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Chapter 1

A xioms of Pm»babililty

1.2

10.

SAMPLE SPACE AND EVENTS

. For1 <, j <3, by (i, j) we mean that Vann’s card number is i, and Paul’s card number is

j. Clearly, A = {(1,2), (1,3), (2,3)} and B = {(2, 1), (3, 1), (3,2)}.
(a) Since AN B = (J, the events A and B are mutually exclusive.

(b) Noneof (1, 1), (2,2), (3, 3) belongs to AU B. Hence A U B not being the sample space
shows that A and B are not complements of one another.

. S={RRR,RRB,RBR,RBB, BRR, BRB, BBR, BBB}.

{x:0<x <20}{1,2,3,...,19}.

. Denote the dictionaries by dy, d»; the third book by a. The answers are

{dldza, dladz, dzdla, d2ad1, Cldldz, adgdl} and {dldza, adldz}.

E F: One 1 and one even.
E€F: One 1 and one odd.
E€F°: Both even or both belong to {3, 5}.

S={QQ.QN,QP,QD,DN,DP,NP,NN, PP}. (a) {QP}; (b) {DN, DP, NN}; (¢) /.
S={x:7<x=<9t}i{x:7<x=<73}U{x:73 <x <83} U{x: 83 <x <9}

EUFUG = G: If E or F occurs, then G occurs.
EFG = G: If G occurs, then E and F occur.

For1 <i <3,1 < j < 3, by a;b; we mean passenger a gets off at hotel i and passenger b
gets off at hotel j. The answers are {a;b;: 1 <i <3, 1 < j < 3} and {a\by, axb, a3bs},
respectively.

(a (EUF)(FUG)=(FUE)(FUG)=FUEG.
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Chapter 1 Axioms of Probability

(b) Using part (a), we have

(EUFYE°UFYEUF)=(FUEE ) EUF)=F(EUF) =FEUFF‘=FE.
(@) AB°C¢; (b)AUBUC; (c¢)A°B°C¢, (d)ABC°UAB°CUA°BC;
(e) ABCC°UA°B‘CUA‘BC*; ()(A—B)U(B—A)=(AUB)— AB.

If B = (, the relation is obvious. If the relation is true for every event A, then it is true for S,
the sample space, as well. Thus

S=(BNSHYU(B‘NS)=0U B =B,
showing that B = @.

Parts (a) and (d) are obviously true; part (c) is true by DeMorgan’s law; part (b) is false: throw
a four-sided die; let F = {1, 2,3}, G ={2,3,4}, E = {1, 4}.

@ U2, A ) UL, A,
Straightforward.
Straightforward.
Straightforward.

Let a;, a,, and as be the first, the second, and the third volumes of the dictionary. Let a4, as,
ae, and a7 be the remaining books. Let A = {a;, as, ... , a7}; the answers are

S = {x1x2x3X4xsx6x7: xip €A, 1 <i<7, andx; #x;ifi # j}

and
{XIX2X3X4X5X6X7 es: XiXi+1Xi42 = A1aa; forsomei,1 <i < 5},

respectively.

m;(1>10=1 U}c’:o=m An

Let Bi=A, By=A,— A, By=As—(A{UA),....,B, = A, —U'Z A, ...

BASIC THEOREMS

. No; P(sum 11) = 2/36 while P(sum 12) = 1/36.

0.33 +0.07 = 0.40.
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. Let E be the event that an earthquake will damage the structure next year. Let H be the

event that a hurricane will damage the structure next year. We are given that P(E) = 0.015,
P(H) =0.025,and P(EH) = 0.0073. Since

P(EUH)=P(E)+ P(H)— P(EH) =0.015 4 0.025 — 0.0073 = 0.0327,

the probability that next year the structure will be damaged by an earthquake and/or a hurricane
is 0.0327. The probability that it is not damaged by any of the two natural disasters is 0.9673.

. Let A be the event of a randomly selected driver having an accident during the next 12 months.

Let B be the event that the person is male. By Theorem 1.7, the desired probability is

P(A) = P(AB) + P(ABS) = 0.12 4 0.06 = 0.18.

. Let A be the event that a randomly selected investor invests in traditional annuities. Let B be

the event that he or she invests in the stock market. Then P(A) = 0.75, P(B) = 0.45, and
P(A U B) = 0.85. Since,

P(AB) = P(A) + P(B) — P(AU B) = 0.75 + 0.45 — 0.85 = 0.35,

35% invest in both stock market and traditional annuities.

. The probability that the first horse wins is 2/7. The probability that the second horse wins

is 3/10. Since the events that the first horse wins and the second horse wins are mutually
exclusive, the probability that either the first horse or the second horse will win is

2 3 41

7710 70

. In point of fact Rockford was right the first time. The reporter is assuming that both autopsies

are performed by a given doctor. The probability that both autopsies are performed by the same
doctor—whichever doctor it may be—is 1/2. Let A B represent the case in which Dr. A performs
the first autopsy and Dr. B performs the second autopsy, with similar representations for other
cases. Then the sample space is S = {AA, AB, BA, BB}. The event that both autopsies are
performed by the same doctor is {AA, BB}. Clearly, the probability of this event is 2/4=1/2.

. Let m be the probability that Marty will be hired. Then m 4 (m 4 0.2) + m = 1 which gives

m = 8/30; so the answer is 8/30 + 2/10 = 7/15.

. Let s be the probability that the patient selected at random suffers from schizophrenia. Then

s +5/3+5/2+5/10 = 1 which gives s = 15/29.
P(AU B) < 1 implies that P(A) + P(B) — P(AB) < 1.

() 2/52 +2/52=1/13; (b) 12/52 +26/52 —6/53 = 8/13; (¢) 1 — (16/52) = 9/13.
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12. (a) False;tossadieandlet A = {1,2}, B ={2,3},and C = {1, 3}.
(b) False;tossadieandlet A ={1,2,3,4}, B =1{1,2,3,4,5},C =1{1,2,3,4,5, 6}.

13. A simple Venn diagram shows that the answers are 65% and 10%, respectively.

14. Applying Theorem 1.6 twice, we have
P(AUBUC) =P(AUB)+ P(C) — P((AUB)C)
— P(A)+ P(B) — P(AB) + P(C) — P(AC U BC)
= P(A)+ P(B)— P(AB)+ P(C) — P(AC) — P(BC)+ P(ABC)
=PA)+ P(B)+ P(C)— P(AB) — P(AC) — P(BC)+ P(ABC).
15. Using Theorem 1.5, we have that the desired probability is
P(AB — ABC) + P(AC — ABC) + P(BC — ABC)
= P(AB) — P(ABC)+ P(AC) — P(ABC)+ P(BC) — P(ABC)
= P(AB) + P(AC)+ P(BC) —3P(ABC).

16. 7/11.
17. 351 pij-

18. Let M and F denote the events that the randomly selected student earned an A on the midterm
exam and an A on the final exam, respectively. Then

PMF)=PWM)+ P(F)—PMUF),

where P(M) = 17/33, P(F) = 14/33, and by DeMorgan’s law,

) 11 22
PMUF)=1—PMF)=1— — = —.
33 33
Therefore,

P(MF)_17 14 22 3
33 33 33 117

19. A Venn diagram shows that the answers are 1/8, 5/24, and 5/24, respectively.

20. The equation has real roots if and only if b? > 4c¢. From the 36 possible outcomes for (b, ¢),
in the following 19 cases we have that b> > 4c¢: (2, 1), 3, 1), (3,2), 4, 1), ..., (4,4), (5, 1),
..., (5,6),(6,1),...,(6,6). Therefore, the answer is 19/36.

21. The only prime divisors of 63 are 3 and 7. Thus the number selected is relatively prime to 63
if and only if it is neither divisible by 3 nor by 7. Let A and B be the events that the outcome
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is divisible by 3 and 7, respectively. The desired quantity is

P(A°By=1—-P(AUB)=1— P(A) — P(B) + P(AB)
21 9 3 4

- 63 63+63_7‘

Let T and F be the events that the number selected is divisible by 3 and 5, respectively.

(a) The desired quantity is the probability of the event 7' F¢:

333 66 267
1000 1000 ~ 1000°

(b) The desired quantity is the probability of the event 7€ F¢:

P(TF) = P(T)— P(TF) =

P(T°F)=1-P(TUF)=1—-P(T)—P(F)+ P(TF)
1 333 200 n 66 533
N 1000 1000 = 1000  1000°

(Draw a Venn diagram.) From the data we have that 55% passed all three, 5% passed calculus
and physics but not chemistry, and 20% passed calculus and chemistry but not physics. So at
least (55 454 20)% = 80% must have passed calculus. This number is greater than the given
78% for all of the students who passed calculus. Therefore, the data is incorrect.

By symmetry the answer is 1/4.

Let A, B, and C be the events that the number selected is divisible by 4, 5, and 7, respectively.
We are interested in P(AB°C¢). Now ABC* = A — A(BUC)and A(BUC) C A. So by
Theorem 1.5,
P(AB°C¢ = P(A) — P(A(B U C)) = P(A)— P(ABUAC)
= P(A) — P(AB) — P(AC) + P(ABC)
250 50 35 n 7172
1000 1000 1000 ~ 1000 1000

A Venn diagram shows that the answer is 0.36.

Let A be the event that the first number selected is greater than the second; let B be the
event that the second number selected is greater than the first; and let C be the event that
the two numbers selected are equal. Then P(A) + P(B) + P(C) =1, P(A) = P(B), and
P(C) =1/100. These give P(A) = 99/200.

Let B = Ay, and forn > 2, B, = A, — Ul'.':_ll A;. Then {By, B;, ...} is a sequence of
mutually exclusive events and | J;2, A; = |J;-, B;. Hence
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P(UJa) = p(ijn) = iP(B,» <Y P4,

n=1 n=1 n=1 n=1

since B, C A,,n > 1.

By Boole’s inequality (Exercise 28),

P(ﬁAn> —1 —P(GAQ) > 1—iP(A;).
n=1 n=1

n=1

She is wrong! Consider the next 50 flights. For 1 < i < 50, let A; be the event that the ith
mission will be completed without mishap. Then ﬂlsil A; is the event that all of the next 50

missions will be completed successfully. We will show that P ( mfﬂ h A,-) > 0. This proves

that Mia is wrong. Note that the probability of the simultaneous occurrence of any number of
A? ’s is nonzero. Furthermore, consider any set E consisting of n (n < 50) of the A{’s. Itis
reasonable to assume that the probability of the simultaneous occurrence of the events of E is
strictly less than the probability of the simultaneous occurrence of the events of any subset of
E. Using these facts, it is straightforward to conclude from the inclusion—exclusion principle

that,
50 50 504
P(UA) <X Pan=> =1
)=z ren =L
Thus, by DeMorgan’s law,

50

P(ﬂA,-):l—P(QAf) >1-1=0.

i=1

Q satisfies Axioms 1 and 2, but not necessarily Axiom 3. So it is not, in general, a probability
onS. Let S ={1,2,3,}. Let P({1}) = P({2}) = P({3}) = 1/3. Then Q({1}) = 0({2}) =
1/9, whereas Q({l, 2}) = P({l, 2})2 = 4/9. Therefore,

0(f1,2,1) # o({1}) + Q(2}).
R is not a probability on S because it does not satisfy Axiom 2; that is, R(S) # 1.

Let BRB mean that a blue hat is placed on the first player’s head, a red hat on the second
player’s head, and a blue hat on the third player’s head, with similar representations for other
cases. The sample space is

S={BBB, BRB, BBR, BRR, RRR, RRB, RBR, RBB).

This shows that the probability that two of the players will have hats of the same color and
the third player’s hat will be of the opposite color is 6/8 = 3/4. The following improvement,
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based on this observation, explained by Sara Robinson in Tuesday, April 10, 2001 issue of
the New York Times, is due to Professor Elwyn Berlekamp of the University of California at
Berkeley.

Three-fourths of the time, two of the players will have hats of the same color and
the third player’s hat will be the opposite color. The group can win every time this
happens by using the following strategy: Once the game starts, each player looks
at the other two players’ hats. If the two hats are different colors, he [or she] passes.
If they are the same color, the player guesses his [or her] own hat is the opposite
color. This way, every time the hat colors are distributed two and one, one player
will guess correctly and the others will pass, and the group will win the game. When
all the hats are the same color, however, all three players will guess incorrectly and
the group will lose.

1.7 RANDOM SELECTION OF POINTS FROM INTERVALS

1 30—10 2
T 30-0 3
) —0.04
g, 006352004 0,
0.12 — 0.04

3. (a) False; in the experiment of choosing a point at random from the interval (0, 1), let
A = (0,1) — {1/2}. A is not the sample space but P(A) = 1.
(b) False; in the same experiment P ({1/2}) = 0 while {3} # 0.

4. P(AUB) > P(A) = 1,50 P(AU B) = 1. This gives
P(AB)=P(A)+ P(B)— P(AUB)=1+1—-1=1.

5. The answer is
1999 1999

P({1,2,...,1999)) = Y "P({i})) =) 0=0.
i=1

i=1

6. Fori =0,1,2,...,9, the probability that i appears as the first digit of the decimal represen-
S
tation of the selected point is the probability that the point falls into the interval [IZ_O’ : I) )

Therefore, it equals

i+1
10 10 _ 1
1—-0 10

This shows that all numerals are equally likely to appear as the first digit of the decimal
representation of the selected point.



8

7.

10.

11.

Chapter 1 Axioms of Probability

No, itis not. Let S = {wy, wy, ...}. Suppose that for some p > 0, P({w,-}) =p,i=1,2,
.... Then, by Axioms 2 and 3, > ";2, p = 1. This is impossible.

. Use induction. For n = 1, the theorem is trivial. Exercise 4 proves the theorem for n = 2.

Suppose that the theorem is true for n. We show it forn + 1,
P(A1Ay - AyAp) = P(A1Ay - Ay) + P(Ap1) — P(A1Az - Ay U Apyy)
=14+1-1=1,
where P(A1A;--- A,) = 1is true by the induction hypothesis, and
P(A1Ar--- Ay UAp) = P(Apy) =1,

implies that P(AjAy--- A, UA, ;) = 1.

. (a) Clearly,l € ﬁ <l—i l+i> Ifx € ﬁ <l—i l—|—L>,then,foralln >1,
2n=122n22n ”=22n22n
1 1 1 1
2w 2T
Letting n — oo, we obtain 1/2 < x < 1/2; thus x = 1/2.
(b) Let A, be the event that the point selected at random is in (l — i l + i) then
2 2n 2 2n

AID2ADA32 - DA, DA 2.
1
Since P(A,) = —, by the continuity property of the probability function,
n
P({1/2}) = lim P(A,) =0.
n—oo

The set of rational numbers is countable. Let Q = {r;, r,,r3,...} be the set of rational
numbers in (0, 1). Then

o0

PQ = P({ri.ra.r3,...}) = Y_ P({r:}) =0.

i=1

Let I be the set of irrational numbers in (0, 1); then
POH=PQ)=1-POQ =1

Fori =0,1,2,...,9, the probability that i appears as the nth digit of the decimal represen-
tation of the selected point is the probability that the point falls into the following subset of
©, :

10"=1-1

10m +i 10m +i+1
U [ 10’ 10" )
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Since the intervals in this union are mutually exclusive, the probability that the point falls into
this subset is

10m+i+1 10m+i
10m=1—1 -

n n 1 1
Z 10 10 — 0% . _ L
1-0 10" 10

m=0
This shows that all numerals are equally likely to appear as the nth digit of the decimal
representation of the selected point.

12. P(B,) <> 2 P(A,).Since Y o2, P(A,) converges,

o0
lim P(By) < lim Z P(A,) = 0.

This gives lim,, o P(B,;) = 0. Therefore,
BiI2B,2B32--- 2By 2Bup1 2

implies that
o0 o0 o0
P( Ny An) - P( N Bm> = lim P(By) =0.
m=1n=m m=1

13. In the experiment of choosing a random point from (0, 1), let E, = (0, 1) — {¢},for0 < ¢ < 1.
Then P(E;) = 1 for all ¢, while

P( N E,) — P(#) = 0.

te(0,1)

14. Clearly r, € (a,, B,). By the geometric series theorem,

]

1
~ Z

4
E(ﬁn_an)zg %28 1=§<8-

n=1 n=1 1 ——

REVIEW PROBLEMS FOR CHAPTER 1

325-2
1. ———— =054
43-2

2. We have that

S = {(@ (1), (@, (2), (9, {1,2}), ({13, 2}), ({13, {1, 2}), (2, {1, 2})}-
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The desired events are
@ {(@.{1}),(@.{2}), (2.{1.2}). ({1, 21) }: ® {(©.{1,2}), ({1}. {2) )
© {(¥,{1}). (9, {2}). (4, {1, 2}), ({1}. {1, 2}), ({2}, {1, 2}) }.

. Since A C B, we have that B¢ C A°. This implies that (a) is false but (b) is true.

. In the experiment of tossing a die let A = {1, 3, 5} and B = {5}; then both (a) and (b) are

false.

. We may define a sample space S as follows.

S={xxxn>=1, x; e (T} x;i # x4, 1< <n—2; X0 =1,

. A venn diagram shows that 18 are neither male nor for surgery.

. We have that ABC € BC, so P(ABC) < P(BC) and hence P(BC) — P(ABC) > 0. This

and the following give the result.
P(AUBUC) = P(A)+ P(B) + P(C) — [P(AB) + P(AC) + P(BC) — P(ABC)]
< P(A)+ P(B) + P(C).

. If P(AB) = P(AC) = P(BC) =0, then P(ABC) = 0since ABC C AB. These imply that

P(AUBUC)= P(A)+ P(B)+ P(C) — P(AB) — P(AC) — P(BC) + P(ABC)
= P(A) + P(B)+ P(O).

Now suppose that
P(AUBUC)=P(A)+ P(B)+ P(C).

This relation implies that
P(AB) + P(BC) + [P(AC) — P(ABC)] = 0. (1)

Since P(AC) — P(ABC) > 0 we have that the sum of three nonnegative quantities is 0; so
each of them is 0. That is,

P(AB)=0, P(BC)=0, P(AC)= P(ABCQC). 2)
Now rewriting (1) as
P(AB)+ P(AC) + [P(BC) — P(ABC)]| =0,
the same argument implies that
P(AB)=0, P(AC)=0, P(BC)= P(ABCQC). 3)
Comparing (2) and (3) we have
P(AB) = P(AC) = P(BC) =0.
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. Let W be the event that a randomly selected person from this community drinks or serves

white wine. Let R be the event that she or he drinks or serves red wine. We are given that
P(W)=0.40, P(R) =0.50,and P(W U R) = 0.70. Since

P(WR)=P(W)+ P(R)— P(WUR)=0.4040.50 - 0.70 = 0.20,
20% percent drink or serve both red and white wine.

No, it is not right. The probability that the second student chooses the tire the first student
chose is 1/4.

By De Morgan’s second law,
P(A°B)=1—P((A°B°)) =1— P(AUB) =1— P(A) — P(B) + P(AB).
By Theorem 1.5 and the fact that A — B and B — A are mutually exclusive,

P((A—B)U(B—A))=P(A—B)+P(B—A)=P(A— AB)+ P(B— AB)
= P(A) — P(AB) + P(B) — P(AB) = P(A) + P(B) —2P(AB).

Denote a box of books by a;, if it is received from publisher i, i = 1, 2, 3. The sample space
is

S = {x 1X2X3X4X5X6: two of the x;’s are a;, two of them are a, and the remaining two are a3}.
The desired event is E = {X1X2X3X4X5x6 eS:x5s= x(,}.

Let E, F, G, and H be the events that the next baby born in this town has blood type O, A, B,
and AB, respectively. Then

1
P(E)= P(F), P(G) = EP(F), P(G) =2P(H).
These imply

P(E)=P(F)=20P(H).

Therefore, from
P(EY+ P(F)+ P(G)+ P(H) =1,

we get
20P(H)+20P(H)+2P(H)+ P(H) =1,

which gives P(H) = 1/43.

Let F, S, and N be the events that the number selected is divisible by 4, 7, and 9, respectively.
We are interested in P(F°¢S°N€¢) which is equal to 1 — P(F U S U N) by DeMorgan’s law.
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Now

P(FUSUN)=P(F)+ P(S)+ P(N)— P(FS)— P(FN)— P(SN)+ P(FSN)

250 142 111 35 27 15 3
1000~ 1000 = 1000 1000 1000 1000 = 1000

So the desired probability is 0.571.

The number is relatively prime to 150 if is not divisible by 2, 3, or 5. Let A, B, and C be the
events that the number selected is divisible by 2, 3, and 5, respectively. We are interested in
P(A°B°C°)=1—- P(AUBUC). Now

P(AUBUC)= P(A)+ P(B)+ P(C) — P(AB) — P(AC) — P(BC) + P(ABC)
75 50 30 25 15 10 5 11

=150 7150 7150 150 150 150 T 150 _ 15°

11 4
Therefore, the answeris 1 — — = —.
15 15

(@ UDy; (b)) U Uy-- Uy (¢) (UiD) U U3 D3) U---U (U, Dy);

(d) (U1 DUSDS) U (U USDSDs) U (D U,US DS) U (DyUS DSUS)
U(DSUS D,Us) U (DSUSUS Do) U (DSUS DSUS DSUS);

(&) DSDS--- Dt

199 —96 103
199—-0  199°

We must have b?> < 4ac. There are 6 x 6 x 6 = 216 possible outcomes for a, b, and c. For
cases in which a < ¢, a > ¢, and a = ¢, it can be checked that there are 73, 73, and 27 cases
in which b? < 4ac, respectively. Therefore, the desired probability is

73+73+27 173
216 216"
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COUNTING PRINCIPLES

. The total number of six-digit numbersis 9 x 10x 10 x 10 x 10 x 10 = 9 x 107 since the first digit

cannot be 0. The number of six-digit numbers without the digit five is8 x 9 x 9 x9Ix 9 x 9 =
8 x 9°. Hence there are 9 x 10° — 8 x 9° = 427, 608 six-digit numbers that contain the digit
five.

. (@ 5 =3125. (b) 5 =125

. There are 26 x 26 x 26 = 17, 576 distinct sets of initials. Hence in any town with more than

17,576 inhabitants, there are at least two persons with the same initials. The answer to the
question is therefore yes.

. 415 =1,073, 741, 824.
2 1 N
? = ﬁ =~ (0.00000024.
. (@) 525 =1380,204,032. (b) 52 x 51 x50 x 49 x 48 = 311, 875, 200.
. 6/36 =1/6.
4x3x2x2 1 8x5x6x2 27
.a) ——=—. (b) 1

2x8x8x4 64 T 12x8x8x4 32

1
— ~ 0.00000000093.
415

26 x 25 x24 x 10 x 9 x 8 =11, 232, 000.
There are 26 x 102 = 1, 757, 600 such codes; so the answer is positive.
2nm

2+ 1B+ 1)(2+ 1) = 36. (See the solution to Exercise 24.)
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There are (2° — 1)23 = 504 possible sandwiches. So the claim is true.
(@ 5*=0625. (b) 5*—5x4x3x2=505.

212 = 4096.

48 x 48 x 48 x 48
52 x 52 x52x%x52

=0.274.

10 x9x8x7=5040. (a)9 x9x8x7=4536; (b)5040 —1x 1 x 8 x7=4984.

Ny
Nt

1

By Example 2.6, the probability is 0.507 that among Jenny and the next 22 people she meets
randomly there are two with the same birthday. However, it is quite possible that one of these
two persons is not Jenny. Let n be the minimum number of people Jenny must meet so that
the chances are better than even that someone shares her birthday. To find n, let A denote the
event that among the next n people Jenny meets randomly someone’s birthday is the same as
Jenny’s. We have

364"

365"

To have P(A) > 1/2, we must find the smallest n for which

P(A)=1—-PA)=1-

364" 1
> -,
365" 2

or
364" 1

< —.
365" 2

This gives
1
log 3
= 252.652.
4

l P
%365

Therefore, for the desired probability to be greater than 0.5, n must be 253. To some this might
seem counterintuitive.

n >

Draw a tree diagram for the situation in which the salesperson goes from I to B first. In
this situation, you will find that in 7 out of 23 cases, she will end up staying at island /. By
symmetry, if she goes from I to H, D, or F first, in each of these situations in 7 out of 23
cases she will end up staying at island /. So there are 4 x 23 = 92 cases altogether and in
4 x 7 = 28 of them the salesperson will end up staying atisland /. Since 28/92 = 0.3043, the
answer is 30.43%. Note that the probability that the salesperson will end up staying at island
I is not 0.3043 because not all of the cases are equiprobable.
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He is at O first, next he goes to 1 or —1. If at 1, then he goes to 0 or 2. If at —1, then he goes
to 0 or —2, and so on. Draw a tree diagram. You will find that after walking 4 blocks, he is at
one of the points 4, 2, 0, —2, or —4. There are 16 possible cases altogether. Of these 6 end up
at 0, none at 1, and none at —1. Therefore, the answer to (a) is 6/16 and the answer to (b) is 0.

We can think of a number less than 1,000,000 as a six-digit number by allowing it to start with
0 or 0’s. With this convention, it should be clear that there are 9° such numbers without the
digit five. Hence the desired probability is 1 — (96/10°) = 0.469.

Divisors of N are of the form p{' p3* - - - pi, wheree; =0, 1,2,... ,n;,1 <i < k. Therefore,
the answeris (n; + 1)(ny + 1) - - - (ny + 1).

There are 6* possibilities altogether. In 5* of these possibilities there is no 3. In 53 of these
possibilities only the first die lands 3. In 5% of these possibilities only the second die lands 3,
and so on. Therefore, the answer is

54 4+4 x5

i = 0.868.

Any subset of the set {salami, turkey, bologna, corned beef, ham, Swiss cheese, American
cheese} except the empty set can form a reasonable sandwich. There are 27 — 1 possibilities.
To every sandwich a subset of the set {lettuce, tomato, mayonnaise} can also be added. Since
there are 3 possibilities for bread, the final answer is (27 — 1) x 23 x 3 = 3048 and the
advertisement is true.

11 x10x9x8xT7Tx6x5x%x4

TG = 0.031.

Fori = 1,2,3, let A; be the event that no one departs at stop i. The desired quantity is
P(A{ASAS) =1— P(A U Ay U Az). Now
P(A1UAyU A3) = P(A1) + P(A2) + P(A3)
— P(A1A2) — P(A1A3) — P(A2A3) + P(A1A2A3)
_26+26+26 1_1 1. .7
S30 36036 36 36 36 7 27"
Therefore, the desired probability is 1 — (7/27) = 20/27.

For 0 <i <9, the sum of the first two digits is 7 in (i 4+ 1) ways. Therefore, there are (i + 1)?
numbers in the given set with the sum of the first two digits equal to the sum of the last two
digits and equal to i. Fori = 10, there are 9> numbers in the given set with the sum of the first
two digits equal to the sum of the last two digits and equal to 10. Fori = 11, the corresponding
numbers are 82 and so on. Therefore, there are altogether

PP+22 4+ 41004+ +8+---+12=670
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numbers with the desired probability and hence the answer is 670/10* = 0.067.

Let A be the event that the number selected contains at least one 0. Let B be the event that it
contains at least one 1 and C be the event that it contains at least one 2. The desired quantity
is P(ABC) =1— P(A°U B°U C°), where

P(A°UB°UC ) = P(A°)+ P(B°) + P(CY)
— P(A°B¢) — P(A°C°) — P(B°C°) 4+ P(A°B°C")

__ v 8x 9! L 8x 91 8" 8"
S 9x 10T T 9x 10 T 9x 10 9x 10T 9 x 107!
7 x 8! 7"

T 9x10- Tox 101

PERMUTATIONS

1 1
. The answeris — = — ~ 0.0417.

41 24

. 31 =6.

8!
35!

. The probability that John will arrive right after Jim is 7!/8! (consider Jim and John as one

arrival). Therefore, the answer is 1 — (7!/8!) = 0.875.

Another Solution: If Jim is the last person, John will not arrive after Jim. Therefore, the
remaining seven can arrive in 7! ways. If Jim is not the last person, the total number of
possibilities in which John will not arrive right after Jim is 7 x 6 x 6!. So the answer is

7! !
M:O.Sﬁ.
8!
312 = 531, 441 b —12! =924 —12! = 27,720
- @) 3T =514l b) re =924 (© g = 27,720,
. 6P =30.
20!
———— = 3,491, 888, 400.
41315!8!
Sx4x7 4x3x6 3x2x5
Ox4xT)x@Ex3x6)x (3x2x ):50’400.

3!
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. There are 8! schedule possibilities. By symmetry, in 8!/2 of them Dr. Richman’s lecture

precedes Dr. Chollet’s and in 8!/2 ways Dr. Richman’s lecture precedes Dr. Chollet’s. So the
answer is 8!/2 = 20, 160.

11!

—— =92, 400.
31213131

1 — (6!/6% = 0.985.

1 34,650
@ gy =40
10!
(b) Treating all P’s as one entity, the answer is A = 6300.
8!
(c) Treating all /’s as one entity, the answer is i 840.

7!
(d) Treating all P’s as one entity, and all I’s as another entity, the answer is i 210.

(e) By (a) and (c), The answer is 840/34650 = 0.024.

<2v 31 3;)/68 = 0.000333.

<3'3!3;)/529 =6.043 x 10713,

m!
(n+m)!
Each girl and each boy has the same chance of occupying the 13th chair. So the answer is
12x 19! 12
12/20 = 0.6. This can also be seen from X =0.6.
20! 20
12!
= 0.000054.
1212
. . 5! x 18!
Look at the five math books as one entity. The answer is o = 0.00068.
9Py
1— o= 0.962
2 x 5!'x 5!
——— =0.0079.
10!

nl/n".
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1 — (6!/6°%) = 0.985.

Suppose that A and B are not on speaking terms. 134 P4 committees can be formed in which
neither A serves nor B; 4 x 134 P; committees can be formed in which A serves and B does not.
The same numbers of committees can be formed in which B serves and A does not. Therefore,
the answer is 134 P4 + 2(4 X134 P3) = 326, 998, 056.

@ m". (b)) P, () nl

(3 - %)/68 — 0.003.

20!
39x37x35%x---x5%x3x1
1
39x37x35%x---x5%x3x1

(a) =761 x 1075,

(b) =3.13 x 1074,

Thirty people can sit in 30! ways at a round table. But for each way, if they rotate 30 times
(everybody move one chair to the left at a time) no new situations will be created. Thus in
30!/30 = 29! ways 15 married couples can sit at a round table. Think of each married couple
as one entity and note that in 15!/15 = 14! ways 15 such entities can sit at a round table. We
have that the 15 couples can sit at a round table in (2!)!5 - 14! different ways because if the
couples of each entity change positions between themselves, a new situation will be created.
So the desired probability is

1412nH"
YT 3031071,
29!
The answer to the second part is
241(21)°
2MCEY 95 x 107,
29!

In 13! ways the balls can be drawn one after another. The number of those in which the first
white appears in the second or in the fourth or in the sixth or in the eighth draw is calculated
as follows. (These are Jack’s turns.)

EXSIXIIN+8XTXO6XIXN+8XxTXxO6Xx5x4x5xT7!
+8XxTx6x5x4x3x2x5x5!=2,399, 846, 400.

Therefore, the answer is 2, 399, 846, 400/13! = 0.385.
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COMBINATIONS

100

i=51

(

1

20
6

25
6

. (20> = 38, 760.
6

) = 6, 864, 396, 000.

) =21, 624.

O)/<172) — 0.318.

Section 2.4 Combinations

100
Z ( ) ) = 583,379, 627, 841, 332, 604, 080, 945, 354, 060 ~ 5.8 x 10%.
i

19

12
The coefficient of 2°x? in the expansion of (2 + x)'? is ( 9 ) Therefore, the coefficient of x°

12
is 23< 9 ) = 1760.

7
The coefficient of (2x)3(—4y)* in the expansion of (2x — 4y)” is <4) Thus the coefficient

7
of x*y? in this expansion is 23(—4)* (4) =71, 680.

-(

9
3

JI(

6
4

)+

6
3

)] — 4620.



20

13.

14.

15.

16.

17.

18.

19.

20.

Chapter2 Combinatorial Methods

10 710
10 __ . 10 _
(a) (5 )/2 —0.246: (b) ?:5: ( l_ )/2 = 0.623.

If their minimum is larger than 5, they are all from the set {6, 7, 8, ... , 20}. Hence the answer

is (155> / (250> —0.194.
6)E) () (6) (&) (5)
2J\ 4 6 6 6 6
N =0.228; (b) 34 = 0.00084.
(6) 6)
(50) (150)
% — 0.00206.
(o)
- i n _ - n iqn—i __ n __An
;2(i>_§<i>21 =Q24+1)"=3"
“ i n « n iqn—i __ n
Zx(i):§<i>XI =@+ D"

i=0

[(§>54]/66 = 0.201.
212/<?2> = 0.00151.

4
Royal Flush: TN = 0.0000015.
(5)

) 36
Straight flush: TN = 0.000014.
(5)

4

13 x 12(1)
————— = 0.00024.

)

(a)

Four of a kind:
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4 4
13(3) . 12(2)
— e = 0.0014.
(%)
4(153> — 40
— e = 0.002.
(%)
10(4)° — 40

)

3 (3) .
Three of a kind: (

Full house:

Flush:

Straight: = 0.0039.

(2)G)G) ()
. 2 /\2)\2 1)
Two pairs: <52) = 0.048.
5
4 12\
13 )5 4
One pair: =0.42

None of the above: 1— the sum of all of the above cases = 0.5034445.

The desired probability is

(12) (12)
6 6
— = =0.3157.
24
12
The answer is the solution of the equation (;) = 20. This equation is equivalent to

x(x — 1)(x —2) = 120 and its solution is x = 6.
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Thereare 9x 10° = 9000 four-digit numbers. From every 4-combination of the set {0, 1, ... , 9},
exactly one four-digit number can be constructed in which its ones place is less than its tens
place, its tens place is less than its hundreds place, and its hundreds place is less than its

10
thousands place. Therefore, the number of such four-digit numbers is ( 4 ) = 210. Hence
the desired probability is 0.023333.

n!
2 §
(x Y Z) - ni'nyn |xnlynzzn3
PIEE e

21 21 21
::2!0!0!x2y0z0+0!2!0!x0y2z0+ x'y’e

010! 2!
2' 1..1_0 2' 1.0_1 2' 0.1_1
TR R TT R TR TR TR TR

= x>+ y* + 224+ 2xy +2xz + 2yz.

213121

The coefficient of (2x)?(—y)3(3z)? in the expansion of (2x — y + 3z) is . Thus the

7!
coefficient of x2y3z? in this expansion is 22(—1)3(3)2m = —7560.

Therefore,

The coefficient of (2x)°(—y)’(3)? in the expansion of (2x — y 4 3)" is 3 7,'3,-
13! o

the coefficient of xy” in this expansion is 23(—1)’ (3)3m = —7,413, 120.

52! 52!
n = ways 52 cards can be dealt among four people. Hence the sample
131131131130 (13)*
space contains 52!/(13!)* points. Now in 4! ways the four different suits can be distributed

among the players; thus the desired probability is 4!/[52!/(13))*] ~ 4.47 x 1028,

I

The theorem is valid for k = 2; it is the binomial expansion. Suppose that it is true for all
integers < k — 1. We show it for k. By the binomial expansion,

n

n n n—n
(X1+X2+"'+Xk)"zz<n>X1I(X2+"'+Xk) :
1

n1=0

“ n (n —ny)!
n 1 ny _n3 n
= E x] E X, X3 e X
ni nylns! - nyg!

n1=0 na+n3+-+ng=n—ni

n (n —nyp)! . e
= E —— X Xy X,
ny ) nplns! - nyg!

ny+ny+-4ng=n :
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n!
= E —x;”xgz--.x;;k,
nllng! l’lk!

nytny+-tng=n

29. We must have 8 steps. Since the distance from M to L is ten 5-centimeter intervals and the
first step is made at M, there are 9 spots left at which the remaining 7 steps can be made. So

the answer is (3) = 36.

(1)) ()
30. (a) - 49100 ) 0753 (b) 2% / (15000
()

31. (a) It must be clear that

) =1.16 x 1074,

)

ni
)-I—nn]

(
(
("2) + na(n +ny)
(
(

\S]

\]

2

n

np

ns
ns

ny +n3(n +n; + ny)

ni

Ng—1
) )—l—nk_l(n—i-m + -+ npg).

(b) Forn = 25, 000, successive calculations of n;’s yield,
ny = 312,487, 500,
ny, = 48, 832, 030, 859, 381, 250,
ny = 1,192,283, 634, 186, 401, 370, 231, 933, 886, 715, 625,
ng = 710,770, 132, 174, 366, 339, 321, 713, 883, 042, 336, 781, 236,
550, 151, 462, 446, 793, 456, 831, 056, 250.
For n = 25, 000, the total number of all possible hybrids in the first four generations,

ny+n,+nz+ng,is 710,770,132,174,366,339,321,713,883,042,337,973,520,184,337,
863,865,857,421,889,665,625. This number is approximately 710 x 10%3.

32. For n = 1, we have the trivial identity

1 1
X+y= (O)xoylo + <1>x1y11.
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Assume that
n—1

-1\ ; ‘
(x + y)n71 = Z (l’l ; )xlynll‘

i=0

This gives

-1\ . )
x+y»'=x +y)z (n ; )xlynll

33. The desired probability is computed as follows.
GIG)CIE)GIE)G)EIE)RIEEE)) 2=oomse
6 /JL\2)\2)\2)\2)\2 )\ 2 /\3/\3)\3/\3/\3/\3
0 o (0
34. ) 2/ —0347. ()

— < = 0.520;

(5)



36.

37.

Section 2.4 Combinations 25

Let a 6-element combination of a set of integers be denoted by {a;, as, ... , ag}, where a; <
ap < --- < ag. It can be easily verified that the function i: 5 — A defined by

h({a17a29“' ’a6}):{alia2+1"" 7a6+5}

is one-to-one and onto. Therefore, there is a one-to-one correspondence between B and

44
A. This shows that the number of elements in A is <6 ) Thus the probability that no

44 49
consecutive integers are selected among the winning numbers is < 6 ) / ( 6 ) ~ 0.505. This

implies that the probability of at least two consecutive integers among the winning numbers
is approximately 1 — 0.505 = 0.495. Given that there are 47 integers between 1 and 49, this
high probability might be counter-intuitive. Even without knowledge of expected value, a
keen student might observe that, on the average, there should be (49 — 1)/7 = 6.86 numbers
between each ¢; and a; 11, 1 <i < 5. Thus he or she might erroneously think that it is unlikely
to obtain consecutive integers frequently.

(a) Let E; be the event that car i remains unoccupied. The desired probability is

P(ESES---ES)=1—P(E\UE,U---UE,).

Clearly,
Py =""" 1<i<n
nm
—2ym
P(E,-E,):(nn—m), l<ij<n i#]:
—3)m
P(EiEjEk):(nn—m), 1<i,jk<n,i#j#k

and so on. Therefore, by the inclusion-exclusion principle,

. " PN (n—10)"
P(EyUE,U---UE,) =Y (1) (l>—

i=1 n"
So
‘ o (n\(m—0D" ‘ (n\ (n—10)"
P(ESES---E)=1— —1)i! —_— = -1 _—
(E{E§ - EY) E()Q>m1 ;(%Jnm
1 . ifn S\
=— > = )Jm -
nm 4 i
i=0
(b) Let F be the event thatcars 1, 2, ..., n — r are all occupied and the remaining cars are

unoccupied. The desired probability is (n) P(F). Now by part (a), the number of ways m
r
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passengers can be distributed among n — r cars, no car remaining unoccupied is

— (n—r
Z(—U’( _ )(n—r—i)m.
i=0 !

So

1 = (n—r o
P(F)=n7§<—1>( l. )(n—r—z)

and hence the desired probability is

1 /1) — (n—r )
—m(>2(—1)'< . )(n—r—z)'".

Let the n indistinguishable balls be represented by 7 identical oranges and the n distinguishable
cells be represented by n persons. We should count the number of different ways that the n
oranges can be divided among the n persons, and the number of different ways in which exactly
one person does not get an orange. The answer to the latter part is n(n — 1) since in this case
one person does not get an orange, one person gets exactly two oranges, and the remaining
persons each get exactly one orange. There are n choices for the person who does not get
an orange and n — 1 choices for the person who gets exactly two oranges; n(n — 1) choices
altogether. To count the number of different ways that the n oranges can be divided among the
n persons, add n — 1 identical apples to the oranges and note that by Theorem 2.4, the total

2n — 1)!
number of permutations of these n — 1 apples and n oranges is % (We can arrange
n!(n—1)!
n — 1 identical apples and n identical oranges in a row in 2n — 1)!/ [n! (n— 1)!] ways.) Now
2n — 1)! 2n — 1
each one of these % = ( " ) permutations corresponds to a way of dividing the
n!(n—1)! n

n oranges among the n persons and vice versa. Give all of the oranges preceding the first apple
to the first person, the oranges between the first and the second apples to the second person,
the oranges between the second and the third apples to the third person and so on. Therefore,
if, for example, an apple appears in the beginning of the permutation, the first person does not
get an orange, and if two apples are at the end of the permutations, the (n — 1)st and the nth

2n — 1
persons get no oranges. Thus the answerisn(n — 1) / ( )
n

The left side of the identity is the binomial expansion of (1 — 1)" = 0.
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40. Using the hint, we have
n n n+1 n n+2 T n+r
0 1 2 r
_(n n n+42 n+1 n n+3 n+2
-~ \o 1 0 2 1
n+4 n+3 n4r41 n4r
3 2 r r—1
_(n n+1 n n+r+1\ (n+r+1
—\o 0 r N r '
41. The identity expresses that to choose r balls from n red and m blue balls, we must choose

either r red balls, O blue balls or r — 1 red balls, one blue ball or » — 2 red balls, two blue balls
or - -- O red balls, r blue balls.

1 1 1
42. Note that - n = — r.z—i— . Hence
i+1\: n+1\i+1
1 n—+1 n—+1 n+1 1
Th i = :_2""’1_1.
e given sum n—|—1|:( ! )+( 5 )+ +(n+1>] n+1( )
5\ 43 5
23. |(3)3 /4 — 0.264.

()

(b) From part (a), we have

Py (N—0D(N —n)
Pyv.i NWN-—-t—n+m)’

This implies Py > Py_; if and only if (N —t)(N —n) > N(N —t —n + m) or, equivalently,
if and only if N < nt/m. So Py is increasing if and only if N < nt/m. This shows that the
maximum of Py is at [nt/m], where by [nt/m] we mean the greatest integer < nt/m.

45. The sample space consists of (n + 1)* elements. Let the elements of the sample be denoted by
X1, X2, X3, and x4. To count the number of samples (x1, x5, x3, x4) for which x; +x; = x3+ x4,
let y3 = n — x3 and y4 = n — x4. Then y; and y, are also random elements from the set
{0, 1,2, ..., n}. The number of cases in which x; 4+ x, = x3 + x4 is identical to the number of
cases in which x| + x, + y3 + y4 = 2n. By Example 2.23, the number of nonnegative integer
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) ) . . (2n+3 ) . )
solutions to this equation is ( 3 ) However, this also counts the solutions in which one

of x1, x2, y3, and y, is greater than n. Because of the restrictions 0 < xi, x2, y3, y4 < n,
we must subtract, from this number, the total number of the solutions in which one of x;, x»,
v3, and y4 is greater than n. Such solutions are obtained by finding all nonnegative integer
solutions of the equation x; + x, + y3 + y4 = n — 1, and then adding n + 1 to exactly one
of xy, x2, y3, and y4. Their count is 4 times the number of nonnegative integer solutions of

2
X1+ x2 + y3+ y4 =n — 1; that is, 4(n ;_ ) Therefore, the desired probability is

2n+3 4 n+2
3 3 ) 2n*+4n+3

(n+ 14 34 1)3

(@) The n — m unqualified applicants are “ringers.” The experiment is not affected by their
inclusion, so that the probability of any one of the qualified applicants being selected is the
same as it would be if there were only qualified applicants. That is, 1/m. This is because in
a random arrangement of m qualified applicants, the probability that a given applicant is the
first one is 1/m.

(b) Let A be the event that a given qualified applicant is hired. We will show that P(A) =
1/m. Let E; be the event that the given qualified applicant is the ith applicant interviewed,
and he or she is the first qualified applicant to be interviewed. Clearly,

n—m+1
P(A)= ) P(E,
i=1
where p | o
P(E,'):n_m i—1- '(l’l—l)..
n!
Therefore,
n—m+1 .
n—mPi—l . (I’l - l)'
P(A) = ; -
(n —m)! .
n—m+1 . | (n —1)!
. Z n—m—i+1)!
P n!
n—m+1 .
1 1 —1i)!
_ 2 . (1) (m — 1)!
P m! n! m—m—i+1D!(m—1)
m! (n —m)!
n—m+1

- 5(,1) (2 7)
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11 & e
= ( ). )
m <n> ; m—1

n—m+1 . .
n—i n—iy\ . . . .
To calculate E , note that is the coefficient of x”~! in the expansion
— \m—1 m—1

n—m-+1 .
of (1 + x)"~*. Therefore, Z (n 11) is the coefficient of x”~! in the expansion of
m—
i=1

n—m+1

n__ m—1
Z (14+x)"" = -+ X(I—HC) .
i=1

n—m+1 .

. n—i . . . .

This shows that E ( 1) is the coefficient of x™ in the expansion of

m —
i=I

(1 +x)" — (1 +x)""!, which is (n) So (4) implies that

m
1 ny 1
(n) m) m’

m

1
P(4) = -

6
47. Clearly, N = 6'°, N(A;) = 59, N(A;A;) = 4%, i # j, and so on. So S; has (1) equal

6 ..
terms, S, has (2> equal terms, and so on. Therefore, the solution is

s G G- () (e
o w30)07) w0 w3000

The answer is

4ol _ (=40 —5)
Aol + Al +1421 — w242

. : . (2n o .
49. The coefficient of x” in (1 + x)** is (n ) Its coefficient in (1 + x)" (1 + x)" is
G)C) ()G G =+ ()6)
0)\n 1)\n—1 2)J\n—-2) " " \n)\0
n\* n\’ n\? n\?
() () )+ ()
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. n n
smce(.):( ) 0<i<n.
i n—1

Consider a particular set of k letters. Let M be the number of possibilities in which only
these k letters are addressed correctly. The desired probability is the quantity (Z) M / n!. All

we got to do is to find M. To do so, note that the remaining n — k letters are all addressed
incorrectly. For these n — k letters, there are n — k addresses. But the addresses are written
on the envelopes at random. The probability that none is addressed correctly on one hand is
M /(n — k)!, and on the other hand, by Example 2.24, is

(- 1)[l L (-1
=L

i=1 i=2

n—k

So M satisfies

and hence

The final answer is

k i U I (=1t
n P

=

The set of all sequences of H’s and T’s of length i with no successive H’s are obtained either
by adding a T to the tails of all such sequences of length i — 1, or a TH to the tails of all such
sequences of length i — 2. Therefore,

X =Xi_1+Xxi—0, i >2.

Clearly, x; = 2 and x3 = 3. For consistency, we define xo = 1. From the theory of recurrence
relations we know that the solution of x; = x;_; + x;_» is of the form x; = Ar{ + Br;, where

1++/5 1-+/5
2 2

and so

and r, =

r; and r, are the solutions of 7> = r + 1. Therefore, r; =

= a () (R

5+3V5 535

Using the initial conditions xo = 1 and x, = 2, we obtain A = R and 0



Section 2.5  Stirling’s Formula 31

Hence the answer is

% I VEN (5 =33y 1 — By
3=l () () () )]

- ﬁ[(s +3V5) (14 3)" + (5 - 35) (1 = V5)']

52. For this exercise, a solution is given by Abramson and Moser in the October 1970 issue of the
American Mathematical Monthly.

2.5 STIRLING’s FORMULA

(211) 1 2n)! 1 Varn (2n)*t e 1
1. (a) — = ~

n)2  nln! 22 Qan)n?te~2122  Jmn'

[en] [Vamn 2n)2 e=2]’ V2

b = .
® @m)! (n))?  /8xn (4n)* e Qun)yn2re=2n 4"

REVIEW PROBLEMS FOR CHAPTER 2

1. The desired quantity is equal to the number of subsets of all seven varieties of fruit minus 1
(the empty set); so itis 27 — 1 = 127.

2. The number of choices Virginia has is equal to the number of subsets of {1, 2, 5, 10, 20} minus
1 (for empty set). So the answer is 25 — 1 = 31.

3. (6 x5x4x3)/6"=0.78.

4. 10/(120) — 0.222.

9!
5. ———— =7560.
31212121

6. 5!/5=4!=24.

7. 31-41.41.41 = 82,944,

(s)
8. 1- AP = 0.83.
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. Since the refrigerators are identical, the answer is 1.

6! = 720.

(Draw a tree diagram.) In 18 out of 52 possible cases the tournament ends because John wins
4 games without winning 3 in a row. So the answer is 34.62%.

Yes, it is because the probability of what happened is 1/7> = 0.02.
98 = 43,046, 721.
(@) 26 x 25 x24 x23 x22 x 21 =165,765, 600;

(b) 26 x25x24 x 23 x 22 x5 = 39,468, 000;

B)=0)()
(c) 26 25 24 23 =21, 528, 000.
2 1 1 1

(§)+(T)+§?12>+ 000
©00
)

Another Solution:

8 x 4 x¢ P,
w=0‘57]‘
8 Ps
278
1—=— =0.252.
288
| n3
m:o.ooos%.
15!/15
. 312 =531,441.
4\ [48\ /3\ [36)\ [2\ [24\ (1 [12
1/\12)\1/)\iz2)\1/\12/\1/\12
= 0.1055.
52!

13!113113!13!
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Let Aj, Ay, Az, and A4 be the events that there is no professor, no associate professor, no
assistant professor, and no instructor in the committee, respectively. The desired probability

is
P(ATASASAY) =1 —P(AjUA, UA3U Ay),

where P(A; U Ay U Az U Ay) is calculated using the inclusion-exclusion principle:

P(A1UAUA3UAy) = P(A)) + P(A2) + P(A3) + P(Ay)
— P(A1Ay) — P(A1A3) — P(A1Ay) — P(A2A3) — P(A2A4) — P(A3Ay)
+ P(A1A2A3) + P(A1A3A4) + P(A1A2A4) + P(A2A3A4) — P(A1A2A3Ay)

=[N () +(6)+(5)-(0)- () () - (5)
() (5)+ (5)+ () () + () o] o

Therefore, the desired probability equals 1 — 0.621 = 0.379.

(151)2
301/(2)15

(N—n+1)/(1:).

()() (V)

25—224 =0.390; (b) 5% =6.299 x 107'%;

() ()
(5)EEE)

(© > 52 389 3/ 0.00000261.

(5)(5)

12!/(3)* = 369, 600.

= 0.0002112.

(a)

There is a one-to-one correspondence between all cases in which the eighth outcome obtained
is not a repetition and all cases in which the first outcome obtained will not be repeated. The

answer is
6X5X5Xx5x5x5%x5x%x5 <5

7
_ _> — 0.279.
6XO6XO6XO6XO6XH6X6X6 6

There are 9 x 103 = 9, 000 four-digit numbers. To count the number of desired four-digit
numbers, note that if 0 is to be one of the digits, then the thousands place of the number must be
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0, but this cannot be the case since the first digit of an n-digit number is nonzero. Keeping this
in mind, it must be clear that from every 4-combination of the set {1, 2, ... , 9}, exactly one
four-digit number can be constructed in which its ones place is greater than its tens place, its
tens place is greater than it hundreds place, and its hundreds place is greater than its thousands

place. Therefore, the number of such four-digit numbers is 1) = 126. Hence the desired

probability is = 0.014.

Since the sum of the digits of 100,0001s 1, we ignore 100,000 and assume that all of the numbers
have five digits by placing 0’s in front of those with less than five digits. The following process
establishes a one-to-one correspondence between such numbers, dd,d3dsds, Zle d; = 8,
and placement of 8 identical objects into 5 distinguishable cells: Put d; of the objects into
the first cell, d, of the objects into the second cell, d3 into the third cell, and so on. Since
8+5—-1 12

5-1 ) \8
{1,2,3,...,100000} in which the sum of the digits is 8 is 495. Hence the desired probability
is 495/100, 000 = 0.00495.

this can be done in = 495 ways, the number of integers from the set
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and ]nd@p@nd@n@@

3.1

. P(IW|U) =

CONDITIONAL PROBABILITY

P(UW 0.15
Www) = —— = 0.60.
PU) 0.25

. Let E be the event that in the blood of the randomly selected soldier A antigen is found. Let

F be the event that the blood type of the soldier is A. We have

P(FE) 041

P(F | E) = -
P(E)  0.41+0.04

=0.911.

0.20 0.625
032

. The reduced sample space is {(1, 4),2,3),(3,2),4,1),4,6),(5,5), (6, 4)}; therefore, the

desired probability is 1/7.
30-20 2

30-15  3°

. Both of the inequalities are equivalent to P(AB) > P(A)P(B).

1/3 2

A/3)+(1/2) 5

. 4/30 = 0.133.
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40\ /65

2 6

105
8
(2)(%)
28—\

-2

' 105
i=0
8
1/19 ifi =0

Pla=i|B=0=42/19 ifi=1,2,3,...,9
0 ifti =10,11,12,...,18.

= 0.239.

Let b* gb mean that the oldest child of the family is a boy, the second oldest is a girl, the youngest
is a boy, and the boy found in the family is the oldest child, with similar representations for
other cases. The reduced sample space is

S = {ggb*, gb*g, b gg, b*bg, bb*g, gb*b, gbb*, bgb*, b*gb, b*bb, bb*D, bbb*}.

Note that the outcomes of the sample space are not equiprobable. We have that

P({ggb*}) = P({gb*g}) = P({b*gg}) = 1/7
P({b*bg}) = P({bb*g}) = 1/14
P({gb*b}) = P({gbb*}) = 1/14
P({bgb*}) = P({b*gb}) = 1/14
P({b*bb}) = P({bb*b}) P({bbb*}) = 1/21.

The solutions to (a), (b), (c) are as follows.
(@) P({bb*g}) =1/14;
(b) P({bb*g, gbb*, bgb*, bb*b, bbb*}) = 13/42;
(c) P({b*bg, bb*g, gb*b, gbb*, bgb*, b*gb}) =3/7.
P(A) = 1 implies that P(A U B) = 1. Hence, by
P(AUB)= P(A)+ P(B) — P(AB),

we have that P(B) = P(AB). Therefore,

__P(AB) _P(B) _
P(B|A) = P = 1" P(B).
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P(AB)
P(A|B) = 5 , Where
P(AB)=P(A)+ P(B)— P(AUB)> P(A)+ P(B)—1=a+b—1.
(a) P(AB) >0, P(B) > 0. Therefore, P(A | B) = P(AB)
o ' ’ ~PB)
b P B =B _PB
P(B)  P(B)
. P((U?ilAi)B) P(UE AiB)
“ P<iL=J1Ai 7)= P(B) TP
S PAB) .
— i=l1 _ P(AlB) _

Note that P(U2,A;B) = Zf’il P(A;B), since mutual exclusiveness of A;’s imply that of
A;B’s;ie., AjA; =0,i # j,implies that (A;B)(A;B) =0,i # j.

The given inequalities imply that P(EF) > P(GF) and P(EF¢) > P(GF¢). Thus
P(E) = P(EF)+ P(EF°) > P(GF)+ P(GF°) = P(G).

Reduce the sample space: Marlon chooses from six dramas and seven comedies two at random.

7 13
What is the probability that they are both comedies? The answer is <2> / ( ) ) = 0.269.

Reduce the sample space: There are 21 crayons of which three are red. Seven of these crayons
are selected at random and given to Marty. What is the probability that three of them are red?

. (18 21
The answer is 4 / 7 = 0.0263.

(@) The reduced sample spaceis S = {1,3,5,7,9,...,9999}. There are 5000 elements in
S. Since the set {5,7,9, 11, 13, 15, ... , 9999} includes exactly 4998 /3 = 1666 odd numbers
that are divisible by three, the reduced sample space has 1667 odd numbers that are divisible
by 3. So the answer is 1667/5000 = 0.3334.

(b) Let O be the event that the number selected at random is odd. Let F' be the event that it is
divisible by 5 and T be the event that it is divisible by 3. The desired probability is calculated
as follows.

P(F'T°|O0)=1—P(FUT |O)=1—P(F|O)—P(T|O)+ P(FT | O)

1000 1667 333

=1- - +
5000 5000 5000

= 0.5332.
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Let A be the event that during this period he has hiked in Oregon Ridge Park at least once. Let
B be the event that during this period he has hiked in this park at least twice. We have

P(B)
PB|A) =——,
P(A)
where
510
P(A)=1- o0 = 0.838
and 0 0
5 10 x 5

So the answer is 0.515/0.838 = 0.615.

The numbers of 333 red and 583 blue chips are divisible by 3. Thus the reduced sample space
has 333 4 583 = 916 points. Of these numbers, [1000/15] = 66 belong to red balls and
are divisible by 5 and [1750/15] = 116 belong to blue balls and are divisible by 5. Thus the
desired probability is 182/916 = 0.199.

Reduce the sample space: There are two types of animals in a laboratory, 15 type I and 13
type II. Six animals are selected at random; what is the probability that at least two of them

are Type II? The answer is
(15) n (13) (15)
6 1 5
11— = 0.883.
28
6
Reduce the sample space: 30 students of which 12 are French and nine are Korean are divided

randomly into two classes of 15 each. What is the probability that one of them has exactly
four French and exactly three Korean students? The solution to this problem is

(15)()

This sounds puzzling because apparently the only deduction from the name “Mary” is that one
of the children is a girl. But the crucial difference between this and Example 3.2 is reflected
in the implicit assumption that both girls cannot be Mary. That is, the same name cannot be
used for two children in the same family. In fact, any other identifying feature that cannot be
shared by both girls would do the trick.
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3.2 LAW OF MULTIPLICATION

1. Let G be the event that Susan is guilty. Let L be the event that Robert will lie. The probability
that Robert will commit perjury is

P(GL) = P(G)P(L | G) = (0.65)(0.25) = 0.1625.

2. The answer is

11 10 9 8 7 6
— X — X — X — X — x — =0.15.
14 13 12 11 10 9

3. By the law of multiplication, the answer is

52 50 48 46 44 42
— X — X — X — X —x — =0.72.
52 51 50 49 48 47

4. (a) 6 3 00144
. — X —x—x—=0. ;
T T RART RN

8 7 12 8 12 7 12 8 7 8 7 6
b)) —X—X—4+—=X—X—4+—X—X—+4+— X —x — =0.344.
20 19 18 20 19 18 20 19 18 20 19 18

() 5 5 4 4 3 3 2 2 1 1
B. (@ — X —X-X-X=-X=X=X-x-=-x=x-=_0.00216.
11 10 9 8 7 6 5 4 3 2 1
(b) > 4 5 2] 0.00216
X —x-x-x=-=0. )
11 10 9 8 7

6. Exixixi—i—éxixixizo.OﬂZ.
8 10 13 15 8 11 13 16

7. Let A; be the event that the ith person draws the “you lose” paper. Clearly,

1
P(A) = 200°

199 1 1
200 199 ~ 200
199 198 1 1

P(A3) = P(A{ASA3) = P(A))P(AS | A)P(A3 | ASA) = —  — - — = —
(3) (123) (1)(2' 1)(3| 12) 200 199 198 200,

P(Ay) = P(ATA2) = P(ADP (A | AY) =

and so on. Therefore, P(A;) = 1/200 for 1 < i < 200. This means that it makes no difference
if you draw first, last or anywhere in the middle. Here is Marilyn Vos Savant’s intuitive solution
to this problem:
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It makes no difference if you draw first, last, or anywhere in the middle. Look at it
this way: Say the robbers make everyone draw at once. You'd agree that everyone
has the same change of losing (one in 200), right? Taking turns just makes that
same event happen in a slow and orderly fashion. Envision a raffle at a church with
200 people in attendance, each person buys a ticket. Some buy a ticket when they
arrive, some during the event, and some just before the winner is drawn. It doesn’t
matter. At the party the end result is this: all 200 guests draw a slip of paper, and,
regardless of when they look at the slips, the result will be identical: one will lose.
You can’t alter your chances by looking at your slip before anyone else does, or
waiting until everyone else has looked at theirs.

. Let B be the event that a randomly selected person from the population at large has poor credit

report. Let I be the event that the person selected at random will improve his or her credit
rating within the next three years. We have

P(BI) PU|B)P(B) (0.30)(0.18)

P(B|I) = - = —
() P() 0.75

= 0.072.

The desired probability is 1 —0.072 = 0.928. Therefore, 92.8% of the people who will improve
their credit records within the next three years are the ones with good credit ratings.

. For 1 < n < 39, let E, be the event that none of the first » — 1 cards is a heart or the ace

of spades. Let F, be the event that the nth card drawn is the ace of spades. Then the event
of “no heart before the ace of spades” is U;:g:l E,F,. Clearly, {E, F,, 1 <n < 39} forms a
sequence of mutually exclusive events. Hence

39 39 39
P(UEF) =Y PEF) =Y P(E)PF, | E
n=1 n=1

n=1

38
Z< ) Lot

n—1 o
52 53—n 14’
n—1

a result which is not unexpected.

(13) (39)
10. P(F)PE | F)= 23/ 7\0/ 104050

G

11. By the law of multiplication,

n+1 2

X X = .
n+2 n+2

P(A,) =

ST NS)
AW
X
vl &~
X
|
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Nowsince Ay 2 Ay, D A3 2 -2 A, D Ays 2 -+, by Theorem 1.8,

P(QA,») — lim P(A,) = 0.

n—o0

3.3 LAW OF TOTAL PROBABILITY

—h

1 1
) x 0.05 + 3 x 0.0025 = 0.02625.

N

. (0.16)(0.60) + (0.20)(0.40) = 0.176.

w

1 1 1
. 5(0.75) + 5(0.68) + 5(0.47) = 0.633.

12 13 13 39

1
5152 5 5Ty

50 ()@ o @§_4

. (0.20)(0.40) + (0.35)(0.60) = 0.290.

=

)

N O

. (0.37)(0.80) + (0.63)(0.65) = 0.7055.

©

1 1 1 1 1 1
. 6(0.6) + 6(0.5) + 6(0.7) + 6(0.9) + 8(0.7) + 8(0.8) =0.7.

©

. (0.50)(0.04) + (0.30)(0.02) 4 (0.20)(0.04) = 0.034.

10. Let B be the event that the randomly selected child from the countryside is a boy. Let E be
the event that the randomly selected child is the first child of the family and F be the event
that he or she is the second child of the family. Clearly, P(E) = 2/3 and P(F) = 1/3. By
the law of total probability,

1 2 1 1 1
P(B) = P(B | EYP(E)+ P(B| F)P(F) = 5 x 3+ 5 X 3= 7.

Therefore, assuming that sex distributions are equally probable, in the Chinese countryside,
the distribution of sexes will remain equal. Here is Marilyn Vos Savant’s intuitive solution to
this problem:
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The distribution of sexes will remain roughly equal. That's because—no matter how
many or how few children are born anywhere, anytime, with or without restriction—
half will be boys and half will be girls: Only the act of conception (not the govern-
ment!) determines their sex.

One can demonstrate this mathematically. (In this example, we’ll assume that
women with firstborn girls will always have a second child.) Let’s say 100 women
give birth, half to boys and half to girls. The half with boys must end their families.
There are now 50 boys and 50 girls. The half with girls (50) give birth again, half
to boys and half to girls. This adds 25 boys and 25 girls, so there are now 75 boys
and 75 girls. Now all must end their families. So the result of the policy is that there
will be fewer children in number, but the boy/girl ratio will not be affected.

11. The probability that the first person gets a gold coin is 3/5. The probability that the second

person gets a gold coin is

2 3+3 2 3

- X—-4+-Xx=-=-.

4 5 4 5 5

The probability that the third person gets a gold coin is
32 1 3 2 2 2 3 2 1 3 3
—X=-X-F=-X-X-F-X-X=-4+=-X-X=-=-—,
54 3 5 4 3 5 4 5 5 4 3 5

and so on. Therefore, they are all equal.

12. A Probabilistic Solution: Let n be the number of adults in the town. Let x be the number

of men in the town. Then n — x is the number of women in the town. Since the number of
married men and married women are equal, we have

x-§_(n—x)-§.
This relation implies that x = (27/62)n. Therefore, the probability that a randomly selected
adultis maleis (27/62)n / n = 27/62. The probability that a randomly selected adult is female
is 1 — (27/62) = 35/62. Let A be the event that a randomly selected adult is married. Let M
be the event that the randomly selected adult is a man, and let W be the event that the randomly
selected adult is a woman. By the law of total probability,

P(A)=PA | M)P(M)+ P(A| W)P(W)

7 27+3 35—42—21~0677
962 562 62 31 U
Therefore, 21/31st of the adults are married.

An Arithmetical Solution:  The common numerator of the two fractions is 21. Hence
21/27th of the men and 21/35th of the women are married. We find the common numerator
because the number of married men and the number of married women are equal. This shows
that of every 27 4 35 = 62 adults, 21 4 21 = 42 are married. Hence 42/62th = 21/31st of the
adults in the town are married.
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The answer is clearly 0.40. This can also be computed from

(0.40)(0.75) 4 (0.40)(0.25) = 0.40.

Let A be the event that a randomly selected child is the kth born of his or her family. Let B;
be the event that he or she is from a family with j children. Then

P(A) = ZP(A | Bj)P(B;)),

j=k
where, clearly, P(A | B;) = 1/j. To find P(B}), note that there are o; N families with j
children. Therefore, the total number of children in the world is Zf:o i(a; N) of which j (Na;)
are from families with j children. Hence
J(Ney) — joy
YicoilaiN) Yo i

This shows that the desired fraction is given by

P(B)) =

c ‘1 jo;
P(A)=) PAI|B)PB)=) — —=i"—
2 ’ ’ 2212 J o Yizoidi
_ XC: o _ Z;:k aj
ik Dol Dol
P(EFB)
Q(EF) P(EF | B) P(B) P(EFB)
Q(E | F)= = = = = P(E | FB).
Q(F) P(F | B) P(FB) P(FB)
P(B)
Let M, C, and F denote the events that the random student is married, is married to a student

at the same campus, and is female, respectively. We have that
1 2
P(F|M)=P(F|MC)P(C|M)+P(F|MC)YP(C°| M) = (O.40)§+(O.30)§ = 0.333.

Let p(k, n) be the probability that exactly k of the first n seeds planted in the farm germinated.
Using induction on n, we will show that p(k,n) = 1/(n — 1) for all k < n. Forn = 2,
p(1,2)=1=1/2—=1)istrue. If p(k,n — 1) = 1/(n — 2) for all k < n — 1, then, by the
law of total probability,

k—1 n—k—1
plk,n) = mp(k— I,n— 1)+Tp(k’n_ D

k=1 1 n—k-1 1 1

n—1 n—2 n—1 n—2 n-—1

This proves the induction hypothesis.
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Reducing the sample space, we have that the answer is 7/10.

O 9 I 9 ey 6 9 [ Y I Y

HHO 060 00

P(A|G)=PA|GO)P(O|G)+PA|IGM)P(M | G)+ P(A|GY)P(Y | G)

0 1+1 1+3 1 5
=0X-4+=-X=-4+-X=-=—.
32 3 4 3 12

Let E be the event that the third number falls between the first two. Let A be the event that
the first number is smaller than the second number. We have that

pg |y~ PEA 161

P(A) 12 3

Intuitively, the fact that P(A) = 1/2 and P(EA) = 1/6 should be clear (say, by symmetry).
However, we can prove these rigorously. We show that P(A) = 1/2; P(EA) = 1/6 can be
proved similarly. Let B be the event that the second number selected is smaller than the first
number. Clearly A = B¢ and we only need to show that P(B) = 1/2. To do this, let B; be
the event that the first number drawn is i, 1 <i < n. Since {By, By, ... , B,} is a partition of
the sample space,

P(B)=Y_P(B|B)P(B).
i=1
Now P(B | B;) = 0 because if the first number selected is 1, the second number selected
cannot be smaller. P(B | B;) = -

, 1 < i < n since if the first number is i, the second

number must be one of 1, 2, 3, ..., i_— 1 if it is to be smaller. Thus

n
i=1 i=2

n . _1 1 1 n
P(B)=) P(B|B)P(B) =) ~— == T D
i=2

. 1 (n—l)n_l
T m—-Ln 2 2

Let E,, be the event that Avril selects the best suitor given her strategy. Let B; be the event
that the best suitor is the ith of Avril’s dates. By the law of total probability,

n 1 n
P(Ey) =)  P(En | B)P(B) =~  P(Ey | By).
i=1 i=1
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Clearly, P(E,, | B;) = 0for 1 <i < m. Fori > m, if the ith suitor is the best, then Avril
chooses him if and only if among the first i — 1 suitors Avril dates, the best is one of the first
m. So

m
P(E, | B) = —.
i—1
Therefore,
1 < m m — 1
P(E,) = — = — .
(Ewm) n,Zi—l n,Zi—l
i=m+1 i=m+1
Now
. 1 "]
Z . %/ —dx=1n<£).
, i—1 m X m
i=m+1
Thus

P(E,) ~ %m (}%)

To find the maximum of P (E,,), consider the differentiable function

h(x) = %m (f)

X

Since
W(x) = S1n (f) L
n by n
implies that x = n/e, the maximum of P(E,,) is at m = [n/e], where [n/e] is the greatest
integer less than or equal to n/e. Hence Avril should dump the first [n/e] suitors she dates
and marry the first suitor she dates afterward who is better than all those preceding him. The
probability that with such a strategy she selects the best suitor of all n is approximately

h(f) Dne = é ~ 0.368.

e) e
Let N be the set of nonnegative integers. The domain of f is
{(g.r)eNxN: 0<g<N,0<r<N,0<g+r <2N}.

0 0
Extending the domain of f to all points (g,7) € R x R, we find that 8_f = a—f = 0 gives
g r

g=r=N/2and f(N/2, N/2) = 1/2. However, this is not the maximum value because on
the boundary of the domain of f along r = 0, we find that

1 N —g
0)=-(1
&0 2< +2N—g)
is maximum at g = 1 and
1 /3N -2 1
1,0) == > —,
F1.0) 2(2N—1>_2
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We also find that on the boundary along r = N,

o= (2 )

is maximum at g = N — 1 and

ETEIEE N

1/3N -2
The maximums of f along other sides of the boundary are all less than 3 (2N 7 ) . Therefore,

there are exactly two maximums and they occur at (1, 0) and (N —1, N). That is, the maximum
of f occurs if one urn contains one green and O red balls and the other one contains N — 1 green

1 /3N -2 3
and N red balls. For large N, the probability that the prisoner is freed is 3 (2N 1) ~ -

1

BAYES’ FORMULA

(3/4)(0.40) 3
(3/4)(0.40) + (1/3)(0.60) 5"

1(2/3) _ 8
12/3) + (1/4)(1/3) 9"

. Let G and I be the events that the suspect is guilty and innocent, respectively. Let A be the

event that the suspect is left-handed. Since {G, I} is a partition of the sample space, we can
use Bayes’ formula to calculate P(G | A), the probability that the suspect has committed the
crime in view of the new evidence.

P(A|G)P(G) _ (0.85)(0.65) ~0.87
P(A|G)P(G)+ P(A| )P(I)  (0.85)(0.65) + (0.23)(0.35) o

P(G|A)=

. Let G be the event that Susan is guilty. Let C be the event that Robert and Julie give conflicting

testimony. By Bayes’ formula,

P(C| G)P(G) (0.25)(0.65)

PGICO) = P(C|G)P(G)+ P(C | G)P(GY) - (0.25)(0.65) + (0.30)(0.35) -

0.607.

(0.02)(0.30) — 0.1463.
(0.02)(0.30) + (0.05)(0.70)

Q/Ge .
/o6 7
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. (0.92)(1/5000) B
" (0.92)(1/5000) + (1/500)(4999/5000)

0.084.

8. Let A be the event that two of the three coins are dimes. Let B be the event that the coin
selected from urn I is a dime. Then

(é.é %.1)‘_‘

P A) = P(A| B)P(B) ~ 73477797 s
_P(A|B)P(B)+P(A|BC)P(BC)_(§ 3.2 1)4_1 <§ 1>§_83'
7 47 4)7 " \7 4)7

0. (0.15)(0.25) — 0.056.
(0.15)(0.25) 4 (0.85)(0.75)

10. Let R be the event that the upper side of the card selected is red. Let B B be the event that the
card with both sides black is selected. Define RR and R B similarly. By Bayes’ Formula,

P(R| RB)P(RB)
P(R| RB)P(RB)+ P(R| RR)P(RR) + P(R | BB)P(BB)
(1/2)(1/3) 1

T (1/2(/3)+1(/3)+0(1/3) 3

1

1(=

11. - <6>
1000 — i\ 7/1000\7 /1
;[( 100 >/(100>](6)

12. Let A be the event that the wallet originally contained a $2 bill. Let B be the event that the
bill removed is a $2 bill. The desired probability is given by

P(RB|R) =

=0.21.

P(B | A)P(A)
P(B | A)P(A) + P(B | A¢) P(A°)

1
1 x =

2

: 1+1 1
X — — X
2 272

P(A|B) =

2
3

13. By Bayes’ formula, the probability that the horse that comes out is from stable I equals
(20/33)(1/2) 4

(20/33)(1/2) + (25/33)(1/2) )
The probability that it is from stable II is 5/9; hence the desired probability is

20 4+25 5_205_069
33 9 33 9 297 7
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(G)E)
(4

2
4

L0000 00,5 00

8 4 8 8 8
4 4 4 4
Let I be the event that the person is ill with the disease, N be the event that the result of the

test on the person is negative, and R denote the event that the person has the rash. We are
interested in P(I | R):

+2 3
4 4

P(I|R)y=P(UN|R)+P(UIN°|R)=0+ P(N°|R).
Since {IN, IN€, I°N, I°N¢} is a partition of the sample space, by Bayes’ Formula,

P(I|R)= P(IN‘|R)
B P(R | IN®)P(IN®)
" P(R|IN)P(IN)+ P(R|INS)P(INC)+ P(R| I°N)P(IN) 4+ P(R | IcN€)P(I¢N€)
B (0.2)(0.30 x 0.90) B
"~ 0(0.30 x 0.10) + (0.2)(0.30 x 0.90) + 0(0.70 x 0.75) 4+ (0.2)(0.70 x 0.25)

0.61.

INDEPENDENCE

. No, because by independence, regardless of the number of heads that have previously occurred,

the probability of tails remains to be 1/2 on each flip.

. A and B are mutually exclusive; therefore, they are dependent. If A occurs, then the probability

that B occurs is O and vice versa.

. Neither. Since the probability that a fighter plane returns from a mission without mishap is

49/50 independent of other missions, the probability that a pilot who flew 49 consecutive
missions without mishap making another successful flight is still 49/50=0.98; neither higher
nor lower than the probability of success in any other mission.

P(AB) =1/12=(1/2)(1/6); so A and B are independent.
(3/8)%(5/8)° = 0.00503.

(3/4) = 0.5625.
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(a) (0.725)> = 0.526; (b) (1 — 0.725)> = 0.076.

Suppose that for an event A, P(A) = 3/4. Then the probability that A occurs in two con-
secutive independent experiments is 9/16. So the correct odds are 9 to 7, not 9 to 1. In later
computations, Cardano, himself, had realized that the correct answer is 9 to 7 and not 9 to 1.

We have that
4
P(Abeats B) = P(Arolls 4) = 2
4 2
P(Bbeats A) =1— P(Abeats B) =1 — i3
4
P(B beats C) = P(C rolls 2) = 3

4 2
P(Cbeats B)=1— P(BbeatsC) =1— - =

6 6
2 4 3 4
P(C beats D) = P(C rolls 6) + P(C rolls 2 and D rolls 1) = 3 + 3 X 3 = 2
4 2
P(DbeatsC) =1— P(Cbeats D) =1 — 3 = 3
3 3 2 4
P(D beats A) = P(D rolls 5) + P(D rolls 1 and A rolls 0) = 3 + 3 X 3 = G

For 1 < i < 4, let A; be the event of obtaining 6 on the ith toss. Chevalier de Méré had
implicitly thought that A;’s are mutually exclusive and so

1 1 1 1 1
P(A]UAzUA3UA4)=8+6+g+6=4X6.

Clearly A;’s are not mutually exclusive. The correct answers are 1 — (5/6)* = 0.5177 and
1 —(35/36)* = 0.4914.

(1 —0.0001)%* = 0.9936.

In the experiment of tossing a coin, let A be the event of obtaining heads and B be the event
of obtaining tails.

(@ P(AUB)> P(A)=1,s0 P(AUB) = 1. Now
1=P(AUB)= P(A)+ P(B)— P(AB) =1+ P(B) — P(AB)

gives P(B) = P(AB).

(b) If P(A) =0, then P(AB) = 0; so P(AB) = P(A)P(B) is valid. If P(A) = 1, by
part (a), P(AB) = P(B) = P(A)P(B).

P(AA) = P(A)P(A) implies that P(A) = [P(A)]’. This gives P(A) = 0 or P(A) = 1.
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P(AB) = P(A)P(B) implies that P(A) = P(A)P(B). This gives P(A)[l — P(B)] =0
so P(A)=0or P(B) = 1.

1 — (0.45)° = 0.9917.
1 — (0.3)(0.2)(0.1) = 0.994.

There are
(100 x 10%) x (300 x 10°) — 1 =30 x 10%! — 1

other stars in the universe. Provided that Aczel’s estimate is correct, the probability of no life
in orbit around any one given star in the known universe is

0.99999999999995

independently of other stars. Therefore, the probability of no life in orbit around any other
star is
(0.99999999999995)30,000,000,000,000,000,000,000 —1 .

Using Aczel’s words, “this number is indistinguishable from 0 at any level of decimal accuracy
reported by the computer.” Hence the probability that there is life in orbit around at least one
other star is 1 for all practical purposes. If there were only a billion galaxies each having 10
billion stars, still the probability of life would have been indistinguishable from 1.0 at any level
of accuracy reported by the computer. In fact, if we divide the stars into mutually exclusive
groups with each group containing billions of stars, then the argument above and Exercise 8
of Section 1.7 imply that the probability of life in orbit around many other stars is a number
practically indistinguishable from 1.

1 —(0.94)"% — 15(0.94)'%(0.06) = 0.226.

A and B are independent if and only if P(AB) = P(A)P(B), or, equivalently, if and only if

m _ M m-+w
M+W M+W M+W

This implies that m /M = w/W. Therefore, A and B are independent if and only if the fraction
of the men who smoke is equal to the fraction of the women who smoke.

(a) By Theorem 1.6,

P(A(BUC)) = P(ABUAC) = P(AB) + P(AC) — P(ABC)
= P(A)P(B) + P(A)P(C) — P(A)P(B)P(C)
= P(A)[P(B) + P(C) — P(B)P(C)] = P(A)P(BUC).

(b) P((A - B)C) = P(AB°C) = P(A)P(B°)P(C) = P(AB)P(C) = P(A— B)P(C).

1 —(5/6)° = 0.6651.
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(@ 1—[(m—1/n]". (b) Asn— oo, this approaches 1 — (1/e) = 0.6321.

1 —(0.85)!° — 10(0.85)°(0.15)

PYOYEL = 0.567.

No. In the experiment of choosing a random number from (0, 1), let A, B, and C denote the
events that the point lies in (0, 1/2), (1/4,3/4), and (1/2, 1), respectively.

Denote a family with two girls and one boy by ggb, with similar representations for other
cases. The sample space is S = {ggg, bbb, ggb, gbb}. we have

P({ggg}) = P({bbb}) = 1/8, P({ggb}) = P({gbb}) = 3/8.
Clearly, P(A) = 6/8 = 3/4, P(B) = 4/8 = 1/2, and P(AB) = 3/8. Since P(AB) =
P(A)P(B), the events A and B are independent. Using the same method, we can show that

for families with two children and for families with four children, A and B are not independent.

If p is the probability of its occurrence in one trial, 1 — (1 — p)* = 0.59. This implies that
p=0.2.

@ 1-(0-p)d=p)---A=py). B A=-p)d—=p2)---1—py).
Let E; be the event that the switch located at i is closed. The desired probability is

P(E\E2E4EqUE\E3EsEe) = P(E\E2E4Eq)+ P(E1E3EsEe)— P(E| ExE3E4EsEe) = 2p* — p°.

()E) @) =0

For n = 3, the probabilities of the given events, respectively, are

D@+ Gy=1
OO +O)Ere)=2

The probability of their joint occurrence is
3 (1)2<1)_3_1 3
2)\2/ \2) 8 2 4

So the given events are independent. For n = 4, similar calculations show that the given
events are not independent.

and
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@ 1—(1/2". (b) (Z)(%)

(c) Let A, be the event of getting n heads in the first n flips. We have
AlDA)DA3D---DA, DA 1D -

The event of getting heads in all of the flips indefinitely is ()~ A,. By the continuity property
of probability function (Theorem 1.8), its probability is

P(é’”) = lim P(4,) = lim (%) _o.

Let A; be the event that the sixth sum obtainedisi,i = 2,3, ..., 12. Let B be the event that
the sixth sum obtained is not a repetition. By the law of total probability,

12

P(B) = ZP(B | Ai) P (A)).

i=2

Note that in this sum, the terms for i = 2 and i = 12 are equal. This is true also for the terms
fori = 3 and 11, for the terms for i = 4 and 10, for the terms for i = 5 and 9, and for the
terms for i = 6 and 8. So

6
P(B)=2[ Y P(B| A)P(A)| + P(B | A7) P (A7)
i=2

S CERCIENENENENE
+ (%)5(;—6)] + (%)5(%) — 0.5614.

(a) Let E be the event that Dr. May’s suitcase does not reach his destination with him. We
have

P(E) = (0.04) + (0.96)(0.05) + (0.96)(0.95)(0.05) + (0.96)(0.95)(0.95)(0.04) = 0.168,

or simply, P(E) =1 — (0.96)(0.95)(0.96) = 0.168.

(b) Let D be the event that the suitcase is lost in Da Vinci airport in Rome. Then, by Bayes’
formula,
P(D)  (0.96)(0.05)

_ — 0.286.
P(E) 0.168

P(D|E)=

Let E be the event of obtaining heads on the coin before an ace from the cards. Let H, T, A,
and N denote the events of heads, tails, ace, and not ace in the first experiment, respectively.
We use two different techniques to solve this problem.
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Technique 1: By the law of total probability,
1 1
P(E)=P(E|H)PH)+PE|T)P(T)=1- 5t PE|T)- X
where

P(E|T)=PE|TAPA|T)+ PE|TN)P(N|T)=0- % + P(E) - %

Thus
PE) =1+ [PE)] S
2 1312’

which gives P(E) = 13/14.

Technique 2: We have that
P(E)=P(E| HA)P(HA)+P(E|TA)P(TA)+P(E| HN)P(HN)+P(E |TN)P(TN).

Thus
P(E) = 1 1 1+0 1 l—l-l 1 12—|—P(E) 1 12
=1X=-x— X — X — X — X — X — X —.
2 13 2 13 2 13 2 13

This gives P(E) = 13/14.

Let P(A) = p and P(B) = q. Let A, be the event that none of A and B occurs in the first
n — 1 trials and the outcome of the nth experiment is A. The desired probability is

P(UA”):ZP(An):Z(l—p—q)”*lp: p p
n=1 n=1 n=1

1-(1-p—q) p+q

The probability of sum 5 is 1/9 and the probability of sum 7 is 1/6. Therefore, by the result of

1/9
Exercise 36, the desired probability is _1P =2/5.
1/6 +1/9

Let A be the event that one of them is red and the other one is blue. Let RB represent the
event that the ball drawn from urn I is red and the ball drawn form urn II is blue, with similar
representations for RR, BB, and BR. We have that

P(A) = P(A| RB)P(RB) + P(A | RR)P(RR) + P(A | BB)P(BB) + P(A | BR)P(BR)
00 o 5 00 0 (0 5 60

W) o o5y A\ 0 oy W)W osy W) o

== (o e) iy (o e) *~an (o)t~ (o s)

) () () ()

= 0.495.
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For convenience, let py = 0; the desired probability is

n n

L= =p)=> 0 =p)A=p2)-- (1= pip)pi(l = pisr) -+ (1 = py).

i=1 i=1

Let p be the probability that a randomly selected person was born on one of the first 365 days;
then 365p + (p/4) = 1 implies that p = 4/1461. Let E be the event that exactly four people
of this group have the same birthday and that all the others have different birthdays. E is the
union of the following three mutually exclusive events:

F: Exactly four people of this group have the same birthday, all the others have different
birthdays, and none of the birthdays is on the 366th day.

G: Exactly four people of this group have the same birthday, all the others have different
birthdays, and exactly one has his/her birthday on the 366th day.

H: Exactly four people of this group have their birthday on the 366th day and all the others
have different birthdays.

‘We have that
P(E)=P(F)+ P(G)+ P(H)

) (o)
() (V) ) (=)

30\, 1 \* (365 4 \2
¥ (_) : 26!(_) = 0.00020997237.
4 )\1a61) "\ 26 1461

If we were allowed to ignore the effect of the leap year, the solution would have been as

follows. 365\ /30\ ; 1 \4 [364 1 \26
—) . 26!(—) = 0.00021029.
( 1 )( 1 )(365) (26) (365)

Let E; be the event that the switch located at i is closed. We want to calculate the probability of
E,E4UEEsUE,E;EsU E| E3E4. Using the rule to calculate the probability of the union of
several events (the inclusion-exclusion principle) we get that the answeris 2p>+2p3—5p*+p°.

Let E be the event that A will answer correctly to his or her first question. Let ' and G be
the corresponding events for B and C, respectively. Clearly,
P(ABC) = P(ABC | EFG)P(EFG)+ P(ABC | ESFG)P(E‘FQG) 5)
+ P(ABC | ESFC)P(E°F°).

Now

P(ABC | EFG) = P(ABC), 6)
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and
P(ABC | E°F°) = 1. (7

To calculate P(ABC | E°F G), note that since A has already lost, the game continues between
B and C. Let BC be the event that B loses and C wins. Then

P(ABC | E°FG) = P(BC). ®)
Let F; be the event that B answers the second question correctly; then
P(BC) = P(BC | F,)P(Fy) + P(BC | Fy)P(Fy). ©)

To find P(BC | F3), note that this quantity is the probability that B loses to C given that B
did not lose the first play. So, by independence, this is the probability that B loses to C given
that C plays first. Now by symmetry, this quantity is the same as C losing to B if B plays first.
Thus it is equal to P(C B), and hence (9) gives

P(BC)=P(CB)-p+1-(—p);

noting that P(CB) = 1 — P(BC), this gives
P(BC) = !
S l+p
Therefore, by (8),

1
P(ABC | E°FG) = ——.
l+p

substituting this, (8), and (7) in (5), yields
1
P(ABC) = P(ABC) - p> + m(l —p)pt+ (1= p)2.
Solving this for P(ABC), we obtain

1
(1+p)d+p+p?)

P(ABC) =

Now we find P(BCA) and P(CAB).

P(BCA) = P(BCA | E)P(E) + P(BCA | E)P(E®)
p

— P(ABC)-p+0-(1—p) = ,
ABCY - p+0- U =D = a7+

P(CAB) = P(CAB | E)P(E) + P(CAB | E)P(E®)

p2

= P(BCA) - 0-(1—p)= )
( )-p+0-(1—p) A+ pdtpt
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We have that
. . 11 3 1
P(H)) = P(Hy | H)P(H) + P(Hy | HOP(H) = - 2 +0- 7 = .
Similarly, P(H,) = 1/8. To calculate P(H| Hy), the probability that none of her sons is
hemophiliac, we condition on H again.
P(H{H;) = P(H{H; | H)P(H) + P(H{H; | H)P(H").

Clearly, P(H{H; | H°) = 1. To find P(H{H; | H), we use the fact that H, and H, are
conditionally independent given H.

“HE c ¢ 1 1 1
P(H{HS | H)= P(H{ | H)P(HS | H) = = - — = —
2 2 4
Thus
1) =57 1= 16

The only quantity not calculated in the hint is P(U, | Rm) By Bayes’ Formula,
(nl ) <n +l >
P Rm Ui P Ui 1

()
gp(zem | U P(UL) Z (S)m(n Jlr ) Z(S)m

APPLICATIONS OF PROBABILITY TO GENETICS

. Clearly, Kim and Dan both have genotype O O. With a genotype other than A O for John, it is

impossible for Dan to have blood type O. Therefore, the probability is 1 that John’s genotype
is AO.

k(k+1)
—

. The genotype of the parent with wrinkled shape is necessarily 7. The genotype of the other

parent is either Rr or RR. But, R R will never produce wrinkled offspring. So it must be Rr.
Therefore, the parents are rr and Rr.

. Let A represent the dominant allele for free earlobes and a represent the recessive allele for

attached earlobes. Let B represent the dominant allele for freckles and b represent the recessive
allele for no freckles. Since Dan has attached earlobes and no freckles, Kim and John both
must be AaBb. This implies that Kim and John’s next child is AA with probability 1/4, Aa
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with probability 1/2, and aa with probability 1/4. Therefore, the next child has free earlobes
with probability 3/4. Similarly, the next child is B B with probability 1/4, Bb with probability
1/2, and bb with probability 1/4. Hence he or she will have no freckles with probability 1/4.
By independence, the desired probability is (3/4)(1/4) = 3/16.

If the genes are not linked, 25% of the offspring are expected to be BbV v, 25% are expected
to be bbvv, 25% are expected to be Bbvv, and 25% are expected to be bbVv. The observed
data shows that the genes are linked.

. Clearly, John’s genotype is either Dd or dd. Let E be the event that it is dd. Then E* is the

event that John’s genotype is Dd. Let F be the event that Dan is deaf. That is, his genotype
is dd. We use Bayes’ theorem to calculate the desired probability.

P(E | F) = P(F | E)P(E)
)= P(F | E)P(E) + P(F | E)P(E*)
1- 00l —=0.0198.

~ 1-(0.01) + (1/2)(0.99)
Therefore, the probability is 0.0198 that John is also deaf.

. A person who has cystic fibrosis carries two mutant alleles. Applying the Hardy-Weinberg

law, we have that ¢g> = 0.0529, or ¢ = 0.23. Therefore, p = 0.77. Since ¢> + 2pq =
1 — p? = 0.4071, the percentage of the people who carry at least one mutant allele of the
disease is 40.71%.

. Dan inherits all of his sex-linked genes from his mother. Therefore, John being normal has no

effect on whether or not Dan has hemophilia or not. Let E be the event that Kim is H%. Then
E°€ is the event that Kim is H H. Let F be the event that Dan has hemophilia. By the law of
total probability,

P(F)=P(F | E)P(E)+ P(F | E°)P(E°)
= (1/2)[2(0.98)(0.02)] +0-(0.98)(0.98) = 0.0196.

. Dan has inherited all of his sex-linked genes from his mother. Let E be the event that Kim is

CC, E, be the event that she is Cc, and E5 be the event that she is cc. Let F be the event that
Dan is color-blind. By Bayes’ formula, the desired probability is
P(F | E3)P(E3)
P(F | E\)P(E\) + P(F | E;)P(E2) + P(F | E3)P(E5)
_ 1-(0.17)(0.17) o7
0-(0.83)(0.83) + (1/2)[2(0.83)(0.17)] +1-(0.17)(0.17)

P(E3 | F) =

Since Ann is 44 and John is hemophiliac, Kim is either Hh or hh. Let E be the event that she
is Hh. Then E° is the event that she is hh. Let F be the event that Ann has hemophilia. By
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Bayes’ formula, the desired probability is
P(F | E)P(E)
P(F | EYP(E)+ P(F | E)P(E")

B (1/2)[2(0.98)(0.02)] _o
©(1/2)[2(0.98)(0.02)] + 1 - (0.02)(0.02)

P(E|F)=

Clearly, both parents of Mr. J must be Cc. Since Mr. J has survived to adulthood, he is not cc.
Therefore, he is either CC or Cc. We have

. . P(heis CC) 1/4 1
PheisCC |heisCCor Cc) = - =— =
PteisCCorCc) 3/4 3

2
P(heis Cc | heis CC or Cc) = 3

Mr. J’s wife is either CC with probability 1 — p or Cc with probability p. Let E be the event
that Mr. J is Cc, F be the event that his wife is Cc, and H be the event that their next child is
cc. The desired probability is

P(H) = P(HEF) = P(H | EF)P(EF)

1 p
=P(H|EF)P(E)P(F)=--=-p=—.
(HIEF)P(E)P(F)=7-3-p=7¢
Let E; be the event that both parents are of genotype AA, let E; be the event that one parent
is of genotype Aa and the other of genotype AA, and let E5 be the event that both parents are

of genotype Aa. Let F be the event that the man is of genotype AA. By Bayes’ formula,

P(F | E)P(E))
P(F | ED)P(E\) + P(F | E2)P(Ey) + P(F | E3) P(E3)

P(E\ | F) =

1-p* P’ 5

L p*+(1/2) 4pdg + (/4 - 4p2q2 ~ (p+aq)? 1

Similarly, P(E, | F) = 2pq and P(E3 | F) = ¢*. Let B be the event that the brother is AA.
We have

P(B|F)=P(B|FE\)P(E\ | F)+ P(B| FE)P(Ey | F) + P(B | FE3)P(E3 | F)
= P(B| E\)P(E\ | F)+ P(B| E2))P(Ey | F) + P(B| E3)P(E3 | F)

1 1 QCp+q)? (1+p)?
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REVIEW PROBLEMS FOR CHAPTER 3

a + ® DN

10.

11.

12.

13.

12 13 13 12 2
%-£+£-%=%=0.347.
1 — (0.97)° = 0.167.

(0.48)(0.30) + (0.67)(0.53) + (0.89)(0.17) = 0.65.
(0.5)(0.05) + (0.7)(0.02) + (0.8)(0.035) = 0.067.

(a) (0.95)(0.97)(0.85) =0.783; (b) 1 —(0.05)(0.03)(0.05) = 0.999775;
(c) 1—1(0.95)(0.97)(0.85) =0.217; (d) (0.05)(0.03)(0.15) = 0.000225.

103/132 = 0.780.

(0.08)(0.20) — 0.079.
(0.2)(0.3) 4+ (0.25)(0.5) + (0.08)(0.20)

N0

1/6.
(@) -0 6)
=)

4
7

5
=

= 0.615.

8
= — =0.35.
23

e IS

2

53
77 7
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Let A be the event of “head on the coin.” Let B be the event of “tail on the coin and 1 or 2 on
the die.” Then A and B are mutually exclusive, and by the result of Exercise 36 of Section 3.5,

. 1/2 3
the answeris ——— = —.
1/2)+(1/6) 4

The probability that the number of 1°s minus the number of 2’s will be 3 is

P (four 1’s and one 2) + P(three 1’s and no 2’s)

SO QOO ()6 =om
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The probability that the first urn was selected in the first place is

20 1
45 2 _ 10
20 110 1 19
45 2 25 2
The desired probability is
20 10 10 9
— =~ 0.42.

519725 19
Let B be the event that the ball removed from the third urn is blue. Let BR be the event that

the ball drawn from the first urn is blue and the ball drawn from the second urn is red. Define
BB, RB, and RR similarly. We have that

P(B) = P(B|BB)P(BB)+ P(B| RB)P(RB)+ P(B| RR)P(RR)+ P(B| BR)P(BR)
4 15+5 95+6 91+5 11 38 036
14 106 14 106 14 106 14 106 105
Let E be the event that Lorna guesses correctly. Let R be the event that a red hat is placed
on Lorna’s head, and B be the event that a blue hat is placed on her head. By the law of total

probability,

P(E) = P(E | R)P(R) + P(E | B)P(B)
L 1_1
eyt d-a-5=7

This shows that Lorna’s chances are 50% to guess correctly no matter what the value of « is.
This should be intuitively clear.

Let F be the event that the child is found; E be the event that he is lost in the east wing, and
W be the event that he is lost in the west wing. We have
P(F)=P(F | E)P(E)+ P(F|W)P(W)
= [1 - (0.6)*](0.75) + [1 — (0.6)*](0.25) = 0.748.

The answer is that it is the same either way. Let W be the event that they win one of the nights
to themselves. Let F be the event that they win Friday night to themselves. Then
1 1 2 2
PW)y=PW |F)P(F)+ PW |F)P(F)=1--+---=—.
3 23 3
Let A be the event that Kevin is prepared. We have that
P(RB°S?)  P(RB°S°| A)P(A) + P(RB“S° | A“)P(A)
P(B¢S¢) — P(B<S¢| A)P(A) + P(B<Sc | A°)P(A°)

~(0.85)(0.15)%(0.85) + (0.20)(0.80)(0.15)
o (0.15)2(0.85) + (0.80)2(0.15)

P(R | B°S) =

= 0.308.
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Note that
P(R)=P(R|A)P(A)+ P(R | A)P(A°) = (0.85)(0.85) 4+ (0.20)(0.15) = 0.7525.

Since P(R | B°S°) # P(R), theevents R, B, and S are not independent. However, it must be
clear that R, B, and S are conditionally independent given that Kevin is prepared and they are
conditionally independent given that Kevin is unprepared. To explain this, suppose that we are
given that, for example, Smith and Brown both failed a student. This information will increase
the probability that the student was unprepared. Therefore, it increases the probability that
Rose will also fails the student. However, if we know that the student was unprepared, the
knowledge that Smith and Brown failed the student does not affect the probability that Rose
will also fail the student.

20. (a) Let A be the event that Adam has at least one king; B be the event that he has at least
two kings. We have

P(AB)  P(Adam has at least two kings)
P(A)  P(Adam has at least one king)

48 48\ (4
1 — 13/ \12/\1
) ()
13 13
48
_ 13
52
13
(b) Let A be the event that Adam has the king of diamonds. Let B be the event that he has
the king of diamonds and at least one other king. Then

(1)) (1)) * (5) ()
_ros_ ()

P(B|A) = -
(B]4) P(A) (51)
12

(52\
13
Knowing that Adam has the king of diamonds reduces the sample space to a size considerably
smaller than the case in which we are given that he has a king. This is why the answer to

P(B|A)=

= 0.5612.
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part (b) is larger than the answer to part (a). If one is not convinced of this, he or she should
solve the problem in a simpler case. For example, a case in which there are four cards, say,
king of diamonds, king of hearts, jack of clubs, and eight of spade. If two cards are drawn,
the reduced sample space in the case Adam announces that he has a king is

{KaKp, KgJe, Ka8s, Ky Je, Ki8s},

while the reduced sample space in the case Adam announces that he has the king of diamonds
is
{KaKn, KaJe, K485}

In the first case, the probability of more kings is 1/5; in the second case the probability of
more kings is 1/3.
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4.2 DISTRIBUTION FUNCTIONS

1. The set of possible values of X is {0, 1, 2, 3,4, 5}. The probabilities associated with these
values are

x o 1 2 3 4 5
P(X =x) | 6/36 10/36 8/36 6/36 4/36 2/36

2. The set of possible values of X is {—6, —2, —1, 2, 3, 4}. The probabilities associated with
these values are

c)
2
PX=-6=PX=2)=PX =4 = TN = 0.095,
(=)
()0)
1)\
PX=-2)=PX=-1)=P(X=3)= N = 0.238.

()

3. The set of possible values of X is {0, 1,2..., N}. Assuming that people have the disease
independent of each other,

(1-p)~'p 1<i<N

PX=i)=
1 —pN i =0.
4. Let X be the length of the side of a randomly chosen plastic die manufactured by the factory,
then
1.25-1.125 1

P(X? > 1424) = P(X > 1.125) = =_.
1.25 -1 2
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5. P(X <1)=F(1-) = 1/2.

P(X=1)=F()—F(1-) = 1/6.
PAl<X<2)=FQ2-)—F(-)=1/4.
PX>1/2)=1-F(1/2)=1-1/2=1)2.
P(X =3/2) =0.
Pl<X<6)=F®6)—F()=1-2/3=1/3.

6. Let F be the distribution function of X. Then

0 t <0
1/8 0<r<1
Ft)y=131/2 1<t<?2
7/8 2<t<3
1 t>3.

7. Note that X is neither continuous nor discrete. The answers are
(@) F(6—) =1 implies that k(=36 + 72 — 3) = 1;s0 k = 1/33.
(b) F@4)— F(2)=129/33 —4/33 =25/33.
() 1—F@3)=1-(24/33) =9/33.

29 9
_F&-FB-) 33 33 5
(d P(X=4]X=3)= -FG 9 6
33

8. F(Qos) = 1/2 implies that 1 + ¢™* = 2. The only solution of this question is x = 0. So
x = 01is the median of F. Similarly, F(Qg.2s) = 1/4 implies that 1 + ¢~ = 4, the solution
of whichis x = —In3. F(Qo75) = 3/4 implies that 1 + ¢™* = 4/3, the solution of which is
x =In3. So —In3 and In 3 are the first and the third quartiles of F, respectively. Therefore,
50% of the years the rate at which the price of oil per gallon changes is negative or zero, 25%
of the years the rate is — In 3 &~ —1.0986 or less, and 75% of the years the rate is In 3 ~ 1.0986

or less.
9. (a)
PIX|<t)=P(-t<X<t)=PX <t)—P(X <-1)
=Ft)—[1-PX>=-D]=F@t)—[l-Px <n]=2F@1) —1.
(b) Using part (a), we have
P(X|>0=1=-P(X|<t)=1—[2F@) — 1] =2[1 - F(0)].
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(c)

PX=t)=14+PX=0)—-1=PX<t)+PX>0)+PX=1)—1
= PX<t)+PX>1)—1=PX<t)+P(X<—1)—1
= F(t) + F(—1) — 1.

F is a distribution function because F(—oo) = 0, F(oco) = 1, F is right continuous, and

1
F'(t) = —e™" > 0 implies that F is nondecreasing.
T

F is a distribution function because F'(—o0) = 0, F(oco) = 1, F is right continuous, and

F'(t) = > ( implies that it is nondecreasing.

1
(141)?
Clearly, F is right continuous. On t < 0 and on ¢ > 0, it is increasing, lim,_,, F(t) = 1,
and lim,, _», F(t) = 0. It looks like F satisfies all of the conditions necessary to make
it a distribution function. However, F(0—) = 1/2 > F(0+) = 1/4 shows that F is not
nondecreasing. Therefore, F is not a probability distribution function.

Let the departure time of the last flight before the passenger arrives be 0. Then Y, the arrival
time of the passenger is a random number from (0, 45). The waiting timeis X =45 —Y. We
have that for 0 < r < 45,

P(Xft):P(45—Y§t)=P(YZ45—t)=sz.

45 45

So F, the distribution function of X is

0 t<0

F(t)=1t/45 0<t <45

1 t > 45.
Let X be the first two-digit number selected from the set {00, 01, 02, . .. , 99} which is between
4 and 18. Since fori =4,5,...,18,

P(X =1i) 1/100 1

PX=i|4<X<18) = = = —,
P4<X<18) 15/100 15
we have that X is chosen randomly from the set {4, 5, ..., 18}.

Let X be the minimum of the three numbers,

()
P(X<5)=1—P(X25)=1—L=O.277.

()
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16.
> 2-0 2
P(X*—5X+6>0)=P((X—-2)(X—3)>0)=P(X <2)+P(X >3) = 003
17.
0 t <0
Fo=1_1_ o</<1)2
1—t
1 t>1)2.

18. The distribution function of X is F(t) = 0ift < 1; F(t) =1 —(89/90)" ifn <t <n + 1,
n > 1. Since

89\ 25 89\ 26
FQ6—)=1— (%) — 0244 <025 <1— (%) —0.252 = F(26),
26 is the first quartile. Since

89 62 89 63
F(63—) =1— (%) —0.4998 < 0.5 < 1 — (%> — 0.505 = F(63),

63 is the median of X. Similarly,

80 124 89\ 125
F(125—) =1 — (%) —0.7498 < 0.75 < 1 — (%) = 0.753 = F(125),

implies that 125 is the third quartile of X.

19.
F() t <5
G@)=

4.3 DISCRETE RANDOM VARIABLES

1. F, the distribution functions of X is given by

0 ifx <1
1/15 ifl<x<?2
3/15  if2<x<3
6/15 if3<x<4
10/15 if4<x <5
1 if x > 5.

F(x) =




Section 4.3 Discrete Random Variables

2. p, the probability mass function of X, is given by

x |1 2 3 4 5 6
p(x) | 11736 9/36  7/36  5/36 3/36 1/36

F, the probability distribution function of X, is given by

0 ifx <1

11/36 ifl <x <2
20/36 if2<x <3
F(x)=127/36 if3<x<4
32/36 if4<x <5
35/36 if5<x<6
1 if x > 6.

67

3. The possible values of X are 2, 3, ..., 12. The sample space of this experiment consists of 36

equally likely outcomes. Hence the probability of any of them is 1/36. Thus

p(2) =P(X =2)=P({(1,D}) = 1/36,
p(3)=P(X =3)=P({(1,2), (2, D}) = 2/36,
p@=PX=4=r({1,3),2,2,3,D}) =3/36.

Similarly,

i |5 6 7 8 9 10 11 12
p(i) | 436 536 6/36  5/36 4/36 3/36 2/36 1/36

4. Let p be the probability mass function of X. We have

x | -2 2 4 6
p(x) | 172 1710 13/45 19

5. Let p be the probability mass function of X and ¢ be the probability mass function of Y. We

have

p(i):(%)Fl(%), i=1,2,....

q() =P = j)=P(X = %) . (%)(j_3)/2(%>, Ji=357....

6. Mode of p = 1; mode of ¢ = 1.
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(@ Yo_kx=1=k=1/15.
(b) k(—1)2+k+4k—|—9k: 1=k=1/15.

(© Zk(é)leék:mzl/[%]:&

x=1
1 2

1424 dn)=1=k= - .
d k(1+2+--+n)=1=k L2 re T

6

2 2 2: ==
© kIT+2 4 A =1=k="T=E

. Let p be the probability mass function of X; then

(18)( 28 )
)= P(X =iy= ~IN2Z0 65

(i)

. Forx <0, F(x) =0. If x > 0, for some nonnegative integer n, n < x < n + 1, and we have

(D+G) =+ ()]

— n+l n
Nl Ol :1_<l) o
4 1—(1/4) 4

o= $30) =3l

=

Thus
ifx <0

0
Fx) =
11—/ ifn<x<n+1,n=0,1,2,....

Let p be the probability mass function of X and F be its distribution function. We have

pli) = (%)H(é), i=1,2,3,....

F(x) =0forx < 1. If x > 1, for some positive integer n, n < x < n + 1, and we have that

=50 = (e (e ()]

i=

1 1-(5/6)" | — <5>n.

T 6 1-(55/6)
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Hence
0 ifx <1
5

1—(6)n fn<x<n+1, n=1,2,3,....

F(x) =

The set of possible values of X is {2, 3,4, ...}. Forn > 2, X = n if and only if either all of
the first n — 1 bits generated are O and the nth bit generated is 1, or all of the first n — 1 bits
generated are 1 and the nth bit generated is 0. Therefore, by independence,

I\n—1 1 I\n=1 1 I\r-1
P(X:I’l):<§) §_|_(§) E:<§> , n>2.

The event Z > i occurs if and only if Liz has not played with Bob since i Sundays ago, and
the earliest she will play with him is next Sunday. Now the probability is i /k that Liz will
play with Bob if last time they played was i Sundays ago; hence

P(Z>i)=l—%, i=1.2...  k—1.

Let p be the probability mass function of Z. Then, using this fact for 1 < i < k, we obtain

p(i):P(Z:i):P(Z>i—1)—P(Z>i):<l—i;1>—(1—£>:%.

The possible values of X are 0, 1,2, 3,4, and 5. Fori,0 <i <5,
5

() 6P - 9P5_; - 10!
PX =i) =

15!

The numerical values of these probabilities are as follows.

i | o0 1 2 3 4 5
P(X =1i) | 42/1001 252/1001 420/1001 240/1001 45/1001 2/1001

)
B

The numerical values of these probabilities are as follows.

Fori =0, 1, 2, and 3, we have

P(X =i) =

i | 0 1 2 3
p(i) | 112/323 168/323 42/323 1/323
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Clearly,
6
P(X )=P E; )

To calculate P(E TUE,U-.- U Eé), we use the inclusion-exclusion principle. To do so, we
must calculate the probabilities of all possible intersections of the events from E, ..., Eg,
add the probabilities that are obtained by intersecting an odd number of events, and subtract
all the probabilities that are obtained by intersecting an even number of events. Clearly, there

6 6 6
are 1) terms of the form P(E;), 5 terms of the form P(E;E)), 3 terms of the form
P(EE;Ey), and so on. Now for all i, P(E;) = (5/6)"; forall i and j, P(E,;E;) = (4/6)";
foralli, j,and k, P(E;E; Ex) = (3/6)"; and so on. Thus

P(X>n)=P(E1UE2U--'UE6)

=N - )@+ - (@ + ()@
—o(2) - is(2) 202y () (L)

Let p be the probability mass function of X. The set of all possible values of X is {6, 7, 8, ...},
and

pm)=PX=n)=PX>n—1)— P(X >n)

S0 S0 ) () nme

Put the students in some random order. Suppose that the first two students form the first team,
the third and fourth students form the second team, the fifth and sixth students form the third
team, and so on. Let F stand for “female” and M stand for “male.” Since our only concern
is gender of the students, the total number of ways we can form 13 teams, each consisting of
two students, is equal to the number of distinguishable permutations of a sequence of 23 M’s

26! 26
and three F’s. By Theorem 2.4, this number is = 3 ) The set of possible values of
the random variable X is {2, 4, ..., 26}. To calcuiaté the probabilities associated with these
values, note that for k = 1,2,...,13, X = 2k if and only if one of the following events

occurs:

A:  One of the first k — 1 teams is a female-female team, the kth team is either a male-female
or a female-male team, and the remaining teams are all male-male teams.

B: The first k — 1 teams are all male-male teams, and the kth team is either a male-female
team or a female-male team.
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1.

Section 4.4  Expectations of Discrete Random Variables 71

To find P (A), note that for A to occur, there are k — 1 possibilities for one of the first k — 1 teams
to be a female-female team, two possibilities for the kth team (male-female and female-male),
and one possibility for the remaining teams to be all male-male teams. Therefore,

P(A) = M

26
3
To find P(B), note that for B to occur, there is one possibility for the first k — 1 teams to

be all male-male, and two possibilities for the kth team: male-female and female-male. The

number of possibilities for the remaining 13 —k teams is equal to the number of distinguishable

26 — 2k)!
permutations of two F’s and (26 —2k) —2 M’s, which, by Theorem 2.4, is ) =

21 (26 — 2k —2)!
26 — 2k
( 5 ) Therefore,
(26 — Zk)
2 2
PBY=—"re
3

26 — 2k
ﬂk—1)+2( )
1, 1

Hence, for 1 <k < 13,

2 1

=k — —k+-.

<26) 650" 26 ' 4
3

P(X =2k)=P(A)+ P(B) =

EXPECTATIONS OF DISCRETE RANDOM VARIABLES

Yes, of course there is a fallacy in Dickens’ argument. If, in England, at that time there were
exactly two train accidents each month, then Dickens would have been right. Usually, for all
n > 0 and for any two given days, the probability of #n train accidents in day 1 is equal to the
probability of n accidents in day 2. Therefore, in all likelihood the risk of train accidents on
the final day in March and the risk of such accidents on the first day in April would have been
about the same. The fact that train accidents occurred at random days, two per month on the
average, imply that in some months more than two and in other months two or less accidents
were occurring.

. Let X be the fine that the citizen pays on a random day. Then

E(X) =25(0.60) 4+ 0(0.40) = 15.

Therefore, it is much better to park legally.
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3. The expected value of the winning amount is

30(ﬂ) + 800<L> + 1,200, 000(

—— ) =0.86.
2,000, 000 2,000, 000 2, 000, OOO)

Considering the cost of the ticket, the expected value of the player’s gain in one game is
—1+0.86 = —0.14.

. Let X be the amount that the player gains in one game, then

()0)
3/\1
(4)
and P(X =—1)=1-0.114 — 0.005 = 0.881. Thus
E(X) = —1(0.881) 4+4(0.114) 4+ 9(0.005) = —0.38.

Therefore, on the average, the player loses 38 cents per game.

. Let X be the net gain in one play of the game. The set of possible values of X is {—8, —4, 0, 6, 10}.

The probabilities associated with these values are

RN 1[G

p(=8) = p0) = 7 = 107 p(—4) = ECUERETE
() ()

2
andp(6):p(10):T:E.Hence
2
E(X)=-8 ! 4 4+0 1+6 2+10 2 _4
N 10 10 10 10 10 5

Since E(X) > 0, the game is not fair.

6. The expected number of defective items is

=0
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7. Fori =4,5,6,7,let X; be the profit if i magazines are ordered. Then

4a
E(X4)=?,
by 2 6 a2 _da
3 18 3 18 3
E(X6):O.£+a.i+6_a.l=&’
18 18 3 18 18
by 2 6,05 A4 a3
3 18 3 18 3 18 3 18 18

Since 4a/3 > 19a/18 and 4a/3 > 10a/18, either 4, or 5 magazines should be ordered to
maximize the profit in the long run.

o oo
6 6 1 6
@ X n=mla=a =t
x=1

6 6 <1
(b) E(X):anzxzz—Z—:oo.

2
9 4 1 4 9
9. A AU A A
® l_zzzp(x) ittty

) EX) =Y. ,xp()=0, E(X])= Y7 _,x|px)=44/27,
E(X?) =Y2_ ,x*p(x) = 80/27. Hence
EQX?*—5X +7) =2(80/27) — 5(0) + 7 = 349/27.

10

1
10. Let R be the radius of the randomly selected disk; then E (27 R) = 27 Z i 0= 11m.
i=1

11. p(x) the probability mass function of X is given by

x |-3 0 3 4
p(x) [ 3/8 1/8 1/4 1/4

Hence
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E(X]) =3 3+o !
T8 8

77 23
EX?>=2|X))= — —2(=
8 8

N—
I
oo|&

3
EXIX)==9-2+0-

1 11 10 1 77
= [ — = — 2 = .2-—:—
12. E(X) = E i 0 5 and E(X") ig_ll 0 5 So

5 11 77
E[X(l]—X)]:E(llX—X):11-7—7:22.

13. Let X be the number of different birthdays; we have

365 x 364 x 363 x 362

PX=4= 365

= 0.9836,

4
( )365 x 364 x 363
P(X =3) =

o = 0.0163,

4 4
(2)365 x 364 + <3>365 x 364
P(X=2)= o = 0.00007,

365
P(X=1= 365 = 0.000000021.

Thus
E(X) =4(0.9836) + 3(0.0163) + 2(0.00007) + 1(0.000, 000, 021) = 3.98.

14. Let X be the number of children they should continue to have until they have one of each sex.
Fori > 2, clearly, X = i if and only if either all of their firsti — 1 children are boys and the ith
child is a girl, or all of their first i — 1 children are girls and the ith child is a boy. Therefore,
by independence,

= () ) A e

Eo-Yi(2) " - —1+§:i(%)” 1+ G =

i=2

So

Note that for |r| < 1, Y2, ir' ™' = 1/[(1 — r)?].
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15. Let A; be the event that the person belongs to a family with j children. Then

c

a 1
P(K=k) =) P(K=klA})P(A)) = Z;a,.

j=0 j=k
Therefore,
C C C a] C c kaj
EK)=) kP(K=k =) kY L=~
k=1 k=1 j= J k=1 j=k J

16. Let X be the number of cards to be turned face up until an ace appears. Let A be the event
that no ace appears among the first i — 1 cards that are turned face up. Let B be the event that
the ith card turned face up is an ace. We have

48
i—1

4
52—(i—1)'<52 )
i—1

/48
49 l(. B 1>4
EX) =) ! = 10.6.

= (.52 )(53—i>
i—1

To some, this answer might be counterintuitive.

P(X =i)= P(AB) = P(B|A)P(A) =

Therefore,

17. Let X be the largest number selected. Clearly,

P(X=i)=P(X§i)—P(X§i—1)=<—)n—(i_l)n, i=1,2,...,N.

N N
Hence
N - n+1 n N
l(l — 1) 1 n ; "
E0 =3[ |= 2l =i —1y]
i=1 i=1
N
N Nn+1 _ Z(l _ 1)}1
1 i
n+1 i n+1 . n i=1
=2l - -G -] = 7
i=1 N
For large N,

N N Nn+1
E (i—l)"%/ xtdx = .
izl 0 n +1
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Therefore,
n+l1
Nn—H _ Nt
E(X) ~ n+1 _ nN
Nn n+1
18. (a) Note that
1 1 1

n(n—l—l):n n+1

So

k k
1
Zn(n+1> Z< n+1) L

n=1 n=1

This implies that

1 . 1
ZP(’“— tim Zm P fim =

Therefore, p is a probability mass function.

o0 o0 1
(b) E(X)= an(n) =L

where the last equality follows since we know from calculus that the harmonic series,

1+1/24+1/3+---, is divergent. Hence E(X) does not exist.

19. By the solution to Exercise 16, Section 4.3, it should be clear that for 1 < k < n,

2n — 2k
2(k—1)+2< 5 )

)

2n — 2k
" 0 4k(k—1)+4k< 5 )
E(X) =) 2kP(X =2k)

- - 2n
k=1 k=1
(%)

P(X =2k) =

Hence

- 2‘:1 [2Zk3 —@n—2)Y K+ @n* —n— I)Zk]
k=1 k=1 n=1
(%)
_ 4 n?(n+1)>? nn+1)2n+1) 2
- (Zn) 2 T n-2). ; +(2n
3
(n + 1)?

—n—1)

nin—+1)

]
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4.5 VARIANCES AND MOMENTS OF DISCRETE RANDOM VARIABLES

1. On average, in the long run, the two businesses have the same profit. The one that has a profit
with lower standard deviation should be chosen by Mr. Jones because he’s interested in steady
income. Therefore, he should choose the first business.

2. The one with lower standard deviation, namely, the second device.
3. EX) = Zi:_3 xp(x) =—1, E(X?) = Z;(__gx p(x) = 4. Therefore, Var(X) = 4—1 = 3.

4. p, the probability mass function of X is given by

x |-3 0 6
p(x) | 318 3/8 2/8

Thus
9 12 3 27 72 99
EX)=—4+—=—, E(X?) ="+ —==2",
(X) st T =% (X°) s T3 g
99 9 783
Var(X):§—a:a:12.234, ox = ~/12.234 = 3.498.

5. By straightforward calculations,

XN:' 1 1 NWN+1) N+1
l: — . J—

N N 2 2

E(X) =
i=1

N
E(Xz):ZiZ.l:l,N(N"'l;(ZN"‘l) _ (N+1)22N+1),
(N+D@N+1D (N+D> N -1
6 a 4 =12

Var(X) =

N2 -1
12

Ox =

6. Clearly,

i= 0

(13) 39 )
EX) = 525_i =1.25,
(%)

3 39

) = 2.426.

1
E(X)_Zz ( 5-—

)
- (552>
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Therefore, Var(X) = 2.426 — (1.25)> = 0.864, and hence oy = +/0.864 = 0.9295.

7. By the Corollary of Theorem 4.2, E(X?> — 2X) = 3 implies that E(X?) — 2E(X) = 3.
Substituting E(X) = 1 in this relation gives E(X?) = 5. Hence, by Theorem 4.3,

Var(X) = E(X*) - [EX)]' =5-1=4.

By Theorem 4.5,
Var(—3X +5) = 9Var(X) =9 x 4 = 36.

8. Let X be Harry’s net gain. Then

—2  with probability 1/8
0.25 with probability 3/8

x= 0.50 with probability 3/8
0.75 with probability 1/8.
Thus
E(X) = —2-14—0.25 . 3 —4—0.50-§+0.75‘l =0.125
8 8 8 8
E(X?) = (=2)%- % +0.252 . % +0.50% - % +0.75%- % = 0.6875.

These show that the expected value of Harry’s net gain is 12.5 cents. Its variance is

Var(X) = 0.6875 — 0.125% = 0.671875.

9. Note that E(X) = E(Y) = 0. Clearly,

0 ifr<l1
P(IX -0l <1)=

1 ifr>1,

0 ifr <10
Py —oj<r)=1" "%

1 ifr > 10.

These relations, clearly, show that for all ¢ > 0,
P(lY =0/ <t) < P(IX — 0] <1).
Therefore, X is more concentrated about O than Y is.

10. (a) Let X be the number of trials required to open the door. Clearly,

1ye-11
P(X:x):(l——) S x=123. ...
n n
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Thus

E(X):ix(l —%)x_lézéix(l —%)H. (10)

x=1 x=I

We know from calculus that Vr, |r| < 1,

D arl = T (11)

Thus
> 1! 1 5
§ x(l——) = —n’ (12)
n 1

Substituting (12) in (10), we obtain E(X) = n. To calculate Var(X), first we find E(X?). We
have

e 1

s =3 () )= ) o

x=1 x=1

Now to calculate this sum, we multiply both sides of (11) by r and then differentiate it with
respect to r; we get

o0

1
E X2 = tr .
—~ 1-r)3

Using this relation in (13), we obtain
EXH=- —— " _—2p%_n.
n

Therefore,
Var(X) = 2n* —n) —n*> =nn — 1).

(b) Let A; be the event that on the ith trial the door opens. Let X be the number of trials
required to open the door. Then

1
PX=1)=-,
n
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P(X =2) = P(ASAy) = P(A;|AS)P(AS)
1 n— 1 1

’

n—1 n n
P(X =3) = P(A{A5A3) = P(A3|ASA]) P(ASAY)
= P(A3]A5A7) P (A5 A} P(A))
1 n—2 n— 11

n—2 n—1 n n

Similarly, P(X = i) = 1/nfor 1 <i < n. Therefore, X is a random number selected from
{1,2,3,...,n}. By Exercise 5, E(X) = (n + 1)/2 and Var(X) = (n> — 1)/12.

11. For E(X?) to exist, we must have E(|X?|) < oo. Now

PN oY G IR e N Gl O
;xnmxn)—nz; e DD <

whereas

6
X?)) =
| E |x |p(xn) =

n=1 n=1
12. For 0 < s < r, clearly,
lx[* <max (1, |x]") < 1+|x|", VxeR.

Let A be the set of possible values of X and p be its probability mass function. Since the rth
absolute moment of X exists, ), [x|"p(x) < co. Now

Dl p) Y (1+1x)plx)

X€EA XEA
=Y P+ Y IxI'pa) =14 |xI'p(x) < o,
XeA XeEA xXeEA

implies that the absolute moment of order s of X also exists.
13. Var(X)=Var(Y) implies that
EX) - [EX) = EXY) - [EM].
Since E(X) = E(Y), this implies that E(X?) = E(Y?). Let

P(X =a) = pi, P(X =) = pa, P(X =c¢) = p3;
P(Y =a) =q, PY =D) = qa, P(Y =c¢) =gs.
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Clearly,
prtptpi=qt+qt+g =1

This implies
(Pr—q1) +(p2—q2) + (p3 —q3) = 0.
The relations E(X) = E(Y) and E(X?) = E(Y?) imply that

apy + bpy + cp3 = aqy + bq + cq3
a’pi +b*pr + P py = a*qi + b + .

81

(14)

These and equation (14) give us the following system of 3 equations in the 3 unknowns p; —qj,

P2 — q2, and p3 — g3.

pPr—q) + (p2—q2) + (p3—q3) =0
a(pi—q1) + b(pr—q) + c(p3—¢q3) =0
a*(p1 — q1) + b*(p2 — q2) + *(p3 —q3) = 0.

In matrix form, this is equivalent to

111\ (p—a 0
a b cl|p—q)|=10
a’> b* ¢? P3—q3 0
Now
1 1 1
det{a b ¢ | =bc+ca®+ab® —ba* — cb* — ac®
a? b ?

=(c—a)c=b)(b—a)#0,

since a, b, and ¢ are three different real numbers. This implies that the matrix

1 1 1
a b c
a’ b* 2

is invertible. Hence the solution to (15) is

Pr—q1=p2—q =p3s—q=0.

Therefore, p; = q1, p» = g2, p3 = g3 implying that X and Y are identically distributed.

(15)
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14. Let
P(X =ay) = pi, P(X = ay) = p», P(X =a,) = pu;
P(Y =ay) = q1, P(Y =ay) = q>, cee P(Y =a,) = q,.
Clearly,

pitpttpn=q @t tgn =1

This implies that

(pr—gq)+(p2—q)+---+(pn —q,) =0.

The relations E(X") = E(Y"), forr =1,2,... ,n — 1 imply that

aip1+apy+ -+ appn = a1q1 +axqa + - - + angn,
aipi+aspr+ -+ anpy = ajqr + ayq + - + angn,

n—1

n—1

A +d e+ ad  p=d g+ -+ a

These and the previous relation give us the following n equations in the n unknowns p; — gy,

P2—4q2 ..

-,pn_QIr

pPr—q) + (P2—q2) +--+ (Pu—q) =0
al(pl —Q]) + az(pz-Qz) +--- + an(pn_Qn) =0
al(pr—q) + a2(pr—q) +- + a2(pa—qy) =

AN pr—q)+dy  (pr—gq) - +a T (P —qa) =0

In matrix form, this is equivalent to

Now

1 Lo 1 P1—q 0
a a - ay D2 — q2 0
a a; - a P3—q3| =10
n'—l n.—l n'—l _ 0
al a2 e an pn qn
1 1 1
a) ay a,
det| @t a3 o a | = T[] (@—a)#0,
: : j=nn—1,...2

(16)
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since a;’s are all different real numbers. The formula for the determinant of this type of
matrices is well known. These are referred to as Vandermonde determinants, after the famous
French mathematician A. T. Vandermonde (1735-1796). The above determinant being nonzero
implies that the matrix

al a2 e an
2 2 2
al a2 .. an
n—1 n—1 n—1
al az e an

is invertible. Hence the solution to (16) is

PL—qi=p2—q@=-=py— ¢, =0.

Therefore, p; = q1, p2 = q2, - - ., pn = qn, implying that X and Y are identically distributed.

4.6 STANDARDIZED RANDOM VARIABLES

1. Let X; be the number of TV sets the salesperson in store 1 sells and X, be the number of
TV sets the salesperson in store 2 sells. We have that X7 = (10 — 13)/5 = —0.6 and
X5 = (6 —7)/4 = —0.25. Therefore, the number of TV sets the salesperson in store 2 sells
is 0.6 standard deviations below the mean, whereas the number of TV sets the salesperson
in store 2 sells is 0.25 standard deviations below the mean. So Mr. Norton should hire the
salesperson who worked in store 2.

2. Let X be the final grade comparable to Velma’s 82 in the midterm. We must have

82—72 X —68
2 15

This gives X = 80.5.

REVIEW PROBLEMS FOR CHAPTER 4

10
1. Note that 5 )= 45. We have

i ‘ 1,2,16,17 3,4,14,15 5,6,12,13 7,8,10,11 9
p(@) ‘ 1/45 2/45 3/45 4/45 5/45
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6.
7.
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. The answer is

1 2+2 5+3 9+4 9+5 4+6 5—3676
34 34 34 34 34 34 - T

. Let N be the number of secretaries to be interviewed to find one who knows TgX. We must

find the least n for which P(N <n) > 0.500r1 — P(N > n) > 0.50 or 1 — (0.98)" > 0.50.
This gives (0.98)" < 0.50 orn > In0.50/1n 0.98 = 34.31. Therefore, n = 35.

. Let F be the distribution function of X, then

t
Ft)y=1- (1 n ﬁ)e—’/m, t>0.

Using this, we obtain
P(200 < X <300) = P(X <300) — P(X < 200) = F(300) — F(200—)
= F(300) — F(200) = 0.442 — 0.264 = 0.178.

. Let X be the number of sections that will get a hard test. We want to calculate E(X). The

random variable X can only assume the values 0, 1, 2, 3, and 4; its probability mass function

is given by
8 22
(0)(2)

)=P(X =i)= 1 =0,1,2,3,4
p(l) ( l) 30 9 l b 9 9 9 b
4
where the numerical values of p(i)’s are as follows.
i | 0 1 2 3 4

p(i) | 02669 0.4496 0.2360 0.0450 0.0026
Thus
E(X) = 0(0.2669) + 1(0.4496) + 2(0.2360) + 3(0.0450) + 4(0.00026) = 1.067.
(@)1 — F(6) =5/36. (b) F(9) =76/81. (¢) F(7) — F(2) = 44/49.
We have that
E(X) = (15.85)(0.15) + (15.9)(0.21) + (16)(0.35) + (16.1)(0.15) + (16.2)(0.14) = 16,
Var(X) = (15.85 — 16)*(0.15) + (15.9 — 16)#(0.21) + (16 — 16)*(0.35)
+ (16.1 — 16)%(0.15) + (16.2 — 16)?(0.14) = 0.013.
E(Y) = (15.85)(0.14) 4 (15.9)(0.05) + (16)(0.64) + (16.1)(0.08) + (16.2)(0.09) = 16,
Var(Y) = (15.85 — 16)%(0.14) 4 (15.9 — 16)*(0.05) + (16 — 16)*(0.64)
+ (16.1 — 16)%(0.08) + (16.2 — 16)2(0.09) = 0.008.
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These show that, on the average, companies A and B fill their bottles with 16 fluid ounces of
soft drink. However, the amount of soda in bottles from company A vary more than in bottles
from company B.

8. Let F be the distribution function of X, Then

0 t <58
7/30 58 <t <62
13/30 62 <t <64

F(1) =
18/30 64 <t <76
23/30 76 <t < 80
1 t > 80.
o, (20) — (1)’
9. (a) To determine the value of k, note that Z k—— = 1. Therefore, k Z — = 1. This
Py i! P i!

2t)!
implies that ke? = 1 or k = ¢~ *. Thus p(i) = 6*2’%.
i!

(b)
3

P(X <4)=) P(X =i)=e [l +2t + 26>+ (4/3)],
i=0

PX>1)=1-PX=0—-PX=1)=1—e2—2te .

10. Let p be the probability mass function, and F be the distribution function of X. We have
1 3
pO0) =p@) =2, p(l) = p2) = 2. and

0 t <0

1/8 0<r<l1
F(t)y=134/8 1<t<?2
7/8 2<t<3

1 t > 3.
11. (a) The sample space has 52! elements because when the cards are dealt face down, any
ordering of the cards is a possibility. To find p(j), the probability that the 4th king

4
will appear on the jth card, we claim that in 1) (- 1)P3 - 48! ways the 4th king

will appear on the jth card, and the remaining 3 kings earlier. To see this, note that
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4
we have (1) combinations for the king that appears on the jth card, and -1 P3

different permutations for the remaining 3 kings that appear earlier. The last term 48!,
is for the remaining 48 cards that can appear in any order in the remaining 48 positions.

Therefore,
4 j—1 j—1
(1)‘<f—1)P3’48! ( 3 ) ( 3 )

pU) = 521 =750 T /3
ww (1)

41 48!
o . 51 52
(b) The probability that the player wins is p(52) = 3 / 1) = 1/13.

(¢) To find

=4

E= me (07N,
()

the expected length of the game, we use a technique introduced by Jenkyns and Muller
in Mathematics Magazine, 54, (1981), page 203. We have the following relation which
can be readily checked.

j(j S 1) - §[<j+ 1)@ —j(j . 1)} j=s.

B3 4[5 )-E0)]

J=
5 4 4 ’ ’ ’

where the next-to-the-last equality follows because terms cancel out in pairs. Thus

This gives

i) = [ (U
V) WA U T ) LI\ 3
j=4 j=5
4 4
1
= T(‘l + 11, 478,736) = 42.4.
(%)
As Jenkyns and Muller have noted, “This relatively high expectation value is what makes the
game interesting. However, the low probability of winning makes it frustrating!”
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Sp@@ial Discrete

)istributi(ms

5.1 BERNOULLI AND BINOMIAL RANDOM VARIABLES

8\ /1\4/3\4
1. (4) (Z) <Z> — 0.087.
1
2. (a) 64 x 3= 32.
1
(b) 6 x 3 + 1 = 4 (note that we should count the mother of the family as well).
6\ /1\3/5\3
3. (— (— — 0.054.
(5)E Q)
6 1\2/9\4
4. (—) (—) — 0.098.
2/\10 10
5\ /10\2 /20,3
5. (—) (—) — 0.33.
2/ \30 30
6. Let X be the number of defective nails. If the manufacturer’s claim is true, we have
PX>2)=1-PX=0-PX=1

=1- <204> (0.03)°(0.97)** — (21‘1) (0.03)(0.97)% = 0.162.

This shows that there is 16.2% chance that two or more defective nails is found. Therefore, it
is not fair to reject company’s claim.

7. Let p and g be the probability mass functions of X and Y, respectively. Then

4
px) = ( )(0.60)”(0.40)4“”, x=0,1,2,3,4;
X
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10.

11.

12.

13.

14.
15.

16.
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g0 =P =y =p(x=""1)

4
- <y—1)(0-60><~V—”/2(0.40)4—[0’—“/2], y=1.3.57.9.
2

(1,5>(0.8)"(0.2)‘5" =0.142.
l

(5) ) Ge) =008
1= () ()0 Q) =0 () (5 =omm

We know that p(x) is maximum at [(n 4+ 1) p]. If (n 4+ 1) p is an integer, p(x) is maximum at

[(n + 1)p] = np + p. Butin such a case, some straightforward algebra shows that

n

npEp (1 — p)t—hP—P —
)p (1—-p) (np+p_1

( >pnp+p—l(1 _ p)n—np—p+1’
np+p

implying that p(x) is also maximum atnp + p — 1.

52
The probability of royal or straight flush is 40 / ( 5 ) If Ernie plays n games, he will get, on

52 52
the average, n |:40 / ( s )] royal or straight flushes. We want to have 40n / ( 5 ) = 1; this

. 52
gives n = (5 )/40 — 64,974,

()C)CY =0z
1 —(999/1000)'% = 0.095.

The maximum occurs at k = [11(0.45)] = 4. The maximum probability is

10
( . )(0.45)4(0.55)6 =0.238.
Call the event of obtaining a full house success. X, the number of full houses is n independent

poker hands is a binomial random variable with parameters (n, p), where p is the probability

that a random poker hand is a full house. To calculate p, note that there are 5 possible

4\ [4\ 13! 52
poker hands and (3) (2> T 3744 full houses. Thus p = 3744 / ( 5 ) ~ (0.0014. Hence



17.

18.

19.

20.

21.
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E(X) = np =~ 0.0014n and Var(X) = np(1 — p) =~ 0.00144n. Note that if n is approximately
715, then E(X) = 1. Thus we should expect to find, on the average, one full house in every
715 random poker hands.

6 /1\6,3\0 6\ /1\5/3
o (6)(4_1) (3) - @(z) (3) ~ 0995,
3000 3000
1- ( 0 )(0.0005)0(0.9995)3000 - ( : )(0.0005)(0.9995)2999 ~ 0.442.
The expected value of the expenses if sent in one parcel is
45.20 x 0.07 4+ 5.20 x 0.93 = 8.
The expected value of the expenses if sent in two parcels is

(23.30 x 2)(0.07)* + (23.30 + 3.30) <?) (0.07)(0.93) + (6.60)(0.93)* = 9.4.

Therefore, it is preferable to send in a single parcel.
Let n be the minimum number of children they should plan to have. Since the probability of all
girlsis (1/2)" and the probability of all boysis (1/2)", we musthave 1—(1/2)"—(1/2)" > 0.95.

in0.05
This gives (1/2)"' < 0.050rn — 1 > 1n(0 5, = 4320rn = 532 Therefore, n = 6
n(v.

(a) For this to happen, exactly one of the N stations has to attempt transmitting a message.

. .. (N N1 N1
The probability of this is ] p(1—Dp) = Np(l—p)" .

(b) Let f(p) = Np(1 — p)¥~!. The value of p which maximizes the probability of a message
going through with no collision is the root of the equation f (p) = 0. Now

f () =N1-p)""' = Np(N -1 - pN2=0.

Noting that p # 1, this equation gives p = 1/N. This answer makes a lot of sense because at
every “suitable instance,” on average, Np = 1 station will transmit a message.

(¢) By part (b), the maximum probability is

1 1 1\N-1 1 \N—1
() ="FH0-5) =0-5
N N N N
As N — oo, this probability approaches 1/e, showing that for large numbers of stations

(in reality 20 or more), the probability of a successful transmission is approximately 1/e
independently of the number of stations if p = 1/N.



90 Chapter 5  Special Discrete Distributions

22. The k students whose names have been called are not standing. Let Ay, A,, ..., A,_; be the
students whose names have not been called. Fori, 1 <i <n —k, call A; a “success,” if he or
she is standing; failure, otherwise. Therefore, whether A; is standing or sitting is a Bernoulli
trial, and hence the random variable X is the number of successes in n — k Bernoulli trials.
For X to be binomial, for i # j, the event that A; is a success must be independent of the
event that A is a success. Furthermore, the probability that A; is a success must be the same
forall i, 1 <i < n — k. The latter condition is satisfied since A; is standing if and only if his
original seat was among the first k. This happens with probability p = k/n regardless of i .
However, the former condition is not valid. The relation

k—1

P(A j is standing | A; is standing) = ,
n

shows that given A; is a success changes the probability that A is success. That is, A; being a
success is not independent of A ; being a success. This shows that X is not a binomial random
variable.

23. Let X be the number of undecided voters who will vote for abortion. The desired probability
is

[5=2] o
Plb+(—X)>a+X)=P(X < W) N 2:: (’:)G)(%)
L
n n
-6 T ()

24. Let X be the net gain of the player per unit of stake. X is a discrete random variable with
possible values —1, 1, 2, and 3. We have

== (o) (6) = i
ror == ()@ - e
== ()6 ) =
== () @) - 5
Hence s B . |

E(X)=— +1 —+2-—+3-— = —-0.08.

 p——
216 216 216 216
Therefore, the player loses 0.08 per unit stake.
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26.

27.

28.
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E(X?) = Zﬁ(;l)pm -p)t = Z(x2 —x +X)<Z>p"(1 -p)
x=1

x=1

=) x(x- 1)(2)19"0 -p)"+ ZX(Z)pX(l -p)"
x=1 x=lI

|
=3 = 2)7(,1 — PP ECO

x=2

" (n—=2
=n(n—1p* ) (x B 2)p”(l —p)" +np
x=2

n—2
=n(n—Dp*[p+1A—-p]" " +np=n’p*—np>+np.

(a) A four-engine plane is preferable to a two-engine plane if and only if

_ 4 0 _ 4 4 . 3 . 2 0 _ 2
1 (0>p (I-=p) (1)10(1 p) > 1 (0)19 (I-p).

This inequality gives p > 2/3. Hence a four-engine plane is preferable if and only if p > 2/3.
If p = 2/3, it makes no difference.
(b) A five-engine plane is preferable to a three-engine plane if and only if

5 5 5 3
(5)p5<1 -p)'+ (4)p4<1 -p+ (3)p3<1 -’ > (2);72(1 -p)+p

Simplifying this inequality, we get 3(p — 1)*>(2p — 1) > 0 which implies that a five-engine
plane is preferable if and only if 2p — 1 > 0. That is, for p > 1/2, a five-engine plane is
preferable; for p < 1/2, athree-engine plane is preferable; for p = 1/2 it makes no difference.

Clearly, 8 bits are transmitted. A parity check will not detect an error in the 7-bit character
received erroneously if and only if the number of bits received incorrectly is even. Therefore,
the desired probability is

4
8
§ j (2 >(1 —0.999)%"(0.999)%2" = 0.000028.
n
n=1

The message is erroneously received but the errors are not detected by the parity-check if for
1 < j <6, j of the characters are erroneously received but not detected by the parity—check,
and the remaining 6 — j characters are all transmitted correctly. By the solution of the previous
exercise, the probability of this event is

6
Z(o.oooozs)f(0.999)8<6-f> = 0.000161.

j=1
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29.

30.

31.
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. . . 52
The probability of a straight flush is 40 / 5 ~ 0.000015391. Hence we must have

3
1—- (g) (0.000015391)°(1 — 0.000015391)" > T

This gives
(1 —0.000015391)" <

ENT

So
log(1/4)
n
~ log(1 — 0.000015391)

Therefore, n =~ 90, 072.

~ 90071.06.

Let p, g, and r be the probabilities that a randomly selected offspring is AA, Aa, and aa,
respectively. Note that both parents of the offspring are AA with probability («/n)?, they are
both Aa with probability [1 — (a¢/n)]’, and the probability is 2(a/n)[1 — (/n)] that one
parent is AA and the other is Aa. Therefore, by the law of total probability,

Pt () 3 (=5 2205 =50 +2() +5
=0 () 0-2) 5209 =530’
0 () 02 0202 - 302

The probability that at most two of the offspring are aa is

2

3 (’?)r"(l —
i=0

The probability that exactly i of the offspring are AA and the remaining are all Aa is

(’7) piqm—i .

The desired probability is the sum of three probabilities: probability of no customer served and
two new arrivals, probability of one customer served and three new arrivals, and probability
of two customers served and four new arrivals. These quantities, respectively, are (0.4)* -

(j) (0.45)(0.55)>, (‘1‘) (0.6)(0.4)° - (i) (0.45)%(0.55), and (j) (0.6)%(0.4)% - (0.45)*. The

sum of these quantities, which is the answer, is 0.054.
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33.
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(a) Let S be the event that the first trial is a success and E be the event that in 7 trials, the
number of successes is even. Then

P(E) = P(E|S)P(S) + P(E|S)P(S°).

Thus
rn=U—=rp_)p+r.—1(1—p).

Using this relation, induction, and ry = 1, we find that

1
Fo = E[l + (1 =2p)"].

(b) The left sum is the probability of 0, 2, 4, ..., or [n/2] successes. Thus it is the probability
of an even number of successes in n Bernoulli trials and hence it is equal to 7;,.

For 0 <i < n, let B; be the event that i of the balls are red. Let A be the event that in drawing
k balls from the urn, successively, and with replacement, no red balls appear. Then

PAIBYPBy) _ 1% (5) _ I

n

s ramrea ¥ ()@ L)

i=0

P(By|A) =

Let E be the event that Albert’s statement is the truth and F' be the event that Donna tells the
truth. Since Rose agrees with Donna and Rose always tells the truth, Donna is telling the truth
as well. Therefore, the desired probability is P(E | F) = P(EF)/P(F). To calculate P(F),
observe that for Rose to agree with Donna, none, two, or all four of Albert, Brenda, Charles,
and Donna should have lied. Since these four people lie independently, this will happen with

probability
3 ()G G 6 =5
3 2)\3/ \3 3/ 81
To calculate P(E F), note that E F is the event that Albert tells the truth and Rose agrees with

Donna. This happens if all of them tell the truth, or Albert tells the truth but exactly two of
Brenda, Charles and Donna lie. Hence

ran- (s QG703

P(EF) 13/81 13
P(F)  41/81 41

Therefore,

P(E|F) = = 0.317.
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5.2

. A =0.025 x 80 = 2; the answeris 1 —

. A =(500)(0.0014) = 0.7. The answeris 1 —

. A= (3/10)35 = 10.5. The probability of 10 misprints in a given chapter is

. The probability that a bun contains no raisins is

Chapter 5  Special Discrete Distributions

POISSON RANDOM VARIABLES

—330
. % = (0.05)(60) = 3; the answeris 1 — - o =17 =09502
—1.8 18 i
. A = 1.8; the answer is Z?:o & ~ (.89.

i!

e 220 22!

o = 1 — 3¢ %2 =0.594.

e 97(0.7)° B e %7(0.7)!

~ (.156.
0! 1!

. We call a room “success” if it is vacant next Saturday; we call it “failure” if it is occupied.

Assuming that next Saturday is a random day, X, the number of vacant rooms on that day is
approximately Poisson with rate A = 35. Thus the desired probability is

29 35 i
e > (35)
1— E — = 0.823.

1.
i=0

6_10'5(10.5)10 _

10!
0.124. Therefore, the desired probability is (0.124)* = 0.0154.
et )3
P(X =1) = P(X = 3) implies that e A = Al from which we get A = V6. The answer
-6 \/6 5 '
e
is # = 0.063.

e (n/k)°

ol = ¢k So the answer is

4
(2)e2n/k(1 — ek,

. Let X be the number of times the randomly selected kid has hit the target. We are given that

—1~0

P(X = 0) = 0.04; this implies that ¢ =0.040ore* =0.04. Sor = —In0.04 = 3.22.

Now

0!

e A

PX>2)=1-PX=0—-PX=1)=1-0.04 - T

=1-0.04 —(0.04)(3.22) = 0.83.

Therefore, 83% of the kids have hit the target at least twice.
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First we calculate p;’s from binomial probability mass function with n = 26 and p = 1/365.
Then we calculate them from Poisson probability mass function with parameter A = np =
26/365. For different values of i, the results are as follows.

i | Binomial Poisson
0] 093115 0.93125
1| 0.06651 0.06634
2
3

0.00228  0.00236
0.00005  0.00006.

Remark: In this example, since success is very rare, even for small n’s Poisson gives good
approximation for binomial. The following table demonstrates this fact for n = 5.

i | Binomial Poisson
0| 09874 0.9864
1] 0.0136 0.0136
2 | 0.00007 0.00009.

Let N (t) be the number of shooting stars observed up to time ¢. Let one minute be the unit of
time. Then {N(t) > O} is a Poisson process with A = 1/12. We have that

e0/12(30/12)}
3!

P(N(30) =3) = = 0.21.

P(NQ2)=0)=¢7? =% =10.00248.

Let N (¢) be the number of wrong calls up toz. If one day is taken as the time unit, itis reasonable
to assume that {N @®:t> 0} is a Poisson process with A = 1/7. By the independent increment
property and stationarity, the desired probability is

P(N()=0)=e""=0.87.

Choose one month as the unit of time. Then A = 5 and the probability of no crimes during
any given month of a year is P(N 1) = 0) = ¢~ = 0.0067. Hence the desired probability is

12
( ) )(0.0067)2(1 —0.0067)'° = 0.0028.

Choose one day as the unit of time. Then A = 3 and the probability of no accidents in one day
is

P(N(1) =0) = ¢ =0.0498.
The number of days without any accidents in January is approximately another Poisson random
variable with approximate rate 31(0.05) = 1.55. Hence the desired probability is
e 193(1.55)3 N
3! -

0.13.
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16.

17.

18.

19.

Chapter 5  Special Discrete Distributions

Choosing one hours as time unit, we have that A = 6. Therefore, the desired probability is

P(N(0.5) = 1and N(2.5) = 10) = P(N(0.5) = 1 and N(2.5) — N(0.5) = 9)
= P(N(0.5) = 1)P(N(2.5) — N(0.5) =9)
= P(N(0.5) =1)P(N(2) =9)

318_3 1298_12

. ~ (0.013.
1! 9!

The expected number of fractures per meter is A = 1/60. Let N (¢) be the number of fractures
in ¢ meters of wire. Then

/% (1 /60)"

P(N(t) =n) = o

n=0,1,2,....

In a ten minute period, the machine turns out 70 meters of wire. The desired probability,
P(N(70) > 1) is calculated as follows:

P(N(70) > 1) =1 — P(N(70) = 0) — P(N(70) = 1)
— 1= o700 _ 10 0060 1,305,
60
Let the epoch at which the traffic light for the left—turn lane turns red be labeled ¢+ = 0. Let
N (t) be the number of cars that arrive at the junction at or prior to ¢ trying to turn left. Since
cars arrive at the junction according to a Poisson process, clearly, {N @®:t> O} is a stationary
and orderly process which possesses independent increments. Therefore, {N ®:t > 0} is
also a Poisson process. Its parameter is given by A = E[N(l)] = 4(0.22) = 0.88. (For a
rigorous proof, see the solution to Exercise 9, Section 12.2.) Thus

e~ 0891 (0.88)¢]"
n!

P(N(@t)=n) =

and the desired probability is

e~ 0383[(0.88)3]"

~ (0.273.
n!

3
P(NG) z4)=1-)"

n=0

Let X be the number of earthquakes of magnitude 5.5 or higher on the Richter scale during the
next 60 years. Clearly, X is a Poisson random variable with parameter . = 6(1.5) = 9. Let A
be the event that the earthquakes will not damage the bridge during the next 60 years. Since
the events {X =i},i =0, 1,2,..., are mutually exclusive and Uioil{X = i} is the sample
space, by the Law of Total Probability (Theorem 3.4),

-9 gi

o0 o0
P(A) =) PAIX=DP(X=i)=) (10015 ° -
i=0 i=0 :
o0 -9 gi 00 i
99 0.985)(9
= 2(0.985)’ ¢ —= e Z w = ¢ %09890) _ () 873716.
! l!

i=0 i=0
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20. Let N be the total number of letter carriers in America. Let n be the total number of dog bites

21.

22,

letter carriers sustain. Let X be the number of bites a randomly selected letter carrier, say Karl,
sustains on a given year. Call a bite “success,” if it is Karl that is bitten and failure if anyone
but Karl is bitten. Since the letter carriers are bitten randomly, it is reasonable to assume that
X is approximately a binomial random variable with parameters n and p = 1/N. Given that
n is large (it was more than 7000 in 1983 and at least 2,795 in 1997), 1/N is small, and n/N is
moderate, X can be approximated by a Poisson random variable with parameter A = n/N. We
know that P(X = 0) = 0.94. This implies that (¢e=* - 1°) /0! = 0.94. Thus e~* = 0.94, and
hence A = —1n0.94 = 0.061875. Therefore, X is a Poisson random variable with parameter
0.061875. Now

PX>1) 1-PX=0)—-PX=1)
PX>1 1—P(X=0)

PX>1|X=>1)=

1 —-0.94 —0.058162
= 0.94 — 0.0581625 = 0.030625,
1-0.94

where
-\, )\’1

P(X=1)= eT = re™* = (0.061875)(0.94) = 0.0581625.

Therefore, approximately 3.06% of the letter carriers who sustained one bite, will be bitten
again.

—nM/N M 0
We should find #n so that 1 — ¢ (nM/N)

> o. This givesn > —N In(1 — «)/M. The

0!
answer is the least integer greater than or equal to —N In(1 — o)/ M.
(a) For each k-combination ni, n,, ..., ny of 1,2, ..., n, there are (n — 1)"~* distributions
with exactly k matches, where the matches occur at ny, n, ..., ng. This is because each of

the remaining n — k balls can be placed into any of the cells except the cell that has the same

number as the ball. Since there are Z k-combinations ny, n», ...,n;yof 1,2, ..., n, the total

number of ways we can place the n balls into the n cells so that there are exactly k£ matches is
n (o

(k) (n — 1)" . Hence the desired probability is BT E—

(b) Let X be the number of matches. We will show that lim,,_, o, P(X = k) = e~!/k!; that is,
X is Poisson with parameter 1. We have

n
(l’l - l)n_k n
. . k . n\(n-—1 —k
lim P(X =%k)= lim —— = lim n—1)
n— 00 n— 00 n" n—oo \ k n

1 o1 .
=1lm—-— —— (l—=)  —— = —¢".
n—oo k! (n —k)! n (n—1DkF k!
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1\" |
Note that lim,, ,o [ 1 — — = ¢!, and lim n = 1, since by Stirling’s
n n—oo (n —k)! (n — 1)k

formula,

n! . N2 -n" e
= lim

nlinc}o n—k)!'mn—Dk noco S2n(n—k) - (n—k)yrk.e~0=h . (n — 1)k

) n n" n—kk 1
= lim . . R
n>oco\n—k (n—k) (n—1Dk ek

n — k" k n
where " — ¢* because (n ) =(1=-=) = e~
(n—k) n" n

23. (a) The probability of an even number of events in (7,  + «) is

— @) —(2n)! 24~ n 24 n
1 1 1
— —ak Aa Y-l = (1 —2
¢ [2 tae ] e

(b) The probability of an odd number of events in (¢, t + «) is

e O S () ol ZL @) 1 (—ha)"
; G = ;m-l)!_ ' [EX:; ] 5; n! |

_ e—/\a[lem _ le—xa] _ 1(1 _ e—zxa).
2 2 2

24. We have that

P(Ny(t) = n, Nx(t) = m)

P(Ni(1) =n, Ny(t) =m | N(t) =i)P(N(1) = i)
=0

P(Ni(t)=n, Ny(t) =m | N(t) =n+m)P(N(t) =n+m)
n+m\ , . e M)t
n )p =P =

Therefore,

e¢]

P(N\(t) =n) =Y P(Ni(t) = n, Ny(t) = m)

m=0
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26.
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pnqg

(" ) 0y — pyn . EOD™
p Py =
2 (n 4+ m)!
_ i (n +m) (1 gy 0 Gy
2 p (n + m)!
B i e P =M U=p) ()t p)n [M(l - P)]m
Z n!'m!
ey e i
- n! Z m!

m=0
e MP(Atp)"
n! '
It can easily be argued that the other properties of Poisson process are also satisfied for the
process {Nl ®:t> O}. So {Nl @®:t> 0} is a Poisson process with rate Ap. By symmetry,
{Nz(t) > O} is a Poisson process with rate A(1 — p).

Let N(t) be the number of females entering the store between 0 and . By Exercise 24,
{N t)y:t> O} is a Poisson process with rate 1 - (2/3) = 2/3. Hence the desired probability is

e 15 [152/3)]7
15!

= 0.035.

P(N(15) =15) =

(a) Let A be the region whose points have a (positive) distance d or less from the given tree.
The desired probability is the probability of no trees in this region and is equal to

—ad?
e Amd ()\.7'[(12)0 3 e—kndz
0! B ‘

(b) We want to find the probability that the region A has at most n — 1 trees. The desired

quantity is
n—1

i e—knd (k]‘[d )z

i=0

p@) = (A/i)p(i — 1) implies that for i < A, the function p is increasing and for i > X it is
decreasing. Hence i = [A] is the maximum.

OTHER DISCRETE RANDOM VARIABLES

. Let D denote a defective item drawn, and N denote a nondefective item drawn. The answer

isS$={NNN,DNN,NDN,NND,NDD, DND, DDN}.
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.S = {ss, fss,sfs,sffs, ffss, fsfs,sfffs, fsffs, fffss, ffsfs,...}.

L@ 1/(1/12) = 12. (b) (%)2<i) ~ 0.07.

12

. @ A=pg)'pg. () 1/pg.

(Z) (0.2)*(0.8)° ~ 0.055.

. (a) (0.55)°(0.45) ~ 0.023.  (b) (0.55)3(0.45)(0.55)3(0.45) ~ 0.0056.

QWG =0

. The probability that at least n light bulbs are required is equal to the probability that the first

n — 1 light bulbs are all defective. So the answer is p"~!.

We have
n— 1 X(l )n—x
P(N=n) x—lp P _x
P(X = X) B n X n—x
( )p I-=p
X
Let X be the number of the words the student had to spell until spelling a word correctly. The

random variable X is geometric with parameter 0.70. The desired probability is given by
4
P(X <4)= (0.30)"'(0.70) = 0.9919.

i=1

The average number of digits until the fifth 3 is 5/(1/10) = 50. So the average number of
digits before the fifth 3 is 49.

The probability that a random bridge hand has three aces is

()(io)
3/\10
= ———> =0.0412.
5 0.0
13
Therefore, the average number of bridge hands until one has three acesis 1/p = 1/0.0412 =
24.27.

Either the (N + 1)st success must occur on the (N + M — m + 1)st trial, or the (M + 1)st
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failure must occur on the (N + M — m + 1)st trial. The answer is
N+ M—m)\ /1\N+M—m+1 N+ M—m\ /1\N+M—m+1
N (5) * ( M <§) '

We have that X + 10 is negative binomial with parameters (10, 0.15). Therefore, Vi > 0,

PX=i)=PX+10=i+10) = (i ;9)(0.15)'0(0.85)i.

Let X be the number of good diskettes in the sample. The desired probability is

(10) (90) (90) (10)
1 9 10/\ 0
PX>9)=PX=9+PX=10)= 100 + 100 ~ 0.74.
10 10
We have that 560(0.35) = 196 persons make contributions. So the answer is
(364) (364) (196)
15 14 1
1-— S60\ 560 = 0.987.

15 15

The transmission of a message takes more than ¢ minutes, if the first [£/2] 4 1 times it is sent

it will be garbled, where [t /2] is the greatest integer less than or equal to ¢ /2. The probability
of this is pl!/21+1,

The probability that the sixth coin is accepted on the nth try is

(" ; 1)(0.10)6(0.90)"6.

Therefore, the desired probability is

49

* /n—1 n—1
0.10)°(0.90)" % =1 — ( )0.1060.90 =6 — (.6346.
;0( 5 )( )°(0.90) 2:; s 010090

The probability that the station will successfully transmit or retransmit a message is (1— p)V 1.
This is because for the station to successfully transmit or retransmit its message, none of the
other stations should transmit messages at the same instance. The number of transmissions
and retransmissions of a message until the success is geometric with parameter (1 — p)V~!.
Therefore, on average, the number of transmissions and retransmissions is 1/(1 — p)V~1.
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20. If the fifth tail occurs after the 14th trial, ten or more heads have occurred. Therefore, the fifth
tail occurs before the tenth head if and only if the fifth tail occurs before or on the 14th flip.
Calling tails success, X, the number of flips required to get the fifth tail is negative binomial
with parameters 5 and 1/2. The desired probability is given by

;X:;P(X —n) = é (" . 1) (%)5(%)_5 ~ 0.91.

21. The probability of a straight is
10(4°) — 40
52
5
Therefore, the expected number of poker hands required until the first straight is
1/0.003924647 = 254.80.

= 0.003924647.

22. (a) Since
PX=n—-1) 1

PX=n)  1—p

P (X = n) is a decreasing function of n; hence its maximum is at n = 1.

> 1,

(b) The probability that X is even is given by

S P =2 =S p(l - i PP lop
k;‘( ) kX_;m p) el

(c) We want to show the following:

Let X be adiscrete random variable with the set of possible values {1, 2,3... . }.
If for all positive integers n and m,

PX>n+m|X >m)=P(X >n), (17

then X is a geometric random variable. That is, there exists a number p,
0 < p < 1, such that

P(X =n)=p(—p) " (18)

To prove this, note that (17) implies that for all positive integers n and m,

P(X >n+m)

= P(X > n).
P(X > m)

Therefore,

P(X>n+m)=PX >n)P(X > m). (19)
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Let p = P(X = 1); using induction, we prove that (18) is valid for all positive integers n. To
show (18) for n = 2, note that (19) implies that

PX>2)=PX>1HP(X >1).
Since P(X > 1)=1— P(X =1) =1 — p, this relation gives
1-PX=D)-PX=2)=(-p?>

or
l—p—P(X=2)=(-p)
which yields
P(X =2)=p(—p),

so (18) is also true for n = 2. Now assume that (18) is valid for all positive integers i, i < n;
that is, assume that
PX=i)y=p(l—p)'", i=<n (20)

We will show that (18) is true for n + 1. The induction hypothesis [relation (20)] implies that

- (1-py

=1-010-=p)".
oy 0P

PX<m=) PX=i)=) pll—p' ' =p
i=1 i=1

So P(X > n) = (1 — p)" and, similarly, P(X > n — 1) = (1 — p)"~'. Now (19) yields
PX>n+1)=PX>nP(X >1),
which implies that
l1-PX<n—-PX=n+1)=>0-p)"1-Dp).
Substituting P(X <n) =1 — (1 — p)” in this relation, we obtain
P(X=n+1)=pl-p)Q,
which establishes (18) for n + 1. Therefore, we have what we wanted to show.

Consider a coin for which the probability of tails is 1 — p and the probability of heads is p.
In successive and independent flips of the coin, let X; be the number of flips until the first
head, X, be the total number of flips until the second head, X3 be the total number of flips
until the third head, and so on. Then the length of the first character of the message and X
are identically distributed. The total number of the bits forming the first two characters of
the message and X, are identically distributed. The total number of the bits forming the first
three characters of the message and X3 are identically distributed, and so on. Therefore, the
total number of the bits forming the message has the same distribution as X. This is negative
binomial with parameters k£ and p.
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Let X be the number of cartons to be opened before finding one without rotten eggs. X is not a
geometric random variable because the number of cartons is limited, and one carton not having
rotten eggs is not independent of another carton not having rotten eggs. However, it should be

. . . . 1000 1200 )
obvious that a geometric random variable with parameter p = 12 / o )= 0.11091is

a good approximation for X. Therefore, we should expect approximately 1/p = 1/0.1109 =
9.015 cartons to be opened before finding one without rotten eggs.

Either the Nth success should occur on the (2N — M)th trial or the Nth failure should occur
on the (2N — M)th trial. By symmetry, the answer is

N N O

The desired quantity is 2 times the probability of exactly N successes in (2N — 1) trials and
failures on the (2N)th and (2N + 1)st trials:

22N—1 lN1 1\ @N-D-N { 1\2 2N — 1\ /1\2N
v )@ =) 03 =0 )G)
Let X be the number of rolls until Adam gets a six. Let Y be the number of rolls of the die

until Andrew rolls an odd number. Since the events (X = i), 1 <i < oo, form a partition of
the sample space, by Theorem 3.4,

P(Y>X):§:P(Y>X|X:i)P(X:i):iP(Y>i)P(X:i)

where P(Y > i) = (1/2)" since for Y to be greater than i, Andrew must obtain an even number
on each of the the first i rolls.

The probability of 4 tagged trout among the second 50 trout caught is
50\ (n —50
4 46
Dn=—""7—~ "
n
(5

It is logical to find the value of n for which p, is maximum. (In statistics this value is called
the maximum likelihood estimate for the number of trout in the lake.) To do this, note that
pi_ (n— 3500
Pn—1 B n(” - 96) ‘
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Now p, > p,— if and only if (n — 50)% > n(n —96), or n < 625. Therefore, n = 625 makes
pn maximum, and hence there are approximately 625 trout in the lake.

(a) Intuitively, it should be clear that the answer is D/N. To prove this, let £; be the event of
obtaining exactly j defective items among the first (k — 1) draws. Let A; be the event that the
kth item drawn is defective. We have

D N—-D
k—1 k-1 D—j [JAVES Y

P(Ak)=ZP(Ak|Ej)P(Ej):ZN_k+1' N
j=0 j=0 ( )
k—1

Now
(D D—1
o i(%)=o("7")
J J
and
(N —k+1) Nyl
k—1) " \k—-1)
Therefore,
D D -1 N —-D D -1 N-—-D
M N -1 TN < N-—1 A
j=0 N j=
k—1 k—1
where

D -1 N-D
‘ N —1 -
J=
k—1
D—1 N-D
j k—1—j/ . .. . .
N1 is the probability mass function of a hypergeometric random
k—1
variable with parameters N — 1, D — 1, and k — 1.
(b) Intuitively, it should be clear that the answer is (D — 1)/(N — 1). To prove this, let A; be
as before and let F; be the event of exactly j defective items among the first (k — 2) draws.
Let B be the event that the (k — 1)st and the kth items drawn are defective. We have

since

k=2

P(B)=Y_P(B| Fj)P(F))

j=0



106 Chapter 5 Special Discrete Distributions

(D)2)
= D-j)(D—j—1) J)\k=2—j

(N—k+2)(N—k+1) ( N )
k—2

=~

J

DD — 1 D -2 N —-—D
(2 DD )< J )(k—z—j>

N -2
j=0 N(N_l)(k—Z)

(D—2)< N-—D

_ DID-1) ¢ j k—2—j>

_N(N—l)jZ:: (N—Z)
k=2

Il
o

[\S]

_D(D-1)
NN =1

Using this, we have that the desired probability is

D(D—-1)
_ P(AtA)  P(B)  N(N—1) D-—1
PR = A TPy T T D N1
N

REVIEW PROBLEMS FOR CHAPTER 5

1. Z (21_0) (0.25)1(0.75)*°~" = 0.0009.

i=12
2. N(t), the number of customers arriving at the post office at or prior to ¢ is a Poisson process

with A = 1/3. Thus

6 6 —(1/3)30 i
P(NGO) <6) =Y P(NGO) =i) =3 [(1/3)30]

i=0 i=l

= 0.130141.

i!

8
3. 4. — =1.067.
30

2

4. Z <1i2) (0.30)(0.70)'2~" = 0.253.

i=0
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G) (0.18)%(0.82)* = 0.179.

1999 .

Y (;: 11) (1()%)2(%)1;2 — 0.59386.

i=2

(160) ( 200 )
12 . .
3 VANl VR YV

_ 360
i=7
< 12)

. Call a train that arrives between 10:15 Am. and 10:28 aA.m. a success. Then p, the probability

of success is
28 — 15 B 13
60 60

p:

Therefore, the expected value and the variance of the number of trains that arrive in the given
period are 10(13/60) = 2.167 and 10(13/60)(47/60) = 1.697, respectively.

. The number of checks returned during the next two days is Poisson with A = 6. The desired

probability is
4 —6¢i
6
P(X<4)=) > =0285.

l!
i=0

Suppose that 5% of the items are defective. Under this hypothesis, there are 500(0.05) = 25
defective items. The probability of two defective items among 30 items selected at random is

(25) (475)
2 28
00N = 0.268.
30
Therefore, under the above hypothesis, having two defective items among 30 items selected

at random is quite probable. The shipment should not be rejected.

N is a geometric random variable with p = 1/2. So E(N) = 1/p = 2, and Var(N) =
(1—p)/p*=[1-1/2]/1/4) =2.

() (2)=oser

The number of times a message is transmitted or retransmitted is geometric with parameter
1 — p. Therefore, the expected value of the number of transmissions and retransmissions of a
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message is 1/(1 — p). Hence the expected number of retransmissions of a message is

Call a customer a “success,” if he or she will make a purchase using a credit card. Let E
be the event that a customer entering the store will make a purchase. Let F be the event that
the customer will use a credit card. To find p, the probability of success, we use the law of
multiplication:

p=P(EF)= P(E)P(F | E) = (0.30)(0.85) = 0.255.

The random variable X is binomial with parameters 6 and 0.255. Hence

P(X=i)= (?) (0.255) (1 —0.255)°", i=0,1,... 6.

Clearly, E(X) = np = 6(0.255) = 1.53 and

Var(X) = np(1 — p) = 6(0.255)(1 — 0.255) = 1.13985.

(1 8) ( 10 >
5
i J\S5—i
Z o =0.772.
i=3
5

By the formula for the expected value of a hypergeometric random variable, the desired quantity
is (5 x 6)/16 = 1.875.

We want to find the probability that at most 4 of the seeds do not germinate:

4

> (41_0) (0.06) (0.94)*~ = 0.91.

i=0

2
20 . 4

1—2 7 )(0.06)(0.94)2~ = 0.115.
i=0 !

Let X be the number of requests for reservations at the end of the second day. It is reasonable
to assume that X is Poisson with parameter 3 x 3 x 2 = 18. Hence the desired probability is

23 23

PX>24)=1-) PX=i)=1-)_

i=0 i=0

—18 1 i
ﬂ:1—0.8988920.10111.
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Suppose that the company’s claim is correct. Then the probability of 12 or less drivers using

seat belts regularly is
12

20 . .
§ j( ; )(0.70)'(0.30)20—1 ~ (0.228.
l
=0

Therefore, under the assumption that the company’s claim is true, it is quite likely that out of
20 randomly selected drivers, 12 use seat belts. This is not a reasonable evidence to conclude
that the insurance company’s claim is false.

2999

(a) (0.999)°°(0.001)! = 0.000368. (b) ( )

)(0.001)3(0.999)2997 = 0.000224.

Let X be the number of children having the disease. We have that the desired probability is
> (0.23)%(0.77)?
P(X=3 \3)" ’
PX>1)  1—(0.77)7

@ () G wGE)

Let n be the desired number of seeds to be planted. Let X be the number of seeds which
will germinate. We have that X is binomial with parameters n and 0.75. We want to find the
smallest n for which

PX=3]X=1= = 0.0989.

P(X >5) > 0.90.

or, equivalently,
P(X <5) <0.10.

That is, we want to find the smallest n» for which

4

n i n—i
; (i>(0.75) (.25)"~ < 0.10.

By trial and error, as the following table shows, we find that the smallest n satisfying
P(X <5) <0.101is 9. So at least nine seeds is to be planted.

>iso (1)(0.75) (:25)"
0.7627
0.4661
0.2436
0.1139
0.0489

© 00 J O L S
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Intuitively, it must be clear that the answer is k/n. To prove this, let B be the event that the ith
baby born is blonde. Let A be the event that k of the n babies are blondes. We have

p- (n i 1)19"‘(1 —p)"* (n - 1)
P(B|A)=P(AB)= k=1 = k=1 :E.

P(A) n\ & n—k n n
(k>p (I-=p) <k)

The size of a seed is a tiny fraction of the size of the area. Let us divide the area up into many
small cells each about the size of a seed. Assume that, when the seeds are distributed, each
of them will land in a single cell. Accordingly, the number of seeds distributed will equal
the number of nonempty cells. Suppose that each cell has an equal chance of having a seed
independent of other cells (this is only approximately true). Since X is the average number of
seeds per unit area, the expected number of seeds in the area, A, is AA. Let us call a cell in
A a “success” if it is occupied by a seed. Let n be the total number of cells in A and p be
the probability that a cell will contain a seed. Then X, the number of cells in A with seeds
is a binomial random variable with parameters n and p. Using the formula for the expected
number of successes in a binomial distribution (= np), we see that np = LA and p = LA /n.
As n goes to infinity, p approaches zero while np remains finite. Hence the number of seeds
that fall on the area A is a Poisson random variable with parameter AA and

ef)LA ()\’A)l

P(X=i)=—

Let D/N — p, then by the Remark 5.2, for all n,
()G -)
X n—x n
~ 7 N " 7 X 1 _ nfx'
N (x)p I=p
n
Now sincen — ocand nD/N — A, n is large and np is appreciable, thus

n X n—x e*k)\‘x
prd=pT N —
X X




Chapter 6

C@Hf{iﬂ'@l@us Rande
Variab]l@s

6.1

-(a)f(x)=[x3 r=

15
. (A P(X <1.)) :/ —dx = —.
1

PROBABILITY DENSITY FUNCTIONS

o0
. (a)/ ce ¥dx=1= c=23.
0

1/2
b)PO<X<1/2)= f 3¢ ¥dx=1—e3?~0.78.
0

— > 4
0 x<4
(b) P(X <5)=1-(16/25) =9/25,
P(X >6) =16/36 =4/9,
PG <X =<7 =[1-(16/49)]—[1—(16/25)] =0.313,
P(1<X<35=0-0=0.

x> 3x?

2 2
.(a)/ ctx — 12 —x)dx = 1 =>c[——+——2x]1=1=>c=6.
1

3 2

(b)F(x):/ 6(x —1)2—x)dx, 1 <x < 2. Thus
1

0 x <1
Fx)={-2x349x2—12x+5 1<x<2
1 x> 2.

(©) P(X < 5/4) = F(5/4) = 5/32,
PB/2<X<2)=FQ2)—F3/2)=1-(1/2)=1/2.
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1.252
/ 2 s 3
M P1l<X<125|X<15="0— " _7

15 T 2/3° 5
—de
1 X

1
= [c-arcsinx] = l=c=1/m.

1
c
(a)/ ——dx =
—14/1 —x2
(b)For -1 <x < 1,

x 1 1 1
F(x):/ ———dx = —arcsinx + —.
17/ 1 — x2 b4 2
Thus
0 x < —1
1 . 1
F(x)={—arcsinx+- —-1<x<1
T 2
1 x> 1.

. Since A(x) > 0 and

S . 1 o _ 1 ~ B
[ it | Twd= gl - Fel=t

h is a probability density function.

. (a) Let F be the distribution function of X. Then X is symmetric about « if and only if for all

x,1 — F(a + x) = F(x — x), or upon differentiation f(x + x) = f (¢ — x).

(b) f(a+x) = f(a — x) ifand only if (@ — x — 3)? = (& + x — 3)2. This is true for all x, if
and only if ¢ — x —3 = —(«@ + x — 3) which gives @ = 3. A similar argument shows that g
is symmetric about o = 1.

o
. (a) Since f is a probability density function, / f(x)dx = 1. But

o) 0 0 0
/ fx)dx = / k(2x — 3x%) dx = k/ (2x — 3x%) dx = k[ﬁ - x3] =2
—00 1 -1 -

So—-2k=1ork=—-1/2.

(b) The loss is at most $500 if and only if X > —1/2. Therefore, the desired probability is

1 o 1 0 3
P<XZ ——) =/ ——(2x—3x2)dx=——[x2—x3] =—.
2 —i2 2 2 -12 16
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oo

1 1
9. P(X > 15 = / —e /1 dx = ~. Thus the answer is
15 15 e

10. Since «f + Bg > 0 and

/ [af(x)+ﬂg(x)]dx=a/ f(x)dx+ﬁ/ e dx—atp=1,

o0

af + Bg is also a probability density function.

11. Since F(—o00) = 0 and F(oco) = 1, We have that

a+B(—1/2) =0
o+ B(r/2) = 1.

Solving this system of two equations in two unknown, we obtain« = 1/2 and 8 = 1/m. Thus

f(X):F(X):m, -0 <X < OQ.

6.2 DENSITY FUNCTION OF A FUNCTION OF A RANDOM VARIABLE

1. Let G be the distribution function of Y; for —8 < y < 8,

AR 1 1
GO =P =3) =PI =) = PX =35 = [ g =105+,
)
Therefore,
0 y < —8
1 1
Gy =1-Jy+=- —-8<y<38
4 2
1 y > 8.
This gives
2B _8<y<8

g =Gy =112
0 otherwise.
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Let H be the distribution function of Z; for 0 < z < 16,

4

Vi 1
H(z)=P(X*<2)= P(-Jz<x = 2) =/ Sdx = Sz
_3/34 2
Thus
0 z<0
1
H(z) = E(‘/E 0<z<16
1 z > 16.
This gives
1
—z73* 0<z<16
h(z)=H'(z) =18
0 otherwise.

. Let G be the probability distribution function of Y and g be its probability density function.

Fort > 0,
G(t) = P(eX <1) = P(X <Int) = F(In1).

Fort <0, G(t) = 0. Therefore,
1

g =60 =11
0 t <0.

fdnt) t>0

. The set of possible values of X is A = (0, 00). Leth: (0, 00) — Rbedefinedby h(x) = x4/x.

The set of possible values of /1 is B = (0, c0). The inverse of & is g, where g(y) = y*/3. Thus
g'(y) =2/(3%y) and hence

2 23
e Y,
3y
To find the probability density function of e X, leth: (0, 00) — R be defined by h(x) = e *;

h is an invertible function with the set of possible values B = (0, 1). The inverse of & is
g(z) = —Inz. So g'(z) = —1/z. Therefore,

fr(y) =

y € (0, 00).

f2(2) = "1

1
__‘zz-—=1, z€(0,1);
<

0, otherwise.
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. The set of possible values of X is A = (0, c0). Let i: (0, 00) — R be defined by h(x) =
log, x. The set of possible values of 4 is B = (—00, 00). h is invertible and its inverse is
g(y) = 2%, where g’(y) = (In2)2”. Thus

Fr» =3¢3@) |22 = 3227 3@), y ¢ (—o00, 00).

. Let G and g be the probability distribution and the probability density functions of Y, respec-
tively. Then

Gy)=PY <y)=P(VX2<y)=P(X <yJy)
Yy
:/ re Mdx =1—e VY y €0, 00).
0

So
, 3n
g =G'0) = —/ye WYy >0

0, otherwise.

. Let G and g be the probability distribution and density functions of X2, respectively. For
t >0,
Gt)=P(X*<t)=P(—vi <X <t)=Ft)—F(=1).
Thus
1 1 1
N=G'(t)=—= 1+ ——=f(—=Vt)= —= 1)+ f(=v1)|, t=0.
80 =G6'0 = [V + 5 JVD = 5| 1D + (D)

Fort <0, g(r) =0.

. Let G and g be the distribution and density functions of Z, respectively. For —7/2 < z < 7/2,
tan z 1
G(z) = Parctan X < z) = P(X <t = —d
(2) (arctan X < z) (X <tang) /_oo 2t X

1 tanz 1 1
= [— arctanx] =—Z+ =.
T 2

—00 T
Thus
1 T T
gy=17 2 2
0 elsewhere.

. Let G and g be distribution and density functions of Y, respectively. Then
GH)=PY <nH=PY<t|X<DPX<D+PY<t|X>DHPX>1)

1
:P(X§t|X§1)P(X§1)+P<Xz;‘X>1>P(X>1).
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For t > 1, this gives

1 00
G(t)zl-/ e_)‘dx—i—l-f e “dx =1.
0 1

For 0 < ¢ < 1, this gives

1 t 00
GH)=PX =0+ P(X > ;) =/ e"dx+/ eFdx=1—e"+e V"
0 1/t

Hence
0 <0
Gt)y=3{1l—e"+e " 0<t<1
1 t>1.
Therefore,
1
e_t—i——ze_l/’ 0<t<l1
gt)=G'(t) = 4
0 elsewhere.

EXPECTATIONS AND VARIANCES

32/x3 x>4

. The probability density function of X is f(x) = Thus

0 x < 4.
> 32
(a) E(X) :/ —zdx = 8.
4 X

(b) E(X?) = / ?;—2 dx = 00; 50 Var(X) = E(X2) — [E(X)]” does not exist.
4

2
. @ EX) = 6/ (—x3 +3x* = 2x)dx = %
1

2 23 23 9 1 1
(b) E(X?) = 6/ (—x*+3x3—2xY)dx = =;soVar(X) = ——> = —, andoy = ——.
. 10 10 4 20 V20

. The standardized value of the lifetime of a car muffr manufactured by company A is

(4.25-5)/2 = —0.375. The corresponding value for company B is (3.75—4)/1.5 = —0.167.
Therefore, the mufélr of company B has performed relatively better.

o0 oo
E(e¥) = / e*(Be ) dx = f 3¢ dx = 3/2.
0

0
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1

X
5. E(X) = ——— dx = 0, because the integrand is an odd function.
1w/ 1 — x2 &
6. Let f be the probability density function of Y. Clearly,
K e
—e Kl »/A —00 <y <a
f) =F(y=
0 y > a.
Therefore,
ko ka—yya k asal A kyja A )/ A ¢ A
E(Y)=/Oozye Y dy:ze Eye’ —k—ze} 7m=a—z.

7. Let H be the distribution function of C; then
t—32 t—32
P(F§t)=P(C§ ):H( )
1.8 1.8

Hence the probability density function of F is

Gr=n=on(2) = ().

The expected value of F is given by

oo

E(F)=18E(C)+32 = 1.8/ xh(x)dx + 32.

—00

22Inx . 2
8. ElnX) = 5—dx. To calculate this integral, let U = Inx, dV = 1/x7, and use
1 X
integration by parts:

/2 2Inx , _ 2Inx
1

2 2 2
—/ ——dx=1-1n2 = 0.3069.
x2 X 1

2
1 X

9. The expected value of the length of the other side is given by
4
E(V81 - Xx2) = / V81 —x2. %dx.
2

Letting u = 81 — x2, we getdu = —2xdx and

71
E(vV8l —X?) = % Vudu ~ 8.4.

65
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*1
E(X) = / Exe*‘xl dx = 0, because the integrand is an odd function. Now

—00
o0 1 oo
E(X? = / —x2e Wax = / x2e ¥ dx
—00 2 0

since the integrand is an even function; applying integration by parts to the last integral twice,
we obtain E(X?) = 2. Hence Var(X) =2 — 0> = 2.

Note that o e 5 oo "

E(1X]) =/ T ax= —/ _ X ix
oo (1 + x2) 7 Jo (1+x2)

since the integrand is an even function. Now for 0 < o < 1,

00 x@ 1 X% 00 X«
dx = d —dx.
/0 1+ x2 o /0 1+ x2 x+/1 1+ x2 o

Clearly, the first integral in the right side is convergent. To show that the second one is also
convergent, note that.

x* x* 1
< — = .
1+x2 7 x2 x>
Therefore,
o x * 1 1 oo 1
FY AN N
. 1 4x2 | x2e (¢ — Dxl—> 1y l—«
Foroa > 1,

00 o 00 « 00 1 00
/ a Z/ a dx 2/ al dx = [—ln(l +x2)] = 0.
0 1+x2 1 1+X2 1 1+X2 2 1

[e¢] x()é
So / —— dx diverges.
0 1 + )C2

By Remark 6.4,

E(X) = /OOP(X > t)dt = /Oo(ae_h -|-13e_“[)dl‘ = @ _|_E.
0 0 Au

o0

. . .. c > ¢
(a) c; is an arbitrary positive number because Vcy, / —12 dx =1.Forn > 1, / _dx =
X e

1
o xn+

1 implies that ¢, = n="/®=D,

- 00 ifn =1
0 EC) = [ Sax =
o X n@=-/=D/(n 1) ifn > 1.

. 1
(© P(Z, <t)= P(InX, <) = P(X, <¢') = / o dx = —[— — —t], where
e X" n
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¢y =n V0D et g, be the probability density function of Z,,. Then g,(¢) = c,e™",

t >Inc,.
00 Cnxm+l
(d) E(X;"H) = / I dx. This integral exists if and only if m —n < —1.
xi’l

Cn

Using integration by parts twice, we obtain

1 (" L[
E(X"" = —/ "Psinxdx = 7" 4+ (n + 2)—/ 2" cos x dx
T Jo T Jo

— 7" 4 (n +2)[ —(n+ 1)l fﬂ x" sinxdx]
T Jo
="+ +2)[— ( + DEX"].

Hence
EX""Y4+m+ D0 +2EX"" =x",

Since X is symmetric about ¢, forall x € (—o0, 00), f(a+x) = f(a¢—x). Lettingy = x+«,
we have

E(X) f v () dy = / (x4 ) fx +a)dx

oo —0o0

=/Ooxf(x+oc)dx —I—oz/oo f(x+oa)dx.

o0

Now since f is symmetric about &, xf (x + «) is an odd function,

—xf(—x+a) = —[xf(x +a)].

e ¢]

X X
Therefore, / xf(x +a) = 0. Since / fx +a)dx = / f(y)dy = 1, we have
EX)=0+a-1=a. - -

To show that the median of X is o, we will show that P(X < «) = P(X > «). This also
shows that the value of these two probabilities is 1/2. Letting u = o — x, we have

P(Xfa):/a f(x)dx:/oof(a—u)du.
—00 0

Letting u = x — «, we have that

P(XZa):/mf(x)dx:/mf(u+a)du.
o 0
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Since for all u,
fla—u)= fla+u),
we have that
PX<a)=PX>a)=1/2.

By Theorem 6.3,
o] y 00
E(IX —yl) = / lx = ylf()dx = / (y=x)f(x)dx +/ (x = y)f(x)dx
— o y
y y 00 [’}
:y/ f(x)dx—f xf(x)dx—l—/ xf(x)dx—y/ f(x)dx.
—00 —00 y y
Hence
dE(IX — yl) y o
o ). J)dx +yf(y) =yf(y) —yf(y) - i Jx)dx +yf(y)
y 00
=/ f(x)dx—/ f(x)dx.
—o0 y
_dE(X —yl) . . . . .
Setting ——— = 0, we obtain that y is the solution of the following equation:

/y fx)dx = /oof(x)dx.
oo y

By the definition of the median of a continuous random variable, the solution to this equation
is y = median(X). Hence E(|X — y|) is minimum for y = median(X).

00 X 00 X 00
(a)/ I(t)dt:/ I(t)dt+/ I(t)dt:f dt+/ 0dr = X.
0 0 X 0 X

(Note that / 1 () dt is arandom variable.)
0

e e]

(b)E(X):E[/OOI(t)dt] =/OOE[I(t)]dt=/OOP(X>t)dt=/ [1— F()]dt.
0 0 0 0
(¢) By part (b),

E(X") =/ooo P(X > t)dt:/oooP(X > /t)dt

_ /0°° [1 - ()] dr =+ /Oooyr—l[l — F(n]dy.

where the last equality follows by the substitution y = /7.
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On the interval [n,n + 1),
P(IXI =n+1) < P(IX| > 1) < P(IX| = n).

Therefore,

n+1 n+1 n+l
/ P(|X|2n+1)dz§/ P(|X|>t)dt§/ P(1X| = n)dt,

or
n+1
P(IX|=n+1) < / P(IX| > t)dr < P(IX| = n).
So
S * n+1 N
ILICIEVERIED 3 R ICIEIY <3 P(x1= ).
n=0 n=0"v" =
and hence

iP(IXl >n) < E(|X]) Sl+§:P(|X| > n).

n=1 n=1

By Exercise 12,

Ex) =242
A
Using Exercise 16, we obtain
o° 2 2
E(X?) = 2/ x(@e ™ 4 Be M) dx = ;‘ n —ﬂ.
0
Hence
200 2 o 2 2a—a®> 2-PB° 2«
var() = (55 +’3) (—+é)= Il A2
A2 AW A2 w2 Al

X > Y implies that for all ¢,
P(X>1t) = P(Y >1).
Taking integrals of both sides of (21) yields,
/ P(X >1t)dt > / P(Y > t)dt.
0 0
Relation (21) also implies that
I-PX=t) = 1-PX =1),

or, equivalently,
P(X <1 = PY =0)

121

21

(22)
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Since this is true for all #, we have
P(X <-t) < P(Y <-1)

Taking integrals of both sides of this inequality, we have

/OO P(X <-1)
0

_/OOP(XS —1) > _/OOP(Yg—t)dt. (23)
0 0

A

/ P(Y < —t)dt,
0

or, equivalently,

Adding (22) and (23) yields

/OOP(X>t)dt—/ooP(X§—t)dt > /OOP(Y>t)dt—/ooP(Y§—t)dt~
0 0 0 0

By Theorem 6.2, this gives E(X) > E(Y). To show that the converse of this theorem is false,
let X and Y be discrete random variables both with set of possible values {1, 2, 3}. Let the
probability mass functions of X and Y be defined by

px(1)=0.3 px(2) =04 px(3) =0.3
py(1) =05 pr(2) =0.1 py(3) =04

We have that E(X) =2 > E(Y) = 1.9. However, since
P(X>2)=03<P(Y >2)=04,
we see that X is not stochastically larger than Y.

First, we show that lim,_, _, xP(X < x) = 0. To do so, since x — —o00, we concentrate on
negative values of x. Letting u = —¢, we have

X o (e}
xP(X <x)= x/ f@)dt =x f(—u)du = —/ —xf(—u)du.
So it suffices to show that as x — —o0, ffz —xf(—u)du — 0. Now
o o
/ —xf(—u)du 5/ uf(—u)du.
Therefore, it remains to prove that ffj uf(—u)du — 0asx — —oo. But this is true because

/OO |ul f(—u) du = /OO x| f (x) dx < oo.

e¢]
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Next, we will show that lim,_, ., x P (X > x) = 0. To do so, note that

X—>00

lim xP(X > x) = hm x/ ft)dt < hm/ tf(t)dt =0

since [ |tf ()| dt < oo.

REVIEW PROBLEMS FOR CHAPTER 6

1. Let F be the distribution function of Y. Clearly, F(y) =0ify < 1. Fory > 1,

1
1— =
1 1 y 1
) <X_y> ( _y> 1-0 y
So
1/y* y>1
f)=F() =
0 elsewhere.
2-E<X)=/ X-—dx=/ 2 =2 2o,
| x3 . x2 x|,

o 2
EX? = / - dx = 21nx‘1 = 00. So Var(X) does not exist.
1 X

1
3. E(X) = fo (6x2 — 6x%) dx = [2x3 _ §x4] -

: 6 6 .l 3
E(XZ) — / (6)63 _ 6)64) dx = [_x4 _ —XS] _
0 4 -

57 o 10°
Var(X) = 3 (1)2 1 1
ar ) =—, ox=——.
10 \2 200 X T 25
Therefore,
1 1
1 2 1 2 it
-———< + >=/ (6x — 6x%) dx
<2 245 2 25 1
NG
At IS
= 3x2—2x3] = —
[ L 55

123
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. We have that

1 e—\x\ 1 0 1
P(—2<X<1)=/ dx=—[/ exdx+/ e_xdx]
2 2 2L) 0

. Forallc > O,

o c 00
/0 1+xdx:[cln(1+x)]0 = 00.

So, for no value of ¢, f(x) is a probability density function.

. The set of possible values of X is A = [1, 2]. Leth: [1,2] — Rbedefined by h(x) = e*. The

set of possible values of eX is B = [e, ?]; the inverse of /1 is g(y) = In y, where g’(y) = 1/y.
Therefore,

4(Iny)? 4(Iny)?

— "] = 2
fry) =—5—1g) 15y 0 V€ le, e7].
Applying the same procedure to Z and W, we obtain
4(z)3 1 2z
=——|—|=— 1,4].
2@ =3 ‘2ﬁ) 150 cethdl
2(1 4+ Jw)?
= 0, 1].
Jw(w) 15w w € [0, 1]

. The set of possible values of X is A = (0, 1). Let 4: (0, 1) — R be defined by h(x) = x*.

The set of possible values of X*is B = (0, 1). The inverse of (x) = x*is g(y) = ¥y. So

1 1
gy =-y 3= . We have that
4 SVANAT
1 1
f(y)=30(4y)2(1—“y)2‘ ‘:30 y(1—y)?
v VA=Y s | =300 = I
15(1 — #y)2
= (—\/y), y € (0, 1).
2y
‘We have that |
— -1l <x<l
fx)=F(x)={7vl —x2
0 otherwise.
Therefore,
1
X
E(X) = —————dx =0
1w/ —x2

since the integrand is an odd function.
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. Clearly _, «; f; > 0. Since

[ee] n n ') n
| (Caf)war=Ya [ fowd=Ya=1
0 =1 i=1 - i=1
> ', «; f; is a probability density function.
LetU =xanddV = f(x)dx. Then dU = dx and V = F(x). Since F(x) = 1,
E(X) = / Xf(x) dx = [xF(x)]a — / F(x)dx
0 0 0
:aF((x)—/ F(x)dx:oz—/ F(x)dx
0 0

=/adx—faF(x)dx=/a[1—F(x)]dx.
0 0 0

Let X be the lifetime of a random light bulb. The probability that it lasts over 1000 hours is

®© 5% 10°
P(X > 1000) :/

1 ]00 1
1000 x3

dx:5><105[——

2x2 100 4°

Thus the probability that out of six such light bulbs two last over 1000 hours is
6 /1\2/3\*4
(3) (5) ~o3
2)\4/ \4

Since Y >0, P(Y <t)=0fort <0. Fort >0,

PY=<n=P(X|<t)=P(-t<X=<t)=PX=<0)—PX <-1)
=PX<t)—P(X<—-t)=F(t)— F(-1).

Hence G, the probability distribution function of | X| is given by

G {F(r) — F(=1) ?ft >0
0 ifr <O;

g, the probability density function of | X| is obtained by differentiating G:

f@O+ f(=t) ift>0

gm:Gm:{o ifr < 0.



Chapter 7

Sp@@iaﬂ Continuous

)isf{ributi(ms

7.1 UNIFORM RANDOM VARIABLES
1. (23 -20)/(27 — 20) = 3/7.
2. 15(1/4) =3.75.

3. Let 2:00 pMm. be the origin, then a and b satisfy the following system of two equations in two

unknown.
a+b 0
=
b — 2
b—ay
12
Solving this system, we obtain a = —6 and b = 6. So the bus arrives at a random time

between 1:54 pM. and 2:06 pM.
4. P> —4>0)=P(b >20rb < —-2)=2/6=1/3.

5. The probability density function of R, the radius of the sphere is

1 1
—— == 2<r<4
fry=14-2
0 elsewhere.
Thus
44 1
3
E(V) =/ (—m )—dr — 407.
5 \3 2

P<4 R3 36>—P(R3 27) = P(R<3) = .

6. The problem is equivalent to choosing a random number X from (0, £). The desired probability
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. Let X be a random number from (0, £). The probability of the desired event is

20 ¢
) 14 1 ¢ 1 20 3 3 1
P(mm(X,E—X)Z—):P(XZ—,Z—Xz—):P(—f)(g—): _ .
3 3 3 3 3 ? 3
180 —90 3
" 180 —60  4°

. Let X be a random point from (0, b). A triangular pen is possible to construct if and only if

the segments a, X, and b — X are sides of a triangle. The probability of this is

b—a a+b
P(a<X+(b—X),X<a+(b—X),b—X<a+X):P(T<X< : )
a+b b-—a
2 2 _a
N b b

Let F be the probability distribution function and f be the probability density function of X.
By definition,

F(x)=P(X <x)= P(tanf < x) = P(f < arctanx)

4
arctan x — <— —)

1
= 2 = —arctanx + -, —00 <X < 0OQ.
Z_(_Z> T 2
2 2
Thus |
f(_x):F/(x)Im, —_XX <X <.

Fori =0,1,2,...,n—1,

i+1 i
. . 1 - — -
P([nX]:i):P(i§nX<i+1):P<l—§X<l+ ): n_n_Z
n n 1-0 n
P([nX] = i) = 0, otherwise. Therefore, [nX] is a random number from the set

0.1,2,....n—1}.
{ }

(a) Let G and g be the distribution and density functions of Y, respectively. Since Y > 0,
G(x)=0ifx <0.Ifx >0,

Gx)=PY <x)=P(-In(1-X)<x)=P(X <1—e)

(I—e™ -0 .

e
1-0
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Thus

W=cm=1" *=°
xX) = X) =
& 0 otherwise.

(b) Let H and & be the probability distribution and probability density functions of Z, respec-
tively. Forn > 0, H(x) = P(Z <x)=0,x < 0;
Hx)=P(Z<x)=PX <Jx)=Yx, 0<x<l;

H(x) =1, if x > 1. Therefore,

h(x)=H'(x) =
0 elsewhere.

Forn <0, Hx) =P(X"<x)=0,x < 1;

o= == )=l (1))

=PX>x""y=1=-x"" x>1.

Therefore,

1 19 .
——Xxn ifx>1
h(x) = n

0 ifx < 1.

13. Cleary, E(X) = (1 + 6)/2. This implies that § = 2E(X) — 1. Now

14+6—0)>
Var(X) = E(X2) — [EX)]" = %
Therefore,
14+6\2 1+426+6?
E(X) — ( +>= TOTT
2 12
This yields,
02 +20+1
E(Xz):;.
3
So

3E(X?) —20—1=06%
Butf = 2E(X) — ; so
3E(X?) —2[2E(X) — 1] - 1=06"

This implies that
EGX?—4X +1) =6

Therefore, one choice for g(X) is g(X) = 3X? —4X + 1.
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Let S be the sample space over which X is defined. The functions X: S — Rand F: R —
[0, 1] can be composed to obtain the random variable F(X): S — [0, 1]. Clearly,

P(F(X) <t) _ 1 ifr>1
- 0 ifr<0.
Lett € (0, 1); it remains to prove that P(F (X) < t) = t. To show this, note that since F
is continuous, F(—o0) = 0, and F(c0) = 1, the inverse image of #, F~! ({t}), is nonempty.
We know that F is nondecreasing; since F is not necessarily strictly increasing, F _1({t})
might have more than one element. For example, if F is the constant # on some internal
(a,b) € (0, 1), then F(x) =t forall x € (a, b), implying that (a, b) is contained in F~'({r}).
Let
Xo = inf {x: F(x) > t}.

Then F(xp) =t and
F(x) <t ifandonlyif x < xo.

Therefore,
P(F(X) <t)=P(X <x) = F(xo) =1.

‘We have shown that

0 ifr<0
P(F(X)<t)=13t if0<r<l1
1 ifr>1,

meaning that F'(X) is uniform over (0, 1).

We are given that Y is a uniform random variable. First we show that Y is uniform over the
interval (0, 1). To do this, it suffices to show that P(Y < 1) =1 and P(Y < 0) = 0. These
[e.¢]

are obvious implications of the fact that g is nonnegative and gx)dx = 1:

—00

X

PY <1 = P(/ g(t)dt < 1) =1.

—00

P(Y<0):P(/

X
e()dt < 0) —0,

The following relation shows that the probability density function of X is g.

; / g(t)dt — 0

iPX< —iPY</ t) dt —i— _
LPXzuw=- ( =] a0 )—du [ =sw.

where the last equality follows from the fundamental theorem of calculus.
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16. Let F be the distribution function of X, then F(t) = P(X <t)isOfort < —1 and is 1 for
t >4. Let —1 <t < 4; we have that

t+1

F(l)=P(XSt)=P(5a)—15t)=P<a)§%)

1 (t+1)/5 P

5 0 5

Therefore,
0 t < —1
t+1
Foy=4""1 _1<i<4
1 t >4,

This is the distribution function of a uniform random variable over (—1, 4).

17. We have that X = n if and only if /Y = 0.y;ny3y4ys- - - , or, equivalently, if and only if,
10/Y = y1.ny3y4ys - - - . Therefore, X = n if and only if for some k € {0, 1,2,... ,9},

n n+1
k+— <10vY <k .
+ 15 = VY <k + 0

This is equivalent to

L(k+i)2<1/<L(k+

n—+ 1)2
100 10/ — 100 '

10
Therefore, the desired probability is

9
Pk 1) =7 <ok "5

k=0
1 n+1\2 1 n\2
1000 ) ~ 10k + 55) |
0[100( + 10 100 +10
20k +2n + 1
10, 000

Il
~
o |l Mc

= 0.091 + 0.002n.
k=0

We see that this quantity increases as n does.
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7.2 NORMAL RANDOM VARIABLES

1. Since np = (0.90)(50) = 45 and \/np(1 — p) = 2.12,

44.5 — 45

2.12
=1—&(-0.24) = $(0.24) = 0.5948.

P(X > 44.5) = P(z > ) — P(Z > —024)

364
2. np = 1095/365 = 3 and /np(I — p) = 3(%) — 1.73. Therefore,

55-3
>
- 173

P(X >55) = P(z ) — 1 — ®(1.45) = 0.0735.

3. We have that

P(Z]) =x) = P(—x = Z = x) = P(x) — ®(—x)
=0x)—[1— )] =20x) — 1 =¥(x).

4. Let

gX)=Px<Z<x+a)= efyz/zdy.

1 xX+o
V2w /x

The number x that maximizes P(x < Z < x + «) is the root of g’(x) = 0; that is, it is the
solution of

1 2 2
g(x) = [e~(+/2 _ o=512] = g,
N2
which is x = —a/2.
5. E(X cos X), E(sin X) dE( X ) tively, — /OO( Y2 g
. cos X), E(sin X), an are, respectively, —— X cos x)e X,
1+ X2 P Y V21 J -

1 o0 2 1 © x 2
— (sinx)e ™ /*dx, and / e~ /2 dx. Since these are integrals of
V2w /_oo V21 Jooo 1+ x2

odd functions from —oo to oo, all three of them are 0.

X —-355 355-355
>
4.8 4.8

6. (a) P(X > 35.5) = P( ) =1—®0) =05

(b) The desired probability is given by

30—-355 40 —35.5

<X <—
4.8 4.8
= $(0.94) + &(1.15) — 1 = 0.8264 + 0.8749 — 1 = 0.701.

PG3O < X <40):P( ):@(0.94)—q>(—1.15)
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7. Let X be the grade of a randomly selected student;

90 — 67
P(X > 90) = P(z >

) =1—-®(2.88) =1—0.9980 = 0.002,

80 — 67 90 — 67
<Z< 3

= 0.9980 — 0.9484 = 0.0496.

P(80 < X < 90) = P( ) — $(2.88) — ®(1.63)

Similarly, P(70 < X < 80) = 0.3004, P(60 < X < 70) = 0.4586, and P(X < 60) =
0.1894. Therefore, approximately 0.2%, 4.96%, 30.04%, 45.86%, and 18.94% get A, B, C, D,
and F, respectively.

8. Let X be the blood pressure of a randomly selected person;

89 — 80 96 — 80
< Z <

P(89 < X < 96) = P( ) = P(1.29 < Z < 2.29) = 0.0875,

95 — 80

P(X > 95) = P<Z > ) —0.016.

Therefore, 8.75% have mild hypertension while 1.6% are hypertensive.
9. P(745 <X <75.8) = P(—0.5 < Z < 0.8) = ®(0.8) — [1 — ®(0.5)] = 0.4796.

10. We must find x so that P(110 —x < X < 110 + x) = 0.50, or, equivalently,

X X —-110 X
P( - < — < =

20 20 20
Therefore, we must find the value of x which satisfies P( —x/20 < Z < x /20) = 0.50 or
®(x/20)—P(—x/20) = 0.50. Since (—x/20) = 1—D(x/20), x satisfies 2P (x /20) = 1.50
or ®(x/20) = 0.75. Using Table 1 of the appendix, we get x/20 = 0.67 or x = 13.4 So the
desired interval is (110 — 13.4, 110 + 13.4) = (96.6, 123.4).

)zow.

11. Let X be the amount of cereal in a box. We want to have P(X > 16) > 0.90. This gives
16 — 16.5

P(Zz
(o2

) > 0.90,

or ©(0.5/0) > 0.90. The smallest value for 0.5/0 satisfying this inequality is 1.29; so the
largest value for o is obtained from 0.5/0 = 1.29. This gives o = 0.388.

12. Let X be the score of a randomly selected individual;

12

14—
P(X > 14) = P(z = — ) — P(Z > 0.67) = 0.2514.

Therefore, the probability that none of the eight individuals make a score less than 14 is
(0.2514)% = 0.000016.
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We want to find ¢ so that P(X <) = 1/2. This implies that

P(X_M<t_’u>:1,
2

o o

t— 1 t—u
>=—'s0
o

0rd>( ;
2 o

= 0 which gives t = u.

We have that
P(X —u|l>ko)=PX—u>ko)+P(X—u<—ko)=P(Z >k)+ P(Z < —k)
=[1-o®]+[1- K] =2[1—- K]
This shows that P(|X — | > ko) does not depend on w or o.

Let X be the lifetime of a randomly selected light bulb.

900 — 1000
Z —_—

P(X > 900) = P(z 5

) =1—-o(—1)=d(1) =0.8413.
Hence the company’s claim is false.

Let X be the lifetime of the light bulb manufactured by the first company. Let Y be the
lifetime of the light bulb manufactured by the second company. Assuming that X and Y are
independent, the desired probability, P ( max(X,Y) > 980), 1s calculated as follows.

P(max(X,Y) >980) =1 — P(max(X,Y) <980) =1 — P(X < 980,Y < 980)
=1— P(X <980) P(Y < 980)

980 — 1000 980 — 900
< 201000y p (7 < 20200

100 150
=1-P(Z <—-02)P(Z <0.53)=1—[1—P(0.2)]d(0.53)
=1— (1 —0.5793)(0.7019) = 0.7047.

:1—P<Z

Let r be the rate of return of this stock; r is a normal random variable with mean u = 0.12
and standard deviation o = 0.06. Let n be the number of shares Mrs. Lovotti should purchase.
We want to find the smallest n for which the probability of profit in one year is at least $1000.
Let X be the current price of the total shares of the stock that Mrs. Lovotti buys this year,
and Y be the total price of the shares next year. We want to find the smallest n for which
P(Y — X > 1000). We have

P(Y—leOOO):P(Y;X 2@>:P(Q@>

X X
1000
1000 5 012
:P(rz ):P z>=>22 | >0.090.
35n 0.06
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Therefore, we want to find the smallest n for which

1
30500 —0.12
Plz<=__|<o.l0.
0.06
By Table 1 of the Appendix, this is satisfied if

1

LU

)
0.06

This gives n > 670.69. Therefore, Mrs. Lovotti should buy 671 shares of the stock.
18. We have that

1
f(x)ZWeXP[—

(x—l)z]_ 1 ox [_(x—l)z]
12 17 v Pl 2agm b

This shows that f is the probability density function of a normal random variable with mean
1 and standard deviation 1/2 (variance 1/4).

19. Let F be the distribution function of | X — u|. F(t) =0ift < 0; fort > 0,

FO)=P(IX—pl<t)=P(—t <X —pu<t)

t X—n t
=Pu-1=sXsp+n=P(-= = <)
o o o
t t t t 1
=o()-e(-)=2(;) - [1-o(;)]=22(;) -1
o o o o o
Therefore,
t
2@( )-1 1>0
F@) = o
0 otherwise.
This gives
/ 2 / [
F==-o(=) 1zo0.
o o
Hence

© 2 st
E(X—ul)= [ tZo ( )dt.
0 o o
substituting u = ¢/o, we obtain

o0 20' e 2
E(X —u) = 20/ ud (u)du = _/ we 12 du
0 «/E 0

_ 20

[ _uz/z]oo 20 12
= —e = ——— = 0,4/ —.
21 0 W21 4
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20. The general form of the probability density function of a normal random variable is

21.

22,

_ 2 2
ol SN

1 1 1
o2 exp[_ 202 ]_04/27-[ eXp(_F o2 202

fx) =

Comparing this with the given probability density function, we see that

1
k =
o2
2 1
202
W
2k = —;
2
*
202

Solving the first two equations for k and o, we obtain k = 7 and o = 1/(;+/2). These and

the third equation give 4 = —1/7 which satisfy the fourth equation. So k = 7 and f is the
1 1

probability density function of N ( - —, —)
T’ 2m?
Let X be the viscosity of the given brand. We must find the smallest x for which P(X < x) >
—-37 -37
0.90 or P(Z <2 ) > 0.90. This gives c1>(x ) > 0.90 or (x — 37)/10 = 1.29; 50

x =49.9.

Let X be the length of the residence of a family selected at random from this town. Since

6 — 80
P(Xz96):P(Zzg

) — 0.298,

using binomial distribution, the desired probability is

2
12 . .
1— Z 7)(0.298) (1 — 0.298)'27 = (0.742.
i=0 !

23. We have
E( DlZ) > ax 1 —x2/2d
e = e - —¢€ X
—o0 2
2 ] 12 1.2
_ ea /2/ efzut +ax—5x dx
—00 27
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o0

1 1 2 . 1 | 2, . . .

where / > e 20797 gx = 1, since > e 20797 5 the probability density function
—00 JT T

of a normal random variable with mean « and variance 1.

Fort > 0,

P(th):P(—«/?fXgﬂ):P(—?fo§)=2<D<£)—1.

o

Let f be the probability density function of Y. Then

@/(‘/;), t>0.

o

d
fO =g PO =0 =25

So

1 t
ex (——) t>0
o2t P 202

0 t <0.

f@) =

Fort > 0,

P(Y <) =P(e* <1)=P(X <Int) = P(Z < h”o_ “) = cp(h”a_“).

Let f be the probability density function of Y. We have

d 1 Int —
t)=—PY <t)=—& , t>0.
fy=2P¥ =0 =—o(=—L). 1=

So
t>0

_ (Int —u)z]

|~ g

f@t)={otV2m

0 otherwise.
Let f be the probability density function of Y. Since for ¢ > 0,
PY<t=P(IX|<t)=P(X|<t?)=P(—1* <X <1*) =20(t*) — 1,

we have that 1
_ 4/2
d 4t ——e ! t>0
f=—P¥ =n=1 VT

0 otherwise.

Suppose that X is the number of books sold in a month. The random variable X is binomial
with parameters n = (800)(30) = 24,000 and p = 1/5001. Moreover, E(X) = np = 4.8
and oy = +/np(1 — p) = 2.19. Let k be the number of copies of the bestseller to be ordered



28.

29.

30.
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every month. We want to have P(X < k) > 098 or P(X < kK — 1) > 0.98. Using
De Moivre-Laplace theorem and making correction for continuity, this inequality is valid if
<X—4.8 k—140.5-4.8
<
2.19 2.19

From Table 1 of the appendix, we have (k — 1 + 0.5 — 4.8)/2.19 = 2.06, or k = 9.81.
Therefore, the store should order 10 copies a month.

)>0%.

Let X be the number of light bulbs of type I. We want to calculate P(18 < X < 22).
Since the number of light bulbs is large and half of the light bulbs are type I, we can assume
that X is approximately binomial with parameters 40 and 1/2. Note that np = 20 and
Vnp(I = p) = +/10. Using De Moivre-Laplace theorem and making correction for continuity,
we have

175-20 X -—-20 225 —20)

< <
Yo T J10 T J10
= ®(0.79) — ®(—0.79) = 2d(0.79) — 1 = 0.5704.

P75 <X <225) = P(

Remark: Using binomial distribution, the solution to this problem is

22

5 ()" -0

As we see, up to at least 4 decimal places, this solution gives the same answer as obtained
above. This indicates the importance of correction for continuity; if it is ignored, we obtain
0.4714, an answer which is almost 10% lower than the actual answer.

Let X be the number of 1’s selected; X is binomial with parameters 100, 000 and 1/40. Thus

np = 2500 and /np(1 — p) = 49.37. So

3499.50 — 2500
49.37

Hence it is fair to say that the algorithm is not accurate.

P(X > 3500) ~ P(z > ) —1— ®(20.25) = 0.

Note that 5

2 X
ka ™ =ke —x’lna) =ke (— )
a Xp ( X a) Xp /ina
Comparing this with the probability density function of a normal random variable with pa-
rameters 1 and o, we see that £ = 0 and 20> = 1/Ina. Thus 0 = 4/1/(2Ina), and hence

1 Ina

N oA 2w N T
So, for this value of k, the function f is the probability density function a normal random
variable with mean 0 and standard deviation 4/1/(2Ina).

k
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32.

33.
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(a) The derivation of these inequalities from the hint is straightforward.

(b) By part (a),
1 1 —®(x)
— —2 < 25 < 1.
X [1/aV2m)]e
Thus
1-—®
| < lim SO
¥ [1/(xv/2m) e/
from which (b) follows.
By part (b) of Exercise 31,
x
P(z>1+ ;>

1imP(Z>t+f|Zzt)= lim — 1/
t—00 t t—00 P(Zzt)

1 X\ 2
— = exp[—(t+—> /2]
(t + —)vZTr !
— lim !
t—00 1 e_’2/2
t/2m
£2 x2
= Jim e (—xmgp) =

Let X be the amount of soft drink in a random bottle. We are given that P(X < 15.5) = 0.07

15.5 — 16.3 —
and P(X > 16.3) = 0.10. These imply that q>(—”) — 0.07 and and cb(—’“‘) —
g o
0.90. Using Tables 1 and 2 of the appendix, we obtain

155 —

i T
o

16.3 —

22T R 108
o

Solving these two equations in two unknowns, we obtain 4 = 15.93 and o = 0.29.
Let X be the height of a randomly selected skeleton from group 1. Then

185 — 172
—) = P(Z > 1.44) = 0.0749.

P(X > 185) = P(z >
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Now suppose that the skeleton’s of the second group belong to the family of the first group.
The probability of finding three or more skeleton’s with heights above 185 centimeters is

5

> (?) (0.0749)"(0.9251)°~" = 0.0037.

i=3

Since the chance of this event is very low, it is reasonable to assume that the second group is
not part of the first one. However, we must be careful that in reality, this observation is not
sufficient to make a judgment. In the lack of other information, if a decision is to be made
solely based on this observation, then we must reject the hypothesis that the second group is
part of the first one.

35. Fort € (0, 00), let A be the region whose points have a (positive) distance ¢ or less from the
given tree. The area of A is w¢2. Let X be the distance from the given tree to its nearest tree.
We have that

e (A 1?0
P(X > 1) = P(notreesin A) = + — ot

Now by Remark 6.4,
[e.¢] o0 2
E(X):/ P(X>t)dt=/ e dt.
0 0
Letting u = («/ 201 )t, we obtain
1 © 11 1
E(X) = ——/ gy = L1 L
v/ VA2 2V
36. Note that dy = xds; so
2 o0 o0 _(+2 2.2 2 ° o0 _ 21 2 2 2
I=/ [/ e(x“”/xds dx = [/ ex(“)/xdx]ds (letu = x°)
0 0 0 0
_ /Oo [/oo efu(l+sz)/2 ds _ = [ 7u(1+sz)/2]°°ds
0 0 2 Jo 0

© 1
= / ds = [arctans] = —.
0 1+S2 0 2

7.3 EXPONENTIAL RANDOM VARIABLES

1. Let X be the time until the next customer arrives; X is exponential with parameter A = 3.
Hence P(X > x) = e, and P(X > 3) = ¢~? = 0.0001234.
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2. Let m be the median of an exponential random variable with rate A. Then P(X > m) = 1/2;
In2

thuse™™ =1/2orm = -
3. For —c0 < y < 00,

PY<y)=P(-InX <y)= P(X > e*y) =e—e_}"

Thus g(y), the probability density function of Y is given by

—y

d ) —y
g = —P(Y <y)=e’ e =V TE
dy

4. Let X be the time between the first and second heart attacks. We are given that P(X < 5) =
1/2. Since exponential is memoryless, the probability that a person who had one heart attack
five years ago will not have another one during the next five years is still P(X > 5) which is
1-P(X<5)=1/2.

5. (a) Suppose that the next customer arrives in X minutes. By the memoryless property, the
desired probability is

1
P(X < —> — 1 — 50730 = (.1535.
30

(b) Let Y be the time between the arrival times of the 10th and 11th customers; Y is exponential
with A = 5. So the answer is

1
P(Y < —) — 1 — 50730 = (.1535.
=30 ¢

P(IX —E(X)| > 20x) =P

=0/ 40 = e =0.049787.
7. @ P(X >1) =e .
M PE<X<s)=(l—e™)—(l—eM)=e™—e™.
8. The number of documents typed by the secretary on a given eight-hour working day is Poisson

with parameter A = 8. So the answer is

X _8qi 11 _8qi
e °8 e °8
E =1— E 5 =1-0.888 =0.112.

: 1.
i=12 i=0
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11.

12.

13.
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. The answer is

I
E[350 — 40N (1)] = 350 — 40( 5 - 12) = 323.33.

Mr. Jones makes his phone calls when either A or B is finished his call. At that time the
remaining phone call of A or B, whichever is not finished, and the duration of the call of
Mr. Jones both have the same distribution due to the memoryless property of the exponential
distribution. Hence, by symmetry, the probability that Mr. Jones finishes his call sooner than
the other one is 1/2.

Let N(¢) be the number of change-of-states occurring in [0, #]. Let X; be the time until the
machine breaks down for the first time. Let X, be the time it will take to repair the machine,
X3 be the time since the machine was fixed until it breaks down again, and so on. Clearly, X1,
X5, ... are the times between consecutive change of states. Since {X, X», ...} is a sequence
of independent and identically distributed exponential random variables with mean 1/A, by
Remark 7.2, {N(t): t > O} is a Poisson process with rate A. Therefore, N(¢) is a Poisson
random variable with parameter Az.

The probability mass function of L is given by
PL=n)=0-p)"'p, n=1,2,3,....
Hence
P(L>n)=0-p)", n=0,1,2,....
Therefore,

P(T <x)=P(L <1000x) =1— P(L > 1000x) =1 — (1 — p)'000%

= 1 — 1000xIn(1=p) _ | _ ,~x[=1000ln(1-p)] -

This shows that T is exponential with parameter A = —1000 In(1 — p).

o0

(a) We must have/ ce Wldx = 1; thus

—00

1 1 1

CcC = = = = = 5
/ e Mlax 2/ e *dx
—00 0

o0
1
(b) E(X*"* = / Exz’”le*"“ dx = 0, because the integrand is an odd function.

—00

o0 1 o0
E(X™) = / Exzneflxl dx = / x?e ™  dx,
—00 0

oo
because the integrand is an even function. We now use induction to prove that x"e T dx =

0
n!l. For n = 1, the integral is the expected value of an exponential random variable with
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parameter 1; so it equals to 1 = 1!. Assume that the identity is valid for n — 1. Using
integration by parts, we show it for .

o0 00 o0
/ x"eFdx = —[ —x"e"‘]o —{—/ nx" e dx =0+nn—1)! =n!.
0 0

Hence E(X*") = (2n)!.

n+1 n+1
14. P([X]=n)=Pn <X <n+1)= / e dx = —e | = (e7*)"(1—e™*). This

is the probability mass function of a geonmetric random variable with parameter p = 1 — e ™.
15. Letthat G(t) = P(X > t) = 1 — F(t). By the memoryless property of X,
P(X>s+t|X>1t)=P(X >s),
for all s > 0 and ¢ > 0. This implies that
PX>s+1t)=PX >s5)P(X >1),
or

Gis+1)=G(s)G(#), t=0,5s>0. (24)

Now for arbitrary positive integers n and m, (24) gives that
6(;) =6, +2)=5()9G) =[o ()]
6(;)=6(;+2) =o()e () =[e)I o) = ()"

Also
G(1) = G(—+ St %) = [G(%)]
n terms
yields
G(%) =[cm]"". (25)
Hence

G(m/n) =[G]"". (26)
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Now we show that G(1) > 0. If not, G(1) = 0 and by (25), G(1/n) = 0 for all positive
integer n. This and right continuity of G imply that

1
P(XgO):F(O):l—G(O)zl—G(hm —)

n—»oon
1

=1—1imG(
n

n—o0

)=1—O=L

which is a contradiction to the given fact that X is a positive random variable. Thus G(1) > 0
and we can define A = —In [G(l)], This gives

G(l) =e*,

and by (26),
G(m/n) = e /M,

Thus far, we have proved that for any positive rational ¢,
G(t)=e™. (27)

To prove the same relation for a positive irrational number ¢, recall from calculus that for each

. . . . 1 . 1
positive integer n, there exists a rational number ¢, in (t, t+ —). Sincet <t, <t+ —,
n

n
lim,,_, o, #, exists and is . On the other hand because F is right continuous, G = 1 — F is also
right continuous and so
G(t) = lim G(t,).
n—oQ

But since t, is rational, (27) implies that, G(t,) = e, Hence

G(t) = lim e =™,
Thus F(t) = 1 — e * for all ¢, and X is exponential.

Remark: If X is memoryless, then P(X < 0) = 0. To see this, note that P(X > s+t | X >
t) = P(X > s)implies P(X <s+¢t | X >1t) = P(X <s). Lettings =t = 0, we get
P(X<0]|]X>0=PX<0).But P(X <0] X > 0) = 0; therefore P(X < 0) = 0.
This shows that the memoryless property cannot be defined for random variables possessing
nonpositive values with positive probability.
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GAMMA DISTRIBUTIONS

. Let f be the probability density function of a gamma random variable with parameters r and

A. Then
Arxr—le—kx

fx) = NG

Therefore,

Fx) = r [_ re M x T fe M (r — l)x“z] _ _Lﬂxr72eka (x = 1)'

I'(r) A
This relation implies that the function f is increasing if x < (r — 1)/A, it is decreasing if
x> (r—1/rand f'(x) = 0if x = (r — 1)/1. Therefore, x = (r — 1)/A is a maximum
of the function f. Moreover, since f’ has only one root, the point x = (r — 1)/A is the only
maximum of f.

. We have that
t/c ()Le—AX)(}\x)r—l
P(cht):P(Xft/c):/ —dx (letu = cx)
0 I(r)
_ t ke—xu/C(Au/c)r—l
= /0 ) (I/c)du
/’ (A/c)e e (hu/c) !
= du
0 ()

This shows that ¢ X is gamma with parameters » and A /c.

. Let N(¢) be the number of babies born at or prior to ¢. {N(t): t > O} is a Poisson process

with A = 12. Let X be the time it takes before the next three babies are born. The random
variable X is gamma with parameters 3 and 12. The desired probability is

© 12 —12x 12 2
P(X >7/24) = / e—(x)
7/24 r'@3)
Applying integration by parts twice, we get

o0
dx = 864 / x2e 12 dx.
7/24

1 1 1
2 —12x 2 —12x —12x —12x

dx = —— - — - .

/x e X 12x e 72xe 864e +c

Thus
7 1 1 1
P(X > —) = 864[ Xl e —e*lZX] = 0.3208.
24 12 72 864 7/24

Remark: A simpler way to do this problem is to avoid gamma random variables and use the
properties of Poisson processes:

P(v(55) =2) = 5 P(v(55) =) = i (EU1E]

il
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00 00 —\x r—1 r o]
/ Sx)dx = / i dx = * / e Mx"dx.
— 0 I'(r) I'(r) Jo

Lett = Ax; then dt = Adx, so

. tr] 1
/ f(x)dx—r() dx

= / e dr = L ') =1.
') Jo I'(r)

5. Let X be the time until the restaurant starts to make profit; X is a gamma random variable with
parameters 31 and 12. Thus E(X) = 31/12; that is, two hours and 35 minutes.

6. By the method of Example 5.17, the number of defective light bulbs produced is a Poisson
process at the rate of (200)(0.015) = 3 per hour. Therefore, X, the time until 25 defective
light bulbs are produced is gamma with parameters A = 3 and r = 25. Hence

r 25
E(X) = T=3 = 8.33.

That is, it will take, on average, 8 hours and 20 minutes to fill up the can.

Making the substitution t = y?/2, we get

f/ —y/zdy__/ e 2 dy
N / e dy = .
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Hence

—
/N
| W
SN—"
|
| —
—
/N
| —
SN—"
Il
N[ =
B

2 2 \2
)= 3)=3 4
Q-3)-32 4w
F<n+%>zr(2n2—i—l)_2n2—1'2n2—3' ;;%%ﬁ
2n)! N

" 22[@2n)-6-4-2]

_ Cmlr CmWm
Con.n.pl o 4npl

8. (a) Let F be the probability distribution function of Y. Fort < 0, F(t) = P(Z> <t) = 0.
Fort > 0,

F(t):P(th):P(szt):P(—«/;§Z§\/;)
= ®(Vi) = &= Vi) = &(vi) = [1 - &(vF) | = 20(vi) — 1.
Let f be the probability density function of Y. Fort <0, f(t) = 0. For t > 0,

[ e
Loyt L. L n_ L p_2° (1)
O=Ft)=2-—0(Vt)=— —e V"= —e " =20
! it V= T r(1/2)
where by the previous exercise, /7 = I'(1/2). This shows that ¥ is gamma with parameters

A=1/2andr = 1/2.

(b) Since (X — u)/o is standard normal, by part (a), W is gamma with parameters A = 1/2
andr = 1/2.

9. The following solution is an intuitive one. A rigorous mathematical solution would have to
consider the sum of two random variables, each being the minimum of n exponential random
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variables; so it would require material from joint distributions. However, the intuitive solution
has its own merits and it is important for students to understand it.

Let the time Howard enters the bank be the origin and let N () be the number of customers
served by time 7. As long as all of the servers are busy, due to the memoryless property of
the exponential distribution, {N ®:t> 0} is a Poisson process with rate nA. This follows
because if one server serves at the rate A, n servers will serve at the rate nA. For the Poisson
process {N ®):t > O}, every time a customer is served and leaves, an “event” has occurred.
Therefore, again because of the memoryless property, the service time of the person ahead
of Howard begins when the first “event” occurs and Howard’s service time begins when the
second “event” occurs. Therefore, Howard’s waiting time in the queue is the time of the
second event of the Poisson process {N ),t > 0}. This period, as we know, has a gamma
distribution with parameters 2 and nA.

Since the lengths of the characters are independent of each other and identically distributed,
for any two intervals A; and A, with the same length, the probability that n characters are
emitted during A is equal to the probability that n characters are emitted in A,. Moreover, for
s > 0, the number of characters being emitted during (¢, 4+ 5] is independent of the number of
characters that have been emitted in [0, ¢]. Clearly, characters are not emitted simultaneously.
Therefore, {N @):t> 0} is stationary, possesses independent increments, and is orderly. So
it is a Poisson process. By Exercise 11, Section 7.3, the time until the first character is emitted
is exponential with parameter A = —1000 In(1 — p). Thus {N(t) > O} is a Poisson process
with parameter A = —1000 In(1 — p). Knowing this, we have that the time until the message
is emitted, that is, the time until the kth character is emitted is gamma with parameters k and
A =—10001n(1 — p).

BETA DISTRIBUTIONS

. Yes, it is a probability density function of a beta random variable with parameters « = 2 and

4!
B = 3. Note that = —— = 12. We have
B(2,3) 12!
2 6 1
E(X)= -, VarX = —— = —.
5 6(5%) 25
. No, it is not because, for« = 3 and 8 = 5, we have
! = 7 =105 # 120
B(3,5) 214! ‘

. Leta = 5 and B = 6. Then f is the probability density function of a beta random variable

with parameters 5 and 6 for

1 10!
c= = —— = 1260.
B(5,6) 4!5!
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For this value of c,

5 30 5
EX)=—, VarX = ——— = —,
11 12(112) ~ 242
. The answer is
! 1 19 12
P(p > 0.60) = E—— - d
(p = 0.60) /0,60 B0 13" (LT Tdx
32! 1

= 2 (1 = x)"?dx =0.538.
191 12! Jo.60

. Let X be the proportion of resistors the procurement office purchases from this vendor. We

know that X is beta. Let o and 8 be the parameters of the density function of X. Then

o _1
a+p 3
of 1

(a+,3—|—l)(oz+,3)2_§'

Solving this system of 2 equations in 2 unknowns, we obtain « = 1 and 8 = 2. The desired
probability is

1 1

_ 1 =11 21 g B _ 50
PX>712)= | —x""0—x)"dx=2] (I1—x)dx=-r~0.17.
7/12 B(1,2) 7/12 288

. Let X be the median of the fractions for the 13 sections of the course; X is a beta random

variable with parameters 7 and 7. Let Y be a binomial random variable with parameters 13
and 0.40. By Theorem 7.2,
P(X <040)=PY =17).

Therefore,

6
P(X >0.40) = P(Y <6) = Z (13) (0.40)' (0.60)*~" = 0.771156.

i
i=0

. Let Y be a binomial random variable with parameters 25 and 0.25; by Theorem 7.2,

P(X <0.25)=P(Y =)5).

Therefore,

4
P(X >025 =P <5) = Z (215> (0.25)'(0.75)>~" = 0.214.
i=0
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8. (a) Clearly,

o
E¥)=at+(b-aEX) =a+(b-a)——.
(b —a)’ap

Var(X) = (b — a)? Var(X) =

(0 + B+ D+ B)?

(b) Notethat ) < X < 1 impliesthata < Y < b. Leta <t < b; then

P(Ygt):P(a+(b—a)X5t)=P(x§ 2:‘;)

-a/b-a)
= / x 1 = x)P 1 dx.
0 B(a, B)

Lety = (b — a)x + a; we have

| N —a\B-1 1
P(Ygz):/ (y a) (1—y a) : dy
a Bla,p)\b—a b—a b—a
/’ 1 1 y—a\e-l/b—y\B-1
[ e T
« b—a B(a,B)\b—a b—a
This shows that the probability density function of Y is

f(y)zbia ' B(al,ﬁ)@:Z)M(Z:Z)ﬁl’ a<y=<b

(¢) Notethata =2, b = 6. Hence

P en= [ () .

_3/3( 26— y)2d 3 67 67 ~0.26
64 ), Y VA= 12 T 56
9. Suppose that

fx) = ¥ la—-x0ft 0<x <,

B(a, B)

is symmetric about a pointa. Then f(a —x) = f(a+x). Thatis, for0 < x < min(a, 1 —a),
a—x)""1=—a+x)f'"=@+x0)* ' —a—-x)F". (28)

Since « and B are not necessarily integers, for (@ —x)*~! and (1 —a —x)#~! to be well-defined,
we need to restrict ourselves to the range 0 < x < min(a, 1 — a). Now, if a < 1 — a, then,
by continuity, (28) is valid for x = a. Substituting a for x in (28), we obtain

a)*'1 =2a)f ' =0.
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Since a # 0, this implies that a = 1/2. If 1 — a < a, then, by continuity, (28) is valid for
x = 1 — a. Substituting 1 — a for x in (28), we obtain
Qa —1D)*'2-2a)""=0.

Since a # 1, this implies that a = 1/2. Therefore, in either case a = 1/2. In (28), substituting
a = 1/2, and taking x = 1/4, say, we get

/4@ = /4 a4

This gives 3~ = 0, which can only hold for @ = B. Therefore, only beta density functions
with ¢ = B are symmetric, and they are symmetric about a = 1/2.

5 dt, we have

2t
(1+12)

00 t2 a—1 1 B—1 2t 0
B(a, B) = ( ) ( ) D dt =2/ P A4 )P ar
@ p) /0 1+ 1+ (1+12)? 0 4+

‘We have that

t =0givesx =0;t = oo gives x = 1. Since dx =

1
B(a, B) = / x N1 = x)Ptax.
0
Let x = cos? @ to obtain

/2
B(a, B) = 2/ (cos 0)** ! (sin@)* 1 0.
0

o0
I(a) = / t* e dt.
0
Use the substitution ¢ = y? to obtain
o0 2
I'(a) :2/ y2le™ dy.
0
This implies that
oo o0 2 )
P@r@) =4 [ [ w2ty et dxay,
o Jo

Now we evaluate this double integral by means of a change of variables to polar coordinates:
y =rsinf, x = rcosf; we obtain

oo /2
F)I(B) =4 / / P21 (00 0)22 1 (sin )%~ e~ dOdr
0 0

o0 o
= 2B(a, B) / P2etB 1= g — B(a, B) / Pl du (letu = r?)
0 0

= B(a, B)T(a + B).
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Thus
I'(a)I'(B)

B P =teasp;

We will show that E(X?) = n/(n — 2). Since E(X?) < oo, by Remark 6.6, E(X) < oo.
Since E(X) exists and xf (x) is an odd function, we have

E(X) :/OO xf(x)dx = 0.

o0
Consequently,

Var(X) = E(X?) — [E(X)] = n”j

Therefore, all we need to find is E(X?). By Theorem 6.3,

n+1
F( > ) 0 x2\ —(n+1)/2
E(X?) = —n/ 2(1+%) dx.

Vi (3) S "

Substituting x = (4/n )t in this integral yields
1
F(n + ) o
E(X?) = —2/ ) (1 + )02 fy

—00

i)

n+1

r(—=-) .

=~ 27 -Zn/ 2(1 4 12)~0+D2 gy,
vArz)

By the previous two exercises,

3 -2
2/oot2(1 + 12T g = B(é n- 2) _ F(E)F(l 2 )
0

27 2 r,<n—i—l :
2
Therefore,
PR & o I 6 1 G B ),
n n+1 n :
vwry) () var(3)

By the solution to Exercise 7, Section 7.4, ' (1/2) = /7. Using the identity I'(r +1) = r['(r),
we have

() -1r(3)-

r(3)=r(* ) =" ()
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Consequently,

7.6 SURVIVAL ANALYSIS AND HAZARD FUNCTIONS

1. Let X be the lifetime of the electrical component, F be its probability distribution function,
and A(¢) be its failure rate. For some constants « and 8, we are given that

A) = at + B.
Since A(48) = 0.10 and A(72) = 0.15,

480 + B = 0.10
720 + B = 0.15.

Solving this system of two equations in two unknowns gives ¢ = 1/480 and 8 = 0. Hence
A(t) =1/480. By (7.6), for ¢t > O,

- toy ,
P(X >1t)=F(t) =exp <_ —du) — o 17/960
o 480

Let f be the probability density function of X. This also gives

d - t 2
)= ——F () = — 7t/960.
T ==5F0 = 1°
The answer to part (a) is

P(X > 30) = ¢ 200/960 — ,=09375 — ().392.

The exact value for part (b) is

P30 < X < 31)
P(X > 30)

~ 0392 31(t/480)e*12/960 dr — 0.02411
"2 0.392

P(X <31| X >30) =

= 0.0615.

Note that for small A;, A(¢)A, is approximately the probability that the component fails
within A, hours after ¢, given that it has not yet failed by time . Letting A, = 1, for ¢t = 30,
A(t)A; = 0.0625 which is relatively close to the exact value of 0.0615. This is interesting
because A, = 1 is not that small, and one may not expect close approximations anyway.



Chapter 7 Review Problems 153
2. Let F be the survival function of a Weibull random variable. We have
- m o
F@) = / ax® e dx.
t
Letting u = x%, we have du = ax®dx. Thus

_ o0 )
F@) = / et'du=—e" =e .
t

o

Therefore,
t()l—l —t*
A = % =ar* L.
P
A(t) = 1, for @ = 1; so the Weibull in this case is exponential with parameter 1. Clearly, for
a < 1, M (t) < 0;s0 A(z) is decreasing. Fora > 1, 1/(¢) > 0; so A(¢) is increasing. Note that
for @ = 2, the failure rate is the straight line A(¢) = 2¢.

REVIEW PROBLEMS FOR CHAPTER 7

30-25 5

T 37-25 12

2. Let X be the weight of a randomly selected women from this community. The desired quantity
is

p(7 170 — 130
P(X > 170) _ (2~ 2—0)
P(X > 140) 140 — 130
(K= p(z 0130y
20
_P(Z>2  1-®2) 1-09772
T P(Z>05  1—®0.5 1-0.6915

P(X > 170 | X > 140) =

= 0.074.

3. Let X be the number of times the digit 5 is generated; X is binomial with parameters n = 1000
and p = 1/10. Thusnp = 100 and \/np(1 — p) = +/90 = 9.49. Using normal approximation
and making correction for continuity,

93.5 - 100
P ORE——

P(X <935) = P<Z <% ) = P(Z < —0.68) = 1 — d(0.68) = 0.248.

4. The given relation implies that

l—e?=2[0-e—(1-—e)].



154 Chapter 7 Special Continuous Distributions

This is equivalent to
3¢ —2e - 1=0,

or, equivalently,
(e —1)’(2e > +1)=0.

The only root of this equation is A = 0 which is not acceptable. Therefore, it is not possible
that X satisfy the given relation.

5. Let X be the lifetime of a random light bulb. Then
P(X < 1700) = 1 — ¢~ (/17001700 —  _ p=1,
The desired probability is
1 — P(none fails) — P (one fails)

=1- (200)(1 — e H? ~ (210> (1—e")(e™")" = 0.999999927.

6. Note that lim,_,¢x Inx = 0; so
1 1
E(—In X) :f (—Inx)dx = [x —xlnx]o — 1.
0

7. Let X be the diameter of the randomly chosen disk in inches. We are given that X ~ N (4, 1).
We want to find the distribution function of 2.5X; we have

1 x/2.5 5
PQR.5X <x)=P(X <x/25) = —/ e 2 gy
A/ 27T —00

8. Ifa < 0, then @ + B < pB; therefore,
Pa<X=<a+pB)=PO0=<X=<a+pB)=<PO=<X<=<§B).
If o > 0, then e ** < 1. Thus

Pl@<X<a+p) =[l—e?@P]—(1-e)
= e*ka(l _efkﬁ) <1l—e¢ M = PO<X<§B).

9. We are given that 1/A = 1.25; so A = 0.8. Let X be the time it takes for a random student to
complete the test. Since P(X > 1) = e~ O = ¢=03 the desired probability is

1— (%) =1 - ¢ =0.99966.
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Note that
— o x=G/PH1T/4 1774 —[x—(3/2)1°
f(x) =ke = ke e .

Comparing this with the probability density function of a normal random variable with mean
3/2, we see that 0> = 1/2 and ke'”/* = 1/(o+/2m). Therefore,

1 1

k = me—nm _ ;e—17/4_
Let X be the grade of a randomly selected student.

P(X > 90) = P(z > 20— 72) — 1 — ®(2.57) = 0.0051.
Similarly,

PB0< X <90) = P(l.14 < Z < 2.57) = 0.122,

P(70 < X < 80) = P(—0.29 < Z < 1.14) = 0.487,

P60 < X <70) = P(—1.71 < Z < —0.29) = 0.3423,
P(X < 60) = P(Z < —1.71) = 0.0436.

Therefore, approximately 0.51% will get A, 12.2% will get B, 48.7% will get C, 34.23% D,
and 4.36% F.

Since E(X) = 1/A,

P(X > E(X))=e M =¢7" =0.36788.
Round off error to the nearest integer is uniform over (—0.5, 0.5); round off error to the nearest
Ist decimal place is uniform over (—0.05, 0.05); round off error to the nearest 2nd decimal
place is uniform over (—0.005, 0.005), and so on. In general, round off error to the nearest k
decimal places is uniform over (—5/10F+!, 5/10k+1),
We want to find the smallest a for which P(X < a) > 0.90. This implies
a—175

P(z < ) > 0.90.

Using Table 1 of the appendix, we see that (a — 175)/22 = 1.29 or a = 203.38.

Let X be the breaking strength of the yarn under consideration. Clearly,

100 — 95

P(X > 100) = P(Z > —

) =1— ®(0.45) = 0.33.

So the desired probability is

- (100) (0.33)°(0.67)'0 — (110 ) (0.33)(0.67) = 0.89.
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16. Let X be the time until the 91st call is received. X is a gamma random variable with parameters
r = 91 and A = 23. The desired probability is

o0 23 —23x 23 91—1
P(Xz4)=/ ¢ BOT
4 r'91)
423 —23x 23 91—1
=1 —/ ¢ (23x) dx
o 90!
2391 4
=1-"— / xPe™P¥ dx = 1 — 0.55542 = (.44458.
90! Jo
17. Clearly,
1—6 146
E(X):( )+ (1+ )=1’
2
1460 —14+6)2 62
Var(X):( + +6) = —.
12 3
Now

B() - [E00f = &

implies that
2

0
E(X?) = T +1,
which yeilds 3E(X?) — 1 = 62, or, equivalently, E(3X? — 1) = 62. Therefore, one choice for
g(X)is g(X) =3X%—1.

18. Let o and B be the parameters of the density function of X /€. Solving the following two
equations in two unknowns,

o

E(X/0) = — 5

’

~ | W

Var(X/0) = op _3
X/ = XA D@t B - 98’

we obtain « = 3 and 8 = 4. Therefore, X/ is beta with parameters 3 and 4. The desired
probability is

1/3

PU)T <X <t/3)=P(1/7T<X/t<1/3)= / x2(1—x) dx

17 B3, 4)

1/3
= 60/ x2(1 = x)*dx = 0.278.
1/7
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Bimrim@ )istribuﬂ:i@ns

8.1 JOINT DISTRIBUTIONS OF TWO RANDOM VARIABLES
1. (@ Y7 Y5_ k(x/y) = 1 implies that k = 2/9.

) px(x) =Y, [@0)/ON]=x/3, x=1,2.

pr() =72 [@0/O0] =2/Gy), y=1,2.

pQ2.1) 49 2

py(D ~2/3° 3
2

@ E(X) = in —(—):—; E(Y):iiy-%(%):

y=1 x=1 y=1 x=1

@@PX=>1|Y=1=

2. (@)Y, >} c(x+y) = 1 implies that c = 1/21.
() px(x) = Y0_(1/2D)(x +y) = 2x +3)/21. x=1,2,3.

pr(») =32_(1/2)(x +y) = (6+3y)/21. y=1,2.

_ p2, D +p3, 1 7/21 z
©P=21r=D0= py(1) = 9/21 9'

@) E(X) = ZZ-WH) 4; E(Y) = ZZ—y(x+y>

x=1 y=1 x=1 y=1

3. @k(Q+14+14+9+4+9 =1 implies that k = 1/25.
®)  pe() = p(1, )+ p(1,3) = 12/25,  px(2) = p(2.3) = 13/25;
py(D) = p(1, 1) = 2/25, py(3) = p(1,3) + p(2.3) = 23/25.
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Therefore,

12/25 ifx =1 2/25 ify=1
px(x) = pr(y) =
13/25 ifx =2, 23/25 ify =3.
(©) E(X)=1 12+2 38 EY)=1 2 +3 23 _1
25 25 25 25 25 25

4. P(X > Y) = p(1,0) + p(2,0) + p(2, 1) = 2/5,
P(X+Y <2)=p(1,0)+ p(1, 1) + p(2,0) = 7/25,
PX+Y =2 =pl, 1)+ p2,0)=6/25.

5. Let X be the number of sheep stolen; let Y be the number of goats stolen. Let p(x, y) be the
joint probability mass function of X and Y. Then, for0 <x <4,0<y <4,0<x+y <4,

(EG--)
(2)

6. The following table gives p(x, y), the joint probability mass function of X and Y; py(x), the
marginal probability mass function of X; and py(y), the marginal probability mass function

plx,y) =

p(x,y) =0, for other values of x and y.

of Y.
Y
X 0 1 2 3 4 5 px(x)
2 1/36 0 0 0 0 0 1/36
3 0 2/36 0 0 0 0 2/36
4 1/36 0 2/36 0 0 0 3/36
5 0 2/36 0 2/36 0 0 4/36
6 1/36 0 2/36 0 2/36 0 5/36
7 0 2/36 0 2/36 0 2/36 | 6/36
8 1/36 0 2/36 0 2/36 0 5/36
9 0 2/36 0 2/36 0 0 4/36
10 1/36 0 2/36 0 0 0 3/36
11 0 2/36 0 0 0 0 2/36
12 1/36 0 0 0 0 0 1/36
py(y) | 6/36  10/36 8/36 6/36 4/36 2/36

7. p(1,1) =0, p(1,0) = 0.30, p(0, 1) = 0.50, p(0, 0) = 0.20.
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.(@PFor0<x<70<y<7,0<x+y<T7,

GG
()

() P(X 2 Y) =Y (312 plx.y) = 0.61107.

plx,y) =

For all other values of x and y, p(x, y) = 0.

X 1
-(a)fx(x)=/ 2dy=2x, 0<x=1; fy(y)=/ 2dx=2(1-y), 0<y<1l
0 y

1 1
(b) E(X) :/ xfx(x)dx :/ x(2x)dx =2/3;
0 0

1

1
E(Y>=f yfy(y)dy=/ 23(1 = y)dy = 1/3.
0 0

12

1 172 1
© P(X < —) — | @) dx :/ 2edx = .
0 0

2
1 X 1
P(X<2Y)=/ / 2dydx = =,
0 Jx/2 2
P(X=Y)=0.

(@) fx(x) =/ 8xydy =4x*, 0<x<1,
0
1
fr(» :f 8xydx =4y(1—y%»), 0<y<l.
y

1 1
(b) E(X) = / xfx(x)dx :/ x-4x3dx = 4/5;
0 0

1

1
E(Y>=/ yfy(y)dy=/ y-4y(1 = ) dy = 8/15.
0 0

21 | 1
fx(x) :/ —yve "dy=¢", x>0, fr(y) :/ —ye "dx=-y, 0<y<?2.
) 2 0 2 2

Let R = {(x,y): 0<x<l1,0<yc< 1}. Since area(R) = 1, P(X + Y < 1/2) is the area
of the region {(x, yeR:x+y=< 1/2} which is 1/8. Similarly, P(X — Y < 1/2) is the
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area of the region {(x, y)eER: x—y < 1/2} which is 7/8. P(X? + Y2 < 1) is the area of
the region {(x, y) € R: x*+y? < 1} which is w/4. P(XY < 1/4) is the sum of the area
of the region {(x, y):0<x<1/4, 0<y< 1} which is 1/4 and the area of the region under
the curve y = 1/(4x) from 1/4 to 1. (Draw a figure.) Therefore,

1 L |
P(XY < 1/4) = 2 +/ de ~ 0.597.
1/4

1
1
13. (a) The area of R is/ (x —x2)dx = 8; SO
0

6 if (x,y) € R

0 elsewhere.

f(x,y)={

X

(b) fx(x)=/xf(x,y)dy=/ 6dy=6x(1—-x), O0<ux<l;

X X

NG NG
fy(y)=/ f(x,y>dx=/ 6dx =6(y5 —y). 0<y<l.
i

y

1 1
(¢c) E(X) :/ xfx(x)dx :/ 6x2(1 —x)dx =1/2;
0 0

1

1
E(Y) = /O Wy () dy = /0 63(J3 — y)dy = 2/5.

14. Let X and Y be the minutes past 11:30 AMm. that the man and his fiancée arrive at the
lobby, respectively. We have that X and Y are uniformly distributed over (0, 30). Let
S={(x,»:0<x=<30,0<y=<30},andR={(x,y) €S:y<x—120ry>x+12}.
The desired probability is the area of R divided by the area of S: 324/900 = 0.36. (Draw a
figure.)

15. Let X and Y be two randomly selected points from the interval (0, £). We are interested in
E (|X -Y |). Since the joint probability density function of X and Y is

1
- O<x<?¢, 0<y<¥
f,yy=1¢
0 elsewhere,
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¢ pt
1
E(|X—Y|)://|x—y|—2dxdy
o Jo ¢
¢

1 ¢ y 1 ¢

=— (y—x)dX]dy+— [/(x—y)dX]dy
)
L ¢ L

6 6 3
16. The problem is equivalent to the following: Two random numbers X and Y are selected at
random and independently from (0, £). What is the probability that | X — Y| < X? Let
S={(x,y):0<x<€, O<y<€}and

R:{(x,y)ES:|x—y|<x}:{(x,y)eS:y<2x}.

The desired probability is the area of R which is 3¢2/4 divided by £2. So the answer is 3/4.
(Draw a figure.)

17. Let S = {(x,y):0<x <1, 0<y< l}andR: {(x,y) eS:y<xandx®+y*> < 1}.
The desired probability is the area of R which is 7 /8 divided by the area of S which is 1. So
the answer is 7 /8.

18. We prove this for the case in which X and Y are continuous random variables with joint
probability density function f. For discrete random variables the proof is similar. The relation
P(X <Y) =1, implies that f(x, y) = 0if x > y. Hence by Theorem 8.2,

E(X) = /w /Oo xf Cx y)dx dy

=/°° /y *f (. y) dx dy
s/ / Vf (x. y) dx dy

=f / Vf (6, y)dx dy = E(Y).

19. Let H be the distribution function of a random variable with probability density function #.

That is, let H(x):/ h(y)dy. Then

P(XzY):/OO / h(x)h(y)dydx:/oo h(x)[/x h(y)dy]dx
—/ooh( Hodx = Saw| = ta—o =]
=/ x)H (x) X—z[ )] _00—2( - )—2-

20. Since0 <2G(x) —1<1,0<2H(y)—1<1,and —1 < a < 1, we have that
—1 <a[2G(x) —1][2H(y) — 1] < 1.
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So
0<l+4+a[2G(x)—1][2H() —1] <2.
This and g(x) > 0, ~(y) > 0 imply that f(x, y) > 0. To prove that f is a joint probability
o o0

density function, it remains to show that / / fx,y)dxdy =1.
00—

/ / Fx. y)dx dy

= [ [ sommraxayra [ [ swrolzce - 1)2H0) - 1]dxay
=1+a{f h(y)[2H(y)—1]dny g@[26) - 1]dx}
=l+oz%[2H(y)—1]2‘io %[ZG(x)—l]z‘io 1 4a@-0.0=1

Now we calculate the marginals.

fx(x) = / g@hM{1+a260) — 1][2HG) - 1]} ay

e e]

- / (R dy +a / gCORM[2G () — 1][2H() — 1]dy

_ g(x)/ h(y) dy + ag()[2G(x) 1]/ h[2H() — 1]dy
1 =)
= 5 +ag0[26(0) — 1] [2H0) = 1]|

=g(x) +ag()[2G(x) = 1]-0=g(x) + 0 = g(x).
Similarly, fy(y) = h(y).
21. Orient the circle counterclockwise and let X be the length of the arc NM and Y be length of
the arc NL. Let R be the radius of the circle; clearly, 0 < X < 2rxRand0 < Y < 27 R.
The angle M N L is acute if and only if |Y — X| < m R. Therefore, the sample space of this

experiment is
S={(x,»):0<x<27R, 0<y<27R}

and the desired event is
E = {(x,y) eS:|y—x| <JTR}.

The probability that ZM N L is acute is the area of E which is 372 R? divided by the area of S
which is 472 R?; that is, 3/4.

22. Let
S={(x,y) eR*:0=<x<1,0<y=<1}, A={(x,yeS:0<x+y<05},
C

B:{(x,y)eS:0.5<x+y<1.5},

{x,y) eS:x+y>15}
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A 1
The probability that the integer nearest to x + y is 0 is area((S; =3 The probability that the
area
area(B)

integer nearest to x + y is 1 is = —, and the probability that the nearest integer to
area(s) 4
area (C) _ 1

area(S) 8’

x+yis2is

4
Let X be a random number from (0, a) and Y be a random number from (0, b). In 3 =4

ways we can select three of X, a — X, Y,and b — Y. If X, a — X, and Y are selected, a
triangular pen is possible to make if and only if X < (a — X)+Y,a— X < X + Y, and
Y < X + (@ — X). The probability of this event is the area of

{(x,y)eR2:0<x<a, O<y<b, 2x—y<a, 2x+y >a, y<a}
which is a?/2 divided by the area of
S:{(x,y)eR2:0<x<a, O<y<b}

which is ab: (a®/2)/ab = a/(2b). Similarly, for each of the other three 3-combinations of
X,a —x,Y,and b — Y also the probability that the three segments can be used to form a
triangular pen is a/(2b). Thus the desired probability is

1 a+1 a+1 a+1 a a
4 2p 4 20 4 20 4 26 2b
Let X and Y be the two points that are placed on the segment. Let E be the event that the length

of none of the three parts exceeds the given value «. Clearly, P(E | X <Y) = P(E | Y < X)
and P(X <Y)= P(Y < X) = 1/2. Therefore,

P(Ey=P(E|X<Y)PX <Y)+P(E|Y <X)P(Y < X)
=P(E|X<Y)%+P(E|X<Y)%=P(E|X<Y).

This shows that for calculation of P(E), we may reduce the sample space to the case where
X < Y. The reduced sample space is

S:{(x,y):x<y, O0<x<d, 0<y<£}.
The desired probability is the area of
R={(x,y)eS:x<a, y—x<a, y>£—oz}
divided by area(S) = £2/2. But

3o — £)? L L

area(R) = JERRTE o2 ¢
———(1——) if-<a<t
2 2 £ 2
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Hence the desired probability is

R

.
P(E 3
(E) = ¢
1_3<1_Z> ifs<ast.

R is the square bounded by the linesx +y=1,—x+y=1,—x—y=1,andx —y = 1;its
area is 2. To find the probability density function of X, the x-coordinate of the point selected
at random from R, first we calculate P(X < t), Vt. For —1 <t < 0, P(X < t) is the area of
the triangle bound by the lines —x +y = 1, —x — y = 1, and x = ¢ which is (1 +¢)? divided
by area(R) = 2. (Draw a figure.) For 0 <t < 1, P(X < t) is the area inside R to the left of
the line x = ¢ which is 2 — (1 — ¢)? divided by area(R) = 2. Therefore,

0 t<—1
1+1)?
(J;) —1<t<0
P(X <t) =
2—(1—t)2 0<t<1
_— <
> <
1 t>1,

and hence
4 14t —-1<t<0
—PX<t)=431—-r 0<tr<]1
gt X=n =t=

0 otherwise.

This shows that fx(¢), the probability density function of X is given by fx(#) = 1 — |¢],
—1 <t <1;0, elsewhere.

Clearly,

P(Z <27 = // f(x,y)dxdy.
{(x,y): y/x=z}

Now for x > 0, y/x < zifandonlyif y < xz; forx < 0, y/x < zif and only if y > xz.
Therefore, integration region is

{(x,y): x <0,y sz}U {(x,y): x>0,y fxz}.

rzzo= [ ([Trwva)as [T([rana)a

Thus
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Using the substitution y = rx, we get

0 —00
P(ZSZ)=/ (/ xf (x, 1x) dt dx+/ / xf(x,tx)dt)dx
— z 0

(())o Z oo

=/ (/ —xf(x, tx) dt dx—l—/ (/ xf(x,tx)dt) dx
—00 —00 0
0 z

=/ (/ x| £ (x, 1) dt dx+/ (/ |x|f(x,tx)du>dx
—00 —00 0
o0 z Z

:/ (/ |x|f(x,tx)dt>dx:/ (/ |x|f(x,tx)dx>dt.
—0o0 —00

Differentiating with respect to z, Fundamental Theorem of Calculus implies that,
o0

fz(2) = —P(Z <z)= / x| f(x, xz)dx.

Note that there are exactly n such closed semicircular disks because the probability that the
diameter through P; contains any other point P; is 0. (Draw a figure.) Let E be the event that
all the points are contained in a closed semicircular disk. Let E; be the event that the points
are all in D;. Clearly, E = U!_, E;. Since there is at most one D;, 1 < i < n, that contains all
the P;’s, the events E|, E,, ..., E, are mutually exclusive. Hence

rier= () =5 rie =3 (0 =n(l)”

where the next-to-the-last equality follows because P(E;) is the probability that P;, P»,

.o Pi_y, Piyq, ..., P, fall inside D;. The probability that any of these falls inside D; is
(area of D;)/(area of the disk) = 1/2 independently of the others. Hence the probability that
all of them fall inside D is (1/2)"~'.

We have that
FCl@+B+y) o —1. g1 1
= « l—x—y)?'d
KO=rerero f, FY YA
1—x
x“‘/ YA —x —y)rdy.
0

1
Letz =y/(1 —x);thendy = (1 — x)dz, and

" B(a, B+7)BB.y)

1—x 1
/ YW —x =y’ tdy = (1—x>ﬂ+”f M1 =2 dz = (1 =0 B(B. y).
0 0

So

_ 1 a—1 _ B+y—1
fx(x) = B(a,,B—l—y)B(,B,y)x (I—-x) B(B,y)

1
B, B+y)

N = x)frl
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This shows that X is beta with parameters («, 8 + y). A similar argument shows that Y is
beta with parameters (8, y + «).

It is straightforward to check that f(x, y) > 0, f is continuous and

/00 /'00 fx,y)ydxdy = 1.

oF
Therefore, f is a continuous probability density function. We will show that ™ does not
X

oF
exist at (0, 0). Similarly, one can show that o does not exist at any point on the y-axis. Note

X
that for small Ax > 0,

F(Ax,0) — F(0,0)=P(X<Ax,Y<0-PX<0,Y=<0
0 Ax
:P(OfoAx,YfO):/ / fx,y)dxdy.
—00 J0

Now, from the definition of f(x,y), we must have Ax < (1/2)e” or, equivalently,
y > In(2Ax). Thus, for small Ax > 0,

0 Ax B 5 Ax
F(Ax,0) — F(0,0) = / / (1 — 2xe ) dx dy = (Ax)? — [(Ax) In(2Ax) + —]
In(2Ax) J0O 2

This implies that

F(Ax,0) — F(0,0 ) 1
lim (ax, 0) ©,0) = lim [Ax —In(2Ax) — —] = 00,
Ax—0+ Ax Ax—0+ 2

oF
showing that ™ does not exist at (0, 0).
X

INDEPENDENT RANDOM VARIABLES

. Note that px(x) = (1/25)3x2+5), py(y) = (1/25)(2y* + 5). Now px(1) = 8/25,

py(0) =5/25, and p(1,0) = 1/25. Since p(1,0) # px(1)py(0), X and Y are dependent.

. NOtethat
’ 77
FX 1 ’ ’ 7 7 7’
’ ’ 7 7 7

Since p(1,1) # px(1)py(1), X and Y are dependent.
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3. By the independence of X and Y,
P(X =1 Y—3)—P(X—1)P(Y—3)—1<2> 1(2)3— 4
ST N 7 2\3/ 2\3/ T8I’
PX+Y=3)=PX=1,Y=2)+P(X=2,Y=1)

OO SO0 -

4. No, they are not independent because, for example, P(X =0 | Y = 8) = 1 but

(+)
P(X=0) = (5% = 0.08175 # 1,
)

showing that P(X =0 | Y =8) # P(X =0).

BEE (6 G =0

5. The answer is

6. We have that

P(max(X,Y) <t)=PX <t,Y<t)=P(X <t)P(Y <1) = F(OG().

P(min(X,Y) <) =1— P(min(X,Y) > 1)
=1-PX>1,Y>0)=1-PX>0DPY >1)
=1-[1-FO][1-G0]=F®) +G@1) — F()G{).

7. Let X and Y be the number of heads obtained by Adam and Andrew, respectively. The desired

probability is

Xn:P(X:i, Y:i):Xn:P(X:i)P(Y:i)

| MPGIOMBOION
-6 -6 ()

where the last equality follows by Example 2.28.
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An Intuitive Solution: Let Z be the number of tails obtained by Andrew. The desired proba-
bility is

Y P(X=iY=i)=) PX=i Z=i)=) P(X=iY=n—i
i=0 i=0 i=0
= P(Adam and Andrew get a total of n heads)

1\2n /2
= P( n heads in 2n flips of a fair coin) = <§) < n).
n

8. Fori, j € {O, 1,2, 3}, the sum of the numbers in the ith row is px (i) and the sum of the
numbers in the jth row is py(j). We have that

px(0) =0.41, px(1) =0.44, px(2) =0.14, px(3) =0.01;
py(0) = 0.41, py(1) = 0.44, py(2) = 0.14, py(3) = 0.01.

Since for all x, y € {O, 1,2, 3}, p(x,y) = px(x)py(y), X and Y are independent.

9. They are not independent because

fx(x)=/ 2dy =2x, 0<x<1;
0

1
fy(y)=/ 2dx=2(1-y), 0<y=<1;
y

and so f(x,y) # fx(x) fr(y).

10. Let X and Y be the amount of cholesterol in the first and in the second sandwiches, respectively.
Since X and Y are continuous random variables, P(X = Y) = 0 regardless of what the
probability density functions of X and Y are.

11. We have that

o0
fx(x) = / e dy = xe™, x 2 0;
0

o0
fry) = / xZe 0D gy = y >0,
0

(y+D¥

where the second integral is calculated by applying integration by parts twice. Now since
f(x,y) # fx(x)fy(y), X and Y are not independent.
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12. Clearly,

1 pl 1 1 , , 4
E(XY) :/ / (xy)(Bxy)dydx :/ (f 8y dy)x dx = —,
0 X 0 X 9
1 pl
E(X) :/ / x(8xy)dydx = i,
0 X 5

T -

1 1
EY) =/ / y@8xy)dydx =
0 x
So E(XY) # E(X)E(Y).

13. Since
fl,y)=e™ 27 = fx(x) fr ().

X and Y are independent exponential random variables with parameters 1 and 2, respectively.
Therefore,

1
E(X*Y)=EXHEY)=2- 3= 1.
14. The joint probability density function of X and Y is given by

et x>0,y>0

0 elsewhere.

f(x,y)={

Let G be the probability distribution function, and g be the probability density function of
X/Y.Fort >0,

G(r) = P<§ < z) — P(X <1Y)
= /Ooo (/Oly e~ dx) dy = 1;—}—1‘

g =G'(t) =

Therefore, for t > 0,

(I1+1n?%
Note that G'(¢t) = 0 for ¢t < 0; G’(0) does not exist.

15. Let F and f be the probability distribution and probability density functions of max(X, Y),
respectively. Clearly,

F(t)=P(max(X,Y)<t)=P(X<t,Y<t)=(1—-¢")* =0

Thus
ft)=F'(t) =2e"(1 —e") =2e" —2e7 2.
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Hence
o0 B oo o 1 3
E[max(X,Y)|=2 [ te'dt— | 2te™di=2—-=:.
0 0 2 2

oo
Note that / te™" dt is the expected value of an exponential random variable with parameter
0

o0
1, thus it is 1. Also, / 2te™* dt is the expected value of an exponential random variable

0
with parameter 2, thus it is 1/2.

Let F and f be the probability distribution and probability density functions of max(X, Y).
For —1 <t < 1,

r41y2
F(t)=P(max(X,Y) <t)=P(X <1, Y <) = P(X <)P(Y <1) = (%) .
Thus
ol
fO=F@0=—— -l<t<L
Therefore,

1
E(X) = /_1 t(#) dt = %

Let F and f be the probability distribution and probability density functions of XY, respec-
tively. Clearly, forr <0, F(t) =0andfort > 1, F(t) =1. For0 <t < 1,

1 1
F(t):P(XYSI):l—P(XY>t)=1—/ / dydx =t —tlnt.
r Ji/x

Hence
Int O0<t<l1

elsewhere.

N=F@)=1{_
@) (1) { 0
The joint probability density function of X and Y is given by
1
— if(x,y) €R

fx,y) = { area (R) - T

0 otherwise.

Now

1—y?

Since f(x, y) # fx(x) fy(y), the random variables X and Y are not independent.
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Let X be the number of adults and Y be the number of children who get sick. The desired
probability is

5 6 5 6
YN Ppr=ix=j)=) Y PO =)PX=))

i=0 j=i+1 i=0 j=i+1

5 6 6 6
=> > <'>(0-30)i(0.70>6i : (.)(0.2)1' (0.8)°77 = 0.22638565.
l J

i=0 j=i+1

Let X be the lifetime of the muffler Elizabeth buys from company A and Y be the lifetime of
the muffler she buys from company B. The joint probability density function of X and Y is
h(x,y) = f(x)g(y),x >0, y > 0. So the desired probability is

P(Y > X) = [ [ / 2 gy| ety = 1
0 x

If 14 and I are independent, then
PUy=1,1Ig=1)=P{U,=1DP{Uz=1).

This is equivalent to P(AB) = P(A)P(B) which shows that A and B are independent. On
the other hand, if {A, B} is an independent set, so are the following: {A, BC}, {A”, B}, and
{A", B"}. Therefore,
P(AB) = P(A)P(B), P(AB°) = P(A)P(B°),
P(A°B) = P(A)P(B), P(A°B°) = P(A°)P(B°).
These relations, respectively, imply that
P(a=1,1pg=1)=PUs=1DPUp=1),
P(s=1,13=0)=PUs=1)PUp=0),
Py =0,1p=1)=PUs=0)P(p = 1),
P(Iy=0,13=0)=P{Us=0)P(Izg =0).

These four relations show that /4 and I are independent random variables.

The joint probability density function of B and C is
9h*c?
fb,c)= 676
0 otherwise.

1l<b<3 1<c<3

For X?+4 B X +C to have two real roots we must have B> —4C > 0, or, equivalently, B> > 4C.
Let
E={(b,c):l<b<3, l<c<3, b2>4c};
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the desired probability is

0p2c2 3 b*/4 0p2c2
dbdc = dc)db =~ 0.12.
/f 676 "¢ /2</1 676 C)
E

(Draw a figure to verify the region of integration.)

23. Note that

Fel) = / gCOh(y) dy = g(x) / h(y) dy,

fr) = / g(h(y) dx = h() / ¢(x)dox.

Now
o0

Fe) fr () = (R f h(y) dy / ¢ () dx

—00

=f(x,y)f / h(y)g(x)dy dx

=f(x,y)/ / fx,y)dydx = f(x,y).

This relation shows that X and Y are independent.

24. 1et G and g be the probability distribution and probability density functions of
max (X, Y)/min(X, Y). Then G(t) =0ift < 1. Fortr > 1,

max(X,Y) .
G() = P(m < t) = P<max(X, Y) <t min(X, Y))

P(X <tmin(X,Y), Y < min(X, Y))

(
P(mm(x Y)> 2, min(X,Y) > %)
(

7
X Y Y
:PX>— >_X>—,YZ—)
Tt Tt ot t
X Y X
:P(Yz? X37):P(75Y§tx).

This quantity is the area of the region
x
{(x,y):0<x<1, 0<y<l, ?Syftx}
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which is equal to (+ — 1)/¢. Hence

0 t <1
GO=1r-1
— 21,
t
and therefore,
: 7 =l
gt)y=G'(t) =11

0  elsewhere.

. Let F be the distribution function of X/(X + Y). Since X/(X 4+ Y) € (0, 1), we have that

0 t<0O
F(t) = =
1 t>1.

ForO0 <t <1,

X 1—1¢ 2 [ ZAX =My
P< §t):P(YZ—X):k e e Vdydx
X+Y ! 0 Jiu-nxl/t

o0 o0
k/ e M e HI=DXI1 gy — A/ e M dr =t.
0 0

Therefore,
0 r<0
F#)=3tr 0<tr<l1
1 t>1.

This shows that X /(X + Y) is uniform over (0, 1).

. The fact thatif X and Y are both normal with mean O and equal variance implies that f (x, y) is
circularly symmetrical is straightforward. We prove the converse; suppose that f is circularly
symmetrical, then there exists a function ¢ so that

Fx@) fr(y) =e(Vx2+y?).

Differentiating this relation with respect to x and using

fr(y) = H@DO) _ (VX2 +y?)/fx(x)
fx(x)

yields
o(Va2+y?)  fr)

o(Var 4y )at+y? xfx®)]
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Now the right side of this equation is a function of x while its left side is a function of /x? 4 y2.
This implies that fy (x)/ [x fx (x)] is constant. To prove this, we show that for any given x
and x;,

fx () _ fx(x2)
xifx(x)  xafx(x)

Let y; = x; and y, = x;; then )c]2 + ylz = x% + y22 and we have

fi) _ 90/<\/x12+)’12) _ fﬂ/(\/x%‘i‘y%) _ Sy
Ao (fr st ot e(Jdat)fdaa B

‘We have shown that for some constant k,

fo
xfx(x)
' 1
Therefore, Sxx) = kx and hence In fx(x) = Ekx2 + ¢, or
x (X

Fr(x) = e(1/2)kx2+c _ ae(1/2)kx2’

o0
where o = . Now since/ ael/Pk? gy — 1, we have that k < 0. Leto = /—1/k;

—00
then fx(x) = ae >/ and/ ae /" gy = 1 implies that « = 1/(c~/27). So
-0
1

fx(x) = —Ze—xz/@“z), showing that X ~ N(0,0?). The fact that ¥ ~ N(0,0?) is
o T
proved similarly.

CONDITIONAL DISTRIBUTIONS

2
1
. pr(y) = ;p(x, y) = gayz +5). Thus

px,y)  (1/25)(x* +y?) x>+ y?
pr(y)  (1/252y*+5) 2y +5

P(X=21Y=1) = pxyQ[l) =5/7,

pxyy(xly) = x=12 y=0,1,2,

2 2 2
x*+1 12
EXY =1) =) xpxyll) =Y x=——=—.
x=1

x=1
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. Since
y
fy(y)zf 2dx =2y, 0<y<l,
0

we have that

(x,y) 2
fxw(xly)=f Y =—=—, 0<x<y, O0<y<l

fr(y) 2y oy

. Let X be the number of flips of the coin until the sixth head is obtained. Let Y be the number
of flips of the coin until the third head is obtained. Let Z be the number of additional flips
of the coin after the third head occurs until the sixth head occurs; Z is a negative binomial
random variable with parameters 3 and 1/2. By the independence of the trials,

e G OO

_ (’:6)6)”, x=8,910,....

. Note that
3y 3[x*4+0/10)] 1 )
bl T S R T: 27).
f’”(x ) 4) Q716 +1 a3 D
Therefore,
P(1 X I‘Y 3) fl/z L s 4 27yax =
- <X <= =—-)= —(43x xX=—.
4 2 4 s 43 86

. In the discrete case, let p(x, y) be the joint probability mass function of X and Y, and let A
be the set of possible values of X. Then

p(x,y) xpx(x)py(y)
gy 77 E ANV E = E(X).
) xpx(x) (X)

EX|Y = =
X ») Zx py(y)

xeA x€eA x€eA

In the continuous case, letting f(x, y) be the joint probability density function of X and Y,
we get

Pty =y = [l gy [T,
o Jr() -0 Sr(y)

= /00 xfx(x)dx = E(X).

e ¢]

. Since

0 1 1
fy(y)=/ f(x,y)dx=/ (X+y)dx=5+y,
—00 0
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the desired quantity is given by

FY  g<x<1 0<y<1
fxiy(xly) = (1/2)+y
0 elsewhere.
. Clearly,
o 1
fr(y) =/ ey = —— 0<y<e—1.
0 y+1
Therefore,
~ © xf(x,y)
EX | Y=y>=/ xfxy(xly)dXZ/ LASIPIPN
—00 0 fY(y)

0 ye—x(y+1) 1
- [ =
o I/&+1D y+1
Note that, the last integral, [;°x(y + e 0D dx is 1/(y + 1) because it is the expected
value of an exponential random variable with parameter y + 1.

. Let f(x, y) be the joint probability density function of X and Y. Clearly,

fG,y) = fxir(xly) fr ().

Thus o
fx () = / Few @Iy fr(») dy.
Now
I O0<y<l1
fr) = {O elsewhere,
and |
—5 O<y<l, y<x<1
Sxiy(xly) = -
0 elsewhere.

Therefore, for0 < x < 1,

A |
fx(x) = / T— dy = —In(1 — x),
0 -y

and hence

et {;ln(l —x) 0<x<1

elsewhere.
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f(x, y), the joint probability density function of X and Y is given by

1
— ifx?+y? <1
fl,y)=17
0  otherwise.
Thus
4 VI=(6/25) |
fy(—>:/ Sdx = —-.
5 =625 T 57
Now 4
4 floz) s 3 3
fX|Y(X —> (—45) Z, TZ=Xx=¢
5 J; (_) 6 5 5
"5
Therefore,
4 4 41l 5 10
P<O§X§—‘y=_)—/ 5,10
11 5 0 6 33
(a)/ / ce “dydx = 1 implies that c = 1/2.
0 —Xx
(x,y) (1/2)e™ —x
(b) fxy(xly) = ff (y) = —x / =e x>y,
rv / (1/2)e™* dx
Iyl
(1/2)e™™ 1
frix(lx) = AR —, —x <y <ux.

f Caerdy

—X

(c) By part (b), given X = x, Y is a uniform random variable over (—x, x).

E(Y|X =x)=0and

[x — (—x)]2 _ x2
12 3

Var(Y|X = x) =

Let f(x, y) be the joint probability density function of X and Y. Since

1
20+ [(2y)/3] — 20

0 otherwise,

3 2y
fxyy(xly) = Y

and
1/30 0 <y <30
Sr(y) =

0 elsewhere,

177

Therefore,



178 Chapter 8 Bivariate Distributions

we have that

1 2y
— 20<x <20+ —, 0<y<30

S, )= fxy&xly) fr(y) = 20y 3
0 elsewhere.

12. Let X be the first arrival time. Clearly,

0 ifx <O

P(X<x|N@®=1)= Uit

For0 <x < t,

. _PX<=x,No)=1) PN&) =1, Nt—x)=0)
PX =xIN®=1)= PN =1) P(N®) =1)

e eI — )]
B P(N(x)=1)P(N( —x) =0) B 1 ' 0!

P(N@) =1) e M ()
1!

~ | =

where the third equality follows from the independence of the random variables N (x) and
N (t — x) (recall that Poisson processes possess independent increments). We have shown that

0 ifx <0
P(X<x|N®=1)={x/t if0<x<t
1 if x >t
This shows that the conditional distribution of X given N (t) = 1 is uniform on (0, 1).

13. For x < y, the fact that the conditional distribution of X given Y = y is hypergeometric
follows from the following:

PX=x,Y=Yy) _ PX=x)PY - X=y—x)
PY=y) P(Y =y)

(’")p*(l s (" 3 ’")py—m — p-m=0-9) (’") (” - ’")
\x y—x xJ\y—x

(")p»"(l — (”)
y y

PX=x|Y=y)=
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It must be clear that the conditional distribution of Y given that X = x is binomial with
parameters n — m and p. That is,

n m
P(Y=y|X:x):< >py—X(1_p)n—m—y+x’ y=x,x+1,...,n—m+x.

Let f(x, y) be the joint probability density function of X and Y. By the solution to Exercise 25,
Section 8.1,

172 Ix[+ Iyl =1

flx,y) =
0 elsewhere,

and

fr=1—|yl, -1<y=<1
Hence

1/2 1
fxiy(xly) = = , Ity sx=s1—-|yl, -I<y=<1l
L=yl 2(1—1yl)

Let X be the parameter of {N t): t > 0}. The fact that for s < ¢, the conditional distribution of
N (s) given N (t) = n is binomial with parameters n and p = s/¢, follows from the following
relations for i < n.

(N(s) =i, N(t) =n)
P(N(t) =n)

P
P(N(s)=i|N@t)=n) =

P(N(s)=1i, N(t) = N(s) =n — i) B P(N(s) =i)P(N(t) — N(s) =n —i)

P(N(t) =n) P(N(t) =n)

eiks()\,S)i e—x(t—s) [)»(t _ s)]n—i
_P(N®)=i)P(N¢—s)=n—i) il (n—1i)!

P(N(t) =n) B e M (ar)"
n!

(0=

where the third equality follows since Poisson processes possess independent increments and
the fourth equality follows since Poisson processes are stationary.
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Fori > k,
P(N@®)=i|N(s)=k)=P(N@t)—N(s) =i —k|N(s) =k)
=P(N(@#)—N(s)=i—k)=P(N(@t—s)=i—k)

eI —5)] "
(i —k)!

shows that the conditional distribution of N (¢) given N(s) = k is Poisson with parameter
At — ).

Let p(x, y) be the joint probability mass function of X and Y. Clearly,

P = (5) (55)

and

Using these, we have that

o0

EXIY =9 =Y wpupal9) = Y (x(’ss))
x=1 x=1
_211 ( ) +§x< )( )(3)

072032+ (1) (35) Z(Y +6(53)
) o5 ()

"
1 12/13 1
E)[(1/13)2 61 (12/13)

_072932+( )

— 0.702932 + (“)4( ]: 13.412.

Remark: In successive draws of cards from an ordinary deck of 52 cards, one at a time,
randomly, and with replacement, the expected value of the number of draws until the first ace
is 1/(1/13) = 13. This exercise shows that knowing the first king occurred on the fifth trial
will increase, on the average, the number of trials until the first ace 0.412 draws.
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17. Let X be the number of blue chips in the first 9 draws and Y be the number of blue chips drawn
altogether. We have that

p(x, 10)
pr(10)

L ()66
1 BEES)
(i) <109—x) _9x10 _ s,

(o) "

where the last sumis (9 x 10)/18 because it is the expected value of a hypergeometric random
variable with N = 18, D = 9, and n = 10.

9
E(X|Y=10)=) x

x=0

Il
N

=
Il

Il
NE

X

=
Il
—_

18. Clearly,
1
Fex) = / n(n — 1)(y —x)"2dy = n(1 — x"".
Thus
oty < L) =D 0 D
L ) B TC B L (e Tl
Therefore,
EY | x=n= [y DO, ol n-2 g
Y | —X)—/X Yy y_(l—x)”—I/x y(y —x)"""dy.
But
1 1
/ y(y —x)"dy = / (v —x+x)(y—x)""*dy
1 1
=/ (y—X)’”dy+/ x(y —x)"2dy
_ (I —x)" n x(1 —x)”’l.
n n—1
Thus
n—1 n—1 1
EX | X=x)=——(1—x)+x= +—x
n n n
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20.
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(a) The area of the triangle is 1/2. So

2 ifx>0,y>0,x+y<1
0 elsewhere.

f(x,y)={

-y
(b) fy(y) = / 2dx =2(1 —y), 0 <y < 1. Therefore,
0

2 1
= = R 0< <1-— ,O< 1.
fxir (xly) A= " 1=y <x= y, 0=sy<

(¢) By part (b), given that Y = y, X is a uniform random variable over (0, 1 — y). Thus
EX|Y=y)=01-»/20<y<]l.

Clearly,

X X X
1 1 x! e? X e2. 2%
X) = = = — = ,
Px(x) Zy_() eyl(x—y! ex! Zy_o Vi =y  x! = (y) x!

X
where the last equality follows since Z;:o ( ) is the number of subsets of a set with x

elements and hence is equal to 2*. Therefore, px(x) is Poisson with parameter 2 and so

prwOlx) = 2 (x)z—x.
px(x) y

This yields
E(Y|X—x)—i 8 2-*—% x (1)“"(1))‘""_{
- _y=0yy _y=oyy 2722 2

where the last equality follows because the last sum is the expected value of a binomial random
variable with parameters x and 1/2.

Let X be the lifetime of the dead battery. We want to calculate E(X | X < s). Since X is a
continuous random variable, this is the same as E(X | X < s). To find this quantity, let

Fxx<s(t) = P(X <t | X <),

and fx|x<s(t) = Fy x,(t). Then

EX|X <s)= /Ootfmxss(t)dt-
0
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Now
P(X<t,X<y)

Fx|X5s(t):P(X§t|XSS): P(X <y5)

P(X <t)
1 ift > s.

ift <s

Differentiating Fx x<,(¢) with respect to ¢, we obtain

Q)

fxix<s() = { F(s)
0 otherwise.

ift <s

This yields
1 N
E(X|X§s)=—/ tf(t)dt.
F(s) Jo /

TRANSFORMATIONS OF TWO RANDOM VARIABLES

. Let f be the joint probability density function of X and Y. Clearly,

1 O<x<1,0<y<l
f(x,y)={ Y

0 elswhere.
The system of two equations in two unknowns
—2Inx=u
{ —2Iny=v
defines a one-to-one transformation of
R:{(x,y):0<x<1, 0<y<1}

onto the region
Q={(u,v):u>0, v>0}.

It has the unique solution x = e™*/2, y = ¢~"/2, Hence
_le—uﬂ 0
2 1
— — e Wtv)/2 £
J | 2¢ #+
0 ——e V2
2

By Theorem 8.8, g(u, v), the joint probability density function of U and V is

1 1
glu,v) = f(e_“/z, e_"/z)‘ze_(“+”)/2’ = Ze‘(‘”’”)/z, u>0,v>0.

183
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2. Let f(x, y) be the joint probability density function of X and Y. Clearly,

S, y) = fiko) f2(), x>0, y>0.

Let V = X and g(u, v) be the joint probability density functions of U and V. The probability
density function of U is gy (1), its marginal density function. The system of two equations in
two unknowns

defines a one-to-one transformation of
R={(x,y):x>0,y>0}

onto the region
Q:{(u,v):u>0, v>0}.

It has the unique solution x = v, y = v/u. Hence

0 1
u? u

By Theorem 8.8,
v\ | v v v v v
s =f(v.0)| 5] =570 2) = SAA(E)  u=0v=0
u/lu u u u u
Therefore,

gU(u):fO %fl(v)ﬁ(E)dv, u>0.

Let g(r, 0) be the joint probability density function of R and ®. We will show that g(r, 6) =
gr(r)ge(0). This proves the surprising result that R and ® are independent. Let f(x, y) be
the joint probability density function of X and Y. Clearly,

1 2 2
flx,y)= 2—6_(" IR oo <x <00, —00 <y < 00.
i

Let R be the entire xy-plane excluded the set of points on the x-axis with x > 0. This causes
no problems since

PY=0,X>0=PY =0P(X =>0)=0.
The system of two equations in two unknowns
/x2 + y2 =7

arctan 24 =0
X
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defines a one-to-one transformation of R onto the region
0={r0):r>0,0<6 <27}
It has the unique solution
x =rcosf
y =rsinf.

Hence
cosf —rsinb

J = =r #0.

sinf rcosf

By Therorem 8.8, g(r, 6) is given by

22

1
g(r,@):f(rcos@,rsin9)|r|=2—re 0<0 <2m,r>0.
T

Now
2 1 2 2 2 2
gr(r) = / —re " d0 =re ", >0,
0 2

and o X
go0) = / — e Pdr=—, 0<6 <2
0 27'[ 27T

Therefore, g(r,0) = gr(r)ge(f), showing that R and ® are independent random variables.
The formula for g (6) indicates that ® is a uniform random variable over the interval (0, 27).
The probability density function obtained for R is called Rayleigh.

4. Method 1: By the convolution theorem (Theorem 8.9), g, the probability density function of
the sum of X and Y, the two random points selected from (0, 1) is given by

oo
¢ = [ A0 -nax
where f] and f; are, respectively, the probability density functions of X and Y. Since

1 xe€(,1)

0 elsewhere,

Jilx) = fo(x) = {

the integrand, fi(x) fo(t — x) isnonzeroif 0 < x < 1 andt — 1 < x < ¢. This shows that for
t<0andt>2,g(t)=0. ForO0<t <1, —1 < 0; thus

g() :f dx =t.
0

Forl <t <2,0 <t—1 < 1; therefore,

1
ﬂﬂ:/‘dx:I—U—D:Z—L
t—1
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So
t ifo<tr<l1
gt)y=32—1t ifl<t<?2
0 otherwise.

Method 2: Note that the sample space of the experiment of choosing two random numbers
from (0, 1) is
S={(x,»eR:0<x<1,0<y<1}

So,for0 <t < 1, P(X + Y <1t)is the area of the region
{(x,y)eS:0<x§t,0<y§t,x—|—y§t}
divided by the area of S: t?/2.For1 <t <2, P(X +Y <t)is the area of
S—{(x,y)eS:t—1§x<1,t—1§y<1,x—|—y>t}
(2—1)?

divided by the area of S: 1 —
probability distribution function of X + Y. We have shown that

. (Draw figures to verify these regions.) Let G be the

0 t <0
12
E 0 <tr< 1
G@) =
2—1)?
1— 1<t<?2
2
1 t>2.
Therefore,
t 0<t<l1
g)y=Gn={2—-t 1<t<2
0 otherwise.

. (a) Clearly, px(x) =1/3forx = —1,0,1 and py(y) = 1/3 fory = —1, 0, 1. Since

1/9 z=-2,+2
PX+Y=2=12/9 z=-1,+1
3/9 z=0,
the relation

PX+Y=2=) px(*)pr(z—x)

is easily seen to be true.
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(b) p(x,y) = px(x)py(y) for all possible values x and y of X and Y if and only if (1/9)+c =
1/9 and (1/9) — ¢ = 1/9; that is, if and only if ¢ = 0.

. Let h(x, y) be the joint probability density function of X and Y. Then
1

h(x,y) =

0 elsewhere.

Consider the system of two equations in two unknowns

x/y=u
(29)
Xy =v.
This system has the unique solution
X = J/uv
(30)
vy =4/v/u.

‘We have that

y>1l <= Jv/u>1 < v>u.

1
Clearly, x > 1, y > 1 imply that v = xy > 1, so — > 0. Therefore, the system of equations
v

(29) defines a one-to-one transformation of
R={(x,y):x=1 y=1]

onto the region

Q={(u,v):0<%§u§v}.

l\ﬁ lﬁ
2V u 2V v 1
J= :2—7&0.
Jv 1 !

C2uu 2uv

Hence, by Theorem 8.8, g(u, v), the joint probability density function of U and V is given by

g(u,v):h(dﬁ,/g)ul: ! O<l§u§v.

2uv?’ v

By (30),
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7. Let h be the joint probability density function of X and Y. Clearly,

e~y x>0,y>0
hix,y) =
0 elsewhere.
Consider the system of two equations in two unknowns
X+y=u
3
e' =v.
This system has the unique solution
x=Inv
(32)
y=u—Inv.

‘We have that
x>0 <— Inv >0 — v>1,

y>0 < u—-lhv>0 < eé“>v.

Therefore, the system of equations (31) defines a one-to-one transformation of
R:{(x,y):x>0,y>0}
onto the region
Q={(u,v):u>0, 1<v<e“}.
By (32),

1
J= =—— #£0.
1 v
1 —=
v

Hence, by Theorem 8.8, g(u, v), the joint probability density function of U and V is given by

1
gu,v) =h(nv,u —Inv)|J|=—-€", u>01<v<e
v

8. LetU =X+YandV = X — Y. Let g(u, v) be the joint probability density function of U

and V. We will show that g(u, v) = gy (u)gyv (v). To do so, let f(x, y) be the joint probability
density function of X and Y. Then

1

fx.y) = se R
’ 27T ’

—00 <X <00, —00 <y < Q.

The system of two equations in two unkowns
X+y=u

X—y=v
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defines a one-to-one correspondence from the entire xy-plane onto the entire uv-plane. It has
the unique solution

u-+v
X =
2
U=
Y=
Hence
172 1/2 1
1/2 —1/2
By Theorem 8.8,
u+v u—v
g(u,v)—f( > 2 >|J|
u—+v 2+ u—v\2
v )G
L, 2 2 =—e*(“2+”2)/4, —00 < U, v < 00.
4 2 4
This gives
1 e (202 1 _2 e _2
gu(u) = — em WA gy = — e /4 et dy
4 J_ o 4 —00
1 —u?/4 = 1 —v2/4dv:Le—”2/4, —o0o < U< oo,

“osm JuauEe 27

where the last equality follows because e '/ is the probability density function of

1
27
a normal random variable with mean 0 and variance 2. Thus its integral over the interval
(=00, 00) is 1. Similarly,

gv(v) = N ,

Since g(u, v) = gy(u)gy(v), U and V are independent normal random variables each with
mean 0 and variance 2.

. Let f be the joint probability density function of X and Y. Clearly,
)\’rl +r2xr] —1 yrzf 1 e*)n()C‘Fy)
fx,y)= , x>0,y>0.
(r)I(r2)

Consider the system of two equations in two unknowns

X+y=u

X (33)
v.

x+y_
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Clearly, (33) implies that # > 0 and v > 0. This system has the unique solution
X =uv
(34)
y=u—uv.

We have that
x>0 uv >0 <= wu>0andv >0,

y>0 < u—uv>0 < v<l1.
Therefore, the system of equations (33) defines a one-to-one transformation of

R={(x,y):x>0, y>0}

onto the region
Q={(u,v):u>0, O<v<1}.

By (34),

-
Il

=—u #0.

l—v —u
Hence by Thereom 8.8, the joint probability density function of U and V is given by

)\‘r1+r2ur1+r2—le—ku Url—l (1 _ U)r2_1

(u,v) = f(uv, u —uv)|J| = u>0 0<v<l.
¢ ! CoroT(r2)
Note that
A —\u by ri+r—1 r
gl vy = 2 (M) imt(g = gyt

T(ri+r) L)L)
_ )\‘e—)»u (ku)r1+r2—l

. VM=), u>0,0<v<l1.
L'(ri+1) B(ry, r)

This shows that
gu,v) = gy(u)gy(v).

That is, U and V are independent. Furthermore, it shows that g, () is the probability density
function of a gamma random variable with parameter r; 4 r, and A; gy (v) is the probability
density function of a beta random variable with parameters r; and r;.

Let f be the joint probability density function of X and Y. Clearly,
flx,y) =A% x>0, y>0.
The system of two equations in two unknowns
X+y=u
{ x/y=v
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defines a one-to-one transformation of
R:{(x,y):x>0,y>0}

onto the region
Q={(u,v): u >0,v>0}.

It has he unique solution x = uv/(1 +v), y = u/(1 4+ v). Hence

v u
I+v (14 0v)? "
= = — 0
! 1 u (1'|‘11)27,é

1+v (142
By Theorem 8.8, g(u, v), the joint probability density function of U and V is

uv u 2u 5
’ = s T = T 5 —M’ 07 0
g(u,v) f(l—i—v l—l—v)m (1+v)2e u>0,v>

This shows that g(u, v) = gy (u)gy (v), where

gu(u) = Vue ™, u>0,

and

gv(v) = v > 0.

1
(14 v)?’
Therefore, U = X + Y and V = X/Y are independent random variables.

REVIEW PROBLEMS FOR CHAPTER 8

1. (a) We have that

P(XY =<6)=p(1,2)+ p(1,4 + p(1,6) + p(2,2) + p(3,2)
=0.05+0.14+0.10 + 0.25 + 0.15 = 0.69.

191

(b) First we calculate py(x) and py(y), the marginal probability mass functions of X and Y.

They are given by the following table.

y 1 2 3 | pr(y)

2 0.05 0.25 0.15| 045
0.14 0.10 0.17 | 0.41
6 0.10 0.02 0.02 | 0.14

N

px(x) [ 029 037 034
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Therefore,
E(X) =1(0.29) + 2(0.37) + 3(0.34) = 2.05;
E(Y)=2(0.45) +4(0.41) + 6(0.14) = 3.38.

2. (a) and (b) p(x, y), the joint probability mass function of X and Y, and px (x) and py(y), the
marginal probability mass functions of X and Y are given by the following table.

Yy
X 1 2 3 4 5 6 px(x)
2 1736 0 0 0 0 0 1/36
3 0 236 0 0 0 0 2/36
4 0 1736 2/36 0 0 0 3/36
5 0 0 2736 236 0 0 4/36
6 0 0 1736 2/36  2/36 0 5/36
7 0 0 0 2/36 2/36 2/36 | 6/36
8 0 0 0 1736 2/36  2/36 | 5/36
9 0 0 0 0 2/36 2/36 | 4/36
10 0 0 0 0 1736 2/36 | 3/36
11 0 0 0 0 0 2/36 | 2/36
12 0 0 0 0 0 1/36 1/36
py(y) | 1136 3/36 5/36 7/36 9/36 11/36

©EX)=Y,xpx(x) =T EQY)=Y5_, ypy(y) = 161/36 ~ 4.47.

3. Let X be the number of spades and Y be the number of hearts in the random bridge hand. The
desired probability mass function is

()62
p.4) _ <?§> _ <lxs> (92—6)6), 0<x<0O.
Dy (d) (143) (399) (399)
(5%)

4. The set of possible values of X and Y, both, is {O, 1,2,3 } Let p(x, y) be their joint probability

mass function; then
13\ /13 26
(E)G)
52 ’
()

pxyy(x|4) =

p(x,y) = 0<x,y,x+y=<3.
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(13)( 13)
xz—g—ﬂ 0<x<6
(6)
6. (a)/ /—dy x=1 = c=1/2.
|
(b) fX(X)Z/ Z—d)’:
X

2
fy(y)= = ] =—1n—, 0<y<2.

1 /3 1 1 3 1
. Note that f(x,y) = Ey(ixz + 5)’ where Ey, 0 <y<2and Exz + > 0<x<1are
probability density functions. Therefore,

fr(y) = —y, 0<y<?2,
1
fx(x) = —x +E, 0<x<l.

We observe that f(x, y) = fx(x) fy(y). This shows that X and Y are independent random
variables and hence E(XY) = E(X)E(Y). This relation can also be verified directly:

T [*/3 1 5
E(XY):/ / Zx3y? 4 —xy? dy] dx = —,
o LJo (4 4 ) 6
- 2
3, 1 5
/0 (Zx y+é—lxy>dyi| dx_g,

1
E(X):/
0 L
1
E(Y)=/
0 L

E(XY) = % =

Hence 4
3 = EX)E(Y).

oo |

8. A distribution function is 0 at —oo and 1 at 0o, so it cannot be constant everywhere. F(x, y)

is not a joint probability distribution function because assuming it is, we get that Fx(x) is
constant everywhere:
Fx(x)=F(x,00) =1, Vx.
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10.

11.

12.

13.

. The answer is
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2 2 2 2
Try —@ry 1y —r3
2 = 2
Iy r

Let Y be the total number of heads obtained. Let X be the total number of heads in the first
10 flips. For 2 < x < 10,

_ p(x,1122) _ (1xo) (%)ZO (1121;)() (%)m _ (1}(0) (210213 x)‘
e (12) <5) (12)

This is the probability mass function of a hypergeometric random variable with parameters

. nD 12x10
N =20, D =10, and n = 12. Its expected value is ~ = "0

pxyy (x [12)

= 6, as expected.

f(x, y), the joint probability density function of X and Y is given by
2

F(x,y) = 4xye_"2e_y2, x>0, y>0.
dx dy

S, y) =

Therefore, by symmetry,

oo

o0
2
P(X >2Y)+ P(Y > 2X) =2P(X > 2Y) = 2/ (f dxye e’ dx) dy= 7.
0 2

y
We have that

1—x 3 ) 3

fx(X)=/ 3x+y)dy=—zx"+5, O0<x <1,

0 2 2

By symmetry,
3 3
frn==3y"+3 0<y<l.

2
Therefore,
1/2 I—x 1 1—x
P(X+Y>1/2):f [/ 3(x—|—y)dy]dx+/ |:f 3(x+y)dy}dx
0 1/2)—x 12LJo

9 4 5 29

64 16 64
Since .

fxiy(xly) = /. y) = ° =1, O0<x<l1, y>0,

fr(») fol e Ydx

we have that
1

n—+1

1
E(X"|Y=y)=‘/‘x”.1dx= , n>1.
0
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14. Let p(x, y) be the joint probability mass function of X and Y. We have that
10N /1> /3\10=x  /15Y /1\y /3\ 15~y
Pix.) = (x)(z> (3) '(y)(z> (3)
10\ /15 /1\*+y 13\ 25-x—
=( )( )(—) y(-) S 0<x<10,0<y<I15
X y J\4 4
1 1
15./ [f cx(l—x)dy:|dx=l = ¢ = 12. Clearly,
0 X

1
fx(x)=/ 12x(1 —x)dy =12x(1 —x)?>, 0<x <1,
y
fy(y)=/ 12x(1 —x)dx =6y —4y*>, 0<y<l.
0

Since f(x, y) # fx(x) fr(y), X and Y are not independent.

16. The area of the region bounded by y = x> — land y = 1 — x? is

1 1—x2
" 8
[ )3
-1 | 3
Therefore f(x, y), the joint probability density function of X and Y is given by

3/8 x?—1l<y<l—x? —-l<x<l1

f(x,y)={

0 elsewhere.

Clearly,

1—x2 3 3
fx(x)zf —dy:—(l—xz), -1 <x <.
x2—-1 8 4

To find fy(y), note that for —1 < y < 0,
JV1+y 3 3
fn= [ far=3VTE)
SVESIR 4

and, for0 <y < 1,

=y 3 3
r= [ ar=3VT

=y 8 4

195
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17.

18.
19.
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So

3
-v1+y —-1<y<0

4

fr(y) = %/—1_)} 0<y<l

0 otherwise.

Since f(x,y) # fx(x)fy(y), X and Y are not independent.

Let f(x, y) be the joint probability density function of X and Y, G be the probability distri-
bution function of X/Y, and g be the probability density function of X/Y. We have that

1/2 0<x <1, 0<y<?2
fxy) =

0 otherwise.

Clearly, P(X/Y < 1) =0ift <0. For0 <t < 1/2,

X 2 tyl
P(—St)=/ (/ —dx)dy:t.
X ! 21 1

P<—2t)=/ (/ —dy)dx:l——.
Y o \Jip2 4

(Draw appropriate figures to verify the limits of these integrals.) Therefore,

Fort > 1/2,

0 t <0
t 0<t !
— <_
G(@) = 2
1 1
l—— 1>,
4¢ 2
This gives
0 t <0
1
g =G =11 0=st<3
1 1
— >
442 T2

No, because G (o0, 00) = F(00) 4+ F(o0) =2 # 1.

The problem is equivalent to the following: Two points X and Y are selected independently
and at random from the interval (0, £). What is the probability that the length of at least one
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interval is less than £/20?7 The solution to this problem is as follows:

¢
P(min(x, Y—X,Z—Y)<%‘X<Y)P(X<Y)
. ¢
+P<mm(y,X—Y,@—X)<%‘X>Y)P(X>Y)
. ¢
=2P(m1n(X, Y—X,@—Y)<%)X<Y)P(X<Y)
. ¢ 1
:2P<m1n(X,Y—X,Z—Y)<—‘X<Y>-—
20 2
. ¢
=1—P(m1n(X,Y—X,Z—Y)z%|X<Y)

¢ ¢
,Y—Xz—,E—Yz—‘X<Y)
20 20 2
¢ 19¢
Y—X>—,Y§—‘X<Y).
20

19¢
> —, YV < — ‘ X < Y) is the area of the region
20 20 20

14 12 19¢
{(x,y)€R2:0<x<E, 0<y<d, XZ%’ y—xZ%, ySE}
divided by the area of the triangle
[,y eR:0<x <€ 0<y<t y>x);

that is,
17¢ 17¢

— X —
EZ
20 20 . % _ o725,
2 2
Therefore, the desired probability is 1 — 0.7225 = 0.2775.

20. Let p(x, y) be the joint probability mass function of X and Y.

197

p(x,y)=P(X =x, Y =y)=(0.90)"""1(0.10)(0.90)*~'(0.10) = (0.90)*'~2(0.10)>.

21. We have that .
fx(x)=f dy=2x, 0<x <1,

—X

1

dx=14+y —-1<y<0
—y

1

dx=1—-y 0O<y<l,

fr(y) =

y
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— —y<x<l1, -1<y<0

I+y
Txir(xly) = 1
— y<x<1, 0<y<l,
=y
and 1
Srix(ylx) = ) X SYys=x
Thus N
E(Y|X=x)=/ %dy:O:O-x—l—O,
and
box 11—y
dx = , —l<y<0
14y 2
EX|Y=y= I
1
/ al dx = +y’ O<y<l.
y 1=y 2

22. We present the solution given by Merryfield, Viet, and Watson, in the August-September 1997
issue of the American Mathematical Monthly. Let f be the joint probability density function
of Xand Y.

b b
E(WA):/ / Walx, y) f(x,y)dxdy,

b b
E(WB>=/ f Wa(r, )£ (r. v) dxdy.

LetU =Y,V =X, hi(x,y) =yand hy(x, y) = x. Then the system of equations

y=u
xX=v

has the unique solution x = v, y = u, and

J=

‘0 = —1#£0.

1
1

0

Applying the change of variables formula for multiple intergrals, we obtain
b b b b
EWo = [ [ Wty seondsdy = [ [ Wawow pw. il dudo

b b
=/ / Wa(v, u) f(v, u) dudv.
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Since the distribution of the money in each player’s wallet is the same, the joint distributions
of (X,Y) and (Y, X) have the same probability density function f satisfying f(x,y) =
f (v, x). Observing that W, (Y, X) = Wg(X,Y), we have that W4 (v, u) = Wpg(u, v). This
and f(v,u) = f(u, v) imply that

b b
E(WA)=/ / Wg(u, v) f(u, v)dudv = E(Wp).

On the other hand, W4 (X,Y) = —Wp(X,Y) implies that E(W,) = —E(Wpg). Thus
E(Wy) = —E(W,), implying that E(W,) = E(Wg) = 0.
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Multivariat@ )istributi(bns

9.1 JOINT DISTRIBUTIONS OF n >2 RANDOM VARIABLES

1. Let p(h,d, c, s) be the joint probability mass function of the number of hearts, diamonds,
clubs, and spades selected. We have

(13) (13) <13> (13)
h d c S
p(had7cvs)_ 52 ’
13
2. Let p(a, h, n, w) be the joint probability mass function of A, H, N, and W. Clearly,
8\ /7\ [/3\ /20
a)\h/\n)\w
38 ’
12

at+h+n4+w=12,0<a<8,0<h<7,0<n<3 0<wc<I12

h+d+c+s=13, 0<h,d,c,s <13.

pla,h,n,w) =

The marginal probability mass function of A is given by

(o) |
()

3. (a) The desired joint marginal probability mass functions are given by

<a<8&.

pala) =

2
xyz  xy
PX,Y(X,y)=Z%=5—4, x=4,5 y=1,273.

z=1

5

XyZ yz

PY,z(y,Z)=Z— =—, y=1,2,3, z=1,2.
= 162 18

xXyz Xz
PX,Z(X,Z)=Z—=—, x=4,5 z=1,2.
26~ 27
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2 2
0 EG2) =303 vepr (0,0 = Zz(yfg) -2

y=1 z=1 y=1 z=1

4. (a) The desired marginal joint probability mass functions are given by

o0
Sxr(x,y) = / 6e ™ VFdz =6, 0<x <y <o0.
y
Z
fxz(x,2) = / 6 dy =6e " (e —e ), 0<x<z<o0.

y
frz(,2) = / 6"V Fdx =6e (1 —e), 0<y<z<o0.
0

oo oo (o) o0 oo

(b) E(X) :/ / xfx.y(x,y)dydx :/ / 6xe "2 dy dx :/ 3xe ¥ dx =
0 X 0 X 0

1/3.

5. They are not independent because P(X; = 1, X, = 1, X3 = 0) = 1/4, whereas
P(X;=DPX,=DP(X;=0)=1/8.

6. Note that

fX(x):/ / x2e ) gy dy
o Jo

o o0
— xzex/ exz(/ e ™ dy) dz = eix, x>0,
0 0
> T (I+y+2) !
f(y)=/ (/ x“e™ yzdz)dx=—,y>0,
' o \Jy (1+)7?

and similarly,

f2(2) = z>0.

-
(1+2)?%
Also
fxy(x,y) = /000 x2e ™ D) g7 = xe Yy 5 0,
Since
F&x,y,2) # fx) fr(y) fz(2),

X, Y, and Z are not independent. Since fx y(x,y) # fx(x)fr(y), X, Y, and Z are not
pairwise independent either.
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7.

10.
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(a) The marginal probability distribution functions of X, Y, and Z are, respectively, given by

Fx(x) = F(x,00,00) =1 —e¢™* x>0,
Fy(y) = F(00,y,0) =1 -, y>0,
Fz(z) = F(00,00,2) =1 —e ™%, 7> 0.

Since F(x, y,z) = Fx(x)Fy(y)Fz(z), the random variables X, Y, and Z are independent.

(b) From part (a) it is clear that X, Y, and Z are independent exponential random variables
with parameters A1, Ao, and A3, respectively. Hence their joint probability density functions is
given by

f(x,y,2) = MAghge PR,

(¢) The desired probability is calculated as follows:

P(X<Y<Z):f / / f(x,y,2)dzdydx
0 X y

o0 o0 o0
= AA2A3 / e Mx |:/ e (/ e 37 dz) dyi| dx
0 X y

B Aika
(A2 +23) (A + A2+ A3)

(a) Clearly f(x,y,z) > 0 for the given domain. Since

Ir e Y Inx
———dz ) dy|dx =1,
o LJo 0 Xy
f 1s a joint probability density function.

In x In x

y
(b)fX,Y(x9Y)=/ ——dz=——, 0<y<x<L
0 Xy X

! Y Inx 1 )
fr(y) = ——dz)dx=—-(ny)", 0<y<L
y 0 Xy 2

. For1 <i <n,let X; be the distance of the ith point selected at random from the origin. For

r < R, the desired probability is

P(XIZV,X2ZV,~~,XnZr):P(XlZr)P(XZZr)"'P(Xan)
2 2

_(nRz—nr )ﬂ_(l r ),,
7 R? N R2)

For r > R, the desired probability is 0.

The sphere inscribed in the cube has radius a and is centered at the origin. Hence the desired
probability is [(4/3)wa’]/(8a®) = 7 /6.
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11. Yes, it is because f > 0 and

00 pOO OO 00
/ / / / e "dx,dx,_y - dx;
0 X1 X2 Xn—1
o0 o0 o0 o0
=/ / / / eix”—l dxnfl "'dX]
0 X1 X2 Xn—2
00 oo 0
:=/ / e 2 dx,dx; =/ e Mdx; = 1.
0 X1 0

12. Let f(x;, x2, x3) be the joint probability density function of X;, X,, and X3, the lifetimes of
the original, the second, and the third transistors, respectively. We have that

1 1 1 1
X1, X2, X3) = Ze NS ZemnalS | Zpm3/S — ___ pm(ntatas)/S
J(x1, x2, x3) 3 3 3 75

Now

15 15—x; 15—x1—x2 1
PXi+ X+ X3 <15 = / / / —— e~ RS o, dxy
o Jo 0 125

15 pl5—xi g 1

=/ / e tx)/5 _ ~ -3 dx, dx;
o Jo 25 25

571 4 1

= / (—ex'/s ——e 4+ —e3x1> dx

0

5 5 25
17 4
=1— —e > =0.5768.
2
Therefore, the desired probability is P(X; + X, + X3 > 15) =1 — 0.5768 = 0.4232.
13. Let F be the distribution function of X. We have that

FO)=PX<t)=1-PX>)=1—-PX;>t,Xo>t,...,X,>1)
=1—-PX,>0)PXy>1)--P(X,>1t)=1—e M. . o7Mt
S e L N

Thus X is exponential with parameter A; + A, 4+ - - - + A,,.

14. Let Y be the number of functioning components of the system. The random variable Y is
binomial with parameters n and p. The reliability of this system is given by

r=PX=D)=P¥=k=>) (’;);f’(l — p)y .

i=k
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15.

16.

17.

18.
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Let X; be the lifetime of the ith part. The time until the item fails is the random variable
min(X, X2, ..., X,) which by the solution to Exercise 13 is exponentially distributed with
parameter nX. Thus the average life of the item is 1/(n}).

Let X1, X», ... be the lifetimes of the transistors selected at random. Clearly,
N=min{n: X, > s}.
Note that
P(Xy<t|N=n)=P(X,<t| X1 <s, Xa<s, ..., X1 <5, X > 9).
This shows that for s > ¢, P(XN <t|N= n) =0.Fors < t,

Ps<X,<t, X1 <5, Xo<s,..., Xp-155)

P(Xy <t|N=n)=
(N— | n) P(Xy<s, Xo<s,..., Xp-1 =5, Xp >5)

P(s <X, =t)P(X; =s)P(Xs <s)--- P(X,—1 =)
P(Xi =5)P(Xp <5)--- P(Xy—1 <5)P (X > 5)

Ps <X, <1t _ F(t) — F(s)
P(X,>s)  1—=F()

This relation shows that the probability distribution function of X given N = n does not
depend on n. Therefore, X and N are independent.

Clearly,

X=xi[1- (=X = X |[1 = (1 = X0 (1 = X5X9)| X7

= X1 X7(X2 X4 + X3X4s — X2 X3X4 + X2 X5X6 + X3X5X6
— X2X3X5 X6 — X2X4X5 X6 — X3X4X5X6 + X2X3X4X5Xs).

The reliability of this system is

r= P1p7(192p4 + p3ps — pap3ps + p2pspe + P3PsPe
— PaP3PsPe — P2PaPsP6 — P3PaPsPs + PaP3PaPsps)-

Let G and F be the distribution functions of max;<;<, X; and min,<; <, X;, respectively. Let
g and f be their probability density functions, respectively. For 0 <t < 1,

Gt)=P(X;<t, X, <t,..., X, <1)
=PX) <HPX,<t)---P(X, <t)=1".
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So
0 <0
Git)y=131" 0<t<l
1 t>1.
Therefore,
) =G'(1) = nt"' 0<t<1
s = o elsewhere.
This gives

1
E(lm_ax X;) =f nt" dt =
<i<n 0

n+1
Similarly, for 0 <t < 1,

F(t):P(mjnX,~§t>:1—P(minX,~>t>

1<i<n 1<i<n
=1—-PX;>t)P(Xy>1t)---P(X, >1)
=1—-(1-0", 0<t<l.

Hence
0 t<0
Ft)y=31—-(1-0" 0<t<l1
1 t>1,
and
nl—0"1! 0<t<1
f@) = _
0 otherwise.
So |
E( min xl-) =f nt(1— 1y dr = .
1<i<n 0 n+1
‘We have that
P(max(Xy, Xo, ..., X)) <1)=PX; <6, X, <t,..., X, <1)
=PX; <HP(Xp, <t)---P(X, 1)
=[F®»]".
and

P(min(Xy, Xo,...,X,) <t)=1—P(min(Xy, Xo, ..., X,) > 1)
=1-PX;>t,Xo>1t,...,X,>1)
=1-PXy>1))PXy>1t)---P(X, >1)
=1-[1-F@®]"

205
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20. We have that
P(Y,>x)=P (min(Xl, Xy ... . X)) > ’ﬁ)
n

X X X
P<X1>—,X2>—,...,X,,>—>
n n n

(=)= 2o ()
(-5

lim P(Y, > x) = lim (1 - f) —e %, x>0,

n—oo n—oo

Thus

21. We have that

PX <Y <2)= foo /w/wh(x)h(y)h(z) dzdydx
—o0 Jx y

:/ / h(x)h(y)[1 — H(y)]dy dx

00 1
=/ h(x)[—E[I—H(y)]2:| dx

o0 x

- %/w h[1 — Hx)] dx

171 3 1
=§[_§[1—H(x)]} =

—00
22. Noting that X7 = X;, 1 <i <5, we have
X = max{X, X5, X, X3X4, X1 X4, X1 X3X5}
=1—-(0-XX5)(1 = X2X3X4)(1 — X1 X4)(1 — X1 X5X5)
=Xo X5+ X1 X4+ X1 X3Xs5 + Xo X3X4 — X1 X0 X3Xy — X1 X0 X3X5
— X1 X0 XuXs — X1 X3 X4 X5 — XoX3X4Xs +2X, X2 X3 X4 Xs.
Therefore, whenever the system is turned on for water to flow from A to B, water reaches B
with probability r given by,
r=PX =1)=EX) = paps+ pips+ p1p3ps + P2P3Ps — P1P2P3 P4
— P1P2P3P5s — P1P2P4P5s — P1P3P4Ps — P2P3PaPs + 2p1pap3paps.
23. Clearly, B = (1 x 1)/2 and h = 1. So the volume of the pyramid is (1/3)Bh = 1/6.
Therefore, the joint probability density function of X, Y, and Z is
6 (x,y,20eV
0 otherwise.

f(x,y,2)={
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1—x 1—x—
fx(x)=/ (/ y6dz> dy=3(1-x)?% 0<x<l.
0 0

Similarly, fy(y) =3(1 —y)?, 0 <y <1, and fz(z) =3(1 —z)?, 0 <z < 1. Since
Fxoy,2) # fx(o) fr(v) fz(2),

X, Y, and Z are not independent.

Thus

The probability that Ax?4 Bx+C = 0has real roots is equal to the probability that BZ—4AC >
0. To calculate this quantity, we will first evaluate the distribution functions of B> and —4AC
and then use the convolution theorem to find the distribution function of B> — 4AC.

0 ifr<0
F,t)=PB><1)=3Ji if0<r<l
1 ifr>1,
L fo<r<1
—_— 1 < <
[ =F ()=121
0 otherwise,
and
0 ift <—4
t
F ()= P(—4AC <1) = P(Ac > _Z> if—4<t<0
1 ift > 0.

Now A and C are random numbers from (0, 1); hence (A, C) is a random point from the
square (0, 1) x (0, 1) in the ac-plane. Therefore, P(AC > —t/4) = P(C > —t/(4A)) is the

t
area of the shaded region (bounded bya=1,c=1,c= —4—) of Figure 1.
a

0 7/ >a

Figure 1 The shaded region of Exercise 24.
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Thus, for —4 <t < O,

1 1 P ,
F—4Ac(t)=/ / dc)da: 1+———1n<— _>'
r/4< —t/(4a) 4 4 4

Therefore,
0 ift < —4
t ot t
F,)=P(-4AC<)={14+-— —ln<— —) if—4<t<0

4 4 4
1 ift > 0.

Applying convolution theorem, we obtain
P(B* —4AC > 0) =1— P(B*—4AC <0)

=1- /00 F .0 —x)fB2 (x)dx

o0
1
X X, X 1
=1—/ (1——+—1n—)—dx.
A 474 4)2x

1
Letting y = 4/x/2, we getdy = ——=dx. So
x

I

1/2
P(B2—4ACZO)=1—/ (I ="+ y*Iny*)2dy
0
1/2 172
:1—/ 2dy+2/ (> = y*Iny*dy
0 0

12
= 2/ (v* = y*Iny»dy.
0
Now by integration by parts (u = In y? , dv = y*dy),

1 2
2 2 3 2 3
Invidy = —v31nv2 — 243

Thus
P(B*—4AC > 0) = [E LI IN 2]1/2— 2 o ~oos
=V T3 T3 e -
25. The following solution by Scott Harrington, Duke University, Durham, NC, was given in The

College Mathematics Journal, September 1993.

Let V be the set of points (A, B, C) € [0, 11° such that f(x) = x>+ Ax>+Bx+C =0
has all real roots. The probability that all of the roots are real is the volume of V.
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The function is cubic, so it either has one real root and two complex roots or
three real roots. Since the coefficient of x> is positive, lim,_, _», f(x) = —oo and
lim,, yoo f(x) = +00. The number of real roots of the graph of f(x) depends on
the nature of the critical points of the function f.

fl(x)=3x>+2Ax + B =0,

with roots
1 1
x=——-A+_-+A?2 -3B.
3 3
1 1
Let D = VA2 — 3B, x; = _§(A + D), and x; = _§(A — D). If A2 < 3B then the

critical points are imaginary, so the graph of f(x) is strictly increasing and there
must be exactly one real root. Thus we may assume A% > 3B.

In order for there to be three real roots, counting multiplicities, the local maximum
(x1, f(x1)) and local minimum (x2, f(x2)) must satisfy f(x;) > 0 and f(x2) < 0;
that is,

1 3 2 2 3
f(X1)=—E(A +3A°D +3AD* + D°)
1 1
+ §A(A2 +2AD + D?) — 3BA+D)+C =0,
1
fx) = —E(A3 —3A%D +3AD* - D3)

1 1
+§A(A2 —2AD + D% — §B(A—D)+C <0.

Simplifying produces two half-spaces:

1

€= f( —2A% +9AB —2(A% — 3B)3/2>, (constraint surface 1);
1

C = 55(—24"+94B +2(4* = 38)"?).  (constraint surface 2).

1
These two surfaces intersect at the curve given parametrically by A = ¢, B = 5t2
1
and C = Eﬁ. Note that all points in the intersection of these two half-spaces
. 1 . .
satisfy B < 3A2. Surface 2 intersects the plane C = 0 at the A-axis, but surface 1

1
intersects the plane C = 0 at the curve B = ZAz, which is a quadratic curve in the

plane C = 0 located between the A-axis and the upper limit B = %Az. Therefore, V
is the region above the plane C = 0 and constraint surface 1, and below constraint
surface 2. The volume of V is the volume V, under surface 2 minus the volume V;
under surface 1. Now

(1/3)a?
/ / — 243 + 9ab — 2(a? 3b)3/2) dbda
a=0 Jb=(1/4)a2 27

209
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1 9 4 (1/3)a*
— / [ —2a°h+ Zab* + —(a®> — 3b)5/2} da
0 27 2 15 b:(1/4)a2

Y107 7
— . —a’da = ,
0 27 160 25,920

and

L r/3a® 3 5 32
Vy = —(—Za +9ab + 2(a? — 3b)’ )dbda
a=0Jb

0 27
1 (1/3)a’ 1
1 9 4 1 1
= / —| —2a°b + —ab* — —(@® — 3b)°/? da=| —a’da=—.
0 27 2 15 b0 o 270 1620
Thus
1 7 1

V=WV,-V =

1,620 25,920 - 2,880

9.2 ORDER STATISTICS

1. By Theorem 9.5, we have that

41
A == fFO[FO][1 - F),

211!
where
1 O<x <1
fx) =
0 otherwise,
and
0 x <0
F(x)=1x 0<x<l1
1 x>1
Therefore,

fix) =12x*(1 —x), 0<x <.
Hence the desired probability is

1/2 67
/ 12x2(1 — x)dx = — = 0.26172.

2. Let X, and X, be the points selected at random. By Theorem 9.6, the joint probability density
function of X ;) and X ) is given by
2!

— =1,y _ y2—1-1
feeN =g hesi—nie-ot O

O<x<y<l.
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So
fx,y)=2, 0<x<y<l.

We have that, the desired probability is given by

1 v/3 1
P(X(z) > 3X(1)) :‘/0 /0 2dx dy = g

. By Theorem 9.5, f4(x), the probability density function of X4 is given by

|
fax) = %Keﬁ‘x(l — eikx)3(ef)‘x)4_4 = 4)»67“(1 _ ef)\x)3'

The desired probability is

oo
/ 4o (1—e™Vdx =1—(1—e )",
3

A

. By Remark 6.4,
[e.¢]
E[Xw] =/ P(X@ > x)dx.
0
Now
P(Xu > x) =1=P(Xu = x)
=1-PX <x,X<x,.... X, <x)=1—-[F)]".

So -~
E[Xw] = / (1= [F]") dx.
0
. To find P(X(,-) = k), 0 < k < n, note that
P(X(,') = k) =1- P(X(,') < k) — P(X(,') > k)
Let N be the number of X ;’s that are less than k. Then N is a binomial random variable with

parameters m and

k—1

p=3y (’;>pl<1 —p (35)

=0

Let L be the number of X;’s that are greater than k. Then L is a binomial random variable
with parameters m and

p= ) (’;)p’(l—p)"—l. (36)
I=k+1
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Clearly,

m

m P ,
P(Xg <k)=P(N=i)=)_ (j)p{(l — p)" I,
j=i
and

m m ) )
P(X)>k)=P(L>=m—i+1)= Z (,)pg(l—pz)mf.
e~ J
j=m—i+1
Thus, for0 < k < n,

P(Xp=ky=1-)_ (?)p{(l —p)" = > <’7)p§(1 —p)" 7,

Jj=i Jj=m—i+1

where p; and p; are given by (35) and (36).
6. By Theorem 9.6, the joint probability density function of X ;) and X, is given by
n—2
Jinle, y) =nn =D f@O)fW[F) - F®]" ", x<y.

Therefore,

G(t) = P<m < l) = P(X(l) + X(,,,) < 2l)
t 2t—x ne
= / / nin—1Df@)fOM[FQ) —Fx)]" “dydx

=n fl [Ft —x) — FO)]"™ f(x) dx.

o0

7. By Theorem 9.5, fi(x), the probability density function of X i, is given by

— 2! —AX —ax\1=1/ —ax\2-1 _ —21x
fikx) = m)\.e (1 —e ) (e ) = 2M\e , x>0.
By Theorem 9.6, f1,(x, y), the joint probability density function of X(;) and X is given by
2!
Jrlx,y) = re M he

1I—1DC2—1-1)1@2—-2)!
— (1 — e‘“‘)l_l(e_M — e_’\y)z_l_1 =227 0<x <y < 0.

LetU = Xy and V = X (o) — X(1). We will show that g(u, v), the joint probability density
function of U and V satisfy g(u, v) = gy (u)gy (v). This proves that U and V are independent.
To find g(u, v), note that the system of two equations in two unknowns
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defines a one-to-one transformation of
R:{(x,y):05x<y<oo}

onto the region
Q:{(u,v):uZO, v>0}.

It has the unique solution x = u, y = u + v. Hence

10
J= =1#0.
11
By Thereom 8.8,

gu,v) = fo(u,u+v)|J] =222y >0, v>0.

Since
gu,v) = gy(u)gy (v),
where
gu(u) =2xe ™ u >0,
and

v

gv(v) =re ™, v>0,

we have that U and V are independent. Furthermore, U is exponential with parameter 2 and
V is exponential with parameter A.

. Let fi2(x, y) be the joint probability density function of X(;) and X (2). By Theorem 9.6,

= 1 2252 1 21952
x,=21fx)f(y) =2- o ¥/207 o322
Jralx, y Ffy T 5

—1 e~ 1207 e—y2/202’

> —00 <X <Yy <O00.
o’

Therefore,

Y 1 —x2262 32202
E[Xy] = X ——e e dx dy

00 J —00 oI
1 . Y
=—— eV’ (/ xe /2 dx) dy
0"l J_o —00
1

e’
2 2 2 2
— . e y° /20 '(—0'2)6 y° /20 dy
O°T J_

1 [ 2, 2
=——/ e dy

T 00
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9. (a) By Theorem 9.6, the joint probability density function of X, and X, is given by

nn—Df@FOM[FO) —FW]"™>  x<y

0 elsewhere.

fln(xﬁy) = {

We will use this to find g(r, v), the joint probability density function of R = X,) — X))
and V = X,). The probability density function of the sample range, R, is then the marginal
probability density function of R. That is,

gr(r) =/ g(r,v)dv.

o0

To find g(r, v), we will use Theorem 8.8. The system of two equations in two unknowns

y—x=r
-
defines a one-to-one transformation of
{(x,y): —oo<x<y<oo}
onto the region
{(r,v): —00 <V < 00, r>0}.

It has the unique solution x = v — r, y = v. Hence

11
J= = —1#£0.
0 1

By Theorem 8.8, g(u, v) is given by

gr,v) = fin(v —r, v)|J]
=n(n—1)fw—r)fO[F@) - Fo-n]"" —oo<v<oo,r>0.

This implies

gr(r) = /Oo nn—1fw—r) f[F@) - F- r)]"’zdv, r>0. (37)
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(b) The probability density function of n random numbers from (0, 1) is obtained by letting
1 O<v<l
f) =

0 otherwise,

and F(v) — F(v—r) = v — (v —r) = rin (37). Note that the integrand of the integral in
(37)isnonzeroif 0 < v < landif 0 < v —r < 1; thatis, if 0 < r < v < 1. Therefore,

1
gr(r) = / nn—Dr"2dv=nn—Dr"2(1—-r), 0<r<l.

10. Let f and F be the probability density and distribution functions of X;, 1 < i < n, respectively.

‘We have that
176 O0<x<¥6
fx) =
elsewhere
and
0 x <0

F(x)=1x/0 0<x<§@
1 x > 0.

Let g(r) be the probability density function of R = X(,) — X(1). By part (a) of Exercise 9,

0 — n— _ n—2
g(r)=/n(n—1)(§—v r) =" DT o o< <o,

0 on
(Notethat 0 < v <8 and 0 < v —r < 6 imply that r < v < 6.) Therefore,
n—2 -1

ER)_/OO M(g )d_n
B=f 7o ST

0.

9.3 MULTINOMIAL DISTRIBUTIONS

1. The desired probability is
8 (150’ [400\* (250’
— [ — — — ] =0.028.
312131\ 800 800 800

P(B=i,R=j,G=20—i—j)
B 20!
S0 —i— j)

2. We have that

'(0.2)"(0.3)1(0.5)20—", 0<i, j<20, i+j<20.
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3. Let U, D, and S be the number of days among the next six days that the stock market moves
up, moves down, and remains the same, respectively. The desired probability is

PU=0,D=0,S=6)+P(U=1,D=1,S=4)

+PU=2,D=2,S=2)+P(U=3,D=3,5=0)

6! /1\°/5\°/1\* 6 /1\'/5\'/1\*
~010!6! (Z) (E) (5) T (Z) (E) (5)

6! [1\*[/5\?/1\? 6! 1\ / 5\ /1\°
+—— () (=) (=) +—(=) (=) (=) =0.171.
212121 \ 4 12) \3 313100 \ 4 12) \3

4. Let A, B, C, D, and F be the number of students who get A, B, C, D, and F, respectively. The
desired probability is given by
PA=2, B=5C=5 D=2 F=1)+P(A=3,B=5C=5, D=2, F=0)
15!

21515020 11
15!

+ 315151210!
= 0.0172.

(0.16)%(0.34)°(0.34)°(0.14)%(0.02)!

(0.16)%(0.34)°(0.34)°(0.14)%(0.02)°

5. Let L, M, and S be the number of large, medium, and small watermelons among the five
watermelons Joanna buys, respectively.
(a) We have that

P(L>2)=1-—P(L=0)—P(L=1)

=1- (g) (0.50)°(0.50)° — (?) (0.50)'(0.50)* = 0.8125.

!

(¢) Using parts (a) and (b) and

(0.5)%(0.3)2(0.2)' = 0.135.

S! 3 2 0_
P(L=3, M=2,§=0)= m(O.S) (0.3)°(0.2)" =0.1125,

we have that

P(MM=2,1L>2)
PMM=2|L>2)=

P(L >2)
_P(L=2,M=2S=1)+P(L=3 M=2,S=0)
o P(L >?2)

1 112
_0135+40.125 oo

0.8125
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. Let X be the number of faculty members who are below 40 and Y be the number of those who
are above 50 in the committee. The desired probability mass function is

10: '(0.5)"(0.3)2(0.2)8-"

5 _ X218 —x) VAN E2 N
Pxiy(x|2) = (10 _<x> <§) (5) , U=x <o

2 8
) ) (0.3)7(0.7)

. The probability is 1/4 that the blood type of a child of this man and woman is AB. The
probability is 1/4 that it is A, and the probability is 1/2 that it is B. The desired probability is

equal to . U s
o) (3) (§) = =0

. The probability of two AA’s, two Aa’s, and two aa’s is
!

212121

g(p) = (P [2p(1 = P[0 = p)*]" = 360p°(1 — p)°.

To find the maximum of this function, set g’(p) = 0 to obtain p = 1/2.

. Let N(¢) be the number of customers who arrive at the store by time . We are given that
{N(t): t > 0} is a Poisson process with A = 3. Let X, Y, and Z be the number of cus-
tomers who use charge cards, write personal checks, and pay cash in five operating minutes,
respectively. Then

P(X=5Y=22Z=3)

I
Wk

P(X=5Y=2Z=3|N®5)=n)P(N®5) =n)

n=10
_y ! (0.40)3(0.10)2(0.20)3(0.30)"~1° e 15"
C A& 51213 —10)! ' ' ‘ n!
_(0.40)°(0.10)%(0.20)%¢ 151510 &\ (0.30)"~10(15)"~10
B 315121 — (n—10)!

(4510

T (0.00010035)e* = 0.009033.
n — !

o0
= (0.00010035) Z

n=10
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REVIEW PROBLEMS FOR CHAPTER 9

1. Let p(b, r, g) be the joint probability mass function of B, R, and G. Then

G)EE)

pb,r,g) = 100 , b+r+g=20,0<b,r g=<20.
()
2. Let F be the distribution function of X. Let X, X5, ..., X,, be the outcomes of the first,
second, ..., and the nth rolls, respectively. Then X = min(X, X, ... , X,;). Therefore,
FO)=PX<t)=1-PX>t)=1—-PX1>t, Xo>t,..., X, >1)

0 t <1
1-(3)" 1=<t<2
1-(3)" 2<t<3

=1-[PX,>0]"=11-(3)" 3<t<4
1-(3)" 4<t<5
1-()" s5<t<6
1 t>6.

The probability mass function of X is

7—x\" 6—x\"
p(x)=P(X=x)=( ) —( ) , x=1,2,3,4,56.

6 6
3. Let Dy, D,, ..., D, be the distances of the points selected from the origin. Let D =
min(Dy, D,, ..., D,). The desired probability is
PD>r)=PMD;>r,Dy>r, ..., Dy =r)=[P(D;=n]" =[1-P(D, <n]

B @/ 3’1" m o r\3]"
(-t LS OT

1,1 opl
4. (a)c/ / /(x—l—y—l—ZZ)dZdydx:l = c=1/2.
o Jo Jo
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(b) We have that

1 1 1
| | | P<X<§,Y<§,Z<Z)
P(X<—}Y<—,Z<—>:
3 > I I
P<Y<—,Z<—)
2 1

13 172 p1/4 4
—(x+y+2z)dzdydx
_/0 /o /0 QU dndy 1736 2

T 2 pua g 18 9
/ f f —(x+y+2z)dzdydx
0 0 0 2

5. The joint probability mass function of the number of times each face appears is multinomial.

18! (1"
Hence the desired probability is ——— | — = 0.00135.
3ne \6

6. Using the multinomial distribution, the answer is

7! ; ) .
31217 0-4)7(0:35)7(0.25)" = 0.1029.

7.For 1 < i < n, let X; be the lifetime of _the ith component. Then
min(X{, X,, ..., X,) is the lifetime of the system. Let F(¢) be the survival function of
the system. By the independence of the lifetimes of the components, for all # > 0,

F)=P(min(X, Xo,... . X,) > 1) =PX1 >t,Xo>1,..., X, > 1)
=PX;>0HPXy>1)--P(X,>1) = F(t)F(t) --- F,(2).

8. For 1 < i < n, let X; be the lifetime of the ith component. Then
max(Xy, X, ..., X,) is the lifetime of the system. Let F(¢) be the survival function of
the system. By the independence of the lifetimes of the components, for all ¢ > 0,

F(t) = P(max(X1, X2, ..., X,) > 1)
=1— P(max(Xy, Xo,...,X,) <1)
=1-PX,<t,X2<t,...,X, <1)
=1-PXi1 =OPXo =) P(X, 1)
=1-F@OF®- - FQ0).

9. The problem is equivalent to the following: Two points X and Y are selected independently
and at random from the interval (0, £). What is the probability that the length of at least one



220

10.

Chapter 9  Multivariate Distributions

interval is less than £/20? The solution to this problem is as follows:

¢
P(min(X, Y-X.t-¥) < ‘ X < Y)P(X <Y)

¢
+P<min(Y,X—Y,£—X)<%’X>Y)P(X>Y)

. ¢
:2P<m1n(X, Y—X,Z—Y)<%‘X<Y>P(X<Y)
. ¢ 1
=2P<m1n(X, Y—X,Z—Y)<%’X<Y>-

2
. ¢
:1—P(m1n(X,Y—X,E—Y)z%‘X<Y>

£ £ £
=1—P(Xz—,Y—Xz—,Z—Yz—‘X<Y)
20 20 20
£ £ 19¢
:1—P(Xz—,Y—Xz—,Y§—‘X<Y)
20 20 20
£ L 19¢ . .
NowP(XZ—, Y- X>—, YS—‘X<Y)1sthearea0fthereg10n
20 20 20
(x )ER2'0<x<€ O<y<?t x>£ —x>£ <%
Y ' Y ERAE5 YT =50 Y =0

divided by the area of the triangle
{(x,y)eR2:0<x<€, 0<y<d, y>x};

that is,
17¢  17¢
— X —
£2
20 20 . ° _g72s
2 2
Therefore, the desired probability is 1 — 0.7225 = 0.2775.

Let fi3(x, y) be the joint probability density function of X(;) and X(3). By Theorem 9.6,

fislx,y)=6(y—x), O0<x<y<l

and V = X(;). Using Theorem 8.8, we will find g(u, v), the joint

probability density function of U and V. The probability density function of the midrange of
these three random variables is gy (u). The system of two equations in two unknowns

x-l—y_u

2
xX=v
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defines a one-to-one transformation of
R={(x,y»:0<x<y<l}

onto the region

v+ 1
Q:{(u,v):0<v<u<T<1}

that has the unique solution

xX=v

y=2u—v.
Hence

0 1

2 -1
therefore,

1
2. v) = fia(.2u —0)|J| = 24 —v), O<v<u< Pl o1,

To find gy (u), draw the region Q to see that

/ 24(u — v) dv O<u<1/2
0

guu) =
/ 24(u — v) dv 1/2<u < 1.
2

u—1

Therefore,
12u? O<u<1/2
gu(u) =
12(u — 1)? 1/2<u< 1.

The expected value of U is given by

1/2 3 1 5 3 5 1
EWU) = 12u” d Ruwu—-1)"du=—+—=—.
) /o u u—{—/m u(u — 1) du 16+16 5

221



Chapter 10

More EXp@@f{atia)ns

and Varian(z@g

10.1

1.

2.

3.

EXPECTED VALUES OF SUMS OF RANDOM VARIABLES
Since
1 2 2
E(X) =/ x(1 —x)dx +/ x(x — Ddx = 3
0 1
and

2 : 2 2 2 3
EXH) = | ¥(-xdyt | x*(x—Ddx =7,
0 1
we have that
5 13
EX*+X)= _

[OSE )
|

_|_

N W

5
By Example 10.7, the answer is % =12.5.

We have that E(X?) = Var(X) + [E(X)]2 = 1. Similarly, E(Y?) = E(Z?) = 1. Thus

E[X*(Y +52)* | = E(X)E[(Y +5Z)*| = E(Y*> +25Z* + 10Y Z)
= E(Y?) 4+ 25E(Z*) + 10E(Y)E(Z) = 26.

. Since f(x,y) = ¢ ™™ -2¢¥, X and Y are independent exponential random variables with

parameters 1 and 2, respectively. Thus E(X) =1, E(Y) =1/2,
2 2
E(XX*)=Var(X)+ [EX)]| =1+1=2,

and

>

E(Y?) =Var(Y) +[ED)] =

A=

_l’_

=

1 5
Therefore, E(X> +Y?) =2+ 3 = 3
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5. let X1, X5, X3, X4, and X5 be geometric random variables with parameters 1, 4/5, 3/5, 2/5,
and 1/5, respectively. The desired quantity is

EXi+ X0+ X3+ Xu+X5)=EX1)+ EX2)+ E(X3)+ E(X4) + E(X5)
5 5

5
144+ 45=1142.
R

6. Clearly,

E(X,):l-%—i—ﬂ(l—%):%.

1
Thus E(X; + Xo + -+ -+ X,,) = n - — = 1is the desired quantity.
n

7. Let Xy, X, X3, and X4 be the cost of a band to play music, the amount the caterer will charge,
the rent of a hall to give the party, and other expenses, respectively. Let N be the number
of people who participate. We have that E(X,) = 1550, E(X;) = 1900, E(X3) = 1000,
E(X4) =550, and

U T B2 1 /200 x 201 150 x 151
E(N):Zz.%:%(;z—;»:%( ;( - ;( ) = 175.50.

i=151

To have no loss on average, let x be the amount (in dollars) that the society should charge each
participant. We must have

This gives

- EX)+ E(Xy)+ E(X3)+ E(Xy) 1550 + 1900 4+ 1000 + 550
x> =

= 28.49.
175.50 175.50 8.49

So to have no loss on the average, the society should charge each participant $28.49.

8. (a) E(— 007) = E(007 — 007) = 1, 000.

(b)
E(— 156156) = E(— 156) + E(156 — 156156)
= E(156 — 156) + E(156156 — 156156)
= 1,000 + 1, 000, 000 = 1, 001, 000.
(c)

E(— 575757) = E(— 57) + E(57 — 5757) + E(5757 — 575757)
= E7 — 57) 4+ E(5757 — 5757) + E(575757 — 575757)
= 100 + 10, 000 + 1, 000, 000 = 1, 010, 100.
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9.

10.

11.
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Let X be the number of students standing at the front of the room after k&, 1 < k < n names
have been called. The k students whose names have been called are not standing. Let A{, A,,
.., A,_x be the students whose names have not been called. Let

1 if A; is standing
0 otherwise.
Clearly,
X=X1+Xo+ -+ Xo
Fori,1 <i<n—k,
E(X;) = P(A; is standing) = g
This is because A; is standing if and only if his or her original seat was among the first k.

Hence

k (m—kk
EX)=EX)+EX)+ -+ EX,y) =0 —k)- P

By Theorem 10.2,

E[min(Xy, X2, ..., Xu)] P(min(Xy, X2, ..., X,) > k)

I
[M]¢

>\.
I

P(XH E.k,-Xé = k,...Xﬁ = k)

I
NE

»
I
—

I
M2

P(Xy =z k)P(X, 2 k)--- P(X, = k)

[P(x 2 0)]" = i‘ [(ip)} - g;hz.

1 k=1 i=k

w—
Il

I
K

»
Il

Let E; be the event that the first three outcomes are heads and the fourth outcome is tails.
For2 <i < n — 3, let E; be as defined in the hint. Let E,_, be the event that the outcome
(n — 3) is tails and the last three outcomes are heads. The expected number of exactly three
consecutive heads is

n—3 n—3

E(Xl - sz X; + XH) = E(X) + sz E(X)) + E(X,2)
n—3
= P(E)+ Y _ P(E) + P(E,2)
i=2
-3

B+ 26+

i=2

(@) re-ald) -5
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12. Let
¥ 1 if the ith box is empty
o 0 otherwise;

The expected number of the empty boxes is

39 80
E(X) + Xo 4 -+ Xa0) = 40E(X;) = 40P(X; = 1) = 40(5) ~ 5.28.
13. The expected number of birthdays that belong to one student is
364\ 24
EXi1+Xo+ 4+ Xo5) =25E(X;) =25P(X; = 1) = 25(%) = 23.41.

14. Let X; = 1, if the birthdays of at least two students are on the ith day of the year, and X; = 0,
otherwise. The desired quantity is

365
E(in) — 365E(X;) = 365P(X; = 1)
i=1

= 365 [1 - (%)ZS - (215) (%) (%)M} = 0.788.

15. Letuy, us, ... , usg be an enumeration of the nonheart cards. Let

1 if no heart is drawn before u; is drawn
l 0 otherwise.

Let N be the number of cards drawn until a heart is drawn. Clearly, N = 1 + Z?il X;. By
the result of Exercise 9, Section 3.2,

39 39
EN) =1 +ZE(X,-) =1 +ZP(X,- =1
i=1

i=1 =
¥ 1
=1 — =1+439. — =3.786.
L=y
Note that if the experiment was performed with replacement, then E(N) = 4.

16. We have that

E(— THTHTTHTHT) = E(— T) + E(T — THT) + E(THT — THTHT)
+ E(THTHT — THTHTTHTHT)
— E(— T) + E(THT — THT) + E(THTHT — THTHT)
+ E(THTHTTHTHT — THTHTTHTHT)
=2+8+32+1,024 =1, 066.
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17.

18.

19.

20.
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(a) / / I(x,y)dxdy is the area of the rectangle
o Jo

{(x,y)eR2:0§x<X,O§y<Y};
therefore it is equal to X'Y.
(b) Part (a) implies that

E(XY) = / f I(x y) dxdy—/ / P(X >x,Y > y)dxdy.

Clearly N > i if and only if

X1>2X,>X3>

v
v
2

Hence fori > 2,

1

P(N>i):P(X12X22X32...ZX1._1ZXZ_):._‘
1.

because X;’s are independent and identically distributed. So, by Theorem 10.2,

E(N):iP(NZi):iP(N>i)=P(N>O)+P(N>1) i
i=1 i=0 =2

=1 1
:1+1+§EZZE:

i=0

il

If the first red chip is drawn on or before the 10th draw, let N be the number of chips before
the first red chip. Otherwise, let N = 10. Clearly,

pov=n=( ()= ()" vsi=n rov=io= ()"

'he desired quantity is
10 = Eg 1 Ly 1—|— 1 1 e 1
E(10 = N) = 0—i _> 0— ().<_) ~ 9.001.
( ) : ( l)<2 ( ) 7

Clearly, if for some A € R, X = 1Y, Cauchy-Schwarz’s inequality becomes equality. We
show that the converse of this is also true. Suppose that for random variables X and Y,

E(XY) =V E(X?)E(Y?).

Then
A[E(XY)]) —4E(XDHEY?) =0
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Now the left side of this equation is the discriminant of the quadratic equation
E(Y)2?* —2[E(XY)|r + E(X?) =0.
Hence this quadratic equation has exactly one root. On the other hand,
EYH)2* —2[E(XV)|r+ E(X?) = E[(X — AY)?].

So the equation
E[(X —AY)*]=0

has a unique solution. That is, there exists a unique number A; € R such that
E[(X —nmY)*]=0.

Since the expected value of a positive random variable is positive, this implies that with
probability 1, X — 4, Y =0or X = 1,Y.

10.2 COVARIANCE

1. Since X and Y are independent random variables, Cov(X, Y) = 0.

SR | 17
2. E(X):ZZ%xz(x+y):7;

x=1 y=3

EY)=31 Y 7y +y) =24

1, 43
E(XY):ZZ%xy(x+y)=?.

x=1 y=3

Therefore,

Cov(X,Y)=E(XY)— EX)E(Y) 43 17 124 !
ov 5 == — [ — .
5 7 35 245
3. Intuitively, E(X) is the average of 1, 2, ..., 6 which is 7/2; E(Y) is (7/2)(1/2) = 7/4. To
show these, note that

6 6
E(X) =) xpx(x) =) _ x(1/6) =17/2.
x=1

x=1
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By the table constructed for p(x, y) in Example 8.2,

63 120 99 64 29 8 1
EY)=0-—+1- 2. —+3. 4. —45- 6-
)= 384 * 384 334+ 384 + 384 + 384 + 384 334 " 384

-lkl\l

By the same table,
6 6
E(XY)=Y_ xyp(x,y) =91/12.
x=1 y=0

Therefore,

Cov(X,Y)=EXY)—-EX)E(Y) = AT T 0

0 = — . = >

h 224" 24

This shows that X and Y are positively correlated. The higher the outcome from rolling the
die, the higher the number of tails obtained—a fact consistent with our intuition.

. Let X be the number of sheep stolen; let Y be the number of goats stolen. Let p(x, y) be the

joint probability mass function of X and Y. Then, for0 <x <4,0<y <4,0<x+y <4,

7\ (8 5
(x)(y>(4—x—y),
20 ’
(2)
p(x,y) = 0, for other values of x and y. Clearly, X is a hypergeometric random variable with
parameters n = 4, D = 7, and N = 20. Therefore,

p(x,y) =

nD 28 7
EO=F=%"5

Y isahypergeometric random variable with parametersn = 4, D = §,and N = 20. Therefore,

nD 32 8
E(Y) = -,
N 20 5
Since
4 4—x
E(XY) =) xyp(x.y) =
x=0 y=0
we have
168 7 8 224
CoviX,Y)=EXY) - EX)EY)=——=-—-=——— <0

95 5 5 475

Therefore, X and Y are negatively correlated as expected.
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Since ¥ =n — X,
E(XY)=EmX — X*) =nE(X) — E(X*) = nE(X) — [Var(X) + E(X)*]
=n-np—[np(1 — p)+n°p*] =nn —1)p(l - p),
and
Cov(X,Y) = E(XY) — E(XX)E(Y) =n(m — )p(l —p) —np-n(l — p) = —np(l — p).

This confirms the (obvious) fact that X and Y are negatively correlated.

. Both (a) and (b) are straightforward results of relation (10.6).

. Since Cov(X, Y) = 0, we have

Cov(X,Y +Z) =Cov(X,Y) +Cov(X, Z) = Cov(X, Z).

. By relation (10.6),
CoviX+Y,X-Y)=EX*-YH)—EX+Y)E(X-Y)
= E(X?) — E(Y?) — [ECO] + [E(Y)]’ = Var(X) — Var(Y).
. In Theorem 10.4,leta =1 and b = —1.

. (a) This is an immediate result of Exercise 8 above.

(b) By relation (10.6),
Cov(X, XY) = E(X?Y) — E(X)E(XY)
=EX»)E®Y) — [E(X)]ZE(Y) = E(Y)Var(X).
The probability density function of ® is given by
1
— if0 € [0, 2]

fO) =127
0 otherwise.

Therefore,

2 1 2 1
E(XY):/ sinfd cos® — df =0, E(X)=/ sind — df =0,
0 2 0 2

2 1
E(Y):/ cos — df = 0.
0 2

Thus Cov(X,Y) = E(XY) - E(X)E(Y) =0.
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12. The joint probability density function of X and Y is given by
1

— x2+y2§1
fx,y) =17
0

elsewhere.

X and Y are dependent because, for example,

1 1
P<0<X<—‘Y:O):—
2 4

while,
1 1/2 «/l—le 2 1/2
P(O<X<—)=2/ / —dydx = — v1—x2dx
2 o Jo T T Jo
1 V3 1

X and Y are uncorrelated because

1 1 1 2
E(X) = // X—dxdy:—// r2cos0dfdr =0,
T T Jo 0

x24y2<1

1 1 1 21
E(Y) = // y—dxdy:—/ / r?sin@ do dr = 0,

T T Jo 0

x24y2<1

and
1 1 1 21 3 )
E(XY) = xy—dxdy = — r’cosfsinf do dr =0,
T T Jo 0
x2+y2<1

implying that Cov(X, Y) = E(XY) — E(X)E(Y) = 0.

13. We have that

> 8 > 8
E(X)=/ —x2dx = 1.4, E(X2)=/ —xYdx =2.125,
12 15 1/2
E(Y)= e 2 dy = 1.396 E(Y?) = e dy =2.252
= zYdy =139, = YAy =2.252
1/4 1/4

These give Var(X) = 2.125 — 1.4*> = 0.165, and Var(Y) = 2.252 — 1.396? = 0.303. Hence
E(X+7Y)=14+4 1396 =2.796, and by independence of X and Y,

Var(X + Y) = Var(X) + Var(Y) = 0.165 + 0.303 = 0.468.

Therefore, the expected value and variance of the total raise Mr. Jones will get next year are
$2796 and $468, respectively.
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14. We have that
Var(XY) = E(X*Y?) — [E)E)])* = EX)EXY?) — 1
= (Ui +0P) (13 + 03) — pius = ofoy + piog + uior.

15. (a) Let U, and U, be the measurements obtained using the voltmeter for V; and V5, respec-
tively. Then V|, = U; + X, and V, = U; + X,, where X and X,, the measurement
errors, are independent random variables with mean 0 and variance o2. So the error
variance in the estimation of V| and V, using the first method is o2,

(b) Let U; and U, be the measurements obtained,using the voltmeter, for V and W, respec-
tively. Then V = Us+ X3 and W = U,+ X4, where X3 and X4, the measurement errors,
are independent random variables with mean 0 and variance o2. Since (Us + Uy)/2 is
used to estimate Vi, and (U; — U,)/2 is used to estimate V5,

_V+W_U3+U4+X3+X4
Ty T T 2

and
V—-W U;—-Us X3—X4
V = = s
? 2 > T2
we have that, for part (b), (X3 + X4)/2 and (X3 — X4)/2 are the measurement errors in
measuring V| and V;,, respectively. The independence of X3 and X4 yields

! 1, 5 o2

X X
Var(ﬁ -

2

and

2

X3 — X4 1 1 5, 5 _0
Var<T> = Z[Var(XS) +Var(X4)] = Z(G + o ) = 7

Therefore, the error variances in the estimation of V| and V5, using the second method,
is 02 /2, showing that the second method is preferable.
16. Let r be the annual rate of return for Mr. Ingham’s total investment. We have
Var(r) = Var(0.187; + 0.40r, + 0.42r3)
= (0.18)* Var(ry) + (0.40)* Var(r,) + (0.42)* Var(r3)
+ 2(0.18)(0.40)Cov(ry, r2) + 2(0.18)(0.42)Cov(ry, r3)
+2(0.40)(0.42)Cov(r,, r3)
= (0.18)*(0.064) + (0.40)*(0.0144) + (0.42)*(0.01)
+2(0.18)(0.40)(0.03) + 2(0.18)(0.42)(0.015) + 2(0.40)(0.42)(0.021)
= 0.01979.
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Hence the standard deviation of the annual rate of return for Mr. Ingham’s total investment is

+/0.01979 = 0.14.

17. Let ry, 2, and r3 be the annual rates of return for Mr. Kowalski’s investments in financial
assets 1, 2, and 3, respectively. Let r be the annual rate of return for his total investment.
Then, by Example 4.25,

r = 0.25r; + 0.40r, + 0.35r5.

Since the assets are uncorrelated, we have
E(r) = (0.25)(0.12) + (0.40)(0.15) + (0.35)(0.18) = 0.153,
Var(r) = (0.25)%(0.08)% + (0.40)%(0.12)% + (0.35)%(0.15)* = 0.00546,

o, =/ Var(r) = 0.074.

Hence r ~ N(0.153, 0.00546). Let X be the total investment of Mr. Kowalski. We are given
that X = 50, 000. Let Y be the total return of Mr. Kowalski’s investment next year. The

desired probability is
Y—-—X 10,000
P(Y—X210,000)2P< > )
X 50, 000
0.2 —-0.153
— P(r>02) = P(z > —>
0.074

=P(Z>064)=1—-(0.64) =1—-0.7380 = 0.2611.

18. (a) We have that

1 1 5 8 1 1 ) 4
E(X) = 8x ydydx:E, EY) = 8xy dydx:§,
0 X 0 X

) 1 pl ; 1 5 Lopl 3 2
E(X7) = 8x ydydx=§, E(Y) = 8xy dydx=§,
0 X 0 X

1 pl
4
E(XY):/ / 8x2y2dydx:§,
0 Jx

C X, Y E(XY E(X)E(Y 4 8 4 4
ov(X,Y) = E(XY) - E(X) ()—§—E‘§—ﬁ,
Var(X 1 81\2 11 Var(Y 2 4N\2 2
a0 =3-(33) =55 Va0 =5-(3) =5
Therefore,
2 4 1

11
Var(X + V) = — 4+ — 42— — -
X +Y) =5+ 55+2 5575
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(b) Since Cov(X, Y) # 0, X and Y are not independent. This does not contradict Exercise 23
of Section 8.2 because although f(x, y) is the product of a function of x and a function of y,
its domain is not of the form

{(x,y):afxfb, cfyfd}.
In the domain of f, x and y are related by x < y.

For 1 <i < n, let X; be the ith random number selected; we have

Var(Zn:Xi) ZVar(X ) = Z (1 _ 0) = 1’1—2
i=1

By the hint,

o oo “1r 4
E(X) = / / Zxte~OtbDx gy dy = / _[—5] dy =3,
o Jo 2 o 2L+ 1)

Y B | *1 3! 1
E(Y) :/ / —x3ye”y+”dxdy=/ —y[ 4]dy— =
o Jo 2 0 +1D 2

and

Rl | 1 4!
E(XY) = / / L e 0t05 g gy = / _y[—s] dy =1
o Jo 2 o 37LO+D

Since Cov(X,Y)=1— 3 = —3 < 0,, X and Y are negatively correlated.

Note that

E[X -0’ =E[X —pn+u—1)7]

= E[(X =] +2(u = DEX — @) + (u —1)°

= E[(X —w?] + (n - 1.
This relation shows that E[(X — t)z] is minimum if (u — #)> = 0; that is, if # = . For this
value, E[(X — t)z] = Var(X).

Clearly,
Cov(la, Ip) = E(Ialp) — E(14)E(Ip) = P(AB) — P(A)P(B).

P(AB
This shows that Cov(/4, Ig) > 0 <= P(AB) > P(A)P(B) P((B)) > P(A), <—

P(A | B) > P(A). The proof that 14 and I are positively correlated if and only if P(B|A) >
P (B) follows by symmetry.




234

23.

24,

25.

26.

Chapter 10 More Expectations and Variances

By Exercise 6,

Cov(aX +bY,cZ+dW) =a Cov(X,cZ+dW)+ b Cov(Y,cZ +dW)
=ac Cov(X, Z) + ad Cov(X, W) + bc Cov(Y, Z) + bd Cov(Y, W).

By Exercise 6 and an induction on n,

n

COV(Xn:a,'Xi, ibjyj) = ZaiCOV(X,', Xm:ijj)
i=1 Jj=1 j=1

i=1

By Exercise 6 and an induction on m,

COV(X,’, ZbJYj> = ijCOV(X,’, Yj)
j=1 j=1
The desired identity follows from these two identities.

For1 < i < n,let X; = 1 if the outcome of the ith throw is 1; let X; = 0, otherwise. For
1 < j <n,letY; = 1if the outcome of the jth throw is 6; let ¥; = 0, otherwise. Clearly,
Cov(X;,Y;) =0ifi # j. By Exercise 24,

n

Cov(iX;, ZY,) - izn:ccw(x,-, Y,) = Zn:cov(xi, Y))
i i=1

- " 11 n
=Y [EXi¥) - EXDEM)] =Y (0~ < 6) -2

i=1 i=1
As expected, in n throws of a fair die, the number of ones and the number of sixes are negatively
correlated.
LetS, =Y " ,a;Xi, i = E(X;); then

n n

ES) =Y aimi,  Si—ES) =Y a(X;— ).

i=1 i=1

Thus
Var(s,) = E([imxi ~m])
i=1

= Za?E[(Xi — )]+ ZZ ZaiajE[(Xi —u)(X;— )]
i—1

i<j

= Z aiVar(X;) +2) > aia;Cov(X;, X,).
i=1

i<j
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To find Var(X), we use the following identity:

Var(i:X,) — Xn:Var(Xi) +23° Y cov(xi, X)).
i=1 i=1 i<

Now for 1 <i <n,

D ) D
E(Xi)=P(Ai)=Na E(Xl')=P(Ai)=N-

Thus
R YN NS N2 T
Also fori < j,
1 if A;A; occurs
XX, = _
0 otherwise.
Therefore,
E(X;X;) = P(A;A) = P(A |A)P(A)—D_1 b_®-DD
e A s "7 N—1 N (N—=DN’
and

COV(X[, Xj) = E(X,Xj) — E(X,)E(Xj)
_(b-1DD D D _-D(N-D)

“(N-DN N N (N—1DN?’
Substituting the values of Var(X;)’s and Cov(X;, X ;) back into (38), we get

v <o 22 e

DDty

2

235

(38)

—1
This follows since in (38), > and > Y have n and <;) = =1 equal terms, respectively.

i<j

Let X; = 1, if the ith couple is left intact; O, otherwise. We are interested in Var(Z:.’:1 X)),

where

Var( Z X;) = Xn:Var(X,-) +23° Y cov(xs, X)).
i=1 i=1

i<j
To find Var(X;), note that since Xi2 = X,

Var(X;) = E(X?) — [E(X)]* = EX)—[EX)].
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By Example 10.3,
2n—m)2n —m —1)

EX) = 2m2n — 1)

So
_ 2n—m)2Cn—m—1) 2n—m)2Cn—m—1)
VartX) = o = 1) [1- 2020 — 1) ]
To find Cov(X;, X ), note that X; X ; = 1 if the ith and jth couples are left intact; 0, otherwise.
Now
2n —4
_( m ) 2n —m)2n —m — 1)72
<2n> _[ 2n(2n — 1) ] ‘

m

Therefore,
Cov(X;, X;) = Cn—m)2n—m—1)2n —m —2)2n —m — 3)
2n(2n — 1)2n —2)(2n — 3)
_ [(211 —m)2n —m — 1)]2
2n(2n — 1) '
So
Var(ZXi) _ n(2n —m)2n—m —1) [1 _@n=m)Q2n—m— 1):|
P 2n(2n —1) 2n(2n — 1)
2n(n - D @2n—m)2n—m—-1)2n—m —2)2n —m — 3)
+ 2 |: 2n(2n — 1)(2n — 2)(2n — 3)

Q2n —m)*2n —m — 1)?
B 4n2(2n — 1)2 ]

_ @2n-m)2n—m—1) [1 2n—-—m)2n —m — 1):|
- 22n — 1) a 2n(2n — 1)

2n—m)2n—m—1)2n —m —2)2n —m — 3)
22n — 1)2n —2)(2n — 3)

+(n—1)[

Q2n —m)*Q2n —m — 1)?
B 4n2n — 1)2
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_ 2n—m)2n—m—1) | 2n—m)2Cn—m—1)
- 22n — 1) [ B 2n(2n — 1)

mn—-—1D)2n—-—m—-2)2n —m —3)
2n —2)(2n — 3)

_l’_

n-1DC2n—-—m)Q2n —m — 1)i|
a 2n(2n — 1)

_ Q2n—-—m)2n —m — 1)|:1+ mn-1DC2n—-—m—-2)2n —m —3)
221 — 1) (2n —2)(2n - 3)
2n—m)QRn—m—1)
a 22n—1) ]

10.3 CORRELATION

1. We have that Cov(X, Y) = p(X, Y)oxoy = 3; thus

Var(2X — 4Y + 3) = Var(2X — 4Y) = 4Var(X) + 16Var(Y) — 16Cov(X, Y)
= 4(4) +16(9) — 16(3) = 112.

2. By Exercise 23 of Section 8.2, X and Y are independent random variables. [This can also be
shown directly by verifying the relation f(x, y) = fx(x) fr (y).] Hence Cov(X, Y) =0, and
therefore p(X,Y) = 0.

3. Let X and Y be the lengths of the pieces obtained. Since ¥ = 1 — X, by Theorem 10.5,
p(X,Y) = —1. Since X and Y are uniform over (0, 1), ox = 1/+/12 and oy = 1/+4/12.

Therefore,
1 1 1
Cov(X. 1) = p(X Vwoy = D( =) (5) = —15

4. If a1 81 = 0, both sides of the relation are 0 and the equality holds. If a; 8; # 0, then

Cov(o1 X + an, B1Y + B2)

OuX+ay * OB 1Y+p2

pli X +on, B1Y + Bo) =

_ Cov(mX, B1Y)  apiCov(X,Y)

leer|ox - |Biloy letr||Biloxoy

= sgn(a1B)p(X,Y).

5. No, because for all random variables X and Y, —1 < p(X,Y) < 1.
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6. By Exercise 6 of Section 10.2,

Cov(X+Y,X —Y) =Var(X) — Var(Y).

Since Cov(X,Y) =0,

Ox4y - Ox—y =+/Var(X +Y) - Var(X — Y)

= |/[Var(X) + Var(v)] [Var(X) + Var(¥)]
= Var(X) + Var(Y).

Therefore,

Cov(X+Y,X—-Y) _ Var(X) — Var(Y)
Ox4y -0x—y  Var(X)+ Var(Y)’

pPX+Y,X—Y)=

. Using integration by parts, we obtain

1 (2 2 -
E(X):E/ / xsin(x+y)dxdy=z,
0 0

) 1 /2 /2 5 . sz .
E(X)=§ xs1n(x+y)dxdy:§+5_2‘
o Jo

Hence

2 2 T 7.[2

Var(X):(”_+£_2)_”_:__2+_,
8 2 16 2 16
2

By symmetry, E(Y) = % and Var(Y) = % -2+ 71T_6 Since

1 /2 /2 T
E(XY)=§/ / xysin(x+y)dxdy=5—1,
0 0

1 7
Cov(X,Y) = (— — 1) — —. Therefore,

2 16
_ Cov(X,Y) (/) —1—(x°/16)
T SNVar(X) - JVar(Y)  (/2) — 24 (n2/16)

Since p(X, Y) # =£1, there is no linear relation between X and Y.

p(X,Y) —0.245.
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10.4 CONDITIONING ON RANDOM VARIABLES

1. Let N be the number of tosses required; then
E(N)=E[E(NIX)]=E(N | X=0PX=0+EWN|X=DPX=1)
1 1 1 1
=[1+EW)]5+ (5 1452+ E(N)])E
Solving this equation for E(N), we obtain E(N) = 5.
2. We have that
E[r()] = E[E[Y(t)|X ] E[Y(r)| X <t]P(X <)+ E[Y(1) | X > t]P(X > 1)
E[aX - —(z . X)]P(X <)+ E@)P(X > 1)
4a
E(5X - —)P(X <) +atP(X > 1)
4a /11 t—4 T—1t
= [?(7) ~51G=3) ra(57)
a2 -1t —4) + 1at(7 —1).
To find the value of ¢ that maximizes E[Y(t)] we solvedi [Y(t)] = —a(—8t +47) = 0 for

t. We gett =47/8 = 5.875.

3. (a) Clearly,

E(X,| X Y S . 1+ (1 1)
al X =x)=x-=—4+(x . = — —)x.
! b b

This implies that
1
EQ X = 14+ (1= )Xo,

Therefore,

1
E(X,) = E[EGG1X,-0] = 1+ (1= 3 ) EG). (39)

Now we use induction to prove that

EX)=b—d(1- 1)". (40)
b
For n = 1, (40) holds since

b—d d 1
E(X1)=(b—d)7+(b—d+1)3=b—d(1—g).
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Suppose that (40) is valid for n, we show that it is valid for n + 1 as well. By (39),

=14 (1 =1 (1- (-1

—1 +b<1 - %) . d(l - %)"H —b —d(l - %)nﬂ.

This shows that (40) holds for n + 1, and hence for all .

(b) We have that
b b ¥
PE)= ) PE | Xy =0)PXpq=x)= ) LPXy1 =)
x=b—d x=b—d
b
1 1 d 1\n—-1
— - P(X, | =x) = —E(X,_ :1——(1——) .
bx;lx( =2 = EX,1) (1=

4. Let V be a random variable defined by
V= 1 with probability p
|0 with probability 1 — p.

Then

|y itv=1
|z itv=o.

Therefore,
EX)=E[EX|V]=EX|V=DP(V=D+EX|V=0PV =0)
=EX)p+ EZ)1 ~p).

5. The probability that a page should be retyped is

—3/2320 —3/2321 —3/2322
p=1-% é'/) _¢ 1('/) _¢ 2(/) —0.1912.

Thus E(X;) = 200(0.1912) and

200
E(X2) = E[EXIX)] = Y E(XG | X, = 0 P(X) = x)
x=0
200
= Z(O.l912)xP(X1 =x)=(0.1912)E(X,) = (0.1912)2(200).
x=0

Similarly,
E(X3) = E[E(X3]X2)] = (0.1912)°(200)
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and, in general,

E(X,) = (0.1912)"(200).
Therefore, by (10.2),

0]

E(3 %) =3 Ex) = 3 0.1912200 = 200( — 212 ) _ 4705
<Zl: i>_; (")_;(‘ ) (200 = (1—0.1912)_ o

6. Fori > 1, let X; be the length of the ith character of the message. Since the total number of
the bits of the message is Zf: , Xi, and since it will take (1/1000)th of a second to emit a bit,
we have that T = (1/1000) Zlel X;. By Wald’s equation and Theorem 10.8,

1 I i
E(T) = ——E(K)E(X)) = ——pu - — =
(1) = 1500 EEVEXD = 15564 = 1000,

1 \2
Var(T) = (m) [E(K)Var(X)) + [E(XD)]” Var(K)]

LNr o l=p 1 5,1 pud-p+o°
- () o 52 )= St
1000 2 p2 1,000, 0002

7. We have that

E(X,) = E[EX,IV)]=EX, | Y=DPY =1+ EX,|Y=0PY =0)
39 —n
52 —

=0-P(Y =D +[l+EXu1)]

This recursive relation and E(X39) = 0 imply that E(X3g) = 1/14, E(X37) = 2/14,
E(X36) = 3/14, and, in general, E(X;) = (39 —i)/14. The answer is

39 53
1+ EXp) =14+ — =— = 3.786.
+ E(Xo) +14 1

8. Let F be the distribution function of X. We have

o0

mX<n=/’Pw<Y|Y=mmw@

—00

=/ HX<wﬂW@=/ F(») g(y) dy.

o0 —00
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9. Let f be the probability density function of A; then

10.

P(N=i)=/wP(N=i|A=x)f(x)dx
0

00 e—xxi B 00 e—2xxi
= —e Ydx = —dx
0 i! 0 i!
1 /1N\i [ .
= ,—(—) / e X (2x) dx
l! 2 0

1 /1\i+1 [ . 1\i+1
= ,—(—) / e "u' du = <—) .
i'\2 0 2

In these calculations, we have used the substitution # = 2x and the relation

00 .
/ e “u'du =1l
0

Suppose that player A carries x dollars in his wallet. Then player A wins if and only if player
B carries y dollars, y € (x, 1] in his wallet. Thus player A wins y dollars with probability
1 — x. In such a case, the expected amount player A wins is (14 x)/2. Player A loses x dollars
with probability x. Therefore,

E(WIX—)—1+x (1 —x)+ (—x) 1 30
A =Xx)= > . X x-x_2 2x.

Let fx be the probability density function of X, then

1 if0<x<1

0 otherwise.

fx(x) = {
Therefore,

1
E(Wy) = E[E(W, | X)] =f E(Wa | X = x) fx(x) dx
0

/13 11,7
= / (— — —x2) dx = [—x - —x3] = 0.
0 \2 2 2 2 Jo
The solution above was presented by Kent G. Merryfield, Ngo Viet, and Saleem Watson in

their joint paper "The Wallet Paradox" published in the August-September 1977 issue of the
American Mathematical Monthly. Note the following observations by the authors.

It is interesting to consider special cases of this formula for the conditional expec-
tation. Since E(W4 | X =1)=—1and E(W4 | X =0) = 1/2, we see that a player
carrying one dollar in his wallet should expect to lose it, whereas a player carrying
nothing in his wallet should expect to gain half a dollar (the mean). Interestingly, if a
player is carrying half a dollar (the mean) in his wallet, then E(W, | X = 1/2) = 1/8;
that is, his expectation of winning is positive.
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(a) To derive the relation
. . | 1
E(Ky | Knoy =10) =@ + 1)5 +[i+1+ E(Kn)]i
1
=@0+1)+ EE(K")’

we noted the following. It took i tosses of the coin to obtain n — 1 consecutive heads. If the
result of the next toss is heads, we have the desired n consecutive heads. This occurs with
probability 1/2. However, if the result of the next toss is tails, then, on the average, we need
an additional E(K,) tosses [a total of i + 1 4+ E(K,) tosses] to obtain n consecutive heads.
This also happens with probability 1/2.

(b) From (a) it should be clear that
E(Ky | Ku) = Kyt 1)+ 3 E(K.
(¢) Finding the expected values of both sides of (b) yields
E(K,) = E(K, )+ 1+ S E(K).
Solving this for E(K,), we obtain
E(K,) =24+2E(K,-1).

(d) Note that K is a geometric random variable with parameter 1/2. Thus E(K;) = 2. Solving
E(K,) =2+ 2E(K,_) recursively, we get

EK,)=2+2"+22 4+ 42" =2(1+2+--- 42"
27— 1
2-1

=2

=22" —1).

Suppose that the last tour left at time 0. Let X be the time from O until the next guided tour
begins. Let S be the time from O until 10 new tourists arrive. The random variable S is
gamma with parameters A = 1/5 and n = 10. Let F and f be the probability distribution and
density functions of S;. Then, for ¢ > 0,

15/
J =35
To find E(X), note that

E(X)=E(X | Sio < 60)P(S1o < 60) + E(X | S0 = 60)P(S)o > 60)
= E(Sio | Sio < 60)P(S1o < 60) 4+ 60P (S0 > 60).



244

13.

Chapter 10 More Expectations and Variances

Now 0 .
1 t/5
P(S1o < 60) = / — e_’/su dt = 0.7576,
0 5 9!
and, by Remark 8.1,
1 60
E(Sip| S 60) = ——— tf(t)dt
(S10 | S10 < 60) F60) J, (@)
1 60 1 t/5)°
= f —te '3 /sy dt = 43.0815.
0.7576 J, 5 9!

Therefore,
E(X) = (43.0815)(0.7576) 4+ 60(1 — 0.7576) = 47.18.

This shows that the expected length of time between two consecutive tours is approximately
47 minutes and 10 seconds.

Let X, be the time until the first application arrives. Let X, be the time between the first and
second applications, and so forth. Then X;’s are independent exponential random variables
with mean 1/1 = 1/5 of a day. Let N be the first integer for which

lez’ X2§27 LK} XN§2’ XN+1>2'

The time that the admissions office has to wait before doubling its student recruitment efforts
is Sy+1 = X1+ X2+ -+ 4+ Xn41. Therefore,

o
E(Sy41) = E[E(Sy41 | )] = Y E(Syi1 | N =D)P(N =),
i=0
Now, fori > 0,
i+1

ESyi IN=)=EXi+Xo+ -+ Xia [N=i) =) EX;|N=i)
j=1

= [ Y ECG1X =2)]+ EXi | Xi > D),
j=1

where by Remark 8.1,
1 2
E(X;|X;<2)= —/ tf (1) dt,
T F(2) Jo

1 o0
E(Xip1 | Xiv1 >2) = I—F(Z)/ tf (1) dt,
- 2
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F and f being the probability distribution and density functions of X;’s, respectively. That is,
fort >0, F(t) =1—e™, f(t) =5e™>. Thus, for 1 < j <1,

/Oz Ste~S dt = (1.0000454)[( P é)e_ﬁ]

= (1.0000454)(0.19999) = 0.1999092

2

] —e10 0

and, for j =i + 1,

1o I\ 5%
E(Xip1 | Xip1 > 2) = ﬁ/ Stedr=e[(—1-2)e ] " =22
e 2 5

Thus, fori > 0,
E(Sy.i1 | N =1) =(0.1999092)i + 2.2.

To find P(N = i), note that fori > 0,

P(N:z):P(X1§2, X, <2, ..., X; <2, Xi+1 >2)
= [FO]'[1 = F)] = (0.9999546)' (0.0000454).

Putting all these together, we obtain
E(Sn+1) =) E(Sysi [N =0)P(N =1)

i=0
oo

= Z [(0.1999092)i + 2.2](0.9999546)' (0.0000454)
i=0

1

oo [e¢]
= (0.00000908) Z i(0.9999546)" + (0.00009988) Z(O.9999546)i

i=0 i=0
0.9999546 1
= (0.00000908) - + (0.00009988) - —————«——
(1 —0.9999546)2 1 —0.9999546
= 4407.286,
where the next to last equality follows from Y o ir' = r/(1 —r)? and Y ;opr’ =

1/(1 —r), |r| < 1. Since an academic year is 9 months long, and contains approximately
180 business days, the admission officers should not be concerned about this rule at all. It
will take 4,407.286 business days, on average, until there is a lapse of two days between two
consecutive applications.

Let X; be the number of calls until Steven has not missed Adam in exactly i consecutive calls.
We have that

Xi1+1 with probability p
X, 1+ 1+ E(X;) withprobability 1 — p.

E(X; | Xi—1) = {
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Therefore,
E(X;) = E[E(X; | Xi-p] = [EXi—0) + 1]p + [EXi—) + 1+ EX)]( — p).
Solving this equation for E(X;), we obtain

1
E(X;) = ;[1 + E(Xi—l)]-

Now X is a geometric random variable with parameter p. So E(X;) = 1/p. Thus

1 1 1
E(X») = ;[1 + EX)] = ;(1 + ;>’

1 1 1 1
E(X;3) = ;[1 +E(Xy)] = ;(1 to ?)’

! 1,1 ! L a/ph-1_ 1-p*
EX)y=—(1+—+ —+---+ - . — )
X0 p< p p? p"*1> p d/p—1  pk1—p)

15. Let N be the number of games to be played until Emily wins two of the most recent three

games. Let X be the number of games to be played until Emily wins a game for the first time.
The random variable X is geometric with parameter 0.35. Hence E(X) = 1/0.35. First, we
find the random variable E(N | X) in terms of X. Then we obtain E(N) by calculating the
expected value of E(N | X). Let W be the event that Emily wins the (X 4+ 1)st game as well.
Let LW be the event that Emily loses the (X + 1)st game but wins the (X + 2)nd game. Let
L L be the event that Emily loses both the (X + 1)st and the (X + 2)nd games. Given X = x,
we have

E(N|X=x)=x+DPW)+ (x+2)P(LW)+[(x +2) + E(N)]P(LL).
So

E(N | X =x) = (x + 1)(0.35) + (x + 2)(0.65)(0.35) + [(x +2) + E(N)](0.65)*.

This gives
EN| X =x)=x+4(04225)E(N) + 1.65.
Therefore,
E(N|X)=X+4 (04225)E(N) + 1.65.
Hence

E(N) = E[E(N | X)] = E(X) + (0.4225)E(N) + 1.65 = ﬁ + (0.4225)E(N) + 1.65.

Solving this for E(N) gives E(N) = 7.805.
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Since hemophilia is a sex-linked disease, and John is phenotypically normal, John is H.
Therefore, no matter what Kim’s genotype is, none of the daughters has hemophilia. Whether
a boy has hemophilia or not depends solely on the genotype of Kim. Let X be the number
of the boys who have hemophilia. To find, E(X), the expected number of the boys who have
hemophilia, let

0 if Kimis hh

Z =41 ifKimis Hh

2 ifKimis HH.

Then

E(X)=E[E(X | 2)]
=EX|Z=0PZ=0)+EX|Z=DP(Z=D+EX|Z=2)P(Z=2)
= 4(0.02)(0.02) + 4(1/2)[2(0.98)(0.02) ] + 0[0.98)(0.98)] = 0.08.

Therefore, on average, 0.08 of the boys and hence 0.08 of the children are expected to have
hemophilia.

Let X be the number of bags inspected until an unacceptable bagis found. Let K,, be the number
of consequent bags inspected until #» consecutive acceptable bags are found. The number of
bags inspected in one inspection cycle is X + K,,. We are interested in E(X + K,;) =
E(X) + E(K,;). Clearly, X is a geometric random variable with parameter «(1 — p). So
E(X) =1/[a(l = p)]. To find E(K,,), note that Vn,

E(Kn) = E[E(Kn | anl)]-
Now
EK, | Kper=0)=@G+Dp+[i+1+EK)](1-p)
=>(l+1D)+{—-pEWK,). 41)

To derive this relation, we noted the following. It took i inspections to find n — 1 consecutive
acceptable bags. If the next bag inspected is also acceptable, we have the n consecutive
acceptable bags required in i + 1 inspections. This occurs with probability p. However, if
the next bag inspected is unacceptable, then, on the average, we need an additional E(K,)
inspections [a total of i + 1 + E(K},) inspections] until we get n consecutive acceptable bags
of cinnamon. This happens with probability 1 — p.

From (41), we have
E(Ky | Kn—1) = (Ky—1 + 1) + (1 = p)E(K,).
Finding the expected values of both sides of this relation gives

E(K,) = E(Ky—1) + 1+ = p)E(K,).
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Solving for E(K,), we obtain

E(K,) =+ 4 B
P p

Noting that E(K;) = 1/p and solving recursively, we find that

1 1 1
EK)=—+—5++—.
p P p
Therefore, the desired quantity is

E(X + Ky) = E(X) + E(Ky)

1 1 1 1
:—+—(1+—+~-+ )

all—p) p\ p pm!
e
! (;)  (l-a)p"+a
al—p) p 1 _, ap™ (1 - p)
P

18. For 0 < ¢ < 1, let N(t) be the number of batteries changed by time 7. Let X be the lifetime

of the initial battery used; X is a uniform random variable over the interval (0, 1). Therefore,
fx, the probability density function of X, is given by

1 if0<x <1
fX(x):{

0 otherwise.

We are interested in K (1) = E [N (t)]. Clearly,
o0
E[N®] = E[E[N® | X]| = / E[N(®) | X = x] fx(x) dx
0
t t
= / 1+ E[NG =0 |dx =1+ / E[N(t — x)] dx
0 0
t
=t+ / K (u)du,
0
where the last equality follows from the substitution ¥ = ¢ — x. Differentiating both sides of
Kit)=t+ fot K (u) du with respect to ¢, we obtain K "(t) = 1 + K (1) which is equivalent to
K'(t)y
1+K@)

Thus, for some constant c,
In[1+K@®)]=t+c,
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or,
1+ K@) =e™.

The initial condition K (0) = E[N(0)] = 0 yields ¢ = 1; so
K(t)=¢ —1.
On average, after 950 hours of operation, K (0.95) = 1.586 batteries are used.
Since E(X|Y) is a function of Y, by Example 10.23,
E(XZ) = E[E(XZ|Y)] = E[E[XE(XlY)|Y]]

= E[E(X|Y)E(X|Y)] = E(Z%).

Therefore,
E[(X _ E(X|Y))2] = E[(X - 2)"]

= E(X?>=2ZX+ 7% = E(X*) —2E(ZY) + E(Z%

= E(X*) — E(Z*) = E(X*) — E[E(X|Y)*].
Let Z = E(X|Y); then

Var(X|Y) = E[(X — Z2)*|Y]
=E(X?-2XZ+ Z*Y)
= E(X%|Y) —2E(XZ|Y) + E(Z*|Y).
Since E(X|Y) is a function of Y, by Example 10.23,
E(XZ|Y) = E[XEX|)|Y] = EXIV)E(X|Y) = Z°.
Also
E(Z*|Y) = E[E(X|Y)*|Y] = E(X|Y)* = Z°
since, in general, E[f(Y)|Y] = f(Y):if Y = y, then E[f(Y)|Y] is defined to be
E[f(IIY =y] =E[fODIY =y] = f().
Therefore,

Var(X|Y) = E(X*|Y) —2Z% + Z> = E(X?|Y) — E(X|Y)%

By the definition of variance,
N

(3 3) = (L) ] - [(20)]

i=1 i=1

249

(42)



250 Chapter 10 More Expectations and Variances

where by Wald’s equation,

[E(ZN:X,-)T = [EX)EMN] =[EN] - [ECO] (43)

Now since N is independent of {X |, X5, ...},

Thus

N > n

E[(ZX) ] iE(;Xf—i—ZZZXin)P(N:n)

i=1 n=1 i= i<j

== [nE(Xz) +23°% E(X,-)E(Xj)]P(N = n)

n=1 i<j

= E(X?) ZnP(N =n)+ ZZ(;>E(X)E(X)P(N =n) =
n=1 n=1

= EX)EN) + [EO]" Y nn = HP(N = n)

n=1
= EX)E(N) + [E(X)]ZE[N(N - D]
= E(X)EN) + [EXO]PE(N? — [ECO]E(N).

Putting this and (43) in (42), we obtain
N
Var( 3 X,») = EXD)EWN) + [ECOVEWNY = [EOVEWN) - [ENT[EX]
i=1

= EW)(EX) = [EQOT) + [EOT (EW) = [EWT).
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Therefore,
N

Var< 3 X,-) — E(N)Var(X) + [E(X)]*Var(N).

i=1

10.5 BIVARIATE NORMAL DISTRIBUTION

1. The conditional probability density function of Y, given that X = 70 is normal with mean
E(Y | X=x)=uy+ ,0—(x ~ px) = 60 + (0. 45)( )(70 71) = 59.595,

and standard deviation

0y ixex = (1 = pDof =271 — (0.45)2 = 2.411.

Therefore, the desired probability is

Y —59.595 59 — 59.595
P(Y >59| X =70) = ( 9395 39 —59.59 ‘X:70)

2411 2411
=1—-®(-0.25) = ¢(0.25) = 0.5987.

2. By (10.24),
1
Fxy = 162716 p[162( +y)]

(a) Since p = 0, X and Y are independent normal random variables with mean 0 and standard

deviation 9. Therefore,

X — Y 12
P(X<6,Y<12)=P(X <6)P(Y < 12)=P< 5 0 Sg)P< 120_ 9)
= $(0.67)P(1.23) = (0.7486)(0.9082) = 0.68.

(b) To find P (X 24v2< 36), we use polar coordinates.

P(X?>+Y? -
P(X* + Y2 < 36) 162 // 162x —I—y)]a’ydx
x24+y2<36
2 2r
2
=L ar ae.
/ T ) 162 ¢

Now let u = r?/162; du = (2r/162)dr and we get

1 2 2/9
P(X*+Y? <36) = 2—/ (/ e du) do=1—e?°=028.
T Jo 0
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3. Note that
Var(aX + Y) = o’} + o + 2ap(X, Y)oxoy.

d
Setting —Var(eX + Y) =0, we geta = —p(X, Y)ﬂ.
do Ox
4. By (10.24), f(x, y) is maximum if and only if Q(x, y) is minimum. Let z; = *THX and
Ox
2= 2™ Then |p| < 1 implies that
Oy

O(x,y) =22 —2pz120 + 25 > 22 — 2|pz122| + 23

2 2 2
> 71 —2luznl+ 3= (|Z1| - |Z2|) > 0.

This inequality shows that Q is minimum if Q(x, y) = 0. This happens at x = pux and
y = uy. Therefore, (ix, (y) is the point at which the maximum of f is obtained.

5. We have that

fX(x):/ 2dy =2x, 0<x <1,
0

1
fy(y>=f 2dx =20 —y), 0<y<l,
:

1

2
Sxiy(xly) = = , y<x<l.
X 21—y) 11—y

2 1
frixQlx)=—=—-, O0<y<ux.
2x  x
Therefore,

1
dx:—;y, O0<y<l,

1 1
1
E(X|Y=y>=f fo|Y<x|y>dx=/ -
y y -y

X X 1 X
E(Y|X=x)=/ yfy|x(y|x)dy=/ y—dy=—=, O<x<l.
0 0o X 2

Now since E(Y | X = x) is a linear function of x and E(X | Y = y) is a linear function of y,
by Lemma 10.3,
x

Oy
py +p—(x — pux) =
Ox 2
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and -
Ox y
ux +p— Gy —puy) = ——.
Oy 2
These relations imply that
Oy 1 Ox 1
p— == and p— = —.
Ox 2 Oy 2
2 Oy Ox 1
Hence p > Oand p° = p— - p— = —. Therefore p = 1/2.
Ox Oy 4

. We use Theorem 8.8 to find the joint probability density function of X and Y. The joint
probability density function of Z and W is given by

1 1
fz,w) = 5—exp [— 5@+ w2)].

Leth;(z, w) = o1z+p and hy(z, w) = oz(pz+\/1 —p? w) + wo. The system of equations

o1 z+pur=x
o(pz+y/1—p2w)+ur=y

defines a one-to-one transformation of R? in the zw-plane onto R? in the xy-plane. It has a
unique solution
X

Z 9
of]

w =

1 [y—uz e —m)]
J1—p2Lt o2 o1

for z and w in terms of x and y. Moreover,

1
— 0
01 1

J= = ———— #0.

B P 1 o102/ 1 — p?
o1/ 1 —p? 02/ 1 — p?

Hence, by Theorem 8.8, the joint probability density function of X and Y is given by

1 f<x—m 1 [y—uz_px—m])
0102y/1 — p? o 1—p2L 02 o

1 1

Noting that f(z, w) = T exp [— E(Zz + wz)] Straightforward calculations will result in
T

(10.24), showing that the joint probability density function of X and Y is bivariate normal.
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7. Using Theorem 8.8, it is straightforward to show that the joint probability density function of
X 4+ Y and X — Y is bivariate normal. Since

Cov(X +Y, X —Y)  Var(X) — Var(Y) _

Ox+y "Ox—y Ox+y "Ox—y

pX+Y, X-Y)= 0,

X 4+ Y and X — Y are uncorrelated. But for bivariate normal, uncorrelated and independence
are equivalent. So X 4+ Y and X — Y are independent.

REVIEW PROBLEMS FOR CHAPTER 10

1. Number the last 10 graduates who will walk on the stage 1 through 10. Let X; = 1 if the ith
graduate receives his or her own diploma; 0, otherwise. The number of graduates who will
receive their own diploma is X = X; + X, 4+ --- 4+ X,,. Since

1 1 1
Exy=1-~+0(1--)=—,
n n n
we have
1
E(X)=EX)+EX) +-+EX) =n-~=1.
2. Since
2 5
E(X) = f x?* —2x)dx = 3
1
and
2 49
EX? = / Qx* —2x3) dx = —,
| 10
we have that
EX} 42X -7 = p + 10 7= 57
100 3 30
3. Since
1 [ r? 1
E(X?) = _/ / GBx>+x°y)dydx = =,
and

1

e 4 2.2 94
E(XY)=- 3 + dydx = —
( ) 3/0/(;(xy x“y)dydx 135

1 188 511
we have that E(X? +2XY) = - + — = —.
2 135 270
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4. Let X1, X5, ..., X, be geometric random variables with parameters 1, (n — 1)/n, (n — 2)/n,
..., 1/n, respectively. The desired quantity is

n n
EXi+ X0+ +X))=14+—-+
n—1 n-—2

1 1
:1+n( +—+-~-+—+1):1+nan_1.

n—1 n-2 2

+--+n

5. Let X be the number of tosses until 4 consecutive sixes. Let Y be the number of tosses until
the first non-six outcome is obtained. We have

E(X)=E[EX|Y)] = Z EX|Y =P =i)

i=1
EX | Y:i)P(Y:i)—l—ZE(X |Y =i)P(Y =1i)
1 i=5

i rl(e) () () ()

1 i=5

|
.ML

1

Il
B

i

This equation reduces to

EC0 = [1+ BT + [+ E00]g - g+ [+ E0](0) ()
<+ £0)() () (DT

Solving this equation for E(X), we obtain E(X) = 1554.

6. f(x,y,2) = 2x)2y)22),0 < x < 1,0 <y < 1,0 <z < 1. Since2x,0 <x < 1
is a probability density function, 2y, 0 < y < 1 is a probability density function, and 2z,
0 < z < 1 is also a probability density function, these three functions are fx(x), fy(y), and

fz(2), respectively. Therefore, f(x, y, z) = fx(x) fr(y) fz(z) showing that X, Y, and Z are
independent. Thus

p(X,Y)=pY,Z)=p(X,Z)=0.
7. Since Cov(X,Y) =oyoyp(X,Y) =2,

Var(3X — 5Y +7) = Var(3X — 5Y) = 9Var(X) + 25Var(Y) — 15Cov(X, Y)
=94225 -30 = 204.

8. Clearly,

px() = p(1, 1)+ p(1,3) = 12/25, px(2) = p(2,3) = 13/25;
py() = p(1, 1) =2/25, pr(3) = p(1,3) + p(2,3) = 23/25.
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Therefore,
12/25 ifx =1 2/25 ify=1
px(x) = pr(y) =
13/25 ifx =2, 23/25 ify =3.
These yield
E(X) =1 12_’_2 13 _ 38
25 25 25’
23 71

2
EY)=1-—+3.2==_,
) 251725725

I o 0 I oo Lo o 22
E(XY) = (D(Ug(l + 19+ (1)(3)5(1 +39) + (2)(3)£(2 +3%) = 5

Thus
22 38 71 52
CoviX, Y)=EXY)—EX)EY)=— — — - —

9. In Exercise 6, Section 8.1, we calculated p(x, y), px(x), and py(y). The results of that
exercise yield

12
E(X) =) xpx(x) =T,
x=2

5
E(Y) =) ypr(y) =35/18;

y=0
12 5
E(XY)=) "> xyp(x,y) =245/18.
x=2 y=0
Therefore,
Cov(X,Y) = E(XY) — E(X)E(Y) = (245/18) — 7(35/18) = 0.

This shows that X and Y are uncorrelated. Note that X and Y are not independent as the
following shows.

1/36 = p(2,0) # px(2)py(0) = (1/36)(6/36) = 1/216.

10. Let p be the probability mass function of | X — Y|, ¢ be the probability mass function of X +Y,
and r be the probability mass function of |X? — Y?|. We have

x |0 1 2
p(x) | 726/1296  520/1296 50/1296,
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x |0 1 2 3 4
q(x) | 625/1296 500/1296 150/1296 20/1296  1/1296,

x| 0 1 3 4
r(x) | 726/1296 500/1296 20/1296  50/1296.

Using these we obtain

760 620 864
E(IX?>-Y?) = — E(IX-Y|)= — EX+Y)= —
(I ) 1296’ (I ) 1296’ X+7) 1296’
720
E(IX-Y]*) = 1296 E[(X+Y)] =1, ojx—y| = 0.572,
Ox+y = 0.831.
Therefore,

Cov(|X — Y|, X +7)

,0(|X—Y|, |X+Y|) N O|X-Y| * OX+Y

CE(IX2-Y))—E(IX - Y))E(X+7Y)

O|X-Y| " OX+Y

_(760/1296) — (620/1296)(864/1296)
B (0.831)(0.572)

= 0.563.

11. One way to solve this problem is to note that the desired probability is the area of the region
under the curve y = sinx from x = 0 to x = /2 divided by the area of the rectangle

[0, 7/2] x [0, 1]. Hence it is
/2
sinx dx
| E

/2 T
A second way to find this probability is to note that (X, Y) lies below the curve y = sin x if
and only if Y < sin X. Noting that f, the probability density function of X is given by

— if0<x<z
f@)y=4{™ 2

0  otherwise,

and conditioning on X, we obtain

. 7/ . 2sinx —0 2

P(Y <sinX) = PY <sinX | X =x)f(x)dx = — - —dx
0 0 1-0 T

/2

2
—
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12. (a) Clearly,

fx(x)=/ e tdy=xe*, 0<x<oo0,
0

o
fr») =/ e fdx=¢", 0<y<oo.
y
(b) we have that

o oo
E(X) =/ xZe ™ =2, E(Y) =/ ye ™ =1,
0 0

E(Xz) :/ xe ™ dx =6, E(YZ) = / yle™ =2.
0 0

Therefore, Var(X) = 2 and Var(Y) = 1. Also

o0 o0
E(XY):/ / e “dxdy=3.
0 Jy

E(XY) — E(X)E(Y)  3-2
1

Thus

p(X,Y) = =
Ox0y 2

s~

13. Let h(er, B) = E[(Y — o — BX)?]. Then
h(a, B) = E(Y?) + o + B*E(X?) — 20 E(Y) — 2BE(XY) + 2aBE(X).

oh oh
Setting Fyoie 0 and % = 0, we obtain
o
a+EX)B=E®Y)
E(X)a + E(X*)B = E(XY).

Solving this system of two equations in two unknowns, we obtain

_ Cov(X,Y) __ poxoy oy

2 2 - p b
oy oy ox

Oy
o =Uy — P—Hx-
Ox

o
Therefore, Y = uy + ,O—Y(X — Ux)-
ox

14. We have that

E(X)=/ / xyey(l”)dydx=/ a (/ (1+x)yey(1“)dy) dx.
o Jo o 1+x\Jo




15.

16.
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Now [;(1 + x)ye > dy is the expected value of an exponential random variable with
parameter 1 + x, soitis 1/(1 + x). Letting u = 1 + x, we have

o0 X oy —1
E(X):/ —dx:/ du
o (14+x)? 1 u?

:/ —du—/ —du=1Inu — 1 =o00.
1 u | ou? 1
(b) To find E(X|Y), note that
o0 oo
(x,y)
Ex v =y= [ spema= [ L2
0 0 fr(y)

where
o0 o0
fr(y) = / ye 7 gy = ey/ ye Y dx =e.
0 0

Note that f0°° yve " dx = 1because ye* is the probability density function of an exponential
random variable with parameter 1. So

ye Ve

o0 oo 1
E(X|Y=y)=/ X dx:/ xye dx = —,
0 0 y

e
where the last equality holds because the last integral is the expected value of an exponential
random variable with parameter y. Since Vy > 0, E(X | Y =y) =1/y, E(X|Y)=1/Y.

Let X and Y denote the number of minutes past 10:00 A.Mm. that bus A and bus B arrive at
the station, respectively. X is uniformly distributed over (0, 30). Given that X = x, Y is
uniformly distributed over (0, x). Let f(x, y) be the joint probability density function of X
and Y. We calculate E£(Y) by conditioning on X:

o0

30
E(Y)=E[EY|X)] = / E(Y | X =x) fx(x)dx =/ L=
0

—0Q

Thus the expected arrival time of bus B is 7.5 minutes past 10:00 A.m.

To find the distribution function of ZlN: 1 Xi, note that

P(gxigt)

N

iP(ZXi <t|N=n)PWN=n)

i=1

S

n

iP(in <t[N=n)P(N =n)

n=1 i=1

n

iP(ZX,- < t)P(N —n),

n=1 i=1
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where the last inequality follows since N is independent of {X 1, X2, X3, ... } Now Y ' X;
is a gamma random variable with parameters n and A. Thus

N 00
t B (kx)n—l i| B
P(> X = he N ————dx | (1—p)"!
(; §t> 2_;[/0 Lo (U Ol
o0 t _ n—1
=~ J, (n—1)!

, > [r(1 = px]"
)Lpe_“z%dx

S~

n=1
t
)Lpekaek(lfp)x dx

t
Ape PYdx =1 — e M,

o—

This shows that Z,N: | X; is exponential with parameter Ap.

17. Let X1, X5, ..., X, ..., X0 be geometric random variables with parameters 1, 19/20, ...,
[20 — (i — 1)]/20, ..., 1/20. The desired quantity is

20 20 20 20
E(ZX,-) 2 E(X,) = ; ooy = s

=



Chapter 11

Sums of ]nd@p@nd@nt

Rand(»m Variabl@s
and Limit[ Th@@r@ms

11.1 MOMENT-GENERATING FUNCTIONS

5
1. Mx@t) = E(etx) = Ze”‘p(x) = %(e’ + e 4 e¥ 4 e +eSl).

x=1

2. (a)Fort #0,

3

1
MX(t)zE(e’X)zf 2

—1

whereas for t = 0, Mx(0) = 1. Thus

! (e —e ) if 1 #0
- i

My() = {4\ 1
1 if r =0.

N —1+3 3-D] 4
Since X is uniform over (—1, 3), E(X) = — = 1 and Var(X) = 1 = 3
(b) By the definition of derivative,

, . Mx(h)—Mx@©) . lseh—e™
B0 = My(0) = fim S i ()
e —eh —4p 3 peh—4 _9e3 —emh
=lim————=lim———— =lim——— =1,
h—0 4h? h—0 8h h—0

where the fifth and sixth equalities follow from L’Hoépital’s rule.
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3. Note that

o]

o 00
Mx(t) = E(etX) _ Zetx . 2(%) — ZZetx Lo X3 _ 2ZeX(t_ln3)‘
x=1 x=1

x=1

Restricting the domain of Mx(¢) to the set {t: t < In 3} and using the geometric series
theorem, we get

etfln3 2!
Mx(t) = 2(1 — e’*1“3> =3

(Note that e~"? = 1/3.) Differentiating My (), we obtain

ML) = 6¢’
SR
which gives E(X) = M (0) = 3/2.

4. Fort =0, Mx(0) = 1. For t # 0, using integration by parts, we obtain

: tx 2" 2 2
Mx(t) = [ 2xe™dx=— - — + =.
0 t ! t

5. (@) Forr =0, Mx(0) = 1. Fort # 0,

1 1 1
Mx(@) = / e 6x(l—x)dx = 6/ xe dx — 6/ xZe™ dx
0 0

0

t t2+t3 13

=6<e_t_e_t 1)_6<e’ 2" 2¢ 2)_12(1_ef)+6(1+et)‘

F T ete 13 12

(b) By the definition of derivative,

12(1 — &) N 6(1+¢€") i
Mx (1) — Mx(0) lim 3 12
t T 50 t

E(X) = My(0) = lim

20— F6t(l+e) -1 1
= lim = —,
t—0 t4 2

where the last equality is calculated by applying L’Hopital’s rule four times.

6. Let A be the set of possible values of X. Clearly, Mx(t) = Y rea € p(x), where p(x) is the
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probability mass function of X. Therefore,

M (1) =) xe™ p(x),

xeA

My@) =) x*e™p(x),

xeA

M (1) =) x"e"p().

xeA

Therefore,

MY (0) =) " x"p(x) = E(X").

xeA

. (a) By definition,

& e X o t\x
Mx (1) = E(e'¥) = Ze” Y ey x') = e "exp(re') = exp[A(e' — D].
x=0 x=0 ’

My (1) = re'exp [A(e' — 1]

My (1) = (re') exp [(e' — D] + re’ exp [A(e’ — 1)],
we obtain E(X) = M4 (0) = A and E(X?) = My(0) = A2 + A. Therefore,

Var(X) = W +1) — A% = 1.
. The probability density function of X is given by

1
f(x)y=b—a

0 otherwise.

ifa<x<b

Therefore, for t £ 0,

b
_ X\ _ 1 1x _ e —e
My(t) = E(e )_/a b—a’ dx_b—a( ‘ )

whereas for r = 0, Mx(0) = 1. Thus

1 th ta

e — e
_ — ift 20
My (1) = b—a( p ) it #
1 ifr =0.
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9. The probability mass function of a geometric random variable X, p(x) with parameter p is
given by
p) =pg*', g=1-p, x=123...

Thus - -
My(t) =Y pg*~'e" = gz (g¢')"-
x=1 x=1

Now by the geometric series theorem, Y -, (qf'e’f )x converges to (qe’) /(1 —ge' ) ifge' <1
or, equivalently, if # < — In g. Restricting the domain of My (¢) to the set {r: t < —Ing}, we

obtain N
P N P ge pe'
Mx(t) = & ==. = )
x (1) q;%w) e T—gr = T=g7
Now 1 t 2t
pe pe + pqge
My() = 7= and M) = "5 5
(I —gqe") (I —qe')
Therefore,
, p 1
EX)=M,(0)= ——— = —.
X (1—-¢g? p
and 1+ 1+
E(X?) = MJ(0) = p( q3) _1ta
(I—¢q) p
Thus ! !
Var(X) = E(X*) — [E(X)] = ;rzq -~ %.

10. Let X be a discrete random variable with the probability mass function p(x) = x/21, x =
1,2,3,4,5, 6. The moment-generating function of X is the given function.

11. X is adiscrete random variable with the set of possible values {1, 3, 4, 5} and probability mass
function

x |1 3. 4 5
p(x) | 5/15 4/15 2/15 4/15.

12. We have that

t
1
Mox 11 (1) = E[e® D] = e E(e*) = e' My (21) = ﬁ <3
13. Note that
My(t) = ——, My@) = %
T e-ny T T -0y
Therefore,
E(X) = M, (0) = 24 _3 E(X?) = MY(0) = % _ 3
I TR I VR

and hence Var(X) =3 — (9/4) = 3/4.
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. Since for odd r’s, M)({) (t) = (' — e ")/6 and for even r’s, M)((")(t) = (e' +e7")/6, we have
that E(X") =0ifrisodd and E(X") = 1/3 if r is even.

. For a random variable X, we must have Mx(0) = 1. Since ¢/(1 — ¢) is 0 at 0, it cannot be a
moment-generating function.

. (a) The distribution of X is binomial with parameters 7 and 1/4.
(b) The distribution of X is geometric with parameter 1/2.

(c) The distribution of X is gamma with parameters r and 2.
(d) The distribution of X is Poisson with parameter A = 3.

. Since

My (1) = (%e' + %)4

X is a binomial random variable with parameters 4 and 1/3; therefore,

rr=2=2 ()5 6) =5

i=

. By relation (11.2),

MX(t)—X(;— :X_(;(Znt.)" o2

This shows that X = 2 with probability 1.

. We know that for ¢ # 0,
el —1 B e —1

(1=0) ¢

Mx(t) =

Therefore, for ¢ # 0,
M xip(t) = E[e’(“x+b)] = eb’E[e“tX] = " My (at)
ar _ 1 elatbir _ bt

ar [(a+b)—b]t’

which is the moment-generating function of a uniform random variable over (b, a + b).

b €

=e

. Let u, = E(Z™"); then

oo [e¢]
My (©0) , n on
Mx(t) = EO o "= Eo—n!t . (44)

Now e’ = > > (t"/n!). Therefore,

> >, (12)2)" 2. @2n)! >
t°/2 __ _ —
¢ _Z n _Zznnv_z 2 Q)

n=0 : n=0 : n=0
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(2n)!

comparing this relation with (44), we obtain E(Z*'t') = 0, Vn > 0 and E(Z*") = TINE
"n!

Vn > 1.

21. By definition,

)\.r o0 )\‘r o0
Mx(t) = / Fx e dx = / pt=0x r=1 g
') Jo ) Jo

This integral converges if t < A. Therefore, if we restrict the range of My () tot < A, by the
substitution u = (A — f)x, we obtain

M) — A /oo e—uur—ld _ A F(}") B A r
x(1) = re)yJo =10 “TTe) -0 <A—t>

Now M (1) = rA"(h —1)~"~; thus E(X) = M (0) = r/A. Also
M6 =r(r+ DV (O —0)7" 7%

therefore, E(X?) = M} (0) = [r(r + 1)]/A2, and hence

A

r(r+1) _<r)2_ r
Az

Var(X) = = —

22. (a) Let F be the distribution function of X. We have that
P(—XSI):P(XZ—[):/ f(x)dx.
—t
Letting ¥ = —x and noting that f(—u) = f(u), we obtain

P(—Xsr)=f_oo f(=u) (—du)=f F)du = F(o).

This shows that the distribution function of —X is also F.
(b) Clearly,

Mx(—t) = /00 e ™ f(x)dx.

oo

Letting u = —x, we get
o0 o0
Mx(—t) = / e f(—u)du = / e f(u)du = Mx(t).

A second way to explain this is to note that Mx(—¢) is the moment-generating function of
—X. Since X and — X are identically distributed, we must have that Mx (t) = Mx(—1).
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23. Note that

o 6 o elx
Mx(t) = Z = PZF
x=1 x=1

Now by the ratio test,

N Gl VR 2
Iim —————— = 1lim ——¢' =¢
X—00 e’x/xz x—o00 x2 4+ 2x + 1

tx
which is > 1 for t € (0, o0). Therefore, Ziozl 6—2 diverges on (0, co) and thus on no interval
X

of the form (-6, 8), § > 0, My (t) exists.

24. Fort < 1/2,(11.2) implies that

]

My () = Z ( Dy Z(n+ HE" = IZ%(%)”“

n=0 ! n=0 n=0

2dr[z(2”"“] :% di[z(z”"— 1]= %%[ﬁ‘ 1]

_ 1 . [ 1/2 ]2

(1 =-202 Lapy—rl-
We see that for t < 1/2, My (t) exists; furthermore, it is the moment-generating function of a
gamma random variable with parameters r = 2 and A = 1/2.

25. (a) Atthe end of the first period, with probability 1, the investment will grow to

A+A%=A(l+%);

at the end of the second period, with probability 1, it will grow to

)l 1) eal

X\n
and, in general, at the end of the nth period, with probability 1, it will grow to A ( 1+ ;) .

(b) Dividing a year into k equal periods allows the banks to compound interest quarterly,
monthly, or daily. If we increase k, we can compound interest every minute, second,
or even fraction of a second. For an infinitesimal ¢ > 0, suppose that the interest
is compounded at the end of each period of length . If ¢ — 0, then the interest is
compounded continuously. Since a year is 1/¢ periods, each of length ¢, the interest
rate per period of length ¢ is the random variable X /(1/¢) = ¢X. Suppose that at time
t, the investment has grown to A(¢). Then at ¢ 4 &, with probability 1, the investment
will be

At+e)=At)+ A@) - eX.
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(c)

This implies that

P(w = XA®) =1.
Letting ¢ — 0, yields
p(1ig S5 = xa0) =1
or, equivalently, with probability 1,
A'(t) = XAQ@).

Part (b) implies that, with probability 1,

AW _
A(1)

Integrating both sides of this equation, we obtain that, with probability 1,
In[A(r)] =tX + C,

or
A1) = X ¢,

Considering the fact that A(0) = A, this equation yields A = e°. Therefore, with
probability 1,
At) = " - e = Ae'X.

This shows that if the interest rate is compounded continuously, then an initial investment
of A dollars will grow, in ¢ years, with probability 1, to the random variable Ae’ X whose
expected value is

E(Ae'™) = AE(e') = AMx(1).

We have shown the following:

If money is invested in a bank at an annual rate X, where X is a random
variable, and if the bank compounds interest continuously, then, on av-
erage, the money will grow by a factor of My (¢), the moment-generating
function of the interest rate.

26. Since X; and X ; are binomial with parameters (n, p;) and (n, p;),

E(X;) = np;, E(X;) =npj,

ox, = vnpi(1 = py), ox; = /np;j(1 = pj).
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To find E(X; X ;), note that

M(ll, lz) = E(e” Xi+t2Xj)

n n—xj

— Z Z ethi-Hsz'P(Xi =X, Xj — X/)

x,~=0xj=0

n n—x;

n! —
— § : § :etlx:'-‘rtzxj' . plxzp;/ (1 —pi — pj)n—x,'—xj
xilx;t(n —x; — x;)!

x;=02x;=0

n n—x;

= Z Z xi! x; '(n X —x; )'(e’lpi)xf (etzpj)”(l _pi— pj)”ﬂwij

x;=0x;=0

= (pie" + pje” +1—pi—p))’,

where the last equality follows from multinomial expansion (Theorem 2.6). Therefore,

2
—— (1, ) =n(n — Dp;ipjee?(pie" + pje”> +1— p; — pj)"fz,
dt; 0t
and so
E(X;X;) oM 0,0 ( 1)
i P) = ) =nmn — i i
/ 01101 PiP;
Thus
—Dpip; ; D
p(Xi, X)) = nin—1)pip; — (npi)(np;) \/ PiDj ‘
Vpi(T—pi) - /np;(1 — p)) (I =p)d—pj)

11.2 SUMS OF INDEPENDENT RANDOM VARIABLES

1. Mox(t) = E('*Y) = Mx(ta) = exp [aut + (1/2)a’c*1?].

2. Since

t

pe

My, x5 4-4x, (1) = My, (OMx, (1) - - - Mx,, (1) = [m]n’

X1+ X, + - -+ 4+ X, is negative binomial with parameters (n, p).

3. Since

A n
My, 4 xy41x, (1) = My, () Mx, (1) - - - Mx, (1) = (E> ,

X1+ X5 + -+ 4+ X, is gamma with parameters n and A.
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4. For 1 <i < n, let X, be negative binomial with parameters r; and p. We have that
My, x,4qx, () = My, ()M, (1) - - - Mx, (1)

t 13 t

- [1 — (fe— p)e’]rl[l _ (fe— p)e’]rz o [#e—mef]

pet rit+ra+-+ry
B [1 —(l—p)e’]
Thus X; + X, + - - - 4+ X, is negative binomial with parameters ry +r, + --- +r, and p.

5. Since

My, Xyt x, (1) = Mx, (1) Mx,(t) - - - Mx, (2)
() GG

( A >r1+rz+-~+rn
S\ —t ’

X1+ X, + -+ 4+ X, is gamma with parameters r| +r, + - - - 4+ r, and A.

6. By Theorem 11.4, the total number of underfilled bottles is binomial with parameters 180 and
0.15. Therefore, the desired probability is

180
( > )(0.15)27(0.85)‘53 = 0.083.

7. Forj<i,P(X=i|X+Y=j)=0.Forj>1i,

PX=i,Y=j—i) PX=DPY=j—i)
PX+Y=j) P(X+Y =)

(’?),m —pyrt ( M .)pf—"(l — pynuh (”) ( M )
_ 1 ] — 1 _ 1 ] — 1 .
(n +m>pj(1 —p)"+'"_j (n—i—m)
j j

Interpretation: Given that in n 4 m trials exactly j successes have occurred, the probability
mass function of the number of successes in the first n trials is hypergeometric. This should
be intuitively clear.

PX=i|X+Y=j)=
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8. Since X + Y + Z is Poisson with parameter A + A, + A3 and X + Z is Poisson with parameter
A1 + A3, we have that
PY=y, X+Z=t—-y)

PY =y | X4V +Z=1)=
Y=yl X+r+ ) PX+Y+Z=1)

ey eI )
! (t =y
e” MR g + Ag)
1!

. (t)( Ao )J’( A+ A3 >’*y

RN AY T Py Ry A VI P '
9. Let X be the remaining calling time of the person in the booth. Let Y be the calling time of the
person ahead of Mr. Watkins. By the memoryless property of exponential, X is exponential
with parameter 1/8. Since Y is also exponential with parameter 1/8, assuming that X and Y

are independent, the waiting time of Mr. Watkins, X + Y, is gamma with parameters 2 and
1/8. Therefore,

| 5
PX+Y>12) = / —xe B dx = Ze3? =0.558.
1 64 2

10. By Theorem 11.7, X +Y ~ N(5,9), X — Y ~ N(=3,9), and 3X +4Y ~ N(19, 130). Thus

X+Y-5 0-5
>

3 3

X—-Y+3 243
<

3 3

PX+Y >0):P( ):1—<I>(—1.67):@(1.67):0.9525,

P(X—Y <2)= P( ) — ®(1.67) = 0.9525,

and
3X +4Y —19 20-19
>
/130 /130

11. Theorem 11.7 implies that X ~ N(110, 1.6), where X is the average of the 1Q’s of the
randomly selected students. Therefore,

PBX +4Y > 20) = P( ) — 1 — (0.9) = 0.4641.

5(—110>112—110
J16 T V1.6

12. Let X, be the average of the accounts selected at store 1 and X, be the average of the accounts
selected at store 2. We have that

X, ~ N(90, %) — N@90,90) and X, ~ N(loo, %) - N(loo, ?).

P(X > 112)=P( ):1—(1)(1.58):0.0571.
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_ - 770
Therefore, X; — X, ~ N( — 10, T) and so

_ _ - - X, —X,+10  0+10
P(X1>X2)=P(X1—X2>O)=P(1 2+ + )

JTI073 . JTI03
— 1 — ®(0.62) = 0.2676.

13. By Exercise 6, Section 10.5, X and Y are sums of independent standard normal random
variables. Hence o X + BY is a linear combination of independent standard normal random
variables. Thus, by Theorem 11.7, « X + BY is normal.

14. By Exercise 13, X — Y is normal; its mean is 71 — 60 = 11, its variance is
Var(X — Y) = Var(X) + Var(Y) — 2Cov(X, Y)
= Var(X) + Var(Y) — 2p(X, Y)oxoy
=9+ (2.7)* —2(0.45)(3)(2.7) = 9.
Therefore,
X-Y—-11 §8-11
>
3 -3

P(X—YzS):P( )=1—c1>(—1)=<1>(1)=0.8413.

15. Let X be the average of the weights of the 12 randomly selected athletes. Let X, X», ...,
X, be the weights of these athletes. Since

_ 252 2
X~ N<225, i) - N<225, E),
12
we have that

P(X1~|—X2—|—~-+X1252700):P()_(§—

_P<X—225 _225-225
—\W/625/12 ~ /625/12

16. Let X, and X, be the averages of the final grades of the probability and calculus courses
Dr. Olwell teaches, respectively. We have that

1

_ 418 _ 448
X, ~ N(65, E) — N(65,19) and X, ~ N<72, E) — N(72, 16).

Therefore, X; — X, ~ N(—7, 35) and hence the desired probability is
P(IXi —X2|=2)=P(X1 — X222+ P(X; — X, <-2)
:P<X1—X2+7 . 2+7> (XI—X2+7 - —2+7)
V35 T V35 V35 T V35
=1—-®(1.52) + $(0.85) =1—-0.9352 4 0.8023 = 0.8671.
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18.
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Let X and Y be the lifetimes of the mufflers of the first and second cars, respectively.
(a) To calculate the desired probability, P(|X — Y| > 1.5), note that by symmetry,

P(IX—-Y|>15)=2P(X —Y > 15).
Now X — Y ~ N(0, 2), hence

X-Y-0_15-0
V2o T2

(b) Let Z be the lifetime of the first muffler the family buys. By symmetry, the desired
probability is

P(IX—Y|>15) :2P< ):2[1—@(1.06)] = 0.289.

2P(Y > X+2)=2P(Y - X -7 > 0).
Now Y — X — Z ~ N(-3, 3). Hence
Y-X-Z43 043
>
V3 V3

Let n be the maximum number of passengers who can use the elevator and X, X», ..., X,
be the weights of n random passengers. We must have

2PY—-X—-Z>0) :2P< ):2[1 — ®(1.73)] = 0.0836.

P(X;+ X, +--- X, > 3000) < 0.0003

or, equivalently,
P(Xi+ X, +---4+ X, <3000) > 0.9997.

Let X be the mean of the weights of the n random passengers. We must have

- 3000
P(X < ) > 0.9997.

n

. = 625
Since X ~ N<155, —), we must have
n

(i( — 155 _ (3000/n) — 155
25//n "~ 25//n

( 3000  155./n
25./n 25
Using Table 2 of the Appendix, this gives

3000 155
_ 15V 5 4
25./n 25

) >~ 0.9997,

or

) > 0.9997.

or, equivalently,
155n + 87.25+/n — 3000 < 0.
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Since the roots of the quadratic equation 155n + 87.25,/n — 3000 = 0 are (approximately)
J/n =4.127 and /n = —4.69, the inequality is valid if and only if

(v/n'+4.69)(v/n —4.127) < 0.

But /n + 4.69 > 0, so the inequality is valid if and only if \/n — 4.127 < 0 orn < 17.032.
Therefore the answer is n = 17.

19. By Remark 9.3, the marginal joint probability mass function of X1, X, . .., X is multinomial

with parameters n and (p1, p2, ..., px, | = pr — p2 —- -+ — py). Thus, letting p = p1 + p> +
-+ + prand x = x; + x3 + - - - + x;, we have that

n! X1 X2 Xk n—x
X1, X2y evv y X)) = 1— ‘
p(x1, x2 %) YA xk!(n_x)!m Py pi (1= p)
This gives
— Z n! pxlp)zfz . p,f"(l _ p)n_,-
o | | ... | — M\ 1
X1Hx2+xp=i X1: X2 xi! (n —10)!
! - il
:—1_ n—i e xz". Xk
i!(n—i)!( p) Z _xng2g...xk!p1 Py " Py
Xp+x2+txp=i

- (’Z)(l PP+ pat e+ )

n . .
T

This shows that X| 4+ X, 4+ - - - + X is binomial with parametersn and p = p;+ p2+- - -+ px.

20. First note that if Y; and Y, are two exponential random variables each with rate A, min(Yy, Y>)
is exponential with rate 2A. Now let A, A, ..., Aj; be the customers in the line ahead of
Kim. Due to the memoryless property of exponential random variables, X, the time until
Ay’s turn to make a call is exponential with rate 2(1/3) = 2/3. The time until A,’s turn to
call is X| + X5, where X5 is exponential with rate 2(1/3) = 2/3. Continuing this argument
and considering the fact that Kim is the 12th person waiting in the line, we have that the time
until Kim’s turn to make a phone call is X; + X, + --- + Xi,, where {X;, X5, ..., X2}
is an independent and identically distributed sequence of exponential random variables each
with rate 2/3. Hence the distribution of the waiting time of Kim is gamma with parameters
(12, 2/3). Her expected waiting time is 12(2/3) = 18.

11.3 MARKOV AND CHEBYSHEV INEQUALITIES

1. Let X be the lifetime (in months) of a randomly selected dollar bill. We are given that
E(X) = 22. By Markov inequality,
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P(X>6O)<22—037
- 60 T

This shows that at most 37% of the one-dollar bills last 60 or more months; that is, at least
five years.

2. We have that P(X > 2) = 2/5. Hence, by Markov’s inequality,

2 E(X)
S=PX =)< ——.
5 2

This gives E(X) > 4/5.

E(X 5
. @PX=>11)< EXO _ 5 _ 0.4545.
11 11
o2  42-25
b PX>=11)=P(X—-5=6)<P(|X—-5/>6) < AT = 0.472.
4. Let X be the lifetime of the randomly selected light bulb; we have
2500
P(X <700) < P(|X —800| > 100) < = 0.25.
10, 000

5. Let X be the number of accidents that will occur tomorrow. Then

(@ P(X >5) < % = 0.4.
L o2
() P(X=5=1-) —— =005

¢ i!
i=0

(©P(X=5=P(X-2>3)<P(IX—-2[>3)<-=0222

O N

6. Let X be the IQ of a randomly selected student from this campus; we have
15
P(X > 140) < P(|X — 110 > 30) < 500 = 0-017.
Therefore, less than 1.7% of these students have an IQ above 140.

7. Let X be the waiting period from the time Helen orders the book until she receives it. We want
to find a so that P(X < a) > 0.95 or, equivalently, P(X > a) < 0.05. But

PXza)=PX=Tza=-NsP(X-Tza=T)s . —

So we should determine the value of a for which 4/(a — 7)? < 0.05; it is easily seen that
a > 15.9 or a = 16. Therefore, Helen should order the book 16 days earlier.
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M —
5
% 1
P@>2m=Pw—u>uhﬂmX—mzwsﬁz=<
We have that
P38 <X <46)=P(-4<X—42<4)=P(|X —42| <4)
=1—P(IX — 42| = 4).

By (11.3),
_ 60 3
P(IX—42/>4) < =_.
16(25) 20
Hence
_ 3 17
PB8 <X <46)>1— — =— =0.85.
20 20
Fori =1,2,...,n,let X; be the IQ of the ith student selected at random. We want to find n,
so that

_Xit Xt X,
n

P(—3 —M<3)20%

or, equivalently, )
P(|X — u| = 3) <0.08.
Since E(X;) = p and Var(X;) = 150, by (11.3),
150
32-n

Therefore, all we need to do is to find n for which 150/(9n) < 0.08. This gives n >
150/[9(0.08)] = 208.33. Thus the psychologist should choose a sample of size 209.

P(X —pnl>3) <

Let X1, X5, ..., X,, be the random sample, 1 be the expected value of the distribution, and o>
be the variance of the distribution. We want to find n so that

P(IX — u| <20) > 0.98

or, equivalently, _
P(X — | =20) < 0.02.

By (11.3),
PUX—MV>%J<—J£——=1<
- T~ (20)*-n  4n
Therefore, all we need to do is to make sure that 1/(4n) < 0.02. This givesn > 12.5. Soa
sample of size 13 gives a mean which is within 2 standard deviations from the expected value
with a probability of at least 0.98.
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14.

15.

16.

17.

18.
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Call a random observation success, if the operator is busy. Call it failure, if he is free. In
(11.5),let ¢ = 0.05 and « = 0.04; we have

n>——————— =2500.
4(0.05)%(0.04)

Therefore, at least 2500 independent observations should be made to ensure that (1/n) Y "_,
estimates p, the proportion of time that the airline operator is busy, with a maximum error of
0.05 with probability 0.96 or higher.

By (11.5),

n> = 1666.67.
4(0.05)2(0.06)

Therefore, it suffices to flip the coin n = 1667 times independently.

E[(X - w™]
()(2”

P(IX —pul=a)=P(I1X — pul" > ™) <

E(ekX)
ekt :

By Markov’s inequality, P(X > ¢t) = P(ekx > ek’) <

By the Corollary of Cauchy-Schwarz Inequality (Theorem 10.3),
[Ex -] <E[(X-Y)’]=0.
This gives that E(X — Y) = 0. Therefore,
Var(X —Y) = E[(X = Y)*] - [EX = V)]’ =0.

We have shown that X —Y is arandom variable with mean 0 and variance 0; by Example 11.16,
P(X —Y =0) = 1. So with probability 1, X =Y.

If Y = X with probability 1, Theorem 10.5 implies that p (X, Y) = 1. Suppose that p(X, Y) =
1; we show that X=Y with probability 1. Note that E(X) = E(Y) = (n + 1)/2, Var(X) =
Var(Y) = (n*> — 1)/12, and oy = oy = (n* — 1)/12. These and

E(XY)—-EX)E(Y)

OxOy

l=pX,Y)=

imply that E(XY) = (2n? 4 3n + 1) /6. Therefore,
E[(X —Y)’| = E(X* —2XY 4+ Y?) = E(X*) + E(Y?) — 2E(XY)
= Var(X) + [E(X)]* + Var(Y) + [E(V)]* = 2E(XY)
n2—1+<n—|—1)2+n2—1 +<n—|—1)2 2n® +3n+1 _
12 2 12 2 3 B
E [(X —-Y )2] = 0 implies that with probability 1, X=Y (see Exercise 17 above).

0.
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19. By Markov’s inequality,

IA
Il
R |~
<
=

}{Xz%ma)=Pathm)=P@“za)

20. Using gamma function introduced in Section 7.4,

Fr+2) _ (41! _
n! o n! o

1 o
E(X):—'/ x"Tle ¥ dx = n+1,
0

n:

=m+1Dn+2).

o0 !
Eaﬁ=%/.W%ﬁw=FM+$=mﬁn
n:Jo :

n!
Hence 02 = (n + 1)(n +2) — (n + 1)> = n + 1. Now
PO<X<2n+2)=1—-P(X >2n+2),
and by Chebyshev’s inequality,
PX>=2n+2)=P(X—-(+D=n+1)<P(|X—(+1D|=n+1)
n+1 1

< = .
“m+1D? an+1

Therefore,
n

1
PO<X<21+41)>1- =
O=X=2ntb=l- =

11.4 LAWS OF LARGE NUMBERS

1. Since 1
1
E(X)) :/ x-4x(1 —x)dx = 3

0

by the strong law of large numbers,

lim = —

n—00 n 3

X +X e+ X, 1
P(' 1+ X2+ + ):1.

2. If X; > M with probability 1, then X, > M with probability 1 since X; and X, are identically
distributed. Therefore, X; + X, > 2M > M with probability 1. This argument shows that

(Xi>Mc{Xi+Xo>M S {X1+Xo+X5>M}C---.
Therefore, by the continuity of probability function (Theorem 1.8),

lim P(X;+Xo+ -+ X, > M)=P(lim X; +Xo+-- -+ X, > M).
n— 00 n—oo
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By this relation, it suffices to show that VM > 0,

Iim Xy +Xo+---+X,>M (45)

n—o0

with probability 1. Let S be the sample space over which X;’s are defined. Let u = E(X;);
we are given that 4 > 0. By the central limit theorem,

X, +X,+--X,
P(lim 1+ 22t :/L):l.

n—o00 n

Therefore, letting

X X X,
v=focs: {(©) + Xa (o) + w>:4,
n— 00 n

we have that P(V) = 1. To establish (45), it is sufficient to show that Vw € V,
lim X;(w) + X2(@) + -+ X, (w) = o0. (46)
n—oo

To do so, applying the definition of limit to

. Xi(w) + Xo(0) + - X, (0)
lim =

n— 00 n

’

we have that for ¢ = /2, there exists a positive integer N (depending on w) such thatVn > N,

Xi(@) + Xs(0) + -+ Xy(w) Iz
n 2

or, equivalently,

p_X@+ XK@+ K@) p

2 n k=7
This yields
X1@) + Xa(@) + - Xp@) _
n 2
Thus, foralln > N,
nu

Xi(w) + X2(@) + - Xp(w) > R
which establishes (46).

. ForO<e <1,
P(|Yn—0|>£)=1—P(|Yn—0|58)=I—P(X§n)=1—/ f(x)dx.
0

Therefore,
o
lim P(|Yn—0|>8)=1—/ f(x)dx=1-1=0,
n—o0 0

showing that Y,, converges to 0 in probability.
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4. By the strong law of large numbers, S, /n converges to p almost surely. Therefore, S,/n

converges to i in probability and hence

Sn
lim P(n(— &) < Sy <n(u+e)) = lim P(,u—a <2
n—oo n

n—o0

§M+8>

S TES

n—oo

= 1— lim P()%—,u)>8)=1—0=1.

n—oo

. Suppose that the bank will never be empty of customers again. We will show a contradiction.

LetU, =T+ T, +---+1T,. Then U, is the time the nth new customer arrives. Let W; be the
service time of the ith new customer served. Clearly, W;, W,, W3, ... are independent and
identically distributed random variables with E(W;) = 1/u. Let Z,, = T1 + W+ W)+ - -+ W,,.
Since the bank will never be empty of customers, Z, is the departure time of the nth new
customer served. By the strong law of large numbers,

. Un 1
lim — = —
n—oo n A
and
Zy . T w 1% W,
lm—=11m<—1+ 1+ W+ + >
n—oo 1 n—>o00 \ n n
T W 1% -+ W, 1 1
— lim g qim AT g D
n—-oo n n—o00 n 22 M

Clearly, the bank will never remain empty of customers again if and only if Vn,
U, n+1 < Zn

This implies that
Un +1 Z n
<

n n

or, equivalently,
n + 1 U n+1 Z n
<

n n+l n’

Thus
1 U, . Zy
lim 2 Dl oy e (47)
n—oo n n+1 n—oo n
Since lim = 1, and with probability 1, lim = —and lm — = —, (47)
n—oo n n—oo pn + n—o00 n

1
implies that 3 < — or A > u. This is a contradiction to the fact that A < u. Hence, with

n
probability 1, eventually, for some period, the bank will be empty of customers again.
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6. Suppose that the bank will never be empty of customers again. We will show a contradiction.
LetU, =T+ T, +---+ T,. Then U, is the time the nth new customer arrives. Let R be the
sum of the remaining service time of the customer being served and the sums of the service
times of the m customers present in the queue att = 0. Let Z, = R+ S;+ S, +--- + S,.
Since the bank will never be empty of customers, and customers are served on a first-come,
first-served basis, we have that U; < R and hence Z, is the departure time of the nth new
customer. By the strong law of large numbers,

.U, 1
lim — = —
n—oo n A
and
Z, . R S S -+ S,
1m—=11m(—+ 1+ 9%+ + >
n—oo 1 n—>o00 \ n n
R S S -4 S, 1 1
= fim — 4 fim T2 E O D
n—oo n n—00 n 22

Clearly, the bank will never remain empty of customers if and only if Vn,
Un—H < Zn .

This implies that
Un+l < Zn

n n

or, equivalently,

Thus
1 U, . Zy
fim 2EL L I gy 22 48)
n—oo n n+1 n—o0o 1
Since lim = 1, and with probability 1, lim = —and llim — = —, (48)
n—oo n n—oo n + A n—o00 n w

1
implies that 3 < — or A > u. This is a contradiction to the fact that A < p. Hence, with

I
probability 1, eventually, for some period, the bank will be empty of customers.

7. X, converges to 0 in probability because for every & > 0, P( | X, — 0] > s) is the probability
i
that the random point selected from [0, 1]isin [l— ' ] Now n — oo implies that 2 — oo

2k 2k
i
and the length of the interval [%, %] — 0, Therefore, lim,,_, » P(lX,, -0 = 8) = 0.
However, X, does not converge at any point because for all positive natural number N, there
are always m > N and n > N, such that X,, = 0 and X,, = 1 making it impossible for

| X, — X,u| tobe less than a given 0 < ¢ < 1.
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11.5 CENTRAL LIMIT THEOREM

1. Let X1, X5, ..., X150 be the random points selected from the interval (0, 1). For 1 <i < 150,
X; is uniform over (0, 1). Therefore, E(X;) = u = 0.5 and ox, = 1/+/12. We have

X1+ Xo+ -+ X150
150

P(0.48 < < 0.52) — P2 <X 4+ Xo4 -+ X150 < 78)

B (72 —(150)0.5) _ X1+ Xa+ -+ Xiso — (15005 _ 78 - (150)(0.5))
—\V150(1/V12) V150(1/4/12) V150(1/+/12)

~ ©(0.85) — ¢(—0.85) =2®(0.85) — 1 =2(0.8023) — 1 = 0.6046.

2. For 1 <i < 35, let X; be the score of the ith student selected at random. By the central limit
theorem

X1+ X+ -+ X35
35

= P(16100 < X; 4+ X> + - - + X35 < 18900)

P(460 < X < 540) = P<460 < < 540)

. P(16100 —35(500) X;+ Xp+---+ X35 —35(500) 18900 — 35(500))

< <
100+/35 100+/35 100+/35
X, 4 Xy + - + X35 — 35(500
:P(—2.37< 1+ Xo 4 F Xas — 35( )<2.37)
100+/35

= ®(2.37) — ®(—2.37) = 0.9911 — 0.0089 = 0.9822.

3. We have that

3 5 56
S N dx =2 =207,
H /1 9x<x+2) =7

3 5 125
E(Xz):/ —x*(x + 2 )dx = —,
gt g) =3

ox = v/ (125/27) — (56/27)% = 0.57.

The desired probability is

Xi+Xo+- -+ Xn
2 <
24

=PUA8 < X1+ Xo+---4+ X0y <51.6)

P(2<X<2.15)=P( <2.15>
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(48 —24(2.07) X1+ Xo+ -+ Xog —24(2.07) 516 — 24(2.07))
< <
0.57+/24 0.57+/24 0.57+/24
~ ©(0.69) — ®(—0.60) = 0.7549 — 0.2743 = 0.4806.

4. Let Xy, X, ..., X, be the sample. Since f is an even function, for 1 <i < n,

® 1
E(X;) = / Exe_‘x‘ dx =0

oo
o0 l o0

E(Xl.z) :/ —x2e M dx =/ xle ¥ dx =2
—00 2 0

GXi:VZ_ =\/§

By the central limit theorem,

i X 4+ Xo+ 4+ X,
P(X>0):P(l+ 2t ot >0)

n

P<X1+X2+"'+Xn—l’l(0)
= >
V2n

5. Let u = E(X;) and 0 = oy,. Clearly, E(S,) = np and o5, = 0 /n; thus, by the central limit
theorem,

o) —1—®(0)=0.5.

P(E(Sn)_GSn = Sn = E(Sn)+05n) = P(”M_U n=< Sn 5nu+0\/ﬁ)

S, —nu

=Pl -1<——<1)=d(1) —D(—1) =2(1) — 1 = 0.6826.

(-1== 1)~ oem—ech =200

6. For 1 <i < 300, let X; be the amount of the ith expenditure minus Jim’s ith record; X; is ap-
proximately uniform over (—1/2, 1/2). Hence E(X;) = Oand oy, = \/[(1/2) — (—1/2)]2/12 =
1/(2+/3). The desired probability is

P(—10 < X1+ Xo + -+ X300 < 10)

( —10-300(0) X1+ X>+ -+ X300 = 30000) _ 10 —300(0) )
V/300(1/(2v/3)) V/300(1/(2+/3)) V/300(1/(2+/3))

~P(2) — P(—2) =0.9772 — 0.0228 = 0.9544.

7. Note that actual value is a nebulous concept. In this exercise, like everywhere else, we are
using it to mean the average of a very large number of measurements. Let X; be the error in
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the ith measurement; u = E(X;) = 0,0 = oy, = 1/\/3. Hence

P(—o.25< Lt 2; + 5°<0.25)

=P(—12.5<X1+X2+'-'+X50< 125)

( —12.5 - X1+Xo4+:--4+ Xs0 - 12.5 )
(1/+/3)+/50 (1/+/3)¥/50 (1//3)/50

~ $(3.06) — ¢(—=3.06) =29(3.06) — 1 = 0.9778.

8. For 1 <i < 300, let X; = 2, if the ith employee attends with his or her spouse; let X; = 1,

if the ith employee attends alone; let X; = 0, if the ith employee does not attend. To find the

desired quantity, the probability of the event ng; X; > 320, note that

1 1 1
p=EX)=2 3+1-34+0-7=1,
E(X.Z):4.l+1.l+0.l:§’

! 3 3 373
02=§—1:% oy, = %
X; 3 3’ X; 3
Thus
300 9 X; — 300 320—300) 1 B(L41) = 0.0793,

P<;Xiz320>:P< TN BN

9. Direct calculations show that

6
= / xf(x)dx =2/1In(3/2) = 4.93,
4

6
E(Xz):f x?f(x)dx =10/1n(3/2)
4

0.577.

_ 10 _ 4 .
=V G2) T mmGRT

‘We want to find » so that .
P(IX — p| <0.07) > 0.98

or, equivalently, .
P(—0.07 <X —u <0.07) > 0.98.
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Since

Xi+ X+ -+ X,
n

P( —0.07 < —u< 0.07)

=P(-00Tn <X+ X2+--+X,—nu<0.07n)

—0.07n - Xi+Xo4+---+ X, —npu - 0.07n
0.577n — 0.577/n ~ 0.577/n

~ ®(0.124/n) — ®(—0.12¢/n) = 20(0.124/n) — 1,

all we need to do is to find »n so that

29(0.124/n) — 1 > 0.98,

or CI>(O.12ﬁ) > 0.99. By Table 2 of the appendix, this is satisfied if 0.12./n > 2.33, or
n > 377.007. Therefore, for all sample sizes of 378 or larger, the sample mean is within
40.07 of the w.

Let
_]0.125 with probability 1/2
"] -0.125 with probability 1/2.

The change in the stock price, per share, after 60 days is X; + X, + - -+ 4+ Xgo. Clearly,
E(X;) = 0 and ox, = 0.125. To find the distribution of X; + X, 4 - - - + Xeo, note that for

all 7,
60 60
4 _ Y iz Xi —60(0) t ) ~ t
P(;Xl =1)= P( 0.125v60  — 0.125v60 q>(0.968)'

This relation implies that

(X1+X2+---+X60

<t)=P().
0.968 —) @)

So (X1 + X2+ -+ Xe0)/0.968 is approximately standard normal and hence
X1+ Xy + -+ Xe0 ~ N(0,0.968%).

Since the most likely value of a normal random variable with mean 0 is 0, the change in the
stock price after 60 days is most likely O and hence the most likely value of the holdings of
this investor after 60 days is 50,000.

Let X, be the number of tosses until the first tails. Let X, be the number of additional tosses
until the second tails; X3 be the number of tosses after the second tails until the third tails,
and so on. Clearly, X;’s are independent geometric random variables, each with parameter
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1/2. To find the desired probability, P(X| + X, + - - - 4+ X590 > 75), note that E(X;) = 2 and
J1—=(1/2
ox, = l/—(Z/) = 2,/1/2. Therefore,

P(Xi+ X2+ + Xs0 > 75)

B P(X1+X2+---+X50—50(2) _ 75-5002) )
B V50 -2/1/2 ~ V502172
~ 1 — d(=2.5) = d(2.5) = 0.9938.

12. By Exercise 8, Section 7.4, foreach i, i > 1, the random variable X 12 is gamma with parameters
A =1/2 and r = 1/2. Therefore,

uw=E(X; =3 =
and
az—Var(Xz)——r =2
= N=3=2

Therefore, by central limit theorem,

S, —
lim P(S, = n+2n) = lim P(2 =" <1)

n—o00 n—o0o /zn
. Sp —np
= lim P( S 1) — &(1) = 0.8413.

13. LetY, = >, X;; Y, is Poisson with rate n. On the one hand,

" e "nk L

PU=m=) —— =22 1

P k! e — k!

and on the other hand,
Jim P(t, < = lim P(3X <)
. i Xi—n _n—n
= lim P = =®0) = -.
n— 00 ( ﬁ - \/_ ( )

So



Chapter 11 Review Problems 287

REVIEW PROBLEMS FOR CHAPTER 11

1. X, the average wage of a sample of 10 employees is normal with mean $27000 and standard
deviation $4900/+/10 = $1549.52. Therefore, the desired probability is

X — 27000 - 30, 000 — 27000
1549.52 — 1549.52

P(X > 30,000) = P( ) =1—-®(1.94) = 0.0262.

2. My(t) is the moment-generating function of a binomial random variable with parameters 10

2 1 20
and 2/3. Therefore, Var(X) = 10 x 3 X 3 = 5 and

10

P(X >8) = Z (1i0) (%)i(%)m_i — 0.299.

i=

3. Mx(¢) is the moment-generating function of a discrete random variable X with P(X = 1) =
1/6, P(X =2) =1/3,and P(X = 3) = 1/2. Therefore, F, the distribution function of X is
given by

0 t <1

1/6 1 <t<2

F(x) =
/)2 2<t<3

1 t>3.

4. Myx(t) is the moment-generating function of a normal random variable with mean 1 and
variance 4.

5. X is a uniform random variable over the interval (—1/2, 1/2).

6. X is a Poisson random variable with parameter A = 1/2. Therefore,
PX>0=1-P(X=0)=1-—¢12=0.393.
7. Note that
(=D" ' + 1)
(1— l«)n+2 '
Therefore, E(X") = My’ (0) = (=1)"*'(n + 1)!.

M (1) =

8. Let X be the average of the heights of 10 randomly selected men and Y be the average
- 40
heights of 6 randomly selected women. Theorem 10.7 implies that X ~ N <173, E) and

Y ~ N(160, 26—0), thus X — Y ~ N<13, 23—2) Therefore,

X-Y—-13 . 5—13
V2273 T J22/3

P(X—?35)2P< ):@(2.95):0.9984.
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9. By definition,

] E | |
E(BIX) = / Eeflxle” dx = / Eex ce™ dx +/ Ee” e dx
— 00 0

o0 —

1 [° 1 [
= —/ eIHDx dx+—/ "D gy,
2) 2 Jo

Now for these integrals to exist, we must restrict the domain of the moment-generating function
of Xto{t e R: —1 <t < 1}. In this domain,

Mx(t) = E(etx) = ;E(H»l)x 0 1 PG o°
2(1+1) o 20 —1) 0
1 1 1

“2+n T 20-n " 1-2

10. (a) By the law of total probability (Theorem 3.4),

PX+Y=n =) PXX+Y=n|X=0)P(X=i)
i=0

=Y PX+Y=nX=i)=) PV =n—i X=i)
i=0 i=0

= ZP(X =i)P(Y =n—1i).

i=0

(b) By part (a),

“LeTPAE e 1 < (/n\.; ,
_ _ R 05 7) R i, n—i
P(XJ“Y_”)_; it m—in ¢ nl ;(z)k“
_ e—(k+ﬂ)(x+M)n

’

n!

where the last equality follows from the binomial expansion (Theorem 2.5).

11. We have
P(o.95 Lt ;8 tAs 1.05) — P(26.6 < X1+ Xo4 -+ Xog < 29.4)
P<26.6—28 X, 4+ Xo 4 + Xaog — 28(1) 29.4—28)
= < <
2428 2428 2428

~ ¢(0.13) — &(—-0.13) = 0.5517 — 0.4483 = 0.1034.
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In (11.5), lete = 0.01 and o = 0.06; we have

1

> 41.666.67.
"= 40.01)2(0.06)

Therefore, at least 41667 patients should participate in the trial.
By (11.4),

p(l1 —p) -1 1

S — (.98,
(0.05)25000 —  4(0.05)25000

P(lp—pl <0.05) >1

since p(1 — p) < 1/4 implies that —p(1 — p) > —1/4.

Fori =1,2,3,...,n,let X; be the IQ of the ith student of the sample. We want to determine

n so that
Xi+Xo+--+ X,

n
Since E(X;) = p and Var(X;) = 170, by the central limit theorem,

Z?:l Xi

n

P(—o.2< —,u<.2)20.98.

p(_o,2< —;,L<O.2>=P(—(O.2)n<Xn:Xi_n,U«<(o-2)n)
i=1

_ P(—(O.Z)n - Yo Xi—np - 0.2)n )
—\ J/170n J170n JV170n

(02 —(02n7 020
~ o)~ | =2 (s

Therefore, we should determine 7 so that ®(0.24/n/+/170) > 0.98. From Table 2 of the
Appendix, we find (0.2)4/n/4/170 = 2.33, which implies that n = 23072.8250; therefore,
the psychologist should choose a sample of size 23073.

)—130%.

Let X; be the amount chopped off on the ith charge in dollars. Let X be the actual amount
Ed has charged to his credit card this month minus the amount his record shows. Clearly,
X=X+X,+ -+ Xy, and for 1 <i <20, X; is uniform over (0, 1). Thus E(X;) = 1/2
and Var(X;) = 1/12 and hence E(X) = 20/2 = 10 and Var(X) = 20/12 = 5/3. Therefore,
by Chebyshev’s inequality,

P(X > 15 =P(X — 10> 5) < P(|X — 10| > 5)

5/3
= P(IX —E(X)| > 5) < % — 0.0667.

P(X >45) < P(|X — 0] > 45) < 15°/45* = 1/9.
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17. Suppose that the ith randomly selected book is X; centimeters thick. The desired probability
is

PXi+Xo+--+ X3 <87) =

P<X1 + X4+ X311 —331) - 87 — 3(31)>
14/31 o 14/31
> = ®(—1.08) =1 —0.8599 = 0.1401.

MI)(87—93
V31

18. For 1 <i < 20, let X; denote the outcome of the ith roll. We have

b1 7 6 1
i=1 i=1

91 49 35

Thus Var(X;) = — — — , and hence
6 412
20 20
65 —170 X; —70 75 =170
P(6552Xi575)=P( < Zizt )
= £/35/12 - 4/20 «/35/1 -4/20 «/35/1 -4/20

~ ©(0.65) — ©(—0.65) =29 (0.65) — 1 = 0.4844.

1
19. By Markov’s inequality, P(X > nu) < Ll —.SonP(X >nu) < 1.
nuw  n

20. Let X = 3°7° Xi. We have that
E(X;) =26/51 = 0.5098, E(Xlz) = E(X;) = 0.5098,
Var(X;) = 0.5098 — (0.5098)* = 0.2499,
26 25

EXiX)=PXi=1X;=D)=PX;=DPX;=1|X;=1) =5 75 =0260L,

and

Cov(X;, X;) = E(X;X;) — E(X;,)E(X;) = 0.2601 — (0.5098)> = 0.0002.
Thus E(X) = 26(0.5098) = 13.2548 and

Var(X) = ZVar(X )+2> ) Cov(X;, X))

i<j
26
— 26(0.2499) + 2< ) )(0.0002) — 6.6274.

Therefore, by Chebyshev’s inequality,

6.6274
P(X < 10) < P(|X — 13.2548| > 3.2548) < G5t = 0.6256.
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12.2 MORE ON POISSON PROCESSES

1. We know that E[N ()] = Var[N(t)] = Ar. Hence E[N(t)/t] = A and Var[N(1)/1] = /.
Applying Chebyshev’s inequality to N (¢)/¢, we have

(0=

As t — 00, the result follows from this relation.
2. By Wald’s equation,
E[Y(52)] = E[N(52)]E(X;) = [52(2.3)](1.2) = 143.52.
By Theorem 10.8,
Var[Y (52)] = E[N(52)] Var(X,) + [E(X))]” Var[N (52)]

= [52(2.3)](0.7)* + (1.2)*[52(2.3)] = 230.828,
Oy = V/230.828 = 15.193.

3. Let X be the time between Linda’s arrival at the point and the first car passing by her. Let
X, be the time between the first and second cars passing Linda, and so forth. The X;’s are
independent exponential random variables with mean 1/A = 7. Let N be the first integer for
which

X1 <15, X, <15, ..., Xy <15, XNyl > 15.

The time Linda has to wait before being able to cross the streetis 0if N = 0 (i.e., X| > 15),
andis Sy = X| + X, + - - - + Xy, otherwise. Therefore,

E(Sy) = E[E(Sy | N)] =) E(Sy | N =i)P(N =)
i=0

=D EMyIN=0DP(N =),
i=1
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where the last equality follows since for N = 0, we have that S = 0. Now

ESy|IN=)=EX +Xs+ - +X; [N=i)=) EX;|N=i)
j=1

=Y EWX;|X;<15),
j=1

where by Remark 8.1,

1 15
E(Xj|Xj§15):m/(; tf(t)dt;

F and f being the probability distribution and density functions of X;’s, respectively. That is,
fort >0, F(t) =1—e7"7, f(t) = (1/7)e""/". Thus
15

1 B,
. . - - Zo -t/ _ _ —t/7
EX;j|X; <15 = 1_6_15/7/0 7e dt_(1.1329)[ (t+Te i|

= (1.1329)(4.41898) = 5.00631.

0

This gives E(Sy | N = i) = 5.00631i. To find P(N = i), note that for i > 1,
P(N:l):P(Xl <15, X, <15, ..., X; <15, Xi+l > 15)
= [FA5]'[1 — F(15)] = (0.8827)'(0.1173).

Putting all these together, we obtain
E(Sy) = Z ESy|N=i)P(N =i)= 2(5.006310(0.8827)"(().1173)
i=1 i=1
0.8827

= (0.5872) ) i(0.8827)" = (0.5872) - (1-028827)

i=1

= 37.6707,

where the next to last equality follows from Y >, ir’ = r/(1 —r)?, |r| < 1. Therefore, on
average, Linda has to wait approximately 38 seconds before she can cross the street.

. Label the time point 9:00 AM. as t = 0. Then ¢t = 4 corresponds to 1:00 pm. Let N(¢) be

the number of fish caught at or prior to z; {N @):t > O} is a Poisson process with rate 2.
Let X1, X», ..., X be six uniformly distributed independent random variables over [0, 4].
By theorem 12.4, given that N(4) = 6, the time that the fisherman caught the first fish is
Y = min(X, X», ..., X¢). Therefore, the desired probability is
PY<D=1-P¥>=1=1-P(minX;, Xa,...,Xe) > 1)
=1-PX; 21, Xo>1,...,X¢ > 1)

316
—1—PX,>DP(Xy>1)---PXe>1)=1— <Z> — 0.822.
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. Let §1, S, and S5 be the number of meters of wire manufactured, after the inspector left,
until the first, second, and third fractures appeared, respectively. By Theorem 12.4, given that
N (200) = 3, the joint probability density function of Sy, S,, and S3 is

3!
Sfs1.5.88000)(t1, B2, 13 | 3) = 8,000, 000" 0<t <t <tz <200.

Using this, the probability we are interested in, is given by the following triple integral:

80 140 200
P(S1+60 <S8, $+60<83) = / / / —————didt dh
1160 Jor 160 8. 000, 000

31 140
- / [ / (140 — 1,) dtz] dn
8,000,000 Jo L/, 160

6 80 1
S — 3200 — 807, + —12) dt
8,000,000/0 ( 1+2‘> !

6 1 80
- —[-zf — 402 + 32001‘1]
8,000, 000L6 0

8
= 0.064.
T 125

. By (12.8), the conditional probability density function of S, given that N (¢) = n, is

n! 1 /x\k-1 x\n—k
fsk'N(”m"):(n—k)!(k—1)!'?(?> (1-7)  o=x=r

Therefore,

! n! 1 /x\ k-1 x\n—k
Elsc v =nl= | ot () (1=7)

Letting x/t = u, we have (1/t) dx = du. Thus

| 1
E[ScIN@ =n]= (n_k)'f'(k_ 1)!t/0 (1= uy"* du.

What we want to show follows from the following relations discussed in Section 7.5:

rck+nHDI'n—-—k+1) _ k!'(n —k)!
C(n+2) BCE

1
f W1 —w)"*du=Bk+1,n—k+1) =
0

. Let T be the time until the next arrival, and let S be the time until the next departure. By
the memoryless property of exponential random variables, T and S are exponential random
variables with parameters A and u, respectively. They are independent by the definition of an
M/M/1 queue. Thus

PAY=P(T >tand S >T)=P(T > t)P(S > 1) = e M. e M = ¢ AT
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o0
P(B)=P(S>T)= f P(S>T|T =uxre™du
0

o oo
= / P(S>u|T=ukre™du= / P(S > u)re ™ du
0 0

o A
:X/ eTM Mgy = ——,
0 At

A similar calculation shows that

o
P(AB)=P(S>T >1) =/ PS>T|T =uxre™du
t

o0
A
= / e e M du = ——— e~ = P(A)P(B).
t At

8. (a) Let X be the number of customers arriving to the queue during a service period S. Then

00 e—At ()\I)n

n!

P(X:n):/OOP(in|S=t),ue_‘”dt=/
0 0

n!

we M dt

— A /Oo e~ At gy — M—M /Oo "+ M)e—(lﬂt)t dt.
0 nt (A +u) Jo

Note that (A 4 p)e~**#" is the probability density function of an exponential random

variable Z with parameter A + ©. Hence

S .
PX=n)=—""_E@Z".
n! (A + 1)
By Example 11.4,
|
E(Zzhy ="
A+ )"

Therefore,

n

This is the probability mass function of a geometric random variable with parameter

w/ O+ ).

(b) Due to the memoryless property of exponential random variables, the remaining service
time of the customer being served is also exponential with parameter . Hence we want
to find the number of new customers arriving during a period, which is the sum of n 4 1
independent exponential random variables. Since during each of these service times the
number of new arrivals is geometric with parameter /(A 4 i), during the entire period
under consideration, the distribution of the total number of new customers arriving is the
sum of n + 1 independent geometric random variables each with parameter /(A + w),

which is negative binomial with parameters n + 1 and w/(A + ).
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9. It is straightforward to check that M () is stationary, orderly, and possesses independent
increments. Clearly, M (0) = 0. Thus {M t):t > 0} is a Poisson process. To find its rate,
note that, for 0 < k < o0,

P(M(t)=k)=>_ P(M(t)=k|N(t)=n)P(N(t) =n)
n=k

o0 —At n
-y (”)pka R
Tk n

et Sma-p)
B SO O B G Ol

_ e e [ =p]t
“wap ool X_: (n = k)!
= Gayprerrion = G2

k! k!

This shows that the parameter of {M(t) > O} is Ap.

10. Note that P(Vi = min(Vy, Vo, ..., Vk)) is the probability that the first shock occurring to
the system is of type i. Suppose that the first shock occurs to the system at time u. If we
label the time point u# as ¢ = 0, then from that point on, by stationarity and the independent-
increments property, probabilistically, the behavior of these Poisson processes is identical to
the system considered prior to u. So the probability that the second shock is of type i is
identical to the probability that the first shock is of type i, and so on. Hence they are all equal
to P(Vi = min(Vy, Vo, ..., Vk)). To find this probability, note that, for 1 < j < k, Vs,
are independent exponential random variables, and the probability density function of V; is
Aje *i'. Thus P(V; > u) = e*“. By conditioning on V;, we have

P(Vi =min(Vy, ..., V)

o
:/ P(min(V], cee Vk) = Vl | Vl = M))\’ief)‘i” du
0

o0
=Aif P(min(Vl, LV =u |V, = u)e_x"”du
0

o0
)»i/ PVi>u,...,Vieg>u,Vigr > u, ..., Vi >u | Vi =ue " du
0
o0
=)»i/ PVi>u,...,Viei>u, Vigr > u, ..., Vi > u)e " du
0

o0
=A,-f P(WVi =) P(Viey = )P(Viay = u) -~ P(Vi = w)e ™" du
0
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o0
— )"1/ e*)qu . e*)\iflu . e*)»,ur]u . e*)\ku i e*)n,'u du
0

0 00 Iy
- )‘«i/ e~ At trou g )»i/ e M dy = 21
0 0 A

12.3 MARKOV CHAINS

1. {X,:n=1,2,...}isnota Markov chain. For example, P(X4 = 1) depends on all the values
of X1, X5, and X3, and not just X3. That is, whether or not the fourth person selected is female
depends on the genders of all three persons selected prior to the fourth and not only on the
gender of the third person selected.

2. For j >0,

PXu=j) =Y P(Xy=j| Xo=DP(Xo=0) =3 plip(),
i=0 i=0

where p}; is the ijth entry of the matrix P".

3. The transition probability matrix of this Markov chain is

0 12 0 0 0 12
12 0 12 0 0 0
0 12 0 1/2 0 0
0 0 12 0 1/2 0
O 0 0 1/2 0 12
/2 0 0 0 1/2 0

By calculating P* and P>, we will find that, (a) the probability that in 4 transitions the Markov
chain returns to 1 is P141 = 3/8; (b) the probability that, in 5 transitions, the Markov chain

enters 2 or 6 is
11 11 . 11

5 s 0 0t
p12+p16_32+32 16
4. Solution1: Starting at 0, the process eventually enters 1 or 2 with equal probabilities. Since
2 is absorbing, “never entering 1 is equivalent to eventually entering 2 directly from 0. The
probability of that is 1/2.

Solution 2:  Let Z be the number of transitions until the first visit to 1. Note that state 2 is
absorbing. If the process enters 2, it will always remain there. Hence Z = n if and only if the
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first n — 1 transitions are from O to 0, and the nth transition is from O to 1, implying that

P(Z=n)= (%)71(%) n=1,2....

The probability that the process ever enters 1 is
oo
I\n=1/1 1/4 1
P(Z<oo):2<—> <_)=;=__
—\2 4 1-@1/2) 2
Therefore, the probability that the process never enters 1is 1 — (1/2) = 1/2.
5. (a) By the Markovian property, given the present, the future is independent of the past.

Thus the probability that tomorrow Emmett will not take the train to work is, simply,
P+ psn=1/2+1/6=2/3.

(b) The desired probability is
p21pu + paipi3 + pupst + pupss =1/4.

6. Let X, denote the number of balls in urn I after n transfers. The stochastic process {X,,: n =
0, 1, ...} is a Markov chain with state space {0, 1, ... , 5} and transition probability matrix

0 0 0 0 0

1
1/5 0 4/5 0 0 0
p_ 0o 2/5 0 3/5 0 0
10 0 3/5 0 2/5 0
0 0 0 4/5 0 1/5
0 0 0 0 1 0
Direct calculations show that
241 0 2044 0 168
3125 3125 625
5293 0 9492 0 168
15625 15625 3125
1022 0 9857 0 4746
15625 15625 15625
P© =pt=
474 7 1022
0 6 0 985 0 0
15625 15625 15625
168 0 9492 0 5293
3125 15625 15625
168 2044 0 241

i 0 = =
625 3125 3125
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Hence, by Theorem 12.5,

168 1 2 4746 3 4 5293 5
PX¢=4)=0—+— 04 —+ —— + — 04 — - ——— + — .0 = 0.1308.
Xo=D=0 s 159715 1565 " 15 O 15 15625 " 15 0= 01308

. By drawing a transition graph, it is readily seen that this Markov chain consists of the recurrent

classes {0, 3} and {2, 4} and the transient class {1}.

. Let Z, be the outcome of the nth toss. Then

Xn+1 = max(Xn, Zn+1)

shows that {X,,: n = 1,2, ...} is a Markov chain. Its state space is {1, 2, ..., 6}, and its
transition probability matrix is given by

1/6 1/6 1/6 1/6 1/6 1/6

0 2/6 1/6 1/6 1/6 1/6
p_| 0 0 36 1/6 1/6 1/6
0 0 0 4/6 1/6 1/6
0 0 0 0 5/6 1/6
o 0 0 0 0 1

It is readily seen that no two states communicate with each other. Therefore, we have six
classes of which {1}, {2}, {3}, {4}, {5}, are transient, and {6} is recurrent (in fact, absorbing).

9. This can be achieved more easily by drawing a transition graph. An example of a desired

matrix is as follows:

0012 0 12 0 0 0
10 0 0 0O 0 0 O
01 0 0 0 0 0 0
00 1/323 0 0 0 0
00 0 0 0 2/5 0 3/5
00 0O 0 1/2 0 1/2 0
00 0 0 0 3/5 0 2/5
00 0 0 1/3 0 2/3 0

10. For 1 < i < 7, starting from state i, let x; be the probability that the Markov chain will

eventually be absorbed into state 4. We are interested in x¢. Applying the law of total



11.

Section 12.3  Markov Chains 299

probability repeatedly, we obtain the following system of linear equations:
x1 = (0.3)x; + (0.7)x,

x3 = (0.3)x; 4+ (0.2)x2 4+ (0.5)x3
x3 = (0.6)x4 + (0.4)x5

xg=1

X5 = X3

x6 = (0.1)x; + (0.3)x2 + (0.1D)x3 + (0.2)x5 + (0.2)x6 + (0.1)x7
x7=0.

Solving this system of equations, we obtain
X1 =)C2=X3=X4=)Cs=1
xe¢ = 0.875
X7 = 0.

Therefore, the probability is 0.875 that, starting from state 6, the Markov chain will eventually
be absorbed into state 4.

Let mr;, 5, and 773 be the long-run probabilities that the sportsman devotes to horseback riding,
sailing, and scuba diving, respectively. Then, by Theorem 12.7, 7y, ,, and w3 are obtained
from solving the system of equations.

T 0.20 0.32 0.60 T
m | =1030 0.15 0.13 153
T3 0.50 0.53 0.27 3

along with ; + 7, + m3 = 1. The matrix equation above gives us the following system of
equations

w1 = 0.20m, 4+ 0.327, + 0.6075
7y = 0.30r1 + 0.15m, + 0.1373
T3 = 0.507‘[1 + 0.537’[2 + 0.277’[3.

By choosing any two of these equations along with 7; + 7, 4+ 73 = 1, we obtain a system of
three equations in three unknowns. Solving that system yields 7; = 0.38856, 7, = 0.200056,
and 3 = 0.411383. Hence the long-run probability that on a randomly selected vacation day
the sportsman sails is approximately 0.20.

12. Forn > 1, let

_ )1 if the nth fish caught is trout
" 0 if the nth fish caught is not trout.
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Then {X,,: n = 1,2, ...} 1is a Markov chain with state space {0, 1} and transition probability

matrix
10/11 1/11
8/9 1/9
Let 7ty be the fraction of fish in the lake that are not trout, and 77| be the fraction of fish in the
lake that are trout. Then, by Theorem 12.7, my and 7, satisfy

mo\ _ (10/11 8/9Y\ (o
m ) \1/11 1/9)\m )’
which gives us the following system of equations

o = (10/1D)mo + (8/9)my
m = (1/1D)my + (1/9)7;.

By choosing any one of these equations along with the relation 7y + 7; = 1, we obtain a
system of two equations in two unknown. Solving that system yields 7wy = 88/97 ~ 0.907
and 7, = 9/97 ~ 0.093. Therefore, approximately 9.3% of the fish in the lake are trout.

Let
1 if the nth card is drawn by player |
X, = {2 if the nth card is drawn by player II
3 if the nth card is drawn by player II1.

{X,:n=1,2,...}1is a Markov chain with probability transition matrix

48/52 4/52 0
0 39/52 13/52
12/52 0 40/52

P

Let 7y, m,, and 3 be the proportion of cards drawn by players I, II, and III, respectively. my,
75, and 73 are obtained from

I 12/13 0 3/13\ (m
m|=|1/13 3/4 0 7
3 0 1/4 10/13) \m;

and w| 4+ m, + w3 = 1, which gives m; = 39/64 ~ 0.61, m, = 12/64 ~ 0.19, and 73 =
13/64 ~ 0.20.

For 1 <i <9, let 7; be the probability that the mouse isincelli, 1 <i <9, at arandom time
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in the future. Then 7;’s satisfy

m 0 13 0 13 0 0 0 0 0\ [/
o 12 0 1/2 0 1/4 0 0 0 0 |[m
73 0 13 0 0 0 1/3 0 0 0 ||m
o 12 0 0 0 1/4 0 12 0 0 |]|m
ml=l0 13 0 13 0 173 0 1/3 0 |]|ns
6 0 0 12 0 14 0 0 0 12|]|n
o o 0 0 130 0 0 13 0|]|m
s 0 0 0 0 1/4 0 12 0 127
7o o 0 o0 0o 0 1/3 0 1/3 0/ \m

Solving this system of equations along with Z?:l 71, we obtain

T =m3=m7 =719 = 1/12,
) =Ty = g = TTg = 1/8,
5 = 1/6

Let X,, denote the number of balls in urn I after »n transfers. The stochastic process {X,: n =
0, 1, ...} is a Markov chain with state space {0, 1, ... , 5} and transition probability matrix

o 1 0 0 0 0
1/5 0 4/5 0 0 0
0 2/5 0 3/5 0 0

P 0 0 3/5 0 2/5 0
0 0 0 4/5 0 1/5
0 0 0 0 1 0
Clearly, {X,,: n = 0, 1, ...} is an irreducible recurrent Markov chain; since it is finite-state,
it is positive recurrent. However, {X,: n = 0, 1, ...} is not aperiodic, and the period of each

state is 2. Hence the limiting probabilities do not exist. For 0 < i < 5, let ; be the fraction of
time urn I contains i balls. Then with this interpretation, 7;’s satisfy the following equations

7o 0 1/5 0 0 0 0\ [mo

m 1 0 25 0 0 0f|m
m| o 45 0 355 0 of|m
|~ lo o 355 0 45 o |m|
o 00 0 25 0 1]
s 0 0 0 0 1/5 0/ \xs

Z?:o m; = 1. Solving these equations, we obtain
my =ms = 1/31,
m =my =5/31,
m, = m3 = 10/31.
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Therefore, the fraction of time an urn is empty is 7o + 75 = 2/31. Hence the expected number
of balls transferred between two consecutive times that an urn becomes empty is 31/2 = 15.5.

Solution 1: Let X,, be the number of balls in urn I immediately before the nth game begins.
Then {X,: n = 1,2,...} is a Markov chain with state space {0, 1, ..., 7} and transition
probability matrix

344 1/4 0 0 0 0 0 0
1/4 12 14 0 0 0 0 0
0 1/4 12 1/4 0 0 0 0
p_|0 O 4214 0 0 o0
0 0 0 1/4 1/2 1/4 0 0
0 0 0 0 1/4 1/2 1/4 0
0 0 0 0 0 1/4 1/2 1/4
0O 0 0 0 0 0 1/4 3/4

Since the transition probability matrix is doubly stochastic; that is, the sum of each column
isalso 1, fori = 0,1,...,7, m;, the long-run probability that the number of balls in urn I
immediately before a game begins is 1/8 (see Example 12.35). This implies that the long-run
probability mass function of the number of balls inurn L or Il is 1/8 fori =0, 1,... ,7.

Solution 2: Let X,, be the number of balls in the urn selected at step 1 of the nth game. Then
{X,:n=1,2,...}isaMarkov chain with state space {0, 1, ... , 7} and transition probability

matrix

1/2 0 0 0 0 0 0 172

1/4 1/4 0 0 0 0 1/4 1/4
0 1/4 1/4 0 0 1/4 1/4 O
0 0 1/4 1/4 1/4 1/4 O 0
0 0 0 1/2 1/2 0 0 0
0 0 1/4 1/4 1/4 1/4 0O 0
0 1/4 1/4 0 0 1/4 1/4 0

1/4 1/4 0 0 0 0 1/4 1/4

Since the transition probability matrix is doubly stochastic; that is, the sum of each column
isalso 1, fori = 0,1,...,7, m;, the long-run probability that the number of balls in the
urn selected at step 1 of a game is 1/8 (see Example 12.35). This implies that the long-run
probability mass function of the number of balls inurn [ or IT'is 1/8 fori =0, 1,...,7.

Fori > 0, state i is directly accessible from 0. On the other hand, i is accessible from i + 1.
These two facts make it possible for all states to communicate with each other. Therefore, the
Markov chain has only one class. Since 0 is recurrent and aperiodic (note that pgy > 0 makes
0 aperiodic), all states are recurrent and aperiodic. Let 7r; be the long-run probability that a
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computer selected at the end of a semester will last at least k additional semesters. Solving

o pt 1 0 0 ... o
T p 01 0 ... T
T = P3 0 0 1 %)
along with Y 2 7; = 1, we obtain
1

o = 9 )

1+ (d=pi—p2—-—pp)
l—pi—pr—-—pi

Ty = , k=>1.

1+ 2 d=pr—pa—---—p)

Let DN denote the state at which the last movie Mr. Gorfin watched was not a drama, but
the one before that was a drama. Define DD, ND, and NN similarly, and label the states
DD, DN, ND,and NN by 0, 1, 2, and 3, respectively. Let X,, = 0 if the nth and (n — 1)st
movies Mr. Gorfin watched were both dramas. Define X, = 1, 2, and 3 similarly. Then
{X,:n=1,2,...}1is a Markov chain with state space {0, 1, 2, 3} and transition probability
matrix
7/8 1/8 0 0

0 0o 1/2 12

1/2 172 0 0

0 0o 1/8 7/8

P =

(a) If the first two movies Mr. Gorfin watched last weekend were dramas, the probability
that the fourth one is a drama is p3, + p3,. Since

49/64 7/64 1/16 1/16
1/4 1/4 1/16 17/16
7/16 1/16 1/4 1/4 |
1/16 1/16 7/64 49/64

the desired probability is (49/64) + (1/16) = 53/64.

P’ =

(b) Let mp denote the long-run probability that Mr. Gorfin watches two dramas in a row.
Define 7y, w5, and 73 similarly. We have that,

o 78 0 12 0\ [
ol (18 0o 12 0 ||
m|l-lo 12 0o 18]
3 o 12 o0 7/8) \m

Solving this system along with o+ 7 +m, + 73 = 1, we obtain my = 2/5, r; = 1/10,
m, = 1/10, and w3 = 2/5. Hence the probability that Mr. Gorfin watches two dramas
in a row is 2/5.



304

Chapter 12  Stochastic Processes

19. Clearly,

20.

Yo 0 if the (n 4 1)st outcome is 6
e 1 + X, otherwise.

This relation shows that {X,,: n = 1,2,...} is a Markov chain. Its transition probability
matrix is given by

1/6 566 0 0 0
1/6 0 5/6 0 0
p_|1/6 0 0 56 0
0 0 0 5/6

1/6

It is readily seen that all states communicate with 0. Therefore, by transitivity of the com-
munication property, all states communicate with each other. Therefore, the Markov chain is
irreducible. Clearly, O is recurrent. Since pgy > 0, it is aperiodic as well. Hence all states
are recurrent and aperiodic. On the other hand, starting at O, the expected number of transi-
tions until the process returns to 0 is 6. This is because the number of tosses until the next
6 obtained is a geometric random variable with probability of success p = 1/6, and hence
expected value 1/p = 6. Therefore, 0, and hence all other states are positive recurrent. Next,
a simple probabilistic argument shows that,

n,:(%)i(é), i=0,1,2,....

This can also be shown by solving the following system of equations:

70 1/6 1/6 1/6 1/6 ...\ (m
T 5/6 0 0 0 T
ml=10 56 0 o ... ||ln
- 0 0 56 0 ..||m

mot+mtm+--=1

(a) Let
X - 1 if Alberto wins the nth game
" |0 if Alberto loses the nth game.

Then {X,: n = 1,2,...} is a Markov chain with state space {0, 1}. Its transition

probability matrix is P = ( ! ; p 1 f p) . Using induction, we will now show that
: + 1(1 2p)" : 1(1 2p)"
po_pn_|272 T 272 T
- RE 1(1 2p)" ]+1(1 2p)"
I A G T R
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Clearly, forn = 1, PV = P. Suppose that

1 1 | u
§+§(1—2p) 5—5(1—2]7)
PM™ —
! 1(1 2p)" 1+1(1 2p)"
272 P33 p
We will show that
1 1 1 1
S+ 5 =2p)"t S~ o1 —2p)"
prl _ 2 2 2 2
1 1 1 1
2 (1=2 n+1 - —(1=2 n+1
3 2( p) 2+2( p)

To do so, note that

poth (Poo Pm) (p&) Pgl) _ (Poop(')'o + po1pPly PooPy + P01P71>

pio pu) \Ply Pl PPy + PuPly PP + Pupi
Thus
n+1 n n 1 1 n 1 1 n
Pii = PPy tprupy = P[E - 5(1 —2p) ] +(1 - p)[i 4 5(1 —2p) ]
1 1 n 1 1 n+1
25[p+(1—p)]+5(1—2p) [-p+1-p)]= 5 T2

1 1
This establishes what we wanted to show. The proof that pfj; I = 5 + 5(1 —2p)" s

identical to what we just showed. We have

n+l n+1 1 1 n 1 1 n
P =1 P =l—|:§+§(l—2p)]=§—§(l—2p).

Similarly,

1 1

n+1 n+1 n
=1—= —_—__(1=2 .

Plo Pl 5 2( p)

Let 7y and 7r; be the long-run probabilities that Alberto loses and wins a game, respec-

tively. Then
To\ _ l—p p o
E)=0" 0 2) )

and my + r; = 1 imply that my = m; = 1/2. Therefore, the expected number of games
Alberto will play between two consecutive wins is 1/m; = 2.
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Foreach j > 0,1im,_, pj; exists and is independent of i if the following system of equations,
in 7y, 71, . . ., have a unique solution.

T l—p 1—p 0 0 0 0o . T
T p 0 1— p 0 0 0 . T
m | = 0 p 1—p 0 0 . b2
3 0 0 p 0 I-p 0 . 3
o+ m A+t =1
From the matrix equation, we obtain
71,-:( P )no, i=0,1,....
I—p
For these quantities to satisfy ) .o, 7; = 1, we need the geometric series Z (%) to
. —-Pp
i=0

converge. Hence we must have p < 1 — p, or p < 1/2. Therefore, for p < 1/2, this
irreducible, aperiodic Markov chain which is positively recurrent has limiting probabilities.

Note that, for p < 1/2,
o0 .
p 1
W3 () =1
i=0 I=p

yields mp = 1 — P Thus the limiting probabilities are
—-p

n,:(%)i(l—%), i=0,1,2,....

Let Y, be Carl’s fortune after the nth game. Let X,, be Stan’s fortune after the nth game. Let
Z,=Y,—X,. The{Z,: n =0,1,...}is arandom walk with state space {0, £2, £4,...}.
We have that Z; = 0, and at each step either the process moves two units to the right with
probability 0.46 or two units to the left with probability 0.54. Let A be the event that, starting
at 0, the random walk will eventually enter 2; P (A) is the desired quantity. By the law of total
probability,

P(A)=PA|ZI=)P(Zi =)+ PA|Z =-D)P(Z =-2)
= 1-(0.46) + [P(A)]" - (0.54).

Toshow that P(A | Z; = —2) = [P(A)]Z, let E be the event of, starting from —2, eventually
entering 0. It should be clear that P(E) = P(A). By independence of E and A, we have

P(A| Z=-2)= P(EA) = P(E)P(A) =[P(WD]".
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We have shown that P(A), the quantity we are interested in, satisfies
(0.54)[P(A)]’ — P(A) +0.46 = 0.
This is a quadratic equation in P (A). Solving it gives P(A) = 23/27 =~ 0.85.

We will use induction on m. For m = 1, the relation is, simply, the Markovian property, which
is true. Suppose that the relation is valid for m — 1. We will show that it is also valid for m.
We have

PXpym=J| Xo=1i0, X1 =1i1,...,. Xy =1in)

:ZP(XH-H?I :j | Xo=1i0,...,Xn =1y, Xn+m—l =1i)

ieS

P(Xn+m—1 =i | Xo=1ip,..., Xy zin)

=Y PXutm =j | Xnm1 = D)PXnym-1 =1 | X, = in)

ieS
= ZP(Xn+m =j | Xn+m71 =i, X, = in)P(XrH»mfl =i | Xn =in)

ieS
= P(Xn+m :] | Xy =in),

where the following relations are valid from the definition of Markov chain: given the present
state, the process is independent of the past.

PXpim=Jjl|Xo=i0,....Xn=1ln, Xpym—1=1) = PXpym = j | Xpnym—1 =10,

P(Xn+m :j | Xn+m—l = i) = P(Xn+m :j | Xn+m—l =i, X, = in)-

Let (0, 0), the origin, be denoted by O. It should be clear that, for alln > 0, P(Z)'Srl = 0. Now,
forn > 1, let Z, Z,, Z3, and Z4 be the number of transitions to the right, left, up, and down,
respectively. The joint probability mass function of Z;, Z,, Z3, and Z, is multinomial. We
have

n
Pcz)no:ZP(Z1Zi,Zzzi,Z3:n—i,Z4:n—i)

i=0

" (2n)! INE /INE g 1Nn—i g T\n—i
N ;i!i!(n—g!(n—i)!(ft) (Z) (Z) (Z)

2, (2n)! ! ! 1\2n
- ; n!nn! ' i!(nn— i i!(nn— i)!(Z)2

-7 (2 ():

i=0
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AN 2n 1\22 (21>
By Example 2.28, ) () - ( ) Thus P, = (Z) ( ) . Now, by Theorem 2.7
l n n

i=0
(Stirling’s formula),

n 2 n ! \/_ 2n —2n
@'C) =0 o]~ L] ==
1

4
0 e 2n (2n 2 ad 1
Therefore, Z Pl, = Z (—) ( ) is convergent if and only if Z — 1is convergent.
n n
n=1

mn

4
n=1 n=1
)

Since — E — is divergent, Y o P}, is divergent, showing that the state (0, 0) is recurrent.
4 n

n=1

Clearly, P(X,,1 =1] X, =0) = 1. Fori > 1, given X,, =i, either X,,;; =i + 1 in which
case we say that a transition to the right has occurred, or X, ;| = i — 1 in which case we say
that a transition to the left has occurred. For i > 1, given X,, = i, when the nth transition
occurs, let S be the remaining service time of the customer being served or the service time
of a new customer, whichever applies. Let 7" be the time from the nth transition until the next
arrival. By the memoryless property of exponential random variables, S and T are exponential
random variables with parameters u and X, respectively. Fori > 1,

o0
P(Xn+1:i+1|X,,:i):P(T<S):/ P(S>T|T =t)re ™ dt
0

oo o0 )\'
= f P(S > Hre Mdt = / e M heMdt = ——.
0 0 At
Therefore,
. . A n
PXy=i—-11X,=0)=PT>8)=1-— = —.
Adp A4

These calculations show that knowing X,,, the next transition does not depend on the values of
X for j < n. Therefore, {X,,: n =1,2,...}is a Markov chain, and its transition probability
matrix is given by

0 1 0 0 0
A
" 0 - 0 0
A+ A+
w A
P = 0 — 0 —
At At
0 0 e 0 -
At At

Since all states are accessible from each other, this Markov chain is irreducible. Starting from
0, for the Markov chain to return to 0, it needs to make as many transitions to the left as it
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makes to the right. Therefore, Py, > 0 only for positive even integers. Since the greatest
common divisor of such integers is 2, the period of 0, and hence the period of all other states
is 2.

The ijth element of P @ is the product of the ith row of P with the jth column of Q. Thus
itis Z pieqej- To show that the sum of each row of P Q is 1, we will now calculate the sum

of thelelements of the ith row of P @, which is
Z Z Dieqej = Z Z Ditqej = Z (Pie ZW,;‘) = Z pie = 1.
it e ¢ j ¢

Note that Z qej = 1 and Z pie = 1 since the sum of the elements of the £th row of @ and
the sum of the elements of the ith row of P are 1.
If state j is accessible from state i, there is a path

i=iy, 02, 03y ooy In=1]

fromito j. If n < K, we are done. If n > K, by the pigeonhole principle, there must exist k
and ¢ (k < £) so that iy = i,. Now the path

L =101, 12, oy By Thgls ooy Doy Loty cov s In=1]

can be reduced to
i=i17 i2’ L) ik? i1f+17 L) in=j

which is still a path from i to j but in fewer steps. Repeating this procedure, we can eliminate
all of the states that appear more than once from the path and yet reach from i to j with a
positive probability. After all such eliminations are made, we obtain a path

l=llv lmla lm27 e ln=J

in which the states iy, i, im,, - - -, in are distinct states. Since there are K states altogether,
this path has at most K states.

Let/ ={n>1:p, >0}and J = {n > 1: p;'j > 0}. Then d(i), the period of i, is the
greatest common divisor of the elements of /, and d(j), the period of j, is the greatest common
divisor of the elements of J. If d(i) # d(j), then one of d(i) and d(j) is smaller than the
other one. We will prove the theorem for the case in which d(j) < d(i). The proof for the
case in which d(i) < d(j) follows by symmetry. Suppose that for positive integers n and m,
p:’j > 0 and pTi > 0. Letk € J; then pfj > 0. We have

n+m

pi " = piipi >0,
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and
n+k+m n_k _m
D > pi;P;iPji > 0.

By these inequalities, we have that d (i) divides n + m and n + k + m. Hence it divides
(n+k +m) — (n +m) = k. We have shown that, if k € J, then d (i) divides k. This means
that d (i) divides all members of J. It contradicts the facts that d(j) is the greatest common
divisor of J and d(j) < d(i). Therefore, we must have d(i) = d(j).

29. The stochastic process {X,,: n = 1,2, ... }isaMarkov chain with state space {0, 1, ... , k—1}.
For 0 <i < k — 2, a transition is only possible from state i to 0 or i + 1. The only transition
from k — 1is to 0. Let Z be the number of weeks it takes Liz to play again with Bob from the
time they last played. The event Z > i occurs if and only if Liz has not played with Bob since
i Sundays ago, and the earliest she will play with him is next Sunday. Now the probability is
i/ k that Liz will play with Bob if last time they played was i Sundays ago; hence

P(Z>i)=l—%, i=1.2.... k-1

Using this fact, for 0 < i < k — 2, we obtain

P(X, =i, Xyp1 =i+ 1)

pii+ny = PXyp =i+ 1| X, =1i) =

P(X, =1i)
i+1
PZ>i+l) YT k—i-1
T UPzZsh P k-i
k
. k—i—1 1
po=PX,11=0]X,=i)=1- A =k_i’

Pu-10=PX,11=0|X,=k—-1)=1.

Hence the transition probability matrix of {X,,: n = 1,2, ...} is given by
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1 1
N 0 0 0 0 0
k k
1 1
— 0 1-— 0 0 0 0
k—1 k—1
! 0 0 T 0 0 0
k—2 k—2
P=_1 0 0 1-— 0 0
k—3 k—3
1 1
- 0 0 0 0 .0 -
2 2
1 0 0 0 0 ... 00

It should be clear that the Markov chain under consideration is irreducible, aperiodic, and
positively recurrent. For 0 <i < k — 1, let 7; be the long-run probability that Liz says no to
Bob for i consecutive weeks. mg, 7y, . . ., T;—; are obtained from solving the following matrix

equation along with %70 7, = 1.

1 1 1 1 -
k k—1 k—2 k-3 2
T 1 0
1—% 0 0 0 0 0
TT] ]
0 1 —1 0 0 0 0
7'[2 _k_l PR 7_’:2
1
3 — 3
= 0 0 11— — 0 0 0
k—2
1
0 0 0 1—— 0 0
k—3
Tk—2 k-2
Tk—1 : TTk—1
1
0 0 0 0 . = 0

The matrix equation gives
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Using Zf:é 7; = 1, we obtain

—k—i
ﬂoz A =1
i=0

or, equivalently,

This implies that
-1
@[kZ _ U] =1,
k 2
which gives my = 2/(k + 1). Hence

_2(k—1)

= 7 =0,1,2,... ,k—1.
k(k+1)

i

30. Let X; be the amount of money player A has after i games. Clearly, Xg = a and {X,,: n =
0,1, ...} is a Markov chain with state space {0, 1,... ,a,a+1,...,a+ b}. For0 <i <
a+b,letm; = E(T | Xo = i). Let F be the event that A wins the first game. Then, for
l<i<a+b-1,

E(T| Xo=i)=E(T | Xo=i,F)P(F | Xo=1)+E(T | Xo=1i, FOP(F°| Xo=1).

This gives

1 1

m; =(1+mi+1)§+(1+mi71)§a l1<i<a+b-1,
or, equivalently,
2m; =24+ miy1+mi—y, 1<i<a+b-—1.
Now rewrite this relation as
migg—m;=-=2+m;—mj_;, l1<i<a+b-1,
and, for 1 <i <a+ b, let
Yi=m; —m;_.
Then
Vit1 =24y, 1<i<a+b-1,

and, for1 <i <a+b,

mi=yy+y+---+y.
Clearly, mg = 0, my4p =0, y; = my, and

2=-2+y1=-2+m,
B="24+y=-2+4+2+m)=—-4+m

yvi=—-20—-1)+m, 1<i<a+b.
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Hence, for1 <i <a+ b,

mi =y +y+---+y
=im; —2[14+24- 4+ —-1)]
=im; —i(i —1)=i(m —i+]1).

This and m,, = 0 imply that
(a+b)my—a—->b+1)=0,

orm; = a + b — 1. Therefore,
m; =i(a+b—i),

and hence the desired quantity is
E(T | Xo=a)=m, = ab.

Let g be a positive solution of the equation x = Y - a;x’. Theng = Y oy eiq’. We will
show that Vn > 0, P(X,, = 0) < g. This implies that

p=lim P(X,=0) <gq.
n—0o0

To establish that P(X,, = 0) < ¢, we use induction. Forn = 0, P(Xg =0) =0 < g is
trivially true. Suppose that P (X, = 0) < g. We have

P(Xyr1=0)=Y P(Xpp1=0| X; = i)P(X; = ).
i=0

It should be clear that
P(Xu1 =0 X =0)=[P(X, =0 Xo=D]"
However, since P(Xo=1) =1,

P(X,=0|Xo=1)=P(X, =0).

Therefore, A
PXus1=01X,=i)=[P(X,=0)]".
Thus
oo o
P(Xp1=0)=) [PX,=0)]P(X1=i) <) q'ai=q.
i=0 i=0

This establishes the theorem.
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32. Multiplying P successively, we obtain

P12 = %
= (5)(5)* 15
rh= (1) (5)+ (5) (&) + 15

and in general,

) ()]

Hence the desired probability is lim,_,, p}, = 1/4.

33. We will use induction. Let n = 1; then, for 1 + j — i to be nonnegative, we must have

1+j—i

i — 1 < j. For the inequality < 1 to be valid, we must have j <i + 1. Therefore,

i—1<j<i+1. But,forj:i,l—l—j—iisnoteven. Therefore, if 1 4+ j — i is an even

14—
nonnegative integer satisfying % < 1l,wemusthave j =i —1lorj =i+ 1. For
j=i—1,
i 14— 1—i i il
n+j P_ +1 l:O and n ]+l= 1+ —|—z:1.
2 2 2 2
Hence |
P(X1=i—1|X0=i)=1—p=(0>p0(1—p)1,
showing that the relation is valid. For j =i + 1,
P laidal—i i 114
n+j z: +1+ z=1 and n ]—i—z: l —|—z=0'
2 2 2 2

Hence |
PXi=i+1|Xo=0i)=p= <1)p1(1 -p),

showing that the relation is valid in this case as well. Since, for a simple random walk, the
only possible transitions from i are to states i + 1 and i — 1, in all other cases

P(X;=j|Xo=1)=0.



Section 12.4  Continuous-Time Markov Chains 315

We have established the theorem for n = 1. Now suppose that it is true for n. We will show
it for n 4 1 by conditioning on X,

PXppi=jl Xo=0D=PXpp1=j|Xo=0i, Xp =] -DPX,=j—1]|Xo=1i)
+PXppi=j | Xo=0i, Xy =j+DPXy=j+1]Xo=1)
=PXpn=jXp=j-DPX,=j—-1[Xo=1)
+PXp1=j | Xu=j+DPX,=j+1[Xo=1)

—p. (n fi—1- l.>p(n+j—1—l)/2(1 _ )il
2

+(L—m(n+j+4-4)p“ﬂ+FW%1_pwhrHﬂﬂ

2
§ " (n+1+j-0)/2 (n+1—j+i)/2
=|\n—1+j—i)t\n+1+j—i]|P 1-p)
2 2
n+1 o o
= (n +14+ j— i>p("+1+.l—l)/2(1 _ P)(n+1_'/+l)/2.

2

12.4 CONTINUOUS-TIME MARKOV CHAINS
1. By Chapman-Kolmogorov equations,

Pij(t +h) = pij(0) =Y pu(h) pi (&) — pij(©)

k=0

= Zpik(h)pkj () + pii(h) pij () — pij(t)
ki

=" pix() pij (1) + pi; [ pir(h) — 1].
ki

Thus

ij(t +h) — pi ik(h 1 — pii(h
Lol D= PuD 52 P ) — gty 2,
[or

Letting h — 0, by (12.13) and (12.14), we have

Pl = qupi(t) — vipis(t).
kA
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2. Clearly, {X t):t> } is a continuous-time Markov chain. Its balance equations are as follows:

State Inputrateto = Output rate from
f umy = Amy
0 AT+ umy + pmy + pws = uwo + Ao
1 ATy = Am 4 umy
2 Ay = Ay + U
3 AT, = UTs.

Solving these equations along with

Trt+mo+m+m ;=1

we obtain
w? I
nf == —7 jTO = —1
AR+ ) At
AL Au
=, Ty = ———,
T2 YR
A \3
m= (Y
A+

3. The fact that {X t):t> O} is a continuous-time Markov chain should be clear. The balance
equations are

State Input rate to = Output rate from

0,0) WIT(1,0) + AT,y = AT©,00 + U7T0,0)

(n,0) KT 41,00 T AT0-1,00 = AT@o0) + UTuo, n=>1
(0, m) ATTOm+1) + UTOm=1) = AT@Om + UT0m m>1.

4. Let X (¢) be the number of customers in the system at time ¢. Then the process {X ):t> 0}
is a birth and death process with A, = A, n > 0, and u, = nu, n > 1. To find mp, the
probability that the system is empty, we will first calculate the sum in (12.18). We have

OO)»)\"')‘n— 00)\ﬂ 001)\,” OOI)Ln
X i = ! :ZH<_) :_1+2;;(;) = —1+eMm,

n=1 n=1 n=1 n=

Hence, by (12.18),
1

— — oMK
Tl lqen
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By (12.17),

AT A p)te M u
2, = 270 _ /1)  n=01.2....
nluh n!

This shows that the long-run number of customers in such an M /M /oo queueing system is
Poisson with parameter A /. The average number of customers in the system is, therefore,

Al

5. Let X () be the number of operators busy serving customers at time ¢. Clearly, {X #):t=> 0}
is a finite-state birth and death process with state space {0, 1, ..., ¢}, birth rates A, = A,
n=20,1,...,c, and death rates u, = nu, n = 0,1,...,c. Let my be the proportion of
time that all operators are free. Let 7z, be the proportion of time all of them are busy serving
customers.

(a) . is the desired quantity. By (12.22),

1 1
i o &l
O
n=1 l’l'[L nOn'
By (12.21),
1
—,()»/M)C

C.

Te=—""7 """
Zn:O ;()\./M)
This formula is called Erlang’s loss formula.

(b) We want to find the smallest ¢ for which
1/c!
Yono(1/nh) ~

For ¢ = 5, the left side is 0.00306748. For ¢ = 4, it is 0.01538462. Therefore, the
airline must hire at least five operators to reduce the probability of losing a call to a
number less than 0.004.

< 0.004.

6. No, it is not because it is possible for the process to enter state 0 directly from state 2. In a
birth and death process, from a state i, transitions are only possible to the statesi — 1 and i + 1.

7. Forn > 0, let H, be the time, starting from n, until the process enters state n + 1 for the first
time. Clearly, E(Hy) = 1/A and, by Lemma 12.2,

1
EH) =+ EH-1), nz L.
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Hence
E(Hy) = :
0) — )\’7
E(H)) — l 12
V=g tiT e
E(H)) 1 2 3
DEITI T
Continuing this process, we obtain,
1
EH)=""= nz0

The desired quantity is

ZE(H)—Zn+1 %[(i+1)+(i+2)+--.+j]

n=i

=%U1+2+~-+n—41+2+~-+0]

_1VU+D_KHJq_jU+D—W+D
A 2 2 o 22 '

Suppose that a birth occurs each time that an out-of-order machine is repaired and begins to
operate, and a death occurs each time that a machine breaks down. The fact that {X t):t> 0}

is a birth and death process with state space {0, 1, ... , m} should be clear. The birth and death
rates are
. kA n=0,1,... m—k
" m—-mr n=m—-k+1,m—k+2,...,m,

Un = nu n=0,1,...,m.

The Birth rates are

A=A
A=a,A, n>1.

The death rates are

mo=0
Mp=p+m—1Dy, n=>1

Let X (¢) be the population size at time ¢. Then {X ®:t > 0} is a birth and death process
with birth rates A,, = nA + y, n > 0, and death rates u, = nu,n > 1. Fori > 0, let H;



11.

12.
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be the time, starting from 7, until the population size reaches i + 1 for the first time. We are
interested in E(Hy) + E(H;) + E(H,). Note that, by Lemma 12.2,

1w .
E(H»=;+%E(H,-,1>, i> 1

Since E(Hy) = 1/y,

1 1 +
E(Hl):_+L._:M,
Aty Aty v y@R+vy)

and

1 2u pt+y vy +y)+2ulpn+y)

E(H,) = 5 + : =
A+y 24y yO+vy) YA +y)2A+y)

Thus the desired quantity is

A+YICA+Y)+(u+Y)CA+2u+y) + YA+ )

E(H E(H E(H,) =
(Ho) + E(H,) + E(H>) SO 7)) 2h+ )

Let X (¢) be the number of deaths in the time interval [0, #]. Since there are no births, by
Remark 7.2, it should be clear that {X @®):t> 0} is a Poisson process with rate u as long as
the population is not extinct. Therefore, for0 < j <1,

e M ()
i—pnt

Clearly, pgo(¢) = 1. Fori > 0, j = 0, we have

pij(t) =

i " i—j [y i—j
) =1= 3y == ST =1 - S

Jj=1 Jj=1 Jj=i

Letting k =i — j yields

" k 0 —ut k
Pio(Z)ZI—ZM:ZM-

|
k=0 ’ k=i k!

Suppose that a birth occurs whenever a physician takes a break, and a death occurs whenever
he or she becomes available to answer patients’ calls. Let X (#) be the number of physicians
on break at time 7. Then {X ®):t> 0} is a birth and death process with state space {0, 1, 2}.
Clearly, X (t) = Oif at # both of the physicians are available to answer patients’ calls, X (r) = 1
if at ¢ only one of the physicians is available to answer patients’ calls, and X () = 2 if at ¢
none of the physicians is available to answer patients’ calls. We have that

AM=2A, A=A, I =0,
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mo =0, wr=p, pn2=2u.

Therefore,
vo=2A, Vvi=A4+u, v,=2u.
Also,
w A
poi=pan=1, pp=pon=0, po= P P12 = P

Therefore,

go1 = Vopo1 = 2, qio = Vipio = M,

qi2 =Vipi2 = A, g21 = vapa1 = 2u,

qo2 = q20 = 0.

Substituting these quantities in the Kolmogorov backward equations
pi;(t) = Z%’kpkj(t) —vipij(1),
ki

we obtain

Poo(®) = 2ap1o(t) — 2Apoo(t)

Po1 (1) = 2ap11(t) — 2Apoi (7)

P (1) = 2ap1a(t) — 2Apoa(t)

Plo() = Apao(t) + wpoo(t) — (h + 1) pro(t)
P11 (®) = Ap21(t) + pupor (1) — (A + w) pui ()
P = Apn() + upo(t) — O + 1) pia(?)
Pao(t) = 21upio(t) — 2upao(t)

Poi (1) = 2up1i (1) — 2upa (1)

Pao(t) = 2up1a(t) — 2upn(1).

13. Let X (¢) be the number of customers in the system at time ¢. Then {X t):n> 0} is a birth
and death process with A,, = A, forn > 0, and

nu n=0,1,...,c
Mn =
cu n>c.

By (12.21),forn =1,2,...c,

forn > ¢,
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Noting that Y, 7, + > o Ty = 1, we have

1 AN ¢ =
2 () g o=t

n=c+1
c+1
Since p < 1, wehave ) > | p" = | . Therefore,
1 cl(1—p)
E . 1A '
n C n X X
S o(5) 5 da=p Y () e
n=0 A p ¢ n=c+1 n=0 -
Lets,t > 0. If j < i, then p;j(s +¢) =0, and
oo i—1 oo
D PPk =D pik$)pig () + Y pir() iy (1) = 0,
k=0 k=0 k=i

321

since pix(s) = 0if k < i, and py;(t) = 0if k > i > j. Therefore, for j < i, the Chapman-

Kolmogorov equations are valid. Now suppose that j > i. Then

00 J

> i) py ) =Y pirls) pii (0)

k=0 k=i

J e—AS(ks)k—i . e—)»t()\t)j—k
2 k- G-

1

B e~ Mr+s) J G — i) i i
G Lk

—A(t4s) S N o
_¢ V=DV oytouni-n=t
(G —i! = G —i—2o!

e Mu+s) J=i <] —i

)(As)f(xz)ﬁ”‘

G—il=\ ¢
e—A(t+s) o
= (hs + At)l

where the last equality follows by Theorem 2.5, the binomial expansion. Since
o Hi+s)
(=t

we have shown that the Chapman-Kolmogorov equations are satisfied.

[+ 9] = pijGs + 1),
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15. Let X (¢) be the number of particles in the shower 7 units of time after the cosmic particle enters

the earth’s atmosphere. Clearly, {X @®:t=> 0} is a continuous-time Markov chain with state
space {1,2,...}andv; =i, i > 1. (In fact, {X(t): t > 0} is a pure birth process, but that
fact will not help us solve this exercise.) Clearly, fori > 1, j > 1,
1 ifj=i+1

Pz ifj£i+1.
Hence

qij = e

0 ifj#i+1.

We are interested in finding p,(¢). This is the desired probability. For n = 1, p;;(¢) is the
probability that the cosmic particle does not collide with any air particles during the first ¢
units of time in the earth’s atmosphere. Since the time it takes the particle to collide with

another particle is exponential with parameter A, we have pi;(t) = e *'. Forn > 2, by the
Kolmogorov’s forward equation,

Pin® =" Grap1(t) — v p1a(®)
k#n
= gu-)nP1in—1) () — Vap1, (1)
= Vy—1 P1(i—1) () — Vu P1a(2).

Therefore,

Pia®) = (= DApiu_1y(t) — napia(2). (49)
For n = 2, this gives
P1@®) = Apii(t) — 2Ap1a(t)
or, equivalently,
Pia(t) = he™ = 20ppa(0).

Solving this first order linear differential equation with boundary condition p;,(0) = 0, we
obtain

pr@) =e (1 —e).
For n = 3, by (49),
P13(®) = 2Ap1a(t) — 3Ap13(1)

or, equivalently,
Pia) =2xe (1 —e™™) — 3ap13(2).

Solving this first order linear differential equation with boundary condition p;3(0) = 0 yields
pi3(t) = e (1 —e )2
Continuing this process, and using induction, we obtain that

pin@) =e M1 —e ) >,
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16. It is straightforward to see that

A A AN/ A L.
ma=(2) (1= D)) (1-2). iz
M1 M1/ N2 “2

satisfy the following balance equations for the tandem queueing system under consideration.
Hence, by Example 12.43, 7; ;) is the product of an M /M /1 system having i customers in
the system, and another M /M /1 queueing system having j customers in the system. This
establishes what we wanted to show.

State Inputrateto = Output rate from
0,0) M2TO,1) = AT(0,0)
(i,0),i>1 M2TG ) +ATTG_1,00) = AT(,0) + K1TT(,0)
0, ),j=1 M2, j+1) + MITT(L,j—1) = AT(0,j) + 270, )
@ )i, j=1 M7, j+ 1)+ HATEG41, 1) T AT G—1,j) = ATG,j) + RITTGLj) T 278G ))-

17. Clearly, {X t):t> O} is a birth and death process with birth rates A; = i, i > 0, and death
rates u; = in + y,i > 0; uo = 0. For some m > 1, suppose that X(¢) = m. Then, for
infinitesimal values of /1, by (12.5), the population at # +/ is m 41 with probability mAh+o(h),
itis m — 1 with probability (mu + y)h 4 o(h), and it is still m with probability

1 —mih —o(h) — (mu~+ y)h —oh) =1— mi+mu+ y)h + o(h).
Therefore,

E[X(t+h) | X@®) =m] = (m+ D[mrh+o(h)] + (m — D[(mu + y)h + o(h)]
+m[1— (mir+mu+y)h+o(h)]
=m+ [m —p) — y]h+ o(h).

This relation implies that
E[Xt+h) | XO] =X +[(h—wX(@)—y]h+ o).
Equating the expected values of both sides, and noting that
E[E[x@+m 1 X0]| = E[X(+n],

we obtain
E[X(t+h)]=E[X®)]+h(— wE[X(®)] - yh+ o(h).

For simplicity, let g(1) = E[X (#)]. We have shown that

gt +h) =g@)+h(h— g —yh+o(h)
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or, equivalently,
gt +h) —g) o(h)
= *A—wgl)—y+ -

As h — 0, this gives
g =0—wegt) —y

If A = u, then g’(t) = —y. So g(t) = —yt + c¢. Since g(0) = n, we must have ¢ = n, or
g() = —yt +n. If & # u, to solve the first order linear differential equation,

g)y=Gh—-—wet) —vy,

let £(t) = (» — p)g(t) — y. Then

1 Jon
mf (1) = f(),

> £
"(t
L=
£ g
This yields
In|f(O] =G —wit +c,
or

f(t) — e(A—M)H—c — Ke(k—u)t’

where K = e¢. Thus
14

K
— (A—p)t
1) = ——e —_—.
g(1) T +k—u
Now g(0) = n implies that K = n(y — ) — y. Thus
gO)::E[X(ﬂ]==neu_m'+—xli—{l——eQ_“”}

18. Forn > 0, let E, be the event that, starting from state n, eventually extinction will occur. Let
o, = P(E,). Clearly, og = 1. We will show that o, = 1, for all n. For n > 1, starting from
n, let Z, be the state to which the process will move. Then Z, is a discrete random variable

with set of possible values {n — 1, n 4 1}. Conditioning on Z, yields

P(E)=P(Ey | Zn=n—VOP(Zy=n—1)+P(E, | Zy=n+1DP(Z,=n+1).

Hence 3

I‘Ln n
+ a A b
P

n>1,

Oy = 0y -

or, equivalently,
)\n(arhl»l - O(n) = /’Ln(an - anfl)’ n>1.
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Forn > 0, let y, = a1 — «,. We have

AnYn = MnYn—1, n =1,

or "
yn:)b_::yn—l, n>1.
Therefore,
M1
Y1 Y Yo
_ M2 o HiM2
Y2 ~ Y1 —MM Yo
M2 -+ fn
= . n > L
Yn )\‘1)\2“.)"" Yo =

On the other hand, by y, = ;41 — o, n >0,

ar=ap+yo=1+y
ay=0o1+y1=1+yo+y

App1=1+yo+yir+---+ Y

Hence
ar=1+y0+ ) %
k=1

M1 - - Mk

n
=1+ yo+yo
;Alxz...kk

. My - g
=1+YO(1+Z )»1)»2"')%)
k=1

« Mifo - Uk
:1+(a1—1)(1+2—).
— A1A2"'Ak

o0
. M1 - - Uk M1 - - Uk
Since E — = — =
= Mra Ak AAo e Ak

a,’s to gxist, this requires that «; = 1, which in turn implies that o, | = 1, forn > 1.

n
= 00, the sequence E increases without bound. For
k=1
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12.5 BROWNIAN MOTION

1. (a) By the independent-increments property of Brownian motions, the desired probability
is

P(—1/2<Z10) <1/2| Z(5) =0)
=P(—1/2<Z(10)—Z(5) < 1/2| Z(5) = 0)
=P(—1/2 < Z(10) - Z(5) < 1/2).

Since Z(10) — Z(5) is normal with mean 0 and variance (10 — 5)0? = 45, letting
Z ~ N(0, 1), we have

p(_ 1/2 < Z(10) — Z(5) < 1/2)

B P<—0.5—0 . 0.5—0)
V45 V45
~ P(~0.07 < Z < 0.07) = ®(0.07) — &(~0.07) = 0.056.

(b) InTheorem 12.9,lett; =5,t, =7,z1 =0, 20 = —1. We have

E[Z(6)|Z(5) =0and Z(7) = —1] =0+ _71__50 (6—5) = —0.5,
Var[Z(6) | Z(5) =0and Z(7) = —1] =9 % =4.5.

2. In the subsection of 12.5, The Maximum of a Brownian Motion, we have shown that

u

2P
P(gnaxtX(s)fu): <Uﬁ
<s=< 0

)—1 u=>0

u < 0.

We will show that | X (¢)| has the same probability distribution function. To do so, note that
X(t) ~ N(0,0?t) and X (t)/(o+/1) is standard normal. Thus, for u > 0,

P(IX() <u)=P(—u<X@) <u)=P(X(1) <u)— P(X(1) < —u)
- P(z < O'L\/Z) - P(z < —ijﬁ)
—o 1)~ [1-o ()] —2e( )

Foru < O, P(|X M < u) = 0. Hence gnax X (s) and | X (¢)| are identically distributed.
<s<t
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3. Let Z ~ N(0, 1). Since X () ~ N(0, o*t), we have
P('xt(t)| > s) = P(IX(1)| > et)

P(X() > 81‘) + P(X (1) < —et)
<Z > ) + P(z < —7>
(z > ) P(z < —8—*/;>

— (e f/ )+ @(—evi/o)
=1—®(ev/t/0) + 1 — ®(ev/1/0) =2 — 20(e/1 /o).

Il
~

=P

This implies that

) | X (2)]
hmP( >s):2—1:1.
t—0 t

whereas
. | X ()]
hmP( >8>:2—2:0,
t—00 t

4. Let F be the probability distribution function of 1/Y?2. Let Z ~ N (0, 1). We have
Fity=P(1/Y*<t)=P(Y*>21/t)=P(Y = 1//t)+ P(Y < —1/+1)
o
=r(z2 m[) P(z = _gf)
o
== ) ol p) =2l oG]
o/t NG NG
which, by (12.35), is also the distribution function of 7.

5. Clearly, P(T < x) =0if x <t. For x > ¢, by Theorem 12.10,

2 [t
P(T <x)= P(at least one zero in (7, x)) = —arccos,/ —.
b4 X

Let F be the distribution function of 7. We have shown that

0 x <t

F@ =1, ;
— arccos ,/ — X >t.
b4 X

6. Rewrite X (1) + X () as X (1)) + X () =2X (1)) + X () — X (#;). Now 2X (t;) and X (t,) —
X (t;) are independent random variables. By Theorem 11.7, 2X (t;) ~ N(0,402t;). Since
X(h) — X(t) ~ N(O, o%(t, — tl)), applying Theorem 11.7 once more implies that

2X (1) + X () — X (t1) ~ N (0,40’ + o(t, — 11)).
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Hence X (t;) + X (t,) ~ N(0, 362t; + o°t,).

. Let f(x, y) be the joint probability density function of X (t) and X (# +u). Let fx ¢tu)x ) (¥l|a)

be the conditional probability density function of X (¢ + u) given that X () = a. Let fx()(x)
be the probability density function of X (#). We know that X (¢) is normal with mean 0 and
variance o%t. The formula for f(x, y) is given by (12.28). Using these, we obtain

! ! (v —a?
Fay) 20t ¥ ol )
fxw(a) - 1 < 22 )

exp( —
o/2rt P 202t

fxa+wixaon(Yla) =

1 1 2]
=———exp|—- —(y —a)|.
o 2mu p[ 20%u y=a)

This shows that the conditional probability density function of X (¢ + u) given that X () = a
is normal with mean a and variance o?u. Hence

E[X(t+u)|X(t)=a]=a.

This implies that
E[X(t+u) | X(1)] =X(@).

. By Example 10.23,

E[XOX@+u) | X()] = XOE[X(t +u) | X(©)].

By Exercise 7 above,
E[X(t+uw | X(10)]=X@).

Hence

E[X0X( +w] = E[E[XOX( +u) | X()]

E[XOE[X(+w) | X0)]]
E[X®)-X(1)] = E[X(1)*]
Va

[X0O] + (E[X0)])* = 0% +0 = o1

9. Fort > 0, the probability density function of Z(t) is

2

B0y = ——exp[ - 2]
a _a«/Znte PL™ 202 )
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Therefore,

E[V@)] = E[IZ0)l] = [ 1xi6.0o)d

oo
2/00 ¢i(x)d 2/00 /e g
= X xX)dx = —e X.
0 ' 0 o+2mt
Making the change of variable u = yields
crf

2t [ 2t o0 2t
E[V(D)] :O"/—f ue‘”z/zdu:a,/—[—e_”z/z] =o0,/—.

7 Jo T 0 T

20t

var[V(n] = E[V(®)*] - (E[V®)])’ = E[2()?] -

since
E[Z0)*] = Var[Z@®)] + (E[20)])* = 0% + 0 = o1,

To find P(V(t) < z | V(0) = zo), note that, by (12.27),

P(Vt)<z| V() =z)=P(Z®)| <z |V(0) = z)
=P(—2<Z() <z| V() =z)

2
- / ! o~ W—20?/Qa%0) gy,
—z 021t

Letting U ~ N (zo, o’t)and Z ~ N(0, 1), this implies that
P(V() <z | V() =2z) =P(—z<U <2)

—Z—Z Z—2Z
=P<—0§z§ O)

o/t o/t

Sa() e ()
“a(2) o)

10. Clearly, D(r) = /X (¢)2 + Y (¢)2 + Z(t)2. Since X (), Y (t), and Z(z) are independent and
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identically distributed normal random variables with mean 0 and variance o2, we have

E[D®)] :/OO /Oo foo /—x2+y2+z2-;e_x2/(202’) i ;e—yz/@ozw
—00 J—0 J—00 G\/ZJTZ

o2mt

L e~/ gy dy dz
o~2mt
/x2 + _|_ Z2 e (x2+y +Z2)/(2O’ 1) dxd dZ
27r03t«/27r / / ,/ v Y
We now make a change of variables to spherical coordinates: x = psin¢cosf, y =

psingsing, z = pcosg, p*> = x>+ y> + 7%, dxdydz = p*singdpdgpdf, 0 < p < oo,
0<¢ <m,and 0 < 6 < 27m. We obtain

1 2 T 00 ) )
E[D() =—/ / / e P1CTD  plsing dp deg, dO
[ ] 2mo3t/ 2wt Jo o Jo P P Pdpdo

1 2 b4 0 ) )
“ sy L () oo an)snoas s
- 0 0 0

- ;/ /ﬂ — o2t (p? + 20%)e P ’>] sm¢d¢)
2no3ta/2mt Jo 0
1 2

P (/nsin¢>d¢)d9—2a z
27T0'3t\/ 0 T

11. Noting that +/5.29 = 2.3, we have
V([) — 958_21+2‘3W(t),

where {W(t): t > 0} is a standard Brownian motion. Hence W (t) ~ N (0, ¢t). The desired
probability is

P(V(0.75) < 80) = P(95¢ > +23WOT)  g0)

v

(e23W079) < 3.774) = P(W(0.75) < 0.577)

(W(0.75) -0 0.577
<
+/0.75 /0.75

|
v

) — P(Z < 0.67) = ®(0.67) = 0.7486.
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REVIEW PROBLEMS FOR CHAPTER 12

1. Label the time point 10:00 as ¢ = 0. We are given that N (180) = 10 and are interested in
P(Sw > 160 | N(180) = 10). Let X, X5, ..., X0 be 10 independent random variables uni-
formly distributed over the interval [0, 180]. Let ¥ = max(Xy, ..., X19). By Theorem 12.4,

P(Sm > 160 | N(180) = 10) = P(Y > 160) = 1 — P(Y < 160)

=1— P(max(Xy,..., X0) < 160)

=1 P(X, < 160)P(X < 160) - -- P(X < 160)
1601 10

1 <_) = 0.692.
180

2. For all positive integer n, we have that

1 0 0 1
P2n P2n+1
o (O 1) and - (1 O) ’

Therefore, {X,,: n =0, 1, ...} is not regular.

3. By drawing a transition graph, it can be readily seen that, if states 0, 1, 2, 3, and 4 are renamed
0,4, 2, 1, and 3, respectively, then the transition probability matrix P; will change to P».

4. Let Z be the number of transitions until the first visit to 1. Clearly, Z is a geometric random
variable with parameter p = 3/5. Hence its expected value is 1/p = 5/3.

5. By drawing a transition graph, it is readily seen that this Markov chain consists of two recurrent
classes {3, 5} and {4}, and two transient classes {1} and {2}.

6. We have that
X, if the (n 4 1)st outcome is not 6

X =
i 1+ X, ifthe (n + 1)st outcome is 6.

This shows that {X,: n = 1,2,...} is a Markov chain with state space {0, 1,2,...}. Its
transition probability matrix is given by

5/66 1/6 0 0 0
0 5/6 1/6 0 0
p_|l o0 0 5/6 1/66 0
0 0 0 5/6 1/6

All states are transient; no two states communicate with each other. Therefore, we have
infinitely many classes; namely, {0}, {1}, {2}, ..., and each one of them is transient.
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7. The desired probability is

puipu + pupiz + piepa + piapa + paipu + paipiz + popa + paopn
= (0.20)> + (0.20)(0.30) + (0.30)(0.15) + (0.30)(0.32)
+ (0.32)(0.20) + (0.32)(0.30) + (0.15)(0.32) + (0.15)> = 0.4715.

8. The following is an example of such a transition probability matrix:

0 0 10 0 0 00
1 0 00 0 0 00
0 0 01 0 0 00

p_|0 120012 0 00
0 0 00 1/3 2/3 00
0 0 00 0 0 10
0 0 00 0 0 01
00 00 0 1 00

9. Forn > 1, let
¥ { 1 if the nth golfball produced is defective

0 if the nth golfball produced is good.

Then {X,: n =1, 2, ...} is a Markov chain with state space {0, 1} and transition probability

matrix < ﬁﬂg ?ﬁ g) . Let 7y be the fraction of golfballs produced that are good, and 7; be

the fraction of the balls produced that are defective. Then, by Theorem 12.7, my and 7r; satisfy

(no) _ (15/18 11/12) <rro)
T 3/18  1/12 J \my )’
which gives us the following system of equations
mo = (15/18)mp + (11/12)m;
m = (3/18)my + (1/12)m;.

By choosing any one of these equations along with the relation 7y + 7; = 1, we obtain a
system of two equations in two unknowns. Solving that system yields

11 2
Ty =—~0.85 and 7w =-— =0.15.
13 13
Therefore, approximately 15% of the golfballs produced have no logos.

10. Let
1 if the nth ball is drawn by Carmela

X, = 12 if the nth ball is drawn by Daniela
3 if the nth ball is drawn by Lucrezia.



11.

12.

13.
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The process {X,,: n =1, 2, ...} is an irreducible, aperiodic, positive recurrent Markov chain
with transition probability matrix

7/31 11/31 13/31
P=|7/31 11731 13/31
7/31 11731 13/31

Letmy, 7>, and 73 be the long-run proportion of balls drawn by Carmela, Daniela, and Lucrezia,
respectively. Intuitively, it should be clear that these quantities are 7/31, 11/31, and 13/31,
respectively. However, that can be seen also by solving the following matrix equation along
with 7y + 7y + 75 = 1.

m 7/31  7/31 731\ (m
m | = 1131 11731 1131 |
73 13/31 13731 13/31) \m

Let 7r; and m; be the long-run probabilities that Francesco devotes to playing golf and playing
tennis, respectively. Then, by Theorem 12.7, 7r; and m, are obtained from solving the system

of equations
mi) _ (030 0.58) (m;
7)) \0.70 0.42) \m,

along with r; + m, = 1. The matrix equation above gives the following system of equations:

T = 0.307’[1 + 0.587‘[2
7w, = 0.70r; + 0.427m5,.

By choosing any one of these equations along with the relation 7; 4+ 7, = 1, we obtain
a system of two equations in two unknowns. Solving that system yields m; = 0.453125
and 7, = 0.546875. Therefore, the long-run probability that, on a randomly selected day,
Francesco plays tennis is approximately 0.55.

Suppose that a train leaves the station at t = 0. Let X be the time until the first passenger
arrives at the station after t = 0. Let X, be the additional time it will take until a train arrives
at the station, X3 be the time after that until a passenger arrives, and so on. Clearly, X,
X5, ... are the times between consecutive change of states. By the memoryless property
of exponential random variables, { X, X, ...} is a sequence of independent and identically
distributed exponential random variables with mean 1/A. Hence, by Remark 7.2, {N t):t>
O} is a Poisson process with rate A. Therefore, N(¢) is a Poisson random variable with
parameter Af.

Let X(¢) be the number of components working at time #. Clearly, {X #):t = O} is a
continuous-time Markov chain with state space {0, 1, 2}. Let mg, ;, and m, be the long-run
proportion of time the process is in states 0, 1, and 2, respectively. The balance equations for
{X(t): t > 0} are as follows:
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14.

15.
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State Inputrate to = Output rate from
0 )»7'[1 = Uy
207 + umy = um + Ay
2 My = 2)»7'[2

2
From these equations, we obtain 7; = %no and m, = %no. Using o + 1 + mp = 1 yields

212
0= 552 +2am + u?’
Hence the desired probability is
- w(2r + 1)

- QA2 420 + pu?

Suppose that every time an out-of-order machine is repaired and is ready to operate a birth
occurs. Suppose that a death occurs every time that a machine breaks down. The fact that
{X t):t> O} is a birth and death process should be clear. The birth and death rates are

kA n=0,1,... m+s—k
Mm=3im+s—mi n=m+s—k+1m+s—k+2,..., m+s

0 n=m-+s;

nu n=0,1,...,m

Un=1mu n=m+1,m+2,..., m—+s

0 n>m-s.

Let X (¢) be the number of machines operating at time ¢. For 0 < i < m, let 7; be the long-run
proportion of time that there are exactly i machines operating. Suppose that a birth occurs
each time that an out-of-order machine is repaired and begins to operate, and a death occurs
each time that a machine breaks down. Then {X t):t> 0} is a birth and death process with
state space {0, 1, ... , m}, and birth and death rates, respectively, given by A; = (m — i)A and
wi=ipnfori =0,1,...,m. To find my, first we will calculate the following sum:

i okt oy _ i (mA)[(m — DA][(m — 2)A] -+ [(m — i + DA]
il SV CRRRN Y mCuyBu) - -+ (Ep)

- .' : - . -
- thu! =\ 7
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where ,, P; is the number of i-element permutations of a set containing m objects. Hence, by
(12.22),
AN\ —m A —m m
w=(1+0) "= () =G
% Iz At

AoAr s Ao m P!
T = Ty = — -
Mo - i it

- (6 5 - ()6 ) G5

_ (’7) (ﬁ)@ _ ﬁ)m 0<i<m.

Therefore, in steady-state, the number of machines that are operating is binomial with param-
etersm and A /(A + w).

By (12.21),

o

16. Let X (¢) be the number of cars at the center, either being inspected or waiting to be inspected,
at time ¢t. Clearly, {X t):t > 0} is a birth and death process with rates A, = A/(n + 1),
n>0,and u, = u,n > 1. Since

A -

ikokl An—1 _i 2 3 no_ il<£)n—e’\/“—l

el T30 R T w" —nl\p
By (12.18), my = e/t _ Hence, by (12.17),

AA A
R n A
23 e MW
u" n!

Therefore, the long-run probability that there are n cars at the center for inspection is Poisson
with rate A /.

17. Let X (¢) be the population size at time 7. Then {X ®:t=> ()} is a birth and death process with
birth rates A, = nA, n > 1, and death rates i, = nu, n > 0. Fori > 0, let H; be the time,
starting from #, until the population size reaches i 4 1 for the first time. We are interested in
S} | E(H;). Note that, by Lemma 12.2,

M.

1 i .
E(H;) = = + TE(Hi—l): i>1.

Since E(Hy) = 1/A,

12
_27

+

> =
>

1 1
E(H)=—+5

>|=
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1 2u /1 1w W
E(H)) = — _.<_ _)z_ ® ,
)=t Gt e)=ntete
B3ugl ool | TR VAR T
B = 4 )= e e 0
)=t \mteta) ~ntmeteta
| Y L VA T T | L A T
E(Hy) = — —(— Rl el _):_ R
H)= ot oG Tt e T w)~m et tat s

Therefore, the answer is

4 2504 4 34031 + 304202 + 243 + 120
Y E(H) = o7 :
i=1 A

18. Let X (¢) be the population size at time 7. Then { X(@):t > 0} is a birth and death process
with rates A, = y, n > 0, and u, = nu, n > 1. To find 7;’s, we will first calculate the sum
in the relation (12.18):

iko)\l"')\n—l :i 14

!
2V R P R AN

n 0 1

ST 11 (4 g

n=0 K

Thus, by (12.18), 1o = e~ 7/* and, by (12.17), fori > 1,

n

V' vin _ (y/w)'e /"
n!u" B n! '

T =

Hence the steady-state probability mass function of the population size is Poisson with pa-
rameter y /(.

19. By applying Theorem 129 to {Y(t): t > 0} witht; = 0,5, =1, y; =0, y, = y,and ¢ = s,

we have
E[Y®) 1 Y@ = y] =0+ 20 —0) = 5y,
t—0 t
and
Var[Y (s) | Y(1) = y] = 02 - W — o2t — s);i.

20. First, suppose that s < . By Example 10.23,
E[X()X@®) | X(5)] = X©E[X(®) | X(9)].
Now, by Exercise 7, Section 12.5,

E[X®) | X()] = X(s).



21,

22,
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Hence

E[X©)X®)] = E[E[X®)X ) | X )] ]

= E[XWE[X®) | X()]]
= E[X ()X ()] = E[X(s)*]
= Var[X ()] + (E[X9)])’

=025+ 0=0o’.

Fort < s, by symmetry,
E[X()X1)] =
Therefore,
E[X(s)X(1)] = o” min(s, 1).

By Theorem 12.10,

2
P(U <xand T > y) = P(nozerosin (x,y)) =1 — —arccos\/¥.
T y

Let the current price of the stock, per share, be vy. Noting that +/27.04 = 5.2, we have
V() = vped 32O,

where {W(t): t > 0} is a standard Brownian motion. Hence W (¢) ~ N (0, t). The desired
probability is calculated as follows:
P(V(2) = 2vg) = P(vpe®™2"® > 2vy)
P(6+52W(2) >1n2)=P(W(2) = —1.02)
wWQ) -
_ p<u
V2

=P(Z=>-072)=1—-P(Z <—-0.72)
=1-—®(-0.72) = 0.7642.

> —0.72)
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