < oo, where || f || is the essential supremum of | f|
on G for any Borel function f on G.

We will assume the process g; starts at the identity element e of G; that
is, go = e. Let u; be the distribution of g, for t € R,. Then u, * (s = tsts
for s, € Ry. If u, has a density p, for each ¢t > 0, then p; * ps; = p,4s.
By Lemma 4.1, if p, is a density of u, for t > 0, then || p;[l» < || ps|l2» for
0<s<t.

The Lévy process g; will be called nondegenerate if the symmetric matrix
a = {a;;} in (1.7) is positive definite. As in Section 1.4, let o be an m x d
matrix such that a = ¢’c and let

d
Yi = ZUUXJ for 1 < I <m, (47)
j=1
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where {Xi,..., X,} is the basis of the Lie algebra g of G appearing
in (1.7). Then the diffusion part of the generator L given by (1.7),
(1/2) Z;{jzl a;j X} X', may be written as (1/2) Y7, Y/Y/. The Lévy process
g: will be called hypo-elliptic if Lie(Yy, Y», ..., Y},), the Lie algebra gener-
ated by {Y1, Y», ..., Y;;}, is equal to g. It can be shown (see Proposition 6.10
later) that this definition is independent of the choice of basis {X, ..., X4}
and o. It is easy to see that a nondegenerate Lévy process is hypo-
elliptic.

A continuous hypo-elliptic Lévy process is an example of a hypo-elliptic
diffusion process in G. It is well known (see, for example, [5, chapter 2]) that
such a process has a smooth transition density function for ¢ > 0. In this case,
W has a smooth density p, for ¢ > 0.

Theorem 4.1. Let g, be a nondegenerate Lévy process in a compact
connected Lie group G starting at e with a finite Lévy measure. Then
each distribution i, of g, has a density p, € L*(G) fort > 0.

Proof. Because the Lévy measure I1 is finite, by the discussion in Section 1.4,
the Lévy process g, may be constructed from a continuous Lévy process x;
by interlacing jumps at exponentially spaced time intervals. More precisely,
let x; be a continuous Lévy process in G whose generator is given by (1.11)
with IT = 0, let {r,} be a sequence of exponential random variables with a
common rate A = [1(G), and let {0, } be a sequence of G-valued random
variables with a common distribution I1(-)/I1(G) such that all these objects
are independent. Let 7, =ty + 1o 4+ --- 4+ 1, for n > 1 and set Ty = 0. Let
g =x,g =g’for0<t<Tand g = g"(T)o1x(T))"'x(t) fort > Ty,
and, inductively, let g’ = gt”’1 fort < T, and g/ = g”’l(T,,)a,,x(Tn)’lx(t)
for t > T,. Define g, = g/ for T, <t < T,4;. Then g, is a Lévy process in
G with generator given by (1.11).

Note that 7, has a Gamma distribution with density r,(t) = A"t"~! x
e~ /(n — 1)! with respect to the Lebesgue measure on R, . Let g, denote
the smooth density of the distribution of x, for t > 0. For f € C(G) and
t > 0, using the independence, we have

w(f) = ELf(x); t < T+ > ELf(8): T <t < Ty + Tsi]

n=1

= EFGOIPT >0+ > [ n6)ds E[f (g0 o0 )] x
n=1 0

P(tyqp1 >t —s). ) (4.8)



4.2. Lévy Processes in Compact Lie Groups 87
We now show that, forn > 1land 0 <s < 1,

E[f(g"  oux;"'x)] = / f(@)Ps.n(g)dg  forsome py,, with
| Ps.inll2 < l1gij2nlla- 4.9

To prove (4.9) for n = 1, first assume s > ¢/2. We have E[f(g?alxx‘lx,)] =
E[f(xso1xy Tx)] = w % v( f), where u and v are respectively the distribu-
tions of x,; and Jlxs’lxt. By Lemma 4.1, u * v has a density p;,; with
| Ps.e.1ll2 < llgslla < llgep2lla. If s < /2, then we may take u and v to be
the distributions of x,01 and x; 'x,, respectively, and still obtain a density
Ds,i,1 Of wx v with || pss1ll2 < llg:s2ll2. This proves (4.9) for n = 1. Now
using induction, assume (4.9) is proved forn = 1, 2, .. ., k for some positive
integer k. This implies in particular that the distribution of g has a density
pk with | p¥ll2 < llg, 2 Ilo. Consider E[ f(gkorr1x; " x)] = w * v(f), where
J are v are taken to be the distributions of gi‘ and oy 1x, x,, respectively, if
s > t/2, and those of gfoy 41 and x; 'x, if s < ¢/2. By Lemma 4.1, we can
show that s * v has a density whose L?-norm is bounded by

HP15H2 < Ngsxll2 < g jos1l2

if s > t/2 and bounded by ||g;/2l» if s < t/2. In either case, the L%-norm of
the density of x * v is bounded by /g, />++1 2. This proves (4.9) forany n > 1.

By (4.8) and the fact that P(z, > t) = e~ fort > 0, we see that ut,;(f) =
[ f(@)pi(g)dg with

o t
pt = Clze_M + Z/ rn(s) dS e_)\(z_S) ps,z‘,n
n=1 0

and

o t
—A —A(t—:
Iple < larae™ + 3 [ r)ds e paala
0
n=1

S t
< lgellae™ +) / ra(s)ds e N gpla. (4.10)
n=1 0

It is well known that the density of a nondegenerate diffusion process x;
on a d-dimensional compact manifold is bounded above by Ct~%/? for small
t > 0, where C is a constant independent of ¢. See, for example, [5, chapter 9].
Therefore, |g,| < Ct=/? and ||g,/a|l» < C(2"/t)¥/?. Since fot ra(s)ds <
(At)"/n!, it is easy to see that the series in (4.10) converges. This proves
pi € L*(G). O
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For a square complex matrix A, let
A = Qdiag[Bi(n1), Bx(A2), ..., B:(4)]1 Q7! (4.11)

be the Jordan decomposition of A, where Q is an invertible matrix and B;(A;)
is a Jordan block of the following form:

A1 00 -~ 0
0 A 10 0

By =10 0 4 1 0 (4.12)
0000 - A

We note that, if A is a Hermitian matrix (i.e., if A* = A), then Q is unitary
and all B;(1;) = A; are real.
Recall that the Euclidean norm of a matrix A is given by |A| =

\/2oi; Af = /Trace(AA).

Proposition 4.2. Let A be a square complex matrix. If all its eigenvalues A;
have negative real parts Re();), then e'* — 0 exponentially ast — oo in the
sense that, for any A > 0 satisfying max;Re(X;) < —X\ < 0, there is a constant
K > 0 such that

Vi eRy, | <Ke ™. (4.13)

Proof. Let the matrix A have the Jordan decomposition (4.11) with Jordan
blocks B;(%;) given by (4.12). A direct computation shows that

MoteM 122! e 31 oo ket J(k — 1)
0 e te*  t2eM 2l o R T2eM (ke — 2))

JBO— [0 0 et teM o RT3 (k= 3)!
0 0 0 0 e e

Let b;;(t) be the element of the matrix ¢4 = Qdiag[e’ 51, ¢ B202)
e' B-*)10~1 at place (i, j). From the expression for ¢/2™, it is easy to see
that b;;(1) = >0 _, pijm(t)e*", where p;,(t) are polynomials in ¢. Then
Trace[e’ (e!4)*] = Zi’j | >, Pijm(t)e™ !> and from this (4.13) follows. O

The following theorem is the main result of this section.
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Theorem 4.2. Let g, be a Lévy process in a compact connected Lie group
G with go = e and let L be its generator. Assume the distribution [,
of g has a density p, € L*(G) for t > 0. Then the following statements
hold:

(a) Fort > 0and g € G,

pe) =14+ > dsTrace[As(r) U(9)]. (4.14)
selrr(G,c),
where
As(t) = n, (U**) = explt L(U°*)(e)], (4.15)

and the series converges absolutely on G and uniformly for (t, g) €
[n, 00) X G for any fixed n > 0. Moreover, all the eigenvalues of
L(U?*)(e) have nonpositive real parts.

(b) If the Lévy process g, is hypo-elliptic, then all the eigenvalues of
L(U%*)(e) have negative real parts. Consequently, p, — 1 uniformly
onGast — oo.

Remark. The uniform convergence of the series in (4.14) implies that the
map (¢, g) — p,(g) is continuous on (0, 00) x G.

Proof. For f = p,, the series in (4.14) is just the Fourier series in (4.1) with
As = As(t) = pe(p, U*) = w,(U*). We have uo(U°*) = I, the ds x dy
identity matrix, and

irs(U*) = / wi(dg)us (@)U (ghy* = / e dg)s(dh)U° (h)* U’ (g)*
= (U "), (U%).

Therefore, u,(U%*) = ¥ for some matrix Y. Because (d/dt)u,(U?*) |,=o=
L(U®*)(e), we see that Y = L(U**)(e).

We now prove the absolute and uniform convergence of series in (4.14).
Note that, by the Parseval identity, ||p,||% =1+ > s dsTrace[As(t)As(t)*],
where the summation ), is taken over § € Irr (G, C),. For any n > 0 and
e >0, there is a finite subset I' of Irr(G,C), such that Zaerc ds
Trace[As(n/2)As(n/2)*] < &2. By the Schwartz inequality and the fact that
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U? is a unitary matrix, for any finite I > " and ¢ > 7,

> ds [Trace [As;(t) U°]|= Y ds |Trace[As(n/2) As(t — n/2) U°]]
sel’—r sel’—r

< Y ds{Trace[A;(n/2) As(n/2)1}'/?
sel’—TI

x {Trace[As(t — n/2) As(t — n/2)*1}/?

s{ > ds TraCC[As(Tl/z)Aa(U/z)*]}

sel’—T

1/2
X { Z ds Trace[As(t — n/2) As(t — '7/2)*]}
5

er—T
< ellpi—prll2 < ellpy2la,

where the last inequality follows from Lemma 4.1. This proves the absolute
and uniform convergence stated in part (a).

To complete the proof, we will show that all the eigenvalues of the matrix
L(U*)(e) have nonpositive real parts, and if g, is hypo-elliptic, then all these
real parts are negative. Note that this implies that A;(¢) — 0 exponentially
for § € Irr (G, C), and, combined with the uniform convergence of the series
in (4.14), the uniform convergence of p; to 1 as t — oo.

Write U = U® and n = dj for § € Irr(G, C)... Consider the quadratic form
0(z) = Z*[L(U*)(e)]z forz = (zy, . .., z,), acolumn vector in C". Since the
eigenvalues of L(U*)(e) are the values of Q(z) with |z| = 1, it suffices to
show that Re[Q(z)] < 0 for all z € C" and that Re[Q(z)] < O for all nonzero
z € C" if g, is hypo-elliptic. For X € g, let X = X'(U*)(e). Then X is a
skew-Hermitian matrix (i.e., X* = —X) and U(e'¥)* = exp(t X). Moreover,

X' (U*(g) = iU(ge"‘)* li—o= iU(e”%*U(g)* li—o= X U(g)*
dt =07 gr 1=0 :

Therefore, Y/ X!(U*)(e) = Y'[XU*|(e) = XY for Y € g, and if Z = [X, Y]
(Lie bracket), then Z = [V, X]. Let ¥; be defined in (4.7). Then Z;{ i=1
ai X[ X U*(e) =YL, V;¥; = =Y ¥7¥; and, by (1.7),

| A -
LW = =3 > T+ Ty - /V U= UENdg) +rv.  (4.16)
i=1

where V is a neighborhood of e, ¥y = 3%, ¢; X; — foe S xi(@) X, TI(dg),

and
ry :/
1%

d
Uy —1-> x(e)X;

i=I

I(dg) - 0 as V | {e}.
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Because z*Wz = 0 for any skew-Hermitian matrix W,
1 S Y 2 * * *
Q@) =—=Y WizP = | 'l = U(9)*1zNIdg) +2*rvz.  (417)
2 i=1 ve

Since U(g)* is unitary, |z|?> > |z*U(g)*z|. It follows that Re[z*(/ —
U(g)")z] = 0. This shows that Re[Q(z)] < 0. If Re[Q(z)] =0 for some
nonzero z € C", then ¥;z =0 for 1 <i <d. For Y =[Y;, Y;], we have
Yz = [Y]‘, Yilz = ?jﬁz - fﬂ-fiz = 0. If g, is hypo-elliptic, then Yz = 0 for
any Y € g. Because U(e'Y)* = exp(tY), U(g)*z = z for all g € G. This im-
plies that U(g) leaves the subspace of C" that is orthogonal to z invariant for
all g € G. By the irreducibility of the representation U, this is impossible
unlessn = 1. Whenn = 1, U(g)*z = z would imply that U is the trivial rep-
resentation, which contradicts the assumption that § € Irr (G, C).. Therefore,
Re[Q(z)] < O for nonzero z € C". O

The total variation norm of a signed measure v on G is defined by ||v||,, =
sup |v(f)| with f ranging over all Borel functions on G with | f| < 1. The
following Corollary follows easily from the uniform convergence of p, to 1
and the Schwartz inequality.

Corollary 4.1. If the Lévy process g, is hypo-elliptic in Theorem 4.2, then
W, converges to the normalized Haar measure pg under the total variation
norm, that is,

e — pGlliw — 0 as t — oo.

4.3. Lévy Processes Invariant under the Inverse Map

Let g, be a Lévy process in a Lie group G with distribution p,. It will be
called invariant under a Borel measurable map F: G — G, or F-invariant, if
Fu, = p,forallt € R, where F i, is the probability measure on G given by
Fu,(f) = wu:(f o F) for f € B(G)4 as defined in Section 2.2. This means
that the process F(g;) has the same distribution as that of g;.

In this section, we show that if g, is a hypo-elliptic Lévy process in a
compact Lie group G and is invariant under the inverse map

J: G— G givenby g g\,

on G, then its distribution u, has an L? density for ¢+ > 0 and converges
exponentially to the normalized Haar measure pg as t — co. Some simple
implications of the J-invariance of the Lévy process g, are summarized in
the following proposition.
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Proposition 4.3. Let g, be a Lévy process in a compact connected Lie group
G. Statements (a) and (b) that follow are equivalent. Moreover, they are also
equivalent to statement (c) if the Lévy measure I1 has a finite first moment.

(a) g; is invariant under the inverse map J on G.

(b) L(U%*)(e) is a Hermitian matrix for all § € Irr (G, C),.

(c) The Lévy measure Il is J-invariant and the generator L of g; is given
by

d

_ s xix
Lf(g) = aij X; X f(&) + [ [f(gh) = f(OII(dh) (4.18)
2

i, j=1

forg € G and f € C*(G).

Proof. We note that L(U?*)(e) is a Hermitian matrix for all § € Irr (G, C),.
if and only if As(t) = exp[t L(U’*)(e)] is a Hermitian matrix for all § €
Irr(G, C), and some (hence all) ¢ > 0. Since As(¢t)* = w(U%) = p,(UP* o
J)and {dal 2 Ui‘i-} is a complete orthonormal system on L?(G), we see that this
is also equivalent to the J-invariance of u, for all t > 0, that is, the invariance
of the Lévy process g, under the inverse map. This proves the equivalence of
statements (a) and (b).

Suppose the Lévy measure I1 of the Lévy process g; has a finite first
moment. Then its generator is given by (1.11). Assume the vector X, =
Z?zl b; X; in (1.11) vanishes. Then the generator L takes the form (4.18).
Using the notation in the proof of Theorem 4.2, we have

LU*)(e) = —% S 7T - /(1 —U*ydn
i=1

and (1/2) 377 ¥*Y; is a Hermitian matrix. It is easy to see that, if T is
J-invariant, then f([ — U*)dIl is a Hermitian matrix and, hence, L(U*)(e) is
a Hermitian matrix. This shows that the process g; is J-invariant. Conversely,
if g, is J-invariant, then L(f o J)(e) = Lf(e) for any f € C%(G). Since
X'(f o J)e) = —X! f(e) for any X € g, by (1.11),

X! f(e)+ / LF(h) — F(@1JTIdh) = X} f(e) + / LF(h) — F(@ITI(dh)

for any f € C?(G). This implies that JTT = IT and X = 0. This proves the
equivalence of (a) and (c). O

The main result of this section is the following theorem. For any function
fonG,let| fllc = supyeq [f(8)I-
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Theorem 4.3. Let G be a compact connected Lie group and let g, be a Lévy
process in G with go = e and generator L. Assume g; is hypo-elliptic and is
invariant under the inverse map on G.

(a) For t > 0, the distribution [, of g; has a density p, € L*(G) and, for
g €G,

pi(g) =1+ Z ds Trace{Q; diag[exp(Ai1), ...,
selrrG,c),

exp(r5, 0] 0 U (9)}, (4.19)

where the series converges absolutely and uniformly for (t,g) €
[n, 00) x G forany fixedn > 0, Qs is aunitary matrix, and A < --- <
)\f,& are the eigenvalues of the Hermitian matrix L(U 8*Y(e), which are
all negative.

(b) There is a largest number —A < O in the set of negative numbers 1 for
6 €lir (G,C)y and 1 <i <djs, and for any n > 0, there are positive
constants ¢ and C such that, fort > n,

—At
9

I pr — llloo < Ce ce™ <|lps =1l <Ce™, and

—A —A
ce™ <l — p6llw < Ce™.

Proof. Suppose first that u, has a density p, € L*(G) for ¢ > 0. Since
L(U%*)(e) is a Hermitian matrix for all §, As;(t) = Qs diag[exp(A9), . . .,
exp()uga)] Q3, where Qs is a unitary matrix and 1§ < --- < )‘1815 are the eigen-
values of L(U®*)(e). It now follows from Theorem 4.2 that all A? < 0 and the
series in (4.19) converges to p,(g) absolutely and uniformly.

The series in (4.19) also converges in L%(G). Because Qj is unitary, by
the Parseval identity,

ds
lpe—13=" > ds D> exp2i0). (4.20)

selrrg,.c), =1

If g, is continuous, then as a hypo-elliptic diffusion process, its density p;
is smooth and is given by (4.19). Using the notation in the proof of Theo-
rem 4.2, we will write U = U?, n = ds, Q(z) = z*L(U*)(e)z, and Qy(z) =
=1/ 3", V#¥i1z = —(1/2) S0, |¥;z|* for z € C" regarded as a col-
umn vector. Note that —(1/2) "7, Yi*f/i is a Hermitian matrix. By assump-
tion, so is L(U*)(e). Thus, Q(z) = O(z) — Qo(z) is a Hermitian quadratic
form. Letting V | {e} in (4.17), we see that Q1(z) = — [z*(I — U*)zdIl,
where the integral exists as the limit of fvc (I —U*)zdITas V | {e}. Be-
cause |z| > |z*Uz|, Q1(z) < 0 and hence Q(z) < Qy(z) for z € C".
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It is known that the eigenvalues A} <Ay <--- <A, of an nxn

Hermitian matrix A possess the following min—max representation:
A =min max z"Az for 1 <i <n, 4.21)
Vi zeVilzl=1
where V; ranges over all i-dimensional subspaces of C" (see, for example,
theorem 1.9.1 in Chatelin [14]). Let &} < -+ < A, and A? < ... < A0 be the
eigenvalues of L(U*)(e) and —(1/2) >, 171.*171- respectively. Then A; < A?
for all i.

Now suppose g; is not necessarily continuous. Then the series in (4.20)
still converges because A can only become smaller and, hence, the series in
(4.19) defines a function p; € L*(G), which may also be written as p; = 1 +
> sds Trace[u,(U%*) U®]. Any f € L*(G) has Fourier series f = pg(f) +
35 ds Trace[ pg(f U°*) U%]. By the polarized Parseval identity,

p(fpe) = pc(f) -1+ dsTracelpg(fU*) u,(U%)]
1)

= {pc(f) + " ds Tracel p (fU**) U‘S]} = (f).
8

This shows that p; is the density of u, and proves (a).

From the convergence of the series in (4.20), it is easy to see that Af should
converge to —oo as § leaves any finite subset of Irr (G, C)... This implies that
there is a largest number, denoted by —2, in the set of negative numbers A?
for 6 eIrr (G, C); and 1 <i < ds. By the computation proving the absolute
and uniform convergence of the series in (4.14) in the proof of Theorem 4.2,
replacing I — I' and n/2 there by Irr (G, C),; and », respectively, we can
show that, forz > n > 0,

lpo—11< > ds|Trace[As(r) U°)|

selrrG,o),
1/2
<lpylla § D dsTrace[As(t — m)As(t — 1)*]
selrrG,c),
4 1/2
=lpyllaq D>, ds > expl2ai(t — )]
selrrg.0), =1
4 1/2
< lIpyla { e 272 Z ds Zexp(ZAfn)
selrrg.0),  i=1

< e e pyl2llpy — 2,



4.4. Conjugate Invariant Lévy Processes 95

where the last inequality follows from (4.20). This proves the inequality for
| pr — 1l in (b).

By this inequality, || p; — 1||» < Ce™™ for t > n. However, by (4.20),
Il p: — 1113 > ds exp(2A%t) forany § € Irr(G, C), and 1 < i < ds. This proves
the inequalities for || p; — 1]|2.

By |lp; — 1|l < Ce™ and the Schwartz inequality, |, — oGl <
Ce™. However, since |U%| < 1 and pg(U}) = 0 for § € Irr(G, C)s,

l

ds
)
e = o6l = 1 (U] = 1As@iil = Y [(Qs)ijlPe™".

j=1

For any j, (Qs)i; # 0 for some i; this completes the proof of (b).

4.4. Conjugate Invariant Lévy Processes

Recall that, for h € G, ¢;: G — G is the conjugation map defined by
cn(g) = hgh™!. Tts differential is the adjoint map Ad(h) = DLj o DRj1:
g — g and induces the adjoint action Ad(G) of G on g. A function f on G
is called conjugate invariant if f o ¢, = f for any h € G. A measure u is
called conjugate invariant if ¢, = u for any h € G. A Lévy process g; in
G with distributions u, is called conjugate invariant if each u, is conjugate
invariant. This is equivalent to saying that, for any # € G, the process hg;h~!
has the same distribution as g,.

Let g, be a conjugate invariant Lévy process in G. Then its generator L
is also conjugate invariant. This means that, if f € D(L), the domain of L,
then f oc, € D(L)and L(f ocp) = (Lf)ocy forany h € G. In particular,
this implies that, for any f € C>(G)and h € G, [L(f oc;)] o c,jl =Lf.

Note that, for g, h € G, X € gand f € C'(G),

d d
X!(f o eney (@) = T(f o™ ghe'™) lo= Ef(ge’AdW) li=0
= [AdW)XT f ().
By (1.7), we can write L(f o ch)(c;1 (g)) for f € C*(G)explicitly as follows:

1 d
L(f oen)(h™'gh)y = 2 > ai[AdI) X1 IA X1 £ ()

ij=I

+[Ad(M) Xol' f(g)
d

+ / {f(go) — f(®) = Ix oc;'](o)[Ad(h)X,-]’f(g)} (cT)(do),
= (4.22)
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where Xg = Zflzl ¢; X;. Note that {Ad(h)Xy, ..., Ad(h)X,} is a basis of g
and x; o c,?l are associated coordinate functions. By Proposition 1.3, the Lévy
measure [T and the diffusion part of L, (1/2) E:l o ai X Ix i are completely
determined by the generator L and are independent of the choice of the basis
{X1,..., X4} of g and the associated coordinate functions x;. It follows that
if the Lévy process g; is conjugate invariant, then ¢, IT = IT and

d d
> aiXixh =" ay[Ad) X TAdR)X T (4.23)

i.j=1 ij=1

for any & € G. In particular, the Lévy measure IT is conjugate invariant.

Recall that /s = xs/ds is the normalized character. Because Re(i/s) takes
the maximum value v5(e) = 1 at e, all its first order derivatives vanish at e.
It follows that

|Re(¥) — 1] = O(|x ).

Therefore, by (1.8), the integral [(1 — Re y5)dI1 in the following theorem
exists. Because [15| < 1, this integral is in fact nonnegative.

Theorem 4.4. Let G be a compact connected Lie group and let g, be a conju-
gate invariant hypo-elliptic Lévy process in G with gy = e and generator L.

(a) For t > 0, the distribution i, of g, has a density p; € L*(G) and, for
g €G,

P =1+ > dsas(t) xs(g) with as(t)=pu,(Ps)=e' -7,
selrrG,c),
4.24)

where the series converges absolutely and uniformly for (t,g) €
[n, o0) x G for any fixed n > 0, and

las(t)| = exp {— {)\5 + /(1 —Re %)dl'[] t}
with ,s = —Lpys(e) > 0, where Lp = (1/2) Z?.j:l a;ijX_’i is the
diffusion part of L.
(b) Let
A= inf{ [)»5 + /(l — Re%)dl’[} ; 6 € Irr(G, (C)+} .

Then A = [As + [(1 — Re ¥5)dI1] > O for some § €Irr(G, Cy), and
for any n > 0, there are positive constants ¢ and C such that, for
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t>n,

Ipr — oo < Ce™, ce™ < |p—1]a <Ce™, and

—A —A
ce <l — pgllw < Ce™.

Proof. Suppose that the distribution of g, has an L? density p, for t > 0.
Then p, is conjugate invariant and hence, by (4.6), may be expanded into
a Fourier series in terms of irreducible characters as in (4.24) in L?-sense

with as(t) = [ p;(g)¥s(g) dg = 1,(¥5). By the conjugate invariance of i,
and (4.5),

as(t 4 5) = pss(B5) = / @) )y (dv)
_ / Us(gug T (s (dv)dg

= /%(u)%(v)uz(du)us(dv) = as(t)as(s).

This combined with lim,_,oas(t) = ¥s(e) = 1 implies that as(t) = " for
some complex number y. We have y = (d/dt)u;(¥s) |,—o= L5(e) and,
hence, as(t) = exp[t L(¥s)(e)].

As in the proof of Theorem 4.2, for fixed 6 € Irr(G, C),, write U = Us
and n = ds and let X = X(U*)(e) for X € g and let Y; be defined in (4.7).
By (4.16),

N | —

— 1 . 1 = o o
L(Ys)(e) = ;Trace[L(U )e)] = ;Trace [— E Y'Y, + Yy
i=1

— | (I =U"dI + rv} , (4.25)
Ve

where ry — 0as V | {e}. Since Yy is skew-Hermitian, Trace(¥y) is purely
imaginary. It follows that

_ 1 & o -
las()| = exp{t Re[L(¥5)(e)]} = exp {— [E ZTrace(YfYJ
i=1

+ /(1 —Re%)dl‘[} r}

= exp {— |:)L5 —I—/(l —Rew,g)dl'l} t} s (4.26)
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where

d d
1 — 1 o~
As = —5 E a,-lel»Xi- Ys(le) = ﬂ iE:] TI'aCG(Yi*Yi)

i,j=1

is nonnegative and is zero only when ¥; = 0 for all ;. Under the hypo-elliptic
assumption and the irreducibility of § € Irr(G, C), some ¥; is nonzero.
Therefore, As > O.

If g, is a continuous hypo-elliptic Lévy process, then its distribution u,
has a smooth density p; for ¢ > 0, for which (4.24) holds in L? sense. By
the Parseval identity, || p; |13 = 1 + Y s d?|as(t)|*> = 1 + > 5 d?|as(2t)|. Since
xs(e) = ds, the series in (4.24) evaluated at e isequal to 1 + ) dgza(;(t), and
we see that it actually converges absolutely at e. As a positive definite function
on G, the character y; satisfies | x5(g)| < xs(e) for any g € G. It follows that
the series in (4.24) converges absolutely and uniformly on G. In this case, the
integral term in (4.26) does not appear because I1 = 0.

Now assume that IT is not equal to zero. Because the hypo-elliptic as-
sumption is still satisfied by the diffusion part of the generator L, we can
still write down the series in (4.24) with as(¢) = exp[t L(U°*)(e)]. Because
Re(1 — 5) > 0, we see that |as(¢)| becomes smaller than when IT = 0; hence,
the series in (4.24) still converges absolutely and uniformly on G. Let p, be
its limit. As in the proof of Theorem 4.3, we can show that p, is a density
of u, using the polarized Parseval identity. By (4.26), it is easy to see that
the series in (4.24) also converges uniformly in ¢ for t > n > 0. We have
proved (a).

The convergence of the series in (4.24) at e implies that [As; + f (1—
Re v5)dI1] — oo as § leaves any finite subset of Irr(G, C);. In particu-
lar, this implies that the set of positive numbers [As + f (1 — Re yr5)dIT],
6 € Irr(G, C),, has a smallest number A > 0.

Fort>n>0,|p, — 1| < e ™" 3 dslas(n)xs| < e =" 3 s dflas(n)|
< e 2= p, »|13. This proves the inequality for || p, — 1|l in (b), and from
which the upper bounds for ||p; — 1|» and ||i; — pg ;v follow. The lower
bounds follow from | p, — 1|13 > df|as(@)|* and ||it; — o llew = |1ae(¥s)| =
las(t)|. Part (b) is proved. ([l

A Lie algebra g with dim(g) > 1 is called simple if it does not contain
any ideal except {0} and g. It is called semi-simple if it does not contain any
abelian ideal except {0}. Here, an ideal i of g is called abelian if [i, i] = {0}.
A Lie group G is called simple or semi-simple if its Lie algebra g is so. Note
that the center of g is {0} in the semi-simple case.
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Because G is compact, there is an Ad(G)-invariant inner product (X, Y) on
g. This inner product induces a bi-invariant Riemannian metric on G, under
which the Laplace-Beltrami operator is given by A = 2%, X!X!, where
{X1,..., X4} is an orthonormal basis of g (see Proposition 2.6).

Proposition 4.4. Let G be a compact connected simple Lie group with Lie
algebra g. Then up to a constant multiple, there is a unique Ad(G)-invariant
inner product (-, -) on g. Moreover, if g, is a conjugate invariant Lévy process
in G, then the diffusion part of its generator, (1/2) szzl aij XfX’], is equal
to cA for some constant ¢ > 0, where A is the Laplace—Beltrami operator on
G under the bi-invariant Riemannian metric induced by (-, -).

Proof. Fix an arbitrary Ad(G)-invariant inner product on g. It suffices to prove
the second assertion. We may assume the basis {X1, ..., X} is orthonormal.
Then Ad(g) is an orthogonal transformation on g. By (4.23), the symmetric
bilinear form Q(x, y) = Z;{j:] ajjXx;yj on g = R? is Ad(G)-invariant. Be-
cause G is simple, g contains no proper Ad(G)-invariant subspace; hence,
this action is irreducible. By appendix 5 in Kobayashi and Nomizu [35], any
symmetric bilinear form on R¢ that is invariant under an irreducible action of
a subgroup of the orthogonal group O(d) is equal to a multiple of the standard
Euclidean inner product on R?. It follows that the symmetric matrix {a;;} is
equal to a multiple of the identity matrix /. This proves L = cA for some
c>0. O

Proposition 4.5. Let G be a compact connected semi-simple Lie group and
let g; be a conjugate invariant Lévy process in G such that its Lévy measure
I1 has a finite first moment. Then the generator L of g, restricted to C*(G) is
given by

Lf = LDf—|—/G(foR,1 — HIdh), 4.27)

where Lp is the diffusion part of L.

Proof By(1.11),Lf = Lpf +Y'f + fo(f o Ry, — f)I1(dh)forsomeY e
g. The conjugate invariance of L, L and IT implies that the operator Y’
is also conjugate invariant, hence, for any g € G and f € C®(G), Y(f o
cg) = Y'f)o c¢,. However, Yi(fo cg) = {[Ad()Y] f} o ¢,, which implies
that [Ad(g)Y]' f = Y' f and hence Ad(g)Y =Y for any g € G. The semi-
simplicity of G implies that Y = 0. 0
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4.5. An Example

In this section, we calculate explicitly the Fourier expansion of the distri-
bution density of a conjugate invariant Lévy process g, in G = SU(2), the
group of 2 x 2 unitary matrices of determinant 1. It is known that G is a sim-
ple Lie group with Lie algebra g = su(2), the space of traceless 2 x 2 skew-
Hermitian matrices. It is easy to see that (X, Y) = Trace(XY™*) is an Ad(G)-
invariant inner product on g.

Let

T = {diag(eei, eai);O <60 <m}CQgq,

where i = +/—1. Any g € G is conjugate to an element in T, that is, g =
kak=! for some a € T and k € G. It follows that if f is a conjugate invariant
function on G, then f(g) = f(a), thatis, the values of f on G are determined
by the restriction of f to T.

Let Vi = Candlet U be the trivial one-dimensional representation of G =
SU(2) on V;.Forn > 2, let V, be the space of homogeneous polynomials of
degree n — 1 in two variables z; and z, with complex coefficients. For g =
{gij} € G and P € V,, define g P € V, by setting

(gP)(z1,22) = P(z1g11 + 22821, 21812 + 22822).

This defines arepresentation U, of Gon V,,, givenby U,,(g)P = gPforg € G
and P € V,,, which s unitary with respect to a proper Hermitian inner product
on V,. By the discussion in [12, IL.5], the set of all the finite dimensional
irreducible representations of SU(2), up to equivalence, is given by {U,,;n =
1,2,3,...}. Note that dimc(V,,) = n.

We now determine the character x, of U,. Since characters are con-
jugate invariant, it suffices to calculate y,(a) for a = diag(eei, e eT.
Because P, = z][zg_l_k for k=0,1,2,..., n—1 form a basis of V, and
ClPk — (ZleOi)k(Zze—Gi)n—l—k — eZine—(n—l)Gi Pk’

n—1 2n0i—1
i —(n—1)0i —(n—1)0i €
Xn(a) = Trace[U(a)] = ) &m0 = g=(n=1F T
k=0
sin(nf

Let
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Then2~'/2X, 2712y and 2~'/2 Z form an orthonormal basis of g. By Proposi-
tions 2.5 and 2.6, the Laplace-Beltrami operator A on G under the bi-invariant
metric induced by the Ad(G)-invariant inner product (X, Y) = Trace (XY*)
is given by

1 Iyl Iyl 1>l
A=oIXX Y'Y+ 2171, (4.29)

We want to calculate A, (e) = Ax,(e)/n. For the sake of convenience,
if f is a conjugate invariant function on G, we may write f(0) for f(g) with
g = kak™', a = diag(e”, ™) € T and k € G. Then
d2

X'X'f(e)= 5

f@)lg=o-
Since Y = Ad(k1)X and Z = Ad(k,)X for some ki, k, € G, it follows that

e’ =kie'Xky! and e’ = kye'*k; . Therefore, Y'Y'f(e) = Z'Z! f(e) =
X' X" f(e). We obtain

| Iyl 11 3.
Af(e) = E[X X' fey+ Y'Y fle)+2Z'Z fe)] = Ef (@)lp=0. (4.30)
Let f(0) = x.(0) = sin(nf)/ sin 6. We have

d n[l = (1/6)n*6* + 0(8%)]

%O = T T (/e + 0%
_ _n: 6 4+ 0(?) n[l— (1/6)n%602 + 0(OH[O + 0(67)]
T 31-=(1/6)02+ 03 3 [1 —(1/6)6% + O(63)]?
and
”(0)__f+2__w 4.31)
Xn - 3 3 - 3 . .
By (4.30) and (4.31),
1 n?—1
Ayry(e) = —Axu(e) = — . 4.32)
n 2

Let g; be a hypo-elliptic conjugate invariant Lévy process in G = SU(2).
By Proposition 4.4, the diffusion part of its generator is given by cA for
some constant ¢ > 0. Because any g € G is conjugate to diag(e®’, e~%') for
a unique 6 € [0, 7], £(g) = O defines a map & : G — [0, ], which is in
fact continuous. It follows from Theorem 4.4, (4.28), and (4.32), noting that
as(t) in Theorem 4.4 now takes positive real value, that the process g; has a
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conjugate invariant distribution density p, for ¢t > 0 and

o0 2 _ b4
pf(0>=Znexp{ —r[c("Tl)+/
n=1 0

y <1 B sin(nu)) — }sin(n@). 433)

nsinu sin @

We now derive an expression for the distribution u; of g,. Any g € SU(2)
is a matrix

where a, b € C with |a|> + |b|*> = 1. The map g — (a, b) provides an identi-
fication of G = SU(2) with the three-dimensional unit sphere S 3inC?2 = R*.
Let xo, x1, X2, X3 be the standard coordinates on R*. The identification map
from G to S may be written as g — (xo + ixy, X2 + ix3) with X3 x? = 1.
The spherical polar coordinates 6, i, ¢ on S3 are defined by

Xo = cosf, x; =sinfcosy, x3 =sinfsinyrcos¢ and
X4 = sin@ sin y sin ¢,

with0 <0 < 7,0 <y <mand 0 < ¢ < 2x. Under the identification of G
and S3, the normalized Haar measure on G is the uniform distribution on S>
and may be expressed under the spherical polar coordinates as

1
dg = — sin® 0 sinyd dyr dé. (4.34)
272

The point on 3 with polar coordinates (¢, 1, ¢) corresponds to the matrix

__|cos@+isinf cos ¢ sin 6 sin ¢ cos ¢+ sin O sin ¢ sin ¢
T |—sin@siny cos¢+isinfsiny sing cosd —isinf cos

in G = SU(2). Itis easy to show that the eigenvalues of this matrix are equal
to e*¥, and hence this matrix is conjugate to diag(e®, e=%") e T. It follows
that for any function f on G = §3 and ¢ > 0,

2 T T
wih=5m [ [ [ e v om@sicosingaoayag. @39
2r=Jo Jo Jo
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Semi-simple Lie Groups of Noncompact Type

In this chapter, we present an essentially self-contained introduction to semi-
simple Lie groups of noncompact type. The first two sections deal with the
basic definitions and the root system on the Lie algebra of such a group. The
Cartan, Iwasawa, and Bruhat decompositions are introduced in Section 5.3.
Two basic examples, the special linear group SL(d, R) and the connected
Lorentz group SO(1, d)., are discussed in some detail in Section 5.4. We give
the complete definitions and results as well as all the short and simple proofs,
but the longer and more complicated proofs are referred to standard references,
mainly Helgason [26]. Examples in Section 5.4 may help to illustrate the
general theory.

5.1. Basic Properties of Semi-simple Lie Groups

Let g be a Lie algebra. Recall that, for X € g, ad(X): g — g is defined by
ad(X)Y = [X, Y]. The Killing form B of g is defined by

VX,Y €eg, B(X,Y)= Trace[ad(X)ad(Y)]. 6.1

This is a symmetric bilinear form on g and is invariant under any Lie al-
gebra automorphism o on g, in the sense that B(c X,0Y) = B(X,Y), by
the property of the trace operator. In particular, if g is the Lie algebra of
a Lie group G, then its Killing form B is Ad(G)-invariant in the sense
that B(Ad(g)X, Ad(g)Y) = B(X,Y)for X,Y € gand g € G, where Ad(g):
g — g is the differential of the conjugation map ¢,: G > g’ +> gg'g™' € G
defined before. Letting o = ¢'24X) and differentiating at ¢ = 0, we ob-
tain B(ad(X)Y, Z) + B(Y,ad(X)Z) =0 for X, Y, Z € g. Note that if b is
a subalgebra of g, its Killing form in general is not equal to the restriction of
the Killing form of g to h. However, this holds if h is an ideal of g.

Recall that a Lie algebra g is semi-simple if it does not contain any abelian
ideal except {0} and a Lie group is semi-simple if its Lie algebra is. By
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Cartan’s criterion (see theorem 1 in 1.6 of Bourbaki [10]), a Lie algebra g
is semi-simple if and only if its Killing form B is nondegenerate, that is, if
B(X, -) is not identically equal to zero for any X € g.

Let G be a Lie group with Lie algebra g. A Cartan involution on G is
a Lie group isomorphism ®: G — G such that ® # id; and ©2 = idg. Its
differential & = DO: g — g is a Lie algebra isomorphism such that 6 # id,
and 0% = idy and is called a Cartan involution on g. Itis clear that § has exactly
two eigenvalues: 1 and —1. Let € and p be, respectively, the eigenspaces of 6
corresponding to the eigenvalues 1 and —1. Then g = £ @ p is a direct sum
and it is easy to show that

[£,€]Ce [&plCyp, and [p,p]CE (5.2)

The first relation implies that € is a Lie subalgebra of g.

If the Killing form B is negative definite on g, then the Lie group G together
with the Cartan involution ® is said to be of compact type. In this case, G
is compact (see [26, section I1.6]). If B is negative definite on £ and positive
definite on p, then G together with ® is said to be of noncompact type. In
this second case, G is noncompact and the direct sum g = € @ p is called
the Cartan decomposition of g. In both cases, g is semi-simple because the
Killing form B is nondegenerate.

In the rest of this book, we will always assume that G is a connected
semi-simple Lie group of noncompact type with Lie algebra g and Cartan
involution ® unless explicitly stated otherwise. The Killing form B induces
an inner product (-, -) on g given by

(X,Y) = —B(X, 0Y). (5.3)

Under this inner product, g = £ @ p is an orthogonal decomposition.

Let K = {g € G; ©(g) = g} be the subset of G fixed by ®. Then K is a
closed subgroup of G with Lie algebra £. The homogeneous space G/K is
called a symmetric space, and it is said to be of compact or noncompact type
depending on whether G is of compact or noncompact type. The inner prod-
uct (-, -) restricted to p satisfies the condition (2.35) and, hence, it induces a
G-invariant Riemannian metric on G/ K under which the geodesics starting at
the point 0 = eK are given by ¢ > ¢'¥Xo for X € p. The map gK > O(g)K
on G/K induced by the Cartan involution ® fixes o0 and maps any geodesic ray
y (¢) starting from o to the geodesic ray in the opposite direction, that is, the
geodesic ray y(¢) starting from o determined by (d/dt)y(0) = —(d /dt)y (0).
Such a map is called a geodesic symmetry at point 0. Because G acts transi-
tively and isometrically on G /K, there is a geodesic symmetry at every point
of G/K. In fact, this property may be used to characterize symmetric spaces



5.2. Roots and the Weyl Group 105

among Riemannian manifolds (see [26, section IV.3]). The semi-simple Lie
groups and the associated symmetric spaces play very important roles in anal-
ysis and differential geometry. The reader is referred to Helgason [26] for a
comprehensive treatment of this subject.

The following result is a direct consequence of [26, chapter VI, theo-
rem 1.1].

Theorem 5.1. (a) K is a connected closed subgroup of G containing the
center Z of G.
(b) K is compact if and only if Z is finite. In this case, K is a maximal
compact subgroup of G in the sense that there is no compact subgroup
of G that properly contains K.
(c) The map (k, X) — keX is a diffeomorphism from K x p onto G.

By (c),themapp > Y — e'o € G/K isadiffeomorphism, which provides
an identification of the symmetric space G/K with p = R? such that the point
o corresponds to the origin in RY.

We note that the semi-simplicity of g implies that the center 3 of g is trivial.
However, the center Z of G may not be trivial, but as its Lie algebra 3 is trivial,
Z is at most countable. The following proposition can be easily proved.

Proposition 5.1. (a) Both the inner product (-, -) and the space p are Ad(K)-
invariant.
(b) ForY € p, ad(Y) is symmetric under (-, -) in the sense that

VX1, X2 €9, (ad(Y)Xy, Xa) = (X1, ad(Y)X>).
(c) For Z € &, ad(Z) is skew-symmetric under (-, -) in the sense that

VX1, X, eg, (ad(2)X,, X2) = — (X1, ad(Z2)X>).

5.2. Roots and the Weyl Group

Let a be a maximal abelian subspace of p and let A be the Lie subgroup of
G generated by a, that is, the connected Lie subgroup of G with Lie algebra
a. This is an abelian Lie group. By Theorem 5.1(c), the exponential map exp
on a is a diffeomorphism: a — A. Therefore, for a € A, X = loga is well
defined as the unique element X € a such that exp(X) = a.

Let o be a linear functional on a. Define

g ={X €g; ad(H)X =a(H)X for H € a}. 54
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By the Jacobi identity of the Lie bracket, it is easy to verify that

(9o, 98] C Go+p (5.5)
for any two linear functionals & and 8 on a.

A nonzero « is called a root if g, # {0}. In this case, g, is called the root
space, its elements are called root vectors, and its dimension is called the
multiplicity of the root o.

Let m and M be, respectively, the centralizers of a in £ and in K; that is,

m={X €t ad(X)H =0for H € a} 5.6)
and
M =1{k e K; Adk)H = H for H € a}. 5.7

Note that M is a closed Lie subgroup of K with Lie algebra m, and it is
also the centralizer of A in K, that is, the set of elements in K that commute
with every element of A. Moreover, by Theorem 5.1 (a), the center Z of G is
contained in M.

An element g € G is said to normalize a subset t of g (resp. a subset T of
G)ifVX e t,Ad(g)X € t(resp.Vt € T,gtg™" e T).Ifevery element of a Lie
subgroup H of G normalizes t (resp. T), then H is said to normalize t (resp. T').
Let S be a subgroup of G. Then the set of all the elements of S normalizing
t (resp. T) is a closed subgroup of §, called the normalizer of t (resp. T)
in S. When S = G, it will be called simply the normalizer of t (resp. 7).
Note that if 7" is a connected Lie subgroup of G with Lie algebra t, then the
normalizer of T in S is equal to the normalizer of tin S.

Proposition 5.2. Both A and M normalize g,, where « is a root or zero.

Proof. Because ad(H)gy C go for any H € a, Ad(e")g, = 2t g, g,
This shows Ad(a)gy = go. Form e M, X € g4, and H € a, Adm)H = H
and [H, Ad(m)X] = Ad(m)[H, X] = «(H)Ad(m)X. This shows Ad(m)X €
Yo U

Proposition 5.3. (a) g = go ® Y, 9o is a direct sum whose components are
mutually orthogonal under (-, -), where the summation y_, is taken over all
the roots.

(b) go = a® m.

(c) If o is a root, then so is —a with g_q = 0(gy).

Proof. Because [ad(X), ad(Y)] = ad([ X, Y]) by the Jacobi identity, it follows
from Proposition 5.1(b) that {ad(H); H € a} is acommutative family of linear
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operators on g that are symmetric under (-, -) and hence can be simultaneous
diagonalized over the real field. Therefore, g can be expressed as an orthogonal
direct sum of the common eigenspaces. Each of the common eigenspaces is
d«, Where « is either aroot or zero. This proves (a). To show (b), firstitis easy to
seethata C goandm C go.Let X € goandwrite X = Z + Y with Z € tand
Y € p.Since[H, X] = Oforany H € a,by(5.2),[H, Y] =0and[H, Z] = 0.
The latter implies Z € m, and the former together with the fact that a is a
maximal abelian subspace of p implies Y € a. This proves go = a @ m. To
prove (c), note that 3 nonzero X € g such that VH € a, [H, X] = «(H)X.
Then [H, 8(X)] = —[0(H), 8(X)]=—0([H, X]) = —a(H)B(X). This shows
that —« is also aroot and 8(X) € g_. U

For each root «, the equation o« = 0 determines a subspace of a of codi-
mension 1. These subspaces divide a into several open convex cones, called
Weyl chambers. Fix a Weyl chamber a,. A root « is called positive if it is
positive on a,. A root, if not positive, must be negative, that is, equal to —«
for some positive root o, because it cannot vanish anywhere on a.. Note that
the definition of positive roots depends on the choice of the Weyl chamber a.. .

Proposition 5.4. The set of positive roots span the dual space of a.

Proof. 1t suffices to show that if «(H) = 0 for some H € a and any positive
root «, then H = 0. By Proposition 5.3, this implies ad(H)X = 0 for any
X € g; hence, H must belong to the center of g, which is trivial by its semi-
simplicity. g

Let o be a positive root and X € go. By (5.2), X =Y + Z with Y € p and
Z € tsuch that
VH €a, ad(H)Y =a(H)Z, and ad(H)Z =oa(H)Y. (5.8)
It follows that VH € a, ad(H)?Y = «(H)?*Y and ad(H)*Z = a(H)*Z. Note
that0(X) = —-Y +Z € g_,.
For each positive root «, let
po ={Y €p; ad(H)*Y = a(H)*Y for H € a} (5.9)

and

t, ={Z et ad(H)’Z = «(H)*Z for H € a)}. (5.10)

Proposition5.5. (a)p=a® ), (peandt=md Y, ¢t aredirect sums
whose components are mutually orthogonal under (-, -), where the summation
> o I8 taken over all the positive roots .
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(b) 9o D g—o = P B &, for any positive root a.
(c) For any positive root o« and H € a., the maps

pe Y —>ad(H)Y €, and ¢ > Z+ ad(H)Z € p,

are linear bijections.

Proof. Since p, and &, contain the orthogonal projections of g, to p and to
£, respectively, by Proposition 5.3, p=a+ >, opeandE=m+>" &,
where the summations are not necessarily direct at the moment. To show
that they are orthogonal direct sums, note that the summands are com-
mon eigenspaces of the commutative family of symmetric linear operators
{ad(H)?; H € a} associated to distinct eigenvalues; hence, they are are mu-
tually orthogonal. This proves (a). By (a), it is easy to see that p, and &, are,
respectively, the orthogonal projections of g, to p and to . Since g_,, has the
same orthogonal projections, (b) follows. Part (c) can be easily proved using
(5.8). 0

For any root «, let H, be the element of a representing « in the sense
that «(H) = (H, H,) for any H € a. For X € g, let X, be the orthogonal
projection to a of X under the inner product (-, -). The norm associated to this
inner product will be denoted by || - ||

Proposition 5.6. If X c g, and X =Y + Z withY € pand Z € ¢, then
[X,0(X)]=—|X|*H, and [Z,Y]=|Y|*H,,

and Y| = | Z||. Moreover, if X' € gg and X' =Y’ + Z' with Y' € p and
Z' €t then

[X,X1e=0ifa+p#0 and [Z,Y'].=(Z,Z')Hp.
Note that (Z,Z') =0 if o # £8.
Proof. [X,0(X)]=1Y + Z,—-Y + Z] = 2[Y, Z] € p. This combined with
(80> 9—a] C go implies that [X, 6(X)] € a. We have, for H € aand X' € gg,

([X,X',H) =B(X,X'],H)=—-B(X,[H, X'])
= —B(H)B(X, X') = B(H)(X, 6(X")).
If B = —«a, then we may take X' = 6(X). This yields ([X,0(X)], H) =

—a(H)(X, X), which implies [X, 8(X)] = —(X, X)H,. Since 6(X’) € g_g,
(X,0(X")) =0 if B # —a. This implies [X, X'], = 0 if 8 # —a. Choose
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H € awith a(H) # 0. Then

1
(Y,Y)=B(,Y)= EB([H, Z], Y)

1
=~ 8@ H.Y) = ~B(Z.2)=(2.2)

and
1 1 1 )
[Z,Y] = E[Z =Y, Z+Y]= _E[X’Q(X)] = EIIXII H,

1
= E(IIYII2 +1ZIP)He = 1Y |I* He

Forany H € a,

(YN, H) = B(Z,Y'], H) = —B(Z, [H,Y'])
= —B(H)B(Z,Z') = B(H)(Z, Z').

This proves [Z, Y], = (Z, Z')Hp. O

Define

nt = Zga and n” = Zg,a. (5.1D

a>0 a>0

Because of (5.5), both nt and n™ are Lie subalgebras of g. A Lie algebra n
is called nilpotent if 3 integer k > 0 such that ad(X)* = 0 for any X € n. A
Lie group is called nilpotent if its Lie algebra is nilpotent. It is easy to show
that both n* and n™ are nilpotent. Note that, to show that a subalgebra n of
g is nilpotent, one should check [ad.(Y)]* = O for any Y € n and for some
integer k > 0, instead of ad(Y )¢ = 0, where ad,, is the restriction of ad on n.
However, by (5.5) and Proposition 5.3(a), the stronger condition ad(Y)* = 0
holds forn =n* orn™.

Let N* and N~ be, respectively, the (connected) Lie subgroups of G
generated by nt and n™.

Proposition 5.7. The exponential maps exp: nt — N andexp: n~ — N~
are diffeomorphisms.

Proof. By [26, chapter VI, corollary 4.4], the exponential map on a connected
nilpotent Lie group is regular and onto. If X, Y € n™ with ¢X = e?, then
40O — Ad(eX) = Ad(e") = 8™ By [26, chapter VI, lemma 4.5], this
implies that ad(X) = ad(Y); hence, X — Y belongs to the center of g, which
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is trivial, so we must have X = Y. This proves that exp is one-to-one on N .
The same holds for exp on N ™. O

By Proposition 5.7, for n € Nt (resp. n € N7), logn can be defined to
be the unique element ¥ € n™ (resp. ¥ € n™) such that n = . By Proposi-
tion 5.3(¢c),

Om)=n" and O(NT)=N". (5.12)

The following result follows directly from [26, chapter VI, corollary 4.4]
mentioned earlier and Proposition 5.7 because a Lie subgroup of a nilpotent
Lie group is also nilpotent.

Corollary 5.1. Let N be a connected Lie subgroup of N* (resp. N~ ) with
Lie algebra n. Then exp: n — N is a diffeomorphism. Consequently, N is a
closed subgroup of N* (resp. N™).

Proposition 5.8. Both A and M normalize v, n~, N*, and N™.
Proof. The conclusion follows easily from Proposition 5.2. O

Proposition 5.9. Let N be a connected Lie subgroup of N* or N™, and let
n be its Lie algebra. Suppose N\ and N, are two connected Lie subgroups of
N with Lie algebras n; and n,, respectively, and n = n; @ n, is a direct sum.
Then the map f: Ni x Ny 2 (x,y) — xy € N is a diffeomorphism under
either of the following two conditions:

(i) either ny or ny is an ideal of n;
(ii) both n; and n, are direct sums of some root spaces g,.

Proof. The conclusion can be derived by lemma 1.1.4.1 in Warner [61], but
a direct proof is provided here. The Lie groups N, Ny, and N, are nilpotent;
hence, their exponential maps are diffeomorphisms. The direct sumn = n; @
n, implies that f is regular at (e, e). Using the left translation on N, and the
right translation on N>, it is easy to show that f is regular on N; x N,. It
is also one-to-one because by Corollary 5.1, Ny N N, = exp(n;) N exp(ny) =
exp(n; Nny) = {e}.

It remains to show that f is onto. Assume condition (i). Without loss
of generality, we may assume that n; is an ideal of n. Then N, is a normal
subgroup of N and Ny N, = f(N; x N;)is aconnected subgroup of N. Using
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the regularity of the map f, it is easy to show that N| N, is a connected Lie
subgroup of N. Since its Lie algebra is equal to n; @ n, = n, it follows that
NiN, =N.

We now consider the condition (ii). We may assume that n C n™. Let F,
F1, and F; be, respectively, the collections of positive roots such that

n:Zga, 111=Zga, and n2=Zga.

aeF aeF) aeF;

For any two distinct positive roots & and 8, « = 8 determines a proper sub-
space of a; hence, there is H € a, such that «(H) # B(H) for any two dis-
tinct positive roots. We now introduce an order on the set of all the positive
roots by setting o < B if a(H) < B(H), and let oy < ap < --- < oy be the
ordered set of all the roots in F. By [26, chapter VII, corollary 2.17], the
only multiple of a positive root « that is also a positive root is either 2« or
(1/2)a. Note that n © gq,, the sum of g,, for 2 <k < f, is an ideal of n. If
[8e,> 8y ] = O, then g,, is an abelian Lie algebra. Otherwise, if [gq,, go,] 7 0,
then 2«, must be contained in F and g,, @ gao, 1S a Lie algebra. Moreover,
if B and y are any two roots in F, not both equal to «, then 8 + y > 2«y;
hence, n © (9o, @ g2o,) is an ideal of n.

Suppose a; € Fy. Let ny, = go, if [go,> 94,1 = 0. Otherwise, let n,, =
Oo, D 920,- Note that, in the latter case, 2oy € F). In either case, let n’ =
n © n,,. Then 1’ is an ideal of n and n = n,, @ n’ is a direct sum. Applying
the conclusion proved under the condition (i), we obtain N = N,, N’, where
N,, and N’ are, respectively, connected Lie subgroups of N with Lie algebras
ny, and n'. If ) € F», then we have that N = N'N,,.

Repeating the same argument with N’ in place of N and continuing in this
fashion, we can show that

N = N(l)N(Z) . N(P)N(P+1) . N(q),

where NV, ...  N® are Lie subgroups of Ny and N¥*D N@ are
Lie subgroups of N,. This proves that N C NN, and hence the map f is
onto. ]

Recall that M given by (5.7) is the centralizer of a in K with Lie algebra
m. Let M’ be the normalizer of a in K; that is,

M ={kekK; AdkacC a}. (5.13)

It is clear that M’ is a closed subgroup of K and is also the normalizer of A
inK.
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Proposition 5.10. (a) M and M’ have the same Lie algebra m.
(b) M is a closed normal subgroup of M’ and the quotient group M'/M
is finite.
(c) If the center Z of G is finite, then M and M’ are compact.

Proof. Let Y belong to the Lie algebra m’ of M’. Then for any H € a,
[Y, H] = (d/dt)Ad(e'Y)H |,—p€ a and hence ad(H)?Y = 0. It follows that
B(ad(H)Y, ad(H)Y) = —B(ad(H)*Y,Y) =0, [¥, H] = 0 and ¥ € m. This
proves (a). Form € M,m' € M’, and H € q,

Ad(m'mm'~YH = Ad(m")Ad(m)Ad(m' ™" YH = Ad(m)Ad(m'~"")H = H.

It follows that m'mm’~! € M and M is a normal subgroup of M’. The center

Z of G is a closed normal subgroup of G. The quotient group G = G/Z has
a trivial center and is also a semi-simple Lie group of noncompact type. If
G is replaced by G, then K, M, and M’ should be replaced by K = K/Z,
M =M/Z,and M' = M'/Z, respectively. By Theorem 5.1, K is compact,
50 as its closed subgroups, both M and M’ are compact. Because M and M’
have the same Lie algebra, they have the same identity component M, which
is both open and closed in M ' The compactness of M ' implies that M ' /My is
finite, and so is M//M. Since M'/M = 1\71//1\71, (b) is proved. Part (c) follows
directly from Theorem 5.1 (b). O

The finite group W = M’/ M is called the Weyl group. Fors = m;M € W,
Ad(my): a — ais alinear map that does not depend on the choice of m; € M’
to represent s; therefore, W > s > Ad(m;) € G L(a) is a faithful representa-
tion of W on a, where G L(a) is the group of the linear automorphisms on a.
We may regard s € W as the linear map Ad(m;): a — aand W as a group of
linear transformations on a.

Let A be the set of all roots and let ey be the identity element of W.

Proposition 5.11.

(a) W permutes the Weyl chambers and is simply transitive on the set of
Weyl chambers in the sense that ¥ two Weyl chambers C| and C,
ds € W such that s(Cy) = C», and if s # ey (identity element of W),
then ¥ Weyl chamber C, s(C) # C.

(b) For any H € a, (the closure of ay ), the orbit {sH; s € W} intersects
aronlyat H.

(c) Fors e Wanda € A,a os € Aandifs # ew, then, for some o € A,
oos F# .

(d) Fors € Wand a € A, Ad(m;)ge = Buos-!-

(e) Lets € W. If s(a;) = —ay, then Ad(mynt =n".
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Proof. The reader is referred to [26, chapter VII, theorems 2.12 and 2.22] for
the proofs of (a) and (b). For H € aand X € g,,

[H, Ad(m;)X] = Ad(m)[Ad(m; Y H, X] = a(Ad(m; Y H)Ad(m,)X
= a(s ' (H))Ad(m,)X.

It follows that @ o s~ € A and Ad(m,)gy = geos—1. If @ 05 = a for any
o € A, then a(Ad(m,)(H) — H) = 0forany H € aand o € A. This implies
that exp[Ad(m,)(H) — H] belongs to the center Z of G. Because Z C K and
Ad(mg)(H) — H € a, it follows that Ad(m,)H = H for any H € a; hence,
ms € M and s = ey . This proves (c) and (d). If s maps a; into —a,, then
so does s~!. In this case, if « is a positive root, then o os lisa neg-
ative root. By (d), Ad(msn™ = > _,Ad(m,)gy = >, 08—« = n~. This
proves (e). O

A positive root « is called simple if it is not the sum of two positive roots.
Let ¥ = {8y, B2, ..., B} be the set of all the simple roots. The following
result is a direct consequence theorem 2.19 of Helgason [26, chapter VII].

Proposition 5.12. The number [ of simple roots is equal to dim(a) and any
positive root can be written as o = Ef: | ¢i Bi, where the coefficients c; are
nonnegative integers.

We may identify a with R’. Recall that the Weyl group W may be regarded
as a group of linear transformations on a. The following result is a direct
consequence of corollary 2.13 and lemma 2.21 in Helgason [26, chapter VII].
Let A denote the set of positive roots. For a root «, the reflection s, about
the hyperplane o = 0 in a, with respect to the inner product (., -), is a linear
map a — a given by

a(H)
a(Hy)

s¢(Hy=H =2 H,, Heaqu,
where H, is the element of a representing «; that is, «(H) = (H, H,) for
H € a.

Proposition 5.13. (a) The Weyl group W is generated by {s,; @ € A}

(b) Let s; be the reflection in a about the hyperplane B; = 0, where B;
is a simple root. Then s; permutes all the roots in A, that are not
proportional to B;; that is, the map o + « o s; permutes all the roots
o € A, not proportional to B;.
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5.3. Three Decompositions

We will continue to use the notation introduced in the previous section. Let
A = exp(ay). Because the exponential map is a diffeomorphism from a onto
A = exp(a), A, = exp(a;), where the overline denotes the closure.

Theorem 5.2. Any g € G can be written as g = £a™™n, where £, 1 € K and
at € A,. Moreover, a* is uniquely determined by g and when a* € A, all
the possible choices for (€, 1) are given by (Em, m~'n) form € M.

The decomposition given in Theorem 5.2 is called the Cartan decomposi-
tion of G and may be written as G = K A, K. We note that it does not exactly
correspond to the Cartan decomposition g = ¢ @ p of g.

See [26, chapter IX, theorem 1.1] for the proof of the decomposition
g = £a™n and the uniqueness of a™. To show that all the possible choices
for (£,n) are given by (§m,m~'n) when a® € A,, it suffices to prove
that if £aTn =a*,then £ = n~' € M. Since a* = &a*n = En)n~laty =
(En)eAd(”7])1°g”+, by Theorem 5.1 (c), £n = e and Ad(n~")loga™* = loga™.
By the following proposition, n~! € M. The claim is proved.

Proposition 5.14. Let H € a, andk € K. IfAd(k)H = H (resp. Ad(k)H €
a), thenk € M (resp. k € M').

Proof. Suppose Ad(k)H € a. Let H' = Ad(k)H . For X € go, let Ad(k~ )X =
Xo+ > p40 Xp with Xo € go and X4 € gg. Because

Xo = Ad(k™)[H', X] = [H, Ad~")X]1 = > B(H)Xp
B

and B(H) # 0, we obtain Ad(k~")go C go. Since Ad(k~") is a linear auto-
morphism on g, we may conclude that Ad(k) leaves go and hence a invariant.
Therefore, k € M'. If H' = H, by Proposition 5.11(a), k € M. O

A subset of a manifold will be said to have a lower dimension if it is
contained in the union of finitely many submanifolds of lower dimension.

Proposition 5.15. We have p = Ad(K)a. In particular, p = Ad(K)a. More-
over, Ad(K)a, is an open subset of p whose complement has a lower
dimension.
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Proof. ForY € p,lete’ = ke h be the Cartan decomposition with k, i € K
and H € a,. Then ¢' = khe*¥" DH By Theorem 5.1(c), Y = Ad(h~")H.
This proves p = Ad(K)ay.

Consider the map ®: K x a; — p given by ®(k, H) = Ad(k)H. For any
positiveroot and Z € &, (d/dt)Ad(e'?)H |,—o=[Z, H] = —ad(H)Z.Be-
cause ad(H): &, — P, is a linear isomorphism and p =« @ ), Pa, it fol-
lows that D®: T, y(K x ay) — Typ is a surjection for any H € a;. Using
the left translation on K, we see that D®: Ti u(K x ay) = TaqgyP is a
surjection at every point (k, H) € K x ay. Therefore, ® is a submersion from
K x a into p. It follows that its image, Ad(K)a., is an open subset of p.

For a nonempty set E of positive roots, leta; = {H € a;¢(H) = Ofora €
E}andletal = {H € a;; B(H) > 0 for B € E}, where E° is the set of the
positive roots not contained in E. Since the boundary of a7 is contained in the
union of finitely many sets of the form a, it suffices to show that Ad(K )a; is
a submanifold of p of lower dimension. Let M, be the centralizer of a; in K. It
is easy to see that its Lie algebrais equaltom; = m @ ), £,. Consider the
map ®: (K/M;) x af — pgivenby ®,(k, H) = Ad(k)H, where k = kM.
The tangent space T;(K / M) may be naturally identified with > pere tp. Since
forany Z € £g with 8 € E€ and H € af’, (d/dt)Ad(e'?)H |,—o= [Z, H] #
0, it follows that D®; is injective at (¢, H) and its image has a dimension
equal to dim(} pere tp) + dim(ay), which is less than dim(p). Using the left
translation of K, the same holds at every point of (K /M) x af . This proves
that the image of @1, which is Ad(K)a;, is a submanifold of p of a lower
dimension. 0

Recall that G/K is a symmetric space of noncompact type.

Proposition 5.16. Let w: G — G/K be the natural projection. Then
(K Ay) is an open subset of G/K with a lower dimensional complement
and the map (K/M) x ay — n(KA,), given by (§M, H) — m(£e™), is a
diffeomorphism.

Proof. Any element kjak, in K A K may be written as ke” fork = kjk, € K
andY = Ad(k{l) loga € p.By Theorem 5.1(c) and Proposition 5.15, KA K
is an open subset of G with a lower dimensional complement. It follows
that 7(K A,) is such a subset of G/K. We want to show that the map
(K/M)x Ay 35 (EM,a") — m(§a’) € m(KA,)is a diffeomorphism. This
map is obviously onto. By Theorem 5.2, it is also one-to-one. To show that
it is diffeomorphic, first verify that it is regular at (eM, a) for any a € Ay,
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then using the left translation on K to establish the regularity at every point
in(K/M) x A.. O

The identification of a point x = 7 (£e’!) in w(K A,) with (€M, H) in
(K/M) x ay via the diffeomorphism in Proposition 5.16 is called the polar
decomposition on G/K with €M and H being called respectively “angular”
and “radial” components of x.

Theorem 5.3. The map (k, a, n) — g = kan is a diffeomorphism from K x
A x N7 onto G.

The decomposition of G given in Theorem 5.3 is called the Iwasawa de-
composition and will be denoted simply as G = K AN*. The corresponding
direct sum decomposition at the Lie algebra level, namely, g = ¢ ® a ® n™,
can be easily verified. It is clear that the map K x A x N* 3 (k, a, n) —
kan € G is smooth and is regular at (e, e, e). Using the left and right trans-
lations, and the fact that N is normalized by A, it is easy to show that the
map is also regular at (k, a, n) forany k € K, a € A,andn € N*. To prove
Theorem 5.3, it remains to show that the map is a bijection. The reader is
referred to [26, chapter VI, theorem 5.1] for the complete proof.

There are other versions of the Iwasawa decomposition, for example,
G =KAN-, G=NtAK, and G = N~ AK. These different versions of
the Iwasawa decomposition can be proved easily by applying either the
Cartan involution ® or the inverse operation to the decomposition G =
KANT. Because A normalizes Nt and N~, we also have G = KNTA =
KN~A=ANTK = AN~ K. Note that, as a consequence of the Iwasawa
decomposition, A, N*, and N~ are closed subgroups of G.

Let H,, H», ..., H, be the Lie subgroups of a Lie group H.If H| H, - - - H,,
is an embedded submanifold of H and if the map

H1XHzX-~-XHn9(/’ll,hz,...,hn)r—)hlh2~-~hn€H1H2---Hn

is a diffeomorphism, then we will say that H; H, - - - H, is a diffeomorphic
product. The various versions of the Iwasawa decomposition are all diffeo-
morphic products.

Note that Lie subgroups do not in general form diffeomorphic products
even if their Lie algebras form a direct sum, and a diffeomorphic product
is not necessarily a group. The following proposition provides some special
examples when these are true. It can be proved easily by Proposition 5.8 and
the Iwasawa decompositions.
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Proposition 5.17. ANT = NTA, AN~ = N A,

MANYT = MNTA=AMNT=AN"M =NTAM = NTMA,
and

MAN™ = MN A=AMN =AN" M =N"AM =N"MA

are diffeomorphic products and are closed subgroups of G.

The following result, which will be needed later, is a direct consequence
of Proposition 5.9 and Proposition 5.11 (d).

Proposition 5.18. Let s € W. Then msN’m;1 = NN, is a diffeomorphic
product, where N1 and N, are respectively the Lie subgroups of N~ and Nt
generated by the following Lie algebras:

M= D Gt and m= Y g (14

a>0, xos71>0 a>0, aos~1<0

The same holds for myN+tm ! with —a o s~ replaced by o o s~

Theorem 5.4.

G=|JN mMAN* (5.15)
seW
is a disjoint union. Moreover, N"MAN™ is a diffeomorphic product and
is an open subset of G and, for s # ey, N"-m;MAN™ is a lower dimen-
sional submanifold of G. Consequently, N~ M AN has a lower dimensional
complement in G.

The disjoint union G = | J;.,y N-m;MAN™ given in (5.15) is called the
Bruhat decomposition. Note that the set N~m;M AN is determined by s €
W and does not depend on the choice of m; € M’ to represent s. The Bruhat
decomposition can be expressed in different forms. For example, the factors
in the product M AN can be permuted arbitrarily. Applying © to (5.15), we
obtain the following version of Bruhat decomposition:

G = U NTmgN~AM (disjoint union). (5.16)
sew
For the proof of Theorem 5.4, note that, by Proposition 5.11 (a), there is
s* € W such that s*(a;) = —a,. Then s* = (s*)~', Ad(m;")n* = n¥, and
m;l N*m, = N¥F.Because A and M normalize N, and they are normalized



118 Semi-simple Lie Groups of Noncompact Type

by my for any s € W, the collection of subsets N"m;MAN™ for s € W is
identical to the collection of subsets N~ mgam MANT = maNTm,MAN™
fors € W.Let B= MAN™. Since G = myG, except for the statement that
N™MANT is a diffeomorphic product, Theorem 5.4 is equivalent to saying
that G = U,cy Bm, B is adisjointunion, Bmg: B = mN~N*TM Ais anopen
subset of G, and Bm;B = m- N‘m;lijA N7 is alower dimensional sub-
manifold of G for s # s*. This is precisely corollary 18 in [26, chapter IX].
The claim about N™ M AN being a diffeomorphic product follows from the
Iwasawa decomposition G = KAN™ and corollary 19 in [26, chapter IX],
which says that the map N~ — G /(M AN™) given by the natural projection
G — G/(MAN™)is a diffeomorphism.

Let Q be a closed subgroup of G and let O\ G be the space of right cosets
0g, g € G. As for G/Q, there is also a unique manifold structure on Q\G
under which the natural right action of G on Q\G, defined by (Q\G) x
G > (Qx, g) — QOxg € Q\G, is smooth. Moreover, the natural projection
G > g — Qg € Q\G is an open and smooth map.

Proposition 5.19. Let Q be a closed subgroup of G containing AN (resp.
AN7) and let g 9: G — G/Q (resp. mg\g: G — Q\G) be the natural
projection. Then 7w, o(N~ M) (resp. mo\(NTM)) is an open subset of G/ Q
(resp. Q\G) with a lower dimensional complement.

Proof. We will only prove the conclusion for 7, o. The claim for 7 g\ g can be
proved by a similar argument. Note that 7G,o(N~ M) = 7g/o(N"MAN™)
is an open subset of G/Q because 7/ is an open map. Note also that the
complement C of 7g,o(N~M) in G/Q has no interior point because

5l c ) N mMAN*
se[W—{ew}]
is a lower dimensional subset of G. Suppose mg/o(N msM) inter-
sects wGg/o(N~M) for some s € W. Then nym;Q =nomQ for some
ny,ny € N~ and m € M. This implies that m;Q = nl_lnzmQ and hence
g/ o(N"meM) C mgo(N™M). It follows that C is equal to the union of
the submanifolds g/ o(N " msM) = mg,o(msN, M) that do not intersect
76/0(N~M). Such a submanifold of G/Q is necessarily lower dimensional
because C has no interior point. 0

Let Q be a closed subgroup of G containing ANt and let L = QN K.
Then L is a closed subgroup of K . It follows from the Iwasawa decomposition
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G = KAN*that Q = LAN".Moreover,G/Q = (KAN™)/(LAN™)canbe
identified with K /L viathe map G/Q > gQ + kL € K /L with k being the
K -component of g in the Iwasawa decomposition G = K AN*. Note that
K /L is compact if G has a finite center. The natural action of G on G/Q
given by (G/Q) > g'Q — gg' O € (G/Q) for g € G induces an action of
G on K /L, which may be denoted by g(kL). However, this notation can be
confusing, especially when Q = AN* and K /L = K. Therefore, the action
of G on K /L will also be denoted by g * (kL) and will be called the x-action
of G on K/L. We have g x (kL) = k'L, where k' is the K-component of gk
in the Iwasawa decomposition G = K AN, Via the identification of G/Q
with K /L, the open subset g, o(N~ M) of G/Q corresponds to

(N"M)x(eL) ={(n'm)*x(el); n" e N" andm € M},

which is an open subset of K /L with a lower dimensional complement.

If Q = AN™, then L = {e} and the *-action of G on K /{e} becomes an
action of G on K. For g € G and k € K, g * k is the K-component of gk in
the Iwasawa decomposition G = K AN ™. Note that if g € K, then g * k has
the same meaning as the product gk. The set (N~ M) * e is an open subset of
K with a lower dimensional complement.

Inthe literature, the space G/ Q, where Q is a closed subgroup of G contain-
ing MAN™, is called a Furstenberg boundary of G because such spaces arise
in the compactification of the symmetric space G/K (see Furstenberg [19]
and Moore [45]). In particular, G /(M AN T) is called the maximal Furstenberg
boundary. We will see that G/(M AN™) plays an important role in the study
of the limiting properties of Lévy processes in G.

5.4. Examples

Let d be an integer > 2 in this section.

Special Linear Groups

Let SL(d, R) be the group of all the d x d real matrices of determinant 1. This
is a closed subgroup of the general linear group G L(d, R), called the special
linear group on RY. Its Lie algebra is the space sl(d, R) of all the d x d real
matrices of trace 0. The identity component GL(d, R); = {g € GL(d, R);
det(g) > 0} of GL(d, R) can be identified with the product group R x
SL(d,R) via the map Ry x SL(d,R) > (¢, g) — cg € GL(d, R),;, where
Ry is the multiplicative group of positive numbers. Therefore, SL(d, R) is
a normal subgroup of GL(d, R); and sl(d, R) is an ideal of gl(d, R). Let
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G = SL({,R) and g = sl(d, R). We will compute the Killing form B of
gl(d, R) and then obtain the Killing form B of g = sl(d, R) as the restriction
of Btog.

Let E;; denote the matrix in gl(d, R) that has 1 at place (i, j) and
0 elsewhere, that is, (E;j)pq = 8;pdj4. Then {E;j;1,j=1,2,...,d} is a
basis of gl(d,R). For X,Y € gl(d,R), ad(X)ad(Y)E;; = [X,[Y, E;;]] =
XYE,] - XE,IY — YE,]X + E”YX and [ad(X)ad(Y)E,J]l, = Zk XikYki -
XiiYjj — YiX;; + > Yk Xx;. Summing over (i, j), we obtain

vVX,Y € glld, R), B(X,Y) = 2d Trace(XY) — 2(Trace X)(Trace Y).
(5.17)
Since Trace(X) = 0 for X € g = sl(d, R), we have

VX,Y eg, B(X,Y)=2dTrace(XY). (5.18)

The map ®: G — G defined by ©(g) = (g’)~! is a nontrivial automor-
phismon G = SL(d, R) with ©®? = idg; hence, it is a Cartan involution on G.
Its differential & = D® is given by (X) = —X'. The eigenspaces of 6 asso-
ciated to the eigenvalues 1 and —1 are, respectively, ¢ = {X € g; X' = — X},
the space of skew-symmetric matrices in g that is usually denoted by o(d),
and p = {X € g; X' = X}, the space of symmetric matrices in g. By (5.18),
it is easy to see that B is negative definite on £ and positive definite on p.
Therefore, G = SL(d, R) is a semi-simple Lie group of noncompact type.

A d x d real matrix g satisfying g’ = g~! is called orthogonal. The set
of such matrices form a compact group O(d), called the orthogonal group
on R?. The subset K of G = SL(d,R) fixed by © is the group of d x
d orthogonal matrices of determinant 1, called the special orthogonal group
or the rotation group on R?, and is denoted by SO(d). Note that SO(d) is the
identity component of O(d), and they have the same Lie algebra ¢ = o(d).

Let a be the subspace of p consisting of all the diagonal matrices of trace 0.
This is a maximal abelian subspace of p. The Lie subgroup A of G generated
by a consists of all the diagonal matrices with positive diagonal elements and
of determinant one. The roots are given by «;; for distinct i, j € {1, ..., d},
definedby «;;(H) = H; — H;for H = diag{H\, ..., Hy} € a.Therootspace
gq,;; is one dimensional and is spanned by E;;. We may let

a+={diag(H1,...,Hd)ea; H, >H2>--->Hd}

be the chosen Weyl chamber. Then the positive roots are given by «;; for
1 <i < j <d. The nilpotent Lie algebra n™ (resp. n™) is the subspace of g
consisting of all the upper (resp. lower) triangular matrices of zero diagonal
and the associated nilpotent group N (resp. N ™) is the subgroup of G formed
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by all the upper (resp. lower) triangular matrices with all diagonal elements
equal to 1. The centralizer M of A in K is the finite group formed by all the
diagonal matrices whose diagonal elements equal 1 with an even number
of —1s. Its Lie algebra is trivial, that is, m = {0}.

For G = SL(d, R), the Cartan decomposition G = K A, K takes the fol-
lowing form:

Vg e G =SL(,R), 3, ne K = SO(d) such that
g = & diag{uy, ..., natm,

where @y > --- > ug > 0 are uniquely determined by g. We now pro-
vide a direct proof of this fact. Since gg’ is a positive definite symmet-
ric matrix, there is §€ € K = SO(d) such that gg’ = &diag{by, ..., by}&’,
where by > by > --- > by > 0. Let u; = /b;, a = diag{uy, ..., naq}, and
n = (£a)"'g. Then gg’ = £a’¢’ = £a(£a) and g = £an, and hence 1y’ =
[(6a)~'gl[(Ea)'g] =e and n e K. Note that the positive numbers
W1, ..., g are the eigenvalues of gg’, so are uniquely determined by g. They
are called the singular values of the matrix g. The Cartan decomposition for
g € G = SL(d,R) is also called the singular value decomposition. The set
of g € G with distinct singular values is KA1 K with A, = exp(ay).

The polar decomposition (K /M) x A, on the symmetric space G/K can
be described as follows. Let S; be the space of all the d x d real posi-
tive definite symmetric matrices of determinant 1. For s € S}, the equation
Zf{ j=1 8ijxix; = 1 describes an ellipsoid of unit volume in RY center at the
origin; hence, S| may be regarded as the space of such ellipsoids. The map
G > g+ gg’ € S isonto and its kernel is K = SO(d); hence, G/K may be
identified with S;. Under this map, the image of K A K is the set of symmet-
ric matrices s € S; with distinct eigenvalues, or the set of ellipsoids whose
axes have different lengths. Such a matrix takes the form x = £(a™)?¢ ! with
at € Ay and§ € K. Its “angular” component &€ M determines the orientation
of the ellipsoid in R?, whereas the “radial” componenta™’ = diag(ay, ..., ay)
determines the lengths of its axes. (More precisely, the half lengths of its axes
are given by 1/ay, ..., 1/a,.)

We now provide a direct proof of the Iwasawa decomposition G = KAN ™"
for G = SL(d, R). By the discussion after the statement of Theorem 5.3, the
map K x Ax Nt 3 (k,a,n) — kan € G is a regular. For g € SL(d, R),
we may apply the Gram—Schmidt orthogonalization procedure to the column
vectors of the matrix g to obtain an orthogonal matrix k in SO(d). The
procedure amounts to multiplying g on the right by an upper triangular matrix
u whose diagonal elements are positive. Such a u is unique. Then g = ku~".
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Since u~! is also an upper triangular matrix with positive diagonal elements,
letting a be its diagonal and putting u = an, we obtain g = kan, where n
is an upper triangular matrix whose diagonal elements are equal to 1. This
proves the Iwasawa decomposition G = KAN™ for G = SL(d, R).

For G = SL(d, R), a matrix k € K = SO(d) belongs to M’ if and only
if Z‘;:l b,ki,kj, =0 for i # j and any H = diag{by,...,b,} € a. We
claim that each column of k& can have only one nonzero element. Other-
wise, there exist p and i # j such that k;, and k;, are both nonzero. Let
b,=1and by, = —1/(d — 1) for g # p. Then H = diag{b;, ..., by} € a
and - > gzp Kigkjq = kipkj,. However, since k € SO(d), 3_,., kigkjq =
—k;,kj,. This implies k;,k;, = 0, which is a contradiction. The claim is
proved. It is easy to show that if k € SO(d) has the stated property, then
k € M'. We have proved

M ={k € SOWd); kpy = £8,0( forsomeo € Sy}, (5.19)

where S, is the permutation group on the set {1,2,...,d}. To any k € M’,
we associate the permutation o specified in (5.19). Then for any matrix X €
gl(d, R), kX (resp. Xk) is obtained from X by permuting its rows by o
(resp. its columns by o~!). Such a matrix k will be called a permutation
matrix. Note that if k € M’ is associated to o, then the set of matrices in
M’ associated to the same permutation o is given by kM. It follows that the
Weyl group W = M’/M can be identified with the permutation group S, in
the sense that the map W > w = kM — o, € S;, where o, is associated

to k, is a group isomorphism. Note that if H = diag{by, ..., b;} € a, then
wH = diag{b, -1y, .-+, b1y
For G = SL(d, R), the simple roots are given by a2, a23, ..., Qu—1)4.

Propositions 5.12 and 5.13 can be easily verified in this case.

Foranyd x d matrix gand 1 <i < d,let g[i] be the submatrix of g formed
by the first i rows and i columns of g. Recall that, for g € Gandk € K, g %k
is the K -component of gk in the Iwasawa decomposition G = KAN™.

Proposition 5.20. Let G = SL(d, R). Then

N MAN" = {g € SL(d,R); det(g[i]) #0for1 <i <d},
N~ ANT = {g € SL(d,R); det(g[i]) > Ofor 1 <i <dj},
(N"M)xe=1{k € SO); det(k[i])#0forl1 <i <d}, and
N™xe=1{k € SO); det(k[i]) > O0forl <i <d}.
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Proof. Note that MAN™ is the set of all the upper triangular matrices in
SL(d,R). Any g € SL(d,R) belongs to N"MAN™ if and only if there
is an n’ € N7, a lower triangular matrix with all the diagonal elements
equal to 1, such that n'g € MANT; that is, 8ij +Zp<i n}pg,,j =0 for
i > j.Fixi € {2,...,d}. This system of linear equations can be solved for
Ry, Ry, ..., n;;_y if det(g[i — 1]) # 0. Note that det(g[d]) = 1. This shows
thatifall det(g[i]) # 0,theng € N~ M AN*. However, itis easy to show that,
for any square matrix g and upper triangular matrix u (resp. lower triangular
matrix v),

(gw)li] = glil - uli] (resp. (vg)li] = v[i]- gli]). (5.20)

It follows thatif g = n'uforn’ € N~ andu € MAN™, then g[i] = n'[i Ju[i]
and det(g[i]) = det(n’[i]) det(u[i]) = det(u[i]) # 0. This proves the expres-
sion for N"M AN*. An upper triangular matrix u € SL(d, R) belongs to
AN if and only if all its diagonal elements are positive, hence, if and only if
all det(u[i]) > 0. By (5.20), this proves the expression for N”AN T given in
the second formula. Let g = kan be the Iwasawa decompositionG = KAN ™.
Then g[i] = k[i](an)[i]. From this the last two formulas can be derived from
the first two and (5.20).

A shorter proof of Proposition 5.20 can be obtained from (5.20) and the
Bruhat decomposition for G = SL(d, R) by noting thatif n € N~ and m’ €
(M’ — M), then (nm")[i] = O for some i with 1 <i < d. O

General Linear Groups

Although GL(d, R),, the group of d x d invertible real matrices of pos-
itive determinants, is not semi-simple, because of the product structure
GL(d,R)y =R, x SL(d, R), almost all results stated for SL(d, R) hold
also for GL(d, R), if R, which corresponds to the subgroup {cl;; ¢ € R}
of GL(d, R), is absorbed into A. More precisely, let K = SO(d), N*, N~,
M, and M’ be the same subgroups of G = SL(d, R) defined before, but let
A be the subgroup of GL(d, R), consisting of all the diagonal matrices with
arbitrary positive diagonal elements (not necessarily of unit determinant) and
let A be the subset of A consisting of all the diagonal matrices with strictly
descending diagonal elements. Then the Cartan, Iwasawa, and Bruhat decom-
positions, namely, Theorems 5.2, 5.3, and 5.4 (including the other versions
of the Iwasawa and Bruhat decomposition) hold for G = GL(d, R).. In fact,
Theorem 5.1 holds for G = GL(d, R), as well except that K no longer con-
tains the center of GL(d, R),, which is equal to {cl;; c € R — {0}} when d
is even and {cl;; ¢ € R, } when d is odd.
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Lorentz Groups

Let O(1, d) be the group of all the (d + 1) x (d + 1) real matrices g satisfying
g'Jg = J,where J = diag(1, —I;). This is a closed Lie subgroup of GL(d +
1, R), called the Lorentz group on R¢*!. Its Lie algebra is o(1,d) = {X €
gld+ 1,R); X'J + JX = 0}. Any X € o(1, d) can be written in block form

as
0
X = [y B] , (5.21)
where y € R? is a column vector and B € o(d).
Any (d + 1) x (d + 1) real matrix g may be written as

_|u Y
e= v %]
whereu € R,and x, y € R4 are regarded as column vectors, and Bisad x d
real matrix. Then the condition g’Jg = J is equivalent to the following three

equations:

u*=14+x'x, uy—B'x=0, and B'B=1,+yy. (5.22)

Itisclearthatu = Oanddet(B) #~ 0. Itfollows that O(1, d) has four connected
components determined by the signs of # and det(B). In particular, the identity
component, denoted by SO(1, d),, is the set of all g € O(1, d) with positive
u and det(B). It follows from g'Jg = J that det(g)’> = 1 for g € O(1, d).
In particular, det(g) = 1 for g € SO(1, d)4; hence, SO(1,d) is a closed
subgroup of SL(d + 1, R).

Let G = SO(1,d); and g = o(1,d). For y € R? regarded as a column

vector, let
_ [0
éy—{y 0}, (5.23)

and for B € o(d), let ng = diag(0, B). Then
(€, %_y] = N(xy' —yx')» [ns. év] = %_By» and [ng,ncl = nis.c- (5.24)

Let y' € R? be the column vector whose ith component is 1 and with all other
components 0. By (5.21), it is easy to see that a basis of g is given by {§; = &,
and nj; = NEj—Ey 1 <0< dand 1 < j <k <d}.

As for SL(d, R), the map ©: G > g > (g’)~' € G is a Cartan involution
with® = D®: g 5 X — —X’ € g. The eigenspaces of 0 of eigenvalues +1
are, respectively, £ = diag{0, o(d)} = {na; A€ o(d)} andp ={&,; y € R},
A matrix g € G is fixed by © if and only if gg’ = I;4;. Using (5.22), it
can be shown that the subset of G fixed by ® is the compact Lie group
K = diag{1, SO(d)} with Lie algebra ¢ = diag{0, o(d)}.
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If we index the rows and columns of a matrixing = o(1,d)byO0, 1, ...,d,
then, for X, Y € g, the trace of ad(X)ad(Y) is given by

d
> [ad(X)ad(V)& 1o+ > [ad(X)ad(¥)n;;l;;.
i=1

I<i<j<d

With the help of (5.24), this can be computed to get the Killing form B(X, Y)
on g = o(1, d). We obtain, for x, y € R and C, D € o(d),

B(&:,§y) =2(d—D(x-y),
B(nc,np) = —=2(d — 1) 321 j<q Cij Dij, (5.25)
B(&x,nc) =0,

where (x - y) = Z?:l x;y; is the Euclidean inner product on R?. From this,
it follows that B is negative definite on £ and positive definite on p, so G =
SO(1, d)4 is a semi-simple Lie group of noncompact type.

Any nontrivial abelian subspace of p is one dimensional and is spanned
by &, for some nonzero y € R?. Fix a vector v € R? with |v| = 1, where
[v| = (v - v)"/? is the Euclidean norm, and let a be the linear span of &,. We
may take a; = {c&,; c > 0} to be our Weyl chamber. There are only two roots
+a given by a(c&,) = c. The root spaces g+, = n are given by

nt = {[(y) i(vy,y_ yv,)} .y e R with (y - v) = 0}. (5.26)
Let ¢ = diag(1, C) for C € SO(d). Then Ad(¢c)éy = &cy. The centralizer
M of ain K consists of the matrices diag(1, C), where C € SO(d) satisfying
Cv=nv.

Letv = (1,0, ...,0) € RY wherethe prime denotes the transpose as usual
and thus v is a column vector. Then

cosht sinht O
A = {exp(t§,); t e R} = sinht cosht O s teR 3, (5.27)
0 0 I,

M = diag{1,1,50(d — 1)}, and M’ = M Udiag{l,—1,hS0(d — 1)},

(5.28)

where h € O(d — 1) with det(h) = —1. The Weyl group W = M'/M has

only two elements; these correspond to the identity map and the reflection
about Oina = R.

The symmetric space G/K is called a hyperbolic space. Let o denote

the point eK in G/K. Under the identification of G/K with p = R?, via
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the map p > Y + e¥0 € G/K, the polar decomposition on G/K given by
Proposition 5.16 is just the usual spherical polar decomposition on R?.

Forz = (zy,...,z4-1) € R4 letn(z) be the (d + 1) x (d + 1) matrix
defined by

NN 0 Y
" (Z)_eXpHy i(vy/—yv/)]}

00 ¢ 1+% F2 7
=expg [0 0 £ |p=| 2 1-% x|, (529
z ¥z O z Fz I
where y = (0,z;,...,24-1) € R and b = |y|> = |z|>. By (5.26) and the

bijectivity of the exponential maps on n*, the two nilpotent groups are given
by N* = {n*(z); z € R4}

Let X be the set of all the oriented two-dimensional subspaces of R“. For
o € Xy, let R(o, ) be the element of S O(d) that rotates o by an angle o and
fixes the orthogonal complement of o in RY. Let {e1, ..., ey} be the standard
basis of RY. Recall that, for g € G and k € K, g * k is the K-component of
gk in the Iwasawa decomposition G = KAN™.

Proposition 5.21. For G = SO(1,d), and K = diag{l, SO()}, N~ xe
consists of all the matrices diag(1l, R(o, o)), where o € X, contains e; and
0<a<m.

Proof. The Iwasawa decomposition of n7(z) has the form n=(z) =
k exp(s&,)nT(w), where k = diag{1, C} for some C € SO(d), s € R, and
w € R~ One verifies directly using (5.23) and (5.29) that

1-b 2

+b T1t6% ]

=13 Lo — 2
+p% ld-1 7 T35

for b = |z|%, s = log(1 4 b), and w = 15 z. Let

0 -7
7 =
L)
Then
sin /bt _/
iz COoS «/El‘ —TZ
- %z Iy — L=eeslbt gy

However, e'? = R(o, +/bt), where o € ¥, contains e; and (0, z’) € R?. If ¢

is chosen such that cos /bt = %, then C = ¢'? and k = diag{l1, ¢'?}. O
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Limiting Properties of Lévy Processes

In this chapter, we present basic limiting properties of a Lévy process in a
semi-simple Lie group G of noncompact type. In Section 6.1, contracting
sequences are introduced. These are a type of sequences in G convergent
to infinity and they will play an important role in the discussion of limiting
properties of Lévy processes in G. In Section 6.2, we obtain the limiting
properties of a special type of continuous Lévy process. Because the stochastic
differential equations satisfied by these processes possess a certain symmetry,
a rather elementary computation may be carried out to obtain the desired
results. As an application, a continuous Lévy process in the general linear
group GL(d, R) is discussed in Section 6.3. In Section 6.4, the concepts
of invariant and irreducible measures are introduced, and an important result
connecting these notions is established as a necessary preparation for our main
results. The basic limiting properties of a general Lévy process, and some
variations, are stated and proved in Section 6.5. It is shown that if g; is a left
(resp. right) Lévy process in G satisfying a certain nondegeneracy condition
with the Cartan decomposition g, = E,a;L 1, and the Iwasawa decomposition
g = n;a;k; of G = N~ AK (resp. g = k;a;n; of G = K AN™), then, almost
surely, both al+ and a, are positive contracting, and & M (resp. Mn,) and n;
converge. Some sufficient conditions that guarantee these limiting properties
are discussed in Section 6.6. In Sections 6.1, 6.4, and 6.5, we follow closely
the ideas in Guivarc’h and Raugi [24], but much more detail is provided here
with considerable modifications. The materials in Section 6.2 are taken from
Liao [38].

6.1. Contracting Properties

Let G be a connected semi-simple Lie group of noncompact type with Lie
algebra g. The notations and definitions introduced in Chapter 5 will be used
in the rest of this work. For simplicity, we will assume from now on that G has
a finite center Z. Then the subgroups K, M, and M’ are compact. Moreover,

127
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G/ Q (resp. Q\G) is a compact homogeneous space for any closed subgroup
Q of G containing AN (resp. AN ™). Note that this additional assumption is
really not essential because if Z is infinite, then the quotient group G = G/Z
has a trivial center and is a semi-simple Lie group of noncompact type. Our
theory can be applied to G. The subgroups K, M, and M’ of G become
the subgroups K = K/Z, M= M/Z, and M = M'/Z of G; respectively,
and the subgroups A, N*, and N~ remain unchanged. Because Z is always
discrete, all the Lie subalgebras remain the same.

Let A be the set of positive roots as before. A sequence {a;} in A will be
called positive contracting if Yo € A, a(loga;) — oo.

Lemma 6.1. Let a; be a positive contracting sequence in A.

lnaj — e uniformly forn € F.

(a) If F is a compact subset of N, then a;

(b) If F' is a compact subset of N, then ajna;

(c)Ifnj € Nt (resp.nj € N~) and ajnja;1 — e (resp. a;lnjaj — e),
thenn; — e.

— euniformlyforn € F'.

Proof. Let {X;} be a basis of n™ such that each X; belongs to g, for some
a € A, which will be denoted by «;. Note that it is possible to have o; = «;
fori # j. Anyn € NT can be written as n = ¢! for some ¥ € n™ with ¥ =
> ¢i X;. When n ranges over F, the coefficients ¢; remain bounded. We have

aj_lnaj = exp [Ad(aj_l)Y] = exp [Z ciAd(e~ 8 X;
i

= exp

Z cie—a,(logaj)xi

l

Since lim;_, o, e~*1°84) = 0, this expression converges to e uniformly for
n € F as j — oo. This proves part (a). Part (b) can be proved by either
applying ® to (a) or repeating essentially the same argument. To prove (c),
let n; = exp(Y;) for Y; = >, ¢;; X;. It suffices to show that Vi, ¢;j — 0 as
Jj — oo. If not, by taking a subsequence, we may assume 3i and ¢ > 0 such
that Vj, |c;;| > &. Then

- [Z cnje* 1 X
h

ajnjaj_1 = exp [Z cpiAd(a;) X,
h

= exp [Z Chj eonoga)) x
h
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Since o (loga;) — 00, |¢;;| > €, and exp: nt — N7 is diffeomorphic, it is
impossible tohave a;nja;" — e. This prove (c) forn; € N*.The conclusion
forn; € N is proved by a similar argument. (]

Letw: G — G/(MANT) be the natural projection. By part (b) of Lemma
6.1,if a; € A is positive contracting and if x = n(MAN™) € 7(N~), where
n € N, then

ajx =ajn(MAN") = ajnaj_l(MANﬂ — 1(e)

as j — oo. Therefore, via the left action of G on G/(MAN™), a positive
contracting sequence in A shrinks 7 (N 7) to the single point 7 (e). Note that,
by Proposition 5.19, m(N~) = w (N~ M) is an open subset of G/(MAN™)
with a lower dimensional complement.

Lemma 6.2. Let {p;} be a sequence contained in a compact subset of N
and let {a;} be a positive contracting sequence in A. Then p;a; has a Cartan
decomposition pja; = Eja;“ n; such that the three sequences (aj-_la"-L), §j,and

J
;r is positive contracting.

n; all converge to e. In particular, a
Proof. Note that the two K-components in the Cartan decomposition are not
unique. Let pja; = x jaj’-L v, be a Cartan decomposition. First assume x; — x
in K. By the Bruhat decomposition (5.16), x € N*tm'N~AM for some m’ €
M'. By Proposition 5.18, m'N~m’~! ¢ N*N~. Since m' € M’ normalizes
Mand A, NTm'N~AM = Nt(m'N~m'"DYAMm' € NTN~AMm’, which
is an open subset of G. Hence, x and x; for sufficiently large j all belong to
N*N~AMm'.Therefore, we may write x = nn’bmm’ and x; = nn'bjm;m'
with Nt an; — n, N->n,—>n',A3b;— b,and M >m; — m. We
have

J

= (a;lnjaj) (a;ln’jaj) [a;lbj(mjm/)aj*(mjm’)_]]mjm’yj.

1.0 = atv,
a; pja; =a; x;a;y;

The right-hand side of this equation is expressed as a decomposition NtTN~
AMm'y;. By Lemma 6.1(a), aj_lpjaj — e and aj_lnja_,« — e. For the mo-
ment, assume y; — y in K. By Theorem 5.4, the map

NT"XxN xAxM>n,n,a,m)+ nnam e N"N"AM

. . . -1 —1 +
is a diffeomorphism. It follows that a; n}aj - u, |a; bj(mjm’)aj

(m;m")™'] — ¢ and m; — v for some u € N~, ¢ € A, and v € M. Then
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e = uc(vm’y). By the uniqueness of the Iwasawa decomposition G =
N~AK, this implies that u = ¢ = vm’y = e. We have proved

@) ailn]aj — e,

(i) a; ' laj — e,
(iii) a; bj(mjm’)a;'(mjm/)’1 — e, and
@iv) m;m'y; — e.

Although the assumption y; — y is used to prove these claims, it now can
be removed because of the compactness of K.

By (ii) and Lemma 6.1(c), n’j — e. Because a; is positive contracting
and b; — b in A, it follows that for sufficiently large j, aj_lb ; € exp(—ay).
Therefore, by (iii), (m jm’ )a;r(m m’ )~!is positive contracting and is contained
in A = exp(a;) for sufficiently large j. Since the action of the Weyl group
on a permutes and is simply transitive on the set of the Weyl chambers, it
follows that (m jm’)a; (m; -m’)_1 = a+ € a; and m;m’ € M. Using (iii) one

+

more time, we see thata'lat — b~

J Y

LetE]_x(m m')~ l—n]n b; andn,—m m'y;. Then pja; = x; afx

yj = Eja nj, & — nb and, by (1V) nj — e. Since §; € K, n € N*, and
b € A, one must have n = b = e. This implies that §; — e and a; laf — e.
The lemma is proved under the additional assumption that x; converges.

In general, applying the result to any convergent subsequence of x ;, since
m;m’ € M andn = n' = b = e are shown in the preceding argument, we see
that any limiting point of x; must be contained in M. It follows that there
exist §; € K and m; € M such that §; — e and x; = &;m;. Since p;a; =
X jaj' vi=£§ ja;'(m ;¥j), the result under the convergence of x; applies. The

proof of the lemma is completed. O

As in Guivarc’h and Raugi [24], a sequence {g;} in G will be called
contracting if, in its Cartan decomposition g; = & J-a;rn s {af} is positive
contracting. Note that a contracting sequence contained in A is not necessarily
positive contracting. A subset of G is called bounded if it is contained in a
compact subset of G.

Proposition 6.1. Let x; and y; be two bounded sequences in G. If g; is a
contracting sequence in G, then x;g;y; is also contracting.

Proof. Let g;j = &;a}n; be a Cartan decomposition and let x;&; = k;n;ja;
be the Iwasawa decomposition G = KN A. Then n; and a; are sequences
contained in compact subsets of N and A, respectively. It follows that a ja;L
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is a positive contracting sequence in A and, by Lemma 6.2, n;(a ja;-L) =
h jbfh/j where £, h; € K and b;L IS ZJr is positive contracting. Therefore,
xgj = (kjh j)bj*(h/jn j) is contracting. Because for any contracting sequence
g; with Cartan decomposition g; = Eja;“nj, Bg) ' = nj_'a;réj_l is also
contracting, then g;y; = G)[@(yj)’l@(gj)’l]’1 is contracting. O

Proposition 6.2. Let {g;} be a sequence in G. Then the following two state-
ments and are equivalent:

(a) There is a Cartan decomposition g; = Ejaj' n; such that a}" is positive
contracting and £;M — £ M for some 5 € K N(N"MAN™).

(b) Let gj = njajk; be the Iwasawa decomposition G = N~ AK. Thena;
is positive contracting and nj — ne, for some no, € N

Moreover, these statements imply that g MANY = ng o MAN ™, (a;“)_laj
converges in A, and k; = nn; with K > n; — m for some m € M.

Note that, although the &; component in the Cartan decomposition g; =
& jafn ;j in (a) is not unique, &; M is uniquely determined by g; because a;-’ €
a for large j. Note also that the convergence §; M — &, M is equivalent to
EMAN' — £ MAN™ by the Iwasawa decomposition G = KAN™.

Proof. Assume (a). By taking a subsequence, we may assume &; — &.
Note that, although &, may depend on the subsequence, the limit n, in (b)
will be independent of the subsequence because it is uniquely determined by
EoMANY = no o MAN™ because N"M AN is a diffeomorphic product.
For sufficiently large j, §; € N‘MAN+ Let§; = pj_m b,p, be the de-
composition N"MAN™. Then E, ; =Dpja; m]b (a+) pja with N~ >
p; >p ,A>3b;— b, M9m1—>m Nt 9p,—>p,and§oo_p mbp.
By Lemma 6. 1(a) (af)'pjal — e; hence, m;bj(a}) ' pjal — mb e
MA = AM. Let n'a’ n; be the Iwasawa decomposmon G = N AK of

mb(a+) pja; ThenN > 1) —>e A>d; — b, andKan — m.
Now 51 = p]_afn’]a;n} =p; a n' (a )~ 1a+a’ n; Since aj n'; (a+) L
e, part (b) and all the other claims are proved by settingn; = p; a n'. (a+) !

— 41T
anda; = ajaj.

Now assume (b). Let n; = x;n’;b; be the Iwasawa decomposition G =
KN*TA with K 5 x; — x, N*an —n',and A>b; — b. Thenba, is
positive contracting and noo(MAN+) =x(MAN™). By Lemma 6.2,n';b;a;
has a Cartan decomposition n';b;a; = x’a+ . such that a is posmve con-

tracting and lim; x; = lim; y} =e. Let éj = x;x; and 77; = yjk;. Then
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gj=njajk; = Sja;“nj and the Cartan decomposition g; = é;‘ja;“r;j satisfies
the properties in (a). O

6.2. Limiting Properties: A Special Case

Let g, be a continuous left Lévy process in G satisfying the following stochas-
tic differential equation:

14 d
dgi = Xi(g)odW/ +c Y Xi(g)odW,, 6.1)
i=1 i=p+1

where ¢ is a constant and {X1, ..., X4} is an orthonormal basis of g with
respect to the inner product (-, -) induced by the Killing form, defined by
(5.3), suchthat Xy, ..., X, formabasis of p and X, ..., Xy form a basis
of £. Note that, when ¢ = 1, the orthonormal basis may be chosen arbitrarily
because a suitable orthogonal transformation maps this basis into another one
that can be divided into a basis of p and a basis of £ as required here, and
such a transformation will also transform the standard Brownian motion W,
into another standard Brownian motion. In this case, (6.1) becomes Equation
(2.33) with Xy = 0, and by Propositions 2.5 and 2.6, g; is a Riemannian
Brownian motion in G with respect to the left invariant metric induced by
(-, -). When ¢ = 0, the process g; is called the horizontal diffusion in [43].

In this section, we obtain the limiting properties of the process g, deter-
mined by the stochastic differential equation (6.1). Because of the symmetry
possessed by this equation, the results may be established by a rather elemen-
tary method. These properties hold also for a general Lévy process, but more
difficult proofs are required.

For g,h € G and X € g, we will write gXh for DL, o DRy(X). If Gisa
matrix group, then, by the discussion in Section 1.5, g X4 may be understood
as a matrix product. The computation that follows is carried out in this short-
hand notation. One may consider working on a matrix group G; then the
notation should be clearly understood. However, the computation is valid on
a general Lie group G with proper interpretation.

Let g, = n,a,k, be the Iwasawa decomposition G = N~ AK. We have

dg; = (odn;)ak; + n;(oda;)k; + n;a;(odk;).

Equation (6.1) may be written as

d
dg, = Zc,-g,X[ othi,
i=1
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where ¢; = 1for1 <i < pandc¢; = cfor p+ 1 <i <d. Multiplying both
sides of this equation by a,”'n;"! on the left and k,”! on the right, we obtain

d
Ad(a; ") (n; " odny) + a7 oda, + (odkk; ' = c;Ad(k)X; 0 dW].
i=1
For X € g, let X = X, + X4 + X, be the direct sum decomposition g =
n~ @ ad ¢t Since Ad(a)n™ C n~ fora € A, we see that (6.1) is equivalent
to the following three equations:

d
dk; = ci[Ad(k) X;1ek, 0 W], (6.2)
i=1
p .

da, = a[Ad(k)X;la 0 dW/, (6.3)

i=1

and
P .

dn, = nAd(a)[Ad(k)X;]a 0 dW,. (6.4)

i=1

From (6.2), we see that k, is a diffusion process in K. Applying Ito’s
formula to kk;! = e and Ad(k;)X = k, Xk, ! for X € g, we obtain

d
dk; ' ==Y cik; '[Ad(k) X 1e 0 AW,
i=1

and

dAd(k)X = d(k, Xk ")
d
= cilAd(k)X;lek, Xk 0 dW]
i=1
d
= ciki Xk, [Ad(k)X e 0 dW]

i=I

d
= allAd(k)Xi1e, [Ad(k)X1] 0 AW/ (6.5)
i=1

Since A is abelian, da; = a; o d loga;. By (6.3),

P
dloga, =Y [Ad(k)X;lq 0 dW,. (6.6)

i=I
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By (6.5) and (6.6), we have
t 1 P
loga, = logay + M, + / 5 D_IAGR)X Je Ad(k)Xia ( di. - (67)
0 i=1

where M, = 37| [([Ad(k;_)X;1odW! is an a-valued L2-martingale. Note
that (1/¢#)M; — 0 almost surely as ¢t — oo.

Let oy, ..., a0, be the list of all the positive roots, each repeated as many
times as its multiplicity, and let H; be the element of a representing «;
under the inner product (-, -); that is, VH € a, (H, H;) = a;(H). For each
j, let X; be a nonzero root vector of «;; that is, X’] €gand VH €q,
[H, X} =a;(H)X. Let X; =Y;+ Z', where Y} € p and Z’ € t. Then
Y{,...,Y,Z,..., Z are mutually orthogonal, and VH € a, [H, YJ’-] =
aj(H)Z;- and [H, Z}] = aj(H)YJ/-. Let XLJ- = YJ/- - Z} = —O(X;-). Then
XLj is a root vector of the negative root —«; and (YJ’-)g = Z}. We will choose
X'; to satisfy (X', X;) = 2. Then by Proposition 5.6, (Y}, Y}) = (Z}, Z}) =
1, [X", X’_j] = —2H;,[Z;,Y/] = H;,and [Z], Y]’-]a = 0 fori # j. Define

1 r
Hy=2> Hi. (6.8)
i=1

Let p = (1/2)Y"i_, a;, the famous half sum of the positive roots (counting
multiplicities). Then H), is the vector in a representing o under the inner
product (-, -).

By the discussion in Section 5.4, for G = SL(d, R), the positive roots are
given by o;; for 1 <i < j <d, where o;;(H) =X; — A; for H = diag
{A,...,Ag) € a. Since (X,Y) = 2d Trace(XY’) for X,Y € g =sl(d, R),
the element of a representing o;; is ﬁHi_,-, where H;; is the diagonal ma-
trix that has 1 at place (i, i), —1 at place (j, j), and O elsewhere. It follows
that, for G = SL(d, R),

1
H, = Jdiag{(d —1),(d =3), ..., =(d =3), =(d = D}, (6.9)

For G = SO(1, d)., a is one dimensional and can be taken to be the
linear span of &, given by (5.23) for any y € R4 with unit Euclidean norm.
There is only one positive root @ of multiplicity dim(n™) = d — 1, given
by a(§,) = 1. By (5.25), B(§:,&,) =2(d — 1)(x - y) for x, y € R?, where
(x - y) is the Euclidean inner product. It follows that this root is represented
by &,/[2(d — 1)]. Therefore, for G = SO(1, d),

1

H,= & (6.10)
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In the preceding two examples, H,, is contained in the Weyl chamber a.,.
This is in fact true in general.

Proposition 6.3. H, € a,.

Proof. We want to show «(H,) > 0 for any simple root «. Let H, € a
represent «. Without loss of generality, we may assume o] = «. Let s,
be the reflection in a about the hyperplane o« = 0. By Proposition 5.13,
s, permutes the H;s for which ¢; is not proportional to «. Therefore,
se(Hy) = (1/2)>°_, sa(H;) = —cH,y + H, for some ¢ > 0 and

a(Hp) = (H,, H,) = (sot(Hp)a sq(Hy)) = (—cH, + H,, —H,)
= c(Hy, Hy) — (Hps H,).

This implies a(H,) > 0. The argument is taken from [43]. O

Forl <i < pandk € K, Ad(k)X; = ?:1 a;j(k)X ; for some p x p or-
thogonal matrix {a;;(k)}. Then

P
Z [Ad(K) X Te, Ad(K) X ]q = Z[(X e Xila-

i=1

N

LetY  ,,..., Yl/, be an orthonormal basis of a. Then Y/, ..., YI/J is an or-
thonormal basis of p. Without loss of generality, we may assume X; = Y/ for
1 <i < p.Since (Y/)¢=Z forl1 <i <rand (Y/)e=0forr <i < p, we

have

1< I, 1 <
5 D NXDe Xila= 2> 12, Y/l = 5 > Hi = H,.
i=1 i=1 i=1
By (6.7),

1
lim —loga, = H,. (6.11)

—>00
We now prove the almost sure convergence of n; as t — oo. For X € g,,
Ad(at)X — ead(lﬂgﬂz)x — e"‘(loga’)X ~ ea(H”)[X,

We see that the coefficients in (6.4), Ad(a;)[Ad(k;)X;],, tend to zero expo-
nentially fast as + — oo. Because N~ can be identified with a Euclidean
space through the diffeomorphic exponential map exp: n~ — N~ and it can
be shown that the coefficients of the Itd form of Equation (6.4) also tend to
zero exponentially fast, the almost sure convergence of n; follows directly
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from the following lemma. This type of argument to prove the convergence
of the nilpotent component was found in Taylor [56].

Lemma 6.3. Let 7, = (z},...,2%) be a process in R? satisfying the Ito
stochastic differential equation

dz) = Zzallk(t D2y dw/ +szk(l )zt at,

j=1 k=1

where the coefficients a;ji(t, w) and b (t, w) are continuous processes
adapted to the filtration generated by the standard Browian motion W, =
(W,', .o, W)). Assume almost surely a;(t, ) and b;i(t, w) converge to 0
exponentially as t — oo in the sense that 35 > 0 such that, almost surely,
laiji(t, )| < e and |bi(t, )| < e™®" for sufficiently large t > 0. Then, al-
most surely, 7, converges in R as t — oo.

Proof. For any integer n > 0, let A, = {(t, ); Vs < 1, |aji(s, w)| < ne=%
and | b (s, )| < ne~%}andlet ,(w) = inf {t; (¢, w) & A,}.Itis clear that the
7, form an increasing sequence of stopping times and, by the assumption, for
almost all w, 7,(w) = oo for sufficiently large n. By stopping the process at 7,,,
we may assume the coefficients a; (¢, -) and b; (¢, -) are uniformly bounded
by Ce™% for some constant C > 0. In this proof, C will be a positive constant
that may change from formula to formula.

The It stochastic differential equation is equivalent to the following Itd
stochastic integral equation:

—ZO /Zaljk(s )Z dWJ /thk(s )Z ds.

Let |z;| be the Euclidean norm of z, and let zj = sup,,, |z;|. Then
t
ElZ)Y1=<C {|zO|2 +/ e EN(Z) ds} ,
0

By Gronwall’s inequality, E[(z/)?] < C exp (fot e 2ds); hence, E[(z%)*] <
C. Let y, = sup,—,<, 1 125 — zx|. It suffices to show > v, < oo almost
surely. From

“=a :/ > ai(u, Hzkd W] +/ > biu, Nzhdu,
n ].k n k
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we obtain
n+1
P(y,, > 678"/2) < eS"E(y,%) < Ce‘s”/ e M E[(z5,) ]du < Ce™".
n

It follows that Y, P(y, > e %"/?) < 0o, and by the Borel-Cantelli lemma,
> n Yn < 00 almost surely. O

Letg, = S,a,* 1, be a Cardan decomposition. By Proposition 6.2 and (6.11),
the almost sure convergence of n, implies that almost surely & M converges
and (1/t)loga — H,.

Let o denote the point eK in G/K. Because [p, p] C &, the restriction of
(-, -) on p satisfies the condition (2.35). By Proposition 2.7, we see that g, is
right K -invariant and if go = e, then x, = g,0 is a Riemannian Brownian mo-
tion in G/K with respect to the G-invariant metric induced by the restriction
of (-, -) on p. To summarize, we have the following result:

Theorem 6.1. Let g; be a left invariant diffusion process satisfying the
stochastic differential equation (6.1) with the Cartan decomposition g, =
&atn, and the lwasawa decomposition g, = n,ak; of G = N~ AK. Then,
almost surely, n, and & M converge ast — oo, and

H, = lim(1/f)loga = lim (1/1)loga,,
11— 00 11— 00

where H), is defined by (6.8). Moreover, g, is right K -invariant and if gy =
e, then g;o0 is a Riemannian Brownian motion in G/K with respect to the
G-invariant metric induced by the restriction of (-, -) to p, where 0 = eK.

The limiting properties stated in Theorem 6.1 hold also for a general left
Lévy process under a certain nondegeneracy condition (see Theorems 6.4
and 7.1). These properties may be stated for the process x;, = g;0 in the
symmetric space G/K under the polar decomposition (see Proposition 5.16).
Because H, € a;, x;, € m(K A, ) at least for sufficiently large ¢ > 0, where
m: G — G/K is the natural projection, therefore, the process x, possesses
uniquely defined “radial component” H, € a, and “angular component” &, €
K/M; that is, x, = & exp (H;)o with & = &M. Ast — oo, (1/1)H, — H,
and & — £, for some random &,, € K /M. This means that, as t — oo, the
process x; = g,0 in G/K converges to oo at nonrandom exponential rates
(H,) and in a random limiting direction (§,,M).
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6.3. A Continuous Lévy Process in GL(d,R)

As an application of Theorem 6.1, consider the diffusion process g; in the
connected general linear group G = GL(d, R), satisfying the stochastic dif-
ferential equation

d
dg =Y gEijodW/, (6.12)

i,j=1

where E;; is the d x d matrix that has 1 at place (i, j) and O elsewhere, and
W, = {Wtij } is a d?-dimensional standard Brownian motion. As mentioned
in Section 5.4, G is the product group R} x G, where G = SL(d, R), and
possesses the same Cartan and Iwasawa decompositions as G except that A
should be replaced by A, the group of all the d x d diagonal matrices with
positive diagonal elements (not necessarily of determinant 1), and A, by
Ay ={a=diagla\,...,az} € A;a; > ar > --- > ag).

The inner product (X, Y) = 2dTrace (XY’) on the Lie algebra sl(d, R)
of SL(d,R) determined by the Killing form extends directly to be an in-
ner product on the Lie algebra § = gl(d, R) of G = GL(d, R),. However,
it seems to be more natural to use another inner product on g defined by
(X, Y)o = Trace(XY’). Under (-, -)o, {E;;} is an orthonormal basis of §. By
Propositions 2.5, 2.6, and 2.7, g, is a Riemannian Brownian motion in G
with respect to the left invariant metric on G induced by (-, -)o and is right
S O(d)-invariant.

There is an orthogonal transformation in g that maps the orthonormal basis
{E;;} into another orthonormal basis { X1, ..., X2} suchthat X; = (1//d)1,
and {X,,..., Xp2} is a basis of g=sl(d, R). By changing to another
d?-dimensional standard Brownian motion, denoted by (W,', e, W,dz), we
can write the stochasitc differential equation (6.12) as

dZ

dg =g X10dW +> 2X;0dW,.

i=2
Let g, = u,g, with u, e Ry and g, € SL(d, R). Slnce dg, = (odu,)g: +
u; odg,, we obtain du;, = u, o dW, /\/c_i anddg, = Z o &1 Xio dW’ Then
U; = U exp(W, /\/_ ) and g; is a Riemannian Brownian motion in G =
SL(d, R) with respect to the left invariant metric induced by (-, -)¢ restricted
to g = sl(d, R). By the scaling property mentioned in Section 2.3, g,/2q) iS a
Riemannian Brownian motion in G with respect to the left invariant metric
induced by (-, -) = 2d{-, -)o. It follows that, if g, = &a; n, is a Cartan de-
composition, then &M — £ M and (1/1)loga;” — 2d H, almost surely as
t — oo, where H, is given by (6.9). Because (1/¢)logu, — 0, it follows that
lim,_, (/1) loga = lim,,o(1/1)loga;” = 2dH,.
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To summarize, we obtain the following result:

Theorem 6.2. Let g, be a left invariant diffusion process in G = GL(d, R),
satisfying the stochastic differential equation (6.12) with the Cartan de-
composition g, = §a, n, and the Iwasawa decomposition g, = n,a.k, of
G = N™AK.

(a) Almost surely, &M — &xM for some K -valued random variable &,
n, — N for some N~ -valued random variable n,, and

1 1
. _ _+ _ . _ -
fim ;logf = lim 7 loga

= %diag{d— 1,d—3,...,—(d—3),—(d — D).
6.13)

(b) g; is right SO(d)-invariant and is a Riemannian Brownian motion in
G with respect to the left invariant metric induced by the inner product
(X,Y)y = Trace (XY')on g = gl(d, R).

(c) 8 = u;8:, where u, = ugexp (Wll/\/c_l) is a process in Ry for
some one-dimensional standard Brownian motion W' and g, is a
Riemannian Brownian motion in G = SL(d, R) with respect to the
left invariant Riemannian metric on G induced by the inner product
(-, Yo restricted to g = sl(d, R). Moreover, the two processes u; and g;
are independent.

Let s, = 3,8, = &(a; )€/, where @ = u,a;" is a diagonal matrix. The
process s, takes values in the space S of positive definite symmetric matri-
ces. For x = (x1, x2, . .., x4) € R? considered as a row vector, the equation
xs,x' = 1 describes an ellipsoid in R? centered at the origin; hence, s, may
be called a random ellipsoid. Its orientation in the space R¢ is determined
by &M and the half lengths of its axes are given by /;(¢) =1 /df(t) for
1 <i <d,where d:’ (1) is the ith diagonal element of dt*. The “angular” con-
vergence &M — £, M implies that the orientation of the random ellipsoid
s, converges to a limit almost surely as t — 0o, whereas the existence of the
“radial” lim,_, o (1/1) log a;" means that the lengths of the axes of s, grows or
decays exponentially at nonrandom rates:

1 1 d—2i+1
lim —logl;(t) = — lim —loga; (t) = _d-atl forl <i <d.
t—o0 t—00 t 2

Note that the space S can be identified with G/K viathemap G > g +— gg’ €
S with kernel K.
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6.4. Invariant Measures and Irreducibility

In Section 1.1, the convolution of two probability measures ) and p, on G
is defined to be a probability measure 1| * 1y on G given by g * u,(f) =
fG f(gh)ui(dg)ua(dh) for f € B(G).. We now define the convolution of a
probability measure ¢ on G and a probability measure v on a manifold X on
which G acts on the left (resp. right) by

() = / / Flgx)ndg)v(dx)
GJX

x (reSp-V*u(f)= /G /X f(xg)V(dx)u(dg)>

for f € B(X)y. Equivalently, this may also be defined as w * v(B) =
Jo v(gT ' B)u(dg) (resp. v * w(B) = [, v(Bg~")u(dg)) for B € B(X). The
measure v is called p-invariant if v = p % v (resp. v = v % ). In the follow-
ing, the manifold X is often taken to be the homogeneous space G/Q for the
left action or Q\ G for the right action, where Q is a closed subgroup of G.

The homogeneous space G/(MAN™) can be identified with K/M via
the Iwasawa decomposition G = KAN*t. Let m: G — G/(MAN™) be the
natural projection. Recall that 7 (N ™) is an open subset of G/(M AN™) with
a lower dimensional complement. A probability measure v on G/(MANTY)
will be called irreducible if it is supported by gm(N~) = gN~ (M AN™) for
any g € G, where (M AN ™) denotes the point 7 (e) in G/(MAN™). In other
words, v(gn(N~)] = 1forany g € G.

Similarly, a probability measure v on (M AN ~)\G will be called irre-
ducible if it is supported by (MAN™)N*tg forany g € G.

It is clear that if v is a probability measure on X = G/(MAN™) (resp.
X = (M AN™)\G) that does not charge any lower dimensional submanifold
of X, then it is irreducible.

A subset H of G will be called totally left irreducible on G if there do not
exist g1, ..., &, x € G for some integer r > 0 such that

Hc|Jg(N"MAN*)Yx, (6.14)
i=1
where the superscript ¢ denotes the complement in G. It will be called totally
right irreducible on G if there do not exist x, gy, ..., g- € G for some integer
r > 0 such that

Hc | Jx(N"MANYg;. (6.15)
i=1
Because N"M AN is an open subset of G with a lower dimensional com-
plement, therefore, if H is not lower dimensional, then it is both totally left
and totally right irreducible.
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It is well known that a Lie group is an analytic manifold. Later we will
show that a connected analytic submanifold H of G is totally left (resp.
right) irreducible on G if and only if there do not exist x, y € G such that
H C x(N~MAN™)°y. Inthis case, the total left and total right irreducibilities
of H mean the same thing and we may simply call H totally irreducible.
Because a Lie subgroup of G is an analytic submanifold, this in particular
applies to a connected Lie subgroup H of G.

For the moment, the equivalence of the left and right total irreducibilities
will be established for G = SL(d, R) in the following proposition. Recall
that, for any square matrix g, g[k] denotes the submatrix formed by the first
k rows and the first k columns of g.

Proposition 6.4. Let G = SL(d,R) and let H be a connected analytic
submanifold of G. Then H is totally left (resp. right) irreducible if and only
if there do not exist an integer k with 1 < k < d and two matrices x,y € G
such that det (xhy)[k]) =0 forallh € H.

Proof. If H is not totally left irreducible, then3gy, ..., g,, x € G and subsets
Hi, ..., H,of Hsuchthat H = U/_ H;and g 'Hix~' € (N"MAN™). By
Proposition 5.20, there exist subsets H;; of H; fork =1,...,(d — 1) such
that H;, = Ug;llH,-k and the function Fj(h) = det{(gi_lhx’l)[k]} vanishes
for h € H;;. As an analytic function on H, if Fj; vanishes on a set of positive
measure, it must vanish identically on H. This proves the claim for the total
left irreducibility. The total right irreducibility is proved similarly. 0

For any probability measure i on G, let G, be the smallest closed subgroup
of G containing supp (i), the support of w. If G, is totally left (resp. right)
irreducible, then p will be called totally left (resp. right) irreducible. Recall
that ®: G — G is the Cartan involution. Let ®(-) ! denote the map G > g >
[©(g)]"! € G. Note that it is not equal to ©~! = @.

Proposition 6.5.

(a) Let i be a probability measure on G. Then w is totally left (resp.
right) irreducible if and only if [O(-)"'u] is totally right (resp. left)
irreducible.

(b) The map ¢: (MAN NG — G/(MANT) defined by (MAN ™ )g —
O(g) " (MAN™) is a diffeomorphism.

(c) Let u and v be probability measures on G and on (M AN ~)\G respec-
tively. Then v is u-invariant if and only if $v is [©(-) ul-invariant.
Moreover, v is irreducible on (M AN ~)\G if and only if ¢v is irre-
ducible on G/(MAN™).
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Proof. Since o~1() maps supp (1) onto supp [®()~'u], it also maps G,
onto Gg.)-1,. Now (a) follows from

O[g(N"MANR] ' = () (N MANHO(g) .

Because @(MAN)"! = NtTAM = MANY, it is easy to check that the
map ¢ in (b) is well defined and is one-to-one and onto. It is also
easy to check that it is regular at the point 0 = (MAN™). It remains to
show that ¢ is regular at every point of (MAN)\G. For g € G, let rg:
(MAN-)\G — (MAN)\G be the map (MAN™)g' — (MAN™)g'g and
letl,: G/(MANT) - G/(MAN*t)bethemap g'(MAN™) — gg'(MAN™).
Then r, and [, are diffeomorphisms. Since ¢ o ry =1, 0 ¢ for h = O(g)~",
it follows that ¢ is regular at every point on (M AN ~)\G. This proves (b).
Let 1 and v be probability measures on G and on (M AN ~)\G respectively.
Then for any f € B(G/(MAN™)),,

v u(f o) = / FOg)v(dx)u(dg) = / F(O(g) $(x)(dg)v(dx)
- / FONIOC) W dh)@v)dy) = [OC) 1]  (GV)(f).

It follows that v is p-invariant if and only if ¢v is [@(-)~! u]-invariant. More-
over, forany g € G, ¢ maps (MAN ~)N*g onto ®(g)"' N~ (MAN™); there-
fore, v is irreducible on (M AN7)\G if and only if ¢v is irreducible on
G/(MAN™). This proves (c). O

The notion of an irreducible measure on G/(MAN™) or on (MAN " )\G
was introduced in Guivarc’h and Raugi [24]. A totally left irreducible subset of
G defined here was called totally irreducible in [24] without the word “left.”
The following theorem provides a connection between these two different
notions of irreducibility.

Theorem 6.3. Let u be a probability measure on G. Then

(a) G, is totally left irreducible on G if and only if any j-invariant prob-
ability measure v on G/(M AN™) is irreducible;

(b) G, is totally right irreducible on G if and only if any p-invariant
probability measure on (M AN ~)\G is irreducible.

In [24], this theorem was first proved for G = SL(d, R) by a rather el-
ementary argument using exterior algebra and projective spaces, then the
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general case was proved using a result on the dimensions of certain algebraic
subvarieties of G/(MAN™). In the following we will adapt the proof for
G = SL(d, R) to the general case.

Let {Xy, ..., X4} be a basis of g and, for g € G, let ¢ = {c;;(g)} denote
the matrix defined by

d
Ad(Q)X; = cij(®)Xi. (6.16)

i=l1

Itis well known that any connected semi-simple Lie group G is unimodular in
the sense thatdet (g) = 1 forany g € G. To show this, note that the invariance
of the Killing form B under Ad (g) implies §’bg = b, where b is the matrix
representing B under the basis of g. Then [det(§)]> = 1. The connectness of
G now implies that det (g) = 1.

Let G = SL(d,R) and let J: G — G be the map defined by J(g) = 2. It
is easy to see that J is a Lie group homomorphism from G into G and its
kernel is the center Z of G.

As before, let (-, -) be the inner product on g induced by the Killing form.
Choose an orthonormal basis {Hy, ..., H,} of gy such that {H,, ..., H,}
is a basis of a. We may assume that H; € a; and a(H;) # B(H;) for any
two distinct roots « and . Let Ag be the set of all the roots and the zero
functional on a. We can introduce an order on Ag by setting < g ifa(H;) <
B(H)). Then, for any positive root o, @ > 0 > —a. Let o) > ap > -+ - > «,
be the complete set of positive roots. If we set o, 1 = 0, oty 0 = —0t, 013 =
—Qp s, Qpp] = —ay,then Ag ={o) >ap > -+ > (¥2r+1}.FOI'1 <i<
r,let {Xy;, X, ..., X4} be an orthonormal basis of g,,. Let X j41) = H;
for 1 <j<mandlet Xjo 0y =60(X;)forl<j<d andl=<ic=<r.
Then, for 1 <i < @2r 4+ 1), {X1;, X2i, ..., X4,i} 1s an orthonormal basis of
go,» Where d, 1 = m and dp,4o—; =d; for 1 <i <r. Let {X;, X2, ....X4}
be the ordered set given by

(X1, Xo1, ., Xay1, Xi2, X0, oo, X0y -0 X1@r1),
Xo0r41)s -+ s Xapp2r+1)} (6.17)

andletk =2r + 1. Thend = YF_, d;. Let
q
hg = d, for1 <q <k with hy = 0.
p=I

Any matrix b = {¢;;}i, j=1,...q In G may be regarded as alinearmap g — ¢
given by b(X;) = Zflzl ¢;jX;. It can be expressed in the following block
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form:
bii by ... by
by by ... by
b= . ) s (6.18)
blk bzk PR bkk
where b, is the d, x d; matrix {cijtn, i +1<i<h,. hy_+1<j<h, for p,q =
1,2, ..., k. The submatrix b,, may be regarded as a linear map 9o, = Oa,
h

given by b,,(X;) = Ziihwﬂ ¢ijX; for hy_1 +1 < j < hy. In particular,
by41r41 1s a linear endomorphism on g, ,, = go.
Let K = SO(d) C G and let

A= {b e G bpg = Cplpqla, for some ¢, > 0},
N = (b eG; bpy =0for p > qandby, =1},
N~ ={beG; byy=0forp <gandby, = I,,),
M ={b e SO(); bp, =0for p# q and b,;,, fixes elements of a},

and

M = {b € SO(d); 3 apermutation o on {1, 2, ..., k} with
or+1)=r+1landd, =d, for1 < p <k such thatb,, =0 for
q # o(p) and b, |, leaves a invariant}.

It is clear that I%, A, N+, N_, M, and M are closed subgroups of G with
McMck.

For g € G, let {b,,(g)} be the matrix in the block form (6.18) given by
J(g).

Lemma 6.4. J-(K) =K, J-'(A) = ZA, J-\(N ") = ZN*+, J-\(N ") =
ZN~, J"Y(M) = M, and J’I(A;I,) = M'. Consequently, J(K) C K, J(A) C
A JNDHCN, IINTYC N, J(M)C M, and J(M") C M.

Proof. Letk € K. Since {X|, X5, ..., X4} 1is an orthonormal basis of g under
the Ad(K)-invariant inner product (-, -), it follows that J(k) € K. Each X;
belongs to g, for some o € Ay. Denote this @ as ;. If a € A, then

Ad (@)X, = Ad ("8 X; = eMloen x;, = grilloea x

From this it follows that b 4 (a) = ¢,(a)d,q s, With c,(a) = €*r1°¢9; hence,
J(a) € A. Note that, for two distinct positive roots  and f, the equation
a = f determines a proper subspace of a; therefore, there exists a € A such
that a(loga) # 0 and a(loga) # B(loga) for any root o and any root S
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different from «. For such a € A, the c,(a) are distinct for 1 < p <k.
Because [go, 9p] C Gu+p, for n € N, Adn)X; = e*l¢WX; = X; + R,
where R; € Zfbﬂj gp. By (6.16), this implies that ¢;;j(n) =0 if y; < y;
and ¢;j(n) = §;; if y; = y;; hence, J(n) € IV+. Similarly, if n~ € N~, then
Jn)eN .

We have proved that J(K) C K, J(A) C A, J(NT) C N+, and J(N™) C
N .Letg € G and let g = kan be the Iwasawa decomposition G = KAN™.
If J(g) € K, then J(an) € K N (A]\Aﬁ). By the uniqueness of the Iwasawa
decomposition on G = SL(d,R),J(an) = I;andan € Z C K. This implies
an =eand g € K;hence, J~'(K) C K.By J(K) C K, wehave J-1(K) =
K .Now suppose J(g) € A.Then J(k) = J(n) = I;;hence, both k and n must
belong to Z, which forces n = e and g € ZA. This proves J~'(A) = ZA.
Similarly, one can prove J~'(N ") = ZN+ and J-\(N") = ZN~.

For m € M and a € A, ma = am; hence, bp,(m)c,(a) = c,(a)bp,(m).
We have shown earlier that a € A may be chosen such that the c,(a)
are distinct. Therefore, b,,(m) = 0 for p # g. Because Ad(m)H = H for
H € a, byyi,41(m) fixes the elements of a. It follows that J(M) € M.
By Proposition 5.11(d), any m’ € M’ permutes the root spaces g, and
leaves gy invariant. Let a € A with distinct ¢,(a) = ¢*1°¢%. Then J(a) =
diag{cl (a)Idl yeeey ck(a)ldk} and

Jm"J(@)Jm' )" = Jm'am'™") = diag {coy 14y, - - » Cotyla}s
where o is a permutation of {1,2,...,k} with o(r + 1) =r 4+ 1. It fol-
lows that b, (m")cy(a) = cq(py(@)bpy(m'); hence, by, (m') = 0 for g # o (p).
Since Ad(m’) leaves a invariant, this shows J(M') C M. Finally, by the
definition of M (resp. 1\71/) and because J‘I(I?) =K,ifge Gand J(g) €
M (resp. J(g) € M’), then g € K and Ad(g) fixes elements in a (resp. leaves a
invariant). This shows that g € M (resp. g € M’); hence, J'M) =M (resp.
J7\ry = M. O

For 1 <i <d, let A\, R? be the vector space spanned by the exterior
products

Uy ANuy A---Au;, whereuy,us, ..., u; GRd.
Let {e, e, . . ., e4) be the standard basis of R?. Then
ej, Nej, N---e;, wherel < jj < jp <--- < j; <d,

form a basis of A; RY. It is well known that u, ..., u; € R? are linearly in-
dependentif and only if g A - - - A u; # 0. Moreover, if w = {wji}r=1,2,....i
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is an { X [ matrix and v; = Z;zl wjru; for 1 <k <i, then vy A--- A
v; = det(w)u; A --- A u;. Consequently, any two linearly independent sub-
sets {uy,...,u;} and {v, ..., v;} of R? span the same subspace of R4 if
and only if u; A--- Au; =c(v; A--- Av;) for some nonzero ¢ € R. Let
P(A; R?) be the projective space on A; R, which by definition is the
set of the one-dimensional subspaces of A, R? and can be identified with
O(n)/[0(n — 1) x O(1)], where n = dim(\; R?) = d!/[i!(d — i)!]. For a
nonzero u € /\; R, let # € P(/\; R?) be the one-dimensional subspace of
A; R? containing u.

Any b € G = SL(d,R) acts on /\iRd by uy A--- Aui = by A - A
u;) = (buj) A --- A (bu;) and on P(\,; R%) by i — bii = bu.

Recall h, = Ziﬁl (Al’i £0r 1<q<k. Let A, = /\hq RY and f, = e A
e Aep,. If be MAN ', then b,, =0 for p > q and b, is invertible;
hence, it fixes the point f, in P(A,). It follows that the map

F,: G/(MAN*')— P(A,) givenby g(MAN") — J(g)f,
is well defined. Fory e Gand 1 < ¢ <k, let
H(;V ={ueP(Ay); ueAgjuz#0,andu A [J(y)fq/] = 0},

where f; = ey 1 Aen 2 Ao Aeg. Letm: G — G/(M AN™) be the natu-
ral projection.

Lemma 6.5. Fory € G,
k-1
yir (NI = | FN(H)).

g=1

where [t (N™))° is the complement of t(N™) in G/(MAN™).

Proof. For any matrix b € G and 1 <1i <d, let b[i] be the submatrix of
b formed by the first i rows and the first i columns of b. Because, for
be MAN+, bpg =0 for p > q and b, is invertible, it follows that, for
l<g =<k,

Vb' € Gandb € MANT, ('b)h,] = b'[h,]blh,]. (6.19)

From this we see that if ¥ € N~ and b € MA]\Aﬁ, then det ('b)[h,]) # 0
for 1 < g <k — 1. Therefore,

N MAN" c (beG; det(blh,])#0forl <g<k—1}.  (6.20)
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By the definition of M B any b e M " determines a permutation o on the set
{1,2, ..., k}. However, if s = m M is not the identity element ey of W, then
Ad(my) permutes the set of the spaces

Gays oo+ Bas By — 800 Bopy = B—a5 -+ o5 Bageyy — J—ay

nontrivially. Therefore, J(m;) determines a nontrivial permutation ¢. This
implies that, for any b € G given by the block form (6.18), bJ (m;) is obtained
from b by a nontrivial permutation of columns in (6.18). From this it is easy
to show that, if » € N, then the determinant of [bJ (m)][hy] vanishes for
some 1 < g <k — 1. It follows from (6.19) that, if s # ey, then

N~ Jm)MAN" c {b e G; det(blh,]) = 0 for some g with
1 <qg<k-—1} (6.21)

By the Bruhat decomposition, G = |,y N"m;M AN™ is a disjoint union;
hence,

YirNOI = | yrWNmy=m| |J YN mMAN)|.
seW,s#£ew seW, s#£ew
Any z € G/(MAN™) can be expressed as z = 7(g) = g(MAN™) for some
g € G.Thenz € y[r(N7)]°ifandonlyifg € y(N"my;M AN ™) forsome s #
ew.By Lemma 6.4, (6.20), and (6.21), and the fact that for any b € G, (bfg) A
fy = det(blhy])(fy A f,), we obtain the following equivalent relations:

ze (N < J(y~'g) e N J(my)MAN" for some s # ey
& det(J(y'g)lh,]) =0forsome 1 <g <k —1
= [ ') fd A f]=0forsomel <g <k—1
— @ fIANJf]=0forsomel <g <k—1
{:}zeFq’l(Hé")forsomelgqfk—l. J

Proof of Theorem 6.3. Assume the p-invariant probability measure v on
G /(M AN™)is not irreducible; that is, it charges y[7 (N 7)]° forsome y € G.
We want to show that (6.14) holds with H = G, forsome g1, ..., g, x € G.
By Lemma 6.5, v must charge Fq‘l(Hé") for some g € {1,2,...,k— 1}, or
equivalently, F,v(H)) > 0.

Let £ be the set of the subspaces U of A, suchthat3¢ € G,Yu € U, u A
[J(é)fq/] =0.If g€ G and u € Ay, then [J(gu] A [J(é)fq/] =J(@)f{un
[J(g_lé)fé]}. It follows that, forany g € Gand U € L, J(g)U € L. For any
subspace U of Ay, letU = {ii € P(A,);0 # u € U} and set {0} = . Define

Us = {u € Ays unlJE)f;]=0}
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for £ € G. Then U; is a subspace contained in £ and Uz = Hqé . More-
over, if U is a subspace contained in L, then U C Ug for some
& € G. Because qu(U_y) = Fyv(H]) > 0, L contains subspaces U with
qu(ﬁ) > (0. Let V be such a subspace of the minimal dimension.
Note that dim(V) > 1. Then, for g,h € G, either J(g)V = J(h)V or
dim{[J(g)V]IN[J(h)V]} < dim(V), and in the latter case, qu{[l(g)V] N
[J(WV]} = F{[J(@VIN[J(WV]} = 0. Let ¢; = sup,eq qu[J(g)V]. It
is now easy to show that 3gq, g2, ..., g € G for some integer r > 0 such
that F,v[J(g)V]=c¢, for 1 <i <r, Fpo{[J(g)VIN[J(g))V]} =0 for
i # j, and Vg € G, either J(g)V = J(g;)V for some i € {1,2,...,r} or
qu[J(g)V] < ¢y -

Let T' = F,'[Ui_, J(g)V]. Then Vg € G, either gT' =T or v(gT") <
v(I"). Because v is p-invariant,

w() = /G v(g~ ' Mu(dyg).

It follows that Vg € supp (1), g_'F = I'; therefore, G, I' = I'. In particular,
forzeTl,

G,z CT.

Note that V C U for some & € G; hence,
F'\(V)C F'(Us) = F; ' (H) C &ln(ND)I

and

r=Je&F,'V)c|Jetlr(N I = JnlgiE(N"MANTY].

i=1 i=1 i=1

Forz e I', let z = w(x~") for some x € G. Then

Gux' c|JgiE(N"MANTY,
i=1
whichimpliesthat G, C J;_, gi§(N" M AN*)°x. Thisis (6.14) if we replace
H by G, and g;§ by g;.

We have proved that if G, is totally left irreducible on G, then any p-
invariant probability measure v on G/(M AN ™) is irreducible. Now we prove
the converse. Let u be a probability measure on G that is not totally left
irreducible; that is, (6.14) holds for H = G, and some g1, &2, ..., &, x € G.
Let C be the closure of n(Gﬂx_l) in G/(MAN™). Then C is contained
in J;_, g[7(N7)]° and is G ,-invariant; that is, gC C C for any g € G,,.
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Let vy be any probability measure supported by C and let v; = (1/j)[vo +
SY78 s v, where ' = g% -+ % g is an i-fold convolution. The G,
invariance of C implies the v; is supported by C. Because C is compact, a
subsequence of v; converges weakly to a p-invariant probability measure v
supported by C. This measure is evidently not irreducible. The proof of (a)
of Theorem 6.3 is now completed.

By Proposition 6.5, it is easy to derive (b) of Theorem 6.3 from (a). O

For a probability measure 1 on G, let T, be the smallest closed semigroup
in G containing supp(w). Here, a subset C of G is called a semigroupife € C
and forany g, h € C, gh € C.

Note that, at the end of the proof of Theorem 6.3 when constructing a
pu-invariant probability measure v that is not irreducible, one may let i be a
probability measure on G such that 7, is not totally left irreducible—that is,
(6.14) holds for H = T,. Let C be the closure of rr(T,Lx’l) in G/(MAN™).
Then C is T),-invariant and in the exactly same way one can show that thereis a
u-invariant probability measure on G/(M AN T) thatis not irreducible. There-
fore, the irreducibility of p-invariant probability measures on G/(MAN™)
also implies the total left irreducibility of 7}, on G. Since T, C G ,, the total
left irreducibility of 7}, is apparently stronger than that of G, and it fol-
lows that the two are in fact equivalent. The same holds for the total right
irreducibility and we have following result:

Corollary 6.1. For any probability measure  on G, G, is totally left (resp.
right) irreducible if and only if T, is totally left (resp. right) irreducible.

We now establish the equivalence of the total left and total right irre-
ducibilities for a connected analytic submanifold of G such as a connected
Lie subgroup of G.

Proposition 6.6. Let H be a connected analytic submanifold of G. Then H
is totally left (resp. right) irreducible on G if and only if there do not exist
x,y € G such that H C x(N"MAN™")°y. Consequently, H is totally left
irreducible if and only if it is totally right irreducible.

Proof. By the Bruhat decomposition, (6.20), and (6.21), if H is not totally
left irreducible, then there exist gi,..., g, x € G and Hyy,..., H,; CH
for 1 <g <(k—1) such that H = Ui’q H;, and the analytic function
¢iy: H — R defined by g > det(J(g; ' gx~")[h,]) vanishes on H,. If Hj,



150 Limiting Properties of Lévy Processes

has a positive measure on H, then ¢;, vanishes identically on H. This implies
that g; '"Hx~' € (N"MANT). O

6.5. Limiting Properties of Lévy Processes
Let g, be a left (resp. right) Lévy process in G with g{ = g¢ 'g, (resp. gl =
88 1y and let u, be the distribution of g/, thatis, u, = P(e, -), where P, is
the transition semigroup of g;. In Section 1.1, we have seen that {u, };er, is
a continuous convolution semigroup of probability measures on G, that is,
Ws % by = Usyr and u; — 8, weakly ast — 0.

Let Q be a closed subgroup of G. A probability measure v on G/Q will
be called a stationary measure of the process g; on G/ Q if it is u,-invariant,
thatis, if v = u; * v, forany ¢ € R. This is equivalent to v(f) = E[g/v(f)]
forany f € B(G/Q); andt € R,. If G/Q is compact, then there is always
a stationary measure of g, on G/Q. In fact, if v is a probability measure
on G/Q, then a subsequence of (1/n) fon WU * vdt converges weakly to a
stationary measure of g, on G/Q asn — 00.

If g, is aright Lévy process, then by Proposition 2.1, its one-point motion
x; = gx, x € G/Q, is a Markov process. In this case, it is easy to see that a
stationary measure of g, on G/ Q is also a stationary measure of the Markov
process x, as defined in Appendix B.1. Note the difference between the sta-
tionary measure of g; on G/Q and the stationary measure of g, as a Markov
process in G.

Similarly, a probability measure v on Q\G is called a stationary measure
of the process g; on Q\G if it is u,-invariant, that is, if v = v % u,, for any
t € R, . Such a measure always exists on a compact Q\G.

Define

o0
/L:/ e 'dtu,. (6.22)
0

Then pu is a probability measure on G. As before, let G, and 7,, denote
respectively the smallest closed subgroup and the smallest closed semigroup
of G containing supp(u).

Proposition 6.7. supp(u) is equal to the closure of U,eR+ supp(u,) in G
and is a semigroup. Consequently, T,, = supp(iL).

Proof. By the right continuity of the process g¢, it is easy to show that

U,E]R+ supp(u;) C supp(u). Now suppose g € supp(). Then for any f €
C(G)y with f(g) > 0, u(f) > 0and u,(f) > O for some ¢t € R,. It follows
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that any neighborhood of g intersects the closure of Ure]&r supp(u,), which
implies supp(u) is equal to this closure. Because for any two probability
measures v; and v, on G, [supp(v))][supp(v2)] C supp(v; * v,), it follows
that U,E]R+ supp(u,) is a semigroup and so is its closure. g

By Proposition 6.7, we see that 7, and G, are respectively the smallest
closed semigroup and the smallest closed group containing supp(u,) for any
t € R,; therefore, they will be called respectively the semigroup and the
group generated by the process g7.

In Section 6.1, we have introduced the notions of contracting sequences in
G and positive contracting sequences in A. We now extend these definitions to
functions defined on R... A functiona: Ry — A is called positive contracting
ifa(loga(t)) - ooast — oo forany positive root &, and a function g: R, —
G is called contracting if, in its Cartan decomposition g(z) = &£(t)a™t(t)n(t),
a*t(¢) is positive contracting.

Let QO be a closed subgroup of G and let v be a measure on G/Q. By
the left action of G on G/Q, any g € G may be regarded as a map G/Q —
G/ Q; therefore, gv is a measure on G/Q given by gv(f) = [ f(gx)v(dx)
for f € B(G/Q)+. Similarly, if v is a measure on Q\G and g € G, then
using the right action of G on Q\G, vg is a measure on Q\G given by
vg(f) = [ f(xg)v(dx) for f € B(O\G).

The basic limiting properties of a left Lévy process in G are given in the
following theorem:

Theorem 6.4. Let g; be a left Lévy process in G, and let G, and T, be
respectively the group and the semigroup generated by the process g; =
g 'g;. Assume G u 18 totally left irreducible and T, contains a contracting
sequence in G.

(a) There is a random variable z taking values in G/(MAN™), indepen-
dent of go, such that for any irreducible probability measure v on
G/(MAN™), P-almost surely, g¢v converges to 8, weakly as t — 00
(and, consequently, g,v — 8,4, weakly). Moreover, the distribution of
7 is the unique stationary measure of g; on G/(MAN™).

(b) Let g, = §,a;"n, be a Cartan decomposition. Then, P-almost surely,
a:r is positive contracting and &(MAN™') — goz ast — oo.

(c) Let g; = nsa.k; be the Iwasawa decomposition G = N~ AK. Then,
P-almost surely, a, is positive contracting and n, — ne, as t — o0
for some random variable ny, taking values in N~. Moreover,
Neo(MANT) = goz P-almost surely.
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Note that the convergence &(MAN™T) — goz in Theorem 6.4 is equiv-
alent to &M — &M for some K-valued random variable &, satisfy-
ing £ (MAN™) = goz. Recall that (£, n,) in the Cartan decomposition of
& = &a;tn, is not unique, but as a;" is positive contracting, a,t € a for large
t > 0; hence, all the possible choices for (;, n,) are given by (&,m, m~'n,) for
m € M. Theconvergenceé, M — &, M isnotaffected by this nonuniqueness.
Moreover, m € M may be chosen properly so that & — £.

Before proving Theorem 6.4, we note that the corresponding results for a
right Lévy process can be derived from this theorem using the transforma-
tion g > ©O(g)~'. Let g, be a right Lévy process on G, and let g, = &a; n,
and g; = k;a;n, be, respectively, a Cartan decomposition and the Iwasawa
decomposition G = KAN ™. Then g, = ©(g,)~! is a left Lévy process, g, =
n;'a; & ! is a Cartan decomposition, and g, = n,a,k;! withn, = O(n,)~! is
the Iwasawa decomposition G = N~ AK. By Proposition 6.5, we can easily
derive the following results from Theorem 6.4.

Theorem 6.5. Let g, be a right Lévy process in G, and let G, and T, be
respectively the group and the semigroup generated by the process g; =
gtgo_l. Assume G, is totally right irreducible and T, contains a contracting
sequence in G.

(a) There is a random variable 7 taking values in (M AN ~)\G, indepen-
dent of go, such that, for any irreducible probability measure b on
(MAN)\G, P-almost surely, Dg; — 85 weakly ast — oo (and, con-
sequently, Dg; — 8z, weakly). Moreover, the distribution of Z is the
unique stationary measure of g on (M AN )\G.

(b) Let g, = §,.a;"n, be a Cartan decomposition. Then, P-almost surely,
at+ is positive contracting and (MAN ~)n; — Zgo ast — Q.

(c) Let g; = k;asn; be the Iwasawa decomposition G = KAN™. Then,
P-almost surely, a, is positive contracting and n, — ny, as t — 00
for some random variable ny, taking values in N*. Moreover,
(MAN )ny = Zgo P-almost surely.

We note that the convergence (M AN ~)n, — Zgo in Theorem 6.5(b) is
equivalentto M, — Mn., forsome K -valued random variable 7, satisfying
(M AN )n~ = Zgo, and, by choosing 7, suitably in the coset Mn,, we may
assume that 7, - 1.

The following lemma will be needed in the proof of Theorem 6.4.



6.5. Limiting Properties of Lévy Processes 153

Lemma 6.6. Let g; be a sequence in G and v be an irreducible probability
measure on G/(MAN™). If g;v — 8. weakly for some z € G/(MAN™),
then, for any irreducible probability measure v' on G/(MANY), gjv' — 8,
weakly. Moreover, if g; = S.,-a;“r)j is a Cartan decomposition, then a? is

J
positive contracting and é;‘j(MAN+) — zinG/(MAN™).

Proof. Let {X{, X5, ..., X,} be a basis of n~ such that each X; belongs to
g_o for some o € Ay. This o will be denoted by «;. Because K is compact,
by taking a sub sequence, we may assume &; — & and n; — 5 in K, and
forl <i < p,ai(logaf) — A;as j — oo, where A; € [0, oo].Letw: G —
G /(M AN™) be the natural projection and write (M AN ™) for the point 7 (e)
in G/(MANY). Any x e t(n”'N™) = n"'N"(MAN™) can be written as
x =n"lexp(O_F | ci(x)X))(MANT), where c;(x) € R may be used as local
coordinates of x on the open subset n ' N"(MAN*) of G/(MAN'). We
have, for any x € "' N"(MAN™),

P

n;x = €xp [Z c,-j(x)Xi

i=1

(MAN™),

where ¢;;(x) — c¢;(x) as j — 00, and

P
gjx = Ejainjx =&aj exp [Zcij(x)X,v (MAN™)

i=1

P
= £jexp [Z cij(0)Ad@X; | af (MANT)

i=1

14

= & exp lz cij(x)e %D X, | (MANY)
i=1
P

— £exp [Z ci(x)e ™ X;

i=1

(MAN™) 6.23)

as j — 00. Because the probability measure v is irreducible on G/(M AN ™),
it does not charge the complement of n~! N~ (M AN™); therefore, for any
f € C(G/(MAN™)),

giv(f)

p
~ [ r@oan ~ [ 1 <5exp [ch'(x)e*’x,-
i=1

(MAN*)) v(dx).
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However, since gjv — &, weakly, g;v(f) — f(z). Therefore, for f € C(G/
(MANY)),

o P
f@) = / f (E exp [Z Ci(x)g*)hixi

i=1

(MAN*)) v(dx).

It follows that z = & exp[>_1_; ¢;(x)e ™" X;[(MANT) for v-almost all x €
n"'N"(MAN?). Let v’ be the subspace of n~ spanned by the X;s with
Ai =00 and let IT be the set of indices i with A; < 0o. Then z =
Eexp[>;cn Ve X;J(MAN™) for some constants ¢! and v must be sup-
ported by the set of x € "' N"(MAN™) such that ¢;(x) = ¢ for i € IT.
Replacing v by hv for a properly chosen & € K and g; by g;h~', we may
assume that the support of v contains the point §(MAN™) in G/(MAN™).
Note that these replacements will not change & and z. Then ¢! = 0 fori € IT;
hence, v is supported by the set & exp(W)(MAN™) and z = E(MAN™). If
we can show n’ = n~, then ajf is positive contracting and §;(MAN™) — z.
Moreover, by (6.23), it is easy to show that, for any irreducible probability
measure V' on G/(MANT™), g;v' — &, weakly.

It remains to show n’ = n™. If not, there is a finite A;, say A;. By decom-
posing the associated root «; into a sum of simple roots, we may assume that
o is simple. Let s; be the reflection in a about the hyperplane «; = 0. By
Proposition 5.13(b), s; permutes the positive roots that are not proportional
to 1. If A; = 00, then ¢; cannot be proportional to «;; hence, «; 0 51 € A
Regard s; as an element of the Weyl group W = M’/M and let m; € M’ rep-
resent s;; thatis, s; = m; M. By Proposition 5.11(d) and noting s; = sfl, we
have Ad(m1)ge = gqos,- This implies that Ad(m;)n’ C n~ and m; exp(n’) C
N~m;. By the Bruhat decomposition G = |J,.,y N"m;M AN, we see that
mj exp(n) is contained in the complement of N"MAN™ in G. Since v is
supported by

£exp ) MANT) = gmy ' [my exp)I(MANT) = Emy ' w[m) exp(n')],

it follows that v is supported by ém(l [7(N7)]¢, which contradicts the as-
sumption that v is irreducible on G/(MAN™). O

Proof of Theorem 6.4. Because G/(M AN ™) is compact, there is a stationary
measure v of g, on G/(MAN™). It is clear that v is p-invariant. By Theo-
rem 6.3, v isirreducible on G /(M AN T).If we can show that g,v — §, weakly
as t — oo for some random variable u taking values in G/(M AN™), then,
by Lemma 6.6, g;v' — §, weakly for any irreducible probability measure v’
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on G/(MANT). Because v is a stationary measure of g; on G/(M AN ™), for
any f € C(G/(MAN)),

v(f) = E[giv(f)] = E[gy e ()] — E[f (g5 'u)]-

This shows that v is the distribution of z = g, lu; therefore, the stationary
measure of g; on G/(M AN™) is unique. Part (a) of Theorem 6.4 is proved.
Part (b) follows from (a) and Lemma 6.6. Since v is irreducible on
G/(MAN™), goz € N~ (M AN™) almost surely. By Proposition 6.2, (¢) fol-
lows from (b).

Itremains to prove that g,v — §, weakly ast — oo, where v is a stationary
measure of g; on G/(MAN™). This will be accomplished in the following
three steps. Without loss of generality, we may and will assume that gy = e
in the rest of the proof.

Step 1. We first show that g,v converges weakly to some random measure ¢
on G/(MAN™)ast — oo.

Let {F;} be the completed natural filtration of the Lévy process g;. We
note that g, = g,g/, where g/ = g, 'g,, is independent of 7, and has the
same distribution as g;. For any f € C(G/(MAN™)), let M, = g,v(f) =
J f(gix)v(dx). Then

ElM.y | F] = / ELf(g:igx) | Flv(dx) = / ELf (8803 ]gg v(dx)
= E[gv(f 0 8)lg=g, = V(f 0g) = M,.

This shows that M, is a bounded martingale; hence, M, converges to a limit,
denoted by M, as t — oo almost surely. Note that M., depends on f €
C(G/(MAN™)). It is easy to see that almost surely M, is a continuous
linear functional on the Banach space C(G/(MAN™)) equipped with the
norm || f|| = sup, | f(x)|. Hence, Mo, = ¢{(f) for some random measure ¢
on G/(MAN™) and g;v — ¢ weakly.

Step 2. Recall that p, is the distribution of g, = g/ and u = fooo dte " ;. We

now show that there is a sequence #; — oo such that, for u x P-almost all

(h, w) € G x Q, the sequence of measures g(;, w)hv converges weakly to

¢ (w). Here, we have written g(¢, w) for g;(w) for typographical convenience.
If we can show that, for any f € C(G/(MAN™)),

2
/E{{/ f(gth)V(dX)—/f(gtx)V(dX)} }M(dh)—> 0 (624
G
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as t — oo, then there is a sequence #; — oo such that, for u x P-almost
all (h,w), [ f(gt, @hx)v(dx) — [ f(g(t;, @)x)v(dx) — 0. By Step 1,
J f(gx)v(dx) — ¢(f) almost surely. It follows that, for 1 x P-almost all
(h, w),

g(ti, w)hv(f) = /f(g(ti,w)hX)V(dX)ﬁ Z(@)(f).

The integral in (6.24) is equal to

0 2 2
/O e 'dsE {/G [/ f(gzhx)V(dX)} us(dh)} +E{[/ f(gIX)V(dX)} }
—2/0 e dsE{/G {/ f(gzhx)v(dx)} U f(gzx)v(dx)} us(dh)}

00 2 2
=/0 esdsE{U f(gz+sx)v(dx)] }+E{U f(ng)V(dx)} }

—2/.00 e 'dsE {/f(gtﬂ-X)V(dx)/f(gzx)v(dx)}
0

:/ eds{E(M}.,) + E(M}) —2E(M,+sM,)}
0
o8]
= [T easE(ME) - E(2)} — 0
0
as t — oo because E(M?) — E(M2,).

Step 3. We now show that { = §, for some random variable z taking values
in G/(MANT). Because T, = supp(u), by Step 2, there is a sequence h;
dense in 7, such that, for P-almost all w,

Vi, lim g(;, w)h;v = lim g(t;, w)v = {(w), (6.25)
j—oo ' j—o0

where the limits are taken with respect to the weak convergence topology. Fix
such an w. As in the proof of Lemma 6.6, let {X;, X5, ..., X} be a basis of
n~ such thateach X; belongs to g_,, for some positive root «, which is denoted
by «;. We may assume that oy, a, . . ., o are simple roots and a4 1, ..., o
are other positive roots that are linear combinations of simple roots with non
negative integer coefficients. Let g; = &a; 1, be a Cartan decomposition. By
taking a subsequence of {¢;} if necessary, we may assume that

E(tj, ) = E(@), n(tj, ) = n(w), and a;(loga®(t;, w)) = Ai(w)
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as j — oo, where A;(w) € [0, oo]. Since simple roots form a basis of the
dual space of a, any a € A is uniquely determined by {o;(loga); 1 <i <}
and conversely, given ¢; € R for 1 <i <, there is a unique a € A satisfy-
ing ¢; = ¢;(loga) for 1 <i <I. Moreover,a € Ay = exp(a,) if and only if
a;(loga) > 0forl <i <. Letat(w) € Ay be defined by

)»,'(a)), lf)\,((,z)) <0

a;(logat(w)) = {O if Li(w) = oo

for 1 <i <I[. Any x € m(N~) may be expressed as x = exp(Zf’:1 X X;)x
(MANT) for some (xi,...,x,) € R?, where 7: G — G/(MAN™) is the
natural projection. As j — oo,

(MAN™)

-

a(tj, w)x = exp x;Ad(a(tj, w)X;

i=1

xiefa,»(logu(t_,»,a)))xi (MAN+)

M=

= exp

xie MK | (MANY)

-

— exp

i=1

p
= a’(w)exp [Z € (w)x; X;

i=1

(MAN™),

where €;(w) = 1 if A;(w) < 00 and ¢;(w) = 0 otherwise. Therefore,
Vx e r(N7), a+(tj, w)x = at(w)t(w)x

as j — oo, where 7(w) is the map 7(N~) — w (N ™) defined by

exp (Z x,-X,) (MAN™) > exp [Z €(@)x; X

It is easy to see that t(w) is a continuous map on (N ~) and, for any x €
n(w)~' T (N7),

(MAN™).

g(tj, w)x = E(w)a™ (@) T(w)n(w)x.
By the irreducibility of v and (6.25),
E(@)at () t(@n(@hiv = &(w)a* (@) (@@ = ¢ (o); (6.26)

hence, T(w)n(w)h;v = t(w)n(w)v for any i. Because {A;} is dense in T},, it
follows that

VheT,, t@nwhy=r1t(wnp. (6.27)
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Now let h; be a contracting sequence in 7, and let h; = u;b;v;
be a Cartan decomposition. We may assume u; — u and v; — v in
K. We claim that 3h € T, such that hu € n(w) " (N"MANY). If not,
then T,u C n(@) " (N"MANT) and T, 7 (1) C n(w)~'[(N7)]°. Because
n(w) "' [ (NI is closed, it also contains T, 7 (u), the closure of T, (u).
Since Vh € T,, = supp(u), hT,mw(u) C T, (u), any weak limit of

-1
(1/]) (871(14) + Z M*l * (Sn(u)> )

i=I

where ;0" = % u % - - - % pis ai-fold convolution, is a t-invariant probabil-
ity measure on G/(M AN™) supported by T,m(u) C (@)~ (N7)]¢. This
is impossible by Theorem 6.3.

Choose h € T, such that hu € n(w) " (N"MANT™). Since hh; € T,,
T(w)n(w)hh;v = T(w)n(w)v. Because b; is positive contracting,

Vx e t(w 'N7), n(whhix — n(w)w(hu) asi — oo.

It follows that n(w)hh;v — Sywyrnuy Weakly. Since t(w) is continuous
on 7(N7) and n(w)w(hu) € t(N~), it follows that t(w)n(w)hh;v —
Sz (w)n(@)rhuy) Weakly and, hence, T(w)n(@)V = 8¢ (w)[y(w)rhu)- BY the second
equality in (6.26), {(®) = S¢(w)a+(@)r(@)n@)r(hu)]- Theorem 6.4 is proved. [

Let g, be a left Lévy process in G satisfying the hypotheses of Theo-
rem 6.4 and let p be the unique stationary measure of g, on G/(MAN™)
given in Theorem 6.4(a). For any x, y € G, because yp is an irreducible
probability measure on G/(M AN ™), xg,yp — x8, weakly ast — oo, where
u = goz. Now assume thatt — x, and ¢ + y, are G-valued functions on R
such that x, - x and y, — y as t — oo. Since G/(MANT) is compact,
for any f € C(G/(MAN™)), f(x;gy;z) — f(xgyz) as t — oo uniformly
for(g,z) € G x (G/(MAN)).Itfollows that x; g, y, 0 — x8, = 8., weakly.
As in the proof of Theorem 6.4, using Lemma 6.6 and Proposition 6.2, one
may obtain the convergence results for the process x;g;y; under the Cartan
decomposition and the Iwasawa decomposition G = N~ AK. Applying the
transformation g > ®(g)~!, we can derive similar results for a right Lévy
process g; in G satisfying the hypotheses of Theorem 6.5. We obtain the
following two corollaries of Theorems 6.4 and 6.5.

Corollary 6.2. Let g, be a left Lévy process in G satisfying the hypotheses
of Theorem 6.4, and let t — x, and t — y, be G-valued functions such that
X —> xandy; — yast — oo.
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(a) For any irreducible probability measure v on G/(MAN™), x,8;y;v —
Oyrgyz Weakly as t — oo, where z is given in Theorem 6.4.

(b) Let &atn, be a Cartan decomposition of x,8,y,. Then, almost surely,
a; is positive contracting and §&(M AN1) — xgoz ast — o00.

(c) Let nya;k; be the Iwasawa decomposition G = N~ AK of x;g;y;. Then,
almost surely, a, is positive contracting and n; — ne, as t — o0
for some random variable ny, taking values in N~. Moreover,
Neo(MANT) = xgoz almost surely.

Corollary 6.3. Let g, be a right Lévy process in G satisfying the hypotheses
of Theorem 6.5, and let t +— x; and t — y; be G-valued functions such that
X, —> xandy, — yast — oQ.

(a) For any irreducible probability measure V on (MAN ~)\G, Dx,8;y; —
834,y Weakly as t — oo, where Z is given in Theorem 6.5.

(b) Let &a;"n, be a Cartan decomposition of x,8,y,. Then, almost surely,
a;" is positive contracting and (M AN ~)n, — Zgoy ast — oo.

(c) Let k;a:n; be the Iwasawa decomposition G = KAN™ of x;g:y;. Then,
almost surely, a, is positive contracting and n, — ne, as t — 00
for some random variable ny, taking values in NT. Moreover,
(M AN )ne = Zgoy almost surely.

In the preceding results, nothing is said about the limiting properties of the
components 1, and k; (resp. & and k;) of a left (resp. right) Lévy process g;.
The following proposition provides this information.

Proposition 6.8. Let g, be a left (resp. right) Lévy process in G and let
the notations in Corollary 6.2 (resp. Corollary 6.3) be used here. Assume
that G, is totally right (resp. left) irreducible and T, contains a contracting
sequence. Then g, has a unique station measure p (resp. p) on (MAN)\G
(resp. G/(MAN™)) such that (MAN ~)n; (resp. &(MAN™)) converges in
distribution to py (resp. xp). Moreover, if G, is also totally left (resp. right)
irreducible, then (M AN ™)k, (resp. k,(M AN ™)) also converges in distribution
to py (resp. xp).

Proof. We will only prove the case when g, is a left Lévy process. The
proof for a right Lévy process g; is similar. Let g, be a right Lévy process
in G that has the same marginal distributions as g; and is independent of
&:- The two processes g; = g; and g7 have the same G, and T},. Recall that
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E,a,* n; is a Cartan decomposition and n.a;k, is the Iwasawa decomposition
G = N~ AK of x,8:y;. Let §a; 7}, be a Cartan decomposition and let i2,a,k;
be the Iwasawa decomposition G = N~ AK of x;(gog;)y: = (x:£0)8:Y:- By
Corollary 6.3 (noting that gy is independent of the process g;), we have
(MAN™)5, — zy,where Z is arandom variable taking values in (M AN )\ G
whose distribution is the unique stationary measure of g, on (M AN )\G.
Note that a stationary measure of g, on (MAN™)\G is also a stationary
measure of g, on (M AN )\G, and vice versa. This implies that the station-
ary measure p of g, on (M AN)\G is unique and is the distribution of Z.
Since, for each t € R, gog, has the same distribution as g, and hence #,

is identical in distribution to 7, it follows that (M AN ~)n, 4 py (conver-
gence in distribution). If G, is also totally left irreducible, then by Corol-
lary 6.2, & (MAN™) — xgoz, where z is a random variable taking values in
G/(MAN™) whose distribution p is irreducible on G/(M AN™). The irre-
ducibility of p implies xgoz € N~ (M AN™). By Proposition 6.2, k, = n,n;,
where 7 is a process in K such that all its limiting points as  — oo belong
to M. It follows that (M AN ")k, % py. O

By Theorems 6.4 and 6.5, a left or a right Lévy process g; is contracting
in the sense that a(loga;") — oo almost surely for any positive root o as
t — oo, where a;" is the A -component in the Cardan decomposition of g.
Under weaker hypotheses, g, may be partially contracting in the sense that
there is a subset F of the set X of simple roots such that, for any « € F,
a(logat) — oo almost surely as £ — oo. In this case, we will say that g,
is F-contracting. Some discussion of this more general contracting behavior
can be found in [24, section 2 D].

6.6. Some Sufficient Conditions

The hypotheses of Theorems 6.4 and 6.5 seem to be quite general, but they are
not stated in a form that can be easily verified. We now derive some sufficient
conditions, in terms of the vector fields and the Lévy measure contained in
the generator of the Lévy process, that are easier to verify in practice.

Let P, and L be respectively the transition semigroup and the generator of
a left Lévy process g, in G. We have

d
Lf =2 FPif li=o (6.28)
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for f € D(L), the domain of L. By Theorem 1.1 and (1.24), CS’I(G) C D(L)
and, for f € C3'(G),

1 d d
Lf(g) =5 > apXi X f@+ > Xl f(g)

Jik=1 i=1
d
+/G flgh) = f() = xi(WX! f(g)| T(dh),
i=1
1 m
:ngf'Yf'f(gHZ’f(g) (6.29)
j=1

d
flgh) = f(@) =Y xi(MX{f(g)

i=1

+ I1(dh), (6.30)

S—

G

where a; and ¢; are constants with {a;} being a nonnegative definite sym-
metric matrix, {Xi,..., X4} is a basis of g, x1,...,x; € C°(G) are the
coordinate functions associated to the basis, Y; and Z are defined by (1.22),
and IT is the Lévy measure of the process g;. For the generator of a right
Lévy process, X!, Y}, Z!, and gh should be replaced by X/, Y7, Z", and hg,
respectively.

In this section, we assume that g; is a left or right Lévy process in G with
Lévy measure I1. In the actual computation, we concentrate on left Lévy
processes; the results, however, hold also for right Lévy processes.

Proposition 6.9. supp(I1) is contained in T,,. Consequently, if supp(IT) = G,
then the hypotheses of Theorem 6.4 and Theorem 6.5 are satisfied.

Proof. Let g € supp(Il) with g # e. We want to show g € T,. Let f €
C.(G);+ be such that f(g) >0 and f =0 in a neighborhood of e. If
w(f) = P, f(e) > 0 for some ¢ > 0, then by the right continuity of # — g7,
w(f) > 0. This being true for any function f satisfying the condition specified
here implies g € supp(u) = T,,. Therefore, it suffices to show P, f(e) > 0 for
some ¢ > 0. By (6.29), for such a function f, Lf(e) = I1(f) > 0. Now by
(6.28), P, f(e) > 0 for some ¢ > 0. O

Let

d
L= apX&: (. ....6)eR S, (6.31)

Jjk=1
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Proposition 6.10. The definition of L is independent of the choice of the basis
{X1, ..., X4} of g and the associated coefficients a;;. Moreover,

L = span(Yy, Ya, ..., Y,).

Consequently, Lie(L) =Lie(Y1, Ya, ..., Y,,), that is, the Lie algebras gener-
ated by L and by {Y, Y, ..., Y,;} coincide.

Proof. By Proposition 1.3, the differential operator Z“]{k:l ajrX ;X is in-
dependent of the basis {X;, ..., X,}. If {X],..., X} is another basis of
g and {a),} is the associated matrix, then X; = Z?’):I bjpX', and a,, =

Z;{k:l ajib by, for some invertible matrix {4 }, and, forany (1, ..., nq) €
R,
d d d d
’ / !
Z Apg X pllg = Z ajibjpbrg X 1y = Z ajiX; Zb"qnq
pg=1 jk.p.g=1 jk=1 g=1

This proves that the space £ defined by (6.31) is independent of the
choice for the basis of g and the associated coefficients a;;. Now let
V =span{Yy, Y>,...,Y,} and let 0 = {0;;} be the m x d matrix in (1.22).
Then a = o’c, where a = {aj;}. It follows that dim(V) = Rank(c) =
Rank(a) = dim(£). However, Z‘;’k:] apX g =30, (Zle k)Y ps
which implies £ C V. Therefore, L = V. O

The following proposition provides a sufficient condition for G, = G,
which implies the first hypothesis in Theorems 6.4 and 6.5, namely, the total
left and right irreducibility of G, on G. Let g,, be the Lie algebra of the closed
subgroup G, of G.

Proposition 6.11. Lie(L) C g,. Consequently, ifLie(L) = g, then G, = G.

Proof. Since {a i} is anonnegative definite symmetric matrix, thereis {b;} €
O(d) such that Y9, ajibjpbrg = ApSpq. Where Ay > Ay > -+ Ay are the
eigenvalues of {a;;} that are all nonnegative. Let {c;;} = {b jk}’l and let
Vi= Z?:l ¢;jX ;. Then ijzl aijé.Xi =S % V!V! Supposer; > -
A >0and A,y = --- = Ay = 0. Then L is spanned by Vi, ..., V,.

Let (X, Y) be the inner product on g determined by the Killing form B,
given by (5.3). Fix an arbitrary vector ¥ in g orthogonal to g, with respect to
this inner product. It suffices to show (Y, V;) =0fori <r.

We may assume that X, ..., X; form an orthonormal basis of g and
X1,..., Xpspang, for p < d.SinceY isorthogonaltog,,Y = pr ciX;.

Let f € CX(G)4 be equal to (Zj>p cjxj)2 near e. By the properties of the
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coordinate functions x;, we have f(e) =0, V; f(e) = 0, and
2
VIVIfley=2 (D cjej | =2(v, V)%
j>r

Therefore,
d
TP im0 =Lf(e) =D 1Y, Vi) + TI(S).

We may assume that the coordinate functions x; are defined by g =
exp[)_; xi(g)X;] for g contained in a neighborhood of e. Then x; =0 on
exp(g,) (U for j > p,and hence f = Oonexp(g,) ()| U, where U is a suffi-
ciently small neighborhood of e. Since G, is closed, G, (\U = exp(g,) (U
when U is small enough. We may modify the value of f so that it vanishes
outside U, and hence vanishes on G ,. Then P, f(e) = 0 for all ¢. This implies
(Y,V;) =0fori <r. (|

Let g, be a left Lévy process in G. By the discussion in Section 1.4, if g,
has a finite Lévy measure, then its generator L takes the simpler form (1.11);
that is, for f € CS’I(G),

1 d d
Lf@) =5 D> apXiX, [(@)+ Y biXif(e)+ /G [f(gh) — f(ITI(dh)
i=1

k=1

1 = Iyl i
> LI @+ ¥+ [0 = f@In@n, 632
i=1

where b; = ¢; — fG x;(WTI1(dh) and Yy = Zle b; X;. In this case, g, may be
obtained as the solution of the stochastic differential equation

dgi = Yl(g)odW +Yi(g)dt (6.33)
i=1

with random jumps at exponentially spaced random times that are independent

of the driving Brownian motion W,. The following proposition offers a slight
improvement over Proposition 6.11, in the case of a finite IT, by adding Yy to L.

Proposition 6.12. Assume I1 is finite and let Yy, Y1, ..., Y,, € g be given as
before. Then

Lie(Yy, Y1, ..., Y,) C gu.

Consequently, if Lie(Yo, Y1,...,Y,) =g, then G = G,
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Proof. By Proposition 6.11, ¥; € g, for 1 <i <m. It suffices to show
Yo € g,. We will continue to use the notations introduced in the proof of
Proposition 6.11. Let Z be an arbitrary element of g that is orthogonal to g,,.
We need only to show (Yy, Z) = 0.

By Lemma 2.1, X X} xi(e) = (1/2)C’; and

1 .
> apX' Xixi(e) = 5 > apCi, =0 (6.34)
Ik ik
because ajx = ay; and Cj, = —Cj;. Since Z is orthogonal to g,, Z =

>impCiXi Let f € C°(G)+ be equal to
(6.34), we get

i>p CiXi near e. By (6.32) and

d
EPtf(e) =0 =Lf(e) =Y _bici + TI(f) = (Yo, Z) + TI(f).

i>p

As in the proof of Proposition 6.11, we may choose f to be supported by
a small neighborhood of e so that f vanishes on G,. Then P; f(e) =0,
which implies (Yy, Z) < 0. Replacing Z by —Z yields (Yy, —Z) < 0; hence,
(Yo, Z) = 0. O

‘We now consider the second hypothesis in Theorems 6.4 and 6.5, namely,
the assumption that 7, contains a contracting sequence.

By Proposition 5.15, Ad(K)a; is an open subset of p = Ad(K)a with a
lower dimensional complement. The elements of p contained in Ad(K)a,
are called regular. For G = SL(d,R), Y € p is regular if and only if the
symmetric matrix Y has distinct eigenvalues.

Let Y € p be regular with Y = Ad(k)H for some H € a,,andlet g = e
Then, for j = 1,2, ...,the j-fold products g/ = g - - - g areequal to ke/ " k!
and form a contracting sequence. Therefore, if 7, contains some e, where
Y € pisregular, then T}, contains a contracting sequence. By Proposition 6.9,
supp(IT) C T,,; hence, if supp(IT) contains e” for some regular ¥ € p, then
T,, contains a contracting sequence.

If the Lévy measure IT is finite, then g; is the solution of the stochastic
differential equation (6.33) for t < T, where the first jumping time 7 is an
exponential random variable independent of the driving Brownian motion
W;. In this case, we will show that, for arbitrary constants cg, ¢y, ..., ¢, € R
with ¢ > 0, T}, contains exp(>_;—, ¢;Y; + coYo).
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We now recall the support theorem for the solution of a stochastic differ-
ential equation on R" of the following form:

dx; =Y Fi(x) 0 dW, + Fo(x,)dt, (6.35)

i=1
where F; = Z‘;:l ¢ij(x)(0/0x;) fori =0, 1, ..., m are vector fields on R4
whose coefficients ¢;j are bounded smooth functions with bounded deriva-
tives. Let x, be the solution of this equation satisfying the initial condition xy =
0.Fix aconstant T > 0, and let H, be the Banach space of the continuous maps
x:[0, 7] — R? with x(0) = 0 equipped with the norm ||x|| = SUPg<; <, |X ()]
The process x; fort € [0, t] may be regarded as an H,-valued random vari-
able. Let Q; be its distribution. Let C, ; be the space of all the piecewise
smooth R™-valued functions on [0, t]. For ¢ = (¢1, ..., ¢n) € Cp 1, let x?
be the solution of the ordinary differential equation

dx?(t) = |3 Fi@)it) + Fo(x®(0)| dr

i=1
for t € [0, t] satisfying the initial condition x?(0) = 0. By Ikeda and
Watanabe [33, chapter VI, theorem 8.1], the support of the process x; over
the time interval [0, t], namely, the support of Q., is equal to the closure in
H_ of the set

{X¢§ ¢ eCp.l

Let U be a neighborhood of e that is a diffeomorphic image of an open
subset of g under the exponential map. We may identify U with an open
subset of R? and e with 0 in R?; hence, we may regard (6.33) as a stochastic
differential equation on R¢ by suitably extending the left invariant vector
fields ¥/ from U to RY. Let ¥; denote the extension of ¥/, let g/ denote the
solution of (6.33) regarded as an equation on G, and let g, denote the solution
of (6.33) regarded as an equation on R with ¥/ replaced by ¥;, satisfying the
initial conditions g, = o = e. Then g, = g¢ fort < T and g, = g, if either
g. or g, for s € [0, 1], is entirely contained in U. We can apply the support
theorem to (6.33) regarded as an equation on R? to conclude that, for any
T >0and¢ € C, ., g” is contained in the support of the process g, over the
time interval [0, ], where g?(¢) for ¢ € [0, ] is the solution of the ordinary
differential equation

dg?®) = |3 Fig? )i (o) + To(g? (1)) dr (6.36)
i=1



166 Limiting Properties of Lévy Processes

satisfying the initial condition g?(0) = e. If > 0 is sufficiently small, then
g¢(t) fort € [0, t]is entirely contained in U; therefore, g¢’ is also contained
in the support of the process g; on the time interval [0, 7]. If ¢ is equal to
a constant element b of C*°([0, t], R™), then the solution gb(t) = g%(t) of
(6.36) can be explicitly calculated as

g"(t) = exp KZ b;Y; + Yo> z] ) (6.37)
i=1

Since the first jumping time T of g, is independent of the driving Brownian
motion W, in (6.33) and P(T > 7) > 0 for any t > 0, it follows that, for
any b € R™, g” is contained in the support of the Lévy process g; on the
time interval [0, ] for small T > 0. This implies g”(¢) € supp(;); hence,
g”(t) € T,, for small ¢+ > 0, where u, as before is the distribution of g;.
Therefore, T, contains g(t) = exp[(>_;-, b;Y; + Yo)t] for small ¢ > 0. Since
T,, is a semigroup, it in fact contains g(¢) for any ¢ > 0. This proves that 7},
contains

exp (Z ciYi + coYo>
i=1

for arbitrary real numbers cy, ¢y, . . ., ¢, With ¢y > 0.
Lemma 6.7. Forany X € Lie(Yy,...,Y,)andc > 0, exp(X + cYy) € T,,.
Proof. Let X,Y € g. Using the Taylor expansions of f(e'¥e’”) and

fle7Xe Y e Xe!M) for f € C°(G), we can show (see [26, chapter II, lemma
1.8]) that

12
eXe'V = exp {t(X +Y)+ E[X, Y]+ 0(:3)} (6.38)

and
e Xe V!X — exp{r?[X, Y]+ O(t%)}. (6.39)
Let £ =span (Y, ..., Y,,) as before. We have proved before the statement of

the lemma thatif X, Y € £, then e*'X and e*'" belong to T,, forany ¢ > 0. By
(6.39), there is a continuous function Z: R — g such that Z(0) = [X, Y] and
e'?" e T,. For fixed ¢ > 0, the set {¢"?;n=1,2,...} CT,. Ast — 0,
this set converges to the ray {e’*Y1; ¢ > 0}. It follows that e'*-¥1 € T}, for
any ¢t > 0. Now we may add [X, Y] to £ and repeat the same argument to
show that e'* € T, for any X € Lie (Y1, ..., Y,) and t > 0. By (6.38), for
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X e Lie(Yy,...,Y,) and ¢ > 0, e'X /Y0 = ! (X+eX0)+0(") Thig implies that
!XT e T fort > 0. O

It follows that 7), contains a contracting sequence if there exist X €
Lie (Yy, ..., Y,y) and ¢ > O such that X + ¢(Y) is a regular element of p.
To summarize, we have the following conclusions:

Proposition 6.13. T,, contains a contracting sequence if either of the follow-
ing two conditions holds.

(i) supp(I1) contains e for some regular Y € p.
(ii) T1 is finite and there exist X € Lie (Y1, ..., Y,) and ¢ > 0 such that
X + cYy is a regular element of p.

By Proposition 6.6, a connected Lie subgroup of G is totally left irreducible
if and only if it is totally right irreducible, so it may be simply called totally
irreducible. Let g, be the Lie sub algebra of g generated by p and let G,
be the Lie subgroup of G generated by g,. The following proposition is
useful in verifying the hypotheses of Theorems 6.4 and 6.5. For example,
together with Propositions 6.11 and 6.13 it implies that if Lie (£) D p and
if IT is finite, then these hypotheses are satisfied. In particular, it implies
that the continuous Lévy process g; determined by the stochastic differential
equation (6.1) satisfies these hypotheses even if ¢ = 0.

Proposition 6.14. G, is totally irreducible and contains a contracting
sequence in G.

Proof. Because exp(p) C G, it is clear that G, contains a contracting se-
quence in G. Since, for any positive root and H € a, the linear map ad(H ):
py — ¥4 1s bijective, where p,, and €, are defined by (5.9) and (5.10) respec-
tively, it follows that g, contains both g, and g_,. It clearly also contains a;
hence, n” @ a® n™ C g, and g = g, + m (which is not necessarily a direct
sum). Since [m, p] C p C g;, by the Jacobi identity, [m, g,] C g,. It follows
that g, is an ideal in g. Let 1 be the orthogonal complement of g, in g with
respect to the Killing form B; thatis, m = {Z € g; B(Z, X) = 0for X € g,}.
Then m C m. By proposition 6.1 in [26, chapter II], i is an ideal of g and
g = gp @M is a direct sum. It follows that [g,, m] = 0. Let M be the Lie
subgroup of G generated by . Then M C M and gm = mg for g € G,
and m € M. Moreover, G = G,M = MG,. If G, is not totally irreducible,
then by Proposition 6.6, there is m € M such that Gym C (N"MAN7T)C.
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By the Bruhat decomposition (5.15), M(N"MAN™T)Y C (N MAN™).
Then G, C (N"MANT), but this is impossible because N"AN' C
Gy, N(N"MANM). O

The following proposition is useful for checking whether a connected
subgroup of G = SL(d, R) is totally irreducible. As before, for any square
matrix g, let g[i] denote the submatrix of g formed by the first i rows and
i columns.

Proposition 6.15. Let G = SL(d, R) and let H be a connected Lie subgroup
of G. Assume H contains a positive contracting sequence in A. Then H is not
totally irreducible if and only if there exist mi,my € M' and 1 <i < (d/2)
such that det (mhmy)[i]) = O0forallh € H.

Proof. By Proposition 6.4, it is easy to show that H is not totally irreducible
if and only if 3x;,x, € Gand 1 <i < (d — 1) such that

Vh e H, det((x;hx)[i]) =0.

By the Bruhat decomposition, we may write x; = pymn; and x, = nyms p;,
Wherep| S (MAN_),[?Q [S (MAN+),n1 € N+,l’l2 e N ,andm|,m, € M'.
Leta; € A be a positive contracting sequence contained in H. Then

a;

nia; — e and ajnzaj_l — e.
Since
xiajhajx; = p1(mlajmfl)ml(a;lnlaj)h(ajnzaj*l)mz(m;]ajmz)pz,

det ((x1ajhajxy)[i]) =0, pl(mlajml_l) e (MAN™), and (mz_lajmz)pz €
(MANT), by (5.20), we see that det ((m1hm;)[i]) = O for any h € H.

The proposition is proved if i <d/2. Assume i > d/2. Note that
det ((mhm»)[i]) = 0 means that the vectors

(mihmy)ey, (mihmy)ey, ..., (mihmae;, eiy1, €2, ..., €4

are not linearly independent, where {ei, ..., e;) is the standard basis of R4,
This is equivalent to

[(mihma)(er A --- Ne)l A (e A+ Neg) =0.

Let y be the matrix that has 1 along the second diagonal (that is, the diagonal
from the upper right corner to the lower left corner) and O elsewhere. Then
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ye; = eq_iy) for 1 <i < d. The preceding relation can be written as
[((mihmy)y(eqa—izi A - Ne)) Aly(er A--- Aeg_)] =0,

which is equivalent to

[quz "Wimi (e A A eq—1)] N (eq—iz1 A Neg) =0.
This is the same as
det ((y~'m3'n""'my'y)ld —i]) =0.

Note that y~! = y. For any matrix g € G, ygy is the matrix obtained
by rearranging both the rows and the columns of g by the permutation
1,2,...,d)y— (d,d — 1, ..., 1). The proposition is thus proved. O

To apply Proposition 6.15 to verify the total irreducibility of H, one just
needs to check that all the submatrices of size < d/2 cannot be identically
equal to zero on H. We now present an example of a “small” closed subgroup
H of G = SL(3,R) that is totally irreducible and contains a contracting
sequence. Let

1 0 O 010 0 0 0
X=|/0 0 0|, Y=(0 0 1|, and Z=|1 0 O
0 0 -1 0 0 0 010
Then [X,Y] =Y, [X,Z] =—Z, and [Y, Z] = X. Therefore, X, Y, and Z
span a three-dimensional Lie subalgebra f of g = s1(3, R). Let H be the Lie
subgroup of G = SL(3, R) generated by §). Then H contains the positive
contracting sequence {elX; j=1,2,...} in A. It is easy to see that, for
small ¢ > 0, all the entries of the matrix e’ on and above the diagonal,
as well as those of the matrix e’ on and below the diagonal, are nonzero. By
Proposition 6.15, H is totally irreducible on G = SL(3, R).

To prove that H is closed, note that its Lie algebra § is invariant under the
Cartan involution 0: V — —V’ on g; hence, H is invariant under the Cartan
involution ® on G. A direct computation shows that the Killing form of § is
given by

By(xX +yY +2Z, XX + Y'Y +7Z) = 2(xx" 4+ yZ' + zy),

which is equal to Trace[(xX + yY + zZ)(x'X + y'Y 4+ 7' Z)] and hence is
proportional to the restriction of the Killing form of g on h. Therefore,
H is semi-simple of noncompact type, the Cartan decomposition of § is
givenby h = ¥ @ p’, where ¢’ =span(Y — Z) and p’ = span(X, Y + Z), and
a’ = span (X) is a maximal abelian subspace of p’. There are only two roots
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+o, givenby o(X) = 1, and with a/+ = {cX; c > 0} as the Weyl chamber, the
positive root space is n't =span (Y). Let A’, N't, and K’ be respectively the
one-dimensional Lie subgroups of H generated by X, Y, and Y — Z. Then
A’, N't, and K’ are closed subgroups of G = SL(3,R),and H = K'A’N'"
is the Iwasawa decomposition of H. It follows that H is a closed subgroup
of G.

Remark. Gol’dsheid and Margulis [23] and Guivarc’h and Raugi [25] have
shown that, when G is the special linear group SL(m, R), T, contains a
contracting sequence if and only if G, contains a contracting sequence. In this
case, if G, = G, then the hypotheses of Theorems 6.4 and 6.5 are satisfied.
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Rate of Convergence

In this chapter, we consider the rate of convergence for the abelian and nilpo-
tent components of a Lévy process g; as t — o0o. At first the discussion is
concentrated on a left Lévy process g;. In Section 7.1, we mention some useful
facts on Iwasawa decomposition and obtain stochastic integral equations for
both the (abelian) A- and K -components of g, in its Iwasawa decomposition.
In Section 7.2, using ergodic theory, we show that, if the Lévy measure IT sat-
isfies a certain integrability condition, then the A-component of g, converges
to oo exponentially at rates determined by a nonrandom element in the Weyl
chamber a. . More precisely, if g; = &a;"n, is the Cartan decomposition and
g = nya,k, is the Iwasawa decomposition G = N~ AK, then, almost surely,
lim, . oo(1/2) loga, = lim,_.oo(1/7)loga;” = H" for some H' € a;. When
the normalized Haar measure on K is a stationary measure, a more explicit
formula for the rate vector H " of g, is obtained in Section 7.3, from which one
sees immediately that if g, is continuous, then H ™ is proportional to the vector
H, in a, representing the half sum of positive roots. The convergence rate
of the (nilpotent) N ~-component r, is considered in Section 7.4. In the last
section, the corresponding results for a right Lévy process are derived. The
results of this chapter will play a pivotal role when discussing the dynamical
behaviors of the induced stochastic flows in the next chapter.

7.1. Components under the Iwasawa Decomposition

Let G be a connected semi-simple Lie group of noncompact type and of a
finite center. We will continue to use the notations introduced in Chapters 5
and 6.

For X, Y € g, let (X, Y) be the inner product on g induced by the Killing
form B of G, defined by (5.3), and let || X|| = +/(X,Y) be the associated
norm.

Let 7: G — G/K be the natural projection and let o be the point eK in
G /K. By the discussion in Section 5.1, the inner product (., -) restricted to p

171
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induces a G-invariant Riemannian metric {(-, -);; x € G/K} onthe symmetric
space G/K satisfying

VeeGand X, Y €p, (gDn(X),gDn(Y))x = (X,Y),

where we have written g for Dg for the sake of simplicity, and any geodesic
ray starting at o and parametrized by arclength is given by (e'") = 'Y o for
Y e pwith ||Y || = 1.Forx, y € G/K,letdist(x, y) be the distance between x
and y determined by the Riemannian metric. Since each geodesic ray from o
can be extended indefinitely, it follows that the Riemannian metric on G/K is
complete; hence, any two points x and y in G/K can be joined by a geodesic
whose length is equal to dist(x, y). By Theorem 5.1(c), the map K x p >
(k,Y) — ke' € G is a diffeomorphism; therefore, the map p 3 Y > e¥o €
G /K is a diffeomorphism. This implies that

VY € p, dist(e¥o0,0) = ||Y]. (7.1)

Proposition 7.1. Fora € Aandn € N* (resp.n € N™) withn # e,

dist(ao, 0) < dist(ano, 0) and dist(ao, 0) < dist(nao, o).

Proof. We only prove the first inequality dist(ao, 0) < dist(ano, o) withn €
N*. Because ana~! € N7, the second inequality follows from the first one.
The assertion about n € N~ can be proved by a similar argument.

We now show that the orbits NTo and Ao are orthogonal at o; that is, if
v € T,(NT0) and v, € T,(Ao), then (v, v2), = 0. There are X € n* and
Y € asuch that vy = D (X) and v, = D (Y). Let Z be the projection of X
into p via the decomposition g = ¢ @ p. Then vy = Dn(Z) and X — Z € ¢.
It follows that (X — Z,Y) =0 and (v, 12), = (Z,Y) = (X,Y) =0. The
claim is proved. Since T,(G/K) = T,(Ao) @ T,(N " 0), the submanifold Ao
contains all the geodesics intersecting N *o orthogonally at o.

Let n € N* such that the point ano minimizes the distance from o to
the submanifold a N *to. It suffices to show n = e. The minimizing property
implies that the geodesic segment y in G/K joining o to ano is orthogonal
to aN*o. Since the submanifold Ao contains all the geodesics intersecting
N0 orthogonally at 0, an Ao contains all the geodesics intersectingaN o =
anN ™o orthogonally at ano. It follows that y C anAo; therefore, there exists
a’ € Asuchthatana’o = o. By the uniqueness of the Iwasawa decomposition
G = NTAK, this implies n = e. O
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For any g € G, let
g = (gn)(ga)(gk) be the Iwasawa decomposition G = N"AK  (7.2)
and, for any X € g, let

X = X, + X4+ X¢ be the direct sum decompositiong =n" @ a P £,
(7.3)

Note that X, is also equal to the orthogonal projection of X into the subspace
a.
We have, for g, u € G,

(gu)y =gngalgxuIngs's (gu)a=ga(gku)a, and (gu)x =(gxu).
(7.4)

To prove this, let g = nak be the Iwasawa decomposition G = N~ AK; then
gu = na(ku) = [natku)ya™"1[a(ku) 1[(ku)k].

For X € g and s € R with small |s|, the Iwasawa decomposition G =
N~AK implies that ¢*X = V06 gsHHO06N 240G for Y e n~, H € a,
and Z e £ Comparing this withe'X = exp(t X, + tXq + tX¢)yields Y = X,
H = X,, and Z = X,;. Therefore,

o 2 o o 2 . o 2
(esX)N — esX“-‘rO(a )’ (esX)A — eAXn+0(5 )’ and (esX)K — esXe-‘rO(a )

(7.5)
For any g € G, we define g, € p by
g = kexp(gp), wherek € K. (7.6)

Proposition 7.2. sup, ¢ || log[(kg)alll = lIgpll.

Proof Let g=he' for heK and Y ep. Then kg =khe! =
exp[Ad(kh)Y]kh. Choose k € K such that Ad(kh)Y € a; then log[(kg)a] =
Ad(kh)Y. Since |[[Ad(kh)Y| = |IY|l = llgpll, it suffices to prove that
I og[(kg)alll < ligyll for any k € K.

Let kg = nah be the Iwasawa decomposition G = N~ AK. Then a =
(kg)a, (kg)p = gp, and kgo = nao. By (7.1) and Proposition 7.1,

|l logl(kg)alll = Il loga| = dist(ao, 0) < dist(nao, o) = dist(kgo, 0)
= [lgpll- O

Via the Iwasawa decomposition G = K AN, K may be naturally identi-
fied with G/(AN™). The left action of G on G/(AN™) becomes a left action
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of Gon K givenby K > k+> gxk € K for g € G, where g %k is the K-
component of gk in the Iwasawa decomposition G = K AN, Similarly, via
the Iwasawa decomposition G = N~ AK, K can be naturally identified with
(N~A)\G, and the right action of G on (N~ A)\G becomes a right action
of G on K givenby K >k +— kx g € K, where k x g is the K component
of kg in the Iwasawa decomposition G = N~ AK. Note that k % g = (kg)k,
and if k, h € K, then h x k = hk regardless of whether x* is the left action on
G/(AN™) or the right action on (N~ A)\G.

Let g, be a left Lévy process in G and let g, = n;ak; be the
Iwasawa decomposition G = N~ AK. By Proposition 2.1, the process x;, =
(N~ A)g, isaFeller process in (N ~ A)\ G with transition semigroup P, f(x) =
E[f(xg{)l. Since x, is identified with k;, it follows that k, is a Feller pro-
cess in K with transition semigroup PX f(k) = E[f(k * g°)]. Suppose g
is also right K-invariant. Then, for any k € K, kg; has the same distribu-
tion as gfk. For f € B(K)y, PX f(k) = E[f((kg))x)] = ELf((gfk)x)] =
E[f(k{k)], where k! = (g7)k. This shows that k, is a right Lévy process in
K. To summarize, we have the following result:

Proposition 7.3. Let g, be a left Lévy process in G and let g, = n,a,k; be the
Iwasawa decomposition G = N~ AK. Then k; is a Feller process in K with
transition semigroup PX f(k) = E[f(k * g°)]. Moreover, if g is also right
K-invariant, then k; is a right Lévy process in K.

Let g, be a left Lévy process in G. Suppose a basis {X{,..., Xy} of g
together with coordinate functions x; is chosen. Then the generator L of
g, restricted to Cé’l(G), is given by (1.7) with coefficients a;; and ¢; and
the Lévy measure I1. Let N be the counting measure of the right jumps of
g; defined by (1.12), which is a Poisson random measure on R, x G with
characteristic measure I1, and let Yi, ..., Y,,, Z € gbe given by (1.22). Then
g: satisfies the stochastic integral equation (1.23) for f € C,»(G) N C*(G),
where W, = (W/, ..., W) is an m-dimensional standard Brownian motion
independent of N and N is the compensated random measure of N. Moreover,
if IT satisfies the finite first moment condition (1.10), then g, satisfies the
simpler stochastic integral equation (1.25) for f € C 2(G), where Yy = Z —
S g xi ) T(du)] X;.

Proposition 7.4. Let g, be a left Lévy process in G satisfying the stochastic
integral equation (1.23) and let g, = n,a,k, be the Iwasawa decomposition
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G = N~ AK. Assume that the Lévy measure 11 satisfies the following inte-
grability condition:

/G gyl TI(dg) < co. (1.7)

Assume also that the basis {X1, ..., X4} of g is chosen so that X1, ..., X,
formabasisofpand X py1, ..., Xqformabasis of . Then fG |x; ()| T1(du) <
oo forl <i < pand

;om

loga,_logao—i—/ Z[Ad(k )Y 1adW!

+/ {2 Z[[Ad(ks)Yi]e, Ad(ks)Yilq + [Ad(ks)ZO]u} ds
0 i=1

+ / [ / log[(ks_u) 1N (ds du), (7.8)

where Zo = Z — Z l[fG x;()I1(du)]1 X;. Moreover, if T1 satisfies the finite
first moment condition (1.10), then Zy in (7.8) may be replaced by Yy =

Z = g xiGT(dm)X
Note that the first integral in (7.8), namely,

M= [ 1AdG ¥l d W (7.9)
0 iz

is a stochastic Itd integral. Because k; is a process in the compact sub-
group K, the integrand /- [Ad(k,_)Y;], is bounded, so the integral ex-
ists and M, is a continuous L>-martingale. The second integral in (7.8) ex-
ists because it also has a bounded integrand. By (7.7) and Proposition 7.2,
fG sup,cx Il logl(ku)41||TI(du) < oo. This implies that the third integral in
(7.8) exists and has a finite expectation. Consequently, E[| loga,||] < oc.

Proof of Proposition 7.4. The coordinate functions xi, ..., x; may be deter-
mined by g = exp[Zf:p+1 xi(2)X;1 - exp[>F_; xi(g)X;] for g contained in
some neighborhood U of e. Then g, = Y7 x;(g)X; for g € U. By (7.7),
J |xi(u)|TI(du) < oo for 1 <i < p. This is true for any choice of coordinate
functions associated to the same basis of g because of (1.6).

Let g = nak be the Iwasawa decomposition G = N~AK of g € G. By
(7.4) and (7.5), for Y € g and small s > 0,

(ge'") , = aexp{s[Ad(K)Y 1.+ O(s*)} and (ge'’),
= exp{s[Ad(k)Y ¢ + O(s*)}k. (7.10)
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Hence, if f € C2°(G) depends only on the A-component of the Iwasawa
decomposition G = N~ AK, that is, if f(g) = f(a), then, for Y € g,

d
Y'f(g) = -/ (ge") ly=o= [AdK)YT, f(a) (7.11)
and

Y'y'f(g)= %Y’f (8e™) limo= %[Ad(eflAd(k)“*k)Y]’af(ae“‘*d“)”w =0
d2
= [AdIOY I, AdRY 1, (@) + — 5 flae™) |, (7.12)

where H = [Ad(k)Y],.

We may regard a as a Euclidean space and we may apply (1.23) to an
a-valued function f on G. Fix a constant C > 0. Let ¢: a — a be a smooth
map with a compact support such that ¢(X) = X for X € a with | X| < C
and [|¢(X) — ¢(Y)|| < [IX — Y| forany X, Y € a. Let f(g) = ¢(log g4) for
geG,andlet V ={g € G; || logga| < C}. Choose an open neighborhood
U of e suchthat UU C V and let

T =inf{t > 0; g € (G —U)}.

Then,fort < randu € U, f(g,) = loga;and f(g,u) — f(g:) = log[(k;u)al.
By (1.23), (7.11), and (7.12), if t < 7, then

loga, =logao + M, + / {% S [AdG,)Y:Te, AdGk) Y] + [Ad(ks>21a}ds
0 i=1
+ / / (logl(ks_u) A1) N (dsdu)
0 U

t d
+/ / {10g[(ks—u)A] - in(u)[Ad(ks—)Xi]u} dsTl(du) + R,
0Ju i=1
where M, is given by (7.9) and

R= / / Lf(gs—tt) — f(gs)IN(dsdu)
0 G-U

) d
— i Ad(k;_)X;
L. [Zx(u)[ (k)

i=l1

dsTI(du).
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Since || f(gs—u) — f(gs-)ll = llpog(gs—u)a) — p(log(gs—)a)ll is bounded
by

[ log(gs—u)a — log(gs—)all = || log[(ks—u)alll,

it follows that

E[||R||15E{ / / I logl(k,—u)Tllds TI(du)
0 G-U

t
.
0 JG-U

SI/G gy lITi(dg) + C'tTI(G — V)
-U

d
> xi@IAd(k )Xl dsn(dm}
i=1

for some constant C’ > 0. We may let C + oo and U 1 G. Then 7 1 oo and,
by (7.7), E[||R]||]] — 0. This proves (7.8). If IT satisfies the finite first moment
condition, Yj can be defined. Although Yy # Z, [Ad(ky)Yola = [Ad(ks)Zp]a
because [Ad(k)X;], = O fori > p. O

To end this section, we derive a stochastic integral equation for the K-
component of g, in the Iwasawa decomposition G = N~ AK. By Propo-
sition 7.3, the K-component k, is a Feller process in K. Let f € C?*(K).
We may regard f as a function on G defined by f(g) = f(gg). Then
f eCy(G)NC?*G). Let g e G and let k be its K-component in the
Iwasawa decomposition G = N~ AK. By (7.4), (gu)x = (ku)x foru € G
and then, by (7.10), for Y € g,

d
Y f(g) = o f (g€'") ly=o= [Ad(O)Y T, f (k).

It follows from (1.23) that, for f € C*(K),
Flk) = fko)+ > /0 [AdGk YTy f (ks )0 dW! + /0 [AdGk) ZT; £k )ds
i=1

+/ /[f((ks—M)K) — fks_)IN(dsdu)
0 JG

- l i {f((ksu)K)—ﬂks)
d

- ij(u)[Ad(kx)Xj];f(ks)} dsTl(du). (7.13)

J=1
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Here, the basis {X, ..., X} of g does not have to satisfy the condition spec-
ified in Proposition 7.4. Moreover, if IT satisfies the finite first moment con-
dition (1.10), using (1.25) instead of (1.23), we obtain the following simpler
stochastic integral equation for k;:

Fk) = flo)+> /0 [Ad(k YT, f (k) 0 AW + /0 [Ad(K,) Yol £ (k;)ds
i=1
+ /0 /G LF(Kks—u)k) — f (ks )IN(dsdu) (7.14)

forany f € C?*(K), where Yo = Z — Zflzl[fc x;()TI(du)] X;.

7.2. Rate of Convergence of the Abelian Component

‘We now recall some basic elements of ergodic theory. Let (S, S, i) be a prob-
ability measure space. A measurable map 7: § — § is called u-preserving,
or a measure-preserving transformationon (S, S, u),if tu = u. Aset B € S
is called t-invariant if ~'(B) = B. All the -invariant sets form a o-algebra
7, called the invariant o -algebra of t. A real-valued S-measurable function
f is called t-invariant if f o T = f. This is equivalent to the Z-measurability
of f.If 7 is p-trivial, thatis, u(B) = O or 1 for any B € Z, then either T will
be called ergodic (with respect to u) or u will be called ergodic (with respect
to 7). By the Birkhoff ergodic theorem (see, for example, [34, theorem 9.6]),
if T is p-preserving and if f € L'(u), then (1/n) Z:Z(: f ot converges
to an T-invariant function f p-almost surely and in L'(@) as n — oo with
w(f) = uw(f). Moreover, if u is ergodic, then f = u(f) p-almost surely.
By the ergodic decomposition theorem ([34, theorem 9.12]), any probabil-
ity measure p preserved by T can be expressed as [ v(dm)m, where v is a
probability measure on the set of ergodic probability measures (defined with
respect to 7).

Let {r;; t € R.} be a semigroup of measure-preserving transformations
on (S, S, n). The invariant sets, invariant functions, and ergodicity can still
be defined by replacing t by 7, for all ¢+ € R,.. The continuous-time ergodic
theorem states that if f € L'(u), then (1/1) fot f o Tyds converges to some
invariant function f p-almost surely and in L'(u) as t — oo with u(f) =
w(f), and if {r,} is also ergodic, then f = u(f) p-almost surely.

Let T be one of the index sets Ry = [0, o0), R = (—o00, 00), Z; =
{0,1,2,...,},or Z={...,—2,—-1,0,1,2,...}. A process & = {&},cr is
called stationary if, forany #,, . . ., t,, ¢ € T,thetwofamilies {&;,,...,&; }and
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{&,+¢, - .., &, 4.} have the same distribution. A stationary process &, indexed
by T = Z, will be called a stationary sequence and one indexed by 7 = Z
will be called a two-sided stationary sequence. Any stationary sequence can
be extended to be a two-sided stationary sequence ([34, lemma 9.2]). If £ is
an S-valued random variable whose distribution p is preserved by t and f:
S — S’ is a measurable map from S into another measurable space S’, then
. = f(t"€) is a stationary sequence in §’. In fact, any stationary sequence
1, can be obtained in this way ([34, lemma 9.1]). The ergodic theorem can be
stated for an S-valued stationary sequence &, (resp. stationary process &; for
t € R,) as follows: Let u = &P. If f € L'(n), then (1/n) Z:ZOI f&) —
n (resp. (1/t) fot fE)ds — n) P-almost surely and in L'(P) as n — oo
(resp. t — o0) for some real-valued random variable n with E(n) = p(f). In
particular, if &, is a real-valued stationary sequence and E(|&|) < oo, then
(1/n)(& + & + -+ -+ &,_1) — £ almostsurely andin L' asn — oo for some
€ with E(§) = E(%).

The following lemma is taken from Guivarc’h and Raugi [24, lemme 3.6].

Lemma 7.1. Let t be a measure-preserving transformation on a probability
measure space (S, S, ). If f € L'() satisfies Siofo i — oo p-almost
surely as n — oo, then u(f) > 0.

Proof. By the ergodic decomposition theorem, we may assume that t is
ergodic with respect to . We can show that there exist a measure-preserving
transformation 6 on another probability measure space (X, X, Q) with a
measurable inverse #~! and a measurable map 7: X — Ssuchthat7Q = u
and 7 0 O(x) = t o w(x) for Q-almost all x € X. Then replacing f by f om
and T by 6, we may assume that T has a measurable inverse t~!. To show
the existence of (X, X, Q, 0, 7), let £ be an S-valued random variable with
distribution p and let {n,; n € Z} be a two-sided stationary sequence that
extends {&, = t"&; n € Z, }. Let X = S” be equipped with the product o-
algebra X, let Q be the distribution of {7,} considered as a random variable
taking values in X, let @ be the shift operator on X defined by (6{n,)r = nr+1
for any k € Z, and let 7: X — S be defined by 7 ({n,}) = no. Then 0 is a
measure-preserving map on (X, X', v) with a measurable inverse that has the
desired properties.

Let s,(x) = Z;:Ol f oti(x). Then s,(x) = oo as n — oo for y-almost
all x. However, by the ergodicity assumption, (1/n)s, — n(f) w-almost
surely. Consequently, u(f) > 0.LetY = § x Randlet7T:Y — Y be the map
defined by T'(x, r) + (tx,r + f(x)). Then T preserves the product measure
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v = i X A, where X is the Lebesque measure on R, and has a measurable
inverse givenby T=!(x,r) = (7 'x, r — f(t7'x)). Fore > 0,let Y, = S x
[—e, €]. Since

T"(x,r) = (t"x,r + s,(x)),

it suffices to show that if u(f) = 0, then v-almost all (x, r) € Y, will return to
Y. under T infinitely many times in the sense that T"(x, r) € Y, for infinitely
many n > 0.

A measurable subset A of Y is called errant if v(A) > 0 and if T*(A) for
k > 0 are v-disjoint, that is, v[T*(A) N T/(A)] = O for j # k. We can show
that if u(f) = 0, then there is no errant subset. Otherwise, if A is errant,
because (1/n)(r + s,(x)) — 0 for v-almost all (7, x), there is a subset B of
A such that v(B) > 0 and (1/n)(r + s,(x)) — O uniformly for (r, x) € B.
Therefore, for any § > 0, there is a positive integer N such that Vn > N
and Y(x,r) € B, T"(x, r) € Y,s. This implies that 7"(B) C Y,s and hence
Ui_yTH(B) C Yys. Tt follows that limsup,,_, ..(1/n)v[Uj—T*(B)] < 8. Be-
cause 6 > 0 can be made arbitrarily small, (l/n)v[UZ;é T*(B)] — 0. How-
ever, because T ~! are v-preserving and T¥(B) are v-disjoint, v[UZ;(l) T*(B)] =
nv(B), which is impossible.

Let C be the set of the points (x, r) € Y, such that T*(x, r) ¢ Y, for any
k > 0. The invertibility of T implies that T*(C) for k > 0 are v-disjoint;
hence, v(C) = 0. Therefore, v-almost all (x, r) in Y, will return to Y, in
the sense that T%(x,r) € Y, for some k > 0. Let B = Y, — C (set differ-
ence). Because T is v-preserving, it follows that, for v-almost all (x, r) € B,
T*(x,r) € B for some k > 0. This implies that v-almost all (x, r) will return
to B under 7 infinitely many times. O

Corollary7.1. Let&, be areal-valued stationary sequence with E(|&y]) < oo.
Ile’-'zo & — oo almost surely as n — oo, then E(§)) > 0.

Proof. Thisis animmediate consequence of Lemma 7.1 because &, = f(t"n)
for some random variable 5 taking value in a measurable space space S, a
map t: S — § preserving the distribution of 7, and a real-valued measurable
function f on S 0

By Proposition 7.3, the K-component k; of a left Lévy process g; in the
Iwasawa decomposition G = N~ AK is a Feller process in K with transition
semigroup PX. Recall (Appendix B.1) that a probability measure v on K is
called a stationary measure of k, (as a Markov process) if vPX = v. Because
K is compact, there is a stationary measure of ;. In fact, for any probability
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measure V' on K, any limiting point of (1//¢) fot V' PKds as t — oo is a
stationary measure of k;.

Theorem 7.1. Let g, be a left Lévy process in G satisfying the stochastic
integral equation (1.23), and let g, = §,a " n, and g, = n,a,k, be respectively a
Cartan decomposition and the Iwasawa decomposition G = N~ AK. Assume
the hypotheses of Theorem 6.4 and the condition (7.7). Then P-almost surely
the limit

+ .
H" = lim - loga,
t—o00 t

exists, is nonrandom, and is contained in a. Moreover, P-almost surely,

H* = lim(1/t)loga,".
1—>00

Proof. By Proposition 6.2 and Theorem 6.4, aa; ! is P-almost surely
bounded as r — oo. Therefore, if one of the limits, lim,_, . (1/¢)loga,
or lim,,.(1/¢)log a,‘* , exists, then both limits exist and are equal. For
any u € G, let u = nbh be the Iwasawa decomposition G = N~AK. By
(7.4), (ug)a = b(hg,)4. Since hg, and g, have the same A, -component
in the Cartan decomposition, it follows that lim,_ .(1/¢)log(ug,)s =
lim,, o (1/¢)loga, if either of the two limits exists. Therefore, we can
arbitrarily change gy, without affecting the existence and the value of
lim;_, »(1/¢)log a,. In particular, we may and will assume that go = ko € K
and the distribution of k is a stationary measure v of k;. Then k; is a stationary
Markov process.
Since ap = e, (7.8) may be rewritten as

ot t
loga, = M, +/ F(ky)ds +/ / J(ks—, h)N(dsdh), (7.15)
0 0 JG

where M; is the martingale given by (7.9),

1 m
F(k) = 5 > _[IAd®)Y]e, AdK)Yila + [Ad(K) Zola,  and
i=1
J(k, g) = logl(kg)al.

By Proposition 7.2, ||J(k, g)Il < llgpl.

Because the integrand in (7.9) is bounded, M, /t — Oast — oo. By theer-
godic theory, (1/1) fot F (ks)ds converges almost surely to an a-valued random
variable H' with E(H') = [}, F(k)v(dk).
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To show the convergence of (1/t) for fG J(ks—, g)N(dsdg),letusintroduce
two sequences of random variables, x,, and X,, forn =0, 1,2, ..., defined
by

ntl n+1
Xp = / / J(ks—a g)N(deg) and )_Cn = / ||J(ks_’ g)||N(dsdg)

Both are stationary sequences since k; is stationary and N is a Poisson random
measure associated to the natural filtration of the Lévy process g,. Moreover,
x| < Xx,.Note that

1
Eo) < E / / gyl N (dsdg) = / g, ITI(dg) < oo.
0 G G

It follows, by the ergodic theory, that Z?;Ol x; /n converges almost surely to
some a-valued random variable H* whose expectation is given by

1
E(H")= E(xo)= E{ / / J(ks,g)n(dgms}: / / J(k, 9)T1(dg)v(dk).
0 G KJG

However, an_ol X;/n also converges; hence, X,,/n — 0. This implies that

1 12
—/ / J(ks_, g)N(dsdg) - H*
tJo Jo

ast — oo.
We have proved that, as r — oo, (1/¢)loga, converges almost surely to
H* = H'+ H* and

E(H*):/KF(k)v(dk)+/K/GJ(k, 9)T(dg)v(dk).

We will show that H™ is a constant element of a.
For t>s, g = g:(g'g/) = g:g,_,, where g =g 'g,.s is a left

Lévy process in G independent of o{g,; 0 <v <s}. Let g = &a/n,
be the Cartan decomposition. By (7.4), a; = a,(ksg,_,) 4. Then lim,_, oo(1/1)
log(ksg,_)a = limy—o loga, = H*. Thisisalsoequal tolim,,«(1/7)loga,
because this limit is unchanged when a] is replaced by the A -component
of k,g,_, in the Cartan decomposition. It follows that H™ is independent of
o{gy; 0 < v < s} for any s > 0; hence, it is independent of o{g;; t € R}.
This implies that H* must be a constant.

To show HY € a,, it suffices to prove a(H*) > 0 for any positive root

a. Recall that gy = ko; hence, a; = (g1)a = (kogglgl)A. Let by = a; and
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inductively let b; = (k; gflg[Jrl)A fori =0,1,2,....Then {b;}is astationary
sequence and

a; = (gi)a = (giflgiillgi)A =a;_ (ki718f_11gi)A
=a;_1bi_1 = a;_2bi 2b;_1 =--- =boby---bi_1.

Let & = a(logb;) fori =0,1,2,.... Then {£} is a real-valued stationary
sequence such that

n—1

n—1
> & =) allogh;) = alog(bob: - - - b,1)) = a(loga,) — 00
i=0 i=0

almost surely as n — o0. By the note following Proposition 7.4, E(|&]) =

Ellax(loga;)|] < co. By Corollary 7.1, E(&y) > 0. However,

n—1

.1 1
a(H") = lim —E[a(loga,)] = lim — E E(&) = E(60).
n—>oo n n—>oo n -
This proves H € a. O

By Theorem 7.1, both a; and a,+ converge to 0o as t — oo at nonrandom
exponential rates equal in values to the components of H*. Therefore, H*
will be called the rate vector of the left Lévy process g;.

From the proof of Theorem 7.1, it is easy to see that the rate vector is given
by

H" = /K {% > IIAdK)Y; e, AdK)Yi1a + [Ad(k)ZO]a} v(dk)
i=1

+/K/G10g[(kg)A]H(dg)V(dk), (7.16)

where v is a stationary measure of the process k; in K and Z, has the same
meaning as in Proposition 7.4.

7.3. Haar Measure as Stationary Measure

Let g, be a left Lévy process in G satisfying the hypotheses of Theorem 7.1
and let g, = n,a;k, be the Iwasawa decomposition G = N~ AK. By Propo-
sition 7.3, k, is a Markov process in K. In this section, we obtain a useful
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formula for the rate vector H* of g; when the normalized Haar measure on
K, which will be denoted by dk in the following, is a stationary measure of k;.
Note that, by Proposition 7.3, if the left Lévy process g; is right K -invariant,
then k, is a right Lévy process in K and, by the left invariance of the Haar
measure, it is easy to show that dk is a stationary measure of k;.

Lemma 7.2. IfY € p, then [, dkAd(k)Y = 0.

Proof. By Proposition 5.15, there exist H € a and h € K such that ¥ =
Ad(h)H. Since [, dkAd(k)Y = [, dkAd(kh)H = [, dkAd(k)H, we may
assume Y € a. Recall W = M'/M is the Weyl group introduced in Sec-
tion 5.3. Let Y = >,y s(Y). Then s(Y) = Y. Since W contains the reflec-
tion about the hyperplane o = 0, for any root «, this implies (Y ) = 0; hence,
Y = 0. Let |W] be the cardinality of W, and fors € W, letk; € M’ represent
s. Then

W] / dkAdK)Y = > / dkAd(kk,)Y = / dkAd(K)Y =0. O
K K K

seWw

Leta;, Hj, X}, ij, Z}, and H, be defined as in Section 6.2.

Lemma 7.3. For X € g, let Y and Z be, respectively, its orthogonal projec-
tions to p and t. Then

[[Ad(k)XTe, Ad(k)X]q = [AdK)[Z, Y]]a + Z(Ad(k)Y, YJ/-)2HJ-.

j=1

Proof. Since [¢, €] C ¢,

[[Ad(K)X]e, Ad(K) X = [[Ad(K)X]e, Ad(K)Y ]a
= [Ad(K)Z, Ad(k)Y ]a + [[Ad(K)Y ]¢, Ad(K)Y ]q
= [Ad(D[Z, Y]]a + [[AdK)Y Je, Ad(K)Y ]a.  (7.17)

Since Ad(k)Y = Z;zl(Ad(k)Y, Yi)Y; + H forsome H € aand (Y})e = ZJ,

it follows that [Ad(K)Y ]e = 3_, (Ad(k)Y, Y})Z}; and

[[Ad(K)Y e, Ad(K)Y 1o = Y (Ad(K)Y, Y))(Ad(K)Y, Y))[Z], Y]l

ij=1

= Z(Ad(k)Y, Y})*H;. O
j=1
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The adjoint action Ad(G) of G on g given by g > X — Ad(g)X € g for
g € G restricts to an action of K on p given by p > Y > Ad(k)Y € p for
k € K, which will be denoted by Ad,(K). It is called irreducible if it has
no nontrivial invariant subspace; that is, if V is a subspace of p such that
Ad(k)V C V for all k € K, then either V = p or V = {0}.

Proposition 7.5. Ad,(K) is irreducible in the following two cases:

(i) G = SL(d,R) and K = SO(d).
(ii) G = SO(1,d) and K = diag{1, SO(d)}.

Proof. Incase (i), p is the space of symmetric traceless matrices and two such
matrices belong to the same orbit of Ad,(K) if and only if they have the same
eigenvalues. Because any orbit contains a diagonal matrix and the Weyl group
actson X € aby permuting the diagonal elements of X, it suffices to prove the
following elementary fact: Given any nonzero vector in the subspace of R?
determined by the equation x; + - - - + x4 = 0, by permuting the components
of this vector, we can get enough vectors to span the whole subspace.

In case (ii), by the discussion in Section 5.4, p = {§,;y € R4}, where &y is
defined by (5.23). Since Ad(diag(1, C))§, =éc, forC € SO(d)and y € R,
it follows easily that Ad,(K) is irreducible in this case. O

Lemma 7.4. Assume Ad,(K) is irreducible. For any Y, Y' € p with ||Y|| =
1Y'll = 1, we have [, dk(Ad(k)Y, Y\ = 1/p, where p = dim(p).

Proof. Let S be the unit sphere in p and let Y € S. Consider the function
(W) = fK dk(Ad(k)Y, W)? defined on S. We will show that v/ is a constant
on S. If not, let @ and b be, respectively, its minimal and maximal values.
Choose W such that y(W;) = a.Let S = {X € S; (X, W;) =0}. Any W €
S can be expressed as W = x W; + yW, for some W, € S’ and x> 4+y2 =1
We have

0=(d/dD)y (V1 —1>W; +1tW))|,— = 2/ dk(Ad(k)Y, W) (Ad(k)Y, W2).
K
It follows that

YW + yWa) = x> (W) + y> P (Wa).

This is less than the maximal value b if x # 0. Therefore, b can only be
obtained on S§’. If /(W,) = b, then by the invariance of the Haar measure
dk, Y = b along the orbit of W, under Ad,(K). Hence, this orbit is orthog-
onal to W;. The linear span of the orbit is a nontrivial invariant subspace of
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Ad,(K), which contradicts the irreducibility of Ad,(K). This proves that v
is a constant. Because (Ad(k)Y, W) = (¥, Ad(k~")W), it is easy to see that
this constant is independent of Y € S.

Let Wy, ..., W, be an orthonormal basis of p. Because, for k € K, Ad(k)
is an isometry on p with respect to the inner product (-, -), {{Ad(k)W;, W;)}
is an orthogonal matrix. We have

py ZZ/de(Ad(k)W,-, Wh)? = /deZ(Ad(k)Wi, w)l=1. O

For X € g, let X, be its orthogonal projection to p. By (7.16) and
Lemmas 7.2-7.4, we obtain (7.18) in the following theorem. If the left Lévy
process g; is right K -invariant, then, for any k € K, the process kg,k~! has
the same distribution as g,. It follows that the Lévy measure II is invariant
under the map g > kgk~' for any k € K. In this case,

/ / log[(kg) ] dkTI(dg) = / / log[(kgk~")4] dATI(dg)
K JG K JG

= /G log(g)I1(dg).

We have proved the following theorem.

Theorem 7.2. Let g; be a left Lévy process in G determined by (1.23) and
let g; = n.a.k; be the Iwasawa decomposition G = N~ AK. Assume the hy-
potheses of Theorem 7.1, the irreducibility of Ad,(K), and that the normalized
Haar measure dk on K is a stationary measure of k,. Then the rate vector
H™ of the process g; is given by

l m
HY = l—z 1Y) 17
P i=1

where p = dim(p), and Y1, Ya, ..., Y,y € garein(1.23). Note that the integral
term on the right-hand side of this equation vanishes if g, is continuous or
more generally if T1 is supported by K. Moreover, if g, is right K -invariant,
then this term is equal to fG log(ga)I1(dg).

H,,~|—//log[(kg)A]dkH(dg), (7.18)
kJG

Let {a;;} be the symmetric matrix in the generator L of g; given by (1.7)
with respect to a basis { X, X, ..., X4} of g. By (1.22), there are constants
o;j such that

d
YiZZUinj for 1 <i<m.
=1
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Then ajj = Zznzl OkiOkj and

m m d d
SN =D owion (Xidp. (Xp) = > aij (Xi)p. (X))p)-
k=1

k=11i j=1 ij=1
Assume the basis {X|, ..., X4} is orthonormal such that X1, ..., X, form
a basis of p and X 41, ..., Xs form a basis of €& Then Y}, [|(Yi)pl*> =

S°F_, a;;. It follows that the rate vector given in (7.18) can also be written
as

H' = lzp:aii
P

In the rest of this section, we derive a necessary and sufficient condition

H, + / /G logl(kg) 41 dkTI(dg). (7.19)
K

for dk to be a stationary measure of &, for a continuous left Lévy process g;.
We also obtain an example of g, that satisfies this condition but is not right
K -invariant.

A continuous left Lévy process g; is the solution of the stochastic differ-
ential equation

dgi = Y(g)odW + Yj(g,)dt (7.20)

i=1

on G, where Yy, Yy,..., Y, €gand W, = (Wll, ..., W) is an m-dimen-
sional standard Brownian motion.
Let L be the generator of k,. By (7.14) with N = 0,

Lx =(1/2))_ U;U; + U,

i=l

where U; is the vector field on K given by U;(k) = [Ad(k)Y;], fork € K. Let
L% be the adjoint of Lg; that is, (Lx¢, ¥) = (¢, L) for ¢, ¥ € C*(K),
where (¢, ) = fK dko(k)y (k). We have

Ly =(1/2)) UUf + U

i=1

To obtain an explicit expression for L%}, we will write U and Y for U; and
Y; for fixedi.Let Y j/ and Z} for j =1, ..., r be defined as before. Recall that
[Z},Y]1=H;and H, = (1/2) >_',_, H;. We can choose ¥, ,..., Y ina
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andZ,_,,..., Z(/] in the Lie algebram of M suchthat Y/, ..., Yp, Zi, ..., Z;
form an orthonormal basis of g with respect to (-, -). We have

P q
Ad(k)Y =Y (AdK)Y, Y)Y} + Y (AdK)Y, Z))
j=1 j=1
Hence, [Ad(K)Y ]e = 3 (AdOY. Y + Z}) Z} + 3. (Ad(K)Y, Z)) Z,
and

y d

j=1

d ,
+ D (AR)Y, Z)) (1K) | li=o-

/>r

By the invariance of the Haar measure dk, we have

d ,
_¢ (estk) |s:0

/ dkw(k)z (Ad(K)Y, Y} + z;>d

j=1

/qu&(k)z ¥ (e “k) (Ad(e k)Y, Y + Z)]s=o

/ dk¢(k)z { (Ad(K)Y, Y|+ Z)))— d ¥ (k) =0

Ids

+ Y (k)(AdK)Y, [Z", Y} + Z}])}

J?
r

d ,
_ /K dke(k) [—Z(Ad(k)Y, Y+ Z;)akﬁ(esz/k)ls:o

j=1

+ 29 (k) (Ad(K)Y, H,)

A similar computation yields

d ,
¢ (e"%ik)|s=0

/ dky (k) > (Ad(K)Y, Z) >d

j>r

d ,
/dk¢(k)z Ad(k)Y, Z' b w( %K) |s=o-

J=>r

It follows that

/K dky (U (k) = /K k(U Y (k) + 20 (k) (AR)Y, H,)1.
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Hence,
Uy (k) = —Uyr(k) + 2(Ad(k)Y, H,) (k)
and

U Uy (k)
=UUy (k) — 4(Adk)Y, H,)Uvr(k)
+ [—2U(Ad(k)Y, Hp) + 4(Ad(k)Y, H,)* 1y (k)
=UUy (k) — 4(Adk)Y, H,) U (k)
+ [=2([[Ad(k)Y e, Ad(K)Y], H,) + 4(AdK)Y, H,)* Ty (k).

This gives us an explicit expression for L% = (1/2) Y"1, UFU} + Uj.
This expression contains three different types of terms: a ¥ term, the terms in-
volving its first-order derivatives, and those involving its second-order deriva-
tives. The coefficient of the ¥ term in L ¥ is

Z{_<[[Ad(k)yi]é» Ad(O)Yi], Hy) + 2(Ad(K)Y;, Hy)} + (Ad(k) Yo, H,y).
P (7.21)

Let i be a measure on K with a smooth density ¥ with respect to the
Haar measure and let PX be the transition semigroup of &,. If u is a station-
ary measure of k;, then (¥, PX f) = w(PX f) = n(f) for any f € C*®(K).
Therefore, (L, f) = (¥, Lx ) = (d/dt)(y, P,Kf) |;=o0 = 0. From this, it
is easy to see that p is a stationary measure of k; if and only if L} = 0. It
follows that dk is a stationary measure of k; if and only if (7.21) vanishes.
We obtain the following proposition:

Proposition 7.6. Let g; be a left invariant diffusion process in G determined
by (7.20) and let k; be its K-component in the Iwasawa decomposition G =
N~ AK. Then the normalized Haar measure on K is a stationary measure of
k; if and only if the expression in (7.21) vanishes for all k € K.

By Proposition 7.3, if g, is right K-invariant, then its K-component k, in
the Iwasawa decomposition G = N~ AK is aright Lévy process in K ; hence,
the normalized Haar measure dk on K is a stationary measure of k,. We can
construct an example that is not right K-invariant but for which dk is still a
stationary measure of k;.

Let {Yy,...,Y,} be an orthonormal basis of p and let Yy = 0. Choose
arbitrary elements Y.y, ..., Y, € £ so that the continuous left Lévy pro-
cess g, determined by (7.20) is not right K-invariant. For any k € K,
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Adk)Y; = 1aij(k)Y;, where {a;;(k)} is an orthogonal matrix. It fol-
lows that 3" 1[[Ad(k)Y]E,Ad(k)Y]u = 3P [(Y))e, Yila. Let Y/, ..., Y/,
Zi,...,Z;, and Hy, ..., H, be defined as in Section 6.2. We may as-
sume Y; = Y/ for1 <i <rand Y,11,...,Y, € a. Then >/ [(Yi)e, Yila =

SialZL,Y!le = >i_, H = 2H,. Therefore, the first term in (7.21),
— > " ([[Ad(k)Y:1e, Ad(k)Y:], H,), is equal to —2(H,, H,). The second
term is

E Ad(k)th H =2 5 azu(k)an(kxyuv H, ><YU9 H )
i=1 i,u,v=1
p

2 ) (Y, H,)’ =2(H,, H,),
i=r+1

where the last equality is the Parseval identity. This shows that the expression

in (7.21) vanishes for all k € K; hence, dk is a stationary measure of k;.
Note that the expression (7.21) should vanish whenever g, is right K-

invariant, but it is not completely trivial to prove this directly from (7.21).

7.4. Rate of Convergence of the Nilpotent Component

As in the previous sections, let g, be a left Lévy process in G and let
g: = n.a;k; be the Iwasawa decomposition G = N~ AK. We know that if
g satisfies the hypotheses of Theorem 6.4, then, almost surely, n, — n,
or equivalently, nt‘lnoo — e, as t — oo. In this section, we investigate how
fast this convergence takes place. The result of this section together with the
existence of the rate vector H* will play an important role in the study of the
dynamical behavior of the Lévy processes.

Let {X1, ..., X4} be an orthonormal basis of g with respect to the inner
product (-, -) such that each X; is contained in g, for some root « or o = 0,
which will be denoted by «;. Then «y, ..., a; form a complete set of all
the roots, including zero, each of which is repeated as many times as its
multiplicity.

For g € G, let g be the matrix representing Ad(g) under the basis {X;};
that is, Ad(g)X; = Z?zl gijX;. Then Ad(gh) = gh and Ad(g™") =g"!
for g,h € G. Any d x d real matrix may be regarded as a point in the
Euclidean space ]Rdz, and vice versa. For X € Rdz, its Euclidean norm
|X| = (X, X7)'/? satisfies the product inequality |XY| < |X||Y| for any
X,Y € R®, where XY is the matrix product.
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Let {h;;(#)} be the matrix representing the random linear map Ad(n,” s
g — g under the basis {X1, ..., Xy4}; thatis,

d
Ad (n;'n00) X =D hii(DX;. (7.22)

i=l1

Note that 4;;(t) depends also on @ € €2, so it may be written as h;;(t, ) if
this dependence needs to be indicated explicitly.

Let A be the set of all the positive roots and let [A_ ] be the set of all the
nontrivial linear combinations of positive roots with integer coefficients, that
is,

[Ay] = Z ca®; €y > 0 are integers with ¢, > 0 for some o

acA,

Since [gy, 9] C go+p, We see that, forn € N~ and X € gq,

Adm)X = eEX = X +Y with Y € Y gop. (7.23)
BelAt]
It follows that h;;(t) =1, and h;;(t) =0 if i # j with o; & {a; — B; B €
[A1]}. In particular,

hij()=0 ifi#j and o;(H") <a(H"). (7.24)

Because n, 'nee — e, the matrix {h; (1)} converges to the identity matrix
1; almost surely as ¢+ — oo. The inequality (7.27) in the following theorem
together with (7.24) says that the nonzero off-diagonal elements of this matrix
converge to zero exponentially. We may identify Ad(g) with its matrix repre-
sentation, thus writing § = Ad(g). For typographical convenience, § = Ad(g)
may be written as g ~. In particular, gy denotes Ad(gy).

Theorem 7.3. Assume the hypotheses of Theorem 7.1. Let H € a, be the
rate vector given in Theorem 7.1. Then, for P-almost all w,

1
lim —loga;(w) = HY and ng(w) = lim n,(w), (7.25)
t—o00 t =00

where no, is an N~ -valued random variable, and

Ve >0, sup ’ [kgt_'(a))g,ﬂ(a))] 1:,’ < e for sufficiently large t > 0.
keK
(7.26)
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Moreover, if w satisfies (7.25) and (7.26), then, for any ¢ > 0,

|hij(t, o) < exp{—tla;(H) —a;(H") — €]} for sufficiently large t > 0.
(7.27)

The rest of this section is devoted to the proof of Theorem 7.3. We already
know from Theorem 7.1 that (7.25) holds for P-almost all w. Without loss of
generality, we will assume that go = e.

Let G be the group of all the linear automorphisms on g. It may be identified
with the general linear group GL(d, R). Its Lie algebra § may be identified
with gl(d, R). As in Section 1.5, § may be regarded as the Euclidean space
R and G as a dense open subset of R?".

The left Lévy process g; in G induces a left Lévy process g; in G given
by &, = Ad(g,). Suppose g, satisfies the stochastic integral equation (1.23).
Note that,forg € G,Y € g,and f € C*(G), Y'(f o Ad)(g) = Y' f(&), where
g = Ad(g) and ¥ = ad(Y) € §. Replacing g/, ¥;, Z, X;, I1,and N in (1.23)
by &, Yi, Z, X , [T = AdII, and (idr, x Ad)N, respectively, we obtain a
stochastic 1ntegra1 equation satisfied by g, for any f € C,(G) N C*(G). By
Theorem 1.3, g, satisfies a stochastic integral equation of the form (1.30) if
I1 has a compact support.

By Proposition 5.1(a), for any k € K, k is an orthogonal matrix. Because
G is unimodular, det(g) = 1 for any g € G.

Lemma 7.5. Foranyt € Ry,

E [sup log|gyl] < 00.

0<s<t

The same inequality holds when g, is replaced by g

Proof. If I is compactly supported, then by Theorem 1.3, E [supg<s<; 18s 1*1<
oo. This is stronger than the desired inequality. Since this result also holds
for the right Lévy process gr;l, E[supy,-, | log g;1|2] < oo. The lemma is
proved in the case when IT has a compa;:tisupport.

In general, note that any g € G may be written as g = ke? withk € K and
Y = g,. Since & is an orthogonal matrix, |k| = +/d. We have

18] < Vd |Ad(e")] = Vd |6V < Vd eIV = Vd exp(cllgpl)  (7.28)

for some constant ¢ > 0.
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Let [T = I, + [T, where I1; is supported by a compact subset of G and
I1, is finite. By Proposition 1.5, we have the following independent objects:
exponentially distributed random variables 1, 15, 73, ... of a common rate
A = I1,(G); G-valued random variables o1, 03, 03, . .. with common distri-
bution I1,/A; and a left Lévy process A, that is the solution of a stochastic
integral equation of the form (1.30) with Lévy measure 1, satisfying the
initial condition g = I, such that, with 7; = 3°'_, 7;.
8o=1;, 8 =h, forO <t < Ty, and inductively
& = (T =)o h(Ty) ' W(Ty—=)oy - - h(T; )~ (T =)oi h(T;) ™" by for

T, <t<T andi > 1.

OnA, =[T, <t <T],

log || < loglhr,_|+ > log|hz'| +log|h| + > log|;l.
j=1 j=1 j=1

Let

Ct = E{ sup [10g|hv| +10g’hY1H}

0<s<t

By (7.28) and (7.7), the constant ¢ defined by

¢ = / log 2| [12(d2)
G

is finite. Since the process /, and o; are independent of A;, and E[log |o;|] =
c1/A, we have

00
E [Sup 10g|gs|} = ZE [SUP 10g|gs|;Ai:|

<s< ; <s<
0<s<t i—0 0<s<t

< 16+ DG +i(er/MIP(A) = [+ DC; + i(c/x)]e—*% <00

i=0 i=0

Since g;l is a right Lévy process in G and ||[g’1]p|| = |I[g]; I, the argument
here can be easily modified to prove the same conclusion for g, !. 0

We now prove (7.26). Note that g, = g,g., where the process g, =
g 'g/4s is identical in distribution to g;. Let i be a positive integer. For
i<t<i+1, g g1 =g718 'giwig, where g, g, and g/ are three
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Lévy processes of the same distribution. Since g; g1 is identical in distri-
bution to g;, by Lemma 7.5, we have

E{ sup logl(gflgmﬂ]

i<t<i+1

< £{ sw 1o () (e o)1 16101}

i<t<i+l
< | sup tog (7)) +  loe (g "g100) ) + £ | sup tog (&)

< 00.
‘We now assume that the «;s are ordered such that
ai(HY) > ax(Hy) > -+ > aq(H™). (7.29)

Although Theorem 7.3 will be proved under this additional assumption, it is
easy to see that the statement of this theorem is not affected by this assumption.
By (7.24) and (7.29), for n € N—, 7i is a lower triangular matrix with all
diagonal elements equal to 1.

If a € A, then a is a diagonal matrix such that the product of its diagonal
elements is equal to 1. This implies that |a~'| < C|a|?~! for some constant
C.

For g€ G and k € K, kg = (kg)n(kg)ak' for some k' € K; hence,
(kg)n(kg)a = kgk'~". Since (kg)x and (kg)y(kg)x have the same diagonal,
and k as an orthogonal matrix has Euclidean norm equal to v/d, we see that

(ke)il < 1kgk'™'| < d |3l
Therefore,
l(kg)a = |kgk''[(ke)d ' < d 3| - [[(kg)al™"| < Cd?|g|“.

We have

E [ sup suplog | (kg; ' gi41) ]
i<t<i+1 keK

§E{d sup log’(gflgtﬂ)N{+10gC+dlogd < 00.

i<t<i+l

Fori =1,2,3,...,u; = SUp;,—;, SUpscx log|(kg; ' g1)l are iid random
variables with finite expectation. As a consequence of the strong law of large
numbers, (1/i)u; — 0 asi — oo. This implies (7.26).
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We will omit writing the fixed w that satisfies (7.25) and (7.26) in the proof
of (7.27). Then g, ' ;11 = k7 'a; 'n;'ny 10041k 41 and
kzg;_]grﬂ = (a,_]n,_]n,+1a,) a,_]az+1kt+1-

It follows that n,'n, 1 = a,(k;g;  grv1)va; . Let n) = Ad((kig, ' gr+1)w)
and

I’l;Xj = ZC,‘_,‘(I)X,‘
i

for some ¢;;(t). Because Ad(a)X = e*10e0 X = ¢*102D X forqa € Aand X €
o>
Ad(n;'ne) X = amia; ' X = e 12 a,n) X ;

=) e @metoeme, (X, (7.30)

The coefficients ¢;;(t) have the same properties as those satisfied by &;;(z).
In particular, ¢;;(t) = 1, and ¢;;(r) = 0if i # jando;(H') < o;(H"). This
implies that {c;;(¢)} is a lower triangular matrix.
Fix § > 0. By (7.26), the norm of the matrix {c;;(t)} is < €72 for suffi-
ciently large r > 0, where ¢ > 0 is given by
c=min{(a; —a;)(H"); (e; —a;)(H) > 0}
Let
bij(t) = cij (l‘)e—‘”("‘f_"”)(HﬂJ’(“f_"“')(’H+_1°g“‘).
Then {b;;(¢)} is a lower triangular matrix with all its diagonal elements equal
to 1 and
e*(“i*ai)(logar)cij(t) — 6*1(1*5)(“f*ai)(ﬂ+)bij(t)_
Since (1/t)loga;, — Ht ast — oo, if i # j, then
|bij(l)| < eé‘(sf/ze—ﬁf(a/—af)(H+)+t(ozj—ai)(H*—(1/t)logar) < PRE
for sufficiently large # > 0.
We have Ad(n] 1o)X ; = limys o0 Ad(ny ' nping ) nisn - - -n i ) X
and, by (7.30),
Ad(n; nan e i) X
= Ad(n; ' ne) Ad(n i) - Ad (i) Ad (n ) X
= Z e—(ﬂi—“il)(10g01+k)cilj(t +k)e_(ai'_a"z)(]Oga‘”")cizil(t +k—1)

Lllyen, 173

X oo e G meogan e, (4 e~ melozad e (1) X,
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= Y R ) H D, (g e e ()
[N /3

— — . —y: +
X bizil(t +k—1) .+. .e (t+D(1=8)(etiy_, —ei (H )bikik,l(t +1
x (1= e —ai)(H )biik OX;

=y eI HO Cr f) X,
j

where the matrix {C;;(t, k)} is the matrix product @b . .. b®) with
h —h(1=8) (i —a; ) (HF
b[{j) — o h1=8)e;—ai) )bij(l +h)

forh =0,1,2,..., k. Whent > Oissufficiently large, |b;;(t)| < 1. Note that
b™ is a lower triangular matrix with all the diagonal elements equal to 1. Let
n = (1 — 8)c. It is easy to see that any off-diagonal element of 5©b() has an
absolute value bounded by 1 + de~", any off-diagonal element of b@»Vp?
has an absolute value bounded by

(1+de ™ +de 1 +de ™) =0+de ")l +de "),

..., and any off-diagonal element of @b ... Hp® has an absolute value
bounded by

(1 +de (1 +de - (14de*).

Because the infinite product []po,(1 + de ") converges, it follows that
there is a constant C > 0 such that |C;;(#, k)| < C for all k > 0. Since
Ad(n;lnoo)Xj = >, h;;j(t)X;, the argument here implies

h,’j(l) = e—l(l—&)(og—oz,»)(H*) lim C[j(l, k)
k—o00

Letting ¢ = §max;.,;(a; — o;)(H™") yields (7.27). This completes the proof
of Theorem 7.3.

7.5. Right Lévy Processes

In the previous sections, we have concentrated on left Lévy processes. We now
convert the main results proved for left Lévy processes to the corresponding
results for right Lévy processes by the transformation g > ®(g)~'. This
transformation has been used in Section 6.5. Although the conversion is quite
natural, it is not completely trivial. It is also a good idea to have these results
stated explicitly for easy reference.

Let g, be a right Lévy process in G. Let g, = k,a;n, be the Iwasawa
decomposition G = K AN, Proposition 7.3 has a corresponding version for
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right Lévy processes, which says that &, is a Feller process in K, and if g;
is left K-invariant, then k, is a left Lévy process in K. Let g/ = ©(g,)~".
Then g, is a left Lévy process and g, = n,a,;k;”!, where n, = O(n,)~!, is
the Iwasawa decomposition G = N~ AK. Note that the A-component of g,
under the decomposition G = KAN™ coincides with the A-component of
g, under the decomposition G = N~ AK. Note also that the transformation
©(-)~! fixes the A, -component in the Cartan decomposition G = KA, K.

The following result follows immediately from Theorem 7.1.

Theorem 7.4. Let g, be a right Lévy process in G, and let g, = &atn, and
8: = kyaun, be respectively a Cartan decomposition and the Iwasawa decom-
position G = KAN™. Assume the hypotheses of Theorem 6.5 and the con-
dition (7.7). Then P-almost surely the limit H™ = lim,;_, o (1/t) log a; exists,
is nonrandom, and is contained in a... Moreover, H" = lim,_, »(1/1) log a;"
P-almost surely.

As for a left Lévy process, H™ is called the rate vector of the right Lévy
process g;.

The right Lévy process g; satisfies a stochastic integral equation of the form
(1.23)for f € Co(G) N C*(G), with Y/, Z', X%, and g,_j replaced by Y/, Z",
X', and hg,_, respectively. In this equation, if we replace f by f o ®()7!,
then using the easily proved identify

X'[fo® )" =[-0(X) flo®)™"

for X € g and f € C!(G), we will see that the left Lévy process g/ sat-
isfies Equation (1.23) with Y;, Z, X, x;, N, and II replaced by —6(Y;),
—0(Z), —0(X ), x; 0 O()7!, [idg, x OC)"'IN, and O(-)~'T1, respectively.
Note that x; o @()~! are the coordinate functions associated to the basis
{—0(X1), ..., —6(Xy)} and dk is invariant under the inverse map on K. We
can now easily convert Theorem 7.2 to right Lévy processes.

Theorem 7.5. Let g; be a right Lévy process in G and let g; = k;a;n, be the
Iwasawa decomposition G = K AN ™. Assume the hypotheses of Theorem 7.4,
the irreducibility of Ad,(K), and that the normalized Haar measure dk on
K is a stationary measure of k;. Then the rate vector H™ of the process g; is
given by

1 m
HY = [—Z 1Y) 1
p i=1

H, + / /G logl(gh)4] dkTIdg).  (7.31)
K
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Note that the integral term on the right-hand side of this formula vanishes if
g; is continuous or more generally if Tl is supported by K. Moreover, if g, is
left K -invariant, then this term is equal to fG log(ga)I1(dg).

In Section 7.1, we defined g = gngagx and X = X, + X, + X as the
Iwasawa decomposition G = N~ AK and the corresponding direct sum de-
composition g =n~ @ a P ¢ at the Lie algebra level (see (7.2) and (7.3)).
When dealing with right Lévy processes, it is convenient to work under a
different decomposition. Therefore, for any g € G and X € g, we now let

g = (gx)(ga)(gn) be the decomposition G = KAN™ (7.32)
and let

X = X¢ + X, + X, be the direct sum decompositiong =t @ adnt.
(7.33)

Note that g, ga, gv, Xe, and X, defined here have different meanings from
those defined by (7.2) and (7.3) in Section 7.1, but X, remains unchanged
because it is still equal to the orthogonal projection of X into a.

Forge Gand X € g, let g = (g )(g)(gk) and X = X + X, + X be,
respectively, the decompositions given by (7.2) and (7.3). Then it is easy to
show that

[0 7', = g4, [0 ' =(gx)™", [0(X)], = —X,, and
[(6X)], = Xe. (7.34)

For any g € G, ©® o ¢, = ceg() © O, where ¢, is the conjugation map on
G. Taking the differential maps, we obtain

0 0 Ad(g) = Ad(O(g)) 0 6. (7.35)

Asin Section 7.4, let {X1, ..., X;} be an orthonormal basis of g such that
each X; is contained in g, for some root & or « = 0, which will be denoted
by «;. By (7.35), it is easy to show that, for any n € N*, —0[Ad(n)X ;] =
Ad(n’~HX’,, where n’ =0®n)~' € N~ and X =—0(X;) € ga,. Let
{hij(t)} = {hij(t, w)} be the matrix representing the random linear map
Ad(n,ngol): g — g under the basis {X1, ..., X4}, thatis,

d
Ad(nin))X; =" hij()X;. (7.36)
i=1
Note that the h;;(¢) defined here are different from those defined by (7.22) in
Section 7.4. Because n,ngo1 € N7, we see that ;;(t) = 1, and h;;(t) = 0 if
i #jande;(H) <aj(HT).
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Applying —6 to (7.36), we obtain

d
Ad(n;'nl )X = hij(OX].
i=1
The next theorem now follows directly from Theorem 7.3. As in Section 7.4,
for g € G, g = Ad(g) is regarded as a matrix {g;;} determined by gX; =
Z;I:l gi; X, with the Euclidean norm |g| = (Zi’j g,?j)l/z and Ad(gy) with gy
given by (7.32) is written as gg.

Theorem 7.6. Assume the hypotheses of Theorem 7.4. Let H € a, be the
rate vector given in Theorem 7.4 and let h;;(t) be defined by (7.36). Then, for
P-almost all v,

1
lim p loga,(w)=H" and ne(w) = lim 7y(w), (7.37)
11— 00 — 00
where n is an N -valued random variable, and

Ve >0, sup | [gtﬂ(a))gt_l(w)k] ;]| < e for sufficiently large t > 0.
kek (7.38)

Moreover, if w satisfies (7.37) and (7.38), then, for any ¢ > 0,

|hij(t, w)| < exp{—t[a;(HT) — aj(H+) —¢l} for sufficiently large t > 0.
(7.39)
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Lévy Processes as Stochastic Flows

We define a stochastic flow on a manifold M as a right Lévy process in
Diff(M). In this chapter, we look at the dynamical aspects of a right Lévy
process regarded as a stochastic flow. The first section contains some basic
definitions and facts about a general stochastic flow. Although these facts will
not be used to prove anything, they provide a general setting under which one
may gain a better understanding of the results to be proved. In the rest of
the chapter, the limiting properties of Lévy processes are applied to study
the asymptotic stability of the induced stochastic flows on certain compact
homogeneous spaces. In Section 8.2, the properties of the Lévy process are
transformed to a form more suitable for the study of its dynamical behavior,
in which the dependence on w and the initial point g is made explicit. In
Section 8.3, the explicit formulas, in terms of the group structure, for the
Lyapunov exponents and the associated stable manifolds are obtained. A
clustering property of the stochastic flow related to the rate vector of the Lévy
process is studied in Section 8.4. Some explicit results for SL(d, R)-flows and
SO(1, d)-flows on SO(d) and S9~! are presented in the last three sections.
The main results of this chapter are taken from Liao [40, 41, 42].

8.1. Introduction to Stochastic Flows
Let M be a manifold and let Diff(M) be the group of all the diffeomorphisms
M — M with the composition as multiplication and the identity map id,; as
the group identity element. We will equip Diff(M) with the compact-open
topology under which a set is open if and only if it is a union of the sets of
the following form:

{f € Diff(M); f(Cy) C O1, f(C2) C O, ..., f(Ci) C O

where Cy, Cy, ..., Cy are compact and Oy, O,, ..., Oy are open subsets
of M, and k is an arbitrary positive integer. Under this topology, Diff(M)

200



8.1. Introduction to Stochastic Flows 201

becomes a topological group that acts continuously on M in the sense that
the map Diff(M) x M > (¢, x) — ¢x € M is continuous.

Let ¢, be a right Lévy process in Diff(M) with ¢g = idy,. It is easy to
see that Proposition 2.1 holds also when G is a topological group acting
continuously on a manifold M. Therefore, for x € M, the one-point motion
of ¢, from x, x, = ¢,x, is a Markov process in M with the Feller transition
semigroup PM given by PM f(z) = E[f(¢,z)] for f € B(M); and z € M.

For any right Lévy process ¢, in a topological group G starting at the
group identity element e, by properly choosing an underlying probability
space (2, F, P), a family of P-preserving maps 6,: @ — Q,t € R, called
the time-shift operators, may be defined such that it is a semigroup in ¢ in the
sense that 6, = 6, 0 6, for s,¢ € R, and 6y = id,. Moreover, the process
¢, satisfies the following so-called cocycle property.

Vs,t R, andw € 2, ¢ys(@) = ¢(0,0)p1 (). (8.1)

For example, we may let (2, F, P) be the canonical sample space of
the process ¢, mentioned in Appendix B.1; that is, €2 is the space of all the
cadlag maps w: Ry — G with w(0) = e, F is the o -algebra generated by the
maps 23w+ () € G fort € Ry, and ¢;(w) = w(t). For t € R, define
0,: 2 —> Qby

Vs e Ry, O/(w)(s) = w(s + t)a)(t)fl. (8.2)

It is easy to see that {;; t € R;} is a semigroup in ¢ and the cocy-
cle property (8.1) holds. Moreover, 6, is P-preserving because, for
any 0=ty <t <t <--- <1, the joint distribution of the increments
bbbt .., ¢y ;! is clearly independent of the time shift by 7. Note
that 2 may be extended to be a product space to accommodate additional
random variables that are independent of the process ¢;.

Given a semigroup of time-shift operators {6;; ¢ € R}, astochastic process
¢, in Diff(M) with ¢9 = id), that satisfies the cocycle property (8.1) is called
a random dynamical system (see Arnold [4]) or a stochastic flow on M. The
preceding discussion shows that a right Lévy process ¢, in Diff(M) with
¢o = idyy is a stochastic flow on M. In the rest of this work, a stochastic flow
on M will always mean a right Lévy process ¢, in Diff(M) with ¢y = idy,.

A stochastic flow may be obtained by solving a stochastic differential
equation on M of the following form:

dx, =Y Xi(x) 0 dW, + Xo(x,)dt, (8.3)

i=1
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where Xy, X1, ..., X,, are vector fieldson M, W, = (Wll, ..., WM)isastan-
dard m-dimensional Brownian motion, and m is some positive integer. A
stochastic flow on M is said to be generated by the stochastic differential
equation (8.3) if its one-point motions are the solutions of this equation.
In the special case when X| = X, = --- = X,, = 0, the stochastic flow be-
comes the deterministic solution flow of the ordinary differential equation
j—tx(t) = X(x(t)) on M, which will be called the flow of the vector field
Xo.

It is known that the stochastic flow generated by the stochastic differen-
tial equation (8.3) exists uniquely and is continuous in ¢ under either of the
following two conditions:

(i) M is a Euclidean space and the vector fields Xy, X1, ..., X,, are uni-
formly Lipschitz continuous on M.
(i) M is compact.

The existence under the condition (i) is given, for example, by Kunita [36,
theorem 4.6.5]. From this, the existence under (ii) follows because a compact
manifold can be embedded in a Euclidean space and the vector fields on this
manifold may be extended to be vector fields on the Euclidean space with
compact supports.

In fact, any stochastic flow on a compact manifold M that is continuous
in time ¢ is generated by a more general type of stochastic differential equa-
tion on M, possibly containing infinitely many vector fields (see Baxendale
[7D).

Let G be aLie group thatacts on M. If the action of G on M is effective, that
is,if gx = x forall x € M implies g = e, then G may be regarded a subgroup
of Diff(M). In this case, any right Lévy process ¢, in G with ¢y = e may be
regarded as a stochastic flow on M. In general, H = {g € G; gx = x for any
x € M} is a closed normal subgroup of G and the quotient group G/H acts
on M effectivelyby M > x +— (gH)x = gx e MforgH e G/H.If ¢, isa
right Lévy process in G with ¢y = e, then ¢; H is a right Lévy process in
G/H and thus may be regarded as a stochastic flow on M. Such a stochastic
flow will be said to be induced by the right Lévy process ¢, in G and will
be called a G-flow on M. For simplicity, ¢, itself will also be regarded as a
stochastic flow and will be called a G-flow on M.

Let g be the Lie algebra of G and let Yy, Y;,...,Y,, € g be such that
X;=Y*fori =0,1,...,m, where Y™ is the vector field on M induced by
Y € gdefined by (2.3). If ¢, is a right invariant diffusion process in G (that s,
a continuous right Lévy process in G) with ¢y = e satisfying the stochastic
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differential equation

m

dg, =Y Y[ ($) 0 dW] + Y5 ()1, (8.4)

i=1
then its one-point motion x, = ¢,x, x € M, is a solution of (8.3); there-
fore, ¢, is a stochastic flow generated by (8.3). In this case, the Lie al-

gebra Lie(Xo, X1, ..., X;,) is finite dimensional and is contained in g* =
{Y*; Y € g}. Conversely, if Xy, Xy, ..., X,, are complete vector fields and
Lie(Xo, X1, ..., X,,) is finite dimensional, then it can be shown that the

stochastic flow ¢, generated by (8.3) is a right invariant diffusion process
in a Lie group G that acts on M effectively. In fact, by Palais’s result men-
tioned in Appendix A.2, there is such a Lie group G with Lie algebra g such
that X; = Y for some Y; € g and ¢, satisfies (8.4). See also [36, theorem
4.8.7].

We now state some basic definitions and facts about ¢, regarded as a
stochastic flow. Although these facts will not be needed in the proofs in the
rest of this chapter, they may help us to gain a better understanding of the
results to be presented.

Fort € Ry, let ®,: M x Q — M x Q be the map defined by ®,(x, w) =
(¢:(w)x, 6,w). This is a semigroup in ¢, that is, ¢y = idyxq and &4, =
®, P, forany s, t € Ry, and is called the skew-product flow associated to the
stochastic flow ¢,. Note that the stochastic flow ¢, itselfis not a semigroupin .

Recall that a stationary measure p of the one-point motion x; of ¢, as
a Markov process in M is a probability measure on M such that p PM = p,
where PM is the transition semigroup of x,. Such a measure will also be called
a stationary measure of the stochastic flow ¢; on M and can be characterized
by p = E(¢;p) for t > 0, where E(¢,p) denotes the probability measure on
M defined by E(¢:0)(f) = Elgip(f)] = Elp(f o ¢)] forany f € B(M).
Note the difference between this measure and the stationary measure of ¢,
as a Markov process in Diff(M). It is easy to show that if p is a stationary
measure of ¢, on M, then the skew-product flow @, preserves the measure
px PonM x Q.

A subset B of M is called invariant (under the transition semigroup PM
and the stationary measure p) if B € B(M) and PtM 1 = 1 p-almost surely.
The stationary measure p is called ergodic if any invariant subset of M has
p-measure 0 or 1. It can be shown that p is ergodic if and only if any {®,}-
invariant subset of M x 2 has p x P-measure 0 or 1 (see [13, appendix B]).
Here, a subset I' of M x  is called {®,}-invariant if I’ € B(M) x F and
Cbt_l(r’) =TI foranyt € R,.
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We will assume M is equipped with a Riemannian metric. Let || - ||, de-
note the Riemannian norm on the tangent space 7, M of M at x € M and
let dist(x, y) denote the Riemannian distance between two points x and y
in M.

Let p be an ergodic stationary measure of ¢, and, for u > 0, let log™ u =
max(logu, 0). Assume

/ p(dx)E [sup log* |D¢,(x)|} < oo and
M

0<t<l1

/ p(dx)E {sup log™ |D¢,(x)_l|} < 00, (8.5)
M 0<r<1

where, forany linearmap L: T, M — T,M,|L| = ‘/Zi,j Lizj is the Euclidean
norm of the matrix {L;;} representing L under orthonormal bases in T, M
and 7y, M. Note that |L]| is independent of the choice of the orthonormal
bases.

By Theorem 4.2.6 in Arnold [4] (see also Carverhill [13] in the case when
¢, is generated by (8.3)), there exist a {®,}-invariant subset [' of M x Q of
full p x P-measure, constants A; > A, > --- > A;, and, for any (x, w) € T,
subspaces

.M = Vi(x, Vo(x, - D Vilx, V s = {0},
1(x w)g 2(x w)g 2 1(x w)g 1+1(x, @) = {0}
such that
o1
Yv € [Vi(x, w) — Vii1(x, w)], Ilggo " log | D (w)vllg,)y =2i  (8.6)

fori =1,2,...,1, where V;(x, ) — V;11(x, w) is the set difference. More-
over, ¢; = dim V;(x, w) is independent of (x, w). The numbers A; are called
the Lyapunov exponents, V;(x, w) is called the subspace of T, M associated to
the exponent A; and d; = ¢; — ¢;4 is called the multiplicity of ;. If d; = 1,
then the exponent A; is called simple. The Lyapunov exponents are the lim-
iting exponential rates at which the lengths of tangent vectors grow or decay
under the stochastic flow ¢;. The complete set of the Lyapunov exponents
together with their respective multiplicities is called the Lyapunov spectrum
of the stochastic flow ¢;.

Two Riemannian metrics {|| - [|l,; x € M} and {|| - ||';; x € M} on M are
called equivalent if there is a constant ¢ > 0 such that ¢~ !|v|, < lvll, <
cllv|x foranyx € M andv € T, M.If M is compact, then any two Riemannian
metrics are equivalent. It is clear that the Lyapunov spectrum does not depend
on the choice of equivalent Riemannian metrics.
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Let A; < 0 be a negative Lyapunov exponent and (x, w) € I'. A connected
submanifold M’ of M containing x is called a stable manifold of A; at (x, w)
ifM C{yeM; (y,w)eTl},

T.M = Vi(x, o) 8.7)

and, for any constant A with A; < A < 0 and any compact subset C of M’,
there exists ¢ > 0 such that,

Vye Candt € Ry, dist(¢(w)x, dpr(w)y) < ce™. (8.8)

Note that, for a fixed y € M, the inequality in (8.8) holds for any A > A; if
and only if

lim sup % log dist(¢,(w)x, ¢:(w)y) < A;. (8.9)
1—>00

A stable manifold of A; at (x, w) is called maximal if it contains any stable
manifold of A; at (x, w). It is easy to see that if M’ is a stable manifold of A; at
(x, ) and if it contains any y € M for which (8.9) holds, then it is maximal.
For the stochastic flow generated by the stochastic differential equation
(8.3), the local existence of the stable manifolds for a negative Lyapunov
exponent can be found in Carverhill [13]. More precisely, it is shown that the
set M’ defined in the last paragraph is locally a submanifold and is tangent to
Vi(x, w) at x. Intuitively, one would expect that the maximal stable manifolds
of a negative Lyapunov exponents form a foliation of a dense open subset of
M. However, such a global theory of stable manifolds under a general setting

can be quite complicated (see chapter 7 in Arnold [4]).

8.2. Lévy Processes as Dynamical Systems

Throughout the rest of this chapter, let G be a connected semi-simple Lie
group of noncompact type and of a finite center with Lie algebra g and let ¢,
be a right Lévy process in G with ¢y = e.

We will continue to use the standard notations and definitions on semi-
simple Lie groups and Lévy processes introduced in the earlier chapters, but
with the following exception: The centralizer of A in K and its Lie algebra,
which are denoted by M and m in the earlier chapters, will now be denoted
by U and u. The reason for this is that we would like to reserve the letter M
to denote the manifold on which G acts. Similarly, the normalizer M’ of A in
K will now be denoted by U’.
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Applying the transformation g — ©(g)~! to Proposition 6.2, we obtain
the following result:

Lemma 8.1. Let {g;} be a sequence in G. Then the following two statements
are equivalent:

(a) There is a Cartan decomposition g; = %‘l,-a;-”n j such that a;-L is positive
contracting and Un; — Une for some oo € K N(N"UAN™).

(b) Let g; = kjajn; be the Iwasawa decomposition G = KAN™. Then
aj is positive contracting and nj — nu for some no, € N*.

Moreover, these statements imply that (N~AU)No = (N"AU )Ny,
(af)_laj convergesin A, and k; = Ejé;'_;, where K > E} — u forsomeu € U.

We now introduce the following hypothesis:

(H). G, is totally right irreducible and 7}, contains a contracting sequence
in G, and

/G I, TI(dg) < oo,

where || - || is the norm on g induced by the Killing form, G, and T}, are
respectively the group and the semigroup generated by the right Lévy process
¢;, and IT is the Lévy measure of ¢,. Recall that, for g € G, g, is the unique
element of p such that g = ke®» for some k € K.

See Section 6.6 for some sufficient conditions that guarantee conditions
for G, and T, stated in the hypothesis (H). Under this hypothesis, by Theo-
rem 7.4, the rate vector H' = lim;_, »,(1/¢) log a; exists, is nonrandom, and
is contained in a4, where a, is the A-component of ¢, in the Iwasawa decom-
position G = KAN™.

Denote by D(R., G) the space of all the cadlag functions R, — G. Define

1
A ={g() €e DRy, G); tlim " loga(t)= H" and n(co) = tlim n(t) exists,
—00 —00
where g(¢) = k(t)a(t)n(z) is the Iwasawa decomposition G = K AN},
(8.10)

By Lemma 8.1, if g(-) € A with Cartan decomposition g(¢) = £(t)a™ (£)n(z),
then (1/f)logat(t) > H* and (N-UAM(t) - (N"UA)n(co) =
(N~UA)n(oo) for some n(oo) € K as t+ — oo. By properly choosing
the two K-components in the Cartan decomposition, we may assume
n(t) — n(co).
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By Theorems 6.5 and 7.4, and noting that ¢,g is a right Lévy process
starting at g € G, we obtain the following result:

Proposition 8.1. Assume the hypothesis (H). Forany g € G, ¢.(w)g € A for
P-almost all w, where ¢.(w) denotes the map t — ¢;(w).

Lemma 8.2. Let g€ G and g(-) € A with Iwasawa decomposition
gt) =k®atn(t) of G=KAN™T. Then g(-)g € A if and only if g €
n(c0) "' (N"UANM).

Proof. Let ¢ =n(oco)g and ¢(t) = n(t)g. Then ¢(¢) — ¢. Let ¢ = k'a'n’
and ¢(t) = k'(t)a’(t)n'(t) be the Iwasawa decomposition G = KANT.
Then  (K'(t),d'(t),n'(t)) — (K',a’,n’) and  g(t)g = k(t)a@®)¢(t) =
k(t)a(®)k'(t)a’(t)n'(¢). Since, for large ¢ > 0, loga(t) € a,, we may regard
k(t)a(t)k(t) as a Cartan decomposition. Let k(t)a(t)k'(t) = k(t)a(t)ii(t),
where the right-hand side is the Iwasawa decomposition G = K AN". Then

g(H)g = k()am)i(t)a' (tHn'(t) = k(®[a@)a )1’ () it)a’ ()n'(1)].

Let g(t)g = k8(¢)a®(t)né(t) be the Iwasawa decomposition G = KAN™.
Then k8(¢) = k(1), a®(t) = a(t)a'(t), and n8(¢) = a’(t) " 'ii(t)a'(t)n' (). If g €
n(00) '(N"UAN™),then¢ = n(co)g € N"UAN  andsok’ € N"UAN™.
Since k'(t) — k', applying Lemma 8.1 to k(t)a(t)k'(t) = k(t)a(t)ii(t) yields
lim;_ o (1/¢)logd(t) = H* and the existence of lim,_, «, 7i(¢). Therefore,

1 1
lim — loga®(t) = lim — log[a(t)a’(t)] = H™
t—o00 t tt

and lim, n8(¢) = lim,[a’(t)~'7i(t)a’(t)n' (t)] exists; that is, g(-)g € A. How-
ever, if g(-)g € A, then from lim,;_(1/t)loga8(t) = H" and the exis-
tence of lim,_, o, n8(¢), we get lim,(1/1)loga(t) = H™" and the existence of
lim, 71(t). Applying Lemma 8.1 again to k(t)a(t)k'(t) = k(t)a(t)ii(t), we see
that there exist u, u(t) € U such that u()k'(t) — uk’ € N"UANT; hence,
ke NNUANT.Since ¢ =k'a’n’, ¢ e N-UAN™ and

g =n(00)"'¢ e n(c0) {(N"UAN™). O
As in Section 7.5, let g = gggagn be the Iwasawa decomposition G =

KAN™ and let X = X; + X, + X, be the decompositiong = ¢ @ adnt.
Let Q' be the set of w € 2 such that

Ve >0, sup|[¢i(@)g,  (@)k] + <€ for sufficiently large > 0,
keK
(8.11)
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where, for any g € G, gy is the matrix representing the linear map Ad(gy):

g — g with respect to an orthonormal basis of g and |gil = [, ;(g07;1"/?

is its Euclidean norm that is independent of the choice for the basis. Let {0}

be the semigroup of time-shift operators associated to the Lévy process ¢,

defined in the previous section. By the cocycle property (8.1), it is easy to

show that Q' is {6, }-invariant in the sense that 6, !Q’' = Q' for any r € R,
Define

Iy={(g,w) € G xQ; ¢(w)g € A}. (8.12)

Let <I>? be the skew-product flow associated to ¢, regarded as a stochas-
tic flow on G = G/{e} given by CIJ?(g, w) = (¢ (w)g, b;w). For g € G, let
Io(g) = {w € Q; (g, w) € I'p}, and call it the g-section of I'y. For w € 2, let
Iy(w) = {g € G; (g, w) € 'y}, and call it the w-section of I'y. The projection
of I'y to Q is

Qo = {w € Q; T'g(w) is nonempty}. (8.13)

For g € G, let n{ be the N T-component of ¢, g in the Iwasawa decomposition
G = KAN™. Note that né_(w) = lim,_, « nf (») exists for v € Ty(g).

Proposition 8.2. T’y is {Q?}—invariant, Qo is {0;}-invariant and, for any w €
Qo,

¢r(@)To(w) = To(Orw). (8.14)

Moreover, under the hypothesis (H), P[T'o(g)] = 1 for any g € G, and, for
(g, w) €Iy,

To(w) = gné. () "N UAN™. (8.15)

Proof. The {®?}-invariance of Iy follows from the {6, }-invariance of Q' and
the cocycle property (8.1). From this itis easy to show the {6, }-invariance of €2
and (8.14). By Proposition 8.1, P[I"g(g)] = 1 forany g € G. By Lemma 8.2,
for any h e G, (gh,w) ey if and only if h € ng’o(a))’lN’UAN*;
hence, gh € I'p(w) if and only if gh € gngo(w)_lN_UAN+. This proves
(8.15). O

Note that P[I"g(g)] = 1 implies P(£2p) = 1. By (8.15), for w € Q, ['y(w)
is an open subset of G with a lower dimensional complement. The expression
of I'p(w) given in (8.15) should be independent of the choice of g € I'y(w).
This can also be verified directly by using Lemma 8.3 that follows.
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Let ¢, = §.a;"n, and ¢, = k,a,n, be respectively a Cartan decompo-
sition and the Iwasawa decomposition G = KAN™. For any g € G, let

g = E5a8 0t = kBafnf be the corresponding decompositions for ¢,g.

Lemma8.3. Letg, h € Gandw € Ty(g) N To(gh). Then (N‘UA)nﬁé’(w) =
(N~UA)ng (w)h. Consequently, hngé'(a))’l = ngo(a))’lr for some r €
N~-UA.

Proof. Leth = kan be the Iwasawa decomposition G = K AN *. By assump-
tion, ¢.(w)g € A and ¢.(w)gh € A.ByLemma8.2,h € ngo(a))_lN_UAN+.
This implies

k € né (w)'N"UANT;

hence, ¢.(w)gk € A. This implies that (N~ UA)ngé‘(a)) =(N— UA)ngf(a)) =
(N~U A)nS,(w)k =(N~U A)né_(w)k. Since ¢, gh = ¢, gkan = kf*af*nf*an =
s as* a)a"'n* an), we see that n®" = a='n*an. Therefore,
(N~U A (w) = (N"UA)a™"'n8* (w)an = (N~U A)né (w)kan

= (N~U A)ns(@)h. 0

As in Section 7.4, let { X1, ..., X} be an orthonormal basis of g such that
each X; is contained in g, for some root & or « = 0, which will be denoted
by o

For (g, ®) € T, let 1 (1) = hf;(t, @) be defined by

d
Ad(nf (n%) ) X; = Y K (0X.. (8.16)
j=1

Then Af(t) = 1, and hfj(t) =0ifi # jand ;(H') < oj(HY).
The next result follows directly from Theorem 7.6 by noting that the ex-
pression in (8.11) is unchanged when ¢, is replaced by ¢, g.

Proposition 8.3. Under the hypothesis (H), if (g, ) € 'y, then, for any
e >0,

|h‘l-gj(t, w)| < exp{—t[a;(H) — Otj(H+) —¢l} for sufficiently large t > 0.
(8.17)
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8.3. Lyapunov Exponents and Stable Manifolds

From now on, Q will denote a closed subgroup of G of a lower dimension
containing ANT and M = G/Q unless explicitly stated otherwise. Since
G = KAN™, we may also regard M as K/L for L = K N Q; hence, M is
compact and can be regarded as a homogeneous space of either G or K.

Let (-, -) be the inner product on g induced by the Killing form, given by
(5.3),andlet || - || be the associated norm. Recall that (-, -) is Ad(K)-invariant.
Therefore, its restriction on £ induces a K -invariant Riemannian metric on
M = K /L (see the discussion in Section 2.3). Let || - ||, and dist(x, y) denote,
respectively, the Riemannian norm on the tangent space at x € M and the
Riemannian distance between two points x and y in M.

Let g be the Lie algebra of Q. Then a @ n* C q. By the simultaneous diag-
onalization of the commutative family {ad(H); H € a} of the linear operators
restricted on g, which are symmetric with respect to (-, -), we obtain the direct
sum decomposition

q= [Z(g—a Naq)

a>0

®uNgdadn’, (8.18)

which is orthogonal under (-, -). The following proposition provides the cor-
responding decomposition at the group level. Note that, by the Bruhat decom-
position (5.15), any ¢ € G may be written as g = nvp withn € N~,v € U’,
and p € ANT.

Proposition 8.4. Let g = nvp withn € N~, ve U’, and p € AN*. Then
g€ Qifandonlyifn € Q andv € Q. Consequently, by Theorem 5.4,

0= U (N~ N QwU N Q)ANT, (8.19)

vel’'NQ

where any two sets in the union are either identical or disjoint, and
(NN OYUN QAN is a diffeomorphic product. Moreover, N~ N Q =
exp(n™ N q).

Proof. Since ANt C Q, if nup € Q, then nv € Q. Let a; be a positive
contracting sequence in A. Then aj_lv = vb; for some b; € A and Q >
ajnvb; = a_inaj_lv — v. This proves that v € Q; hence, n € Q. To prove
N~ N Q =exp(n~ Ngq), by Corollary 5.1, it suffices to show that N~ N Q is
connected. Any element of N~ N Q may be written as e¢? for some ¥ € n™.
Let a: Ry — A be a continuous and positive contracting function. Then
N~ N Q 3 a@)e’a(t)”' — e. This shows that ¥ is connected to e. O
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Let m: G — G/ Q be the natural projection and let 0 = 7 (e) be the point
eQ in G/Q. Define

I'={(x,w) e M x 2; Jg € G suchthat x =go and (g, w) € I'y}. (8.20)

Let &, be the skew-product flow associated to the stochastic flow ¢, on
M = G/Q, given by ®,(x, w) = (¢;(w)x, 6,w). For any x € M and w € €,
let I'(x) and I'(w) be respectively the x-section and the w-section of I". Recall
that €2¢ is the projection of 'y to €2 and that P(€2¢) = 1. It is easy to see
that €2 is also the projection of I" to 2. The following proposition follows
immediately from Proposition 8.2.

Proposition 8.5. I" is {®,}-invariant and, for w € €,
di(@)(w) = T'(0w). (8.21)

Moreover, under the hypothesis (H), P[I'(x)] = 1 for any x € M, and, for
(g, w) €Ty,

T(w) = gné (w) 'Tn(N"UANT) = gné (w) "N Uo. (8.22)

By Propositon 5.19 and (8.22), for w € ¢, I'(w) is an open subset of
M = G/Q with a lower dimension complement. Note that this expression
for I'(w) should be independent of the choice of g € I'p(w).

For g,h € G and X € g, we may write gXh for DL, o DR;(X). Note
that any tangent vector in Tg,(G/Q) can be expressed as Dr(gZ) for some
Z € g. Since hrn(g) = mw(hg) forg,h € G, Dho Dn(gZ) = Dr(hgZ) for
Z € g.

Theorem 8.1. Assume the hypothesis (H) and regard ¢, as a stochastic flow
on M = G/Q. Let o be a negative root or zero. For any (x, w) € I, choose
(g, w) € g withx = go. Then

VY € Ad(né (o) )gx — (g« NI,
. 1
lim oo log | D¢y (@)Dt (Y )l g, e = (H™),

where [go — (8o N q)] is the set difference. Consequently, the Lyapunov ex-
ponents of the stochastic flow ¢, on M = G/ Q are given by a(H™), where «
ranges over all negative roots and zero such that g, is not entirely contained
in q. Therefore, all the exponents are nonpositive, and they are all negative if
and only ifu C g.
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Proof. Let{Xy, ..., X,} be the basis of g chosen as before. We may assume
that each g, M q is spanned by some Xs; hence, so is a subspace of g,
complementary to g, N q. For simplicity, we will omit writing w in this proof.
Then, for X; € [gy — (9o N )],

D¢, D [gAd((nS,) ") X;]
= D [pisAd((n5)™)X,) = D [Kafniad((ns,) )X,)

= D [kfAd(af)Ad(nf (n%) ') X,] = DAf o D Zhg(t)Ad( logaf) x,

= Dk? o Dr

’

Z hg (t)ead(loga,)

=Dk{ D lz h¥;()e® (10ga) X;

where the h;gj(t) are given by (8.16). Since (1/t)logaf — H™, the term with
i = j in this expression has the exponential rate «;(H") as t — oo. By
(8.17), the exponential rates of the other terms are not greater. This proves
the theorem by the orthogonality of the Xs. O

LetA; > Ay > --- > A; be the distinct Lyapunov exponents of ¢, on M =

G/Q and let
> fan (8.23)

a(H4)=<A;

where a ranges over all the roots and zero satisfying a(H ™) < A;. Since
A; < 0, the summation in (8.23) includes only g, for o < 0. Using [g,, gg] C
ga+p- it is easy to prove the following proposition.

Proposition 8.6.

(a) w; is a Lie subalgebra of g.
(b) If &; <O, then n; is an ideal of n™.
(c) If Ay =0, thenn; = n~ @ go.

Note that, if ¥ € Ad((né,(w)"")(gs N q), then Dr(gY) = gDm(Y) =
By Theorem 8.1, for (x, w) € I" and 1 <i <[, the subspace V;(x, w) of
T, M associated to the exponent %;, defined by (8.6), is equal to
Vi(x, ) = D [gAd(né (@) ")n;]. (8.24)
The multiplicity of A; is given by
di= Y dim(g)— Y dim(geNq). (8.25)

a(H)=A; a(H)=A;
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Let N; be the connected Lie subgroup of G with Lie algebra n;. Because
the exponential map is surjective on a connected nilpotent Lie group, N; =
exp(n;) if A; < 0. In this case, N; is a closed normal subgroup of N~. If
X1 =0, then Ny = N~ UpA, where Uj is the identity component of U, is a
closed Lie subgroup of G.

Lemma84. Forr e N“UAand1 <i <, rn; =n;r andrN; = N;r.

Proof. Tt suffices to prove the first equality. Since n; is a direct sum of some
g4, Where « is a negative root or zero, and g, = agea™! = ugou~' fora € A
andu € U, we need only to prove the claim forr =n € N~. We have n = ¥
for some ¥ € n~. Note that " n;(e¥)™! = ¢*™)n;. The space n; is either an
ideal of n~ or equal to n~ @ go with i = 1. In either case, e*¥n; Cn;. O

Let X* be the vector field on M induced by X € g defined by (2.3). Since
X*(x) is the tangent vector to the curve ¢ — e'*x at t = 0 for x € M, for
the sake of simplicity, we will write Xx for X*(x) € T, M. Moreover, for
g € G,regarded as amap on M, and v € T, M, we will write gv for Dg(v) €
ToexM. Then Dr(gXh) = gXho for X e gand g, h € G. Since N* C Q,
and Drr[gAd(q)Y] = Dn(gqY) =ggXoforge G,q € Q,and Y € g, we
see that Ad(ngo(w)’l) in (8.24) may be replaced by ngo(a))’l. It follows that,
for (x,w) €T,

Vi(x, w) = Drr [gné (0)'n;] = gné (@) 'm0, (8.26)

where g € G is chosen to satisfy x = go and (g, w) € T'y.

As the subspace of T, M associated to the Lyapunov exponent A;, V;(x, ®)
given by (8.26) should be independent of the choice of g. This can also
be verified directly as follows: A different choice of g in (8.26) can be ex-
pressed as g’ = gq for some ¢ € Q such that (gg, w) € I'y. By Lemma 8.3,
q(n8)~! = (n,)~'r for some r € N~U A. From this, it follows that r € Q
and, by Lemma 8.4,

gq (nﬁg)ilnio = g(nﬁo)ilrn,-o = g(nﬁo)ilniro = g(ngo)ilnio.

This shows that the expression in (8.26) is independent of the choice of g.

By Proposition 8.5, the set I" is invariant under the skew-product flow
®,. We now show that the subspace V(x, w) as a function of (x, w) € I' is
invariant under the stochastic flow ¢; in the sense that, vt € R,

P1(@)Vilx, ) = Vi o ®,(x, w) = Vi(¢r(w)x, Oyw). (8.27)
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To show this, use the cocycle property (8.1) to see that n,ﬂ_‘Y (w) = ni’ 6,w),
where h = ¢,(w)g. It follows that

(@) Vi(x, 0) = p(w)g né,(w) 'm0 = hnl (6,0) 'njo
= Vi(ho, ,w) = Vi(¢(®)x, b,0).

Theorem 8.2. Assume the hypothesis (H). Let (x, w) € " and let X; be a
negative Lyapunov exponent of the stochastic flow ¢, on M = G/ Q.

(a) Choose g € G such that x = go and (g, w) € I'y. Then
Mi(x, ) = 7 [gné () 'N;] = gné (w)'Nio (8.28)

is the maximal stable manifold of 1; at (x, w).

(b) If y € M;(x, w), then (y, w) € T and M;(y, w) = M;(x, w).

(c¢) M;(x, w) is invariant under the stochastic flow ¢, in the sense that, for
any t € Ry, di(@)M;(x, ) = Mi(¢,(@)x, 6,0).

Proof. Note that T, M;(x, w) = V;(x, w) is a direct consequence of (8.26)
and (8.28). To prove M;(x, w) is a stable manifold of X; at (x, ®), one needs
to prove that, for any A satisfying A; < A < 0 and any compact subset C
of M;(x, w), there exists ¢ > 0 such that (8 8) holds for any y € C. We may
assume C = g(ngo) ePoandy = g(ng, )~'e¥ 0, where D is acompact subset
ofn;andY € D.Let{X,, ..., X;} be the basis of g as given before. Assume
the roots «; including zero are ordered in (7.29). There is an integer o between
1 and d such that X, X,, ..., X, form a basis of n;. Then Y = Z‘j:” ciX;,
Where the coefficients c¢; remain bounded when Y is contained in D. Let
(t) be defined by (8.16). Then, omitting w, we have ¢;x = ¢, g0 = kfo

j m
and

¢y = ¢,g(n§o)7leyo =kfalnt (ngo)ileya

d
= kf exp | > Ad(af)Ad(nf (n8) " )e; X; | o

| j=0

= ki exp Zchhg (1)e 1°““>Xm 0.

j=o0 m=1

Because (1/7)logaf — H ando;(H") < A; < Aforo < j <d,by(8.17),
the expression inside exp[- - -] is bounded by ce’ for some constant ¢ > 0.
This proves (8.8) because, if 7 is a fixed point in M, then for any Z contained
in a compact subset of g, dist(z, e?z) < c1||Z|| for some constant ¢; > 0.
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Ifn; is replaced by n~ in the preceding computation, then it follows that
afnf(né)"'no — oast — oo uniformly for n contained in a compact subset
of N™.

To prove that M;(x,-) is the maximal stable manifold of A; at (x, w),
we need to show that, if z € I'(w) and z € M;(x, -), then liminf,_, (1/t)
log dist(¢;x, ¢;z) > A;. It suffices to consider the following two cases:

() z = g(n&,) 'nuo, wheren € N~ andu € (U — Q), and
(i) z = g(ngo)’lno, where n € [N~ — (N; U Q)].

In case (i),

asnf (nﬁo)ilnuo = exp [Ad(a/nf (nﬁo)il) logn]ain{ (n§0)71u0
= exp [Ad(af ) Ad(nf (ngo)_l) logn]uo.

By (8.17), Ad(a{)Ad(nf n8.)~ Ylogn — 0.Itfollows thatain (nﬁo)_lnu0—>
uo, dist(¢;x, ¢;z) — dist(k; 0, kS uo) = dist(o, uo) > 0, and

1
liminf — log dist(¢;x, ¢;2) = 0 > A;.
t—o00 f

In case (ii), n = exp(Zj{:T ¢;X;), where T is a positive integer < o such
that X, X-41,..., Xy formabasisof n™ andc, # Oforsome p < 0. We may
assume that a subset of {X1, ..., X;} form a basis of g and X, & q. In fact,
we may further assume that p is the smallest integerin {t,t + 1,...,0 — 1}
such that ¢, # 0 and X, ¢ q. Then

07

d
¢z =k exp Zc,Ad (af ) Ad(nf (n&, )71)Xj o=k} exp [Z Cr(HXom

j=t

m=1

where C,,(1) = 3¢ e C cihl; (t)e"‘m“"g"g) By (8.17) and the convergence of
(1/t)logaf to H, we can show that, for any m,

lim sup — log |Cn(®)| < o (H') < 0.

1—>00

Therefore, C,,(t) — 0 as t — oco. However, because n; (ng yYlent Cq,if
X € qandif X; € q, then hf,(t) = 0. It follows that, if X,, & q, then

mj

1
lim sup A log [Cn(1)] < oty (H™).

t—>00
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Since h%;(t) = 1, and hy, (1) = 0if j # m and a,,(H") < a;(H™), we have

Cp(t) = cpeolp(loguig) + Z cjhij(t)eap(logaf) )

p<j=d,ej(H")<a,(H")

It follows that lim,_, o(1/7)log |C,(1)| = o, (HT) > A;.

Let E be the subset of {1,2,...,d} such that {X;; j € E} is a basis of
gandlet F={1,2,...,d} — E.If&§ =(&,...,&;) € R? is contained in a
small neighborhood V of 0 in R4, then

d
exp (D EX; | =exp (Y fiOX; |exp [ Y fiOX, |,
j=1

JjeF JjEE

where f;(§) are analytic functions defined for & € V and f;(§) =§&; +
O(|1*) for1 < j <d.Since fi(¢) =0forj € Fifér =0, whereér = {§;;
j € F} e R, it follows that fi(¢)=£&;+ O(&r| - |§]) for j € F. We have

¢z =kfexp |y f{(Ci(0),..., Ca)X; | 0

jeF
and
1 1 .

lim —log|f,(Ci(t),...,Cq(t))] = lim —log |Cp(1)| = ap(H™) > A;.

t—o00 t t—o0 f
This implies that

litm inf(1/¢) log dist(¢,x, ¢;2) > A;.
—00

Part (a) is proved.

To prove (b), note that, if y € M;(x, w), then y = ghQ, where h =
(ng,)"'n for some n € N;. By Lemma 8.2, ¢.(w)gh = [¢.(w)glh € A. This
implies that (gh,w) € 'y and (y,w) € I'. By Lemma 8.3, gh(rugg)‘1 =
gn8,)"'r for some r € N"UA. It follows that ghQ = gh(n$")~1Q =
s ) 'rQ, (n8 ) 'rQ =hQ = (n8,)"'nQ,rQ =nQ, and

M(y, ) = gh(nﬁé’)ilNio = g(nﬁo)ierio = g(nﬁo)ilN,-ro
= g(n‘go)_lNino = g(nﬁo)_lN,-o = M;(x, ).

Part (c) is proved in the same way as (8.27). O
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Letl <i <IwithA; <0.ThenN; C N™.For(g,w) e 'gand7 =rN; €
(N"U)/N;, let

M;(F, g, w) = gnﬁo(a))_ln(rN,-) = gngo(w)_er,-o. (8.29)
Then by (8.22),
UMiF. g.0) =T(). (8.30)

where 7 ranges over (N~U)/N;.

Proposition 8.7. Ler (g,w)eTly. If 7F=rN; € (N"U)/N;, then
M;(F, g, w) = M;(x, ®) for x = gné (w)~'ro. Consequently, the family of
the stable manifolds {M;(x, w); x € I'(w)} coincides with {M;(F, g, w); ¥ €
(N"U)/Ni}.

Proof. Leth = ngo(a))’lr. By Lemma 8.2, (gh, ) € I'g, and by Lemma 8.3,
h ngé’l(a))’i = ngo(w)’lr’] for some r’ € N~ UA. Then ng’o(a))’lrQ :th :]
hn$(@)™ 0 = nlgo(a))_ r'Q, so rQ1 =r'Q and M,-(xl, w) = gh ngo(a))_1
Nio = gné_ (w)” r'Nio = gné (w)” Nir'o=gn (w)” Niro=gné ()~

rN;o = M;(F, g, o). O

Let M be an arbitrary manifold. A family of submanifolds {M,; o € X} of
M of dimension k is said to be a foliation of M, or M is said to be foliated by
{M,;o € X},ifany x € M has acoordinate neighborhood V with coordinates

X1, ..., Xq such that each subset of V determined by
Xg+l = €1, Xg42 =C25...y Xg = Cq—k
is equal to M, NV for some o € X, where ¢, ¢, ..., cy—; are arbitrary

constants. The submanifolds M, form a disjoint union of M and are called
the leaves of the foliation.

Lemma 8.5. Let H, and H; be two closed Lie subgroups of a Lie group H
with Hy C H, and let p be the point eHy in H/H,. Then {hHyp; h € H} is
a foliation of H/H,.

Proof. The set H,p may be identified with H,/H; and is a submanifold
of H/H; when equipped with the manifold structure of the homogeneous
space. We first show that H, p is a topological submanifold of H. Since H,
is a closed Lie subgroup of H, it is a topological Lie subgroup of H. Any
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open subset of H, has the form O N H, for some open subset O of H. It
follows that any open subset of H; p has the form (O N H,)p. It is clear that
(ON Hy)p C(Op)N(Hyp). If x € (Op) N (Hyp), then x = hp = h'p for
h e O andh' € H,. Since H C H,, h € h"H; C H,. This implies that x €
(O N Hy)p and hence (O N Hy)p = (Op) N (H,p). Since any open subset
of H/H; has the form Op, this proves the claim that H,p is a topological
submanifold of H/H;.

To prove the lemma, it suffices to show that there is a coordinate neigh-
borhood V of p in H/H, that has the property required in the definition
of foliation because then AV is such a neighborhood of hp for any h € H.
Let Yy,...,Y; be a basis of the Lie algebra of H such that X, ..., X,

form a basis of the Lie algebra of H, and X;y, ..., X, form a basis of
the Lie algebra H; for some integers k < b <d. Let n =k +d — b. Con-
sider the map ¥: R* — H/H, given by x = (x1,...,x,) — hxh)%p, where

h, = exp(Z;’:—lk Xi4iYpei) and B2 = exp(Zf:l x;Y;). The map  is regular
at x = 0 with {(0) = p. There is a neighborhood W of 0 in R” such that y:
W — (W)isadiffeomorphism. Note that, because H; C H,,foranyh, h’ €
H, hH,p and I’ H, p are either identical or disjoint. Since H, p is a topolog-
ical submanifold of H/H,, by choosing W small enough we may assume
that, if x € W with h, # e, then hyHyp # H,p. There is a neighborhood
W, of 0 in R” such that W, C W and, for x, y € Wy, h'h b3 p = hoh?p for
some z € W.Let V = y(W)). To finish the proof, it is enough to show that, if
x,y € Wywithh, # hy,thenh,H,p # hyH,p. Otherwise, hxhﬁp € hyHyp
and hzhgp = h",lhxh)%p € H,p. It follows that h, = e and hxhip = hyhgp.
This is impossible because y: W, — V is a diffeomorphism. O

As a direct consequence of Lemma 8.5, if H' is a closed Lie subgroup of
a Lie group H, then the family of the left cosets, {# H’; h € H}, is a foliation
of H. The same is true for the family of the right cosets.

Proposition 8.8. For 1 <i <l withA; <0, {rN;o; r € N~U} is a foliation
of t(N~U) = N~ Uo. Moreover, ifi <landr € N~U, thenr N;o is foliated
by {sN;y10; s € rN;}.

Proof. Note that N; is a closed normal subgroup of N~. It follows that
N;(N~ N Q) is a Lie subgroup of N~. It is connected because both fac-
tors N; and N~ N Q are connected (see Proposition 8.4 for the connect-
edness of N~ N Q). By Corollary 5.1, N;(N~ N Q) is a closed subgroup
of N~. By Lemma 8.4 and the compactness of U, it is easy to show that
N;(N“NQO)UN Q) is a closed subgroup of N~U. By Proposition 8.4,
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(N"U)NQ=(N"NQE)U N Q). Now Lemma 8.5 may be applied with
H=N"U, H=(N"U)NQ, and H, = N;H, to conclude that {rN;o;
r € N~U} is a foliation of m(N~U) = N~ Uo. To prove the second state-
ment, note that N; contains N;; as a closed normal subgroup and Lemma 8.5
may be applied with H = N;, H; = N; N Q, and H, = N;;; H| to show that
N;o is foliated by {sN;,10; s € N;}. 0

As a direct consequence of Proposition 8.8, we see that, under the hy-
pothesis (H), if (g, w) € Iy and A; < O, then {M;(7, g, w); ¥ € (N~ U)/N;}
is a foliation of the open set I'(w) given by (8.22). Moreover, if i < [/, then
each M;(7, g, w) is foliated by M; (5, g, w) with § = sN;+1 € rN;/N;11.
By Proposition 8.7, we obtain the following result:

Corollary 8.1. Assume the hypothesis (H). Let w € Q2 and A; < 0. Then
{M;(x, ®); x € T'(w)}, the family of stable manifolds of the exponent A;, is a
foliation of T'(w). Moreover, if i < I, then each stable manifold M;(x, w) is
foliated by {M;1(y, ®); y € M;(x, w)}, the family of the stable manifolds of
the exponent A; | contained in M;(x, w).

Applying the Iwasawa decomposition G = K AN~ to g(n%,)~" in (8.22)
and (8.29), we see that, for w €

IN'w) =n(w)N " Uo (8.31)
and, for x € I'(w) and A; < O,
M;(x, w) = n(w)rN;o forsomer € N_ U, (8.32)

where 7 is a K-valued random variable. Recall that we have chosen a K-
invariant Riemannian metric on M = K /L. This means that I'(w) and the
family of stable manifolds {M;(x, w); x € I'(w)} are the images of N~ Uo
and {r N;o;r € N~ U}, respectively, under the same isometric transformation:
M > x — n(w)x € M. Therefore, up to a random isometric transformation,
we may regard N~ Uo as I'(w) and r N;o, r € N~ U, as the stable manifolds
of A;, the former being an open dense subset of M foliated by the latter.

8.4. Stationary Points and the Clustering Behavior

As in the last section, ¢; is aright Lévy process in G with ¢y = e considered as
astochastic flowon M = G/Q, where Q is aclosed subgroup of G containing
ANT. Assume the hypothesis (H) holds. Let (H™)* be the vector field on
M = G/Q induced by the rate vector H*. Then e’" is the flow of the vector
field (H1)*. Recall that M is equipped with a K -invariant Riemannian metric.
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By the Cartan decomposition ¢, = &:a;"n,, for large time 7, the stochastic flow
¢; on M may be regarded as approximately composed of the following three
transformations: a fixed random isometric transformation 7.,, followed by
the flow of the vector field (H)*, and then followed by a “moving” random
isometric transformation £,. Because only the second transformation causes
geometric distortion on M, the asymptotic behavior of the stochastic flow ¢,
is largely determined by the flow of the single vector field (H*)*.

In general, a point x € M is called a stationary point of a vector field X on
M if X(x) = 0. This is equivalent to saying that x is a fixed point of the flow
Y, of X. A stationary point x will be said to attract a subset W of M if Vy € W,
Y (y) — x as t — oo. It will be said to repel W if there is a neighborhood
V of x such that Vy € W — {x}, ¥,(y) € V when ¢ > 0 is sufficiently large.
A subset W of M is called invariant under the flow v, if Vy € W and ¢ > 0,
Y,(y) € W. A stationary point x of X will be called attracting if there is an
open neighborhood V of x that is a disjoint union of positive dimensional
submanifolds V,, such that each V,, is invariant under v, and contains exactly
one stationary point that attracts V,,. It will be called repelling if there is an
open neighborhood V of x such that the set of nonstationary points in V' is an
open dense subset of V that is repelled by x. It will be called a saddle point
if there are an open neighborhood V of x and a submanifold W containing
x such that 0 < dim(W) < dim(M), and x is attracting for the vector field X
restricted to W and repels V — W. In this case, the saddle point x will be said
to attract inside W. These definitions may not be standard and do not cover
all possible types of stationary points, but they are sufficient for our purpose
here. If a stationary point is not isolated and is one of the three types defined
here, then all the nearby stationary points must be of the same type.

Recall that o is the point eQ in G/Q and q is the Lie algebra of Q.

Proposition 8.9. (a) The stationary points of (H)* on M = G/Q are pre-
cisely x = vo forv € U'.
(b) Forv € U’, vo is attracting if and only if vo = uo for some u € U.
(c) Forv € U', vo is repelling if and only if Adv™"")n~ C q.
(d) If x = vo for v € U’ is neither attracting nor repelling, then it is a
saddle point that attracts inside the complement of N~ Uo in M.

Proof. Any point x € G/Q is contained in N ~vo for some v € U’. Because
U’ normalizes A and, for Y € n~, Ad(exp(t H"))Y — Oast — oo, it follows
that, for n € N=, N~ vo > exp(t H")nvo — vo as t — oo. From this it is
easy to see that x is a stationary point of (H1)* if and only if x = vo for
some v € U’. Since N uo, u € U, form a foliation of the dense open subset
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N~ Uo of G/Q, it follows that uo is an attracting stationary point of (H™)*
for u € U, and the stationary points not contained in U o cannot be attracting.
Now let v € U’ with vo & Uo. Then N~ vo is a submanifold of G/Q of a
lower dimension and is attracted by vo. It follows that vo is either a repelling
or saddle point. It is repelling if N~ vo contains only the point vo, that is,
vexp[Ad(v""n"]o = vo or Ad(v"")n~ C q. Otherwise, the complement of
N~Uo in M satisfies the condition stated for W in the definition of a saddle
point. (]

A probability measure p on M = G/ Q will be called irreducible if it does
not charge the complement of gN~Uo in M for any g € G. This generalizes
the notion of irreducible measures on G/(M AN ™) given in Section 6.4.

The space M = G/Q may be identified with K /L with L = QO N K. Let
kL. K — K /L be the natural projection. Denote by vy the normalized Haar
measure on U and let v = mg,; vy, where the measure vy on U is regarded
as a measure on K supported by U. Then v is a probability measure on
K /L supported by Uo = g, (U) that may be identified with U/(U N L).
Moreover, it is U-invariant in the sense that Yu € U, uv = v. In fact, v is
the unique U-invariant probability measure on g, (U) (see [27, chapter I,
theorem 1.9] and the remark after its proof). A probability measure p on K
will be called right U-invariantif R, p = pforanyu € U,where R,: K — K
denotes the right translation k +— ku on K.

Proposition 8.10. Assume the hypothesis (H). Let p be an irreducible prob-
ability measure on M = G/Q. Then, for any neighborhood W of Uo,
¢:p(&W) — 1 almost surely as t — oo. Moreover, if p = wg 1, p’, where
o' is an irreducible and right U-invariant probability measure on K, then
almost surely ¢, p — Ev — O weakly as t — o0.

Proof. As aneighborhood of Uo, W must contain e"Uo, where Vis a neigh-
borhood of 0 inn~. Since (¢,")'e"a,;" = exp[Ad((a,;))")V] 1+ N~ ast 1 o0
andaUo = Uofora € A,

dipEW) > p(¢;'Ee" Uo) = p[n; ' (a)'e" Uo] — p(n) N~ Uo).

The last expression is equal to 1 by the irreducibility of p. This proves the
first claim. To prove the second claim, fix an @ for which the conclusions of
Theorem 6.5 hold. For simplicity, we will omit writing this @ in the rest of the
proof. Recall that the natural action of G on G/(AN™) induces the *-action
of G on K = G/(AN™). (See the discussion at the end of Section 5.3.) Let
J:n! N~ % U — U bethe mapdefinedby J:x = n'n*u +> uforn € N~
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and u € U. Then
a;’n,x = a;’(n,n;ol)n kU = a;Ln, * U, = [(a;*)n,(a;“)_l] *xu; > u = J(x)

ast — oo, where n, € N~ and u, € U are determined by n,ngoln *U =n; *
u, and thus satisfy n, — n and u, — u.Itfollows thata; n,p’ — Jp’ weakly.
Since J(x)u = J(xu) forx € K and u € U, itis easy to show from the right
U-invariance of p’ that Jp' is a right invariant probability measure on U
hence, Jp’ = vy. This implies that

¢t:0/ —&vy = Et(a[ﬂ?tp/ —vy)—>0

and ¢;p — &v = g1 o — &g/ vy = JTK/L(¢,p/ —&vy) — 0 weakly.
O

This proposition shows a clustering property of the stochastic flow ¢,: It
transforms an irreducible probability measure p on M into a random measure
¢, p that is more and more concentrated on the “moving” random set &, Uo,
an isometric image of the set of attracting stationary points of (H1)*, as
t — 00. Moreover, under an additional assumption, this random measure is
approximately equal to & v, an isometric image of the unique U-invariant
probability measure v on wg /; (U), for large ¢ > 0.

Recall that G, is the closed group generated by the Lévy process ¢,. It is
assumed to be totally right irreducible in the hypothesis (H). However, this
hypothesis is not assumed in the following proposition.

Proposition 8.11. Assume G, is totally left irreducible. Then a stationary
measure p of ¢; on M = G/Q = K/L is irreducible.

Proof. Let  be the probability measure on G defined by (6.22). As a station-
ary measure, p is p-invariant. We now show that there is a u-invariant proba-
bility measure p on K = G/(ANT) withmg,, p = p.Let M 5 x = k, € K
be a measurable map with 7wk, (k) = x, let v be an arbitrary probabil-
ity measure on L = Q N K, and define a probability measure p’ on K by
p'(f) = [ flkyv)v(dv)p(dx) for f € B(K)4. Then g/, p' = p. It is easy
to show that any weak limiting point p of the sequence of the probability
measures (1/n)(p' + S'=] u* % p') is p-invariant and satisfies 7x .5 = p,
where p* denotes the i-fold convolution of . Note that 7x,y p is a u-
invariant probability measure on K /U and, by Theorem 6.3, is irreducible.
From this it follows that p is irreducible on K and hence p = mg/r p is
irreducible on K /L. O
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Proposition 8.12. Assume the hypothesis (H) and the total left irreducibility
of G .. Then there is a unique stationary measure px of ¢, on K that is right
U-invariant.

Proof. 1t is easy to see that, if p’ is a stationary measure of ¢, on K, then
PK = f v Ru p'vy(du)is aright U-invariant stationary measure on K . To show
that such a pg is unique, suppose p is another right U-invariant stationary
measure on K. By Theorem 6.4, there is a unique stationary measure on
K/U. Since both g,y p and g,y px are stationary measures on K /U,
they must be identical. For any f € B(K)4, let fy(kU) = [ vy(du) f (ku).
Then fy € B(K/U)4,and, by theright U-invariance, p(f) = mg v p(fv) =
kv Pk (fu) = px(f). This proves p = pg. O

Let p = 7k, px- Then p is a stationary measure of ¢; on K/L. As a
consequence of Propositions 8.10-8.12, we obtain the following result:

Corollary 8.2. Under the hypothesis (H) and the total left irreducibility of
G, if ¢ has a unique stationary measure p on M = G/Q, then, almost
surely, ¢;p — &v — 0 weakly as t — 0o, where v = g1 vy and vy is the
normalized Haar measure on U.

8.5. SL(d, R)-flows

In the remaining sections, we consider some examples of stochastic flows that
are induced by right Lévy processes in two special matrix groups, namely, the
special linear group SL(d, R) and the connected Lorentz group SO(1, d)+
for d > 3. The hypothesis (H) will be assumed to hold in all these examples.
Recall that a right Lévy process in a Lie group G regarded as a stochastic
flow on a manifold M is called a G-flow on M.

In Section 5.4, these two matrix groups have been discussed in some detail.
We will use the notation introduced there; however, remember that m, M, and
M’ are now denoted by u, U, and U’ respectively.

Let ¢, be a right Lévy process in G = SL(d, R) with ¢y = e = I; satis-
fying the hypothesis (H). Its rate vector is given by

IiJr = diag(bl, bz, PN bd) with b] > b2 > > bd and Z;izl bi =0.

(8.33)
Note that, by Theorem 7.5 and (6.9), if ¢, is continuous and left K -invariant,
then by — b, =by — b3 =---=by_; — by. If Q is a closed subgroup of G

containing ANT with Lie subalgebra q, then gy = a C q. By Theorem 8.1,
when ¢, is regarded as a stochastic flow on M = G/Q, its Lyapunov
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exponents are negative and are given by —(b; — b;) for i < j such that
Ej; € q, where E;; is the matrix that has 1 at place (i, j) and O elsewhere.

Although the connected general linear group G = GL(d, R).. is not semi-
simple, it is isomorphic to the product group R, x G, where G = SL(d, R),
viathe map (R x G) 5 (a, g) — ag € G,and M = G/Q may be identified
with G/Q, where Q = R, x Q. We will write S(g) for the G-component of
g € G under the product structure G = R, x G. Itis easy to show that, if g,
is a right Lévy process in G, then ¢, = S(3,) is a right Lévy process in G.
For example, if g, is a right invariant diffusion process in G satisfying the
stochastic differential equation

m
dg, = Z Lo dW! + Yog,dt (8.34)
on GL(d, R),, where Yy, Yy, ..., Y, are linear combinations of E i, that is,
Y, = Z‘jk 1 €ijk E jx for some constants ¢;jx, and W, = (wh ..., W/} is an

m-dimensional standard Brownian motion, then ¢, = S(g,) is aright invariant
diffusion process in G satisfying the stochastic differential equation

dgy =Yg, o dW/ + Yog,dt, (8.35)
i=1

where Y; = ¥; — ¢;jI; € g = sl(d, R) for the unique constant ¢;. The hy-
pothesis (H) holds for the right Lévy process ¢, if ¥y, Y1, ..., ¥;, generate
g = gl(d, R) and if a symmetric matrix with distinct elgenvalues may be found
in the Lie algebra generated by Y1, ..., ¥,,.

Example 1. (SL(d, R)-flow on SO(d)). Consider ¢, as a stochastic flow on
M = K = SO(d), which may be identified with G/Q with Q = AN*. Then,
forany i > j, E;; € q. The number [ of the distinct Lyapunov exponents de-
pends on the set {(b; — b;);i < j}, where the constants b; are given in (8.33).

Itby —by=0by—b3=---=by_1 — by = c, thenl reaches its smallest pos-
sible value d — 1 and the distinct exponents are —c, —2c¢, ..., —(d — 1)c with
multiplicities (d — 1), (d — 2), ..., 1, respectively. In the other extreme case,

if all the numbers (b; — b;) for i < j are distinct, then / reaches its largest
possible value d(d — 1)/2 and the distinct exponents are given by —(b; — b;)
fori < j, which are all simple.

By Proposition 5.20,

N xe={k € SO); det(k[i]) > Oforl <i <d}.
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Recall that, for any square matrix g, g[i] denotes the submatrix formed by
the first i rows and i columns of g. Since N; = N, by (8.32), the stable
manifolds of the top exponent can be indexed by u € U and are given by

Nw)uN~ xe) =n(w)(N~ *xu) =n(w) (N~ xe)u foruelU (8.36)

for P-almost all w, where n(w) is an S O(d)-valued random variable. Recall
that U is the group of diagonal matrices with diagonal elements equal to -1
and with an even number of — Is; hence, it has 2¢~! elements.

By the expression of U’ given by (5.19), any v € U’ is a permutation
matrix v = {£6;,(;)} for some permutation ¢ on {1, 2,...,d}, where the
distribution of + signs must satisfy det(v) = 1. It follows that U’ has 2¢~'d!
elements. By Proposition 8.9, U’ can be identified with the set of the stationary
points of the vector field (H)* on SO(d), and U with the set of the attracting
stationary points. To determine whether apointv € U’ — U isrepelling, again
by Proposition 8.9, we calculate Ad(v™ )Y = v='Yv,for Y = {Y¥;;} en™, to
see whether it is contained in g, that is, whether it is an upper triangular matrix.
Since Ad(v™")Y = {Y,()0(j)}, We see that for this to be an upper triangular
matrix for any ¥ € n~, the permutation o must be the one that sends 1 to d,
2to(d—1),...,d to 1; thatis, v = {£8; 4—;+1}. It follows that there are
exactly 29~ repelling stationary points.

Example 2. (SL(3, R)-flow on SO(3)). We now take a closer look at the case
of d = 3 in Example 1, that is, an SL(3, R)-flow on SO(3). This stochastic
flow has two or three distinct Lyapunov exponents. We will describe geomet-
rically the stable manifolds for the top exponent A and the smallest exponent,
which is either A, or Az, and locate the stationary points of the vector field
(HF)*.

Lete;, ey, e3 be the standard basis of R3 and let x1, x5, x3 be the coordinates
associated to this basis. For v € R3, let R(v) denote the rotation on R? by the
angle |v| around the axis that contains v in the positive direction. Then R(0)
is the identity map on R3, R(v) = R(—v) if |v| = 7, and

SOQ3) ={R(u); |u| <m}. (8.37)

Therefore, SO(3) may be identified with the ball B,(0) of radius 7 in R3
centered at the origin if any two antipodal points on its boundary are identified.
Fork € SO(3), using k' = k~! and the cofactors of the matrix k, it is easy to
show that det(k[2]) = k33. Therefore,

N-se={keSOQ3); ki >0andks; > 0}. (8.38)
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Figure 1. Determination of angle 6 when R(v);; = 0.

Let u; = R(re;) for i =1,2,3 and let uy9 =e¢ = R(0). Then U =
{ug, uy, uy, uz}. Thesets N~ xu; = (N~ xe)u;, N~ *xup; = (N~ * e)uy,and
N~ % u3 = (N~ % e)us can be expressed by (8.38) when the two inequalities
ki1 > Oand k33 > Oarereplacedby kj; > Oandkss < 0,k;; < Oand k33 < O,
and k;; < 0 and k33 > 0, respectively.

By (8.36), the stable manifolds of the top Lyapunov exponent A; are open
subsets of SO(3) that are, up to a left translation by some n(w) € SO(3),
equalto N~ xu; fori =0,1, 2, 3.

For v € R? with |v| < 7, let 6 be the angle between e; and v. Note that
R(v)1; is the orthogonal projection of R(v)e; to e;. Clearly, if 8 < 7 /4,
then R(v)1; > 0.If 7 /4 < 6 < m/2, then, from Figure 1, it is easy to see that
R(v);; > Oifand only if |v| < 7 — cos™!(cot? §). The inequality R(v);; > 0
determines a region inside B, (0) enclosed by a surface that looks like a hy-
perboloid of one-sheet along the x;-axis. Similarly, the inequality R(v)33 > 0
determines such a region along the x3-axis. The set N~ x e is the intersec-
tion of these two regions. Let A, B, C, and D be the regions inside the
ball B, (0) determined by the sets N~ e, N~ % u;, N~ % up, and N~ * us,
respectively. Their cross sections with the (x, x3)-, (x2, x3)-, and (xy, x2)-
planes are depicted in Figure 2. The stable manifolds of the top Lyapunov
exponent A; are obtained by the left translations of these four sets by a random
n(w) € SOQ3).

By the discussion at the end of Example 1, the vector field (H™)* has
22 . 3! = 24 stationary points. There are four attracting stationary points, u;
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Figure 2. SL(3, R)-flow on SO(3) represented by B, (0). Stationary points of (H*)*:
e, attracting; X, repelling; *, saddle.

fori =0, 1, 2, 3, which are shown in Figure 2 as solid dots. There are four
repelling stationary points,

T ey —es3 4
U()—R(§€2), U1—R<7T ﬁ >, UQ—R(—Eeg), and
el +e3
v3:R<rr )
V2 )

which are shown as crosses. The other stationary points are saddle points.
Only eight of them,

rozR(%el), rlzR(—%el), rzzR(nezj;3>,

are shown as asterisks. The remaining saddle points,

_R<27r <el+ez+e3>> _R(2n (—el—ez+e3>>

p()— 3 ﬁ ﬂp]_ 3 ﬁ )
2w (e1 —ex —e3

—R(Z= (2127

(5 (55):
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_R<2JT <—€1+€2—63>> _R<27T <—el—€2—€3>>
p3_ 3 ﬁ ) QO— 3 \/g )
_R<2n <el—ez+e3>>
qi1 = 3 ﬁ s
2 €1+€2—€3>) (27‘[(—61+62+€3))
=R|— | — , and =R|—( ————— ,
o (3 ( 73 "= V3

are not shown because they are not contained in any coordinate plane. Note
that

v; = Vol;, Fi =ToUi, S =Sol;, p;= pouj, and g; =qou; (8.39)

for i =1, 2, 3. These relationships can be verified easily by either writing
down the corresponding matrices or examining the images of e; under the
linear maps on the both sides of the equations. The directions of the vector
field (H™)* are shown as arrows in Figure 2.

The stable manifolds of the smallest Lyapunov exponent are given by
n(w)(nN; xu;)forn € N~ andi =0, 1, 2, 3, where n(w) € SO(3) and Ny is
the one-dimensional Lie subgroup of N~ whose Lie algebra is the linear span
of E3;. We will describe the one-dimensional sets nN * u; = (nNy * e)u;
geometrically. For real a, b, c, let

1 00 1 —a—bc ac—>b
n(a,b,c)=|a 1 0| and h(a,b,c)= |a 1+b*—abc —c
b ¢ 1 b c+a’c—ab 1

Then N~ = {n(a, b, c); a,b,c € R} and Ny = {n(0, t,0); t € R}. Let vy,
V2, v3 and w;, wy, ws be the column vectors of the matrices n(a, b, ¢) and
h(a,b,c), respectively. Then w; =v;, wy = —(a+ bc)v; + (1 +a® +
b?)v,,and wy, wo, w3 are mutually orthogonal. Moreover, det[4(0, 0, 0)] = 1,
so by orthogonality and continuity, det[4(a, b, ¢)] > O.

Let k(a, b, ¢) be the matrix formed by the three column vectors w; /|w]|,
wy/|w,], and ws/|ws|, which are obtained from the column vectors of
n(a, b, c) by a Gram—Schmidt orthogonalization procedure. It follows that
k(a, b, c¢) is the K-component of n(a, b, ¢) in the Iwasawa decomposition
G = KAN™, where K = SO(3), and

N~ xe={k(a,b,c); a,b,c e R} (8.40)
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By the expression for h(a, b, ¢), it is easy to show that

0 0 =1
k(a,b,c)— |0 1 0 asb — +o0.
+1 0 O

Since n(a, b, c)n(0, t,0) = n(0, t, O)n(a, b, c) = n(a, b +t,c), we see
that the set nN; * e for fixed n € N~ is a curve inside region A connect-
ing the two repelling stationary points vo = R(5e;) and vy = R(—7ey) in
Figure 2. More precisely, it is a smooth curve y: R — A such that y () — vy
ast — —ooand y(t) — v, ast — +o00. Note that

(14562712 0 —b(1 + b*)~1/2
k(0,b,0) = |0 10 = R(ae),
b(1+b>)"12 0 (14b>)12

where o = — sin~![b(1 4 b*)~ /2] with |&| < 7/2 for b € R. Therefore, the
curve N; * e is the solid line segment connecting vy and v, inside region A
depicted in Figure 2. The other curves, nN; * e for n # e, are not depicted
because they are twisted and are not contained in any plane. All these curves
connect the points vy and v,, and together they form a foliation of region A.
Similarly, regions B, C, and D are foliated by the families of curves

{(nNs xe)uy; ne N7}, {(nNg*xe)ur,; ne€ N~ }, and
{(nNs x e)uz; ne N"}

respectively. Using (8.39), it is easy to see that the curves in the first and third
families connect the two other repelling stationary points v; and v3, and those
in the second family connect the points vy and v,. The curves (Nj * e)uq,
(Ns * e)u,, and (N * e)us, shown in Figure 2, are respectively the solid arc
connecting v and v inside region B, the solid line segment connecting vy
and v, inside region C (identifying the antipodal points on the boundary), and
the solid arc connecting v; and v3 inside region D.

Example 3. (SL(d)-flow on S?~'). Let Q be the closed subgroup of G =
SL(d, R) consisting of the matrices g € G such that g;; > 0 and g;; =0
for 2 <i <d, and let L = K N Q. Then L = diag{l, SO(d — 1)}, which
may be naturally identified with SO(d — 1). Letey,...,egand xy, ..., x; be
respectively the standard basis and the standard coordinates on R?.

The group G acts on S¢~! as follows: Regard S?~! as the unit sphere
embedded in RY and let gx be the usual matrix product for g € G and x € R?,
where x is regarded as a column vector. Define g * x = gx/|gx|forx € S9!
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It is easy to show that the map S¢~! 5 x > g xx € §¢~! for g € G defines
an action of G on S9!, Let 0 = e be regarded as a point in $¢~!. Then Q
is the subgroup of G that fixes the point 0 and S?~! may be identified with
G/Q = K /L. Moreover, the x-action of G on S?~! defined here coincides
with the *-action of G on K /L defined earlier. We may regard o as the point
representing the coset Q in G/Q or L in K /L.

Because all g, € qexceptwheno = «;; fori =2, 3, ..., d, the stochastic
flow ¢, has (d — 1) simple negative exponents:
AM=—(0b1—b) > Ay =—(by —b3) > --- > kg1 = —(b1 — by).

In this example, Uo contains only two points: 0 and —o.
Let N; be the connected subgroup of N~ whose Lie algebra is n; de-
fined by (8.23) for 1 <i <[ =4d — 1. Then any g € N; is a lower triangu-

lar matrix whose first column is equal to (1,0, ...,0, yi11, ..., yq), Where
there are (i — 1) zeros and (d — i) arbitrary real numbers y;q, ..., yq. Leto;
be the subspace {x = (x1,...,x4) € R%; x; = 0} of R? and let ¥ be the
open hemisphere {x = (xi,...,x;) € S7!; x; > 0}. Then (N"UAN™) %

o=%XU(—X)and
N]*O:Z, NQ*OZZQO'Q,..., Nd—1*0=zﬂ<fzﬂ"'ﬂ<7d—1-

For 1 < j < (d — 1), the intersection of S~! with a (j + 1)-dimensional
subspace of R? and the intersection of an open hemisphere of S9! with
such a subspace are connected submanifolds of S9~!, called respectively a j-
dimensional great circle and j-dimensional great half circle on S~!. Note that
a (d — 1)-dimensional great circle is S¢~! itself and a (d — 1)-dimensional
great half circle is an open hemisphere on S§4=1 Forl <i<(d—1),N; %o
is a (d — i)-dimensional great half circle. By (8.32), the stable manifolds
of A; = —(by — b;41) are given by n(w)rN; x o for r € N~U. Because the
action of G on R? maps the subspaces into subspaces, the *-action of G on
§9=1 maps great circles into great circles and great half circles into great half
circles. To summarize, we obtain the following result:

Proposition 8.13. Let ¢, be a right Lévy process in G = SL(d, R) with
¢o = I, satisfying the hypothesis (H). Regard ¢, as a stochastic flow on S~
as defined previously. Then it has (d — 1) negative simple Lyapunov exponents
M > Ay > -+ > Ag_1, whose stable manifolds can be described as follows:
For P-almost all w, there are two stable manifolds of )i, X(w) and —X(w),
which are two open hemispheres separated by a (d — 2)-dimensional great
circle. For eachi € {1, 2, ...,d — 1}, the stable manifolds of A; are (d — i)-
dimensional great half circles that form a foliation of £(w) U [—XZ(w)]. Each
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Figure 3. SL(3, R)-flow on S2.

such great half circle, when i < (d — 1), is itself foliated by a family of
(d — i — 1)-dimensional great half circles that are stable manifolds of A;.

Because any v € U’ is a permutation matrix, v % 0 = *e; for some | =
1,2,...,d. Therefore, the stationary points of the vector field (H")* on §d-1
are given by +e; for 1 <i < d. By Proposition 8.9 and the discussion at the
end of Example 1, it is easy to show that the attracting and repelling stationary
points are respectively e; and te;.

Whend = 3, these stationary points are shown on one side of S? in Figure 3
(looking along the x;-axis in R*) with solid dots, crosses, and asterisks repre-
senting attracting, repelling, and saddle points respectively. The arrows show
the directions of the vector field (H1)*. The dashed line shown in Figure 3 is
the great circle through the two repelling stationary points (0, 0, +1), the north
and south poles, which separates the sphere S? into two hemispheres, and the
solid lines connecting the two poles are great half circles. Up to a random
isometric transformation S 3 x — n(w)x € S? for some n(w) € SO(3), the
two hemispheres and the family of the great half circles are respectively the
stable manifolds of A; and A,.

Now let g, be a right invariant diffusion process in GL(d, R), satisfying
stochastic differential equation (8.34) and go = I;. Then ¢, = S(g;) is aright
invariant diffusion process in G = SL(d, R). Both g, and ¢; may be regarded
as the stochastic flow on S¢~! generated by the stochastic differential equation

dx, =Y Yr()odW + Yi(x)dt, (8.41)
i=1

to which Proposition 8.13 applies.
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In particular, if g, satisfies the stochastic differential equation

d
dg =Y Eig odW/, (8.42)

ij=1

where W, = {W,i i } is a d>-dimensional standard Brownian motion, then both
g: and ¢, may be regarded as the stochastic flow generated by the stochastic
differential equation

d
dx; = Z E;"j(x,) odW,’ (8.43)

ij=1

on S¢~! Tt can be shown by a direct computation that the vector field E7;
on S~ induced by E;; is equal to the orthogonal projection to S?~! of the
vector field x;(d/dx;) on R? given by

d
Ej(x) = xi%j + xix; ;xkaixk forx € §471. (8.44)

By the version of Theorem 6.2 for right Lévy processes, the rate vector
H is given by (6.13). From this it follows that the Lyapunov exponents of ¢,
are givenby A} = —1, 1, = =2, ..., Ay—1 = —(d — 1), which are all simple.

Also by the right process version of Theorem 6.2, g, is left S O (d)-invariant;
hence, its one-point motion on $~! = SO(d)/SO(d — 1), orequivalently the
solution x; of the stochastic differential equation (8.43), is invariant under the
action of SO(d) on S~ It is well known that such a diffusion process, up to
a time scaling, is a Riemannian Brownian motion in S¢~! with respect to the
usual metric, that is, the metric on S¢~! induced by the standard Euclidean
metric on R?. To show that x, is in fact a Riemannian Brownian motion in
S4-1 with respect to this metric, using the SO(d)-invariance, it suffices to
show that its generator L agrees with (1/2)A at the point 0 = e|, where A
is the Laplace—Beltrami operator on S“~!. This can be verified by a direct
computation using L = (1/2) Z?,j:l E}E} and (8.44).

We have proved the following result:

Proposition 8.14. Let ¢, be the stochastic flow generated by the stochastic
differential equation (8.43) on S¢~'. Then it has d — 1 simple Lyapunov ex-
ponents by = —1, Ay —2,...,Aq—1 = —(d — 1), and the associated stable
manifolds are as described in Proposition 8.13. Moreover, its one-point mo-
tion is the Riemannian Brownian motion in S~ with respect to the usual
metric.
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8.6. SO(1,d),-flow

Let G = SO(1, d); be the identity component of the Lorentz group SO(1, d)
on R4t with standard coordinates xg, X, ..., xs and assume d > 3. Re-
call that K = diag{l, SO(d)}, which can be identified with the special
orthogonal group SO(d) acting on RY with coordinates xi, ..., x4, and
U = diag{l, 1, SO(d — 1)}, which can be identified with SO(d — 1) act-
ing on R4~! with coordinates xs, ..., x;. We may take a to be the one-
dimensional subspace spanned by &,, where &, is defined by (5.23) with
y=(1,0,...,0) € R4, and the Weyl chamber a. to be the set {c&,; ¢ > 0}.
There are only two roots -« given by a(cé,) = c. Let ¢, be a right Lévy
process in G = SO(1, d); with ¢9 = I satisfying the hypothesis (H). Its
rate vector H™ is equal to coé , for some constant ¢y > 0.

Example 4. (SO(1,d)-flow on SO(d)). Let ¢, be regarded as a
stochastic flow on K = G/(AN™). With the natural identification of K =
diag{1, SO(d)} with SO(d), it may be regarded as a stochastic flow on S O(d).
It has two Lyapunov exponents: 0 and —cj.

By Proposition 5.21, N~ ke consists of all the diagonal matrices
diag(1, R(o, )), where 0 < o < 7, o is an oriented two-dimensional sub-
space of R4 containing the x;-axis and R(o, «) is the element of S O(d) that
rotates o by an angle o while fixing its orthogonal complement in R. By
(8.32), the stable manifolds of the negative exponent —cg, up to a left trans-
lation by some n(w) € SO(d), are given by

UN  xe=N *xu=(N xeu foruel.

By (5.29),
0o 0 7
nt = 0 0 =47|; zeR¢!
z Fz O

It is easy to show that, if v = diag(1, —1, —1, I;_»), then v inmv =nt. By
(5.28) and Proposition 8.9, the attracting stationary points of the vector field
(H™)* on SO(d) form the set U = diag{1, 1, SO(d — 1)} and the repelling
stationary points form the set U’ — U = diag{l, —1, h SO(d — 1)}, where
h = diag(—1, 1;-,). There are no saddle points.

Example 5. (SO(1, 3),-flow on SO(3)). Now assume d = 3 in Example 4.
Recall that, for v € R3, R(v) € SO(3) denotes the rotation in R? around the
axis v by the angle |v|. Using the ball B, (0) to represent S O (3) as in Example 2
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Figure 4. SO(1, 3),-flow on SO(3) represented by B, (0).

(with antipodal points on its boundary identified), we see that the attracting
and repelling stationary points of (H1)* are precisely the sets

{R(aey); la| <7} and {R(m(ae, + be3)); (a,b) € R?witha® + b*> = 1}

respectively, which are shown in Figure 4 as solid dots and crosses. As in
Figures 2 and 3, the arrows show the directions of the vector field (H™)*.

With the identification of K = diag{1, SO(3)} and SO(3), N~ % e can be
identified with the set of the rotations R(v), where v is contained in span(e;, e3)
with |v| < . We see that N~ * e is the intersection of the interior of B, (0)
with the subspace x; = 0.

Up to a left translation by some n(w) € SO(3), the stable manifolds of
the negative exponent —c( are given by N~ xu for u € U. Any u € U is
identified with R(se;) with |s| < . The set N~ s« u = (N~ % e)u consists of
the rotations R(v)R(se;), where v € Span(e,, e3) with |v| < m. Asasurfacein
B (0), it is symmetric about the x;-axis. To determine its shape, by symmetry,
we may assume v = te, with 1 € [0, 7). We have

[ cost 0 sint 1 0 0
R(te;)R(sey) = 0 1 0 0 coss —sins
| —sinz 0 cost 0 sins coss
[ cost sinf sins sinf coss
= 0 cos s —sins
| —sinf cost sins cOSt coss

Let R(w) = R(te;)R(se;). Then the rotation angle » = |w]| is given by

1 1
r=cos™! {Z(Trace(w)— 1)} = cos™! {2(Cost+ coss+ cost coss—1)|.

(8.45)
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To show this, note that w = hR(re;)h~" forsome n € SO(3) and Trace(w) =
Trace[R(re1)] =14 2cosr.

To determine the direction of the rotation axis w = (xi, X, X3), wWe can
solve the equations

xjcost +x,sintsins  +x3sinftcoss = xj,
X, COS S —Xx3sins = X7,
—xp8int  +XxpCcOSt sins +Xx3COSt COSS = X3

to obtain x; = —x3sin¢/(1 — cost) and x; = —x3 sins/(1 — coss). There-
fore, the angle 0 between e; and w is given by

x5+ x5 2(1 — cost
1V T ! lf(cos)] with6 = 0 atr = 0.

x| sinz+/1 — cos s

6 =tan~

(8.46)
Att=0,r=sandd =0,andast — w,r — w and & — /2. Let C be
the great circle on the boundary of B,(0) through the points (0, 7, 0) and
(0, 0, 7). This is the set of repelling stationary points of (H1)*. The preceding
computation shows that the set N~ % u as a surface in B;(0) is symmetric
about the x;-axis and intersects the xj-axis at u = R(se;). Moreover, the
family of the surfaces N~ x u, u € U, have the great circle C as the common
boundary and form a foliation of the complement of C in B, (0). The left and
middle portions of Figure 4 show the cross sections of some of these surfaces
in the (xj, x7)- and (x1, x3)-planes as solid lines connecting two antipodal
repelling stationary points on the boundary of B, (0), which are in fact the
same point in SO(3). The right portion shows the cross section of B (0) in
the (x;, x3)-plane. Its interior is N~ * e and its boundary is C.

Example 6. (SO(1,d),-flow on S¢°!). For G = SO(1,d), and Q =
UAN™T,G/Q =K/U = SO(d)/SO(d — 1) can be identified with the unit
sphere S9! in RY. The natural action of G on G/Q, or the *-action of
G on K /U, induces an action of G on S4-1 yunder which the point 0 =
(1,0,...,0) € S91isfixed by U AN, This action can also be defined as fol-
lows: For x € S9!, considered as a column vector, and g€ G=S50,l),,

sy =g(})=(}) =

forsome y € R4, regarded as a column vector, and 7 € R. Because g preserves

the quadratic form x2 — >, x2 on R*!, 72 — |y|2 = 1 — |x|> = 0; hence,
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y/r € S¢~! It can be shown that
G xS s (g, x)> gsx=2 e 5!
r

defines an action of G on S¢~'. We now show that this action is the same as the
x-action of G on K /U. Note that any x € S¢~! may be written as x = Bo for
some B € SO(d) and g(1, x')Y = gk(1, o') with k = diag(1, B) € K. Under
the Iwasawa decomposition G = KAN™, gk = diag(1, C) exp(t&,)n™ (z) for
some C € SO(d),t € R, and z € R?~!, where exp(t£,) and n*(z) are given
by (5.27) and (5.29). It follows that

¢(}) = et remprz @) (| ) =g, renpire | )

et
- (e’Co) '

This proves g * x = Co and shows that the *-action of G on S?~! defined
here is the same as the x-action of G on K /U defined earlier. We may write
gx for g x x forg € Gand x € S9!,

Via this action, a right Lévy process ¢, in G = SO(1, d)4 with go = ¢
can be regarded as a stochastic flow on S?~!'. By the Bruhat decomposi-
tion, G = SO(1, d), is the disjoint union of N"-UAN* and N"vUANT,
where v = diag(1l, —1, —1, I;_). Since v~'n"v = n™, we see that the com-
plement of N"0 = N~ Uo in §97! is {—0}. Moreover, the vector field (H*)*
has only two stationary points, 0 and —o. The former is attracting and the
latter repelling. There is only one Lyapunov exponent —cy of multiplicity
d — 1. The associated stable manifold is the complement of a random point
in §9-1

Forl <i <d,lety=(0,...,0,1,0,...,0) € R? be the column vector
that has 1 at the ith place and O elsewhere. A direct computation shows that
the vector field X; = (§,)* on §9=1induced by &, is the orthogonal projection
to SY~! of the coordinate vector field 3/dx; on R given by

d 0 .
Xi(x)= ox, + x; ;xka forx € §9°.

Since the rate vector H' of ¢; is equal to co&, for some constant ¢y > 0, the
induced vector field (H*)* on S¢~! is the orthogonal projection of the vector
field cpd/0x; on R? to S9!, This shows again that (H*)* has an attracting
stationary point o and a repelling stationary point —o. The flow of (H™)*
sweeps all the other points on S¢~! toward o.
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Let ¢, be the stochastic flow generated by the stochastic differential equa-
tion

d
dx, =Y ciXi(x)odW, (8.47)

i=1

on S¢~! where ¢; are nonzero constants and W, = (W}, ..., W,d) is a d-
dimensional standard Brownian motion. Then ¢, is a right Lévy process in
G = SO(1, d), and satisfies the hypothesis (H). Therefore, all the preceding
discussion holds.

When all ¢; = 1 in (8.47), by the version of Theorem 6.1 for right Lévy
processes and (6.10), it is easy to show ¢y = (d — 1)/2. Therefore, the Lya-
punov exponent is —(d — 1)/2. This value and the limiting behavior of the
stochastic flow on S¢~! described in this case were obtained in Baxendale [8]
by a direct computational method. Also, by the right process version of The-
orem 6.1, the process ¢, is left S O(d)-invariant; hence, its one-point motion
x; in $9!is SO(d)-invariant. This implies that, up to a time scaling, x; is a
Riemannian Brownian motion in §¢~! with respect to the usual metric. By a
direct computation, one can show that the generator of x; agrees with (1/2)A
at the point 0 = (1,0, ..., ), where A is the Laplace-Beltrami operator on
§9=1. It follows that the one-point motion of ¢, is a Riemannian Brownian
motion in §9~! with respect to the usual metric on $7~'.

8.7. Stochastic Flows on S3

We now consider some examples of stochastic flows on S* obtained by lifting
from S O(3). For this purpose, we first review briefly the covering manifolds.
Let M be a connected compact manifold and let M be a compact covering
manifold of M with covering projection p: M — M of order k. Then p is a
local diffeomorphism in the sense that M is covered by a family of open sets
U such that p~!(U) is a disjoint union of k open subsets U,,..., U ofM and
the restriction p: U; — U is a diffeomorphism for each i. A diffeomorphism
h:M — M is called a covering transformation or a deck transformation if p o
h = p. All the deck transformations form a finite group D, called the deck
group of the covering map p. We will assume the covering is regular; that is,
D, is transitive on p~!(x) forany x € M. Then M may be naturally identified
with the orbit space M /D » (see Boothby [11, chapter III, theorem 9.3]).

Because p is a local diffeomorphism, any vector field X on M induces a
unique vector fieldX onM such that Dp(X (%)) = X (p(%)) for ¥ € M. More-
over, Di(X(®)) =X (h(¥)) for¥ €M and h € D,,.
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In general, a diffeomphism f: M — M may not be lifted to become a
diffeomorphism f:M — M sothatp o f = f o p. However, because a vector
field X on M can be lifted toX onM, a diffeomorphism f obtained from the
flow of a vector field on M can be lifted to a diffeomorphism f onM. This is
also true for stochastic flows generated by stochastic differential equations.
Let X, X1, ..., X,, be smooth vector fields on M. Consider the stochastic
differential equation

dx, =Y X;(x,) 0 dW; + Xo(x,)dt (8.48)

Jj=1

on M, where W, = (th, ..., W) is an m-dimensional standard Brownian
motion, and the corresponding stochastic differential equation

s, =Y X ;)0 dW/ +Xo()dt (8.49)
j=1

onM.

Let ¢, and¢, be respectively stochastic flows generated by the stochastic
differential equations (8.48) and (8.49). It is easy to show by the standard
stochastic calculus that, forany ¥ € M, x, = p, (&) is a solution of (8.48) with
xo = pX,and, forh € D,,%; = hqg,(fc‘) is a solution of (8.49) withxy = hx. It
follows from the uniqueness of solutions of stochastic differential equations
that

VieM, plg,®)]=¢i(p%) and Vhe D, h(F) =¢,(h%). (8.50)

The stochastic flow @, onM is said to cover the stochastic flow ¢, on M via
the covering map p.

Now let M = G/Q be as before and assume that X; = Y;* for Y,
Y1, ..., Y, € g. Then ¢, may be regarded as a right invariant diffusion process
in G satisfying the stochastic differential equation

dg, =Y Y odW/ + Yop,dt (8.51)

j=1

on G with ¢g = e. We will assume that the hypothesis (H) is satisfied. It is
easy to see that ¢, and ¢, have the same Lyapunov spectrum and, if M’ is
a stable manifold of some negative Lyapunov exponent A for ¢,, then each
connected component of p~!(M’) is a stable manifold of A for ¢,.

Let A be the vector field on M obtained by lifting (H)* on M = G/ Q.
Then the attracting (resp. repelling, saddle) stationary points of (H™)* are
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covered by the attracting (resp. repelling, saddle) stationary points of H via
the covering map p.

Example 7. We now continue the discussion in Example 2. A right invariant
diffusion process ¢; in G = SL(3, R) determined by a stochastic differential
equation of the form (8.51) may be regarded as a stochastic flow on S O(3). The
four elements ug = e, u; = R(wey), u; = R(mwey), and uz = R(wes) in U
correspond to the identity map and 180° rotations around the three coordinate
axes ej, €2, and e3 in R3, respectively.

It is well known that the three-dimensional sphere S* is a regular covering
space of SO(3) of order two. By the preceding discussion, ¢, induces a
stochastic flow ¢, on S? that covers ¢,. The stable manifolds of @, and the
stationary points of the vector field H on S3 can be lifted from those of ¢,
and of (H*)* on SO(3) via the regular covering map p: S* — SO(3) to be
described as follows.

Regard S? as the unit sphere embedded in R* and regard R* as the quater-
nion algebra, which is a vector space with basis {1, /, J, K} satisfying the
product rule:

I?=J>=K*=—-1, IJ=—JI=K, JK=—-KJ=1, and
KI=—-IK =J.

The Euclidean norm is compatible with the quaternion product in the sense
that |xy| = |x||y| for x, y € R*. Any nonzero x = (a + bl + cJ + dK) has
aninverse x ! = (a — bl — cJ — dK)/|x|*. Regard R? as the subspace of R*
spanned by {I, J, K}, the space of pure quaternions. Then, for any nonzero
x € R*, the map R* 5 y > xyx~!' € R* leaves both | - | and R? invariant;
hence, it is an element of SO(3). The covering map is defined by

p: 8= SO(3) givenby p(x)y = xyx~! fory e R®. (8.52)

It is easy to see that the four points ug, u;, U, and u3 in U are covered by £1,
+1, £J, and £K, respectively, in quaternion notation. Written in the usual
Cartesian coordinates, these eight points are (1,0, 0, 0), (0,+£1,0,0,),
(0,0, £1,0), and (0, 0, 0, &1).

A direct computation shows that

pl(cost) + (sint)I] = R(2t1).
More generally, for H = x1 + xoJ + x3K with x7 + x5 + x5 = 1,

pl(cost) + (sint)H] = R(2tH). (8.53)
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To prove this, note that S* is a Lie group via the quaternion structure and the
covering map p: S* — SO(3) is also a Lie group homomorphism. There is
y € §3 such that yIy~! = H. Then

pl(cost) + (sint)H] = p{y[(cost) + (sint)I1y~"}
= p(y)pl(cost) + (sint)1p(y)~"
= p(RQtHp(y)"' = RQ2tH).

Recall that SO(3) can be represented by the ball B, (0) in R? when the
antipodal points on the boundary of B, (0) are identified. The stable manifolds
of the top Lyapunov exponent A, of the stochastic flow ¢, on SO(3) are
given, up to a left translation by some $O(3)-valued random variable n, by
N~ xug, N~ xuj, N~ xup and N~ * u3, which are respectively the regions
A, B, C and D depicted in Figure 2. The stable manifolds of the smallest
exponent, which is either A, or A3, are given, up to a left translation by n, by
nNg xu; forne N~ andi =0, 1, 2, 3, where N, is a one-dimensional Lie
subgroup of N—.

We now present a graphic representation of S* to illustrate the stochastic
flow ¢, on S*. Consider S> as the unit sphere in R*, with the latter equipped
with the standard coordinates xg, x|, x2, x3 and regarded as the quaternion
algebra. The two closed hemispheres on S3, determined by xo > Oand xg < 0
respectively, can be represented by two copies of the unit ball B;(0) in R3
with coordinates x,, x», x3. Figure 5 depicts this representation. The upper
half of the figure displays the cross-sections of the first copy of B;(0) with the
three coordinate planes, whereas the lower half displays those of the second
copy. The boundary points of the first copy of B;(0) are identified with the
corresponding points of the second copy.

Using (8.53), it is easy to show that

Vi = (xo 4+ x1] +x2J +x3K) € §3, p(®) = RQ2tv), (8.54)

where
xi1l + x2J +x3K

= sgn(xo)
1/)c12 —i—x% —i—x%
sint = \/x} +x3 +x3 for te[0,m/2].

When x¢ = 0, the sign sgn(xg) of xo can be taken to be either + or — because
R(wv) = R(—mv).

A direct computation shows that the I-component of p(¥)I is x5 +
x7 — x5 — x3 and the K-component of p(¥)K is x3 +x7 —x7 — x3. By
(8.38), we see that the set p~ (N~ x ug) = p~'(N~ * e) is determined by the

and
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Figure 5. Induced flow on S* represented by two copies of B;(0).

. .. . 3
inequalities x3 + x? > x3 + x7 and xZ + x3 > x? + x3. Using >;_, x? = 1,
we see that they become x3 + x7 < % and x7 + x5 < % Therefore,

p_'(N_ xe) = {x0+x11 + xJ +x3K € s3;
1 1
x§+x32<§andx12+x§<§}. (8.55)

When the two inequalities < and < in this expression are replaced by < and >,
> and >, and > and <, we obtain the corresponding expressions for the sets
p’l(N’ *uy), p ' (N~ % us), and p’l(N’ * U3), respectively.

The inequality x3 + x? < % determines a cylindrical region inside each
copy of B;(0) around the x;-axis and x7 + x5 < % determines such a region
around the x3-axis. The set p~!(N~ # uy) is the intersection of these two re-
gions and has two connected components A; and A, as depicted in Figure 5.
Similarly, the sets p’l(N’ *Ujp), p’l(N’ * Up) and p’l(N’ * U3) are rep-
resented by the regions B; and B,, C| and C5, and D; and D, in Figure 5,
respectively. These sets are, up to a left translation by some random 7 € S*
(which may be regarded as a random isometric transformation on S°), the
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stable manifolds of the top Lyapunov exponent A; of ¢,. Each of these sets
is foliated by one-dimensional stable manifolds of the smallest exponent, but
only one of them is shown in Figure 5 as a solid line segment or a solid arc. The
directions and stationary points of the vector field H on $> are also shown.
As before, the attracting, repelling and saddle points are shown respectively
as solid dots, crosses and asterisks.

Example 8. Continue the discussion in Example 5. Let d = 3. The right
invariant diffusion process ¢, in SO(1, 3), determined by (8.51) is regarded
as a stochastic flow on S O(3). Via the regular covering map p: §° — SO(3)
described in Example 7, it induces a stochastic flow ¢, on S3 that covers ¢;.

Recall that the set of the attracting stationary points of the vector field
(H*)* on SOQ3) is U = {R(tey); t € [0, 2m)}, the set of the repelling sta-
tionary points of (H)* is the set U’ — U = {R(be; + ce3); Vb + c? = 7},
and there is no saddle point. Here, for simplicity, diag{1, SO(3)} is identified
with SO(3). As in Example 7, regard S as the unit sphere in R* and regard R*
as the quaternion algebra with basis {1, I, J, K}. Note that e; = I, e, = J,
and e3 = K. Recall the definitions of great circles and great half circles given
in Example 3 in Section 8.5. Using (8.54), it is easy to show that p~'(U), the
set of attracting stationary points of A on §°, is the one-dimensional great
circle on S* determined by the equations x, = x3 = 0 and that p~'(U’ — U),
the set of repelling stationary points of H, is the one-dimensional great circle
on S° determined by xo = x; = 0.

Recall that, up to a left translation by some n(w) € SO(d), the stable
manifolds of the negative Lyapunov exponent —cy of ¢, on SO(3) are the
sets N~ xu,u € U. Let

M, = {R(bes + ce3)R(2tey); Vb%+c* < m)

fort € [—m/2, w/2). Notethat M; = (N~ xe)u = N~ * u foru = R(2tey).
The inverse images of these sets under the covering map p are, up to a left
translation by some 7j(w) € S°, the stable manifolds of the exponent —c, of
¢, on S3. Because

(a4 bJ 4+ cK)(cost + sint I)
=acost+asint I 4+ (bcost + csint)J + (—bsint + ccost)K,

it is easy to show using (8.54) that, for t € (—m/2, /2), the set M, is covered
by

Cr={%eS8 xpsint=xcostandxy > 0}
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and
C, ={x¢e s3; Xosint = x; cost and xy < 0},
where ¥ = xo + x11 + x2J + x3K. Note that M, = M_5, is covered by

Cip=1{te $% xo=0andx; >0} and

C;/z ={xe S3; xo = 0 and x; < 0}.

For each t € [-m/2, m/2], the sets C;" and C;" are two disjoint two-
dimensional great half circles that are contained in the same two-dimensional
great circle

C,={x eS8 xpsint=x cost}.

The common boundary of C;" and C; is the one-dimensional great circle
on S° determined by the equations xo = x; = 0, that is, the set of repelling
stationary points of H. Note that each C:* contains exactly one attracting
stationary point £(cos ¢ + sin¢ I) of H.



Appendix A
Lie Groups

Basic definitions and facts about Lie groups are recalled in this appendix. The
reader is referred to the standard textbooks such as Warner [60] or the first
two chapters of Helgason [26] for more details.

A.1. Lie Groups

A Lie group G is a group and a manifold such that both the product map G x
G > (g, h) — gh € G and the inverse map G > g — g~ ' € G are smooth.
Let e be the identity element of G, the unique element of G satisfying eg =
ge = g for any g € G. It is well known that a Lie group is in fact analytic
in the sense that the underlying manifold structure together with the product
and inverse maps are analytic.

The Lie algebra g of a Lie group G is the tangent space T,G of G at the
identity element e of G. For g € G, let L, and R,: G — G be, respectively,
the left and right translations on G. A vector field X on G is called left invariant
ifitis L,-related to itself, that is, if DLy (X) = X, forany g € G, where DL,
is the differential of L,. Similarly, we define a right invariant vector field on G
using R,. Any left or right invariant vector field X is determined by its value
ate, X € g, and may be written as X(g) = DLy(X) or X(g) = DR,(X) for
g € G. Such aleft or right invariant vector field will be denoted by X’ or X",
respectively. The Lie bracket of two vector fields Z; and Z, on a manifold is
defined to be the vector field [Z,, Z,] = Z,Z, — Z,Z,. For any two elements
X and Y of g, [X!, Y'] is left invariant. The Lie bracket [X, Y] is defined to
be the element of g corresponding to this left invariant vector field; that is,
[X, Y] = [X!, Y']. It satisfies the following properties: For any X, Y, Z € g
anda, b € R,

(@) [aX +bY, Z] = alX, Z] + D[Y, Z],
(®) [X, Y] = —[Y, X], and
© [X,[Y, Z]I+ [V, [Z, X1 + [Z,[X, Y]] = 0.

The identity (c) is called the Jacobi identity.

244
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In general, any linear space g equipped with a Lie bracket satisfying (a),
(b), and (c) is called a Lie algebra. For example, the space of all the vector
fields on a manifold is a Lie algebra with Lie bracket of vector fields.

The exponential map exp: g — G is defined by exp(X) = ¥ (1), where
Y(t) is the solution of the ordinary differential equation (d/dt)y(t) =
X!((t)) satisfying the initial condition ¥/(0) = e, and is a diffeomorphism
of an open neighborhood of 0 in g onto an open neighborhood of e in G. We
may write eX for exp(X).

A group homomorphism F: G — G’ between two Lie groups G and G’
is called a Lie group homomorphism (resp. isomorphism) if it is a smooth
(resp. diffeomorphic) map. A linear map f: g — g’ between two Lie algebras
gand ¢’ is called a Lie algebra homomorphism if [ f(X), f(Y)] = f([X, Y])
for X,Y € g. Such an f will be called a Lie algebra isomorphism if it is a
bijection. Let g and g’ be, respectively, the Lie algebras of G and G’. If F:
G — G’isalLie group homomorphim (resp. isomorphism), then DF: g — ¢’
is a Lie algebra homomorphism (resp. isomorphism) and F(eX) = ?* &) for
any X € g. Two Lie groups (resp. Lie algebras) are called isomorphic if there
is a Lie group (resp. Lie algebra) isomorphism between them. A Lie group
(resp. Lie algebra) isomorphism from G (resp. g) onto itself will be called a
Lie group (resp. Lie algebra) automorphism on G (resp. g).

Forg € G,themapc,: G > h > ghg™! € G isaLie group automorphism
on G, called a conjugation map on G. Its differential map Ad(g): g — g,
given by Ad(g)X = DLg o DR,-1(X), is a Lie algebra automorphism on g
and satisfies geX g =1 = eAd®X
(d/dt)Ad(e'X)Y |,—o for Y € g.

A Lie group G is called abelian if any two elements of G commute, that
is, if gh = hg for g, h € G. A Lie algebra g is called abelian if [X, Y] =0
for X, Y € g. Itis easy to show that the Lie algebra of an abelian Lie group is
abelian and that a connected Lie group with an abelian Lie algebra is abelian.

A subset H of G is called a Lie subgroup of G if it is a subgroup and a
submanifold of G such that both the product and inverse maps are smooth
under the submanifold structure. It is well known that if H is a closed subgroup
of G, then there is a unique manifold structure on H under which H is a Lie
subgroup and a topological subspace of G. It is easy to show that the identity
component of G, that is, the connected component of G containing e, is an
open and closed Lie subgroup of G.

For any two subsets h and € of a Lie algebra g, let [, €] denote the subspace
of g spanned by [X, Y] for X € h and ¥ € €. A linear subspace h of a Lie
algebra g is called a Lie subalgebra, or simply a subalgebra, of g, if [, h] C b.
If G is a Lie group with Lie algebra g, then the Lie algebra § of a Lie subgroup

forany X € g.Itcanbe shownthat[X, Y] =
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H of G is a subalgebra of g. Conversely, given any subalgebra b of g, there
is a unique connected Lie subgroup H whose Lie algebra is b, called the Lie
subgroup generated by fj. A subalgebra b of gis called anideal if [g, hH] C h.In
this case, the Lie subgroup H generated by h is a normal subgroup of G; thatis,
gHg ' = Hforg € G.ForT" C g, the Lie algebra generated by I" is defined
to be the smallest Lie subalgebra of g containing I" and is denoted by Lie(T").

The center of G is Z = {h € G; hg = gh for any g € G}. This is a closed
normal subgroup of G with Lie algebra 3 = {X € g; [X, Y] =0 for any
Y € g}, which is called the center of g.

Let G, and G, be two Lie groups. Then G = G| x G, is a Lie group with
the product group and product manifold structures, called the product Lie
group of G| and G»,. Its Lie algebra is isomorphic to g = g; @ g,, where g; is
the Lie algebra of G; fori = 1, 2 with [g; & {0}, {0} & g,] = {0}. Therefore,
each g; can be regarded as an ideal of g and each G; as a normal subgroup of
G. Similarly, we define the product of more than two Lie groups.

A Riemannian metric {(-,-)¢; g € G} on G is called left invariant if
(DLy(X), DLy(Y))gn = (X, Y)p forany g,h € Gand X, Y € T;,G. Aright
invariant metric is defined by replacing DL, by DR,.If (-, -) is an inner prod-
uct on g, then it determines a unique left (resp. right) invariant Riemannian
metric (-, -)fg (resp. (-, )%)s defined by

(DLy(X), DLy(Y)), = (X, Y) (tesp. (DRy(X), DRy(Y)), = (X, Y))

for X, Y € gand g € G. Under this metric, L, (resp. R,) is an isometry on
G forany g € G.

As an example of Lie group, let GL(d, R) be the group of all the d x d
real invertible matrices. Since such a matrix represents a linear automorphism
on RY, GL(d, R) is called the general linear group on R?. With the matrix
multiplication and inverse, and with the natural identification of GL(d, R)
with an open subset of the d>-dimensional Euclidean space R, GL(d,R)
is a Lie group of dimension d2. The identity element e is the d x d identity
matrix /;. The Lie algebra of GL(d, R) is the space gl(d, R) of all the d x d
real matrices. The exponential map is given by the usual matrix exponentiation
eX =1+ 72, X*/k! and the Lie bracket is given by [X, Y] = XY — YX
for X, Y € gl(d, R). Note that GL(d, R) has two connected components and
its identity component GL(d, R); is the group of all g € GL(d, R) with
positive determinant det(g). We have

VX € gl(d,R), det(eX) = exp[Trace(X)],
where Trace(X) = ), X;; is the trace of X.
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Similarly, the group GL(d, C) of d x d complex invertible matrices is a
Lie group, called the complex general linear group on C¢. Its Lie algebra
gl(d, C) is the space of all the d x d complex matrices with Lie bracket
[X,Y]=XY —-YX.

Let V be a d-dimensional linear space and let G L(V') denote the set of the
linear bijections: V — V. By choosing a basis of V, G L(V) may be identified
with the general linear group G L(d, R). Therefore, GL(V) is a Lie group and
its Lie algebra is the space gl(V) of all the linear endomorphsims on V with
Lie bracket [X, Y] = XY — Y X.

A.2. Action of Lie Groups and Homogeneous Spaces

Aleftaction of a group Gonaset Sisamap F': G — S satisfying F(gh, x) =
F(g, F(h,x)) and F(e,x)=x for g,h € G and x € S. When G is a Lie
group, M is a manifold, and F is smooth, we say G acts smoothly on M on
the left by F and we often omit the word “smoothly.” A right action of G
on M is defined similarly with F(gh, x) = F(h, F(g, x)). For simplicity, we
may write gx for the left action F(g, x) and xg for the right action. Because
left actions are encountered more often, therefore, an action in this book will
mean a left action unless explicitly stated otherwise.

The subset Gx = {gx; g € G} of M is called an orbit of G on M. It is
clear that, if y € Gx, then Gx = Gy. The action of G on M will be called
effective if F(g,-) =idy = g = e, and it will be called transitive if any
orbit of G is equal to M. If G acts effectively on M, it will be called a Lie
transformation group on M. By Helgason [26, chapter II, proposition 4.3],
if G is transitive on a connected manifold M, then its identity component is
also transitive on M.

Any X € g induces a vector field X* on M given by X*f(x) =
(d/dt)f(e'*x) |,—o for any f € C'(M) and x € M. We have (see in [26,
chapter II, theorem 3.4]) [ X, Y]* = —[X™, Y*]for X, Y € g. The Lie algebra
g* = {X*; X € g} is finite dimensional. A vector field Y on M is called com-
plete if any solution of the equation (d/dt)x(¢) = Y (x(¢)) extends to all time
t. It is clear that X* is complete. In general, if I" is a collection of complete
vector fields on M such that Lie(T") is finite dimensional, then there is a Lie
group G acting effectively on M with Lie algebra g such that Lie(I") = g* (see
[Palais 48, chapter IV, theorem III]). Note that any vector field on a compact
manifold is complete.

Let H be a closed subgroup of G. The set of left cosets gH for g € G
is denoted by G/H and is called a homogeneous space of G. It is equipped
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with the quotient topology, the smallest topology under which the natural
projection G — G/H given by g — gH is continuous. By [26, chapter II,
theorem 4.2], there is a unique manifold structure on G/H under which the
natural action of G on G/H, defined by ¢'H + gg’'H, is smooth. Similarly,
we may consider the right coset space H\G = {Hg; g € G} on which G acts
naturally via the right action Hg' — Hg'g.

Suppose aLie group G actsonamanifold M.Fixp € M.LetH = {g € G;
gp = p}. Then H is a closed subgroup of G, called the isotropy subgroup of
G at p. By theorem 3.2 and proposition 4.3 in [26, chapter II] if the action
of G on M is transitive, then the map gH + gp is a diffeomorphism from
G/H onto M; therefore, M may be identified with G/H.

Let G be a Lie group and H be a closed subgroup. If N is a Lie subgroup of
G,thenforany x = gH € G/H,the orbit Nx may be naturally identified with
N/(N N H) viathe map nx — n(N N H) and, hence, it is equipped with the
manifold structure of a homogeneous space. By [26, chapter II, proposition
4.4], Nx is in fact a submanifold of G/H. Moreover, if H is compact and N
is closed, then Nx is a closed topological submanifold of G/H.

Let G be a Lie group with Lie algebra g and let H be a closed subgroup
with Lie algebra h. Via the natural action of G on G/H, any g € G is a
diffeomorphism: G/H — G/H.Letw: G — G/ H be the natural projection.
Since h € H fixes the point w(e) = eH in G/H, Dh is a linear bijection
T.n(G/H) — T.n(G/H) and

Dho Dnr = D o Ad(h) : g — T.u(G/H).

The homogeneous space G/ H is called reductive if there is a subspace p
of g such that g = h @ p (direct sum) and p is Ad(H )-invariant in the sense
that Ad(h)p C p for any h € H. Let (-, -) be an inner product on p that is
Ad(H)-invariant in the sense that (Ad(h)X, Ad(h)Y) =(X,Y) for h e H
and X, Y € p. Then it induces a Riemannian metric {(-,-),; x € G/H} on
G/H, given by

VeeGand X,Y €p, (DgoDn(X), Dgo Dn(Y))en =(X,Y).
By the Ad(H )-invariance of (-, -}, this metric is well defined and is G -invariant

in the sense that

Vg’ uec G and Xa Y e TuH(G/H)a (Dg(X), Dg(Y))guH = (Xa Y)uH-



Appendix B
Stochastic Analysis

This appendix contains a brief summary of stochastic processes and stochastic
analysis, including Markov processes, Feller processes, Brownian motion,
martingales, Itd and Stratonovich stochastic integrals, stochastic differential
equations, and Poisson random measures. The reader is referred to standard
textbooks such as those by Kallenberg [34] or Revuz and Yor [52] for more
details.

B.1. Stochastic Processes

Let (2, F, P) be the probability space on which all the stochastic processes
will be defined. A random variable z taking values in a measurable space (S, S)
by definition is a measurable map z: 2 — §. Its distribution is the probability
measure P = P oz on (S, S). A stochastic process or simply a process x;,
t € Ry = [0, o0),taking values in S, is a family of such random variables and
may be regarded as a measurable map x: Q — S®+, where S®+ is equipped
with the product o -algebra S®+. The probability measure x P on (S®+, S®+)
is called the distribution of the process. The process x; may also be written as
x:(w) or x(t, ) to indicate its dependence on w € Q2. We normally identify
two random variables that are equal P-almost surely and two processes that
are equal as functions of time ¢ almost surely. A version of a process x; is
another process y; such that x; = y, almost surely for each ¢t € R,..

The expectation E(X) of areal-valued random variable X is just the integral
P(X) = [ XdP whenever it is defined. We may write E[X; B] = [, XdP
for B € F. When E(|X]|) < oo or when X > 0 P-almost surely, the condi-
tional expectation of X given a o-algebra G C F, denoted by E[X | G], is
defined to be the P-almost surely unique G-measurable random variable Y
such that [, YdP = [, XdP forany A € G.

A filtration on (€2, F, P) is a family of o-algebras F; on €, t € R,
such that 7, C F;, C F for 0 < s <t < oo. A probability space equipped

249
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with a filtration is called a filtered probability space and may be denoted by
(2, F, {F:}, P). The filtration is called right continuous if F =(,., Fu
is equal to F;. It is called complete if (2, F, P) is a complete probability
space and if F; contains all the P-null sets in Foo = (|, F7), Where o(C)
for a collection C of sets or functions denotes the smallest o -algebra under
which all the elements in C are measurable, called the o -algebra generated by
C. The completion of a filtration {7} is the complete filtration {F;}, where
Fi = o{F,, N} and V is the collection of all the P-null sets in Fino.

A filtration {F;} is said to be generated by a collection of processes x;',
A € A, and random variables z*, o« € A, if F, = o {z* and xl’}; a €A )leEA,
and 0 < u < t}. The filtration generated by a single process is called the
natural filtration of that process.

A {F,}-stopping time 7 is a random variable taking valuesin R, = [0, oo]
such that the set [t < t] belongs to F, for any t € R,. For a stopping
time T,

Fr: ={B € Fu; BNt <u]eF,forany u € R}

is a o-algebra, which is equal to F; if t = ¢. If T < o are two stopping times,
then F; C Fy.

A process x; is said to be adapted to a filtration {F;} if x; is F;-measurable
for each t € R, It is always adapted to its natural filtration {F°} given by
}-to =o{x;0<s <t}

A process x; will be called continuous, right continuous, etc. if for
P-almost all w, the path ¢ — x;(w) is such a function. A process is called
cadlag (continu a droite, limites a gauche) if almost all its paths are right
continuous with left limits. It is called caglad if almost all its paths are left
continuous with right limits.

A probability kernelon (S, S)isamap K: S x & — Ry suchthat K (x, -)is
a probability measure for each fixed x € S and x > K(x, B)is S-measurable
for each fixed B € S. For f € S, (the space of nonnegative S-measurable
functions), we may write K f (x) = [ f(y)K (x, dy) and thus may regard K as
an operator on a function space. Let { P,; ¢ € R} be a semigroup of probability
kernels on (S, S); that is, Py, = P; Py and Py(x, -) = §, (unit mass at point
x). A process x; taking values in § will be called a Markov process with
transition semigroup P; if the following Markov property holds:

Vt>sandVf e€S,, E[f(x) | FY] = Py f(xy),

P-almost surely. The distribution of a Markov process is determined com-
pletely by the transition semigroup P, and the initial distribution v, the
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distribution of xq. In fact,

PLAG) fax) -+ fi(xg)] = / v(dx) / P (x, dz) fi(21)
/ Py (21, d2a) fa(za) - / Poa s d20) fulzo)

forty <thp <--- <tyand fi1, f5, ..., fr € S;. The Markov process will of-
ten be assumed to be cadlag when S is a topological space equipped with the
Borel o-algebra S. In this case, we may take €2 to be the canonical sample
space, that is, the space of all the cadlag maps w: R, — S with F being the
o -algebra generated by all the maps w — w(¢) for t € R, and x,(w) = w(t).
Then P will be be denoted by P, for the given initial distribution v of the
process x,. For x € S and v = §,, P, may be written as P().

A probability measure v on S will be called a stationary measure of the
semigroup P, or the Markov process x; if vP, = v for t € R, where v P,
is the measure [ v(dx)P,(x,-). A process x, will be called stationary if its
distribution is invariant under the time shift, that is, if the processes x, and
X:+, have the same distribution for any fixed 2 > 0. A Markov process is
stationary if and only if its initial distribution is a stationary measure.

Let x; be a cadlag Markov process and let €2 be the canonical sample space.
Definer,: 2 — Qby (r,w)(s) = o(t +s). Thenx, 1y = x, 01y andrt’lf'g’v =
FO

P foranys, t,u,v € Ry withu < v,whereft?,v =o{xy;u <w < v}
The Markov property may now be written as E[ f(x, or;) | .7-',0] =P, f(x)
for f € S, and u, t € Ry. The process x; is said to have the strong Markov
property if the constant time ¢ here can be replaced by an {F°}-stopping time
7, thatis, E[f(x, o r:)lir<oo | ]-'?] = P, f(x;)on [t < oo], where ]—'tO is the
natural filtration of x,, and for any set A, 1, is its indicator function. The
strong Markov property can be stated in the following apparently stronger
but in fact equivalent form: For any & € (F)+, u € R, and {F;}-stopping
time T,

E[€ orilircoo) | Frl = P y(§) on [t < 00],

where the filtration JF; is the completion of the natural filtration ftﬂ

An important class of Markov processes comprises the Feller processes.
Let S be alocally compact Hausdorff space with a countable base of open sets.
The space Cy(S) of the continuous functions on S vanishing at co is a Banach
space under the sup norm || f|| = sup,.g | f(x)|. A semigroup of probability
kernels P, on § is called a Feller semigroup if C(S) is invariant under P; (that
is, P, f € Co(S) for f € Co(S)andr e Ry)and P, f — fin Cop(S)ast — 0
(which may be relaxed to the apparently weaker but in this case equivalent
pointwise convergence). Given such a semigroup and a probability measure v
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on S, there is a cadlag Markov process x; with P, as transition semigroup and
v as the initial distribution. Such a process is called a Feller process. A Feller
process has the strong Markov property and its completed natural filtration is
right continuous.
The generator of the Feller semigroup P; or the Feller process x; on Cy(S)
is a linear operator on Cy(S) defined by
Pf—f

Vf e D(L), Lf:}il?)%,

where the domain D(L) is the space of f € Cy(S) for which this limit exists
in Cy(S). The generator L determines the semigroup P, completely and is a
closed operator with D(L) dense in Cy(S). The reader is referred to a standard
text such as that by Kallenberg [34, chapter 17] for more details. Note that,
with a slight modification, in this discussion we may replace Cy(S) by C,(S),
the space of functions on S that are uniformly continuous under the one-point
compactification topology. Then D(L) will contain all the constant functions
onS.

B.2. Stochastic Integrals

A d-dimensional {F;}-Brownian motion B; = (B,', e, Btd ) is a continuous
process in R, adapted to {F;}, such that forany ¢ > s, B, — B is independent
of F; and has the normal distribution with mean zero and covariance matrix
aji(t — s). The nonnegative definite symmetric d x d matrix {a;;} is called
the covariance matrix of B,. When the filtration F; is the natural filtration,
B; will be simply called a Brownian motion. If a;; = § , it will be called a
standard Brownian motion.

Given a filtration {F,}, a real-valued process M, is called a martingale if
itis adapted, E[|M;|] < coforany t € Ry, and E[M, | F;] = M, fors < t.
If {F,} is right continuous, then any martingale has a cadlag version. From
now on, a martingale will be always assumed to be cadlag. A martingale M,
is called a L?-martingale if E[M?] < oo for t € R,. As a special case of
Doob’s norm inequality (see, for example, [34, proposition 6.16]), if M, is an
L?-martingale, then

E[(M)*] < 4E(MD), (B.1)

where M} = sup,_,_, | M;|.

A process H, sEoi)ped by a stopping time t is the process Hf = H;xr,
where t A T = min(¢, 7). It is said to have a certain property locally or to be
a local process of a certain type if 3 stopping times t, 1 oo P-almost surely
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such that the stopped processes H,” possess the property or are the processes
of that type. If C is a class of processes defined by a certain property, then Cjo.
will denote the class of processes that possess the property locally.

Regard a process as a function on R; x Q. Let P be the smallest
o-algebra on R, x Q with respect to which all real-valued, adapted, and left
continuous processes are measurable. A process is called predictable if it is
measurable with respect to P. Let M; and N, be two (local) L?-martingales. By
the Doob—Meyer decomposition, there is a unique predictable cadlag process
(M, N), of finite variation such that (M, N)o = 0 and M;N, — (M, N), is a
(local) martingale. Note that (M), = (M, M), is increasing, and if (M), =
for all t > 0, then M; = M, almost surely for all ¢ > 0.

A d-dimensional Brownian motion with covariance matrix a;; is a
d-tuple of continuous L>-martingales B, = (B}, ..., BY) with By = 0 and
<Bi, Bj>t = ajjt.

Let M, be a local L>-martingale and let H, be an adapted caglad (not
cadlag) process. The 1t6 stochastic integral (H - M), = fot Hyd M; is defined
to be the limit in probability P of the sum

k
D H@G-DIM@G) — M(t-1)] (B.2)
i=1

overthepartition A: 0 = fy < t; < --- < ty = t asthe mesh of partition, given

by |A| = maxi<;< |t; — t;—1], tends to zero. The process (H - M), is also a

local L?-martingale. Itis continuous if M, is continuous. Itis an L?-martingale

with E[(H - M)?] = E[[; H?d{M),]if E[ f; H?d(M),] < 00.If (K, Ny) is
another pair of an adapted caglad process and a local L?-martingale, then

(H-M,K-N), = fot H,K,d(M, N),, where the convention f; = f(s,t] is

used. We also have fot K, d(H - M), = fot K H,dM,, which may be written

concisely as K,(H,dM,) = (K, H,)dM,.

A process X, is called a semi-martingale if it can be written as X, =
M, + A,, where M, is a local L’>-martingale and A, is an adapted cadlag
process of finite variation. For an adapted caglad process H,, the It6 stochas-
tic integral (H - X); = fot H.dX, is defined to be fot H.dM; + fot H.dA,,
where the second integral is a pathwise Lebesque—Stieljes integral. Note that
(H - X), is the limit in probability P of the expression in (B.2) with M, re-
placed by X, as the mesh of the partition tends to zero. The process (H - X);
is also a semi-martingale.

Let X, and Y, be two adapted cadlag processes, and let

P =D IXW6AD = Xt ADIY (@G AD = Yty AD],

i=1
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where A:0 =1y <t <1, < ---isapartitionof R, = [0, 00). The quadratic
covariance process [X, Y], is defined to be an adapted cadlag process A, of fi-
nite variation such that sup,_, .7 |A; — S| converges to 0 in probability P for
any T > Oas |A| — 0, provided that such a process A; exists. See Protter [50,
section V5] for more details but note that, in [50], [X, Y] is defined to be the
present [ X, Y] plus X(Y,. The continuous part [ X, Y] of [ X, Y], is defined by

[X, Y], =[X. Y]+ > AJX. Y],
O<s<t

where A, Z = Z; — Z,_ and A¢Z = 0 for any cadlag process Z,. Note that
A X, Y] = (A X)(AY); hence, [X, Y], = [X, Y]{ if X; and ¥; do not jump
at the same time. Note also that if either X, or Y, has finite variation, then
[X, Y], =0.

If X, and Y, are semi-martingales, then [X, Y], is defined and we have the
following integration-by-parts formula:

13 13
XY = XoYo + / Xs—dYs + / Yx—dXs + [Xa Y]z-
0 0

In this case, if H and K are adapted caglad processes, then [H - X, K - Y] =
(HK)-[X,Y].

If M, and N, are (local) Lz—martingales, then [M, N]; is the unique
adapted cadlag process A, of finite variation such that Ao = 0, M,N;, — A,
is a (local) martingale, and A;A = (A, M)(A,;N) for ¢t > 0. In this case,
[M, N]; — (M, N), is a (local) martingale of finite variation. If M, and N; do
not jump at the same time, then [M, N]; = (M, N),.

The Stratonovich stochastic integral of an adapted cadlag process H; with
respect to a semi-martingale X, is defined as

t t 1
/ H,odst/ HS,dXS—i-—[H,X];‘,
0 0 2

provided [H, X] exists. If H, and X, do not jump at the same time, then
fot H;_ odXj is equal to the limit in probability P of the expression

2

i=1

[H(t—) + H@)X(#) — X (ti-1)]

N =

as the mesh of the partition tends to zero. The reader is referred to [50, section
V5] for more details on Stratonovich integrals.

The Stratonovich stochastic integral V; = fol Ys_ odZ; is always defined
for two semi-martingales Y; and Z;, and it is also a semi-martingale. If X,
is another semi-martingale, then fot X,_odV, = fot(Xx,Ys,) o dZ,, which
may be written concisely as X;_ o (Y;_ odZ;) = (X;_Y;_) o dZ,.
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Let X, = (th, cee Xf’) be a d-tuple of semi-martingales and f, g €
C'(RY). Then [ f(X), g(X)], is defined and is given by

d '
[FX0, X)) = > /O [ XDAIX', X+ 37 A F(X) Agg(X),
i,j=1 O<s<t
(B.3)
where f; = (9/0x;)f. In particular, the Stratonovich stochastic integral
fol f(X,_)odY; is defined for any f € C'(R?) and semi-martingale Y;. If
f € C*(RY), then f(X,) is a semi-martingale and

d t
fX) = fXo)+ ) /0 fi(X,2)odX!
i=1

d
+ ) IAFX) =D filX AKX (B.4)

O<s<t i=1

This is called the It6 formula. When X is continuous, the It6 formula looks
like the usual rule of calculus: f(X;) = f(Xo) + fot Ele filXs)odX..

A cadlag process x, taking values in a d-dimensional manifold M is called
a semi-martingale in M if V f € C2°(M), the space of smooth functions on M
with compact supports, f(x,)is a semi-martingale. In this case, if f € C'(M)
and if Y, is a semi-martingale, then the Stratonovich integral fot f(xs—)odY;
is defined. Moreover, if f € C>(M), then f(x,) is a semi-martingale. To
show this, let x!, ..., x? be local coordinates on an open subset U of M
extended to be functions in C>®°(M). Then X, = (x'(x,), ..., x%(x,)) is a d-
tuple of semi-martingales. If f € C'(M) (resp. f € C3(M)) is supported by
U, then f(x;) = f(X,) for some f € C'(R?) (resp. f € C*(R%)). The claim
follows from the discussion in the last paragraph. To prove this for a general
f € CY(M) (resp. f € C*(M)), choose countably many coordinate neigh-
borhoods U, of M that cover M. Let {¢,} be a partition of unity subordinate
to {U,}. By this we mean that ¢, € C°(M), >, ¢ = 1, supp(¢,) C Uy,
and {supp(¢,)} is locally finite in the sense that any point of M has a neigh-
borhood that intersects only finitely many supp(¢,). Then the claim holds
for each f,, = f¢,. The local finiteness can be used to prove the claim for
f= Zn Jn-

Let M be a d-dimensional manifold, let Yy, Yy, ..., Y,, be smooth vector
fields on M, and let B; be an m-dimensional Brownian motion with covariance
matrix {a;;}. A solution of the Stratonovich stochastic differential equation

dx, =Y Yi(x;) o dB] + Yo(x,)dt (B.5)

i=1
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is a semi-martingale x, in M such that, Vf € C>(M),

m

) = Y; f(x,) 0o dB! tY 5)ds.
F) f(xO)+§/0 e S+/0 of (xo)ds

If M = R? and if the vector fields Y; satisfy the uniform Lipschitz condition
on RY, then given any x, independent of the Brownian motion B;, there is a
unique solution x,. This can be proved rather easily by the usual successive
approximation method (see Ikeda and Watanabe [33, IV.3]). The existence
of the unique solution also holds on a compact manifold M because such a
manifold can be embedded in a Euclidean space R" and Y; can be extended
to be vector fields on RV with compact supports. This is also true if M is
a Lie group and the Y;s are left (resp. right) invariant vector fields on M
(see Kunita [36, theorem 4.8.7]). In all these cases, x; is a continuous Feller
process, called a diffusion process, in M, and its generator L restricted to
C°(M) is given by

VfeCxM), Lf= % > aYiYif +Yof. (B.6)
i,j=1

Note that the restriction of L to C2°(M) determines L completely (see Remark
1.21in [33, Chapter V]). A d-dimensional Brownian motion B, with covariance
matrix a;; is adiffusion process in R? with generator restricted to C? (R?) given
by Zfi j=1@ij0;0;, where 9; = 9/9x;. In particular, a d-dimensional standard
Brownian motion is a diffusion process in R with generator restricted to
C?(R?) givenby (1/2)A, where A = Zf;l 9;0; is the Laplace operator on RY.
In general, the solution x; of the stochastic differential equation (B.5) exists
uniquely for a given initial condition xy, but it may have a finite lifetime. It
may not be a Feller process, but it is still a strong Markov process and is
called a diffusion process in M with generator L given by (B.6). The reader
is referred to standard texts, such as those by Elworthy [17, 18] or Ikeda and

Watanabe [33], for more details.

B.3. Poisson Random Measures

This section is devoted to a discussion of the stochastic integrals defined
with respect to Poisson random measures following essentially the exposition
in Ikeda and Watanabe [33, II.3]. A Poisson distribution v of rate ¢ > 0
is a probability measure on the set Z, = {0, 1,2, ...} defined by v({k}) =
e~“ck/k! fork € Z,. If c = 0 or ¢ = oo, then it is defined to be 8y or 8.
A Z-valued cadlag process N, with Ny = 0 is called a Poisson process of
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rate ¢ > 0 if Vs < ¢, N, — N, is independent of o {N,; 0 < u < s} and has
Poisson distribution of rate c(t — s).

A random measure £ on a measurable space (S, S)isamapé&: Q2 xS —
[0, oo] such that Vw € 2, &(w, -) is ameasure on (S, S)and VB € S, &(-, B)
is F-measurable. Let u be a o-finite measure on (S, S). A random measure
& on (S, S) is called a Poisson random measure with intensity measure p
if for disjoint By, ..., By € S, &(-, By), - .., £(-, By) are independent random
variables with Poisson distributions of rates (By), . . ., u(By). Then u = E§;
that is, u(B) = E[&(-, B)] for B € S.

A Poisson random measure N on R; x S, which is equipped with the
product o -algebra B(R,) x S, where B(R.) is the Borel o-algebra on R,
is called homogeneous if its intensity measure is given by E[N(dtds)] =
dtv(ds) for some o -finite measure v on (S, S), called the characteristic mea-
sure. In this work, a Poisson random measure on R, x S is always assumed
to be homogeneous.

A positive random variable T is said to have an exponential distribution of
rate ¢ > 0 if P(T > t) = ¢~ for any ¢ € R,. A nontrivial Poisson random
measure N on R, x S with a finite characteristic measure v can be con-
structed from a sequence of independent exponential random variables t, of
a common rate v(S) and an independent sequence of independent S-valued
random variables o, with a common distribution v/v(S) by setting

N0, t]x B)=#n>0; T, <tando, € B}

fort e Ry and B € S, where T,, = Zf’zl 7;. Note that 7,, 1 oo almost surely.
In this case, the Poisson random measure N is said to be determined by the
two sequences {t,} and {o,}, or by the two sequences {7,,} and {0, }. We may
also say that two sequences are determined by N.

Let F be the space of all the functions g: R, x § x Q — [—00, oo] that
have the following two properties:

(1) Vt e Ry, (x,w) > g(t, x,w)is S x F;-measurable;
(i) V(x,w) e S x Q,t+ g(t, x, w) is left continuous.

Note that for f € F, E[[, [¢|f(u, x, )IN(dudx)] = E[; [|f@,x, )|
du v(dx)]. For simplicity, f (¢, x, w) may be written as f (¢, x).

Let x; be a process taking values in a linear space and let T € R, be
fixed. The process x,(T) = x74+, — xr is called the process x; shifted by time
T . For a Poisson random measure N, regarded as a measure-valued process
N, = N([0, ] x -), the shifted process is N,(T) = N(T, T +1t] x -), which
is a Poisson random measure identical in distribution to N.
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A Poisson random measure N on R, x S is said to be associated to the
filtration {F;}, or is called an {F; }-Poisson random measure, if it is adapted to
{F:}, when regarded as a process N; as defined here, and for any 7 € R, the
shifted process N,(T) is independent of F7. Let N be an {F;}-Poisson random
measure on Ry x S with characteristic measure v. The compensated random
measure N of N is defined by N(dtdx) = N(dtdx) — dtv(dx). Then, for any
B € S with v(B) < 00, N,(B) = N([0, t] x B)is an L?-martingale. Define

F"‘(N):{geF; E [/I/Ig(u,xﬂ“duv(dx)] <oo}
0 Js

for « > 0. Then for g € FY(N), fot J5 &(u, x)N(du dx) is well defined and
for g € F'(N) N FX(N),

/t/g(u,x)ﬁ(dudx)z/I/g(u,x)N(dudx)—/l/g(u,x)duv(dx)
0o Js 0o Js 0o Js

is an L2-martingale satisfying

t 2 t
E{{/ /g(u,x)N(du dx)} }z E[/ /g(u,x)zduv(dx)]. (B.7)
0o JS 0 JS

For g € F%(N), choose g, € F'(N) N F?(N) such that
12
E {/ / lgn(u, x) — g(u,x)lzduv(dx)} —0asn — 00
0 JS

and define the stochastic integral fot s 8(u, x)N(du dx) as the limit in L*(P)
of [y s &n(u, x)N(du dx). Then it is still an L2-martingale satisfying (B.7).
Note that in general fot [5 g(u, x)N(du dx) may not be defined for g € F2(N).
Note also that fol J5 8(u, x)N(ds dx) is equal to the limit in L*(P) of the
expression

k
Z/ggn(tiflax)ﬁ((tifly ;] x dx) (B.8)
i=1

as the mesh of the partition, 0 =1 <t; < ---f; =, tends to zero and
n— oo.
Let F2.(N) be the space of functions f € F such that there are stopping
times 7, 1 oo satisfying f, € F?(N), where fat,x) = f(t ANT,, x). Then
the stochastic integral fot Js fu, x)N(du dx) may be defined by setting it

equal to fot [s fu(u, x)N(dudx) for t < T,. Then itis a local L*-martingale.
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We will denote (g - N), = [y [¢ g(u, x)N(du dx). It can be shown that,
for g, h € F2.(N),

(g - W), (h- W)y, = /0 /S g, Ohu, X)duv(dx)  (BY)
and
[(g-N),(h-N)|, = / / g(u, x)h(u, x)N(du dx). (B.10)
0 S

Given a filtration {F;}, a family of processes {x}; A € A}, adapted to {F;}
and taking values possibly on different linear spaces, are called independent
under {F,} if the random variables x()\ are independent and, for all T € R,
the shifted processes x " and Fr are independent.

Let B, be a {F,}-Brownian motion and let N be a {J;}-Poisson random
measure, independent under {F;}. In this case, if H, is an adapted caglad

process satisfying E(fot Hfds) <ooand g € F2(N), then
((H-B),(g-N)) =[(HB),(g-N)], =0, (B.11)

To show this, note that since both X; = (H - B), and Y; = (g - N), are L2-
martingales, and the former is continuous, it suffices to prove that X,Y; is
a martingale. This can be accomplished by a standard argument using the
L2-convergence of (B.2) and (B.8). We note that given a Brownian motion
B, and a Poisson random measure N on Ry x S, if they are independent,
then they are independent under the filtration {F;} generated by {B;} and N
(regarded as a measure-valued process N, defined earlier) and by possibly
other independent processes and random variables.
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