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Preface 34 

T r a d i t i o n a l n u m e r i c a l me thods , such as finite e lement , finite difference, or finite v o l 
ume methods , were m o t i v a t e d m o s t l y b y ea r ly one- a n d t w o - d i m e n s i o n a l s imu la t i ons 
of engineer ing problems v i a p a r t i a l d i f fe ren t ia l equat ions ( P D E s ) . T h e discre t iza
t i o n invo lved i n a l l o f these me thods requires some sor t o f u n d e r l y i n g c o m p u t a t i o n a l 
mesh, e.g., a t r i a n g u l a t i o n o f t he r eg ion o f in teres t . C r e a t i o n o f these meshes ( a n d 
possible re-meshing) becomes a r a t h e r d i f f i cu l t t ask i n th ree d imensions , a n d v i r t u 
a l ly impossible for h ighe r -d imens iona l p rob lems . T h i s is where meshfree m e t h o d s 
enter the p i c tu r e . Meshfree m e t h o d s are of ten — b u t b y no means have t o be — 
r a d i a l l y s y m m e t r i c i n n a t u r e . T h i s is achieved b y compos ing some u n i v a r i a t e basic 
f u n c t i o n w i t h a (Euc l idean) n o r m , a n d therefore t u r n i n g a p r o b l e m i n v o l v i n g m a n y 
space dimensions i n t o one t h a t is v i r t u a l l y one-d imens iona l . Such radial basis func
tions are a t t he hear t o f t h i s b o o k . Some people have a rgued t h a t there are th ree 
"b ig technologies" for t h e n u m e r i c a l s o l u t i o n o f P D E s , n a m e l y finite difference, fi
n i t e element, a n d spec t ra l me thods . W h i l e these technologies came i n t o t h e i r o w n 
r i g h t i n successive decades, n a m e l y finite difference me thods i n t he 1950s, finite e l 
ement me thods i n the 1960s, a n d spec t ra l me thods i n t he 1970s, meshfree m e t h o d s 
s t a r t ed t o appear i n t he m a t h e m a t i c s l i t e r a t u r e i n the 1980s, a n d t h e y are n o w o n 
the i r w a y t o becoming " b i g t echno logy" n u m b e r four . I n fact , we w i l l d emons t r a t e 
i n la ter par t s o f t h i s b o o k h o w different types o f meshfree m e t h o d s can be v i ewed 
as general izat ions o f t he t r a d i t i o n a l " b i g t h r ee" . 

M u l t i v a r i a t e meshfree a p p r o x i m a t i o n me thods are be ing s t ud i ed by m a n y re
searchers. T h e y exist i n m a n y flavors a n d are k n o w n under m a n y names, e.g., 
diffuse element m e t h o d , element-free G a l e r k i n m e t h o d , general ized finite e lement 
m e t h o d , / ip-clouds, meshless loca l P e t r o v - G a l e r k i n m e t h o d , m o v i n g least squares 
m e t h o d , p a r t i t i o n o f u n i t y finite e lement m e t h o d , r a d i a l basis f u n c t i o n m e t h o d , 
r ep roduc ing kerne l pa r t i c l e m e t h o d , s m o o t h pa r t i c l e h y d r o d y n a m i c s m e t h o d . 

I n t h i s b o o k we are concerned m o s t l y w i t h t he m o v i n g least squares ( M L S ) a n d 
r a d i a l basis f u n c t i o n ( R B F ) me thods . W e w i l l consider a l l different k i n d s o f aspects 
of these meshfree a p p r o x i m a t i o n me thods : H o w t o cons t ruc t t h e m ? A r e these 
cons t ruc t ions m a t h e m a t i c a l l y jus t i f i ab le? H o w accurate are they? A r e theEg~wavs 
t o i m p l e m e n t t h e m eff ic ient ly w i t h s t a n d a r d m a t h e m a t i c a l software-packages such 
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as M A T L A B ? H O W do t h e y compare w i t h t r a d i t i o n a l methods? H o w do the var ious 
flavors o f meshfree methods differ f r o m one another , a n d h o w are t h e y s imi l a r t o one 
another? Is there a general f r amework t h a t captures a l l o f these methods? W h a t 
sor t o f app l ica t ions are t h e y especial ly w e l l su i t ed for? 

W h i l e we do present m u c h o f t he u n d e r l y i n g t h e o r y for R B F and M L S ap
p r o x i m a t i o n methods , the emphasis i n t h i s b o o k is n o t o n proofs . For read
ers w h o are in teres ted i n a l l the m a t h e m a t i c a l deta i ls a n d in t r icacies o f t he 
t h e o r y we r e c o m m e n d t h e t w o excel lent recent monographs [ B u h m a n n (2003) ; 
W e n d l a n d (2005a)] . Ins tead , our ob jec t ive is t o make the t h e o r y accessible t o a 
w i d e audience t h a t includes g radua te s tudents a n d p r ac t i t i one r s i n a l l sorts o f sci
ence and engineer ing fields. W e w a n t t o p u t t he m a t h e m a t i c a l t h e o r y i n the con tex t 
o f app l ica t ions a n d p rov ide M A T L A B i m p l e m e n t a t i o n s w h i c h give the reader an easy 
e n t r y i n t o meshfree a p p r o x i m a t i o n me thods . T h e sk i l l ed reader shou ld t h e n easily 
be able t o m o d i f y the p rograms p r o v i d e d here for h i s / he r specific purposes. 

I n a c e r t a in sense the present b o o k was in sp i r ed b y the b e a u t i f u l l i t t l e b o o k [Tre-
fethen (2000)] . W h i l e the present b o o k is m u c h more expansive ( f i l l i n g more t h a n 
five h u n d r e d pages w i t h for ty-seven M A T L A B 1 p rograms , one M a p l e 2 p r o g r a m , one 
h u n d r e d figures, m o r e t h a n f i f ty tables, a n d more t h a n five h u n d r e d references), i t is 
our a i m t o p rov ide the reader w i t h r e l a t i v e l y s imple M A T L A B code t h a t i l lus t ra tes 
j u s t abou t every aspect discussed i n t h e b o o k . 

A l l M A T L A B p rog rams p r i n t e d i n t h e t e x t (as w e l l as a few modi f i ca t ions dis
cussed) are also i nc luded o n the enclosed C D . T h e folder MATLAB contains M-f i les 
and d a t a files o f t y p e M A T t h a t have been w r i t t e n a n d tes ted w i t h M A T L A B 7. For 
those readers w h o do no t have access t o M A T L A B 7, t he folder MATLAB6 conta ins 
versions o f these files t h a t are c o m p a t i b l e w i t h t he older M A T L A B release. T h e 
m a i n difference between the t w o versions is t he use o f anonymous funct ions i n the 
M A T L A B 7 code as compared t o i n l i n e funct ions i n the M A T L A B 6 vers ion . T w o 
packages f r o m the M A T L A B C e n t r a l F i l e Exchange [ M C F E ] are used t h r o u g h o u t t he 
book : t he f u n c t i o n h a l t o n s e q w r i t t e n b y D a n i e l D o u g h e r t y a n d used t o generate 
sequences o f H a l t o n po in t s ; t he /cd-tree l i b r a r y (g iven as a set o f M A T L A B M E X - f i l e s ) 
w r i t t e n b y G u y Shechter and used t o generate the kd-tvee d a t a s t ruc tu re u n d e r l y i n g 
our sparse mat r ices based on c o m p a c t l y s u p p o r t e d basis funct ions . B o t h o f these 
packages are discussed i n A p p e n d i x A a n d need t o be d o w n l o a d e d separately. T h e 
folder Map le o n t h e C D contains the one M a p l e file m e n t i o n e d above. 

T h e m a n u s c r i p t for t h i s b o o k a n d some o f i t s ear l ier inca rna t ions have been 
used i n g radua te level courses a n d seminars at N o r t h w e s t e r n Un ive r s i t y , V a n d e r b i l t 
Un ive r s i ty , and the I l l i n o i s I n s t i t u t e o f Technology. Special t h a n k s are due t o J o n 

1 M A T L A B ® is a trademark of The MathWorks, Inc. and is used with permission. The Math-
Works does not warrant the accuracy of the text or exercises in this book. This book's use or 
discussion of M A T L A B software or related products does not constitute endorsement or sponsor
ship by The MathWorks of a particular pedagogical approach or particular use of the M A T L A B 
software. 

2 M a p l e ™ is a registered trademark of Waterloo Maple Inc. 
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Cherr ie , J o h n Er i ckson , P a r i t o s h M o k h a s i , L a r r y Schumaker, a n d Jack Z h a n g for 
read ing var ious p o r t i o n s o f t h e m a n u s c r i p t a n d / o r M A T L A B code a n d p r o v i d i n g 
he lpfu l feedback. F i n a l l y , t h a n k s are due t o a l l the people a t W o r l d Scientif ic 
P u b l i s h i n g Co . w h o he lped make t h i s p ro j ec t a success: Rajesh B a b u , Y i n g O i 
Ch iew, L i n d a K w a n , R o k T i n g T a n , a n d Y u b i n g Z h a i . 

Greg Fasshauer 
Chicago, I L , J a n u a r y 2007 
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C h a p t e r 1 

Introduction 

Meshfree methods have ga ined m u c h a t t e n t i o n i n recent years, no t o n l y i n the 
ma themat i c s b u t also i n the engineer ing c o m m u n i t y . T h u s , m u c h of the w o r k con
cerned w i t h meshfree a p p r o x i m a t i o n me thods is i n t e r d i s c i p l i n a r y — at the interface 
between ma themat i c s a n d numerous a p p l i c a t i o n areas (see the p a r t i a l l i s t be low) . 
Moreover , c o m p u t a t i o n w i t h h igh -d imens iona l d a t a is an i m p o r t a n t issue i n m a n y 
areas o f science and engineer ing. M a n y t r a d i t i o n a l numer i ca l methods can e i ther 
no t handle such problems at a l l , or are l i m i t e d t o ve ry special ( regular) s i tua t ions . 
Meshfree methods are of ten be t t e r su i ted t o cope w i t h changes i n the geomet ry 
of the d o m a i n o f interest (e.g., free surfaces a n d large deformat ions) t h a n classical 
d i sc re t iza t ion techniques such as finite differences, finite elements or finite volumes. 
A n o t h e r obvious advantage o f meshfree d iscre t iza t ions is — o f course — the i r i n 
dependence f r o m a mesh. M e s h genera t ion is s t i l l t he mos t t i m e consuming p a r t 
o f any mesh-based numer i ca l s i m u l a t i o n . Since meshfree d i sc re t i za t ion techniques 
are based on ly on a set o f independent po in t s , these costs o f mesh genera t ion are 
e l imina t ed . Meshfree a p p r o x i m a t i o n me thods can be seen t o p rov ide a new gen
e ra t ion o f numer i ca l tools . O t h e r t r a d i t i o n a l numer i ca l me thods such as the finite 
element, finite difference or finite v o l u m e methods are usua l ly l i m i t e d t o p rob lems 
i n v o l v i n g t w o or three parameters (space d imensions) . However , i n m a n y appl ica
t ions the number o f parameters can easily range i n the hundreds or even thousands . 
M u l t i v a r i a t e a p p r o x i m a t i o n me thods present one way t o address these issues. 

A p p l i c a t i o n s o f meshfree me thods can be found 

• i n m a n y different areas o f science a n d engineering v i a scattered data mod
eling (e.g., fitting o f p o t e n t i a l energy surfaces i n chemis t ry ; c o u p l i n g o f 
engineering models w i t h sets o f i n c o m p a t i b l e parameters ; m a p p i n g p r o b 
lems i n geodesy, geophysics, me teoro logy) ; 

• i n m a n y different areas o f science a n d engineering v i a solution of partial 
differential equations (e.g., s o l u t i o n o f gas dynamics equat ions, B o l t z m a n n 
a n d Fokker -P lanck equat ions i n s ix-d imens iona l phase space; p rob lems i n 
v o l v i n g m o v i n g d i scon t inu i t i e s such as cracks and shocks, mul t i - sca le resolu
t i o n , large m a t e r i a l d i s to r t ions ; e las t ic i ty studies i n p la te and shell b e n d i n g 

l 



2 Meshfree Approximation Methods with M A T L A B 

problems; appl ica t ions i n nano techno logy) ; 
• i n non-uniform sampling (e.g., med ica l i m a g i n g , t o m o g r a p h i c reconstruc

t i o n ) ; 
• i n mathematical finance (e.g., o p t i o n p r i c i n g ) ; 
• i n computer graphics (e.g., r epresen ta t ion o f surfaces f r o m p o i n t i n f o r m a t i o n 

such as laser range scan da ta , image w a r p i n g ) ; 
• i n learning theory, neural networks a n d data mining (e.g., ke rne l a p p r o x i 

m a t i o n , suppor t vector machines) ; 
• i n optimization. 

Since m a n y o f these appl ica t ions e i ther come d o w n t o a f u n c t i o n a p p r o x i m a t i o n 
p r o b l e m , or inc lude func t i on a p p r o x i m a t i o n as a f u n d a m e n t a l componen t , we w i l l 
beg in our discussion w i t h — a n d i n fact base a large p a r t o f the contents o f th i s 
b o o k o n — the m u l t i v a r i a t e scat tered d a t a i n t e r p o l a t i o n p r o b l e m . 

1.1 M o t i v a t i o n : S c a t t e r e d D a t a I n t e r p o l a t i o n i n Ms 

We w i l l now describe the general process o f sca t te red d a t a f i t t i n g , w h i c h is one o f 
the fundamen ta l problems i n a p p r o x i m a t i o n t h e o r y a n d d a t a m o d e l i n g i n general . 
O u r desire to have a wel l -posed p r o b l e m f o r m u l a t i o n w i l l n a t u r a l l y lead t o an i n 
t r o d u c t o r y example based o n the use o f so-called distance matrices. I n the nex t 
chapters we w i l l generalize th i s approach b y i n t r o d u c i n g the concept o f a r a d i a l 
basis func t ion . 

1.1.1 The Scattered Data Interpolation Problem 

I n m a n y scientific disciplines one faces the f o l l o w i n g p r o b l e m : W e are g iven a set o f 
d a t a (measurements, and locat ions a t w h i c h these measurements were ob t a ined ) , 
a n d we w a n t t o f i nd a ru le w h i c h a l lows us t o deduce i n f o r m a t i o n a b o u t the process 
we are s t u d y i n g also at loca t ions different f r o m those a t w h i c h we o b t a i n e d our 
measurements. Thus , we are t r y i n g t o f i n d a f u n c t i o n Vf w h i c h is a "good" f i t t o 
the g iven da ta . The re are m a n y ways t o decide w h a t we mean b y "good" , a n d the 
o n l y c r i t e r i o n we w i l l consider n o w is t h a t we w a n t t h e f u n c t i o n Vf to exac t ly m a t c h 
the g iven measurements a t the cor responding loca t ions . T h i s approach is cal led 
interpolation, and i f the locat ions at w h i c h t h e measurements are t a k e n do n o t lie 
o n a u n i f o r m or regular g r i d , t h e n the process is ca l led scattered data interpolation. 

To give a precise de f in i t i on we assume t h a t the measurement loca t ions (or data 
sites) are labeled xj, j = 1 , . . . , j V , a n d the co r respond ing measurements (or data 
values) are cal led yj. W e w i l l use X t o denote t h e set o f d a t a sites a n d assume 
t h a t X C fl for some reg ion O i n R s . T h r o u g h o u t t h i s b o o k we w i l l r e s t r i c t our 
discussion t o scalar-valued da ta , i.e., V j e R. However , m u c h of the f o l l o w i n g can 
be generalized easily t o p rob lems w i t h vec to r -va lued da ta . I n m a n y o f our la ter 
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discussions we w i l l assume t h a t the d a t a are o b t a i n e d b y s a m p l i n g some ( u n k n o w n ) 
func t ion / at the da t a sites, i.e., yj = f(xj), j = 1,... ,N. O u r n o t a t i o n Vf for the 
i n t e r p o l a t i n g func t i on emphasizes the connec t ion between t h e i n t e rpo l an t a n d the 
da t a func t i on / . W e are n o w ready for a precise f o r m u l a t i o n o f the scat tered d a t a 
i n t e r p o l a t i o n p r o b l e m . 

P r o b l e m 1.1 ( S c a t t e r e d D a t a I n t e r p o l a t i o n ) . Given data (xj,yj), j = 
1,...,N, with xj e R s

; yj G R , find a (continuous) function Vf such that 

^f(xo) = yj, j = i , . . . , N . 

T h e fact t h a t we a l low Xj t o l ie i n an a r b i t r a r y s-dimensional space R s means 
t h a t the f o r m u l a t i o n o f P r o b l e m 1.1 al lows us t o cover m a n y different types o f ap
p l ica t ions . I f s = 1 the d a t a cou ld , e.g., be a series o f measurements t a k e n over 
a ce r ta in t i m e pe r iod , thus t h e "da ta sites" Xj w o u l d cor respond t o ce r t a in t i m e 
instances. For s = 2 we can t h i n k o f the d a t a be ing ob t a ined over a p lana r region, 
and so xj corresponds t o the t w o coordina tes i n the plane. For instance, we m i g h t 
wan t t o produce a m a p t h a t shows the r a i n f a l l i n the state we l ive i n based o n the 
da ta collected at weather s ta t ions loca ted t h r o u g h o u t the s tate. For s — 3 we m i g h t 
t h i n k o f a s imi l a r s i t u a t i o n i n space. One poss ib i l i t y is t h a t we cou ld be in teres ted 
i n the t empe ra tu r e d i s t r i b u t i o n inside some so l id body. H ighe r -d imens iona l exam
ples m i g h t no t be t h a t i n t u i t i v e , b u t a m u l t i t u d e o f t h e m exist , e.g., i n finance, 
o p t i m i z a t i o n , economics or s ta t i s t ics , b u t also i n a r t i f i c i a l in te l l igence or l ea rn ing 
theory. 

A convenient a n d c o m m o n approach t o s o l v i n g the scat tered d a t a p r o b l e m is t o 
make the assumpt ion t h a t t h e f u n c t i o n Vf is a l inear c o m b i n a t i o n o f c e r t a i n basis 
functions Bk, i.e., 

N 

Vf{x) = ckBk(x), x e R s . (1.1) 
A;=l 

Solv ing the i n t e r p o l a t i o n p r o b l e m under t h i s a s sumpt ion leads t o a sys tem o f 
l inear equat ions o f the f o r m 

Ac = y, 
where the entries o f the interpolation matrix A are g iven b y Ajk = Bk(xj), j , k = 
1,...,N, c= [a,... ,cN]T, a n d y = [y1,... ,yN]T. 

P r o b l e m 1.1 w i l l be well-posed, i.e., a s o l u t i o n t o the p r o b l e m w i l l exist a n d be 
unique, i f a n d o n l y i f the m a t r i x A is non-s ingular . 

I n the un iva r i a t e se t t i ng i t is w e l l k n o w n t h a t one can in t e rpo la t e t o a r b i t r a r y 
da ta at N d i s t i nc t da t a sites us ing a p o l y n o m i a l o f degree N—l. For the m u l t i v a r i a t e 
se t t ing , however, there is the f o l l o w i n g negat ive resul t (see [ M a i r h u b e r (1956); C u r t i s 
(1959)]) . 

T h e o r e m 1.1 ( M a i r h u b e r - C u r t i s ) . If Q, C Rs, s > 2 , contains an interior 
point, then there exist no Haar spaces of continuous functions except for one-
dimensional ones. 
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I n order t o unde r s t and t h i s t h e o r e m we need 

D e f i n i t i o n 1.1. L e t the f in i t e -d imens iona l l inear f u n c t i o n space B C C(f2) have a 
basis {Bi,..., Bjy}. T h e n B is a Haar space o n fl i f 

for any set o f d i s t i n c t X i , . . . , CCJV i n f2. Here A is t he m a t r i x w i t h entries Ajk = 
Bk(Xj). 

N o t e t h a t existence o f a H a a r space guarantees i n v e r t i b i l i t y o f the i n t e r p o l a t i o n 
m a t r i x A, i.e., existence and uniqueness o f an i n t e r p o l a n t o f the f o r m (1.1) t o 
d a t a specified at XI,...,XN f r o m t h e space B. A s m e n t i o n e d above, u n i v a r i a t e 
p o l y n o m i a l s o f degree N — 1 f o r m an A^-dimensional H a a r space for d a t a g iven a t 
X i , . . . , X N . 

T h e M a i r h u b e r - C u r t i s t h e o r e m te l ls us t h a t i f we w a n t t o have a wel l -posed 
m u l t i v a r i a t e scat tered d a t a i n t e r p o l a t i o n p r o b l e m we can no longer f ix i n advance 
the set o f basis funct ions we p l a n t o use for i n t e r p o l a t i o n o f a r b i t r a r y scat tered da ta . 
For example , i t is no t possible t o p e r f o r m un ique i n t e r p o l a t i o n w i t h ( m u l t i v a r i a t e ) 
po lynomia l s o f degree N t o d a t a g iven a t a r b i t r a r y loca t ions i n M2. Ins tead , the 
basis shou ld depend o n the d a t a loca t ions . W e w i l l give a s imple example o f such 
an i n t e r p o l a t i o n scheme i n the nex t subsect ion. 

Proof. [of T h e o r e m 1.1] L e t s > 2 a n d assume t h a t B is a Haa r space w i t h basis 
{Bi,..., B N } w i t h N > 2. W e need t o show t h a t t h i s leads t o a c o n t r a d i c t i o n . 

W e let x\,..., XN be a set o f d i s t i n c t po in t s i n ft C M s a n d A the m a t r i x w i t h 
entries Ajk = Bk(xj), j , k = 1 , . . . , N. T h e n , b y the d e f i n i t i o n o f a H a a r space, we 
have 

N o w , consider a closed p a t h P i n f2 connec t ing o n l y x± a n d X2- T h i s is possible 
since — b y a s sumpt ion — fl conta ins an i n t e r i o r p o i n t . W e can exchange the 
pos i t ions o f X \ a n d X2 b y m o v i n g t h e m con t inuous ly a long the p a t h P ( w i t h o u t 
in te r fe r ing w i t h any o f the o ther X j ) . T h i s means, however , t h a t rows 1 a n d 2 o f 
t he d e t e r m i n a n t (1.2) have been exchanged, a n d so the d e t e r m i n a n t has changed 
sign. 

Since the d e t e r m i n a n t is a con t inuous f u n c t i o n o f X \ a n d X2 we mus t have h a d 
det = 0 at some p o i n t a long P. T h i s con t r ad i c t s (1 .2) . • 

1.1.2 Example: Interpolation with Distance Matrices 

I n order t o o b t a i n d a t a dependent a p p r o x i m a t i o n spaces, as suggested b y the 
M a i r h u b e r - C u r t i s t h e o r e m we n o w consider a s imple example . A s a " t e s t func t ion" 
we employ the f u n c t i o n 

det A ^ O 

det A ^ O . (1.2) 

fa(x) = 4 s ] ^ [ a : d ( l - x d ) , X = ( X ! , . . . , x a ) e [o, i ] s . 

d=l 
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T h i s func t ion is zero o n the b o u n d a r y o f t he u n i t cube i n R S a n d has a m a x i m u m 
value o f one at the center o f t h e cube. A s imple M A T L A B s c r ip t de f in ing f s is g iven 
as P r o g r a m C . l i n A p p e n d i x C. 

W e w i l l use a set o f u n i f o r m l y sca t tered d a t a sites i n the u n i t cube a t w h i c h 
we sample our t e s t func t i on f s . T h i s w i l l be accompl ished here ( and i n m a n y o the r 
examples la ter on) b y r e so r t i ng t o the so-called Halton points. These are u n i f o r m l y 
d i s t r i b u t e d r a n d o m po in t s i n (0, l ) s . A set o f 289 H a l t o n po in t s i n the u n i t square 
i n M.2 is shown i n F i g u r e 1.1. M o r e de ta i l s o n H a l t o n po in t s are presented i n 
A p p e n d i x A . I n our c o m p u t a t i o n a l exper imen t s we generate H a l t o n po in t s us ing 
the p r o g r a m h a l t o n s e q . m w r i t t e n b y D a n i e l Doughe r ty . T h i s f u n c t i o n can be 
downloaded f r o m the M A T L A B C e n t r a l F i l e Exchange (see [ M C F E ] ) . 

Fig . 1.1 289 Halton points in the unit square in R 2 . 

A s expla ined i n the prev ious subsect ion we are in teres ted i n c o n s t r u c t i n g a (con
t inuous ) f u n c t i o n Vf t h a t in te rpo la tes t h e samples o b t a i n e d f r o m f s a t t he set o f 
H a l t o n po in ts , i.e., such t h a t 

Vf(xj) — fs(xj), Xj a H a l t o n p o i n t . 
A s p o i n t e d o u t above, i f s = 1, t h e n t h i s p r o b l e m is of ten solved us ing u n i v a r i a t e 
po lynomia l s or splines. For a s m a l l n u m b e r o f d a t a sites p o l y n o m i a l s m a y w o r k 
sat isfactori ly . However , i f t he n u m b e r o f po in t s increases, i.e., t h e p o l y n o m i a l degree 
grows, t h e n i t is w e l l k n o w n t h a t one s h o u l d use splines (or piecewise p o l y n o m i a l s ) 
t o avoid osci l la t ions . T h e s imples t s o l u t i o n is t o use a con t inuous piecewise l inear 
spline, i.e., t o "connect the do t s " . I t is also w e l l k n o w n t h a t one possible basis for 
the space o f piecewise l inear splines i n t e r p o l a t i n g d a t a at a g iven set o f po in t s i n 
[0,1] consists o f the shifts o f t he absolute value f u n c t i o n t o t h e d a t a sites. I n o the r 
words , we can cons t ruc t t he piecewise l inear spl ine i n t e r p o l a n t b y assuming Vf is 
o f the f o r m 

N 

Vf(x) = ^Tck\x - xk\, a r e [ 0 , 1 ] , 
fc=i 
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and t h e n de te rmine the coefficients ck by sa t i s fy ing the i n t e r p o l a t i o n c o n d i t i o n s 

Vf{xj) = h{Xj), j = l,...,N. 

Clear ly , t he basis func t ions Bk = |-— xk\ are dependent o n t h e d a t a sites as suggested 
by the M a i r h u b e r - C u r t i s theorem. T h e po in t s xk t o w h i c h t h e basic f u n c t i o n B(x) — 
\x\ is shi f ted are usua l ly referred t o as centers. W h i l e the re m a y be c i rcumstances 
t h a t suggest choosing these centers different f r o m the d a t a sites one genera l ly p icks 
the centers t o coincide w i t h t he d a t a sites. T h i s s impli f ies the analysis o f the 
m e t h o d , and is sufficient for m a n y app l ica t ions . Since the func t ions Bk are ( r a d i a l l y ) 
s y m m e t r i c abou t t he i r centers xk t h i s cons t i tu tes the first example o f radial basis 
functions. W e w i l l f o r m a l l y i n t r o d u c e the n o t i o n o f a r a d i a l f u n c t i o n i n the nex t 
chapter . 

O f course, one can imagine m a n y o ther ways t o cons t ruc t an i V - d i m e n s i o n a l 
data-dependent basis for the purpose o f scat tered d a t a i n t e r p o l a t i o n . However , the 
use o f shifts o f one single basic f u n c t i o n makes the r a d i a l basis f u n c t i o n approach 
p a r t i c u l a r l y elegant. 

N o t e t h a t we d i s t i ngu i sh be tween basis func t ions Bk a n d the basic f u n c t i o n B. 
W e use t h i s t e r m i n o l o g y t o emphasize t h a t the re is one basic f u n c t i o n B w h i c h 
generates the basis v i a shifts t o the var ious centers. 

C o m i n g back t o the scat tered d a t a p r o b l e m , we find the coefficients ck b y so lv ing 
the l inear sys tem 

\xi - X i | 
| x 2 - Xi\ \X2 

X2\ 

X2\ 

\XN - m l \XN - X2\ 

\Xi - XN\ 

\X2 — XN\ 

\xN - XN 

' C l " " / l ( * l ) ~ 

— / l ( * 2 ) 

-CN _ 

(1.3) 

A s men t ioned earl ier , for h igher space dimensions s such a d a t a dependent basis 
is requi red . Thus , even t h o u g h the c o n s t r u c t i o n o f piecewise l inear splines i n h igher 
space dimensions is a different one ( t h e y are closely associated w i t h an u n d e r l y i n g 
c o m p u t a t i o n a l mesh) , t h e idea j u s t presented suggests a v e r y s imple genera l i za t ion 
of un iva r i a t e piecewise l inear splines t h a t w o r k s for any space d imens ion . 

T h e m a t r i x i n (1.3) above is an example o f a distance matrix. Such mat r ices have 
been s tud ied i n geomet ry and analysis i n the con tex t o f i somet r ic embeddings o f 
me t r i c spaces for a l ong t i m e (see, e.g., [Bax te r (1991) ; B l u m e n t h a l (1938); Bochner 
(1941); M i c c h e l l i (1986); Schoenberg (1938a); Wel l s a n d W i l l i a m s (1975)] a n d also 
Chap te r 10). I t is k n o w n t h a t the dis tance m a t r i x based o n t h e E u c l i d e a n dis tance 
between a set of d i s t i n c t po in t s i n R S is a lways non-s ingu la r (see Sect ion 9.3 for 
more de ta i l s ) . Therefore , we can solve the sca t tered d a t a i n t e r p o l a t i o n p r o b l e m we 
posed on [0, l ] s b y assuming 

N 

Vf(x) = Y2CkWx
 ~ x k h , xe[0,iy (1.4) 

fc=i 
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and t h e n de te rmine the coefficients ck b y so lv ing the l inear sys tem 

1*1 — Xi\\2 

\x2 ~ Xi\\2 

11*1 

11*2 

352112 

* 2 | | 2 

\XN - * 1 2 \\XN - X2\\2 

1*1 - XN\\2 

\x2 — XN\\2 

\XN 

Cl 

C2 

/ s ( * l ) 
fs{x2) 

JS(XN) XN\\2. 

T h i s is precisely the i n t e r p o l a t i o n m e t h o d we w i l l choose t o i l l u s t r a t e w i t h ou r first 
M A T L A B scr ip t D i s t a n c e M a t r i x F i t .m (see P r o g r a m 1.2 be low) and the s u p p o r t i n g 
figures and tables. A t y p i c a l basis f u n c t i o n for t h e Euc l idean distance m a t r i x fit, 
Bk{x) — \\x — £Efc||2, is shown i n F igu re 1.2 for the case xk — 0 a n d s = 2. 

Fig. 1.2 A typical basis function for the Euclidean distance matrix centered at the origin in R . 

Before we discuss the a c t u a l i n t e r p o l a t i o n p r o g r a m we f i rs t l i s t a sub rou t ine 
used i n m a n y o f our la ter examples. I t is cal led D i s t a n c e M a t r i x . m a n d we use i t 
t o compute the m a t r i x o f pa i rwise E u c l i d e a n distances o f t w o (poss ibly di f ferent) 
sets o f po in ts i n M s . I n the code these t w o sets are denoted b y d s i t e s a n d c t r s . I n 
most o f our examples b o t h o f these sets w i l l coincide w i t h the set X o f d a t a sites. 

P r o g r a m 1.1. D i s t a n c e M a t r i x . m 

% DM = D i s t a n c e M a t r i x ( d s i t e s , c t r s ) 
% Forms t h e d i s t a n c e m a t r i x o f t w o s e t s o f p o i n t s i n R " s , 
% i . e . , D M ( i , j ) = I I d a t a s i t e _ i - c e n t e r _ j I I _ 2 . 
% I n p u t 
% d s i t e s : Mxs m a t r i x r e p r e s e n t i n g a s e t o f M d a t a s i t e s i n R~s 
7, ( i . e . , e a c h r o w c o n t a i n s one s - d i m e n s i o n a l p o i n t ) 

7o c t r s : Nxs m a t r i x r e p r e s e n t i n g a s e t o f N c e n t e r s i n R~s 
7o (one c e n t e r p e r r o w ) 

7. O u t p u t 
7. DM: MxN m a t r i x whose i , j p o s i t i o n c o n t a i n s t h e E u c l i d e a n 
7o d i s t a n c e b e t w e e n t h e i - t h d a t a s i t e and j - t h c e n t e r 
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1 function DM = D i s t a n c e M a t r i x ( d s i t e s , c t r s ) 
2 [M,s] = s i z e ( d s i t e s ) ; [N,s] = s i z e ( c t r s ) ; 
3 DM = zeros(M,N); 

% Accumulate sum of squares of coordinate d i f f e r e n c e s 
% The ndgrid command produces two MxN matrices: 
'/„ . dr, c o n s i s t i n g of N i d e n t i c a l columns (each containing 
% the d-th coordinate of the M data s i t e s ) 
7o cc, c o n s i s t i n g of M i d e n t i c a l rows (each containing 
% the d-th coordinate of the N centers) 

4 for d=l:s 
5 [dr.cc] = n d g r i d ( d s i t e s ( : , d ) , c t r s ( : , d ) ) ; 
6 DM = DM + (dr-cc)."2; 
7 end 
8 DM = sqrt(DM); 

N o t e t h a t t h i s sub rou t ine can easily be m o d i f i e d t o p roduce a p - n o r m distance 
m a t r i x by m a k i n g the obvious changes t o lines 6 a n d 8 o f the code i n P r o g r a m 1.1. 
W e w i l l come back t o t h i s idea i n C h a p t e r 10. 

O u r first m a i n sc r ip t is P r o g r a m 1.2. T h i s sc r ip t can be used t o c o m p u t e the 
distance m a t r i x i n t e rpo l an t t o d a t a sampled f r o m the test f u n c t i o n / s p r o v i d e d b y 
P r o g r a m C l . W e use H a l t o n po in t s a n d are able t o select the space d imens ion 
s a n d n u m b e r o f po in t s N b y e d i t i n g lines 1 a n d 2 o f the code. T h e subrou
t ine MakeSDGrid.m w h i c h we use t o c o m p u t e the equa l ly spaced po in t s i n the s-
d imens iona l u n i t cube o n l ine 6 o f DistanceMatrixFit .mis p r o v i d e d i n A p p e n d i x C. 
These equa l ly spaced po in t s are used as eva lua t i on p o i n t s a n d t o c o m p u t e errors . 
N o t e t h a t since the dis tance m a t r i x i n t e r p o l a n t is o f the f o r m ( 1 . 4 ) i t s s imul taneous 
eva lua t ion at t he ent i re set o f eva lua t ion p o i n t s amoun t s t o a m a t r i x - v e c t o r p r o d u c t 
of t he eva lua t ion m a t r i x EM a n d the coefficients c. Here t h e eva lua t ion m a t r i x has 
the same s t r u c t u r e as the i n t e r p o l a t i o n m a t r i x a n d can also be c o m p u t e d us ing the 
subrou t ine Distancematrix . m ( o n l y us ing eva lua t ion p o i n t s i n place o f the d a t a 
sites, see l ine 9 o f DistanceMatrixFit .m). T h e coefficient vector c is supp l i ed d i 
r e c t l y as s o l u t i o n o f the l inear sys tem Ac = f (see ( 1 . 3 ) a n d the M A T L A B expression 
IM\rhs o n l ine 10 o f the p r o g r a m ) . T h e eva lua t ion p o i n t s are subsequent ly used 
for the e r ror c o m p u t a t i o n i n lines 1 1 - 1 3 a n d are also used for p l o t t i n g purposes i n 
the last p a r t o f the p r o g r a m (lines 1 6 - 3 5 ) . N o t e t h a t for t h i s example we k n o w the 
func t i on f s t h a t generated the da ta , a n d therefore are able t o c o m p u t e the er ror i n 
our r econs t ruc t ion . T h e subrout ines t h a t p roduce the 2 D a n d 3 D p lo t s o n lines 2 4 ¬
3 2 are p r o v i d e d i n A p p e n d i x C. N o t e t h a t the use o f reshape o n lines 2 2 - 2 3 a n d 
2 7 - 2 9 corresponds t o the use o f meshgrid for p l o t t i n g purposes. 

Program 1.2. DistanceMatrixFit .m 

% DistanceMatrixFit 
% S c r i p t that uses Euclidean distance matrices to perform 
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% scattered data i n t e r p o l a t i o n for a r b i t r a r y space dimensions 
% C a l l s on: DistanceMatrix, MakeSDGrid, t e s t f u n c t i o n 
°/0 Uses: haltonseq (written by Daniel Dougherty from MATLAB 
% Central F i l e Exchange) 
1 s = 3; 
2 k = 2; N = (2~k+l)~s; 
3 neval = 10; M = neval's; 

% Use Halton points as data s i t e s and centers 
4 d s i t e s = haltonseq(N,s); 
5 c t r s = d s i t e s ; 

% Create neval~s equally spaced evaluation locations i n the 
% s-dimensional unit cube 

6 epoints = MakeSDGrid(s,neval); 
% Create right-hand side vector, 
% i . e . , evaluate the t e s t function at the data s i t e s 

7 rhs = t e s t f u n c t i o n ( s , d s i t e s ) ; 
% Compute distance matrix for the data s i t e s and centers 

8 IM = D i s t a n c e M a t r i x ( d s i t e s , c t r s ) ; 
% Compute distance matrix for evaluation points and centers 

9 EM = DistanceMatrix(epoints,ctrs); 
% Evaluate the interpolant on evaluation points 
°/0 (evaluation matrix * solutio n of in t e r p o l a t i o n system) 

10 Pf = EM * (IM\rhs); 
% Compute exact solution, 
% i . e . , evaluate t e s t function on evaluation points 

11 exact = t e s t f u n c t i o n ( s , e p o i n t s ) ; 
% Compute maximum and RMS errors on evaluation g r i d 

12 maxerr = norm(Pf-exact,inf); 
13 rms.err = norm(Pf-exact)/sqrt(M); 
14 fprintf( JRMS error: 70e\n', rms_err) 
15 f p r i n t f ('Maximum error: 0/0e\n', maxerr) 
16 switch s 
17 case 1 
18 plot(epoints, Pf) 
19 figure; plot(epoints, abs(Pf-exact)) 
20 case 2 
21 fview = [-30,30]; 
22 xe = reshape(epoints(:,2),neval,neval); 
23 ye = reshape(epoints(:,1),neval,neval); 
24 PlotSurf(xe,ye,Pf,neval,exact.maxerr,fview); 
25 PlotError2D(xe,ye,Pf,exact,maxerr,neval,fview); 
26 case 3 
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38 
29 

3 1 
32a 

27 

30 

xe = r e s h a p e C e p o i n t s ( : , 2 ) , n e v a l , n e v a l , n e v a l ) ; 
ye = r e s h a p e ( e p o i n t s ( : , 1 ) , n e v a l , n e v a l , n e v a l ) ; 
ze = r e s h a p e ( e p o i n t s ( : , 3 ) , n e v a l , n e v a l , n e v a l ) ; 
x s l i c e = . 2 5 : . 2 5 : 1 ; y s l i c e = 1 ; z s l i c e = [ 0 , 0 . 5 ] ; 
P l o t S I i c e s ( x e , y e , z e , P f , n e v a l , x s l i c e , y s l i c e , z s l i c e ) ; 
P l o t E r r o r S l i c e s ( x e , y e , z e , P f , e x a c t , n e v a l , . . . 

32b x s l i c e , y s l i c e , z s l i c e ) ; 
33 o t h e r w i s e 

d i s p ( ' C a n n o t d i s p l a y p l o t s f o r s > 3 ' ) 34 
35 end 

I n Tables 1.1 a n d 1.2 as w e l l as F igures 1.3 a n d 1.4 we present some examples 
c o m p u t e d w i t h P r o g r a m 1.2. T h e n u m b e r M o f e v a l u a t i o n po in t s ( d e t e r m i n e d b y 
n e v a l o n l ine 3 o f t he code) we used for t he cases s = 1, 2 , . . . , 6, was 1000, 1600, 
1000, 256, 1024, a n d 4096, respect ive ly {i.e., n e v a l = 1000, 40, 10, 4, 4, a n d 4, 
respect ive ly) . N o t e t h a t , as t he space d i m e n s i o n s increases, more a n d more o f t h e 
eva lua t ion po in t s l ie o n the b o u n d a r y o f t h e d o m a i n , w h i l e t he d a t a sites ( w h i c h are 
g iven as H a l t o n po in t s ) are loca ted i n t h e i n t e r i o r o f t he d o m a i n . T h e value k l i s t ed 
i n Tables 1.1 a n d 1.2 is the same as t h e k i n l ine 2 o f P r o g r a m 1.2. T h e f o r m u l a for 
the root-mean-square e r ror ( R M S - e r r o r ) is g iven b y 

where the £j, j = 1 , . . . , M are the evaluation points. F o r m u l a (1.5) is used o n 
l ine 13 o f P r o g r a m 1.2. 

T h e basic M A T L A B code for t he s o l u t i o n o f any k i n d o f R B F i n t e r p o l a t i o n p r o b 
l e m w i l l be ve ry s imi l a r t o P r o g r a m 1.2. N o t e i n p a r t i c u l a r t h a t t he d a t a used — 
even for the dis tance m a t r i x i n t e r p o l a t i o n considered here — can also be "real" 
da ta . I n t h a t case one s i m p l y needs t o replace lines 4 a n d 7 o f t he p r o g r a m b y 
appropr i a t e code t h a t generates the d a t a sites a n d d a t a values for t he r i g h t - h a n d 
side. 

T h e p lo t s o n the left o f F igures 1.3 a n d 1.4 d i sp lay t h e graphs o f t he dis tance 
m a t r i x fi ts for space dimensions s = 1, 2, a n d 3, respect ively, w h i l e those o n the 
r i g h t depic t the cor responding er rors . For the I D p lo t s ( i n F i g u r e 1.3) we used 
5 H a l t o n po in t s t o i n t e rpo la t e t h e t e s t f u n c t i o n / i . T h e piecewise l inear n a t u r e o f 
the i n t e r p o l a n t is c lear ly v is ib le a t t h i s r e so lu t ion . I f we use m o r e po in t s t h e n the 
fit becomes more accurate — see Tab le 1.1 — b u t t h e n i t is no longer possible t o 
d i s t i ngu i sh the piecewise l inear n a t u r e o f t he i n t e r p o l a n t . T h e 2 D p l o t ( t o p left o f 
F igu re 1.4) in te rpola tes the t e s t f u n c t i o n f2 a t 289 H a l t o n po in t s . T h e g r a p h o f Vf is 
false-colored accord ing t o the absolute e r ro r ( i n d i c a t e d b y t h e color bar at t he r i g h t 
o f t he p l o t ) . T h e b o t t o m p l o t i n F i g u r e 1.4 shows a slice p l o t o f t he dis tance m a t r i x 
i n t e rpo lan t t o fa based o n 729 H a l t o n po in t s . For t h i s p l o t the colors represent 
func t ion values (aga in i n d i c a t e d b y t h e color bar o n the r i g h t ) . 

R M S - e r r o r (1.5) 
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Table 1.1 Distance matrix fit to N Halton points in [0, l ] s , s — 1, 2, 3. 

11 

k 

I D 2D 3D 

k N RMS-error N RMS-error N RMS-error 

1 3 5.896957e-001 9 1.937341e-001 27 9.721476e-002 
2 5 3.638027e-001 25 6.336315e-002 125 6.277141e-002 
3 9 1.158328e-001 81 2.349093e-002 729 2.759452e-002 
4 17 3.981270e-002 289 1.045010e-002 
5 33 1.406188e-002 1089 4.326940e-003 
6 65 5.068541e-003 4225 1.797430e-003 
7 129 1.877013e-003 
8 257 7.264159e-004 
9 513 3.016376e-004 
10 1025 1.381896e-004 
11 2049 6.907386e-005 
12 4097 3.453179e-005 

X X 

Fig. 1.3 F i t (left) and absolute error (right) for 5 point distance matrix interpolation in I D . 

I n the r i g h t h a l f o f F igures 1.3 a n d 1.4 we show absolute errors for the dis tance 
m a t r i x in te rpo lan t s d i sp layed i n the left c o l u m n . W e use analogous color schemes, 
i.e., the 2 D p l o t ( t o p p a r t o f F i g u r e 1.4) is false-colored accord ing t o the absolute 
er ror , and so is the 3 D p l o t ( b o t t o m ) since n o w the " f u n c t i o n value" corresponds 
t o the absolute e r ror . W e can see c lea r ly t h a t mos t o f the e r ror is concen t ra ted 
near the b o u n d a r y o f the d o m a i n . I n fact , t he absolute e r ro r is a b o u t one order o f 
m a g n i t u d e larger near the b o u n d a r y t h a n i t is i n the i n t e r i o r o f t he d o m a i n . T h i s 
is no surprise since the d a t a sites are loca ted i n the i n t e r i o r . However , even for 
u n i f o r m l y spaced d a t a sites ( i n c l u d i n g p o i n t s o n the b o u n d a r y ) the m a i n e r ror i n 
r a d i a l basis f u n c t i o n i n t e r p o l a t i o n is u sua l ly loca ted near t h e bounda ry . 

F r o m th i s f i rs t s imple example we can observe a n u m b e r o f o ther features. M o s t 
o f t h e m are charac ter i s t ic for t he r a d i a l basis f u n c t i o n i n t e rpo lan t s we w i l l be s t u d y 
i n g la ter on . F i r s t , t h e basis func t ions employed , Bk = || • — a?&||2> are r a d i a l l y s y m -



12 Meshfree Approximation Methods with M A T L A B 

y 0 0 x y 0 0 

Fig. 1.4 Fits (left) and errors (right) for distance matrix interpolation with 289 points in 2D 
(top), and 729 points in 3D (bottom). 

Table 1.2 Distance matrix fit to N Halton points in [0, l ] s , s — 4, 5, 6. 

4D 5D 6D 

k N RMS-error N RMS-error N RMS-error 

1 81 1.339581e-001 243 9.558350e-002 729 5.097600e-002 
2 625 6.817424e-002 3125 3.118905e-002 

met r i c . Second, as the M A T L A B scr ipts show, t h e m e t h o d is e x t r e m e l y s imple t o 
implemen t for any space d imens ion s. For example , no u n d e r l y i n g c o m p u t a t i o n a l 
mesh is requi red t o compu te the i n t e r p o l a n t . T h e process o f mesh genera t ion is 
a ma jo r factor w h e n w o r k i n g i n h igher space d imens ions w i t h po lynomia l -based 
methods such as splines or finite elements. A l l t h a t is r equ i r ed for our m e t h o d is 
the pai rwise distance between the d a t a sites. Therefore , we have w h a t is k n o w n as 
a meshfree (or meshless) m e t h o d . 

T h i r d , t h e accuracy o f t h e m e t h o d improves i f we a d d more d a t a sites. I n fact , 
i t seems t h a t the R M S - e r r o r i n Tables 1.1 a n d 1.2 is reduced by a factor o f abou t 
t w o f r o m one r o w t o the nex t . Since we use (2* + l ) s u n i f o r m l y d i s t r i b u t e d r a n d o m 
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da ta po in ts i n r o w k t h i s indicates a convergence ra te o f r o u g h l y O(h), where h can 
be v iewed as someth ing l ike the average dis tance or meshsize o f the set X o f d a t a 
sites (we w i l l be more precise la ter o n ) . 

A n o t h e r t h i n g t o note is t h a t t h e s imple distance f u n c t i o n i n t e r p o l a n t used here 
(as we l l as m a n y o ther r a d i a l basis f u n c t i o n in t e rpo lan t s used la te r ) requires the 
so lu t ion o f a system o f l inear equat ions w i t h a dense N x N m a t r i x . T h i s makes 
i t ve ry cost ly t o a p p l y the m e t h o d i n i t s s imple f o r m t o large d a t a sets. Moreover , 
as we w i l l see la ter , these mat r ices also t e n d t o be ra the r i l l - c o n d i t i o n e d . These are 
the reasons w h y we can o n l y present resul ts for r e l a t ive ly s m a l l d a t a sets i n h igher 
space dimensions us ing th i s s imple approach . 

I n the remainder o f th i s b o o k i t is ou r goal t o present a l te rna t ives t o th i s basic 
i n t e r p o l a t i o n m e t h o d t h a t address the p rob lems m e n t i o n e d above such as l i m i t a t i o n 
t o sma l l d a t a sets, i l l - c o n d i t i o n i n g , l i m i t e d accuracy a n d l i m i t e d smoothness o f the 
i n t e rpo lan t . 

1.2 Some Historical Remarks 

Or ig ina l ly , t he m o t i v a t i o n for the basic meshfree a p p r o x i m a t i o n me thods (ra
d i a l basis f u n c t i o n a n d m o v i n g least squares me thods ) came f r o m appl ica t ions i n 
geodesy, geophysics, m a p p i n g , or meteorology. La t e r , app l ica t ions were found i n 
m a n y other areas such as i n the n u m e r i c a l s o l u t i o n o f P D E s , compu te r g r aph 
ics, a r t i f i c i a l intel l igence, s t a t i s t i ca l l e a rn ing theo ry , neu ra l ne tworks , s ignal a n d 
image processing, s a m p l i n g theo ry , s ta t is t ics ( k r i g i n g ) , finance, a n d o p t i m i z a 
t i o n . I t shou ld be p o i n t e d o u t t h a t meshfree loca l regression me thods have been 
used independent ly i n s ta t i s t ics for w e l l over 100 years (see, e.g., [Cleveland a n d 
Loader (1996)] and the references t h e r e i n ) . I n fact , t he basic m o v i n g least squares 
m e t h o d ( k n o w n also as loca l regression i n t h e s ta t is t ics l i t e r a t u r e ) can be t r aced 
back at least t o the w o r k o f [ G r a m (1883); Woolhouse (1870); D e Forest (1873); 
De Forest (1874)] . 

I n the l i t e r a tu r e o n a p p r o x i m a t i o n t h e o r y a n d re la ted appl ica t ions areas some 
h i s to r i ca l l a n d m a r k c o n t r i b u t i o n s have come f r o m 

• D o n a l d Shepard, w h o as an underg radua te s tudent a t H a r v a r d Un ive r s i t y , 
suggested the use o f w h a t are n o w cal led Shepard functions i n t h e la te 
1960s (see Chap te r 22) . T h e p u b l i c a t i o n [Shepard (1968)] discusses t h e 
basic inverse distance we igh ted Shepard m e t h o d a n d some modi f i ca t ions 
thereof. T h e m e t h o d was a t t h e t i m e i n c o r p o r a t e d i n t o a c o m p u t e r p r o 
g r a m , S Y M A P , for m a p m a k i n g . 

• R o l l a n d Hardy , w h o was a geodesist at I o w a State Un ive r s i t y . He i n t r o 
duced the so-called multiquadrics ( M Q s ) i n the ear ly 1970s (see, e.g., [ H a r d y 
(1971)] or Chap te r 8 ) . H a r d y ' s w o r k was p r i m a r i l y concerned w i t h a p p l i 
cat ions i n geodesy a n d m a p p i n g . 
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R o b e r t L . H a r d e r a n d R o b e r t N . Desmara i s , w h o were aerospace engineers 
at MacNea l -Schwendle r C o r p o r a t i o n ( M S C Sof tware) , a n d N A S A ' s L a n g l e y 
Research Center . T h e y i n t r o d u c e d t h e so-cal led thin plate splines ( T P S s ) 
i n 1972 (see, e.g., [Harder a n d Desmara i s (1972)] or C h a p t e r 8 ) . T h e i r w o r k 
was concerned m o s t l y w i t h a i rc ra f t design. 

Jean D u c h o n , a m a t h e m a t i c i a n a t t h e U n i v e r s i t e Joseph Four i e r i n Greno
ble, France. D u c h o n suggested a v a r i a t i o n a l app roach m i n i m i z i n g the 
i n t e g r a l o f V 2 / i n R 2 w h i c h also leads t o t h e t h i n p l a t e splines. T h i s 
w o r k was done i n t h e m i d 1970s a n d is cons idered t o be t he f o u n d a t i o n 
o f t he v a r i a t i o n a l approach t o r a d i a l basis func t ions (see [ D u c h o n (1976); 
D u c h o n (1977); D u c h o n (1978) ; D u c h o n (1980)]) or C h a p t e r 13) . 
Jean M e i n g u e t , a m a t h e m a t i c a n a t U n i v e r s i t e C a t h o l i q u e de L o u v a i n i n 
L o u v a i n , B e l g i u m . M e i n g u e t i n t r o d u c e d w h a t he ca l led surface splines i n 
the la te 1970s. Surface splines a n d t h i n p l a t e splines f a l l unde r w h a t we 
w i l l refer t o as polyharmonic splines (see, e.g., [Me ingue t (1979a) ; M e i n g u e t 
(1979b) ; M e i n g u e t (1979c); M e i n g u e t (1984)] or C h a p t e r 8 ) . 
Peter Lancas ter and Kes Salkauskas, m a t h e m a t i c i a n s at t he U n i v e r s i t y o f 
Calgary , Canada . T h e y p u b l i s h e d [Lancas ter a n d Salkauskas (1981)] i n 
t r o d u c i n g the moving least squares method (a gene ra l i za t ion o f Shepard 
func t ions ) . 

R i c h a r d Franke , a m a t h e m a t i c i a n a t t he N a v a l Pos tg radua te School i n M o n 
terey, C a l i f o r n i a . I n [Franke (1982a)] he c o m p a r e d var ious sca t te red d a t a 
i n t e r p o l a t i o n me thods , a n d conc luded M Q s a n d T P S s were the best . F ranke 
also conjec tured t h a t t h e i n t e r p o l a t i o n m a t r i x for M Q s is i n v e r t i b l e . 
W o l o d y m y r ( W a l l y ) M a d y c h , a m a t h e m a t i c i a n a t t he U n i v e r s i t y o f C o n 
nec t i cu t , a n d S t u a r t A l a n Nelson , a m a t h e m a t i c i a n f r o m I o w a S ta te U n i v e r 
sity. I n 1983 t h e y c o m p l e t e d t h e i r m a n u s c r i p t [ M a d y c h a n d Ne l son (1983)] 
i n w h i c h t h e y p r o v e d Franke 's conjec ture ( a n d m u c h more ) based o n a var ia 
t i o n a l approach . However , t h i s m a n u s c r i p t was never pub l i shed . O t h e r fun
d a m e n t a l papers by these t w o au tho r s are, e.g., [ M a d y c h a n d Ne l son (1988); 
M a d y c h a n d Nelson (1990a) ; M a d y c h a n d Ne l son (1992) ] . 
Charles M i c c h e l l i , a m a t h e m a t i c i a n a t t h e I B M W a t s o n Research Center . 
M i c c h e l l i pub l i shed t h e paper [ M i c c h e l l i (1986)] . H e also p r o v e d Franke 's 
conjecture . H i s proofs are r o o t e d i n t he w o r k o f [Bochner (1932); Bochne r 
(1933)] a n d [Schoenberg (1937) ; Schoenberg (1938a) ; Schoenberg (1938b)] 
on pos i t ive def in i te a n d c o m p l e t e l y m o n o t o n e func t ions . T h i s is also the 
approach we w i l l fo l low t h r o u g h o u t m u c h o f t h i s b o o k . 
Grace W a h b a , a s t a t i s t i c i a n a t t he U n i v e r s i t y o f W i s c o n s i n . She s t u d i e d the 
use o f t h i n p la te splines for s t a t i s t i c a l purposes i n t he con tex t o f s m o o t h i n g 
noisy data and d a t a o n spheres, a n d i n t r o d u c e d t h e A N O V A a n d cross 
v a l i d a t i o n approaches t o t he r a d i a l basis f u n c t i o n set t ing(see, e.g., [ W a h b a 
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(1979); W a h b a (1981); W a h b a a n d Wendelberger (1980)] ) . One o f t h e f i rs t 
monographs o n the subjec t is [Wahba (1990b)] . 

• R o b e r t Schaback, a m a t h e m a t i c i a n a t t he U n i v e r s i t y o f G o t t i n g e n , Ger
many. Compactly supported radial basis functions ( C S R B F s ) were i n t r o 
duced i n [Schaback (1995a)] , a n d a v e r y popu la r f a m i l y o f C S R B F s was 
presented b y Holger W e n d l a n d (also a m a t h e m a t i c i a n i n G o t t i n g e n ) i n his 
P h . D . thesis (see also [ W e n d l a n d (1995)] a n d C h a p t e r 11). B o t h o f these 
au thors have c o n t r i b u t e d extens ively t o the field of r a d i a l basis funct ions . 
We m e n t i o n p a r t i c u l a r l y the recent m o n o g r a p h [ W e n d l a n d (2005a)] . 





Chapter 2 

Radial Basis Function Interpolation 
in M A T L A B 

Before we discuss any o f the t heo re t i ca l f o u n d a t i o n o f r a d i a l basis funct ions we w a n t 
t o get a feel for w h a t t hey are a l l abou t . W e saw i n the i n t r o d u c t o r y chapter t h a t 
i t is easy t o use Euc l idean dis tance matr ices t o compute a s o l u t i o n t o the sca t te red 
da t a i n t e r p o l a t i o n p r o b l e m . However , we also p o i n t e d ou t a number o f l i m i t a t i o n s 
to t h a t approach such as the l i m i t e d accuracy a n d l i m i t e d smoothness. I t t u r n s o u t 
t h a t we can m a i n t a i n the u n d e r l y i n g s t ruc tu re presented b y t h e distance m a t r i x 
approach a n d address these l i m i t a t i o n s b y compos ing the distance f u n c t i o n w i t h 
ce r t a in "good" un iva r i a t e funct ions . 

2.1 R a d i a l (Basis) Functions 

A s a f irst example we p ick a f u n c t i o n well-represented i n m a n y branches o f ma the 
mat ics , name ly the Gaussian 

^ ( r ) = e - ( ^ ) 2 , r e i 

O u r shape parameter e is r e l a t ed t o the var iance a2 o f t h e n o r m a l d i s t r i b u t i o n 
func t ion b y e2 = l/(2o~2). I f we compose t h e Gaussian w i t h the Euc l idean dis tance 
func t ion 11 - j12 we o b t a i n for any f ixed center x k G Rs a multivariate f u n c t i o n 

$ f c(sc) =e- e a" a !- a ? f cll2, x e R 3 . 

Obvious ly , t he connec t ion be tween and (p is g iven b y 

^fc(x) = (p(\\x - xk\\2). 

I t is th i s connec t ion t h a t gives rise t o the name radial basis function ( R B F ) . T h e 
fo l lowing is a f o r m a l d e f i n i t i o n o f a r a d i a l f u n c t i o n . 

Definition 2.1. A func t i on $ : R S —> R is cal led radial p r o v i d e d there exists a 
univariate f u n c t i o n <p : [0, 00) —> R such t h a t 

&(x) = (f(r), where r — \\x\\, 

and || • || is some n o r m o n M s — usua l ly the Euc l idean n o r m . 

17 
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D e f i n i t i o n 2.1 says t h a t for a r a d i a l f u n c t i o n <& 

||a;i|| = ||x2|| $ ( J C I ) = $ ( x 2 ) , x u x2eRs. 

I n o ther words , the value o f a t any p o i n t a t a c e r t a i n fixed distance f r o m the o r i g i n 
(or any o ther fixed center p o i n t ) is cons tan t . T h u s , <3> is r a d i a l l y (or spher ica l ly ) 
s y m m e t r i c abou t i t s center. D e f i n i t i o n 2.1 shows t h a t t h e E u c l i d e a n dis tance func
t i o n we used i n the i n t r o d u c t i o n is j u s t a special case o f a r a d i a l (basis) func t ion . 
Namely , w i t h ip(r) = r. 

Figu re 2.1 shows the graphs o f t w o Gauss ian r a d i a l basis funct ions , one w i t h 
shape parameter e — 1 ( left) a n d one w i t h e — 3 ( r i g h t ) ( b o t h centered a t the o r i g i n 
i n R 2 ) . A smaller value o f e (i.e., larger var iance) causes the f u n c t i o n t o become 
" f la t t e r" , w h i l e increasing e leads t o a more peaked R B F , a n d therefore localizes i t s 
influence. W e w i l l see soon t h a t the choice o f e has a p r o f o u n d influence o n b o t h 
the accuracy a n d numer i ca l s t a b i l i t y o f t h e s o l u t i o n t o ou r i n t e r p o l a t i o n p r o b l e m . 

•u is 

Fig. 2.1 Gaussian with e = 1 (left) and e = 3 (right) centered at the origin in R 2 . 

D e f i n i t i o n 2.1 and the discussion l ead ing u p t o i t show again w h y i t makes sense 
t o ca l l ip the basic f unc t i on , a n d &k(\\ • H2) (centered at xk) a r a d i a l basis f unc t ion . 
One single basic f u n c t i o n generates a l l o f the basis func t ions t h a t are used i n the 
expansion (1.1) . 

R a d i a l f unc t i on in t e rpo lan t s have t h e nice p r o p e r t y o f be ing i n v a r i a n t under a l l 
Euc l idean t r ans fo rma t ions (i.e., t r ans la t ions , r o t a t i o n s , a n d ref lect ions) . B y th i s 
we mean t h a t i t does n o t m a t t e r whe the r we first c o m p u t e the R B F in t e rpo l an t 
a n d t h e n app ly a Euc l idean t r a n s f o r m a t i o n , or i f we first t r a n s f o r m the da t a a n d 
t h e n compu te the i n t e r p o l a n t . T h i s is a n i m m e d i a t e consequence o f the fact t h a t 
E u c l i d e a n t r ans fo rma t ions are charac ter ized b y o r t h o g o n a l t r a n s f o r m a t i o n m a t r i 
ces and are therefore 2 -no rm- inva r i an t . Invar iance under t r a n s l a t i o n , r o t a t i o n a n d 
ref lect ion is of ten desirable i n app l ica t ions . 

Moreover , t he a p p l i c a t i o n o f r a d i a l func t ions t o the s o l u t i o n o f the scat tered d a t a 
i n t e r p o l a t i o n p r o b l e m (as w e l l as m a n y o the r m u l t i v a r i a t e a p p r o x i m a t i o n prob lems) 
benefits f r o m the fact t h a t the i n t e r p o l a t i o n p r o b l e m becomes insensi t ive t o the 
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d imens ion s o f t he space i n w h i c h the d a t a sites l ie . Ins tead o f h a v i n g t o deal w i t h 
a m u l t i v a r i a t e f u n c t i o n $ (whose c o m p l e x i t y w i l l increase w i t h increas ing space 
d imens ion s) we can w o r k w i t h t h e same u n i v a r i a t e f u n c t i o n ip for a l l choices o f s. 

2.2 R a d i a l Basis Function Interpolation 

Ins tead o f us ing s imple dis tance mat r i ces as we d i d earl ier , we n o w use a r a d i a l 
basis f u n c t i o n expans ion t o solve the sca t tered d a t a i n t e r p o l a t i o n p r o b l e m i n M.s b y 
assuming 

N 

Vf(x) = J2ck<p(\\x-xk\\2), x e R s . (2.1) 
fc=i 

T h e coefficients ck are f o u n d b y enforc ing the i n t e r p o l a t i o n cond i t ions , a n d thus 
so lv ing the l inear sys tem 

p(\\xX - X i | | 2 ) (p (\\x1 - X2\\2) ••• <p(\\Xi - XN\\2) 

tp (\\x2 - SC1U2) <P (\\x2 - x2\\2) . . . ip(\\x2 - XN\\2) C2 
= 

/ ( * 2 ) 

_ip(\\xN - xi\\2) (p(\\xN - X2W2) • • • f(\\xN - xN\\2) 

A s the so lu t ion o f t he scat tered d a t a i n t e r p o l a t i o n p r o b l e m hinges en t i r e ly o n the 
so lu t ion o f th i s sys tem of l inear equat ions we w i l l devote t h e next chapter t o the 
ques t ion o f w h e n (i.e., for w h a t t y p e o f basic funct ions <p) t he sys tem m a t r i x is 
non-s ingular . 

For the n u m e r i c a l example presented be low we res t r i c t ourselves t o the t w o -
d imens iona l case s = 2. A s basic f u n c t i o n ip we w i l l use b o t h Gaussians a n d the 
l inear func t ion <p(r) = r w h i c h gives rise t o the Euc l idean dis tance m a t r i x approach 
used earlier . 

T h e code o f t he M A T L A B s c r ip t RBFInterpolation2D . m (see P r o g r a m 2.1) 
we use t o p e r f o r m R B F i n t e r p o l a t i o n i n 2 D is ve ry s imi l a r t o the earl ier sc r ip t 
D i s t a n c e M a t r i x F i t .m. I t also makes use o f the sub rou t ine D i s t a n c e M a t r i x . m . 
W h i l e i t is easy t o w r i t e a vers ion o f t h e i n t e r p o l a t i o n sc r ip t t h a t works for any 
space d imens ion s ( jus t as we d i d i n D i s t a n c e M a t r i x F i t .m) we w i l l s t i ck w i t h a 
basic 2 D vers ion here. 

I n l ine 1 we define the Gauss ian R B F as a M A T L A B anonymous f u n c t i o n t h a t 
accepts a m a t r i x a rgumen t ( n a m e l y t h e o u t p u t f r o m D i s t a n c e M a t r i x ) a long w i t h 
i t s shape parameter . N o t e t h a t t h i s feature is o n l y avai lable since M A T L A B Re
lease 7. For older M A T L A B versions we suggest us ing an i n l i n e f u n c t i o n ins tead 
(see the p rograms i n the folder M a t l a b 6 o f t he enclosed C D ) . I f execu t ion speed 
is i m p o r t a n t , t h e n one shou ld e x p l i c i t l y p rov ide the f u n c t i o n (ei ther ha rdcoded d i 
r ec t ly where needed, or as an M - f i l e ) . T h i s l a t t e r approach w i l l a lways be m o r e 
efficient t h a n the i n l i n e or even anonymous f u n c t i o n approach . However , t h e n t h e 
i n t e r p o l a t i o n p r o g r a m is no longer as generic. 
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W e can replace t h e d e f i n i t i o n of t h e Gauss ian o n l ine 1 b y the d e f i n i t i o n o f t he 
l inear f u n c t i o n <p(r) = r or any o ther admiss ib le R B F we w i l l encounter la te r . I n 
lines 2-6 we define a test f u n c t i o n t h a t we w i l l sample s i m i l a r l y t o t he f u n c t i o n 
fs used i n the i n t r o d u c t o r y example . Here ( a n d i n m a n y la te r examples) we use 
Franke's function 

ffay) = ^ e - l / 4 ( ( 9 . r - 2 ) 2 + (9s/-2) 2) + 3 e _ ( l / 4 9 ) ( 9 a ; + l ) 2 - ( l / 1 0 ) ( 9 ! / + l ) 2  

+ I e - l / 4 ( ( 9 x - 7 ) 2 + (9 j / -3 ) 2 ) _ l e _ ( 9 a ; - 4 ) 2 - ( 9 y - 7 ) 2 

2 5 

w h i c h is a s t a n d a r d test f u n c t i o n for 2 D sca t te red d a t a fitting. N o t e t h a t we used 
(x,y) t o denote the t w o componen t s o f a; G M2. T h e g r a p h o f Franke 's f u n c t i o n 
over the u n i t square is s h o w n i n F i g u r e 2.2. 

Fig . 2.2 Franke's test function. 

For m a n y o f our examples we use d a t a loca t ions t h a t have been saved i n files 
n a m e d Data2D_°/ 0 d 0 / 0 s where t he n u m b e r o f p o i n t s (%d) is t a k e n f r o m the progress ion 
{ ( 2 f c + l ) 2 } = { 9 , 2 5 , 8 1 , 2 8 9 , 1 0 8 9 , 4 2 2 5 , . . . } . T h e characters u or h ( i n place o f 
°/0s) are used t o denote e i ther u n i f o r m l y spaced p o i n t s , o r H a l t o n po in t s i n t h e u n i t 
square. T h e set o f d a t a po in t s is defined a n d loaded i n lines 7 a n d 8. A s i n t he ear l ier 
example we consider here o n l y the case where t he centers for t he R B F s coinc ide 
w i t h the d a t a loca t ions ( l ine 9 ) . 

A g r i d of eva lua t i on po in t s used t o evaluate o u r i n t e r p o l a n t for t h e purposes 
o f r ender ing a n d e r ror c o m p u t a t i o n is def ined i n l ines 10 a n d 1 1 . T h e test d a t a 
( r i g h t - h a n d side o f the i n t e r p o l a t i o n equa t ions) are c o m p u t e d o n l ine 12 where t h e 
test f u n c t i o n is sampled a t the d a t a sites. 

T h e m a i n p a r t o f t he code is g iven b y lines 13-17 . N o t e t h a t t h i s p a r t is v e r y 
s imi l a r t o t he co r respond ing segment ( l ines 7 -9 ) i n D i s t a n c e M a t r i x F i t .m. T h e 
o n l y difference is t h a t we now a p p l y t h e basic f u n c t i o n <p t o t he en t i re d is tance 
mat r ices i n order t o o b t a i n the i n t e r p o l a t i o n a n d e v a l u a t i o n mat r i ces . 
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Program 2.1. RBFInterpolation2D.m 

% RBFInterpolation2D 
S c r i p t that performs b a s i c 2D RBF i n t e r p o l a t i o n 

% C a l l s on: DistanceMatrix 
°/„ Define the Gaussian RBF and shape parameter 

1 rbf = @(e,r) e x p ( - ( e * r ) . ~ 2 ) ; ep = 21.1; 
% Define Franke's function as t e s t f u n c t i o n 

2 f l = @(x,y) 0.75*exp(-((9*x-2).~2+(9*y-2)."2)/4); 
3 f2 = <3(x,y) 0.75*exp(-((9*x+l).~2/49+(9*y+l).~2/10)); 
4 f3 = @(x,y) 0.5*exp(-((9*x-7).~2+(9*y-3).~2)/4); 
5 f4 = @(x,y) 0.2*exp(-((9*x-4).~2+(9*y-7)."2)); 
6 t e s t f u n c t i o n = @(x,y) f l ( x , y ) + f 2 ( x , y ) + f 3 ( x , y ) - f 4 ( x , y ) ; 
7 N = 1089; gridtype = 'h'; 

% Load data points 
8 name = s p r i n t f ( 'Data2D_yod0/0s' ,N,gridtype) ; load(name) 
9 c t r s = d s i t e s ; 

10 neval = 40; g r i d = linspace(0,1,neval) ; 
11 [xe,ye] = meshgrid(grid); epoints = [xe(:) y e ( : ) ] ; 

% Evaluate the t e s t function at the data points 
12 rhs = t e s t f u n c t i o n ( d s i t e s ( : , 1 ) , d s i t e s ( : , 2 ) ) ; 

% Compute distance matrix between the data s i t e s and centers 
13 DM_data = D i s t a n c e M a t r i x ( d s i t e s , c t r s ) ; 

% Compute in t e r p o l a t i o n matrix 
14 IM = rbf(ep,DM_data); 

% Compute distance matrix between evaluation points and centers 
15 DM_eval = DistanceMatrix(epoints,ctrs); 

% Compute evaluation matrix 
16 EM = rbf(ep,DM_eval); 

% Compute RBF interpolant 
% (evaluation matrix * so l u t i o n of i n t e r p o l a t i o n system) 

17 Pf = EM * (IM\rhs); 
% Compute exact solution, i . e . , 
% evaluate t e s t function on evaluation points 

18 exact = t e s t f u n c t i o n ( e p o i n t s ( : , 1 ) , e p o i n t s ( : , 2 ) ) ; 
°/0 Compute errors on evaluation g r i d 

19 maxerr = norm(Pf-exact,inf); 
20 rms.err = norm(Pf-exact)/neval; 
21 fprintf('RMS error: °/,e\n', rms.err) 
22 f p r i n t f ('Maximum err o r : °/0e\n', maxerr) 
23 fview = [160,20]; % for Franke's function 
24 PlotSurf(xe,ye,Pf,neval,exact,maxerr,fview); 
25 PlotError2D(xe,ye,Pf,exact,maxerr,neval,fview); 
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I n Tab le 2.1 we r e p o r t t he results o f a series o f expe r imen t s i n w h i c h we c o m p u t e 
Gaussian R B F a n d dis tance m a t r i x i n t e rpo l an t s t o inc reas ing ly larger sets o f da t a . 
W e use one fixed value o f e for a l l o f the exper imen t s w i t h t he Gaussians. T h i s 
t y p e o f a p p r o x i m a t i o n is k n o w n as non-stationary a p p r o x i m a t i o n . I t s c o u n t e r p a r t 
is k n o w n as stationary a p p r o x i m a t i o n . 

E v e n t h o u g h we do no t p e r f o r m s t a t i o n a r y i n t e r p o l a t i o n i n t h i s e x p e r i m e n t we 
take a m i n u t e t o e x p l a i n the essential difference be tween t h e t w o approaches. I n the 
s t a t i o n a r y se t t ing we w o u l d scale the shape pa rame te r e accord ing t o the fill distance 
(or meshsize) h so t h a t we end u p us ing "peaked" basis func t ions for densely spaced 
d a t a and "f la t" basis funct ions for coarsely spaced da ta . W e w i l l use the fill d is tance 
as a measure o f t h e d a t a d i s t r i b u t i o n . T h e fill d is tance is usua l ly defined as 

(2.3) h = hx,n — sup m i n ||aj 

a n d i t indicates h o w w e l l the d a t a i n t h e set X fill o u t t h e d o m a i n Q. A geomet r ic 
i n t e r p r e t a t i o n o f t he fill d is tance is g iven b y the rad ius o f t h e largest possible e m p t y 
b a l l t h a t can be p laced a m o n g the d a t a loca t ions inside fl (see F i g u r e 2.3) . Some
t imes the s y n o n y m covering radius is used. I n our M A T L A B code we can es t imate 
the fill distance v i a 

hX = m a x C m i n C D M - e v a l ' ) ) (2.4) 

where DM_eval is t he m a t r i x cons is t ing o f pa i rwise distances be tween the eva lua t i on 
po in t s (placed o n a fine u n i f o r m g r i d i n Q) a n d the d a t a sites X (c.f. l ine 15 o f 
P r o g r a m 2.1) . N o t e t h a t we t ranspose the n o n - s y m m e t r i c eva lua t ion m a t r i x . T h i s 
corresponds t o finding — for each e v a l u a t i o n p o i n t — t h e dis tance t o the corre
spond ing closest d a t a site, a n d t h e n s e t t i ng hx,n as t h e w o r s t o f those distances. 
F i g u r e 2.3 i l lus t ra tes the fill d is tance for a set o f 25 H a l t o n po in t s . N o t e t h a t i n 
th i s case the largest "hole" i n the d a t a is near the b o u n d a r y . 

0.8 
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0 0.2 0.4 0.6 0.8 1 
X 

Fig. 2.3 The fill distance for N = 25 Halton points (hx,n. « 0.2667). 

W e w i l l t ake a closer l o o k a t t h e differences be tween s t a t i o n a r y a n d n o n -
s t a t i o n a r y i n t e r p o l a t i o n i n la te r chapters o f t h i s book . 
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In t he fo l l owing examples we w i l l c lear ly see t h e effects the shape parame
ter has o n the c o n d i t i o n number o f the i n t e r p o l a t i o n m a t r i x ( and therefore the 
numer i ca l s t a b i l i t y ) o f our compu ta t i ons . I n order t o be able t o use our sc r ip t 
RBFInterpolation2D . m i n c o n j u n c t i o n w i t h Gaussians t o p roduce a mean ingfu l se
quence of non-s t a t iona ry exper iments , i.e., w i t h a f ixed value o f the shape parameter 
s, we are requi red t o take the f a i r l y large value e — 21.1. O the rwise c o m p u t a t i o n 
w i t h the re l a t ive ly densely spaced p o i n t set o f N = 4225 H a l t o n po in t s results i n 
M A T L A B warn ings o f i l l - c o n d i t i o n i n g . T h i s means t h a t — for the non - s t a t i ona ry 
approach — the basis funct ions are t o o local ized o n the smal ler p o i n t sets, a n d the 
a p p r o x i m a t i o n is ve ry poor (see F i g u r e 2.4). 

T h e test results for a non - s t a t i ona ry i n t e r p o l a t i o n exper iment us ing Gaussians 
and Euc l idean distance mat r ices for Franke 's f u n c t i o n are shown i n Table 2.1. A s 
j u s t p o i n t e d ou t , we note t h a t a fit w i t h Gaussians a n d a sma l l shape paramete r 
such as s = 1 w o u l d q u i c k l y lead t o a n u m e r i c a l b r e a k d o w n . For as few as N = 25 
da t a po in ts and e = 1 M A T L A B issues a " m a t r i x close t o s ingular" w a r n i n g w i t h an 
es t imated rec iprocal c o n d i t i o n n u m b e r o f RCOND=3.986027e-020. 

Table 2.1 Non-stationary R B F interpolation to Franke's function using 
Gaussians (e — 21.1) and Euclidean distance matrices. 

k N 

Gaussian distance matrix 

RMS-error max-error RMS-error max-error 

1 9 3.647169e-001 
2 25 3.203404e-001 
3 81 2.152222e-001 
4 289 7.431729e-002 
5 1089 1.398297e-002 
6 4225 4.890709e-004 

1.039682e+000 
9.670980e-001 
8.455161e-001 
7.219253e-001 
3.857234e-001 
1.940675e-002 

1.323106e-001 
6.400558e-002 
1.343780e-002 
3.707360e-003 
1.143589e-003 
4.002749e-004 

4.578028e-001 
2.767871e-001 
6.733130e-002 
3.057540e-002 
1.451950e-002 
8.022336e-003 

Fig. 2.4 Gaussian R B F interpolant with e = 21.1 at N = 289 (left) and at N = 1089 Halton 
points (right). 
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I f we look a t t h e entries i n Tab le 2.1 t h e n we see t h a t — c o n t r a r y t o w h a t we 
announced earl ier — the results based o n t h e d is tance m a t r i x f i t are m o r e accurate 
t h a n those o b t a i n e d w i t h Gaussians. T h i s w i l l change, however , i f we t r y t o o p t i m i z e 
our choice o f t he shape pa rame te r e (see t h e resul ts o f t h e nex t e x p e r i m e n t i n 
Table 2.2) . 

I n a second expe r imen t we consider t he same tes t f u n c t i o n and Gauss ian basis 
funct ions . N o w , however, we w a n t t o s t u d y the effects o f t he shape parameter . 
Therefore , i n F i g u r e 2.5 we d i sp lay b o t h the m a x i m u m a n d R M S errors as a f u n c t i o n 
of the shape parameter e for four f i xed d a t a sets ( 8 1 , 289, 1089 a n d 4225 H a l t o n 
p o i n t s ) . These curves reveal some o f the p rob lems associated w i t h r a d i a l basis 
f u n c t i o n i n t e r p o l a t i o n — especial ly w h e n w o r k i n g w i t h g l o b a l l y s u p p o r t e d basis 
func t ions , i.e., dense mat r ices . W e see t h a t t h e errors decrease w i t h decreasing e 
(of course, t h e y also decrease w i t h decreasing f i l l d is tance — b u t t h a t is n o t w h a t 
we are concerned w i t h n o w ) . However , t he e r ro r curves are n o t m o n o t o n i c . W e can 
iden t i fy an o p t i m a l value o f e for w h i c h b o t h er rors are m i n i m a l ( the m i n i m a o f 
t he t w o er ror curves occur at a lmos t t he same place) . Moreover , there is a va lue o f 
e at w h i c h the c o m p u t a t i o n a l resul ts become unpred i c t ab l e , and the e r ror curves 
become e r ra t i c . T h i s p o i n t is associated w i t h severe i l l - c o n d i t i o n i n g o f the sys tem 
m a t r i x . Since M A T L A B issues a w a r n i n g w h e n a t t e m p t i n g t o solve a n i l l - c o n d i t i o n e d 
l inear sys tem, we refer t o the smallest value o f e for w h i c h we do n o t see a M A T L A B 
w a r n i n g as the "safe" value o f e (for a g iven set X o f d a t a sites a n d basic f u n c t i o n 
<p>). T h e in te res t ing fact a b o u t the four p lo t s d i sp layed i n F i g u r e 2.5 is t h a t for the 
smaller d a t a sets (N = 81 and N = 289) the m i n i m u m errors are o b t a i n e d for a 
"safe" e, w h i l e for the larger sets ( i V = 1089 a n d N = 4225) the m i n i m u m errors 
are ob t a ined i n the "unsafe" range. Therefore , we are c o m p u t i n g i n a c e r t a i n "gray 
zone". W e are o b t a i n i n g h i g h l y accurate so lu t ions f r o m severely i l l - c o n d i t i o n e d 
l inear systems. W e w i l l come back la te r t o th i s i n t e r e s t i ng feature o f r a d i a l basis 
f u n c t i o n i n t e r p o l a t i o n (cal led uncertainty o r trade-off principle). I t is conceivable 
(and i n fact possible [Fornberg a n d W r i g h t (2004)]) t o o b t a i n even m o r e accurate 
results b y us ing a more s table w a y t o evaluate the r a d i a l basis f u n c t i o n i n t e r p o l a n t 
(see the discussion i n Chap te r s 16 a n d 17) . 

I n Tab le 2.2 we l i s t t he "best possible" resul ts for s t a t i o n a r y Gauss ian i n t e r p o 
l a t i o n . W e v i e w "best" i n t w o different ways . For t h e results presented i n co lumns 
3-5 we select for each choice o f N t h e smalles t possible value o f e such t h a t M A T L A B 
does no t issue a w a r n i n g . W e refer t o th i s case as t h e "safe" e case i n Table 2.2. 
M o s t o f these errors are n o w comparab le (or smal le r ) t h a n those for s imple dis tance 
m a t r i x i n t e r p o l a t i o n (c.f. Tab le 2 .1) . 

These results, however, do no t a lways represent t h e smallest achievable e r ror . 
Therefore , we present ( i n co lumns 6 -8 ) results for those " o p t i m a l " values o f e w h i c h 
y i e l d the smallest R M S - e r r o r . These results are o b t a i n e d i n the "gray zone" m e n 
t i o n e d above. For example , i f we use N = 1089 H a l t o n po in t s a n d shape pa ramete r 
e = 6.2 t h e n M A T L A B issues a w a r n i n g w i t h RC0ND = 2 .683527e-020. However , 
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Fig. 2.5 Maximum (dashed/top curve) and R M S (solid/bottom curve) errors vs. e for 81 (top 
left), 289 (top right), 1089 (bottom left), and 4225 Halton points (bottom right). 

Table 2.2 "Optimal" R B F interpolation to Franke's function using Gaussians. 

smallest "safe" e smallest RMS-error 

k N £ RMS-error max-error £ RMS-error max-error 

1 9 0.02 3.658421e-001 1.580259e+000 2.23 1.118026e-001 3.450275e-001 
2 25 0.32 3.629342e-001 2.845554e+000 3.64 4.032550e-002 2.996488e-001 
3 81 1.64 1.743059e-001 2.398284e+000 4.28 1.090601e-002 1.579465e-001 
4 289 4.73 2.785388e-003 5.472502e-002 5.46 4.610079e-004 7.978283e-003 
5 1089 10.5 4.945428e-004 1.812246e-002 6.2 2.498848e-006 8.779119e-005 
6 4225 21.1 4.890709e-004 1.940675e-002 6.3 4.269292e-008 8.889552e-007 

as we can see i n Table 2.2 a n d F i g u r e 2.5, t he cor responding errors are n o w m u c h 

smaller t h a n those p rev ious ly ob t a ined . Moreover , the errors decrease at a r a te t h a t 

is faster t h a n the 0(h) we observed earlier for the distance m a t r i x fit example . 

O f course, i f the da t a we are t r y i n g t o fit are no t sampled f r o m a k n o w n test 

func t i on t h e n we w i l l no t be able t o choose a n " o p t i m a l " shape parameter b y m o n 

i t o r i n g the R M S error . T h e associated issues o f i l l - c o n d i t i o n i n g , p r e c o n d i t i o n i n g , 

o p t i m a l shape parameter select ion, a n d a l te rna te stable eva lua t ion me thods v i a a 

Con tour -Pade a l g o r i t h m are s tud ied la ter i n Chapters 16 a n d 17. 





Chapter 3 

Positive Definite Functions 

W e no ted i n the previous chapters t h a t the s o l u t i o n o f the scat tered d a t a i n t e rpo la 
t i o n p r o b l e m w i t h R B F s boi l s d o w n t o the s o l u t i o n o f a sys tem o f l inear equat ions 

Ac = y, 

where the sys tem m a t r i x A has entries <p(||£Cj — JCfclh), j , k = 1 , . . . , N. W e k n o w 
f r o m linear a lgebra t h a t t h i s sys tem w i l l have a un ique s o l u t i o n whenever the m a t r i x 
A is non-s ingular . W h i l e no one has yet succeeded i n charac te r iz ing the class o f a l l 
basic funct ions <p t h a t generate a non-s ingular sys tem m a t r i x for any set X = 
{xi,..., XN} o f d i s t i nc t d a t a sites, t he s i t u a t i o n is m u c h be t t e r i f we consider 
positive definite matrices. „ * 

I n th i s chapter we present t h e m a i n theo re t i ca l results u n d e r l y i n g th i s approach 
along w i t h some of the i r proofs . A series o f examples are presented i n t h e nex t 
chapter . A comprehensive t r e a t m e n t o f t h e m a t h e m a t i c a l t h e o r y needed for scat
te red da t a i n t e r p o l a t i o n w i t h s t r i c t l y pos i t ive def ini te funct ions (see Def. 3.2 be low) 
is presented i n the recent m o n o g r a p h [ W e n d l a n d (2005a)] . 

3.1 Positive Definite Matrices and Functions 

Definition 3.1. A real s y m m e t r i c m a t r i x A is cal led positive semi-definite i f i t s 
associated quad ra t i c f o r m is non-negat ive , i.e., 

N N 

Y^CjCkAjk>Q (3.1) 
3 = 1 k=l 

for c = [ c i , . . .,cN]T G R N . 
I f the quad ra t i c f o r m (3.1) is zero o n l y for c = 0, t h e n A is cal led positive 

definite. 

A n i m p o r t a n t p r o p e r t y o f pos i t ive def ini te mat r ices is t h a t a l l t he i r eigenvalues 
are pos i t ive , and therefore a pos i t ive def ini te m a t r i x is non-s ingular ( b u t c e r t a i n l y 
n o t vice versa) . 

27 
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I f we therefore had basis funct ions Bk i n t h e expans ion (1.1) t h a t generate a 
pos i t ive def in i te i n t e r p o l a t i o n m a t r i x , we w o u l d a lways have a wel l -posed i n t e r p o 
l a t i o n p r o b l e m . T o th i s end we i n t r o d u c e the concept o f a positive definite function 
f r o m classical analysis . 

Pos i t ive def in i te funct ions were first considered i n classical analysis ea r ly i n t h e 
2 0 t h century . [ M a t h i a s (1923)] seems t o have been t h e first t o define a n d s t u d y 
pos i t ive def ini te funct ions . A n overv iew o f the deve lopment o f pos i t ive def in i te 
funct ions up t o the m i d 1970s can be f o u n d i n [S tewar t (1976)] . However , as we 
see f r o m the de f i n i t i on be low, pos i t ive def in i te func t ions were — u n f o r t u n a t e l y — 
defined i n analogy t o pos i t ive semi-defini te mat r i ces . Therefore , i n order t o meet 
our goal o f h a v i n g a wel l -posed i n t e r p o l a t i o n p r o b l e m , i t is necessary t o sharpen t h e 
classical n o t i o n o f a pos i t ive def ini te f u n c t i o n t o t h a t o f a strictly pos i t i ve def in i te 
one. T h i s concept does no t seem t o have been s t u d i e d u n t i l [ M i c c h e l l i (1986)] made 
t h e connec t ion between scat tered d a t a i n t e r p o l a t i o n a n d pos i t ive def in i te func t ions . 
T h i s leads t o an u n f o r t u n a t e difference i n t e r m i n o l o g y used i n t h e con t ex t o f m a t r i 
ces and funct ions . Ins tead o f r e w r i t i n g h i s t o r y we w i l l adhere t o t h i s t e r m i n o l o g y 
here. W e w o u l d l ike t o p o i n t o u t t h a t w h e n r ead ing recent ar t ic les (especial ly i n 
the r a d i a l basis f u n c t i o n l i t e r a t u r e ) dea l ing w i t h ( s t r i c t l y ) pos i t i ve def in i te func t ions 
one has t o be aware o f the fact t h a t some au tho r s have t r i e d t o "correct" h i s to ry , 
a n d now refer t o s t r i c t l y pos i t ive def in i te func t ions as pos i t ive def in i te funct ions . 

Definition 3.2. A complex-va lued con t inuous f u n c t i o n <fr : R s —-» C is ca l led positive 
definite on K.s i f 

for any N pa i rwise different po in t s x i , . . . , XN & R s, a n d c = [ c i , . . . , C J V ] T £ <CN. 
T h e f u n c t i o n <E> is ca l led strictly positive definite on M.s i f t he q u a d r a t i c f o r m 

(3.2) is zero o n l y for c = 0 . 

W e note t h a t even t h o u g h we are in te res ted i n p rob lems w i t h rea l d a t a a n d 
real coefficients, an ex tens ion o f t he n o t i o n o f pos i t i ve deffniteness t o cover c o m p l e x 
coefficients c and complex-va lued func t ions <E> as done i n D e f i n i t i o n 3.2 w i l l be he lp
f u l w h e n d e r i v i n g some proper t ies o f ( s t r i c t l y ) pos i t i ve def in i te func t ions la te r o n . 
Moreover , the celebrated Bochner's theorem (see T h e o r e m 3.3) character izes e x a c t l y 
the pos i t ive def ini te funct ions o f D e f i n i t i o n 3.2. I n a l l p r a c t i c a l c i rcumstances , h o w 
ever, we w i l l be concerned w i t h rea l -va lued func t ions only , a n d a c h a r a c t e r i z a t i o n 
o f such funct ions appears be low as T h e o r e m 3.2. I t s h o u l d also be n o t e d t h a t Def
i n i t i o n 3.2 impl ies t h a t o n l y funct ions whose q u a d r a t i c f o r m is real are candidates 
for ( s t r i c t l y ) pos i t ive def in i te func t ions . 

Example 3.1. Here , a n d t h r o u g h o u t t h i s b o o k , we w i l l denote the s t a n d a r d inner 
p r o d u c t o f x a n d y i n R s b y x • y. W i t h t h i s n o t a t i o n the f u n c t i o n <fr(cc) = e t x y , 

N N 

(3.2) 
3 = 1 k=l 
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for y G R s f ixed, is pos i t ive def ini te o n R s since t h e quad ra t i c f o r m i n D e f i n i t i o n 3.2 
becomes 

N N N N 

j=l k=l j=l k=l 
N N 

3=1 k=l 
2 

N 

3 = 1 

> 0. 

D e f i n i t i o n 3.2 a n d the discussion preceding i t suggest t h a t we shou ld use s t r i c t l y 
posi t ive defini te funct ions as basis funct ions i n (1 .1) , i.e., Bk(x) — $>(x — X k ) , or 

N 

X k ) , a; G R . (3.3) 
fc=i 

N o t e t h a t at th i s p o i n t we do n o t requi re $ t o be a r a d i a l f unc t i on . I n fact , 
the func t ion Vf o f (3.3) w i l l y i e l d an i n t e r p o l a n t t h a t is translation invariant, i.e., 
the in t e rpo lan t t o t r ans l a t ed d a t a is the same as the t r ans l a t ed i n t e rpo l an t t o the 
o r i g ina l da ta . I n order t o o b t a i n invar iance also under ro t a t i ons a n d reflections we 
w i l l la ter specialize t o s t r i c t l y pos i t ive def ini te funct ions t h a t are also r a d i a l o n R s. 

We w i l l n o w discuss some of the mos t i m p o r t a n t proper t ies and charac ter iza t ions 
of ( s t r i c t l y ) pos i t ive def ini te funct ions . For the sake of completeness we present a l i s t 
of some basic proper t ies o f ( s t r i c t l y ) pos i t ive def ini te funct ions a n d some examples. 

Theorem 3.1. Some basic properties of positive definite functions are 

(1) Non-negative finite linear combinations of positive definite functions are 
positive definite. i / $ i , . . . , $ n are positive definite on R s and Cj > 0, 
j — 1 , . . . , n, then 

n 
$(as) = ^2cj$j(x), x G R s , 

3 = 1 

is also positive definite. Moreover, if at least one of the <&j is strictly positive 
definite and the corresponding c3- > 0, then $ is strictly positive definite. 

(2) $(0) > 0. 
(3) $ ( - J T ) - $(aj). 
(4) Any positive definite function is bounded. In fact, 

\®(x)\ < $(0). 

(5) If is positive definite with $(0) = 0 then $ = 0. 
(6) The product of (strictly) positive definite functions is (strictly) positive def

inite. 



30 Meshfree Approximation Methods with M A T L A B 

Proof. P rope r t i e s (1) and (2) fo l low i m m e d i a t e l y f r o m D e f i n i t i o n 3.2. 
T o show (3) we le t N = 2, x\ = 0, x 2 = x, a n d choose c\ = 1 a n d c2 = c. T h e n 

the quad ra t i c f o r m i n D e f i n i t i o n 3.2 becomes 

2 2 

^ cjcT^ixj - xk) = (1 + |c | 2 )3>(0) + c&(x) + c $ ( - x ) > 0 
i = i fc=i 

for every c G C. T a k i n g c = 1 a n d c = z (where i = y/— 1) , respectively, we can see 
t h a t b o t h <3?(a;) + <&(—ic) a n d z ( $ ( x ) — <&(—cc)) mus t be rea l . T h i s , however, is o n l y 
possible i f <E>(—x) = <fr(x). 

For the p r o o f o f (4) we le t N = 2, X\ — 0, x 2 = x, a n d choose c\ = | $ ( a ; ) | a n d 
c2 = —Q(x). T h e n the quad ra t i c f o r m i n D e f i n i t i o n 3.2 is 

2 2 

^ r ^ T c j - c ^ ^ - xk) = 2<Z>(0)\$(x)\2 - $ ( - a j ) $ ( x ) | $ ( x ) | - $2(x)\®(x)\ > 0. 
j = i k = i 

Since <&(—a:) = &(x) b y P r o p e r t y (3 ) , t h i s gives 

2$(0)\$(x)\2 - 2\®(x)\3 > 0. 

I f | $ ( x ) | > 0, we d i v i d e b y |<3?(;E)|2 a n d the s t a t ement fo l lows i m m e d i a t e l y . I n case 
|<E>(a?)| = 0 the s ta tement holds t r i v i a l l y . 

P r o p e r t y (5) fol lows i m m e d i a t e l y f r o m (4) , a n d P r o p e r t y (6) is a consequence o f a 
t h e o r e m b y Schur i n the field o f l inear a lgebra w h i c h states t h a t t h e e lementwise (or 
H a d a m a r d ) p r o d u c t o f pos i t ive (semi-)def in i te mat r i ces is pos i t ive (semi-)def in i te . 
For more detai ls we refer t h e reader t o [Cheney and L i g h t (1999)] or [ W e n d l a n d 
(2005a)] . • 

Example 3.2. T h e cosine f u n c t i o n is pos i t ive def in i te o n K since, for x G R, we 
have cos a; = ^ (exx + e~lx). N o w P r o p e r t y (1) a n d E x a m p l e 3.1 can be invoked . 

P r o p e r t y (3) shows t h a t any rea l -va lued ( s t r i c t l y ) pos i t i ve def in i te f u n c t i o n has 
t o be even. However , i t is also possible t o character ize rea l -va lued ( s t r i c t l y ) pos i t ive 
def in i te funct ions us ing o n l y real coefficients (see [ W e n d l a n d (2005a)] for de ta i l s ) , 
i.e., 

Theorem 3.2. A real-valued continuous function <fr is positive definite on R s if and 
only if it is even and 

N N 

^2 cjck<&(xj - x k ) > 0 (3.4) 
3 = 1 fc=l 

for any N pairwise different points Xi,..., x^ G M.s, and c = [ c i , . . . , C j v ] T G M.N. 
The function $ is strictly positive definite on R s if the quadratic form (3.4) is 

zero only for c = 0. 
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3.2 I n t e g r a l C h a r a c t e r i z a t i o n s for ( S t r i c t l y ) P o s i t i v e D e f i n i t e 
F u n c t i o n s 

W e w i l l now summar ize some facts abou t i n t e g r a l charac ter iza t ions o f pos i t ive def
in i t e funct ions . T h e y were establ ished i n t h e 1930s b y Bochner a n d Schoenberg. 
However, we w i l l also m e n t i o n the more recent extensions t o s t r i c t l y pos i t ive defi
n i t e and s t r i c t l y c o m p l e t e l y / m u l t i p l y m o n o t o n e funct ions t h a t are essential t o the 
app l i ca t ion o f the t heo ry t o the scat tered d a t a i n t e r p o l a t i o n p r o b l e m . A m u c h 
more de ta i led discussion o f t h i s m a t e r i a l is presented i n the recent b o o k [Wend
l a n d (2005a)]. Some f requent ly used i n t e g r a l t rans forms are l i s t ed i n A p p e n d i x B . 
I n t e g r a l character izat ions o f t h e closely r e l a t ed comple te ly a n d m u l t i p l y m o n o t o n e 
funct ions are presented i n C h a p t e r 5. 

3.2.1 Bochner''s Theorem 

One of the most celebrated resul ts o n pos i t ive def ini te funct ions is t he i r character
i za t i on i n t e rms of Four ier t r ans fo rms establ ished b y Bochner i n 1932 (for s = 1) 
and 1933 (for general s). 

T h e o r e m 3 .3 ( B o c h n e r ) . A (complex-valued) function <E> e C ( I R S ) is positive def
inite on R s if and only if it is the Fourier transform of a finite non-negative Borel 
measure fi on R s , i.e. 

1 
<2>(cc) = jl(x) J ,—ixy x e 

Proof. The re are m a n y proofs o f t h i s t heo rem. Bochner ' s o r i g i n a l p r o o f can be 
found i n [Bochner (1933)]. O t h e r proofs can be found , e.g., i n the books [Cuppens 
(1975)] or [Gel ' fand and V i l e n k i n (1964)] . A p r o o f us ing t h e Riesz represen ta t ion 
t heo rem t o in te rp re t the B o r e l measure as a d i s t r i b u t i o n , a n d t h e n t a k i n g advantage 
of d i s t r i b u t i o n a l Four ier t r ans forms can be f o u n d i n the b o o k [Wend land (2005a)] . 

W e w i l l prove o n l y the one (easy) d i r e c t i o n . I t is th i s p a r t o f the s ta tement t h a t 
is i m p o r t a n t for the a p p l i c a t i o n t o scat tered d a t a i n t e r p o l a t i o n . W e assume <fr is 
the Four ier t r a n s f o r m o f a f in i t e non-negat ive B o r e l measure a n d show <E> is pos i t ive 
defini te . T h u s , 

N N 

^^TcjCTQiXj - xk) = 
1=1 k=l 

1 

N N 
: EE 
j=l k=X 

CjCk J ,-i(xj-xk)-y d^(y) 

J 
Jut* 

J 

N 

E 
J=l 

N 

E 

Cje -zxj-y 
N 

E 
fc=i 

Cite ixky dLi(y) 

Cje -txj-y dfj,(y) > 0. 
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T h e last i n e q u a l i t y holds because o f t he c o n d i t i o n s imposed o n the measure \x. • 

R e m a r k 3 . 1 . W e can see f r o m T h e o r e m 3.3 t h a t t he f u n c t i o n $(x) = e t x y o f 
E x a m p l e 3.1 can be considered as the fundamental positive definite function since 
a l l o ther pos i t i ve def ini te func t ions are o b t a i n e d as ( i n f i n i t e ) l inear c o m b i n a t i o n s o f 
t h i s f u n c t i o n . W h i l e P r o p e r t y (1) o f T h e o r e m 3.1 imp l i e s t h a t l inear c o m b i n a t i o n s 
o f <& w i l l aga in be pos i t ive def in i te , t he r emarkab le con ten t o f Bochner ' s T h e o r e m 
is t he fact t h a t indeed all pos i t i ve def in i te func t ions are genera ted b y 

3 .2 .2 Extensions to Strictly Positive Definite Functions 

I n order t o accompl i sh our goa l o f gua ran tee ing a wel l -posed i n t e r p o l a t i o n p r o b l e m 
we have t o e x t e n d ( i f possible) Bochner ' s c h a r a c t e r i z a t i o n t o strictly pos i t ive def ini te 
funct ions . 

W e beg in w i t h a sufficient c o n d i t i o n for a f u n c t i o n t o be s t r i c t l y pos i t i ve def in i te 
o n R s . 

For t h i s resul t we requi re t he n o t i o n o f t h e carrier o f a (non-nega t ive) B o r e l 
measure defined o n some t o p o l o g i c a l space X (see also A p p e n d i x B ) . T h i s set is 
g iven by 

X \ \ J { 0 : O is o p e n a n d fi(0) = 0 } . 

T h e o r e m 3 .4 . Let /J, be a non-negative finite Borel measure on R s whose carrier 
is a set of nonzero Lebesgue measure. Then the Fourier transform of /j, is strictly 
positive definite on R s . 

Proof. A s i n t he p r o o f o f Bochner ' s t h e o r e m we have 

N N N N 

3 = 1 k=l 

= _ L _ / 

\ / ( 2 j r ) » A t 

v / (2 ir )« h 

VW) j = 1 k = i 

N N 

j 2 c 3 e ~ i X j y Y l ^ e i X k 

3=1 k=l 
2 

d^{y) 

dfi(y) 

3 = 1 

d»(y) > 0. 

N o w let 
AT 

g{y) = Y . c i e ~ i X i ' v ' 
3 = 1 

a n d assume t h a t t he p o i n t s xj are a l l d i s t i n c t a n d c ^ O . I n th i s case the func t ions 
y i—* e~lXj'y are l i n e a r l y independen t so t h a t g ^ 0. Since g is a n en t i r e f u n c t i o n i t s 
zero set, i.e., {y £ R s : g(y) = 0 } can have no a c c u m u l a t i o n p o i n t a n d therefore 
i t has Lebesgue measure zero (see, e.g., [Cheney a n d L i g h t (1999) ] ) . N o w , t h e o n l y 
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r ema in ing w a y t o make the above i n e q u a l i t y an equa l i ty is i f the carr ier o f fi is 
conta ined i n the zero set o f g, i.e., has Lebesgue measure zero. T h i s , however, is 
ru led ou t i n the hypothesis o f the t heo rem. • 

W o r k t o w a r d an analog o f Bochner ' s t heo rem, i.e., a comple te i n t eg ra l charac
t e r i za t ion o f funct ions t h a t are s t r i c t l y pos i t ive def ini te o n Wts, is g iven i n [Chang 
(1996)] for the case s = 1. 

T h e fo l l owing co ro l l a ry gives us a way t o construct s t r i c t l y pos i t ive def in i te 
funct ions. 

C o r o l l a r y 3 .1 . Let f be a continuous non-negative function in Li(Rs) which is not 
identically zero. Then the Fourier transform of f is strictly positive definite on M.s. 

Proof. T h i s is a special case o f the previous t h e o r e m i n w h i c h the measure fj, has 
Lebesgue dens i ty / . Thus , we use t h e measure \i defined for any B o r e l set B b y 

//(£) = ( f(x)dx. 
JB 

T h e n the carr ier o f fi is equal t o the (closed) suppor t o f / . However , since / is 
non-negat ive a n d n o t i d e n t i c a l l y equal t o zero, i t s suppor t has pos i t ive Lebesgue 
measure, a n d hence the Four ie r t r a n s f o r m o f / is s t r i c t l y pos i t ive def ini te b y the 
preceding theorem. • 

F ina l ly , a c r i t e r i o n t o check whe the r a g iven f u n c t i o n is s t r i c t l y pos i t ive def ini te 
is g iven i n [Wend land (2005a)] . 

T h e o r e m 3 . 5 . Let <& be a continuous function in L i ( R s ) . <& is strictly positive 
definite if and only if $ is bounded and its Fourier transform is non-negative and 
not identically equal to zero. 

T h e o r e m 3.5 is o f f u n d a m e n t a l i m p o r t a n c e a n d we w i l l come back t o t h i s t h e o r e m 
several t imes la ter on . I n fact , t he p r o o f o f T h e o r e m 3.5 i n [ W e n d l a n d (2005a)] shows 
t h a t — i f <& ^ 0 ( w h i c h impl ies t h a t t h e n also <E» ^ 0) — we need t o ensure o n l y 
t h a t <l> be non-negat ive i n order for <3> t o be s t r i c t l y pos i t ive def ini te . 

3.3 P o s i t i v e D e f i n i t e R a d i a l F u n c t i o n s 

We now t u r n our a t t e n t i o n t o pos i t ive def ini te radial funct ions . Recal l t h a t Def
i n i t i o n 3.2 characterizes ( s t r i c t l y ) pos i t ive def ini te funct ions i n t e rms o f m u l t i 
var ia te funct ions <£. However , w h e n we are dea l ing w i t h r a d i a l funct ions , i.e., 
<&(x) = (p(\\x\\), t h e n i t w i l l be convenient t o also refer t o t h e un iva r i a t e f u n c t i o n 
<p as a positive definite radial function. W h i l e t h i s does present a s l ight abuse of 
our t e r m i n o l o g y for pos i t ive def in i te funct ions t h i s is w h a t is c o m m o n l y done i n the 
l i t e r a tu re . 

A n i m m e d i a t e consequence o f t h i s n o t a t i o n a l conven t ion is 
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L e m m a 3 .1 . If ^ — p(\\ • ||) is (strictly) positive definite and radial on R s then <fr 
is also (strictly) positive definite and radial on R C T for any a < s. 

W e now r e t u r n t o i n t eg ra l charac te r iza t ions a n d b e g i n w i t h a t h e o r e m due t o 
Schoenberg (see, e.g., [Schoenberg (1938a)] , p .816, or [Wells a n d W i l l i a m s (1975)] , 
p .27 ) . 

T h e o r e m 3 .6 . A continuous function ip : [0, oo) —•* 3R is positive definite and radial 
on R s if and only if it is the Bessel transform of a finite non-negative Borel measure 
/ i on [0, oo) , i.e. 

A s above, n o w the f u n c t i o n <E>(a;) = cos(a:) f r o m E x a m p l e 3.2 can be v i ewed 
as the fundamen ta l pos i t ive def in i te r a d i a l f u n c t i o n o n R . W e w i l l see be low ( i n 
E x a m p l e 3 o f Chap t e r 4) t h a t t he cha rac t e r i z a t i on o f T h e o r e m 3.6 i m m e d i a t e l y 
suggests a class o f (even s t r i c t l y ) pos i t i ve def in i te r a d i a l func t ions . A s for t he basic 
I D example , the measure fi w i l l s i m p l y be a p o i n t e v a l u a t i o n measure. 

A Four ier t r a n s f o r m cha rac t e r i za t ion o f s t r i c t l y pos i t i ve def ini te r a d i a l func t ions 
on R s can be f o u n d i n [ W e n d l a n d (2005a)] . I t is essent ia l ly a c o m b i n a t i o n o f T h e o 
r e m 3.5 and the f o r m u l a i n T h e o r e m B . l o f A p p e n d i x B for t he Four ie r t r a n s f o r m 
o f a r a d i a l func t ion : 

T h e o r e m 3 .7 . A continuous function <p : [0, oo) —* R such that r t—> rs~1cp(r) e 
L\[0, oo) is strictly positive definite and radial on R s if and only if the s-dimensional 
Fourier transform 

is non-negative and not identically equal to zero. 

Since L e m m a 3.1 states t h a t any f u n c t i o n t h a t is ( s t r i c t l y ) pos i t ive def in i te a n d 
r a d i a l o n R s is also ( s t r i c t l y ) pos i t i ve def in i te a n d r a d i a l o n R C T for any a < s, 
those funct ions w h i c h are ( s t r i c t l y ) pos i t i ve def in i te a n d r a d i a l o n R s for all s are 
of p a r t i c u l a r interest . T h e class o f func t ions t h a t are pos i t i ve def in i te o n R s for a l l 
s was also charac ter ized b y Schoenberg ([Schoenberg (1938a)] , p p . 8 1 7 - 8 2 1 ) . A n 
extension t o the s t r i c t l y pos i t ive def in i te case can be f o u n d i n [ M i c c h e l l i (1986)] : 

Here 

for s = 1, 

for s>2, 

and J ( s _2) /2 ^ 5 the classical Bessel function of the first kind of order (s — 2 ) / 2 . 
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T h e o r e m 3.8 ( S c h o e n b e r g ) . A continuous function ip : [0 ,oo) R is strictly 
positive definite and radial on R S for all s if and only if it is of the form 

Jo 

where fi is a finite non-negative Borel measure on [0, oo) not concentrated at the 

origin. 

A s suggested for T h e o r e m 3.6 above, l e t t i n g fi be a p o i n t eva lua t ion measure i n 
T h e o r e m 3.8 we o b t a i n t h a t the Gauss ian is s t r i c t l y pos i t ive def ini te a n d r a d i a l o n 
R S for a l l s (c.f E x a m p l e 1 o f Chap te r 4 ) . 

T h e Schoenberg cha rac te r i za t ion o f ( s t r i c t l y ) pos i t ive def ini te r a d i a l funct ions o n 
R S for a l l s ( T h e o r e m 3.8) impl ies t h a t we have a f in i t e non-negat ive B o r e l measure 

o n [0, oo) such t h a t 

Since the exponen t i a l f u n c t i o n is pos i t ive a n d the measure is non-negat ive , i t fol lows 
t h a t /J, mus t be the zero measure. However , t h e n cp is i den t i ca l l y equal t o zero. 
Therefore, a n o n - t r i v i a l f u n c t i o n cp t h a t is pos i t ive def ini te a n d r a d i a l on R S for a l l 
s can have no zeros. T h i s impl ies i n p a r t i c u l a r t h a t 

T h e o r e m 3 .9 . There are no oscillatory univariate continuous functions that are 
strictly positive definite and radial on R S for all s. Moreover, there are no com
pactly supported univariate continuous functions that are strictly positive definite 
and radial on R S for all s. 

A n equivalent a rgumen t for the osc i l l a to ry case is g iven i n T h e o r e m 2.3 o f [Forn-

I f we wan t t o find a zero rn o f cp t h e n we have t o solve 

berg et al. (2004)] . 





Chapter 4 

Examples of Strictly Positive Definite 
Radial Functions 

W e now present a n u m b e r o f func t ions t h a t are covered b y the t h e o r y presented 
thus far. W h i l e i t is possible t o inc lude a shape parameter e for a l l o f t he func t ions 
presented i n the examples be low b y rescal ing x t o ex, we avo id i t s use i n t h e 
f o r m u l a t i o n o f a l l b u t the Gauss ian example t o keep the formulas as s imple as 
possible. W e do, however, use a shape pa ramete r w h e n p l o t t i n g some of t h e basis 
funct ions. 

O u r use o f the shape paramete r does no t a lways m a t c h i t s " t r a d i t i o n a l " use. 
For example , H a r d y i n t r o d u c e d his inverse m u l t i q u a d r i c s (see E x a m p l e 5 be low) 
i n the f o r m <&(||a:||) = l / \ / c 2 + \\x\\2 w i t h shape paramete r c. I t is, o f course, 
s t r a i g h t f o r w a r d t o t r a n s f o r m th i s represen ta t ion t o the one suggested above, i.e., 
^ K l l x I I ) = + £ 2 | | c c | | 2 , b y se t t i ng c 2 = 1/e2 a n d scal ing the resul t by 

O u r use o f the shape paramete r as a factor app l i ed d i r e c t l y t o x has the advan
tage o f p r o v i d i n g a un i f i ed t r e a t m e n t i n w h i c h a decrease o f t he shape pa rame te r 
always has the effect o f p r o d u c i n g " f i a t " basis funct ions , w h i l e increas ing e leads t o 
more peaked (or local ized) basis funct ions . 

4.1 E x a m p l e 1: G a u s s i a n s 

W e can n o w show t h a t t he Gaussian 

&(x) = e - £ 2 H x | 1 2 , £ > 0 , (4.1) 

is s t r i c t l y pos i t ive def ini te ( a n d r a d i a l ) o n K s for any s. T h i s is due t o the fact t h a t 
the Four ier t r a n s f o r m o f a Gauss ian is essential ly a Gaussian. I n fact , 

, 1 

a n d th i s is pos i t ive independent o f t he space d imens ion s. I n p a r t i c u l a r , for e = 

we have <E> = P lo t s o f Gauss ian R B F s were presented i n F i g . 2 . 1 . Clear ly , t h e 
Gaussians are i n f i n i t e l y d i f ferent iable . Some o f i t s der iva t ives (as w e l l as those o f 
m a n y o ther R B F s ) are col lec ted i n A p p e n d i x D . 
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A n o t h e r a rgumen t t o show t h a t Gaussians are s t r i c t l y pos i t ive def in i te a n d r a d i a l 
o n R S for any s t h a t avoids dea l ing w i t h Four ie r t r ans fo rms w i l l become avai lable 
la ter . I t w i l l make use o f c o m p l e t e l y m o n o t o n e func t ions . 

Reca l l t h a t P r o p e r t y (1) o f T h e o r e m 3.1 shows t h a t any finite non-nega t ive l i n 
ear c o m b i n a t i o n o f ( s t r i c t l y ) pos i t i ve def in i te func t ions is aga in ( s t r i c t l y ) pos i t ive 
def in i te . Moreover , we j u s t saw t h a t Gaussians are s t r i c t l y pos i t ive def in i te a n d ra
d i a l o n a l l R S . N o w , the Schoenberg cha rac t e r i za t ion o f func t ions t h a t are ( s t r i c t l y ) 
pos i t i ve def ini te a n d r a d i a l o n any R S , T h e o r e m 3.8, states t h a t all such func t ions 
are g iven as i n f in i t e l inear combina t i ons o f Gaussians. Therefore , t he Gaussians can 
be v i ewed as the fundamen ta l member o f t h e f a m i l y o f funct ions t h a t are s t r i c t l y 
pos i t ive def in i te a n d r a d i a l o n R S for a l l s. 

Since Gaussians p l ay a cen t ra l ro le i n s ta t i s t ics t h i s is a g o o d place t o m e n t i o n 
t h a t pos i t ive def in i te func t ions are — u p t o a n o r m a l i z a t i o n $ ( 0 ) = 1 — i d e n t i c a l 
w i t h charac ter i s t ic funct ions o f d i s t r i b u t i o n func t ions i n s ta t is t ics . 

4 .2 E x a m p l e 2: L a g u e r r e - G a u s s i a n s 

I n order t o o b t a i n a genera l i za t ion o f Gaussians we s t a r t w i t h the generalized La
guerre polynomials L % / 2 o f degree n a n d order s/2 def ined b y t h e i r Rodr igues f o r m u l a 
(see, e.g., f o r m u l a (6.2.1) i n [ A n d r e w s et al. (1999)]) 

„tj. — s/2 JTl . . 

L » / 2 ( i ) = i V ^ ( e " ' < n + ' / 2 ) ' " 
A n e x p l i c i t f o r m u l a for t he general ized Lague r re p o l y n o m i a l s is 

W e t h e n define the Laguerre- Gaussians 

= c - H - I I ' L ^ d l a s H 2 ) , (4.2) 

a n d l is t t h e i r Four ie r t r ans fo rms as 
_ H"ll2 n n | | 2 l ' 

<KuO = ^ V M ^ > 0 . (4.3) 

N o t e t h a t the d e f i n i t i o n o f t he Laguerre-Gaussians depends o n the space d imens ion 
s. Therefore t h e y are s t r i c t l y pos i t i ve def in i te a n d r a d i a l o n R S ( and by L e m m a 3.1 
also on R C T for any a < s). 

Laguer re-Gauss ian funct ions for some special choices o f s and n are l i s t ed i n 
Tab le 4 . 1 . F i g u r e 4.1 shows a Laguer re -Gauss ian for s — l , n = 2, a n d for s = 
2 , n = 2 d isp layed w i t h a shape pa ramete r e = 3 a n d scaled so t h a t <&(0) = 1. 
Moreover , the Laguerre-Gaussians are i n f i n i t e l y s m o o t h for a l l choices o f n a n d s. 

N o t e t h a t the Laguerre-Gaussians ( w h i l e be ing s t r i c t l y pos i t ive def in i te func
t ions ) are no t pos i t ive . Since the Laguerre-Gauss ians are osc i l l a to ry func t ions we 

^ 1 
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k n o w f r o m T h e o r e m 3.9 t h a t t h e y canno t be s t r i c t l y pos i t ive def in i te a n d r a d i a l o n 
R s for a l l s. W e w i l l encounter these funct ions l a te r i n the con tex t o f a p p r o x i m a t e 
m o v i n g least squares a p p r o x i m a t i o n (c.f. Chap te r 26) . 

Table 4.1 Laguerre-Gaussians for various choices of s and n. 

s n = 1 n = 2 

Fig. 4.1 Laguerre-Gaussians with s = l,n = 2 (left) and s = 2, n = 2 (right) centered at the 
origin. 

4 .3 E x a m p l e 3: P o i s s o n R a d i a l F u n c t i o n s 

A n o t h e r class o f o sc i l l a to ry func t ions t h a t are s t r i c t l y pos i t ive def in i te a n d r a d i a l 
o n R s ( and a l l R C T for a < s) were recen t ly s t ud i ed b y Fornbe rg a n d co-workers (see 
[Fornberg et al. (2004)] a n d also [Flyer (2006)] ) . These funct ions are o f t he f o r m 

* ( * > = ^ P . (*•<) 

where Ju is t he Bessel f u n c t i o n o f t h e first k i n d o f order v. W h i l e these func t ions 
are no t defined at t he o r i g i n t h e y can be extended t o be i n f i n i t e l y d i f ferent iable i n 
a l l o f R s . 

T h e funct ions (4.4) were a l ready s tud ied b y Schoenberg (see the discussion sur
r o u n d i n g T h e o r e m 3.6) w h o suggested c a l l i n g t h e m Poisson functions. I n fact , t h e 
funct ions i n (4.4) are ( u p t o the scale factor 2 ^ s _ 2 ^ 2 r ( s / 2 ) ) t h e func t ions fls o f 

^ 1 . t 
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T h e o r e m 3.6 a n d therefore can be v iewed as the f u n d a m e n t a l member o f the f a m i l y 
o f funct ions t h a t are s t r i c t l y pos i t ive def ini te a n d r a d i a l o n R S for f ixed s. 

Schoenberg showed t h a t the funct ions f2 s are g iven b y 

Qs(x) = _L_ f eixadcr, 

where cos-i denotes the area o f the u n i t sphere S**"1 i n R S , a n d da denotes the 
usual measure o n S ' s - 1 . 

T h e Poisson funct ions are ano ther genera l i za t ion o f Gaussians ( the fundamen ta l 
s t r i c t l y pos i t ive def ini te r a d i a l f u n c t i o n o n R S for a l l s) since the f o l l o w i n g l i m i t 
i n g r e l a t i o n due t o J o h n v o n N e u m a n n holds (see the discussion i n [Schoenberg 
(1938a)]) : 

l i m ns(rV2s) = e - 7 - 2 . 
s—>oo 

Since the Poisson r ad i a l funct ions are defined i n t e rms o f Bessel funct ions t h e y are 
also band-limited, i.e., t he i r Four ie r t r a n s f o r m has compac t suppor t . I n fact , t h e 
Four ier t r a n s f o r m of <E> i n R F F , a < s, is g iven b y (see [Flyer (2006)]) 

Some of these Poisson funct ions are l i s ted i n Tab le 4.2 a n d displayed i n F igu re 4.2 
(where a shape paramete r e — 10 was used for the p l o t s ) . 

Table 4.2 Poisson functions for various choices of s. 

s = 2 s = 3 s = 4 s = 5 

J o ( I M I ) 
r2 s in (11*11) • M I N I ) / T s i n d l c c H ) - ll^ll c o s M ) 

J o ( I M I ) V n | 
X\\ 11*11 V 7T \\x\\3 

Fig. 4.2 Poisson functions with s = 2 (left) and s — 3 (right) centered at the origin in R 2 . 
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4.4 E x a m p l e 4: M a t e r n F u n c t i o n s 

A f o u r t h example o f s t r i c t l y pos i t ive def ini te funct ions is g iven b y the class o f 
Matern functions w h i c h are qu i t e c o m m o n i n the s ta t is t ics l i t e r a t u r e (see, e.g., 
[ M a t e r n (1986)] or [Stein (1999)]) 

Here Kv is t he modified Bessel function of the second kind (sometimes also cal led 
modi f i ed Bessel f u n c t i o n o f the t h i r d k i n d , or M a c D o n a l d ' s func t ion ) of order v. 
T h e Four ier t r a n s f o r m of the M a t e r n funct ions is g iven by the Bessel kernels 

<l(uO = ( i + M 2 ) ^ > o. 

Therefore the M a t e r n funct ions are s t r i c t l y pos i t ive def ini te o n IR S for a l l s < 23. 
Schaback calls these funct ions Sobolev splines (see, e.g., [Schaback (1995a)] or his 
earlier discussion i n [Schaback (1993)]) since t hey are n a t u r a l l y re la ted t o Sobolev 
spaces (see Chap te r 13). These funct ions are also discussed i n the r e l a t ive ly ear ly 
paper [ D i x and Ogden (1994)] . 

Some s imple representatives o f the f a m i l y o f M a t e r n funct ions are l i s t ed (up t o 
a dimension-dependent scale fac tor ) i n Table 4.3. N o t e t h a t the scaled funct ions 
l i s ted i n Table 4.3 do no t depend o n s. Since the mod i f i ed Bessel funct ions are 
posi t ive , so are the M a t e r n funct ions . T w o examples are displayed i n F igu re 4.3. 
T h e func t ion o n the left is d isp layed us ing a shape parameter e — 3. T h e p l o t 
o n the r i g h t is scaled so t h a t the value a t t he o r i g i n equals one and uses a shape 
parameter e = 10. N o t e t h a t the f u n c t i o n o n the left (cor responding t o 3 = ^ r 1 ) 
is no t differentiable a t t he o r i g i n . T h e M a t e r n f u n c t i o n for 3 = is C 2 s m o o t h , 
a n d t h a t for 3 = is i n C 4 ( R S ) . 

Table 4.3 Matern functions for various choices of (3. 

P=s±k (3= i t s 0 = * ¥ 

(1+11*11)6-11*11 (3 +311*11+ ||a 3|| 2)e 

4.5 E x a m p l e 5: G e n e r a l i z e d I n v e r s e M u l t i q u a d r i c s 

Since b o t h $ a n d <E> i n the previous example are pos i t ive r ad i a l funct ions we can 
use the H a n k e l invers ion t h e o r e m (see A p p e n d i x B ) t o reverse t he i r roles a n d see 
t h a t the so-called generalized inverse multiquadrics 

*(x) = ( 1 + Hxll2)-^, 3 > S - , (4.6) 
are s t r i c t l y pos i t ive defini te o n R s for s < 23. General ized inverse m u l t i q u a d r i c s are 
i n f i n i t e l y different iable. B y us ing another a rgumen t based o n comple te ly m o n o t o n e 
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Fig. 4.3 Matern functions with B = £ ± i (left) and B = ^±5 (right) centered at the origin in R 2 . 

funct ions we w i l l be able t o show t h a t i n fact we need t o requi re o n l y 8 > 0, a n d 
therefore the general ized inverse m u l t i q u a d r i c s are s t r i c t l y pos i t ive def in i te o n ]R S 

for any s. 

T h e " o r i g i n a l " inverse m u l t i q u a d r i c was i n t r o d u c e d b y H a r d y i n t h e ea r ly 1970s 
and corresponds t o the value 8 — 1/2. T h e special choice 8=1 was referred to as 
inverse quadratic i n var ious papers o f Fo rnbe rg a n d co-workers (see, e.g., [Fornberg 
and W r i g h t (2004)] ) . These t w o func t ions are d i sp layed i n F i g u r e 4.4 us ing a shape 
parameter e = 5. 

1-. r , 1 

Fig. 4.4 Inverse multiquadric (/3 = ^, left) and inverse quadratic (8=1, right) centered at the 
origin in R 2 . 

4 .6 E x a m p l e 6: T r u n c a t e d P o w e r F u n c t i o n s 

W e now present an example o f a f a m i l y o f s t r i c t l y pos i t i ve def in i te func t ions w i t h 
compact support. N o t e t h a t due t o t h e obse rva t ion made i n T h e o r e m 3.9 a t t h e end 
of the previous chapter , t h e y can n o t be s t r i c t l y pos i t i ve def in i te o n R S for a l l s. 
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T h e truncated power functions 

ipi(r) = (1 - r ) i + (4.7) 

give rise t o s t r i c t l y pos i t ive def in i te a n d r a d i a l funct ions o n M s p r o v i d e d I satisfies 
t > L f J + 1- F i n d i n g the Four ie r t r a n s f o r m of the t r u n c a t e d power f u n c t i o n is 
ra ther invo lved . For detai ls we refer t o [ W e n d l a n d (2005a)] . W e w i l l l a ter use a 
s impler test based o n m u l t i p l y m o n o t o n e func t ions t o es tabl ish the s t r i c t pos i t ive 
definiteness o f the t r u n c a t e d power func t ions . I n (4.7) we used the cutoff function 
( • ) + w h i c h is defined b y 

T h e cu to f f f u n c t i o n can be i m p l e m e n t e d conven ien t ly i n M A T L A B us ing t h e max 
func t ion , i.e., i f f x is a vector o f f u n c t i o n values o f / for different choices o f x, t h e n 
m a x ( f x , 0 ) computes (f(x))+. W e also p o i n t ou t t h a t the expressions o f t h e f o r m 
(1 — r)e

+ are t o be i n t e rp re t ed as ( ( 1 — r)+)*, i.e., we first a p p l y the cu tof f f unc t i on , 
and t h e n the power . 

T w o different t r u n c a t e d power funct ions ( w i t h i = 2 ,4 ) are d isplayed i n F i g 
ure 4.5. W h i l e none o f the t r u n c a t e d power funct ions are different iable a t t he o r i g i n , 
t he smoothness a t the b o u n d a r y o f the s u p p o r t increases w i t h I . 

Fig. 4.5 Truncated power function with i = 2 (left) and £ = 4 (right) centered at the origin in 

4 .7 E x a m p l e 7: P o t e n t i a l s a n d W h i t t a k e r R a d i a l F u n c t i o n s 

L e t / G C[0, oo) be non-negat ive a n d n o t i den t i ca l l y equal t o zero, a n d define t h e 
func t ion cp b y 

x, for x > 0, 

0, for x < 0. 

(4.8) 

^ 1 i t . 
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T h e n <& = ip(\\ • | |) is s t r i c t l y pos i t ive defini te a n d r a d i a l o n E s p r o v i d e d k > |_|J + 2 
(see also T h e o r e m 5.5 be low) . T h i s can be ver i f ied b y consider ing the quadra t i c 
f o r m 

N N „oo N N E E w ^ - 1 * ! ^ / ^2^2cjCkVk-i(t\\xj -xk\\)f(t)dt 
3 = 1 k=l J ° 3 = 1 k=l 

w h i c h is non-negative since the t r u n c a t e d power f u n c t i o n ^ _ i ( | | • | | ) is s t r i c t l y 
posi t ive defini te b y E x a m p l e 6, a n d / is non-negat ive . Since / is also assumed t o 
be no t iden t i ca l ly equal t o zero, t he on ly w a y for t he quadra t i c f o r m t o equal zero 
is i f c = 0 , and therefore ip is s t r i c t l y pos i t ive def in i te . 

For example, i f we take f(t) = t@, 8 > 0, t h e n we get 

- r ( f c ) r ( / 3 + 1 ) 
® { X } ~ T{k + 8 + l)\\x\\^- ( 4 - 9 ) 

W h i l e these funct ions are s t r i c t l y pos i t ive def ini te a n d r a d i a l t h e y are also s ingular 
at the o r i g i n and therefore not useful for our purposes. However , these funct ions 
are — up to scaling — general izat ions o f t he Coulomb potential (for 3 = 0 ) , a n d 
can therefore be g iven a physica l i n t e r p r e t a t i o n . 

A n o t h e r poss ib i l i ty is t o take f(t) = tae~^1, a > 0,/5 > 0. T h e n we get 

$ f x = | M l t f c - Q ) ^ r ( i + a ) r ( f c ) e - ^ x u 1 Q ) 

* W — /3i+(fc+«)/2r(fc+<*+2) e x i £ * - - L U ; 

(kM{a^k)/2,(k+a+l)/2 (|T§ij) + ( l + o ) M i _ ( f c _ a ) / 2 i ( f c + Q + i ) / 2 ( |NT)) " 
Here M M ) I / is the W h i t t a k e r - M func t ion , a confluent hypergeomet r ic f u n c t i o n (see, 
e.g., Chapte r 13 o f [ A b r a m o w i t z a n d Stegun (1972)]) . W h e n v is a half- integer 
( w h i c h is, e.g., t he case for integer k and a) f o r m u l a (4.10) simplifies s ignif icant ly . 
Examples for var ious integer values of k and a are l i s t ed i n Table 4.4. N o t e t h a t 
these funct ions are not defined at the o r i g i n . However , t h e y can be made (on ly ) 
cont inuous at the o r i g i n . P lo t s of t w o of these funct ions are p r o v i d e d i n F igure 4.6. 
Note t h a t on ly the funct ions for k > 3 are guaranteed t o be s t r i c t l y pos i t ive defini te 
and r a d i a l on IR 3 . 

Table 4.4 Whittaker radial functions <I> for various choices of k and a. 

a fc = 2 fc = 3 

0 

1 

/ ? - |*| | + | | * | | e ~ A - 2 / 3 | | * | + 2 | | * | | 2 - 2 | | * | | 2 e~T^f 
0 

1 P- 2||a;| + (/? + 2 | |* | | )e~TW P2 - 4/3j *| | + 6 | 

P3 

x\\2 - (2/3\\x\\ + 6 | | * | | 2 ) e " T § i r 

0 

1 
P3 Pi 

E q u a t i o n (4.8) amounts t o another i n t eg ra l t r a n s f o r m o f / (no t l i s ted i n 
A p p e n d i x B ) w i t h the compac t l y suppor t ed t r u n c a t e d power func t ion as in tegra
t i o n kernel . We w i l l take another l o o k at these funct ions i n the context of m u l t i p l y 
monotone funct ions below. 



4- Examples of Strictly Positive Definite Radial Functions 45 

Fig. 4.6 Whittaker radial functions for a = 0 and 3 = 1 with k = 2 (left) and k = 3 (right) 
centered at the origin in R 2 . 

4.8 E x a m p l e 8: I n t e g r a t i o n A g a i n s t S t r i c t l y P o s i t i v e 
D e f i n i t e K e r n e l s 

I n fact, i n [Wendland (2005a)] i t is shown t h a t i n t e g r a t i o n o f any non-negat ive 
func t ion / t h a t is no t iden t i ca l ly equal t o zero against a f u n c t i o n K(t,-) t h a t is 
s t r i c t l y posi t ive definite on R S leads t o another func t ion t h a t is s t r i c t l y pos i t ive 
definite on R S , i.e., 

<p{r)= / K(t,r)f(t)dt 
Jo 

gives rise t o $ = tp(\\ • | | ) be ing s t r i c t l y pos i t ive definite o n R S . B y choosing / a n d 
K appropr ia te ly we can o b t a i n b o t h g loba l ly suppor ted and compac t l y suppor t ed 
functions. 

For example, the m u l t i p l y monotone funct ions i n W i l l i a m s o n ' s charac te r iza t ion 
Theo rem 5.4 are covered by t h i s general t heo rem b y t a k i n g K(t, r) = (l — rt)^T1 a n d 
/ an a r b i t r a r y pos i t ive func t ion i n L \ so t h a t dfi(t) = f(t)dt. A lso , funct ions t h a t 
are s t r i c t l y posi t ive definite and r a d i a l o n R S for a l l s (or equiva len t ly comple te ly 
monotone funct ions) are covered b y choosing K(t,r) = e~rt. 

4.9 S u m m a r y 

T o summarize the theory surveyed thus far we can say t h a t any m u l t i v a r i a t e ( r ad ia l ) 
func t ion $ whose Fourier t r a n s f o r m is non-negat ive can be used t o generate a basis 
for the scattered d a t a i n t e r p o l a t i o n p r o b l e m by sh i f t ing i t t o the d a t a sites. T h e 
func t ion $ can be posi t ive , osci l la tory , or have compact suppor t . However , i f $ has 
any zeros then i t cannot be s t r i c t l y pos i t ive defini te on R S for a l l choices of s. 





Chapter 5 

Completely Monotone and 
Multiply Monotone Functions 

Since Fourier t ransforms are no t always easy t o compute , we now present t w o al ter
nat ive c r i t e r i a t h a t a l low us t o decide whe ther a func t ion is s t r i c t l y posi t ive def ini te 
and rad ia l o n M s (one for the case o f a l l s, a n d one for o n l y l i m i t e d choices o f s ) . 

5.1 C o m p l e t e l y M o n o t o n e F u n c t i o n s 

We begin w i t h the former case. To th i s end we now in t roduce a class o f funct ions 
t h a t is very closely re la ted t o posi t ive defini te r ad i a l funct ions and leads t o a s imple 
character iza t ion o f such funct ions. 

D e f i n i t i o n 5.1. A func t i on <p : [0, oo) —> M t h a t is i n C [ 0 , o o ) D C ° ° ( 0 , o o ) a n d 
satisfies 

( - l ) V £ ) ( r ) > 0 , r > 0 , £ = 0 , 1 , 2 , . . . , 

is called completely monotone on [0, oo) . 

E x a m p l e 5 .1 . T h e func t ion cp(r) = e, s > 0, is comple te ly monotone o n [0, oo). 

E x a m p l e 5 .2 . T h e func t i on </?(r) = e _ e r , e > 0, is comple te ly monotone o n [0 ,oo) 
since 

( - l ) V W ( r ) = e£e-£r > 0, t = 0 , 1 , 2 , . . . . 

E x a m p l e 5 .3 . T h e func t ion <p(r) = t j ~ ~ y g > /5 > 0, is comple te ly mono tone o n 

[0, oo) since 

( - l ) y < > ( r ) = ( - l ) 2 ' / 3 ( / 3 + 1) • • • (3 + i - 1 ) (1 + r y 1 3 - 1 > 0, £ = 0 , 1 , 2 , . . . . 

Some propert ies o f comple te ly monotone funct ions t h a t can be found i n [Cheney 
and L i g h t (1999); Feller (1966); W i d d e r (1941)] are: 

(1) A non-negative f in i te l inear c o m b i n a t i o n o f comple te ly monotone funct ions is 
complete ly monotone . 

(2) T h e p roduc t o f t w o comple te ly mono tone functions is comple te ly monotone . 

47 
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(3) I f <p is comple te ly monotone a n d ip is absolu te ly mono tone (i.e., ip^ > 0 for a l l 
i > 0 ) , t h e n ip o (p is comple te ly mono tone . 

(4) I f <p is comple te ly monotone a n d ip is a pos i t ive f u n c t i o n such t h a t i t s der iva t ive 
is comple te ly monotone , t h e n <p o ip is comple t e ly mono tone . 

N o t e t h a t the funct ions i n the second and t h i r d example above are, except for 
a var iable s u b s t i t u t i o n r t—> r 2 , s imi l a r t o the Gaussian and inverse m u l t i q u a d r i c s 
men t ioned earlier. I n order t o see how comple te ly mono tone funct ions are re la ted 
t o s t r i c t l y pos i t ive definite r ad i a l funct ions we requi re an in t eg ra l charac te r iza t ion 
o f comple te ly monotone funct ions . 

Theorem 5.1 (Hausdorff-Bernstein-Widder). A function ip : [0, oo) —> R is 
completely monotone on [0, oo) if and only if it is the Laplace transform of a finite 
non-negative Borel measure \x on [ 0 , o o ) ; i.e., <p is of the form 

rOO 
<p(r) = £/x(r) = / e~rtd»{t). 

Jo 

Proof. W i d d e r ' s p r o o f o f th i s t h e o r e m can be f o u n d i n [ W i d d e r (1941)] , p . 160, 
where he reduces the p r o o f o f t h i s t h e o r e m t o another theo rem by Hausdor f f o n 
comple te ly mono tone sequences. A de ta i led p r o o f can also be found i n the books 
[Cheney and L i g h t (1999); W e n d l a n d (2005a)] . • 

T h e o r e m 5.1 shows t h a t , i n the s p i r i t of ou r earl ier remarks , the func t ion p(r) = 
e~er can be v iewed as the fundamenta l comple te ly mono tone func t ion . 

T h e fo l lowing connect ion between pos i t ive def ini te r a d i a l and comple te ly mono
tone funct ions was first p o i n t e d ou t b y Schoenberg i n 1938. 

Theorem 5.2. A function <p is completely monotone on [0, oo) if and only if <§> = 
<p(\\ • \\2) is positive definite and radial on R s for all s. 

N o t e t h a t the func t ion <3> is n o w defined v i a the square o f t he n o r m . T h i s differs 
f r o m our de f in i t i on o f r a d i a l funct ions (see D e f i n i t i o n 2.1) . 

Proof. One poss ib i l i ty is t o use a change o f variables t o combine Schoenberg's 
charac ter iza t ion o f funct ions t h a t are pos i t ive def ini te and r a d i a l on any R s , Theo
r e m 3.8, w i t h the Hausdor f f -Berns te in -Widder charac te r i za t ion o f comple te ly mono
tone funct ions. T o get more ins ight we present an a l t e rna t ive p r o o f o f the c l a i m t h a t 
the comple te ly monotone f u n c t i o n <p gives rise t o a $ t h a t is pos i t ive defini te a n d 
r a d i a l o n any R s . Deta i l s for the o ther d i r e c t i o n can be found , e.g., i n [Wend land 
(2005a)]. 

T h e Hausdor f f -Berns te in -Widder t h e o r e m impl ies t h a t we can w r i t e <p as 

/•OO 

tp(r) = / c - r t d / i ( 0 
Jo 
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w i t h a finite non-negat ive B o r e l measure / i . Therefore, <&(x) = <^(||cc|j 2) has the 
representat ion 

/•OO 

Jo 
T o see t h a t th i s func t ion is pos i t ive defini te on any R s we consider the quad ra t i c 
f o r m 

N N roo N N 

j = l k=l J ° j = l k=l 

Since we saw earlier t h a t the Gaussians are s t r i c t l y pos i t ive definite and r a d i a l o n 
any R s i t follows t h a t the quadra t i c f o r m is non-negative. • 

We can see f r o m the previous p r o o f t h a t i f the measure LL is no t concent ra ted 
at the o r ig in , t h e n <fr is even s t r i c t l y pos i t ive defini te and r a d i a l o n any R s . T h i s 
cond i t i on on the measure is equivalent w i t h ip no t be ing constant . W i t h th i s add i 
t i o n a l r e s t r i c t ion o n <p we can a p p l y the n o t i o n o f a comple te ly monotone f u n c t i o n 
t o the scattered d a t a i n t e r p o l a t i o n p r o b l e m . T h e fo l lowing interpolation theorem 
originates i n the w o r k o f Schoenberg ([Schoenberg (1938a)], p . 823) w h o showed 
t h a t complete m o n o t o n i c i t y impl ies s t r i c t pos i t ive definiteness, thus p r o v i d i n g a 
very s imple test for ve r i fy ing the well-posedness o f m a n y scat tered da t a in t e rpo
l a t i o n problems. A p r o o f t h a t the converse also holds can be found i n [Wend land 
(2005a)]. 

T h e o r e m 5 .3 . A function <p : [0, oo) —> R is completely monotone but not constant 
if and only if <p{\\ • ||2) is strictly positive definite and radial on R s for any s. 

E x a m p l e 5.4. Since we showed above t h a t the functions <p(r) = e _ e r , s > 0, a n d 
p(r) = 1 / (1 + r)@, 8 > 0, are comple te ly monotone on [0, oo) , and since they are 
also no t constant we k n o w f r o m T h e o r e m 5.3 t h a t the Gaussians <&(cc) = <£>(||cc||2) = 
e - ^ I M I ^ e > 0, and inverse m u l t i q u a d r i c s $(cc) = ^( | |a; | | 2 ) = 1 / (1 + | |cc | | 2 )^ , 8 > 0, 
are s t r i c t l y pos i t ive defini te and r a d i a l on R. s for a l l s. N o t on ly is the test for 
complete m o n o t o n i c i t y a s impler one t h a n ca lcu la t ion o f t he Four ier t ransforms, 
bu t we also are able t o ver i fy s t r i c t pos i t ive definiteness of the inverse m u l t i q u a d r i c s 
w i t h o u t any dependence o f s on 8. 

5.2 M u l t i p l y M o n o t o n e F u n c t i o n s 

We can also use m o n o t o n i c i t y t o test for s t r i c t pos i t ive definiteness o f r ad i a l func
t ions on 1RS for some fixed value o f s. T o th i s end we in t roduce the concept o f a 
multiply monotone function. 

D e f i n i t i o n 5 .2 . A func t ion p : (0, oo) —• R w h i c h is i n C f c ~ 2 ( 0 , oo) , k > 2, a n d for 
w h i c h ( — !)'(/?(') ( r ) is non-negat ive, non-increasing, and convex for I = 0 , 1 , 2 , . . . , k — 
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2 is cal led k-times monotone on (0, oo) . I n case fc = 1 we o n l y requi re p € C ( 0 , oo) 
t o be non-negat ive a n d non-increasing. 

Since convex i ty o f tp means t h a t < ^ ( r i + r 2 ) < ^ ( r i ) + ^ ( r 2 ) ; o r s i m p l y p"(r) > 0 i f 
ip" exists, a m u l t i p l y mono tone func t i on is i n essence j u s t a comple t e ly mono tone 
func t i on whose m o n o t o n i c i t y is " t r u n c a t e d " . 

E x a m p l e 5 . 5 . T h e t r u n c a t e d power f u n c t i o n (c.f. (4 .7)) 

<Pi(r) = (1 - r)e

+ 

is ^-times mono tone for any £ since 

( - l ) V f ( r ) = £ { £ - ! ) . . . { £ - 1 + 1 ) ( 1 - rf~l > 0, I = 0 , 1 , 2 , . . . , L 

W e saw i n Section 4.6 t h a t t he t r u n c a t e d power funct ions lead t o r a d i a l funct ions 
t h a t are s t r i c t l y pos i t ive defini te o n R s p r o v i d e d £ > [s/2\ + 1. 

E x a m p l e 5 . 6 . I f we define t h e i n t eg ra l opera to r I b y 
/•OO 

( / / ) ( r ) = / f(t)dt, r > 0 , (5.1) 
J r 

and / is ^-t imes monotone , t h e n If is £ + 1-times mono tone . T h i s fol lows i m m e d i 
a te ly f r o m the fundamen ta l t h e o r e m of calculus. A s we w i l l see la ter , t he opera tor 
/ plays an i m p o r t a n t role i n t he c o n s t r u c t i o n o f c o m p a c t l y suppor t ed r a d i a l basis 
funct ions . 

T o make the connec t ion t o s t r i c t l y pos i t ive def ini te r a d i a l funct ions we require 
a n in teg ra l representa t ion for t he class o f m u l t i p l y mono tone funct ions . T h i s was 
g iven i n [ W i l l i a m s o n (1956)] b u t appa ren t ly a l ready k n o w n t o Schoenberg i n 1940. 

T h e o r e m 5 . 4 ( W i l l i a m s o n ) . A continuous function ip : ( 0 ,oo ) —» R is k-times 
monotone on (0, oo) if and only if it is of the form 

/•OO 

p(r)= / ( l - r * ) * - 1 ^ * ) , (5.2) 

where IL is a non-negative Borel measure on (0, oo) . 

Proof. T o see t h a t a func t ion o f the f o r m (5.2) is indeed m u l t i p l y mono tone we 
j u s t need t o different iate under t he i n t e g r a l (since der ivat ives up t o order k — 2 
o f (1 — r £ ) k _ 1 are cont inuous a n d b o u n d e d ) . T h e o ther d i r e c t i o n can be found i n 
[ W i l l i a m s o n (1956)] . • 

W i l l i a m s o n ' s cha rac te r i za t ion shows us t h a t — j u s t l ike t h e t r u n c a t e d power 
funct ions — the W h i t t a k e r r a d i a l funct ions (4.10) i n Sect ion 4.7 are based o n m u l 
t i p l y mono tone funct ions . 

For k —> oo the W i l l i a m s o n cha rac te r i za t ion corresponds t o t he Hausdorff-
B e r n s t e i n - W i d d e r cha rac te r i za t ion T h e o r e m 5.1 o f comple t e ly mono tone funct ions 
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(and is equivalent p rov ided we ex tend W i l l i a m s o n ' s w o r k to inc lude c o n t i n u i t y a t 
the o r i g i n ) . 

W e can see f r o m Sections 4.6 and 4.7 t h a t m u l t i p l y mono tone funct ions give rise 
t o pos i t ive defini te r a d i a l funct ions . Such a connect ion was first no t ed i n [Askey 
(1973)] (and i n the one-dimensional case by Po lya ) using the t r u n c a t e d power func
t ions o f Section 4.6. 

I n the R B F l i t e r a tu re the fo l lowing theo rem was s ta ted i n [Micche l l i (1986)] , 
and t h e n refined i n [ B u h m a n n (1993a)]: 

T h e o r e m 5.5 ( M i c c h e l l i ) . Let k = [s/2\+2 be a positive integer. If p : [0, oo) —• 
R, p (E C[0 , oo) , is k-times monotone on (0, oo) but not constant, then ip is strictly 
positive definite and radial on R s for any s such that \_s/2\ < k — 2 . 

W e w o u l d l ike t o m e n t i o n t h a t several versions o f T h e o r e m 5.5 con ta in mi s 
p r in t s i n the l i t e ra tu re . T h e correct f o r m should be as s ta ted above (c.f. also t h e 
general izat ion for s t r i c t l y c o n d i t i o n a l l y pos i t ive defini te funct ions , T h e o r e m 9.3). 

Us ing Theo rem 5.5 we can n o w ver i fy the s t r i c t pos i t ive definiteness o f t h e 
t runca ted power funct ions and W h i t t a k e r r a d i a l funct ions o f Sections 4.6 and 4.7 
w i t h o u t the use o f Fourier t ransforms. A g a i n , as for Gaussians a n d the Poisson 
rad ia l funct ions, we can v i ew the t r u n c a t e d power f u n c t i o n as the fundamen ta l 
compac t ly suppor ted s t r i c t l y pos i t ive defini te r a d i a l f u n c t i o n since i t is ob t a ined 
using the p o i n t eva lua t ion measure i n W i l l i a m s o n ' s charac te r iza t ion o f a m u l t i p l y 
monotone func t ion . 

I t is in teres t ing t o observe a ce r t a in lack o f s y m m e t r y i n the t h e o r y for comple te ly 
monotone and m u l t i p l y monotone funct ions . F i r s t , i n the comple te ly mono tone 
case we can use T h e o r e m 5.3 t o conclude t h a t i f (p is comple te ly monotone and n o t 
constant t h e n ip{2) is s t r i c t l y pos i t ive defini te o n R s for any s. I n the m u l t i p l y 
monotone case (see T h e o r e m 5.5) the square is missing. N o w i t is clear t h a t we 
cannot expect the s ta tement w i t h a square t o be t rue i n the m u l t i p l y mono tone 
case. T o see th i s we consider the t r u n c a t e d power func t ion ip{r) = (1 — r ) + ( w h i c h 
we know — according t o E x a m p l e 5.1 above — t o be ^-t imes m u l t i p l y mono tone for 
any £) . However, the func t ion tp(r) = (1 — r2)e

+ is no t s t r i c t l y pos i t ive defini te a n d 
rad ia l on R s for any s since i t is no t even s t r i c t l y pos i t ive defini te and r a d i a l on R 
(and therefore even much less so o n any h igher-d imensional space). We can see t h i s 
f rom the univar ia te r ad ia l Four ier t r a n s f o r m of ijj (see T h e o r e m B . l o f A p p e n d i x B 
w i t h s = 1) 

• F ^ ( r ) = - 7 = f / (1 - t2)e

+t^J_1/2(rt)dt 
v i — 1 Jo 

= \/f J1 (1 - t2)e cos(rt)dt 
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Here we used the compact suppor t o f ip and the fact t h a t J_i/2(r) = y/2/ivr cos r . 
T h e func t ion T\ip is osci l la tory, and therefore ip cannot be s t r i c t l y pos i t ive defini te 
(c.f. T h e o r e m 3.5). I n fact, the Four ier t r a n s f o r m T\ip is closely re la ted t o the 
Poisson r ad ia l funct ions of Section 4.3. 

Moreover , i n the comple te ly mono tone case we have an equivalence between 
complete ly monotone and s t r i c t l y pos i t ive defini te funct ions t h a t are r a d i a l o n any 
R s (see T h e o r e m 5.3). A g a i n , we cannot expect such an equivalence t o h o l d i n the 
m u l t i p l y monotone case, i.e., the converse o f T h e o r e m 5.5 cannot be t rue . T h i s 
is clear since we have already seen a number o f funct ions t h a t are s t r i c t l y pos i t ive 
definite and rad ia l , b u t not mono tone at a l l — namely the osc i l l a tory Laguerre-
Gaussians o f Section 4.2 and the Poisson r a d i a l funct ions o f Section 4.3. 

However, i t is in teres t ing t o combine the Schoenberg T h e o r e m 5.3 and The 
o rem 5.5 based on W i l l i a m s o n ' s charac te r iza t ion . I f one s tar ts w i t h the s t r i c t l y 

2 2 
posi t ive definite r ad i a l Gaussian <p(r) = e~e r , t h e n T h e o r e m 5.3 tells us t h a t 

2 
4>{r) = <p(y/r) = e~~£ r is comple te ly mono tone . N o w , any f u n c t i o n t h a t is com
ple te ly monotone is also m u l t i p l y mono tone o f any order, so t h a t we can use Theo-

2 
r e m 5.5 and conclude t h a t the func t ion (p{r) = e~£ r is also s t r i c t l y pos i t ive def ini te 
and r ad ia l on M s for a l l s. O f course, now we can repeat the a rgument and conclude 

2 /— 
t h a t ip(r) = e~£ y / r is s t r i c t l y pos i t ive defini te and r a d i a l on R s for a l l s, and so on 
(see [Wendland (2005c)]) . T h i s resul t was a l ready k n o w n t o Schoenberg (at least 
i n the non-s t r i c t case). s 

As a f ina l r emark i n this chapter we m e n t i o n t h a t we are a long way f r o m 
hav ing a complete charac ter iza t ion o f ( rad ia l ) funct ions for w h i c h the scat tered 
da t a i n t e r p o l a t i o n p r o b l e m has a un ique so lu t ion . A s we w i l l see later , such an (as 
of now u n k n o w n ) charac te r iza t ion w i l l involve also funct ions w h i c h are no t s t r i c t l y 
posi t ive defini te . For example, we w i l l m e n t i o n a resul t o f Micche l l i ' s accord ing 
to w h i c h conditionally pos i t ive defini te funct ions o f order one can be used for the 
scattered da t a i n t e r p o l a t i o n p r o b l e m . F u r t h e r m o r e , a l l o f the results deal t w i t h so 
far involve r a d i a l basis funct ions t h a t are centered a t the g iven d a t a sites. The re 
are on ly l i m i t e d results addressing the s i t u a t i o n i n w h i c h the centers for the basis 
functions and the da t a sites m a y differ. 



Chapter 6 

Scattered Data Interpolation with 
Polynomial Precision 

6.1 I n t e r p o l a t i o n w i t h M u l t i v a r i a t e P o l y n o m i a l s 

As we ment ioned i n the i n t r o d u c t i o n i t is no t an easy m a t t e r t o use po lynomia l s 
t o pe r fo rm mu l t i va r i a t e scat tered da t a i n t e rpo l a t i on . O n l y i f the da ta sites are i n 
cer ta in special locat ions can we guarantee well-posedness o f m u l t i v a r i a t e p o l y n o m i a l 
in te rpo la t ion . We now address th i s p rob lem. 

D e f i n i t i o n 6.1. We cal l a set o f po in t s X = {x\,... ,x^} C R S m-unisolvent i f 
the on ly p o l y n o m i a l o f t o t a l degree at most m i n t e r p o l a t i n g zero da ta on X is the 
zero p o l y n o m i a l . 

T h i s def in i t ion guarantees a un ique so lu t ion for i n t e r p o l a t i o n to g iven da ta at a 
subset o f ca rd ina l i t y M = (m*s) ° f t n e po in ts x \ , . . . , XN by a p o l y n o m i a l o f degree 
m. Here M is the d imension o f the l inear space of po lynomia l s o f t o t a l degree 
less t h a n or equal t o m i n s variables. 

For p o l y n o m i a l i n t e r p o l a t i o n a t N d i s t inc t da t a sites i n R S t o be a well-posed 
p rob lem, the p o l y n o m i a l degree needs t o be chosen accordingly, i.e., we need M = 
N, and the da ta sites need t o f o r m an m-uniso lvent set. T h i s is ra ther res t r ic t ive . 
For example, th i s implies t h a t p o l y n o m i a l i n t e r p o l a t i o n at N = 7 po in t s i n R 2 

can no t be done i n a unique way since we cou ld either a t t e m p t t o use b ivar ia te 
quadra t ic po lynomia ls (for w h i c h M = 6) , or b ivar ia te cubic po lynomia l s ( w i t h 
M = 10). There exists no space of b ivar ia te po lynomia l s for w h i c h M = 7. 

We w i l l see i n the next chapter t h a t m-uniso lven t sets p lay an i m p o r t a n t role i n 
the context of cond i t i ona l ly pos i t ive definite funct ions. There , however, even t h o u g h 
we w i l l be interested i n i n t e r p o l a t i n g N pieces o f data , the p o l y n o m i a l degree w i l l 
be smal l (usual ly m = 1, 2, 3 ) , and the res t r ic t ions imposed on the locat ions of the 
da ta sites by the unisolvency condi t ions w i l l be ra ther m i l d . 

A sufficient c o n d i t i o n ( to be found i n [Chu i (1988)], C h . 9) o n the po in ts 
X \ , . . . , xpj t o f o r m an m-uniso lven t set i n R 2 is 

T h e o r e m 6.1. Suppose {Lo,..., L m } is a set o / m + 1 distinct lines in R 2 , and that 
U = . . . , UM} is a set of M = ( m + l ) ( m + 2 ) / 2 distinct points such that the 
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first point lies on L Q , the next two points lie on L \ but not on L Q , and so on, so that 
the last m + 1 points lie on L m but not on any of the previous lines LQ, . . . , L m _ i . 
Then there exists a unique interpolation polynomial of total degree at most m to 
arbitrary data given at the points in U. Furthermore, if the data sites {x±,..., x^} 
contain U as a subset then they form an m-unisolvent set on R 2 . 

Proof. We use i n d u c t i o n o n m . For m = 0 the resul t is t r i v i a l . Take R t o be the 
m a t r i x ar is ing f r o m p o l y n o m i a l i n t e r p o l a t i o n a t the po in t s i n IA, i.e., 

Rjk=Pk(uj), j,k = l,...,M, 

where the pk f o r m a basis o f LT^. W e w a n t t o show t h a t the o n l y possible s o l u t i o n 
t o Rc = 0 is c = 0. T h i s is equivalent t o showing t h a t i f p € TL^ satisfies 

p ( t * i ) = 0 , i = l,...,M, 

t h e n p is the zero p o l y n o m i a l . 
For each i = 1 , . . . , m, let the equa t ion o f the l ine Li be g iven b y 

OHX + fay = 7 i , 

where x = (x, y) £ R 2 . 
Suppose now t h a t p in terpola tes zero d a t a at a l l the po in t s U i as s ta ted above. 

Since p reduces t o a un ivar ia te p o l y n o m i a l of degree m o n L m w h i c h vanishes a t 
m + 1 d i s t inc t po in t s on L m , i t follows t h a t p vanishes iden t i ca l ly o n L m , and so 

p(x, y) = (amx + 3my - ~/m)q(x, y), 

where q is a p o l y n o m i a l o f degree m — 1. B u t now q satisfies the hypothesis o f t h e 
theo rem w i t h m replaced by m— 1 a n d U replaced b y U consis t ing o f t he first ( " ^ x ) 
po in ts o f U. B y i n d u c t i o n , therefore q = 0, and thus p = 0. T h i s establishes t h e 
uniqueness of the i n t e r p o l a t i o n p o l y n o m i a l . T h e last s ta tement o f t he t heo rem is 
obvious. • 

A s imi la r t heo rem was a l ready p roved i n [Chung a n d Yao (1977)] . T h e o r e m 6.1 
can be generalized t o R S b y us ing hyperplanes. T h e p r o o f is cons t ruc ted w i t h t h e 
help o f an a d d i t i o n a l i n d u c t i o n on s. C h u i also gives a n exp l i c i t expression for t h e 
de te rminan t o f the m a t r i x associated w i t h ( p o l y n o m i a l ) i n t e r p o l a t i o n a t the set o f 
po in t s U. 

R e m a r k 6.1. For la ter reference we note t h a t ( m — l ) -un i so lvency o f the po in t s 
x\,..., XN is equivalent t o the fact t h a t t h e m a t r i x P w i t h 

Pji = Pi{xj), j = l,...,N, I = 1 , . . . , M, 

has fu l l ( co lumn- ) rank . For N = M th i s is t h e p o l y n o m i a l i n t e r p o l a t i o n m a t r i x . 

E x a m p l e 6.1. A s can easily be ver i f ied, three col l inear po in t s i n R 2 are no t 1-
unisolvent , since a l inear i n t e rpo l an t , i.e., a plane t h r o u g h three a r b i t r a r y heights 
a t these three col l inear po in t s is no t un ique ly de te rmined . O n the o ther hand , i f a 
set o f po in t s i n R 2 contains three non-col l inear po in t s , t h e n i t is 1-unisolvent. 

x 4 -



6. Scattered Data Interpolation with Polynomial Precision 55 

We used the diff icult ies associated w i t h m u l t i v a r i a t e p o l y n o m i a l i n t e r p o l a t i o n 
as one o f the mot iva t ions for the use o f r ad i a l basis functions. However, sometimes 
i t is desirable t o have an in t e rpo lan t t h a t exac t ly reproduces ce r t a in types o f func
t ions. For example, i f the da ta are constant , or come f r o m a l inear func t ion , t hen 
i t w o u l d be nice i f our in te rpo lan t were also constant or l inear, respectively. Unfor 
tunate ly , the methods we have presented thus far (except for the distance m a t r i x 
fit i n the s = 1 case) do no t reproduce these s imple p o l y n o m i a l funct ions. M o r e 
over, later on we w i l l be interested i n a p p l y i n g our i n t e r p o l a t i o n methods t o the 
numer ica l so lu t ion of p a r t i a l different ia l equations, and prac t i t ioners (especially o f 
finite element methods) often judge an i n t e r p o l a t i o n m e t h o d b y i ts a b i l i t y t o pass 
the so-called patch test. A n i n t e r p o l a t i o n m e t h o d passes the s tandard p a t c h test i f 
i t can reproduce linear funct ions. I n engineering appl icat ions th i s t ranslates i n t o 
exact ca lcu la t ion of constant stress and s t r a in . We w i l l see later t h a t i n order t o 
prove error estimates for meshfree a p p r o x i m a t i o n methods i t is no t necessary t o 
be able t o reproduce po lynomia l s g loba l ly (bu t loca l p o l y n o m i a l r ep roduc t i on is an 
essential ingredient ) . Thus , i f we are on ly concerned w i t h the a p p r o x i m a t i o n power 
of a numer ica l m e t h o d there is rea l ly no need for the s tandard pa t ch test t o h o l d . 

6.2 E x a m p l e : R e p r o d u c t i o n o f L i n e a r F u n c t i o n s U s i n g 
G a u s s i a n R B F s 

I f we do insist on r ep roduc t ion o f l inear funct ions then the t o p pa r t o f F igu re 6.1 
shows a Gaussian R B F in te rpo lan t (e = 6) t o the b ivar ia te l inear func t ion f(x,y) = 
(x + y)/2 based on 1089 u n i f o r m l y spaced poin ts i n the u n i t square a long w i t h 
the absolute error. Clear ly the in t e rpo lan t is no t comple te ly p lanar — no t even t o 
machine precision. 

For tunate ly , there is a s imple remedy for th i s p rob lem. A l l we need t o do 
is add the p o l y n o m i a l funct ions x i—> 1, x i—»• x, and x t—> y t o the- basis 
{ e _ e H ' - X l H , . . . , e _ e H ' - X J V H } we have thus far been using t o o b t a i n our in ter
polan t . However, now we have N + 3 unknowns , namely the coefficients ck, 
k = 1 , . . . , N + 3, i n the expansion 

N 
Vf(x) = ^ 2 c k e - e 2 ^ - x ^ 2 + c N + 1 + c N + 2 x + c N + 3 y , x = {x,y) e M 2 , 

fc=i 
and we have on ly N condi t ions t o de termine t h e m , namely the i n t e r p o l a t i o n con
d i t ions 

VS{x3) = f(Xj) = (Xj + Vj)/2, j = 1 , . . . , N. 

W h a t can we do to o b t a i n a (non-s ingular) square system? A s we w i l l see below, 
we can add the fo l lowing three condi t ions : 

N 
^ c f c = 0, 
fc=i 
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N 

^CkXk = 0, 

fc=l 
N 

y^c f c?/fc = o. 
fc=i 

H o w do we have t o m o d i f y our ex i s t ing M A T L A B p r o g r a m for scat tered d a t a 
i n t e rpo l a t i on t o incorpora te these modif ica t ions? I f we prev ious ly deal t w i t h the 
so lu t ion o f 

Ac = y, 

w i t h Ajk = e-e*\\Xj-Xk\\^ j k = i , . . . c = [ C l , . . . ) C 7 v ] T , and y = 
[ / ( c c i ) , . . . , / ( £ C J V ) ] t , t hen we now have t o solve the augmented system 

' A P~ c V 
PT O d 0 

(6.1) 

where A, c, and y are as before, a n d Pji = pi(xj), j = 1,..., N, I = 1,..., 3, w i t h 
Pi(x) = 1, p2{x) = x, and pz{x) = y. Moreover , 0 is a zero vector o f l eng th 3, and 
O is a zero m a t r i x o f size 3 x 3 . 

The M A T L A B scr ipt RBFInterpolation2Dlinear .m shows an i m p l e m e n t a t i o n 
o f th i s approach for Gaussians ( a l t h o u g h they can easily be replaced by any o ther 
R B F ) and test func t ion f(x,y) = (x + y)/2. T h e r e su l t i ng in t e rpo lan t us ing i V = 9 
equal ly spaced d a t a poin ts a n d s = 6 is shown i n the b o t t o m pa r t of F igure 6.1. 
N o w , wh i l e s t i l l no t perfect ly l inear, the er ror is on the level o f machine accuracy. 

P r o g r a m 6.1. RBFInterpolation2Dlinear .m 

°/0 RBFInterpolation2Dlinear 
% S c r i p t that performs 2D RBF in t e r p o l a t i o n with reproduction of 
% l i n e a r functions 
% C a l l s on: DistanceMatrix 

% Define the Gaussian RBF and shape parameter 
1 rbf = @(e,r) e x p ( - ( e * r ) . ~ 2 ) ; ep = 6; 

% Define l i n e a r t e s t function 
2 testfunction = @(x,y) (x+y)/2; 

% Number and type of data points 
3 N = 9; gridtype = 'u 5; 

% Load data points 
4 name = s p r i n t f ( 5 Data2D_yod%s' ,N, gridtype) ; load (name) 
5 c t r s = d s i t e s ; 
6 neval =40; M = neval~2; g r i d = linspace(0,1,neval); 
7 [xe.ye] = meshgrid(grid); epoints = [xe(:) y e ( : ) ] ; 

% Evaluate the t e s t function at the data points. 
8 rhs = t e s t f u n c t i o n ( d s i t e s ( : , 1 ) . d s i t e s ( : , 2 ) ) ; 
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°/0 Add zeros for l i n e a r (2D) reproduction 
9 rhs = [rhs; z e r o s ( 3 , l ) ] ; 

% Compute distance matrix between the data s i t e s and centers 
10 DM_data = DistanceMatrix(dsites,ctrs); 

% Compute interpolation matrix 
11 IM = rbf(ep,DM_data); 

% Define 3-column matrix P for l i n e a r reproduction 
12 PM = [ones(N.l) d s i t e s ] ; 

% Augment interpolation matrix 
13 IM = [IM PM; [PMJ z e r o s ( 3 , 3 ) ] ] ; 

% Compute distance matrix between evaluation points and centers 
14 DM_eval = DistanceMatrix(epoints,ctrs); 

% Compute evaluation matrix 
15 EM = rbf(ep,DM_eval); 

% Add column for constant reproduction 
16 PM = [ones(M,l) epoints]; EM = [EM PM]; 

°/0 Compute RBF interpolant 
% (evaluation matrix * solution of interpolation system) 

17 Pf = EM * (IM\rhs); 
°/0 Compute maximum error on evaluation grid 

18 exact = testfunction(epoints(:,1),epoints(:,2)); 
19 maxerr = norm(Pf-exact,inf); 
20 rms_err = norm(Pf-exact)/neval; 
21 fprintf('RMS error: %e\n', rms_err) 
22 fprintf('Maximum error: %e\n 5, maxerr) 
23 fview = [-30,30]; 
24 plotsurf(xe,ye,Pf,neval,exact,maxerr,fview); 
25 ploterror2D(xe,ye,Pf,exact,maxerr,neval,fview); 

Note t h a t P r o g r a m 6.1 is a lmost the same as P r o g r a m 2.1. T h e on ly difference 
are lines 9, 12, 13, and 16 t h a t have been added t o deal w i t h the augmented p r o b l e m . 
I n P r o g r a m 6.1 we also mod i f i ed the de f in i t ion o f the test func t ion . 

6.3 Scattered Data Interpolation with More General Polynomial 
Precision 

As we ju s t saw for a specific example, we may w a n t t o mod i fy the assumpt ion o n 
the fo rm (1.1) o f the so lu t ion t o the scat tered d a t a i n t e rpo l a t i on P r o b l e m 1.1 by 
adding cer ta in po lynomia l s t o the expansion, i.e., Vf is now assumed t o be o f the 
fo rm 

N M 
(6.2) 
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Fig. 6.1 Top: Gaussian interpolant to bivariate linear function with N = 1089 (left) and as
sociated abolute error (right). Bottom: Interpolant based on linearly augmented Gaussians to 
bivariate linear function with N = 9 (left) and associated abolute error (right). 

where pi,... ,PM f o r m a basis for the M = ("^" l"}" 5 ) -dimensional l inear space Hm_i 
of po lynomia l s of t o t a l degree less t h a n or equal t o m — 1 i n s variables. I t seems 
a w k w a r d t o formula te t h i s setup w i t h po lynomia l s i n n ^ l _ 1 ins tead o f degree m 
po lynomia l s . However, i n l i gh t of our discussion o f c o n d i t i o n a l l y pos i t ive defini te 
functions i n the next chapter th i s choice is qu i t e n a t u r a l . 

Since enforcing the i n t e r p o l a t i o n condi t ions Vf(xj) = f{xj), j = 1, • • • , N, leads 
to a system of N l inear equations i n the N + M unknowns ck and di one usual ly 
adds the M add i t i ona l condi t ions 

N 
J2ckPi(xk) = 0, Z = 1 , . . . , M , 
fc=i 

t o ensure a unique so lu t ion . T h e example i n the previous section represents the 
pa r t i cu la r case s = m = 2. 

W h i l e the use o f po lynomia l s is somewhat a r b i t r a r y (any other set o f M l i nea r ly 
independent functions c o u l d also be used), i t is obvious t h a t the a d d i t i o n o f po ly 
nomials o f t o t a l degree at most m — 1 guarantees p o l y n o m i a l precis ion p r o v i d e d the 
poin ts i n X f o r m an ( m — l ) - un i so lven t set. I n o ther words , i f the da t a come f r o m a 
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" A P~ c y 
d 0 

p o l y n o m i a l o f t o t a l degree less t h a n or equal t o m — 1, t h e n t h e y are f i t t e d exac t ly 
by the expansion (6 .2) . 

I n general, so lv ing the i n t e r p o l a t i o n p r o b l e m based on the extended expansion 
(6.2) now amounts t o so lv ing a system of l inear equations o f t he f o r m 

(6.3) 

where the pieces are given by Ajk = <p(\\xj - Xk\\), j,k = 1 , . . . , N, Pj\ = pi(xj), 
j = 1 , . . . , N, I = 1 , . . . ,M, c = [ c i , . . . ,cN]T, d = [di,.. .,dM]T, V = [yi, • • -,VN]T, 

0 is a zero vector o f l eng th M, and O is an M x M zero m a t r i x . Be low we w i l l 
s tudy the i n v e r t i b i l i t y o f th i s m a t r i x i n t w o steps. F i r s t for the case m = 1 i n 
T h e o r e m 6.2, and t h e n for the case o f general m i n T h e o r e m 7.2. 

No te t h a t we can easily m o d i f y the M A T L A B p r o g r a m l i s ted above t o deal w i t h 
r ep roduc t ion o f po lynomia l s o f o ther degrees. For example, i f we w a n t t o reproduce 
constants t h e n we need to replace lines 9, 12, 13, and 16 by 

9 rhs = [rhs; 0 ] ; 
12 PM = ones(N,l); 
13 IM = [IM PM; [PM' 0 ] ] ; 
16 PM = ones(M,l); EM = [EM PM]; 

and for r e p r o d u c t i o n o f b ivar ia te quadra t i c po lynomia l s we can use 

9 rhs = [rhs; z e r o s ( 6 , l ) ] ; 
12a PM = [ones(N,l) d s i t e s d s i t e s ( : , 1 ) . " 2 . . . 
12b d s i t e s ( : , 2 ) . " 2 d s i t e s ( : , 1 ) . * d s i t e s ( : , 2 ) ] ; 
13 IM = [IM PM; [PM' z e r o s ( 6 , 6 ) ] ] ; 
16a PM = [ones(M,l) epoints e p o i n t s ( : , 1 ) . " 2 . . . 
16b e p o i n t s ( : , 2 ) . ~ 2 e p o i n t s ( : , 1 ) . * e p o i n t s ( : , 2 ) ] ; 
16c EM = [EM PM] ; 

O f course, these specific examples w o r k on ly for the case s = 2. T h e generaliza
t i o n t o higher dimensions, however, is obvious b u t more cumbersome. 

6.4 C o n d i t i o n a l l y P o s i t i v e D e f i n i t e M a t r i c e s a n d R e p r o d u c t i o n o f 
C o n s t a n t F u n c t i o n s 

We now need t o invest igate whe ther t he augmented system m a t r i x i n (6.3) is non-
singular. T h e special case m = 1 ( i n any space d imens ion s), i.e., r e p r o d u c t i o n o f 
constants, is covered by s t anda rd results f r o m l inear algebra, and we discuss i t f i r s t . 

D e f i n i t i o n 6 .2 . A real s y m m e t r i c m a t r i x A is cal led conditionally positive semi-
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definite of order one i f i ts associated quadra t i c f o r m is non-negat ive, i.e. 
N N 

^ 2 ^ 2 c j C k A j k > 0 (6.4) 
3 = 1 k=l 

for a l l c = [ c i , . . . , C N ] T £ RN t h a t satisfy 

N 

3 = 1 

I f c ^ 0 implies s t r i c t i nequa l i ty i n (6.4) t h e n A is cal led conditionally positive 
definite of order one. 

I n the l inear algebra l i t e r a tu re the de f in i t i on usual ly is fo rmula ted us ing " < " 
i n (6.4) , and t hen A is referred t o as ( cond i t i ona l l y or a lmos t ) negative defini te . 
Obviously , cond i t i ona l l y posi t ive defini te matr ices o f order one exist o n l y for N > 1. 

We can in te rp re t a m a t r i x A t h a t is c o n d i t i o n a l l y pos i t ive definite o f order one 
as one t h a t is posi t ive defini te on the space of vectors c such t h a t 

N 

3 = 1 

Thus , i n th i s sense, A is pos i t ive defini te o n the space of vectors c "perpendicular" 
t o constant functions. 

N o w we are ready to formula te and prove 
T h e o r e m 6 .2 . Let A be a real symmetric N x N matrix that is conditionally 
positive definite of order one, and let P = [ 1 , . . . , 1 ] T be an N x 1 matrix (column 
vector). Then the system of linear equations 

' A P~ c y~ 
PT 0 d 0 

is uniquely solvable. 

Proof. Assume [c, d]T is a so lu t ion o f the homogeneous l inear system, i.e., w i t h 
y = 0 . We show t h a t [c, d]T = 0 T is the o n l y possible so lu t ion . 

M u l t i p l i c a t i o n of the t o p b lock o f the (homogeneous) l inear system by c T yields 

cTAc + dcTP = 0. 

F r o m the b o t t o m block o f the system we k n o w PTc = cTP = 0, and therefore 

cTAc = 0. 

Since the m a t r i x A is cond i t i ona l l y pos i t ive defini te o f order one by assumpt ion we 
get t h a t c = 0 . F ina l ly , the t o p b lock of the homogeneous l inear sys tem under 
considera t ion states t h a t 

Ac + dP = 0 , 

so t h a t c = 0 and the fact t h a t P is a vector o f ones i m p l y d = 0. • 
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Since Gaussians (and any other s t r i c t l y pos i t ive definite r ad i a l func t ion) give rise 
to posit ive defini te matr ices, and since pos i t ive defini te matr ices are also c o n d i t i o n 
a l ly posi t ive definite o f order one, T h e o r e m 6.2 establishes the nons ingu la r i t y o f the 
(augmented) r ad i a l basis func t ion i n t e r p o l a t i o n m a t r i x for constant r e p r o d u c t i o n . 

I n order t o cover r ad i a l basis func t ion i n t e r p o l a t i o n w i t h r e p r o d u c t i o n o f higher-
order po lynomia l s we w i l l now in t roduce ( s t r i c t l y ) cond i t i ona l l y pos i t ive def ini te 
functions o f order m . 



I 
i 



Chapter 7 

Conditionally Positive Definite Functions 

7.1 C o n d i t i o n a l l y P o s i t i v e D e f i n i t e F u n c t i o n s D e f i n e d 

I n analogy t o our earlier discussion o f i n t e r p o l a t i o n w i t h pos i t ive definite funct ions 
we w i l l now in t roduce c o n d i t i o n a l l y pos i t ive defini te a n d s t r i c t l y c o n d i t i o n a l l y pos
i t i ve definite funct ions of order m. W e w i l l realize t h a t these funct ions p rov ide the 
n a t u r a l general izat ion of R B F i n t e r p o l a t i o n w i t h p o l y n o m i a l r e p r o d u c t i o n discussed 
i n the previous chapter. Examples o f s t r i c t l y c o n d i t i o n a l l y pos i t ive defini te ( rad ia l ) 
funct ions are presented i n the nex t chapter . 

D e f i n i t i o n 7.1. A complex-va lued cont inuous func t ion <& is cal led conditionally 
positive definite of order m on R S i f 

N N 

E ^CjCk&ixj - x k ) > 0 (7.1) 

3 = 1 k=l 

for any N pairwise d i s t inc t po in t s x \ , . . . , XN € R S , and c = [ c i , . . . , c y v ] T £ & N 

sat isfying 
N 

^2cjP(xj) = 0, 
3 = 1 

for any complex-valued p o l y n o m i a l p o f degree at most m — 1. T h e f u n c t i o n <E> is 
called strictly conditionally positive definite of order m on 1R.S i f the quadra t i c f o r m 
(7.1) is zero on ly for c = 0. 

A n immedia t e observa t ion is 

L e m m a 7 .1 . A function that is (strictly) conditionally positive definite of order 
m on R S is also (strictly) conditionally positive definite of any higher order. In 
particular, a (strictly) positive definite function is always (strictly) conditionally 
positive definite of any order. 

Proof. T h e first s ta tement fol lows i m m e d i a t e l y f rom D e f i n i t i o n 7 .1 . T h e second 
s ta tement is t rue since the case m = 0 yields the class o f ( s t r i c t l y ) pos i t ive defini te 
funct ions, i.e., ( s t r i c t l y ) c o n d i t i o n a l l y pos i t ive definite funct ions o f order zero are 
( s t r i c t l y ) pos i t ive defini te . • 
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A s for pos i t ive definite funct ions earlier, we can res t r i c t ourselves t o real-valued, 
even funct ions <fr and real coefficients. A de ta i l ed discussion is presented i n [Wend
l a n d (2005a)]. 

T h e o r e m 7 .1 . A real-valued continuous even function <3> is called c o n d i t i o n a l l y 
pos i t ive definite o f order m on M s if 

N N 

E ^2cjCk^(xj - x k ) > 0 (7.2) 
j=i k=i 

for any N pairwise distinct points x \ , . . . , x^ £ R s , and c = [ c i , . . . , C N ] T £ R N 

satisfying 

N 

^rCjp(Xj) = 0, 
3 = 1 

for any real-valued polynomial p of degree at most m — 1. The function <fr is called 
s t r i c t l y c o n d i t i o n a l l y pos i t ive def ini te of order m on M s if the quadratic form (7.2) 
is zero only for c = 0. 

T h e m a t r i x A w i t h entries A j k = §{xj — xk) co r responding t o a real and even 
s t r i c t l y c o n d i t i o n a l l y pos i t ive defini te f u n c t i o n $ o f order m can also be in te rp re ted 
as be ing pos i t ive defini te on the space o f vectors c such t h a t 

N 

^2cjP(xj) = o, p e u 8 ^ . 
3 = 1 

Thus , i n th i s sense, A is pos i t ive defini te on the space o f vectors c "perpendicu lar" 
t o s-variate po lynomia l s o f degree a t most m — 1. 

We can now generalize the i n t e r p o l a t i o n T h e o r e m G.2 t o the case o f general 
p o l y n o m i a l r ep roduc t ion : 

T h e o r e m 7 . 2 . If the real-valued even function $ is strictly conditionally positive 
definite of order m on M.s and the points x±,..., XN form an ( m — l)-unisolvent 
set, then the system of linear equations (6.3) is uniquely solvable. 

Proof. T h e p r o o f is a lmost iden t i ca l t o the p r o o f o f T h e o r e m 6.2. Assume [c, d]T 

is a so lu t ion o f t he homogeneous l inear system, i.e., w i t h y = 0. W e show t h a t 
[c, d]T = 0 is the o n l y possible so lu t ion . 

M u l t i p l i c a t i o n o f the t o p b lock by c T y ields 

cTAc + cTPd = 0. 

F r o m the b o t t o m b lock of (6.3) we k n o w PTc — 0. T h i s impl ies cTP = 0 T , a n d 
therefore 

cTAc = 0. (7.3) 
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Since the func t ion $ is s t r i c t l y cond i t i ona l l y pos i t ive defini te o f order m b y assump
t i o n we k n o w t h a t the quadra t i c f o r m of A ( w i t h coefficients such t h a t PTc = 0) 
above is zero on ly for c = 0. Therefore (7.3) tel ls us t h a t c = 0. T h e unisolvency o f 
the da ta sites, i.e., the l inear independence o f the columns o f P (c.f. R e m a r k 6.1), 
and the fact t h a t c = 0 guarantee d = 0 f r o m the t o p b lock 

Ac + Pd = 0 
of (6.3). • 

7.2 C o n d i t i o n a l l y Positive Definite Functions and G e n e r a l i z e d 
Fourier Transforms 

As before, in tegra l character izat ions help us iden t i fy funct ions t h a t are s t r i c t l y con
d i t i o n a l l y pos i t ive definite o f order m o n I s . A n in tegra l charac te r iza t ion o f con
d i t i o n a l l y pos i t ive definite funct ions of order m, i.e., a genera l iza t ion o f Bochner ' s 
theorem, can be found i n the paper [Sun (1993b)] . However, since the subject ma t 
ter is ra ther compl ica ted , a n d since i t does no t rea l ly help us solve the scat tered 
da ta i n t e rpo l a t i on p rob lem, we do n o t m e n t i o n any details here. 

T h e Fourier t r ans fo rm charac te r iza t ion o f s t r i c t l y c o n d i t i o n a l l y pos i t ive defini te 
functions o f order m on M.s also makes use o f some advanced tools f r o m analy
sis. However, since th i s charac te r iza t ion is relevant for our purposes we state the 
result (due t o [iske (1994)]) and collect some of the most relevant concepts f r o m 
d i s t r i b u t i o n t heo ry i n A p p e n d i x B . 

T h i s d i s t r i b u t i o n a l approach o r ig ina ted i n the manuscr ip t [ M a d y c h and Nelson 
(1983)]. M a n y more details can be found i n the o r ig ina l papers ment ioned above as 
we l l as i n the book [Wendland (2005a)]. 

Theorem 7.3. Suppose the complex-valued function <& G B possesses a generalized 
Fourier transform $ of order m which is continuous on M.s \ { 0 } . Then $ is strictly 
conditionally positive definite of order m if and only if $ is non-negative and non-
vanishing. 

T h e o r e m 7.3 states t h a t s t r i c t l y c o n d i t i o n a l l y posi t ive defini te funct ions on W 
are characterized by the order o f the s i ngu l a r i t y o f the i r generalized Four ier t rans
f o r m at the o r i g i n , p rov ided t h a t th i s generalized Fourier t r ans fo rm is non-negat ive 
and non-zero. 

Since in tegra l character izat ions s imi la r t o Schoenberg's Theorems 3.6 and 3.8 
are so compl ica ted i n the c o n d i t i o n a l l y pos i t ive defini te case we do no t pursue the 
concept o f a cond i t i ona l ly pos i t ive definite r ad i a l func t ion here. T h e interested 
reader is referred t o [Guo et al. (1993a)] for details . We w i l l discuss some exam
ples of r ad i a l functions v i a the Four ier t r ans fo rm approach i n the nex t chapter, 
and i n Chapter 9 we w i l l explore the connect ion between comple te ly and m u l t i p l y 
monotone functions and c o n d i t i o n a l l y pos i t ive definite r ad i a l funct ions. 
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Chapter 8 

Examples of Conditionally Positive 
Definite Functions 

We now present a number o f s t r i c t l y c o n d i t i o n a l l y posi t ive definite ( r ad ia l ) func
t ions t h a t are covered by the Four ier t r a n s f o r m charac te r iza t ion T h e o r e m 7.3. T h e 
generalized Fourier t ransforms for these examples are e x p l i c i t l y compu ted i n [Wend
l a n d (2005a)]. We w i l l establish the s t r i c t c o n d i t i o n a l pos i t ive definiteness o f these 
functions again i n de ta i l i n the nex t chapter w i t h the help o f comple te ly monotone 
functions. Inc luded i n the examples below are several of the best k n o w n r a d i a l basic 
functions such as the m u l t i q u a d r i c due t o [ H a r d y (1971)] a n d the t h i n p la te spline 
due to [Duchon (1976)]. 

8.1 E x a m p l e 1: G e n e r a l i z e d M u l t i q u a d r i c s 

T h e generalized multiquadrics 

$(x) = ( l + WxW2)0, x e Rs, 3 e R \ N 0 , (8.1) 

have generalized Fourier t ransforms 
9 I + / 3 

<&M = f 7 z ^ i i ^ i r / 3 - s / 2 ^ / 3 + s / 2 ( i i ^ i i ) > « # ° , 

of order m = max(0 , [/?]), where \3~\ denotes the smallest integer greater t h a n or 
equal t o 3. Here the Kv are again the modi f i ed Bessel funct ions o f the second k i n d 
of order v (c.f. Section 4.5) . N o t e t h a t we need t o exclude posi t ive integer values 
of 3 since th i s w o u l d lead t o po lynomia l s o f even degree (see the re la ted discussion 
i n Example 2 be low) . 

Since the generalized Four ie r t ransforms are posi t ive w i t h a s ingu la r i ty o f order 
m at the o r i g i n , T h e o r e m 7.3 tells us t h a t the functions 

$(x) = ( - l ) f / 3 ] (1 + \\x\\2f, 0 < 3 £ N , 

are s t r i c t l y cond i t i ona l l y pos i t ive defini te of order m — \8~\ ( and h igher ) . 
For 3 < 0 the Fourier t r a n s f o r m is a classical one and we are back t o the 

generalized inverse m u l t i q u a d r i c s o f Section 4.5. These funct ions are aga in shown 
t o be s t r i c t l y cond i t i ona l ly pos i t ive definite o f order m = 0, i.e., s t r i c t l y pos i t ive 
definite. 
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Fig. 8.1 Hardy's multiquadric with 3 = | (left) and a generalized multiquadric with 3 = | 
(right) centered at the origin in R 2 . 

Figure 8.1 shows H a r d y ' s "o r ig ina l " m u l t i q u a d r i c ( w i t h 3 = 1/2, i.e., s t r i c t l y 
cond i t i ona l ly posi t ive defini te o f order 1) and a generalized m u l t i q u a d r i c w i t h 
3 = 5/2 (i.e., s t r i c t l y cond i t i ona l l y pos i t ive defini te o f order 3 ) . N o t e t h a t the 
generalized mul t iquadr i c s are no longer " b u m p " funct ions (as most o f the s t r i c t l y 
posi t ive definite funct ions were) , b u t funct ions t h a t g row w i t h the distance f r o m 
the o r i g i n . 

T h e arguments above together w i t h T h e o r e m 7.2 show t h a t we can use Ha rdy ' s 
mu l t i quad r i c s i n the f o r m 

N 

Vf{x) = Y ^ C k ^ 1 + Wx - X f c H 2 + d> x e R s , 
k=l 

together w i l l the cons t ra in t 
N 

Ec* = ° 
fc=i 

t o solve the scattered da t a i n t e r p o l a t i o n p rob l em. T h e resu l t ing in t e rpo lan t w i l l 
be exact for constant data . A s i n our earlier discussions we can scale the basis 
functions w i t h a shape parameter e by rep lac ing ||sr|| b y |£| | |cc| | . T h i s does no t 
affect the well-posedness o f the i n t e r p o l a t i o n p rob l em. However, a smal l value o f e 
gives rise t o "f la t" basis funct ions, whereas a large value o f e produces ve ry steep 
functions. A s before, the accuracy o f the fit w i l l improve w i t h decreasing e wh i l e 
the s t ab i l i t y w i l l decrease, and the numer i ca l results w i l l become increasingly less 
reliable. For F igure 8.1 we used the shape parameter e = 1. 

B y T h e o r e m 9.7 below we can also solve the scat tered da t a i n t e r p o l a t i o n p r o b l e m 
using the s impler expansion 

N 
Vf(x) = J2ckV^ + \\x-Xk\\2, x e R s . 

k=i 
T h i s is w h a t H a r d y proposed t o do i n his w o r k i n the ear ly 1970s (see, e.g., [Ha rdy 
(1971)]) . 
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8.2 E x a m p l e 2: R a d i a l P o w e r s 

The radial powers 

§{x) = \\x\f, x e 3RS, 0 < 3 £ 2 N , (8.2) 

have generalized Fourier t ransforms 
20+S/2Y(S±0\ 

= L _ 2 j . | | a , | | - / 3 - * u=AO 
{ J T(-3/2) 11 11 ' ^ ' 

of order m = \3/2~\. Therefore, the funct ions 

$(x) = ( - 1 ) ^ / 2 1 \\xf, 0 < / 3 £ 2 N , 

are s t r i c t l y cond i t iona l ly pos i t ive defini te o f order m = \8/2~\ ( and h igher ) . 
T h i s shows t h a t the basic func t ion $(cc) = ||a?||2 used for the distance m a t r i x 

fits i n the i n t r o d u c t o r y chapter are s t r i c t l y cond i t i ona l l y pos i t ive defini te o f order 
one. A c c o r d i n g to T h e o r e m 7.2 we should have used these basic funct ions together 
w i t h an appended constant . However, T h e o r e m 9.7 below provides the j u s t i f i c a t i o n 
for the i r use as a pure distance m a t r i x . 

I n F igure 8.2 we show r ad i a l cubics {3 = 3, i.e., s t r i c t l y c o n d i t i o n a l l y pos i t ive 
definite of order 2) and quin t ics (8 = 5, i.e., s t r i c t l y cond i t i ona l l y pos i t ive def ini te 
of order 3) . 

No te t h a t we had t o exclude even powers i n (8 .2) . T h i s is clear since an even 
power combined w i t h the square roo t i n the de f in i t ion o f the Euc l idean n o r m results 
i n a p o l y n o m i a l — and we have already decided t h a t po lynomia l s cannot be used 
for i n t e rpo la t ion at a r b i t r a r i l y scat tered m u l t i v a r i a t e sites. 

Note t ha t r ad ia l powers are no t affected b y a scaling of the i r a rgument . I n o ther 
words, r ad ia l powers are shape parameter free. Th i s has the advantage t h a t the 
user need no t w o r r y about f i nd ing a "good" value o f e. O n the other hand , we w i l l 
see below t h a t r ad i a l powers w i l l no t be able t o achieve the spectral convergence 
rates t h a t are possible w i t h some of the other basic functions such as Gaussians a n d 
generalized (inverse) mu l t i quad r i c s . 

Fig. 8.2 Radial cubic (left) and quintic (right) centered at the origin in R 2 . 
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8.3 E x a m p l e 3: T h i n P l a t e S p l i n e s 

I n the previous example we had t o rule ou t even powers. However, i f the even r ad i a l 
powers are m u l t i p l i e d by a log t e r m , t h e n we are back i n business. 

Duchon 's thin plate splines (or Meingue t ' s surface splines) 

&(x) = ||x||2/3 log | |x||, x e R s , 3eN, (8.3) 

have generalized Fourier t ransforms 

= { - l ) 0 + 1 2 2 l 3 - 1 + s / 2 r ( B + s/2)8\\\u>\\-s-213 

of order m = 3 + 1. Therefore, the funct ions 

$(x) = ( - l ) 0 + 1 | | x | | 2 0 1 o g | | a ; | | , / ? G N , 

are s t r i c t l y cond i t i ona l ly pos i t ive defini te o f order m = 3 + 1. I n pa r t i cu la r , we can 
use 

N 

Vf(x) = "Y^CkHx - c c f c | | 2 l og ||cc - xk\\ + di + d2x + d3y, x = (x,y) G R2, 
fc=i 

together w i l l t he constra ints 

N N N 

k=l fc=l k=l 

t o solve the scattered da ta i n t e r p o l a t i o n p r o b l e m i n R 2 p r o v i d e d the da ta sites are 
not a l l col l inear . T h e resu l t ing in t e rpo lan t w i l l be exact for da ta c o m i n g f r o m a 
b ivar ia te l inear func t ion . 

Fig. 8.3 "Classical" thin plate spline (left) and order 3 thin plate spline (right) centered at the 
origin in R 2 . 

Figure 8.3 shows the "classical" t h i n p la te spline ( w i t h 3 = 1, i.e., s t r i c t l y 
cond i t i ona l l y posi t ive defini te o f order 2) a n d the order 3 spline <§>(x) = ||a?||4 log ||cc||. 
No te t h a t the t h i n p la te spline basic funct ions are no t monotone . Also , b o t h graphs 
displayed i n F igure 8.3 con ta in a p o r t i o n w i t h negative func t ion values. 
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As w i t h r ad i a l powers, use o f a shape parameter £ i n con junc t ion w i t h t h i n p la te 
splines is pointless. F ina l ly , we note t h a t the families o f r ad i a l powers and t h i n p la te 
splines are often referred t o col lec t ive ly as polyharmonic splines. 

There is no result t h a t states t h a t i n t e r p o l a t i o n w i t h t h i n p la te splines (or any 
other s t r i c t l y cond i t i ona l ly posi t ive defini te func t ion o f order m > 2) w i t h o u t the 
a d d i t i o n o f an appropr ia te degree m — 1 p o l y n o m i a l is well-posed. T h e o r e m 9.7 
quoted several t imes before covers o n l y the case m = 1. 
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Chapter 9 

Conditionally Positive Definite 
Radial Functions 

As for s t r i c t l y posi t ive defini te r ad i a l funct ions, we w i l l be able t o connect s t r i c t l y 
cond i t iona l ly posi t ive defini te r ad i a l funct ions t o comple te ly monotone and m u l t i p l y 
monotone functions, and thus be able t o o b t a i n a c r i t e r i o n for checking cond i t i ona l 
posi t ive definiteness o f r ad i a l funct ions t h a t is easier to use t h a n the generalized 
Fourier t r ans fo rm i n the previous chapters. 

9.1 C o n d i t i o n a l l y P o s i t i v e D e f i n i t e R a d i a l F u n c t i o n s a n d 
C o m p l e t e l y M o n o t o n e F u n c t i o n s 

I n analogy to the discussion i n Sect ion 3.3 we now focus on cond i t i ona l l y pos i t ive 
definite functions t h a t are r ad i a l on R S for a l l s. T h e paper [Guo et al. (1993a)] 
by Guo, H u and Sun contains an in tegra l charac ter iza t ion for such functions. T h i s 
character izat ion is too technica l t o be inc luded here. 

A n o t h e r i m p o r t a n t resul t i n [Guo et al. (1993a)] is a charac ter iza t ion o f con
d i t i o n a l l y posi t ive definite r ad i a l funct ions on R S for a l l s i n t e rms of comple te ly 
monotone functions. 

T h e o r e m 9.1. Let p> G C[0 , oo) n C ° ° ( 0 , oo) . Then the function $ = p(\\ • | | 2 ) is 
conditionally positive definite of order m and radial on R S for all s if and only if 
(—l) m <£>( m ) is completely monotone on ( 0 , o o ) . 

Proof. T h e fact t h a t complete m o n o t o n i c i t y implies cond i t i ona l pos i t ive defini te
ness was proved i n [Micche l l i (1986)] . M i c c h e l l i also conjectured t h a t the converse 
holds and gave a s imple p r o o f for th i s i n the case m = 1. For m = 0 th i s is Schoen-
berg's charac ter iza t ion o f pos i t ive defini te r ad ia l functions o n R S for a l l s i n t e rms of 
complete ly monotone funct ions ( T h e o r e m 5.2). T h e r emain ing pa r t of the theo rem 
is shown i n [Guo et al. (1993a)]. • 

I n order t o get s t r i c t c o n d i t i o n a l pos i t ive definiteness we need t o generalize 
Theorem 5.3, i.e., the fact t h a t ip no t be constant . T h i s leads t o (see [Wendland 
(2005a)]) 
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T h e o r e m 9.2. If <p is as in Theorem 9.1 and not a polynomial of degree at most 
m, then <E> is strictly conditionally positive definite of order m and radial on M 5 for 
all s. 

We can now more easily ver i fy the c o n d i t i o n a l pos i t ive definiteness o f the func
t ions l i s ted i n the previous chapter. 

E x a m p l e 9.1. T h e functions 

p(r) = ( - 1 ) ^ 1 ( 1 + 7-)", 0 < / 3 £ N 

i m p l y 

^ ) ( r ) = ( - l ) r / 3 1 W - 1) • • • [8 - I + 1 ) (1 + rf-e 

so t h a t 

( _ i ) r / 3 i ^ ( r / 3 i ) ( r ) ( / 5 _ ^ + 1 ) ( i + r ) / 3 - r / 3 i 

is complete ly monotone . Moreover , m — \8~\ is the smallest possible m such t h a t 
( — l ) m t p ( m ) is complete ly monotone . Since 8 N we k n o w t h a t <p is no t a po lyno 
m i a l , and therefore the generalized m u l t i q u a d r i c s (c./ . (8 .1)) 

* ( N I ) = ( - i ) ^ ( i + N I V , /5>o, 

are s t r i c t l y cond i t i ona l ly posi t ive defini te o f order m > and r ad i a l o n R S for a l l 
values o f s. 

E x a m p l e 9.2. T h e funct ions 

<p(r) = ( - 1 ) ^ / 2 V ^ 2 , 0<8<£2N, 

i m p l y 

^ > ( r ) = ( - 1 ) ^ 1 f - l ) - . . r ^ 2 ^ 

so t h a t ( — l ) r ^ / 2 l ^ ( r / 3 / 2 l ) j s comple te ly mono tone and m = \B/2~\ is t he smallest 
possible m such t h a t ( — l ) ™ ^ 7 7 1 ) is comple te ly monotone . Since /? is n o t an even 
integer ip is not a p o l y n o m i a l , and therefore, t h e r ad i a l powers (c.f. (8 .2)) 

*(||*||) = ( - l ) W 2 ] \ \ x f , 3>0, 8£2N, 

are s t r i c t l y cond i t i ona l ly pos i t ive defini te o f order m > \8/2\ and r ad i a l on R S for 
a l l s. 

E x a m p l e 9.3. T h e t h i n p la te splines (c.f. (8 .3)) 

*(||x||) = ( - l ) ' 3 + 1 | | « | | 2 / 3 l o g||x||, PeN, 

are s t r i c t l y cond i t i ona l ly pos i t ive defini te o f order m > 8 + 1 and r ad i a l o n R S for 
a l l s. To see th i s we observe t h a t 

2$ ( | | o ; | | ) = ( - l ) ^ 1 | | ; r | | 2 / 3 l o g ( | | a ; | | 2 ) . 
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Therefore, we let 

<p{r) = ( - l ^ + V l o g r , 8eN, 

w h i c h is obviously not a p o l y n o m i a l . D i f fe ren t i a t ing ip we get 

pW(r) = {-lf+1(3{(3 - l ) . . . ( 8 - e + iy-< l o g r + pe{r), 1<£<P, 

w i t h pe a p o l y n o m i a l o f degree (3 — 1. Therefore, t a k i n g i = (3 we have 

<pW(r) = BWogr + C 

and 

. 0 9 + D ( r ) = ( - l ) / 3 + i £ [ > 

w h i c h is complete ly monotone on (0, oo). 

9.2 C o n d i t i o n a l l y P o s i t i v e D e f i n i t e R a d i a l F u n c t i o n s a n d M u l t i p l y 
M o n o t o n e F u n c t i o n s 

Fina l ly , [Micchel l i (1986)] p roved a more general version o f T h e o r e m 5.5 r e l a t i ng 
cond i t iona l ly posi t ive definite r ad i a l funct ions o f order m o n R s (for some fixed 
value of s) and m u l t i p l y monotone funct ions. We state a stronger vers ion due t o 
[ B u h m a n n (1993a)] w h i c h ensures s t r i c t c o n d i t i o n a l pos i t ive definiteness. 

T h e o r e m 9 .3 . Let k = [s/2j — m + 2 be a positive integer, and suppose ip € 
C m _ 1 [ 0 , oo) is not a polynomial of degree at most m. If (—1) k-times 
monotone on (0, oo) but not constant, then ip is strictly conditionally positive definite 
of order m and radial on M s for any s such that [s/2] < k + m — 2. 

Just as we showed earlier t h a t compac t ly suppor ted r ad i a l funct ions cannot be 
s t r i c t l y posi t ive definite on R s for a l l s, i t is i m p o r t a n t t o note t h a t there are no 
t r u l y cond i t iona l ly posi t ive defini te funct ions w i t h compact suppor t . M o r e precisely 
(see [Wendland (2005a)]), 

T h e o r e m 9.4. Assume that the complex-valued function $ G C ( R S ) has compact 
support. If & is strictly conditionally positive definite of (minimal) order m, then 
m is necessarily zero, i.e., $ is already strictly positive definite. 

Proof. The hypotheses o n $ ensure t h a t i t is integrable, and therefore i t pos
sesses a classical Fourier t r a n s f o r m >̂ w h i c h is cont inuous. For integrable funct ions 
the generalized Fourier t r a n s f o r m coincides w i t h the classical Four ier t r ans fo rm. 
T h e o r e m 7.3 ensures t h a t is non-negat ive o n R s \ { 0 } and not iden t i ca l ly equal 
t o zero. B y c o n t i n u i t y we also get <&(0) > 0, and T h e o r e m 3.5 shows t h a t $ is 
s t r i c t l y posi t ive definite. • 
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T h e o r e m 9.3 together w i t h T h e o r e m 9.4 impl ies t h a t i f we p e r f o r m ra-fold a n t i -
d i f ferent ia t ion o n a non-constant A;-times mono tone func t ion , t h e n we o b t a i n a func
t i o n t h a t is s t r i c t l y pos i t ive definite and r a d i a l o n R s for \_s/2\ < k + m — 2. 

E x a m p l e 9.4. T h e f u n c t i o n v ? fe( r ) = (1 ~ r)+ is fc-times mono tone (see E x 
ample 5.5 i n Sect ion 5.2). T o avo id the i n t e g r a t i o n constant for the compac t l y 
suppor ted t r u n c a t e d power func t ion we compu te the an t i -de r iva t ive v i a the in t eg ra l 
operator I of E x a m p l e 5.6 i n Sect ion 5.2, i .e. , 

/

oo poo / i \fc 

Mt)dt = j ( l ~ t ) l d t = ) ~ ^ ( l - r ) k

+

+ 1 . 
I f we app ly m - f o l d an t i -d i f fe ren t ia t ion we get 

I-Mr) = / / - W ) = ( , + 1 ) ( f c

( ; 2 > , „ ( , + m ) ( l - r ) ^ . 

Therefore, by T h e o r e m 9.3, the f u n c t i o n 

<p(r) = (1 - r )*+™ 

is s t r i c t l y c o n d i t i o n a l l y pos i t ive defini te o f order m a n d r a d i a l on R s for [s/2\ < 
k + rn — 2, and by T h e o r e m 9.4 i t is even s t r i c t l y pos i t ive defini te and r a d i a l o n M.s. 
T h i s was also observed i n E x a m p l e 6 o f Chap te r 4. I n fact, we saw there t h a t <p is 
s t r i c t l y pos i t ive definite and r ad i a l o n R. s for [s/2j < k + m — 1. 

We see t h a t we can cons t ruc t s t r i c t l y pos i t ive defini te c o m p a c t l y suppor t ed 
r ad i a l funct ions by an t i -d i f fe ren t ia t ing the t r u n c a t e d power func t ion . T h i s is es
sent ia l ly the approach t aken by W e n d l a n d to cons t ruc t his popu la r compac t l y 
suppor ted r ad i a l basis funct ions . W e p rov ide more detai ls o f his cons t ruc t ion i n 
Chapter 1 1 . 

9.3 S o m e S p e c i a l P r o p e r t i e s o f C o n d i t i o n a l l y P o s i t i v e D e f i n i t e 
F u n c t i o n s o f O r d e r O n e 

Since an N x N m a t r i x t h a t is c o n d i t i o n a l l y pos i t ive defini te o f order one is pos i t ive 
defini te o n a subspace o f d imens ion N — 1 i t has t h e in te res t ing p r o p e r t y t h a t 
at least N — 1 of i ts eigenvalues are pos i t ive . T h i s fol lows i m m e d i a t e l y f r o m the 
Courant-Fischer theo rem of l inear a lgebra (see e.g., p . 550 o f [Meyer (2000)]) : 

T h e o r e m 9.5 ( C o u r a n t - F i s c h e r ) . Let A be a real symmetric N x N matrix with 
eigenvalues A i > A2 > • • • > \N, then 

Afc = m a x m i n xTAx 
dimV=fc ^ G V 

II a, 11=1 

and 

Afc = m i n m a x xTAx. 
dimV=iV-fc+l <*ev 

II <= | | = i 
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W i t h an a d d i t i o n a l assumpt ion on A we can make an even stronger s ta tement . 

T h e o r e m 9 .6 . An N x N matrix A which is conditionally positive definite of or
der one and has a non-positive trace possesses one negative and N — 1 positive 
eigenvalues. 

Proof. Le t A i > A2 > • • • > \ N denote the eigenvalues o f A. F r o m the Couran t -
Fischer theorem we get 

X N - I = m a x m i n xTAx > m i n cTAc > 0, 
d i m V = i V - l =>=€V c: E--k=° 

II a> 11 = 1 l | c | | = l 

so t h a t A has at least N — 1 pos i t ive eigenvalues. B u t since tr(A) — Ylk=i ^ — 0' 
A also must have at least one negative eigenvalue. • 

No te t h a t the add i t i ona l hypothesis o f T h e o r e m 9.6 is satisfied for the in te rpo
l a t i on m a t r i x resul t ing f rom ( the negative) o f R B F s such as H a r d y ' s m u l t i q u a d r i c 
or the linear r ad i a l func t ion ip(r) = r since i t s d iagonal elements correspond to the 
value o f the basic func t ion at the o r i g i n . 

Moreover , we w i l l now use T h e o r e m 9.6 t o conclude t h a t we can use r ad i a l 
functions t h a t are s t r i c t l y c o n d i t i o n a l l y pos i t ive definite o f order one (such as the 
mu l t i quad r i c , 0 < 3 < 1, and the n o r m basic func t ion) without appending t h e con
stant t e r m t o solve the scat tered da t a i n t e r p o l a t i o n p rob lem. T h i s was first p roved 
by [Micchel l i (1986)] and m o t i v a t e d b y H a r d y ' s earlier w o r k w i t h m u l t i q u a d r i c s 
and Franke's conjecture t h a t the m a t r i x A is non-singular i n th i s case (see [Franke 
(1982a)]). 

T h e o r e m 9 .7 ( I n t e r p o l a t i o n ) . Suppose <fr is strictly conditionally positive defi
nite of order one and that <&(0) < 0. Then for any distinct points x \ , . . . , XN G l s 

the matrix A with entries Ajk = &{xj — xk) has N — 1 positive and one negative 
eigenvalue, and is therefore non-singular. 

Proof. Clearly, the m a t r i x A is c o n d i t i o n a l l y posi t ive defini te o f order one. M o r e 
over, the t race of A is g iven b y ti(A) = N<&(0) < 0. Therefore, T h e o r e m 9.6 applies 
and the s ta tement follows. • 

As ment ioned above, th i s theorem covers the generalized mu l t i quad r i c s <E>(a?) = 
— (1-f- H ^ l l ) ^ w i t h 0 < 3 < 1 ( w h i c h includes the H a r d y m u l t i q u a d r i c ) . T h e t h e o r e m 
also covers the r ad ia l powers <&(x) = — \\x\\P for 0 < 3 < 2 ( i nc lud ing the Euc l idean 
distance func t ion) . 

A n o t h e r special p r o p e r t y o f a cond i t i ona l l y posi t ive defini te func t ion o f order 
one is 

L e m m a 9 .1 . If C is an arbitrary real constant and the real even function $ is 
(strictly) conditionally positive definite of order one, then & + C is also (strictly) 
conditionally positive definite of order one. 
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Proof. S imp ly consider 

N N N N N N 

Yl J2cjck[$(xj - xk) + C] = E ^CjCk&ixj - Xk) + E ^CjCkC. 
3=1 k=l 3 = 1 fc=l j=l fc=l 

T h e second t e r m on the r i gh t is zero since <3> is c o n d i t i o n a l l y pos i t ive defini te o f 

order one, i.e., X ^ y L i cj = 0' a n d thus the s ta tement fol lows. • 



Chapter 10 

Miscellaneous Theory: Other Norms and 
Scattered Data Fitting on Manifolds 

10.1 C o n d i t i o n a l l y P o s i t i v e D e f i n i t e F u n c t i o n s a n d p - N o r m s 

I n Chapte r 1 we used i n t e r p o l a t i o n w i t h distance matr ices as a m u l t i v a r i a t e general
i za t ion o f the piecewise l inear approach. O u r choice o f the distance m a t r i x approach 
was mo t iva t ed by the fact t h a t the associated basis funct ions, &j{x) = \\x — X j \ \ 
w o u l d satisfy the dependence on the d a t a sites imposed on a m u l t i v a r i a t e in t e rpo
l a t i o n m e t h o d by the M a i r h u b e r - C u r t i s theorem. W e made the (na tura l? ) choice 
of using the Euc l idean (2 -norm) distance func t ion , and t h e n showed i n subsequent 
chapters t h a t the func t ion &(x) = — \\x\\2 is s t r i c t l y c o n d i t i o n a l l y posi t ive defini te 
of order one and r ad i a l on R s , and thus our distance m a t r i x approach was indeed 
well-posed v i a Micche l l i ' s T h e o r e m 9.7. 

We now brief ly consider so lv ing the scat tered da t a i n t e r p o l a t i o n p r o b l e m w i t h 
r ad i a l functions based o n other p-norms. These norms are defined as usual as 

I f we consider on ly distance matr ices , i.e., i n t e rpo l a t i on matr ices generated b y 
the basic func t ion <&(cc) = ||cc|| p, t h e n i t was shown i n [ D y n et al. (1989)] t h a t 
the choice p = 1 leads t o a s ingular m a t r i x a l ready for very s imple sets o f d i s t i n c t 
i n t e rpo l a t i on poin ts . For example , i f X = { ( 0 , 0 ) , ( 1 , 0 ) , ( 1 , 1 ) , ( 0 , 1 ) } t h e n the 1-
n o r m distance m a t r i x is g iven b y 

and i t is easy to ver i fy t h a t th i s m a t r i x is s ingular . T h i s resul t has discouraged 
people f rom using 1-norm r a d i a l basis funct ions. 

However, i f we use, e.g., N H a l t o n poin ts , t h e n we have never encountered a 
s ingular 1-norm distance m a t r i x i n a l l o f our numer ica l exper iments . I n fact, t h e 

1 < p < oo. 

The content of th is sect ion is m o s t l y the subject of the paper [Baxter (1991)] . 

"0 1 2 1" 
1 0 1 2 
2 1 0 1 
1 2 1 0 
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m a t r i x seems t o have N — 1 negative and one pos i t ive eigenvalue (just as p red ic ted 
b y T h e o r e m 9.7 for the 2 -norm case). 

F igure 10.2 shows various in te rpolan ts t o the l inear func t ion f(x,y) = (x + y)/2 
on the u n i t square. T h e in t e rpo lan t is false colored according t o the m a x i m u m 
error . I n the t o p r o w of the figure we used a 1-norm distance m a t r i x based on 1089 
H a l t o n points . T h e M A T L A B code for genera t ing a p - n o r m distance m a t r i x f i t is 
v i r t u a l l y iden t ica l t o our earlier code i n P rograms 1.1 and 1.2. T h e o n l y change 
required is the replacement o f lines 6 and 8 o f P r o g r a m 1.1 by 

6 DM = DM + abs(dr-cc)."p; 
8 DM = DM."(l/p); 

We can also use th i s mod i f i c a t i on o f P r o g r a m 1.1 t o produce more general R B F 
in te rpolan ts (see the example w i t h p - n o r m Gaussians i n the b o t t o m row of F i g 
ure 10.2 be low) . 

S imi lar t o the 1-norm result f r o m [ D y n et al. (1989)] quo ted above i t was shown 
i n [Baxter (1991)] t h a t for p > 2 we cannot i n general guarantee non-singular 
distance matrices, ei ther. O n the o ther hand , a number o f numer ica l exper iments 
showed the p - n o r m matr ices t o be non-s ingular p r o v i d e d u n i f o r m l y spaced or H a l t o n 
poin ts i n [0, l ] 2 were used. T h e second r o w of F igu re 10.2 shows distance m a t r i x 
in terpolants t o f(x,y) = (x + y)/2 o n the u n i t square using a p - n o r m distance 
m a t r i x for p = 10 and p = 100 based on 25 u n i f o r m l y spaced points . 

These examples show t h a t ce r t a in ly no t a l l is lost w h e n using p - n o r m r a d i a l 
basis functions. T h e s i t u a t i o n is s imi la r as w i t h the use o f Kansa 's m e t h o d for the 
co l loca t ion so lu t ion o f e l l ip t i c P D E s (see Chap te r 38) . There do exist conf igurat ions 
of da ta points for w h i c h the i n t e r p o l a t i o n m a t r i x becomes s ingular . However, these 
configurat ions m a y be rare, and therefore the use o f p - n o r m r ad i a l basis funct ions 
may be jus t i f i ed i n m a n y cases. We p o i n t ou t t h a t we used norms for p > 2 even 
t h o u g h the B a x t e r result men t ioned above guarantees existence o f da t a sets X for 
w h i c h the i n t e rpo l a t i on m a t r i x w i l l be s ingular . For our examples the i n t e r p o l a t i o n 
m a t r i x was far f r o m singular . Us ing 25 u n i f o r m l y spaced da ta sites the matr ices 
again exh ib i t ed 24 negative and one pos i t ive eigenvalue. T h i s use o f p - n o r m r ad i a l 
basis functions ce r t a in ly deserves fur ther inves t iga t ion . 

T h e case 1 < p < 2, however, is m u c h be t te r unders tood . I n [Baxter (1991)] we 

T h e o r e m 1 0 . 1 . Suppose 1 < p < 2 and let A be the p-norm distance matrix with 
entries 

Then the matrix —A is conditionally positive definite of order one. Moreover, 
it is strictly conditionally positive definite of order one if N > 2 and the points 
X i , . . . , XN are distinct. 

f ind 

Ajk — Xk\\p, j,k = l,...,N. 
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T h i s theorem is der ived f r o m a m u c h earlier theorem by Schoenberg r e l a t i n g 
cond i t iona l ly posi t ive defini te matr ices o f order one and Euc l idean distance m a t r i 
ces. W h e n Schoenberg first s tud ied cond i t i ona l l y pos i t ive defini te matr ices o f order 
one th i s was i n connect ion w i t h isometr ic embeddings. Based o n earlier w o r k by 
K a r l Menger [Menger (1928)] Schoenberg der ived the fo l lowing result charac ter iz ing 
cer ta in cond i t iona l ly posi t ive defini te matr ices as Euc l idean distance matr ices (see 
[Schoenberg (1937)]) . 

T h e o r e m 10.2 ( S c h o e n b e r g - M e n g e r ) . Let A be a real symmetric N x N ma
trix with all diagonal entries zero and all other elements positive. Then —A is 
conditionally positive semi-definite of order one if and only if there exist N points 
2/1, • • •, VN £ RN for which 

Ajk = I I ^ -Vk\\l-

These points are the vertices of a simplex in ~RN. 

I n the t h i r d row of F igure 10.2 we display the in te rpolants t o the test f unc t i on 
f(x, y) = (x+y)/2 on [0, l ] 2 us ing distance m a t r i x i n t e r p o l a t i o n based o n 25 equal ly 
spaced poin ts and p-norms w i t h p = 1.001 and p = 2. Since we use a p l a i n distance 
in te rpo lan t , i.e., $(x) = | | a j | | p i t is remarkable t h a t the error using the p = 1.001-
n o r m is about t w o orders o f magn i tude smaller t h a n the next best p - n o r m distance 
m a t r i x fit among our exper iments ( w h i c h we ob ta ined for p = 100, c.f. F igure 10.2). 

T h e use of different p -norms for different appl icat ions has no t been s tud ied 
carefully i n the l i t e ra tu re . 

T w o other results regard ing i n t e r p o l a t i o n w i t h p - n o r m r ad i a l basis funct ions 
can also be found i n the l i t e r a tu re . I n [Wendland (2005a)] we find a reference t o 
[Zastavnyi (1993)] according t o w h i c h — for space dimensions s > 3 — the o n l y 
func t ion t h a t is posi t ive defini te and p - n o r m r ad i a l on M s is the zero func t ion . 
A g a i n , somewhat discouraging news. However, there is also good news. T h e fol low
ing ra ther powerful theorem comes f r o m [Baxter (1991)]. B a x t e r calls the m a t r i x 
A o f Theo rem 10.2 an almost negative definite m a t r i x (c.f. the remarks fo l lowing 
D e f i n i t i o n 6.2). 

T h e o r e m 10 .3 . Let —A be an N x N matrix that is conditionally positive semi-
definite of order one with all diagonal entries zero, and let ip(2) be a function that 
is conditionally positive definite of order one and radial on M s . Then the matrix 
defined by 

Bjk =-<p(Ajk), j,k = l,...,N, 

is conditionally positive semi-definite of order one. Moreover, if N > 2 and no 
off-diagonal elements of A vanish, then B is strictly conditionally positive definite 
of order one whenever <p(2) is strictly conditionally positive definite of order one. 
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Proof. B y Schoenberg's T h e o r e m 10.2 we can w r i t e Ajk = \\yj — f ° r a P " 
p ropr ia t e points yj £ ~RN• B y assumpt ion p{2) is c o n d i t i o n a l l y pos i t ive defini te o f 
order one and rad ia l , and therefore B is c o n d i t i o n a l l y pos i t ive semi-defini te o f order 
one. Moreover , i f Ajk ^ 0 for a l l off-diagonal elements, t h e n j / i , . . . , ? / A T are d i s t inc t , 
and therefore B is s t r i c t l y c o n d i t i o n a l l y pos i t ive def in i te o f order one p r o v i d e d (p(2) 
is s t r i c t l y cond i t i ona l ly pos i t ive def ini te o f order one. • 

Since B a x t e r also shows t h a t i f A is a 1-norm distance m a t r i x , t h e n —A is a 
cond i t i ona l ly pos i t ive semi-definite m a t r i x o f order one, T h e o r e m 10.3 guarantees 
t h a t we can use many "s tandard" r a d i a l basic funct ions i n c o n j u n c t i o n w i t h t he 1-
n o r m for R B F i n t e r p o l a t i o n . For example , the use o f 1-norm Gaussians is j u s t i f i ed 
by T h e o r e m 10.3. I n the l i t e r a t u r e one can also find an analog of Bochner ' s t heo rem 
for posi t ive definite 1-norm r a d i a l funct ions due t o [Cambanis at al. (1983)] (see 
also [Wendland (2005a)]) . 

F igure 10.1 shows p - n o r m Gaussians <3>(:E) = e~s " x "p for p = 1 and p = 10. A 
shape parameter e = 3 was used. In t e rpo l an t s t o the func t ion f(x, y) = (x + y)/2 at 
25 equal ly spaced points i n [0, l ] 2 us ing these basic funct ions w i t h e = 1 are shown 
i n the b o t t o m r o w of F igu re 10.2. 

Fig. 10.1 p-norm Gaussians for p = 1 (left) and p = 10 (right) centered at the origin in R 2 . 

A n o t h e r , closely re la ted t heo rem by B a x t e r is 

T h e o r e m 1 0 . 4 . Suppose p(2) and ip(2) are functions that are conditionally pos
itive definite of order one and radial on ~RS with ip(0) = 0. Then ip o ip(2) is also 
conditionally positive definite of order one and radial on 1R S . Indeed, if ip(-2) is 
strictly conditionally positive definite of order one and radial and tp vanishes only 
at zero, then ip o ip(2) is strictly conditionally positive definite of order one and 
radial. 

T h i s theo rem is a genera l iza t ion o f a classical resul t i n l inear a lgebra by Schur 
(see, e.g., [ H o r n and Johnson (1991); M i c c h e l l i (1986)] , where Schur's t heo rem was 
extended t o cover s tr ictness) . 
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10.2 S c a t t e r e d D a t a F i t t i n g o n M a n i f o l d s 

There exists a sizeable b o d y of l i t e r a tu re on the top ic o f scat tered da t a i n t e r p o l a t i o n 
on manifolds, especially the sphere S ^ - 1 i n M s . We w i l l no t m e n t i o n any specific 
results here. Instead we refer the reader t o the book [Freeden et al. (1998)], the 
survey papers [Cheney (1995a); Fasshauer and Schumaker (1998)], as we l l as m a n y 
or ig ina l papers such as [Baxter and H u b b e r t (2001); B i n g h a m (1973); Fasshauer 
(1995a); Fasshauer (1999b); H u b b e r t and M o r t o n (2004a); H u b b e r t a n d M o r t o n 
(2004b); Levesley et al. (1999); Menega t to (1994b); Na rcowich and W a r d (2002); 
Ragozin and Levesley (1996); R o n and Sun (1996); Schoenberg (1942); Schreiner 
(1997); Wahba (1981); W a h b a (1982); X u and Cheney (1992b)] . 

R a d i a l basis functions o n more general R i e m a n n i a n manifolds are s tud ied i n , 
e.g., [ D y n et al. (1997); D y n et al. (1999); Levesley and Ragozin (2002); N a r c o w i c h 
(1995); Narcowich et al. (2003); S c h i m m i n g a n d Belger (1991)]. 

There is also a "poor man 's so lu t ion" t o i n t e r p o l a t i o n on manifolds , especially 
the sphere. One can use the Euc l idean r ad i a l basis func t ion methods discussed thus 
far, and s imply res t r ic t the i r eva lua t ion t o the man i fo ld . T h i s approach is o u t l i n e d 
i n Section 6 o f [Fasshauer and Schumaker (1998)]. 

We w i l l discuss another, re la ted, i n t e r p o l a t i o n p r o b l e m later . Namely , in te rpo
l a t i on to po in t c loud da ta i n R 3 . I n th i s case, the unde r ly ing man i fo ld is u n k n o w n , 
and another approach needs to be taken. See Chapte r 30 for details . 

10.3 R e m a r k s 

M a n y of the results given i n the previous chapters can be generalized t o vector-
valued or even ma t r i x -va lued funct ions. Some results a long these lines can be found 
i n [Lowitzsch (2002); Lowi tz sch (2005); Myer s (1992); Na rcowich and W a r d (1994a); 
Schaback (1995a)]. 

We po in t out t h a t the approach to so lv ing the i n t e rpo l a t i on problems t aken i n 
the previous chapters always assumes t h a t the centers, i.e., the poin ts x k , k = 
1,...,N, at w h i c h the basis funct ions are centered, coincide w i t h the da ta sites. 
Th i s is a fa i r ly severe res t r i c t ion , and i t has been shown i n examples i n the context 
of least squares a p p r o x i m a t i o n o f scat tered da ta (see, e.g., [Franke et al. (1994); 
Franke et al. (1995)] or [Fasshauer (1995a)]) t h a t be t ter results can be achieved 
i f the centers are chosen different f r o m the da t a sites. Theore t i ca l results i n th i s 
d i rec t ion are very l i m i t e d , and are r epor ted i n [Quak et al. (1993)] and i n [Sun 
(1993a)]. 
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Fig. 10.2 p-norm distance matrix fits to f(x, y) = (x + y)/2 on a 5 X 5 grid in [0, l ] 2 unless noted 
otherwise. Top: p = 1 (1089 Halton points). 2nd row: p = 10 (left), p = 100 (right). 3rd row: 
p = 1.001 (left), p = 2 (right). Bottom: p-norm Gaussian fits for p = 1 (left) and p = 10 (right). 



Chapter 11 

Compactly Supported 
Radial Basis Functions 

As we saw earlier (see T h e o r e m 9.4), c o m p a c t l y suppor ted functions <& t h a t are 
t r u l y s t r i c t l y cond i t i ona l l y pos i t ive defini te of order m > 0 do no t exist . T h e 
compact suppor t a u t o m a t i c a l l y ensures t h a t <E> is s t r i c t l y pos i t ive defini te . A n o t h e r 
observat ion (see T h e o r e m 3.9) was t h a t compac t ly suppor t ed r a d i a l funct ions can 
be s t r i c t l y posi t ive definite on K s o n l y for a fixed m a x i m a l s-value. I t is no t possible 
for a func t ion to be s t r i c t l y pos i t ive defini te and r ad i a l on R s for a l l s and also have 
a compact suppor t . Therefore we focus our a t t e n t i o n on the charac te r iza t ion a n d 
cons t ruc t ion of funct ions t h a t are compac t l y suppor ted , s t r i c t l y posi t ive defini te 
and r ad ia l on M s for some fixed s. 

A c c o r d i n g t o our earlier w o r k (Bochner ' s t heo rem and general izat ions thereof ) , a 
func t ion is s t r i c t l y pos i t ive defini te and r a d i a l on R s i f i ts s-variate Fourier t r a n s f o r m 
is non-negative. T h e o r e m B . l i n the A p p e n d i x gives the Four ier t r a n s f o r m o f the 
r ad ia l func t ion <fr = ip(\\ • | |) as another r a d i a l func t ion 

/>oo 
*(x) = F,<p{\\x\\) = I j a - H - C — / <p(t)r'2J(a-2)/2(t\\x\\)dt, 

Jo 

where J v is the Bessel func t ion o f the first k i n d of order v. 

11.1 O p e r a t o r s for R a d i a l F u n c t i o n s a n d D i m e n s i o n W a l k s 

A cer ta in in tegra l opera tor and i ts inverse dif ferent ia l opera tor were defined i n 
[Schaback and W u (1996)]. I n t h a t paper an ent i re calculus was developed for how 
these operators act o n r a d i a l funct ions . I n fact, according t o [Gne i t i ng (2002)] , 
these operators can be t raced back t o JjMatheron (1965)] w h o called the i n t eg ra l 
opera tor montee a n d the di f ferent ia l opera tor descente m o t i v a t e d by an a p p l i c a t i o n 
rela ted to m i n i n g . 

I n the fo l lowing we define these operators and show how they fac i l i ta te t h e 
cons t ruc t ion o f compac t l y suppor t ed r a d i a l funct ions. 

85 
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D e f i n i t i o n 11 .1 . 

(1) Le t (fi be such t h a t t i—» 
X v i a 

t<p(t) G L i [ 0 , o o ) . T h e n we define the integral operator 

(T<p)(r) = / f<p(t)dt, r > 0. 
J r 

(2) For even <p G C2 (M) we define the differential operator V v i a 

( X V ) 0 \ ) = — ( p ' ( r ) , r > 0. 

I n b o t h cases the r e su l t ing funct ions are t o be in t e rp re t ed as even funct ions 
using even extensions. 

No te t h a t the in tegra l opera tor X differs f r o m the opera tor / i n t r o d u c e d earlier 
(see (5.1)) by a factor t i n the i n t eg rand . 

T h e most i m p o r t a n t proper t ies o f the montee and descente opera tors are (see, 
e.g., [Schaback and W u (1996)] or [Wend land (1995)]) : 

T h e o r e m 11 .1 . 

(1) Both T> andX preserve compact support, i.e., if if has compact support, then so 
do T>p and Xp. 

(2) IfpE C(R) and t ^ t(f>(t) G L i [ 0 , oo) , then VX<p = (p. 
(3) Ifpe C2(R) (<p^l) is even and <p' G L x [0, oo) , then XVp = ip. 
(4) J / t H ts~xp{t) G L i [ 0 , o o ) and s > 3, then Fs(<p) = J F S _ 2 ( X ^ ) . 
(5) Ifpe C2(R) is even and 11-+ ts<p'(t) G L i [ 0 , oo) , then F8(ip) = Ts+i{pp). 

T h e operators X and V a l low us t o express s-variate Four ie r t ransforms as (s—2)-
or ( s+2) -va r i a t e Four ier t ransforms, respectively. I n pa r t i cu l a r , a d i rec t consequence 
o f the above proper t ies and the charac te r i za t ion o f s t r i c t l y pos i t ive defini te r a d i a l 
funct ions (Theo rem 3.6) is 

T h e o r e m 11 .2 . 

(1) Suppose cp G C(R). Ift ^ ts~lp(t) G Za [0 ,oo ) and s > 3, then <p is strictly 
positive definite and radial on Rs if and only if X<p is strictly positive definite 
and radial on Rs~2. 

(2) If p e C2(R) is even and t H-• ts<p'(t) £ L i [ 0 , o o ) , then p is strictly positive 
definite and radial on Rs if and only if T>p is strictly positive definite and 
radial on R s + 2 . 

T h i s al lows us t o cons t ruc t new s t r i c t l y pos i t ive def ini te r a d i a l funct ions f r o m 
g iven ones b y a "d imens ion-walk" technique t h a t steps t h r o u g h m u l t i v a r i a t e E u 
cl idean space i n even increments . T h e examples presented i n the fo l l owing sections 
i l lu s t r a t e th i s technique. 

. 1 , 
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11.2 W e n d l a n d ' s C o m p a c t l y S u p p o r t e d F u n c t i o n s 

p r o b a b l y the most popula r f a m i l y o f c o m p a c t l y suppor ted r a d i a l funct ions present ly 
i n use was const ructed i n [Wendland (1995)]. W e n d l a n d s tar ts w i t h the t r u n c a t e d 
power func t ion <pe(r) = (1 — r)e

+ ( w h i c h we k n o w t o be s t r i c t l y posi t ive defini te and 
r ad i a l on M s for £ > |_§J + 1 according t o Section 4.6) , and t hen he walks t h r o u g h 
dimensions b y repeatedly a p p l y i n g the opera tor X. 

D e f i n i t i o n 11 .2 . W i t h <pe(r) = (1 — r)e

+ we define 

Vs,k = 1k(P\_s/2\+k+l-

I t t u rns ou t t h a t the funct ions (pStk are a l l suppor ted on [0,1] and have a po ly 
n o m i a l representat ion there. M o r e precisely, 

T h e o r e m 11 .3 . The functions (pSjk are strictly positive definite and radial on R s 

and are of the form 

^ s ' k K ' \ 0 , r > 1, 

with a univariate polynomial p3tk of degree [s/2\ + Sk + 1. Moreover, (pSjk £ C 2 f e ( I R ) 
are unique up to a constant factor, and the polynomial degree is minimal for given 
space dimension s and smoothness 2k. 

Thi s theorem states t h a t any other compac t ly suppor ted C2k p o l y n o m i a l func
t i o n t ha t is s t r i c t l y posi t ive defini te and r a d i a l on W w i l l no t have a smaller po ly 
nomia l degree. O u r other examples below (Wu's funct ions, Gnei t ing ' s funct ions) 
i l lus t ra te th i s fact. T h e s t r i c t pos i t ive definiteness o f Wendland ' s funct ions ipSjk 
s t a r t ing w i t h non-integer values o f £ i n D e f i n i t i o n 11.2 was established i n [Gne i t i ng 
(1999)]. Note , however, t h a t t h e n the funct ions are no longer guaranteed t o be 
polynomials on the i r suppor t . 

Wend land gave recursive formulas for the functions <ps,k for a l l s, k. We instead 
l is t the expl ic i t formulas o f [Fasshauer (1999a)]. 

T h e o r e m 1 1 . 4 . The functions (ps,k, k = 0 , 1 , 2 , 3 , have the form 

¥>,,i(r) = ( l - r £ + 1 [(* + l ) r + l ] , 
Vs,2{r) = (1 - r)e+2 [(£2 + 4£ + 3 ) r 2 + (3£ + 6 ) r + 3] , 
ipat3(r) = (1 - rY+3 [{£3 + 9£2 + 23£ + 1 5 ) r 3 + {U2 + 3Q£ + 4 5 ) r 2 

+ (15^ + 4 5 ) r + 15 ] , 

where £ = [s/2\ + k + 1, and the symbol = denotes equality up to a multiplicative 
positive constant. 
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Proof. T h e case k = 0 follows d i r e c t l y f r o m the de f in i t i on . A p p l i c a t i o n o f t he 
de f in i t i on for the case k = 1 yields 

/

oo 
t<pe(t)dt 

oo 
t(l - t)£

+dt -
l 

= f t(l-t)edt 
J r 

= ( , + 1 ) ( , + 2 ) ( i - r ) ' + 1 [ ( ^ i ) r + i ] , 

where the compact suppor t of <f£ reduces the i m p r o p e r i n t eg ra l t o a defini te i n t eg ra l 
w h i c h can be evaluated using i n t e g r a t i o n by par ts . T h e o ther t w o cases are ob t a ined 
s i m i l a r l y by repeated app l i ca t ion o f X . • 

E x a m p l e 1 1 . 1 . For s = 3 we l is t some o f the most c o m m o n l y used funct ions i n 
Table 11 .1 . These funct ions are s t r i c t l y pos i t ive defini te and r a d i a l on M.s for s < 3. 
We also l is t t he i r degree of smoothness 2k. T h e funct ions were de te rmined us ing 
the formulas f rom T h e o r e m 11.4, i.e., for k = 1, 2 ,3 t h e y m a t c h D e f i n i t i o n 11.2 o n l y 
up t o a posi t ive constant factor. 

For the M A T L A B i m p l e m e n t a t i o n i n the next chapter i t is be t te r t o express 
the compac t ly suppor t ed funct ions i n a shif ted f o r m since we w i l l be using a m a t r i x 
version o f 1—er i n place o f the code used earlier i n D i s t a n c e M a t r i x . m for r . T h u s we 
also l is t the appropr ia te funct ions <ps^ = <£>s,/c(l — •) so t h a t £>S )fc(l — er) = p>s,k{^f). 

For c la r i f i ca t ion purposes we re i te ra te t h a t expressions of the f o r m (x)+ are t o be 

in te rpre ted as ((x)+)e, i.e., we first a p p l y the cu tof f func t ion , and t h e n the power . 

Table 11.1 Wendland's compactly supported radial functions v's.fc a n d *?s,k — Vs,fc(l — " ) 
for various choices of fc and s — 3. 

k <P3,k(r) &3,k(r) smoothness 

0 r i C ° 
1 (1 - r)\ (4r + 1) r\ (5 - 4r) C 2 

2 (1 - r)\ (35r 2 + 18r + 3) r\ (56 - 88r + 3 5 r 2 ) C 4 

3 (1 - r)\ (32r 3 + 25r 2 + 8r + l ) r \ (66 - 154r + 121r 2 - 3 2 r 3 ) C 6 

11 .3 W u ' s C o m p a c t l y S u p p o r t e d F u n c t i o n s 

I n [ W u (1995b)] we f ind another way t o cons t ruc t s t r i c t l y pos i t ive defini te r a d i a l 
functions w i t h compac t suppor t . W u s tar t s w i t h the f u n c t i o n 

i>(r) = (1 - r2)e

+, £eN, 
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which i n i tself is no t pos i t ive defini te (see the discussion at the end o f Chap te r 5 ) . 
However, W u then uses c o n v o l u t i o n t o cons t ruc t another func t ion t h a t is s t r i c t l y 
posi t ive definite and r ad i a l o n R, i.e., 

ipi(r) = (ip * ip)(2r) 

(1 - t2)e

+(l - (2 r - t)2Y+dt 
-oo 

= f ( l - t 2 Y { l - { 2 r - t Y Y + d t . 

Thi s func t ion is s t r i c t l y pos i t ive defini te since i t s Fourier t r a n s f o r m is essentially 
the square o f the Fourier t r a n s f o r m of ip a n d therefore non-negative. Just l ike the 
Wend land functions, th i s f u n c t i o n is a p o l y n o m i a l o n i ts suppor t . I n fact, t he degree 
of the p o l y n o m i a l is 4£ + 1, and ipe e C2e(R). 

Now, a f a m i l y of s t r i c t l y pos i t ive defini te r ad i a l funct ions is cons t ruc ted by a 
dimension w a l k using the T> opera tor . 

D e f i n i t i o n 1 1 . 3 . W i t h ipe{r) = ( ( 1 - -2Y+ * (1 - - 2 ) + ) ( 2 r ) we define 

iPKt = Vkipt. 

T h e functions ipk,e are s t r i c t l y posi t ive defini te and r a d i a l on Rs for s < 2k + 1, 
are po lynomia l s o f degree A£ — 2k+l on the i r suppor t and i n C2^~k^ i n the in te r io r 
of the suppor t . O n the b o u n d a r y the smoothness increases t o C2£~k. 

E x a m p l e 1 1 . 2 . For £ = 3 we can compute the four funct ions 

W ) = Vkip3{r) = Vk((l - -2f+ * (1 - - 2 ) + ) ( 2 r ) , k = 0 , 1 , 2 , 3 . 

T h e y are l i s ted i n Table 11.2 a long w i t h t he i r smoothness. T h e m a x i m a l space 
dimension s for w h i c h these funct ions are s t r i c t l y posi t ive definite and r a d i a l o n 
Rs is also l is ted. Just as w i t h the W e n d l a n d funct ions, the functions i n Table 11.2 
ma tch the de f in i t ion on ly up t o a pos i t ive m u l t i p l i c a t i v e constant . A g a i n , we also l is t 
the functions ipk,i = ipk,£(l — •) used i n our M A T L A B i m p l e m e n t a t i o n i n Chap te r 12. 
Th i s representat ion o f the W u funct ions is g iven i n Table 11.3. 

Table 11.2 Wu's compactly supported radial functions ipk,e for various choices of 
fc and I = 3. 

fc smoothness s 

0 ( l - r ) + ( 5 - r 35r + 101r 2 + 147r 3 + 101r 4 + 35r 5 + 5 r 6 ) 1 

1 ( 1 - r ) + ( 6 + 36r + 82r 2 + 72r 3 + 30r 4 + 5 r 5 ) c 4 3 

2 (1 - r)+(8 + 40r + 48r 2 + 2 5 r 3 + 5 r 4 ) c2 5 

3 (1 - r ) 4 (16 + 29r + 20r 2 + 5 r 3 ) c° 7 
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Table 11.3 Shifted version ipk,e of Wu's compactly supported radial functions tpk,e 
for various choices of k and £ = 3. 

k ^k,zir) smoothness s 

0 r + ( 4 2 9 - 1287r + 1573r 2 - l O O l r 3 + 351r 4 - 65r 5 + 5 r 6 ) C 6 1 
1 r + ( 2 3 1 - 561r + 528r 2 - 242r 3 + 5 5 r 4 - 5 r 5 ) C 4 3 
2 r + ( 1 2 6 - 231r + 153r 2 - 4 5 r 3 + 5 r 4 ) C 2 5 
3 r 4 (70 - 84r + 35r 2 - 5 r 3 ) C ° 7 

Fig. 11.1 Plot of Wendland's functions from Example 11.1 (left) and Wu's functions from Exam
ple 11.2 (right). 

A s pred ic ted by T h e o r e m 11.3, for a prescr ibed smoothness the p o l y n o m i a l 
degree of Wendland ' s funct ions is lower t h a n t h a t o f W u ' s funct ions . For example , 
b o t h Wendland ' s func t ion (p3j2 and W u ' s f u n c t i o n ipij3 are C 4 s m o o t h a n d s t r i c t l y 
posi t ive definite and r ad ia l on IR 3 . However , t he p o l y n o m i a l degree o f Wend land ' s 
func t ion is 8, whereas t h a t o f W u ' s func t ion is 11 . A n o t h e r comparable f u n c t i o n 
is Gnei t ing ' s osc i l l a tory func t ion a2 (see Table 11.5), w h i c h is a C4 p o l y n o m i a l o f 
degree 9 t h a t is s t r i c t l y pos i t ive defini te and r a d i a l on R 3 . 

W h i l e the t w o families o f s t r i c t l y pos i t ive def ini te c o m p a c t l y suppor t ed funct ions 
discussed above are b o t h cons t ruc ted v i a d imens ion w a l k , W e n d l a n d uses i n t e g r a t i o n 
(and thus obta ins a f a m i l y o f increasingly smoother func t ions) , whereas W u needs 
t o s tar t w i t h a func t ion of sufficient smoothness, a n d t h e n obta ins successively less 
s m o o t h funct ions (v i a d i f fe ren t ia t ion) . 

11.4 O s c i l l a t o r y C o m p a c t l y S u p p o r t e d F u n c t i o n s 

Other s t r i c t l y pos i t ive definite compac t l y suppor t ed r a d i a l funct ions have been p ro 
posed by G n e i t i n g (see, e.g., [ G n e i t i n g (2002)]) . He showed t h a t a f a m i l y o f oscil la
t o r y compac t ly suppor t ed funct ions can be cons t ruc ted us ing the so-called turning 



11. Compactly Supported Radial Basis Functions 91 

bands operator of [ M a t h e r o n (1973)]. S t a r t i n g w i t h a func t ion ips t h a t is s t r i c t l y 
posi t ive definite and r ad i a l on M.s for s > 3 the t u r n i n g bands operator produces 

^ - 2 ( r ) = ^ s ( r ) + ^ i ^ (11.1) 

w h i c h is s t r i c t l y pos i t ive defini te and r a d i a l on R s _ 2 . 

E x a m p l e 1 1 . 3 . One such f a m i l y o f funct ions is generated is we s ta r t w i t h t he 
W e n d l a n d functions (ps+2,i(f) = (1 — r ) ^ " 1 [(£ + l ) r + 1] (£ non-integer a l lowed) . 
A p p l i c a t i o n of the t u r n i n g bands opera tor results i n the funct ions 

( \ fi V (-\ ^ o ( l + l ) ( l + 2 + s) 2 \ 

w h i c h are s t r i c t l y pos i t ive defini te and r a d i a l on M s p rov ided £ > (see [ G n e i t i n g 
(2002)]) . Some specific functions f r o m th i s f a m i l y are l i s ted i n Table 11.4. A l l o f 
the functions are i n C 2 (1R). I f we w a n t smoother funct ions, t h e n we need t o s t a r t 
w i t h a smoother W e n d l a n d f a m i l y as described below i n E x a m p l e 11.4. 

Table 11.4 Gneiting's compactly supported radial 
functions r s £ for various choices of £ and s = 2. 

^ T2,e(r) smoothness 

7/2 (1 - r)7^ (1 + \r - i | 5 r 2 ) C2 

5 (1 - r)\ (1 + 5r - 2 7 r 2 ) C2 

15/2 ( l - r ^ l + f r - _ 3 | i r 2 ) C2 

12 ( i - 0 + ( i + 1 2 r - 104r 2 ) C2 

The functions o f Table 11.4 are shown i n the left p lo t o f F igure 11.2 w i t h £ 
increasing f rom the outside i n (as v iewed near the o r i g i n ) . 

Fig. 11.2 Oscillatory functions of Table 11.4 (left) and Table 11.5 (right). 
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E x a m p l e 11 .4 . A l t e r n a t i v e l y , we can o b t a i n a set o f osc i l l a to ry funct ions t h a t are 
s t r i c t l y pos i t ive defini te and r a d i a l o n M3 b y a p p l y i n g the t u r n i n g bands opera to r 
t o the W e n d l a n d funct ions </?5,fc t h a t are s t r i c t l y pos i t ive defini te and r a d i a l o n R5 

for different choices o f A:. T h e n the resu l t ing funct ions ak w i l l have the same degree 
o f smoothness 2k as the o r i g i n a l funct ions a n d t h e y w i l l be s t r i c t l y pos i t ive def ini te 
and r ad i a l on R 3 . T h e results for k = 1,2,3 are l i s ted i n Tab le 11.5 and displayed 
i n the r i g h t p l o t o f F igu re 11.2. 

Table 11.5 Oscillatory compactly supported functions that are 
strictly positive definite and radial on R 3 parametrized by smooth
ness. 

k Ok(r) smoothness 

1 (1 - r)\ (1 + 4 r - 15r 2 ) C 2 

2 (1 - r)\ (3 + 18r + 3 r 2 - 192r 3 ) C 4 

3 (1 - r ) \ (15 + 120r + 210r 2 - 840r 3 - 3465r 4 ) C 6 

G n e i t i n g also suggests the cons t ruc t i on o f s t r i c t l y pos i t ive defini te r a d i a l func
t ions by t a k i n g the p r o d u c t o f the ( a p p r o p r i a t e l y scaled) Poisson funct ions Q,s (see 
ei ther T h e o r e m 3.6 or Sect ion 4.3) w i t h a ce r t a in c o m p a c t l y suppor t ed non-negat ive 
func t i on (see [Gne i t ing (2002)] for more de ta i l s ) . B y P r o p e r t y (6) o f T h e o r e m 3.1 
the resu l t ing func t ion w i l l be s t r i c t l y pos i t ive defini te . 

11 .5 O t h e r C o m p a c t l y S u p p o r t e d R a d i a l B a s i s F u n c t i o n s 

There are m a n y other ways i n w h i c h one can cons t ruc t c o m p a c t l y suppor t ed func

t ions t h a t are s t r i c t l y pos i t ive def ini te and r a d i a l o n M s . I n [Schaback (1995a)] 

several such possibi l i t ies are described. 

E x a m p l e 11 .5 . Euclid's hat funct ions are cons t ruc ted i n analogy t o S-splines. I t is 
w e l l k n o w n t h a t the un iva r i a t e f u n c t i o n (3(r) = (1 — | r | ) + is a second-order jE?-spline 
w i t h knots at — 1 , 0 , 1 , a n d i t is ob t a ined as the c o n v o l u t i o n of the character is t ic 
func t ion of the in t e rva l [—1/2 ,1 /2] w i t h i tself. Euc l id ' s ha t funct ions are now ob
t a ined by convo lv ing the character is t ic f u n c t i o n o f the s-dimensional Euc l idean u n i t 
b a l l w i t h itself. T h e resu l t ing funct ions can be w r i t t e n for r G [0,1] i n the f o r m 

f 2 7 r y 2 f c _ 1 ( 2 r ) - r ( l - r 2 ) f c r. _ -i o q 
^ f c + 1 ( 2 r ) = K - 1 , 2 , 6 , . . . , 

1 2 ( 1 - r ) fc = 0, 

for o d d space dimensions s = 2k + 1, and as 

[ 2 7 r y 2 f c ( 2 r ) - T V ( l - r 2 ) ( l - r 2 ) f c , _ 

¥>2fc+ 2 (2r) = I ^+2 * - 1, A 6, 
2(a rccos r — ry/l — r2) k = 0, 
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for even space dimensions s = 2k. N o t e t h a t these funct ions are zero outs ide the 
in te rva l [0 ,2 ] . 

W e have l i s ted several of these funct ions i n Table 11.6 where we have employed 
a s u b s t i t u t i o n 2r — > r a n d a n o r m a l i z a t i o n factor such t h a t the funct ions a l l have 
a value of one at the o r i g i n . T h e funct ions are also d isp layed i n t he left p l o t o f 
F igu re 11.3. 

Table 11.6 Euclid's hat functions (defined for 0 < r < 2) for 
different values of s. 

s V>s(r) smoothness 

1 1 _ r 
1 2 

C° 

2 ^ ^4arccos (^) — r \ / 4 — r 2 ^ C° 

3 1 - sh ((4 + 1 6 * ) r ~ r3) c° 
4 I arccos ( r ) _ _1_^4 - r 2 (20r + r 3 ) c° 
5 1 - 6 4 ^ ( t 1 2 + 8 7 r + 3 2 7 r 2 ) r ~ ( 3 + 2 ? r ) r 3 ) c° 

Fig. 11.3 Euclid's hat functions (left) of Table 11.6 and Buhmann's function of Example 11.6 
(right). 

A n o t h e r cons t ruc t i on described i n [Schaback (1995a)] is the r a d i a l i z a t i o n o f the 
s-fold tensor p r o d u c t o f un iva r i a t e 5-spl ines o f even order 2m w i t h u n i f o r m knots . 
These funct ions do no t seem t o have a s imple representa t ion t h a t lends i t se l f t o 
numer ica l computa t ions . A s can be seen f r o m i t s rad ia l ized Four ie r t r ans fo rm, the 
radia l ized S-spl ine i tself is no t s t r i c t l y pos i t ive defini te and r a d i a l on any R 5 w i t h 
s > 1. For s = 1 o n l y the S-splines o f even order are s t r i c t l y pos i t ive def in i te (see, 
e.g., [Scholkopf and Smola (2002)] ) . 

T h e last f a m i l y o f c o m p a c t l y suppor t ed s t r i c t l y pos i t ive def ini te r ad i a l funct ions 
we w o u l d l ike t o m e n t i o n is due t o [ B u h m a n n (1998)] . B u h m a n n ' s funct ions c o n t a i n 
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a l o g a r i t h m i c t e r m i n a d d i t i o n t o a p o l y n o m i a l . H i s funct ions have the general f o r m 
/•OO 

<p(r)= / ( l - r 2 / t ) + * a ( l 
Jo 

Here 0 < 5 < ^, p > 1, and i n order t o o b t a i n funct ions t h a t are s t r i c t l y pos i t ive 
defini te and r a d i a l on M s for s < 3 t he cons t ra in ts for t he r e m a i n i n g parameters are 
A > 0, and - 1 < a < ±=±. 

E x a m p l e 1 1 . 6 . A n example w i t h a = < 5 = | , p = l a n d A = 2 is l i s t ed i n 

[ B u h m a n n (2000)]: 

(p(r) = 1 2 r 4 l o g r - 2 1 r 4 + 3 2 r 3 - 1 2 r 2 + 1, 0 < r < 1. 

T h i s func t ion is i n C 2 ( R ) and s t r i c t l y pos i t ive def ini te and r a d i a l o n IRS for s < 3. 
I t is d isplayed i n the r i g h t p l o t o f F igu re 11.3. 

W h i l e i t is s ta ted i n [ B u h m a n n (2000)] t h a t the c o n s t r u c t i o n there encompasses 
b o t h Wendland ' s and W u ' s funct ions , an even more general t heo rem t h a t shows t h a t 
i n t eg ra t i on of a pos i t ive func t ion / £ L i [ 0 , o o ) against a s t r i c t l y pos i t ive def ini te 
kernel K results i n a s t r i c t l y pos i t ive def ini te f u n c t i o n can be found i n [Wend land 
(2005a)] (see also Sect ion 4.8) . M o r e specifically, 

roc 
p(r) = / K(t,r)f(t)dt 

Jo 

is s t r i c t l y pos i t ive defini te . B u h m a n n ' s cons t ruc t i on t h e n corresponds t o choosing 

f(t) = t a ( l - ts)^ and K(t, r) = (1 - r2/t)\. 



Chapter 12 

Interpolation with Compactly Supported 
R B F s in M A T L A B 

We now have an a l t e rna t ive way t o cons t ruc t an R B F in t e rpo lan t t o scat tered 
da ta i n M.s. I f we use the compac t l y suppor t ed r a d i a l funct ions o f the previous 
chapter t h e n the m a i n difference t o our previous in te rpo lan ts is t h a t now the i n 
t e rpo l a t i on m a t r i x can be made sparse b y scal ing the suppor t o f the basic func t ion 
appropr ia te ly . T o achieve th i s we use — as we d i d earlier — the basic funct ions 
(pe(r) = <p{er). Thus , a large value o f e corresponds t o a s m a l l suppor t . I n o ther 
words, i f the suppor t o f <p is the i n t e rva l [0 ,1 ] , t h e n the suppor t radius p o f <p£ is 
given by p = 1/e so t h a t ipe(r) = 0 for r > p = 1/e. 

Since we know t h a t the i n t e r p o l a t i o n m a t r i x w i l l be a sparse m a t r i x , we w a n t 
t o w r i t e M A T L A B code to efficiently assemble the m a t r i x . Once we have defined a 
sparse m a t r i x , M A T L A B w i l l a u t o m a t i c a l l y use state-of-the-art sparse m a t r i x tech
niques t o solve the l inear system. Obvious ly , we do no t w a n t t o compute the m a t r i x 
entries for a l l pairs of po in t s since we k n o w a l l o f the entries for far away po in t s 
w i l l be zero. Therefore, an efficient d a t a s t ruc tu re is needed. We use A;c?-trees 
( implemented i n a set o f M A T L A B M E X - f i l e s w r i t t e n by G u y Shechter t h a t can be 
downloaded f rom the M A T L A B C e n t r a l F i l e Exchange, see [ M C F E ] ) . Some infor
m a t i o n on kd-tvees is p rov ided i n A p p e n d i x A . D a t a s t ructures for the use w i t h 
meshfree a p p r o x i m a t i o n methods are also discussed i n [Wendland (2005a)]. 

1 2 . 1 A s s e m b l y o f t h e S p a r s e I n t e r p o l a t i o n M a t r i x 

We have s t ruc tu red the scat tered da t a i n t e r p o l a t i o n p r o g r a m i n the compac t ly sup
por t ed case analogous to the code for t he g loba l in te rpolan ts , i.e., first cons t ruc t a 
distance m a t r i x , and t h e n app ly the anonymous func t ion r b f t o o b t a i n the in t e rpo
l a t i on / eva lua t i on m a t r i x (as on lines 13-14 and 15-16 of P r o g r a m 2.1). However , i t 
t u rns ou t t h a t i t is easier t o deal w i t h the compact suppor t i f we compute the "dis
tance m a t r i x " corresponding t o the (1 — s r ) + t e r m since otherwise those entries o f 
the distance m a t r i x t h a t are zero (since the m u t u a l distance between t w o iden t i ca l 
points is zero) w o u l d be "lost" i n the sparse representat ion o f the m a t r i x . 

T h e M A T L A B code DistanceMatrixCSRBF.m ( P r o g r a m 12.1) contains t w o s i m i -
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lar blocks that will be used depending on whether we have more centers than data 
sites or vice versa. For example, if there are more data sites than centers (cf. lines 7— 
16), then we build a kd-txee for the data sites and find — for each center x3- — those 
data sites within the support of the basis function centered at Xj, i.e., we construct 
the (sparse) matrix column by column. In the other case (cf. lines 18-27) we start 
with a tree for the centers and build the matrix row by row. This is accomplished by 
determining — for each data site Xi — all centers whose associated^ basis function 
covers data site Xi. 

The functions kdtree and kdrangequery are provided by the kd-tree library 
mentioned above. The call in line 7 (respectively 18) of Program 12.1 generates the 
kd-txee of all the centers (data sites), and with the call to kdrangequery in line 9 
(respectively 20) we find all centers (data sites) that lie within a distance support 
of the jth center point (data site). The actual distances are returned in the vector 
d i s t and the indices into the list of all data sites are provided in idx. The distances 
for these points only are stored in the matrix DM. For maximum efficiency (in order 
to avoid dynamic memory allocation) it is important to have a good estimate of 
the number of nonzero entries in the matrix for the allocation statement in lines 4 
and 5. The version of the code presented here has the best performance for larger 
problems since sparse is only invoked once. 

Program 12.1. DistanceMatrixCSRBF.m 

% DM = DistanceMatrixCSRBF(dsites,ctrs,ep) 
% Forms the distance matrix of two se t s of points i n R~s 
% for compactly supported r a d i a l b asis functions, i . e . , 
7. DM(i,j) = II d a t a s i t e _ i - center_j I I _2. 
7o The CSRBF used with t h i s code must be given i n s h i f t e d form 
7. rbf2(u) = r b f ( r ) , u=l-e*r. 
% For example, the Wendland C2 
7o rbf = @(e,r) max(l-e*r , 0 ) . ~4.*(4*e*r+l) ; 
7» becomes 
7. rbf 2 = ffl(u) u. "4.*(4*u+5) ; 
7o Input 
% d s i t e s : Nxs matrix representing a set of N data s i t e s 
% i n R"s ( i . e . , each row contains one 
7o s-dimensional point) 
% c t r s : Mxs matrix representing a set of M centers for 
7o RBFs i n R~s (also one center per row) 
7« ep: determines s i z e of support of b a s i s function. 
7o Small ep y i e l d s wide function, 
7o i . e . , supportsize = 1/ep 
7. Output 
7, DM: NxM SPARSE matrix that contains the Euclidean 
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°/0 u-distance (u=l-e*r) between the i - t h data 
% s i t e and the j - t h center i n the i , j p o s i t i o n 
% Uses: k-D tree package by Guy Shechter from 
'/, MATLAB Central F i l e Exchange 
1 function DM = DistanceMatrixCSRBF(dsites,ctrs,ep) 
2 N = s i z e ( d s i t e s , 1 ) ; M = s i z e ( c t r s , 1 ) ; 

7« Build k-D tree for data s i t e s 
% For each center (basis f u n c t i o n ) , f i n d the data s i t e s 
% i n i t s support along with u-distance 

3 support = 1/ep; 
4 nzmax = 25*N; rowidx = zeros(1,nzmax); colidx = zeros(1,nzmax); 
5 validx = zeros(1,nzmax); i s t a r t = 1; iend = 0; 
6 i f M > N °/« f a s t e r i f more centers than data s i t e s 
7 [tmp,tmp,Tree] = k d t r e e ( c t r s , [] ) ; 
8 for i = 1:N 
9 [p t s , d i s t , i d x ] = kdrangequery(Tree,dsites(i,:),support); 
10 newentries = le n g t h ( i d x ) ; 
11 iend = iend + newentries; 
12 rowidx(istart:iend) = repmat(i,1,newentries); 
13 c o l i d x ( i s t a r t : i e n d ) = idx'; 
14 v a l i d x ( i s t a r t : i e n d ) = l - e p * d i s t ' ; 
15 i s t a r t = i s t a r t + newentries; 
16 end 
17 else 
18 [tmp,tmp,Tree] = kdtree ( d s i t e s , [ ] ) ; 
19 for j = 1:M 
20 [pt s . d i s t , i d x ] = kdrangequery(Tree,ctrs(j,:),support); 
21 newentries = le n g t h ( i d x ) ; 
22 iend = iend + newentries; 
23 rowidx(istart:iend) = idx'; 
24 c o l i d x ( i s t a r t : i e n d ) = repmat(j,1.newentries); 
25 v a l i d x ( i s t a r t : i e n d ) = l - e p * d i s t ' ; 
26 i s t a r t = i s t a r t + newentries; 
27 end 

f 
28 end 
29 idx = find(rowidx); 
30 DM = sparse(rowidx(idx),colidx(idx),validx(idx),N,M); 

7. Free the k-D Tree from memory. 
31 kdtree ( [ ] , • , Tree) ; 

T h e reason for cod ing D i s t a n c e M a t r i x C S R B F .m i n t w o different ways is so t h a t 
we w i l l be able t o speed up t h e p r o g r a m w h e n deal ing w i t h non-square (evaluat ion) 
matr ices (for example i n the contex t o f M L S a p p r o x i m a t i o n (c.f. Chapte r 24) . 

-••3*, * 
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One cou ld also implemen t the distance m a t r i x r o u t i n e for sparse matr ices as 
follows: 

1 function DM = DistanceMatrixCSRBF(dsites,ctrs,ep) 
2 N = s i z e ( d s i t e s , l ) ; M = s i z e ( c t r s , 1 ) ; 

% Build k-D tree for data s i t e s 
% For each center (basis function), f i n d the data s i t e s 
% i n i t s support along with u-distance 

3 support = 1/ep; nzmax = 25*N; DM = spalloc(N,M,nzmax); 
4 [tmp, tmp,Tree] = kdtree ( d s i t e s , [ ] ) ; 
5 for j = 1:M 
6 C p t s , d i s t , i d x ] = kdrangequery(Tree,ctrs(j,:),support); 
7 DM(idx.j) = l- e p * d i s t ; 
8 end 

% Free the k-D Tree from memory. 
9 kdtree ( [ ] , [ ] , Tree) ; 

T h i s code is ce r ta in ly easier t o fo l low, b u t no t as efficient as the one l i s ted i n 
P r o g r a m 12.1. N o t e t h a t we l i s ted o n l y one vers ion o f the code here. Clear ly , t he 
a l te rna t ive vers ion can be added analogously t o the previous p r o g r a m . j 

The i n t e r p o l a t i o n p r o g r a m is v i r t u a l l y i den t i ca l t o P r o g r a m 2.1. T h e o n l y 
changes are t o replace lines 13 and 15 b y the cor responding lines 

13 DM_data = DistanceMatrixCSRBF(dsites,ctrs,ep); 
15 DM_eval = DistanceMatrixCSRBF(epoints,ctrs,ep); 

and to define the R B F i n shifted f o r m , i.e., ins tead o f representing, e.g., the C2 

W e n d l a n d func t ion c / ^ i o n l ine 1 by 

1 rbf = @(e,r) max(l-e*r,0).~4.*(4*e*r+l); ep=0.7; 

we now w r i t e 

1 rbf = @(e,r) r."4.*(5*spones(r)-4*r); ep=0.7; 

N o t e the use o f the sparse m a t r i x o f ones spones. H a d we used 5-4*r instead, t h e n 
a full m a t r i x w o u l d have been generated ( w i t h m a n y a d d i t i o n a l — a n d u n w a n t e d 
— ones). 

I n order t o speed up the so lu t ion o f the ( symmet r i c pos i t ive defini te) sparse 
l inear system we cou ld use the p recond i t ioned conjugate gradient a l g o r i t h m (peg 
i n M A T L A B ) instead o f t he basic backslash \ (or m a t r i x left d iv i s ion mldivide) 
opera t ion , i.e., we cou ld replace l ine 17 of P r o g r a m 2.1 by 

17 c = pcg(IM,rhs); Pf = EM * c; 

Note , however, t h a t the \ opera tor also employs state-of- the-art direct sparse solvers 
b y first a p p l y i n g a m i n i m u m degree preorder ing . 
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12-2 N u m e r i c a l E x p e r i m e n t s w i t h C S R B F s 

-yVe now present two sets o f i n t e r p o l a t i o n exper iments w i t h compac t ly suppor t ed 
RBFs. I n Table 12.2 we use the non-stationary approach to i n t e r p o l a t i o n , i.e., 
the support size remains fixed for increasingly denser sets X o f da ta sites. I n th i s 
approach we w i l l be able t o observe convergence. However, the matr ices become 
increasingly denser, and therefore the non-s t a t iona ry approach is very inefficient. 
I n Table 12.1 , on the other hand , we use the stationary approach, i.e., we scale the 
support size o f the basis funct ions p r o p o r t i o n a l l y t o the fill distance hx,o. (defined 
in (2.3)) . N o w the " b a n d w i d t h " o f the i n t e r p o l a t i o n m a t r i x A is constant . T h i s 
theoretically results i n O(N) c o m p u t a t i o n a l complex i ty , i.e., a very efficient in ter
pola t ion m e t h o d . T h e s t a t iona ry i n t e r p o l a t i o n m e t h o d is also numer ica l ly stable, 
but there w i l l be essentially no convergence (see Table 12.1). 

We use Wendland 's compac t ly suppor ted func t ion </?3,i(r) = (1 — r ) + (4 r + 1) 
to interpolate Franke's func t ion (2.2) o n gr ids o f equal ly spaced poin ts i n the u n i t 
square [0, l ] 2 . I n the s t a t iona ry case (Table 12.1) the suppor t o f the basis func t i on 
starts out w i t h an i n i t i a l scale parameter e = 0.7 w h i c h is subsequently m u l t i p l i e d 
by a factor o f t w o whenever the fill distance is halved, i.e., w h e n we repeat the 
experiment on the next finer g r i d . T h i s corresponds t o keeping a constant number 
of roughly 25 da ta sites w i t h i n the suppor t o f any basis func t ion . Therefore, the 
"bandwid th" of the i n t e r p o l a t i o n m a t r i x A is kep t constant (at 25) , so t h a t A is ve ry 
sparse for finer grids. We can observe nice convergence for the first few i te ra t ions , 
but once an RMS-e r ro r o f a p p r o x i m a t e l y 5 x 1 0 ~ 3 is reached, there is no t m u c h 
further improvement . T h i s behavior is no t yet fu l ly unders tood . However, i t is 
similar to w h a t happens i n the approximate approximation m e t h o d of M a z ' y a (see, 
e.g., [Maz 'ya and Schmidt (2001)] and our discussion i n Chapte r 26). T h e ra te 
listed i n the table is the exponent o f the observed RMS-convergence ra te 0(hr&te). 
I t is computed using the fo rmu la 

r a t ' " f a - - / e * > fc = 2 , 3 , . . . , (12.1) 
ln( / i fc_i / f t fc) 

where ek is t he error for exper iment number k, and hk is the fill distance of the 
kth compu ta t i ona l mesh. No te , t h a t for u n i f o r m l y spaced po in t s the r a t i o o f f i l l 
distances of t w o consecutive meshes w i l l always be t w o , w h i l e for r a n d o m poin ts 
(such as H a l t o n points) we es t imate the fill distance v i a (2.4) . T h e % nonzero 
column indicates the sparsi ty of the i n t e r p o l a t i o n matr ices , and the t i m e is measured 
in seconds. E r ro r s are c o m p u t e d o n an eva lua t ion g r i d o f 40 x 40 equal ly spaced 
points i n [0, l ] 2 . 

I n the non-s ta t ionary case (Table 12.2) we use basis funct ions w i t h o u t ad jus t ing 
their suppor t size, i.e., e = 0.7 is kept f ixed for a l l exper iments . We have convergence 
— a l though i t is not obvious w h a t the ra te m i g h t be. However, the matr ices become 
increasingly dense and c o m p u t a t i o n requires lots o f system memory . Therefore, we 
left out the so lu t ion for the N = 16641 and N = 66049 cases i n Table 12.2. T h e t i m e 
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Table 12.1 Stationary interpolation at N equally 
spaced points in [0, l ] 2 (constant 25 points in support) 
with Wendland's function <p(r) = (1 — r ) + ( 4 r + 1). 

N RMS-error rate % nonzero time 

9 1.562729e-001 100 0.23 
25 2.690350e-002 2.5382 57.8 0.31 
81 1.027881e-002 1.3881 23.2 0.33 

289 6.589552e-003 0.6414 7.47 0.41 
1089 3.891263e-003 0.7599 2.13 0.63 
4225 3.726913e-003 0.0623 0.57 1.23 
16641 2.638296e-003 0.4984 0.15 3.75 
66049 2.467867e-003 0.0963 0.04 15.48 

Table 12.2 Non-stationary interpolation 
at N equally spaced points in [0,1] 2 

(e = 0.7 fixed) with Wendland's ! function 
<p(r) = (1 - r ) 4 (4r + 1) 

N RMS-error rate time 

9 1.562729e-001 0.03 
25 2.807706e-002 2.4766 0.04 
81 4.853006e-003 2.5324 0.12 

289 2.006041e-004 4.5965 0.45 
1089 1.288000e-005 3.9611 2.75 
4225 1.382497e-006 3.2198 47.92 

compar ison between the entries i n Table 12.1 and Table 12.2 is no t a s t r a i g h t f o r w a r d 
one since we used the (dense) code P r o g r a m 2.1 t o do the exper iments for Table 12.2 
since there is no sparseness t o be exp lo i t ed a n d the kd-tvees ac tua l ly in t roduce 
a d d i t i o n a l overhead. 

T h e in te rp lay between c o m p u t a t i o n a l efficiency and non-convergence i n the sta
t i o n a r y case and convergence and c o m p u t a t i o n a l inefficiency i n the non-s t a t iona ry 
case is again a trade-off principle s imi l a r t o the i n t e rp l ay between accuracy and 
i l l - c o n d i t i o n i n g for g loba l ly suppor t ed R B F s (c.f. Chap te r 2 ) . These t rade-off p r i n 
ciples were expla ined theore t i ca l ly as w e l l as i l l u s t r a t e d w i t h numer ica l exper iments 
i n [Schaback (1997b)] , and we w i l l consider t h e m i n Chap te r 16. 

For compar i son purposes we repeat the exper iments w i t h the osc i l l a to ry basic 
func t ion 

¥>(r) = o2(r) = (1 - r)% (3 + 18r + 3 r 2 - 1 9 2 r 3 ) , 

w h i c h is also C 4 s m o o t h and s t r i c t l y pos i t ive defini te and r a d i a l o n M s for s < 3 
(see Table 11.5). T h e results are l i s ted i n Table 12.3 for the s t a t i ona ry case and i n 
Table 12.4 for the non-s ta t ionary case. No te t h a t the f u n c t i o n is imp lemen ted as 

r b f = @(e,r) -r."6.*(168*spones(r) - 5 5 2*r+ 5 7 3*r . ~ 2-192*r . " 3 ) ; 
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Table 12.3 Stationary interpolation at N equally spaced 
points in [0, l ] 2 (constant 25 points in support) with the os
cillatory function <p(r) = ( l - r ) + (3 + 18r + 3 r 2 - 192r 3 ) . 

N RMS-error rate % nonzero time 

9 1.655969e-001 100 0.28 
25 3.941226e-002 2.0710 57.8 0.34 
81 2.978973e-002 0.4038 23.2 0.36 

289 2.914215e-002 0.0317 7.47 0.42 
1089 3.063424e-002 -0.0720 2.13 0.64 
4225 3.094308e-002 -0.0145 0.57 1.31 
16641 3.089882e-002 0.0021 0.15 4.13 
66049 3.086639e-002 0.0015 0.04 16.81 

Table 12.4 Non-stationary interpolation 
at N equally spaced points in [0,1] 2 

(e = 0.7 fixed) with the oscillatory function 
<p(r) = ( 3 + 1 8 r + 3 r 2 - 192r 3 ) . 

N RMS-error rate time 

9 1.655969e-001 0.03 
25 3.097850e-002 2.4183 0.06 
81 4.612941e-003 2.7475 0.20 

289 1.305297e-004 5.1432 0.72 
1089 4.780575e-006 4.7711 4.06 
4225 2.687479e-007 4.1529 55.09 

i n the sparse se t t ing and as 

r b f = @ ( e , r ) m a x ( l - e * r , 0 ) . " 6 . * ( 3 + 1 8 * e * r + 3 * ( e * r ) . " 2 - 1 9 2 * ( e * r ) . " 3 ) ; 

for the dense code. 

W h i l e the performance o f the osc i l l a to ry funct ions for the s t a t i ona ry exper i 
ment is even more d i sappo in t ing t h a n t h a t o f Wendland ' s funct ions, the s i t u a t i o n 
is reversed i n the non-s ta t ionary case. I n fact, the errors ob ta ined w i t h the oscil la
t o r y basis functions are a lmost as good as those achieved w i t h " o p t i m a l l y " scaled 
Gaussians (c.f. Table 2.2). 

I n order t o overcome the problems due t o the t rade-off p r inc ip le t h a t are ap
parent i n b o t h the s t a t i ona ry and non-s ta t ionary approach t o i n t e r p o l a t i o n w i t h 
compac t ly suppor ted r a d i a l funct ions we w i l l la ter consider using a m u l t i l e v e l sta
t i o n a r y scheme (see Chap te r 32) . 





Chapter 13 

Reproducing Kernel Hilbert Spaces and 
Native Spaces for Strictly Positive 

Definite Functions 

I n the nex t few chapters we w i l l present some o f the theo re t i ca l w o r k o n e r ror 
bounds for a p p r o x i m a t i o n and i n t e r p o l a t i o n w i t h r a d i a l basis funct ions . Since the 
discussion for s t r i c t l y pos i t ive def ini te funct ions w i l l a l ready be technica l enough, 
we focus o n th i s case, a n d o n l y m e n t i o n a few results for the c o n d i t i o n a l l y pos i t ive 
definite case. T h e fo l lowing discussion fol lows m o s t l y the presenta t ion i n [ W e n d l a n d 
(2005a)] where the in teres ted reader can f i n d m a n y more deta i ls . 

13.1 R e p r o d u c i n g K e r n e l H i l b e r t S p a c e s 

Our first set of e r ror bounds w i l l come ra the r n a t u r a l l y once we associate w i t h each 
( s t r i c t l y pos i t ive defini te) r a d i a l basic func t i on a ce r t a in space o f funct ions cal led i t s 
native space. W e w i l l t h e n be able t o es tabl ish a connec t ion t o r e p r o d u c i n g kerne l 
H i l b e r t spaces, w h i c h i n t u r n w i l l g ive us the desired error bounds as w e l l as ce r t a in 
o p t i m a l i t y results for r a d i a l basis f u n c t i o n i n t e r p o l a t i o n (see Chap te r 18). 

R e p r o d u c i n g kernels are a classical concept i n analysis i n t r o d u c e d by N a c h m a n 
A r o n s z a j n (see [Aronsza jn (1950)] ) . W e beg in w i t h 

D e f i n i t i o n 13 .1 . L e t H be a real H i l b e r t space o f funct ions / : Q(Q R S ) —> R w i t h 
inner p r o d u c t (-, - ) ^ - A func t i on K : Q x ft —• R is cal led reproducing kernel for Ji 
i f 

(1) K(-,x) e H for a l l x £ Q, 
(2) f(x) = (f,K(-,x))n for a l l / e W a n d a l l x £ fl. 

T h e name reproducing kernel is insp i red b y the r ep roduc ing p r o p e r t y (2) i n 
D e f i n i t i o n 13 .1 . I t is k n o w n t h a t t he r e p r o d u c i n g kerne l of a H i l b e r t space is unique , 
and t h a t existence of a r e p r o d u c i n g kernel is equivalent t o the fact t h a t t he p o i n t 
eva lua t ion funct ionals 5X are b o u n d e d l inear funct ionals on Cl, i.e., there exists a 
pos i t ive constant M = Mx such t h a t 

\8xf\ = \f(x)\<--M\\f\\n 
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for a l l / G 7i and a l l x G Cl. T h i s l a t t e r fact is due t o the Riesz representa t ion 
theorem. 

Othe r proper t ies o f r ep roduc ing kernels are g iven b y 

T h e o r e m 1 3 . 1 . Suppose H is a Hilbert space of functions f : Cl —* K. with repro
ducing kernel K. Then we have 

(1) K(x, y) = (K(-,y), K(; x))n forx,yeCl. 
(2) K(x, y) = K(y, x) for x,yeCl. 
(3) Convergence in Hilbert space norm implies pointwise convergence, i.e., if we 

have ||/ — fnWn —> 0 for n —> oo then \f(x) — fn{x)\ —» 0 for all x G Cl. 

Proof. B y P r o p e r t y (1) of D e f i n i t i o n 13.1 K(-,y) G 7i for every y G Cl. T h e n the 
r ep roduc ing p r o p e r t y (2) of t he de f in i t i on gives us 

K(x,y) = (K(;y),K(;x))n 

for a l l x, y G Cl. T h i s establishes (1) . P r o p e r t y (2) fol lows f r o m (1) by the s y m m e t r y 
o f the H i l b e r t space inner p r o d u c t . For (3) we use the r ep roduc ing p r o p e r t y of K 
along w i t h the Cauchy-Schwarz inequa l i ty : 

\f(x) - fn{x)\ = \(f - fn,K(-,x))n\ < ||/ - fn\\n\\K(;x)\\n. D 

N o w i t is in teres t ing for us t h a t t he r ep roduc ing kernel K is k n o w n t o be pos i t ive 
defini te . Here we use a s l ight genera l iza t ion o f t he n o t i o n of a pos i t ive def ini te func
t i o n t o a pos i t ive defini te kernel . Essential ly, we replace &(xj — X k ) i n D e f i n i t i o n 3.2 
by K(xj, X k ) . A t t h i s p o i n t we r e m i n d the reader t h a t t he space o f bounded l inear 
funct ionals on 7i is k n o w n as i ts dual, and denoted by 7i*. 

T h e o r e m 1 3 . 2 . Suppose Ji is a reproducing kernel Hilbert function space with 
reproducing kernel K : Cl x Cl —• E . Then K is positive definite. Moreover, K is 
strictly positive definite if and only if the point evaluation functionals Sx are linearly 
independent in 7i*. 

Proof. Since the kernel is real-valued we can res t r i c t ourselves t o a quadra t i c 
f o r m w i t h real coefficients. For d i s t i n c t po in t s X \ , . . . , x^ and nonzero c G M.N we 
have 

N N N N 

^^CjCkKixj^Xk) = ^Y2cjCk(K{-,Xj),K{-,Xk))n 
j=l k=l j=l k=l 

N n 

= (£cjK(->xj)>^CkK(;Xk))<H 

j=l k=l 
N 

= | | ^ c J - K ( - , x J ) | | 2 , > 0 . 
j = i 

T h u s K is pos i t ive defini te . T o establ ish the second c l a i m we assume K is no t 
s t r i c t l y posi t ive defini te and show t h a t the p o i n t eva lua t ion funct ionals mus t be 
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l inear ly dependent. I f K is no t s t r i c t l y pos i t ive defini te t h e n there exist d i s t i nc t 
points Xi,..., XN and nonzero coefficients c3- such t h a t 

N N 

Y2Y2cjckK{xj,xk) = 0. 
3=1 k=l 

T h e first p a r t o f the p r o o f therefore impl ies 

N 

3 = 1 

N o w we take the H i l b e r t space inner p r o d u c t w i t h an a r b i t r a r y func t ion / 6 H a n d 
use the reproduc ing p r o p e r t y o f K t o o b t a i n 

N 

3 = 1 

N 

= ^2c3(fiK(-,x3))n 
3 = 1 

N 

3 = 1 
N 

3 = 1 

Thi s , however, implies the l inear dependence of the p o i n t eva lua t ion funct ionals 
SXj ( / ) — f(xj)i j — 1, • • •) AT, since the coefficients Cj were assumed to be n o t a l l 
zero. A n analogous a rgument can be used to establish the converse. • 

T h i s theorem provides one d i r ec t i on o f the connect ion between s t r i c t l y pos i t ive 
definite funct ions and r ep roduc ing kernels. However , we are also interested i n the 
other d i rec t ion . Since the R B F s we have b u i l t our i n t e r p o l a t i o n methods f r o m are 
s t r i c t l y pos i t ive definite funct ions, we wan t t o k n o w how to cons t ruc t a r ep roduc ing 
kernel H i l b e r t space associated w i t h those s t r i c t l y posi t ive defini te basic funct ions . 

13.2 N a t i v e S p a c e s for S t r i c t l y P o s i t i v e D e f i n i t e F u n c t i o n s 

I n th is section we w i l l show t h a t every s t r i c t l y pos i t ive defini te r ad i a l basic func t ion 
can indeed be associated w i t h a r ep roduc ing kernel H i l b e r t space — i ts native space. 

Fi r s t , we note t h a t D e f i n i t i o n 13.1 tel ls us t h a t Ti. contains a l l funct ions o f the 
fo rm 

N 

f = ^2c3K(-iX3) 
3 = 1 



106 Meshfree Approximation Methods with M A T L A B 

prov ided Xj £ Cl. A s a consequence of T h e o r e m 13.1 we have t h a t 

N N 

11/11* = (f,f)n = ( Y , ^ K { . , X j ) ^ c k K { . , x k ) ) u 

3 = 1 k=l 
N N 

= SZ2^C3ck{K(-,xj),K(-,xk))n 
3 = 1 k=l 

N N 

= ^2YlCiCkK(X3'Xk)-
3=1 k=l 

Therefore, we define the (possibly in f in i te -d imens iona l ) space 

HK(Cl) = s p a n { K ( - , y) : y £ Cl} (13.1) 

w i t h an associated bi l inear f o r m (•, •)#- g iven b y 

N K N K N K N K 

C^ZC3Ki^xj)^YldkK^'yk^K = Y2^2CjdkK(X3^Vk), 
3 = 1 k=l j=l k=l 

where NK = oo is also al lowed. 

T h e o r e m 1 3 . 3 . If K : Cl x Cl —> E is a symmetric strictly positive definite kernel, 
then the bilinear form {-,-)K defines an inner product on H K ( C I ) . Furthermore, 
HK(CI) is a pre-Hilbert space with reproducing kernel K . 

Proof. (-, -)K is obvious ly b i l inear and symmet r i c . W e j u s t need t o show t h a t 
(/> f ) K > 0 for nonzero / G HK(CI). A n y such / can be w r i t t e n i n the f o r m 

N K 

f = ^2cjK(;Xj), XjeCl. 
3 = 1 

T h e n 
N K N K 

(f, f)K = Y2Y2cjckK(xj,xk) > 0 
3 = 1 k=l 

since K is s t r i c t l y posi t ive defini te . T h e r ep roduc ing p r o p e r t y follows f r o m 

N K 

{f, K(; X ) ) K = CjK(x, X j ) = f(x). 
3 = 1 • 

Since we j u s t showed t h a t HK{CI) is a p r e -H i lbe r t space, i.e., need no t be com
plete, we n o w define the native space JVK(CI) o f K t o be the comple t i on o f HK(CI) 

w i t h respect to the i f - n o r m || • \ \ K so t h a t \\f\\K = H / H A / W ^ ) ^ O R A 1 1 f G HK{Cl). 
T h e technical details concerned w i t h th i s cons t ruc t ion are discussed i n [Wend land 
(2005a)]. 

I n the special case when we are deal ing w i t h s t r i c t l y pos i t ive defini te ( t r a n s l a t i o n 
invar ian t ) funct ions &(x — y) = K(x, y) a n d w h e n Cl = Rs we get a charac te r iza t ion 
of na t ive spaces i n te rms o f Four ier t ransforms. 
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T h e o r e m 13.4 . Suppose $ G C ( R S ) n L i ( R s ) is a real-valued strictly positive def
inite function. Define 

g = {fe L 2 ( R S ) n C ( R S ) : - £ = e - M R 3 ) } 

ana7 egwip £/ns space with the bilinear form 

i , / 9 , i / / M I R do;. 

Then Q is a real Hilbert space with inner product (•, -)g and reproducing kernel 
<&(• — • ) . Hence, Q is the native space of & on R s , i.e., Q = A / $ ( R S ) and both 
inner products coincide. In particular, every f G A / $ ( R S ) can be recovered from its 
Fourier transform f G Z a ( R s ) f l L 2 ( R S ) . 

A n o t h e r charac ter iza t ion o f the na t ive space is given i n t e rms of the eigenfunc-
t ions o f a l inear operator associated w i t h the reproduc ing kernel . T h i s opera tor , 
T $ : L 2 ( P ) —> L2(fl), is g iven b y 

T*(v)(x)= &(x,y)v(y)dy, v G L2(fl), ^ G fi. 
i n 

For the eigenvalues Afc, k = 1, 2 , . . ., a n d eigenfunctions (pk of th i s opera tor Mercer ' s 
theorem [Riesz and Sz.-Nagy (1955)] states 

T h e o r e m 13 .5 ( M e r c e r ) . Let <&(•, •) be a continuous positive definite kernel that 
satisfies 

/ $(x,y)v(x)v(y)dxdy > 0, for all v G L2(fl), x,y E fl. (13.2) 

Then <fr can be represented by 

oo 
$(x,y) = ^Xk(t>k{x)4>k{y), (13.3) 

fc=i 
where Xk are the (non-negative) eigenvalues and 4>k are the (L2-orthonormal) eigen
functions of T<&. Moreover, this representation is absolutely and uniformly conver
gent. 

We can in te rpre t c o n d i t i o n (13.2) as a t y p e o f integral positive definiteness. A s 
usual, the eigenvalues and eigenfunctions satisfy T<s>(f>k = \k<pk or 

/ $(x,y)(pk(y)dy = \k<f)k(x), A; = 1 , 2 , . . . . 
Jn 

I n general, Mercer 's t heo rem allows us t o const ruct a r ep roduc ing kernel H i l b e r t 
space 7i by representing the funct ions i n 7i as in f in i te l inear combina t ions o f the 
eigenfunctions, i.e., 

{ oo 

/ : / = ^ C f c 0 * 
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I t is clear t h a t the kernel <3> i tse l f is i n 7i since i t has the e igenfunct ion expansion 
(13.3) . T h e inner p r o d u c t for 7i is g iven b y 

oo oo oo ^ 

(f,g)n = C ^ C j ^ j ^ Y ^ d k ^ n = ^ — ' 

3=1 k=l k=l k 

where we used the 7 i - o r t h o g o n a l i t y 

(<t>j,4>k)H = 
y/Xj^/Xk 

of the eigenfunctions. 
We note t h a t $ is indeed the r ep roduc ing kernel o f Ti since the e igenfunct ion 

expansion (13.3) o f <E> and the o r t h o g o n a l i t y o f the eigenfunctions i m p l y 
oo oo 

(/,$(•, x))n = (Y2cj<pj,^2Xk(f)k<Pk(x))n 
j = i k=i 

_ CkXk4>k{x) 

oo 
- ^ck<f>kix) = fix). 

k=i 

Fina l ly , one has (c./ . [Wendland (2005a)]) t h a t the na t ive space A/$(f2) is g iven 

by 

A/-*( f i ) = j / £ L2(n) : J - | ( / , 0 f c ) i 2 ( o ) | 2 < o o | 

and the na t ive space inner p r o d u c t can be w r i t t e n as 
oo ^ 

(f,g)rt* = J ^ T - ( / i 0 f c ) L a ( n ) ( ^ , 0 f c > L 2 ( n ) , f,g e jV&iQ,). 
k=i A k 

Since A/$(f2) is a subspace of L2(fl) t h i s corresponds t o the iden t i f i ca t ion Ck = 
(/) 4>k)L3(Q) ° f ^he generalized Four ier coefficients i n the discussion above. 

13.3 E x a m p l e s of N a t i v e S p a c e s for P o p u l a r R a d i a l B a s i c 
F u n c t i o n s 

T h e o r e m 13.4 shows t h a t na t ive spaces o f t r a n s l a t i o n invar ian t funct ions can be 
viewed as a general izat ion of s t anda rd Sobolev spaces. Indeed, for m > s/2 the 
Sobolev space W™ can be defined as (see, e.g., [Adams (1975)]) 

W^{RS) = { / G L2(RS) n C(RS) : / ( - ) ( 1 + || • \\2

2)m/2 G L2(RS)}. (13.4) 

One also frequent ly sees the de f in i t i on 

W 2

m ( f l ) = { / G L 2 ( f i ) n C(Q) : Daf G L2{Q) for a l l \a\ < m, a G N s } , (13.5) 
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w h i c h applies whenever Q, C R S is a bounded d o m a i n . T h i s i n t e r p r e t a t i o n w i l l 
make clear the connect ion between the nat ives spaces o f Sobolev splines and those 
of po lyha rmon ic splines t o be discussed below. T h e n o r m of W ^ R 3 ) is usua l ly 
given by 

I | / I IW7»(R-) = { H j D a / l l i 2 ( R S ) 

| « | < m 
A c c o r d i n g t o (13.4) , any s t r i c t l y pos i t ive defini te func t ion 3> whose Fourier t rans

f o r m decays on ly algebraical ly has a Sobolev space as i t s na t ive space. I n pa r t i cu l a r , 
the M a t e r n funct ions 

K0-t(\\x\\)\\x\\f>-* 8 
= ' ^ 2 ' 

of Section 4.4 w i t h Fourier t r a n s f o r m 

* / 9 («) = ( i + H | 2 ) - / 9 

can immedia t e ly be seen t o have na t ive space JV*P(R8) = Wg(R°) w i t h B > s/2 
( w h i c h is w h y some people refer t o the M a t e r n funct ions as Sobolev splines). 

Wendland 's compac t ly suppor t ed funct ions <&S]fc = <£>s,fc(|| • l b ) o f Chapte r 11 can 
be shown to have na t ive spaces A / $ a k (Rs) = W 2 ^ 2 + k + 1 ^ 2 (Rs) (where the r e s t r i c t i on 
s > 3 is required for the special case k = 0 ) . 

Na t i ve spaces for s t r i c t l y c o n d i t i o n a l l y pos i t ive definite funct ions can also be 
constructed. However, since th i s is more technical , we l i m i t e d the discussion above 
to s t r i c t l y posi t ive definite funct ions , a n d refer the interested reader t o the book 
[Wendland (2005a)] or the papers [Schaback (1999a); Schaback (2000a)]. W i t h the 
extension of the t heo ry t o s t r i c t l y c o n d i t i o n a l l y posi t ive defini te funct ions the na t ive 
spaces o f the r ad ia l powers and t h i n p la te (or surface) splines o f Sections 8.2 and 
8.3 can be shown to be the so-called Beppo-Levi spaces o f order k 

B L F C ( R S ) = { / € C{RS) : Daf G L2(RS) for a l l | a | = k, a e N s } , 

where Da denotes a generalized derivative o f order at (defined i n the same sp i r i t as 
the generalized Fourier t r ans fo rm, see A p p e n d i x B ) . I n fact, the in tersect ion o f a l l 
Beppo-Lev i spaces B L f c ( R S ) o f order k < m y ields the Sobolev space W ^ R 3 ) . I n 
the l i t e ra tu re the B e p p o - L e v i spaces B L f c ( R S ) are sometimes referred t o as homo
geneous Sobolev spaces of order k. A l t e r n a t i v e l y , the B e p p o - L e v i spaces on Rs are 
defined as 

B L F C ( R S ) = { / G C{RS) : / ( - ) | | • | | ? G L2(RS)}, 

and the formulas g iven i n Chap te r 8 for the Four ier t ransforms o f r ad i a l powers a n d 
t h i n pla te splines show i m m e d i a t e l y t h a t t h e i r na t ive spaces are B e p p o - L e v i spaces. 
The semi-norm o n BLfc is g iven b y 

m B L * = { £ t ^ ^ i i ^ / i i i 2 ( R . > } , ( 1 3 . 6 ) 
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and i ts kernel is the p o l y n o m i a l space n | _ x . For more detai ls see [Wend land 
(2005a)]. Beppo-Lev i spaces were a l ready s tud ied i n t h e ear ly papers [Duchon 
(1976); D u c h o n (1977); D u c h o n (1978); D u c h o n (1980)] . 

T h e na t ive spaces for Gaussians and (inverse) m u l t i q u a d r i c s are ra ther smal l . 
For example, according t o T h e o r e m 13.4, for Gaussians the Four ier t r a n s f o r m of 
/ £ J\f<i>(fl) must decay faster t h a n the Four ier t r a n s f o r m o f the Gaussian ( w h i c h is 
i tse l f a Gaussian). I t is k n o w n t h a t , even t h o u g h the na t ive space of Gaussians is 
smal l , i t does con ta in the i m p o r t a n t class o f so-called band-limited functions, i.e., 
functions whose Fourier t r a n s f o r m is c o m p a c t l y suppor t ed . These funct ions p lay 
an i m p o r t a n t role i n sampling theory where Shannon's famous s ampl ing theo rem 
[Shannon (1949)] states t h a t any b a n d - l i m i t e d f u n c t i o n can be comple te ly recovered 
f r o m i ts discrete samples p rov ided the func t i on is sampled at a s ampl ing ra te at 
least twice i ts b a n d w i d t h . T h e content o f th i s t heo rem was al ready k n o w n m u c h 
earlier (see [ W h i t t a k e r (1915)]) . 

T h e o r e m 13.6 ( S h a n n o n S a m p l i n g ) . Suppose f £ C ( J R 5 ) n L i ( I R s ) such that its 
Fourier transform vanishes outside the cube Q = [— | , | ] s . Then f can be uniquely 
reconstructed from its values on Z s

; i.e., 

Here the sine func t ion is defined for any x = (xi,... ,xs) £ M s as sine a; = 
more detai ls on Shannon's s ampl ing theorem see, e.g., Chap

ter 29 i n the book [Cheney and L i g h t (1999)] or the paper [Unser (2000)] . 



Chapter 14 

The Power Function and Native Space 
Error Estimates 

14.1 F i l l D i s t a n c e a n d A p p r o x i m a t i o n O r d e r s 

Our goal i n th is sect ion is t o p rov ide er ror estimates for scat tered da t a i n t e r p o l a t i o n 
w i t h s t r i c t l y ( cond i t iona l ly ) pos i t ive defini te funct ions. A s i n the previous chapter 
we w i l l p rovide mos t o f the detai ls for the s t r i c t l y pos i t ive defini te case, a n d o n l y 
ment ion the extension t o the c o n d i t i o n a l l y pos i t ive definite case i n the end. I n t h e i r 
f inal f o r m we w i l l w a n t our estimates t o depend on some k i n d o f measure o f t h e 
data d i s t r i b u t i o n . T h e measure t h a t is usua l ly used i n a p p r o x i m a t i o n t h e o r y is t he 
so-called fill distance 

h = hx,n = sup m i n \\x — Xj\\2 

already in t roduced i n (2.3) i n Chap te r 2. T h e fill distance indicates how w e l l t he 
data fill ou t the d o m a i n Q, and i t therefore denotes the radius o f the largest e m p t y 
ba l l t h a t can be placed among the da t a locat ions . We w i l l be interested i n whe the r 
the error 

tends t o zero as h —> 0, and i f so, how fast. Here {V^}h presents a sequence 
of i n t e rpo la t ion (or, more generally, p ro j ec t ion ) operators t h a t va ry w i t h the fill 
distance h. For example, cou ld denote i n t e r p o l a t i o n t o d a t a g iven at ( 2 n + l ) s , 
n = 1 ,2 , . . . , equal ly spaced po in t s i n the u n i t cube i n JRS ( w i t h h = 2~n) as we 
used i n some of our earlier examples. O f course, the de f in i t i on o f the fill dis tance 
also covers scat tered da t a such as sets o f H a l t o n poin ts . I n fact, since H a l t o n po in t s 
are quas i -un i formly d i s t r i b u t e d (see A p p e n d i x A ) we can assume h ^ 2 ~ n for a set 
of ( 2 n + l)s H a l t o n poin ts i n JRS. T h i s explains the specific sizes o f the p o i n t sets 
we used i n earlier examples. 

Since we w a n t t o employ the mach ine ry o f r ep roduc ing kernel H i l b e r t spaces 
presented i n the previous chapter we w i l l concentrate on error estimates for funct ions 
/ G A / $ . I n the next chapter we w i l l also m e n t i o n some more general estimates. 

T h e t e r m t h a t is of ten used t o measure the speed o f convergence to zero is approx
imation order. W e say t h a t t he a p p r o x i m a t i o n opera tor has Lp-approximation 

i l l 
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order k i f 

\\f-V$h)\\p = 0(hk) for/i-O. 

Moreover , i f we can also show t h a t | | / - Vf

h)\\p / o(hk), t h e n V w has exact 
Lp-approximation order k. W e w i l l concentrate m o s t l y o n the case p = oo {i.e., 
pointwise estimates), b u t a p p r o x i m a t i o n order i n o ther norms can also be s tudied . 

I n order t o keep the fo l lowing discussion as t ransparen t as possible we w i l l res t r ic t 
ourselves to s t r i c t l y posi t ive definite funct ions . W i t h (considerably) more technical 
detai ls the fo l lowing can also be fo rmula t ed for s t r i c t l y c o n d i t i o n a l l y pos i t ive defini te 
funct ions (see [Wendland (2005a)] for deta i l s ) . 

14.2 L a g r a n g e F o r m of t h e I n t e r p o l a n t a n d C a r d i n a l 
B a s i s F u n c t i o n s 

T h e key idea for the fo l lowing discussion is t o express the in t e rpo lan t i n Lagrange 
form, i.e., using so-called cardinal basis functions. For r ad i a l basis func t ion approx
i m a t i o n th i s idea is due t o [ W u and Schaback (1993)] . I n the previous chapters we 
established t ha t , for any s t r i c t l y posi t ive defini te f u n c t i o n <E>, the l inear system 

Ac = y 

w i t h Aij = ®(xi - Xj), i,j = 1,...,N, c = [ c i , . . . , cN]T, and y = 
[f(xi),...,f(xN)]T has a unique so lu t ion . I n the fo l lowing we w i l l consider the 
more general s i t ua t i on where $ is a s t r i c t l y pos i t ive defini te kernel , i.e., the entries 
of A are given by A^ = &(xi,Xj). T h e uniqueness resul t holds i n th i s case also. 

I n order t o o b t a i n the ca rd ina l basis funct ions u*3, j = 1,... ,N, w i t h the p rop 
er ty u*(xi) = Sij, i.e., 

Uj{Xi) = 

we consider the l inear system 

Au*(x) = b(x), (14.1) 

where the m a t r i x A is as above (and therefore i nve r t i b l e ) , u* = [u\,..., u*N}T, a n d 
6 = [ ^ ( ; X 1 ) , . . . , ^ ( ; X N ) ] T . Thus , 

T h e o r e m 14 .1 . Suppose <fr is a strictly positive definite kernel on IR S . Then, for any 
distinct points x\,..., X N , there exist functions u* e span{<E>(-, Xj),j = 1 , . . . , N} 
such that Uj(xi) = 5ij. 

Therefore, we can w r i t e the in t e rpo lan t Vf t o / a t x\,..., XN m the ca rd ina l 
f o r m 
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I t is o f interest t o note t h a t the ca rd ina l funct ions do no t depend o n the d a t a 
values o f the i n t e r p o l a t i o n p r o b l e m . Once the d a t a sites are fixed and the basic 
func t ion is chosen w i t h an appropr ia t e shape parameter (whose o p t i m a l value w i l l 
depend on the da ta ) , t hen the ca rd ina l funct ions are de te rmined by the l inear sys tem 
(14.1). We have p l o t t e d var ious ca rd ina l funct ions based o n the Gaussian basic 
func t ion w i t h shape parameter e = 5 i n Figures 14.1-14.3. T h e dependence on t h e 
da ta locations is c lear ly apparent w h e n c o m p a r i n g the different d a t a d i s t r i b u t i o n s 
( u n i f o r m l y spaced i n F igure 14 .1 , t ensor -produc t Chebyshev i n F igure 14.2, a n d 
H a l t o n points i n F igure 14.3). T h e d a t a sets can be seen i n F igu re 14.5 below. 

Fig. 14.1 Cardinal functions for Gaussian interpolation (with e = 5) on 81 uniformly spaced 
points in [0, l ] 2 . Centered at an edge point (left) and at an interior point (right). 

Fig. 14.2 Cardinal functions for Gaussian interpolation (with e = 5) on 81 tensor-product Cheby
shev points in [0, l ] 2 . Centered at an edge point (left) and at an interior point (right). 

Basic functions t h a t g r o w w i t h increasing distance f r o m the center p o i n t (such as 
mul t iquadr i c s ) are sometimes c r i t i c i zed for be ing "coun te r - in tu i t ive" for scat tered 
da t a a p p r o x i m a t i o n . However , as F i g u r e 14.4 shows, the ca rd ina l funct ions are j u s t 
as localized as those for the Gaussian basic functions, and thus the func t ion space 
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Fig. 14.3 Cardinal functions for Gaussian interpolation (with e = 5) on 81 Halton points in 
[0, l ] 2 . Centered at an edge point (left) and at an interior point (right). 

spanned by multiquadrics is a "good" local space. 

Fig. 14.4 Cardinal functions for multiquadric interpolation (with e = 5) on 81 Halton points in 
[0, l ] 2 . Centered at an edge point (left) and at an interior point (right). 

The M A T L A B program RBFCardinalFunction.m used to produce the plots in 
Figures 14.1-14.3 is provided in Program 14.1. Note that we use the pseudo-inverse 
(via the MATLABcommand pinv) to stably compute the inverse of the interpolation 
matrix (see line 13 of Program 14.1). A specific cardinal function is then chosen in 
line 15. 

P r o g r a m 14 .1 . RBFCardinalFunction.m 

7o RBFCardinalFunction 
°/« Computes and plots c a r d i n a l function for 2D RBF in t e r p o l a t i o n 
°/0 C a l l s on: DistanceMatrix 
1 rbf = @(e,r) e x p ( - ( e * r ) . " 2 ) ; ep = 5 ; 
2 N = 81; gridtype = 'u'; 
3 neval =80; M = neval~2; 
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°/0 Load data points 
4 name = sp r i n t f ( 'Data2D_%d°/0s' ,N,gridtype) ; load(name) 
5 c t r s = d s i t e s ; 7„ centers coincide with data s i t e s 
6 g r i d = linspace (0 ,1, neval) ; [xe,ye] = mesh.gr i d (grid) ; 
7 epoints = [xe(:) y e ( : ) ] ; 

7o Compute distance matrix between evaluation points and centers 
8 DM_eval = DistanceMatrix(epoints,ctrs); 

% Compute distance matrix between the data s i t e s and centers 
9 DM_data = DistanceMatrix(dsites,ctrs); 

% Compute interpolation matrix 
10 IM = rbf(ep,DM_data); 

% Compute evaluation matrix 
11 EM = rbf(ep,DM_eval); 

% Compute cardinal functions at evaluation points 
12 invIM = pinv(IM); 

% centered at datasite(50) 
13 for j=l:M 
14 cardvec = (invIM*EM(j,:)')'; 
15 cardfun(j) = cardvec(50); 
16 end 
17 figure 
18 RBFplot = surf(xe,ye,reshape(cardfun,neval,neval)); 
19 set(RBFplot,'FaceColor','interp','EdgeColor','none') 
20 colormap autumn; view([145 4 5 ] ) ; camlight; l i g h t i n g gouraud 

14.3 T h e P o w e r F u n c t i o n 

A n o t h e r i m p o r t a n t ingredient needed for our error estimates is the so-called power 
function. To th i s end, we consider a d o m a i n fl C M s . T h e n for any s t r i c t l y pos i t ive 
definite kernel <& G C(fl x fl), any set o f d i s t inc t poin ts X = {x\,..., XN} ^ ^l, and 
any vector u G JR^, we define the quadra t ic f o r m 

N N N 

Q(u) = $(x,x) - 2^>2uj$(x,Xj) + y^jy^jUiUj$(xi,xj). 
j=l i=l j = l 

T h e n 

D e f i n i t i o n 1 4 . 1 . Suppose fiCls and $ G C(fl x fl) is s t r i c t l y posi t ive def ini te 
on JRS. For any d i s t inc t po in t s X = {x±,..., XN} C fl the power function is defined 
by 

where u* is the vector o f ca rd ina l funct ions f r o m T h e o r e m 14.1 . 

http://mesh.gr
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Using the de f in i t i on of the na t ive space n o r m f r o m the previous chapter we can 
r e w r i t e the quadra t i c f o r m Q(u) as 

N N N 

Q{u) = <fr(cc, x) — 2 ̂ 2 Uj$(x, Xj) + Y2 Yl u i u 3 ^ { x i i X j ) 

j = l i=l j = l 

N 

= ($(•, x), $ ( - , W n } - 2 x)> $ ( " ' xi))wsi) 

N N 

+ uiuj{®(-i xi), H-> xj))rt*(n) 
i=i j = i 

N N 

3=1 3=1 

2 
N 

3 = 1 

(14.2) 

T h e name power function was chosen b y Schaback based on i ts connec t ion t o the 
power func t ion o f a s t a t i s t i ca l decision f u n c t i o n ( o r i g i n a l l y i n t r o d u c e d i n [ N e y m a n 
and Pearson (1936)]) . I n the paper [ W u a n d Schaback (1993)] the power func t ion 
was referred t o as kriging function. T h i s t e r m i n o l o g y comes f r o m geostatist ics (see, 
e.g., [Myers (1992)]) . 

Us ing the l inear sys tem n o t a t i o n employed earl ier , i.e., A\j = &(xi,Xj), i , j = 

1 , . . . , N, u = [ i i i , . . . , w y v ] T , and b = [<&(•, xi),..., $ ( • , XJV)]T, we note t h a t we can 
also r ewr i t e the quadra t i c f o r m Q(u) as 

Q(u) = ®(x, x) - 2uTb(x) 4- uTAu. (14.3) 

T h i s suggests t w o a l t e rna t ive representat ions o f the power func t ion . Us ing the 
m a t r i x - v e c t o r n o t a t i o n for Q ( u ) , the power func t i on is g iven as 

P*jX(x) = y/Q(u*(x)) = \J${x,x) - 2(u*(x))Tb(x) + (u*(x))TAu*(x). 

However, by the de f in i t i on o f t he ca rd ina l funct ions Au*(x) = b(x), and therefore 
we have the t w o new var ian ts 

P*,x{x) = \/$(x,x)-(u*(x))Tb(x) 

= \J$(x,x) - (u*(x))TAu*(x). 

These formulas can be used for the n u m e r i c a l eva lua t ion o f t he power func t ion 
a t x. T o th i s end one has t o f i rs t find the value of the ca rd ina l funct ions u*(x) by 
so lv ing the sys tem Au*(x) = b(x). T h i s results i n 

P*,x(x) = y/${x,x) - {b(x))TA-lb(x). (14.4) 
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Since A is a posi t ive definite m a t r i x whenever $ is a s t r i c t l y pos i t ive defini te kernel 
we see t h a t the power func t ion satisfies the bounds 

0 < P * , * ( a O < y / $ ( x , x ) . 

Plots of the power func t ion for the Gaussian w i t h e — 6 o n three different p o i n t 
sets w i t h N = 81 i n the u n i t square are p rov ided i n F igure 14.5. T h e sets o f d a t a 
points are displayed on the left , w h i l e the p lo ts o f the power func t ion are d isplayed 
i n the r i g h t co lumn . Dependence o f the power func t ion o n the da ta locat ions is 
clearly vis ible . I n fact, th is connect ion was used i n a recent paper [De M a r c h i et al. 
(2005)] t o i t e r a t ive ly o b t a i n an o p t i m a l set o f d a t a locat ions t h a t are independent 
of the da ta values. 

A t th i s po in t the power func t ion is m o s t l y a theore t ica l t o o l t h a t helps us be t t e r 
unders tand error estimates since we can decouple the effects due to the da t a func t ion 
/ f r om those due t o the basic func t ion <& and the d a t a locat ions X (see the fo l l owing 
T h e o r e m 14.2). 

T h e power func t ion is defined i n an analogous way for s t r i c t l y c o n d i t i o n a l l y 
posi t ive definite functions. 

14.4 G e n e r i c E r r o r E s t i m a t e s for F u n c t i o n s i n Af<p(fl) 

N o w we can give a first generic error es t imate . 

T h e o r e m 14 .2 . Let C I s , $ e C(f2 x f2) be strictly positive definite on Rs, 
and suppose that the points X = {xi,... ,xjy} are distinct. Denote the interpolant 
to f G A/$(f2) on X by Vf. Then for every x G O 

\f(x)-Vf(x)\<P*,x(x)\\f\Um. 

Proof. Since / is assumed t o l ie i n the na t ive space o f <& the r ep roduc ing p r o p e r t y 
of $ yields 

f(x) = ( / ,$(", 2 0 ) ^ ( 0 ) . 

We express the in t e rpo lan t i n i t s ca rd ina l f o r m and app ly the r ep roduc ing p r o p e r t y 
o f 3>. T h i s gives us 

N 

Vf(x) = J2f(*j)uj(x) 
3 = 1 

N 

3 = 1 

N 
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Fig. 14.5 Data sites and power function for Gaussian interpolant with e = 6 based on N = 81 
uniformly distributed points (top), tensor-product Chebyshev points (middle), and Halton points 
(bottom). 

N o w a l l t h a t remains to be done is t o combine the t w o formulas j u s t der ived and 
app ly the Cauchy-Schwarz inequal i ty . T h u s , 

\f(x)-Vf(x)\ = 
N 

(f,&(-,x)-Y2uj(x)*(-ixj))M-*(n) 
3 = 1 
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< 
N 

i=i 
= H/II .V»(n)-P*,*(aO, 

where we have appl ied (14.2) and the de f in i t ion o f the power func t ion . • 
One of the m a i n benefits o f T h e o r e m 14.2 is t h a t we are now able t o est imate 

the in te rpo la t ion error by consider ing t w o independent phenomena: 

• the smoothness of the da t a (measured i n te rms o f the na t ive space n o r m of / 
— wh ich is independent o f the da t a locat ions, b u t does depend on <&), 

• and the c o n t r i b u t i o n due t o the use o f the specific kernel (i.e., basic func t ion) 
$ and the d i s t r i b u t i o n o f the da t a (measured i n te rms o f the power func t ion — 
independent o f the ac tua l da t a values). 

This is analogous t o the s t anda rd error est imate for p o l y n o m i a l i n t e rpo l a t i on c i t ed 
i n most numer ica l analysis tex ts . Note , however, t h a t , for any given basic func t ion 
$ , a change of the shape parameter e w i l l have an effect on b o t h te rms i n the error 
bound i n Theorem 14.2 since the na t ive space n o r m of / varies w i t h e. 

14.5 E r r o r E s t i m a t e s i n T e r m s o f t h e F i l l D i s t a n c e 

The next step is t o refine th i s error b o u n d by expressing the influence o f the da t a 
locations i n terms o f the fill distance. A n d then , o f course, the b o u n d needs t o be 
specialized to various choices o f basic funct ions <E>. 

The most c o m m o n s t ra tegy for o b t a i n i n g error bounds i n numer ica l analysis is 
to take advantage of the p o l y n o m i a l precis ion o f a m e t h o d (at least l oca l l y ) , and 
then to app ly a Tay lor expansion. W i t h th i s i n m i n d we observe 

T h e o r e m 1 4 . 3 . Let fl C JRS, and suppose 3> € C(fl x fl) is strictly positive definite 
on R s . Let X = {x\,..., X N } be a set of distinct points in fl, and define the 
quadratic form Q(u) as in (14-2). The minimum of Q(u) is given for the vector 
u = u*(x) from Theorem 14-1, i-e., 

Q(u*(x)) < Q(u) for all u e R N . 

Proof. We showed above (see (14.3)) t h a t 

Q{u) = $(x, x) - 2uTb(x) + uTAu. 

The m i n i m u m of th i s quadra t i c f o r m is g iven by the so lu t ion of the l inear system 

Au = b(x). 

This , however, yields the ca rd ina l funct ions u = u*(x). • 
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I n the p r o o f below we w i l l use a special coefficient vector u w h i c h provides the 
p o l y n o m i a l precis ion desired for the p r o o f o f the ref ined er ror es t imate . I t s existence 
is guaranteed by the fo l l owing t h e o r e m on local polynomial reproduction p roved i n 
[Wend land (2005a)]. T h i s t heo rem requires the n o t i o n o f a d o m a i n t h a t satisfies an 
in t e r io r cone c o n d i t i o n . 

D e f i n i t i o n 1 4 . 2 . A region fl C I R S satisfies an interior cone condition i f there exists 
a n angle 6 G (0 ,7r /2) a n d a rad ius r > 0 such t h a t for every x £ fl there exists a 
u n i t vector £(x) such t h a t the cone 

C={x + Xy: y G E a , | | y | | 2 = 1, yT£(x) >cosd, A G [ 0 , r ] } 

is conta ined i n fl. 

A consequence of the i n t e r io r cone c o n d i t i o n is the fact t h a t a d o m a i n t h a t 
satisfies th i s c o n d i t i o n contains bal ls o f a con t ro l l ab le rad ius . I n pa r t i cu l a r , t h i s w i l l 
be i m p o r t a n t w h e n b o u n d i n g the remainder o f the T a y l o r expansions below. For 
more detai ls see [Wend land (2005a)] . 

Existence o f an a p p r o x i m a t i o n scheme w i t h loca l p o l y n o m i a l precis ion is guar
anteed by 

T h e o r e m 1 4 . 4 . Suppose fl C I R S is bounded and satisfies an interior cone condi
tion, and let £ be a non-negative integer. Then there exist positive constants ho, c\, 
and C2 such that for all X = {x±,..., £Ejv} C fl with hx,n < ho and every x G fl 
there exist numbers ui(x),..., ujv(x) with 

N 

(1) ^^Uj(x)p(xj) = p(x) for all polynomials p G I I | , 

i=i 
N 

(2) X > ; ( a : ) | < c i , 
3 = 1 

(3) Uj{x) = 0 if \\x - xj\\2 > c2hXjQ. 

P r o p e r t y (1) yields the p o l y n o m i a l precis ion, a n d p r o p e r t y (3) shows t h a t the 
scheme is loca l . T h e b o u n d i n p r o p e r t y (2) is essential for c o n t r o l l i n g the g r o w t h 
o f error estimates and the q u a n t i t y o n the l e f t -hand side o f (2) is k n o w n as the 
Lebesgue constant a t x. 

I n the fo l lowing t heo rem and i ts p r o o f we w i l l make repeated use o f m u l t i - i n d e x 
n o t a t i o n and m u l t i v a r i a t e T a y l o r expansions. For j3 = ( / 5 i , . . . , Bs) G NQ w i t h 
\(3\ = YH=i Pi w e define the d i f fe ren t ia l opera to r D13 as 

9 l m 

(dxi)h •••(dxs)0*' 

and the n o t a t i o n D^^iw, •) used be low indicates t h a t the opera to r is app l i ed t o 
$ ( i y , •) v iewed as a f unc t i on o f t he second var iab le . 
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T h e m u l t i v a r i a t e Tay lo r expansion o f the func t i on $ ( t o , •) centered at w is g iven 

by 

$(w,z)= J2 3 i \ z - w f + R(w,z) 
\/3\<2k P ' 

w i t h remainder 

R(w,z)= 2 ^ /3! 
\0\=2k P ' 

where £ ^ , 2 lies somewhere o n the l ine segment connect ing w and z. 
T h e generic error es t imate o f T h e o r e m 14.2 can now be fo rmula ted i n t e rms of 

the f i l l distance. 

T h e o r e m 1 4 . 5 . Suppose fl C JRS is bounded and satisfies an interior cone condi
tion. Suppose <& G C2k(fl x fl) is symmetric and strictly positive definite. Denote 
the interpolant to f G A/$(f2) on the set X byVf. Then there exist positive constants 
ho and C (independent of x, f and such that 

\f(x) - Vf(X)\ < ChXtCiy/C^x)\\f\U^a), 

provided hx,n < ho. Here 

C${x) ~ m a x m a x l-Off <E»(it;, z ) | 
\(3\=2k iv,zenr\B(x,C2hx,n) 

with B(x,C2hx,vi) denoting the ball of radius c2hXtn centered at x. 

Proof. B y Theorem 14.2 we k n o w 

\f(x)-Vf(x)\<P*,x(*)\\f\U.M-

Therefore, we now derive the b o u n d 

P*M*) < c h k

x ^ c * { x ) 

for the power func t ion i n t e rms of the f i l l distance. 
We k n o w t h a t the power func t i on is defined b y 

[P^x(x)}2 =Q(u*(x)). 

Moreover , we k n o w f rom T h e o r e m 14.3 t h a t the quadra t ic f o r m Q(u) is m i n i m i z e d 
by u — u*(x). Therefore, any other coefficient vector u w i l l y i e l d an upper b o u n d 
on the power func t ion . We take u = u{x) f r o m T h e o r e m 14.4 so t h a t we are ensured 
t o have p o l y n o m i a l precis ion o f degree i > 2k — 1. 

For th is specific choice o f coefficients we have 

[P^jX{x)\2 < Q(u) = $(x, x) - 2 ̂ 2 Uj$(x: xj) + Y2Y2 uiui®(xii xi)i 
3 i 3 
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where the sums are over those indices j w i t h uj ^ 0. N o w we a p p l y the T a y l o r 
expansion centered at x t o <&(cc, •) a n d centered at Xi t o &(xi, • ) , and evaluate b o t h 
funct ions at Xj. T h i s yields 

Q(u) = ${x,x)-2YJ m ( g i - x f + R(x> x i ) 

+ EEW 

* 3 
E 

\0\<2k 

D%$(xi,Xi) 

\/3\<2k 

,/3 
{xj Xi)^ ~\~ R{x>i, Xj) 

Next , we ident i fy p(z) = [z — x)& so t h a t p(x) — 0 unless /3 = 0. Therefore the 
p o l y n o m i a l precis ion p r o p e r t y o f t he coefficient vec tor u s implifies t h i s expression 
t o 

Q(u) — ®(x, x) — 2®(x, x) — 2 23 UjR{x, Xj) 
3 

+£«* E *°(* ~ *^ + E E ( i 4 . 5 ) 
i | /3|<2fc P ' i j 

N o w we can app ly the Tay lo r expansion again and make the observa t ion t h a t 

E 
\/3\<2k 

D^(xi,Xj) 

0! 
(x - Xi)13 = <E>(xi, x) - R(xi, x). (14.6) 

I f we use (14.6) and rearrange the t e rms i n (14.5) we get 

Q(u) = — Q(x, x) — 23 uj 2R(x, Xj) — 3̂ UiR(x{,Xj) 

+ 23 U i [®(xii x ) - R(xi, x)\ • (14.7) 

One f ina l Tay lo r expansion we need is (us ing the s y m m e t r y o f <E») 

$(xi,x) = &(x,Xi)= 2̂  ^ ^ ~ ^ - ( x i - x ) p + R(x,Xi). 
\/3\<2k 

(14.8) 

I f we insert (14.8) i n t o (14.7) and once more take advantage o f the p o l y n o m i a l 
precision p r o p e r t y of the coefficient vector u we are left w i t h 

Q(u) = _ £ U J R(x, Xj) + R(xj,x) — 23 UiR(xi:Xj) 

N o w T h e o r e m 14.4 allows us t o b o u n d ]£3 • \uj\ < c\. Moreover , \\x — Xj H2 < C2hx, 
and II H2 < 2 c 2 ^ A " , r 2 - Therefore , a l l three remainder t e rms can be bounded 
by an expression of the f o r m C / I ^ Q C $ ( C C ) . Here we made use o f the i n t e r i o r cone 
p r o p e r t y o f Q enabl ing us t o define the t e r m C^(x). C o m b i n i n g these bounds and 
t a k i n g the square roo t yields the s ta ted b o u n d for the power func t ion . • 
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Theorem 14.5 says t h a t i n t e r p o l a t i o n w i t h a C 2 k s m o o t h kernel <E> has approx
i m a t i o n order k. Thus , for i n f in i t e ly s m o o t h s t r i c t l y pos i t ive defini te funct ions 
such as the Gaussians, Laguerre-Gaussians, Poisson r ad i a l funct ions, and the gen
eralized inverse mul t iquadr ic s we see t h a t the a p p r o x i m a t i o n order k is a r b i t r a r i l y 
h igh . For s t r i c t l y posi t ive defini te funct ions w i t h l i m i t e d smoothness such as the 
M a t e r n functions, the W h i t t a k e r r ad i a l funct ions, as we l l as a l l o f the c o m p a c t l y 
suppor ted functions, the a p p r o x i m a t i o n order is l i m i t e d b y the smoothness o f the 
basic func t ion . 

T h e est imate i n T h e o r e m 14.5 is s t i l l generic. I t does n o t fu l l y account for the 
par t icu la r basic func t ion <& be ing used for the i n t e r p o l a t i o n since the factor C$(x) 
s t i l l depends on <E». Moreover , we p o i n t o u t t h a t the t e r m C$(x) m a y inc lude a 
h idden dependence on hx,n- For most basic funct ions i t w i l l be possible t o use 
C<s>(x) t o "squeeze out" a d d i t i o n a l powers o f h. T h i s is the reason for s p l i t t i n g the 
constant i n f ront of the fo-power i n to a generic C and a C$(x). 

T h e statement of T h e o r e m 14.5 can be generalized for s t r i c t l y cond i t i ona l l y pos
i t ive definite functions and also t o cover the error for a p p r o x i m a t i n g the derivat ives 
of / by derivatives of Vf. W e state th i s general theorem w i t h o u t comment (c.f. 
[Wendland (2005a)] for deta i l s ) . 

T h e o r e m 1 4 . 6 . Suppose Q C ] R S is open and bounded and satisfies an interior 
cone condition. Suppose <& £ C2k(Q x Q.) is symmetric and strictly conditionally 
positive definite of order m on W. Denote the interpolant to f £ j\f<&(Q) on the 
(m — 1 )-unisolvent set X by Vf. Fix ex £ NQ with \ot\ < k. Then there exist positive 
constants ho and C (independent of x, f and such that 

\Daf(x) - DaVf(x)\ < C h ^ V C ^ l f U ^ , 

provided hx,n < ho- Here 

C<f,(x) = m a x m a x |£>f D7&(w, z)\. 
| / 3 | + | - y | = 2 f c 

Note t h a t for cond i t i ona l ly posi t ive defini te funct ions we have on ly a na t ive 
space semi-norm instead o f a n o r m . 
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Chapter 15 

Refined and Improved Error Bounds 

15.1 N a t i v e S p a c e E r r o r B o u n d s for S p e c i f i c B a s i s F u n c t i o n s 

For the first p a r t o f th is chapter we discuss the non-s t a t iona ry se t t ing . T h e ad
d i t i o n a l refinement of the error es t imate of T h e o r e m 14.6 for specific funct ions 
is ra ther technical (for detai ls see, e.g., the b o o k [Wend land (2005a)]) . A large 
b o d y of l i t e r a tu re exists on th i s t o p i c such as, e.g., [ B u h m a n n and D y n (1991); 
L i g h t (1996); L i g h t and W a y n e (1995); L i g h t and W a y n e (1998); M a d y c h (1992); 
M a d y c h and Nelson (1992); N a r c o w i c h and W a r d (2004); N a r c o w i c h et al. (2003); 
Na rcowich et al. (2005); Schaback (1995b); Schaback (1996); W e n d l a n d (1998); 
W e n d l a n d (1997); W u and Schaback (1993); Y o o n (2003)]) . W e now l is t some of 
the results t h a t can be ob ta ined . 

15.1 .1 Infinitely Smooth Basis Functions 

As ment ioned before, an a p p l i c a t i o n o f T h e o r e m 14.6 t o i n f i n i t e l y s m o o t h func
t ions such as Gaussians or generalized (inverse) m u l t i q u a d r i c s i m m e d i a t e l y yields 
a r b i t r a r i l y h i g h algebraic convergence rates, i.e., for every £ £ N and | a | < £ we 
have 

\Daf(x) - DaTf(x)\ < C V / - l « l | / | ^ ( n ) . (15.1) 

whenever / £ Af$>(fl). A considerable a m o u n t o f w o r k has gone i n t o inves t iga t ing 

the dependence o f the constant Ci on £ (see, e.g., [Wendland (2001b)] ) . 
Us ing different p r o o f techniques (see, e.g., [ M a d y c h and Nelson (1988)] or [Wend

l and (2005a)] for detai ls) i t is possible t o der ive more precise error bounds for Gaus
sians and (inverse) m u l t i q u a d r i c s . T h e resu l t ing t heo rem f r o m [Wend land (2005a)] 
is 

T h e o r e m 15 .1 . Let fl be a cube in M . S . Suppose that <E> = tp(|| • ||) is a strictly con
ditionally positive definite radial function such that ip = <^(\A) satisfies \ip^(r)\ < 
£ \ M L for all integers £ > £Q and all r > 0, where M is a fixed positive constant. 
Then there exists a constant c such that for any f £ j\f$>(fl) 

\\f--Pf\\Loo(Q) < e * ^ | / U f c ( n ) > (15.2) 

125 
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for all data sites X with sufficiently small fill distance hx,a-
Moreover, if ip satisfies even \ipW(r)\ < Me, then 

Wf-PfU^n) <e e l ^ n ' n l | | / | k . ( n ) (15-3) 

provided hx,o, is sufficiently small. 

E x a m p l e 1 5 . 1 . For Gaussians &(x) = e _ e 2 H x H 2 , e > 0 f ixed, we have ip{r) = e~e*T', 
so t h a t ipW(r) = ( - l ) e e 2 i e - £ 2 r for t > £0 = 0. T h u s , M = e2, and the er ror b o u n d 
(15.3) applies. T h i s k i n d o f exponen t i a l a p p r o x i m a t i o n order is usua l ly referred t o 
as spectral (or even super-spectral) a p p r o x i m a t i o n order . W e emphasize t h a t th i s 
nice p r o p e r t y holds o n l y i n the non - s t a t i ona ry se t t ing a n d for d a t a funct ions / t h a t 
are i n the na t ive space of the Gaussians such as b a n d - l i m i t e d funct ions . 

E x a m p l e 1 5 . 2 . For generalized (inverse) m u l t i q u a d r i c s $(x) = (1 + |Ja5||2)^, (3 < 0, 
or 0 < 3 £ N , we have ip(r) = ( 1 + r ) ^ . I n t h i s case one can show t h a t \ipe(r)\ < £\M6 

whenever^ > \3~\. Here M = 1 + 1/3+11. Therefore , the e r ror es t imate (15.2) applies, 
i.e., i n the non- s t a t iona ry se t t ing generalized (inverse) m u l t i q u a d r i c s have spec t ra l 
a p p r o x i m a t i o n order . 

E x a m p l e 1 5 . 3 . For Laguerre-Gaussians $(cc) = Ln

/2(\\ex\\2)e-£2^2, e > 0 f ixed, 
we have ip(r) = Ln2 (e2r)e~e2r a n d the der iva t ives ip^ w i l l be bounded by ip^e\0) = 
Pn{£)£2i, where pn is a p o l y n o m i a l o f degree n . T h u s , the a p p r o x i m a t i o n power o f 
Laguerre-Gaussians falls between (15.3) and (15.2) and Laguerre-Gaussians have at 
least spect ra l a p p r o x i m a t i o n power . 

1 5 . 1 . 2 Basis Functions with Finite Smoothness 

For funct ions w i t h f in i t e smoothness (such as the M a t e r n funct ions , r a d i a l powers, 
t h i n p la te splines, and Wend land ' s c o m p a c t l y s u p p o r t e d funct ions) i t is possible t o 
b o u n d the constant C$(x) by some a d d i t i o n a l powers o f h, and the reby t o i m p r o v e 
the order p red ic ted by T h e o r e m 14.6. I n p a r t i c u l a r , for Ck funct ions t he factor 
Cq>(x) can be expressed as 

C*(x) = m a x \ \ D ^ \ \ L o o { B ( 0 j 2 c h x n ) ) 

independent o f x (see [Wend land (2005a)]) . Therefore , th i s results i n the fo l l owing 
error est imates (see, e.g., [Wend land (2005a)] , or t he m u c h earlier [ W u and Schaback 
(1993)] where o ther p r o o f techniques were used). 

E x a m p l e 1 5 . 4 . For t he M a t e r n func t ions <I>(CE) = K0~^-^vlt) ' @ > §' w e § e t 

\D~f{x)-DaV,{x)\ < Chx-*-™\f\^m. (15.4) 

p r o v i d e d \a\ < 3 — f 5 ^ ! ) hx,u is suff ic ient ly sma l l , a n d / G J\f<s>(Q). 
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E x a m p l e 15 .5 . For the c o m p a c t l y s u p p o r t e d W e n d l a n d funct ions <frSifc(cc) = 
^s.fcdl 3 5!!) fhis first ref inement leads t o 

\Daf{x) - D«Vf(x)\ < C ^ * - | t t | | | / | | ^ ( n ) . (15.5) 

p r o v i d e d | a | < k, hx,n is suff ic ient ly smal l , a n d / € A/$(S1). 

E x a m p l e 15 .6 . For the r a d i a l powers $(sc) = ( - 1 ) ^ / 2 1 ||a:||0, 0 < 3 £ 2 N , we get 

\Daf(x) - D<*V}{x)\ < C h ^ l f U ^ . (15.6) 

p rov ided \a\ < ^ 2 ~ x , hx,o, is suff ic ient ly smal l , and / G A /$ ( f2 ) . 

E x a m p l e 15 .7 . For t h i n p l a t e splines <&(x) = ( - l ) f e + 1 | | c c | | 2 / i : l og ||cc||, we get 

\Daf{x) - DaVf(x)\ < Chk

x-^\fW,{Cl). (15.7) 

p r o v i d e d \ot\ < k — 1, hx,n is suff ic ient ly sma l l , and / G j\f<s>(fl). 

15 .2 I m p r o v e m e n t s for N a t i v e S p a c e E r r o r B o u n d s 

R a d i a l powers a n d t h i n p la te splines can be i n t e rp re t ed as a genera l iza t ion o f u n i 
var ia te n a t u r a l splines. Therefore , we k n o w t h a t the a p p r o x i m a t i o n order est imates 
ob ta ined v i a the na t ive space approach are n o t o p t i m a l . For example , for in ter 
p o l a t i o n w i t h un iva r i a t e piecewise l inear splines ( i .e . , $(cc) = ||cc|| i n x G R ) we 
k n o w the a p p r o x i m a t i o n order t o be O(h), whereas the es t imate (15.6) yields o n l y 
a p p r o x i m a t i o n order 0{h}/2). S imi l a r ly , for t h i n p la te splines &(x) = ||cc||2 l og | |ic| | 
one w o u l d expect order 0(h2) i n the case of pure func t i on a p p r o x i m a t i o n . However , 
the est imate (15.7) yields o n l y 0(h). These t w o examples suggest t h a t i t shou ld be 
possible t o "double" the a p p r o x i m a t i o n orders ob t a ined thus far. 

One can improve the est imates for funct ions w i t h finite smoothness ( i .e . , M a t e r n 
funct ions, W e n d l a n d funct ions , r a d i a l powers, and t h i n p la te splines) by ei ther (or 
b o t h ) o f the fo l lowing t w o ideas: 

• by r equ i r i ng the d a t a f u n c t i o n / t o be even smoother t h a n w h a t the na t ive 
space prescribes, i.e., b y b u i l d i n g ce r t a in b o u n d a r y condi t ions i n t o the na t ive 
space; 

• by using weaker no rms t o measure the error . 

T h e idea t o localize the d a t a b y add ing b o u n d a r y condi t ions was i n t r o d u c e d i n 
the paper [L igh t and W a y n e (1998)] . T h i s " t r i c k " al lows us t o "square" the approx
i m a t i o n order, a n d thus reach the expected a p p r o x i m a t i o n orders. T h e second idea 
can already be found i n the ear ly paper [Duchon (1978)] . 

A f t e r a p p l y i n g b o t h o f these techniques the f ina l a p p r o x i m a t i o n order es t imate 
for i n t e r p o l a t i o n w i t h the c o m p a c t l y suppor t ed funct ions <&S)fc is (see [Wend land 
(1997)]) 

11/ - P / I U a ( n ) < Ch2k+1+s\\f\\w,k+r+s{R3)1 (15.8) 
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where / is assumed t o lie i n the subspace W 2

2 f c + 1 + S ( R S ) o f Af<j,(R s) = W^"^ . For 

example, for the popu la r basic f u n c t i o n ^3,1 ( r ) = 0- ~~ r)+(4r + 1) we have 

\ \ f ~ V f \ \ L ^ <Ch6\\f\\weiRs). 

Note t h a t the numer ica l exper iments i n Table 12.2 p roduced RMS-convergence rates 
on ly as h i g h as 4.5. 

For r a d i a l powers and t h i n p la te splines one ob ta ins L2 - e r r o r estimates of or
der 0(hf3+s) and 0 ( h 2 k + s ) , respectively. These est imates are o p t i m a l , i.e., exact 
a p p r o x i m a t i o n orders, as shown i n [Bejancu (1999)] . 

M o r e w o r k on i m p r o v e d error bounds can be f o u n d i n , e.g., [Johnson (2004a)] 
or [Schaback (1999b)] . 

15.3 E r r o r B o u n d s for F u n c t i o n s O u t s i d e t h e N a t i v e S p a c e 

T h e error bounds ment ioned so far were a l l v a l i d under the assumpt ion t h a t t he 
func t ion / p r o v i d i n g the da ta came f r o m (a subspace of) the na t ive space o f t he 
R B F employed i n the i n t e r p o l a t i o n . W e n o w m e n t i o n a few recent results t h a t 
p rovide error bounds for i n t e r p o l a t i o n o f funct ions / not i n the na t ive space o f 
the basic func t ion . I n pa r t i cu l a r , the case w h e n / lies i n some Sobolev space is o f 
great interest . A ra ther general t h e o r e m was recent ly g iven i n [Narcowich et al. 
(2005)]. I n th i s t heo rem Narcowich , W a r d and W e n d l a n d p rov ide Sobolev bounds 
for funct ions w i t h m a n y zeros. However , since the i n t e r p o l a t i o n error f u n c t i o n is 
j u s t such a func t ion , these bounds have a d i rec t a p p l i c a t i o n t o our s i t u a t i o n . W e 
p o i n t ou t t h a t th i s t heo rem again applies t o the non- s t a t i ona ry se t t ing . 

T h e o r e m 15 .2 . Let k be a positive integer, 0 < a < l , l < p < 00, 1 < q < 0 0 
and let a be a multi-index satisfying k > \ct\ + s/p or, for p = 1, k > \a\ -f- s. 
Let X C fl be a discrete set with fill distance h — hx,n where fl is a compact set 
with Lipschitz boundary which satisfies an interior cone condition. If u e Wk+a(fl) 
satisfies u\x = 0, then 

1 , < rhk+a~\a\-s(1/P-1/l)+17/| t , 

where c is a constant independent of u and h, and {x)+ is the cutoff function. 

Suppose we have an i n t e r p o l a t i o n process V : W k + a ' (fl) —> V t h a t maps Sobolev 
funct ions t o a f in i te -d imens ional subspace V o f W k + a (fl) w i t h the a d d i t i o n a l p r o p 
e r ty \pf\wk+a^ < | / l v K f e + C T ( f i ) ' t h e n T h e o r e m 15.2 i m m e d i a t e l y yields the error 
es t imate 

T h e a d d i t i o n a l p r o p e r t y [Pf\wk+a^ < | / l w f c + C T ( n ) * s c e r t a in ly satisfied p r o v i d e d 
the na t ive space o f the basic f u n c t i o n is a Sobolev space. T h u s , T h e o r e m 15.2 
provides an a l te rna t ive t o the power f u n c t i o n approach discussed i n the previous 
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chapter i f we base V on l inear combina t ions o f shifts o f the basic func t i on <E>. T h i s 
new approach has the advantage t h a t the t e r m C<j>(x) w h i c h m a y depend o n b o t h 
<& and X no longer needs t o be dealt w i t h . 

I n pa r t i cu la r , the authors o f [Narcowich et al. (2005)] show t h a t i f the Four ier 
t r ans fo rm of <E> satisfies 

c i ( l + ||u>||l)-T < $ ( w ) < c 2 ( l + | |a; | | l)- T , - oo, u e Rs, (15.9) 

then the above error es t imate holds w i t h r = k + a and p = 2 p rov ided the f i l l 
distance is sufficiently smal l . Examples o f basic funct ions w i t h an app rop r i a t e ly 
decaying Fourier t r ans fo rm are p rov ided b y the families o f W e n d l a n d or M a t e r n 
functions. I n add i t ion , Narcowich , W a r d and W e n d l a n d show t h a t analogous error 
bounds ho ld for r ad ia l powers and t h i n p la te splines (whose na t ive spaces are Beppo-
L e v i spaces). 

For functions / outside t he na t ive space o f a basic f u n c t i o n <E> whose Four ier 
t r ans fo rm satisfies (15.9) Na rcowich , W a r d and W e n d l a n d prove 

T h e o r e m 1 5 . 3 . Let k and n be integers with 0 < n < k < r and k > s/2, and let 
f 6 Ck(fl). Also suppose that X — { x i , . . . ,x^} C fl satisfies d i a m ( A ' ) < 1 with 
sufficiently small fill distance. Then for any 1 < q < oo we have 

where px = is the mesh ratio for X and qx is the separation distance 

\xmm^j \\xi - Xj\\2. 

We r e m i n d the reader t h a t the f i l l distance corresponds t o the radius o f the 
largest possible emp ty ba l l t h a t can be placed between the po in t s i n X. T h e sep
a ra t ion distance (c.f. Chap te r 16), on the o ther hand , can be in te rp re ted as the 
radius o f the largest ba l l t h a t can be placed a round every p o i n t i n X such t h a t no 
t w o balls overlap. Thus , the mesh r a t i o is a measure of the n o n - u n i f o r m i t y o f the 
d i s t r i b u t i o n o f the poin ts i n X. 

Similar results were ob ta ined earlier i n [Brownlee and L i g h t (2004)] (for r ad i a l 
powers and t h i n plate splines o n l y ) , and i n [Yoon (2003)] (for shifted surface splines, 
see below) . 

E x a m p l e 1 5 . 8 . I f we consider p o l y h a r m o n i c splines, t h e n the decay c o n d i t i o n 
(15.9) for the Fourier t r a n s f o r m is satisfied w i t h r = 23 for t h i n plate splines and 
w i t h T — 3 for r ad ia l powers. I f we take k — r , n = 0, and q = oo i n T h e o r e m 15.3 
t hen we ar r ive at the b o u n d 

for r ad ia l powers $ ( x ) = | | x | | ^ . These bounds immed ia t e ly correspond t o the "op
t i m a l " na t ive space bounds ob t a ined earlier on ly after the improvements discussed 

1/ - Pflw^in) < cPx C f c ( f i ) ' 

\ f - r f \ L o o < c h ^ - s / 2 \ \ f \ \ c 0 { m 
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i n the previous subsection. For da ta funct ions / w i t h less smoothness the approx i 
m a t i o n order is reduced accordingly. 

Lower bounds o n the a p p r o x i m a t i o n order for a p p r o x i m a t i o n by p o l y h a r m o n i c 
splines were recent ly p rov ided i n [ M a i o r o v (2005)]. M a i o r o v studies for any 1 < 
p, q < oo and 3/s > (1/p— l/q)+ the error E o f / / ^ - a p p r o x i m a t i o n o f funct ions 
by po lyha rmon ic splines. M o r e precisely, 

where 71^(^/3,0) denotes the l inear space fo rmed b y a l l possible l inear combina t ions 
of N p o l y h a r m o n i c (or t h in -p l a t e t ype ) splines 

and m u l t i v a r i a t e po lynomia l s of degree at mos t 3 — 1. N o t e t h a t these bounds are 
i n terms of the number N o f da ta sites instead o f the usual fill distance h. 

For the special cases p — q = oo and p = 2, 1 < g < 2 the above lower b o u n d is 
shown to be a sympto t i ca l ly exact. 

15.4 E r r o r B o u n d s for S t a t i o n a r y A p p r o x i m a t i o n 

T h e s t a t iona ry se t t ing is a n a t u r a l approach for use w i t h loca l basis funct ions. T h e 
m a i n m o t i v a t i o n comes f r o m the c o m p u t a t i o n a l p o i n t of v i ew. We are interested i n 
m a i n t a i n i n g sparse i n t e r p o l a t i o n matr ices as the densi ty o f the da ta increases. T h i s 
can be achieved by scaling the basis funct ions p r o p o r t i o n a l t o the d a t a density. 
I n p r inc ip le we can take any o f our basic funct ions a n d app ly a scal ing o f the 
variable, i.e., we replace x by ex, e > 0. A s ment ioned several t imes earl ier , th i s 
scaling results i n "peaked" or "nar row" basis funct ions for large values o f e, and 
"f la t" basis functions for e —* 0. We w i l l n o w discuss w h a t happens i f we choose e 
inversely p r o p o r t i o n a l t o the fill distance, i.e., 

for some fixed base scale eo and s tudy the a p p r o x i m a t i o n error based o n the R B F 
in te rpo lan t 

E(W^{0, l]a),nN{pp,3),Lq{^,lY))>cN-^s, 

N 

Vf(x) = £ c ^ e h ( | | X - Xj\\), 

3 = 1 

where 

Veh = <p(£h-)-

E x a m p l e 15 .9 . A ra ther d i s appo in t ing fact is t h a t Gaussians do not provide any 
positive approximation order, i.e., the a p p r o x i m a t i o n process is saturated. T h i s was 
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studied by [ B u h m a n n (1989a)] on in f in i t e la t t ices . However, for quas i - in te rpo la t ion 
the approximate approximation approach o f M a z ' y a shows t h a t i t is possible t o 
choose eo i n such a way t h a t the level at w h i c h the s a tu r a t i on occurs can be con
t ro l l ed (see, e.g., [Maz 'ya a n d Schmid t (1996)]) . Therefore, Gaussians m a y ve ry 
wel l be used for s ta t ionary i n t e r p o l a t i o n p rov ided an appropr ia te i n i t i a l shape pa
rameter is chosen. We w i l l i l l u s t r a t e th i s behavior i n the next chapter . T h e same 
k i n d o f a rgument also applies t o the Laguerre-Gaussians o f Sect ion 4.2. 

E x a m p l e 1 5 . 1 0 . Basis funct ions w i t h compact suppor t such as the W e n d l a n d 
functions also do not p rov ide any posi t ive a p p r o x i m a t i o n order i n the s t a t i on 
ary case. T h i s can be seen by l o o k i n g at t he power func t ion for the scaled ba
sic funct ion & £ h = 3>( £h-) w h i c h is o f the f o r m P$Sh,x(x) = P<$,xe {EHX) where 
X£h = {eh,x\,... ,ehXN} denotes the scaled d a t a set. Moreover , the fill distances o f 
the sets X£h and X satisfy hxe ,JI = £hhx SL- Therefore, the power func t ion ( w h i c h 
can be bounded i n terms o f the fill distance, c.f. the p r o o f o f T h e o r e m 14.5) satisfies 

P<b,h,x{<x) < C (ehhxs^J 

for some a > 0. Th i s , however, does no t go t o zero i f eh is chosen as i n (15.10). 
I f , on the other hand, we w o r k i n the app rox ima te a p p r o x i m a t i o n regime, t hen 

we can o b t a i n good convergence i n many cases (see the nex t chapter for some 
numerical exper iments) . 

E x a m p l e 1 5 . 1 1 . S ta t iona ry i n t e r p o l a t i o n w i t h (inverse) mu l t i quad r i c s , r a d i a l pow
ers and t h i n p la te splines presents no diff icul t ies . I n fact, [Schaback (1995c)] shows 
t ha t the na t ive space error b o u n d for t h i n p la te splines and r a d i a l powers is i nva r i an t 
under a s t a t ionary scaling. Therefore, the non-s ta t ionary b o u n d of T h e o r e m 15.3 
applies i n the s t a t ionary case also. T h e advantage o f scaling t h i n p la te splines or 
rad ia l powers comes f rom the added s t a b i l i t y one can ga in b y p reven t ing the sepa
ra t i on distance f r o m becoming too smal l (see Chapte r 16 and the w o r k o f Iske on 
local po lyha rmon ic spline a p p r o x i m a t i o n , e.g., [Iske (2004)]) . 

Y o o n provides error estimates for s t a t iona ry a p p r o x i m a t i o n of r o u g h funct ions 
(i.e., functions t h a t are no t i n the na t ive space of the basic func t ion) by so-called 
shifted surface splines. Shif ted surface splines are o f the f o r m 

*M = J ( - I ) r / 3 " S / 2 1 (1 + I N I 2 ) " - 7 2 , * odd, 
1 } \ ( - l y - ^ + ^ l + \\x\2f~sl2 l o g ( l + | | a : | | 2 ) 1 / 2 > s even, 

where s/2 < 6 G N . These funct ions include a l l o f the (inverse) mu l t i quad r i c s , 
r ad ia l powers and t h i n p la te splines. 

Y o o n has the fo l lowing t heo rem (see [Yoon (2003)] for the L p case, and [Yoon 
(2001)] for Loo bounds o n l y ) . 

T h e o r e m 1 5 . 4 . Let $ be a shifted surface spline with shape parameter e inversely 
proportional to the fill distance hx,ci- Then there exists a positive constant C (in
dependent of X) such that for every f in the Sobolev space W - f ( f ) ) D W ^ , ( f i ) we 
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have 

11/ - V f \ \ L p i a ) < C h ^ \ f \ w , { R 3 ) , 1 < p < oo, 

with 

7 p = mm{3,3-s/2 + s/p}. 

Furthermore, if f G W?(fl) D w i t / i m a x { 0 , s /2 - s/p} < a < 3, then 

I I / - ^ / I I M « ) = ^ 7 P _ / 3 + Q ) -

Yoon's estimates address the quest ion o f how we l l t he i n f i n i t e l y s m o o t h (inverse) 
mu l t iquad r i c s approx imate funct ions t h a t are less s m o o t h t h a n those i n t he i r na t ive 
space. For example, T h e o r e m 15.4 states t h a t / ^ - a p p r o x i m a t i o n t o funct ions i n 
W | ( f 2 ) , Q C E s , by mu l t i quad r i c s $e(x) = y/l + ||ea;|| 2 is of the order 0{h2). 
However, we emphasize once more t h a t th i s refers t o s t a t i ona ry a p p r o x i m a t i o n o f 
rough funct ions, i.e., £ is scaled inversely p r o p o r t i o n a l t o the f i l l distance and / 
need no t l ie i n the na t ive space of <E>, whereas the spect ra l order given i n (15.2) 
corresponds to a p p r o x i m a t i o n o f funct ions i n the na t ive space i n the non-s ta t ionary 
case w i t h fixed e. 

For t h i n plate splines and r ad i a l powers the a p p r o x i m a t i o n orders i n Theo
r e m 15.4 are equivalent t o those o f T h e o r e m 15.3 a n d the results o f Brownlee and 
L i g h t men t ioned above. T h i s is t o be expected due t o the invariance o f these basic 
functions w i t h respect t o scaling. 

T h e second pa r t o f Yoon 's result is a step t o w a r d exact approximation orders as 
is the w o r k of [Ma io rov (2005)] and [Bejancu (1999)] men t ioned above. 

15.5 C o n v e r g e n c e w i t h R e s p e c t to t h e S h a p e P a r a m e t e r 

None of the error bounds discussed thus far have t aken i n t o account the pos
s i b i l i t y of v a r y i n g the shape parameter e for a fixed da t a set X. However , i n 
the l i t e r a tu re the i n f i n i t e ly s m o o t h basic funct ions such as the Gaussians and 
(inverse) mu l t i quad r i c s are usual ly f o rmu la t ed i n c l u d i n g the shape parameter e 
(or another parameter equivalent t o i t ) and one may wonder how a change 
i n th i s shape parameter affects the convergence proper t ies of the R B F inter
po lan t . I n fact, qu i te a b i t o f w o r k has been spent o n the quest for the 
" o p t i m a l " shape parameter (see, e.g., [Car lson and Foley (1991); Foley (1994); 
Hagan and Kansa (1994); K a n s a and Car l son (1992); R i p p a (1999); Ta rwa te r (1985); 
W e r t z et al. (2006)]) . 

Convergence o f the in f in i t e ly s m o o t h Gaussians and (inverse) mu l t i quad r i c s w i t h 
respect t o the shape parameter was s tud ied ear ly o n i n [ M a d y c h (1991)]. M a d y c h 
showed t h a t for these basic funct ions there exists a pos i t ive constant A < 1 such 
t h a t 

\f(x) - V/(x)\ < C\l^ehx>^ (15.11) 
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provided / is i n the na t ive space o f <E>. T h i s es t imate shows t h a t t a k i n g ei ther the 

shape parameter e or the f i l l dis tance hx,a t o zero results i n exponen t ia l conver

gence. 

15.6 P o l y n o m i a l I n t e r p o l a t i o n as t h e L i m i t o f R B F I n t e r p o l a t i o n 

Recently, a number of au thors (see, e.g., [Dr i sco l l a n d Fornberg (2002); Fornberg a n d 
Flyer (2005); Fornberg and W r i g h t (2004); Larsson and Fornberg (2005); Schaback 
(2005); Schaback (2006b)]) have s tud ied the l i m i t i n g case as e —* 0 o f scaled r a d i a l 
basis func t ion i n t e r p o l a t i o n w i t h i n f i n i t e l y s m o o t h basic funct ions such as Gaussians 
and generalized (inverse) m u l t i q u a d r i c s . I t t u r n s ou t t h a t there is an in te res t ing 
connect ion t o p o l y n o m i a l i n t e r p o l a t i o n . 

I n [Dr i sco l l and Fornberg (2002)] un iva r i a t e (s — 1) i n t e r p o l a t i o n w i t h e-scaled 
in f in i t e ly s m o o t h r ad i a l basic funct ions is s tud ied . D r i s c o l l and Fornberg show t h a t 
the R B F in te rpo lan t 

N 

Vf(x) = Y,CM\\£(X-X3)\\)> x e W,b]cM, 

t o func t ion values at N d i s t i n c t d a t a sites tends to the Lagrange i n t e r p o l a t i n g 
p o l y n o m i a l o f / as e —• 0. 

T h e m u l t i v a r i a t e case is more compl ica ted . However , the l i m i t i n g R B F inter
po lan t (p rov ided i t exists) is g iven by a low-degree m u l t i v a r i a t e p o l y n o m i a l (see 
[Larsson and Fornberg (2005); Schaback (2005); Schaback (2006b)]) . For example , 
i f the da ta sites are located such t h a t t hey guarantee a unique p o l y n o m i a l in ter
polant , t h e n the l i m i t i n g R B F in t e rpo lan t is g iven by th i s p o l y n o m i a l . I f p o l y n o 
m i a l i n t e rpo l a t i on is n o t unique , t h e n the R B F l i m i t depends on the choice o f basic 
func t ion . However, these s ta tements require the R B F s t o satisfy an (unproven) 
cond i t i on on cer ta in coefficient matr ices APtj. I n [Larsson and Fornberg (2005)] 
the authors also p rov ide an e x p l a n a t i o n for the error behavior for smal l values o f 
the shape parameter , and for the existence of an o p t i m a l (pos i t ive) value o f e g iv 
ing rise t o a g lobal m i n i m u m of the er ror func t ion . For the special case o f scaled 
Gaussians Schaback [Schaback (2005)] shows t h a t the R B F in t e rpo lan t converges 
to the d e B o o r and R o n least p o l y n o m i a l i n t e rpo lan t (see [ d e B o o r and R o n (1990); 
d e B o o r and R o n (1992a)] and also [ d e B o o r (2006)]) as e - > 0. 

I n [Fornberg and W r i g h t (2004)] t h e au thors describe a so-called Contour-Pade 
a l g o r i t h m t h a t makes i t possible (for d a t a sets o f r e l a t ive ly modest size) t o compu te 
the R B F in te rpo lan t for a l l values o f t he shape parameter e i n c l u d i n g the l i m i t i n g 
case e —-> 0. We present some numer i ca l resul t ob ta ined w i t h G r a d y W r i g h t ' s 
M A T L A B t o o l b o x i n Chap te r 17. 

We w i l l la ter exp lo i t the connec t ion between R B F and p o l y n o m i a l in t e rpo lan t s 
to design numer ica l solvers for p a r t i a l d i f ferent ia l equat ions. 





Chapter 16 

Stability and Trade-Off Principles 

16.1 S t a b i l i t y a n d C o n d i t i o n i n g of R a d i a l B a s i s F u n c t i o n 
I n t e r p o l a n t s 

A s tandard c r i t e r i on for measur ing the numer i ca l s t ab i l i t y o f an a p p r o x i m a t i o n 
m e t h o d is i ts cond i t i on number . I n pa r t i cu la r , for r ad i a l basis func t ion i n t e r p o l a t i o n 
we need t o look at the c o n d i t i o n number o f the i n t e r p o l a t i o n m a t r i x A w i t h entries 
Aij = $(xi — Xj). For any m a t r i x A i ts £2-condition number is g iven b y 

c o n d ( A ) = | | A | | 2 | | A - 1 | | 2 = ^ , 
^min 

where c r m a x and cr m in are the largest and smallest s ingular values o f A. I f we 
concentrate on posi t ive defini te matr ices A, t h e n the c o n d i t i o n number o f A can 
also take be computed as the r a t i o 

Amax 

Amin 

of the largest and smallest eigenvalues. 
W h a t do we k n o w about these eigenvalues? F i r s t , Gershgorin 's t heo rem (see, 

e . g . , [Meyer (2000)]) says t h a t 

JV 

| Amax An | 5: ^ ^ | Aij | 
J = I 

for some i £ { 1 , . . . , N}. Therefore, 

Amax < N m a x \Aij \ = N m a x \$(xi - X j ) \ , 
x,j=l,...,N Xi,Xj£X 

which , since $ is s t r i c t l y pos i t ive definite, becomes 

A m a x < JV$(0) 

by the propert ies o f posi t ive defini te funct ions ( P r o p e r t y (4) i n T h e o r e m 3.1). N o w , 
as long as the da ta are no t t oo w i l d l y d i s t r i bu t ed , N w i l l g row as h x

s

Q w h i c h 
is acceptable. Therefore, the m a i n w o r k i n establ ishing a b o u n d for the c o n d i t i o n 
number o f A lies i n finding lower bounds for A m i n (or correspondingly upper bounds 

135 
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for the n o r m of the inverse | | A _ 1 | | 2 ) . T h i s is the subject o f several papers b y B a l l , 
Narcowich , S ivakumar and W a r d [ B a l l et al. (1992); N a r c o w i c h et al. (1994); 
Narcowich and W a r d (1991a); N a r c o w i c h and W a r d (1991b); N a r c o w i c h and W a r d 
(1992)] who make use o f a result f r o m [ B a l l (1992)] o n eigenvalues o f distance 
matr ices. Ba l l ' s result follows f r o m the Rayleigh quotient (or the Courant-Fischer 
T h e o r e m 9.5), w h i c h gives the smallest eigenvalue o f a symmet r i c pos i t ive defini te 
m a t r i x as 

c T Ac 
Amin = m m — — . 

c € K w \ 0 C1 C 

T h i s can be used t o prove the fo l lowing b o u n d for the n o r m of the inverse o f A 
w h i c h covers also the case of c o n d i t i o n a l pos i t ive (negat ive) definiteness o f order 
one. 

L e m m a 1 6 . 1 . Let X\,..., x^ be distinct points in R s and let <3> : R s —> R be either 
strictly positive definite, or strictly conditionally negative definite of order one with 
<&(0) < 0. Also, let A be the interpolation matrix with entries A^ = $>(xi — Xj). If 
the inequality 

N N 

£ £ CiCj -Ay > 9\\c\\2

2 

i=l j=l 

is satisfied whenever the components of c satisfy X ^ j L i cj = ®> then 

\\A-l\\2<6-\ 

Note t h a t for posi t ive defini te matr ices the Ray le igh quo t ien t impl ies 6 = A m i n 
w h i c h shows w h y lower bounds o n the smallest eigenvalue correspond t o upper 
bounds on the n o r m of the inverse o f A. I n order t o o b t a i n the b o u n d for con
d i t i o n a l l y negative definite matr ices the Courant -Fischer t heo rem 9.5 needs t o be 
employed. 

T h e b o u n d i n L e m m a 16.1 is t oo generic t o give us any i n f o r m a t i o n for specific 
basic functions <3>. T h i s extension was accomplished i n some of the o ther papers 
ment ioned above. Na rcowich and W a r d establish bounds on the n o r m of the inverse 
of A i n terms of the separation distance o f the da t a sites 

qx = \ m i n |jac< - Xj\\2. 

We can p ic tu re qx as the radius o f the largest b a l l t h a t can be placed a round every 
po in t i n X such t h a t no t w o balls overlap (see F igu re 16.1). T h e separa t ion distance 
is sometimes also referred t o as the packing radius. I n our M A T L A B code we can 
compute the separat ion distance v i a 

qX = min (min(DM_data+eye ( s i ze(DM_data ) ) ) ) / 2 
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Fig. 16.1 The separation distance for N = 25 Halton points (qx ~ 0.0597). 

where DM_data is the m a t r i x o f pairwise distances among the da t a sites X. T h e 
iden t i t y m a t r i x is added o n l y t o avoid c o u n t i n g the distance o f a po in t Xj t o i t se l f 
as a po ten t i a l m i n i m u m . 

T h e der iva t ion of these bounds is ra ther technical , and for details we refer t o 
ei ther the o r ig ina l papers b y Narcowich , W a r d and co-workers l i s ted above, the 
more recent paper [Schaback (2002)] , or the b o o k [Wendland (2005a)]. B y p r o v i d i n g 
ma tch ing lower bounds for | | A _ 1 | | 2 (i.e., upper bounds for A m i n ) Schaback showed 
t h a t the upper bounds on the n o r m of the inverse ob ta ined by Narcowich , W a r d 
and others are near o p t i m a l (see [Schaback (1994b)]) . 

We now l is t several ( lower) bounds for A m i n as der ived i n [Wendland (2005a)]. 
I n the examples below the exp l i c i t (space-dependent) constants 

M , = 1 2 ( — L i i j < 6.38s and C. = ^ ( ^ j 

are used. T h e upper b o u n d for Ms can be ob ta ined using S t i r l ing ' s f o rmu la (see 
[Wendland (2005a)]). 

Since the bounds i n the l i t e r a tu r e for Gaussians and mu l t i quad r i c s also inc lude 
the influence o f the shape parameter e we present the basic funct ions i n the i r scaled 
version here. 

E x a m p l e 1 6 . 1 . For Gaussians &(x) = e ~ e 2 ^ 2 one obta ins 

A m i n > C s ( v ^ ) - s e - 4 0 - 7 1 s 2 / ^ V -

We see tha t , for a f ixed shape parameter e, the lower b o u n d for A m i n goes expo
nen t ia l ly t o zero as the separa t ion distance qx decreases. Since we observed above 
t h a t the c o n d i t i o n number o f the i n t e r p o l a t i o n m a t r i x A depends o n the r a t i o o f 
its largest and smallest eigenvalues and the g r o w t h o f A m a x is o f order N we see 
t h a t the c o n d i t i o n number grows exponen t i a l ly w i t h decreasing separat ion distance. 
T h i s shows t h a t , i f one adds more i n t e r p o l a t i o n po in ts i n order t o improve the ac
curacy of the in te rpo lan t ( w i t h i n the same d o m a i n fl), t h e n the p r o b l e m becomes 
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increasingly i l l - cond i t ioned . O f course one w o u l d always expect th i s t o happen, 
b u t here the i l l - cond i t i on ing grows p r i m a r i l y due t o the decrease i n the separat ion 
distance qx, and no t t o the increase i n the number N o f da t a poin ts . We w i l l come 
back to th i s observat ion w h e n we discuss a possible change o f basis i n Section 34.4. 

O n the other hand, i f one keeps the number o f po in t s (or at least the separat ion 
distance) f ixed and instead decreases the value o f e, t h e n the c o n d i t i o n number o f 
A suffers i n almost the same exponent ia l manner . O f course, an increase i n e can 
be used t o improve the c o n d i t i o n number o f A (however, as we saw earlier, at the 
expense o f accuracy of the f i t ) . 

E x a m p l e 1 6 . 2 . For scaled generalized (inverse) mu l t i quad r i c s <$>(x) = 

( l + I M I 2 ) ^ , 8 e R \ N 0 one obta ins 

A m i n > C(a , A e ) 4 " i + i e - 2 M ' / < « * e ) 

w i t h another e x p l i c i t l y k n o w n constant C(s,0,e). 
T h e same comments as i n the previous example apply. 

E x a m p l e 1 6 . 3 . For t h i n p la te splines $(cc) = ( - l ) / 3 + 1 | | c c | | 2 / 3 log \\x\\, 0 G N , one 
obtains 

A m i n > C s C / 3 ( 2 M s ) - s - 2 ^ ^ 

w i t h another e x p l i c i t l y k n o w n constant c p . 
I n th is case the lower b o u n d also goes t o zero w i t h decreasing separat ion distance. 

However the decay is o n l y o f p o l y n o m i a l order . 

E x a m p l e 1 6 . 4 . For the r ad i a l powers $ ( J C ) = ( - l ) ^ / 2 ! \\x\\p, 0 < Q 2 N , one 
obta ins 

A m i n > C s c / 3 ( 2 M s ) - s - / 3 4 

w i t h another e x p l i c i t l y k n o w n constant c p (different f r o m c p i n E x a m p l e 3 ) . A g a i n , 
the decay is o f p o l y n o m i a l order. 

E x a m p l e 1 6 . 5 . For the compac t ly suppor t ed funct ions o f W e n d l a n d $>Sjk(x) — 
(pStk(||x||) one obtains 

A m i n > C(s,k)q%k+1 

w i t h a constant C(s, k) depending o n s a n d k. T h e lower b o u n d goes t o zero w i t h 
the separat ion distance at a p o l y n o m i a l ra te . 

16 .2 T r a d e - O f f P r i n c i p l e I : A c c u r a c y v s . S t a b i l i t y 

T h e observations made i n Examples 16.1 and 16.2 above set up the first trade
off principle. T h i s p r inc ip le states t h a t i f we use the s t anda rd approach t o the 
R B F i n t e r p o l a t i o n p r o b l e m (i.e., s o lu t i on o f the l inear system (6.3)) t h e n there is 
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a confl ict between theore t ica l ly achievable accuracy and numer ica l s t ab i l i ty . For 
example, the error bounds for non-s ta t ionary i n t e r p o l a t i o n using in f i n i t e ly s m o o t h 
basis functions show t h a t the error decreases (exponent ia l ly ) as the fill distance 
decreases. For we l l -d i s t r i bu t ed da ta a decrease i n the fill distance also impl ies a 
decrease of the separat ion distance. B u t now the c o n d i t i o n estimates o f the previous 
subsection i m p l y t h a t the c o n d i t i o n number o f A grows exponent ia l ly . T h i s leads 
to numer ica l ins tabi l i t ies w h i c h make i t v i r t u a l l y impossible to o b t a i n the h i g h l y 
accurate results promised by the theore t i ca l er ror bounds. 

S imi lar ly , i f we use the shape parameter t o (exponent ia l ly ) increase accuracy 
as guaranteed by Madych ' s er ror b o u n d (15.11), t hen the c o n d i t i o n number again 
grows exponent ial ly . T h i s is t o be expected since for smal l values of e the basic 
functions more and more resemble a constant func t ion , and therefore the rows (as 
we l l as columns) of the m a t r i x A become more and more al ike, so t h a t the m a t r i x 
becomes almost s ingular — even for we l l separated da ta sites. 

I n the l i t e ra tu re th i s phenomenon has been referred t o as trade-off or [uncer
tainty) principle (see, e.g., the papers [Schaback (1995b); Schaback (1995c)]) . 

Schaback looked at the power func t ion P<&,x and showed t h a t i t can always be 
bounded f rom above by a func t ion F$> depending o n the fill distance. O n the o ther 
hand , he showed t h a t the Ray le igh quo t ien t can always be bounded f r o m below b y a 
func t ion G$ depending on the separat ion distance. Fur the rmore , Schaback showed 
t h a t 

G*(qx) < F*(hx,n), 

and therefore, for we l l -d i s t r i bu t ed da t a ( w i t h q x ~ hx,n), a smal l error b o u n d (i.e., 
smal l F$(hx,n.)) w i l l necessarily result i n a smal l lower b o u n d (i.e., sma l l G<f>(qx)) 
for the Rayle igh quot ien t , and therefore for the smallest eigenvalue. T h i s however 
implies a large cond i t i on number . 

We have seen evidence o f the first t rade-off p r inc ip le i n various numer ica l ex
periments . T h i s t rade-off has led a number o f people t o search for an " o p t i m a l " 
value of the shape parameter , i.e., a value t h a t yields m a x i m a l accuracy, w h i l e s t i l l 
m a i n t a i n i n g numer ica l s tab i l i ty . 

I n par t icu la r , mu l t iquadr i c s have a t t r ac t ed the best p a r t o f th i s a t t en t ion . For 
example, i n his o r ig ina l w o r k on (inverse) m u l t i q u a d r i c i n t e rpo l a t i on i n M 2 H a r d y 
[Hardy (1971)] suggested using e = 1/(0.815d), where d = j^J2iL\di, and di is 
the distance f r o m Xi t o i t s nearest neighbor. Later , i n [Franke (1982a)], one can 
find the recommended value e = ° ' 8 ^ , where D is the diameter o f the smallest 
circle con ta in ing a l l da ta poin ts . A n o t h e r s t ra tegy for f ind ing a good value for e is 
based on the observat ion t h a t such a value seems t o be s imi la r for mu l t iquad r i c s and 
inverse mul t iquadr ic s (see [Foley (1994)]) . O the r studies were repor ted i n [Carlson 
and Foley (1992); Car lson a n d N a t a r a j a n (1994)]. We w i l l consider a more recent 
a l g o r i t h m proposed i n [Rippa (1999)] i n the next chapter. 
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16.3 T r a d e - O f f P r i n c i p l e I I : A c c u r a c y a n d S t a b i l i t y v s . P r o b l e m 
S i z e 

M o r e recently, Fornberg and co-workers have inves t iga ted the dependence of the 
s t ab i l i t y o n the values o f the shape parameter e i n a series o f papers (e.g., [Dr i sco l l 
and Fornberg (2002); Fornberg and W r i g h t (2004); Larsson and Fornberg (2005); 
P l a t t e and Dr i sco l l (2005)]) . T h e y suggest a w a y t o s t ab ly compute ve ry accurate 
generalized (inverse) m u l t i q u a d r i c and Gaussian in te rpo lan t s w i t h ex t reme values 
o f e —• 0 b y using a complex Contour -Pade i n t e g r a t i o n a l g o r i t h m . Thus , th i s ap
proach allows us to overcome the first t rade-off p r i nc ip l e men t ioned i n the previous 
section. However, there is another k i n d o f t rade-off associated w i t h the Con tou r -
Pade approach. N a m e l y i t is l i m i t e d t o o n l y ra ther sma l l d a t a sets ( r o u g h l y A" = 20 
for s = 1 and N = 80 for s = 2 ) . 

I n spite of these l i m i t a t i o n s the Contour -Pade a l g o r i t h m has been used t o ga in 
a number o f theore t ica l insights such as the connec t ion between R B F i n t e r p o l a t i o n 
and p o l y n o m i a l i n t e r p o l a t i o n ment ioned i n Sect ion 15.6. W e present some numer ica l 
experiments based on the Contour -Pade approach i n the next chapter . 

16.4 T r a d e - O f f P r i n c i p l e I I I : A c c u r a c y v s . E f f i c i e n c y 

There is also a t rade-off p r inc ip le for c o m p a c t l y suppo r t ed funct ions. T h i s was ex
p la ined theore t ica l ly as w e l l as i l l u s t r a t e d w i t h numer i ca l exper iments i n [Schaback 
(1997b)] . T h e consequences are as follows. I n the case o f s t a t i ona ry i n t e rpo l a t i on , 
i.e., i f we scale the suppor t size o f the basis funct ions p r o p o r t i o n a l t o the f i l l dis
tance hx,n, the " b a n d w i d t h " o f the i n t e r p o l a t i o n m a t r i x A is kept constant . T h i s 
means we can app ly numer i ca l a lgo r i t hms (e.g., t he conjugate gradient m e t h o d ) for 
the so lu t ion of the i n t e r p o l a t i o n system t h a t can be pe r fo rmed w i t h 0(N) compu
t a t i o n a l complex i ty . T h e m e t h o d is numer i ca l l y stable, b u t there w i l l be essentially 
no convergence (see our earlier numer i ca l exper iments i n Table 12.1). I n the non-
s ta t iona ry case, i.e., w i t h f ixed suppor t size, the b a n d w i d t h o f A increases as hx,n 
decreases. T h i s results i n convergence (i.e., the error decreases) as we showed w i t h 
our experiments i n Table 12.2 and the er ror bounds i n Section 15.1.2. However , 
the i n t e rpo l a t i on matr ices w i l l become more and more densely popu la t ed as we l l as 
i l l - cond i t ioned . Therefore, th i s approach is no t ve ry efficient. 



Chapter 17 

Numerical Evidence for Approximation 
Order Results 

17.1 I n t e r p o l a t i o n for e —• 0 

We begin by consider ing the choice o f the shape parameter for a f ixed d a t a set. 
T h i s is p r o b a b l y the s i t u a t i o n t h a t w i l l arise mos t f requent ly i n p rac t i ca l s i tua t ions . 
I n other words , we assume we are g iven a set o f d a t a (xj, fj), j — 1 , . . . , N, w i t h 
d a t a sites Xj £ R s ( w i t h s — 1 or s — 2 for the purpose o f our exper iments ) , and 
func t ion values fj — f{xj) e R . O u r goal is t o use an R B F in t e rpo lan t 

N 
vf(x) = Ylcw(Wx - xi\\) 

3 = 1 
t o m a t c h these da ta exactly, i.e., t o satisfy Vf(xi) = f(xi), i = 1 , . . . , N. T h e t w o 
most i m p o r t a n t questions now seem t o be: 

• W h i c h basic func t ion <p shou ld we use? 
• H o w should we scale the basis funct ions (fj — </?(|| • —Xj\\)? 

T h e error bounds we reviewed i n previous chapters give us some ins ight i n t o 
the f irst issue. I f we k n o w t h a t t he d a t a come f r o m a ve ry s m o o t h func t ion , t h e n 
app l i ca t ion o f one o f the smoother basic funct ions is called for. Otherwise , there 
is no t much to be gained f r o m do ing so. I n fact , these funct ions m a y a d d t o o 
m u c h smoothness t o the i n t e rpo lan t . A first a t t e m p t at p r o v i d i n g guidelines for the 
selection of appropr ia te basic funct ions (or kernels) can be found i n [Schaback and 
W e n d l a n d (2006)]. W e w i l l n o t pursue th i s issue any fur ther . 

Ins tead we wan t t o focus our a t t e n t i o n on the second quest ion, i.e., the choice o f 
the shape parameter e. A number o f strategies can be used t o guide us i n m a k i n g a 
decision. W e w i l l assume t h r o u g h o u t t h a t a (f ixed) basic func t ion has been chosen, 
and t h a t we w i l l use on ly one value t o scale a l l basis funct ions un i fo rmly . Clearly, 
one can also fol low other strategies such as us ing a shape parameter t h a t varies 
w i t h j , or even basic funct ions t h a t v a r y w i t h j . W h i l e some w o r k has been done 
i n these di rect ions (see, e.g., [Bozz in i et al. (2002); Kansa and Car lson (1992); 
Schaback and W e n d l a n d (2000b); Fornberg and Zuev (2006)]) , no t m u c h concrete 
can be said i n these cases. 

141 
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We now discuss four strategies for choosing a "good" value o f s. 

17.1 .1 Choosing a Good Shape Parameter via Trial and Error 

T h e simplest s t ra tegy is t o pe r fo rm a series o f i n t e r p o l a t i o n exper iments w i t h vary
i n g shape parameter , and t hen t o p ick the "best" one. T h i s s t ra tegy can be used i f 
we know the func t ion / t h a t generated the da ta , a n d therefore can calculate some 
sort o f error for the in te rpo lan t . O f course, i f we a l ready k n o w / , t h e n the exercise 
of f inding an in te rpo lan t Vf m a y be m o s t l y pointless. However, th i s is the s t ra tegy 
we used for the "academic" examples i n Chapte r 2. 

I f we do not have any knowledge o f / , t h e n i t becomes ve ry d i f f icu l t t o decide 
w h a t "best" means. One (non -op t ima l ) c r i t e r i o n we used i n Chapte r 2 was based 
on the trade-off p r inc ip le , i.e., the fact t h a t for s m a l l e the error improves wh i l e 
the c o n d i t i o n number grows. W e t h e n defined "best" t o be the smallest e for w h i c h 
M A T L A B d i d no t issue a near-singular w a r n i n g . 

I n m a n y cases selection of an o p t i m a l shape parameter v i a trial and error w i l l 
end up being a ra ther subject ive process. However , th i s m a y presently be the 
approach t aken b y most p rac t i t ioners . 

For comparison w i t h the other selection methods featured below we present three 
one-dimensional test cases for w h i c h we k n o w the d a t a func t ion / . We use 

Fi(x) = sine (a;), 

JP2(X) = | ^ e - ( 9 x - 2 ) 2 / 4 + e - ( 9 x + l ) 2 / 4 9 ^ + ^e~(Qx-7)2/4 _ _ L g - ( 9 x - 4 ) 2 ^ 

F3(x) = ( l - \x - \ \ j (\ + 5\x - \ \ - 27\x - i | 2 ) . 
T h e first o f these functions is the classical b a n d l i m i t e d func t ion (and thus i n the 
na t ive space of Gaussians). T h e second func t i on is a one-dimensional va r ian t o f 
Franke's func t ion , and the t h i r d func t ion is one o f Gne i t ing ' s C2 osc i l l a to ry com
pac t ly suppor ted R B F s shif ted t o the p o i n t ( 1 / 2 , 1 / 2 ) (see Table 11.4). 

For these functions we l is t m a x i m u m errors and o p t i m a l shape parameters e i n 
Table 17.1 . M a x i m u m errors for a large range o f e values and the different values 
of N used i n Table 17.1 are displayed i n F igu re 17 .1 . T h e o p t i m a l e values l i s ted 
i n Table 17.1 corresponds t o the lowest p o i n t for each of the curves i n the figure. 
Clearly, the o p t i m a l value o f the shape parameter is s t rong ly dependent on the 
func t ion t h a t generated the test da ta . 

17 .1 .2 The Power Function as Indicator for a Good Shape 
Parameter 

A n o t h e r s t ra tegy is suggested by the error analysis o f Chap te r 14. We showed there 
i n T h e o r e m 14.2 t h a t 

\f(x)-Vf{x)\<P*tX(x)\\f\\Wn), 
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Table 17.1 Optimal e values based on Gaussian interpolation to various test func
tions in I D for various choices of N uniform points. 

F i F2 F3 

N max-error optimal £ max-error optimal e max-error optimal e 

3 2.1403e-003 1.12 4.9722e-001 2.20 3.7087e-002 5.68 
5 2.3260e-005 0.68 6.9380e-002 5.44 2.5253e-002 5.20 
9 4.8764e-009 0.64 1.7555e-002 5.20 2.5360e-003 8.84 
17 1.8922e-010 1.00 2.1928e-004 5.80 1.4380e-003 9.52 
33 1.5250e-010 2.04 1.6536e-007 6.08 3.4189e-004 13.24 
65 4.1307e-010 2.04 3.6260e-009 7.48 8.6431e-005 21.84 

£ 

Fig. 17.1 Optimal e curves based on Gaussian interpolation in I D for various choices of N uniform 
points. Data sampled from sine function Fx (left) and C 2 oscillatory function F3 (right). 

where P®,x denotes the power func t ion . T h i s es t imate decouples the i n t e r p o l a t i o n 
error in to a component independent o f the d a t a func t ion / and one depending o n 
/ . Once we have decided on a basic f u n c t i o n <£> and a d a t a set X we can use the 
power func t ion based on scaled versions o f <& t o op t imize the er ror component t h a t 
is independent of / . ' W h i l e t h i s approach has the advantage over the p rev ious ly 
ment ioned t r i a l and error approach t h a t i t is ob jec t ive and does no t depend o n 
any knowledge of the da t a func t ion , un fo r tuna te ly , th i s approach w i l l n o t be an 
o p t i m a l one since the second componen t of t he error b o u n d also depends on the 
basic func t ion v i a the na t ive space n o r m ( w h i c h changes w h e n <I> is scaled). 

We said earlier (see (14.4)) t h a t t he power func t ion can be c o m p u t e d v i a 

P*,x{x) = ^ ( x , ^ ) - ^ ) ) ^ - 1 ^ ) , 

where A is the i n t e r p o l a t i o n m a t r i x a n d 6 = [ $ ( - , x i ) , . . . , $ ( - , £ C j v ) ] T . T h i s fo rmu la 
is implemented on lines 15-18 i n the M A T L A B p r o g r a m P o w e r f u n c t i o n 2 D .m. W e 
compute the inverse o f A us ing the func t ion p i n v w h i c h is based on the s ingular 
value decompos i t ion o f A and therefore guarantees m a x i m u m s tab i l i ty . A l s o , due to 
roundoff some of the arguments o f the s q r t func t ion o n l ine 18 come ou t negat ive. 
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This explains the use of the r e a l command. The vectors b(x) are just rows of the 
evaluation matrix if x is taken from the grid of evaluation points we used earlier 
for error computations and plotting purposes. Except for the loop over the shape 
parameter e (lines 12-20) the rest of the program is similar to earlier code. 

P r o g r a m 17 .1 . Powerfunction2D.m 

% Powerfunction2D 
Script that finds "optimal" shape parameter by computing the power 

'/, function for the 2D RBF inter p o l a t i o n approach with varying epsilon 
°/, C a l l s on: DistanceMatrix 
1 rbf = @(e,r) e x p ( - ( e * r ) . ~ 2 ) ; 7. Define the Gaussian RBF 

% Parameters for shape parameter loop below 
2 mine = 0; maxe = 20; 
3 ne = 500; ep = linspace(mine,maxe,ne); 

'/, Number and type of data points 
4 N = 81; gridtype = 'u'; 

7, Resolution of g r i d for power function norm computation 
5 neval =20; M = neval"2; 

% Load data points 
6 name = sp r i n t f ( ,Data2D_7od7oS, ,N,gridtype) ; load(name) 
7 c t r s = d s i t e s ; % centers coincide with data s i t e s 
8 grid = linspace(0,1,neval); [xe,ye] = meshgrid(grid); 
9 epoints = [xe(:) y e ( : ) ] ; 

7o Compute distance matrix between evaluation points and centers 
10 DM_eval = DistanceMatrix(epoints,ctrs); 

7. Compute distance matrix between the data s i t e s and centers 
11 DM_data = Dista n c e M a t r i x ( d s i t e s , c t r s ) ; 
12 for i=l:length(ep) 

7, Compute interpolation matrix 
13 IM = rbf(ep(i),DM_data); 

7o Compute evaluation matrix 
14 EM = rbf(ep(i),DM_eval); 

7o Compute power function at evaluation points 
15 invIM = inv(IM); phiO = r b f ( e p ( i ) , 0 ) ; 
16 for j=l:M 
17 powfun(j) = real(sqrt(phiO-(invIM*EM(j,:)')'*EM(j,:)')); 
18 end 

7o Compute max. norm of power function on evaluation g r i d 
19 maxPF(i) = max(powfun); 
20 end 
21 f p r i n t f (' Smallest maximum norm: 7oe\n' , min(maxPF)) 
22 f p r i n t f ('at epsilon = 7.f \n' , ep(maxPF==min(maxPF) ) ) 

&4 
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23 f p r i n t f ( ' w i t h cond (A) = 7 „ e \ n ' , . . . 
c o n d e s t ( r b f ( e p ( f i n d ( m a x P F = = m i n ( m a x P F ) ) ) , D M _ d a t a ) ) ) 

7, P l o t power f u n c t i o n norm 
24 f i g u r e ; s e m i l o g y ( e p , m a x P F , ' b ' ) ; 

I n F igure 17.2 we show plots o f the m a x i m u m norms o f the power func t ion 
vs. e for a one-dimensional exper iment (left) and a 2 D exper iment ( r i g h t ) . Each 
p lo t shows several curves corresponding t o different choices o f N (set o n l ine 4 o f 
P o w e r f u n t i o n 2 D . m ) . T h e o p t i m a l e values a long w i t h the corresponding c o n d i t i o n 
numbers of the in t e rpo l a t i on m a t r i x ( computed using the c o n d e s t c o m m a n d ) are 
l is ted i n Table 17.2. T h e graphs of the m a x i m u m n o r m of the power func t ion can 
a l l be inc luded i n a single p l o t b y add ing another loop to the p r o g r a m w h i c h varies 
N. T h e p r o g r a m for the one-dimensional case is a lmost iden t ica l t o the one p r i n t e d 
and therefore o m i t t e d . 

0 5 10 15 20 0 5 10 15 20 
e e 

Fig. 17.2 Optimal e curves based on power functions for Gaussians in I D (left) and 2D (right) 
for various choices of N uniform points. 

Clearly, even for the smal l da t a sets considered here, the numer ica l ins tab i l i ty , 
i.e., large c o n d i t i o n number o f the i n t e r p o l a t i o n m a t r i x A, plays a significant role. 

Table 17.2 Optimal e values based on power functions for Gaus
sians in I D and 2D for various choices of N uniform points. 

I D 2D 

N optimal e cond(A) N optimal e cond(A) 

3 0.04 1.8749e+007 9 0.16 5.3534e+009 
5 0.44 5.7658e+007 25 0.84 1.0211e+011 
9 1.72 6.5682e+008 81 0.04 2.0734e+019 
17 4.48 6.1306e+009 289 0.56 1.2194e+020 
33 9.60 5.4579e+010 
65 19.52 1.2440e+011 
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17 .1 .3 Choosing a Good Shape Parameter via Cross Validation 

A t h i r d s t rategy for f ind ing an " o p t i m a l " shape parameter is t o use a cross valida
tion approach. I n [Rippa (1999)] an a l g o r i t h m is described t h a t corresponds to a 
va r ian t o f cross va l i da t i on k n o w n as "leave-one-out" cross validation. T h i s m e t h o d 
is ra ther popu la r i n the stat ist ics l i t e r a tu re where i t is also k n o w n as PRESS (Pre
d ic t ive R E s i d u a l Sum of Squares) p rov ided the 2 - n o r m is used. I n th i s a l g o r i t h m 
an " o p t i m a l " value o f e is selected by m i n i m i z i n g the (least squares) error for a f i t 
t o the da ta based on an in te rpo lan t for w h i c h one o f the centers was "left o u t " . A 
ma jo r advantage over the previous m e t h o d is t h a t now the dependence of the error 
on the da ta func t ion is also t aken i n to account . Therefore, the pred ic ted " o p t i m a l " 
shape parameter is closer t o the one we found v i a the t r i a l and error approach (for 
w h i c h we had t o assume knowledge o f the exact so lu t ion ) . 

A s imi lar s t ra tegy was proposed earlier i n [Golberg et al. (1996)] for the so lu t ion 
of e l l ip t i c p a r t i a l different ial equations v i a the d u a l r ec ip roc i ty m e t h o d based on 
m u l t i q u a d r i c i n t e rpo la t ion . 

Specifically, i f Vf is the r ad i a l basis func t i on in te rpo lan t t o the da t a 

{fi, • • •, fk-i, fk+i, • • •, / A T } , i-e-, 

p}fck*) = i>?V(ii*-*jii), 
such t h a t 

Vfixi) = fit i = 1 , . . . , k - 1, k + 1 , . . . , N, 

and i f Ek is the error 

Ek = fk-Vf{xk) 

at the one po in t Xk not used to de termine the in t e rpo lan t , t h e n the q u a l i t y o f the 
fi t is de te rmined by the n o r m of the vector o f errors E — \E\,..., Ejy}T ob ta ined 
by r emov ing i n t u r n one of the da ta po in ts and compar ing the resu l t ing f i t w i t h 
the (known) value at the removed p o i n t . I n [R ippa (1999)] the au thor presented 
examples based on use o f the l\ and i 2 norms. We w i l l m o s t l y use the m a x i m u m 
n o r m (see l ine 14 i n the code be low) . 

B y adding a loop over e we can compare the error norms for different values o f 
the shape parameter , and choose t h a t value o f e t h a t yields the m i n i m a l er ror n o r m 
as the o p t i m a l one. 

W h i l e a naive i m p l e m e n t a t i o n o f the leave-one-out a l g o r i t h m is ra ther expensive 
(on the order o f N4 operat ions) , R i p p a showed t h a t the c o m p u t a t i o n o f the error 
components can be s impl i f ied t o a single fo rmula 

Ek = (17-1) 
Akk 

where Ck is the A;th coefficient i n the in t e rpo lan t Vf based o n the full d a t a set, and 
is the kth d iagonal element o f the inverse o f the corresponding i n t e r p o l a t i o n 
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m a t r i x . Since b o t h Cfc and A need t o be c o m p u t e d on ly once for each value of s 
th is results i n 0(N3) c o m p u t a t i o n a l complex i ty . No te t h a t a l l entries i n the error 
vector E can be c o m p u t e d i n a single s ta tement i n M A T L A B i f we vectorize the 
component fo rmula (17.1) (see l ine 13 i n P r o g r a m 17.2). T h e sine func t ion used 
on l ine 5 is no t a s t andard M A T L A B f unc t ion ( i t is pa r t o f the Signal Processing 
Too lbox ) . Therefore we prov ide i t i n P r o g r a m C.2 i n A p p e n d i x C. 

P r o g r a m 17 .2 . L00CV2D.m 

% L00CV2D 
% Script that performs leave-one-out c r o s s - v a l i d a t i o n 
°/0 (Rippa's method) to f i n d a good epsilon for 2D RBF interpolation 
% C a l l s on: DistanceMatrix 
1 rbf = @(e,r) e x p ( - ( e * r ) . " 2 ) ; % Gaussian RBF 

% Parameters for shape parameter loop below 
2 mine = 0; maxe = 20; ne = 500; 
3 ep = linspace(mine,maxe,ne); 

% Number and type of data points 
4 N = 81; gridtype = 'u'; 

7, Define t e s t function 
5 testfunction = @(x,y) s i n e ( x ) . * s i n c ( y ) ; 

% Load data points 
6 name = s p r i n t f ( ,Data2D_°/0d%s',N,gridtype) ; load(name) 
7 c t r s = d s i t e s ; '/„ centers coincide with data s i t e s 

7, Create right-hand side vector, i . e . , 
7o evaluate the t e s t function at the data points. 

8 rhs = t e s t f u n c t i o n ( d s i t e s ( : , 1 ) , d s i t e s ( : , 2 ) ) ; 
'/, Compute distance matrix between the data s i t e s and centers 

9 DM_data = Dis t a n c e M a t r i x ( d s i t e s , c t r s ) ; 
10 for i=l:length(ep) 

7o Compute inte r p o l a t i o n matrix 
11 IM = rbf(ep(i),DM_data); 

% Compute error function ( i . e . , "cost" of epsilon) 
12 invIM = pinv(IM); 
13 EF = (invIM*rhs)./diag(invIM); 

7« Compute maximum norm of EF 
14 maxEF(i) = norm(EF(:),inf); 
15 end 
16 f p r i n t f ('Smallest maximum norm: 7 0e\n' , min(maxEF)) 
17 f p r i n t f ( J a t epsilon = 7»f \n',ep(maxEF==min(maxEF)) ) 

°/0 Plot cost function norm 
18 figure; semilogy(ep,maxEF,'b'); 

I n F igure 17.3 we show plots o f the pred ic ted m a x i m u m errors vs. e for a one-
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dimensional exper iment (left) and a 2 D exper iment ( r i g h t ) based o n d a t a sampled 
f r o m the sine func t ion F\. Each p lo t shows several curves corresponding t o different 
choices o f N (set o n l ine 4 o f L00CV2D.m). T h e o p t i m a l e values are l i s ted i n 
Table 17.3. 

0 5 10 15 20 0 5 10 15 20 
e e 

Fig. 17.3 Optimal e curves based on leave-one-out cross validation for interpolation to the sine 
function with Gaussians in I D (left) and 2D (right) for various choices of N uniform points. 

Table 17.3 Optimal e values based 
on leave-one-out cross validation for 
interpolation to the sine function 
with Gaussians in I D and 2D for 
various choices of N uniform points. 

I D 2D 

N optimal e N optimal £ 

3 0.96 9 0.96 
5 1.00 25 1.00 
9 0.80 81 1.48 
17 0.92 289 1.60 
33 1.92 
65 1.76 

T h e graphs i n F igure 17.4 show side-by-side the o p t i m a l s curves for the t r i a l and 
error approach and for the leave-one-out cross v a l i d a t i o n approach i n the case o f I D 
Gaussian i n t e rpo l a t i on t o da ta sampled f r o m the test func t ion F2- T h e s i m i l a r i t y 
o f the curves is c lear ly apparent . Thus , the leave-one-out cross v a l i d a t i o n approach 
can be recommended as a good m e t h o d for selecting an " o p t i m a l " shape parameter 
e since for th i s m e t h o d no knowledge o f the exact er ror is needed. A n o t h e r pa i r o f 
compar ison plots is g iven b y the Gaussian in te rpo lan t s t o the sine func t ion F\ i n 
F igure 17.1 (left) and F igure 17.3 ( le f t ) . 

S imi la r conclusions h o l d for o ther basic funct ions, o ther test funct ions, o ther 
da t a d i s t r ibu t ions , and other space dimensions. For example, F igu re 17.5 shows the 
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Fig. 17.4 Optimal e curves based on interpolation to the test function with Gaussians for 
various choices of N uniform points. Trial and error approach (left), leave-one-out cross validation 
(right). 

o p t i m a l e curves for i n t e r p o l a t i o n t o the I D Franke func t ion F2 w i t h Wendland ' s 
C2 func t ion (ps;i on u n i f o r m l y spaced poin ts , and on Chebyshev poin ts . N o t e t h a t 
for th i s conf igura t ion a l l compu ta t ions are stable, and the o p t i m a l scale parameter 
is qui te smal l , i.e., the suppor t radius o f the compac t ly suppor ted basic func t i on is 
chosen t o be very large. I n o ther words , the best results for compac t ly suppor ted 
functions are ob ta ined w i t h dense matr ices . 
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Fig. 17.5 Optimal e curves based on leave-one-out cross validation for interpolation to I D Franke's 
function with Wendland's function 953,1 for various choices of N uniform points (left) and Cheby
shev points (right). 

I f we are no t interested i n the e-curves displayed above, b u t on ly wan t t o find 
a good value o f the shape parameter as qu ick ly as possible, t h e n we can use the 
M A T L A B func t ion f m i n b n d t o find the m i n i m u m of the cost func t ion for e. F i r s t , 
we implement the cost f unc t i on i n the subrout ine C o s t E p s i l o n . m d i s p l a y e d i n P r o 
g r a m 17.3. T h e commands are the same as those o n lines 11-14 i n P r o g r a m 17.2. 
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Program 17.3. CostEpsilon.m 

7. ceps = CostEpsilon(ep,r,rbf,rhs) 
% Implements cost function for optimization of shape parameter 
7, v i a Rippa's L00CV algorithm 
% Example of usage i n L00CV2Dmin.m 
1 function ceps = CostEpsilon(ep,r,rbf,rhs) 
2 A = r b f ( e p , r ) ; 
3 invA = pinv(A); 
4 EF = (invA*rhs)./diag(invA); 
5 ceps = norm(EF(:),inf); 

In order to demonstrate the use of the CostEpsilon function we use a modifi
cation of Program 17.2 which we list as Program 17.4. 

Program 17.4. L00CV2Dmin.m 

'/. L00CV2Dmin 
% Script that performs leave-one-out c r o s s - v a l i d a t i o n 
7» (Rippa 5s method) to f i n d a good epsilon for 2D RBF i n t e r p o l a t i o n 
7. with the help of MATLAB' s fminbnd 
% C a l l s on: DistanceMatrix 
7, Requires: CostEpsilon 
1 rbf = @(e,r) e x p ( - ( e * r ) . ~ 2 ) ; 7o Gaussian RBF 

7o Parameters for shape parameter optimization below 
2 mine = 0; maxe = 20; 

7o Number and type of data points 
3 N = 81; gridtype = 'u'; 

7o Define t e s t function 
4 testfunction = @(x,y) s i n e ( x ) . * s i n c ( y ) ; 

7o Load data points 
5 name = s p r i n t f ( 'Data2D_7od70s ' ,N,gridtype) ; load(name) 
6 c t r s = d s i t e s ; % centers coincide with data s i t e s 

7» Create right-hand side vector, i . e . , 
7o evaluate the t e s t function at the data points. 

7 rhs = t e s t f u n c t i o n ( d s i t e s ( : , 1 ) , d s i t e s ( : , 2 ) ) ; 
7o Compute distance matrix between the data s i t e s and centers 

8 DM_data = D i s t a n c e M a t r i x ( d s i t e s , c t r s ) ; 
9a [ep,fval] = fminbnd(@(ep) CostEpsilon(ep,DM_data,rbf,rhs),... 
9b mine,maxe); 

10 f p r i n t f ('Smallest maximum norm: 7oe\n', f v a l ) 
11 f p r i n t f ('at epsilon = 7of\n' , ep) 
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17.1 .4 The Contour-Pade Algorithm 

The Contour-Pade a l g o r i t h m was the subject o f G r a d y W r i g h t ' s P h . D . thesis 
[Wr igh t (2003)] and was r epor t ed i n [Fornberg and W r i g h t (2004)] . T h e a i m of 
the Contour-Pade a l g o r i t h m is t o come u p w i t h a m e t h o d t h a t al lows the c o m p u t a 
t i o n and evaluat ion o f R B F in te rpo lan t s for i n f i n i t e l y s m o o t h basic funct ions w h e n 
the shape parameter e tends t o zero ( i n c l u d i n g the l i m i t i n g case). 

T h e s t a r t i ng p o i n t is t o consider eva lua t ion o f the R B F in t e rpo lan t 

N 

'Pf{x,e) = ^2cj(pe(\\x-xj\\) 
j=i 

for a fixed evalua t ion p o i n t x as an ana ly t i c func t ion o f e. 
T h e key idea is t o represent Vf(x, e) by a Laurent series i n e, and app rox ima te 

the "negative pa r t " of the series b y a Pade a p p r o x i m a n t , i.e., 
oo 

Vf(x,e) ^r(e) + J2dkek> 
k=0 

where r(e) is the r a t i o n a l Pade a p p r o x i m a n t . 
We then rewr i te the in t e rpo lan t i n ca rd ina l f o r m , i.e., as 

Vf{x,e) = ^C3V£{\\X - Xj\\) 

j=i 

= bT(x, e)c 

= bT{x,e)A-\e)f 

= (u*(x,e)ff 

where b(x,e)3- = ip£(\\x - xj\\), A(e)ij = <p£(\\xi - x3- \ \ ) , c = [a,..., cN]T, f = 

[fi,-- -,fN]T, and 

u*(x,e) = A _ 1(£)6(a;,£) 

denotes the vector o f values o f the ca rd ina l funct ions at x (c.f. Chapte r 14). 
I t is now the goal t o s t ab ly compu te the vector u* (e) for a l l values o f e > 0 w i t h 

ou t exp l i c i t l y f o r m i n g the inverse A(e)~1 and w i t h o u t c o m p u t i n g the m a t r i x vector 
p roduc t A(e)~1b(e). Here the vectors u*(e) and b(s) are ob ta ined by eva lua t ing 
the vector funct ions u*(-,e) and b(-,e) o n an appropr ia te eva lua t ion g r i d . 

T h e so lu t ion proposed b y W r i g h t a n d Fornberg is t o use Cauchy's in t eg ra l the
orem t o integrate a round a circle i n the complex e-plane. T h e residuals (i.e., co
efficients i n the Lau ren t expansion) are ob ta ined using the (inverse) fast Four ie r 
t rans form. T h e t e rms w i t h negative powers o f e are t hen a p p r o x i m a t e d us ing a 
r a t i ona l Pade a p p r o x i m a n t . T h e i n t e g r a t i o n contour (usual ly a circle) has t o l ie 
between the region o f i n s t a b i l i t y near e = 0 and possible b r anch p o i n t s ingular i t ies 
t h a t l ie somewhere i n the complex plane depending on the choice of ip. De ta i l s o f 
the m e t h o d can be found i n [Fornberg and W r i g h t (2004)]. 
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I n F igure 17.6 we show o p t i m a l e curves for i n t e r p o l a t i o n t o the I D and 2 D 
sine f u n c t i o n F2 us ing Gaussians at equal ly spaced po in t s . These curves should be 
compared w i t h the o p t i m a l e curves ob ta ined for the same p r o b l e m v i a t r i a l a n d 
er ror (see F igure 17.1 and Tab le 17.1) and v i a leave-one-out cross v a l i d a t i o n (see 
F i g u r e 17.3 and Table 17.3). 

T h e m a i n d rawback o f the Contour -Pade a l g o r i t h m is the fact t h a t i f N becomes 
t o o large t h e n the region o f i l l - c o n d i t i o n i n g a r o u n d t h e o r i g i n i n the complex e-
plane and the b r anch p o i n t s ingular i t ies w i l l over lap. T h i s , however, impl ies t h a t 
the m e t h o d can o n l y be used w i t h l i m i t e d success. Moreover , as the graphs i n 
F igu re 17.6 and the entries i n Table 17.4 show, the value of N t h a t has t o be 
considered "large" is u n f o r t u n a t e l y ra ther sma l l . For the one-dimensional case the 
results for N = 17 a l ready are affected by ins tab i l i t i es , and i n the two-d imens iona l 
exper iment N = 81 causes problems. 

0 5 10 15 20 0 5 10 15 20 
E E 

Fig. 17.6 Optimal e curves based on Contour-Pade for interpolation to the sine function with 
Gaussians in I D (left) and 2D (right) for various choices of N uniform points. 

Table 17.4 Optimal e values based on Contour-Pade for interpolation to the sine 
function with Gaussians in I D and 2D for various choices of N uniform points. 

I D 2D 

N max-error £ cond(A) N max-error £ cond(A) 

3 1.7605e-003 1.10 3.3386e+001 9 3.3875e-003 1.10 1.1146e+003 
5 4.0380e-005 0.70 1.3852e+006 25 5.5542e-005 0.70 1.9187e+012 
9 3.9703e-009 0.45 7.7731e+016 81 3.6528e-004 0.00 oo 
17 1.2726e-009 0.45 1.7327e+018 

17.1.5 Summary 

A l l strategies pursued i n th i s chapter have shown t h a t even t h o u g h the b o u n d 
(15.11) by M a d y c h seems t o ind ica te t h a t t h e i n t e r p o l a t i o n er ror for funct ions i n 



17. Numerical Evidence for Approximation Order Results 153 

the na t ive space of the basic func t ion goes t o zero exponen t i a l l y as e —»• 0, t h i s 
does no t seem t o be t r ue i n pract ice . Especia l ly those o p t i m a l e curves t h a t were 
computed re l i ab ly w i t h the Contour -Pade a l g o r i t h m a l l have a g l o b a l m i n i m u m for 
some posi t ive value o f e. I n m a n y cases th i s o p t i m a l s value (or an e close t o the 
o p t i m a l value) can be found using the leave-one-out cross v a l i d a t i o n a l g o r i t h m o f 
P r o g r a m 17.2. F r o m now o n we w i l l f requent ly use leave-one-out cross v a l i d a t i o n 
to find an o p t i m a l shape parameter for our numer i ca l exper iments . 

17.2 N o n - s t a t i o n a r y I n t e r p o l a t i o n 

I n order t o i l lus t ra te the spect ra l convergence p red ic t ed for i n f i n i t e l y s m o o t h basic 
funct ions such as Gaussians and generalized (inverse) m u l t i q u a d r i c s we need t o w o r k 
i n a se t t ing for w h i c h nei ther the i n s t a b i l i t y due t o large p r o b l e m size or s m a l l shape 
parameter have a significant effect o n our exper iments . Otherwise , i f we s i m p l y take 
an " o p t i m a l " value o f e (de te rmined v i a t r i a l and error for a large N = 4225 p r o b l e m 
i n the "gray zone", c.f. Chap te r 2) t h e n the spect ra l convergence w i l l o n l y be v is ib le 
for a l i m i t e d number o f exper iments (see Table 17.5). 

Table 17.5 2D non-stationary interpolation (e = 6.3) to 
Franke's function with Gaussians on uniformly spaced and 
Halton points. 

uniform Halton 

N RMS-error rate RMS-error rate 

9 3.195983e-001 2.734756e-001 
25 5.008591e-002 2.6738 8.831682e-002 2.3004 
81 9.029664e-003 2.4717 2.401868e-002 1.7582 
289 2.263880e-004 5.3178 1.589117e-003 5.0969 
1089 3.323287e-008 12.7339 1.595051e-006 10.8015 
4225 1.868286e-008 0.8309 9.510404e-008 4.8203 

Even for a b a n d - l i m i t e d f u n c t i o n (see Table 17.6) t he s i t u a t i o n is no t be t te r ; i n 
fact worse, for the value o f e used. 

I n Figures 17.7-17.8 we are able t o ver i fy (a t least t o some ex ten t ) t he conver
gence estimates for non-s t a t iona ry R B F in te rpolan ts . We o b t a i n the d a t a for a l l 
experiments by sampl ing the sine f u n c t i o n f(x) = s i n ( 7 r x ) / ( 7 r x ) at N u n i f o r m l y 
spaced po in t s i n the in t e rva l [0,1] where N runs f r o m 1 t o 100. Each p l o t shows s ix 
m a x i m u m error curves (cor responding t o shape parameters e — 1 , 6 , 1 1 , 1 6 , 2 1 , 2 6 ) 
versus the number N o f d a t a po in t s on a loglog scale. T h e errors are evaluated o n a 
g r i d of 250 equal ly spaced po in t s . I n order t o compare these curves w i t h t he theo
re t ica l bounds f rom Chapte r 15 we have p l o t t e d compar i son curves cor responding t o 
the theore t ica l bounds. For Gaussians the compar i son curve is g iven by the g r a p h 
o f h i—• c ^ l°zh\/h cor responding t o super-spectral convergence w i t h h = l/(N — 1 ) , 
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Table 17.6 2D non-stationary interpolation (e = 6.3) to the sine 
function with Gaussians on uniformly spaced and Halton points. 

uniform Halton 

N RMS-error rate RMS-error rate 

9 3.302644e-001 2.823150e-001 
25 3.271035e-002 3.3358 1.282572e-001 1.6058 
81 1.293184e-002 1.3388 3.407580e-002 1.7898 

289 3.786113e-004 5.0941 1.990217e-003 5.3309 
1089 3.476835e-008 13.4107 2.286014e-006 10.5905 
4225 3.775365e-008 -0.1188 9.868530e-008 5.3724 

Fig. 17.7 Maximum errors for non-stationary interpolation to the sine function with Gaussians 
(left) and inverse multiquadrics (right) based on N uniformly spaced points in [0,1] and e — 
1,6,11,16,21,26. 

and for inverse mu l t i quad r i c s we have spect ra l convergence w i t h h i—»• e~ 1 / / / l . W e 
can see t h a t for a ce r t a in range o f problems these rates are indeed ob ta ined (see 
F igure 17.7). 

I n the case of funct ions w i t h f in i te smoothness (such as the compac t l y sup
p o r t e d funct ions o f Wend land ) we can on ly expect algebraic convergence rates. 
F igure 17.8 shows t w o more sets of m a x i m u m error curves. These plo ts are 
based on Wendland ' s C2 f unc t ion 1/23,1 ( r ) = (1 — r ) + ( 4 r + 1) and the C6 func
t i o n ^ 3 , 3 ( r ) = ( l - 7 - ) ^ ( 3 2 r 3 + 2 5 r 2 - r - 8 r + l ) . W h i l e the e r ror b o u n d (15.5) predic ts 
on ly 0 ( / i 3 / 2 ) and G(h7^2) a p p r o x i m a t i o n order, respectively. W e see t h a t an e x t r a 
factor o f h s l 2 is indeed possible i n pract ice . T h i s e x t r a factor has also been cap tu red 
i n some of the theore t i ca l w o r k o n i m p r o v e d error bounds (c.f. Section 15.2). 

For less s m o o t h da t a funct ions we no longer have spect ra l convergence for 
the in f in i t e ly s m o o t h funct ions, w h i l e the orders r e m a i n unchanged for the ba
sic functions w i t h f in i te smoothness (as long as the d a t a func t ion lies i n the 
na t ive space o f the basic func t ion ) . T h i s is i l l u s t r a t e d i n F igure 17.9 where 
we compare Gaussians and C2 W e n d l a n d funct ions for the C2 test f u n c t i o n 



17. Numerical Evidence for Approximation Order Results 155 

Fig. 17.8 Maximum errors for non-stationary interpolation to the sine function with C 2 (left) 
and C 6 (right) Wendland function based on N uniformly spaced points in [0,1] and e = 
1,6,11,16,21,26. 

Fig. 17.9 Maximum errors for non-stationary interpolation to a C2 function with Gaussians 
(left) and C 2 Wendland function (right) based on N uniformly spaced points in [0,1] and e = 
1,6,11,16,21,26. 

(1 - \x - 1/2|)5.(1 + 5\x - 1/2 | - 27(x - 1 / 2 ) 2 ) (c.f. t he osc i l la tory funct ions o f 
Table 11.4). I t is in te res t ing t o no te t h a t for a ce r ta in range o f N t he ra te o f 
convergence for the C2 W e n d l a n d func t ion is even be t te r t h a n pred ic ted . 

17 .3 S t a t i o n a r y I n t e r p o l a t i o n 

W e begin w i t h an i l l u s t r a t i o n o f t he fact t h a t for r a d i a l powers and t h i n p la te 
splines there is no difference i n convergence behavior between the s t a t i o n a r y a n d 
non-s ta t ionary regime. F igu re 17.10 shows th i s phenomenon for the n o r m r a d i a l 
func t ion 5>(cc) = ||cc|| i n t he case o f i n t e r p o l a t i o n t o d a t a sampled f r o m the C 2 

func t ion f(x) = \x — 1/213 a t u n i f o r m l y spaced poin ts i n [0 ,1] , Moreover , the left 
p l o t i n F igure 17.10 ( i l l u s t r a t i n g the non-s ta t ionary se t t ing) shows t h a t t he shape 
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Fig. 17.10 Maximum errors for non-stationary (left) and stationary (right) interpolation to a C 2 

function with the norm basic function based on N uniformly spaced points in [0,1]. 

parameter has no effect for the n o r m basic f u n c t i o n and other p o l y h a r m o n i c splines. 
No te t h a t F igure 17.10 suggests t h a t the n o r m basic func t i on has 0(h2) approx

i m a t i o n order, wh i l e the b o u n d f r o m T h e o r e m 15.3 w i t h r = k = 0 — 1, n = 0, 
s = 1 and q = oo yields on ly OQi1/2). Since the n o r m basic func t ion is s t r i c t l y 
cond i t iona l ly posi t ive definite o f order one we can use the same R B F expansion 
as for s t r i c t l y posi t ive definite funct ions, i.e., w i t h o u t append ing a constant (c.f. 
T h e o r e m 9.7). 

T h e discrepancy between the theore t i ca l bounds o f T h e o r e m 15.3 (or Theo
r e m 15.4 as we l l as the na t ive space bounds o f Examples 15.6 and 15.7 o f Chap
ter 15) and those observed i n numer ica l exper iments is s imi l a r for r ad i a l cubics and 
t h i n plate splines (wh ich are b o t h s t r i c t l y c o n d i t i o n a l l y pos i t ive defini te o f order 
t w o ) . For cubics T h e o r e m 15.3 w i t h r = /3 = 3, k = 2, n = 0, s = 2 and q = oo 
predicts 0(h2) since the mesh r a t i o provides another power o f h for u n i f o r m l y dis
t r i b u t e d data . T h e left p lo t o f F igure 17.11, however, suggests 0(h3) or be t te r 
a p p r o x i m a t i o n order based on i n t e r p o l a t i o n t o the 2 D analog o f the osc i l l a to ry C2 

test func t ion F3, i.e., f(x) = (1 - \\x - ( 1 / 2 , l / 2 ) | | ) | j _ ( l + 5 | |x - ( 1 / 2 , 1 / 2 ) | | - 27\\x-
( 1 / 2 , 1 / 2 ) | | 2 ) . T h e predic ted ra te for t h i n p la te splines is G(h3/2) (since r = 20 = 2, 
k = 2, n = 0, s — 2 and q = oo) w h i l e the p l o t on the r i g h t o f F igure 17.11 indicates 
at least 0(h2) convergence. 

For Gaussian basis functions we no ted earlier t h a t we should not expect any con
vergence i n the s t a t ionary se t t ing . However, i f the i n i t i a l shape parameter is chosen 
smal l enough (bu t no t t oo smal l ) , t h e n we can observe the approx ima te approx ima
t i o n phenomenon, i.e., there is convergence up t o a ce r t a in po in t , and t h e n satura
t i o n occurs. T h i s is depicted i n F igu re 17.12. I n the left p l o t we used the Gaussian 
basic func t ion w i t h different i n i t i a l shape parameters (e = 0 .8 ,1 .0 ,1 .2 ,1 .4 ,1 .6 ,1 .8 ) 
t o in terpola te da ta sampled f r o m the osc i l l a to ry C2 f unc t i on used i n the previous 
i l l u s t r a t i o n at u n i f o r m l y spaced poin ts i n the u n i t square. T h e p lo t o n the r i g h t 
corresponds to Gaussian i n t e r p o l a t i o n of da ta sampled f r o m the 2 D sine func t ion 
fix, y) = sinc(a;)sinc(y) w i t h i n i t i a l e = 0 .1 , 0.2, 0.3, 0.4,0.5, 0.6. 
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Fig. 17.11 Maximum errors for stationary interpolation to a C 2 function with the cubic radial 
basic function (left) and thin plate spline basic function (right) based on N uniformly spaced 
points in [0, l ] 2 . 

Fig. 17.12 Maximum errors for stationary interpolation to the C 2 oscillatory function (left) and 
to the sine function (right) with Gaussians based on N uniformly spaced points in [0, l ] 2 using 
various initial e values. 

I f we consider t he range o f N values used i n the exper iments (N = 
9, 2 5 , 8 1 , 289 ,1089 ,4225) , t h e n we see t h a t s t a t i o n a r y i n t e r p o l a t i o n w i t h Gaussians 

does converge for the smaller values o f N (a t at r a te be t te r t h a n 0(h2)). However , 

the larger the value o f the i n i t i a l e is t aken , t he sooner does the s a t u r a t i o n occur . 

I t is also apparent t h a t i n t he case o f i n t e r p o l a t i o n t o the sine func t i on sma l l i n i 

t i a l values of the shape pa ramete r lead t o severe i l l - c o n d i t i o n i n g and subsequent 

ins tab i l i t ies especially for t he tests w i t h larger values o f N. W e also p o i n t o u t t h a t 

the range of values o f e for w h i c h we can observe convergence depends on the d a t a 

func t ion / . 

W e w i l l come back t o t he a p p r o x i m a t e a p p r o x i m a t i o n phenomenon i n t he con

t e x t o f quas i - in te rpo la t ion a n d a p p r o x i m a t e m o v i n g least squares a p p r o x i m a t i o n i n 

Chapters 26 a n d 27. 
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Chapter 18 

The Optimality of R B F Interpolation 

I n t h i s chapter we w i l l see t h a t w i t h i n the na t i ve H i l b e r t spaces associated w i t h 
s t r i c t l y pos i t ive defini te (and s t r i c t l y c o n d i t i o n a l l y pos i t ive def ini te) r a d i a l funct ions 
the r a d i a l basis func t ion i n t e rpo l an t provides the best approximation t o a g iven 
da t a func t ion . T h i s o p t i m a l i t y o f in t e rpo lan t s i n H i l b e r t space is the subject o f the 
theo ry o f optimal recovery descr ibed i n the la te 1950s by M i c h a e l G o l o m b and Hans 
Weinberger i n the i r paper [ G o l o m b and Weinberger (1959)] . 

1 8 . 1 T h e C o n n e c t i o n t o O p t i m a l R e c o v e r y 

I n [Go lomb and Weinberger (1959)] the au thors s tud ied the fo l l owing general p r o b 
lem: 

P r o b l e m 1 8 . 1 . Given the values f\ = Xi(f), • • • , / N = A i v ( / ) £ where 
{ A i , . . . , A J V } is a linearly independent set of linear functionals (called i n f o r m a t i o n 
funct ionals yielding the i n f o r m a t i o n about f), how does one "best" approximate the 
value A ( / ) (called a feature of f) where X is a given linear functional and f is 
unknown? Moreover, what is the total range of values for X(f)? 

T h i s is a ve ry general p r o b l e m f o r m u l a t i o n t h a t al lows no t o n l y for i n t e r p o l a t i o n 
of func t ion values, b u t also for o ther types o f d a t a (such as values o f der iva t ives 
and integrals o f / , such as averages or moments o f / , e tc . ) , as we l l as me thods o f 
a p p r o x i m a t i o n other t h a n i n t e r p o l a t i o n . 

T h e k i n d of p r o b l e m descr ibed above is k n o w n i n the l i t e r a tu r e as an optimal 
recovery problem. Besides the semina l w o r k by G o l o m b and Weinberger , o p t i m a l 
recovery was also s tud ied i n d e t a i l by M i c c h e l l i , R i v l i n and W i n o g r a d [Micche l l i et 
al. (1976); M i c c h e l l i and R i v l i n (1977); M i c c h e l l i and R i v l i n (1980); M i c c h e l l i a n d 
R i v l i n (1985)]. 

I n a H i l b e r t space se t t ing the s o l u t i o n t o th i s o p t i m a l recovery p r o b l e m is shown 
to be the minimum-norm interpolant. M o r e precisely, g iven a H i l b e r t space 7i a n d 
d a t a / i = A i ( / ) , . . . , / J V = A ^ ( / ) G R w i t h { A i , . . . , XN} C U * ( the d u a l o f W ) , t he 
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m i n i m u m - n o r m in te rpo lan t is t h a t func t ion g* G 7i t h a t satisfies 

W ) = / ; > j = h...,N, 

and for w h i c h 

\\g*\\n= m i n \\g\\n. 

I t t u rns ou t t h a t the r ad i a l basis func t ion i n t e rpo l an t w i t h basic func t ion <]> satisfies 
these c r i t e r i a i f 7i is t aken as the associated na t ive space Af<s>(Q). 

We w i l l present three o p t i m a l i t y results: 

• T h e r ad i a l basis func t ion i n t e rpo l an t for any s t r i c t l y cond i t i ona l l y pos i t ive def
in i t e func t ion $ is the m i n i m u m n o r m in t e rpo lan t f r o m j\f$(Q,). 

• T h e r ad i a l basis func t ion in t e rpo lan t provides the best a p p r o x i m a t i o n t o / i n 
the na t ive space n o r m . 

• T h e (card ina l f o r m of the) r ad i a l basis func t ion in t e rpo lan t is more accurate 
(as measured by the po in twise e r ror ) t h a n any other l inear c o m b i n a t i o n o f the 
data . 

18.2 O r t h o g o n a l i t y i n R e p r o d u c i n g K e r n e l H i l b e r t S p a c e s 

T h e proofs o f the first t w o " o p t i m a l i t y theorems" require the fo l lowing t w o lemmas. 
These lemmas and the i r co ro l l a ry can also be generalized t o cover the s t r i c t l y con
d i t i o n a l l y pos i t ive defini te case. However, t o keep our discussion t ransparent , we 
present on ly the details of the s t r i c t l y pos i t ive defini te case. 

L e m m a 18 .1 . Assume <& is a symmetric strictly positive definite kernel on R s and 
let Vf be the interpolant to f G A/$(f2) at the data sites X = {x\,... ,x^} Q ft-
Then 

(Vf,Vf -g)jv*(n) = 0 

for all interpolants g G j\f$>(Q), i.e., with g{xj) = f(xj), j = 1 , . . . , N. 

Proof. T h e in te rpo lan t Vf is o f the f o r m 

N 

where the coefficients Cj are de te rmined b y the i n t e r p o l a t i o n condi t ions Vf(xi) = 
f(xi), i = 1 , . . . , N. Us ing th i s representa t ion, the s y m m e t r y of the kernel $ a n d 
i ts r ep roduc ing p rope r ty we have 

N 

(Vf,vf - £ > A M Q ) = (^2cj^(^xj)^f - g)jv*m 
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N 

3 = 1 
N 

3 = 1 
N 

3 = 1 
= 0 

since b o t h Vf and g in te rpola te / o n X. • 

For the nex t result , recal l the de f in i t ion o f the space H$(X) as the l inear span 

H$(X) = span{<&(-, Xj) : xj G X} 

(c.f. (13.1)) . Clearly, H$(X) is a subspace o f the na t ive space Af<z>(fl). 

L e m m a 1 8 . 2 . Assume & is a strictly positive definite kernel on R s and let Vf be 
the interpolant to f G j\f<f>(fl) on X = {xi,..., XN} C fl. Then 

(f-Vf,h)^(Cl) = 0 

for all h G H*{X). 

Proof. A n y h G H$ (X) can be w r i t t e n i n the f o r m 

N 

3 = 1 

w i t h appropr ia te coefficients c3-. Us ing th i s representat ion o f h as we l l as the repro
duc ing p r o p e r t y of <3> we have 

N 

{f -'Pf,h)jV^n) = {f -Vf^Cj^Xj))^^) 
3 = 1 

N 

3 = 1 
N 

= X > ( / - p / ) t e ) -
3 = 1 

T h i s last expression, however, is zero since Vf in terpolates / o n X, i.e., (/ — 
Vf)(Xj) = Q,j = l,...,N. • 

T h e fo l lowing Py thagorean t heo rem (or "energy s p l i t t i n g " theorem) is an i m 
mediate consequence of L e m m a 18.2. I t says t h a t the na t ive space "energy" o f / 
can be spl i t i n t o the "energy" o f the in t e rpo lan t Vf and t h a t o f the res idual f — Vf, 
w h i c h — according t o L e m m a 18.2 — is o r thogona l t o the in t e rpo lan t . 

C o r o l l a r y 1 8 . 1 . The orthogonality property of Lemma 18.2 implies the energy sp l i t 

l l / l lSr*(n) = 11/ _ ^ / l l M t ( f i ) + H?VllA/"«(n)-
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Proof. T h e s tatement follows f r o m 

\\f\\jV.(n) = \\f-Vf + Vf\\fam 

= <(/ - Vf) + Vf, (/ - Vf) + V f ) ^ { a ) 

= 1 1 / - PfWir.w) + 2 ( / - Vf, 7 > / W ) + \ \ V f \ \ 2

w n ) 

and the fact t h a t ( / — Vf,Vf)^{Q,) = 0 by L e m m a 18.-2 since Vf G H®(X). • 

T h e above energy sp l i t is the fundamenta l idea b e h i n d a number o f K r y l o v -
type i t e ra t ive a lgor i thms for a p p r o x i m a t e l y so lv ing the i n t e r p o l a t i o n p r o b l e m w h e n 
very large da ta sets are invo lved (see, e.g., our discussion i n Chapte r 33 or the 
papers [Faul and Powel l (1999); Fau l and Powel l (2000)] or [Schaback and W e n d l a n d 
(2000a)]). 

18 .3 O p t i m a l i t y T h e o r e m I 

T h e fo l lowing theorem presents the f irst o p t i m a l i t y p r o p e r t y fo rmula ted for the gen
eral case of s t r i c t l y cond i t i ona l l y posi t ive defini te kernels. I t is t aken f r o m [Wend
land (2005a)]. 

T h e o r e m 1 8 . 1 ( O p t i m a l i t y I ) . Suppose <& G C(Q x f2) is a strictly conditionally 
positive definite kernel with respect to the finite-dimensional space P C C(f2) and 
that X is P-unisolvent. If the values fx,..., fx are given, then the interpolant Vf 
is the minimum-(semi)norm interpolant to {fj}jLx> i-e-> 

\VfW*(n)= s m m n ) \ g \ ^ ( n ) . 

Proof. We consider on ly the s t r i c t l y pos i t ive defini te case. Consider an a r b i t r a r y 
in te rpo lan t g G j\f$(Q) t o / i , . • . , / J V - T h e n L e m m a 18.1 gives us 

( V f , V f - g ) ^ { n ) = 0 . 

T h i s o r thogona l i t y r e l a t ion gives us 

\Vf\j\r*(n) = (Vf,Vf - g + g)jv»(n) 
= (Vf,Vf - # ) A f * ( f i ) + (Vf,g)jv*(n) 
= (Vf,g)Af^(ci), 

and the Cauchy-Schwarz inequa l i ty yields 

\Vf\Jv^(Q) < \VfW<t,(n)\gW*(ci), 

so t h a t the s ta tement follows. • 

A s i n our earlier use o f c o n d i t i o n a l l y pos i t ive defini te functions, the space P 
ment ioned i n T h e o r e m 18.1 is usua l ly t aken as the space U^-i ° f m u l t i v a r i a t e 
po lynomia l s . Also , i f $ is s t r i c t l y posi t ive defini te t h e n the semi-norms i n Theo
r e m 18.1 become norms. 



18. The Optimality of RBF Interpolation 163 

E x a m p l e 18 .1 . We said earlier t h a t the na t ive space o f t h i n p la te splines <fr(r) = 
r 2 l o g r , r — \\x\\2 w i t h x — (x,y) G R2 is g iven b y the B e p p o - L e v i space BL2 ( I R 2 ) . 
Now, the corresponding semi-norm i n the B e p p o - L e v i space B L 2 ( M 2 ) is (c.f. (13.6)) 

I / I B L 2 ( R 2 ) 
Ju2 \ 

d2f 
dx2 

(x) + 2 
d2f 

dxdy 
(x) + 

a 2 / 
dy2 

(x) dx, 

w h i c h is the bend ing energy of a t h i n pla te . B y T h e o r e m 18.1 the t h i n p la te spl ine 
in terpolant minimizes th i s energy. T h i s explains the name of these funct ions . 

18.4 O p t i m a l i t y T h e o r e m I I 

A n o t h e r nice p rope r ty of the r ad i a l basis func t ion in t e rpo lan t is the fact t h a t i t is 
at the same t i m e the best Hi lber t -space a p p r o x i m a t i o n t o the g iven da ta , a n d thus 
no t jus t any p ro j ec t ion o f / b u t the orthogonal projection. A g a i n , we fo rmula te the 
theorem for the s t r i c t l y cond i t i ona l l y posi t ive defini te case and provide detai ls o n l y 
for the s t r i c t l y posi t ive definite case. 

T h e o r e m 18.2 ( O p t i m a l i t y I I ) . Let 

N 
H^(X) = {h = ^2cj$(-,xj) +p : p e P 

N 
and Cjq(xj) = 0 for all q G P and Xj G X}, 

i = i 

where <E> G C(fl x fl) is a strictly conditionally positive definite kernel with respect 
to the finite-dimensional space P C C(fl) and X is P-unisolvent. If only the val
ues fx = f(xi),...,fpj = f(xjy) are given, then the interpolant Vf is the best 
approximation to f from H$(X) in j\f$(fl), i.e., 

\f - P/l/V^si) < \f - h\Af*(n) 

for all h G H<&(X). 

Proof. We consider on ly the s t r i c t l y posi t ive defini te case. A s expla ined i n Sec
t i o n 13.2, the na t ive space j\f<s>(fl) is the comple t i on o f H$(fl) w i t h respect t o the 
|| • | | $ -no rm so t h a t | | / | | $ = H/HAM^) ^ O R A ^ f e H&(fl). Also , X C fl. Therefore, 
we can characterize the best a p p r o x i m a t i o n g* t o / f r o m H$(X) by 

(/ - g \ h ) N i b m = 0 for a l l h G H*(X). 

However, L e m m a 18.2 shows t h a t g* = Vf satisfies th i s r e la t ion . • 
These o p t i m a l i t y proper t ies o f r ad i a l basis func t ion in te rpolants p lay an i m 

p o r t a n t role i n appl icat ions such as i n the design o f suppor t vector machines i n 
s ta t i s t ica l learn ing theory or the numer i ca l so lu t ion o f p a r t i a l different ia l equations. 
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T h e o p t i m a l i t y results above i m p l y t h a t one cou ld also s ta r t w i t h some H i l b e r t 
space 7i w i t h n o r m || • | | ^ and ask t o find the m i n i m u m n o r m in t e rpo lan t (i.e., H i l b e r t 
space best a p p r o x i m a t i o n ) t o some g iven da ta . I n t h i s w a y any g iven space defines 
a set o f optimal basis functions, generated b y the r e p r o d u c i n g kernel o f 7i. T h i s is 
how D u c h o n approached the subject i n his papers [ D u c h o n (1976); D u c h o n (1977); 
D u c h o n (1978); D u c h o n (1980)]. M o r e recently, K y b i c , B l u and Unser [ K y b i c et al. 
(2002a); K y b i c et al. (2002b)] take t h i s p o i n t o f v i e w a n d exp la in f r o m a s ampl ing 
theory p o i n t o f v i ew how the t h i n p la te splines can be in t e rp re t ed as fundamen ta l 
solutions o f the di f ferent ia l opera tor def in ing the s emi -no rm i n the B e p p o - L e v i space 
B L 2 ( M 2 ) , and thus r ad i a l basis funct ions can be v iewed as Green's functions. 

18 .5 O p t i m a l i t y T h e o r e m I I I 

T h e t h i r d o p t i m a l i t y result is i n the contex t o f quas i - in te rpo la t ion , i.e., 

T h e o r e m 18.3 ( O p t i m a l i t y I I I ) . Suppose <E> G C(Q x fl) is a strictly condition
ally positive definite kernel with respect to the finite-dimensional space P C C(fl). 
Suppose X is P-unisolvent and x G fl is fixed. Let Uj(x), j = 1,...,N, be the 
values at x of the cardinal basis functions for interpolation with <3>. Then 

N 

< 
N 

3 = 1 

for all choices of u\,..., UN G M. with ujp(xj) = p(x) for any p G P. 

T h e o r e m 18.3 is proved i n [Wend land (2005a)] . I t says i n pa r t i cu l a r t h a t the 
m i n i m u m n o r m in t e rpo lan t Vf is also more accurate ( i n the po in twise sense) t h a n 
any linear c o m b i n a t i o n o f the g iven d a t a values t h a t reproduce P. 



Chapter 19 

Least Squares R B F Approximation 
with M A T L A B 

U p t o now we have looked o n l y a t i n t e r p o l a t i o n . However , m a n y t imes i t makes 
more sense t o a p p r o x i m a t e the g iven da t a by a least squares f i t . T h i s is especially 
t rue i f the da t a are con t amina t ed w i t h noise, or i f there are so m a n y d a t a po in t s 
t h a t efficiency considerat ions force us t o a p p r o x i m a t e f r o m a space spanned by fewer 
basis functions t h a n da ta po in t s . 

1 9 . 1 O p t i m a l R e c o v e r y R e v i s i t e d 

As we saw i n Chap te r 18 we can in t e rp re t r a d i a l basis func t i on i n t e r p o l a t i o n as 
a const ra ined o p t i m i z a t i o n p r o b l e m , i.e., the R B F in t e rpo lan t a u t o m a t i c a l l y m i n 
imizes the na t ive space n o r m a m o n g a l l i n t e rpo lan t s i n the na t ive space. W e now 
take th i s p o i n t of v iew again, b u t s t a r t w i t h a more general f o r m u l a t i o n . L e t us 
assume we are seeking a func t i on Vf of the f o r m 

M 

Vf(x) =^2cj&(x,Xj), x e R s , 
i=i 

where the number M of basis funct ions is i n general less t h a n or equal the n u m b e r 
N of da t a sites. W e t h e n w a n t t o de te rmine the coefficients c = [c\,... , C M \ T SO 
t h a t we m i n i m i z e the quadra t i c f o r m 

\cTQc (19.1) 

w i t h some s y m m e t r i c pos i t ive def ini te m a t r i x Q subject t o the l inear cons t ra in ts 

Ac = f (19.2) 

where A is an N x M m a t r i x w i t h f u l l r ank , and the r i g h t - h a n d side / = [ / i , . . . , / J V ] T 

is g iven . Such a cons t ra ined q u a d r a t i c m i n i m i z a t i o n p r o b l e m can be conver ted t o a 
system of l inear equat ions b y i n t r o d u c i n g Lagrange multipliers A = [ A i , . . . , A j v ] T , 
i.e., we consider f ind ing the m i n i m u m o f 

l-cTQc-\T[Ac-f] (19.3) 

165 
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w i t h respect t o c and A. Since Q is assumed t o be a pos i t ive definite m a t r i x , i t is 
we l l k n o w n t h a t the func t iona l t o be m i n i m i z e d is convex, and thus has a unique 
m i n i m u m . Therefore, the s t andard necessary c o n d i t i o n for such a m i n i m u m ( w h i c h 
is ob ta ined by d i f fe rent ia t ing w i t h respect t o c a n d A and finding the zeros o f those 
derivat ives) is also sufficient. T h i s leads to 

Qc - ATX = 0 
Ac - f = 0 

or, i n m a t r i x f o r m , 

Q —AT' c "0 
A O A 

B y a p p l y i n g (b lock) Gaussian e l i m i n a t i o n to th i s b lock m a t r i x (Q is i nve r t ib l e since 
i t is assumed to be posi t ive defini te) we get 

A = (AQ~1AT)~1 f (19.4) 

c = Q-1AT(AQ-1ATy1f. (19.5) 

I n pa r t i cu la r , i f the quadra t i c f o r m represents the na t ive space n o r m of the 

in te rpo lan t Vf = Y2jL\ cj*&(',xj)i ^-e-> 

M M 

1=1 j = \ 

w i t h Qij = <fr(ccj, Xj) and c = [ c i , . . . , C M ] T , a n d the l inear side condi t ions are the 
i n t e rpo l a t i on condi t ions 

Ac = f Vf(xi) = fi, z = l,...,M, 

w i t h A = AT — Q ( symmet r i c ) , t he same c as above and da t a vector / = 

[fi-, • • • i / M ] T , t h e n we see t h a t the Lagrange m u l t i p l i e r s (19.4) become 

A = ^ l - 1 / 

and the coefficients are given b y 

c = A 

v i a (19.5). Therefore, as we saw earlier , the m i n i m u m n o r m in t e rpo lan t is ob ta ined 
by so lv ing the i n t e r p o l a t i o n equat ions alone. 

19 .2 R e g u l a r i z e d L e a s t S q u a r e s A p p r o x i m a t i o n 

Since we t o o k the more general p o i n t o f v i ew t h a t Vf is generated by M basis 
funct ions, and N l inear const ra ints are specified, the above f o r m u l a t i o n also covers 
b o t h over- and under -de te rmined least squares fitting where the quadra t i c f o r m 
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cTQc represents an added smoothing (or regularization) t e r m . T h i s t e r m is no t 
required to o b t a i n a unique so lu t ion o f the system Ac = / i n the over -de termined 
case (N > M), b u t i n the under -de te rmined case such a cons t ra in t is needed (c.f. 
the so lu t ion o f under -de termined l inear systems v i a s ingular value decompos i t ion i n 
the numer ica l l inear algebra l i t e r a tu r e (e.g., [Trefethen and B a u (1997)]) ) . 

Usua l ly the regularized least squares a p p r o x i m a t i o n p r o b l e m is fo rmu la t ed as 
m i n i m i z a t i o n o f 

1 N 

- c ^ c + a ^ P ^ ) - / , ) 2 

3 = 1 

±CTQC + UJ(AC- f)T(Ac- f). (19.6) 

T h e quadra t ic f o r m cTQc controls the smoothness o f the f i t t i n g func t ion a n d the 
least squares t e r m measures the closeness to the data . T h e parameter UJ controls 
the tradeoff between these t w o te rms w i t h a large value o f UJ sh i f t ing the balance 
t o w a r d increased pointwise accuracy. 

The fo rmu la t i on (19.6) is used i n regularization theory (see, e.g., [Evgeniou et al. 
(2000); Gi ros i (1998)]) . T h e same f o r m u l a t i o n is also used i n penalized least squares 
f i t t i n g (see, e.g., [von Gol i tschek and Schumaker (1990)]) , the l i t e r a tu re o n smooth
ing splines [Reinsch (1967); Schoenberg (1964)], and i n papers b y W a h b a o n t h i n 
plate splines (e.g., [ K i m e l d o r f and W a h b a (1971); W a h b a (1979); W a h b a (1990b); 
Wahba and L u o (1997); W a h b a and Wendelberger (1980)]) . I n fact, the idea o f 
smooth ing a da ta f i t t i n g process b y th i s k i n d o f f o r m u l a t i o n seems t o go back t o 
at least [ W h i t t a k e r (1923)]. I n pract ice a penal ized least squares f o r m u l a t i o n is 
especially useful i f the da ta fa cannot be comple te ly t rus ted , i.e., t hey are c o n t a m i 
nated by noise. T h e p r o b l e m of m i n i m i z i n g (19.6) is also k n o w n as ridge regression 
i n the stat ist ics l i t e ra ture . T h e regu la r i za t ion parameter UJ is usual ly chosen us ing 
generalized cross va l ida t ion . 

I f we res t r ic t ourselves t o w o r k i n g w i t h square symmet r i c systems, i.e., A = AT, 
and assume the smoothness func t iona l is g iven by the na t ive space n o r m , i.e., 
Q = A, t hen we o b t a i n the m i n i m i z e r o f the uncons t ra ined quadra t ic func t iona l 
(19.6) by so lv ing the l inear system 

(A+h')e = t 

w h i c h is the result of se t t ing the der iva t ive o f (19.6) w i t h respect t o c equal t o 
zero. Thus , r idge regression corresponds t o a d iagonal s t a b i l i z a t i o n / r e g u l a r i z a t i o n 
of the usual i n t e rpo l a t i on sys tem Ac = / . T h i s approach is especially useful for 
smoo th ing o f noisy data . We present an i m p l e m e n t a t i o n o f th i s m e t h o d and some 
numer ica l examples below i n Section 19.4. 

(19.7) 
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19.3 L e a s t S q u a r e s A p p r o x i m a t i o n W h e n R B F C e n t e r s D i f f e r f r o m 
D a t a S i t e s 

We are now interested i n the more general se t t ing where we s t i l l sample the given 
func t ion / on the set X = {x\,..., XN} o f d a t a sites, b u t n o w in t roduce a second set 
S = {^yflx at w h i c h we center the basis funct ions. U s u a l l y we w i l l have M < N, 
and the case M = N w i t h E = X recovers the t r a d i t i o n a l i n t e r p o l a t i o n se t t ing 
discussed i n earlier chapters. Therefore, we can let the R B F a p p r o x i m a n t be o f the 
f o r m 

M 

2/0*0 = 5>i*(aj>*i)> x e R S - ( 1 9- 8) 
T h e coefficients c3 can be found as the least squares so lu t i on of Ac — f, i.e., by 
m i n i m i z i n g \\Qf — f]]2,, where the ^2 -norm 

N 

H/llS = £ [ / ( * i ) ] 2 , * * € * » 

is induced by the discrete inner p roduc t 
N 

(f,g)=^2f{xi)g(xi), XiGX. (19.9) 
t = i 

T h i s a p p r o x i m a t i o n p r o b l e m has a un ique so lu t ion i f the ( rec tangular ) colloca
tion matrix A w i t h entries 

A j k = $(xj,Sk), j = l,...,N, fc = l,...,M, 
has fu l l r ank . 

I f the centers i n H are chosen t o f o r m a subset o f the da ta locat ions X, t h e n A 
does have fu l l r ank p rov ided the r ad i a l basis funct ions are selected according to our 
previous chapters on i n t e rpo l a t i on . T h i s is t rue , since i n th i s case A w i l l have an 
M x M square s u b m a t r i x w h i c h is non-s ingular (by v i r t u e o f be ing an interpolation 
matrix). 

T h e over-determined l inear system Ac = / w h i c h arises i n the so lu t ion o f the 
least squares p r o b l e m can be solved using s t anda rd a lgo r i t hms f r o m numer ica l l inear 
algebra such as Q R or s ingular value decompos i t ion . Therefore the M A T L A B code 
for R B F least squares a p p r o x i m a t i o n is a lmost iden t ica l t o t h a t for i n t e r p o l a t i o n . 

P r o g r a m 19.1 presents an example for least squares a p p r o x i m a t i o n i n 2 D . N o w 
we define t w o sets o f po in ts : the d a t a po in t s (defined i n lines 3 and 8 ) , and the 
centers (defined i n lines 4, 6 and 7) . N o t e t h a t we f i rs t load the centers since our 
da ta files Data2D_1089h and Data2D_81u con ta in a var iable d s i t e s w h i c h we w a n t 
t o use for our da ta sites. L o a d i n g the da t a sites f i rs t , a n d t h e n the centers w o u l d 
lead t o unwan ted o v e r w r i t i n g o f the values i n d s i t e s . T h e so lu t ion o f the least 
squares p r o b l e m is compu ted o n l ine 16 us ing backslash m a t r i x left d i v i s i o n ( \ or 
m l d i v i d e ) w h i c h a u t o m a t i c a l l y produces a least squares so lu t ion . T h e subrout ines 
P l o t S u r f and P l o t E r r o r 2 D are p rov ided i n A p p e n d i x C. 
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P r o g r a m 19 .1 . RBFApproximation2D.m 

'/„ RBF Approximation^ 
7. S c r i p t that performs b a s i c 2D RBF l e a s t squares approximation 
7, C a l l s on: DistanceMatrix, Plot Surf, PlotError2D 
1 rbf = @(e,r) e x p ( - ( e * r ) . ~ 2 ) ; ep = 1; 
2 testfunction = @(x,y) s i n e ( x ) . * s i n c ( y ) ; 
3 N = 1089; gridtype = 'h'; 
4 M = 81; grid2type = >u'; 
5 neval = 40; 

7« Load centers 
6 name = s p r i n t f ('Data2D_7.d7.s',M,grid2type) ; load(name) 
7 c t r s = d s i t e s ; 

7» Load data points 
8 name = s p r i n t f ( ,Data2D_°/,d°/0s' ,N,gridtype) ; load(name) 

7. Compute distance matrix between data s i t e s and centers 
9 DM_data = D i s t a n c e M a t r i x ( d s i t e s , c t r s ) ; 

% Build collocation matrix 
10 CM = rbf(ep,DM_data); 

% Create right-hand side vector, i . e . , 
7« evaluate the t e s t function at the data points. 

11 rhs = t e s t f u n c t i o n ( d s i t e s ( : , 1 ) , d s i t e s ( : , 2 ) ) ; 
7, Create neval-by-neval equally spaced evaluation 
7c locations i n the unit square 

12 grid = linspace(0,1,neval); [xe,ye] = meshgrid(grid); 
13 epoints = [xe(:) y e ( : ) ] ; 

7. Compute distance matrix between evaluation points and centers 
14 DM_eval = DistanceMatrix(epoints,ctrs); 
15 EM = rbf(ep,DM_eval); 

7o Compute RBF l e a s t squares approximation 
16 Pf = EM * (CM\rhs); 

7c Compute exact solution, i . e . , evaluate t e s t 
7c function on evaluation points 

17 exact = tes t f u n c t i o n ( e p o i n t s ( : , 1 ) , e p o i n t s ( : , 2 ) ) ; 
% Compute maximum error on evaluation g r i d 

18 maxerr = norm(Pf-exact,inf); 
7, Plots 

19 figure; fview = [100,30]; 7. viewing angles for plot 
20 caption = s p r i n t f C 7 c d data s i t e s and 7od centers' ,N,M) ; 
21 t i t l e ( c a p t i o n ) ; 
22 p l o t ( d s i t e s ( : , 1 ) , d s i t e s ( : , 2 ) , ' b o ' , c t r s ( : , 1 ) , c t r s ( : , 2 ) , ' r + ' ) ; 
23 PlotSurf(xe,ye,Pf,neval,exact,maxerr,fview); 
24 PlotError2D(xe,ye,Pf.exact,maxerr,neval,fview); 
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O u t p u t f rom R B F A p p r o x i m a t i o n 2 D .m is presented i n F igu re 19.1 a n d the t o p 
p a r t o f F igure 19.2. 

X 

Fig. 19.1 1089 Halton data sites (o) and 81 uniform centers (+). 

I f e = 1, t hen the co l ioca t ion m a t r i x is r a n k deficient w i t h M A T L A B r e p o r t i n g a 
numer ica l r ank o f 58. I n order t o have a f u l l numer i ca l r a n k for th i s p r o b l e m e needs 
to be at least 2.2 ( i n w h i c h case the m a x i m u m error deter iorates t o 5.255591e-004 
instead o f 2.173460e-007 for e = 1, c.f. t he t o p p a r t o f F igu re 19.2). There is no t 
m u c h theo ry available for the case o f di f fer ing centers and da ta sites. We present 
w h a t is k n o w n i n the next chapter. Some care needs t o be taken w h e n c o m p u t i n g 
least squares solutions based on sets o f d i f fer ing centers and da ta sites. 

19.4 L e a s t S q u a r e s S m o o t h i n g o f N o i s y D a t a 

We present t w o strategies for deal ing w i t h noisy da ta , i.e., da t a t h a t we consider 
to be not rel iable due t o , e.g., measurement or t ransmiss ion errors. T h i s s i t u a t i o n 
arises f requent ly i n pract ice . We s imula te a set o f noisy da t a by sampl ing Franke's 
test func t ion at a set X o f da t a sites, and t h e n a d d i n g u n i f o r m l y d i s t r i b u t e d r a n d o m 
noise of various strengths. For th i s exper iment we use t h i n p la te splines since the i r 
nat ive space n o r m corresponds t o the bend ing energy o f a t h i n p la te and thus t hey 
have a tendency t o produce "v isua l ly pleasing" s m o o t h a n d t i g h t surfaces. 

Since the t h i n p la te splines have a s i ngu l a r i t y at the o r i g i n a l i t t l e e x t r a care 
needs t o be taken w i t h the i r i m p l e m e n t a t i o n . T h e M A T L A B scr ipt t p s . m we use for 
our i m p l e m e n t a t i o n o f th i s basic func t ion is inc luded i n A p p e n d i x C as P r o g r a m C.4. 

O u r f irst s t ra tegy is t o compute a s t r a i g h t f o r w a r d least squares a p p r o x i m a t i o n 
t o the (large) set of da ta us ing a (small) set o f basis funct ions as we d i d i n the 
previous section. I n the s tat is t ics l i t e r a tu re th i s approach is k n o w n as regression 
splines. W e w i l l no t address the quest ion o f how t o choose the centers for the basis 
functions a t th i s p o i n t . 

We use a mod i f i c a t i on o f p r o g r a m R B F A p p r o x i m a t i o n 2 D .m t h a t al lows us t o use 
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thin plate splines with the added linear polynomial term. These changes can be 
found on lines 1, 15, 16, 19 and 24 of Program 19.2. Also, we now replace the sine 
test function by Franke's function (2.2). The noise is added to the right-hand side 
of the linear system on line 18. This modification adds 3% noise to the data. 

Program 19.2. RBFApproximation2Dlinear .m 

% RBFApproximation2Dlinear 
% S c r i p t that performs 2D RBF l e a s t squares approximation with 
% l i n e a r reproduction for noisy data 
7o C a l l s on: tps, DistanceMatrix 
1 rbf = @tps; ep = 1; % defined i n tps.m (see Appendix C) 

% Define Franke's function as t e s t f u n c t i o n 
2 f l = @(x,y) 0.75*exp(-((9*x-2).~2+(9*y-2).~2)/4); 
3 ±2 = @(x,y) 0.75*exp(-((9*x+l).~2/49+(9*y+l)."2/10)); 
4 f3 = <3(x,y) 0.5*exp(-((9*x-7).~2+(9*y-3).~2)/4); 
5 f4 = @(x,y) 0.2*exp(-((9*x-4).~2+(9*y-7).~2)); 
6 testfunction = @(x,y) f1(x,y)+f2(x,y)+f3(x,y)-f4(x,y); 
7 N = 1089; gridtype = 'h 5; 
8 M = 81; grid2type = 'u'; 
9 neval = 40; 

% Load centers 
10 name = s p r i n t f ( 'Data2D_°/0d°/0s' ,M,grid2type) ; load(name) 
11 c t r s = d s i t e s ; 

% Load data points 
12 name = s p r i n t f ( ,Data2D_0/od0/,s' ,N .gridtype) ; load(name) 

% Compute distance matrix between data s i t e s and centers 
13 DM_data = Di s t a n c e M a t r i x ( d s i t e s , c t r s ) ; 
14 CM = rbf(ep,DM_data); % Collocation matrix 

% Add extra columns and rows for l i n e a r reproduction 
15 PM = [ones(N,l) d s i t e s ] ; PtM = [ones(M.l) c t r s ] ' ; 
16 CM = [CM PM; [PtM zeros(3,3)]] ; 

% Create right-hand side vector and add noise 
17 rhs = t e s t f u n c t i o n ( d s i t e s ( : , 1 ) , d s i t e s ( : , 2 ) ) ; 
18 rhs = rhs + 0.03*randn(size(rhs)); 

7o Add zeros for l i n e a r (2D) reproduction 
19 rhs = [rhs; z e r o s ( 3 , l ) ] ; 

% Create neval-by-neval equally spaced evaluation locations 
°/c i n the unit square 

20 grid = linspace(0,1,neval); [xe.ye] = meshgrid(grid); 
21 epoints = [xe(:) y e ( : ) ] ; 

% Compute distance matrix between evaluation points and centers 
22 DM_eval = DistanceMatrix(epoints,ctrs); 

a . 

1J3J 
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23 EM = rbf(ep,DM_eval); % Evaluation matrix 
% Add columns for l i n e a r reproduction 

24 PM = [ones(neval"2,1) epoints]; EM = [EM PM]; 
% Compute RBF l e a s t squares approximation 

25 Pf = EM * (CM\rhs); 
°/, Compute exact solution, i . e . , 
'/, evaluate t e s t function on evaluation points 

26 exact = te s t f u n c t i o n ( e p o i n t s ( : , 1 ) , e p o i n t s ( : , 2 ) ) ; 
% Compute maximum error on evaluation g r i d 

27 maxerr = norm(Pf-exact,inf); 
Plots 

28 figure; fview = [160,20]; °/0 viewing angles for plot 
29 caption = s p r i n t f (,0/od data s i t e s and 4/0d centers',N,M); 
30 t i t l e ( c a p t i o n ) ; 
31 p l o t ( d s i t e s ( : , 1 ) , d s i t e s ( : , 2 ) , ' b o ' , c t r s ( : , 1 ) , c t r s ( : , 2 ) , ' r + ' ) ; 
32 PlotSurf(xe,ye,Pf,neval,exact.maxerr,fview); 
33 PlotError2D(xe,ye,Pf,exact,maxerr,neval,fview); 

P r o g r a m RBFApproxiation2Dlinear .m was used t o produce the r i g h t p l o t i n the 
b o t t o m p a r t o f F igure 19.2 and the entries i n l ine 2 o f Table 19.1. Clear ly, th i s s imple 
least squares approach performs m u c h be t te r t h a n s t r a igh t fo rward i n t e r p o l a t i o n 
t o the noisy da t a (see the left p l o t the b o t t o m p a r t o f F igu re 19.2 and l ine 1 of 
Table 19.1). Moreover , th i s least squares a p p r o x i m a t i o n is also m u c h cheaper t o 
compute . However, as we po in t ed ou t earlier, i t is no t clear how t o choose the 
smaller set of R B F centers, and w h a t is even more unse t t l i ng , there is no t m u c h 
ma thema t i ca l theory (see the nex t section) t o guarantee i f (or when) th i s approach 
is well-posed, i.e., the co l loca t ion m a t r i x has f u l l r ank . 

Table 19.1 Errors and condition numbers for various least squares approximants 
to noisy data. 

method RMS-error max-error cond(A) 

Interpolation oo 
L S Q approximation N A 

Ridge regression 1000 
Ridge regression 100 
Ridge regression 10 
Ridge regression 1 

2.482624e-002 
9.665743e-003 
1.713843e-002 
1.078358e-002 
9.173961e-003 
2.764272e-002 

9.914837e-002 
5.490050e-002 
7.580288e-002 
4.215865e-002 
3.349371e-002 
1.041350e-001 

1.502900e+007 
N A 

2.537652e+006 
3.839384e+005 
4.571167e+004 
9.317936e+003 

A n o t h e r s t ra tegy for s m o o t h i n g o f noisy da t a is the r idge regression m e t h o d 
explained earlier (see (19.7)). T h i s m e t h o d is popu la r i n the s tat is t ics a n d neura l 
ne twork commun i ty . 

T h e na tu re of the M A T L A B p r o g r a m for r idge regression is ve ry s imi la r t o t h a t for 
R B F i n t e rpo l a t i on . We present a vers ion for r idge regression w i t h t h i n p la te splines 
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y x y x 

Fig. 19.2 Top: Least squares approximation (left) to 1089 data points sampled from 2D sine 
function with 81 Gaussian basis functions with e = 1 and maximum error (right) false-colored 
by magnitude of error. Bottom: Th in plate spline interpolant (left) to 1089 noisy data points 
sampled from Franke's function, and least squares approximation with 81 uniformly spaced thin 
plate spline basis functions (right) false-colored by magnitude of error. 

(including the linear term in the basis expansion) for smoothing of noisy data. The 
smoothing parameter u) of (19.7) is defined on line 7 of Program 19.3, and the 
diagonal stabilization of the (interpolation) matrix A is performed on line 17. Note 
that the stabilization only affects the A part of the matrix, and not the extra rows 
and columns added for polynomial precision. 

Program 19.3. TPS_RidgeRegression2D .m 

% TPS_RidgeRegression2D 
% Script that performs 2D TPS-RBF approximation with reproduction of 
% l i n e a r functions and smoothing v i a ridge regression 
% C a l l s on: tps, DistanceMatrix 

°/0 Use TPS (defined i n tps.m, see Appendix C) 
1 rbf = @tps; ep = 1; 

°/0 Define Franke's function as test f u n c t i o n 
2 f l = @(x,y) 0.75*exp(-((9*x-2)."2+(9*y-2) . ~ 2 ) / 4 ) ; 
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3 f2 = @(x,y) 0.75*exp(-((9*x+l).~2/49+(9*y+l).~2/10)); 
4 f3 = @(x,y) 0.5*exp(-((9*x-7).~2+(9*y-3).~2)/4); 
5 f4 = @(x,y) 0.2*exp(-((9*x-4).~2+(9*y-7).~2)); 
6 testfunction = @(x,y) f1(x,y)+f2(x,y)+f3(x,y)-f4(x,y); 
7 omega = 100; % Smoothing parameter 
8 N = 1089; gridtype = 'h'; 
9 neval = 40; 

°/0 Load data points 
10 name = s p r i n t f ( 'Data2D_°/od°/0s' ,N,gridtype) ; load(name) 
11 c t r s = d s i t e s ; 

% Compute distance matrix between data s i t e s and centers 
12 DM_data = Dista n c e M a t r i x ( d s i t e s , c t r s ) ; 

% Create noisy right-hand side vector 
13 rhs = t e s t f u n c t i o n ( d s i t e s ( : , 1 ) , d s i t e s ( : , 2 ) ) ; 
14 rhs = rhs + 0.03*randn(size(rhs)); 

% Add zeros for 2D l i n e a r reproduction 
15 rhs = [rhs; z e r o s ( 3 , 1 ) ] ; 

% Compute interpolation matrix and add diagonal r e g u l a r i z a t i o n 
16 IM = rbf(ep,DM_data); 
17 IM = IM + eye(size(IM))/(2*omega); 

% Add extra columns and rows for l i n e a r reproduction 
18 PM = [ones(N,l) d s i t e s ] ; IM = [IM PM; [PM' z e r o s ( 3 , 3 ) ] ] ; 
19 f p r i n t f (' Condition number estimate: °/„e\n', condest (IM) ) 

7, Create neval-by-neval equally spaced evaluation locations 
7o i n the unit square 

20 grid = linspace(0,1,neval); [xe,ye] = meshgrid(grid); 
21 epoints = [xe(:) y e ( : ) ] ; 

7o Compute distance matrix between evaluation points and centers 
22 DM_eval = DistanceMatrix(epoints,ctrs); 

7o Compute evaluation matrix and add columns for l i n e a r p r e c i s i o n 
23 EM = rbf(ep,DM_eval); 
24 PM = [ones(neval"2,D epoints]; EM = [EM PM] ; 

7o Compute RBF interpolant 
25 Pf = EM * (IM\rhs); 

7o Compute exact solution, i . e . , 
7. evaluate t e s t function on evaluation points 

26 exact = testf u n c t i o n ( e p o i n t s ( : , 1 ) , e p o i n t s ( : , 2 ) ) ; 
7o Compute maximum error on evaluation g r i d 

27 maxerr = norm(Pf-exact,inf); 
7o Plots 

28 fview = [160,20]; % viewing angles for plot 
29 PlotSurf(xe,ye,Pf,neval,exact,maxerr,fview); 
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30 PlotError2D(xe,ye,Pf.exact,maxerr,neval,fview); 

T h e results for our examples c o m p u t e d w i t h P r o g r a m 19.3 are s h o w n i n F i g 
ure 19.3 as w e l l as i n lines 3 -6 o f Tab le 19 .1 . These results i l l u s t r a t e ve ry n ice ly 
the s m o o t h i n g effect ob ta ined b y v a r y i n g UJ. A v e r y large value o f UJ emphasizes t h e 
f i t t i n g component o f the func t iona l t o be m i n i m i z e d i n (19.6) r e su l t i ng i n a r a the r 
r o u g h surface, w h i l e a sma l l value o f u> gives preference t o the s m o o t h i n g t e r m . T h e 
" o p t i m a l " value o f UJ lies somewhere i n the m i d d l e . I n prac t ice one w o u l d usua l ly 
use cross v a l i d a t i o n t o o b t a i n the o p t i m a l value o f UJ. 

Besides the v i sua l s m o o t h i n g o f the a p p r o x i m a t i n g surface, a sma l l value o f UJ 
also has a s t ab i l i z ing effect o n the co l l oca t i on m a t r i x . T h e d iagona l o f the m a t r i x 
becomes more a n d more d o m i n a n t . T h e c o n d i t i o n est imates i n Table 19.1 also ve r i fy 
t h i s behavior . 

Fig. 19.3 Thin plate spline ridge regression to 1089 noisy data points sampled from Franke's 
function with UJ = 1000 (top left), UJ — 100 (top right), UJ = 10 (bottom left), and UJ — 1 (bottom 
right). 





Chapter 20 

Theory for Least Squares Approximation 

I n th i s chapter we give a b r i e f account o f t h e t heo re t i ca l resul ts k n o w n for least 
squares a p p r o x i m a t i o n w i t h r a d i a l basis funct ions . These results inc lude extensions 
o f the R B F i n t e r p o l a t i o n t h e o r y t o cover well-posedness for the s i t u a t i o n i n w h i c h 
centers S a n d d a t a sites X differ . W e also present some recent e r ror est imates for 
least squares a p p r o x i m a t i o n . 

20.1 W e l l - P o s e d n e s s o f R B F L e a s t S q u a r e s A p p r o x i m a t i o n 

T h e results men t ioned here are due t o Q u a k , S ivakumar a n d W a r d [S ivakumar a n d 
W a r d (1993); Q u a k et al. (1993)] . T h e f i rs t paper deals w i t h discrete, t he second 
w i t h cont inuous least squares a p p r o x i m a t i o n . I n b o t h papers t h e au thors do n o t 
discuss the co l loca t ion m a t r i x A we used i n the previous chapter , b u t r a the r base 
the i r results o n the n o n - s i n g u l a r i t y o f the coefficient m a t r i x o b t a i n e d f r o m a sys tem 
o f n o r m a l equat ions. 

I n the discrete se t t i ng t h e y use t h e inner p r o d u c t (19.9) w h i c h induces t h e i 2 

n o r m , and t h e n discuss n o n - s i n g u l a r i t y o f t h e Gram matrix G t h a t occurs i n the 
fo l lowing sys tem of normal equations 

Gc = w, (20.1) 

where the entries o f G are t h e l 2 inner p r o d u c t s o f the r a d i a l basis funct ions , i .e. , 

N 

Gjk = ($(-,̂ ), $(•,£*)> = E$(^> 6 : ) , j,k = l,...,M, 
i=l 

and the r i g h t - h a n d side vec tor w i n (20.1) is g iven b y 

N 

i = l 

N o t e t h a t i n the i n t e r p o l a t i o n case w i t h M — N and S = X (i.e., c o i n c i d i n g 
centers a n d d a t a sites) we have 

(^(•,Xj),^(-,Xk)) = (^(•,Xj),^(-,Xk))^(cl) = $(Xj,Xk) 

177 
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so t h a t G is j u s t the i n t e r p o l a t i o n m a t r i x A. T h i s provides ye t another w a y o f 
saying t h a t the i n t e r p o l a t i o n m a t r i x A is also the sys tem m a t r i x for the n o r m a l 
equat ions i n the case o f best a p p r o x i m a t i o n w i t h respect t o the na t i ve space n o r m 
— a fact a l ready men t ioned earl ier i n Chap te r 18 o n o p t i m a l recovery. 

I n b o t h papers, [Sivakumar a n d W a r d (1993)] as w e l l as [Quak et al. (1993)] , 
even the f o r m u l a t i o n o f the m a i n theorems is ve ry technica l . W e therefore j u s t t r y 
t o give a feel for the i r results . 

Essential ly, the au thors show t h a t the G r a m m a t r i x for ce r t a in r a d i a l basis 
funct ions ( n o r m , (inverse) m u l t i q u a d r i c s , a n d Gaussians) is non-s ingular i f t he cen
ters S = k — 1 , . . . , M} are suff ic ient ly w e l l d i s t r i b u t e d a n d the d a t a po in t s 
X = {xj,j = 1 , . . . , N} are f a i r l y evenly c lus tered abou t the centers w i t h the d i 
ameter o f the clusters be ing r e l a t i ve ly s m a l l compared t o the separa t ion dis tance o f 
the d a t a poin ts . F i g u r e 20.1 i l lus t ra tes t h i s c lus t e r ing idea. 

o 

o o 
o o 

o 

o 
o 

o 
o 

o 
o 

o 
o 

o o 
o o o 

Fig. °0 .1 Clusters of data points o around well separated centers • . 

One o f the key ingredients i n the p r o o f o f the n o n - s i n g u l a r i t y o f G is t o set 
u p an i n t e r p o l a t i o n m a t r i x B for w h i c h the basis funct ions are centered at ce r t a in 
representatives o f the clusters o f kno t s abou t the d a t a sites. One t h e n spl i t s the 
m a t r i x B ( w h i c h is n o n - s y m m e t r i c i n general) i n t o a p a r t t h a t is s y m m e t r i c a n d 
one t h a t is an t i - symmet r i c , a s t a n d a r d s t r a t egy i n l inear algebra, i.e., B — B\ + B2 

where B\ and B2 are defined b y 

B + B T , 
B\ — ( s y m m e t r i c ) , 

B — B T 

B2 = ( a n t i - s y m m e t r i c ) . 

T h e n , lower est imates for the n o r m o f these t w o par t s are found a n d used t o conclude 
t h a t , under ce r t a in res t r ic t ions , G is non-s ingular . 

A s a b y - p r o d u c t o f t h i s a r g u m e n t a t i o n the au thors o b t a i n a p r o o f for t h e non -
s i n g u l a r i t y o f interpolation mat r ices for t h e case i n w h i c h the centers o f t h e basis 
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funct ions are chosen different f r o m the da t a sites, name ly as sma l l p e r t u r b a t i o n s 

thereof. 

2 0 . 2 E r r o r B o u n d s f o r L e a s t S q u a r e s A p p r o x i m a t i o n 

I n the case of basis funct ions centered at t he po in t s o f an in f in i t e l a t t i c e de B o o r , 
DeVore and R o n [deBoor et a/ .(1994b); R o n (1992)] discussed L2 - a p p r o x i m a t i o n 
orders for r ad i a l basis funct ions . 

M o r e recently, [ W a r d (2004)] p r o v i d e d er ror bounds for least squares a p p r o x i 
m a t i o n at scat tered centers a n d i n f in i te domains . H i s w o r k is closely l i n k e d t o the 
results i n [Narcowich et al. (2005)] discussed earlier i n Chap te r 15. 

A t y p i c a l resul t is t h a t the cont inuous least squares e r ror for a p p r o x i m a t i o n 
based o n the c o m p a c t l y suppo r t ed W e n d l a n d funct ions is 

m i n | | / - < 2 / | U a ( n ) < C M > n | * / T | | / | | w j ( f i ) . 

Here fl C Rs is a bounded L ip sch i t z d o m a i n w h i c h satisfies an in t e r io r cone cond i 

t i o n , X C fl is the set o f centers, H<&(X) — s p a n { $ ( - — X j ) , xj € X}, k is such t h a t 

r = k + a w i t h 0 < a < 1, a n d r > s/2 measures the decay o f the Four ie r t r a n s f o r m 

of <&, i.e., 

c i ( l + I M H ) - - < < c 2 ( l + | M H ) - T , | M | • oo, UJ G Rs, 

w i t h pos i t ive constants c\ and c 2 so t h a t the na t ive space of $ is g iven b y the Sobolev 
space W J ( R s ) - T h i s er ror b o u n d is o f the same order as the one for i n t e r p o l a t i o n 
(c.f. T h e o r e m 15.3). We refer the reader t o [ W a r d (2004)] for more detai ls . 



i s 



Chapter 21 

Adaptive Least Squares Approximation 

I n th i s chapter we m e n t i o n some strategies for so lv ing the least squares p r o b l e m i n 
an adapt ive fashion. 

21.1 A d a p t i v e L e a s t S q u a r e s u s i n g K n o t I n s e r t i o n 

A classical technique used t o i m p r o v e t h e q u a l i t y o f a g iven i n i t i a l a p p r o x i m a t i o n 
based o n a l inear c o m b i n a t i o n o f c e r t a in basis funct ions is t o adap t ive ly increase 
the number o f basis funct ions used for t h e f i t . I n o ther words , one refines the space 
f r o m w h i c h the a p p r o x i m a t i o n is c o m p u t e d . Since every r a d i a l basis f u n c t i o n is 
associated w i t h one p a r t i c u l a r center (or knot), t h i s can be achieved b y a d d i n g 
new kno ts t o the ex i s t ing ones. T h i s idea was exp lored for m u l t i q u a d r i c s o n M 2 i n 
[Franke et al. (1994); Franke et al. (1995)] , a n d for r a d i a l basis funct ions o n spheres 
m [Fasshauer (1995a)]. 

W e w i l l n o w describe an a l g o r i t h m t h a t adap t ive ly adds kno t s t o a r a d i a l basis 
func t ion a p p r o x i m a n t i n order t o i m p r o v e the i 2 e r ror . 

L e t us assume we are g iven a large number , N, o f d a t a a n d we w a n t t o f i t t h e m 
w i t h a r ad i a l basis expans ion t o w i t h i n a g iven tolerance. T h e idea is t o s t a r t w i t h 
very few i n i t i a l kno t s , a n d t h e n t o repea ted ly inser t a k n o t a t t h a t d a t a l o c a t i o n 
whose i 2 error componen t is largest . T h i s is done as l o n g as t h e least squares e r ro r 
exceeds a given tolerance. T h e f o l l o w i n g a l g o r i t h m m a y be used. 

A l g o r i t h m 2 1 . 1 . K n o t i n se r t i on 

(1) L e t d a t a sites X — {x\,..., C C J V } , d a t a /*, i — 1 , . . . , N, a n d a to lerance tol be 
given. 

(2) Choose M i n i t i a l kno t s S = { £ i , . . . , £ M } -
(3) Calcula te the least squares f i t 

M 

3=1 

181 
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w i t h i ts associated error 
N 

W h i l e e > tol d o 

(4) "We igh t " each da ta p o i n t Xi, i = 1 , . . . , N, accord ing t o i t s e r ror compo

nent , i.e., let 

Wi = \fi-Qf(xi)\, i = l , . . . , N . 

(5) F i n d the d a t a p o i n t x u 0 S w i t h m a x i m u m weigh t wu a n d inser t i t as a 
k n o t , i.e., 

E = E U { x „ } a n d M = M + 1. 

(6) Recalcula te f i t a n d associated error . 

A M A T L A B i m p l e m e n t a t i o n o f t h e k n o t i n se r t i on a l g o r i t h m is p r o v i d e d i n 
R B F K n o t I n s e r t 2 D . m ( P r o g r a m 21.1) . T h i s p r o g r a m is a l i t t l e more t echn ica l t h a n 
previous ones since we need t o avo id a d d i n g the same p o i n t m u l t i p l e t imes . T h i s 
w o u l d lead t o a s ingular sys tem. I n M A T L A B we can easily check th i s w i t h the 
c o m m a n d i smember (see l ine 28) . W e also take advantage o f the s o r t c o m m a n d t o 
help us f i n d (poss ibly several) kno t s w i t h largest e r ror c o n t r i b u t i o n . T h e a d d i t i o n 
of these d a t a sites t o the set o f centers is accompl ished o n lines 26-32 . E v a l u a t i o n 
o f the a p p r o x i m a n t (see lines 34 -36) is no t r equ i red u n t i l a l l o f the kno t s have been 
inser ted. 

P r o g r a m 2 1 . 1 . R B F K n o t I n s e r t 2 D . m 

% R B F K n o t I n s e r t 2 D 

% S c r i p t t h a t p e r f o r m s 2D RBF l e a s t s q u a r e s a p p r o x i m a t i o n 
% v i a k n o t i n s e r t i o n 
% C a l l s o n : D i s t a n c e M a t r i x 

1 r b f = @ ( e , r ) e x p ( - ( e * r ) . ~ 2 ) ; ep = 5 . 5 ; 
°/0 D e f i n e F r a n k e ' s f u n c t i o n as t e s t f u n c t i o n 

2 f l = < 3 ( x , y ) 0 . 7 5 * e x p ( - ( ( 9 * x - 2 ) . ~ 2 + ( 9 * y - 2 ) . ~ 2 ) / 4 ) ; 
3 f 2 = @ ( x , y ) 0 . 7 5 * e x p ( - ( ( 9 * x + l ) . ~ 2 / 4 9 + ( 9 * y + l ) . ~ 2 / 1 0 ) ) ; 
4 f 3 = @ ( x , y ) 0 . 5 * e x p ( - ( ( 9 * x - 7 ) . ~ 2 + ( 9 * y - 3 ) . ~ 2 ) / 4 ) ; 
5 f 4 = @ ( x , y ) 0 . 2 * e x p ( - ( ( 9 * x - 4 ) . ~ 2 + ( 9 * y - 7 ) . " 2 ) ) ; 
6 t e s t f u n c t i o n = @ ( x , y ) f I ( x , y ) + f 2 ( x , y ) + f 3 ( x , y ) - f 4 ( x , y ) ; 
7 N = 2 8 9 ; g r i d t y p e = ' h ' ; 
8 M = 1 ; % Number o f i n i t i a l c e n t e r s 

9 n e v a l = 4 0 ; 
10 g r i d = l i n s p a c e ( 0 , 1 , n e v a l ) ; [ x e . y e ] = m e s h g r i d ( g r i d ) ; 
11 e p o i n t s = [ x e ( : ) y e ( : ) ] ; 
12 t o l = l e - 5 ; % T o l e r a n c e ; s t o p p i n g c r i t e r i o n 
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% Load data points 
13 name = sprintf('Data2D_%d%s',N,gridtype); load(name) 

% Take f i r s t M "data s i t e s " as centers 
14 c t r s = dsites(1:M,:); 

% Compute exact solution, i . e . , evaluate t e s t function 
% on evaluation points 

15 exact = t e s t f u n c t i o n ( e p o i n t s ( : , 1 ) , e p o i n t s ( : , 2 ) ) ; 
% Create right-hand side vector, i . e . , 
% evaluate the t e s t function at the data points. 

lG rhs = t e s t f u n c t i o n ( d s i t e s ( : , 1 ) , d s i t e s ( : , 2 ) ) ; 
17 rms_res = 999999; 
18 while (rms_res > t o l ) 

% Compute l e a s t squares f i t 
19 DM_data = D i s t a n c e M a t r i x ( d s i t e s , c t r s ) ; 
20 CM = rbf(ep,DM_data); 
21 coef = CM\rhs; 

°/0 Compute r e s i d u a l 
22 r e s i d u a l = abs(CM*coef - r h s ) ; 
23 [sresidual,idx] = s o r t ( r e s i d u a l ) ; 
24 I r e s = l e n g t h ( r e s i d u a l ) ; 
25 rms_res = n o r m ( r e s i d u a l ) / s q r t ( I r e s ) ; 

7, Add point (s) 
26 i f (rms_res > t o l ) 
27 addpoint = i d x ( I r e s ) ; % This i s the point we add 

°/0 I f already used, t r y next point 
28 while any(ismember(ctrs,dsites(addpoint,:),'rows')) 
29 I r e s = l r e s - 1 ; addpoint = i d x ( l r e s ) ; 
30 end 
31 c t r s = [ c t r s ; d s i t e s ( a d d p o i n t , : ) ] ; 
32 end 
33 end 

°/0 Compute evaluation matrix 
34 DM_eval = DistanceMatrix(epoints,ctrs); 
35 EM = rbf(ep,DM_eval); 
36 Pf = EM*coef; % Compute RBF l e a s t squares approximation 
37 maxerr = max(abs(Pf - e x a c t ) ) ; rms.err = norm(Pf-exact)/neval; 
38 f p r i n t f ('RMS error: °/0e\n', rms.err) 
39 figure; °/0 Plot data s i t e s and centers 
40 p l o t ( d s i t e s ( : , 1 ) , d s i t e s ( : , 2 ) , ' b o ' , c t r s ( : , 1 ) , c t r s ( : , 2 ) , ' r + ' ) ; 
41 PlotSurf(xe,ye,Pf,neval,exact,maxerr,[160,20] ) ; 

W e p o i n t out t h a t we have t o solve one l inear least squares p r o b l e m i n each 
i t e ra t ion . W e do t h i s using the s t a n d a r d M A T L A B backslash (or mldivide) QR-
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based solver (see l ine 21) . T h e size o f these p rob lems increases at each step w h i c h 
means t h a t a d d i t i o n o f new kno t s becomes increas ingly more expensive. T h i s is 
usua l ly no t such a b i g deal . B o t h [Franke et al. (1994); Franke et al. (1995)] and 
[Fasshauer (1995a)] found t h a t t h e desired accuracy was usua l ly achieved w i t h f a i r l y 
few a d d i t i o n a l kno ts and thus the a l g o r i t h m is qu i t e fast. 

I f the i n i t i a l kno ts are chosen t o l ie a t d a t a sites (as we d i d i n our M A T L A B 
i m p l e m e n t a t i o n ) , t h e n the co l loca t ion m a t r i x A i n the k n o t inse r t ion a l g o r i t h m w i l l 
always have f u l l r ank . T h i s is guaranteed since we o n l y a d d da t a sites as new knots , 
and we make sure i n step (5) o f the a l g o r i t h m t h a t no m u l t i p l e kno ts are created 
( w h i c h w o u l d obvious ly lead t o a r a n k def ic iency) . 

Ins tead o f dec id ing w h i c h p o i n t t o a d d based o n residuals one cou ld also 
p ick the new p o i n t by l o o k i n g a t the power func t i on , since the dependence o f 
the a p p r o x i m a t i o n error o n the d a t a sites is encoded i n the power func t ion . 
T h i s s t ra tegy is used t o b u i l d so-called greedy adap t ive a lgo r i t hms t h a t inter
polate successively more a n d more d a t a (see [Schaback and W e n d l a n d (2000a); 
Schaback a n d W e n d l a n d (2000b)] or Chap te r 33) . T h e power func t ion is also em
ployed i n [De M a r c h i et al. (2005)] t o c o m p u t e an o p t i m a l set o f R B F centers 
independent o f the specific d a t a values. 

2 1 . 2 A d a p t i v e L e a s t S q u a r e s u s i n g K n o t R e m o v a l 

T h e idea o f k n o t removal was p r i m a r i l y m o t i v a t e d by the need for da t a r educ t ion , 
b u t i t can also be used for the purpose o f adap t ive a p p r o x i m a t i o n (for a survey 
of k n o t removal see, e.g., [Lyche (1992)]) . T h e basic idea is t o s t a r t w i t h a good 
fit (e.g., an i n t e r p o l a t i o n t o the da t a ) , a n d t h e n successively reduce the number o f 
kno ts used (and therefore basis funct ions) u n t i l a c e r t a in g iven tolerance is reached. 

Specifically, th i s means we w i l l s t a r t w i t h an i n i t i a l fit and t hen use some k i n d 
of w e i g h t i n g s t ra tegy for the kno ts , so t h a t we can repea tedly remove those con
t r i b u t i n g least t o the accuracy o f the fit. T h e fo l l owing a l g o r i t h m was suggested 
i n [Fasshauer (1995a)] for adap t ive least squares a p p r o x i m a t i o n o n spheres a n d 
performs th i s task. 

A l g o r i t h m 2 1 . 2 . K n o t r emova l 

(1) Le t da t a po in ts X = {x\,..., C C J V } , d a t a fi, i = 1 , . . . , N, and a tolerance tol 
be given. 

(2) Choose M i n i t i a l kno t s E = { £ i , . . . , £ M } -
(3) Calcula te an i n i t i a l fit 

M 

Qf(x) = Y2cj®(x,€j) 
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w i t h i ts associated least squares error 

i=l 

W h i l e e < tol d o 

(4) "Weight" each k n o t £j, j = 1 , . . . , M, accord ing t o i t s least squares er ror , 
i.e., f o r m 

3 ' = 3 \ { f c } , 

and calculate the weights 

N 

i = l 
where 

M - l 

Q}(x)= J 2 c M x ^ j ) 

is the a p p r o x i m a t i o n based o n the reduced set o f kno t s E*. 
(5) F i n d the k n o t £ M w i t h lowest we igh t < tol and p e r m a n e n t l y remove i t , 

i.e., 

S = E \ { £ M } and M — M — 1. 

(6) Recalculate f i t and associated error . 

We present a M A T L A B i m p l e m e n t a t i o n o f a k n o t r emova l a l g o r i t h m t h a t is 
s l i gh t ly more efficient. I t s w e i g h t i n g s t ra tegy is based on the leave-one-out cross 
v a l i d a t i o n a l g o r i t h m (see [R ippa (1999)] and Chap te r 17). T h e code is g iven i n 
RBFKnotRemoval2D.m ( P r o g r a m 21.2) . T h i s p r o g r a m is s im i l a r t o the k n o t inser
t i o n p r o g r a m . I n fact, i t is a l i t t l e s impler since we do no t have to w o r r y abou t 
m u l t i p l e knots . 

P r o g r a m 2 1 . 2 . RBFKnotRemove2D.m 

% RBFKnotRemove2D 

% S c r i p t t h a t p e r f o r m s 2D RBF l e a s t s q u a r e s a p p r o x i m a t i o n 
% v i a k n o t r e m o v a l 
% C a l l s o n : D i s t a n c e M a t r i x 

1 r b f = @ ( e , r ) e x p ( - ( e * r ) . ~ 2 ) ; ep = 5 . 5 ; 
% D e f i n e F r a n k e ' s f u n c t i o n as t e s t f u n c t i o n 

2 f l = @(x,y) 0 . 7 5 * e x p ( - ( ( 9 * x - 2 ) . ~ 2 + ( 9 * y - 2 ) . ~ 2 ) / 4 ) ; 
3 f 2 = @(x,y) 0 . 7 5 * e x p ( - ( ( 9 * x + l ) . ~ 2 / 4 9 + ( 9 * y + l ) . " 2 / 1 0 ) ) ; 
4 f 3 = @(x,y) 0 . 5 * e x p ( - ( ( 9 * x - 7 ) . ~ 2 + ( 9 * y - 3 ) . " 2 ) / 4 ) ; 
5 f 4 = @(x,y) 0 . 2 * e x p ( - ( ( 9 * x - 4 ) . ~ 2 + ( 9 * y - 7 ) . ~ 2 ) ) ; 
6 t e s t f u n c t i o n = @(x,y) f 1 ( x , y ) + f 2 ( x , y ) + f 3 ( x , y ) - f 4 ( x , y ) ; 
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7 N = 289; gridtype = 'h'; 
8 M = 289; 7. Number of i n i t i a l centers 
9 neval = 40; 

10 g r i d = linspace(0,1,neval); [xe,ye] = meshgrid(grid); 
11 epoints = [xe(:) y e ( : ) ] ; 
12 t o l = 5 e - l ; % Tolerance; stopping c r i t e r i o n 

% Load data points 
13 name = s p r i n t f ( ,Data2D_°/,d/,s' ,N,gridtype) ; load(name) 

% Take f i r s t M "data s i t e s " as centers 
14 c t r s = d s i t e s d :M, : ) ; 

7. Compute exact solution, i . e . , evaluate t e s t function 
% on evaluation points 

15 exact = t e s t f u n c t i o n ( e p o i n t s ( : , 1 ) , e p o i n t s ( : , 2 ) ) ; 
7« Create right-hand side vector, i . e . , 
7, evaluate the t e s t function at the data points. 

16 rhs = t e s t f u n c t i o n ( d s i t e s ( : , 1 ) , d s i t e s ( : , 2 ) ) ; 
17 minres = 0; 
18 while (minres < t o l ) 

7o Compute c o l l o c a t i o n matrix 
19 DM_data = D i s t a n c e M a t r i x ( d s i t e s , c t r s ) ; 
20 CM = rbf(ep,DM_data); 

7o Compute r e s i d u a l 
21 invCM = pinv(CM); EF = (invCM*rhs)./diag(invCM); 
22 r e s i d u a l = abs(EF); 
23 [ s r e s i d u a l , i d x ] = s o r t ( r e s i d u a l ) ; minres = r e s i d u a l ( 1 ) ; 

7. Remove point 
24 i f (minres < t o l ) 
25 c t r s = [ c t r s ( l : i d x ( l ) - l , : ) ; c t r s ( i d x ( l ) + l : M , : ) ] ; 
26 M = M-l; 
27 end 
28 end 

7o Evaluate f i n a l l e a s t squares f i t 
29 DM_data = D i s t a n c e M a t r i x ( d s i t e s , c t r s ) ; 
30 CM = rbf(ep,DM_data); 
31 DM_eval = DistanceMatrix(epoints,ctrs); 
32 EM = rbf(ep,DM_eval); 
33 Pf = EM*(CM\rhs); 
34 maxerr = max(abs(Pf - e x a c t ) ) ; rms_err = norm(Pf-exact)/neval; 
35 f p r i n t f ('RMS error: 7.e\n' , rms_err) 
36 figure; '/„ Plot data s i t e s and centers 
37 p l o t ( d s i t e s ( : , 1 ) , d s i t e s ( : , 2 ) , ' b o ' , c t r s ( : , 1 ) , c t r s ( : , 2 ) , \ r + ' ) ; 
38 caption = s p r i n t f ( ' 7 o d data s i t e s and 7od centers', N, M) ; 
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39 t i t l e ( c a p t i o n ) ; 
40 PlotSurf(xe,ye,Pf,neval,exact.maxerr,[160,20]); 

A g a i n we w o u l d l ike t o comment o n the a l g o r i t h m . A s far as c o m p u t a t i o n a l 
t imes are concerned, A l g o r i t h m 21.2 as l i s ted above is much slower t h a n the M A T 

L A B i m p l e m e n t a t i o n P r o g r a m 21.2 based on the L O O C V idea since the weigh t for 
every k n o t is de te rmined by the so lu t i on o f a least squares p rob l em, i.e., i n every 
i t e r a t i o n one needs t o solve M least squares problems. T h e M A T L A B p r o g r a m runs 
considerably faster, b u t usua l ly i t is s t i l l slower t h a n the k n o t in se r t ion a l g o r i t h m . 
Th i s is clear since w i t h the k n o t remova l s t ra tegy one s tar ts w i t h large prob lems 
t h a t get successively smaller , whereas w i t h k n o t in se r t ion one begins w i t h sma l l 
problems t h a t can be solved quick ly . 

T h e on ly way the k n o t r emova l approach w i l l be beneficial is w h e n the number 
of evaluations o f the cons t ruc ted a p p r o x i m a n t is m u c h larger t h a n i ts ac tua l compu
t a t i o n . T h i s is so since, for comparable tolerances, one w o u l d expect k n o t remova l 
t o resul t i n fewer knots t h a n k n o t inse r t ion . However , our examples show t h a t th i s 
is no t necessarily t rue . 

I f the i n i t i a l knots are chosen at the da t a sites then , again, there w i l l be no 
problems w i t h the co l loca t ion m a t r i x becoming r a n k deficient. 

I n [Fasshauer (1995a); Fasshauer (1995b)] some other a l ternat ives t o th i s k n o t 
removal s t ra tegy were considered. One of t h e m is the removal o f ce r ta in groups o f 
knots at one t i m e i n order t o speed up the process. A n o t h e r is based o n choosing 
the weights based on the size o f the coefficients Cj i n the expansion o f Q / , i.e., t o 
remove t h a t k n o t whose associated coefficient is smallest . 

A fur ther v a r i a t i o n o f the adap t ive a lgo r i t hms was considered i n b o t h [Franke 
et al. (1994)] and i n [Fasshauer (1995a)]. Ins tead o f t r e a t i n g o n l y the coefficients 
of the expansion of Qf as parameters i n the m i n i m i z a t i o n process, one can also 
include the k n o t locat ions themselves and poss ibly a (var iable) shape parameter . 
T h i s however, leads t o nonlinear least squares problems. We w i l l no t discuss th i s 
top ic fur ther here. 

B u h m a n n , Der r i en , and Le M e h a u t e [ B u h m a n n et al. (1995); Le M e h a u t e 
(1995)] also discuss k n o t removal . T h e i r approach is based on an a priori esti

mate for the error made w h e n r e m o v i n g a ce r t a in k n o t . These estimates depend o n 
the specific choice of r ad i a l basis func t ion , and o n l y cover the inverse m u l t i q u a d r i c 
t ype , i.e., 

<p(r) = (1 + r 2 ) ~ 1 3 , 0 < p < s / 2 . 

Iske (see [iske (1999a); Iske (2004)]) suggests an a l t e rna t ive k n o t removal s t ra t 
egy for least squares a p p r o x i m a t i o n . His removal heurist ics are based on so-called 
thinning algorithms. I n p a r t i c u l a r , i n each i t e r a t i o n a p o i n t is removed i f i t belongs 
to a pa i r o f po in t s i n S w i t h m i n i m a l separa t ion distance. T h e t h i n n i n g phase o f the 
a l g o r i t h m is t h e n enhanced b y an exchange phase i n w h i c h po in t s can be "swapped 
back i n " i f th i s process reduces the fill-distance o f S. T h i s s t ra tegy ma in t a in s a 
re la t ive ly stable mesh r a t i o . 
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2 1 . 3 S o m e N u m e r i c a l E x a m p l e s 

For the fo l lowing examples we consider Franke's test f u n c t i o n (2 .2) . A l l final fits are 
evaluated on a g r i d o f 40 x 40 equal ly spaced po in t s i n the u n i t square. R M S a n d 
m a x i m u m errors are also c o m p u t e d o n th i s g r i d . T h e p rograms RBFKnot I n s e r t 2D .m 
( P r o g r a m 21.1) and RBFKnotRemove2D.m ( P r o g r a m 21.2) were used t o c o m p u t e the 
results. 

I n the t o p and midd l e par t s o f F igu re 21.1 we compare the k n o t i n se r t i on a n d 
k n o t removal a lgor i thms . I n b o t h cases we use a reference set o f 289 H a l t o n da t a 
sites and Gaussian basic funct ions scaled w i t h a shape parameter e = 5.5. U s i n g 
the k n o t inser t ion a l g o r i t h m w i t h tol — l e -004 as i n P r o g r a m 21.1 we select a subset 
of 154 da ta sites as centers for the basis funct ions . These po in t s are displayed o n 
the left side o f the t o p pa r t o f F i g u r e 21.1 a long w i t h the f i t o n the r i g h t . T h e k n o t 
inse r t ion a l g o r i t h m is i n i t i a l i z ed w i t h a single r a n d o m k n o t i n the u n i t square. 

Table 21.1 Total of knots selected, errors and runtimes for adaptive 
least squares approximants. 

Method N M RMS-error max-error time 

Knot insert 
Knot remove 
Knot insert 

289 
289 

4225 

154 
153 
163 

1.33461 le-003 
1.424598e-003 
1.198695e-004 

2.871526e-002 
3.961593e-002 
1.137886e-003 

2.66 
35.09 
48.75 

I n the midd l e p a r t o f F igu re 21.1 we show the results for the same conf igura t ion , 
i.e., Gaussians w i t h e = 5.5 a n d N = 289 i n i t i a l kno ts , for the k n o t remova l 
a l g o r i t h m . T h i s t i m e we take tol = 0.5, and the k n o t remova l a l g o r i t h m begins 
w i t h an in te rpo lan t t o a l l 289 da t a values. I n Tab le 21.1 we can compare the errors 
and run t imes for the t w o a lgo r i t hms . I t is clear t h a t the k n o t in se r t ion a l g o r i t h m 
is m u c h more efficient for th i s example . 

A n o t h e r advantage of the k n o t in se r t ion a l g o r i t h m is revealed i n the b o t t o m 
p a r t o f F igure 21.1 and l ine 3 o f Table 21 .1 . W e s t i l l use Gaussians w i t h shape 
parameter e = 5.5. However, n o w we take N = 4225 H a l t o n po in t s as our da t a 
set. T h i s provides m a n y more candidates as centers for basis funct ions . T h e chosen 
centers are displayed o n the left o f the b o t t o m p a r t o f F igu re 21 .1 , a n d i t is clear 
t h a t th i s center selection is closely adapted t o the features o f the d a t a func t ion , 
namely the peaks and valley. T h e rest o f the kno t s are loca ted a long the b o u n d a r y 
of the d o m a i n . Moreover , we see t h a t i t is possible t o o b t a i n a m u c h more accurate 
fit w i t h rough ly the same number o f basis funct ions . W h i l e the r u n t i m e for th i s 
example is considerably longer t h a n t h a t for the o ther k n o t i n se r t i on example i t 
is comparable to the t i m e requ i red for the k n o t remova l a l g o r i t h m w i t h o n l y 289 
da ta sites. R u n n i n g the k n o t r emova l a l g o r i t h m w i t h 4225 da t a sites w o u l d be 
p r o h i b i t i v e l y expensive. 



21. Adaptive Least Squares Approximation 189 

0.8 

0.6 

0.4 

0.2 

o °c 

o ° o 
o © 

© o 
8 

° o 
B © O 
°«P oC 

ffi o 
„ 8 

) © a, 8 SL_ 

8 ° o o 1 

© Q • ^ 
o a 8 o 

O o 

° o 

0.2 0.4 0.6 
x 

0.8 

1 

0.8 

0.6* 

0.4. 

0.2. 

0-

10.025 

10.02 

|0.015 2 

10.01 

10.005 

0.8 

0.6 

0.4 

0.2 

o e o 
© o o © 

o °b o o 

o © 
«, 8 

© o 
° „ ° 

o © o° 8 

1 8 o 

o © 

0.2 0.4 0.6 
x 

0.8 

1 1 

Fig. 21.1 Top: 289 data sites and 154 knots (left) for least squares approximation to Franke's 
function (right) using knot insertion algorithm with tol = le-004. Middle: 289 data sites and 153 
knots (left) for least squares approximation to Franke's function (right) using knot removal algo
rithm with tol = 0.5. Bottom: 4225 data sites and 163 knots (left) for least squares approximation 
to Franke's function (right) using knot insertion algorithm with tol = le-004. 
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Chapter 22 

Moving Least Squares Approximation 

A n a l t e rna t ive t o r a d i a l basis f u n c t i o n i n t e r p o l a t i o n and a p p r o x i m a t i o n is t h e so-
called moving least squares ( M L S ) m e t h o d . A s we w i l l see be low, i n t h i s m e t h o d the 
a p p r o x i m a t i o n Vf t o / is o b t a i n e d b y so lv ing m a n y ( smal l ) l inear systems, ins tead 
o f v i a so lu t ion o f a single — b u t large — l inear sys tem as we d i d i n the prev ious 
chapters. 

22.1 D i s c r e t e W e i g h t e d L e a s t S q u a r e s A p p r o x i m a t i o n 

I n order t o m o t i v a t e the m o v i n g least squares m e t h o d we beg in b y discussing discrete 
we igh ted least squares a p p r o x i m a t i o n f r o m the space o f m u l t i v a r i a t e p o l y n o m i a l s . 
Thus , we consider da t a (xi, f(xi)), i = 1 , . . . , N, where X{ e fl C R s a n d f(xi) 6 M. 
w i t h a r b i t r a r y s > 1. T h e a p p r o x i m a t i o n space is o f the f o r m 

U = s p a n { p i , . . . ,pm}, m<N, 

w i t h m u l t i v a r i a t e p o l y n o m i a l s pm 6 11^ o f degree a t mos t d. 
W e i n t e n d t o find the best discrete we igh ted least squares a p p r o x i m a t i o n f r o m 

U t o some given func t ion / , i.e., we need to de te rmine the coefficients Cj i n 
m 

u(x) = ^ CjPj(x), X G R s , 
3 = 1 

such t h a t 

11/ - u\\2,w - > m i n . 

Here the n o r m is defined v i a the discrete (pseudo) inner p r o d u c t 

N 

i = l 
w i t h scalar weights uii = w(xi), i = 1,... ,N. T h e induced n o r m is t h e n of t he f o r m 

li/lli^ = E[/(^)] 2M^)-
i=l 

191 
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I t is we l l k n o w n t h a t the best a p p r o x i m a t i o n u f r o m U t o / is character ized b y 

f - u ± w U (f-u,pk)w = 0, k = l,...,m, 
m 

(f ~ ^2cjPj,Pk)w = 0, k = l,...,m, 
j=i 

m 
^2cj{PjiPk)w = (f,Pk)w, k = l,...,m, 
3 = 1 

^ G c = fp. (22.1) 

Here the G r a m m a t r i x G has entries Gjk = (j>j,Pk)w a n d the r i g h t - h a n d side vec
t o r is fp = [{f,Pi)w,---,(f,Pm)w]T- W e refer t o (22.1) as the normal equations 
associated w i t h th i s p rob l em. 

A n o t h e r way t o t h i n k o f th i s p r o b l e m w o u l d be as a pure l inear algebra p rob l em. 
To th i s end, define the Nxm m a t r i x A w i t h entries A^ = pj(xi), and the vectors c = 
[ c i , . . . , cm]T and / = [f(xi),..., f(xisi))T. W i t h t h i s n o t a t i o n we seek a so lu t i on o f 
the (overdetermined, since N > m) l inear sys tem Ac = / . T h e s t anda rd weigh ted 
least squares so lu t ion is g iven b y the so lu t i on o f the n o r m a l equations ATWAc = 
ATWf, where W is the d iagona l w e i g h t i n g m a t r i x W = d i a g ( t u i , . . . ,WN). T h i s , 
however, is exac t ly w h a t is w r i t t e n i n (22.1) , i.e., the m a t r i x G is o f the f o r m 
G = ATWA, and for the r i g h t - h a n d side vector we have fp = ATWf. 

22 .2 S t a n d a r d I n t e r p r e t a t i o n o f M L S A p p r o x i m a t i o n 

Several equivalent fo rmula t ions exist for the m o v i n g least squares a p p r o x i m a t i o n 
scheme. I n order t o make a connec t ion w i t h the discussion o f the discrete weigh ted 
least squares a p p r o x i m a t i o n j u s t presented we s t a r t w i t h the s t anda rd f o r m u l a t i o n 
of M L S a p p r o x i m a t i o n . T h e Backus -Gi lbe r t f o r m u l a t i o n t o be presented i n the fo l 
l o w i n g section w i l l have a closer connec t ion t o previous chapters since i t corresponds 
t o a l inea r ly const ra ined quadra t i c m i n i m i z a t i o n p r o b l e m . 

T h e general m o v i n g least squares m e t h o d first appeared i n the a p p r o x i m a t i o n 
t heo ry l i t e r a tu re i n the paper [Lancaster a n d Salkauskas (1981)] whose au thors also 
p o i n t e d ou t the connec t ion t o the earl ier more specialized w o r k [Shepard (1968); 
M c L a i n (1974)]. W e n o w present a desc r ip t ion o f M L S a p p r o x i m a t i o n t h a t is s im
i lar t o the discussion i n Lancaster a n d Salkauskas' o r i g i n a l paper and most closely 
resembles w h a t is f ound i n m u c h of t h e o ther l i t e r a t u r e o n M L S a p p r o x i m a t i o n . 

We consider the fo l lowing a p p r o x i m a t i o n p r o b l e m . Assume we are g iven d a t a 
values f(xi), i = 1 , . . . , N, o n some set X = {x\,..., XN} C I R s o f d i s t i nc t d a t a 
sites, where / is some ( smooth ) func t ion , as w e l l as an a p p r o x i m a t i o n space tl = 
s p a n { w i , . . . ,um} w i t h m < N. I n a d d i t i o n , we define a weigh ted i 2 inner p r o d u c t 

N 

(/, 9)wy = ]T f(xi)g(xi)w(xi, y), y € Rs fixed, (22.2) 
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where now the weight funct ions Wi = w(xi, • ) , i = 1 , . . . , N, v a r y w i t h the p o i n t 
y. No te t h a t the de f in i t ion o f t h i s inner p r o d u c t n a t u r a l l y in t roduces a second 
variable , y, i n t o the discussion o f the p r o b l e m . T h i s two-var iab le f o r m u l a t i o n o f 
M L S a p p r o x i m a t i o n w i l l be essential t o unde r s t and ing the connec t ion be tween the 
various fo rmula t ions . 

A s i n the previous sections we w i s h t o find the best a p p r o x i m a t i o n u f r o m hi t o 
/ . However, we focus our interest o n best a p p r o x i m a t i o n at the point y, i.e., w i t h 
respect t o the n o r m induced b y (22.2) . I n order t o keep the discussion as s imple 
as possible we w i l l res t r ic t our discussion t o t h e m u l t i v a r i a t e p o l y n o m i a l case, i.e., 
U = Hs

d w i t h basis { p i , . . . ,pm}- A s always, t h e space of s-variate p o l y n o m i a l s 
of degree d has d imension m = ( s ^ d ) . W e emphasize, however, t h a t e v e r y t h i n g t h a t 
is said below also goes t h r o u g h for a more general l inear a p p r o x i m a t i o n space Li. 

Since we j u s t i n t roduced t h e second var iab le y i n to our f o r m u l a t i o n we w i l l n o w 
look for the best a p p r o x i m a t i o n u i n the f o r m 

m 

u(x,y) = J2ci(y)Pj(x -2/)> x>y e R S - (22-3) 
3 = 1 

We can t h i n k o f x as the global variable and y as the local variable. T h u s , expressing 
the p o l y n o m i a l basis funct ions i n th i s f o r m is reminiscent o f a T a y l o r expansion. 
T h i s shift t o the loca l eva lua t ion p o i n t y also adds s t a b i l i t y t o numer i ca l c o m p u t a 
t ions . 

For the purpose o f final eva lua t ion o f our a p p r o x i m a t i o n we iden t i fy the g loba l 
and the local var iable , i.e., we have 

m 

Vf{x) = u{x,x) - ^2cj(x)pj(0), x G R s . (22.4) 
3 = 1 

Since for the p o l y n o m i a l a p p r o x i m a t i o n space w i t h s t anda rd m o n o m i a l basis we 
have pi(x) = 1, and Pj(0) = 0 for j > 1 we get the s t anda rd M L S a p p r o x i m a t i o n 
i n the final f o r m 

Vs{x) = c i ( x ) , xeMs. (22.5) 

Note , however, t h a t x has been ident i f ied w i t h the fixed loca l p o i n t y, and therefore 
i n general we s t i l l need t o r ecompute the coefficient C\ every t i m e the eva lua t ion 
po in t changes. Examples for some c o m m o n choices o f s and d w i l l be p r o v i d e d i n 
the next chapter . 

A s i n the s t anda rd least squares case, the coefficients Cj(y) i n (22.3) are found 
b y ( loca l ly) m i n i m i z i n g the we igh ted least squares error | | / — u(-,y)\\Wy, i.e., 

N 

[ffri) - <Xi, y)}2 w(xi, y) (22.6) 
i=l 

is m i n i m i z e d over the coefficients i n the expansion (22.3) o f u(-,y). No te , however, 
t h a t due t o the de f in i t ion o f t h e inner p r o d u c t (22.2) whose weights "move" w i t h 



194 Meshfree Approximation Methods with M A T L A B 

the loca l po in t y, the coefficients Cj i n (22.3) depend also o n y. A s a consequence 
one has to solve the normal equations 

m 

YCj(y)(pj(•-y),Pk(--y))wv = (f,Pk(--y))wv, k = i , . . . , m , ( 2 2 . 7 ) 

anew each t i m e the p o i n t y is changed. I n m a t r i x n o t a t i o n ( 2 2 . 7 ) becomes 

G(y)c(y) = fp(y). (22.8) 

Here the posi t ive defini te G r a m m a t r i x G(y) has entries 

G(y)jk = (j>j{- - y),Pk(- - y))wv 

N 

= ^Pjixi - y)pk(xi - y)w(xi,y), (22.9) 
i = l 

and the coefficient vector is o f the f o r m c(y) = [c\(y),..., cm(y)]T. O n the r i g h t -
h a n d side o f (22.8) we have the vector fp(y) = [ ( / , P i ( - - l / ) ) w w , • • • , ( / , P m ( - -
y))wv]T of projec t ions of the da ta on to the basis funct ions . 

Several comments are cal led for. F i r s t , t o ensure i n v e r t i b i l i t y o f the G r a m m a t r i x 
we need to impose a sma l l r e s t r i c t i on o n the set X o f da t a sites. Namely , X needs 
t o be ( i-unisolvent (c.f. D e f i n i t i o n 6.1). I n t h i s case the G r a m m a t r i x is s y m m e t r i c 
and posi t ive defini te since the p o l y n o m i a l basis is l i nea r ly independent and the 
weights are pos i t ive . Second, the fact t h a t the coefficients c3- depend o n the p o i n t 
y, and thus for every eva lua t ion o f Vf a G r a m sys tem ( w i t h different m a t r i x G(y)) 
needs t o be solved, i n i t i a l l y scared people away f r o m the m o v i n g least squares 
approach. However, for smal l values o f m , i.e., s m a l l p o l y n o m i a l degree d and s m a l l 
space dimensions s, i t is possible to solve the G r a m sys tem ana ly t i ca l ly , a n d thus 
avoid solving l inear systems al together . We fo l low th i s approach and present some 
examples w i t h exp l ic i t formulas i n Chap te r 23 a n d use t h e m for our numer i ca l 
exper iments la ter . Moreover , i f one chooses t o use c o m p a c t l y suppor t ed weigh t 
funct ions, t h e n o n l y a few te rms are "act ive" i n the s u m def in ing the entries o f 
G(y) (c.f. (22 .9)) . 

22.3 T h e B a c k u s - G i l b e r t A p p r o a c h to M L S A p p r o x i m a t i o n 

T h e connect ion between the s t anda rd m o v i n g least squares f o r m u l a t i o n a n d Backus-
G i l b e r t theory was p o i n t e d ou t i n [Bos and Salkauskas (1989)]. M a t h e m a t i c a l l y , i n 
the Backus -Gi lbe r t approach one considers a quasi-interpolant o f the f o r m 

N 

Vf(x) = J2f(xi)*i(x), (22-10) 
i = l 

where / = [f(xi),..., / ( c c j v ) ] T represents the g iven da ta . 
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Quas i - in t e rpo la t ion is a genera l iza t ion o f the i n t e r p o l a t i o n idea. I f we use a l inear 
func t ion space s p a n { < & i , . . . , < & N } t o a p p r o x i m a t e g iven d a t a { / ( c c i ) , . . . , / ( a j j v ) } , 
t h e n we saw earlier t h a t we can de te rmine coefficients c i , . . . , CJV such t h a t 

N 
w(ac) = ^2ci$i(x) 

i=l 
interpolates the data , i.e., u{xi) = f(xi), i = 1 , . . . , N. I n pa r t i cu l a r , i f the basis 
functions <&j are ca rd ina l funct ions , i.e., <&i(xj) = 5{j, i,j = 1,...,N, t h e n the 
coefficients are given by the da ta , i.e., Ci = f(xi), i = 1,..., N. 

N o w , for a general quas i - in te rpo lan t we take generating functions ^i, i = 
1 , . . . , N ( w h i c h can be the same as the basis funct ions <£j) a n d f o r m the expans ion 
(22.10). T h i s expansion w i l l i n general no longer in te rpo la te the da ta , b u t i t w i l l 
represent some f o r m of a p p r o x i m a t i o n . I n order t o ensure t h a t a quas i - in te rpolan t 
achieves a ce r t a in a p p r o x i m a t i o n power one usua l ly requires t h a t the genera t ing 
functions reproduce po lynomia l s o f a ce r t a in degree. T h e same approach w i l l be 
fol lowed here, also (cf. (22.13)) . T h e ma jo r advantage of quas i - in t e rpo la t ion over 
i n t e rpo l a t i on is the fact t h a t we no longer have t o solve a ( p o t e n t i a l l y ve ry large) 
system of l inear equations t o de te rmine the coefficients Cj. Ins tead , t h e y are g iven 
d i r e c t l y by the data . We w i l l now discuss a scheme t h a t tel ls us how t o choose 
"good" genera t ing functions \T/j. 

As before, we consider the more general f o r m u l a t i o n 
N 

u(x, y) = f(xi)^i(x, y), 
i = l 

w i t h a g lobal var iable x a n d a loca l var iable y. To o b t a i n the Backus -Gi lbe r t 
app rox iman t we iden t i fy x a n d y, i.e., 

N 

Vf(x) = u(x, x) = J2 f(xi)K(xi> x)i ( 2 2 - n ) 
1 = 1 

where we now in t roduced the n o t a t i o n K(xi, x) = ^i(x,x) w i t h a kernel K. 
F r o m the discussion above a n d f r o m T h e o r e m 18.3 we k n o w t h a t the quasi-

in te rpo lan t t h a t min imizes the po in t -wise e r ror is g iven i f t h e genera t ing funct ions 
^i(-,y) are ca rd ina l funct ions (for f ixed y). 

I n the Backus -Gi lbe r t f o r m u l a t i o n o f the m o v i n g least squares m e t h o d one does 
no t a t t e m p t t o m i n i m i z e the po in twise error , b u t instead seeks — for a f ixed refer
ence po in t y — to f ind the values o f the genera t ing funct ions ^i(x, y) at the f ixed 
po in t x as the min imize r s o f 

k t ^ v ) ^ (22.12) 

subject t o the p o l y n o m i a l r e p r o d u c t i o n cons t ra in ts 
N 

J2p(xi - y)*i(x, y) = p(x - y), for a l l p e Ils

d, (22.13) 
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where 11^ is the space of s-variate p o l y n o m i a l s o f t o t a l degree at mos t d w i t h d i 
mension m = ( d ^ s ) - I f we again express the basis p o l y n o m i a l s b y p i , . . . , p m , t h e n 
we can reformulate (22.13) i n m a t r i x - v e c t o r f o r m as 

A{y)V(xt y) = p(x - y), (22.14) 

where A3i{y) = p3{xi - y), j = 1, . . . , m , i = 1,...,N, V(x,y) = 
[&i(x, y),..., ^^(x, y)]T is the vector o f values o f the genera t ing funct ions , and 
P — [Pi) • • • , P m ] T is the vector o f basis po lynomia l s . T h e corresponding m a t r i x -
vector f o r m u l a t i o n o f (22.12) is 

l*T(x,y)Q(y)*(x,y), (22.15) 

where 

and the w(xi, •) are posi t ive weight functions ( and thus for any fixed y t he m a t r i x 
Q(y) is pos i t ive def ini te) . 

I n the above f o r m u l a t i o n there is no exp l i c i t emphasis o n nearness o f fit as t h i s 
is i m p l i c i t l y ob ta ined by the quas i - in t e rpo la t ion "ansatz" and the closeness o f the 
generat ing funct ions t o the po in twise o p t i m a l de l t a funct ions . T h i s is achieved b y 
the above p r o b l e m f o r m u l a t i o n i f t he w(xi, •) are weigh t funct ions t h a t decrease w i t h 
distance f r o m the o r i g i n . T h e s t r i c t l y pos i t ive def ini te r a d i a l funct ions used earlier 
are candidates for these weigh t funct ions . However , s t r i c t pos i t ive definiteness is 
no t requi red at th i s p o i n t , so t h a t , e.g., ( r a d i a l or tensor p r o d u c t ) S-splines can 
also be used. A s ment ioned earlier, the p o l y n o m i a l r e p r o d u c t i o n cons t ra in t is added 
so t h a t the quas i - in terpolant w i l l achieve a desired a p p r o x i m a t i o n order . T h i s w i l l 
become clear i n Chap te r 25. 

I n pure l inear algebra n o t a t i o n the Backus -Gi lbe r t approach corresponds t o 
finding the m i n i m u m n o r m so lu t i on o f an unde rde t e rmined l inear system, i.e., we 
wan t t o solve the p o l y n o m i a l r e p r o d u c t i o n cons t ra in ts 

A(y)^(x,y) =p(x-y) 

w i t h m x N ( m < N) sys tem m a t r i x . T h e n o r m of the s o l u t i o n vector is a we igh ted 
n o r m t h a t varies w i t h the (f ixed) reference p o i n t y a n d is measured as i n (22.15) . 
I n o ther words , the Backus -Gi lbe r t f o r m u l a t i o n guarantees t h a t we find the "best" 
system of generat ing funct ions w i t h loca l p o l y n o m i a l r e p r o d u c t i o n proper t ies , where 
"best" is measured i n t e rms o f the n o r m (22.15). 

T h e quadra t i c f o r m (22.12) (or equ iva len t ly (22.15)) can also be in t e rp re t ed as 
a smoothness func t iona l . I t s use is also m o t i v a t e d by p r ac t i c a l appl ica t ions . I n 
the Backus -Gi lbe r t theory, w h i c h was developed i n the con tex t o f geophysics (see 
[Backus and G i l b e r t (1968)]) , i t is desired t h a t the genera t ing funct ions are as 
close as possible t o the ideal c a r d i n a l funct ions ( i .e . , de l t a func t ions) . Therefore , 
one needs t o m i n i m i z e the i r "spread". T h e p o l y n o m i a l r e p r o d u c t i o n cons t ra in ts 



22. Moving Least Squares Approximation 197 

are a general izat ion o f an o r i g i n a l n o r m a l i z a t i o n c o n d i t i o n w h i c h corresponds t o 
r ep roduc t ion o f constants only . 

For any c o m b i n a t i o n o f a f ixed (eva lua t ion) p o i n t x a n d a fixed (reference) 
po in t y the c o m b i n a t i o n of ( 2 2 . 1 2 ) and ( 2 2 . 1 3 ) (or equ iva len t ly ( 2 2 . 1 5 ) a n d ( 2 2 . 1 4 ) ) 

present j u s t another cons t ra ined quad ra t i c m i n i m i z a t i o n p r o b l e m of the f o r m dis
cussed i n previous chapters. 

A c c o r d i n g t o our earlier w o r k we use Lagrange m u l t i p l i e r s X(x,y) = 
[Xi(x, y),...,Xm(x,y)]T (depending o n x a n d y), a n d t h e n k n o w t h a t (c.f. (19.4) 
and (19.5)) 

X(x,y) = (A(y)Q-1(y)AT(y)y1p(x-y) ( 2 2 . 1 7 ) 

*(x,y) = Q-1(y)AT(y)X(x,y). ( 2 2 . 1 8 ) 

E q u a t i o n ( 2 2 . 1 8 ) tells us how t o compu te the genera t ing funct ions for ( 2 2 . 1 1 ) , i.e., 
i f we w r i t e ( 2 2 . 1 8 ) componentwise t h e n 

m 

Vi(x,y) = w(xi,y)^T\j(x,y)pj(xi - y), i = l,...,N. ( 2 2 . 1 9 ) 
J = I 

Therefore, once the values o f the Lagrange m u l t i p l i e r s Xj(x, y), j = 1 , . . . , N, have 
been de te rmined we have exp l i c i t formulas for the values o f the genera t ing funct ions . 
I n pa r t i cu la r , we get 

N 

V/(x) = u(x,x) = y^f(xi)^fi(x,x) 

N m 

— ^2f(xi)w(xi,x)Y2^j(x^x)Pj(xi ~x)i i = l,...,N, 
i=i j=i 

N 
= ^ , f ( x i ) K ( x i i x ) 

i=l 

w i t h kernels K(xi, x) = w(xi, x)\T(x, x)p(xi — x). 
I n general, finding the Lagrange m u l t i p l i e r s involves so lv ing a ( smal l ) l inear 

system t h a t changes as soon as the reference p o i n t y changes (see ( 2 2 . 1 7 ) ) . U s i n g 
equat ion ( 2 2 . 1 7 ) , the Lagrange m u l t i p l i e r s are ob ta ined as the so lu t i on o f a G r a m 
system 

G(y)X(x,y)=p(x-y), ( 2 2 . 2 0 ) 

where the entries o f the m x m m a t r i x G(y) are the we igh ted £ 2 inner p roduc t s 
N 

Gjk(y) = (pj(- - y),Pk(- - y))wy = E^"^ ~ y)Pk(xi - y)w{xi,y). ( 2 2 . 2 1 ) 

Note t h a t th i s is iden t ica l t o the m a t r i x G(y) needed for the d e t e r m i n a t i o n o f the 
coefficients c(y) i n the s t anda rd M L S approach (c.f. ( 2 2 . 8 ) a n d ( 2 2 . 9 ) ) . E q u a t i o n 
( 2 2 . 2 0 ) shows us t h a t — for a fixed reference p o i n t y — the Lagrange m u l t i p l i e r s 
are po lynomia l s , i.e., Xj(-, y), j — 1,... ,m, are po lynomia l s . 
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2 2 . 4 E q u i v a l e n c e o f t h e T w o F o r m u l a t i o n s o f M L S A p p r o x i m a t i o n 

W e n o w show t h a t the t w o fo rmula t ions o f m o v i n g least squares a p p r o x i m a t i o n 
described i n the previous t w o sections are equivalent , i.e., we show t h a t Vf(x) 
c o m p u t e d v i a (22.4) and (22.11) are the same. T h e a p p r o x i m a n t i n the s t anda rd 
m o v i n g least squares f o r m u l a t i o n (22.4) establishes u(x,y) i n the f o r m 

m 

u(x,y) = ^2cj(y)pj(x-y) = pT\x - y)c{y), 

where p = [ p i , . . . ,pm]T a n d c = [ c i , . . . , c m ] T . 
I n (22.8) we w r o t e the n o r m a l equat ions for t h i s approach as 

G(y)c(y) = fp(y). 

N o t e t h a t the r i g h t - h a n d side vector fp(y) can be w r i t t e n as 

fP(y) = - y))wv,- • •, < / ,Pm(- - y))wv]T 

= A(y)Q-\y)f (22.22) 

w i t h the m a t r i x Q~1(y) used i n the B a c k u s - G i l b e r t f o r m u l a t i o n . T h i s impl ies 

c{y) = G-1{y)A{y)Q-\y)f. 

Thus , us ing the s t anda rd approach, we get 

u(x, y) = pT(x - y)c(y) = pT(x - y)G-\y)A{y)Q-\y)f. (22.23) 

For the Backus -Gi lbe r t approach, on t h e o ther hand , the "ansatz" is o f the f o r m 
(22.11) 

N 
u(x,y) =J2f(xi)t>i(x,y) = VT(x,y)f, 

where as before ^(x,y) = [$i(x,y),.. .,fyN(x,y)]T a n d / = [ / ( x x ) , . . . , f(xN)]T. 
For th i s approach we der ived (see (22.17) a n d (22.18)) 

X(x, y) = G~1{y)p(x - y) 
V(x,y) = Q-\y)AT{y)\(x,y), 

where G(y) = A(y)Q~1 (y)AT\y) (see (22.21) or (22 .9) ) . Therefore , we n o w o b t a i n 
for the Backus -Gi lbe r t a p p r o x i m a n t 

u(x,y) = VT(x,y)f = [Q-1(y)AT(y)G-1(y)p(x-y)]T f 

w h i c h , by the s y m m e t r y o f Q(y) a n d G(y), is t he same as (22.23). Clear ly , we also 
have equivalence w h e n we evaluate ei ther representa t ion at y = x, i.e., consider 
Vf(x) = u{x, x). 

T h e equivalence o f t h e t w o approaches shows t h a t the m o v i n g least squares 
a p p r o x i m a n t has a l l o f the fo l l owing proper t ies : 

• I t reproduces any p o l y n o m i a l o f degree at most d i n s variables exact ly . 
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• I t produces the best l oca l ly we igh ted least squares f i t . 
• V i e w e d as a quas i - in te rpo lan t , t he genera t ing funct ions are as close as pos

sible t o the o p t i m a l c a rd ina l basis func t ions a m o n g a l l funct ions t h a t p roduce 
po lynomia l s o f the desired degree i n the sense t h a t (22.12) is m i n i m i z e d . 

• Since p o l y n o m i a l s are i n f i n i t e l y s m o o t h , e i ther of t h e representat ions o f Vf 

shows t h a t i ts smoothness is d e t e r m i n e d b y the smoothness o f t he we igh t func
t i o n ^ ) Uli = w(xi, •). 

I n pa r t i cu la r , the s t anda rd m o v i n g least squares m e t h o d w i l l reproduce the 
p o l y n o m i a l basis funct ions p i , . . . , pm even t h o u g h th i s is no t e x p l i c i t l y enforced by 
the m i n i m i z a t i o n ( so lu t ion o f t h e n o r m a l equat ions) . Moreover , t he more general 
"ansatz" w i t h ( n o n - p o l y n o m i a l ) a p p r o x i m a t i o n space U a l lows us t o b u i l d m o v i n g 
least squares app rox ima t ions t h a t also reproduce any o ther f u n c t i o n t h a t is i nc luded 
i n U. T h i s can be ve ry beneficial for t he s o l u t i o n o f p a r t i a l d i f fe ren t ia l equat ions w i t h 
k n o w n s ingular i t ies (see, e.g., t h e papers [Babuska and M e l e n k (1997); Be ly t schko 
et al. (1996)]) . 

2 2 . 5 D u a l i t y a n d B i - O r t h o g o n a l B a s e s 

F r o m the Backus -Gi lbe r t f o r m u l a t i o n we k n o w t h a t 

G(y)X(x,y)=p(x-y) X(x, y) = G'1(y)p(x - y). (22.24) 

B y t a k i n g m u l t i p l e r i g h t - h a n d sides p(x — y) w i t h x € X = {x\,... ,x^} we get 

[ A ( x i , y ) , . . .,X(xN,y)] = G~1{y)\p{x1 - y ) , . . . ,p{xN - y)} 

or 

A(y) = G-\y)A(y), (22.25) 

where A(y) is the p o l y n o m i a l m a t r i x (22.14) f r o m above and the m x N m a t r i x 
A(y) has entries A3i{y) = Xj(xi,y). 

T h e s t anda rd M L S f o r m u l a t i o n , o n the o ther hand , gives us (see (22.8) and 
(22.22)) 

G{y)c{y) = fp(y) < = > c(y) = G-1{y)A{y)Q-1{y)f. (22.26) 

B y c o m b i n i n g (22.25) w i t h (22.26) we get 

c ( y ) = G-\y)A{y)Q-\y)f = A(y)Q~1(y)f = fx{y), 

where f\(y) is defined analogously t o fp(y) {c.f. (22 .22)) . Componen twi se t h i s 
gives us 

Cjiv) = (f,Xj(-,y))Wy, j = l , . . . , m , 

and therefore, 

m 

3 = 1 
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I t is also possible t o fo rmula t e the m o v i n g least squares m e t h o d b y us ing the 
Lagrange mu l t i p l i e r s o f the Backus -Gi lbe r t approach as basis funct ions for the ap
p r o x i m a t i o n space U. T h e n , us ing the same a r g u m e n t a t i o n as above, we end u p 
w i t h 

m 

u(x,y) = Y^dj(y)\j(x,y) (22.28) 
3=1 

w i t h 

dj(y) = (fiPji- -y))wy, j = l , . . . , m . 

W e can ver i fy th i s b y a p p l y i n g (22.20) a n d (22.22) t o (22.23) , i.e., 

u{x, y) = pT(x - y)G-1(y)A(y)Q-1(y)f. 

We t h e n o b t a i n 

u(x,y) = XT(x,y)fp(y), 

w h i c h corresponds t o (22.28) . 
T h e calcula t ions j u s t presented show t h a t the Lagrange m u l t i p l i e r s f o r m a basis 

t h a t is dual t o the p o l y n o m i a l basis. I n p a r t i c u l a r , i f we recal l the M L S a p p r o x i m a n t 
i n i ts s t anda rd representa t ion 

m 

u{x,y) = ^2(f,Xj(;y))wyPj(x - y) 

3=1 

and let / = pk{- — y), t h e n the p o l y n o m i a l r e p r o d u c t i o n p r o p e r t y o f the m e t h o d 
ensures 

m 

^2(Pk(- -y),\j(-,y))WyPj{x-y) =pk(x-y). 
3 = 1 

T h i s , however, impl ies 
(Pfc(- - y),Xj(-,y))Wy = Sjk, j,k = l,...,m. (22.29) 

Therefore we have t w o sets o f basis funct ions t h a t are bi-orthogonal w i t h respect 
t o the special weigh ted inner p r o d u c t ( - , - ) W y o n the set X. We w i l l i l l u s t r a t e t h i s 
d u a l i t y i n Chapte r 24. 

Ea r l i e r we der ived the representa t ion (c.f. (22.18)) 

9{x,y) =Q-\y)AT(y)\{x,y) 

for the genera t ing funct ions i n the B a c k u s - G i l b e r t f o r m u l a t i o n . Since t h e Lagrange 
m u l t i p l i e r s are g iven b y X(x,y) = G~1(y)p(x — y) (see (22.20)) we get 

*(x,y) = Q-\y)AT{y)G-1{y)p{x - y) = Q - 1 (y)AT(y)p(x - y) 

due t o (22.25). Thus , t h e B a c k u s - G i l b e r t representa t ion is g iven also b y the d u a l 
representa t ion 

N .f . 

u(x, y) = f{xi)w(xi, y)\T{xi, y)p(x - y). (22.30) 
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B y also consider ing the t w o d u a l expansions (22.28) a n d (22.30) we n o w have 
four a l te rna t ive representations for the m o v i n g least squares quas i - in te rpolan t . T h i s 
is summar ized i n the fo l lowing theorem. 

T h e o r e m 2 2 . 1 . Let f : Cl —• R be some function whose values on the d-unisolvent 
set of points X = {xi}fL1 C R s are given as data. Let p\,.. • ,Pm be a basis for Hd 

withpi(x) = I, let {w(xi, • ) , . . . ,W(XN, • ) } & e a s e ^ of positive weight functions, and 
let Xj, j = 1 , . . . ,m, be the Lagrange multipliers defined by (22.17). Furthermore, 
consider the generating functions 

m 

Vi(x,y) =w(xi,y)^2xj(x,y)pj(xi -y), i = l,...,N, 
3=1 

or in dual form 

m 

Vi(x,y) = w(xi,y)^2xj(xi,y)pj(x -y), i = l,...,N. 
3 = 1 

The best local least squares approximation to f on X in the sense of (22.6) is 
given by Vf(x) = u(x,x), where 

m 

u{x,y) = E(/> xj(->y))™vPj(x - v) 
3 = 1 

m 

= ^2(f:Pj(--y))wvXj(x,y) 
3 = 1 

N 

= Y l ^ X i ) ^ ^ x ^ y y 
i=l 

This results in the four representations 

m 

Vf{x) = ^(f^j^xVw.PjiO) = (/, A i ( - , x ) ) W m = a(x) 
3 = 1 

m 

= *52{f>Pj(- - x))w^Xj(x,x) 
3 = 1 

N m 

= ^2f(xi)w(xi,x)^2xj(x,x)pj(xi - x) 
i=l j=l 

N m N 

= ^2f{xi)w(xi,x)^2Xj(xi,x)pj(0) = ^ f(Xj)w(Xj, x)\i(Xj, x). 
i=l 3 = 1 i=l 

N o t e t h a t the first t w o expansions for Vf{x) i n T h e o r e m 22.1 can be v iewed as 
generalizations o f ( f ini te) e igenfunct ion or Four ier series expansions. 
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22 .6 S t a n d a r d M L S A p p r o x i m a t i o n as a C o n s t r a i n e d Q u a d r a t i c 
O p t i m i z a t i o n P r o b l e m 

F i n a l l y , i t is also possible t o fo rmu la t e the s t a n d a r d M L S approach as a con
s t ra ined quadra t i c m i n i m i z a t i o n p r o b l e m . T o th i s end w e ( a r t i f i c i a l l y ) i n t r o d u c e 
the quadra t i c func t iona l 

m m 

cT(y)G(y)c(y) = EE C^) C^) G^) 
j=l k=l 

m m 

= ^2^2cj(y)ck(y)(pj(- - y),pk(- - y))wv 

3 = 1 k=l 

w h i c h shou ld be in te rp re ted as the (y -dependen t ) na t i ve space n o r m o f the approx-
m 

i m a n t u(x,y) = ^^Cj(y)pj(x — y). T h e G r a m sys tem (22.8) can be w r i t t e n i n 

3 = 1 
m a t r i x - v e c t o r f o r m as 

G(y)c{y)=A(y)Q-1(y)f " 

where Q(y) is the d iagona l m a t r i x o f we igh t funct ions (22.16) and A(y) is t he m a t r i x 
o f po lynomia l s (22.14) used earl ier . 

M i n i m i z a t i o n o f t he quad ra t i c f o r m subject t o the l inear side cond i t ions is equiv
alent t o m i n i m i z a t i o n o f (for f ixed y) 

\cT{y)G{y)c{y) - / x T ( y ) [G(y)c(y) - A(y)Q-\y)f] , (22.31) 

where fjt(y) is a vec tor of Lagrange m u l t i p l i e r s . 
T h e s o l u t i o n of the l inear sys tem r e su l t i ng f r o m the m i n i m i z a t i o n p r o b l e m 

(22.31) gives us 

/ * ( y ) = {G{y)G-\y)GT{y)Y1 A{y)Q-1{y)f = G-T{y)A{y)Q-\y)f 
c(y) = G-1(y)GT(y)tx(y) = //(</) 

so t h a t — as i n the case o f r a d i a l basis f u n c t i o n i n t e r p o l a t i o n — the q u a d r a t i c 
func t iona l cT(y)G(y)c(y) is a u t o m a t i c a l l y m i n i m i z e d b y so lv ing o n l y the G r a m 
system G(y)c(y) = fp(y). 

2 2 . 7 R e m a r k s 

I n the s ta t is t ics l i t e r a t u r e the m o v i n g least squares approach is k n o w n as local 

(polynomial) regression. G o o d sources o f i n f o r m a t i o n are the b o o k [Fan and G i -
jbe ls (1996)] and the r ev iew ar t i c le [Cleveland and Loader (1996)] accord ing t o 
w h i c h the basic ideas of loca l regression can be t r a ced back at least t o w o r k done 
i n the late 19 th cen tu ry b y [ G r a m (1883); Woolhouse (1870); De Forest (1873); 
D e Forest (1874)]. I n p a r t i c u l a r , i n t h e s ta t i s t ics l i t e r a t u r e one learns t h a t t he use 
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of least squares a p p r o x i m a t i o n is j u s t i f i ed w h e n the d a t a / i , • . • , /AT are n o r m a l l y 
d i s t r i bu t ed , whereas, i f the noise i n the da ta is no t Gaussian, t h e n o ther c r i t e r i a 
should be used. See, e.g., the survey a r t ic le [Cleveland and Loader (1996)] for more 
detai ls . 

We close b y establ ishing a connec t ion between the p o l y n o m i a l r e p r o d u c t i o n 
const ra ints a n d cer ta in m o m e n t condi t ions . Recal l the p o l y n o m i a l r e p r o d u c t i o n 
const ra ints (22.14) i n the Backus -Gi lbe r t f o r m u l a t i o n 

A(y)W(x,y) =p(x - y). 

B y se t t ing y = x we get 

A(x)V{x, x) = p ( 0 ) . (22.32) 

Since we defined the kernels K{xi, x) = ^i(x, x) earlier, a n d since we assume t h a t 
the po lynomia l s basis is such t h a t p\{x) = 1 and Pj(0) = 0 for j > 1 we get f r o m 
(22.32) 

N 
^ P f c ( « i - x)K{xi, x) = <5ifc, k = 1 , . . . , m. 

T h i s comprises a set o f discrete moment conditions for the kernel K. Since there 
are on ly m condi t ions for the N kernel values K(xi, x) a t a fixed p o i n t x, t he kerne l 
is n o t un ique ly de te rmined b y these m o m e n t condi t ions . I f , however, we a d d the 
least n o r m cons t ra in t f r o m t h e B a c k u s - G i l b e r t f o r m u l a t i o n , i.e., we m i n i m i z e 

t h e n we get the s t anda rd m i n i m u m n o r m s o l u t i o n for unde rde te rmined least squares 

problems. We also p o i n t ou t t h a t we de r ived earlier (see T h e o r e m 22.1) t h a t the 

kernel K(-,x) is o f the f o r m 

K(-,X) = X1(-,x)w(;X) 

w i t h p o l y n o m i a l t e r m A i ( - , x) a n d weigh t f u n c t i o n w{-, x). Thus , we have a un ique 
so lu t ion once the weight f u n c t i o n w(-, x) has been chosen. 

T h e i n t e r p r e t a t i o n of M L S a p p r o x i m a t i o n w i t h the help o f m o m e n t mat r ices is 
used i n the engineering l i t e r a t u r e (see, e.g., [ L i and L i u (2002)]) , and also plays 
an essential role w h e n connec t ing m o v i n g least squares a p p r o x i m a t i o n t o the more 
efficient concept o f approximate approximation [Maz 'ya and Schmid t (2001)] . For 
a discussion o f app rox ima te m o v i n g least squares a p p r o x i m a t i o n see [Fasshauer 
(2002c); Fasshauer (2002d); Fasshauer (2003); Fasshauer (2004)] or Chap te r 26. 
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Chapter 23 

Examples of M L S Generating Functions 

2 3 . 1 S h e p a r d ' s M e t h o d 

T h e m o v i n g least squares m e t h o d i n the case d = 0 ( and therefore m = 1) w i t h 
pi{x) = 1 is usual ly referred t o as Shepard's method [Shepard (1968)] . I n t h e 
statist ics l i t e r a tu re Shepard's m e t h o d is also k n o w n as a kernel method (see, e.g., the 
papers f r o m the 1950s and 60s [Rosenblat t (1956); Parzen (1962); Nada raya (1964); 
Wat son (1964)]) . Us ing our n o t a t i o n we have 

Vf(x) = Cl(x). 

The G r a m " m a t r i x " (22.9) consists o f o n l y one element 
N 

G(x) = (pi(- - aj),pi(- - x))Wm = ^2w(xi,x) 
i=l 

so t h a t 

implies 

G(x)c(x) = fp(x) 

N 

Y2f(xi)w(xi,x) 
ci(x) = ^ . (23.1) 

Y^w(xj,x) 
3 = 1 

I f we compare (23.1) w i t h the B a c k u s - G i l b e r t quas i - in te rpo la t ion f o r m u l a t i o n 
(22.11) we immed ia t e ly see t h a t the genera t ing funct ions are g iven b y 

*<(x,x)= ™ { X i ' x ) . (23.2) 

^2w{xj,x) 
3 = 1 

Since 

f x ^ - f ; N

wix"x)
 = i ( 2 3 . 3 ) 

i = l i=l I \ 
2^w(xj,x) 
3 = 1 

205 
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independent o f x, Shepard's m e t h o d is also k n o w n as a partition of unity m e t h o d . 
T h e weight funct ions can take m a n y forms. I n prac t ice one usua l ly takes a 

single basic weight func t ion w w h i c h is t h e n shif ted t o the da ta sites. Of ten the 
basic weight func t ion is also a r a d i a l f u n c t i o n ( i n e i ther the Euc l idean or m a x i m u m 
n o r m ) . W e w i l l use r ad i a l funct ions as basic weights i n our numer i ca l exper iments 
below, i.e., 

Vj(Xi, X) = W(\\X - Xi\\) 

where w is one o f our ( s t r i c t l y pos i t ive def ini te) r a d i a l basic funct ions. B o t h com
p a c t l y suppor ted and g loba l ly suppor t ed funct ions w i l l be used. 

T h e d u a l Shepard basis is defined b y (see (22.24)) 

G{y)X(x,y) = p(x - y) 

so t h a t 

Ai(cc,a;) - N 
^2/w{xi,x) 
i=l 

and (c.f. (22.28)) 

Vf(x) = d i ( a ; )Ai (a ; , a j ) (23.4) 

w i t h 
N 

di(x) = (f,pi(- - x))Wm = ^2f(xi)w(xi,x). 
i=l 

T h e exp l ic i t d u a l representat ion o f the Shepard a p p r o x i m a n t is, o f course, i den t i ca l 
t o (23.1). 

T h e genera t ing funct ions (22.19) are defined as 

^i(x, x) = w(xi, x)Xi(x, x)pi(xi - x) = ^(a?»'a?) ; 

^ w { x 3 , x ) 
3 = 1 

w h i c h matches our earlier expression (23.2) . T h i s once more gives rise t o the w e l l -
k n o w n quas i - in te rpo la t ion f o r m u l a for Shepard's m e t h o d 

N 

Vf(x) = ^2f(xi)Vi(x,x) 
i=l 

= £ / ( * < ) • w ( X u X ) 

N 

Y2w(xj,x) 
3 = 1 

We now also have b i - o r t h o g o n a l i t y o f the basis and d u a l basis, i.e., 

(Xi(-,x),pi(- - x))Wa! = 1. 
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Indeed 

N 
( A I ( - , S B ) , P I ( - - x))Ww = y^jX1(xi,x)w(xi,x) 

i=l 
w(xj, x) 

23.2 M L S A p p r o x i m a t i o n w i t h N o n t r i v i a l P o l y n o m i a l 
R e p r o d u c t i o n 

W h i l e i t is always possible t o s i m p l y solve the loca l G r a m systems (22.8) or (22.20) 
and therefore i m p l i c i t l y compute the genera t ing funct ions ^i, i = l,...,N, i t is 
often o f interest t o have exp l i c i t formulas for ^ j . We saw i n the previous sect ion 
tha t i n the case of r e p r o d u c t i o n o f constants we ar r ive at Shepard's m e t h o d w h i c h 
is va l id independent o f the space d imens ion . However , i f the degree d o f p o l y n o m i a l 
r eproduc t ion is n o n t r i v i a l (i.e., d > 0) , t h e n the size m = ( d ^ s ) o f the G r a m systems, 
and therefore the resu l t ing formulas for the genera t ing funct ions w i l l depend o n the 
space d imens ion s. 

We now present three examples w i t h exp l i c i t formulas for the M L S genera t ing 
functions. 

To s imp l i fy the n o t a t i o n i n the fo l lowing examples we define the moments 

w i t h a a m u l t i - i n d e x . These moments arise as entries i n the G r a m m a t r i x G(y) 
i f we use a m o n o m i a l basis a n d iden t i fy the reference p o i n t y w i t h the eva lua t ion 
poin t x. 

E x a m p l e 2 3 . 1 . We take s = 1, d = 1, and therefore m = 2. T h e set o f d a t a sites 
is given by X = {x\,..., x^}. W e choose the s t anda rd m o n o m i a l basis 

U = s p a n { p i ( x ) = 1, P2(x) = x}. 

T h e n the G r a m m a t r i x (22.20) is o f the f o r m 

N 
a\ < 2d, 

i = l 

G(x) = 
( p i ( - - x),pi(- - x))Wx ( p i ( - - x),p2(- - x))Wx 

( p 2 ( - - x),px(- - x))Wx ( p 2 ( - - x),p2(- - x))Wx 

I2i=lw(xiix) Y2i=l(Xi ~ x)w(Xi,x) 
YliLl (X* _ x)w(Xi , X) YliLl (xi ~ x)2w(Xi , X) 
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a n d the r i g h t - h a n d side o f t he G r a m sys tem is g iven b y 

p(x — x) > i ( 0 ) " " 1 " 

_P2(0)_ 0 

M0M2 - /i? ' 
Ml 

Therefore , so lu t i on o f t he G r a m sys tem v i a C r a m e r ' s ru le i m m e d i a t e l y y ie lds 

Xi(x,x) - ^ 2 

X2(x,x) 

a n d accord ing t o (22.19) t he genera t ing funct ions for t he B a c k u s - G i l b e r t quasi-
i n t e rpo l an t ( M L S a p p r o x i m a n t ) (22.11) are g iven b y 

#i(x,x) = w(xi,x) [Xi(x,x) + X2(x,x)(xi — x)\, i = l,...,N, 

where the w(xi, •) are a r b i t r a r y (pos i t ive) we igh t func t ions . 

E x a m p l e 2 3 . 2 . W e r e m a i n i n t h e u n i v a r i a t e case (s = 1) b u t increase t he degree 
o f p o l y n o m i a l r e p r o d u c t i o n t o d = 2 so t h a t m = 3. A g a i n we take the s t a n d a r d 
m o n o m i a l basis, i.e., 

U = s p a n { p i ( x ) = 1, p2(x) = x, p3(x) = x2}. 

T h e 3 x 3 G r a m sys tem 

~ / i 0 Ml M2~ ~Xt(x, " 1 " 

Ml M2 M3 X2(x, X) 0 
Jl2 p,3 / i 4 _ _X3(X, _ 0 . 

can t h e n be solved a n a l y t i c a l l y (e.g., u s ing M a p l e ) , a n d one ob ta ins the Lagrange 
m u l t i p l i e r s 

Xi(x,x) = 

X2(x,x) = 

X3(x,x) = 

M2M4 - Mg 
D 

M2M3 - MlM4 
D 

MlM3 - 1*2 
D 

where D = 2[L\[X2^IZ — M0M3 — A*l — MiM4 + MoM2M4- N o w the genera t ing funct ions 
are g iven b y 

^i(x,x) = w(xi,x) [Xx(x,x) + X2(x,x)(xi — x) + X3(x,x)(xi - x)2] , z = l , N. 

E x a m p l e 2 3 . 3 . R e p r o d u c t i o n o f l inear p o l y n o m i a l s i n 2 D also leads t o a 3 x 3 
G r a m sys tem (since s = 2, d = 1, a n d therefore m = 3 ) . N o w the m o n o m i a l basis 
is g iven b y 

U = s p a n { p i ( x , y ) = 1, p2(x,y) = x, p3(x,y) = y}, 
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where x = (x, y) G K 2 , a n d the G r a m sys tem looks l ike 

Moo Mio Moi ~\i(x, x)] " 1 " 

Mio M20 M i l X2{x, X) = 0 

_Moi M i l M02. _A 3 (a ; , x ) \ . 0 . 

T h e Lagrange mu l t i p l i e r s i n th i s case t u r n ou t t o be 

Xi(x,x) = [n\x - M20M02] , 

A2(a;, x) = [M10M02 - M01M11] > 

A 3(aj,aj) = [M20M01 - M10M11] > 
w i t h D = M10M02 + M20M01 _ M00M20M02 - 2 / i i o M o i M u + MooMii- T h e genera t ing 
funct ions i = 1 , . . . , i V , for th i s example are o f the f o r m 

Vi(x,x) = w(xi,x) [Ai(a;,cc) + \2(x,x)(xi - x) + X3(x,x)(yi - y)]. 

W h i l e we can use a symbol ic m a n i p u l a t i o n p r o g r a m such as M a p l e t o solve the 
G r a m system ana ly t i ca l l y for o ther choices o f d a n d s, i t is clear t h a t the expressions 
for the generat ing funct ions q u i c k l y become ve ry unwie ldy . I t m a y be to lerable t o 
cont inue th i s approach for a 4 x 4 G r a m sys tem corresponding t o r e p r o d u c t i o n 
of l inear po lynomia l s i n 3 D (or cubic p o l y n o m i a l s i n I D ) , b u t a l ready the case o f 
quadra t i c r ep roduc t i on i n 2 D ( w i t h m = 6) is m u c h too complex to p r i n t here, 
and r ep roduc t i on o f quadra t ics i n 3 D (or cubics i n 2 D ) requires even 10 Lagrange 
mu l t i p l i e r s . 





Chapter 24 

M L S Approximation with M A T L A B 

24.1 Approximation with Shepard's Method 

I n th i s section we invest igate a p p r o x i m a t i o n w i t h Shepard's m e t h o d 

PA*) = E/W ™ { X i ' X ) , * G K s . 

3 = 1 

W e w i l l look at three sets o f exper iments . T h e f i rs t t w o sets w i l l e m p l o y g loba l 
Gaussian weights , i.e., w(xi,x) = e~e H 3 5 - 3 5 * ! ! , i n K 2 , w h i l e t he t h i r d set o f ex
per iments is based o n Wend land ' s c o m p a c t l y suppor t ed C 2 weights w(xi,x) = 
(1 - e\\x - Xi\\)4

+ (4e\\x - Xi\\ + 1) i n R s for s = 1, 2 , . . . , 6. N o t e t h a t the W e n d 
l a n d weights are s t r i c t l y pos i t ive defini te basic funct ions o n l y for s < 3 so t h a t i t 
w o u l d no t be advisable t o use t h e m for R B F i n t e r p o l a t i o n i n higher dimensions . 
For M L S a p p r o x i m a t i o n , however, s t r i c t pos i t ive definiteness is no t r equ i red . Here 
we o n l y ask t h a t the weights be pos i t ive o n t h e i r suppor t . 

I n our 2 D exper iments we take Franke 's f u n c t i o n (2.2) as ou r test f u n c t i o n a n d 
sample i t a t u n i f o r m l y spaced po in t s i n the u n i t square. I n Tab le 24.1 we l i s t the 
RMS-e r ro r s and c o m p u t e d convergence rates for b o t h s t a t i o n a r y and non- s t a t i ona ry 
a p p r o x i m a t i o n . Clear ly , non - s t a t i ona ry a p p r o x i m a t i o n does n o t converge. T h i s 
behavior is exactly opposite t he convergence behavior o f Gaussians i n the R B F 
i n t e r p o l a t i o n se t t ing . There we have convergence i n the non- s t a t i ona ry se t t ing , b u t 
no t i n the s t a t i ona ry se t t ing (c.f. Tab le 17.5 and F igu re 17.12). T h e i n i t i a l shape 
parameter for the s t a t i ona ry se t t i ng ( and the f ixed value i n the non - s t a t i ona ry 
se t t ing) is e = 3. T h i s value is subsequent ly m u l t i p l i e d by a factor of t w o for each 
h a l v i n g o f the f i l l -dis tance. W e can see t h a t Shepard's m e t h o d seems t o have a 
s t a t iona ry a p p r o x i m a t i o n order o f a t least 0(h). T h i s w i l l be ver i f ied t heo re t i ca l ly 
i n the next chapter . 

T h e first t w o s t a t i o n a r y Shepard a p p r o x i m a t i o n s (based o n 9 and 25 po in t s , 
respect ively) are d isplayed i n the t o p p a r t o f F igu re 24 .1 . I t is apparent t h a t 
the Shepard m e t h o d has a s m o o t h i n g effect. I n order t o emphasize t h i s feature 
we p rov ide Shepard a p p r o x i m a t i o n s t o noisy d a t a ( w i t h 3% noise added t o the 
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Table 24.1 2D stationary and non-stationary Shepard ap
proximation with Gaussian weight function. 

stationary non-stationary 

N RMS-error rate RMS-error rate 

9 1.835110e-001 1.835110e-001 
25 5.885159e-002 1.6407 1.303771e-001 0.4932 
81 2.299502e-002 1.3558 1.311538e-001 -0.0086 

289 6.726166e-003 1.7735 1.315894e-001 -0.0048 
1089 2.113604e-003 1.6701 1.320564e-001 -0.0051 
4225 8.065893e-004 1.3898 1.323576e-001 -0.0033 

Franke da ta) i n the b o t t o m p a r t o f F igu re 2 4 . 1 . O n the left we d isp lay the Shepard 
a p p r o x i m a t i o n based o n Gaussian weights w i t h e = 48 (cor responding t o the e n t r y 
i n l ine 5 o f Table 24.1) . T h e R M S - e r r o r for t h i s a p p r o x i m a t i o n is 1.820897e-002. 
T h e p l o t o n the r i g h t o f the b o t t o m p a r t o f F i g u r e 24.1 is the resul t o f reduc ing e 
t o 12, and thus increasing the s m o o t h i n g effect since "wider" weigh t funct ions are 
used, i.e., more ne ighbor ing d a t a are i n c o r p o r a t e d i n t o the loca l regression fit. T h e 
corresponding R M S - e r r o r is 2.481218e-002. N o t e t h a t even t h o u g h the R M S - e r r o r 
is larger for the p l o t o n the r i g h t , t he surface is v i sua l l y smoother . These examples 
should be compared t o the d a t a s m o o t h i n g exper iments i n Chap te r 19. 

T h e M A T L A B code for the 2 D exper iments is Shepard2D. m l i s ted as P r o 
g r a m 24 .1 . I t is a l i t t l e s impler t h a n the R B F i n t e r p o l a t i o n code used earlier since 
we do no t need t o assemble an i n t e r p o l a t i o n m a t r i x a n d no l inear sys tem needs t o 
be solved. T h e eva lua t ion m a t r i x is assembled i n t w o steps. F i r s t , o n l ine 14, we 
compute the s t andard R B F eva lua t ion m a t r i x . I n order t o imp lemen t the Shepard 
scaling we note t h a t a l l o f the entries i n r o w i o f the eva lua t ion m a t r i x are scaled 
w i t h the same sum, ] C j L i w(xji xi)- Therefore , o n l ine 16, we p e r f o r m the e x t r a 
Shepard scaling w i t h the help o f repmat and a vec tor o f ones w h i c h gives us a l l the 
necessary sums i n the denomina to r . For the example w i t h noisy da t a we a d d 

f = f + 0.03*randn(size(f)); 

after l ine 11 . 

Program 24.1. Shepard2D. m 

7, Shepard2D 
7, S c r i p t that performs 2D Shepard approximation with global weights 
7. C a l l s on: DistanceMatrix, PlotSurf, PlotError2D 
1 rbf = @(e,r) e x p ( - ( e * r ) . ~ 2 ) ; ep = 5.5; 

7o Define Franke's function as t e s t f u n c t i o n 
2 f l = @(x,y) 0.75*exp ( - ( ( 9*x-2).~2+ ( 9*y-2).~2 ) / 4 ) ; 
3 f2 = <3(x,y) 0 . 7 5 * e x p ( - ( ( 9 * x + l ) . ~ 2 / 4 9 + ( 9 * y + l ) . ~ 2 / 1 0 ) ) ; 
4 f3 = @(x,y) 0 . 5 * e x p ( - ( ( 9 * x - 7 ) . ~ 2 + ( 9 * y - 3 ) . ~ 2 ) / 4 ) ; 
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Fig. 24.1 Top: Shepard approximation with stationary Gaussian weights to Franke's function 
using 9 (left) and 25 (right) uniformly spaced points in [0, l ] 2 . Bottom: Shepard approximation 
with Gaussian weights to noisy Franke's function using e = 48 (left) and £ = 12 (right) on 1089 
uniformly spaced points in [0, l ] 2 . 

5 f4 = <3(x,y) 0.2*exp(-((9*x-4) .~2+(9*y-7) ."2)) ; 
6 testfunction = @(x,y) f1(x,y)+f2(x,y)+f3(x,y)-f4(x,y); 
7 N = 1089; gridtype = 'u'; 
8 neval = 40; 

7. Load data points 
9 name = s p r i n t f ('Data2D_7od7.s' ,N,gridtype) ; load(name) 

10 c t r s = d s i t e s ; 
7o Create vector of function (data) values 

11 f = t e s t f u n c t i o n ( d s i t e s ( : , 1 ) , d s i t e s ( : , 2 ) ) ; 
7» Create neval-by-neval equally spaced evaluation locations 
7o i n the unit square 

12 g r i d = linspace(0,1,neval); [xe,ye] = meshgrid(grid); 
13 epoints = [xe(:) y e ( : ) ] ; 

7o Compute distance matrix between evaluation points and centers 
14 DM_eval = DistanceMatrix(epoints,ctrs); 

V. Compute evaluation matrix 
15 EM = rbf(ep,DM_eval); 
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16 EM = EM./repmat(EM*ones(N,1),1,N); % Shepard normalization 
°/0 Compute quasi-interpolant 

17 Pf = EM*f; 
"It Compute exact solution, i . e . , 
X evaluate t e s t function on evaluation points 

18 exact = t e s t f u n c t i o n ( e p o i n t s ( : , 1 ) , e p o i n t s ( : , 2 ) ) ; 
% Compute errors on evaluation g r i d 

19 maxerr = norm(Pf-exact,inf); 
20 rms_err = norm(Pf-exact)/neval; 
21 fprintf('RMS error: %e\n', rms_err) 
22 fprintf('Maximum error: %e\n', maxerr) 

% Plot interpolant 
23 PlotSurf(xe,ye,Pf,neval,exact,maxerr,[160,20]); 

% Plot absolute error 
24 PlotError2D(xe,ye,Pf,exact,maxerr,neval,[160,20]); 

T h e nex t g roup of exper iments ( r epo r t ed i n Tables 24.2 a n d 24.3) shou ld be 
compared t o the distance m a t r i x f i ts o f Chap t e r 1. T h e d a t a are aga in sampled 
f r o m the test f u n c t i o n 

s 

fs(x) = 4 s Y [ x d ( l - x d ) , x = (xi,...,x3) G [0, l ] s , 
d=l 

w h i c h is pa rame t r i zed by the space d imens ion s a n d coded i n the M A T L A B subrou
t i ne testfunction.m (see P r o g r a m C l ) . 

Since we are using the c o m p a c t l y s u p p o r t e d weights w(xi,x) — 
(1 — e\\x — Xi\\)^_ (4e\\x — Xi\\ + 1) we can keep the eva lua t ion m a t r i x sparse a n d 
are therefore able t o deal w i t h m u c h larger d a t a sets. A g a i n , we employ a s t a t i on 
a r y a p p r o x i m a t i o n scheme, i.e., t he scale pa ramete r e for the suppor t o f t he weight 
funct ions is ( inversely) p r o p o r t i o n a l t o the f i l l -d is tance . In fact, we take e = 2fc + 1 
(see l ine 4 o f P r o g r a m 24.2), where A; also determines the number = (2k + l ) s o f 
d a t a po in t s used (c.f. l ine 3). These po in t s are t aken t o be H a l t o n po in t s i n [0, l ] s 

(c.f. l ine 6). 
I n Tables 24.2 a n d 24.3 we l is t R M S - e r r o r s ( c o m p u t e d o n var ious gr ids o f equa l ly 

spaced poin ts , i.e., m o s t l y o n the b o u n d a r y o f t he u n i t cube i n higher dimensions) 
for a series of a p p r o x i m a t i o n p rob lems i n K. s for s = l,2,...,6. A g a i n , t h e approx
i m a t i o n order for Shepard's m e t h o d seems t o be r o u g h l y 0(h) independent o f t h e 
space d imens ion s. 

T h e M A T L A B code Shepard_CS. m is l i s ted as P r o g r a m 24.2. T h i s t i m e the eval
u a t i o n m a t r i x is a sparse m a t r i x w h i c h we also compu te i n t w o steps. T h e s t a n d a r d 
R B F eva lua t ion m a t r i x is c o m p u t e d as for our earl ier C S R B F c o m p u t a t i o n s o n 
lines 10 and 11 us ing the sub rou t ine DistanceMatrixCSRBF.m (see Chap t e r 12). 
T h i s t i m e the Shepard scal ing is pe r fo rmed o n l ine 12 w i t h t he help o f a d iagona l 
m a t r i x s tored i n the spdiags f o r m a t . 
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Table 24.2 Shepard fit in 1D-3D with compactly supported weight function. 
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k 

I D 2D 3D 

k N RMS-error N RMS-error N RMS-error 

1 3 2.844398e-001 9 2.388314e-001 27 1.912827e-001 
2 5 1.665656e-001 25 1.271941e-001 125 1.249589e-001 
3 9 8.796073e-002 81 7.107988e-002 729 6.898182e-002 
4 17 3.970488e-002 289 3.944228e-002 4913 3.718816e-002 
5 33 1.738869e-002 1089 3.109722e-002 35937 2.838763e-002 
6 65 7.535727e-003 4225 1.888361e-002 274625 9.837855e-003 
7 129 3.418925e-003 16641 2.831294e-002 
8 257 1.615694e-003 66049 2.667914e-003 
9 513 7.872903e-004 263169 2.352736e-003 
10 1025 3.884881e-004 
11 2049 1.940611e-004 
12 4097 9.699922e-005 

Table 24.3 Shepard fit in 4D-6D with compactly supported weight function. 

4D 5D 6D 

k N RMS-error N RMS-error N RMS-error 

1 81 1.310311e-001 243 8.936253e-002 729 6.372675e-002 
2 625 8.943469e-002 3125 6.344921e-002 15625 3.910649e-002 
3 6561 4.599027e-002 59049 3.492958e-002 531441 2.234389e-002 
4 83521 2.523581e-002 

Program 24.2. Sh.epard_CS.rn 

7, Shepard.CS 
% Sc r i p t that performs Shepard approximation for a r b i t r a r y 
% space dimensions s using sparse matrices 
°/0 C a l l s on: DistanceMatrixCSRBF, MakeSDGrid, t e s t f u n c t i o n 
% Uses: haltonseq (written by Daniel Dougherty from 
7, MATLAB Central F i l e Exchange) 

% Wendland C2 weight function 
1 rbf = @(e,r) r.~4.*(5*spones(r)-4*r); 
2 s = 6; % Space dimension s 

% Number of Halton data points 
3 k = 3; N = (2~k+l)~s; 
4 ep = 2~k+l; % Scale parameter for ba s i s function 
5 neval = 4; M = neval~s; 

7o Compute data s i t e s as Halton points 
6 d s i t e s = haltonseq(N,s); 
7 c t r s = d s i t e s ; 

7o Create vector of function (data) values 

http://Sh.epard_CS.rn
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8 f = t e s t f u n c t i o n ( s , d s i t e s ) ; 
°/. Create neval~s equally spaced evaluation l o c a t i o n s i n 
% the s-dimensional unit cube 

9 epoints = MakeSDGrid(s,neval); 
% Compute evaluation matrix, i . e . , 
% matrix of values of generating functions 

10 DM_eval = DistanceMatrixCSRBF(epoints,ctrs,ep); 
11 EM = rbf(ep,DM_eval); 

% Shepard s c a l i n g 
12 EM = spdiags(l./(EM*ones(N,l)),0,M,M)*EM; 

% Compute quasi-interpolant 
13 Pf = EM*f; 

% Compute exact s o l u t i o n , i . e . , 
°/« evaluate t e s t function on evaluation points 

14 exact = t e s t f u n c t i o n ( s , e p o i n t s ) ; 
% Compute er r o r s on evaluation g r i d 

15 maxerr = norm(Pf-exact,inf); 
16 rms_err = norm(Pf-exact)/sqrt(M); 
17 fprintf('RMS error: %e\n', rms_err) 
18 f p r i n t f ('Maximum error: °/0e\n', maxerr) 

2 4 . 2 M L S A p p r o x i m a t i o n w i t h L i n e a r R e p r o d u c t i o n 

I n general one w o u l d expect a m o v i n g least squares m e t h o d t h a t reproduces l inear 
p o l y n o m i a l s t o be more accurate t h a n one t h a t reproduces o n l y constants such as 
Shepard's m e t h o d . W e i l l u s t r a t e t h i s i n Tab le 24.4 where we aga in use t he C 2 com
p a c t l y suppor t ed we igh t funct ions w(xi,x) = (1 — ej|£c — JCi||)^_ (4e||£c — Xi\\ + 1) i n 
a s t a t i o n a r y a p p r o x i m a t i o n s e t t i n g w i t h a base e = 3 for N = 9 d a t a p o i n t s ( and 
t h e n scaled inversely p r o p o r t i o n a l t o the fill-distance) t o a p p r o x i m a t e d a t a sam
p led f r o m Franke 's f u n c t i o n at u n i f o r m l y spaced po in t s i n [0, l ] 2 . W e can see t h a t 
the M L S m e t h o d w i t h l inear r e p r o d u c t i o n has a n u m e r i c a l a p p r o x i m a t i o n order o f 
0(h2). T h i s w i l l be j u s t i f i e d t heo re t i c a l l y i n t he nex t chapter . 

Ins tead o f so lv ing a G r a m sys tem for each eva lua t i on p o i n t as suggested i n (22.8) 
or (22.20) we use the e x p l i c i t fo rmulas for t he Lagrange m u l t i p l i e r s and genera t ing 
funct ions g iven for t he 2D case i n E x a m p l e 23.3. These formulas are i m p l e m e n t e d 
i n M A T L A B i n the sub rou t ine LinearScaling2D_CS .m a n d l i s ted i n P r o g r a m 24.3. 
I n p a r t i c u l a r , th i s sub rou t ine is w r i t t e n t o dea l w i t h c o m p a c t l y s u p p o r t e d weigh t 
funct ions and thus uses sparse mat r ices . A s i n t he assembly o f sparse i n t e r p o l a t i o n 
mat r ices we make use o f kd-trees. 

W e b u i l d a fcd-tree o f a l l of t h e centers for the we igh t funct ions and find — for 
each eva lua t ion p o i n t — those centers whose s u p p o r t overlaps the eva lua t i on p o i n t . 
T h e i n p u t t o LinearScaling2D_CS .m are epoints ( an N x s m a t r i x represent ing a 
set o f N da t a sites i n M s ) , c t r s ( an M x s m a t r i x represent ing a set o f M centers 
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Table 24.4 2D stationary M L S ap
proximation to Franke's function at 
uniformly spaced points in [0,1] 2 

with linear precision using com
pactly supported weight function. 

N RMS-error rate 

9 1.789573e-001 
25 7.089522e-002 1.3359 
81 2.691693e-002 1.3972 

289 7.516377e-003 1.8404 
1089 1.944252e-003 1.9508 
4225 4.903575e-004 1.9873 
16641 1.228639e-004 1.9968 
66049 3.072866e-005 1.9994 

263169 7.658656e-006 2.0044 
1050625 1.921486e-006 1.9949 

for the weight funct ions i n R s ) , r b f ( an anonymous or i n l i ne f u n c t i o n def in ing the 
R B F weight func t ion ) , and ep ( the scale pa ramete r t h a t determines the size o f t he 
support of the weight func t ions ) . A s always, w i d e funct ions resul t f r o m a sma l l 
value of ep, i.e., the size o f t he s u p p o r t o f t he we igh t f u n c t i o n is g iven b y 1/ep. T h e 
ou tput of L i n e a r S c a l i n g 2 D _ C S .m is an N x M sparse m a t r i x P h i t h a t conta ins the 
M L S generat ing funct ions centered a t the po in t s g iven b y c e n t e r a n d evaluated a t 
the evaluat ion po in t s i n e p o i n t s . N o t e t h a t t h e c o m p a c t l y s u p p o r t e d basic f u n c t i o n 
needs to be suppl ied i n i t s s t a n d a r d (unshi f ted) f o r m , e.g., as 

r b f = _ ( e , r ) m a x ( s p o n e s ( r ) - e * r , 0 ) . " 4 . * ( 4 * e * r + s p o n e s ( r ) ) ; 

for the C2 W e n d l a n d f u n c t i o n < ^ 3 , i ( r ) = (1 - r)\(4r + 1 ) . 
For each eva lua t ion p o i n t (see t h e l oop over i f r o m l ine 10 t o l ine 33) we c o m p u t e 

the six different moments (entries o f t he G r a m m a t r i x G, c.f. E x a m p l e 23.3) r equ i r ed 
for the c o m p u t a t i o n o f t he Lagrange m u l t i p l i e r s o n lines 14-20. T h e n the values o f 
the Lagrange m u l t i p l i e r s a n d o f the genera t ing funct ions at the ith eva lua t ion p o i n t 
are computed o n lines 21-24 . T h e f i na l sparse m a t r i x P h i is assembled on l ine 35. 

P r o g r a m 2 4 . 3 . L i n e a r S c a l i n g 2 D _ C S .m 

% P h i = L i n e a r S c a l i n g 2 D _ C S ( e p o i n t s , c t r s , r b f , e p ) 
% Forms a s p a r s e m a t r i x o f s c a l e d g e n e r a t i n g f u n c t i o n s f o r MLS 

% a p p r o x i m a t i o n w i t h l i n e a r r e p r o d u c t i o n . 

7. Uses : k - D t r e e p a c k a g e b y Guy S h e c h t e r f r o m 

7. MATLAB C e n t r a l F i l e Exchange 
1 f u n c t i o n P h i = L i n e a r S c a l i n g 2 D _ C S ( e p o i n t s , c t r s , r b f , e p ) 

2 [ N , s ] = s i z e ( e p o i n t s ) ; [ M , s ] = s i z e ( c t r s ) ; 
3 a l p h a = [ 0 0 ; 1 0 ; 0 1 ; 1 1 ; 2 0 ; 0 2 ] ; 

7o B u i l d k - D t r e e f o r c e n t e r s 
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4 [tmp,tmp,Tree] = kdtree ( c t r s , [ ] ) ; 
% For each e v a l . point, f i n d centers whose support overlap i t 

5 support = 1/ep; mu = z e r o s ( 6 ) ; 
% Modify the following l i n e f o r optimum performance 

6 veclength = round(support*N*M/4); 
7 rowidx = zeros(1.veclength); c o l i d x = zeros(1,veclength); 
8 validx = zeros(1.veclength); 
9 i s t a r t = 1; iend = 0; 

10 for i = 1:N 
11 [ p t s , d i s t , i d x ] = kdrangequery(Tree.epoints(i,:).support); 
12 newlen = le n g t h ( i d x ) ; 

7o Vector of b a s i s functions 
13 P h i _ i = rb f ( e p , d i s t > ) ; 

% Compute a l l 6 moments for i - t h evaluation point 
14 for j = l : 6 
15 x_to_alpha = 1; 
16 for coord=l:s 
17a x_to_alpha = x_to_alpha . * ( c t r s ( i d x , c o o r d ) - . . . 
17b repmat(epoints(i,coord),newlen,1))."alpha(j,coord); 
18 end 
19 mu(j) = Phi_i*x_to_alpha; 
20 end 
21 Ll=(mu(4)~2-mu(5)*mu(6)); L2=(mu(2)*mu(6)-mu(3)*mu(4)); 
22 L3=(mu(5)*mu(3)-mu(2)*mu(4)); 
23a s c a l i n g = Ll*repmat(1.newlen,1) + ... 
23b L2*(ctrs(idx,l)-repmat(epoints(i,1),newlen,1))+... 
23c L3*(ctrs(idx,2)-repmat(epoints(i,2),newlen,1)); 
24a denom = mu(2)~2*mu(6)+mu(5)*mu(3)~2-mu(l)*mu(5)*mu(6)-... 
24b 2*mu(2)*mu(3)*mu(4)+mu(l)*mu(4)"2; 
25 i f (denom ~= 0) 
26 s c a l i n g = scaling/denom; 
27 iend = iend + newlen; 
28 r o w i d x ( i s t a r t : i e n d ) = repmat(i,1,newlen); 
29 c o l i d x ( i s t a r t : i e n d ) = idx'; 
30 v a l i d x ( i s t a r t : i e n d ) = P h i _ i . * s c a l i n g ' ; 
31 i s t a r t = i s t a r t + newlen; 
32 end 
33 end 
34 f i l l e d = find(rowidx); % only those a c t u a l l y f i l l e d 
35 Phi = s p a r s e ( r o w i d x ( f i l l e d ) , c o l i d x ( f i l l e d ) , v a l i d x ( f i l l e d ) , N , M ) 

% Free memory 
36 c l e a r rowidx colidx v a l i d x ; k d t r e e ( [ ] , [ ] .Tree) ; 
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W i t h a l l the d i f f icu l t cod ing relegated t o the subrou t ine L i n e a r S c a l i n g 2 D _ C S .m 
the m a i n p r o g r a m LinearMLS2D_CS .m is ra ther s imple . I t is l i s ted i n P r o g r a m 24.4. 
T h e version o f the code l i s ted here is adapted t o read a da ta file t h a t contains b o t h 
da t a sites ( i n the var iable d s i t e s ) a n d func t i on values ( i n the var iable r h s ) . For 
the example displayed i n F igu re 24.2 we used an ac tua l set o f 1:250,000-scale D i g i t a l 
E l eva t i on M o d e l ( D E M ) d a t a f r o m the U.S . Geological Survey, name ly the da t a set 
Dubuque-E w h i c h contains e levat ion da t a f r o m a reg ion i n nor theas te rn Iowa, n o r t h 
western I l l i no i s , and southwestern Wiscons in . T h e d a t a set is available o n the w o r l d 
wide web at h t t p : / / e d c s g s 9 . c r . u s g s . g o v / g l i s / h y p e r / g u i d e / l _ d g r _ d e m f i g / -
s t a t e s / I L . h t m l . T h e o r i g i n a l d a t a set contains 1201 x 1201 u n i f o r m l y spaced 
measurements r ang ing i n he ight f r o m 178 meters t o 426 meters. We conver ted 
the D E M da ta fo rma t w i t h the u t i l i t y DEM2XYZN t h a t can be downloaded f r o m 
h t t p : / / d a t a . g e o c o m m . c o m / d e m / d e m 2 x y z n / , selected on ly the nor theas te rn quad
ran t o f 601 x 601 = 361201 e levat ion values, and scaled the x and y coordinates 
t h a t o r ig ina l ly defined a square w i t h a side l eng th o f abou t 35 miles t o the u n i t 
square. T h e resu l t ing da ta set Data2D_DubuqueNE is inc luded on the enclosed C D . 
A n M L S a p p r o x i m a t i o n w i t h l inear r e p r o d u c t i o n based o n the C 2 c o m p a c t l y sup
p o r t e d W e n d l a n d weight used earlier was evaluated on a g r i d o f 60 x 60 equa l ly 
spaced poin ts and is displayed i n F igu re 24.2. W e use a shape parameter o f e = 30 
t o de termine the suppor t size o f the weigh t funct ions . 

P r o g r a m 2 4 . 4 . LinearMLS2D_CS .m 

% LinearMLS2D_CS 
°/0 S c r i p t t h a t p e r f o r m s MLS a p p r o x i m a t i o n w i t h l i n e a r r e p r o d u c t i o n 
% u s i n g s p a r s e m a t r i c e s 
% C a l l s o n : L i n e a r S c a l i n g 2 D _ C S 

1 r b f = @ ( e , r ) m a x ( s p o n e s ( r ) - e * r , 0 ) . ~ 4 . * ( 4 * e * r + s p o n e s ( r ) ) ; 

2 ep = 3 0 ; n e v a l = 6 0 ; 
% Load d a t a p o i n t s and r h s 

3 l o a d ( , D a t a 2 D _ D u b u q u e N E ' ) ; 
4 c t r s = d s i t e s ; 

% C r e a t e n e v a l - b y - n e v a l e q u a l l y spaced e v a l u a t i o n l o c a t i o n s 

°/0 i n t h e u n i t s q u a r e 
5 g r i d = l i n s p a c e ( 0 , 1 , n e v a l ) ; [ x e , y e ] = m e s h g r i d ( g r i d ) ; 
6 e p o i n t s = [ x e ( : ) y e ( : ) ] ; 

°/0 Compute e v a l u a t i o n m a t r i x 
7 EM = L i n e a r S c a l i n g 2 D _ C S ( e p o i n t s , c t r s , r b f , e p ) ; 

% Compute MLS a p p r o x i m a t i o n ( r h s r e a d f r o m d a t a f i l e ) 
8 Pf = EM*rhs ; 
9 f i g u r e % P l o t MLS f i t 

10 s u r f p l o t = s u r f ( x e , y e . r e s h a p e ( P f , n e v a l , n e v a l ) ) ; 
11 s e t ( s u r f p l o t , ' F a c e C o l o r ' , ' i n t e r p ' , ' E d g e C o l o r ' , ' n o n e ' ) 
12 v i e w ( [ 1 5 , 3 5 ] ) ; c a m l i g h t ; l i g h t i n g g o u r a u d ; c o l o r m a p summer 

http://edcsgs9.cr.usgs.gov/glis/hyper/guide/l_dgr_demfig/-
http://data.geocomm.com/dem/dem2xyzn/
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Fig. 24.2 M L S approximation using compactly supported weight for elevation data in northwest
ern Illinois. 

A m u c h s impler ( b u t also m u c h slower) i m p l e m e n t a t i o n o f M L S a p p r o x i m a t i o n 
w i t h l inear r e p r o d u c t i o n is g iven as P r o g r a m 24.5. I n t h i s i m p l e m e n t a t i o n we solve 
the loca l least squares p r o b l e m for each eva lua t ion p o i n t x, i.e., we o b t a i n the M L S 
a p p r o x i m a t i o n at t he p o i n t x as 

T h e so lu t ion o f these systems (for each eva lua t ion p o i n t x) is c o m p u t e d o n l ine 18 
of the p r o g r a m , w i t h the G r a m m a t r i x b u i l t as 

and the polynomial matrix P with entries Pij(x) = Pj(xi — x) and diago
nal weight matrix computed on lines 16 and 17, respectively. The subroutine 
LinearScaling2D_CS .m is not required by this program. Compare this program 
with Program 24.1. 

Program 24.5. LinearMLS2D_GramSolve .m 

7. LinearMLS2D_GramSolve 
7o S c r i p t that performs MLS approximation with l i n e a r reproduction 
7o by solving l o c a l Gram systems 
7. C a l l s on: DistanceMatrix, PlotSurf, PlotError2D 

m 

G{x) = PT(x)W(x)P(x), 

Swap* 
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1 rbf = @(e,r) e x p ( - ( e * r ) . ~ 2 ) ; ep = 5.5; 
Define Franke's function as t e s t f u n c t i o n 

2 f l = @(x,y) 0.75*exp(-((9*x-2).~2+(9*y-2).~2)/4); 
3 f2 = _(x,y) 0.75*exp(-((9*x+l).~2/49+(9*y+l).~2/10)); 
4 f3 = @(x,y) 0.5*exp(-((9*x-7).~2+(9*y-3).~2)/4); 
5 f4 = _(x,y) 0.2*exp(-((9*x-4).~2+(9*y-7).~2)); 
6 testfunction = @(x,y) f1(x,y)+f2(x,y)+f3(x,y)-f4(x,y); 
7 N = 1089; gridtype = 'u'; 
8 neval = 40; 

% Load data points 
9 name = sp r i n t f ('Data2D_yod%s' ,N,gridtype) ; load(name) 

10 c t r s = d s i t e s ; 
% Create vector of function (data) values 

11 f = t e s t f u n c t i o n ( d s i t e s ( : , 1 ) , d s i t e s ( : , 2 ) ) ; 
% Create neval-by-neval equally spaced evaluation locations 
% i n the unit square 

12 grid = linspace(0,1,neval); [xe,ye] = meshgrid(grid); 
13 epoints = [xe(:) y e ( : ) ] ; 

% Compute MLS approximation with s h i f t e d b a s i s polynomials 
14 Pf = zeros(neval"2,1); 
15 for j=l:neval~2 
16 P = [ones(N,l) dsites-repmat(epoints(j,:),N,1)]; 
17 W = d i a g ( r b f ( e p , D i s t a n c e M a t r i x ( e p o i n t s ( j , : ) , c t r s ) ) ) ; 
18 c = (P'*W*P)\(P'*W*f); 
19 P f ( j ) = c ( l ) ; 
20 end 

% Compute exact solution, i . e . , 
°/„ evaluate t e s t function on evaluation points 

21 exact = te s t f u n c t i o n ( e p o i n t s ( : , 1 ) , e p o i n t s ( : , 2 ) ) ; 
% Compute errors on evaluation g r i d 

22 maxerr = norm(Pf-exact,inf); 
23 rms_err = norm(Pf-exact)/neval; 

°/0 Plot interpolant 
24 PlotSurf(xe,ye,Pf,neval,exact,maxerr,[160,20] ) ; 

% Plot absolute error 
25 PlotError2D(xe,ye,Pf,exact,maxerr,neval,[160,20]); 

Al te rna t ive ly , we cou ld have coded lines 14-20 w i t h an unshi f ted p o l y n o m i a l 
basis (c.f. the discussion i n Chap te r 22), i n w h i c h case we w o u l d have 

14 P = [ones(N.l) d s i t e s ] ; 
15 Pf = zeros(neval~2,1) ; 
16 for j=l:neval~2 
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17 W = d i a g ( r b f ( e p , D i s t a n c e M a t r i x ( e p o i n t s ( j , : ) , c t r s ) ) ) ; 
18 c = (P'*W*P)\(P'*W*_); 
19 P f ( j ) = [1 epoints ( j , : ) ] * c ; 
20 end 

i n P r o g r a m 24.5. T h i s requires s e t t i ng up the m a t r i x P o n l y once. However , t he 
compu ta t ions are numer i ca l l y no t as stable. A l s o , a d d i t i o n a l c o m p u t a t i o n o f t h e 
a p p r o x i m a n t on l ine 19 is r equ i red v i a a do t p r o d u c t . 

2 4 . 3 P l o t s o f B a s i s - D u a l B a s i s P a i r s 

W e now p rov ide some plots o f the p o l y n o m i a l basis funct ions p for the s t anda rd M L S 
approach, the d u a l basis funct ions A (Lagrange m u l t i p l i e r s ) , and the genera t ing 
funct ions f r o m the Backus -Gi lbe r t approach for a one-dimensional example w i t h 
X be ing the set o f 11 equal ly spaced po in t s i n [0,1]. W e take m — 3, i.e., we 
consider t he case t h a t ensures r e p r o d u c t i o n o f quad ra t i c po lynomia l s . T h e we igh t 
func t ion is t aken t o be the s t anda rd Gaussian r a d i a l f u n c t i o n scaled w i t h a shape 
parameter e = 5. I n the o n l y excep t ion i n t h i s book , these p lo ts were created w i t h 
M a p l e us ing the p r o g r a m MLSDualBases .mws i nc luded i n A p p e n d i x C. 

T h e three basis po lynomia l s pi(x) = 1, p2(%) = x, a n d pz(x) = x2 are shown 
i n F igure 24.3, whereas the d u a l basis funct ions A i , A 2 , and A3 are d isplayed i n 
F igu re 24.4. 

Fig. 24.3 Plot of the three polynomial basis functions for moving least squares approximation 
with quadratic reproduction on [0,1]. 

I n F igu re 24.5 we p l o t th ree M L S genera t ing funct ions (sol id) toge ther w i t h the 
cor responding genera t ing funct ions f r o m the a p p r o x i m a t e m o v i n g least squares ap
proach (dashed) described i n Chap t e r 26. T h e genera t ing funct ions for t h e approx
i m a t e M L S approach are Laguerre-Gaussians (c.f. Sect ion 4.2) . W h i l e t he s t a n d a r d 
M L S genera t ing funct ions reflect t he fact t h a t the d a t a is g iven o n a f in i t e i n t e rva l , 
the genera t ing funct ions for a p p r o x i m a t e M L S a p p r o x i m a t i o n are a l l j u s t shifts o f 
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Fig. 24.4 Plot of the three dual basis functions for moving least squares approximation with 
quadratic reproduction for 11 equally spaced points in [0,1]. 

the one func t ion 

TV 

X y\ 
Vh2 

l|o> —Wll 
T>h'2 

t o the center po in t s y. Here we iden t i fy the scale parameter V w i t h our shape 
parameter e for the weight f u n c t i o n v i a e = For th i s example w i t h 11 po in t s 
i n [0,1] we have h = 1/10, so t h a t e = 5 corresponds t o a value o f T> = 4. 

I n the center o f the in te rva l , where the influence of the b o u n d a r y is m i n i m a l , 
the t w o types o f generat ing funct ions are a lmost iden t ica l (see the r i g h t p l o t i n 
F igure 24.5). 

i K f _ - + - n | i i i i | i i i i | 
0.0 0.35 0.5 0.75 1.0 

Fig. 24.5 Standard M L S generating functions (solid) and approximate M L S generating functions 
(dashed) centered at three of the 11 equally spaced points in [0,1]. 

I f the da t a poin ts are no longer equal ly spaced, the Lagrange funct ions a n d 
generat ing funct ions are also less u n i f o r m . Figures 24.6 and 24.7 i l l u s t r a t e th i s 
dependence on the da t a d i s t r i b u t i o n for 11 H a l t o n po in ts i n [0,1]. 

Fina l ly , we provide plots o f M L S genera t ing funct ions for the case o f reproduc
t i o n of l inear po lynomia l s i n 2D (see F igu re 24.8). These plots were created w i t h the 
M A T L A B p r o g r a m LinearMLS2D_CS .m (see P r o g r a m 24.4) by p l o t t i n g c o l u m n j o f 
the eva lua t ion m a t r i x EM cor responding t o the values o f the j t h generat ing func t ion . 
We used the C2 W e n d l a n d weights w(xi,x) = (1 — e\\x — cci | |)+ (4_r||ic — c_j|| + 1) 
w i t h e — 5. 
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Fig. 24.6 Plot of the three dual basis functions for moving least squares approximation with 
quadratic reproduction for 11 Halton points in [0,1]. 

Fig. 24.7 Standard M L S generating functions (solid) and approximate M L S generating functions 
(dashed) centered at three of the 11 Halton points in [0,1]. 

Fig. 24.8 M L S generating functions for linear reproduction centered at two of 289 uniformly 
spaced data sites in [0, l ] 2 . 



Chapter 25 

Error Bounds for 
Moving Least Squares Approximation 

25.1 A p p r o x i m a t i o n O r d e r o f M o v i n g L e a s t S q u a r e s 

Since the m o v i n g least squares app rox iman t s can be w r i t t e n as quas i - in terpolants 
we can use s tandard techniques t o derive t h e i r po in t -wise e r ro r est imates. T h e 
s tandard argument proceeds as fol lows. L e t / be a g iven ( smoo th ) f u n c t i o n t h a t 
generates the data , i.e., fi = f(xi),..., fx = / (cc /v ) , and let p be an a r b i t r a r y 
p o l y n o m i a l . Moreover , assume t h a t the m o v i n g least squares a p p r o x i m a n t is g iven 
i n the f o r m 

N 
Vf(x) = Y/f(xi)yi(x,x) 

i=l 

w i t h the generat ing funct ions * i sa t is fying the p o l y n o m i a l r e p r o d u c t i o n p r o p e r t y 

N 
^2p(xi)^i(x,x) = p(x), f b r a l l p e L L j , 
i = l 

as described i n Chapter 22. T h e n , due t o the p o l y n o m i a l r e p r o d u c t i o n p r o p e r t y o f 
the generat ing functions, we get 

N 
\f(x) - Vf(x)\ < \f(x) - p(x)\ + \p(x) - f{xi)^i{x, x)\ 

i=l 
N N 

= \f(x)-p(x)\ + \^2p(xi)^i(x,x) -J2f(xi)^i(x,x)\. 

i=l i=l 

C o m b i n a t i o n o f the t w o sum a n d the d e f i n i t i o n o f the discrete m a x i m u m n o r m y i e l d 

N 

\f(x) - Vf(x)\ < \f(x) - p(x)\ + \PM ~ aOI 

< I I / - P l 

i=l 
N 

(25.1) 

We see t h a t i n order t o refine the er ror es t imate we n o w have t o answer t w o ques
t ions : 

225 
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• H o w we l l do po lynomia l s app rox ima te / ? T h i s can be achieved w i t h s t anda rd 
Tay lo r expansions. 

N 
• A r e the genera t ing funct ions bounded? T h e expression \^i(x, x)\ is k n o w n 

i = l 
as the (value o f the) Lebesgue function, and f i n d i n g a b o u n d for the Lebesgue 
func t ion is the m a i n task t h a t remains . 

B y t a k i n g the p o l y n o m i a l p above t o be the T a y l o r p o l y n o m i a l o f t o t a l degree d 
for / at x, the remainder t e r m i m m e d i a t e l y yie lds an es t imate o f the f o r m 

1 1 / - Plloo < C x h d + 1 m a x \ D a f { £ % \ct\ = d + l . (25.2) 

Thus , i f we can establish a u n i f o r m b o u n d for the Lebesgue func t ion , t hen (25.1) 
and (25.2) w i l l result i n 

\f(x)-Vf(x)\<Chd+1m^\D<*f(Z)\, | a | =d+l, 

w h i c h shows t h a t m o v i n g least squares a p p r o x i m a t i o n w i t h p o l y n o m i a l r e p r o d u c t i o n 
of degree d has a p p r o x i m a t i o n order G(hd+1). 

For Shepard's m e t h o d , i.e., m o v i n g least squares a p p r o x i m a t i o n w i t h constant 
r ep roduc t i on (i.e., m = 1 or d = 0 ) , we saw above t h a t the genera t ing funct ions are 
of the f o r m 

w(xi, x) 
^i(x,x) 

N 

and f o r m a p a r t i t i o n o f u n i t y (see (23.3)) . Therefore the Lebesgue func t i on admi t s 
the u n i f o r m b o u n d 

N 

J2\^i(x,x)\ = !• 
i = l 

T h i s shows t h a t Shepard's m e t h o d has a p p r o x i m a t i o n order 0(h). 
B o u n d i n g the Lebesgue f u n c t i o n i n the general case is more invo lved and is 

the subject of the papers [ L e v i n (1998); W e n d l a n d (2001a)]. A s ind i ca t ed above, 
th i s results i n a p p r o x i m a t i o n order 0(hd+1) for a m o v i n g least squares m e t h o d 
t h a t reproduces po lynomia l s o f degree d. I n b o t h papers the authors assumed t h a t 
the weight func t ion is c o m p a c t l y suppor ted , and t h a t the suppor t size is scaled 
p r o p o r t i o n a l t o the f i l l distance. T h e fo l lowing t heo rem paraphrases the results o f 
[ L e v i n (1998); W e n d l a n d (2001a)]. 

T h e o r e m 2 5 . 1 . Let ficls. If f e Cd+1(fl), {xi : i = 1,..., N} C fl are quasi-
uniformly distributed with fill distance h, the weight functions Wi(x) — w(xi, x) are 
compactly supported with support size pi = ch (c = cons t . ) , and if polynomials in 
Iis

d are reproduced according to (22.13), then the scale of MLS approximations 

^)(*) = E / ( * 0 * ( £ ^ i ) , (25.3) 
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* 

with generating functions ^(x — x^) = \j /j(x,cc) determined via (22.17)-(22.19) 
satisfies 

I I Z - ^ l l o o < Chd+1 m a x \ D a f ( £ ) \ , \a\ = d + l . 

I t should be possible t o a r r ive at s imi l a r est imates i f the weigh t f u n c t i o n o n l y 
decays fast enough (see, e.g., t he survey [ d e B o o r (1993)]) . 

Aside f r o m th is cons t ra in t o n the weight f u n c t i o n ( w h i c h essentially corresponds 
t o a s t a t iona ry a p p r o x i m a t i o n scheme), the choice o f weigh t f u n c t i o n w does no t 
p lay a role i n de t e rmin ing the a p p r o x i m a t i o n order o f the m o v i n g least squares 
m e t h o d . A s no ted earlier, i t o n l y determines the smoothness of Vf. For example , 
i n the paper [Cleveland and Loader (1996)] f r o m the s ta t is t ics l i t e r a tu r e o n loca l 
regression the authors state t h a t of ten "the choice [of weigh t funct ion] is no t t oo 
c r i t i c a l " , and the use o f the so-called tri-cube 

Wi(x) = {1 - \\x - Xi\\3)3

+, x e R s , 
is suggested. O f course, m a n y other weight funct ions such as ( rad ia l ) i3-splines or 
any of the (bell-shaped) r a d i a l basis funct ions s tud ied earl ier can also be used. I f 
the weight func t ion is c o m p a c t l y suppor ted , t h e n the genera t ing funct ions \T/j w i l l 
be so, too . T h i s leads t o c o m p u t a t i o n a l l y efficient methods since the G r a m m a t r i x 
G(x) w i l l be sparse. 

A n in teres t ing quest ion is also the size o f the suppor t o f the different loca l 
weight funct ions. Obvious ly , a f ixed suppor t size for a l l we igh t funct ions is possible. 
However, th i s w i l l cause serious problems as soon as the d a t a are no t u n i f o r m l y 
d i s t r i bu t ed . Therefore, i n the a rguments i n [ L e v i n (1998); W e n d l a n d (2001a)] the 
assumpt ion is made t h a t the d a t a are at least quas i -un i fo rmly d i s t r i b u t e d . A n o t h e r 
choice for the suppor t size o f the i n d i v i d u a l weigh t funct ions is based o n the number 
of nearest neighbors, i.e., the suppo r t size is chosen so t h a t each of the loca l weigh t 
functions contains the same number o f centers i n i t s suppor t . A t h i r d poss ib i l i t y is 
suggested i n [Schaback (2000b)] where the a u t h o r proposes t o use another m o v i n g 
least squares a p p r o x i m a t i o n based o n (equal ly spaced) a u x i l i a r y po in ts t o de te rmine 
a smoo th func t ion 5 such t h a t at each eva lua t ion p o i n t x the radius o f the suppor t 
of the weight func t ion is g iven b y 5(x). However , convergence estimates for these 
l a t t e r t w o choices do no t exis t . 

Sobolev error estimates are p r o v i d e d for m o v i n g least squares a p p r o x i m a t i o n 
w i t h compac t ly suppor ted we igh t funct ions i n [ A r m e n t a n o (2001)] . T h e rates ob
t a ined i n t h a t paper are no t i n t e rms o f the f i l l distance b u t instead i n te rms of the 
suppor t size p o f the weight f unc t i on . Moreover , i t is assumed t h a t for general s 
and m = ( s ^ d ) the loca l Lagrange funct ions are bounded . A s men t ioned above, th i s 
is the h a r d pa r t , and i n [ A r m e n t a n o (2001)] such bounds are on ly p r o v i d e d i n the 
case s = 2 w i t h d = 1 or d = 2. However , i f combined w i t h the general bounds for 
the Lebesgue func t i on p r o v i d e d b y W e n d l a n d , the paper [ A r m e n t a n o (2001)] yields 
the fo l lowing estimates: 

\f(x) -Vf(x)\ <Cpd+1 m a x \ D a f ( £ ) \ , \a\=d+l, 
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b u t also 

| V ( / - P / ) ( x ) | <Cpd m a x irr/COl, | « | = d + 1. 

I n the weaker ( local) L2 - n o r m we have 

H / - ^ / l l L 2 ( B , n Q ) < C p d + l \ f \ w * + i { 

and 

l | V ( / - 7 > / ) | | L a ( B j n n ) < C / | / | ' ( B . n n ) ' 

where the balls B3 p rov ide a finite cover o f the d o m a i n fl, i.e., fl C [JjBj, a n d 
the number o f over lapping balls is bounded . Here Wd{fl) is the Sobolev space o f 
funct ions whose derivat ives up t o order d are i n L 2 (c.f. Chap te r 13). 

W e close th i s chapter b y p o i n t i n g ou t t h a t ear ly er ror est imates for some special 
cases were p rov ided i n [Fa rwig (1987); F a r w i g (1991)] . 

. 1 -



Chapter 26 

Approximate Moving Least Squares 
Approximation 

26 .1 H i g h - o r d e r S h e p a r d M e t h o d s v i a M o m e n t C o n d i t i o n s 

W h i l e we ment ioned earlier t h a t t he we igh t f u n c t i o n does n o t have an effect on 
the a p p r o x i m a t i o n order results for Shepard's m e t h o d (cf. T h e o r e m 25.1), wee now 
present some heur is t ic considerat ions for o b t a i n i n g h igher-order Shepard methods . 
T h i s w i l l result i n ce r t a in cond i t ions o n the m o m e n t s o f the we igh t f u n c t i o n w. 

Recal l t h a t using our shif ted m o n o m i a l representa t ion we o b t a i n V/(x) = c\(x) 
(see (22.5)) for any degree d. Therefore , i f we can f ind we igh t funct ions w(xi,-) 
such t h a t the f irst r o w (and first c o l u m n ) o f t h e G r a m m a t r i x G(x) becomes 
[Y,Mxi,x),0,...,0]T = [ < 1 , 1 ) ™ _ , 0 , . . . , 0 ] T , t h e n Cl(x) = < / , l > t _ _ / < l , l ) t__ v i a 
(22.8) . Thus , 

i = i T,j=iw{xj,x) 

b u t now — by cons t ruc t ion — the m e t h o d has a p p r o x i m a t i o n order 0(hd+1) ( i n 
stead o f the mere 0(h) o f Shepard's m e t h o d w h i c h p e r m i t s the use o f arbitrary 
weights ) . 

We therefore use the discrete moments (c.f. Sect ion 23.2) 

N 

Ha = Y2(Xi ~ x ) a w ( x i , x ) , x&Rs, 0 < | a | < d , (26.1) 
i = l 

where a is a m u l t i - i n d e x , and t h e n d e m a n d 

/ i « = < W 0 < \a\ < d. (26.2) 

A s ment ioned i n Chap te r 23 these m o m e n t s p rov ide the entries o f the G r a m m a t r i x 
G(x). T h e c o n d i t i o n / io = 1 ensures t h a t the weights w(xi, •) f o r m a partition of 
unity, and we end up w i t h a quas i - in te rpo lan t o f the f o r m 

N 

Vf(x) = y^J(xi)w(xi,x). 
i=l 

W e can summar ize our heuris t ics i n 
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P r o p o s i t i o n 2 6 . 1 . Let fl C Rs. If f e Cd+1(fl), the data sites {xi : i = 
1, • • •, N} C fl are quasi-uniformly distributed with fill distance h, the weight func
tions w(xi, •) = w(xi — x) are compactly supported with support size pi = ch 
(c = cons t . ) , and the discrete moment conditions 

Pa — 0~<x0, 0 < \cx\ < d, 

are satisfied, then 

has approximation order 0(hd+1). 

T h e discrete momen t cond i t ions i n P r o p o s i t i o n 26.1 lead us t o the fo l l owing 
i n t e r p r e t a t i o n o f the weigh t f u n c t i o n w: 

w(x,y) =w0(x,y)q(x -y), q e Us

d, (26.3) 

where wo is a new ( a r b i t r a r y ) we igh t f u n c t i o n , and q is a p o l y n o m i a l o f degree d 
o r t h o n o r m a l i n the sense o f the inner p r o d u c t (22.2) w i t h respect t o WQ. T h i s v i e w 
is also t aken by L i u a n d co-workers (see, e.g., [ L i and L i u (2002)]) where q is cal led 
the correction function. 

T h e discrete m o m e n t cond i t ions i n P r o p o s i t i o n 26.1 are d i f f icu l t t o satisfy an
a ly t i ca l ly , as is the c o n s t r u c t i o n o f discrete m u l t i v a r i a t e o r t hogona l po lynomia l s as 
needed for (26.3). I n order t o o b t a i n quas i - in te rpolan ts for a r b i t r a r y space d i m e n 
sions and scattered da ta sites we consider the concept o f app rox ima te a p p r o x i m a 
t i o n i n the next section. The re one satisfies cont inuous momen t cond i t ions w h i l e 
ensuring t h a t the discrete m o m e n t cond i t ions are a lmos t satisfied. 

2 6 . 2 A p p r o x i m a t e A p p r o x i m a t i o n 

We now give the m a i n results o n a p p r o x i m a t e a p p r o x i m a t i o n relevant t o our w o r k . 
T h e concept o f approximate approximation was f irst i n t r o d u c e d by M a z ' y a i n t h e 
ear ly 1990s (see [ M a z ' y a (1991); M a z ' y a (1994)] ) . To keep the discussion t ransparen t 
we res t r ic t ourselves t o resul ts for regular center d i s t r i b u t i o n s . However , i r r e g u l a r l y 
spaced da t a are also a l lowed b y the t h e o r y (see, e.g., [ M a z ' y a and S c h m i d t (2001); 
Lanzara et al. (2006)]) a n d have been inves t iga ted i n prac t ice (see, e.g., [Fasshauer 
(2004)] or [Lanzara et al. (2006)] ) . I n [ M a z ' y a and Schmid t (2001)] the au thors 
present a quas i - in t e rpo la t ion scheme o f t h e f o r m 

^ > w - f - " E / w » ( w ) ' ( 2 6'4 ) 

where the da ta sites x u = hv are r equ i r ed t o l ie o n a regular s -d imensional g r i d w i t h 
gridsize h. T h e parameter T> scales the s u p p o r t o f the genera t ing f u n c t i o n \I>. A s we 
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w i l l see below, the parameter T> can be chosen t o make a so-called saturation error 
so smal l t h a t i t does no t affect numer i ca l compu ta t i ons . T h e genera t ing func t i on is 
requi red t o satisfy the continuous moment conditions 

[ yaV(y)dy = 6 a 0 , 0 < | a | < d. (26.5) 

T h i s is the cont inuous analog o f (26.2) . 
T h e fo l lowing app rox ima te a p p r o x i m a t i o n resul t is due t o M a z ' y a and Schmid t 

(see, e.g., [Maz 'ya and Schmid t (2001)]) . 

T h e o r e m 26 .1 . Let f <G C d + 1 ( R S ) , {xu : i / . Z s } c R s and let V be a continuous 
generating function which satisfies the moment conditions (26.5) along with the 
decay requirement 

|*(aj)| < cK(l + ||a;|| 2)- K/ 2, x e Rs, 

where CK is some constant, K > d + s + 1 and d is the desired degree of polynomial 
reproduction. Then 

1 1 / - - M ^ H o o = 0(hd+1) + Eo(V, V). (26.6) 

Us ing Poisson's s u m m a t i o n f o r m u l a one can b o u n d the saturation error EQ by 
(see L e m m a 2.1 i n [Maz 'ya a n d Schmid t (1996)]) 

E0(*,V)< ^2 F^{VVv). (26.7) 
i^€z 3\{0} 

For th i s result the Fourier t r a n s f o r m of \_f is defined v i a 

TV(UJ) = [ y{x)e-2nixojdx 
JR3 

w i t h x • UJ the s t andard Euc l idean inner p r o d u c t o f x and UJ i n M s . T h e s a t u r a t i o n 
error can be in te rp re ted as the discrepancy between the cont inuous and discrete m o 
ment condi t ions , and i ts influence can be con t ro l l ed by the choice o f the parameter 
V i n (26.4). 

I f we use r a d i a l generat ing funct ions , t h e n we can use the fo rmu la for the Four ier 
t r ans fo rm of a r ad i a l f unc t i on (see T h e o r e m B . l i n A p p e n d i x B ) to compu te the 
leading t e r m o f (26.7), and therefore o b t a i n an es t imate for D for any desired satu
r a t i o n error . I f V is chosen large enough, t h e n the s a tu r a t i on error w i l l be smaller 
t h a n the machine accuracy for any g iven compute r , and therefore no t not iceable 
i n numer ica l computa t ions . T h i s means, t h a t even t h o u g h — theore t i ca l ly — the 
quas i - in te rpo la t ion scheme (26.4) fails t o converge, i t does converge for a l l p r ac t i ca l 
numer ica l purposes. Moreover , we can have a n a r b i t r a r i l y h i g h rate o f convergence, 
d+1, by p i ck ing a genera t ing f u n c t i o n ^ w i t h suff iciently m a n y vanish ing moments . 

We po in t ou t t h a t the er ror b o u n d (26.6) is fo rmula t ed for g r idded da t a o n an 
unbounded d o m a i n . A n analogous resul t also holds for f in i te gr ids (see [ ivanov et al. 
(1999)]); and s imi la r results for scat tered d a t a on bounded domains can be found 
i n , e.g., [Lanzara et al. (2006); M a z ' y a and Schmid t (2001)]. However , i n t h i s case 
the func t ion / (defining the "da ta" ) is r equ i red t o be c o m p a c t l y suppor t ed o n the 
f in i te d o m a i n , or a p p r o p r i a t e l y mo l l i f i ed . 
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26 .3 C o n s t r u c t i o n o f G e n e r a t i n g F u n c t i o n s for A p p r o x i m a t e M L S 
A p p r o x i m a t i o n 

I n order t o cons t ruct the genera t ing funct ions for the a p p r o x i m a t e M L S approach 
we assume the generat ing f u n c t i o n t o be r a d i a l a n d o f the f o r m 

*(__) = M\\x\\2)q(\\x\\2)-

Therefore, the cont inuous m o m e n t condi t ions become (c.f. (26.5)) 

/ \\x\\2kq(\\x\\2)'iPo(\\x\\2)dx = SkQ, 0<k<d, (26.8) 

and we need t o de termine the un iva r i a t e p o l y n o m i a l q o f degree d accord ing ly t o 
get a p p r o x i m a t i o n order 0(h2d+2). 

B y using s-dimensional spherical coordinates we can r e w r i t e the in t eg ra l i n (26.8) 
as 

pOO p2n p7T p7T 
/ / / . . . / r 2 f c g ( r 2 ) ^ o ( r 2 ) r a - U i n s - 2 0 i . . . s i n ^ _ 2 o ? 0 i . . . d 0 a _ 2 ^ c . r 

Jo Jo Jo Jo 
pTT pTT pOO 

= 2TT s i n s - 2 < M 0 i ••• / s i n 0 s _ 2 d 0 s _ 2 / r 2 k q ^ 2 ) ^ 2 ) ^ - 1 dr 
Jo Jo Jo 

= 2 7 r T T / sinm <j>d<j> / r2kq(r2)^0(r2)rs-ldr. (26.9) 
m = i J o J o 

T h e s u b s t i t u t i o n y = r 2 converts the last i n t eg ra l t o 
/•OO 1 poo 

J r2kq(r2)M^)ra-1dr = - J ykq(y)^o{y)y{s-2)/2dy, (26.10) 

and one can show t h a t 
s-2 ^ g/2 8 — 4 /-7T 

m = l 

C o m b i n i n g (26.9) , (26.10) and (26.11) gives us 

rs/2 
/ | | a J | | 2 ^ ( | | x | | 2 ) ^ ( | | » | | 2 ) d a : = - 7 - 7 - / y ^ q ^ M v ^ d y , 

7K« r ( s / 2 ) j 0 

s/2 roo 
^7-7^ yk-1g(y)My)ys/2dy = s k 0 , o<k<d ( 2 6 . 1 2 ) 

and therefore we n o w have ob t a ined a set o f one-dimensional o r t h o g o n a l i t y cond i 
t ions 

fS/2 poo 

T( 
t h a t can be used t o de te rmine the genera t ing f u n c t i o n 

* ( £ c ) = ^ 0 ( | | x | | 2 ) 5 ( | | a J | | 2 ) 

once we have chosen an i n i t i a l we igh t ipo. Moreover , we k n o w t h a t t h i s c o n s t r u c t i o n 
ensures ^ t o have a p p r o x i m a t e a p p r o x i m a t i o n order 0(h2d+2). 

Thus , the s t ra tegy for c o n s t r u c t i n g genera t ing funct ions for h igher-order ap
p r o x i m a t e M L S a p p r o x m a t i o n is as fol lows: 
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(1) P ick an a r b i t r a r y (un ivar ia te ) we igh t f u n c t i o n ifto. 
(2) C o m p u t e the coefficients o f q 6 IT^ v i a the (un iva r i a t e ) m o m e n t cond i t ions 

(26.12). 
(3) T h i s leads t o the ( m u l t i v a r i a t e ) r a d i a l genera t ing f u n c t i o n vE^cc) = 

V , o ( | | ^ | | 2 ) 9 ( | | a ; | | 2 ) t o be used i n the quas i - in te rpo lan t (26.4) . 

E x a m p l e 2 6 . 1 . P r o b a b l y the most aesthetic example is g iven b y ifio(y) — e~ y so 
t h a t the basic genera t ing f u n c t i o n (cor responding t o d = 0, i.e., w i t h a p p r o x i m a t e 
a p p r o x i m a t i o n order 0(h2) is found b y assuming t h a t the p o l y n o m i a l q is a constant , 
i.e., q(y) = an. T h e n (26.12) becomes 

aoy(s-z)/^e-ydy = 

w h i c h leads to an = 7 r - s / 2 , SO t h a t we have 

JO 
('-We-ydy = 

0 7 T S / 

- l l « l l a 

V 7T 

— an appropr i a t e ly scaled Gaussian. 
I f we take d = 1 ( t o o b t a i n a p p r o x i m a t e a p p r o x i m a t i o n order 0(h4)) a n d assume 

q t o be a l inear p o l y n o m i a l o f the f o r m q(y) = an + a\y, t h e n there are t w o m o m e n t 
condi t ions , namely 

'(ao + - l ! / ) y ( - s W a e - » d ! , = S # , I 
Jo 

f 
Jo 

ns/2 

(ao + aiy)ya/2e-vdy = 0, 

or 

a 0 r ( S / 2 ) + a i r ( ( s + 2 ) / 2 ) = 
--s/_ 

a 0 r ( ( s + 2 ) / 2 ) + a _ r ( ( s + 4 ) / 2 ) = 0. 

W e can solve th i s sys tem of l inear equat ions a n d o b t a i n 
s + 2 - 1 

an — — — F = , a i 2 ^ 
I n the special case s = 2 th i s y ie lds an = ^ and a i = — ^ , so t h a t 

y(x) = - ( 2 - \ \ x \ \ 2 ) e - ^ 2 . 
7T 

I n general, the p o l y n o m i a l s q t u r n o u t t o be (un iva r ia te ) general ized Laguer re 
po lynomia l s Lj o f degree d (c./ . Sect ion 4.2) w h i c h are k n o w n t o be o r t hogo 
n a l o n the i n t e rva l [0, oo) w i t h respect t o the we igh t f u n c t i o n ysl2e~v. Therefore 
the generat ing funct ions for the a p p r o x i m a t e M L S a p p r o x i m a t i o n m e t h o d are the 
Laguerre-Gaussians 

*(__) = - ^ e - ^ L f ^ x f ) . 

I n pa r t i cu la r , Table 4 .1 contains specific examples for s = 1,2,3 a n d d = 1 and 2 
except for the scale factor lfy/ft*. F i g u r e 4.1 shows p lo ts o f the genera t ing funct ions 
i n the cases s = 1, d = 2, a n d s = 2, d = 2. 
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E x a m p l e 2 6 . 2 . I f we use the f u n c t i o n ipo(y) = ( l — y/y)^_ (4^/y + 1) as i n i t i a l 

we igh t , t h e n we can p e r f o r m ca lcu la t ions analogous t o those above. For d = 0 a n d 

s = 2 we get 

* ( _ _ ) = ~ V o ( N | 2 ) = ~ ( 1 - \\x\\)l (411x11 + 1) , x e K 2 , (26.13) 
7T TV ^ 

w i t h a p p r o x i m a t i o n order 0(h2). E x c e p t for t h e fac tor 7/-7T th i s genera t ing func
t i o n corresponds t o Wend land ' s c o m p a c t l y s u p p o r t e d C2 r a d i a l basic f u n c t i o n (c.f. 
Tab le 11.1). 

U s i n g the same f u n c t i o n ipo for d = 1 a n d s = 2 we o b t a i n 

* ( x ) = * , ( | | _ f ) I @ - ^ | | » f ) (26.14) 

w i t h a p p r o x i m a t i o n order 0(hA). T h i s f u n c t i o n is d i sp layed i n t he lef t p l o t o f 

F i g u r e 2 6 . 1 . See Example s 27.2 a n d 27.4 for m o r e special cases based o n t h i s i n i t i a l 

we igh t f u n c t i o n . 

E x a m p l e 2 6 . 3 . M a n y o ther choices for t he i n i t i a l w e i g h t f u n c t i o n ipo are possible. 

For example , we can t ake tpo(y) = (1 — y ) a ( l + y ) / 3 , t h e we igh t f u n c t i o n for u n i v a r i a t e 

Jacob i p o l y n o m i a l s ( w h i c h are o r t h o g o n a l o n [—1,1]) . Since t he i n t e g r a l de f in ing 

t he o r t h o g o n a l i t y re la t ions conta ins an e x t r a fac tor o f y ( 2 f c + s - 2 ) / 2

j the m o m e n t con

d i t i o n s (26.12) do n o t y i e l d Jacobi p o l y n o m i a l s . However , t h e r e s u l t i n g gene ra t ing 

funct ions for a p p r o x i m a t e M L S a p p r o x i m a t i o n can s t i l l be r a the r s imple . I n T a 

ble 26.1 we l i s t several such examples for s = 2, (3 = 0 a n d var ious combina t i ons 

of d and a. N o t e t h a t these func t ions are also c o m p a c t l y suppo r t ed , i.e., t h e y are 

defined t o be zero for | |CE | | > 1. 

Table 26.1 Approximate M L S generating functions \& based on ipo(y) = (1 — y ) a > 
y e [—1,1] for various choices of d and a. 

d q = 2 a = 5/2 

0 - ( i - I N I 2 ) 2 ^ ( 1 - l l x i i 2 ) 5 / 2 

7T 2.TT 

1 * (2 - 5 I M I 2 ) (1 - | | * | | 2 ) 2 i - (4 - 1 1 I M I 2 ) (1 - | | x | | 2 ) 5 / 2 

2 - (1 - 6||*||2 + 7 I M I 4 ) (1 - I N I 2 ) 2 — (8 - 5 2 I M I 2 + 6 5 I M I 4 ) (1 - | | ^ | | 2 ) 5 / 2 

7T 107T 

T h e f u n c t i o n * ( x ) = ^ (2 — 5 | | i c | | 2 ) (1 - | | c c | | 2 ) 2 is d i sp layed i n t he r i g h t p l o t o f 
F i g u r e 2 6 . 1 . 
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Fig. 26.1 Compactly supported generating functions for approximate linear reproduction. 
= £ ( § § ! - W I M P ) (1 - I M D i (4||*|| + 1) (left) and = £ (2 - 5 | M | 2 ) (1 - M 2 ) 2 

(right) centered at the origin in R 2 . 





Chapter 27 

Numerical Experiments for Approximate 
M L S Approximation 

I n th i s chapter we present a series o f exper iments for a p p r o x i m a t e M L S approx
i m a t i o n w i t h b o t h g loba l ly suppor t ed Laguerre-Gauss ian genera t ing funct ions as 
w e l l as w i t h c o m p a c t l y suppor t ed genera t ing funct ions based on the i n i t i a l weight 
ipo(y) = ( l — \/y)+ + 1) as i n E x a m p l e 26.2 o f the previous chapter . 

2 7 . 1 U n i v a r i a t e E x p e r i m e n t s 

E x a m p l e 2 7 . 1 . W e beg in w i t h u n i v a r i a t e g loba l ly suppor t ed Laguerre-Gaussians. 
These funct ions are l i s ted i n Table 4.1 except for t he scal ing factor requ i red 
for the I D case. I n the left p l o t o f F i g u r e 27.1 we i l l u s t r a t e the effect t he scal ing 
parameter T> has on the convergence behavior for Gaussian genera t ing funct ions . 
W e use a mol l i f i ed un iva r i a t e Franke- l ike f u n c t i o n o f t he f o r m 

, , x , _ T-1 A 3 (9x-2) 2 3 (9* + l ) 2 1 (9*-7)2 1 _(-q__ 4 ' ) 2\ 
f(x) = 15e i - ( 2 » - D a - e 4 + e 4 9 + e 4 _ _ e (9x V 

\ 4 4 2 5 / 

as test func t ion . For each choice o f T> e { 0 . 4 , 0 .8 ,1 .2 ,1 .6 , 2 .0} we use a sequence o f 
gr ids o f N = 2k + 1 ( w i t h k = 1 , . . . , 14) equa l ly spaced po in t s i n [0,1] at w h i c h we 
sample the test func t ion . T h e a p p r o x i m a n t is c o m p u t e d v i a 

1 N - ) 2 

vf(x) = -== f M e - { - ^ ~ , x e [ 0 , 1 ] , 

where h = 1/{N — 1 ) . T h i s corresponds t o our usual shape parameter e h a v i n g a 
value o f 

1 N - 1 2 f c 

e = 

i.e., we are i n the regime o f s t a t i o n a r y a p p r o x i m a t i o n . T h e effect o f T> is c lear ly 
v is ib le i n the f igure. A value o f T> > 2 exh ib i t s an a p p r o x i m a t i o n order o f G(h2) 
t h r o u g h o u t the range o f our exper iments , w h i l e smaller values a l low the s a t u r a t i o n 
er ror t o creep i n at earl ier stages. 

237 
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Fig. 27.1 Convergence of I D approximate M L S approximation. The left plot shows the effect 
of various choices of T> on the convergence behavior of Gaussians. The right plot illustrates the 
convergence of Laguerre-Gaussians for various values of d. 

I n the r i g h t p l o t o f F igu re 27.1 we compare the a p p r o x i m a t i o n orders achievable 
w i t h the Laguerre-Gaussians o f orders d = 0 , 1 , 2 i n I D . T h e respective values o f 
T> are T> = 2 , 4 , 6 . T h e steepest sections o f t h e curves cor respond t o a p p r o x i m a t e 
a p p r o x i m a t i o n orders o f 0(h2-0), 0(h4 0), a n d 0(h5"), respect ively — a perfect 
m a t c h w i t h the rates p red ic ted by the theory . N o t i c e t h a t for the second-order 
Laguerre-Gauss ian we have convergence a l l the w a y t o machine accuracy. 

T h e M A T L A B p r o g r a m ApproxMLSApproxlD .m (see P r o g r a m 27.1) was used t o 
generate the r i g h t p l o t i n F i g u r e 2 7 . 1 . W e define the three different Laguer re -
Gaussian genera t ing funct ions as members o f a M A T L A B cel l a r r ay rbf a n d place 
t he cor responding values o f T> t o be used w i t h each o f t he funct ions i n t he vector 
D (see lines 1-4). T h e un iva r i a t e Franke- l ike test f u n c t i o n is defined i n lines 5-10. 
T h i s f u n c t i o n is mo l l i f i ed so t h a t i t goes t o zero s m o o t h l y at the boundar ies o f the 
in t e rva l . T h e p r o g r a m conta ins t w o for- loops. T h e f i rs t is over t he th ree different 
genera t ing funct ions (cor responding t o a p p r o x i m a t e constant , l inear and quad ra t i c 
r e p r o d u c t i o n , respect ive ly) . T h e inner l oop pe r fo rms a series o f exper iments w i t h 
an increasing number N o f d a t a . Here we p e r f o r m 14 i t e ra t ions w i t h N r a n g i n g 
f r o m N = 3 to N — 16385. 

For appl ica t ions o f a p p r o x i m a t e M L S a p p r o x i m a t i o n we l i m i t ourselves t o 
u n i f o r m l y spaced d a t a since there are present ly no robus t me thods for deal
i n g w i t h n o n u n i f o r m d a t a (see [Lanza ra et al. (2006); M a z ' y a a n d Schmid t 
(2001)] for a theore t i ca l approach t o n o n - u n i f o r m da ta , and [Fasshauer (2004); 
L a n z a r a et al. (2006)] for some n u m e r i c a l expe r imen t s ) . A l l we need i n order t o 
compu te the a p p r o x i m a n t is t he eva lua t ion m a t r i x EM c o m p u t e d o n l ine 23, w h i c h is 
t h e n m u l t i p l i e d b y the f u n c t i o n values f a n d scaled b y the fac tor T>~sl2 o n l ine 24. 
T h e commands needed t o p roduce the p l o t are i n c l u d e d on lines 15, 27 a n d 2 9 - 3 1 . 
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Program 27.1. ApproxMLSApproxlD.m 

% ApproxMLSApproxlD 
% Sc r i p t that performs ID approximate MLS approximation 
% C a l l s on: DistanceMatrix 

% Laguerre-Gaussians for ID 
1 r b f { l } = @(e,r) e x p ( - ( e * r ) . ~ 2 ) / s q r t ( p i ) ; 
2 r b f { 2 } = <3(e,r) e x p ( - ( e * r ) . ~ 2 ) / s q r t ( p i ) . * ( 1 . 5 - ( e * r ) . ~ 2 ) ; 
3a r b f { 3 } = @(e,r) e x p ( - ( e * r ) . ~ 2 ) / s q r t ( p i ) . * . . . 
3b (1.875-2.5*(e*r).~2+0.5*(e*r).~4); 
4 D = [2, 4, 6] ; % Scale parameters for generating functions 

% Define Franke-like function as t e s t f u n c t i o n 
5 f l = @(x) 0.75*exp(-(9*x-2).~2/4); 
6 f2 = @(x) 0.75*exp(-(9*x+l).~2/49); 
7 f3 = @(x) 0.5*exp(-(9*x-7).~2/4); 
8 f4 = @(x) 0.2*exp(-(9*x-4) . "D \ 
9 moll = @(x) 15 * e x p ( - l . / ( l - 4 * ( x - 0 . 5 ) . ~ 2 ) ) ; 
10 testfunction = @(x) m o l l ( x ) . * ( f 1 ( x ) + f 2 ( x ) + f 3 ( x ) - f 4 ( x ) ) ; 
11 maxlevel = 14; % number of i t e r a t i o n s 
12 M = 200; % to create M evaluation points i n uni t i n t e r v a l 
13 xe = linspace(0,1,M); epoints = x e ( : ) ; 
14 exact = te s t f u n c t i o n ( e p o i n t s ) ; 
15 figure; hold on; cword = c e l l s t r ( [ 5 r - ';'g—';'b: ' ] ) ; 
16 for i=l:length(D) 
17 for k=l:maxlevel 
18 N(k) = (2~k+l); ep = ( N ( k ) - l ) / s q r t ( D ( i ) ) ; 
19 name = sprintf('DatalD.Xdu', N(k)); load(name); 
20 c t r s = d s i t e s ; 

23 

21 

22 

24 

25 

% Create vector of function values 
f = t e s t f u n c t i o n ( d s i t e s ) ; 
% Compute evaluation matrix 
DM = DistanceMatrix(epoints,ctrs); 
EM = rbf{i}(ep,DM); 
'/, Compute approximate MLS approximation 
Pf = EM * f / s q r t ( D ( i ) ) ; 
% Compute RMS error on evaluation g r i d 
rms_err(k) = norm(Pf-exact)/sqrt(M); 

26 end 
27 
28 

plot (N,rms_err, cword-Ci}) ; 
end 

29 
30 
31 

set(gca,'XScale','log','YScale','log','Fontsize',14) 
legend('d=0, D=2.0','d=l, D=4.0','d=2, D=6.0\3); 
xlabeK'N'); y l a b e K 'Error') ; hold off 
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E x a m p l e 2 7 . 2 . I n the second set o f exper iments we use c o m p a c t l y s u p p o r t e d gen
e ra t i ng funct ions w i t h i n i t i a l we igh t ipo(y) = ( l — -\/y)+ ( 4 ^ / y + l ) . I n the un iva r i a t e 
case these funct ions are for d = 0 , 1 , 2 

*(x) = l(l-\x\)\(4\x\ + l), 

= | (7 - 35|as| 2) (1 - \x\)% (4\x\ + 1 ) , (27.1) 

I AC 
*(x) = YY993 ( 3 5 0 - 3 9 6 ° l ^ | 2 + 7293|a: | 4 ) (1 - \x\)4

+ (4\x\ + 1 ) . 

These funct ions can be c o m p u t e d as i n Sect ion 26.3 o f the previous chapter . A n 
app rox ima te a p p r o x i m a t i o n order o f 0(h2) for t he f i rs t f u n c t i o n i n (27.1) is i l lus 
t r a t e d i n the left p l o t o f F i g u r e 27.2. N o t e t h a t a r a the r large value o f T> (namely 
T> ?s 500) is r equ i red t o make the s a t u r a t i o n er ror so s m a l l t h a t i t no longer affects 
our exper iments . Since the shape paramete r e de termines the s u p p o r t radius o f 
our genera t ing funct ions , a n d since e = l/y/Dh = (N — l ) / \ / ^ , we see t h a t t h e 
eva lua t ion m a t r i x w i l l be comple t e ly dense u n t i l N grows above a p p r o x i m a t e l y 25. 
Fu r the rmore , for such a large value o f D there is a v i s ib le s m o o t h i n g effect (ve ry 
slow convergence) d u r i n g t h e f i rs t few i t e ra t ions w i t h N = 3, 5 , 9 , 1 7 , 3 3 , 65. 

I n the r i g h t p l o t o f F i g u r e 27.2 we compare the a p p r o x i m a t i o n orders achiev
able w i t h the un iva r i a t e c o m p a c t l y s u p p o r t e d genera t ing funct ions (27.1) o f orders 
d = 0 , 1 , 2 . T h e respective values o f T> r equ i red t o prevent the s a t u r a t i o n e r ro r 
f r o m c o r r u p t i n g our exper iments are T> = 500 ,5000, 20000, respectively. N o t e t h a t 
T> = 20000 impl ies t h a t t h e eva lua t ion m a t r i x w i l l be dense ( and therefore c o m p u 
t a t i o n a l l y inefficient) u n t i l N reaches abou t 150. T h u s , i t is no t u n t i l t he ve ry last 
i t e ra t ions w i t h N = 8193 a n d N = 16385 t h a t we get t o take rea l advantage o f t he 
compact suppor t o f the genera t ing f u n c t i o n , i.e., have sparse sums. T h e steepest 
sections o f the curves correspond t o a p p r o x i m a t e a p p r o x i m a t i o n orders o f 0(h20), 
0 ( h 3 m ) , and 0(h5A5), respectively. 

T h e M A T L A B code for the c o m p a c t l y s u p p o r t e d exper iments can be w r i t 
t e n i n t w o ways. One pos s ib i l i t y w o u l d be t o r e w r i t e t he genera t ing func
t ions i n shif ted f o r m as exp la ined i n C h a p t e r 12, a n d t h e n use the sparse code 
D i s t a n c e M a t r i x C S R B F . m . However , as j u s t exp la ined , we cannot t ake m u c h advan
tage of the spars i ty usua l ly associated w i t h c o m p a c t l y suppor t ed func t ions . T h e r e 
fore, we use essentially the same code as i n P r o g r a m 27 .1 . T h e o n l y changes needed 
are the s u b s t i t u t i o n o f the d e f i n i t i o n o f the c o m p a c t l y s u p p o r t e d genera t ing func
t ions for t he Laguerre-Gaussians a long w i t h a p p r o p r i a t e values for D. 

O u r exper iments seem t o suggest t h a t there is no p o i n t i n us ing c o m p a c t l y sup
p o r t e d genera t ing funct ions for un iva r i a t e a p p r o x i m a t e M L S a p p r o x i m a t i o n . T h e 
results us ing Laguerre-Gaussians are far more accurate , and due t o the large value 
o f V r equ i red for t he c o m p a c t l y s u p p o r t e d funct ions t h e y do no t offer a n advantage 
i n t e rms o f c o m p u t a t i o n a l c o m p l e x i t y , e i ther . 
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Fig. 27.2 Convergence of I D approximate M L S approximation with compactly supported gener
ating functions. The left plot shows the effect of various choices of T> on the convergence behavior 
for the first function in (27.1). The right plot illustrates the convergence for the three functions 
in (27.1). 

27 .2 B i v a r i a t e E x p e r i m e n t s 

E x a m p l e 27 .3 . T h i s example is s im i l a r t o the second p a r t o f E x a m p l e 27 .1 . N o w 
we use b ivar ia te Laguerre-Gaussians w i t h scale factor 1/TT. T h e test d a t a are sam
pled f rom a b ivar ia te mol l i f i ed Franke f u n c t i o n , i.e., we m u l t i p l y Franke's f u n c t i o n 
(2.2) by the mol l i f ie r 

_ i _ i 
g(x,y) = l$e i - ( 2 * - i ) 2

 e i-wv-i)* . 

T h e da ta sites are u n i f o r m gr ids o f (2 f c + l ) 2 po in t s ( w i t h k = 1 , . . . , 5) i n the u n i t 
square. T h e values for the scale pa ramete r T> used are V = 1,2,2.5. T h e steep
est sections o f the e r ror curves cor respond t o a p p r o x i m a t e a p p r o x i m a t i o n orders o f 
0 ( h 1 8 3 ) , 0(h2 8 0 ) , a n d 0(h3-00), respectively. N o t e t h a t these rates do no t m a t c h 
the theore t i ca l ly p red ic ted orders. W e w i l l see t h a t we can achieve the t heo re t i 
ca l ly p red ic ted orders by us ing more d a t a sites. T h i s , however, w i l l require special 
eva lua t ion techniques t o deal w i t h the large sums efficiently (see the nex t chap te r ) . 

E x a m p l e 27 .4 . T h e b ivar ia te c o m p a c t l y suppor t ed genera t ing funct ions w i t h i n i 
t i a l weight tpo(y) = ( l — y/y)+ (4^ /y + 1) p r o v i d i n g a p p r o x i m a t e r e p r o d u c t i o n o f 
constants, l inear and quadra t i c p o l y n o m i a l s , respectively, are (c.f. E x a m p l e 26.2) 

* ( * ) = - ( i - N | ) 4
+ ( 4 H | + i ) , 

252 
= 229^ ( U " 5 5 N | 2 ) ( 1 " { { X { 1 ) + ( 4 | W I + 1 } ' 

= l l l u W ( 4 1 ? 9 " 3 7 0 5 °H a ; l l 2
 + 59605 | |tf | | 4) (1 - H I ) ! (411*11 + 1 ) . 

T h e values we use for the scale pa ramete r are T> = 20 ,40 , 80, respectively. T h e 
steepest sections o f t h e er ror curves cor respond t o a p p r o x i m a t e a p p r o x i m a t i o n or-
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Fig. 27.3 Convergence of 2D approximate M L S approximation with Laguerre-Gaussians (left) 
and compactly supported (right) generating functions for various values of d. 

ders o f 0(h196), 0(h3 0 3 ) , and 0(h3-26), respect ively. A g a i n , we do n o t o b t a i n a 

m a t c h w i t h the theo re t i ca l ly p red ic t ed orders , even t h o u g h we used u p t o N = 66049 

d a t a poin ts . 

T h e b ivar ia te case provides a more level p l a y i n g f ie ld for t he c o m p a c t l y sup
p o r t e d genera t ing funct ions . W e can take advantage o f t he compac t s u p p o r t and 
o b t a i n more accurate results a t a reasonable cost. However , another a l t e rna t ive 
w a y o f o b t a i n i n g h i g h l y accurate m u l t i v a r i a t e a p p r o x i m a t e M L S a p p r o x i m a t i o n s is 
presented i n the nex t chapter . 

i . 1 : 



Chapter 28 

Fast Fourier Transforms 

28.1 N F F T 

I n t he recent papers [ K u n i s et al. (2002); Nies lony et al. (2004); P o t t s and S te id l 
(2003)] use of the fast Fourier transform for non-uniformly spaced points was sug
gested as an efficient way t o solve a n d evaluate r a d i a l basis f u n c t i o n p rob lems . T h e 
C++ software package N F F T by t h e au thors is avai lable for free d o w n l o a d [ K u n i s 
and Po t t s (2002)] . A discussion o f t he ac tua l N F F T software w o u l d go beyond the 
scope of th is book . Ins tead , we b r i e f ly describe how t o use N F F T s and F F T s t o 
s imul taneous ly evaluate expansions o f the f o r m 

N 

fc=l 

at m a n y eva lua t ion po in t s yj, j = 1,..., M. N o t e t h a t t h i s covers n o t o n l y approx
i m a t e M L S app rox ima t ions , b u t also the eva lua t ion o f o ther quas i - in te rpo lan ts as 
w e l l as the eva lua t ion o f R B F in t e rpo lan t s . 

D i r e c t s u m m a t i o n o f (28.1) requires O(MN) opera t ions , w h i l e i t can be s h o w n 
t h a t use o f the N F F T reduces the cost t o 0(M + N) opera t ions . Therefore , as is 
always the case w i t h fast Four ie r t r ans forms , use o f t he a l g o r i t h m w i l l pay of f for 
sufficiently m a n y evaluat ions. 

I n the i r papers Nieslony, P o t t s a n d S te id l d i s t i ngu i sh between basic funct ions <3> 
t h a t are s ingular and those t h a t are non-s ingular . S ingular basic funct ions are C ° ° 
everywhere except at the o r i g i n a n d inc lude examples such as 

- , \ , l o g r , r 2 l o g r , 

where r = || • ||. Non-s ingu la r basic funct ions are s m o o t h everywhere such as Gaus
sians and (inverse) m u l t i q u a d r i c s . W e w i l l r es t r i c t our discussion t o th i s l a t t e r 
class. 

T h e basic idea for t he f o l l o w i n g a l g o r i t h m is r e m a r k a b l y s imple . I t relies o n the 
fact t h a t the exponen t i a l e~a^y^~Xk^ can be w r i t t e n as e _ Q J / J e a a : f c . Moreover , the 
m e t h o d applies t o a r b i t r a r y basic funct ions ( w h i c h is i n s t rong cont ras t t o t he fast 

243 
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m u l t i p o l e t y p e me thods discussed i n C h a p t e r 3 5 . One s tar ts o u t b y a p p r o x i m a t i n g 

the ( a rb i t r a ry , b u t s m o o t h ) basic f u n c t i o n <fr us ing s t a n d a r d Four ie r series, i.e., 

$ ( x ) « J2 b e e 2 7 r i £ x (28.2) 

w i t h £ a m u l t i - i n d e x i n the index set I n = [ — f , f ) S - T h e coefficients bi are found 
b y the discrete inverse Four ie r t r a n s f o r m 

»<4S*(») e - 2 ' i f e i / " ( 28 . 3 ) 

fc £-/"n 
Numer i ca l l y , t h i s task is accompl ished w i t h sof tware for the s t a n d a r d (inverse) F F T 

{e.g., [ F F T W ] ) . 

R e m a r k 2 8 . 1 . No te t h a t t h i s d e f i n i t i o n o f t he Four ie r t r a n s f o r m (as w e l l as t he 

one be low) is different f r o m the one used t h r o u g h o u t t h e rest of t h i s book . However , 

i n order t o s tay closer t o the software packages, we adop t t he n o t a t i o n used there . 

Us ing the representa t ion (28.2) o f t he basic f u n c t i o n <£> we can r e w r i t e (28.1) as 

N 

fc=i eein 
N 

£<=In fc=l 

N o w , the exponen t i a l is sp l i t us ing the above m e n t i o n e d p rope r ty , i.e., 

N 

e e i n k=i 

T h i s , however, can be v iewed as a fast Four ie r t r a n s f o r m at t he n o n - u n i f o r m l y 
spaced po in t s yj, i.e., 

vf{yj)^j2d^2nie'Vi-

where the coefficients di = biag w i t h 

a e = f 2 c k e - 2 ^ , 

k=l 

w h i c h i n t u r n is n o t h i n g b u t an inverse discrete Four ie r t r a n s f o r m a t t he n o n -
u n i f o r m l y spaced po in t s x k . These l a t t e r t w o t r ans fo rms are deal t w i t h n u m e r i c a l l y 
us ing the N F F T software. 

Together , for the case o f non-s ingular basic funct ions <&, we have t he f o l l o w i n g 
a l g o r i t h m . 
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A l g o r i t h m 28 .1 . Fast Four ier t r a n s f o r m eva lua t ion 

For £e l n 

C o m p u t e the coefficients 

by inverse F F T . 
C o m p u t e the coefficients 

fc=i 

by inverse N F F T . 
C o m p u t e the coefficients di = agbt-

end 
For 1 < j < M 

C o m p u t e the values 

Vf(y3) * ] T die2*"* 

by N F F T . 

end 

I n the papers [Kun i s et al. (2002); Nies lony et al. (2004); Po t t s and S te id l (2003)] 
the authors suggest a special b o u n d a r y r egu la r i za t ion i n case the basic f u n c t i o n 
does no t decay fast enough, i.e., t he basic f u n c t i o n is large near the b o u n d a r y o f 
the doma in . However , for our exper iments w i t h Laguerre-Gaussians r epo r t ed i n the 
nex t sect ion th i s is no t an issue. 

O f course, th i s m e t h o d w i l l o n l y p rov ide an a p p r o x i m a t i o n o f the expans ion 
(28.1) and er ror est imates are p r o v i d e d i n the l i t e r a t u r e (see, e.g., [Nieslony et al. 
(2004)]) . 

W h i l e we on ly i l l u s t r a t e the use o f ( N ) F F T s for the eva lua t ion o f r a d i a l sums i t 
shou ld be clear t h a t t h i s m e t h o d can also be coupled w i t h any o ther a l g o r i t h m t h a t 
is based o n eva lua t ion o f fast s u m m a t i o n a t n o n - u n i f o r m poin t s (such as the precon
d i t i o n e d G M R E S a l g o r i t h m o f Sect ion 34.3, the "greedy" a l g o r i t h m o f Sect ion 33 .1 , 
or the Fau l -Powel l a l g o r i t h m of Sect ion 33.2) . 

28 .2 A p p r o x i m a t e M L S A p p r o x i m a t i o n v i a N o n - u n i f o r m F a s t 
F o u r i e r T r a n s f o r m s 

A few examples t h a t i l l u s t r a t e the use o f fast Four ier t ransforms for t he evalua
t i o n o f app rox ima te m o v i n g least squares app rox ima t ions (quas i - in terpolants ) are 
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t a k e n f r o m the paper [Fasshauer and Z h a n g (2004)] . W e devia te f r o m our usual 
p o l i c y o f p r o v i d i n g o n l y results o f exper iments based o n M A T L A B code and inc lude 
Figures 28.1-28.3, w h i c h were o b t a i n e d w i t h C++ software i n c o r p o r a t i n g the N F F T 
l i b r a ry . 

W e use the fo l l owing mol l i f i ed Franke- type f u n c t i o n i n the u n i t cube [0, l ] s i n 
space dimensions s •= 1, 2 ,3 : 

/ ( x i , X 2 , X 3 ) 
3 

4 
exp(-

( 9 x i - 2 ) 2 ( 9 x 2 - 2 ) 2 ( 9 x 3 - 2 ) 5 

+ exp(-

4 4 

( 9 x i + l ) 2 ( 9 x 2 + l ) 2 ( 9 x 3 + If 

) 

+ 2 e x P ( -

1 , 
- 5 6 X P ( -

49 

(9xx -

10 

7 ) s 

29 

( 9 x 3 -

# ( x i , x 2 , x 3 ) = 1 5 / ( x i , x 2 , x 3 ) J J e x p ( : j -

( 9 x 2 - 3 ) s 

( 9 x i - 4 ) 2 - ( 9 x 2 - 7 ) 2 - ( 9 x 3 

5 ) 1 

5 ) 2 ) , 

( 2 x i - l ) 2 

where x i , X2, X3 are used accord ing t o the space d i m e n s i o n s. T h e d a t a sites are 
N = (2k + l ) s equa l ly spaced po in t s i n the u n i t cube, w h i l e the errors are c o m p u t e d 
at M eva lua t ion po in t s r a n d o m l y d i s t r i b u t e d i n [0, l ] s w i t h M = 32768 for s = 1, 
M = 262144 for s = 2, and M = 2146689 for s = 3. 

I n our exper iments we use n = AN1^ i n (28.3) for a l l c o m p u t a t i o n s except for 
the very last exper iments i n 2 D a n d 3 D . W e do no t have a n a u t o m a t e d s t ra tegy for 
choosing n. However , the values j u s t m e n t i o n e d y i e l d sa t is factory results a n d go 
a long w i t h the values suggested b y Theorems 3.1 a n d 3.4 o f [Nieslony et al. (2004)] . 
I n a l l exper iments displayed i n F igures 28.1-28.3, the scale parameter T> is t a k e n t o 
be 3.0. 

T h e left p lo ts i n Figures 28.1-28.3 show the m a x i m u m er ror versus the n u m b e r o f 
centers A ^ o n a l o g a r i t h m i c scale for the three types o f Laguerre-Gauss ian genera t ing 
funct ions o f Table 4 . 1 . T h i s i l lus t ra tes t h a t t he a p p r o x i m a t i o n does converge w e l l 
(a lmost reaching the rates p red ic t ed b y the t h e o r y ) as we increase the n u m b e r o f 
d a t a sites. 

T h e presence o f the s a t u r a t i o n er ror is c lear ly v is ib le i n F i g u r e 28 .1 . T h e p lo t s o n 
the r i g h t compare the cost o f d i rec t s u m m a t i o n versus t h a t for N F F T s u m m a t i o n , 
and show t h a t t he efficiency is g r ea t l y i m p r o v e d b y the use o f the N F F T . D u e t o 
the i r long d u r a t i o n some o f the c o m p u t a t i o n a l t imes for t he d i rec t s u m m a t i o n were 
o m i t t e d . 

T h e exper iments presented i n th i s sect ion show t h a t i t is no t unreasonable t o 
app rox ima te large d a t a sets w i t h g l o b a l l y s u p p o r t e d genera t ing funct ions . I n fact , 
the accuracy achieved w i t h the g loba l funct ions is far super ior t o t h a t w h i c h we ob
t a i n e d w i t h the c o m p a c t l y suppor t ed funct ions for s imi l a r p rob lems i n the previous 
chapter . 
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Fig. 28.1 Convergence and execution times for I D example (Gaussian, linear and quadratic 
Laguerre-Gaussian generating functions). 
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Fig. 28.2 Convergence and execution times for 2D example (Gaussian, linear and quadratic 
Laguerre-Gaussian generating functions). 
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Fig. 28.3 Convergence and (predicted) execution times for 3D example (Gaussian, linear and 
quadratic Laguerre-Gaussian generating functions). 





Chapter 29 

Partition of Unity Methods 

A n o t h e r poss ib i l i t y for fast c o m p u t a t i o n w i t h meshfree a p p r o x i m a t i o n me thods is 
the partition of unity m e t h o d . T h i s approach offers a s imple w a y t o decompose a 
large p r o b l e m i n t o m a n y sma l l p rob lems w h i l e at the same t i m e ensur ing t h a t t h e 
accuracy ob ta ined for the l oca l f i ts is ca r r i ed over t o t he g loba l f i t . 

29 .1 T h e o r y 

T h e p a r t i t i o n o f u n i t y m e t h o d was suggested i n [Babuska a n d M e l e n k (1997); 
M e l e n k and Babuska (1996)] i n t he m i d 1990s i n t he con t ex t o f meshfree G a l e r k i n 
methods for t he so lu t ion o f p a r t i a l d i f fe ren t ia l equat ions (see Chap te r s 44 and 45 
for a discussion of an R B F - b a s e d G a l e r k i n approach) . I n the sca t tered d a t a f i t t i n g 
contex t the paper [Franke (1977)] a l ready conta ins a s imi l a r a l g o r i t h m . W e base 
the presenta t ion i n th i s sect ion o n the paper [ W e n d l a n d (2002a)] . 

T h e basic idea for the p a r t i t i o n o f u n i t y m e t h o d is t o s t a r t w i t h a p a r t i t i o n o f t h e 
open and bounded d o m a i n f l C R s i n t o M subdomains flj such t h a t ( J j l i 2 fl 
w i t h some m i l d over lap a m o n g the subdomains . Assoc ia ted w i t h these subdomains 
we choose a partition of unity, i.e., a f a m i l y o f c o m p a c t l y suppor t ed , non-negat ive , 
cont inuous funct ions Wj s u p p o r t e d o n t h e closure o f flj such t h a t at every p o i n t x 
i n fl we have 

M 

X>,-(aO = l . (29.1) 
3 = 1 

N o w , for every s u b d o m a i n flj we cons t ruc t a loca l a p p r o x i m a t i o n Uj {e.g., a r a d i a l 
basis func t ion i n t e r p o l a n t ) , and t h e n f o r m the g loba l a p p r o x i m a n t t o the d a t a o n 
the ent i re d o m a i n fl v i a 

M 
Vf{x) = ^2uj(x)wj(x), xefl. (29.2) 

3 = 1 

N o t e t h a t i f t he loca l fits i n t e r p o l a t e a t a g iven d a t a p o i n t xe, i.e., Uj{xe) = f(xi), 
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t h e n the g loba l a p p r o x i m a n t also in te rpola tes a t t h i s p o i n t : 
M 

Pf(xe) = Y^uj{xi)wj{xe) 

M 

T h e last equa l i ty holds due t o t he p a r t i t i o n o f u n i t y p r o p e r t y (29.1) . Technica l ly , 
the second s u m w i l l most l i k e l y n o t r u n over t he f u l l set o f indices, 1 , . . . , M , since 
X£ w i l l l ie o n l y i n the s u p p o r t o f some o f t he Wj. O f course, t h i s does n o t change 
the resul t . 

I n order t o be able t o fo rmula te er ror bounds we need some techn ica l cond i t ions . 
W e require the p a r t i t i o n o f u n i t y funct ions t o be k-stable, i.e., we requi re t h a t each 
Wj G Ck(M.s) satisfies for every m u l t i - i n d e x ct w i t h | a | < k the i nequa l i t y 

where Ca is some pos i t ive constant , and Sj = d i a m ( O ^ ) . 
I n order t o unders t and the f o l l o w i n g a p p r o x i m a t i o n theo rem f r o m [ W e n d l a n d 

(2002a)] we need t o define the space C g ( R s ) o f a l l Ck func t ions / whose der ivat ives 

o f order | a | = A; satisfy Daf(x) = 0(\\x\\%) for | | * | | 2 -»• 0. 

T h e o r e m 2 9 . 1 . Suppose fl C R s is open and bounded, and let X = {x\,... ,x^} C 
f2. Let <3> G Cp(Rs) be strictly conditionally positive definite of order m. Let 
{flj} be a regular covering for (fl, X) and let {wj} be k-stable for {flj}- Then 
the error between f G Af$(fi) and its partition of unity interpolant (29.2) with 
Uj G span{<E>(-, cc) : x G X D flj} + I I ^ l _ 1 can be bounded by 

\Daf{x) - DaVf{x)\ < C h % - ^ \ f W , m , 

for all x G fl and all \a\ < k/2. 

T h e r e g u l a r i t y assumptions o n the subdomains flj are: 

• For every x G fl the number o f subdomains flj w i t h x G flj is b o u n d e d b y a 
g loba l cons tant K. 

• E v e r y s u b d o m a i n flj satisfies a n i n t e r i o r cone c o n d i t i o n (c.f. D e f i n i t i o n 14.2). 
• T h e local f i l l distances hx^cij are u n i f o r m l y b o u n d e d b y the g loba l f i l l d is tance 

hx,o.i where Xj = X f l flj. 

I f we compare th i s w i t h the g loba l e r ror est imates f r o m Chap te r 15 we see t h a t 
the p a r t i t i o n o f u n i t y preserves the loca l a p p r o x i m a t i o n order for the g loba l f i t . 
T h u s , we can efficiently compu te large R B F in t e rpo lan t s by so lv ing m a n y sma l l 
R B F i n t e r p o l a t i o n prob lems ( i n pa ra l l e l i f we wi sh ) a n d t h e n glue t h e m together 
w i t h the g loba l p a r t i t i o n o f u n i t y {wj}. 

A simple w a y to o b t a i n a p a r t i t i o n o f u n i t y is v i a a Shepard a p p r o x i m a n t (c.f. 
Chap te r 23) . Therefore , we can t h i n k o f the p a r t i t i o n o f u n i t y m e t h o d as a Shepard 
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m e t h o d w i t h higher-order da ta . Namely , the "data" are now g iven b y the loca l 
approx imat ions uj instead o f j u s t the values f(xj). T h e benefits o f t h i s k i n d o f 
approach seem t o have first been real ized i n [Franke (1977)] . 

29 .2 P a r t i t i o n o f U n i t y A p p r o x i m a t i o n w i t h M A T L A B 

T h e M A T L A B p r o g r a m for the p a r t i t i o n o f u n i t y a p p r o x i m a t i o n based o n loca l R B F 
in terpolants is again ra ther s imi la r t o our earlier p rograms . T h e m a i n difference is 
t h a t we now also have to create the subdomains flj ( w h i c h we w i l l do as ove r l app ing 
circles) and the associated p a r t i t i o n o f u n i t y {vjj} (for w h i c h we use a Shepard 
m e t h o d based on Wendland ' s c o m p a c t l y suppor t ed R B F s ) . 

T h e compac t ly suppor ted r a d i a l we igh t funct ions o n l ine 1 o f P r o g r a m 29.1 a n d 
the R B F on l ine 2 are used i n the shif ted f o r m £>Sifc = (ps,k(l — •) (cf. Table 11.1). 
No te t h a t we use the kd-tree rout ines t o b u i l d t w o trees: a d a t a tree, and an 
evalua t ion tree. Inside the loop over a l l p a r t i t i o n o f u n i t y cells (lines 27-38) we 
first use k d r a n g e q u e r y t o find a l l da t a sites i n cell j , b u i l d the loca l i n t e r p o l a t i o n 
m a t r i x based o n these poin ts , and t h e n repeat the process for the eva lua t ion po in t s . 
No te t h a t the con t r ibu t ions t o the final g loba l fit are accumula ted cell by cell (see 
l ine 36) . 

P r o g r a m 2 9 . 1 . PU2D_CS.m 

°/„ PU2D_CS 

% S c r i p t t h a t p e r f o r m s p a r t i t i o n o f u n i t y a p p r o x i m a t i o n u s i n g 
°/0 s p a r s e m a t r i c e s 
% C a l l s o n : D i s t a n c e M a t r i x C S R B F 
°/0 Uses : k - D t r e e package b y Guy S h e c h t e r 
% f r o m MATLAB C e n t r a l F i l e Exchange 

°/, W e i g h t f u n c t i o n f o r g l o b a l S h e p a r d p a r t i t i o n o f u n i t y w e i g h t i n g 
1 wf = @ ( e , r ) r . " 4 . * ( 5 * s p o n e s ( r ) - 4 * r ) ; 

% RBF b a s i s f u n c t i o n f o r l o c a l RBF i n t e r p o l a t i o n 
2 r b f = @ ( e , r ) r . " 4 . * ( 5 * s p o n e s ( r ) - 4 * r ) ; 
3 ep = 0 . 1 ; % P a r a m e t e r f o r l o c a l b a s i s f u n c t i o n s 

% D e f i n e F r a n k e ' s f u n c t i o n as t e s t f u n c t i o n 

4 f l = @ ( x , y ) 0 . 7 5 * e x p ( - ( ( 9 * x - 2 ) , " 2 + ( 9 * y - 2 ) . " 2 ) / 4 ) ; 
5 f 2 = @ ( x , y ) 0 . 7 5 * e x p ( - ( ( 9 * x + l ) . " 2 / 4 9 + ( 9 * y + l ) . " 2 / 1 0 ) ) ; 
6 f 3 = @ ( x , y ) 0 . 5 * e x p ( - ( ( 9 * x - 7 ) . " 2 + ( 9 * y - 3 ) . " 2 ) / 4 ) ; 
7 f 4 = @ ( x , y ) 0 . 2 * e x p ( - ( ( 9 * x - 4 ) , " 2 + ( 9 * y - 7 ) . ~ 2 ) ) ; 
8 t e s t f u n c t i o n = @ ( x , y ) f l ( x , y ) + f 2 ( x , y ) + f 3 ( x , y ) - f 4 ( x , y ) ; 

9 N = 1089; g r i d t y p e = ' h ' ; 
°/0 P a r a m e t e r f o r n p u - b y - n p u g r i d o f PU c e l l s i n u n i t s q u a r e 

10 npu = 16; 
% P a r a m e t e r f o r n e v a l - b y - n e v a l e v a l u a t i o n g r i d i n u n i t s q u a r e 
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11 neval = 40; 
% Load data points 

12 name = s p r i n t f ( 5Data2D_70d°/,s' ,N,gridtype) ; load(name) 
13 c t r s = d s i t e s ; 
14 rhs = t e s t f u n c t i o n ( d s i t e s ( : , 1 ) , d s i t e s ( : , 2 ) ) ; 
15 wep = npu; % Parameter for weight function 

% Create neval-by-neval equally spaced evaluation locations 
% i n the unit square 

16 g r i d = linspace(0,1,neval); [xe,ye] = meshgrid(grid); 
17 epoints = [xe(:) y e ( : ) ] ; 

% Create npu-by-npu equally spaced centers of PU c e l l s i n the 
'/, unit square 

18 pugrid = linspace(0,1,npu); [xpu,ypu] = meshgrid(pugrid); 
19 c e l l c t r s = [xpu(:) y p u ( : ) ] ; 
20 c e l l r a d i u s = 1/wep; 

% Compute Shepard evaluation matrix 
21 DM_eval = DistanceMatrixCSRBF(epoints,cellctrs,wep); 
22 SEM = wf(ep,DM_eval); 
23 SEM = s p d i a g s d ./(SEM*ones(npu~2,1)) ,0,neval~2,neval~2)*SEM; 

% Build k-D t r e e s for data s i t e s and evaluation points 
24 [tmp,tmp,datatree] = kdtree ( d s i t e s , [ ] ) ; 
25 [tmp,tmp,evaltree] = k d t r e e ( e p o i n t s , [ ] ) ; 
26 Pf = zeros(neval~2,1); % i n i t i a l i z e 
27 for j=l:npu"2 

% Find data s i t e s i n c e l l j 
28a [ p t s , d i s t , i d x ] = kdrangequery(datatree,... 
28b c e l l c t r s ( j , : ) , c e l l r a d i u s ) ; 
29 i f (length(idx) > 0) 

°/0 Build l o c a l i n t e r p o l a t i o n matrix f or c e l l j 
30a DM_data = DistanceMatrixCSRBF(dsites(idx,:),... 
30b c t r s ( i d x , : ) , e p ) ; 
31 IM = rbf(ep,DM_data); 

% Find evaluation points i n c e l l j 
32a [epts,edist,eidx] = kdrangequery(evaltree,... 
32b c e l l c t r s ( j , : ) , c e l l r a d i u s ) ; 

% Compute l o c a l evaluation matrix 
33a DM_eval = DistanceMatrixCSRBF(epoints(eidx,:),... 
33b c t r s ( i d x , : ) , e p ) ; 
34 EM = rbf(ep,DM_eval); 

% Compute l o c a l RBF interpolant 
35 l o c a l f i t = EM * ( I M \ r h s ( i d x ) ) ; 

Accumulate global f i t 
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36 Pf(eidx) = Pf(eidx) + l o c a l f i t . * S E M ( e i d x , j ) ; 
37 end 
38 end 

°/0 Compute exact solution 
39 exact = te s t f u n c t i o n ( e p o i n t s ( : , 1 ) , e p o i n t s ( : , 2 ) ) ; 

% Compute maximum error on evaluation g r i d 
40 maxerr = norm(Pf-exact,inf); 
41 rms_err = norm(Pf-exact)/neval; 
42 f p r i n t f ('RMS error: 7.e\n3 , rms.err) 
43 f p r i n t f ('Maximum error: °/0e\n', maxerr) 

7, Plot interpolant 
44 fview = [160,20]; 
45 PlotSurf(xe,ye,Pf,neval,exact,maxerr,fview); 

7o Plot maximum error 
46 PlotError2D(xe,ye,Pf,exact,maxerr,neval,fview); 

I n Tables 29.1 and 29.2 we i l l u s t r a t e how the loca l convergence order is m a i n 
ta ined g loba l ly for a p a r t i t i o n o f u n i t y based o n Wendland ' s C2 c o m p a c t l y suppor t ed 
R B F s . I n b o t h tables the loca l app rox ima t ions are c o m p u t e d v i a ei ther the com
pac t ly suppor ted C 2 funct ions o f W e n d l a n d , or v i a Gaussians ( t ha t are g loba l ly 
suppor ted on the loca l subdomains) . T h e d a t a were sampled f r o m Franke's func
t i o n at various sets o f u n i f o r m l y spaced po in t s ( i n Table 29.1) and H a l t o n po in t s 
( i n Table 29.2) i n the u n i t square. T h e M loca l subdomains were g iven b y circles 
centered at equal ly spaced po in t s i n the u n i t square. We can see t h a t (especially 
on the u n i f o r m l y spaced d a t a sites) the p a r t i t i o n o f u n i t y m e t h o d reflects the ap
p r o x i m a t i o n behavior o f the loca l methods . For the c o m p a c t l y suppor t ed W e n d l a n d 
funct ions we o b t a i n 0{h2) t h r o u g h o u t our series o f exper iments ( w i t h a t heo re t i ca l ly 
pred ic ted local order o f 0(h3/2)), whereas for the Gaussians we o b t a i n an a p p r o x i 
m a t i o n behavior i n places vaguely suggestive o f exponen t ia l convergence. For these 
experiments the f i l l distances for the sets o f H a l t o n po in t s were no t es t imated v i a 
(2.4). Instead, we assumed t h a t the fill distance decreases b y a factor o f t w o f r o m 
one i t e r a t i o n to the next , as i t does in" the case o f u n i f o r m l y d i s t r i b u t e d po in t s . 

A re la t ive ly large u n i f o r m value o f the shape parameter e was used for the Gaus
sians on the u n i f o r m da t a sets i n Table 29.1 t o o b t a i n the exponent ia l convergence 
results. Use o f the same value o f e o n the H a l t o n da t a sets results i n RMS-e r ro r s for 
the Gaussians t h a t are worse t h a n those for loca l in te rpo lan ts based o n c o m p a c t l y 
suppor ted R B F s (see Table 29.2). For the loca l in te rpo lan ts based o n the W e n d 
l and functions we used a large suppo r t radius o f p = 1/e = 10 i n accordance t o the 
observations made i n Chap te r 17. T h e m a i n reason for the re la t ive ly poor qua l 
i t y of the loca l in te rpo lan ts based o n Gaussians i n the H a l t o n se t t ing is t h a t a l l o f 
the computa t ions w i t h the W e n d l a n d funct ions are per formed w i t h we l l - cond i t ioned 
i n t e r p o l a t i o n matr ices ( i n spite o f the large suppor t radius , i.e., f lat basis funct ions) . 

N o t e t h a t the R M S - e r r o r for loca l Gaussian i n t e r p o l a t i o n i n the last r o w of 
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Table 29.1 2D partition of unity approximation on uniform points with Wend
land's C 2 compactly supported functions for partition of unity and local Wend
land and Gaussian interpolants. 

Wendland Gaussian 

N M RMS-error rate £ RMS-error rate £ 

9 1 3.475816e-001 0.1 3.703960e-001 6 
25 4 1.301854e-001 1.4168 0.1 1.229046e-001 1.5915 6 
81 16 8.089165e-003 4.0084 0.1 2.413852e-002 2.3481 6 
289 64 1.183369e-003 2.7731 0.1 4.551325e-003 2.4070 6 

1089 256 2.716542e-004 2.1231 0.1 5.393771e-004 3.0769 6 
4225 1024 6.795949e-005 1.9990 0.1 1.112507e-005 5.5994 6 
16641 4096 1.697195e-005 2.0015 0.1 2.031757e-006 2.4530 6 
66049 16384 4.241184e-006 2.0006 0.1 1.798274e-007 3.4980 6 
263169 65536 9.778231e-007 2.1168 0.1 2.657751e-008 2.7583 6 
1050625 262144 2.557991e-007 1.9346 0.1 1.844820e-009 3.8487 6 

Table 29.2 2D partition of unity approximation on Halton points with Wend
land's C 2 compactly supported functions for partition of unity and local Wend
land and Gaussian interpolants. 

Wendland Gaussian 

N M RMS-error rate £ RMS-error rate £ 

9 1 3.325975e-001 0.1 3.384117e-001 6 
25 4 1.355396e-001 1.2951 0.1 1.383321e-001 1.2906 6 
81 16 1.035963e-002 3.7097 0.1 3.640953e-002 1.9257 6 

289 64 2.569458e-003 2.0114 0.1 1.030984e-002 1.8203 6 
1089 256 5.860966e-004 2.1323 0.1 3.543463e-003 1.5408 6 
4225 1024 2.703318e-004 1.1164 0.1 1.045103e-003 1.7615 6 
16641 4096 7.701234e-005 1.8116 0.1 3.896345e-004 1.4235 6 
66049 16384 4.492321e-005 0.7776 0.1 5.012220e-005 2.9586 6 

263169 65536 1.589134e-005 1.4992 0.1 1.631609e-005 1.6192 6 
1050625 262144 1.032629e-006 3.9438 0.1 2.000238e-006 3.0281 6 

Table 29.1 presents the best a p p r o x i m a t i o n o f Franke ' s test f u n c t i o n r e p o r t e d i n t h i s 

book . However , i n Tab le 17.5 we needed o n l y N = 4225 u n i f o r m l y spaced p o i n t s for 

a g loba l Gauss ian i n t e r p o l a n t w i t h e = 6.3 t o achieve a n R M S - e r r o r o f 7.371879e-

009. O f course, i t m a y be possible t o o b t a i n even b e t t e r a p p r o x i m a t i o n s w i t h o the r 

R B F s . W e do n o t c l a i m t h a t Gaussians are t he "best" R B F s . However , we do 

r ecommend the p a r t i t i o n o f u n i t y app roach for t he s o l u t i o n o f large i n t e r p o l a t i o n or 

a p p r o x i m a t i o n p rob lems since i t is r e l a t i v e l y s imple t o i m p l e m e n t a n d i ts execu t ion 

is q u i t e efficient. 



Chapter 30 

Approximation of Point Cloud Data in 3D 

30.1 A G e n e r a l A p p r o a c h v i a I m p l i c i t S u r f a c e s 

A c o m m o n p r o b l e m i n compute r graphics and compu te r a ided design ( C A D ) is t he 
recons t ruc t ion o f a th ree-d imens iona l surface defined i n t e rms o f point cloud data, 
i.e., as a set o f unorganized , i r r egu la r po in t s i n 3 D . For example , th i s cou ld be 
laser range da ta ob ta ined for t he purpose o f compu te r m o d e l i n g o f a compl i ca t ed 
3 D object . Such appl ica t ions also arise, e.g., i n compu te r graphics or i n med ica l 
imag ing . A n approach t o o b t a i n i n g a surface t h a t fi ts t he g iven 3 D p o i n t c l o u d d a t a 
t h a t has recent ly become ra ther p o p u l a r (see, e.g., [Carr et al. (1997); C a r r et al. 
(2001); Morse et al. (2001); Oh take et al. (2003a); Oh take et al. (2003b); T u r k a n d 
O ' B r i e n (2002); W e n d l a n d (2002b)]) is based on the use o f implicit surfaces defined 
i n t e rms o f some meshfree a p p r o x i m a t i o n m e t h o d such as an R B F in t e rpo lan t or 
an M L S a p p r o x i m a n t . 

M o r e precisely, g iven d a t a o f t he f o r m {xi = (xi,yi,Zi) G M 3 , i = 1,...,N} 
assumed t o come f r o m some two-d imens iona l m a n i f o l d Ai (i.e., a surface i n M 3 ) , we 
seek another surface Ai* t h a t is a reasonable a p p r o x i m a t i o n t o Ai. For the i m p l i c i t 
surface approach we t h i n k o f Ai as the surface o f a l l po in t s (x, y, z) t h a t satisfy the 
i m p l i c i t equa t ion 

f(x,y,z) = 0 

for some func t ion / . Thus , the f u n c t i o n / i m p l i c i t l y defines the surface Ai. I n 
other words , the equa t ion f(x, y, z) = 0 defines t h e zero iso-surface of the t r i v a r i a t e 
func t ion / and therefore th i s iso-surface coincides w i t h Ai. 

A s so often before, we w i l l cons t ruc t the surface Ai * v i a i n t e r p o l a t i o n . O b v i 
ously, i f we on ly specify the i n t e r p o l a n t t o be zero at the d a t a po in ts , t h e n we w i l l 
o b t a i n a zero in t e rpo lan t , and w i l l no t be able t o ex t rac t a mean ingfu l iso-surface. 
Therefore, the key t o finding a n a p p r o x i m a t i o n t o the t r i v a r i a t e f u n c t i o n / f r o m 
the given da t a po in t s x^, i = 1 , . . . , N, is t o a d d an ex t r a set o f off-surface points t o 
the da t a so t h a t we can t h e n compu te a (sol id) th ree-d imens iona l i n t e rpo l an t Vf to 
the t o t a l set of po in ts , i.e., the surface po in t s plus the a u x i l i a r y off-surface po in t s . 
T h i s w i l l result i n a n o n t r i v i a l i n t e r p o l a n t , and we w i l l t h e n be able t o ex t rac t i t s 
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zero iso-surface. T o i l l u s t r a t e t h i s technique we discuss how th i s idea w o r k s i n t h e 
2 D se t t i ng i n the nex t section. 

T h e a d d i t i o n o f off-surface po in t s results i n a p r o b l e m of the same t y p e as t h e 
scat tered da t a a p p r o x i m a t i o n p rob lems discussed i n ear l ier chapters . I n p a r t i c u l a r , 
i f the d a t a sets are large, i t is advisable t o use e i ther a l oca l r a d i a l basis i n t e r p o l a n t , 
a moving- leas t squares approach, or a p a r t i t i o n o f u n i t y i n t e r p o l a n t . However , the re 
are also i m p l i c i t p o i n t c loud in t e rpo lan t s based o n fast eva lua t ion a l g o r i t h m s w i t h 
g loba l R B F s (see, e.g., [Car r et al. (2001)] ) . 

T h e surface r econs t ruc t ion p r o b l e m consists o f th ree sub-problems: 

(1) Cons t ruc t the e x t r a off-surface po in t s . 
(2) F i n d the t r i v a r i a t e meshfree a p p r o x i m a n t t o the augmented d a t a set. 
(3) Render the iso-surface (zero-contour) o f t h e f i t c o m p u t e d i n step (2 ) . 

I n order t o keep the discussion as s imple as possible we assume t h a t , i n a d d i t i o n 
t o the p o i n t c loud data , we are also g iven a set o f surface normal s rn = ( n f , rv(, n f ) 
t o the surface Ai a t the po in t s ccj = (xi,yi,Zi). I f these normal s are n o t e x p l i c i t l y 
g iven, there are techniques available t h a t can be used t o es t imate the no rma l s (see, 
e.g., the discussion i n [Wend land (2002b)] ) . Once we have the (or iented) surface 
normals , we cons t ruc t the e x t r a off-surface po in t s b y m a r c h i n g a s m a l l d is tance 
a long the surface n o r m a l , i.e., we o b t a i n for each d a t a p o i n t ( x j , yi, Zi) t w o a d d i t i o n a l 
off-surface po in ts . One p o i n t lies "outs ide" the m a n i f o l d Ai a n d is g iven by 

( x N + i , y N + i , z N + i ) = Xi + drii = (x^ + 5 n f , yt + Su?, y i + bn\), 

a n d the other p o i n t lies "inside" Ai a n d is g iven by 

(x2N+i,U2N+i, z2N+i) =Xi— Srii = (xi - Sn^,yi - 5n\,yi - 5n*). 

Here 5 is a smal l step size (whose specific m a g n i t u d e can be r a the r c r i t i c a l for a 
good surface f i t , see [Carr et al. (2001)] ) . I n p a r t i c u l a r , i f S is chosen t o o large, 
t h e n th i s can easily result i n self- intersect ing inner or ou te r a u x i l i a r y surfaces. I n 
our s imple M A T L A B i m p l e m e n t a t i o n i n the nex t sect ion we u n i f o r m l y t ake S t o be 
1 % of the m a x i m u m d imens ion o f t he b o u n d i n g box o f the d a t a as suggested i n 
[Wend land (2002b)] . 

Once we have created the a u x i l i a r y da ta , t h e i n t e r p o l a n t is c o m p u t e d by deter
m i n i n g a func t ion Vf whose zero con tour in te rpola tes the g iven p o i n t c l o u d da ta , 
and whose "inner" a n d "outer" offset contours i n t e rpo l a t e the augmen ted data , i.e., 

Vf(xi) = 0, i = l , . . . , N , 

Vf(xi) = l,. i = N-rl,...,2N, 

Vf(xi) = -1, i = 2N+l,...,3N. 

T h e values o f ± 1 for the a u x i l i a r y d a t a are a r b i t r a r y . T h e i r precise value is no t as 
c r i t i c a l as the choice o f 5. 

For the t h i r d step we also use a ve ry s imple s o l u t i o n , n a m e l y we j u s t render t h e 
r e su l t ing a p p r o x i m a t i n g surface Ai* as the zero con tour o f the 3 D i n t e r p o l a n t . I n 
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M A T L A B th i s can be accomplished w i t h the c o m m a n d i s o s u r f ace (or c o n t o u r for 
2 D problems) . T h i s provides a r o u g h p i c t u r e o f the i m p l i c i t surface i n t e rpo l an t , b u t 
m a y also lead t o some render ing ar t i fac ts t h a t can be avoided w i t h more sophis
t i ca t ed render ing procedures. For more serious app l i ca t ions one usua l ly employs 
some v a r i a t i o n o f a ray tracing or marching cube a l g o r i t h m (see the discussion i n 
the references l is ted above). 

T h e i m p l i c i t surface representa t ion has the advantage t h a t the surface no rma l s 
of the a p p r o x i m a t i n g surface Ai* can be e x p l i c i t l y a n d a n a l y t i c a l l y ca lcu la ted as 
the gradients o f the t r i v a r i a t e f u n c t i o n Vf, i.e., n(x) = Wf(x). 

Since i n pract ice the d a t a (e.g., o b t a i n e d b y laser range scanners) is subject 
t o measurement errors i t is of ten beneficial i f an a d d i t i o n a l s m o o t h i n g procedure is 
employed. One can ei ther use the r idge regression approach suggested i n Chap te r 19, 
or use a m o v i n g least squares a p p r o x i m a t i o n ins tead o f an R B F in t e rpo lan t . A n o t h e r 
i m p l i c i t smoo th ing technique was suggested i n [Beatson a n d B u i (2003)]. No i sy d a t a 
can also be dealt w i t h by us ing a m u l t i l e v e l technique such as suggested i n [Ohtake 
et al. (2003b)] . We discuss m u l t i l e v e l i n t e r p o l a t i o n a n d a p p r o x i m a t i o n a l g o r i t h m s 
i n Chapter 32. 

30.2 A n Illustration in 2D 

Since the 3 D po in t c loud i n t e r p o l a t i o n p r o b l e m requires an in t e rpo lan t t o po in t s 
v iewed as samples of a t r i v a r i a t e func t i on whose g r a p h is a 4 D hypersurface, the 
v i sua l iza t ion o f the i n d i v i d u a l steps o f the c o n s t r u c t i o n o f the f ina l iso-surface is 
p roblemat ic . W e therefore i l l u s t r a t e the process w i t h an analogous two-d imens iona l 
p rob lem, i.e., we assume we are g iven po in t s ( t aken f r o m a closed curve C) i n the 
plane, and i t is our goal t o f i nd an i n t e r p o l a t i n g curve C*. B e l o w we present b o t h 
M A T L A B code and several figures. 

Program 30.1. PointCloud2D.m 

% PointCloud2D 
% S c r i p t t h a t f i t s a c u r v e t o 2D p o i n t c l o u d 
% C a l l s o n : D i s t a n c e M a t r i x 
% Uses : h a l t o n s e q ( w r i t t e n b y D a n i e l D o u g h e r t y 

f r o m MATLAB C e n t r a l F i l e Exchange ) 
% G a u s s i a n RBF 

1 r b f = @ ( e , r ) e x p ( - ( e * r ) . ~ 2 ) ; ep = 3 . 5 ; 
2 N = 8 1 ; % number o f d a t a p o i n t s 
3 n e v a l = 4 0 ; % t o c r e a t e n e v a l - b y - n e v a l e v a l u a t i o n g r i d 
4 t = 2 * p i * h a l t o n s e q ( N } 1 ) ; d s i t e s = [ c o s ( t ) s i n ( t ) ] ; 
5 x = ( 2 + s i n ( t ) ) . * c o s ( t ) ; y = ( 2 + c o s ( t ) ) . * s i n ( t ) ; 
6 n x = ( 2 + c o s ( t ) ) . * c o s ( t ) - s i n ( t ) . " 2 ; 
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7 ny = ( 2 + s i n ( t ) ) . * s i n ( t ) - c o s ( t ) . " 2 ; 
8 d s i t e s = [x y ] ; normals = [nx ny]; 

°/0 Produce a u x i l i a r y points along normals " i n s i d e " and "outside" 
9 bmin = min(dsites, [] , 1) ; bmax = max(dsites , [] , 1) ; 

10 bdim = max(bmax-bmin); 
% Distance along normal at which to place new points 

11 d e l t a = bdim/100; 
% Create new points 

12 dsites(N+l:2*N, :) = d s i t e s d :N, : ) + delta*normals; 
13 dsites(2*N+1:3*N,:) = d s i t e s ( 1 : N ) - delta*normals; 

% " o r i g i n a l " points have rhs=0, 
% "inside" points have rhs=-l, "outside" points have rhs=l 

14 rhs = [zeros(N,l); ones(N,l); -ones(N,l)]; 
% Let centers coincide with data s i t e s 

15 c t r s = d s i t e s ; 
% Compute new bounding box 

16 bmin = min(dsites , [] , 1) ; bmax = max(dsites, [] , 1) ; 
°/0 Create neval-by-neval equally spaced evaluation locations 
°/0 i n bounding box 

17 xgrid = linspace(bmin(l),bmax(l),neval); 
18 ygrid = linspace(bmin(2),bmax(2),neval); 
19 [xe,ye] = meshgrid(xgrid,ygrid); 
20 epoints = [xe(:) y e ( : ) ] ; 
21 DM_eval = DistanceMatrix(epoints,ctrs); 
22 EM = rbf(ep,DM_eval); 
23 DM_data = Di s t a n c e M a t r i x ( d s i t e s , c t r s ) ; 
24 IM = rbf(ep,DM_data); 
25 Pf = EM * (IM\rhs); 

7, Plot extended data with 2D-fit Pf 
26 figure; hold on; view([-30,30]) 
27 p l o t 3 ( d s i t e s ( : , 1 ) , d s i t e s ( : , 2 ) , r h s , ' r . ' , ' m a r k e r s i z e ' , 2 0 ) ; 
28 mesh(xe,ye,reshape(Pf,neval,neval)); 
29 axis t i g h t ; hold off 

7o Plot data s i t e s with interpolant (zero contour of 2D-fit Pf) 
30 figure; hold on 
31 plot ( d s i t e s d :N, 1) .dsites (1: N, 2) , 'bo') ; 
32 contour(xe,ye,reshape(Pf,neval,neval), [0 0 ] , ' r ' ) ; 
33 hold off 

In the M A T L A B program PointCloud2D .m (see Program 30.1) we create test 
data on lines 4-8 by sampling a parametric curve (in polar coordinates) at irregular 
parameter values t. These points are displayed in the left plot of Figure 30.1. 
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Since we use a k n o w n representa t ion o f the curve t o generate the p o i n t c l o u d i t is 
also possible t o o b t a i n an exact n o r m a l vector associated w i t h each da t a p o i n t (see 
lines 6 -8 ) . 

T h e s t ra tegy for c rea t ion o f the a u x i l i a r y po in t s is the same as above, i.e., we 
add da t a po in t s "inside" and "outside" the g iven p o i n t set. T h i s is done by p l ac ing 
these po in t s a long the n o r m a l vector at each o r i g i n a l da t a p o i n t (see lines 12 and 
13). T h e distance along the n o r m a l at w h i c h the a u x i l i a r y po in t s are placed is t aken 
to be 1 % of t h e size o f the m a x i m u m d imens ion of the b o u n d i n g b o x of the o r i g i n a l 
da ta (see lines 9-11) . 

N e x t , the p r o b l e m is t u r n e d i n t o a f u l l 2 D i n t e r p o l a t i o n p r o b l e m (whose s o l u t i o n 
has a 3 D graph) by add ing f u n c t i o n values (of the u n k n o w n b ivar ia te f u n c t i o n / 
whose zero-level iso-curve w i l l be the desired i n t e r p o l a t i n g curve) at the extended 
da t a set. We assign a value o f 0 t o each o r i g i n a l d a t a p o i n t , a n d a value o f 1 or 
— 1 t o "outside" or "inside" po in t s , respectively. T h i s is done o n l ine 14 o f the code 
and the r e su l t i ng da ta is d isplayed i n the r i g h t p lo t o f F igu re 30.1 (c.f. also l ine 27 
of t he code). 

Fig. 30.1 Point cloud data (left) and extended "inner" and "outer" data (right) for implicit curve 
with 81 non-uniform data points. 

N o w we can solve the p r o b l e m j u s t l ike any of our 2 D i n t e r p o l a t i o n problems 
discussed earlier. I n fact, i n P r o g r a m 30.1 we use s t r a i g h t f o r w a r d R B F i n t e r p o l a t i o n 
w i t h Gaussian R B F s (see lines 1 a n d 19-25) . 

F ina l ly , t he zero contour o f the r e su l t ing surface is ex t rac ted on l ine 32 us ing 
the c o n t o u r c o m m a n d . I n the left p l o t o f F igu re 30.2 we d isp lay a surface p l o t 
of the b ivar ia te R B F in t e rpo l an t t o the extended da t a set (ob ta ined v i a the mesh 
c o m m a n d on l ine 28), and i n the r i g h t p lo t we show the final i n t e r p o l a t i n g curve 
a long w i t h the o r ig ina l da ta . 
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Fig. 30.2 Surface fit (left) and zero contour for 81 non-uniform data points. 

30 .3 A S i m p l i s t i c I m p l e m e n t a t i o n i n 3 D v i a P a r t i t i o n o f U n i t y 
A p p r o x i m a t i o n i n M A T L A B 

I n the M A T L A B p r o g r a m PointCloud3D_PUCS (see P r o g r a m 30.2) we present a f a i r l y 
s imple i m p l e m e n t a t i o n o f the p a r t i t i o n o f u n i t y approach t o i n t e r p o l a t i o n o f p o i n t 
c loud da ta i n 3 D . T h e p a r t i t i o n o f u n i t y is created w i t h a Shepard a p p r o x i m a n t 
as i n the previous chapter . A s i n P r o g r a m 29.1 we use Wendland ' s C2 c o m p a c t l y 
suppor ted func t ion as b o t h the Shepard weights and for t h e loca l R B F in te rpo lan t s . 

T h e da t a sets used i n our examples cor respond t o var ious resolut ions o f the Stan
ford b u n n y available o n the w o r l d - w i d e web at h t t p : / / g r a p h i c s . S t a n f o r d . e d u / -
d a t a / 3 D s c a n r e p / . D a t a sets consis t ing o f 35947, 8171, 1889, a n d 453 
poin ts are inc luded i n the file bunny . t a r . g z . T h e normals for t h i s k i n d 
of PLY da t a can be c o m p u t e d w i t h t h e u t i l i t y n o r m a l s p l y f r o m the pack
age p l y . t a r . g z p r o v i d e d by Greg T u r k , a n d available o n the w o r l d - w i d e web 
at h t t p : / / w w w . c c . g a t e c h . e d u / p r o j e c t s / l a r g e _ m o d e l s / p l y . h t m l . Resul ts ob
ta ined w i t h the PointCloud3D_PUCS for the 453 a n d 8171 p o i n t c loud sets are dis
played i n F igu re 30.3. Processed da t a files are i nc luded o n the enclosed C D . 

M a n y par t s o f the M A T L A B code for PointCloud3D_PUCS are s imi l a r t o P r o 
g r a m 29 .1 . T h e b u n n y d a t a set i n c l u d i n g p o i n t normals is loaded o n l ine 6, a n d 
the b o u n d i n g box for the p o i n t c loud a n d i t s m a x i m u m d imens ion are c o m p u t e d 
on lines 7-8 . T h e off-surface po in t s are added i n lines 10-14. T h e n the r i g h t - h a n d 
side for the augmented ( 3 D ) i n t e r p o l a t i o n p r o b l e m is defined on l ine 15 (assigning 
a value o f 0 for the on-surface da t a po in t s , a n d a value o f ± 1 for the "outside" and 
"inside" off-surface p o i n t s ) , and we recompute the b o u n d i n g b o x for the augmented 
da ta on l ine 16. 

We have found t h a t a reasonable value for the radius o f the p a r t i t i o n o f u n i t y 
subdomains seems t o be g iven b y the m a x i m a l d imens ion o f the b o u n d i n g b o x 
d iv ided by the cube r o o t o f the number , M, o f subdomains , i.e., d i a m ( - l j ) = l/we 

w i t h w£ = \/~M/bdim (see lines 9 and 28) . 

http://www.cc.gatech.edu/projects/large_models/ply.html
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The main part of the program (lines 29-46) is almost identical to lines 21-38 
of Program 29.1. On lines 47-55 we add the code that creates and displays the 
zero-contour iso-surface for the 3D (solid) interpolant Pf along with the point cloud 
data. 

Program 30.2. PointCloud3D_PUCS .m 

•/. PointCloud3D_PUCS 
% S c r i p t that f i t s a surface to 3D point cloud using p a r t i t i o n of 
°/0 unity approximation with sparse matrices 
'/. C a l l s on: CSEvalMatrix 
7» Uses: k-D tree package by Guy Shechter 
7. from MATLAB Central F i l e Exchange 

% Weight function for global Shepard p a r t i t i o n of unity weighting 
1 wf = @(e,r) r . ""4. * (5*spones ( r ) - 4 * r ) ; 

7, The RBF ba s i s function for l o c a l RBF i n t e r p o l a t i o n 
2 rbf = @(e,r) r.~4.*(5*spones(r)-4*r); 
3 ep = 1; % Parameter for b a s i s function 

7, Parameter for npu-by-npu-by-npu g r i d of PU c e l l s 
4 npu = 8; 

7o Parameter for npu-by-npu-by-npu g r i d of PU c e l l s 
5 neval = 25; 

7, Load data points and compute bounding box 
6 load('Data3D_Bunny3 5); N = s i z e ( d s i t e s , 1) ; 
7 bmin = min(dsites, [] , 1) ; bmax = max ( d s i t e s , [ ] , 1) ; 
8 bdim = max(bmax-bmin); 
9 wep = npu/bdim; 

7o Add a u x i l i a r y points along normals "i n s i d e " and "outside" 
7o Find points with nonzero normal vectors and count them 

10 withnormals = find(normals(:,1)I normals(:,2)I normals(:,3)); 
11 addpoints = length(withnormals); 

% Distance along normal at which to place new points 
12 d e l t a = bdim/100; 

7, Create new points 
13a dsites(N+l:N+addpoints,:) = ... 
13b dsites(withnormals,:) + delta*normals(withnormals,:); 
14a dsites(N+addpoints+1:N+2*addpoints,:) = ... 
14b dsites(withnormals,:) - delta*normals(withnormals,:); 

7o Interpolant i s i m p l i c i t surface, i . e . , 
7o " o r i g i n a l " points have rhs=0, " i n s i d e " rhs=-l, "outside" rhs=l 

15 rhs = [zeros(N,l); ones(addpoints,1); -ones(addpoints,1)]; 
7o Compute new bounding box 

16 bmin = min(dsites, [] , 1) ; bmax = max(dsites , [] , 1) ; 
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17 c t r s = d s i t e s ; 
% Create neval-by-neval-by-neval equally spaced evaluation 
% locations i n bounding box 

18 xgrid = linspace(bmin(1),bmax(l),neval); 
19 ygrid = linspace(bmin(2),bmax(2),neval); 
20 zgri d = linspace(bmin(3),bmax(3),neval); 
21 [xe,ye,ze] = meshgrid(xgrid,ygrid,zgrid); 
22 epoints = [xe(:) ye(:) z e ( : ) ] ; 

°/0 Create npu-by-npu-by-npu equally spaced centers of PU c e l l s 
% i n bounding box 

23 puxgrid = linspace(bmin(l),bmax(l),npu); 
24 puygrid = linspace(bmin(2),bmax(2),npu); 
25 puzgrid = linspace(bmin(3),bmax(3),npu); 
26 [xpu,ypu,zpu] = meshgrid(puxgrid,puygrid,puzgrid); 
27 c e l l c t r s = [xpu(:) ypu(:) z p u ( : ) ] ; 
28 c e l l r a d i u s = 1/wep; 

°/0 Compute Shepard evaluation matrix 
29 DM_eval = DistanceMatrixCSRBF(epoints,cellctrs,wep); 
30 SEM = wf(wep,DM_eval); 
31 SEM = spdiags(l./(SEM*ones(npu"3,1)),0,neval"3,neval"3)*SEM; 

°/0 Build k-D tr e e s for data s i t e s and evaluation points 
32 [tmp,tmp,datatree] = kdtree ( d s i t e s , [ ] ) ; 
33 [tmp,tmp,evaltree] = k d t r e e ( e p o i n t s , [ ] ) ; 
34 Pf = zeros(neval"3,1); % i n i t i a l i z e 
35 for j=l:npu"3 

% Find data s i t e s i n c e l l j 
36a [ p t s , d i s t , i d x ] = kdrangequery(datatree,... 
36b c e l l c t r s ( j , : ) , c e l l r a d i u s ) ; 
37 i f (length(idx) > 0) 

°/0 Build l o c a l i n t e r p o l a t i o n matrix for c e l l j 
38a DM_data = DistanceMatrixCSRBF(dsites(idx,:),... 
38b c t r s ( i d x , : ) , e p ) ; 
39 IM = rbf(ep,DM_data); 

°/0 Find evaluation points i n c e l l j 
40a [epts,edist,eidx] = kdrangequery(evaltree,... 
40b c e l l c t r s ( j , : ) , c e l l r a d i u s ) ; 

°/0 Compute l o c a l evaluation matrix 
41a DM_eval = DistanceMatrixCSRBF(epoints(eidx,:),... 
41b c t r s ( i d x , : ) , e p ) ; 
42 EM = rbf(ep,DM_eval); 

°/0 Compute l o c a l RBF interpolant 
43 l o c a l f i t = EM * (IM\rhs(idx)); 
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44 
°/0 Accumulate global f i t 
Pf(eidx) = Pf(eidx) + l o c a l f i t . * S E M ( e i d x , j ) ; 

45 
46 

end 
end 
% Plot data s i t e s with interpolant (zero contour of 3D-fit Pf) 

47 figure; hold on 
48 p l o t 3 ( d s i t e s ( l :N,1) , d s i t e s d :N,2) , d s i t e s ( l :N,3) , 'bo') ; 
49a p f i t = patchdsosurf ace (xe ,ye ,ze, . . . 

52 l i g h t ( ' P o s i t i o n ' , [ 0 0 1] , ' S t y l e ' , ' i n f i n i t e ' ) ; 
53 d a s p e c t ( [ l 1 1 ] ) ; view( [0,90] ) ; 
54 ax i s ( [ b m i n ( l ) bmax(l) bmin(2) bmax(2) bmin(3) bmax(3)]); 
55 axis off; hold off 

I n F igure 30.3 we display p a r t i t i o n o f u n i t y f i ts based o n loca l R B F in te rpo lan t s 
b u i l t w i t h compac t l y suppor t ed Wend land ' s C2 basis funct ions . T h e p o i n t c loud 
d a t a sets consist o f 453 po in t s ( t op p lo t s i n F i g u r e 30.3) a n d 8171 po in t s ( b o t t o m 
plo ts i n F igu re 30.3). T h e augmented d a t a sets for the 3D i n t e rpo lan t s are a lmost 
three t imes as large (since no t every d a t a p o i n t has a n o r m a l vector associated w i t h 
i t ) . O n the left we show the f i t t e d surface a long w i t h t he d a t a po in t s , a n d o n the 
r i g h t the f i t is d isplayed by itself. For t h e p lo t s i n the b o t t o m p a r t o f F i g u r e 30.3 t he 
s imple iso-surface p l o t i n M A T L A B does a su rp r i s ing ly g o o d j o b . I n o ther s i tua t ions , 
however, i t causes some ar t i fac ts such as the e x t r a surface f ragment near the bunny ' s 
ear i n the t o p pa r t of F igu re 30.3. 

For the t o p p lo ts i n F igure 30.3 we used 8 3 = 256 subdomains a n d 25 3 = 15625 
eva lua t ion po in t s i n the b o u n d i n g b o x o f t h e 3D da ta , and for those o n the b o t t o m of 
F igure 30.3 we used 32 3 = 32768 subdomains a n d 50 3 = 125000 eva lua t ion po in t s . 

49b 

51a 
51b 

50 
reshape(Pf,neval,neval,neval),0)); 

isonormals(xe,ye,ze.reshape(Pf,neval,neval,neval),pfit) 
set(pfit,'FaceLighting','gouraud','FaceColor',... 

'red','EdgeColor','none'); 

. 4 . : 
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Chapter 31 

Fixed Level Residual Iteration 

I n the nex t few chapters we w i l l l ook a t var ious versions o f res idual i t e r a t i o n . T h e 
basic idea o f us ing an i t e r a t ive a l g o r i t h m i n w h i c h one takes advantage o f the res idual 
o f an i n i t i a l a p p r o x i m a t i o n t o o b t a i n a m o r e accurate s o l u t i o n is w e l l - k n o w n i n m a n y 
branches o f ma themat i c s . 

3 1 . 1 I t e r a t i v e R e f i n e m e n t 

For example , i n numer i ca l l inear a lgebra t h i s process is k n o w n as iterative refinement 
(see, e.g., [ K i n c a i d and Cheney (2002)]) . W e m i g h t be interested i n so lv ing a sys tem 
of l inear equat ions Ax = b, a n d o b t a i n a (numer ica l ) s o l u t i o n xo by a p p l y i n g 
an a l g o r i t h m such as Gaussian e l i m i n a t i o n . W e can t h e n compu te the res idual 
r = b — AXQ, and realize t h a t i t is r e l a ted t o the er ror , e = x — XQ, v i a the r e l a t i o n 

Thus , by a d d i n g the (numer ica l ) s o l u t i o n en o f equa t ion (31.1) t o the i n i t i a l s o l u t i o n 
XQ one expects t o i m p r o v e the i n i t i a l a p p r o x i m a t i o n t o x\ = XQ + eo (since the t r ue 
s o l u t i o n x — xo + e). O f course, th i s procedure can be repeated i t e ra t ive ly . T h i s 
leads t o the a l g o r i t h m 

A l g o r i t h m 3 1 . 1 . I t e r a t i v e ref inement 

(1) C o m p u t e an a p p r o x i m a t e s o l u t i o n ccn o f Ax = b. 
(2) For k — 1 , 2 , . . . do 

(a) C o m p u t e the res idual r k = b — Axk-i-
(b) Solve Aek = r k . 
(c) U p d a t e x k = x k - i + e k . 

W e can r e w r i t e the last s t a tement i n the a l g o r i t h m as 

where B is an approximate (or numerical) inverse o f A character ized by the p r o p e r t y 
t h a t || J — BA\\ < 1 for some m a t r i x n o r m . T h i s c o n d i t i o n allows us t o express the 

Ae = Ax — AXQ - r. (31.1) 

xk - Xk-i + B(b - Axk-i) (31.2) 

265 
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exact inverse of A by a N e u m a n n series, i.e., 

A ' 1 = (BA)-1!! = 
oo 

E ( J - B A ) J 

3=0 

B. 

Therefore the exact so lu t ion o f Ax = b can be w r i t t e n i n the f o r m 

x = A~1b = E ( 7 - B A y 
3=0 

Bb. (31.3) 

For the i t e ra t ive refinement a l g o r i t h m , o n the o ther h a n d , we have f r o m (31.2) 
and the fact t h a t XQ = Bb, t h a t 

x k = x k - i + B(b - Axk-i) 

= (I - BA)xk-1 + Bb 

= ( I - BA)xk-! + x 0 . (31.4) 

W e can recurs ively subs t i tu te t h i s r e l a t i o n back i n for x k - i , xk-2, etc., and o b t a i n 

3=0 

XQ E ( J - B A y 
3=0 

Bb. (31.5) 

I t is now easy t o see t h a t t he i terates x k o f t he ref inement a l g o r i t h m converge 
t o the exact s o l u t i o n x. W e s i m p l y l o o k a t the difference x — x k at level k, i.e., 
f r o m (31.3) and (31.5) we o b t a i n 

x x k — E ( J - B A y 
j=k+l 

Bb, 

whose n o r m goes t o zero for k —» oo since \ \ I — BA\\ < 1 b y the a s sumpt ion made 
on the a p p r o x i m a t e inverse B. 

W e now a p p l y these ideas t o R B F i n t e r p o l a t i o n a n d M L S a p p r o x i m a t i o n . I n 

th i s and the f o l l o w i n g chapters we w i l l consider three different scenarios: 

• F i x e d level i t e r a t i o n , i.e., t he i t e r a t i ve ref inement a l g o r i t h m is pe r fo rmed o n a 
fixed set o f d a t a po in t s X . 

• M u l t i l e v e l i t e r a t i o n , i.e., we w o r k w i t h a nested sequence o f d a t a sets XQ C 
X\ c • • • C X. 

• A d a p t i v e i t e r a t i o n , i.e., res idual i t e r a t i o n is pe r fo rmed o n a d a p t i v e l y chosen 
subsets of X , e.g., b y s t a r t i n g w i t h some s m a l l subset o f X a n d t h e n a d d i n g one 
p o i n t at a t i m e f r o m the remainder o f X t h a t is d e t e r m i n e d t o be " o p t i m a l " . 

N o t e t h a t the t h i r d approach is s imi l a r t o the adap t ive k n o t i n s e r t i o n a l g o r i t h m 
of Chap te r 2 1 . 
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3 1 . 2 F i x e d L e v e l I t e r a t i o n 

T h e s implest se t t ing for a meshfree res idual i t e r a t i o n a l g o r i t h m arises w h e n we 
f ix t he da t a sites X = {xi,..., CCJV} t h r o u g h o u t t he i t e r a t i v e procedure . For th i s 
s e t t i ng the i t e ra t ive ref inement a l g o r i t h m f r o m l inear a lgebra can be adap ted i n 
a s t r a i g h t f o r w a r d way. W e first discuss res idual i t e r a t i o n for quas i - in te rpo lan ts 
(or a p p r o x i m a t e M L S a p p r o x i m a n t s ) based o n ( rad ia l ) genera t ing funct ions Wj, 
j = l , . . . , i V . 

I f we keep the same set o f genera t ing funct ions for a l l steps o f t he i t e r a t i o n t h e n 
we are p e r f o r m i n g non-stationary approximation a n d we o b t a i n 

A l g o r i t h m 3 1 . 2 . F i x e d level res idua l i t e r a t i o n based o n quas i - i n t e rpo l a t i on 

(1) C o m p u t e an i n i t i a l a p p r o x i m a t i o n Vf

0^ t o t he d a t a {(xj, f(xj)), j = 1 , . . . , N} 
N 

o f the f o r m vf\x) = ^ f{xj)^j{x). 
3 = 1 

(2) For k = 1 , 2 , . . . do 

(a) C o m p u t e the residuals ri-(xj) = f(xj) — Vjk~X\xj) for a l l j — 1 , . . . , N. 
N 

(b) C o m p u t e the co r rec t ion u(x) — rkjxj)^j(x). 
3 = 1 

(c) U p d a t e ^ ( c c ) = vf~X\x) + u{x). 

A s for the i t e r a t ive ref inement a l g o r i t h m , we can r e w r i t e the last l ine o f the 
a l g o r i t h m as 

Vf\x) = Vf~x\x) + j r [f{Xj) - Vf-X\x3)] *s{x). 
3 = 1 

N o w we res t r ic t the eva lua t ion o f t h e a p p r o x i m a t i o n t o t he d a t a sites only . T h u s , 
we have 

JV 

v f \ X i ) = V f - X \ x i ) + E [/(«;) - V f

k - x \ X j ) ] Vjixi), i = 1 , . . . , N. 
3 = 1 

(31.6) 
N e x t we collect a l l o f these N equat ions i n t o one single m a t r i x - v e c t o r equa t ion b y 
i n t r o d u c i n g the vectors / = [ / (a? i ) , f(x2),.. •, /(JCJV)] a n d ^ = [ ^ i , • • •, ^ N ] • 
T h i s al lows us t o r e w r i t e t he i n i t i a l a p p r o x i m a n t i n m a t r i x - v e c t o r f o r m 

v f \ x ) = ^T(x)f. (31.7) 

Moreover , eva lua t ion o f t he vec tor \I> o f genera t ing funct ions at t he d a t a sites Xi, 
i = 1 , . . . , N gives rise t o a m a t r i x A w i t h rows VT(xi), i = 1,...,N. Therefore , 
(31.6) now becomes 

T / k ) = V f

{ k - X ) + A(f - V f

{ k ~ l ) ) , 
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where we in te rp re t "PfW as a vec tor o f values o f t he a p p r o x i m a n t at t he d a t a sites, 

i.e.,Vf^ = [ v f \ x l ) , . . . , v f \ x N ) \ T . 
N e x t we fo l low analogous steps as i n our discussion o f i t e r a t i ve ref inement above. 

T h u s 

V f

{ k ) = V f

{ k ~ x ) + A(f - Vf^-V) 

= {I-A)Vf(k-1)+Af (31.8) 

= ( I - A ) V / k - 1 ) + V f

i 0 ) , 

since (31.7) impl ies t h a t o n the d a t a sites we have T 5 / ^ = Af. N o w we can aga in 
recursively subs t i tu te back i n a n d o b t a i n 

k k 
<pfW = Af 

J=0 J=0 
(31.9) 

N o t e t h a t here we have t o deal o n l y w i t h t he m a t r i x A since the c o m p u t a t i o n 
of the cor rec t ion i n the a l g o r i t h m does no t requi re t h e s o l u t i o n o f a l inear sys tem. 

As before, the s u m X ^ = o ( 7 — AV c a n be s e e n 3 5 a t r u n c a t e d N e u m a n n series 
expansion for the inverse o f t he m a t r i x A. I f we d e m a n d t h a t \ \ I — A\\ < 1, t h e n 

the m a t r i x (^2j=0(I — A)^ is an a p p r o x i m a t e inverse o f A w h i c h converges t o A - 1 

since || J — A\\k —• 0 for A; —•* oo. M o r e detai ls (such as sufficient cond i t ions under 
w h i c h \ \ I — A\\ < 1) are g iven i n [Fasshauer a n d Z h a n g (2006)] . 

I n order t o establ ish a connec t ion between i t e r a t e d ( app rox ima te ) M L S approx
i m a t i o n and R B F i n t e r p o l a t i o n we assume t h e m a t r i x A t o be pos i t ive def in i te a n d 
generated by r a d i a l basis funct ions _>j = ip(\\ • — Xj\\) as i n ou r discussions i n ear
l ier chapters. T h e n A corresponds t o an R B F i n t e r p o l a t i o n m a t r i x , and we see 
t h a t the i t e ra t ed ( app rox ima te ) M L S a p p r o x i m a t i o n converges t o the R B F in te r 
po l an t p r o v i d e d the same f u n c t i o n spaces are used, i.e., span-fSE'j, j = 1 , . . . , N} = 
s p a n f ^ - , j = 1,...,N}. 

I n pa r t i cu la r , we have establ ished 

T h e o r e m 3 1 . 1 . Assume strictly positive definite (radial) generat
ing functions for approximate MLS approximation as discussed in Chapter 26. Then 
the residual iteration fit of Algorithm 31.2 based on approximate MLS approxima
tion with these generating functions converges to the RBF interpolant based on the 
same basis functions ^ i , . . . , \I/jv provided the matrix A with entries Aij = tyj(xi) 
satisfies \ \ I - A\\ < 1. 

A sufficient c o n d i t i o n for A t o satisfy | | J — A\\ < 1 was g iven i n [Fasshauer a n d 
Zhang (2006)]. A s long as the m a x i m u m r o w s u m o f A is sma l l enough, i.e., 

i = 1

m

2

a x,^|Ei^i|< 2 ' 
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we have convergence o f the res idual i t e r a t i o n a l g o r i t h m . T h i s c o n d i t i o n is closely 
re la ted t o the Lebesgue f u n c t i o n o f t h e R B F i n t e r p o l a n t . For example , i t is n o t 
h a r d t o see t h a t Shepard genera t ing funct ions satisfy th i s c o n d i t i o n since each r o w 
s u m is equal t o one due t o t he p a r t i t i o n o f u n i t y p r o p e r t y o f t he Shepard funct ions . 
For o ther types o f funct ions the c o n d i t i o n can be satisfied by an a p p r o p r i a t e scal ing 
of the basic func t i on w i t h a suff ic ient ly sma l l shape paramete r . However , i f e is 
t aken t o o smal l , t h e n the a l g o r i t h m converges v e r y s lowly. A series o f exper iment s 
ana lyz ing the behavior o f the a l g o r i t h m are presented i n [Fasshauer and Z h a n g 
(2006)] and also i n Sect ion 31.4 be low. 

T h e quest ion of whether t he a p p r o x i m a t e M L S genera t ing func t ions are s t r i c t l y 
pos i t ive defini te has been i r re levant u p t o th i s p o i n t . However , i n order t o make 
the connec t ion between A M L S a p p r o x i m a t i o n a n d R B F i n t e r p o l a t i o n as s ta ted i n 
T h e o r e m 31.1 i t is i m p o r t a n t t o find A M L S genera t ing func t ions t h a t satisfy th i s 
a d d i t i o n a l c o n d i t i o n . O f course, any ( a p p r o p r i a t e l y no rma l i zed ) s t r i c t l y pos i t ive 
defini te f unc t i on can serve as a second-order accurate A M L S genera t ing f u n c t i o n . 
However , i t is an open ques t ion for w h i c h o f these func t ions t h e i r h igher -order 
genera t ing funct ions c o m p u t e d accord ing t o our discussion i n C h a p t e r 26 are also 
s t r i c t l y pos i t ive def ini te . 

T h e f a m i l y o f Laguerre-Gaussians (4.2) provides one example o f genera t ing /bas i s 
funct ions t h a t can be used t o i l l u s t r a t e T h e o r e m 31.1 (see t he n u m e r i c a l exper iments 
be low) since t he i r Four ie r t r ans fo rms are pos i t ive (see (4 .3 ) ) . 

3 1 . 3 M o d i f i c a t i o n s o f t h e B a s i c F i x e d L e v e l I t e r a t i o n A l g o r i t h m 

I f we s t a r t f r o m the i n t e r p o l a t i o n end, t h e n t h e i n t e r p o l a t i o n cond i t ions V/(xi) = 
f(xi) t e l l us t h a t we need t o solve the l inear sys tem Ac = f i n order t o find the 
coefficients o f t he R B F expansion 

N 

F o l l o w i n g the same i t e r a t i ve procedure as above (c.f. (31.4)) t h i s leads t o 

ck = c f c - i +B(f-Ack-1) (31.10) 
k 

= ^2(J-BAyBf, (31.11) 
3=0 

where B is an a p p r o x i m a t e inverse o f A as i n Sect ion 31.1 and we let en = Bf. 
Here ck is the k-th step a p p r o x i m a t i o n t o t he coefficient vector c — [c\,...,c/v]T-

E q u a t i o n (31.10) can also be r e w r i t t e n as 

c f c = (I - BA)ck-i + Bf, 
and therefore corresponds t o a s t a n d a r d s t a t i o n a r y i t e r a t i o n for t he s o l u t i o n o f 
l inear systems (see, e.g., p . 620 o f [Meyer (2000)] ) . T h e s p l i t t i n g mat r ices such t h a t 
A = M — N are M = B~x, N = B~l - A, and H = M~XN = (/ - BA). 
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O n the other hand , (31.11) gives us an i n t e r p r e t a t i o n o f the res idual i t e r a t i o n 
as a K r y l o v subspace m e t h o d w i t h t he K r y l o v subspaces generated by the m a t r i x 
I — BA and the vector Bf. 

I n the quas i - in te rpo la t ion f o r m u l a t i o n the co r respond ing formulas are g iven b y 

and can also be in t e rp re t ed as a K r y l o v subspace i t e r a t i o n w i t h the K r y l o v subspaces 
generated by the m a t r i x I — A a n d the vec tor Af. N o t e , however, t h a t i n (31.11) 
we are c o m p u t i n g the coefficients o f the R B F i n t e r p o l a n t , w h i l e i n (31.12) we are 
d i r e c t l y c o m p u t i n g an a p p r o x i m a t i o n t o the i n t e r p o l a n t . 

A n a t u r a l p r o b l e m associated w i t h K r y l o v subspace methods is the de t e rmina 
t i o n o f coefficients (search d i rec t ions) dj such t h a t Y^=oaj(^ ~ A)^Af converges 
faster t h a n the generic m e t h o d w i t h a.j = 1 discussed above., Some re la ted w o r k is 
discussed i n the con tex t o f the Fau l -Powel l a l g o r i t h m i n Sect ion 33.2. 

We conclude ou r discussion o f modi f i ca t ions o f the basic f ixed level res idual i t e r 
a t i o n a l g o r i t h m b y n o t i n g t h a t t he usua l s t a t i o n a r y a p p r o x i m a t i o n m e t h o d canno t 
be appl ied w i t h i n the fixed level i t e r a t i o n p a r a d i g m since we do no t have a change 
i n d a t a densi ty t h a t can be used as a gu ide t o re-scale the basis funct ions . However , 
i t is possible t o generalize the non - s t a t i ona ry a l g o r i t h m t o a more general s e t t i ng 
i n w h i c h we change the a p p r o x i m a t i o n space f r o m one step t o the nex t . A s i n the 
non-s ta t ionary se t t ing we can o n l y a p p l y th i s s t ra tegy w i t h a p p r o x i m a t i o n me thods 
since an i n t e r p o l a t i o n m e t h o d w i l l i m m e d i a t e l y lead t o a zero i n i t i a l res idual . For 
example , one cou ld devise an a l g o r i t h m i n w h i c h we use cross-val ida t ion a t each i t 
e ra t ion step to de te rmine the o p t i m a l shape paramete r (or suppor t size) for the nex t 
res idual cor rec t ion . Such an a l g o r i t h m w o u l d also fit i n t o the ca tegory o f adap t ive 
i t e ra t ions as discussed below. 

31 .4 I t e r a t e d A p p r o x i m a t e M L S A p p r o x i m a t i o n i n M A T L A B 

W e now i l l u s t r a t e the fixed level res idual i t e r a t i o n a l g o r i t h m w i t h some M A T L A B 
exper iments based o n the i t e r a t i o n o f a p p r o x i m a t e M L S a p p r o x i m a n t s w i t h Gaus
sian genera t ing funct ions . T o o b t a i n some test d a t a we use Franke's f u n c t i o n (2.2) 
on 289 H a l t o n po in t s i n the u n i t square. 

I n our earlier discussion o f a p p r o x i m a t e M L S a p p r o x i m a t i o n we l i m i t e d ourselves 
m o s t l y t o the case o f u n i f o r m l y spaced da ta . T h i s was due t o the fact, t h a t for 
n o n - u n i f o r m l y spaced d a t a one needs t o scale the genera t ing funct ions i n d i v i d u a l l y 
according t o the loca l v a r i a t i o n i n the da t a dens i ty i n order t o m a i n t a i n the approx
ima te a p p r o x i m a t i o n orders s ta ted i n T h e o r e m 26 .1 . N o w the convergence resul t 
o f T h e o r e m 31.1 shows t h a t we no longer need t o feel b o u n d by those l i m i t a t i o n s . 

(31.9) , i.e., 

k 
(31.12) 

3=0 
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I t e r a t i o n w i l l a u t o m a t i c a l l y improve the a p p r o x i m a t e M L S f i t also o n n o n - u n i f o r m 
da ta . O n the other hand , th i s observa t ion suggests t h a t the use o f a u n i f o r m shape 
parameter for R B F i n t e r p o l a t i o n is mos t l i k e l y n o t the ideal s t ra tegy t o o b t a i n 
h i g h l y accurate R B F fi ts . W h i l e a few exper iments o f R B F i n t e r p o l a t i o n w i t h vary
i n g shape parameters exist i n the l i t e r a tu r e (see, e.g., [Kansa a n d Car l son (1992); 
B o z z i n i et al. (2002); Fornberg a n d Zuev (2006)]) , the t h e o r y for th i s case is o n l y 
r u d i m e n t a r y [Bozzin i et al. (2002)] . 

T h e M A T L A B code for our examples is p r o v i d e d i n P r o g r a m 31 .1 . Since we are 
i t e r a t i n g the approx ima te M L S a p p r o x i m a t i o n we define the scale o f the generat
i n g functions i n te rms of the parameter V (see l ine 2 ) . However, since the R B F 
(Gaussian) is defined w i t h the parameter e we conver t T> t o e based o n the for
m u l a e — l/(\/T)h). We app rox ima te h (even for n o n - u n i f o r m H a l t o n po in t s ) by 
h = 1/(VN — 1), where N is the number o f d a t a po in t s ( i n 2 D ) . 

I n contrast t o previous p rograms we now require t w o sets o f eva lua t ion po in t s . 
T h e usual e p o i n t s t h a t we employ for er ror c o m p u t a t i o n and p l o t t i n g a long w i t h 
another set r e s p o i n t s , the po in t s a t w h i c h we evaluate the residuals d u r i n g the 
i t e ra t ive procedure. These po in t s coincide w i t h the da t a po in t s (see l ine 13). T h e 
i t e r a t i o n on lines 23-28 is equivalent t o the f o r m u l a t i o n i n A l g o r i t h m 31.2 above. 

P r o g r a m 3 1 . 1 . I t e r a t e d _ M L S A p p r o x A p p r o x 2 D .m 

°/0 I t e r a t e d _ M L S A p p r o x A p p r o x 2 D 

% S c r i p t t h a t p e r f o r m s i t e r a t e d a p p r o x i m a t e MLS a p p r o x i m a t i o n 
% C a l l s o n : D i s t a n c e M a t r i x 

1 r b f = @ ( e , r ) e x p ( - ( e * r ) . ~ 2 ) ; 
2 D = 6 4 / 9 ; % P a r a m e t e r f o r b a s i s f u n c t i o n 

7, D e f i n e F r a n k e ' s f u n c t i o n as t e s t f u n c t i o n 
3 f l = < - ( x , y ) 0 . 7 5 * e x p ( - ( ( 9 * x - 2 ) . ~ 2 + ( 9 * y - 2 ) . ~ 2 ) / 4 ) ; 
4 f 2 = @ ( x , y ) 0 . 7 5 * e x p ( - ( ( 9 * x + l ) . ~ 2 / 4 9 + ( 9 * y + l ) . " 2 / 1 0 ) ) ; 
5 f 3 = @ ( x , y ) 0 . 5 * e x p ( - ( ( 9 * x - 7 ) . ~ 2 + ( 9 * y - 3 ) . ~ 2 ) / 4 ) ; 
6 f 4 = @ ( x , y ) 0 . 2 * e x p ( - ( ( 9 * x - 4 ) . ~ 2 + ( 9 * y - 7 ) . ~ 2 ) ) ; 
7 t e s t f u n c t i o n = @ ( x , y ) f 1 ( x , y ) + f 2 ( x , y ) + f 3 ( x , y ) - f 4 ( x , y ) ; 
8 n e v a l = 4 0 ; 
9 N = 2 8 9 ; g r i d t y p e = ' h ' ; 

% C o n v e r t D t o e p s i l o n f o r use w i t h b a s i s f u n c t i o n d e f i n i t i o n 
10 h = l / ( s q r t ( N ) - l ) ; ep = 1 / ( s q r t ( D ) * h ) ; 

% Number o f l e v e l s f o r m u l t i l e v e l i t e r a t i o n 

11 m a x l e v e l = 10000; 
% Load d a t a p o i n t s 

12 name = s p r i n t f ( 'Data2D_y o d 0 / 0 s ' , N , g r i d t y p e ) ; l o a d ( n a m e ) 

13 r e s p o i n t s = d s i t e s ; c t r s = d s i t e s ; 
% C r e a t e n e v a l - b y - n e v a l e q u a l l y spaced e v a l u a t i o n l o c a t i o n s 
°/, i n t h e u n i t s q u a r e 
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14 g r i d = linspace(0,1,neval); [xe,ye] = meshgrid(grid); 
15 epoints = [xe(:) y e ( : ) ] ; 

7. Compute exact s o l u t i o n 
16 exact = t e s t f u n c t i o n ( e p o i n t s ( : , 1 ) , e p o i n t s ( : , 2 ) ) ; 

% Compute evaluation matrix d i r e c t l y based on the distances 
7, between the evaluation points and centers 

17 DM = DistanceMatrix(epoints,ctrs); 
18 EM = rbf(ep,DM)/(pi*D); 

Compute - for a l l l e v e l s - evaluation matrices for 
% r e s i d u a l s d i r e c t l y based on the distances between the 
% next f i n e r points (respoints) and centers 

19 DM = Dis t a n c e M a t r i x ( r e s p o i n t s , c t r s ) ; 
20 RM = rbf(ep,DM)/(pi*D); 
21 Pf = zeros(neval~2,1); % i n i t i a l i z e 

% Create vector of function values ( i n i t i a l r e s i d u a l ) , 
22 rhs = t e s t f u n c t i o n ( d s i t e s ( : , 1 ) , d s i t e s ( : , 2 ) ) ; 
23 for level=l:maxlevel 

% Evaluate on evaluation points 
°/0 (for error computation and p l o t t i n g ) 

24 Pf = Pf + EM*rhs; 
% Compute new r e s i d u a l 

25 rhs = rhs - RM*rhs; 
% Compute e r r o r s on evaluation g r i d 

26 maxerr(level) = norm(Pf-exact,inf); 
27 r m s _ e r r ( l e v e l ) = norm(Pf-exact)/neval; 
28 end 
29 figure; semilogy(1:maxlevel,maxerr,'b',1:maxlevel,rms_errr'); 

A c c o r d i n g t o t he exper iments s h o w n i n F i g u r e 2.5 t he o p t i m a l shape paramete r 
for Gaussian i n t e r p o l a t i o n t o Franke 's f u n c t i o n o n 289 H a l t o n po in t s is close t o 
e — 6. T h e cor responding value o f T> for t he Gauss ian as an a p p r o x i m a t e M L S 
genera t ing f u n c t i o n is T> — 6 4 / 9 (since e = l/(\/T)h), and we a p p r o x i m a t e h for 
t he n o n - u n i f o r m H a l t o n po in t s b y t h e value we w o u l d have for u n i f o r m po in t s , i.e., 
h = l/(s/N — 1) . For t h i s value o f t he shape pa ramete r we see the convergence 
behavior o f the a p p r o x i m a t e M L S res idua l i t e r a t i o n i n the left p l o t o f F i g u r e 3 1 . 1 . 
T h e f ina l m a x i m u m error after 10000 i t e r a t i ons is 9.921772e-002 ( t o p / s o l i d curve) , 
a n d the R M S error is 3.939342e-003 ( lower /dashed curve) . For compar i son , the 
errors for t he cor responding R B F i n t e r p o l a n t ( w h i c h is t he theo re t i ca l l i m i t o f the 
res idual i t e r a t i o n ) are 3.238735e-002 for t he m a x i m u m er ror a n d 1.074443e-003 for 
t he R M S er ror . These errors are i nc luded as h o r i z o n t a l s t r a igh t l ines i n t he left p l o t 
o f F igu re 3 1 . 1 . 
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# Iterations V 

Fig. 31.1 Convergence for iterated M L S approximation based on Gaussian generating functions 
with T> = 64/9 (e = 6) to data sampled from Franke's function at 289 Halton points (left), and fit 
for an R B F interpolant based on Gaussians with e = 1 (right). 

A n advantage of the res idual i t e r a t i o n is t h a t i t a l lows us t o compu te r a d i a l basis 
app rox ima t ions also for values o f the shape parameter for w h i c h the i n t e r p o l a t i o n 
m a t r i x is ve ry i l l - cond i t i oned . For example , the r i g h t p l o t o f F i g u r e 31.1 shows an 
R B F in t e rpo lan t t o the 289 H a l t o n samples o f Franke 's f u n c t i o n based o n Gaussians 
w i t h shape parameter e = 1. T h e rec ip roca l c o n d i t i o n number es t imate p r o v i d e d b y 
M A T L A B for the i n t e r p o l a t i o n m a t r i x for th i s p r o b l e m is RCOND = 2 . 1 3 2 7 3 9 e - 0 2 0 . 

I n these i l l - cond i t i oned cases convergence o f t he res idual i t e r a t i o n t o the l i m i t 
is r a the r slow, b u t t he a p p r o x i m a t i o n s can be c o m p u t e d ve ry s tably. I n the left 
p l o t o f F igu re 31.2 we show the convergence behavior for the res idual i t e r a t i o n 
w i t h app rox ima te M L S a p p r o x i m a n t s based o n Gaussian genera t ing funct ions w i t h 
V — 256 (corresponding t o e — 1 ) . N o t e t h a t the a p p r o x i m a t i o n errors for t he 
i t e ra t ive scheme q u i c k l y d r o p below the m a x i m u m error o f 2 .507017e+000 a n d R M S 
error o f 2.186992e-001 o f the m o s t l y meaningless i n t e rpo l an t . T h e cor responding f i t 
for the i t e ra t ive m e t h o d is d isp layed i n the r i g h t p l o t o f the f igure. W h i l e t h i s f i t 
is no t very accurate, i t is s t i l l m u c h more re l iable t h a n the f i t consis t ing o f m o s t l y 
numer ica l noise shown i n the r i g h t p l o t o f F i g u r e 31 .1 . T h e f ina l errors after 10000 
i te ra t ions are 2.933448e-001 for the m a x i m u m er ror and 8.470775e-002 for the R M S 
error . 

I t is o f interest t o note t h a t t he res idual i t e r a t i o n shows the mos t d r a m a t i c 
er ror improvemen t d u r i n g t h e first few i t e ra t ions . T h u s , o n l y a few i t e ra t ions o f 
app rox ima te M L S a p p r o x i m a t i o n are requ i red t o o b t a i n a reasonable ( and s t ab ly 
computab le ) a p p r o x i m a t i o n t o the R B F i n t e r p o l a n t . Moreover , we emphasize aga in 
t h a t wh i l e our discussion o f a p p r o x i m a t e M L S a p p r o x i m a t i o n was m o s t l y l i m i t e d 
t o the case o f u n i f o r m d a t a (a t least for mos t p r a c t i c a l purposes) , t h i s l i m i t a t i o n no 
longer exists for the res idual i t e r a t i o n a l g o r i t h m . 
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Fig. 31.2 Convergence and final fit for iterated approximate M L S approximation based on 289 
Halton points and Gaussians with T> = 256 (e = 1). 

31 .5 I t e r a t e d S h e p a r d A p p r o x i m a t i o n 

T h e use o f o ther a p p r o x i m a t i o n m e t h o d s w i t h i n t he f ixed level r e s idua l i t e r a t i o n 

a l g o r i t h m such as regular M L S a p p r o x i m a t i o n or R B F least squares a p p r o x i m a t i o n 

is also possible. We p o i n t o u t , however , t h a t t h e use o f R B F i n t e r p o l a t i o n does n o t 

make any sense i n t he con tex t o f f ixed level res idua l i t e r a t i o n since the residuals o n 

the d a t a are a u t o m a t i c a l l y zero i f we p e r f o r m i n t e r p o l a t i o n o f t he da t a . 

I f we w a n t t o use regular M L S a p p r o x i m a t i o n ins tead o f a p p r o x i m a t e M L S 

a p p r o x i m a t i o n i n t he res idual i t e r a t i o n , t h e n , for Shepard 's m e t h o d , t h i s means 

rep lac ing l ine 18 i n P r o g r a m 31.1 b y 

18a EM = rbf(ep,DM); 
18b EM = EM./repmat(EM*ones(N,1),1,N); % Shepard normalization 

and l ine 20 by 

20a RM = rbf(ep.DM); 
20b RM = RM./repmat(RM*ones(N,1),1,N); % Shepard normalization 

N o t e t h a t we can n o w no longer c l a i m t h a t t h e l i m i t o f t h e i t e r a t e d Shepard 
a p p r o x i m a n t is g iven by the R B F i n t e r p o l a n t based o n the Shepard weights as basis 
funct ions . I n fact , the i t e r a t e d Shepard a p p r o x i m a n t becomes m o r e accurate t h a n 
the R B F i n t e r p o l a n t . For example , i f we t ake Gauss ian we igh t func t ions w i t h e = 6 
or e = 1 as above, t h e n the co r re spond ing convergence behav io r for t he i t e r a t e d 
Shepard a p p r o x i m a n t is d i sp layed i n F i g u r e 31.3. Moreove r , for t h e example w i t h 
s = 6, 45 i t e ra t ions o f the Shepard a p p r o x i m a n t resul t i n a smal ler m a x i m u m er ror 
t h a n the R B F i n t e r p o l a n t , w h i l e 3515 i t e r a t i ons are r equ i r ed t o push t h e R M S 
error for the Shepard i t e r a t i o n be low 1.074443e-003. A f t e r 10000 i t e r a t i o n s w i t h 
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Shepard app rox iman t s the m a x i m u m er ror is 8.760946e-003 a n d the R M S error is 
7.889609e-004. For the e = 1 example t h e final errors (after 10000 i t e ra t ions ) are 
2.664303e-001 for the m a x i m u m error a n d 8.169080e-002 for t he R M S error . T h i s 
example is very s imi l a r t o the A M L S example d isp layed i n F i g u r e 31.2. A g a i n , 
the mos t s ignif icant p a r t o f the e r ror i m p r o v e m e n t occurs d u r i n g the first 10-20 
i te ra t ions . 

10 

10 

10 

10 

maxerr IterShep 
RMSerr IterShep 

RMSerr RBF 

^ 

2000 4000 6000 
# Iterations 

8000 10000 

10' 

10 

2 
i 
LU 

10" 

10 
2000 

- maxerr IterShep 
- RMSerr IterShep 
•maxerr RBF 
• RMSerr RBF 

4000 6000 
# Iterations 

8000 10000 

Fig. 31.3 Convergence for iterated Shepard approximation based on 289 Halton points and Gaus
sian weights with e = 6 (left), and £ = 1 (right). 

For other d a t a sets and o ther values o f e res idual i t e r a t i o n m a y converge faster. 
For example , i n F igu re 31.4 we used 1089 d a t a po in t s (aga in t aken f r o m Franke's 
func t ion) and a value o f e = 16. O n the left we show the convergence behavior for 
i t e ra t ed app rox ima te M L S w i t h Gauss ian genera t ing funct ions , and o n the r i g h t for 
i t e ra t ed Shepard a p p r o x i m a t i o n w i t h Gaussian weights . B o t h graphs con t a in t h e 
errors for R B F i n t e r p o l a t i o n w i t h Gauss ian basis funct ions for compar i son . W e note 
t h a t the approx ima te M L S i t e r a t i o n approaches the R B F in t e rpo l an t faster t h a n i n 
the previous examples. Moreover , b o t h errors for i t e ra t ed Shepard a p p r o x i m a t i o n 
are smaller t h a n those for the i n t e r p o l a n t after o n l y three i t e ra t ions . I n fact, after 10 
i te ra t ions the m a x i m u m error for the i t e r a t e d Shepard a p p r o x i m a t i o n is one order 
o f magn i tude smaller t h a n t h a t for the R B F i n t e r p o l a n t . 

A deta i led s t u d y o f the dependence o f the convergence of t he fixed-level res idual 
i t e r a t i o n a l g o r i t h m on the shape paramete r e and more examples are p r o v i d e d i n 
[Fasshauer and Zhang (2006)] . 
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Fig. 31.4 Convergence for iterated approximate M L S approximation (left) and Shepard approx
imation (right) based on 1089 Halton points and Gaussian weights with e = 16. 



Chapter 32 

Multilevel Iteration 

A s we saw i n Chapters 12 and 16 t h a t there is a t rade-of f p r i n c i p l e for i n t e rpo 
l a t i o n w i t h c o m p a c t l y suppor t ed r a d i a l funct ions . Namely , us ing a non- s t a t iona ry 
approach we can o b t a i n good a p p r o x i m a t i o n results a t the cost o f increasing c o m p u 
t a t i o n a l complex i ty , w h i l e w i t h a s t a t i o n a r y approach one has an efficient approx
i m a t i o n m e t h o d . However , s t a t i o n a r y a p p r o x i m a t i o n w i t h c o m p a c t l y suppor t ed 
r ad i a l functions is sa tura ted , i.e., i t provides o n l y l i m i t e d convergence. 

32.1 S t a t i o n a r y M u l t i l e v e l I n t e r p o l a t i o n 

I n order t o combine the advantages o f b o t h approaches for i n t e r p o l a t i o n w i t h com
pac t l y suppor ted r a d i a l funct ions described above, Schaback suggested the use o f a 
multilevel s t a t i ona ry scheme. T h i s scheme was imp lemen ted first i n [Floater a n d Iske 
(1996b)] and la ter s tud ied b y a n u m b e r o f o ther researchers (see, e.g., [Chen et al. 
(2002); Fasshauer and Jerome (1999); Hales and Levesley (2002); H a r t m a n n (1998); 
Iske (2001); N a r c o w i c h et al. (1999); W e n d l a n d (1999a)]) . 

I n contrast t o t h e fixed level i t e r a t i o n o f the previous chapter we w i l l n o w use a 
nested sequence X \ C • • • C XK = X C M s o f p o i n t sets w i t h increasingly greater 
da t a density, i.e., smaller fill dis tance hx,ci- T h e basic idea o f t he s t a t i ona ry m u l t i 
level i n t e r p o l a t i o n a l g o r i t h m is t o scale the size o f the suppor t o f t he basis funct ions 
w i t h the fill distance, b u t t o in t e rpo la t e t o residuals o n progressively refined sets o f 
centers. T h i s m e t h o d has a l l o f the combined benefits o f the i n t e r p o l a t i o n me thods 
for compac t ly suppor t ed R B F s referred t o earlier: i t is c o m p u t a t i o n a l l y efficient 
(can be per formed i n O(N) opera t ions ) , we l l - cond i t ioned , a n d appears t o be con
vergent . 

A n a l g o r i t h m for m u l t i l e v e l i n t e r p o l a t i o n is as fol lows: 

A l g o r i t h m 32 .1 . S t a t i o n a r y m u l t i l e v e l i n t e r p o l a t i o n 

(1) Create nested p o i n t sets X \ C • • • C XK — X C M s , and in i t i a l i ze P/(x) — 0. 
(2) For k = 1,2,..., K do 

(a) Solve u(x) = f(x) — Vf(x) o n X K . 

277 



278 Meshfree Approximation Methods with MATLAB 

(b) U p d a t e Vf{x) <- Vf{x) + u(x). 

T h e representa t ion o f the u p d a t e u a t s tep A; is a r a d i a l basis f u n c t i o n expansion 

o f the f o r m 

« ( « ) = E c f v ( ^ ^ ) 

w i t h ip a ( c o m p a c t l y suppor t ed ) basic f u n c t i o n a n d i t s s u p p o r t scale pk — hxk,n-
T h i s requires the s o l u t i o n o f a l inear sys tem whose size is d e t e r m i n e d by the n u m b e r 
o f po in t s i n Xk. 

U n f o r t u n a t e l y , so far there are o n l y l i m i t e d t heo re t i c a l resul ts concern ing the 
convergence o f th i s m u l t i l e v e l a l g o r i t h m . I n [ N a r c o w i c h et al. (1999)] the au thors 
show t h a t a re la ted a l g o r i t h m ( i n w h i c h a d d i t i o n a l b o u n d a r y cond i t ions are i m 
posed) converges a t least l inear ly . H a r t m a n n analyzes the m u l t i l e v e l a l g o r i t h m i n 
his P h . D . thesis [ H a r t m a n n (1998)] . H e shows a t least l inear convergence for m u l 
t i l eve l i n t e r p o l a t i o n on a regular l a t t i c e for var ious r a d i a l basis func t ions . S i m i l a r 
results are o b t a i n e d i n [Hales a n d Levesley (2002)] for (g loba l ly suppor t ed ) p o l y 
h a r m o n i c splines, i.e., t h i n p la te splines a n d r a d i a l powers . I n t h i s con tex t l inear 
convergence is t o be i n t e rp r e t ed as an i m p r o v e m e n t o f t he f o r m 

| | / - 7 > } f c ) | | < C | | / - P } f c - 1 ) | | , k = l , . . . , K , 

where denotes the i n t e r p o l a n t at level k, a n d C < 1 is a pos i t ive ( level-

independent ) constant . 
T h e m a i n d i f f i c u l t y i n p r o v i n g the convergence o f t he m u l t i l e v e l a l g o r i t h m is the 

fact t h a t the a p p r o x i m a t i o n space changes f r o m one level t o t he nex t . T h e approx
i m a t i o n spaces are n o t nested (as t h e y usua l ly are for wavele ts ) . T h i s means t h a t 
the na t ive space n o r m changes f r o m one level t o t he nex t . Hales a n d Levesley avo id 
th i s p r o b l e m b y scal ing the ( u n i f o r m l y spaced) d a t a ins tead o f the basis funct ions . 
T h e n the fact t h a t p o l y h a r m o n i c splines are i n a c e r t a i n sense homogeneous (see 
Sect ion 34.4) s implif ies t he analysis . T h i s fact was also used i n [ W e n d l a n d (2005a)] 
t o prove l inear convergence for m u l t i l e v e l ( sca t te red da t a ) i n t e r p o l a t i o n based on 
t h i n p la te splines. 

A n o t h e r approach t o m u l t i l e v e l i n t e r p o l a t i o n was recen t ly suggested b y Opfer 
(see [Opfer (2004); Opfer (2006)] ) . He cons t ruc t s so-called multiscale kernels t h a t 
have the i n f o r m a t i o n f r o m different r e so lu t i on levels b u i l t i n t o a single f u n c t i o n . 
These kernels are b u i l t as tensor p r o d u c t s o f sca l ing func t ions t h a t f o r m a wavele t 
l ike m u l t i r e s o l u t i o n analysis. Opfer provides e r ro r bounds for i n t e r p o l a t i o n w i t h 
these kernels analogous t o those i n T h e o r e m 15.3. He also demonst ra tes h o w m u l 
tiscale kernels can be used for sca t te red d a t a i n t e r p o l a t i o n , a n d for image decom
p o s i t i o n and compression. 
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32 .2 A M A T L A B I m p l e m e n t a t i o n o f S t a t i o n a r y M u l t i l e v e l 
I n t e r p o l a t i o n 

T h e M A T L A B p r o g r a m ML_CSRBF3D. m for s t a t i o n a r y m u l t i l e v e l i n t e r p o l a t i o n w i t h 
compac t l y suppor t ed R B F s is d i sp layed as P r o g r a m 3 2 . 1 . I n t h i s p r o g r a m we use 
the c o m p a c t l y suppor t ed R B F <p(r) = (1 - r ) ^ . ( 3 5 r 2 + 18r + 3) o f W e n d l a n d . T h i s 
func t ion is C4 and s t r i c t l y pos i t ive def ini te a n d r a d i a l o n 1R3. T h e p r o g r a m shows 
a number o f differences compared t o our p rev ious codes. O n l ine 2 we define the 
m a x i m u m number o f levels K we w i s h t o use, a n d t h e n define the cor responding 
scale parameters e for the basic f u n c t i o n . Since we load d a t a sets cons is t ing o f 
(2 f c + l ) 3 u n i f o r m l y spaced d a t a po in t s i n the u n i t cube (where k runs f r o m 1 t o K, 
see lines 13-17) , the fill d is tance hxk,n changes b y a factor o f t w o f r o m one level t o 
the next . Therefore , i n order t o guarantee a s t a t i o n a r y i n t e r p o l a t i o n scheme, the 
scale parameter e needs t o change b y a factor o f t w o f r o m one level t o the next , 
also. T h i s is achieved i n l ine 2 o f the code where we also use an a d d i t i o n a l factor 
of 0.7 t o u n i f o r m l y scale a l l values o f e. N o t e t h a t here e corresponds to a suppor t 
radius p = 1/e. 

I n each i t e r a t i o n we solve one i n t e r p o l a t i o n p r o b l e m (see l ine 18-22) . T h e expan
sion coefficients c o e f are s tored i n one componen t o f a M A T L A B cel l array. S imi l a r l y , 
we need t o keep the centers for a l l levels i n m e m o r y (again us ing a cell a r r ay c t r s , 
see l ine 17) . T h e r i g h t - h a n d side for the i n t e r p o l a t i o n p r o b l e m is g iven by the da t a 
(values o f the test f u n c t i o n o n the i n i t i a l d a t a set) i n the f i rs t i t e r a t i o n , a n d i n la ter 
i t e ra t ions b y the residual , i.e., the difference between the d a t a (values o f the test 
func t ion o n the present g r i d ) and the values o f the fit o n the present g r i d . These 
values are c o m p u t e d at the end o f the previous i t e r a t i o n and s tored i n the vec tor Rf 
(see lines 28-32) . T h i s e x t r a eva lua t ion ( i n a d d i t i o n t o the eva lua t ion o n a separate 
eva lua t ion g r i d for e r ror m o n i t o r i n g a n d p l o t t i n g purposes, see lines 34-39) adds t o 
the c o m p l e x i t y (and inefficiency) of t he present code. Moreover , the eva lua t ion o f 
t he res idual on the present g r i d requires us t o keep eva lua t ion matr ices for a l l levels 
i n m e m o r y ( i n the cel l a r r ay RM, see lines 24 -27) . No te t h a t the eva lua t ion po in t s 
( r e s p o i n t s ) for the residuals change w i t h every i t e r a t i o n and need no t be kept i n 
storage. A n a l t e rna t ive approach w o u l d be t o evaluate a l l residuals o n a c o m m o n 
(fine) g r i d , e.g., the eva lua t ion g r i d . T h i s , however, w o u l d make ( the eva lua t ion o f ) 
t he i n i t i a l i terates ra ther expensive. 

F ina l ly , on lines 42-48 we keep t r a c k o f the R M S error , and compu te the ra te o f 
convergence f rom one level t o the nex t . T h e commands t h a t generate p lo t s o f t he 
d a t a sites, i n t e rpo l an t and er ror are g iven o n lines 49-54 . 

P r o g r a m 32 .1 . ML_CSRBF3D .m 

% ML_CSRBF3D 

°/„ S c r i p t t h a t p e r f o r m s m u l t i l e v e l RBF I n t e r p o l a t i o n u s i n g 

'/, s p a r s e m a t r i c e s 
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7, C a l l s on: DistancMatrixCSRBF 
7, Wendland C4 

1 rbf = @(e,r) r."6.*(35*r.~2-88*r+56*spones(r)); 
7o Number of l e v e l s with epsilons f o r s t a t i o n a r y i n t e r p o l a t i o n 

2 K = 4; ep = 0.7*2.~[0:K-1]; 
3 t e s t f u n c t i o n = @(x,y,z) 64*x.*(1-x).*y.*(1-y).*z.*(1-z); 
4 gridtype = 'u' ; 7o Type of data points: 5u'=uniform 
5 neval = 10; M = neval"3; 
6 grid=linspace(0,1,neval); [xe,ye,ze]=meshgrid(grid); 
7 epoints= [xe(:) ye(:) z e ( : ) ] ; 
8 exact = t e s t f m i c t i o n ( e p o i n t s ( : , 1 ) , e p o i n t s ( : , 2 ) , e p o i n t s ( : , 3 ) ) ; 
9 isomin = 0.1; isomax = 1; isostep = .1; 

10 x s l i c e = .25:.25:1; y s l i c e = 1; z s l i c e = [0,0.5]; 
11 Rf_old = z e r o s ( 2 7 , l ) ; 7» i n i t i a l i z e 
12 for k=l:K 
13 Nl = (2~k+l)~3; N2 = (2*(k+1)+1)"3; 
14 namel = s p r i n t f ( 'Data3D_7,d7.s 5 , Nl .gridtype) ; 
15 name2 = s p r i n t f ( ,Data3D_ 7 . d 7.sN2 .gridtype) ; 
16 load(name2); respoints = d s i t e s ; 
17 load(namel); c t r s { k } = d s i t e s ; 

7o Compute right-hand side (= r e s i d u a l ) 
18 Tf = t e s t f u n c t i o n ( d s i t e s ( : , 1 ) , d s i t e s ( : , 2 ) , d s i t e s ( : , 3 ) ) ; 
19 rhs = Tf - Rf_old; 
20 DM.data = DistanceMatrixCSRBF(dsites,ctrs{k},ep(k)); 
21 IM = rbf(ep(k),DM_data); 

7o Compute c o e f f i c i e n t s f or RBF interpolant to d e t a i l l e v e l 
22 coef{k} = IM\rhs; 
23 i f (k < K) 

7o Compute - for a l l l e v e l s - evaluation matrices f or 
7o r e s i d u a l s d i r e c t l y 

24 f o r j = l : k 
25 DM_res = DistanceMatrixCSRBF(respoints,ctrs{j}-,ep(j)) ; 
26 RM-Cj} = rbf ( e p ( j ) ,DM_res) ; 
27 end 

7» Evaluate RBF interpolant (sum of a l l previous f i t s 
7o evaluated on current g r i d ) 

28 Rf = zeros(N2,l); 
29 for j = l : k 
30 Rf = Rf + RM-Cj } * c o e f { j } ; 
31 end 
32 Rf_old = Rf; 
33 end 
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34 DM_eval = DistanceMatrixCSRBF(epoints,ctrsfk},ep(k)); 
35 EM = rbf(ep(k),DM_eval); 
36 Pf = EM*coef{k}; 
37 i f (k > 1) 
38 Pf = Pf_old + Pf; 
39 end 
40 Pf_old = Pf; 
41 maxerr = norm(Pf-exact,inf); 
42 rms_err = norm(Pf-exact)/sqrt(M); 
43 f p r i n t f ('RMS error: %e\n', rms.err) 
44 i f (k > 1) 
45 rms_rate = log(rms_err_old/rms_err)/log(2); 
46 f p r i n t f ('RMS r a t e : °/,f \n' , rms_rate) 
47 end 
48 rms_err_old = rms.err; 
49 figure 
50 p l o t 3 ( d s i t e s ( : , 1 ) , d s i t e s ( : , 2 ) , d s i t e s ( : , 3 ) , ' b o ' ) ; 
51a Plotlsosurf(xe,ye,ze,Pf,neval,exact,maxerr,isomin,... 
51b isostep,isomax); 
52 P l o t S l i c e s ( x e , y e , z e , P f , n e v a l , x s l i c e , y s l i c e , z s l i c e ) ; 
53a PlotErrorSlices(xe,ye,ze,Pf,exact,neval,... 
53b x s l i c e , y s l i c e , z s l i c e ) ; 
54 end 

I n F igure 32.1 we d isp lay four d a t a sets used i n the 3 D m u l t i l e v e l exper imen t . 
T h e corresponding 3 D m u l t i l e v e l i n t e rpo lan t s are shown as iso-surfaces i n F i g 
ure 32.2. No te t h a t the test f u n c t i o n f(x,y,z) = 64x(l — x)y(l — y)z(l — z) is 
a three-dimensional " b u m p " func t ion , a n d therefore o n l y the ou te rmos t iso-surface 
(corresponding t o the f u n c t i o n value 0.1) is v is ib le . Therefore , we also d isplay three-
d imensional slice p lo t s o f the absolute e r ror i n F i g u r e 32.3. B o t h the iso-surfaces 
and the slice p lo ts are color coded accord ing t o the absolute error . 

I n Table 32.1 we l is t t he cor responding R M S errors a n d observed convergence 
rates for the 3 D m u l t i l e v e l exper imen t . 

Table 32.1 3D stationary multilevel interpolation with 
<p(7-) = (1 - r)^_(35r 2 + 18r + 3). 

mesh RMS-error rate % nonzero time 

3 x 3 x 3 1.005315e-001 92.32 0.16 
5 x 5 x 5 2.764907e-002 1.8623 36.99 0.56 
9 x 9 x 9 2.626864e-003 3.3958 8.88 13.45 

17 x 17 x 17 5.70606 le-004 2.2028 1.57 73.50 
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Fig . 32.1 Uniform point sets in the unit cube with 27, 125, 729, and 4913 points (top left to 
bottom right). 

N e x t we present a t w o - d i m e n s i o n a l m u l t i l e v e l i n t e r p o l a t i o n expe r imen t w i t h 
scat tered da ta . T h e d a t a were o b t a i n e d i n t he A S C I I V R M L f o r m a t f r o m 
h t t p : / / a m b a . c h a r i t e . d e / ~ k s c h / s p s m / b e e t l s . w r l . g z . T h e d a t a set p rovides 
a d ig i t i z ed surface m o d e l o f a bus t o f t he famous G e r m a n composer L u d w i g v a n 
Beethoven. T h e o r i g i n a l d a t a set consists o f 2663 po in t s i n the u n i t square. I n 
order t o p rov ide a nested set o f d a t a sites for t h e m u l t i l e v e l a l g o r i t h m we use the 
p r o g r a m T h i n . m p r o v i d e d i n A p p e n d i x C. T h e processed d a t a files are i n c l u d e d o n 
the enclosed C D . T h e r e su l t i ng p o i n t sets are d i sp layed i n F i g u r e 32.4. A m u c h 
more de ta i led discussion o f t h i n n i n g a l g o r i t h m s for sca t tered d a t a is presented i n 
[Iske (2004)] . T h e M A T L A B p r o g r a m used t o generate the m u l t i l e v e l i n t e r p o l a n t s 
i n F igu re 32.5 is essential ly the same as P r o g r a m 3 2 . 1 . T h e m a i n difference is t h a t 
t he da t a values are also read f r o m the d a t a file ins tead o f be ing genera ted b y a test 
func t ion . For r ende r ing purposes the i n t e rpo lan t s are eva lua ted on a n 80 x 80 g r i d 
of equal ly spaced po in t s i n t he u n i t square. 

http://amba.charite.de/~ksch/spsm/beetls.wrl.gz


32. Multilevel Iteration 283 

Fig. 32.2 Iso-surface plots for multilevel interpolants at levels 1, 2, 3 and 4 (top left to bottom 
right) false -colored by absolute error . 

32 .3 S t a t i o n a r y M u l t i l e v e l A p p r o x i m a t i o n 

T h e same basic m u l t i l e v e l a l g o r i t h m can also be used for o the r a p p r o x i m a t i o n m e t h 
ods. I n [Fasshauer (2002c)] the idea was app l ied t o m o v i n g least squares me thods 
and approx ima te m o v i n g least squares methods . E x p e r i m e n t s s imi la r t o those o f 
[Fasshauer (2002c)] are now repeated here. I n order t o be able t o p rov ide a compar
ison between the m u l t i l e v e l i n t e r p o l a t i o n and a p p r o x i m a t i o n a lgo r i t hms we beg in 
w i t h one more example for m u l t i l e v e l i n t e r p o l a t i o n . 

We o b t a i n the d a t a for the f o l l o w i n g numer i ca l examples b y sampl ing a m o l l i f i e d 
Franke func t ion / a t u n i f o r m l y spaced po in t s i n the u n i t square [0, l ] 2 , i.e., 

f(x,y) = 15exp ( L ^ 1 . 1 ) 2 ) exp (1_{~y

1_ 1 ) 2 ) F(x,y), 

where F denotes Franke's f u n c t i o n (2 .2) . 
I n Table 32.2 we l is t the b e n c h m a r k results for m u l t i l e v e l R B F i n t e r p o l a t i o n 

w i t h the compac t ly suppor t ed f u n c t i o n <p3,i(r) = (1 — r)^_ ( 4 r + 1) . W e again use 
an i n i t i a l scale factor o f 0.7 for the shape parameter e. Since the shape paramete r e 
is equal t o the rec iproca l o f the s u p p o r t scale p th i s means t h a t the i n i t i a l s u p p o r t 
scale p i is chosen so t h a t t he (un iva r i a t e ) basic func t ion is f a i r l y wide . Subsequent 

. i 
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0 0 x y 0 o 

Fig. 32.3 Slice plots of absolute errors for multilevel interpolants at levels 1, 2, 3 and 4 (top left 
to bottom right). 

suppor t scales are successively d i v i d e d b y t w o (i.e., e is m u l t i p l i e d by t w o ) — j u s t 

as the fill distance is ha lved o n successive c o m p u t a t i o n a l gr ids Xk-

Table 32.2 2D stationary multilevel interpolation with 
<p(r) = (1 — r)^_(4r + 1) at equally spaced points in [0, l ] 2 . 

mesh RMS-error rate % nonzero time 

3 x 3 2.498505e-001 100 0.13 
5 x 5 7.695304e-002 1.6990 57.76 0.16 
9 x 9 2.092849e-002 1.8785 23.18 0.20 

17 X 17 1.145664e-003 4.1912 7.47 0.42 
33 x 33 1.376035e-004 3.0576 2.13 1.64 
65 x 65 3.303559e-005 2.0584 0.57 7.98 

129 x 129 2.149123e-006 3.9422 0.15 5.98 

I n Table 32.2 we l i s t the R M S errors c o m p u t e d o n a 40 x 40 u n i f o r m evalua

t i o n g r i d a long w i t h the percentage of non-zero entries i n the R B F i n t e r p o l a t i o n 

m a t r i x a n d the compute r t i m e requi red for each i t e r a t i o n . T h e first four m u l t i l e v e l 

in te rpolan ts are shown i n F i g u r e 32.6. 
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Fig. 32.4 Thinned data sets for Beethoven's head. For top left to bottom right: 163, 663, 1163, 
1663, 2163, and 2663 points. 

Fig. 32.5 Multilevel interpolants to Beethoven data. For top left to bottom right: 163, 663, 1163, 
1663, 2163, and 2663 points. 

N e x t we replace R B F i n t e r p o l a t i o n a t each step o f the m u l t i l e v e l res idual i t 
e r a t i on a l g o r i t h m b y s t anda rd m o v i n g least squares a p p r o x i m a t i o n . Table 32.3 
i l lus t ra tes the performance o f t he m u l t i l e v e l a l g o r i t h m for Shepard's m e t h o d and a 
m o v i n g least squares a p p r o x i m a t i o n w i t h l inear precis ion, b o t h based o n the com
p a c t l y suppor t ed weight f u n c t i o n 9 2 3 , 1 ( r ) = (1 — r)^_(4r + 1) . T h e suppor t scal ing 
is t he same as i n the previous m u l t i l e v e l i n t e r p o l a t i o n example . T h e M A T L A B code 
for these examples is o m i t t e d as i t is ve ry s imi l a r t o t h a t o f P r o g r a m 3 2 . 1 . W e 
note , however, t h a t our i m p l e m e n t a t i o n o f t he l inear precis ion va r i an t based o n 
P r o g r a m 24.3 is r a the r inefficient w h e n compared t o the other m u l t i l e v e l examples 
presented here. 
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y x y 

Fig. 32.6 The first four interpolants from Table 32.2. 

T h e r e seems t o be no t h e o r e t i c a l i n v e s t i g a t i o n o f the convergence p roper t i e s o f 

t he m u l t i l e v e l a l g o r i t h m for m o v i n g least squares a p p r o x i m a t i o n i n t h e l i t e r a t u r e . 

Table 32.3 2D multilevel M L S approximation with <p(r) = (1 - r ) t ( 4 r + 1). 

mesh 

Shepard linear precision 

mesh RMS-error rate time RMS-error rate time 

3 x 3 2.776569e-001 0.16 2.812184e-001 0.91 
5 x 5 1.615753e-001 0.7811 0.14 1.481365e-001 0.9248 0.97 
9 x 9 7.519432e-002 1.1035 0.19 7.015497e-002 1.0783 1.36 

17 x 17 1.858696e-002 2.0163 0.39 1.932368e-002 1.8602 3.09 
33 x 33 3.581720e-003 2.3756 1.56 2.639418e-003 2.8721 11.45 
65 x 65 5.458943e-004 2.7140 7.67 3.426412e-004 2.9454 89.64 

129 x 129 1.047351e-004 2.3819 0.36 3.936786e-005 3.1216 1.17 

A s a t h i r d p a r t o f t h i s example we use a p p r o x i m a t e M L S a p p r o x i m a t i o n a t 

each level o f t h e r e s idua l i t e r a t i o n a l g o r i t h m . W e use the genera t ing func t ions 

^ ( r ) = ^ ( 1 — r ) + ( 4 r + 1 ) ( g i v i n g rise t o a n a p p r o x i m a t e p a r t i t i o n o f u n i t y ) a n d 

^ ( R ) = MUtT(1 — T*)+(4r + 1) (14 — 5 5 r 2 ) ( g i v i n g rise t o a n a p p r o x i m a t e p a r t i t i o n o f 
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u n i t y w i t h one van i sh ing m o m e n t ) . Reca l l t h a t we cons t ruc t ed these func t ions i n 
E x a m p l e 26.2 s t a r t i n g w i t h the i n i t i a l we igh t f u n c t i o n ifto(y) = ( l — ̂ /y)+ ( 4 - y / y + l ) . 
A s scale parameter we take T> = 4 0 0 / 4 9 . T h i s corresponds t o the same scal ing as 
i n the o ther examples since e — l/(y/T)h) a n d t h e i n i t i a l fill d is tance for the 3 x 3 
g r i d is h = 1/2. 

Table 32.4 Multilevel approximate M L S approximation with basic function 
ifo(y) = (1 - y/y)%(4^y + 1) and V = 400/49. 

basic method 1 vanishing moment 

mesh RMS-error rate time RMS-error rate time 

3 x 3 2.803247e-001 0.13 2.630763e-001 0.13 
5 x 5 1.578062e-001 0.8289 0.16 9.133669e-002 1.5262 0.16 
9 x 9 7.483597e-002 1.0764 0.20 2.783120e-002 1.7145 0.22 

17 x 17 1.784522e-002 2.0682 0.39 3.399671e-003 3.0332 0.45 
33 x 33 2.468958e-003 2.8536 1.52 4.359882e-004 2.9630 1.81 
65 x 65 3.637815e-004 2.7628 7.30 7.856778e-005 2.4723 9.05 

129 x 129 5.636161e-005 2.6903 0.39 2.460906e-005 1.6747 0.38 

I f we compare the numbers f r o m the three different approaches l i s ted i n Ta
bles 32.2-32.4 we see t h a t none o f t he a p p r o x i m a t i o n me thods y i e l d more accurate 
results t h a n the i n t e r p o l a t i o n m e t h o d . I t is su rp r i s ing , however, t h a t the a p p r o x i 
ma te M L S methods p e r f o r m be t te r t h a n the regular M L S methods . For noisy d a t a 
the a p p r o x i m a t e M L S m e t h o d w o u l d be preferable. 

32 .4 M u l t i l e v e l I n t e r p o l a t i o n w i t h G l o b a l l y S u p p o r t e d R B F s 

So far we have concent ra ted o n the use o f c o m p a c t l y suppor t ed funct ions w i t h i n the 
m u l t i l e v e l res idual i t e r a t i o n a l g o r i t h m . For g l o b a l l y suppor t ed funct ions we learned 
i n earlier chapters t h a t we can o b t a i n good a p p r o x i m a t i o n order est imates i n the 
non-s ta t ionary se t t ing . One reason for our focus o n c o m p a c t l y suppor t ed funct ions 
i n t h i s chapter is t h a t i f we consider t he use o f g loba l ly s u p p o r t e d funct ions i n 
a non-s t a t iona ry m u l t i l e v e l i n t e r p o l a t i o n f r amework , t h e n we see t h a t n o t h i n g is 
gained by the m u l t i l e v e l approach ( p r o v i d e d we l i m i t ourselves t o the s o l u t i o n o f 
l inear problems such as t he i n t e r p o l a t i o n p rob lems discussed above) . 

M o r e precisely, i f the meshes Xk a t the different levels are nested and the shape 
parameter e i n the g loba l ly s u p p o r t e d funct ions is kep t fixed t h r o u g h a l l levels k, 
t hen the func t i on spaces Sk = span{<^(| | • — x ^ U ) : x ^ G Xk} are also nested. 
Consequently, the richest space S = (JfcLi $k, w h i c h is used w h e n a l l updates have 
been per fo rmed at the finest level , is equal t o t he space S K on the finest mesh XK-
T h u s , a d i rec t fit a t the finest level K uses the same a p p r o x i m a t i o n space, and 
w i l l therefore y i e l d the same q u a l i t y o f fit, as t he m u l t i l e v e l a l g o r i t h m us ing a l l o f 
the meshes Xk, k — 1,...,K. However , the m u l t i l e v e l a l g o r i t h m requires a l l the 
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a d d i t i o n a l (unnecessary) i n t e rmed ia t e w o r k o n the coarser meshes. 
I t therefore follows 

T h e o r e m 32 .1 ( R u l e 1 ) . Consider a linear problem of the form Lu = f on 
Cl C IR S , let X\,..., XK be a nested sequence of point sets in Q., and let <p be a 
globally supported RBF with fixed shape parameter e for all k = 1 , . . . , K. Then the 
approximate solution UK obtained by the multilevel interpolation algorithm is the 
same as the solution of the problem Lu = / on the fixed level XK using the space 
S K , i-&-, the use of globally supported RBFs with fixed value of e within a multilevel 
residual iteration algorithm for linear problems is pointless. 

Here L cou ld even be a l inear d i f fe ren t ia l opera to r (as used i n la te r chapters) . 
However , for the present discussion o f i n t e r p o l a t i o n p rob lems we are o n l y in teres ted 
i n L = I . 

I f one varies the parameter e w i t h the levels k (i.e., one depar ts f r o m the non -
s t a t i ona ry regime) t h e n the f u n c t i o n space S — (JA-LI $k used for the f ina l f i t w i t h 
a m u l t i l e v e l a l g o r i t h m w i l l be r icher t h a n t h e space S K used d i r e c t l y for t he finest 
level XK alone. T h i s is clear since t h e spaces Sk, k = 1 , . . . , K, are no longer nested. 
T h i s impl ies t h a t , for a "good" sequence o f £ - v a l u e s , one can expect t o o b t a i n more 
accurate fits us ing the m u l t i l e v e l f r amework . 

T h i s is summar ized i n 

C o r o l l a r y 32 .1 ( R u l e 2 ) . The multilevel residual iteration algorithm for linear 
problems has the potential of being more accurate than a direct fit if the parameter 
e is varied with the levels. 

W e now i l l u s t r a t e Rules 1 a n d 2 w i t h a sca t tered d a t a f i t t i n g p r o b l e m i n K 2 . 
W e use Franke 's f u n c t i o n (2.2) o n t h e u n i t square as our test f u n c t i o n . W e t ake the 
( rad ia l ) basic f u n c t i o n t o be a m u l t i q u a d r i c <p(r) = y/l + (er)2. T h e p o i n t sets Xk 
are g iven by (2 f c -4- l ) 2 equa l ly spaced p o i n t s i n t he u n i t square a n d are therefore 
nested w i t h f i l l -dis tance hxk,a. = l / 2 f e . 

I n a l l o f our n u m e r i c a l examples we l is t R M S - e r r o r s ca lcu la ted o n a fine evalu
a t i o n mesh o f 40 x 40 u n i f o r m l y spaced p o i n t s i n t he u n i t square. 

For the f irs t example we f i x t h e m u l t i q u a d r i c shape paramete r at e — 10 /3 
t h r o u g h o u t . T h e errors a n d rates i n Table 32.5 ind ica t e the w e l l - k n o w n spec t ra l 
convergence behavior o f m u l t i q u a d r i c s . T h e last r o w i n t h e t ab le also shows t h a t t he 
parameter e is t o o smal l for t h i s p o i n t set a n d the m a t r i x is so i l l - c o n d i t i o n e d t h a t 
the a p p r o x i m a t i o n is s t a r t i n g t o be c o n t a m i n a t e d by r o u n d o f f er rors . A c c o r d i n g t o 
Ru le 1 there is no difference be tween us ing t h e m u l t i l e v e l a l g o r i t h m a n d a d i rec t f i t 
on TV poin t s . T h i s can also be observed numer i ca l ly . 

I n order t o i l l u s t r a t e Ru le 2 we repeat t h e above example , b u t n o w t ake e = 
V~N/2 (essentially a s t a t i o n a r y approach) . T h i s t i m e we l i s t w h a t happens w i t h 
the m u l t i l e v e l a l g o r i t h m a n d compare th i s t o t h e results ob t a ined b y c o m p u t i n g the 
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Table 32.5 MQ fit to Franke's func
tion with fixed value of e = 10/3. 

mesh RMS-error rate 

3 x 3 1.802052e-001 
5 x 5 2.807009e-002 2.6825 
9 x 9 4.009608e-003 2.8075 

17 x 17 3.885488e-005 6.6892 
33 x 33 2.294910e-008 10.7254 
65 x 65 1.511150e-008 0.6028 

a p p r o x i m a t i o n d i r e c t l y i n one step o n t h e sets Xk, k = 1 , . . . , 6 (c.f. Tab le 32.6) . 

Table 32.6 Multilevel MQ and direct fits to Franke's function with 
variable value of e = y/N/2. 

multilevel direct 

mesh £ RMS-error rate RMS-error rate 

3 x 3 .667 1.847122e-001 1.847122e-001 
5 x 5 .400 3.128037e-002 2.5619 3.105411e-002 2.5724 
9 x 9 .222 4.288046e-003 2.8669 4.036275e-003 2.9437 

17 x 17 .118 1.598555e-004 4.7455 1.004206e-004 5.3289 
33 x 33 .061 1.187541e-005 3.7507 1.919679e-005 2.3871 
65 x 65 .031 1.310485e-006 3.1798 4.700632e-006 2.0299 

Note t h a t , w i t h the v a r y i n g pa ramete r e, u p t o 289 po in t s t h e d i rec t approach is 
more accurate, b u t t h e n the m u l t i l e v e l approach does a be t t e r j o b . T h i s is due t o the 
fact t h a t the matr ices for t he denser p o i n t sets become increas ingly i l l - c o n d i t i o n e d 
(even w i t h the adjusted e-value) a n d therefore the d i rec t f i ts w i t h 1089 or 4225 
poin ts are l ike ly t o be inaccura te . W i t h the m u l t i l e v e l a l g o r i t h m the fits on the 
finer grids act o n l y as "correct ions" t o the coarse g r i d fits c o m p u t e d earl ier . T h i s 
agrees w i t h the ph i losophy o f t he m u l t i l e v e l a l g o r i t h m , and here is where the r icher 
func t ion space pays off. 

F ina l ly , i t is also possible t o combine the fixed level i t e r a t i o n o f the previous 
chapter w i t h the m u l t i l e v e l i t e r a t i o n o f t h i s chapter , i.e., we can replace the in te r 
p o l a t i o n steps i n the m u l t i l e v e l scheme b y f ixed level i t e r a t i o n o f an a p p r o p r i a t e 
a p p r o x i m a t i o n m e t h o d . W e do n o t r e p o r t any such exper iments here. 





Chapter 33 

Adaptive Iteration 

T h e t w o adapt ive a lgor i thms discussed i n th i s chapter were b o t h conceived t o y i e l d 
an app rox ima te s o l u t i o n to the R B F i n t e r p o l a t i o n p r o b l e m . However , t h e y have 
some s i m i l a r i t y w i t h the least squares k n o t i n se r t i on a l g o r i t h m of Chap te r 21 as 
w e l l as w i t h the i t e ra t ive a l g o r i t h m s o f the previous t w o chapters . T h e contents 
of th i s chapter are based m o s t l y o n t h e papers [Faul and Powe l l (1999); F a u l and 
Powel l (2000); Schaback and W e n d l a n d (2000a); Schaback a n d W e n d l a n d (2000b)] 
and the book [Wendland (2005a)] . 

3 3 . 1 A G r e e d y A d a p t i v e A l g o r i t h m 

W e concentrate on systems for s t r i c t l y pos i t ive defini te funct ions (var ia t ions for 
s t r i c t l y c o n d i t i o n a l l y pos i t ive def ini te funct ions also ex i s t ) . One o f t he cen t r a l i n 
gredients ( and m a i n differences t o the previous i t e r a t ive a l g o r i t h m s ) is t he use o f 
the na t ive space inner p r o d u c t discussed i n Chap t e r 13. A s always, we assume t h a t 
our da t a sites are X — {xi,... ,xj\r}, b u t now we also consider a second set y C X. 

I f we let Vf be the i n t e rpo lan t t o / o n y C X, t h e n ( / - Vf, Vf)^(n) = 0 b y 
L e m m a 18.1 ( w i t h u = f) a n d we o b t a i n the energy sp l i t (see C o r o l l a r y 18.1) 

I I / H A ^ C O ) = 11/ _ ^ / + WPf H A T * ^ ) -

One possible p o i n t of v i e w is n o w t o consider an i t e r a t i o n o n residuals. T o 
th is end we pre tend t o s t a r t w i t h our desired i n t e r p o l a n t TQ = V* o n the ent i re 
set X, and an appropr ia t e sequence o f sets 34) k = 0 , 1 , . . . (we w i l l discuss some 
possible heurist ics for choosing these sets l a t e r ) . T h e n , j u s t as i n our earl ier res idual 
i t e ra t ions , we i t e r a t i ve ly define 

r k + i = r k - V % , fc = 0 , l , . . . . (33.1) 

N o w , the energy s p l i t t i n g i d e n t i t y w i t h / = rk gives us 

I M l k c n ) = I K - P ^ I I A W ) + l l ^ l l ^ n ) (33.2) 

or, us ing the i t e r a t i o n f o r m u l a (33.1) , 

HrfcllAf*(n) = Wrk+i\\lr^(Q) + Ikfc - r f c + i l l ^ n ) - (33.3) 

291 
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Therefore , using (33.1) and (33.3) , we have the f o l l o w i n g telescoping s u m for the 
p a r t i a l sums o f the n o r m of the res idual updates V~?* 

K K 

k=0 
K 

fc=0 k=0 
K 

k=0 
= I M I A / W W _ WRK+i\\%-^(n) ^ l l r o | l A ^ ( « ) -

T h i s est imate shows t h a t the sequence o f p a r t i a l sums is mono tone increasing a n d 
bounded , and therefore convergent — even for a poor choice of t he sets 34- I f 
we can show t h a t the residuals rk converge t o zero, t h e n we w o u l d have t h a t t he 
i t e r a t i v e l y c o m p u t e d a p p r o x i m a t i o n 

K K 

uK+i = J2 V r k

k = ^ 2 ( r k - r k + 1 ) = r 0 - r K + 1 (33.4) 
k=0 k=0 

converges t o the o r i g i n a l i n t e r p o l a n t rrj = V*. 
W h i l e th i s res idual i t e r a t i o n a l g o r i t h m has some s t r u c t u r a l s imi la r i t i e s w i t h the 

f ixed level a l g o r i t h m of Chap te r 31 we n o w are cons ider ing a w a y t o eff icient ly 
compute the i n t e rpo l an t Vf o n some fine set X b y us ing an i t e r a t i o n o n subsets o f 
the da ta . Ear l i e r we a p p r o x i m a t e d the i n t e r p o l a n t b y i t e r a t i n g an approximation 
method on the f u l l d a t a set, whereas n o w we are a p p r o x i m a t i n g the i n t e rpo l an t by 
i t e r a t i n g an interpolation method o n nested ( increasing) adap t ive ly chosen subsets 
o f the da ta . 

T h e present m e t h o d also has some s imi la r i t i e s w i t h t h e m u l t i l e v e l a l g o r i t h m s 
of Chapte r 32. However , n o w we are in teres ted i n c o m p u t i n g the i n t e r p o l a n t Vf 
on the set X based on a single f u n c t i o n <&, whereas earl ier , our f ina l i n t e r p o l a n t 
was the result o f us ing the spaces was an a p p r o p r i a t e l y 
scaled version o f t he basic f u n c t i o n <I>. Moreover , the goal i n Chap te r 32 was t o 
app rox ima te / , n o t Vf. 

I n order t o prove convergence o f the res idual i t e r a t i o n , let us assume t h a t we 
can f ind sets o f po in t s 34 such t h a t a t step k a t least some f ixed percentage o f the 
energy o f the res idual is p icked u p by i t s i n t e rpo l an t , i.e., 

I l ^ l l ^ ( n ) > 7 l | r f c | | 5 r , ( n ) (33.5) 

w i t h some fixed 7 e ( 0 , 1 ] . T h e n (33.3) and the i t e r a t i o n f o r m u l a (33.1) i m p l y 

and therefore 

\\rk+i\\lr*{n) ^ I M I A M O ) - l\\rk\\x*{n) = ( l - 7 ) l k * l l A V » ( n ) -

A p p l y i n g th i s b o u n d recurs ively yields 
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T h e o r e m 3 3 . 1 . If the choice of sets yk satisfies (33.5), then the residual iteration 
(33.4) converges linearly in the native space norm, and after K steps of iterative 
refinement there is an error bound 

\\r0 - UKr| |JV»(fj) = WrK\\lf*(n) < (l ~ l)KIMIAV*^)-

T h i s t heo rem has var ious l i m i t a t i o n s . I n p a r t i c u l a r , the n o r m involves the func
t i o n $ w h i c h makes i t d i f f icu l t t o f ind sets yk t h a t sat isfy (33.5) . Moreover , t he 
na t ive space n o r m of the i n i t i a l res idual rn is no t k n o w n , e i ther . Therefore , us ing 
an equivalent discrete n o r m o n the set X, Schaback and W e n d l a n d establish an 
es t imate o f the f o r m 

K/2 

\r0-uK)\% ( l - 5 ^ ) \\ro\\%, 

where c and C are constants d e n o t i n g the n o r m equivalence, i .e., 

c\\u\\x < H U H A ^ ) < C | | u | | * 

for any u G A /$(f2) , and where S is a cons tan t analogous t o 7 ( b u t based o n use o f 
the discrete n o r m || • | | i n (33 .5) ) . I n fact , any discrete l v n o r m o n X can be used. 
I n the i m p l e m e n t a t i o n below we w i l l use the m a x i m u m n o r m . 

I n [Schaback and W e n d l a n d (2000b)] a basic vers ion of t h i s a l g o r i t h m — where 
the sets yk consist o f a single p o i n t — is described a n d tested. T h e r e su l t ing 
a p p r o x i m a t i o n yields the best K-term approximation t o the i n t e rpo l an t . T h i s idea 
is re la ted to the concept o f greedy approximation algorithms (see, e.g., [Temlyakov 
(1998)]) and sparse approximation (see, e.g., [G i ros i (1998)]) . 

I f the set yk consists o f o n l y a single p o i n t yk, t h e n the p a r t i a l i n t e rpo lan t P ^ f c 

is p a r t i c u l a r l y s imple, namely 

=/?*(-, yk) 

w i t h 

®(yk,yk)' 

T h i s follows i m m e d i a t e l y f r o m the usual R B F expansion ( w h i c h consists o f o n l y one 
t e r m here) and the i n t e r p o l a t i o n c o n d i t i o n V^(yk) — rk(yk). 

T h e p o i n t yk is p icked t o be the p o i n t i n X where the res idual is largest, i .e., 
\rk(yk)\ = I j r-fc j j 00 - T h i s choice o f "set" yk c e r t a i n l y satisfies the cons t ra in t (33.5) 
since <E> is s t r i c t l y pos i t ive def ini te a n d therefore has i ts m a x i m u m at the o r i g i n (cf. 
P r o p e r t y (4) i n T h e o r e m 3.1). Moreover , the i n t e r p o l a t i o n p r o b l e m is ( a p p r o x i 
m a t e l y ) solved w i t h o u t h a v i n g t o i nve r t any l inear systems. T h e a l g o r i t h m can be 
summar ized as 

A l g o r i t h m 3 3 . 1 . Greedy one-poin t a l g o r i t h m 

I n p u t da t a locat ions X, associated values o f / , tolerance t o l > 0 
Set i n i t i a l res idual rn = V*, i n i t i a l i z e UQ — 0, e = oo, k = 0 
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Choose s t a r t i n g p o i n t yk € X 
W h i l e e > t o l do 

For 1 < i < N do 

r f c + i ( a ? i ) = rk{xi) - P®(xi,yk) 
uk+i(xi) = uk{xi) + p$(xi,yk) 

end 

F i n d e = m a x | r A ; + i | a n d the p o i n t yk+i where i t occurs 

Increment k = k + 1 

A M A T L A B i m p l e m e n t a t i o n o f the greedy one-poin t a l g o r i t h m is presented as 
P r o g r a m 3 3 . 1 . T h e i m p l e m e n t a t i o n is qu i t e s t r a i g h t f o r w a r d using our func t i on 
D i s t a n c e M a t r i x i n con junc t ion w i t h the anonymous f u n c t i o n r b f t o c o m p u t e b o t h 
^{yk,Vk) ( on lines 18 and 19) a n d <&(xi, yk) needed for the updates o f t h e res idual 
rk+i and the a p p r o x i m a t i o n Uk+i o n lines 21-24 . T h e a l g o r i t h m demands t h a t 
we compute the residuals rk o n the d a t a sites. O n the o ther hand , t h e p a r t i a l 
approx imants Uk t o the i n t e r p o l a n t can be evaluated anywhere . I f we choose t o 
do th i s also at the da ta sites, t h e n we are r equ i red t o use a p l o t t i n g r o u t i n e t h a t 
differs f r o m our usual one (such as t r i s u r f b u i l t o n a t r i a n g u l a t i o n o f the da t a 
sites ob ta ined w i t h the he lp o f d e l a u n a y n ) . W e ins tead choose t o fo l low the same 
procedure as i n a l l o f our o ther p rograms , i.e., t o evaluate Uk o n a 40 x 40 g r i d o f 
equal ly spaced po in t s . T h i s has been i m p l e m e n t e d o n lines 21-25 o f the p r o g r a m . 
No te t h a t the u p d a t i n g procedure has been vec tor ized i n M A T L A B a l l o w i n g us t o 
avoid the for - loop over i i n the a l g o r i t h m . 

I t is i m p o r t a n t t o realize t h a t we never a c t u a l l y compu te the i n i t i a l res idual 
rn = Vf. A l l we require are the values o f rn o n the g r i d X o f da t a sites. However , 
since Vf\x — f\x the values ro(xi) are g iven b y the i n t e r p o l a t i o n da t a f(xi) (see 
l ine 13 o f the code). Moreover , since the sets yk are subsets o f X the value rk(yk) 
requi red t o de termine (3 is a c tua l l y one o f t h e cur ren t res idual values (see l ine 20 o f 
the code). 

T h e f ina l a p p r o x i m a t i o n t o the i n t e r p o l a n t a n d the a p p r o x i m a t i o n er ror are 
p l o t t e d w i t h the commands g iven on lines 36-38 . T h e commands for t h e p lo t s o f 
the poin ts yk selected b y t h e a l g o r i t h m a n d the n o r m o f the res idual d isplayed i n 
Figures 33.1 and 33.3 are i nc luded o n lines 39 and 40. 

P r o g r a m 3 3 . 1 . RBFGreedy0nePo in t2D .m 

7, RBFGreedy0nePoin t2D 

°/o S c r i p t t h a t p e r f o r m s g r e e d y one p o i n t a l g o r i t h m f o r a d a p t i v e 
% 2D RBF i n t e r p o l a t i o n 
% C a l l s o n : D i s t a n c e M a t r i x 

end 
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1 rbf = @(e,r) e x p ( - ( e * r ) . ~ 2 ) ; 7. Gaussian RBF 
2 ep = 5.5; '/« Parameter for b a s i s function 

7» Define Franke's function as t e s t f u n c t i o n 
3 f l = @(x,y) 0.75*exp(-((9*x-2).~2+(9*y-2).~2)/4); 
4 f2 = @(x,y) 0.75*exp(-((9*x+l).~2/49+(9*y+l).~2/10)); 
5 f3 = @(x,y) 0.5*exp(-((9*x-7).~2+(9*y-3).~2)/4); 
6 f4 = @(x,y) 0.2*exp(-((9*x-4).~2+(9*y-7)."2)); 
7 testfunction = @(x,y) f l ( x , y ) + f 2 ( x , y ) + f 3 ( x , y ) - f 4 ( x , y ) ; 

V, Number and type of data points 
8 N = 16641; gridtype = 'h'; 
9 neval = 40; grid = linspace(0,1,neval); 

10 [xe,ye] = meshgrid(grid); epoints = [xe(:) y e ( : ) ] ; 
7. Tolerance; stopping c r i t e r i o n 

11 t o l = le-5; kmax = 1000; 
7o Load data points 

12 name = s p r i n t f ('Data2D_7od7.s' ,N,gridtype) ; load(name) 
7, I n i t i a l i z e r e s i d u a l and f i t 

13 r_old = t e s t f u n c t i o n ( d s i t e s ( : , 1 ) , d s i t e s ( : , 2 ) ) ; 
14 u_old = 0; 
15 k = 1; maxres(k) = 999999; 

7. Use an ( a r b i t r a r y ) i n i t i a l point 
16 ykidx = (N+D/2; yk(k,:) = d s i t e s ( y k i d x , :) ; 
17 while (maxres(k) > t o l && k < kmax) 

7« Evaluate basis function at yk 
18 DM_data = DistanceMatrix(yk(k,:),yk(k,:)); 
19 IM = rbf(ep,DM_data); 
20 beta = r_old(ykidx)/IM; 

7o Compute evaluation matrices for r e s i d u a l and f i t 
21 DM_res = DistanceMatrix(dsites,yk(k,:)); 
22 RM = rbf(ep,DM_res); 
23 DM_eval = DistanceMatrix(epoints,yk(k,:)); 
24 EM = rbf(ep,DM_eval); 

7o Update r e s i d u a l and f i t 
25 r = r_old - beta*RM; u = u_old + beta*EM; 

7o Find new point to add 
26 [ s r . i d x ] = s o r t ( a b s ( r ) ) ; 
27 maxres(k+l) = sr(end); 
28 ykidx = idx(end); yk(k+l,:) = d s i t e s ( y k i d x , : ) ; 
29 r_old = r; u_old = u; 
30 k = k + 1; 
31 end 

7o Compute exact s o l u t i o n 
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32 exact = t e s t f u n c t i o n ( e p o i n t s ( : , 1 ) , e p o i n t s ( : , 2 ) ) ; 
33 maxerr = norm ( u-exact,inf); rms_err = norm (u-exact)/neval; 
34 f p r i n t f ('RMS error: 7.e\n', rms_err) 
35 fprintf('Maximum error: %e\n', maxerr) 
36 fview = [160,20] ; 7, viewing angles for plot 
37 PlotSurf(xe,ye , u ,neval,exact,maxerr,fview); 
38 PlotError2D(xe,ye , u ,exact,maxerr,neval,fview); 
39 figure; plot(yk(:,1),yk(:,2),'ro') 
40 figure; semilogy(maxres,'b'); 

To i l lus t ra te the greedy one-point a l g o r i t h m we p e r f o r m t w o exper iments . B o t h 
tests use da ta ob ta ined by sampl ing Franke's f u n c t i o n at 16641 H a l t o n po in t s i n 
[0, l ] 2 . However, t he f irst test is based o n Gaussians, w h i l e the second one uses 
inverse mu l t i quad r i c s . For b o t h tests we use the same shape parameter e = 5.5. 
T h i s results i n the inverse m u l t i q u a d r i c s h a v i n g a more g loba l influence t h a n the 
Gaussians. T h i s effect is c lear ly evident i n the f i rs t few a p p r o x i m a t i o n s t o the 
in terpolants i n Figures 33.2 a n d 33.4. 

Figure 33.4, i n pa r t i cu la r , shows t h a t the greedy a l g o r i t h m enforces i n t e r p o l a t i o n 
of the da ta on ly o n the mos t recent set 3 4 (i.e., for the one-point a l g o r i t h m s tud ied 
here on ly at a single p o i n t ) . I f one wants t o m a i n t a i n the i n t e r p o l a t i o n achieved i n 
previous i te ra t ions , t hen the sets 3 4 should be nested. T h i s , however, w o u l d have a 
significant effect on the execut ion t i m e o f the a l g o r i t h m since the matr ices at each 
step w o u l d increase i n size. 

x # Iterations 

Fig. 33.1 1000 selected points and residual for greedy one point algorithm with Gaussian R B F s 
and N = 16641 data points. 

I n order t o o b t a i n our a p p r o x i m a t e in te rpo lan t s we used a tolerance o f 1 0 - 5 

along w i t h an a d d i t i o n a l upper l i m i t o f kmax=1000 o n the number o f i t e ra t ions . For 
b o t h tests the a l g o r i t h m uses up a l l 1000 i t e ra t ions . T h e f ina l m a x i m u m res idual 
for Gaussians is maxres = 0.0075, w h i l e for inverse M Q s we have maxres = 0.0035. 
I n b o t h cases there occur red several m u l t i p l e p o i n t selections. C o n t r a r y t o in t e rpo-
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y x y x 

Fig. 33.2 Fits of Franke's function for greedy one point algorithm with Gaussian R B F s and 
N = 16641 data points. Top left to bottom right: 1 point, 2 points, 4 points, final fit with 1000 
points. 

l a t i o n problems based o n the so lu t i on o f a l inear system, m u l t i p l e p o i n t selections 
do no t pose a p r o b l e m here. 

One advantage of th i s ve ry s imple a l g o r i t h m is t h a t no l inear systems need t o be 
solved. T h i s allows us t o a p p r o x i m a t e the in te rpo lan t s for large da t a sets even for 
g loba l ly suppor ted basis funct ions , a n d also w i t h s m a l l values o f e ( and therefore an 
associated i l l - cond i t ioned i n t e r p o l a t i o n m a t r i x ) . One shou ld n o t expect t o o m u c h 
i n th i s case, however, as the results i n F igu re 33.5 show where we used a value o f 
e = 0.1 for the shape parameter . A s w i t h the f ixed level i t e r a t i o n o f a p p r o x i m a t e 
M L S approx imants based o n f lat genera t ing funct ions , a l o t o f s m o o t h i n g occurs so 
t h a t the convergence t o the R B F in t e rpo l an t is ve ry slow. 

Moreover , i n the pseudo-code o f the a l g o r i t h m m a t r i x - v e c t o r m u l t i p l i c a t i o n s are 
not required, ei ther. However , M A T L A B a l lows for a vec to r i za t ion o f the for - loop 
w h i c h does result i n t w o m a t r i x - v e c t o r m u l t i p l i c a t i o n s . 

For p rac t i ca l s i tua t ions , e.g., for s m o o t h r a d i a l basis funct ions a n d densely dis
t r i b u t e d po in ts i n X the convergence can be ra the r slow. T h e s imple greedy algo
r i t h m described above is ex tended i n [Schaback a n d W e n d l a n d (2000b)] t o a vers ion 
t h a t adap t ive ly uses basis funct ions o f v a r y i n g scales. 
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Fig. 33.3 1000 selected points and residual for greedy one point algorithm with I M Q R B F s and 
N = 16641 data points. 

33.2 T h e F a u l - P o w e l l A l g o r i t h m 

A n o t h e r i t e ra t ive a l g o r i t h m was suggested i n [Faul and Powel l (1999); Fau l a n d 
Powel l (2000)]. F r o m our earlier discussions we k n o w t h a t i t is possible t o express 
the r ad i a l basis func t ion i n t e rpo l an t i n t e rms o f ca rd ina l funct ions Uj, j = 1 , . . . , TV, 
i.e., 

N 

Vf(x) = J2f(x>j(x). 
j = l 

T h e basic idea o f the Faul -Powel l a l g o r i t h m is t o use approximate cardinal functions 

tyj instead. O f course, th i s w i l l o n l y give an a p p r o x i m a t e value for the i n t e rpo l an t , 
and therefore an i t e r a t i o n o n the residuals is suggested t o improve the accuracy of 
th i s a p p r o x i m a t i o n . 

T h e basic phi losophy of th i s a l g o r i t h m is ve ry s imi la r t o t h a t o f the f ixed level 
i t e r a t i o n o f Chapte r 3 1 . I n pa r t i cu l a r , the Fau l -Powel l a l g o r i t h m can also be inter
pre ted as a K r y l o v subspace m e t h o d . However , ins tead o f t a k i n g a p p r o x i m a t e M L S 
generat ing funct ions, the a p p r o x i m a t e ca rd ina l funct ions ^ j , j = l , . . . , N , are de
t e r m i n e d as l inear combina t ions o f the basis funct ions <&(-,X() for the i n t e rpo l an t , 
i.e., 

* i = a*) , (33.6) 

where L 3 is an index set consis t ing o f n (n ?a 50) indices t h a t are used t o de te rmine 
the approx imate ca rd ina l func t ion . For example , t he n nearest neighbors o f X j w i l l 
usual ly do. I n general, the choice o f index sets al lows m u c h freedom, and th i s is the 
reason w h y we include the a l g o r i t h m i n th i s chapter o n adapt ive i t e r a t i ve methods . 
Also , as p o i n t e d ou t at the end o f t h i s section, there is a ce r t a in d u a l i t y between 
the Faul -Powel l a l g o r i t h m a n d the greedy a l g o r i t h m o f the previous sect ion. 
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Fig. 33.4 Fits of Franke's function for greedy one point algorithm with IMQ R B F s and N = 16641 
data points. Top left to bottom right: 1 point, 2 points, 4 points, final fit with 1000 points. 

For every j = 1,..., N, the coefficients bji are found as so lu t ion o f the ( re la t ive ly 
smal l ) n x n l inear system 

*j(xi) = 6jk, ieCj. (33.7) 

These approx imate ca rd ina l funct ions are c o m p u t e d i n a pre-processing step. 
A s before, i n i ts simplest f o r m the res idual i t e r a t i o n can be fo rmu la t ed as 

N 

ti<°>(aO 
3 = 1 

N 

u { k + 1 \ x ) = u { k \ x ) + Y , [f(xo) - w ( f c )(ajj)l *J(SB), k = 0 , 1 , . . . . 

3 = 1 

Ins tead o f add ing the c o n t r i b u t i o n o f a l l app rox ima te ca rd ina l funct ions at the 
same t i m e , th i s is done i n a three-step process i n the Faul -Powel l a l g o r i t h m . T o th i s 
end, we choose index sets Cj, j = 1 , . . . , N—n, such t h a t Cj C {j, j + . . . , N} w h i l e 
m a k i n g sure t h a t j £ Cj. A l so , i f one wants t o use th i s a l g o r i t h m t o a p p r o x i m a t e 
the in te rpo lan t based on c o n d i t i o n a l l y pos i t ive defini te funct ions o f order m, t h e n 
one needs t o ensure t h a t the cor responding centers f o r m an (m — l ) - u n i s o l v e n t set 
and append a p o l y n o m i a l t o the loca l expansion (33.6) . 
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Fig. 33.5 1000 selected points (only 20 of them distinct) and fit of Franke's function for greedy 
one point algorithm with flat Gaussian R B F s (e = 0.1) and N = 16641 data points. 

N o w , i n the first step we define u0

k^ = u^k\ a n d t h e n i te ra te 

u { k ) = uf2x + Of >tf j = 1 , . . . , / V - n, 
w i t h 

(33.8) 

(33.9) 

T h e stepsize 9^ is chosen so t h a t the na t ive space best a p p r o x i m a t i o n t o the 

res idual Vf — Ujk_}i f r o m the space spanned b y the a p p r o x i m a t e ca rd ina l funct ions 
tyj is added. Us ing the representa t ion (33.6) o f \I/f i n t e rms o f the g loba l basis 
{&(-,Xi) : i = 1,...,N}, the r ep roduc ing kerne l p r o p e r t y o f <&, and the ( local) 
c a rd ina l i t y p r o p e r t y (33.7) o f ^j we can calculate the denomina to r o f (33.9) as 

<*i,*i>A/-»(n) = <*j, E 6j^(-»a;/)>A^(n) 

= E ^ ( * J . * ( - > a J ^ » ( r 2 ) 

= E bjiVjixt) = bjj 

since we have j G Cj by cons t ruc t i on o f the index set Cj. S imi la r ly , we get for the 
numera to r 

{ V f - u f l ^ j ) ^ ) = ( V f - u { k \ , £ bje$(;xe))^m 
(fc) 

t€Cj 
,(fc) 
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= Y b i * (/(**)-̂ -ite)) 
Therefore (33.8) and (33.9) can be w r i t t e n as 

uy = uf\ + bn ( / (a*) - uf\ (Xij) , j = l,...,N-n. l3 
3 3 iec 3 

I n the second step o f the Fau l -Powel l a l g o r i t h m the res idua l is i n t e r p o l a t e d o n 
the r ema in ing n po in t s (col lected v i a the index set £ * ) . T h u s , we find a f u n c t i o n 

i n span{<&(-, Xj) : j G £*} such t h a t 

t ;W(aj i ) = / ( * i ) - « S L „ ( a ! < ) , i e T , 

a n d the a p p r o x i m a t i o n is upda t ed , i.e., 

I n the t h i r d step the residuals are upda t ed , i.e., 

r f + 1 ) = f(Xi) - u<* + 1 > (Xi), i = l,...,N. (33.10) 

T h e outer i t e r a t i o n (on k) is now repeated unless the largest o f these residuals is 
sma l l enough. 

W e can summar ize th i s a l g o r i t h m as 

A l g o r i t h m 3 3 . 2 . Fau l -Powel l a l g o r i t h m 

I n p u t da t a locat ions X — {x\,... , X N } , associated values o f / , a n d tolerance 
t o l > 0 

Pre-processing step 

Choose n 
For 1 < j < N - n do 

De te rmine the index set Cj 
F i n d the coefficients bjg o f t h e a p p r o x i m a t e c a r d i n a l func t ion \Vj by 
so lv ing 

Vj(xi) = 6jk, i^Cj 

end 

Set k = 0 and u0
k) = 0 

In i t i a l i z e residuals r f ^ = f(xi), i = 1 , . . . , N 

Set e — m a x I r f ^ I 

W h i l e e > t o l do 

For 1 < j < N - n do 

U p d a t e 

= <}i + f^E (/(*<) - «S?iM 
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end 
Solve the i n t e r p o l a t i o n p r o b l e m 

vWfa) = f(xi) - i i £ L n ( * i ) , i e c 

U p d a t e the a p p r o x i m a t i o n 

u(k+l) _ (fc) ( f c )  

u 0 — uN-n + v 

C o m p u t e new residuals r\k+1^ = — u 0

k + 1 \ x i ) , i = 1,..., N 

Set new value for e = m a x \Ak+1^ I 
i=l,...,JV 1 

Inc rement k = k + 1 
end 

Fau l and Powel l prove t h a t t h i s a l g o r i t h m converges t o the s o l u t i o n o f the o r i g i n a l 
i n t e r p o l a t i o n p r o b l e m . S imi la r t o some o f the o ther a l g o r i t h m s , one needs t o make 
sure t h a t the residuals are evalua ted eff ic ient ly b y us ing , e.g., a fast m u l t i p o l e 
expansion, fast Four ie r t r a n s f o r m , or c o m p a c t l y s u p p o r t e d funct ions . 

I n i ts most basic f o r m the K r y l o v subspace a l g o r i t h m o f Fau l a n d Powe l l can 
also be exp la ined as a d u a l approach t o the greedy res idual i t e r a t i o n a l g o r i t h m o f 
Schaback and W e n d l a n d . Ins tead o f def in ing a p p r o p r i a t e sets o f po in t s yk, i n the 
Fau l and Powel l a l g o r i t h m one picks ce r t a in subspaces Uk of the na t ive space. I n 
pa r t i cu la r , i f Uk is the one-dimensional space Uk = span{\I/fc} (where tyk is a loca l 
a p p r o x i m a t i o n t o the ca rd ina l func t ion ) we get t h e a l g o r i t h m described above. For 
more detai ls see [Schaback a n d W e n d l a n d ( 2 0 0 0 b ) ] . 

W e leave the i m p l e m e n t a t i o n o f t h i s a l g o r i t h m t o the reader. 



Chapter 34 

Improving the Condition Number of the 
Interpolation Matrix 

I n Chapte r 16 we no ted t h a t the sys tem mat r ices a r i s ing i n scat tered d a t a in te rpo la 
t i o n w i t h r a d i a l basis funct ions t e n d t o become v e r y i l l - cond i t i oned as the m i n i m a l 
separat ion distance qx between the da t a sites x \ , . . . , CCJV, is reduced. Therefore i t 
is n a t u r a l t o devise strategies t o prevent such ins tab i l i t i e s b y ei ther p r e c o n d i t i o n i n g 
the system, or by f ind ing a be t t e r basis for the a p p r o x i m a t i o n space we are using. 
T h e former approach is s t anda rd procedure i n numer i ca l l inear algebra, a n d i n fact 
we can use any o f the well-establ ished me thods (such as p recond i t ioned conjugate 
gradient i t e r a t i on ) t o improve the s t a b i l i t y a n d convergence o f the i n t e r p o l a t i o n 
systems t h a t arise for s t r i c t l y pos i t ive def ini te funct ions . I n pa r t i cu l a r , the sparse 
systems t h a t arise i n (mu l t i l eve l ) i n t e r p o l a t i o n w i t h c o m p a c t l y suppor t ed r ad i a l 
basis funct ions can be solved efficiently w i t h the p recond i t ioned conjugate g rad i 
ent m e t h o d . However, i n ou r i m p l e m e n t a t i o n (see the discussion i n Sect ion 12.1) 
we use M A T L A B ' S s p a r s e f u n c t i o n w h i c h takes advantage o f state-of-the-art d i rec t 
methods for sparse l inear systems. 

T h e second approach t o i m p r o v i n g the c o n d i t i o n number o f the i n t e r p o l a t i o n 
system, i.e., t he idea o f us ing a more s table basis, is w e l l k n o w n f r o m un iva r i a t e 
p o l y n o m i a l a n d spline i n t e r p o l a t i o n . T h e Lagrange basis funct ions for un iva r i a t e 
p o l y n o m i a l i n t e r p o l a t i o n are the ideal basis i f we are interested i n s t ab ly so lv ing 
the i n t e r p o l a t i o n equations since the r e su l t i ng i n t e r p o l a t i o n m a t r i x is the i d e n t i t y 
m a t r i x ( w h i c h is ce r t a in ly m u c h be t t e r c o n d i t i o n e d t h a n , e.g., the Vandermonde 
m a t r i x t h a t we get i f we use a m o n o m i a l basis). S imi la r ly , 75-splines give rise t o 
d iagonal ly d o m i n a n t , sparse sys tem matr ices w h i c h are m u c h easier t o deal w i t h 
t h a n the matr ices we w o u l d get i f we were t o represent a spl ine i n t e rpo l an t us ing 
the a l t e rna t ive t r unca t ed power basis. B o t h o f these examples are s tud ied i n great 
de t a i l i n s t anda rd numer ica l analysis t ex t s (see, e.g., [ K i n c a i d and Cheney (2002)]) 
or i n the l i t e r a tu re o n splines (see, e.g., [Schumaker (1981)]) . We w i l l address an 
analogous approach for r a d i a l basis funct ions i n Sect ion 34.4 below. 

Before we describe any o f the specialized p r e c o n d i t i o n i n g procedures for r a d i a l 
basis func t ion i n t e r p o l a t i o n mat r ices we give t w o examples presented i n the ear ly 
R B F paper [Jackson (1989a)] t o i l l u s t r a t e the effects o f and m o t i v a t i o n for precon
d i t i o n i n g i n the contex t o f r a d i a l basis funct ions . 

303 
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34 .1 P r e c o n d i t i o n i n g : T w o S i m p l e E x a m p l e s 

E x a m p l e 3 4 . 1 . L e t s — 1 and consider i n t e r p o l a t i o n based on <yc(r) = r w i t h no 
p o l y n o m i a l t e rms added. A s d a t a sites we choose X = { 1 , 2 , . . . , 1 0 } . T h i s leads t o 
the system m a t r i x 

~0 1 2 3 . . . 9 
1 0 1 2 . . . 8 
2 1 0 1 . . . 7 
3 2 1 0 . . . 6 A = 

9 8 7 6 0 

w i t h ^ - c o n d i t i o n number c o n d ( A ) « 67. Ins tead o f so lv ing the l inear sys tem Ac = 
y, where y — [ y i , . . . ,yio]T €E K 1 0 is a vec tor o f g iven rea l numbers (da t a values) , 
we can find a sui table m a t r i x B t o p r e - m u l t i p l y b o t h sides o f the equa t ion such 
t h a t the sys tem is s impler t o solve. Ideal ly , t he new sys tem m a t r i x BA shou ld be 
the i d e n t i t y m a t r i x , i.e., B shou ld be an approximate inverse o f A. T h u s , h a v i n g 
found an appropr i a t e m a t r i x B, we m u s t now solve the l inear sys tem BAc = By. 
T h e m a t r i x B is usua l ly referred t o as t he preconditioner o f the l inear sys tem. For 
the m a t r i x A above we can choose a p recond i t ione r B as 

1 0 0 0 
- 1 h 0 

B = 

l 
2 
0 
0 

1 
2 
0 

1 
2 
- ] 
1 
2 

1 \ 

0 
0 

0 
0 

0 
0 

0 
0 

0 
0 
0 
0 

0 
0 
0 
0 

- 1 * 
0 1 

T h i s leads t o the f o l l o w i n g p recond i t i oned sys tem m a t r i x 

"0 1 2 . . . 8 9" 

BA 

0 1 0 
0 0 1 

0 0 0 
9 8 7 

0 0 
0 0 

1 0 
1 0 

i n the system BAc = By. N o t e t h a t BA is a lmost an i d e n t i t y m a t r i x . One can 
easily check t h a t n o w c o n d ( B A ) « 45. 

T h e m o t i v a t i o n for th i s choice o f B is the f o l l o w i n g . T h e f u n c t i o n (fi(r) = r 
or $ ( r r ) = is a fundamen ta l s o l u t i o n o f the L a p l a c i a n A ( = i n the one-
dimensional case), i.e. 
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where <5n is the D i r a c de l ta f u n c t i o n centered a t zero. T h u s , B is chosen as a 
d i sc re t iza t ion of the L a p l a c i a n w i t h special choices a t t h e endpo in t s o f the d a t a set. 

E x a m p l e 3 4 . 2 . For n o n - u n i f o r m l y d i s t r i b u t e d d a t a we can use a different dis
c re t i za t ion o f the L a p l a c i a n A for each r o w o f B. T o see t h i s , le t s = 1, 
X = { 1 , | , | , 4 , | } , a n d aga in consider i n t e r p o l a t i o n w i t h t h e r a d i a l f u n c t i o n 
(p(r) = r. T h e n 

A = 

0 o o 3 n 1 1 
2 2 
0 1 

1 0 

3 § | 0 

3 2 ^ 0 

w i t h cond(>l) 18.15, and i f we choose 

1 0 

1 - 3 -
x 2 

B = 

0 
I 
2 

o i 5 
6 

0 

0 

0 

0 

1 
3 
0 0 

0 

0 
1 
3 

_ 4 
3 

based on second-order b a c k w a r d differences o f t he po in t s i n X, t h e n the p recondi 
t i o n e d sys tem t o be solved becomes 

n I 3 o 1 
u 2 2 ° 2 

0 1 0 0 0 

0 0 1 0 0 

0 0 0 1 0 

L I 3 2 I 0 

c = By. 

Once more , th i s sys tem is a lmos t t r i v i a l t o solve and has an i m p r o v e d c o n d i t i o n 
number of cond(B^4) « 8.94. 

3 4 . 2 E a r l y P r e c o n d i t i o n e r s 

I l l - c o n d i t i o n i n g o f the i n t e r p o l a t i o n mat r ices was iden t i f ied as a serious p r o b l e m 
ve ry early, and N i r a D y n a long w i t h some of her co-workers (see, e.g., [ D y n (1987); 
D y n (1989); D y n a n d L e v i n (1983); D y n et al. (1986)]) p r o v i d e d some o f the first 
p r econd i t i on ing strategies t a i l o r e d especially t o r a d i a l basis f u n c t i o n in t e rpo lan t s . 

For the fo l lowing discussion we consider the general i n t e r p o l a t i o n p r o b l e m t h a t 
includes p o l y n o m i a l r e p r o d u c t i o n (see Chap te r 6 ) . Therefore , we have t o solve t h e 
fo l lowing sys tem of l inear equat ions 

" A P~ c y 
P T O d 0 

(34.1) 
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w i t h the i n d i v i d u a l pieces g iven b y Ajk = y( | | cc j — ajfc||), j , k = 1 , . . . ,7V, Pji — 
Pefaj), j = 1,...,N, i = 1 , . . . , M , c = [cx,... , c N \ T , d = [dx, • • • , dM]T, V = 
[yi,... ,yN]Ti O an M x M zero m a t r i x , a n d 0 a zero vector o f l e n g t h M w i t h 
M = d i m Hm_1. Here, as discussed earl ier , <p s hou ld be s t r i c t l y c o n d i t i o n a l l y 
pos i t ive def ini te o f order m and r a d i a l o n Rs a n d the set X = {x\,..., CCJV} shou ld 
be ( m — l ) - u n i s o l v e n t . 

T h e p r e c o n d i t i o n i n g scheme proposed by D y n a n d her co-workers is a general
i za t i on o f the s imple differencing scheme discussed above. I t is m o t i v a t e d b y the 
fact t h a t the p o l y h a r m o n i c splines (i.e., t h i n p la te splines and r a d i a l powers) 

f r 2 f c - s i 0 g r ? s even, 

^ = { r ^ , s o d d , 

2k > s, are fundamen ta l solut ions of the k-th i t e r a t e d L a p l a c i a n i n M s , i.e. 

Akv(\\x\\) = c50(x), 

where 5n is t he D i r a c de l t a f u n c t i o n centered a t t he o r i g i n , and c is an a p p r o p r i a t e 
constant . 

For the (inverse) m u l t i q u a d r i c s (f(r) = (1 + r 2 ) ± : L / 2 , w h i c h are also discussed i n 
the papers men t ioned above, a p p l i c a t i o n of t h e L a p l a c i a n yields a s imi l a r l i m i t i n g 
behavior , i.e. 

l i m Ak(p(r) = 0, 
r—>oo 

and for r —* 0 

Akcp(r) » 1. 

One now wants t o discret ize t h e L a p l a c i a n o n the ( i r r egu la r ) mesh g iven b y the 
(scattered) d a t a sites in X. T o t h i s end the au tho r s o f [ D y n et al. (1986)] suggest 
the fo l lowing procedure for the case o f sca t tered d a t a i n t e r p o l a t i o n over M2. 

(1) S ta r t w i t h a t r i a n g u l a t i o n o f t he set X, e.g., the w i l l do. T h i s t r i a n g u l a t i o n 
can be v isual ized as fol lows. 

(a) B e g i n w i t h the po in t s i n X a n d cons t ruc t t h e i r or Voronoi diagram. T h e 
D i r i c h l e t t i l e o f a p a r t i c u l a r p o i n t x is t h a t subset o f po in t s i n R 2 w h i c h are 
closer t o x t h a n t o any o the r p o i n t i n X. T h e dashed lines i n F i g u r e 34.1 
denote the D i r i c h l e t tesselat ion for t he set o f 25 H a l t o n po in t s (circles) i n 
[ 0 , 1 ] 2 . 

(b) Cons t ruc t t he De launay t r i a n g u l a t i o n , w h i c h is the d u a l o f the D i r i c h l e t 
tesselat ion, i.e., connect a l l s t r ong neighbors i n the D i r i c h l e t tesselat ion, 
i.e., po in t s whose t i les share a c o m m o n edge. T h e so l id lines i n F i g u r e 34.1 
denote the cor responding D e l a u n a y t r i a n g u l a t i o n o f the 25 H a l t o n p o i n t s . 
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0 0.2 0.4 0.6 0.8 1 

Fig. 34.1 Dirichlet tesselation (dashed lines) and corresponding Delaunay triangulation (solid 
lines) of 25 Halton points (circles). 

(2) Discret ize the L a p l a c i a n o n th i s t r i a n g u l a t i o n . I n order t o also take i n t o account 
the b o u n d a r y po in t s D y n , L e v i n a n d R i p p a ins tead use a d i sc re t i za t ion o f an 
i t e ra ted Green's f o r m u l a w h i c h has the space I I 2

n _ 1 as i t s n u l l space. T h e 
necessary p a r t i a l der ivat ives are t h e n a p p r o x i m a t e d on the t r i a n g u l a t i o n us ing 
cer ta in sets o f vertices o f the t r i a n g u l a t i o n . ( three po in t s for f irst order pa r t i a l s , 
six for second o rde r ) . 

F igure 34 .1 was created i n M A T L A B us ing the commands 

load('Data2D_25h') 
tes = delaunayn(dsites); 
t r i p l o t ( t e s , d s i t e s ( : , 1 ) , d s i t e s ( : , 2 ) , ' k - ' ) 
hold on 
[vx, vy] = v o r o n o i ( d s i t e s ( : , 1 ) , d s i t e s ( : , 2 ) , t e s ) ; 
p l o t ( d s i t e s ( : , 1 ) , d s i t e s ( : , 2 ) , ' k o ' , v x , v y , ' k — ' ) 
a x i s ( [ 0 1 0 1]) 

A s i n our other M A T L A B examples, t he file Data2D_25h contains the coordinates 
of the 25 H a l t o n po in t s i n the a r ray d s i t e s . 

T h e d i sc re t iza t ion described above yie lds the m a t r i x B = {bji)fi=1 as the pre
cond i t i on ing m a t r i x i n a way analogous t o the previous sect ion. W e n o w o b t a i n 

N 
(BA)jk = E bjM\\xi - xk\\) « Am<p(\\ --XklDixj), j,k = l , . . . , N. ( 3 4 . 2 ) 

i=l 

T h i s m a t r i x has the p r o p e r t y t h a t the entries close t o the d iagona l are large c o m 
pared t o those away f r o m the d iagonal , w h i c h decay t o zero as the distance between 
the t w o po in t s invo lved goes to i n f i n i t y . Since the c o n s t r u c t i o n o f B ( i n step 2 above) 
ensures t h a t pa r t o f the p recond i t ioned b lock m a t r i x vanishes, name ly BP = O, 
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one mus t now solve the non-square sys tem 

' BA' By' 
P T c — 0 

A c t u a l l y , t he t o p pa r t o f t he sys tem, the square sys tem BAc = By, is s ingular , 
b u t i t is shown i n the paper [ D y n et al. (1986)] t h a t the a d d i t i o n a l cons t ra in ts 
PTc = 0 guarantee existence of a un ique s o l u t i o n . F u r t h e r m o r e , the coefficients d 
i n the o r i g i n a l expans ion o f the i n t e r p o l a n t Vf can be o b t a i n e d by so lv ing 

Pd — y — Ac, 

i.e., by f i t t i n g the p o l y n o m i a l p a r t o f the expans ion t o the res idual y — Ac. 
T h e approach j u s t described leads t o loca l ized basis funct ions \ I / t h a t are l inear 

combina t ions o f the o r i g i n a l basis funct ions (p. M o r e precisely, 

N 

*j(x) = 5 > < V ( H * - a*||) « A " V ( | | • -XJWKX), (34.3) 

where the coefficients b3i are d e t e r m i n e d v i a the d i sc re t i za t ion descr ibed above. 
T h e local ized basis funct ions tyj,j = l , . . . , N , (see (34.3)) can be v i ewed as an 

a l t e rna t ive (be t ter cond i t ioned) basis for the a p p r o x i m a t i o n space spanned by the 
funct ions <&j = ip(\\ • — Xj\\). W e w i l l come back t o t h i s idea i n Sect ion 34.4. 

I n [ D y n et al. (1986)] t h e au thors describe h o w the p recond i t i oned matr ices can 
be used efficiently i n c o n j u n c t i o n w i t h var ious i t e r a t i v e schemes such as Chebyshev 
i t e r a t i o n or a vers ion o f t h e conjugate g rad ien t m e t h o d . T h e au thors also men
t i o n s m o o t h i n g o f noisy da ta , or low-pass f i l t e r i n g as o ther app l i ca t ions for t h i s 
p r e c o n d i t i o n i n g scheme. 

T h e effectiveness o f the above p r e c o n d i t i o n i n g s t ra tegy was i l l u s t r a t e d w i t h some 
numer i ca l examples i n [ D y n et al. (1986)] . W e l i s t some of t he i r results i n Table 3 4 . 1 . 
T h i n p la te splines and m u l t i q u a d r i c s were tes ted o n t w o different d a t a sets ( g r i d 
I and g r i d I I ) i n M.2. T h e shape parameter e for t he m u l t i q u a d r i c s was chosen t o 
be the rec iproca l o f the average mesh size. A l inear t e r m was added for t h i n p la te 
splines, a n d a constant for m u l t i q u a d r i c s . 

Table 34.1 Condition numbers without and with preconditioning. 

N grid I orig. grid I precond. grid I I orig. grid I I precond. 

T P S 49 1181 4.3 1885 3.4 
121 6764 5.1 12633 3.9 

M Q 49 7274 69.2 17059 222.8 
121 10556 126.0 107333 576.0 

One can see t h a t the mos t d r a m a t i c i m p r o v e m e n t is achieved for t h i n p la te 
splines. T h i s is t o be expected since the m e t h o d descr ibed above is t a i l o r e d t o these 
funct ions . A s no t ed earlier, for m u l t i q u a d r i c s an a p p l i c a t i o n o f t he L a p l a c i a n does 
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not y ie ld the de l ta func t ion , b u t for values o f r close t o zero gives j u s t r e l a t ive ly 
large values. 

A n o t h e r ear ly p r e c o n d i t i o n i n g s t ra tegy was suggested i n [Powel l (1994a)]. Powel l 
uses Householder t r ans fo rmat ions t o conver t the m a t r i x o f the i n t e r p o l a t i o n system 
(34.1) t o a symmet r i c pos i t ive def ini te m a t r i x , a n d t h e n uses the conjugate gradient 
m e t h o d . However, Powel l r epor t s t h a t t h i s m e t h o d is no t p a r t i c u l a r l y effective for 
large t h i n p la te spline i n t e r p o l a t i o n problems i n R 2 . 

I n [Bax te r (1992a); B a x t e r (2002)] p recond i t i oned conjugate gradient methods 
for so lv ing the i n t e r p o l a t i o n p r o b l e m are discussed i n the case w h e n Gaussians 
or mu l t i quad r i c s are used o n a regular g r i d . T h e r e su l t i ng matr ices are Toep l i t z 
matr ices, a n d a large b o d y o f l i t e r a tu r e exists for dea l ing w i t h matr ices h a v i n g th i s 
special s t ruc tu re (see, e.g., [Chan and S t rang (1989)]) . 

3 4 . 3 P r e c o n d i t i o n e d G M R E S v i a A p p r o x i m a t e C a r d i n a l F u n c t i o n s 

M o r e recently, Beatson, Cher r ie a n d M o u a t [Beatson et al. (1999)] proposed a pre
condi t ioner for the i t e ra t ive so lu t i on o f r a d i a l basis func t i on i n t e r p o l a t i o n systems 
i n con junc t ion w i t h the G M R E S m e t h o d o f [Saad and Schultz (1986)]. T h e G M R E S 
m e t h o d is a general purpose i t e r a t ive solver t h a t can be app l ied to n o n s y m m e t r i c 
(nondefini te) systems. For fast convergence the m a t r i x shou ld be p recond i t ioned 
such t h a t i t s eigenvalues are clustered a r o u n d one a n d away f r o m the o r i g i n . O b v i 
ously, i f the basis funct ions for the r a d i a l basis f u n c t i o n space were ca rd ina l func
t ions, t h e n the m a t r i x w o u l d be the i d e n t i t y m a t r i x w i t h a l l i ts eigenvalues equal 
t o one. Therefore, the G M R E S m e t h o d w o u l d converge i n a single i t e r a t i o n . C o n 
sequently, the p r econd i t i on ing s t ra tegy employed b y the au thors o f [Beatson et al. 
(1999)] for the G M R E S m e t h o d is t o o b t a i n a p r e c o n d i t i o n i n g m a t r i x B t h a t is 
close t o the inverse o f A. 

Since i t is t o o expensive t o find the t r u e ca rd ina l basis ( th is w o u l d involve 
at least as m u c h w o r k as so lv ing the i n t e r p o l a t i o n p r o b l e m ) , the idea pursued 
i n [Beatson et al. (1999)] ( and suggested earl ier i n [Beatson et al. (1996); 
Beatson and Powel l (1993)]) is t o find approximate c a rd ina l funct ions s imi l a r t o 
the funct ions i n the previous subsection. N o w , however, there is also an em
phasis o n efficiency, i.e., we are interes ted i n local app rox ima te ca rd ina l funct ions , 
i f possible (c.f. also the use o f a p p r o x i m a t e ca rd ina l funct ions i n the Fau l -Powel l 
a l g o r i t h m o f Section 33.2) . Several different strategies for the cons t ruc t ion o f these 
approx ima te ca rd ina l funct ions were suggested i n [Beatson et al. (1999)] . W e w i l l 
now exp la in the basic idea. 

G iven the centers x\,..., XN for the basis funct ions i n the R B F in t e rpo l an t 

N 

vf(x) = Y C M \ \ X - XJ)> 

the j-th app rox ima te c a r d i n a l f u n c t i o n is g iven as a l inear c o m b i n a t i o n o f the basis 
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func t ions <3>i = <p(|| • — Xi\\), where i runs over (some subset of ) { 1 , . . . , AT}, i.e., 

N 

*J = E^^H • -^H) (3 4- 4) 
i = l 

Here pj is a p o l y n o m i a l i n Tlm_1 t h a t is used o n l y i n t he c o n d i t i o n a l l y pos i t ive 

def ini te case, a n d the coefficients bji satisfy t h e usual cond i t i ons 

N 

E b m ( ^ i ) = 0 for a 1 1 Pj e n s

m - i - (34.5) 
i = l 

T h e key feature i n designing the a p p r o x i m a t e c a r d i n a l funct ions is t o have o n l y 
a few n <C N coefficients i n (34.4) t o be nonzero . I n t h a t case the funct ions \&j 
are found b y so lv ing s m a l l n x n l inear systems, w h i c h is m u c h more efficient t h a n 
dea l ing w i t h t he o r i g i n a l N x N sys tem. For example , i n [Beatson et al. (1999)] 
the au thors use n « 50 for p rob lems i n v o l v i n g u p t o 10000 centers. T h e r e su l t i ng 
p recond i t i oned sys tem is o f the same f o r m as t he ear l ier p recond i t ione r (34 .2) , i.e., 
we n o w have t o solve the p r e c o n d i t i o n e d p r o b l e m 

(BA)c = By, 

where the entries o f the m a t r i x BA are j u s t ^j(xk), j,k = 1 , . . . , N. 
T h e s implest s t ra tegy for d e t e r m i n i n g the coefficients bji is t o select t he n nearest 

neighbors o f X j , and t o f i n d bji b y s o l v i n g the ( local ) c a r d i n a l i n t e r p o l a t i o n p r o b l e m 

\Vj(xi)=5ij, i = l , . . . , n , 

subject t o t he m o m e n t cons t r a in t (34.5) l i s t ed above. Here 5ij is the Kronecker -
del ta , so t h a t \I>f is one a t X j a n d zero at a l l o f t he n e i g h b o r i n g centers a^. 

T h i s basic s t ra tegy is i m p r o v e d b y a d d i n g so-called special points t h a t are dis
t r i b u t e d (very sparsely) t h r o u g h o u t the d o m a i n (for example near corners o f the 
d o m a i n , or a t o ther s ignif icant l oca t ions ) . 

A few numer i ca l results for t h i n p la te spl ine a n d m u l t i q u a d r i c i n t e r p o l a t i o n i n 
M2 f r o m [Beatson et al. (1999)] are l i s t ed i n Tab l e 34.2. T h e c o n d i t i o n numbers are 
^2 -condi t ion numbers , a n d the p o i n t s were r a n d o m l y d i s t r i b u t e d i n the u n i t square. 
T h e " local p recond." c o l u m n uses the n — 50 nearest neighbors t o de t e rmine the 
a p p r o x i m a t e c a r d i n a l funct ions , whereas the r i g h t - m o s t c o l u m n uses the 4 1 nearest 
neighbors plus nine special po in t s p laced u n i f o r m l y i n the u n i t square. T h e effect 
o f the p r e c o n d i t i o n i n g o n the per formance o f the G M R E S a l g o r i t h m is, e.g., a 
r e d u c t i o n f r o m 103 t o 8 i t e ra t ions for the 289 p o i n t d a t a set for t h i n p la te splines, 
or f r o m 145 i t e ra t ions t o 11 for m u l t i q u a d r i c s . 

A n extension o f the ideas o f [Beatson et al. (1999)] t o l inear systems a r i s ing 
i n t h e co l loca t ion s o l u t i o n of p a r t i a l d i f fe ren t ia l equat ions (see Chap te r 38) was 
explored i n M o u a t ' s P h . D . thesis [ M o u a t (2001)] a n d also i n t he recent paper [ L i n g 
and K a n s a (2005)] . 

, t x 
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Table 34.2 Condition numbers without and with preconditioning. 

V N unprecond. local precond. local precond. w/special 

TPS 289 4.005e+006 1.464e+003 5.721e+000 
1089 2.753e+008 6.359e+005 1.818e+002 
4225 2.605e+009 2.381e+006 1.040e+006 

MQ 289 1.506e+008 3.185e+003 2.639e+002 
1089 2.154e+009 8.125e+005 5.234e+004 
4225 3.734e+010 1.390e+007 4.071e+004 

3 4 . 4 C h a n g e o f B a s i s 

A s po in t ed o u t at the beg inn ing o f th i s chapter , another approach t o o b t a i n i n g a 
be t te r cond i t ioned i n t e r p o l a t i o n system is t o w o r k w i t h a different basis for the 
a p p r o x i m a t i o n space. W h i l e t h i s idea is i m p l i c i t l y addressed i n the p r e c o n d i t i o n i n g 
strategies discussed above, we w i l l now make i t our p r i m a r y goal t o f i nd a be t te r 
cond i t ioned basis for the R B F a p p r o x i m a t i o n space. U n i v a r i a t e piecewise l inear 
splines and n a t u r a l cubic splines can be in t e rp re t ed as r a d i a l basis funct ions , a n d 
we k n o w t h a t 73-splines f o r m stable bases for those spaces. Therefore , i t shou ld be 
possible t o generalize th i s idea for o ther R B F s . 

T h e process of f ind ing a "bet ter" basis for c o n d i t i o n a l l y pos i t ive def ini te r a d i a l 
basis funct ions is closely connected t o finding the r ep roduc ing kernel o f the associ
a ted na t ive space. Since we d i d n o t e laborate o n the cons t ruc t ion o f na t ive spaces 
for c o n d i t i o n a l l y posi t ive def ini te funct ions earl ier , we w i l l n o w present the relevant 
formulas w i t h o u t going i n t o any fur ther detai ls . I n pa r t i cu l a r , for p o l y h a r m o n i c 
splines we w i l l be able to find a basis t h a t is i n a ce r t a in sense homogeneous, a n d 
therefore the c o n d i t i o n number o f the re la ted i n t e r p o l a t i o n m a t r i x w i l l depend o n l y 
on the number N o f da t a po in t s , b u t not o n the i r separa t ion distance (c.f. t he 
discussion i n Chapter 16). T h i s approach was suggested b y Beatson, L i g h t a n d 
B i l l i ngs [Beatson et al. (2000)] , a n d has i t s roo ts i n [Sibson and Stone (1991)] . 

L e t $ be a s t r i c t l y c o n d i t i o n a l l y pos i t ive def ini te kernel o f order m , a n d 
X — {x\,... , X N } C O C R s be an (m — l ) - u n i s o l v e n t set o f centers. T h e n the 
r ep roduc ing kernel for the na t ive space A/*( f2 ) is g iven b y 

M M 

K(x,y) = $(x,y) - Ypk(x)$(xk,y) - Y,Pe(y)®(x, xe) 
fc=i i=\ 

M M M 

+ E Y,pk(x)pe(y)®(Xk>Xe>)+ ^ptWptty)' (34-6) 
k=l e=l 1=1 

where the po in t s {x\,..., X M } comprise an (m — l ) - u n i s o l v e n t subset o f X a n d the 
po lynomia l s pk, k = 1 , . . . , M, f o r m a cardinal basis for Tlm_1 o n th i s subset whose 
d imens ion is M = ( ^ " ^ Y 1 ) , i.e., 

Pi(xk)=Skti, k,e = l,...,M. 
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T h i s f o r m u l a t i o n o f the r e p r o d u c i n g kernel for t he c o n d i t i o n a l l y pos i t ive def in i te 
case also appears i n the s ta t is t ics l i t e r a t u r e i n the con tex t o f kriging (see, e.g., 
[Ber l ine t a n d T h o m a s - A g n a n (2004)]) . I n t h a t con tex t the kernel K is a covariance 
kerne l associated w i t h the general ized covariance <£. These t w o kernels give rise t o 
the k r i g i n g equat ions and d u a l k r i g i n g equat ions, respectively. 

A n i m m e d i a t e consequence o f h a v i n g f o u n d the r e p r o d u c i n g kernel K is t h a t we 
can express the r a d i a l basis func t ion i n t e r p o l a n t t o values o f some f u n c t i o n / g iven 
o n X i n the f o r m 

N 

Vf(x) = Y c i K ( x ' x j ) > x e R s . 
3 = 1 

N o t e t h a t the kernel K used here is a s t r i c t l y pos i t ive def ini te kernel (since i t is 
a r ep roduc ing kernel) w i t h b u i l t - i n p o l y n o m i a l prec is ion . T h e coefficients Cj are 
de t e rmined by sat isfying the i n t e r p o l a t i o n cond i t ions 

Pf(xi) = f(xi), i = l,...,N. 

W e w i l l see below ( i n Tables 34.3 and 34.4) t h a t t h i s basis a l ready per forms "bet ter" 
(i.e., is be t te r cond i t ioned) t h a n the s t a n d a r d basis {<£>(-, x{), . . . ,<£>(•, X N ) } i f we 
keep the number o f centers fixed, a n d va ry o n l y t h e i r separa t ion distance. 

T o o b t a i n the homogeneous basis referred t o above we m o d i f y K b y s u b t r a c t i n g 
the tensor p r o d u c t p o l y n o m i a l , i.e., 

M 

n(x,y) = K(x,y) - Y^P^x)P^v)-
e=i 

N o w , i f y denotes any one o f the po in t s x\,..., XM i n t he (m — l ) - u n i s o l v e n t subset 
o f X used i n the c o n s t r u c t i o n of K above, t h e n we have 

M M 

«(-,!/) = <s>(-,y) - YPk(-)^(xk,y) - E M X / W . 3 * ) 
fc=i e=i 

M M 

+ E Ypk(')pe(y)®(xk'xl) 
M M 

= $(-,y) - Ypk(')^(xk,y) - $(-,!/) + Y P k ( ' W X k > y ) = 0 

fc=i fc=i 
since the p o l y n o m i a l s pk are c a rd ina l o n i r i , . . . , XM, i-e-, o n l y one o f t h e Pk(y) w i l l 
" surv ive" . 

T h i s means t h a t the funct ions K(-, X j ) , j — 1 , . . . , N, cannot be used as a basis 
o f our a p p r o x i m a t i o n space. Ins tead we need t o remove the po in t s used to define 
the ca rd ina l po lynomia l s above f r o m the set o f centers used for K. Once we do t h i s 
i t t u rns o u t t h a t t he m a t r i x C w i t h entries Cij = n(xi, X j ) , i,j = M+l,...,N,is 
posi t ive def ini te , and therefore we o b t a i n the f o l l o w i n g basis 

{ P i , • • • , P M } U {K(-,XM+I), • • -,K(-,XN)} 
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for the space s p a n { $ ( - , # 1 ) , . . . , <&(•, X N ) } - Therefore t h e i n t e r p o l a n t can be repre
sented i n the f o r m 

M N 

Vf(x) = ^2djPj(x)+ E CkK(x,xk), x e R s . (34.7) 
j=l fc=M+l 

T h e coefficients are de t e rmined as usual b y enforc ing the i n t e r p o l a t i o n cond i 
t ions Vf(xi) = f(xi), i — 1 , . . . , 7 V . Since t h e p o l y n o m i a l s pj are c a rd ina l o n 
{xi,..., X M } and K was shown t o be zero i f centered a t these po in t s , t h i s leads t o 
the fo l l owing l inear sys tem 

' / o" d VP 

P T c_ c 
(34.8) 

w i t h I an M x M i d e n t i t y m a t r i x , O an M x (TV — M) zero m a t r i x , C as 
above, Pio = Pj(xi), j = 1 , . . . , M , i = M + 1 , . . . , T V , c = [ c M + i , • • • , cN]T, 
d — [di,..., ^ M ] T , a n d the r i g h t - h a n d side vectors yp — [ / ( x i ) , . . . , /(XM)]T a n d 
2/« = [/(^M+I), • • • i f(xN)]T- T h e i d e n t i t y b l o c k ( c a r d i n a l i t y o f the p o l y n o m i a l 
basis funct ions) impl ies t h a t t h e coefficient vec tor d is g iven b y 

dj = f(xj), j = l , . . . , M , 

a n d therefore the sys tem (34.8) can be solved as 

Cc = yK - PTd. (34.9) 

A s ment ioned above, one can show t h a t the m a t r i x C is s y m m e t r i c a n d pos i t ive 

def ini te . 

M o s t i m p o r t a n t l y , for p o l y h a r m o n i c splines, t he ^ - c o n d i t i o n n u m b e r o f t he ma

t r i x C is inva r i an t under a u n i f o r m scal ing o f t h e centers, i.e., i f C h = (n(hxi, hxj)), 

t h e n 

cond{Ch) = c o n d ( C ) . 

T h i s is p roved t o v a r y i n g degrees o f d e t a i l i n the papers [Beatson et al. (2000); 

Iske (2003a)] and the book [ W e n d l a n d (2005a)] . 

E x a m p l e 3 4 . 3 . T h e s implest example is g iven b y the p o l y h a r m o n i c spline <p(r) — r. 

I n th i s case M = 1 so t h a t t he o n l y p o l y n o m i a l t e r m is g iven b y the constant p = 1. 

For s i m p l i c i t y we use the o r i g i n as a special p o i n t . U s i n g these convent ions we have 

the fo l lowing three representat ions o f t he var ious kernels: 

&{x,y) = \\x-y\\, 

K(X,y) = \\x-y\\-\\y\\-\\x\\ + l, 

K(x,y) = ||JE - y\\ - \\y\\ - \\x\\. 
Note t h a t i n th i s case the c o n d i t i o n number o f the m a t r i x C associated w i t h the 
kernel K is c lear ly inva r i an t under u n i f o r m scal ing o f t he p r o b l e m . However , t h e 
m a t r i x A associated w i t h t h e basic n o r m R B F $ enjoys the same invar iance . I t 
is on ly w h e n we a d d the p o l y n o m i a l blocks P a n d P T t o ensure r e p r o d u c t i o n o f 
constants t h a t the c o n d i t i o n number o f the r e su l t i ng b lock m a t r i x w i l l v a r y g r ea t l y 
w i t h the p r o b l e m scaling. A s imi l a r dependence o f t h e c o n d i t i o n n u m b e r o f t he 
sys tem m a t r i x o n the scal ing is associated w i t h the kerne l K. 
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3 4 . 5 E f f e c t o f t h e " B e t t e r " B a s i s o n t h e C o n d i t i o n N u m b e r o f t h e 

I n t e r p o l a t i o n M a t r i x 

W e reproduce some n u m e r i c a l exper iments f r o m [Beatson et al. (2000)] based o n 
the use o f t h i n p la te splines i n M2. W e c o m p u t e t h e . ^ - c o n d i t i o n numbers o f the 
i n t e r p o l a t i o n m a t r i x for the th ree different approaches m e n t i o n e d above, i.e., us ing 
the s t a n d a r d basis consis t ing o f func t ions $>(-,Xj) a n d m o n o m i a l s ( ob t a ined w i t h 
t he M A T L A B p r o g r a m R B F I n t e r p o l a t i o n 2 D l i n e a r . m of C h a p t e r 6 ) , us ing the re
p r o d u c i n g kernels K(-,Xj), a n d us ing the m a t r i x C based o n the kerne l K. T h e 
m a t r i x for the kernels K(-,Xj) is c o m p u t e d w i t h t he p r o g r a m t p s K . m p r o v i d e d i n 
P r o g r a m 3 4 . 1 . T h e three p o l y n o m i a l c a r d i n a l func t ions are based o n the three 
corners ( 0 , 0 ) , ( 0 , 1 ) , a n d ( 1 , 0 ) o f t h e u n i t square, i.e., 

Pi(z) = 1 - zx - 2 2 , 

p2(z) = z x , 

where z = (zx,z2) G R2. 
T h e p r o g r a m t p s K . m is comp le t e ly vec to r ized , i.e., we i n p u t ar rays o f p o i n t s x 

a n d y , and create t he en t i re m a t r i x w i t h entries K(xi, X j ) , i,j — 1 , . . . , N (denoted 
b y r b f i n the p r o g r a m ) . W e assemble the m a t r i x accord ing t o the t e rms i n (34.6) . 
O n lines 3 and 4 we f i l l t w o mat r ices , p x a n d p y , whose co lumns c o n t a i n the values 
o f the p o l y n o m i a l s px, p2 and ps (def ined as separate funct ions a t the end o f the 
p r o g r a m ) at a l l o f the po in t s i n x a n d y , respect ively. T h e f i rs t t e r m o f (34 .6) , the 
m a t r i x <fr(x, y), is assembled o n l ine 5 where we ca l l t he sub rou t ine t p s .m l i s t ed as 
P r o g r a m C.4 i n A p p e n d i x C. N e x t , o n l ines 6—11 we add the n e x t t w o sums f r o m 
(34.6) s imul taneously . T h e doub le s u m is added t o the m a t r i x r b f o n lines 12¬
17, and f ina l ly the tenor p r o d u c t p o l y n o m i a l t e r m is c o m p u t e d a n d added o n lines 
18-20. 

P r o g r a m 3 4 . 1 . t p s K . m 

% r b f = t p s K ( x , y ) 

% Computes m a t r i x f o r t h i n p l a t e s p l i n e k e r n e l K w i t h 
% l i n e a r p o l y n o m i a l s c a r d i n a l o n ( 0 , 0 ) , ( 1 , 0 ) , ( 0 , 1 ) 
% C a l l s o n : t p s 

1 f u n c t i o n r b f = t p s K ( x , y ) 
D e f i n e p o i n t s f o r c a r d i n a l p o l y n o m i a l s 

2 p p o i n t s = [ 0 0 ; 1 0 ; 0 1 ] ; 
3 p x = [ p l ( x ) p 2 ( x ) p 3 ( x ) ] ; 
4 p y = [ p l ( y ) p 2 ( y ) p 3 ( y ) ] ; 
5 r = D i s t a n c e M a t r i x ( x , y ) ; r b f = t p s ( l , r ) ; 

6 f o r k = l : 3 
7 r = D i s t a n c e M a t r i x ( p p o i n t s ( k , : ) , y ) ; 
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8 r b f = r b f - p x ( : , k ) * t p s ( 1 , r ) ; 
9 r = D i s t a n c e M a t r i x ( x , p p o i n t s ( k , : ) ) ; 

10 r b f = r b f - t p s ( l , r ) * p y ( : , k ) ' ; 

11 end 
12 f o r j = l : 3 
13 f o r k = l : 3 
14 r = D i s t a n c e M a t r i x ( p p o i n t s ( j , : ) , p p o i n t s ( k , : ) ) ; 
15 r b f = r b f + p x ( : , j ) * p y ( : , k ) ' * t p s ( 1 , r ) ; 

16 end 
17 end 
18 f o r k = l : 3 
19 r b f = r b f + p x ( : , k ) * p y ( : , k ) ' ; 

20 end 
21 r e t u r n 

% The c a r d i n a l p o l y n o m i a l s 
22 f u n c t i o n w = p l ( z ) 
23 w = 1 - z ( : , 1 ) - z ( : , 2 ) ; 

24 r e t u r n 
25 f u n c t i o n w = p 2 ( z ) 
26 w = z ( : , 1 ) ; 

27 r e t u r n 
28 f u n c t i o n w = p 3 ( z ) 
29 w = z ( : , 2 ) ; 
30 r e t u r n 

Since P r o g r a m 34.1 produces the ent i re i n t e r p o l a t i o n (or eva lua t ion) m a t r i x , we 

can use P r o g r a m 2.1 and replace lines 13 and 14 b y 

IM = t p s K ( d s i t e s , c t r s ) ; 

and lines 15 a n d 16 b y 

EM = t p s K ( e p o i n t s , c t r s ) ; 

i n order t o solve the i n t e r p o l a t i o n p r o b l e m i n th i s case. 
T h e m a t r i x C is ob t a ined i n a s imi la r fashion by using a p r o g r a m t p s H . m t h a t 

is iden t ica l t o t p s K . m except t h a t lines 18-20 are removed. I n a d d i t i o n , we need t o 
remove the corner po in ts ( 0 , 0 ) , ( 1 , 0 ) , and (0 ,1 ) f r o m the c t r s and d s i t e s i n the 
dr iver p r o g r a m . 

I n the f i rs t exper iment ( i l l u s t r a t e d i n Table 34.3) the p r o b l e m is f o r m u l a t e d o n 
the u n i t square [0, l ] 2 . Here b o t h the number o f po in t s and the separa t ion distance 
va ry f r o m one r o w i n the tab le t o the nex t . T h e three different co lumns l i s t t he 
^2 -condi t ion numbers o f the i n t e r p o l a t i o n m a t r i x for the three different approaches 
men t ioned above. W i t h th i s setup a l l three methods pe r fo rm comparably . 
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Table 34.3 Condition numbers for different thin plate spline bases on [0, l ] 2 

with increasing number of points and varying separation distance. 

spacing h standard matrix reproducing kernel homogeneous matrix 

1/8 3.515800e+003 1.839030e+004 7.583833e+003 
1/16 3.893850e+004 2.651373e+005 1.108581e+005 
1/32 5.136252e+005 4.000679e+006 1.686431e+006 
1/64 7.618277e+006 6.202918e+007 2.626402e+007 

I n the second expe r imen t ( s h o w n i n T a b l e 34.4) t h e n u m b e r o f p o i n t s is kep t f ixed 
at 5 x 5 equa l ly spaced po in t s . However , t h e d o m a i n is scaled t o t he square [0, a]2 

w i t h scale pa ramete r a ( th i s can easily be done us ing t he same p r o g r a m s as above 
b y i n t r o d u c i n g a scale pa rame te r a t the a p p r o p r i a t e places, see also P r o g r a m 34.2) . 
T h e effect o f t h i s is t h a t o n l y t he s epa ra t i on d is tance qx changes f r o m one r o w t o 
t he nex t i n the t ab le . N o w , clear ly, the t w o new m e t h o d s show less dependence o n 
t he separa t ion dis tance, w i t h t he c o n d i t i o n n u m b e r o f t he homogeneous m a t r i x C 
be ing comple t e ly insensi t ive t o t he re-scal ing as c l a i m e d earl ier . 

Table 34.4 Condition numbers for different thin plate spline bases on [0, a ] 2 with 
fixed number of 25 points and varying separation distance. 

scale parameter a standard matrix reproducing kernel homogeneous matrix 

0.001 2.434883e+008 8.463509e+008 5.493771e+002 
0.01 2.436378e+006 8.464002e+006 5.493771e+002 
0.1 2.517866e+004 8.513354e+004 5.493771e+002 
1.0 3.645782e+002 1.366035e+003 5.493771e+002 
10 1.874215e+006 1.260864e+003 5.493771e+002 

100 1.151990e+011 1.139634e+005 5.493771e+002 
1000 3.548239e+015 1.138572e+007 5.493771e+002 

W e close t h i s sect ion b y p o i n t i n g o u t t h a t Iske a n co-workers t ake advantage o f 
t he scale invar iance o f p o l y h a r m o n i c splines ( a n d t h i n p l a t e splines i n p a r t i c u l a r ) i n 
t he c o n s t r u c t i o n o f a n u m e r i c a l mul t i sca le solver for t r a n s p o r t p rob lems (see, e.g., 
[Behrens et al. (2002) ] ) . 

3 4 . 6 E f f e c t o f t h e " B e t t e r " B a s i s o n t h e A c c u r a c y o f t h e 
I n t e r p o l a n t 

I n t h i s sec t ion we p r o v i d e an example i l l u s t r a t i n g the s u r p r i s i n g fact t h a t for p o l y 
h a r m o n i c splines no t o n l y t he homogeneous ke rne l K can be used successfully for 
p o o r l y scaled p rob l ems , b u t also t he s t a n d a r d kerne l 3>. 

E x a m p l e 3 4 . 4 . W e use t h e t h i n p l a t e spl ine basic f u n c t i o n <p(r) = r 2 l og r a n d 

a scaled vers ion o f Franke ' s t e s t f u n c t i o n t o generate tes t d a t a o n a 5 x 5 u n i f o r m 
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g r i d i n the square [ 0 , a ] 2 as i n Table 34.4. However , now the scale pa ramete r a w i l l 
range f r o m 1 0 - 9 t o 1 0 9 . W e w i l l present c o n d i t i o n numbers a n d root -mean-square 
errors c o m p u t e d on a 40 x 40 u n i f o r m g r i d for the three different kernels discussed 
previously . W e l is t o n l y the M A T L A B code for the homogeneous case since the 
t w o o ther p rograms are ve ry s i m i l a r t o p rev ious ones. T h e f u n c t i o n t p s H . m cal led 
b y P r o g r a m 34.2 is a lmost t he same as P r o g r a m 34.1 l i s t ed above. T h e r equ i r ed 
modi f ica t ions are no ted there . 

M a n y par t s o f P r o g r a m 34.2 are f ami l i a r . However , i n order t o deal w i t h the 
kernel K and the associated m a t r i x C we need t o define t h e special po in t s at w h i c h 
the ca rd ina l po lynomia l s are defined. T h i s is done o n l ine 9, where t he special 
po in t s are t aken as three corners o f the scaled u n i t square. Since the kernel is the 
zero func t i on w h e n centered at these po in t s t h e y need t o be removed f r o m t h e set 
o f centers. T h i s is accompl ished o n lines 11 , 12 a n d 14. T h e scal ing o f the p r o b l e m 
happens on lines 8, 9 and 13. T h e scale also enters i n a n u m b e r o f o the r places such 
as the de f in i t i on o f the eva lua t ion g r i d o n l ine 15, c o m p u t a t i o n o f t he r i g h t - h a n d side 
on lines 17-19, and the c o m p u t a t i o n o f the exact s o l u t i o n o n l ine 26. I n cont ras t 
t o most o f our o ther i n t e r p o l a t i o n p rograms here we c o m p u t e t he i n t e r p o l a t i o n 
and eva lua t ion matr ices w i t h a single sub rou t ine (c.f. t he calls t o t p s H on lines 20 
and 22) . No te t h a t the scale pa ramete r a is passed t o t p s H . Equa t i ons 34.9 and 
34.7 for the so lu t i on and eva lua t ion o f the i n t e r p o l a n t are i m p l e m e n t e d toge ther o n 
l ine 25. F i n a l l y , the three ca rd ina l p o l y n o m i a l s are coded o n lines 35-43 . Since these 
po lynomia l s are defined o n the u n i t square t h e y need t o be ca l led w i t h re-scaled 
arguments (cf. lines 17 a n d 23) . 

P r o g r a m 3 4 . 2 . R B F I n t e r p o l a t i o n 2 D t p s H . m 

% R B F I n t e r p o l a t i o n 2 D t p s H 

V, S c r i p t t h a t p e r f o r m s 2D TPS i n t e r p o l a t i o n w i t h homogeneous k e r n e l 
% C a l l s o n : t p s H 

1 f u n c t i o n R B F I n t e r p o l a t i o n 2 D t p s H 
'/» D e f i n e F r a n k e ' s f u n c t i o n as t e s t f u n c t i o n 

2 f l = @(x,y) 0 . 7 5 * e x p ( - ( ( 9 * x - 2 ) . ~ 2 + ( 9 * y - 2 ) . ~ 2 ) / 4 ) ; 
3 f 2 = @(x,y) 0 . 7 5 * e x p ( - ( ( 9 * x + l ) . ~ 2 / 4 9 + ( 9 * y + l ) . ~ 2 / 1 0 ) ) ; 
4 f 3 = <3(x,y) 0 . 5 * e x p ( - ( ( 9 * x - 7 ) . ~ 2 + ( 9*y - 3 ) . ~ 2 ) / 4 ) ; 
5 f 4 = <3(x,y) 0 . 2 * e x p ( - ( ( 9 * x - 4 ) . ~ 2 + ( 9 * y - 7 ) . " 2 ) ) ; 
6 t e s t f u n c t i o n = @(x,y) f l ( x , y ) + f 2 ( x , y ) + f 3 ( x , y ) - f 4 ( x , y ) ; 
7 N = 2 5 ; g r i d t y p e = ' u ' ; 
8 a = l e 9 ; 
9 p p o i n t s = a * [ 0 0 ; 1 0 ; 0 1] ; 

% Load d a t a p o i n t s 
10 name = s p r i n t f ( 'Data2D_yody,s ' , N , g r i d t y p e ) ; l o a d ( n a m e ) 

% Remove ( 0 , 0 ) , ( 1 , 0 ) , ( 0 , 1 ) t o w o r k w i t h C m a t r i x 
11a remove = [ f i n d ( d s i t e s ( : , 1 ) = = 0 & d s i t e s ( : , 2 ) = = 0 ) ; . . . 
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l i b find(dsites(:,1)==1 & ds i t e s ( : , 2 ) = = 0 ) ; . . . 
11c find(dsites(:,1)==0 & dsites(:,2)==1)] 
12 d s i t e s (remove, : ) = [] ; 

°/0 Scale problem to square [0,a]~2 
13 d s i t e s = a * d s i t e s ; 

% Let centers coincide with data s i t e s 
14 c t r s = d s i t e s ; 
15 neval = 40; g r i d = l i n s p a c e ( 0 , a , n e v a l ) ; 
16 [xe,ye] = meshgrid(grid); epoints = [xe(:) y e ( : ) ] ; 

% Create right-hand side f o r homogeneous problem 
17 DP = [ p l ( d s i t e s / a ) p 2 ( d s i t e s / a ) p 3 ( d s i t e s / a ) ] ' ; 
18 d = t e s t f u n c t i o n ( p p o i n t s ( : , 1 ) / a , p p o i n t s ( : , 2 ) / a ) ; 
19 rhs = t e s t f u n c t i o n ( d s i t e s ( : , 1 ) / a , d s i t e s ( : , 2 ) / a ) - DP'*d; 

% Compute i n t e r p o l a t i o n matrix f o r the s p e c i a l case of TPS 
% native space kernel (no need to add polynomials) 

20 IM = t p s H ( d s i t e s , c t r s , a ) ; 
% Compute condition number of i n t e r p o l a t i o n matrix 

21 f p r i n t f ('12-condition : 0/,e\n' , cond(IM)) 
% Compute evaluation matrix 

22 EM = t p s H ( e p o i n t s , c t r s , a ) ; 
23 EP = [pi(e p o i n t s / a ) p2(epoints/a) p 3 ( e p o i n t s / a ) ] ; 
24 EM = [EM EP]; 

V, Compute RBF inte r p o l a n t 
25 Pf = EM * [(IM\rhs); d ] ; 

% Compute exact s o l u t i o n 
26 exact = t e s t f u n c t i o n ( e p o i n t s ( : , l ) / a , e p o i n t s ( : , 2 ) / a ) ; 

°/0 Compute e r r o r s on evaluation g r i d 
27 maxerr = norm(Pf-exact,inf); 
28 rms_err = norm(Pf-exact)/neval; 
29 f p r i n t f ('RMS er r o r : %e\n' , rms.err) 
30 f p r i n t f ( 'Maximum e r r o r : '/,e\n', maxerr) 
31 fview = [160,20] ; viewing angles f o r pl o t 
32 PlotSurf(xe,ye,Pf,neval,exact,maxerr,fview); 
33 PlotError2D(xe,ye,Pf,exact,maxerr,neval,fview); 
34 r e t u r n 

% The c a r d i n a l polynomials 
35 function w = p l ( z ) 
36 w = 1 - z ( : ,1) - z ( : , 2 ) ; 
37 r e t u r n 
38 f u n c t i o n w = p2(z) 
39 w = z ( : , 1 ) ; 
40 r e t u r n 
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4 1 f u n c t i o n w = p 3 ( z ) 
42 w = z ( : , 2 ) ; 
43 r e t u r n 

I n Table 34.5 we l is t the root-mean-square errors r e su l t i ng f r o m the three dif
ferent i n t e r p o l a t i o n methods . T h e scal ing o f t h e d o m a i n was chosen more ex t reme 
t h a n i n Table 34.4 so t h a t t h e sens i t iv i ty o f the r e p r o d u c i n g kernel K becomes 
clear ly v is ib le . I t s c o n d i t i o n n u m b e r o f the i n t e r p o l a t i o n m a t r i x for a — 1 0 ~ 9 was 
5.354134e+018, wh i l e for a = 1 0 9 i t was 6.994062e+019. W h i l e b o t h o f these 
c o n d i t i o n numbers are c lear ly ve ry h i g h and therefore ind ica te t h a t we m i g h t ex
pect numer i ca l diff icult ies so lv ing a p r o b l e m o n these l e n g t h scales, t he o ther t w o 
methods ( s t andard T P S basis funct ions a n d the homogeneous kerne l K ) p e r f o r m 
perfect ly t h r o u g h o u t the ent i re range o f scalings. Moreover , the c o n d i t i o n n u m 
bers for the s t anda rd T P S i n t e r p o l a t i o n m a t r i x are m u c h higher t h a n for the K 
kernel: 7 .299408e+021 for a = 1CT 9 , and even 2.749537e+038 for a = 1 0 9 . Never
theless, the s t anda rd T P S i n t e r p o l a n t does not suffer f r o m i n s t a b i l i t y due t o th i s 
i l l - cond i t i on ing . T h e same is t r u e for a l l o ther tests we have pe r fo rmed w i t h s tan
d a r d p o l y h a r m o n i c spline in t e rpo lan t s (such as, e.g., the n o r m basic f u n c t i o n ) . 

Table 34.5 R M S errors for different thin plate spline interpolants on [0 ,a] 2 with 
fixed number of 25 points and varying separation distance. 

scale parameter o standard matrix reproducing kernel homogeneous matrix 

I O - 9 2.969478e-002 NAN 2.969478e-002 
I C R 6 2.969478e-002 2.970740e-002 2.969478e-002 
10- 3 2.969478e-002 2.969478e-002 2.969478e-002 
1.0 2.969478e-002 2.969478e-002 2.969478e-002 
10 3 2.969478e-002 2.969478e-002 2.969478e-002 
10 6 2.969478e-002 2.969218e-002 2.969478e-002 
10 9 2.969478e-002 1.207446e+003 2.969478e-002 





Chapter 35 

Other Efficient Numerical Methods 

I n earlier chapters we have a l ready men t ioned var ious a l g o r i t h m s for meshfree scat
tered da ta i n t e r p o l a t i o n t h a t are more efficient t h a n the s t r a i g h t f o r w a r d s o l u t i o n 
o f the l inear system ob ta ined by enforcing t h e i n t e r p o l a t i o n condi t ions . I n par
t i cu la r , we suggested the use o f the n o n - u n i f o r m fast Four ie r t r a n s f o r m ( N F F T ) 
for fast eva lua t ion of g loba l ly suppor t ed funct ions , a f ixed level i t e r a t ive a l g o r i t h m 
based o n app rox ima te M L S a p p r o x i m a t i o n , the greedy a l g o r i t h m o f Schaback a n d 
Wend land , the Faul -Powel l a l g o r i t h m , a n d the p recond i t ioned G M R E S m e t h o d o f 
Beatson et a l . 

We now add three more numer i ca l techniques t h a t can be used t o make the 
c o m p u t a t i o n w i t h g loba l ly suppor t ed funct ions o n large d a t a sets more efficient 
and also more stable. I n the f i rs t t w o sections o f th i s chapter we discuss the fast 
m u l t i p o l e m e t h o d and fast t ree codes, a n d h o w these methods can be adap ted t o 
r ad i a l basis funct ions. I n the t h i r d sect ion we present a b r i e f i n t r o d u c t i o n t o d o m a i n 
decompos i t ion methods, w h i c h no t o n l y make the so lu t ion o f large i n t e r p o l a t i o n 
problems more efficient, b u t also p rov ide a w a y t o avoid the i l l - c o n d i t i o n i n g issue 
by break ing the large p r o b l e m i n t o m a n y we l l - cond i t i oned smaller ones. 

35.1 T h e F a s t M u l t i p o l e M e t h o d 

A n o t h e r technique for dea l ing w i t h fast s u m m a t i o n problems is k n o w n as the fast 
multipole method. I t was first proposed b y Greengard and R o k h l i n i n the la te 1980s 
(see, e.g., the o r ig ina l paper [Greengard and R o k h l i n (1987)] , the popu la r discussion 
[Greengard (1994)], or the shor t course t a i l o r e d t o r ad i a l basis funct ions [Beatson 
and Greengard (1997)]) . T h i s m e t h o d has q u i c k l y become ra the r popu la r i n the 
c o m p u t a t i o n a l sciences. T h e b r e a k t h r o u g h accompl i shment o f th i s a l g o r i t h m was 
the a b i l i t y t o pe r fo rm fast evaluat ions o f sums o f the type 

N 

Vf(x) = J2 ck$(x, xk), x e R s . 
k=l 

321 



322 Meshfree Approximation Methods with MATLAB 

I n p a r t i c u l a r , M such evaluat ions can be p e r f o r m e d i n 0(M log N) (or even O(M)) 
opera t ions instead o f t he s t a n d a r d 0(MN) opera t ions for a naive i m p l e m e n t a t i o n o f 
t h e s u m m a t i o n . T h e n o n - u n i f o r m fast Four ie r t r a n s f o r m o f Chap te r 28 was able t o 
do th i s also, and i n a f a i r l y general w a y for a v e r y large class o f kernels <&. However , 
t he fast m u l t i p o l e m e t h o d is a l i t t l e o lder a n d i t m a y be more efficient t h a n the 
N F F T since special expansions are used t h a t are chosen w i t h the p a r t i c u l a r kerne l 
<& i n m i n d . 

We w i l l n o w o u t l i n e the basic idea o f t h e fast Gauss transform [Greengard a n d 
S t r a i n (1991)] . T h i s t r a n s f o r m can be app l i ed d i r e c t l y t o t he a p p r o x i m a t e m o v i n g 
least squares a p p r o x i m a n d s based o n Gaussians used i n earl ier chapters (see t he 
n u m e r i c a l exper iments r e p o r t e d i n Tab le 35 .1 b e l o w ) . T h e h igher -order Laguer re -
Gaussian kernels, however, r equ i re a comple t e ly new d e r i v a t i o n . U s i n g ou r s t a n d a r d 
a b b r e v i a t i o n e = 1 / ( y / V h ) , we are n o w in teres ted i n a fast s u m m a t i o n technique for 
M s imul taneous evaluat ions o f t he Gauss ian quas i - in t e rpo lan t (or discrete Gauss 
transform) 

N 

GfiVj) = J2f(x^e~MVj~Xk)r> j = 1 , . . . , M . (35.1) 
fc=i 

I n [Greengard and S t r a i n (1991)] such a n a l g o r i t h m was developed, a n d i n [ S t r a i n 
(1991)] a m o d i f i c a t i o n was suggested t o cover also the case o f var iab le scales ek as 
needed w i t h q u a s i - i n t e r p o l a t i o n a t sca t te red sites or w i t h var iab le shape parameters . 

One o f t he cen t r a l ingred ien ts for the fast Gauss t r a n s f o r m are the multivariate 
Hermite functions h a defined as 

ha(x) = ( - i ) l « l £ > « e - I M I 2 , (35.2) 

where ct = (ax,..., as) G N s is a m u l t i - i n d e x . These funct ions are r e l a t ed t o the 
m u l t i v a r i a t e H e r m i t e p o l y n o m i a l s Ha v i a 

s 

Ha{x) = \ { Had(xd) = e ^ 2 h a ( x ) (35.3) 
d=i 

(see, e.g., the un iva r i a t e f o r m u l a (6.1.3) i n [ A n d r e w s et al. (1999)] ) . I t is benefi
c ia l t h a t the H e r m i t e func t ions can be eva lua ted recurs ive ly us ing the (un iva r i a t e ) 
recurrence r e l a t i o n 

hn+i(x) = 2xhn{x) — 2nhn-.x(x), n = 1, 2 , . . . , 
h0(x) = e - | x l 2 , hx(x) = 2xe~W\ 

w h i c h fol lows i m m e d i a t e l y f r o m (35.3) a n d the r ecurs ion r e l a t i o n for H e r m i t e p o l y 
nomia l s (see, e.g., f o r m u l a (6.1.10) i n [ A n d r e w s et al. (1999)] ) . 

T h e a l g o r i t h m of G r e e n g a r d a n d S t r a i n is based o n three basic expansions 
w h i c h we l i s t be low as T h e o r e m s 35.1-35.3 (see [Greengard a n d S t r a i n (1991); 
Greengard a n d Sun (1998)] ) . T h e m a i n effect o f these expansions is the fact t h a t the 
variables yj a n d x k w i l l be separa ted . T h i s is t h e f u n d a m e n t a l " t r i c k " used w i t h a l l 
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fast s u m m a t i o n a lgor i thms (see our discussion o f the N F F T based fast s u m m a t i o n 
m e t h o d i n Chapte r 28). T h i s w i l l a l low for the p r e - c o m p u t a t i o n and storage o f 
ce r t a in moments below. 

T h e first step i n the a l g o r i t h m is t o scale the p r o b l e m t o the u n i t b o x [0, l ] s and 
t h e n subdiv ide the u n i t box i n to smaller boxes B a n d C w h i c h usual ly coincide. 
T h e y can, however, also differ. T h e boxes B con t a in the sources x k (i.e., our 
centers), and the boxes C t he targets yj (i.e., our eva lua t ion po in t s ) . For each 
source box B one t hen determines i t s interaction region IR(B). T h e i n t e r a c t i o n 
region of B is a set o f nearest neighbors o f B such t h a t the error o f t r u n c a t i n g 
the s u m over a l l boxes is below a ce r t a in th resho ld . D u e to the fast decay o f the 
Gaussians i t is suggested (see [Greengard and Sun (1998)]) t o use the 9 s nearest 
neighbors for single precis ion and the 1 3 s nearest neighbors for double precis ion. 

T h e o r e m 3 5 . 1 . Let IB be the index set denoting the sources x k that lie in a box 
B with center XB and side length 1/e, and let yc be the center of the target box 
C £ I R ( B ) of radius rc containing the targets yj. Then the Gaussian field due to 
the sources in B , 

G?\vi)= E / ( * f c ) e - | | e ( v ' - " f c ) l | a , 
keiB 

has the following Taylor expansion about yc '• 

Qf\vo) = E a<* - yc))a > (35-4) 
cx>0 

where the coefficients a a are given by 

a n = 
Oil 

keiB 

E f(xk)ha (e(xk - yc)) 

The error E T ( P ) due to truncating the series (35.4) after the p-th order terms 
satisfies the bound 

\ET(P)\ = I E a" ~ vc)T I < ( 1 . 0 9 ) ' F < * > - = = 

where = £ f c e 7 s \f(xk)\. 

Here we used the m u l t i - i n d e x n o t a t i o n at > 0 t o denote the const ra ints ad > 0 
for a l l d — 1,..., s. M o r e generally, for some integer p we say ex. > p i f ad > p for 
a l l d = 1 , . . . , s. T h i s impl ies t h a t we have a > p for some integer p, i f ex. > p and 
ad > p for some d. We also use ex > (3 i f ad > (3d for a l l d = 1 , . . . , s. 

T h e expansion (35.4) w i l l be used i n the case w h e n the source b o x B contains 
re la t ive ly few sources, b u t the t a rge t box C contains m a n y targets . 

B y reversing the role o f the H e r m i t e funct ions a n d the shif ted monomia l s one can 
w r i t e a single Gaussian as a m u l t i v a r i a t e H e r m i t e expansion about a p o i n t ZQ e M s , 
i.e., 

e - M y j - X k ) l l * = J2 J _ (£(Xk - Zo))<* h a (e(Vj - z0)). (35.5) 

T h i s idea is used i n 
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T h e o r e m 35 .2 ( F a r - f i e l d e x p a n s i o n ) . Let I B be the index set denoting the 
sources Xk that lie in a box B with center XB and side length 1/e. Then the Gaus
sian field due to the sources in B, 

Gf

B)(yj) = E f M e - M y ^ k n \ 
keiB 

is equal to an Hermite expansion about x B •' 

G?\v,) = E b<*h<* ̂  ~ XB^ • (35-6) 
t x > 0 

The moments ba are given by 

ba = —. E f(xk) (£(xk - x B ) ) a • 
keiB 

The error E H ( P ) due to truncating the series (35.6) after p-th order terms satisfies 
the bound 

\EH{P)\ = | E B~H<* - XB)) I < ( 1 . 0 9 ) a F ^ '). 

ot>p 

(£rc) 
P + I 

1 — erc 

T h e o r e m 35.2 is used w h e n B conta ins m a n y sources, b u t C o n l y few targets . 
F ina l l y , i n the case w h e n b o t h B a n d C c o n t a i n r e l a t i v e l y m a n y po in t s we use 

T h e o r e m 3 5 . 3 ( T r a n s l a t i o n o p e r a t i o n ) . Let the sources Xk lie in a box B with 
center XB and side length 1/e and let yj be an evaluation point in a box C with 
center yc- Then the corresponding truncated Hermite expansion (35.6) can be ex
panded as a Taylor series of the form 

G{fBC)(yj) = T,c0Wyi-yc)f-

The coefficients cp are given by 

(35.7) 

c / 3 

(-1)101 

= —-pi— 2^ b<*h<*+p ( £ ( X B - yc)), 
a<p 

with ba as in Theorem 35.2. The error ET{P) due to truncating the series (35.7) 
after p-th order terms satisfies the bound 

t^p V ( P + 1 ) ! 

P + I 

1 — erc 

T h e o r e m 35.3 is based o n the m u l t i v a r i a t e T a y l o r series expans ion o f t he H e r m i t e 
funct ions h a , i.e., 

h, (e(yj - x B ) ) = Yl ~ g i — (e(yi ~ y c ^ ha+P ( £ ( X B ~ y c ^ 
(3>0 P' 
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Note t h a t the error est imates i n the o r i g i n a l paper o n the fast Gauss t r a n s f o r m 
[Greengard a n d S t r a in (1991)] were incorrec t . I n the mean t i m e a number o f o ther 
au thors have p rov ided a l te rna te error bounds i n the i r papers (see, e.g., [Bax te r 
and Roussos (2002); Florence a n d van L o a n (2000); Greengard a n d Sun (1998); 
W e n d l a n d (2004)]) . 

For I D calculat ions o n the order o f p = 20 t e rms are r equ i red to achieve double 
precis ion accuracy. For the 2 D case one can get b y w i t h a smaller value o f p ( abou t 
15), b u t the number o f t e rms is o f course m u c h higher (on the order o f ps for 
s-dimensional p rob lems) . 

T h e basic ou t l ine o f the a l g o r i t h m is as fol lows: 

A l g o r i t h m 3 5 . 1 . Fast Gauss t r a n s f o r m 

(1) I f necessary, scale the p r o b l e m so t h a t the coarsest b o x Bo — [0, l ] s . Subd iv ide 
Bo i n to smaller boxes w i t h side l eng th 1/e pa ra l l e l t o the axes. Ass ign each 
source x k t o the box B i n w h i c h i t lies a n d each eva lua t ion p o i n t yj t o the b o x 
C i n w h i c h i t lies. 

(2) Choose p so t h a t the t r u n c a t i o n error satisfies the desired accuracy, a n d for 
each box B compute and store the coefficients (or moments ) 

boc = E f(x*>) ( £ ( X k ~ XB))°L , OL<P, 

' keiB 

of i ts H e r m i t e expansion (35.6) . 
(3) For each eva lua t ion box C, de te rmine i t s i n t e r a c t i o n reg ion IR(C). 
(4) For each eva lua t ion box C t r a n s f o r m a l l H e r m i t e expansions i n source boxes 

w i t h i n the in t e rac t ion reg ion IR(C) i n to a single T a y l o r expansion us ing (35.7) , 
i.e., 

/9<P 

where 

CP = -̂4jj— E E 6 « ^ « + / 3 (e(xB - yc)) • 
BelR(C) at<p 

For a smal l number o f po in t s d i rec t s u m m a t i o n is more efficient t h a n the fast 
t r ans fo rm. Unfo r tuna te ly , t h e value o f the "crossover p o i n t " grows w i t h the space 
d imens ion s. T h i s makes the fast Gauss t r a n s f o r m i n i t s basic f o r m v i r t u a l l y unus
able for 3 D appl ica t ions . 

No te t h a t the a l g o r i t h m presented here does no t use a h ie rarchica l decompos i t ion 
of space as is t y p i c a l for so-called tree codes, as w e l l as m a n y o ther more general fast 
m u l t i p o l e a lgo r i thms . I n the a l g o r i t h m above the i n t e r a c t i o n region is de t e rmined 
s i m p l y based on the fast decay of the Gaussian. 

Clearly, t he m a j o r i t y o f t h e w o r k has t o be per formed i n step 4. T h e performance 
of th i s step can be i m p r o v e d b y us ing plane wave expansions t o diagonal ize the 
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t r a n s l a t i o n operators (see [Greengard and Sun (1998)] ) . I n order t o keep m a t t e r s 
as s imple as possible, we w i l l no t discuss t h i s feature. 

A more complete a l g o r i t h m (designed for r a d i a l basis f u n c t i o n i n t e r p o l a t i o n w i t h 
m u l t i q u a d r i c s and t h i n p la te splines) has been developed b y Bea tson a n d co-workers 
(see, e.g., [Beatson and N e w s a m (1992); Cher r i e et al. (2002)] ) . 

For the numer i ca l exper iments i n Table 35.1 we used the C-code FGT w h i c h 
can also be used as a M E X - f i l e w i t h M A T L A B . T h e code was w r i t t e n by A d a m F l o 
rence and can be ob ta ined at h t t p : / / w w w . cs . C o r n e l l . e d u / a f l o r e n c / r e s e a r c h / -
f g t . h t m l (see also [Florence and v a n L o a n (2000)] ) . T h e numer i ca l results pre
sented i n Table 35.1 were ob ta ined b y p e r f o r m i n g quas i - i n t e rpo la t i on o f t he f o r m 

^'(«)-(^)-'/»E/(»*).(^), 
K — 1 

2 , 3 , 4 , . . . , 18, equa l ly spaced po in t s i n [0,1] w i t h a Gaussian <E> o n N = 2l + 1, £ 
w i t h the mo l l i f i ed test f u n c t i o n 

f(x) = 15e^^-Da 
, - ( * - 2 ) 2 / 4 3 

+ 4 6 " 
(x + l ) 2 / 4 9 1 

+ 2 e ' 
(* -7 ) 2 / 4 1 - ( x - 4 ) s 

4 ' 4 " " 2 " 5 ' 

A l l errors were c o m p u t e d o n M = 524289 equa l ly spaced po in t s i n [ 0 , 1 ] . I n 

the "rate" c o l u m n we l i s t the n u m b e r ra te = l n ( e ^ _ i / e ^ ) / l n 2 cor responding t o the 

exponent i n the 0(hT&te) n o t a t i o n . O t h e r parameters were T> = 4, and the defaul t 

values for t he FGT code ( i .e . , R = 0 .5) . A l l t imes were measured i n seconds. 

Table 35.1 I D quasi-interpolation using fast Gauss transform. 

direct fast 

N max-error rate time max-error rate time speedup 

5 3.018954e-00 1.93 5 495125e-00 1.07 1.80 
9 2.037762e-00 0.57 3.40 2 037762e-00 1 43 5.31 0.64 
17 9.617170e-01 1.08 6.39 9 617170e-01 1 08 5.33 1.20 
33 3.609205e-01 1.41 12.28 3 609205e-01 1 41 5.35 2.30 
65 1.190192e-01 1.60 24.72 1 190192e-01 1 60 5.39 4.59 
129 3.354132e-02 1.83 53.38 3 354132e-02 1 83 5.46 10.14 
257 8.702868e-03 1.95 113.35 8 702868e-03 1 95 5.61 20.20 
513 2.196948e-03 1.99 226.15 2 196948e-03 1 99 5.94 38.07 
1025 450* 5 505832e-04 2 00 6.67 67.47 
2049 900* 1 377302e-04 2 00 7.87 114.36 
4097 1800* 3 443783e-05 2 00 10.56 170.45 
8193 3600* 8 609789e-06 2 00 15.78 228.14 
16385 7200* 2 152468e-06 2 00 26.27 274.08 
32769 14400* 5 381182e-07 2 00 47.39 303.86 
65537 28800* 1 .345296e-07 2 .00 89.91 320.32 
131073 57600* 3 .363241e-08 2 .00 174.74 329.63 
262145 115200* 8 .408103e-09 2 .00 343.59 335.28 

A n asterisk * o n the entries i n t h e lower p a r t o f the "d i rec t" c o l u m n indicates 
es t imated t imes . T h e fast Gauss t r a n s f o r m yie lds a speedup o f r o u g h l y a factor o f 
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300. A n o t h e r w a y t o i n t e r p r e t these resul ts is t h a t for r o u g h l y the same a m o u n t 
o f w o r k we can o b t a i n an answer w h i c h is a b o u t 100000 t imes m o r e accurate . T h e 
pred ic ted 0(h2) convergence o f t h e Gauss ian quas i - in t e rpo lan t (c.f. C h a p t e r 26) is 
perfec t ly i l l u s t r a t e d by the entries i n t he "rate" co lumns . 

3 5 . 2 F a s t T r e e C o d e s 

A n a l t e rna t ive t o fast m u l t i p o l e m e t h o d s are so-called fast tree codes. These k i n d 
o f a l g o r i t h m s o r i g i n a t e d i n c o m p u t a t i o n a l chemis t ry . For t he in teres ted reader we 
r ecommend recent m a t h e m a t i c a l papers b y K r a s n y a n d co-workers (e.g., [ D u a n and 
K r a s n y (2001); L i n d s a y and K r a s n y (2001)] ) . A n advantage o f fast t ree code m e t h 
ods is t h a t t hey make use o f s t a n d a r d T a y l o r expansions ins tead o f t h e special ized 
expansions t h a t are used i n t he c o n t e x t o f t he fast m u l t i p o l e expansions o f t he 
previous sect ion (such as, e.g, i n t e r m s o f H e r m i t e funct ions , spher ica l h a r m o n 
ics, spher ical H a n k e l funct ions , p lane waves, or hype rgeomet r i c funct ions [Cherr ie 
et al. (2002)]) . T h i s s implif ies t h e i r i m p l e m e n t a t i o n . However , t he i r convergence 
proper t ies are p r o b a b l y n o t as g o o d as those o f fast m u l t i p o l e expansions. 

W e now present a ve ry general discussion o f fast s u m m a t i o n v i a T a y l o r expan
sions. T h e presen ta t ion o f t h i s m a t e r i a l is m o t i v a t e d b y the w o r k o f K r a s n y a n d 
co-workers (see, e.g., [ D u a n a n d K r a s n y (2001); L i n d s a y and K r a s n y (2001)]) as 
w e l l as the a l g o r i t h m for the fast Gauss t r a n s f o r m rev iewed i n t he prev ious sect ion. 
Since we are in teres ted i n m a n y s imul taneous evalua t ions o f our quas i - in te rpo lan ts 
(or o ther r a d i a l basis f u n c t i o n expans ion) , we sp l i t t he set o f M eva lua t ion po in t s 
yj i n t o groups (conta ined i n boxes C w i t h centers yc)- W e also sp l i t t he N d a t a 
locat ions Xk i n t o boxes B w i t h centers X B , a n d use t he i ndex set IB t o denote the 
po in t s i n B . 

I n order t o set the stage for a fast s u m m a t i o n o f the quas i - in t e rpo lan t 

N 

Qfiyj) = 1%2f(xk)&(vj - xk) 

= E E / ( * * ) * ( V i - * * ) (35-8) 
B keiB 

w i t h genera t ing f u n c t i o n <& we requi re the m u l t i v a r i a t e T a y l o r expans ion o f <I> abou t 
a p o i n t ZQ € R s , i.e., 

*(*) = E D ^ ( z ) \ z = Z 0
{ z ' ^ ° r , (35.9) 

a>0 

where ot is a m u l t i - i n d e x . N o w — as for the fast Gauss t r a n s f o r m — we consider 
three basic expansions. 

T h e o r e m 3 5 . 4 ( T a y l o r S e r i e s E x p a n s i o n a b o u t C e n t e r s o f T a r g e t B o x e s ) . 
Let IB be the index set denoting the sources Xk that lie in a box B with center X B , 
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and let yc be the center of the target box C containing an evaluation point yj. Then 
the quasi-interpolant due to sources in B 

Q?\vi) = E HxkMyj-Vk) 
keiB 

can be written as a Taylor expansion about yc: 

oc>0 

where 

t ^ l . ^ f(xk)Ta(yc,xk) dry — 
a ! 

keiB 

withTa(yc,xk) = (-l)WD«$(z)\z=yc_Xk. 

Proof. We combine the c o n t r i b u t i o n for t he source box B o f (35.8) w i t h (35.9) , 
and let z — yj — x k and ZQ — yc — x k . T h e n (35.8) becomes 

,{B)(,..\- f(™. \ n a ^ ^ i iVi ~ V c ) a 

Qf(yj) = E /(**) E Da*(z)\z=yc- ex 
kelB oc>o 

Using the a b b r e v i a t i o n Ta(yc,xk) = ( — \ ) ^ D O L ^ ( z ) \ z = y c - X k we can r e w r i t e t h i s 
as 

Q{f)(yj) = T , * « ( y j - y c ) a , 
a > 0 

where 

E f{*k)Ta{yc,xk). 
keiB 

cx\ — • 

E x a m p l e 3 5 . 1 . I f we take 3>(cc) = e ^ t h e n 

Ta(yc,xk) = ha(yc - xk) = ha(xk - yc), 
and T h e o r e m 35.4 is equivalent t o T h e o r e m 35.1 g iven above. 

We can see t h a t the T a y l o r expans ion has a l lowed us t o separate t h e eva lua t ion 
po in t s yj f r o m the da t a po in t s x k . 

T h e o r e m 35 .5 ( T a y l o r S e r i e s E x p a n s i o n a b o u t C e n t e r s o f S o u r c e B o x e s ) . 
Let IB be the index set denoting the sources x k that lie in a box B with center XB-
Then the quasi-interpolant due to sources in B 

QfB\vj)= E fMHyj-Xk) 
keiB 

can be written as a reversed Taylor expansion about XB-' 

Q(f)(vj) = J2b<*T<*(yj>aiB), 
ot>0 

with the moment s ba given by 

be* = ^ 7 E f(xk)(xk - x B ) a , 
cx\ 

k£lB 

andTa{yj,xB) = (-l)WDa$(z)\z= Vj-xB • 
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Proof. W e combine the c o n t r i b u t i o n for t he source b o x B o f (35.8) w i t h (35 .9) , 
and let z = y3 - xk a n d z 0 = y3 - x B . T h e n (35.8) becomes 

fc6/B tx>0 

U s i n g the abb rev ia t i on Ta(y3,xB) = ( - l ) | o t | i P Q : $ ( 2 : ) | 2 ; = : y j . _ : C s we can reverse t h e 
role o f the Tay lo r coefficients and the p o l y n o m i a l s t o w r i t e t h i s as 

Q/B)(Wj) = Z ) 6 « r « ( f i , a 5 B ) , 
<x>0 

w i t h 

& a = a ! ^ f ( x k ) ( x k ~ x B ) a . 

' keiB j-j 

E x a m p l e 3 5 . 2 . Us ing $(x) = e - "*" 2 t h i s is equivalent t o T h e o r e m 35.2. 

T h e moments ba can be p re -computed a n d s tored d u r i n g t h e setup phase o f t he 
a l g o r i t h m . 

T h e o r e m 3 5 . 6 ( C o n v e r s i o n ) . Let I B be the index set denoting the sources x k 

that lie in a box B with center x B , and let yc be the center of the target box C 
containing y3. Then a fast summation formula for the quasi-interpolant 

N 

Qfivj) = ^2f(xk)$(yj - x k ) 
k=l 

can be given as an expansion about yc' 

where 

(-1)1^1 ^ , 
CP = m 2^ 2^Ta+B(yc,xB)ba, 

Ta+B(yc,xB) = ( — l ) \ a + f 3 \ D a + ( 3 < ! < > ( z ) \ z = y c - . X B , and the moments ba are as in 
Theorem 35.5. 

Proof. W e combine (35.8) w i t h (35.9) , and n o w replace z b y y3 — xk and z 0 b y 
Vc — x B . T h e n (35.8) becomes 

QfM = E E /(-*) E ̂*(*)i—0-« ^ - " - ( f —»»". 
B kelB « > 0 
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U s i n g the abb rev i a t i on Ta(yc, xB) = (—l)^DOL^(z)\z=yc^XB a long w i t h t he m u l 

t i v a r i a t e b i n o m i a l t heo rem we can r e w r i t e t h i s as 

Qfto) = E £ / ( * * ) E ( - i ) M T ° ( y ° ' " B ) * 
B k€lB « > 0 

3<Q 

= E E ( - u | c " ^ f e c , s s ) E(-i)w(>,
f:,c2v^ >< 

<*>0 B /3<a V 

E / ( ^ ) ^ ^ -

I n fact, we can in t roduce the m o m e n t s o f T h e o r e m 35.5 a n d w r i t e 

a>0 B /3<a V 

where 

6 0 = E f ( x k ) ( x k - XB)13-
p ' k e i B 

A fast a l g o r i t h m is now ob ta ined by t r u n c a t i n g the in f in i t e series after the p - t h 

order te rms, i.e., 

Oi<p B B<cx [ H J ' 

Using the fact t h a t 

E a « E b a ~ 3 = E b a E a a = E b a E a <*+0 ' 
ct <p B<cx o ;<p ct</3<p a < p c*+/3<p 

w h i c h can be ver i f ied b y a s imple rear rangement o f the summat ions a n d an index 
t r ans fo rma t ion , we o b t a i n ( in te rchang ing the role o f a a n d (3) the f o l l o w i n g fast 
s u m m a t i o n fo rmula : 

G / ( i / i ) « E E (-i ) | a | 4 i E(- 1) | o t + / 3' r«+/3(yc,a:B)6c,(yi-yc) / 3. 
0<pa+3<p B 

T h i s is equivalent t o the s ta tement o f the theo rem. • 

E x a m p l e 3 5 . 3 . U s i n g $(cc) = e - " 3 3 " 2 T h e o r e m 35.6 is a lmost equivalent t o T h e o 
r e m 35.2. However , our a l t e rna te f o r m u l a is more efficient since o n l y H e r m i t e func
t ions up t o order p are r equ i red (as opposed t o order 2p i n the G r e e n g a r d / S t r a i n 
vers ion) . T h i s g a i n is achieved by us ing the b i n o m i a l t h e o r e m instead o f a second 
Tay lo r expansion. T h e H e r m i t e series expansion used i n t h e t r a d i t i o n a l fast Gauss 
t r a n s f o r m is equivalent t o a T a y l o r expansion. 
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N o t e t h a t the T a y l o r coefficients Ta(yc, XB) depend o n l y o n the b o x centers yc 
and XB-

I n order t o make the a l g o r i t h m efficient one w i l l use a decision ru le (as i n S t ra in ' s 
code for the fast Gauss t r ans fo rm) t o decide w h e n t o use w h i c h o f the three expan
sions. E r r o r e s t ima t ion is ve ry s imi la r t o G r e e n g a r d / S t r a i n . T h e o n l y difference is 
t h a t one needs bounds on the Tay lo r coefficients ins tead o f the H e r m i t e funct ions . 

I n order t o adapt th i s fast t r a n s f o r m t o Laguerre-Gauss ian genera t ing funct ions 
(or any o ther genera t ing func t ion) one needs t o compu te the requ i red T a y l o r coef
ficients. T h i s is a task t h a t goes beyond the scope o f th i s book . 

3 5 . 3 D o m a i n D e c o m p o s i t i o n 

F i n a l l y , another m e t h o d c o m m o n l y used t o deal w i t h large c o m p u t a t i o n a l p roblems 
is the domain decomposition m e t h o d . D o m a i n decompos i t ion is f requent ly imple¬
men ted on para l le l computers i n order t o speed u p the c o m p u t a t i o n . A s t a n d a r d 
reference (based m o s t l y o n f in i te difference and f in i te element me thods ) is the b o o k 
b y S m i t h , B j 0 r s t a d a n d G r o p p [ S m i t h et al. (1996)] . For r a d i a l basis funct ions 
there is a recent paper b y Beatson, L i g h t and B i l l i n g s [Beatson et al. (2000)] . 

T h e m a i n a i m of the paper [Beatson et al. (2000)] is t o solve the r a d i a l basis 
f u n c t i o n i n t e r p o l a t i o n p r o b l e m discussed m a n y t imes i n previous chapters. I n par
t i cu l a r , a so-called multiplicative Schwarz a l g o r i t h m ( w h i c h is analogous t o Gauss-
Seidel i t e r a t i on ) is presented, and l inear convergence o f the a l g o r i t h m is p roved . A 
section w i t h numer i ca l exper iments repor t s results for an additive Schwarz m e t h o d 
( w h i c h is analogous t o Jacobi i t e r a t i o n ) . 

I n pa r t i cu la r , the au thors i m p l e m e n t e d p o l y h a r m o n i c r a d i a l basis funct ions a n d 
used the scale inva r i an t basis discussed i n Sect ion 34.4. 

T h e classical add i t i ve Schwarz a l g o r i t h m is usua l ly discussed i n the con tex t 
o f p a r t i a l d i f ferent ia l equations, a n d i t is k n o w n t h a t one shou ld add a coarse level 
co r rec t ion i n order t o ensure convergence a n d t o f i l te r ou t some o f the low-frequency 
osci l la t ions (see, e.g., [ S m i t h et al. (1996)]) . 

I n [Beatson et al. (2000)] a two- leve l a d d i t i v e a l g o r i t h m for i n t e r p o l a t i o n p r o b 
lems was presented. One begins b y s u b d i v i d i n g the set o f i n t e r p o l a t i o n po in t s X 
i n t o M smaller sets X{, i = 1 , . . . , M, whose pai rwise in tersec t ion is non-empty . T h e 
po in t s t h a t be long t o one set Xi o n l y are cal led inner points o f Xi. Those po in t s 
i n the in tersect ion o f more t h a n one set need t o be assigned i n some way as inner 
po in t s t o on ly one o f the subsets Xi so t h a t t he co l lec t ion o f a l l inner po in t s yields 
the ent i re set X. T h i s corresponds t o the concept o f overlapping domains. One also 
needs t o choose a coarse g r i d y t h a t contains po in t s f r o m a l l o f the inner p o i n t sets. 

I n the setup phase o f the a l g o r i t h m the r a d i a l basis f u n c t i o n i n t e r p o l a t i o n m a t r i 
ces for the smaller problems o n each o f t he subsets Xi, i = 1 , . . . , M, are c o m p u t e d 
and factored. A t t h i s p o i n t one can use t h e homogeneous basis of Sect ion 34.4 t o 
ensure numer ica l s t a b i l i t y . N o w the a l g o r i t h m proceeds as fol lows: 
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A l g o r i t h m 3 5 . 2 . 

I n p u t : D a t a / , p o i n t sets Xi a n d fac tored i n t e r p o l a t i o n mat r ices Ai, i — 
1, . . . , M, tolerance t o l 
I n i t i a l i z e r = / , u = 0 
W h i l e | | r | | > t o l do 

For i — 1 t o M (i.e., for each subset Xi) do 

De te rmine the coefficient vec tor o f t h e i n t e rpo l an t t o the res idual 

r \ X i on Xi. 

end 

M a k e c o r t h o g o n a l t o Tlm_l. 

I n [Beatson et al. (2000)] i t is p roved t h a t a m u l t i p l i c a t i v e vers ion o f th i s algo
r i t h m converges at least l inear ly . However , t he a d d i t i v e vers ion can be more easily 
imp lemen ted on a pa ra l l e l compute r . 

I f s t r i c t l y pos i t ive def ini te kernels such as Gaussians are used, t h e n i t is no t 
necessary t o make the coefficients c o r t h o g o n a l t o p o l y n o m i a l s . 

As i n m a n y a lgo r i t hms before, the eva lua t ion o f the residuals needs t o be made 
"fast" us ing ei ther a fast m u l t i p o l e m e t h o d or a vers ion o f the fast Four ier t r a n s f o r m . 

I n the case o f ve ry large d a t a sets i t m a y be necessary t o use more t h a n t w o 
levels so t h a t one ends u p w i t h a multigrid a l g o r i t h m . 

T h e au thors o f [Beatson et al. (2000)] r epo r t h a v i n g solved i n t e r p o l a t i o n p r o b 
lems w i t h several m i l l i o n s o f po in t s us ing the d o m a i n decompos i t ion a l g o r i t h m 
above. 

A number o f other papers discussing d o m a i n decompos i t i on me thods for r a d i a l 
basis funct ions have appeared i n the l i t e r a t u r e (see, e.g., [ D u b a i (1994); H o n a n d 
W u (2000); Ingber et al. (2004); L i and H o n (2004); L i n g and K a n s a (2004); W o n g 
et al. (1999)]) . However , mos t o f these papers c o n t a i n l i t t l e theory, focusing m o s t l y 
o n numer ica l exper iments . 

In t e rpo la t e t o r\ o n the coarse g r i d y us ing an R B F expansion u 2 . 
U p d a t e u <— u + u\ + u 2 . 
Re-evaluate the g loba l res idual r = / — u o n the whole set X 

end 



Chapter 36 

Generalized Hermite Interpolation 

I n 1975 R o l l a n d H a r d y men t ioned the poss ib i l i t y o f us ing m u l t i q u a d r i c basis func
t ions for H e r m i t e i n t e r p o l a t i o n , i.e., i n t e r p o l a t i o n t o d a t a t h a t also contains der iva
t i ve i n f o r m a t i o n (see [Hardy (1975)] or the survey paper [ H a r d y (1990)]) . T h i s p rob 
lem, however, was no t fur ther inves t iga ted i n t h e R B F l i t e r a t u r e u n t i l the paper [ W u 
(1992)] appeared. Since then , the interest i n t h i s t op i c has increased s ignif icant ly . 
I n pa r t i cu la r , since there is a close connec t ion between the generalized H e r m i t e i n 
t e r p o l a t i o n approach and s y m m e t r i c co l loca t ion for e l l ip t i c p a r t i a l d i f ferent ia l equa
t ions (see Chap te r 38) . W u deals w i t h H e r m i t e - B i r k h o f f i n t e r p o l a t i o n i n M.s a n d his 
m e t h o d is l i m i t e d i n the sense t h a t one can have o n l y one i n t e r p o l a t i o n c o n d i t i o n 
per da ta po in t (i.e., some l inear c o m b i n a t i o n o f f u n c t i o n value a n d der ivat ives) . I n 
[Sun (1994a)] t h i s r e s t r i c t i on is e l imina t ed . Sun deals w i t h the Euc l idean se t t ing and 
gives results analogous t o the (Lagrange) i n t e r p o l a t i o n results o f [Micche l l i (1986)] . 
I n [Narcowich and W a r d (1994a)] an even more general t h e o r y o f H e r m i t e in t e rpo
l a t i o n for cond i t i ona l l y pos i t ive defini te ( m a t r i x - v a l u e d ) kernels i n R s is developed. 
H e r m i t e i n t e r p o l a t i o n w i t h c o n d i t i o n a l l y pos i t ive defini te funct ions is also discussed 
i n [iske (1995)]. A number o f au thors have also considered the H e r m i t e i n t e r p o l a t i o n 
se t t ing on spheres (see, e.g., [Fasshauer (1999b); Freeden (1982); Freeden (1987); 
R o n and Sun (1996)]) or even general R i e m a n n i a n mani fo lds [ D y n et al. (1999); 
N a r c o w i c h (1995)]. 

36.1 T h e G e n e r a l i z e d H e r m i t e I n t e r p o l a t i o n P r o b l e m 

We now consider da t a {x^, A j / } , i = 1 , . . . , N, X i G R s , where A = { A i , . . . , XN} is 
a l inea r ly independent set o f cont inuous l inear funct ionals a n d / is some ( smooth ) 
da t a func t ion . For example, A^ cou ld denote p o i n t eva lua t ion at the p o i n t X i and 
thus y i e l d a Lagrange i n t e r p o l a t i o n c o n d i t i o n , or i t cou ld denote eva lua t ion o f some 
der iva t ive at t he po in t X \ . However , we a l low the set A t o con ta in more general 
funct ionals such as, e.g., loca l in tegrals . T h i s k i n d o f p r o b l e m was recent ly s tud ied i n 
[Beatson and L a n g t o n (2006)] . F u r t h e r m o r e , we stress t h a t there is no a s sumpt ion 
t h a t requires the derivat ives t o be i n consecutive order as is usual ly the case for 

333 



334 Meshfree Approximation Methods with MATLAB 

p o l y n o m i a l or spl ine- type H e r m i t e i n t e r p o l a t i o n p rob lems . 
W e t r y t o find a n i n t e r p o l a n t o f the f o r m 

N 

^ / ( * ) = $ > ^ ( l l * l l ) , ^ r , ( 3 6 . i ) 

w i t h app rop r i a t e ( r ad ia l ) basis funct ions ipj so t h a t Vf satisfies the generalized 
interpolation conditions 

KVf^Xif, i = 1,..., N. 

T o keep the discussion t h a t fol lows as t r anspa ren t as possible we n o w i n t r o d u c e 
the n o t a t i o n £ I , . . . , £ J V for t he centers o f t he r a d i a l basis func t ions . T h e y w i l l 
u sua l ly be selected t o coincide w i t h t he d a t a sites X = {xx,... ,xjy}. However , t h e 
fo l l owing is clearer i f we f o r m a l l y d i s t i n g u i s h be tween centers £j a n d d a t a sites Xi. 

A s we w i l l show i n t he nex t sect ion, i t is n a t u r a l t o le t ^(Hxd) = A^</?(||cc — £ | | ) 
w i t h t he same funct ionals Aj t h a t genera ted t h e d a t a and ip one o f t he usua l r a d i a l 
basic funct ions . However , the n o t a t i o n A^ indicates t h a t the f u n c t i o n a l A n o w acts 
o n ip v i ewed as a f u n c t i o n o f i t s second a r g u m e n t £ . W e w i l l n o t add any superscr ip t 
i f A acts o n a single var iable f u n c t i o n or o n the ke rne l </? as a f u n c t i o n o f i ts f i rs t 
var iable . Therefore , we assume the general ized H e r m i t e i n t e r p o l a n t t o be o f t h e 
f o r m 

N 

Vf(x) = ^CjXfrQx - £ | | ) , x e Ms, (36.2) 
3 = 1 

a n d require i t t o satisfy 

KVf = Xif, i = l,...,N. 

T h e l inear sys tem Ac = f \ w h i c h arises i n t h i s case has m a t r i x entries 

Aij=XiXfy, i,j = l , . . . , i V , (36.3) 

and r i g h t - h a n d side f \ — [Xif,..., A j v / ] T . 
I n the references m e n t i o n e d at t he b e g i n n i n g o f t h i s chapter i t is s h o w n t h a t 

A is non-s ingular for t he same classes o f cp t h a t were admiss ible for sca t te red d a t a 
i n t e r p o l a t i o n i n our ear l ier chapters . 

No te t h a t w h e n we are assembl ing the i n t e r p o l a t i o n m a t r i x A t he func t iona ls A 
act on (p b o t h as a f u n c t i o n o f t h e first va r i ab le as w e l l as t he second var iab le . T h i s 
impl ies t h a t we need t o use C 2 k func t ions i n order t o i n t e rpo la t e Ck da t a . T h i s is 
the pr ice we need t o pay t o ensure i n v e r t i b i l i t y o f A. 

I t is in t e res t ing t o note t h a t the effect o f t he de r iva t ive a c t i n g o n t h e second 
var iable ( i .e . , t he center) o f <p ( w h i c h leads t o a s ign change for der iva t ives o f o d d 
orders) was n o t t a k e n i n t o account i n the ear ly paper [ H a r d y (1975)] , a n d thus his 
i n t e r p o l a t i o n m a t r i x is n o t s y m m e t r i c . 

I t shou ld be p o i n t e d o u t t h a t t he f o r m u l a t i o n i n (36.2) is v e r y general a n d goes 
considerably b e y o n d t h e s t a n d a r d n o t i o n o f H e r m i t e i n t e r p o l a t i o n ( w h i c h refers t o 
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i n t e rpo la t ion o f successive der iva t ive values o n l y ) . Here any k i n d o f l inear func
t ionals are al lowed as long as the set A is l i nea r ly independent . For example, i n 
Chapter 38 we w i l l see how th is f o r m u l a t i o n can be app l i ed t o the so lu t ion o f p a r t i a l 
different ial equations. 

One could also envision use o f a s impler R B F expans ion o f the f o r m 

N 

Vf{x) = Y,cM\\*-t\\)* x ^ s -
3 = 1 

However, i n th i s case the i n t e r p o l a t i o n m a t r i x w i l l no t be s y m m e t r i c and m u c h more 
diff icul t t o analyze theoret ical ly . I n fact, the approach j u s t suggested is f requent ly 
used for the so lu t ion o f e l l ip t i c p a r t i a l d i f ferent ia l equat ions (see the descr ip t ion 
of Kansa 's m e t h o d i n Chapter 38) , and i t is k n o w n t h a t for ce r ta in configurat ions 
o f the co l loca t ion poin ts and cer ta in di f ferent ia l opera tors the system m a t r i x does 
indeed become singular . 

T h e quest ion o f w h e n the funct ionals i n A are l i nea r ly independent is no t ad
dressed i n most papers on the subject . However, the b o o k [Wendland (2005a)] 
contains the fo l lowing reassuring theo rem t h a t covers b o t h H e r m i t e i n t e r p o l a t i o n 
and co l loca t ion solutions o f P D E s . 

T h e o r e m 36 .1 . Suppose that <£ G L i ( R s ) f l C2k(M.s) is a strictly positive definitek-
ernel. If the functionals Xj = ( 5 j ; . o D a ( , ) , j = 1 , . . . , N, with multi-indices \a^\ < k 
are pairwise distinct, meaning that ct^ ^ if Xj = X£ for different j ^ i, then 
they are also linearly independent over the native space A / $ ( R S ) . 

I n the theorem above the func t iona l 5X. denotes p o i n t eva lua t ion at the p o i n t 
X j , and the kernel $ is re la ted t o cp as usual , i.e., <fr(cc, £ ) = cp(\\x — £ | | ) . L i k e most 
results o n s t r i c t l y posi t ive defini te funct ions, t h i s t heo rem can also be generalized 
t o the s t r i c t l y cond i t i ona l ly pos i t ive defini te case. 

36 .2 M o t i v a t i o n for t h e S y m m e t r i c F o r m u l a t i o n 

I n th i s section we i l lus t ra te w h y the f o r m u l a t i o n used i n (36.2) is n a t u r a l for the 
H e r m i t e i n t e rpo la t ion p rob lem. T h a t is, aside f r o m the fact t h a t the symmet r i c 
i n t e rpo l a t i on m a t r i x (36.3) is guaranteed t o be inve r t ib le for a l l c o m m o n l y used 
R B F s , we w i l l show t h a t by choosing the basis funct ions as i n (36.2) the m a t r i x 
associated w i t h (Hermi t e ) i n t e r p o l a t i o n t o func t i on value and first der iva t ive value 
at a po in t corresponds t o a l i m i t o f the m a t r i x for Lagrange i n t e r p o l a t i o n t o clusters 
of points . We w i l l also i l l u s t r a t e t h i s fact numer i ca l ly i n the next section. 

I n [Franke et al. (1995)] the au thors invest igated adapt ive least squares approx
i m a t i o n w i t h mul t iquadr i c s i n M2 b y means of inse r t ing knots ( s imi lar t o our algo
r i t h m of Chapter 21). T h e authors describe numer ica l exper iments w h i c h suggest 
t h a t (Lagrange) m u l t i q u a d r i c basis funct ions associated w i t h clusters o f centers i n 
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adap t ive least squares a p p r o x i m a t i o n shou ld be replaced by appropr i a t e d i r e c t i o n a l 
der ivat ives o f one of t he basis funct ions . 

W e now present a theore t i ca l j u s t i f i c a t i o n for t h i s observa t ion based o n an anal
ysis o f a one-dimensional example . A more general analysis i n v o l v i n g h igher der iva
t ives and h igher -d imens iona l spaces w o u l d be o f the same flavor us ing the m u l t i v a r i 
ate Tay lo r theorem. W e discuss i n t e r p o l a t i o n t o f u n c t i o n values and first der ivat ives 
a t g iven po in ts o n the real l ine us ing r a d i a l basis funct ions . 

To show how one general sub-block i n t he H e r m i t e m a t r i x relates t o an associated 
b lock o f a Lagrange m a t r i x , i t w i l l suffice t o analyze the sub-block o f the Lagrange 
i n t e r p o l a t i o n m a t r i x cor responding t o t w o pa i rs o f nearby po in t s . L e t these po in t s 
be Xi, Xi + Ax, and £•/ + A £ for some indices i a n d j and some sma l l distances 
Ax and A £ . Fu r the rmore , le t t he r a d i a l f u n c t i o n be o f the f o r m ip — <p(\x — 
x,£ £ K . W e also assume (p is different iable at t h e o r i g i n . I n the p r o o f o f the 
fo l lowing l e m m a we make use o f the f o l l o w i n g ident i t ies , w h i c h are s t r a i g h t f o r w a r d 
appl ica t ions o f the un iva r i a t e T a y l o r t h e o r e m 

<p(\(x + Ax) - fl) = <p(\x - £|) + A s J^(|a; - £|) + 0((Ax)2), 

<p{\x - ( £ + A O I ) = <p{\x - c ; | ) - A ^ { \ x - £ | ) + O ( ( A 0 2 ) -

(36.4) 

(36.5) 

T o keep the n o t a t i o n as s imple as possible we w r i t e ^<p(\xi — £ j | ) t o denote 

t o denote 
3\)\x--

d2 

xi, j%<p(\xi-tj\) t o denote ^ ^ ( l ^ t - ^\)\i=£j, a n d -£^^(\xi - ^\) dxde 

£\)\x=Xi,£,=£j • 

L e m m a 3 6 . 1 . For the ID situation described above we have 

^ | = detMH + O(Ax) + O ( A 0 , 

where M L is the part of the Lagrange matrix corresponding to the basis functions 
centered at £j and + A £ interpolating to values at Xi and Xi + Ax, i.e., 

I) ( & + A O I ) 
_cp{\(xi + Ax) - 0 1 ) <p(\(xi + Ax) - + A O I ) 

and MH is the associated Hermite block 

M H 

Proof. I f we use (36.4) t o m o d i f y the second r o w o f M L , and t h e n sub t r ac t the 
first r o w f r o m the second one, we o b t a i n 

det M L = Ax 
cp(\xi-^\) v ( l * i - ( & + A 0 l ) 

&<p(\xi - 61) + O(Ax) £<p(\Xi - ( 0 + A £ ) | ) + O(Ax) 

T h i s technique is c o m m o n l y used w h e n ana lyz ing s ign proper t ies o f H e r m i t e m a t r i 
ces (see, e.g., [Schumaker (1981)] ) . N o w we repeat t h i s process w i t h (36.5) and the 
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second c o l u m n of M L t o get 

d e t M L = A z A d ; x 

•fetpUxi - 0 | ) + O(Ax) -jgszvUxi - 0 | ) + O(Ax) + O ( A 0 

and thus the s ta tement fol lows. • 

W e now i l lus t ra te the H e r m i t e i n t e r p o l a t i o n approach w i t h a s imple 2 D example 
using f irst-order p a r t i a l der iva t ive funct ionals . 

E x a m p l e 3 6 . 1 . L e t da t a { x , , /(xi)}?^ and { x ^ ^(xi)}]jLn+1 w i t h x = (x,y) £ 
R 2 be given. Thus 

A = J 5xi' i = 1, • • • , n , 
\SXio-g-, i = n + l,...,N. 

T h e n 
N 

J^CjX^cpdlx 
7 = 1 
J 

n 

Y.cjfiwx -

N 

fcii)+ E 
j = n + l 

n 

E ^ H * ~ 
J ' = l 

u)- E 
j ' = n + l 

dip 

Afte r enforcing the i n t e r p o l a t i o n condi t ions the system m a t r i x is g iven b y 

A = 
A At 

Ax Ax£ 

w i t h 

A^ = ip(\\xi - £ 3\\J> i,j = 1, • • • ,n, 

(^)ij = ^(\\Xi-Zj\\) = - ^ ( \ \ X i - Z j \ \ ) , 

{Ax)ij 

{Ax£)ij 

dip 

dx 

d2<p 

dx2 (l l*i-U)> 

i — l , . . . , n , j = n + 1,... ,N, 

i = n + l,...,N, j = l, ,n, 

i,3 = n + 1 , . . - , N. 

Note t h a t the t w o blocks A$ a n d Ax are iden t ica l p rov ided the da t a sites a n d 
centers coincide since i n th i s case the s ign change due t o d i f fe ren t ia t ion w i t h respect 
t o the second var iable i n A^ is cancelled by the interchange o f the roles o f X i a n d 
£ j w h e n compared t o Ax. Here one needs to realize t h a t the p a r t i a l der iva t ive o f <p 
w i t h respect t o the coordina te x w i l l a lways con ta in a l inear factor i n x, i.e., (for 
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the 2 D example considered here) c/?(||ai||) = <p(r) = ip(y/'x2 + y2), so t h a t b y the 

cha in rule 

| ^ > ( l l * | | ) = | : V ( r ) ^ r ( x , y ) 

d x 

dr y/x2 + y2 

= ivrf (36.6) 

since r = ||cc|| = \/x2 + y2. T h i s a rgumen t generalizes for any odd-order der iva t ive . 
No te t h a t the m a t r i x A is also s y m m e t r i c for even-order der ivat ives . For exam

ple, one can easily ver i fy t h a t 

d2 / „ us 1 ( i d 2 , s V2 d , A 

dx2 r2 \ dr2 r dr 

so t h a t n o w the interchange o f ccj and £ j does n o t cause a s ign change. O n the 

other hand , t w o der ivat ives o f (p w i t h respect t o t he second var iable £ do n o t lead 

t o a s ign change, e i ther . 

A ca ta log o f R B F s a n d t h e i r der ivat ives is p r o v i d e d i n A p p e n d i x D . 



Chapter 37 

R B F Hermite Interpolation in M A T L A B 

We now i l l u s t r a t e the s y m m e t r i c approach t o H e r m i t e i n t e r p o l a t i o n w i t h a set o f 
numer ica l exper iments for f i rs t -order H e r m i t e i n t e r p o l a t i o n (i.e., t o pos i t i ona l and 
gradient da ta) i n 2 D us ing the M A T L A B p r o g r a m RBFHermite_2D.m l i s ted below as 
P r o g r a m 37 .1 . Since der ivat ives o f b o t h the R B F s and the test func t ion need to be 
inc luded i n the p r o g r a m we use the func t ion 

_ t a n h ( 9 ( y - x)) + 1  
J ^ y ) ~ t a n h ( 9 ) + l 

w h i c h has f a i r l y s imple p a r t i a l der ivat ives (see lines 9-10 o f the p r o g r a m ) t o generate 
the da ta . T h e R B F used i n th i s set o f exper iments is t he m u l t i q u a d r i c w i t h shape 
parameter e = 6. 

W e compare four different problems: 

(1) Lagrange i n t e r p o l a t i o n , i.e., i n t e r p o l a t i o n t o func t i on values only, at a set o f N 
equal ly spaced po in t s i n the u n i t square. 

(2) Lagrange i n t e r p o l a t i o n t o f u n c t i o n values a t SN c lustered po in t s w i t h separa t ion 
distance q = O.lh, where h is t h e f i l l distance of the set o f equal ly spaced po in t s 
(see the left p lo t i n F igu re 37.1) . 

(3) T h e same as above, b u t w i t h q — O.Ol/i (see the r i g h t p l o t i n F igu re 37.1) . 
(4) H e r m i t e i n t e r p o l a t i o n t o func t i on value, a n d values o f b o t h f i rs t -order p a r t i a l 

derivatives at the N equal ly spaced po in t s used i n the f irs t exper iment . 

T h e s tandard Lagrange in t e rpo lan t s were c o m p u t e d v i a P r o g r a m 2.1 w i t h the 

requ i red mod i f i c a t i on o f t he R B F a n d test f u n c t i o n def ini t ions , i.e., l ine 1 is replaced 

by 

1 r b f = @ ( e , r ) s q r t ( l + ( e * r ) . ~ 2 ) ; ep = 6; 

and lines 2-6 are replaced b y the single l ine 

2 t e s t f u n c t i o n = @ ( x , y ) ( t a n h ( 9 * ( y - x ) ) + l ) / ( t a n h ( 9 ) + l ) ; 

T h e experiments w i t h Lagrange i n t e r p o l a t i o n at c lustered d a t a sites were ac
compl ished by the same p r o g r a m b y add ing the fo l l owing code between lines 8 and 
9 i n P r o g r a m 2 . 1 : 

339 
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q = 0 . 1 / ( s q r t ( N ) - l ) ; 
g r i d = linspace(0,1,sqrt(N)); 
s h i f t e d = linspace(q,1+q,sqrt(N)); shifted(end) = 1-q; 
[ x c l . y c l ] = meshgrid(shifted,grid); 
[xc2,yc2] = meshgrid(grid,shifted); 
d s i t e s = [ d s i t e s ; x c l ( : ) y c l ( : ) ; xc2(:) y c 2 ( : ) ] ; 

T h e resu l t ing da t a p o i n t sets for q = 0. l / ( s q r t ( N ) - l ) , i.e., q = h/10, a n d for 

q = 0.01/(sqrt(N)-l) (or q = h/100) are shown i n F igu re 37.1. 
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Fig. 37.1 Clustered point sets with N = 25 basic data points. Cluster size h/10 (left) and cluster 
size h/100 (right). 

T h e p r o g r a m RBFHermite_2D .m m a i n t a i n s the same basic s t r uc tu r e as earl ier 
i n t e r p o l a t i o n programs . N o w , however, we need t o define der ivat ives o f t he R B F 
o f up t o twice the order o f t he da ta . T h i s is done for the M Q basic f u n c t i o n on 
lines 1-6. N o t e t h a t t he second-order pa r t i a l s c o u l d be expressed ei ther as s ta ted 
i n P r o g r a m 37.1 or as 

4 dxxrbf = @(e,r,dy) e ~ 2 * ( l + ( e * d y ) . ~ 2 ) . / ( l + ( e * r ) . ~ 2 ) . ~ ( 3 / 2 ) ; 
6 dyyrbf = @(e,r,dx) e ~ 2 * ( l + ( e * d x ) . ~ 2 ) . / ( l + ( e * r ) . ~ 2 ) . " ( 3 / 2 ) ; 

Here dx and dy denote n o n - r a d i a l difference t e rms o f the x or y -components , re
spect ively (see, e.g., (36.6)). W e choose the former representa t ion since for m a n y 
o ther basic funct ions these second-order pa r t i a l s are more n a t u r a l l y expressed i n 
t e rms o f the differences o f the var iab le o f d i f f e ren t i a t ion (i.e., dxxrbf is expressed 
i n te rms o f x-differences, etc.). 

Since the der ivat ives o f the basic func t i on now also c o n t a i n the difference t e rms 
men t ioned above, we need another subrou t ine t h a t computes matr ices o f differ
ences of p o i n t coordinates . T h i s sub rou t ine is ca l led DifferenceMatrix.m (see 
P r o g r a m 37.2), and i t is b u i l t analogous t o P r o g r a m 1.1 (DistanceMatrix.m). T h u s , 
o n lines 17-22 o f P r o g r a m 37.1 we compute no t o n l y distance mat r ices o f d a t a sites 
and centers (or eva lua t i on po in t s a n d centers), b u t also the cor responding difference 
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matrices. These three matrices are then required when we evaluate the R B F and its 
partials to obtain the building blocks of the interpolation and evaluation matrices 
(see lines 25-35). Note the minus signs used with the blocks in columns 2 and 3 of 
the block matrices IM and EM on lines 31 and 35. They reflect differentiation of the 
basic function with respect to its second variable (c.f. (36.2) and (36.3)). 

The data are generated by sampling the test function and its derivatives (see 
lines 8-10, and line 23). Evaluation of the interpolant, error computation and 
rendering are exactly the same as in earlier programs. 

Program 3 7 . 1 . RBFHermite_2D .m 

'/. RBFHermite_2D 
% Script that performs f i r s t - o r d e r 2D RBF Hermite interpolation 
% C a l l s on: DistanceMatrix, DifferenceMatrix 

% Define RBF and i t s d e r i v a t i v e s 
1 rbf = @(e,r) sqrt ( l + ( e * r ) . "2) ; 7, MQ RBF 
2 dxrbf = @(e,r,dx) dx*e~2./sqrt ( l + ( e * r ) . ""2) ; 
3 dyrbf = @(e,r,dy) dy*e~2./sqrt(l+(e*r).~2); 
4a dxxrbf = @(e,r,dx) e ~ 2 * ( l + ( e * r ) . ~ 2 - ( e * d x ) . ~ 2 ) . / . . . 
4b ( l + ( e * r ) . ~ 2 ) . ~ ( 3 / 2 ) ; 
5 dxyrbf = @(e,r,dx,dy) -e"4*dx.*dy./(l+(e*r)."2)."(3/2); 
6a dyyrbf = @(e,r,dy) e~2*(1+(e*r)."2-(e*dy)."2)./... 
6b ( l + ( e * r ) . " 2 ) . ~ ( 3 / 2 ) ; 
7 ep = 6; 

% Define t e s t function and i t s d e r i v a t i v e s 
8 t f = ®(x,y) (tan h ( 9 * ( y - x ) ) + l ) / ( t a n h ( 9 ) + l ) ; 
9 tfDx = @(x,y) 9* ( t a n h ( 9 * ( y - x ) ) . ~ 2 - l ) / ( t a n h ( 9 ) + l ) ; 

10 tfDy = @(x,y) 9* ( l - t a n h ( 9 * ( y - x ) ) . ~ 2 ) / ( t a n h ( 9 ) + l ) ; 
11 N = 289; gridtype = 5u'; 
12 neval = 40; 

% Load data points 
13 name = s p r i n t f ( 'Data2D_yod0/0s' ,N,gridtype) ; load(name) 
14 c t r s = d s i t e s ; 

'/, Create neval-by-neval equally spaced evaluation locations 
% i n the unit square 

15 g r i d = linspace(0,1,neval); [xe,ye] = meshgrid(grid); 
16 epoints = [xe(:) y e ( : ) ] ; 

Compute the distance and difference matrices for 
'/, evaluation matrix 

17 DM_eval = DistanceMatrix(epoints,ctrs); 
18 dx_eval = DifferenceMatrix(epoints(:,1),ctrs(:,1)); 
19 dy_eval = Differencematrix(epoints(:,2),ctrs(:,2)); 

% Compute the distance and difference matrices for 
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% interpolation matrix 
20 DM_data = D i s t a n c e M a t r i x ( d s i t e s , c t r s ) ; 
21 dx_data = D i f f e r e n c e M a t r i x ( d s i t e s ( : , 1 ) , c t r s ( : , 1 ) ) ; 
22 dy_data = D i f f e r e n c e M a t r i x ( d s i t e s ( : , 2 ) , c t r s ( : , 2 ) ) ; 
23a rhs = [ t f ( d s i t e s ( : , 1 ) , d s i t e s ( : , 2 ) ) ; ... 
23b t f D x ( d s i t e s ( : , 1 ) , d s i t e s ( : , 2 ) ) ; ... 
23c t f D y ( d s i t e s ( : , 1 ) , d s i t e s ( : , 2 ) ) ] ; 
24 exact = t f ( e p o i n t s ( : , 1 ) , e p o i n t s ( : , 2 ) ) ; 

°/o Compute blocks for i n t e r p o l a t i o n matrix 
25 IM = rbf(ep,DM_data) ; 
26 DxIM = dxrbf(ep,DM_data,dx_data); 
27 DylM = dyrbf(ep,DM_data,dy_data); 
28 DxxIM = dxxrbf(ep,DM_data,dx_data); 
29 DxylM = dxyrbf(ep,DM_data,dx_data,dy_data); 
30 DyyIM = dyyrbf(ep,DM_data,dy_data); 

°/o Assemble symmetric i n t e r p o l a t i o n matrix 
31a IM = [IM -DxIM -DylM; 
31b DxIM -DxxIM -DxylM; 
31c DylM -DxylM -DyyIM]; 

% Compute blocks for evaluation matrix 
32 EM = rbf(ep,DM_eval); 
33 DxEM = dxrbf(ep,DM_eval,dx_eval); 
34 DyEM = dyrbf(ep,DM_eval,dy_eval); 

°/, Assemble evaluation matrix 
35 EM = [EM -DxEM -DyEM]; 

RBF Hermite interpolant 
36 Pf = EM * (IM\rhs); 

% Compute errors on evaluation g r i d 
37 maxerr = norm(Pf-exact,inf); 
38 rms_err = norm(Pf-exact)/neval; 
39 f p r i n t f ('RMS error: °/oe\n', rms_err) 
40 f p r i n t f ( 'Maximum error: y,e\n', maxerr) 
41 fview = [-30,30] ; viewing angles for plot 
42 PlotSurf(xe,ye,Pf,neval,exact,maxerr,fview); 
43 PlotError2D(xe,ye,Pf,exact,maxerr,neval,fview); 

P r o g r a m 3 7 . 2 . DifferenceMatrix.m 

°/, DM = DifferenceMatrix(datacoord,centercoord) 
% Forms the difference matrix of two sets of points i n R 
% (some f i x e d coordinate of point i n R ~ s ) , i . e . , 
% DM(j,k) = datacoord_j - centercoord_k . 
1 function DM = DifferenceMatrix(datacoord,centercoord) 
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2 
3 

7. The ndgrid command produces two MxN matrices: 
7o dr, consi s t i n g of N i d e n t i c a l columns 
7o (each containing the M data s i t e s ) 
% cc, consisting of M i d e n t i c a l rows 
7o (each containing the N centers) 
[dr,cc] = ndgrid(datacoord(:),centercoord(:)); 
DM = dr-cc; 

I n Tables 37.1 and 37.2 as w e l l as F i g u r e 37.2 we d isp lay RMS-e r ro r s , £ 2 -
c o n d i t i o n numbers o f the i n t e r p o l a t i o n matr ices , and p lo t s o f the in te rpo lan t s for 
the exper iments described above. 

Several observations can be made. F i r s t , t he l i m i t i n g r e l a t i on between clustered 
Lagrange in te rpo lan ts and H e r m i t e in t e rpo lan t s as discussed i n the previous sect ion 
is obvious. Moreover , i t is also obvious t h a t i n t e r p o l a t i o n t o f u n c t i o n and der iva t ive 
d a t a at a g iven p o i n t is more accurate t h a n i n t e r p o l a t i o n t o f u n c t i o n values alone. 

Table 37.1 2D interpolation with clustered data vs. Hermite interpolation 
(part 1). 

Lagrange clustered , q = 0.1h 

mesh RMS-error cond(A) RMS-error cond(^4) 

3 x 3 
5 x 5 
9 x 9 

17 x 17 
33 x 33 

1.620492e-001 
6.148258e-002 
8.521994e-003 
2.246810e-004 
2.017643e-006 

6.078349e+001 
9.464176e+002 
6.523036e+004 
9.017750e+007 
4.799960e+013 

8.471301e-002 
2.733258e-002 
2.678543e-003 
3.138761e-005 
2.925784e-007 

9.052247e+003 
3.073957e+005 
8.811980e+007 
3.555214e+012 
6.474324e+020 

Table 37.2 2D interpolation with clustered data vs. Hermite interpolation 
(part 2). 

clustered, q = O.Olh Hermite 

mesh RMS-error cond(A) RMS-error cond(A) 

3 x 3 
5 x 5 
9 x 9 

17 x 17 
33 x 33 

9.084939e-002 
2.792157e-002 
2.687753e-003 
3.147808e-005 
8.941613e-006 

8.580483e+005 
2.829762e+007 
8.325283e+009 
3.426489e+014 
8.943758e+020 

9.128193e-002 
2.794943e-002 
2.688346e-003 
3.148843e-005 
5.731027e-009 

1.326346e+002 
2.292450e+003 
2.185224e+005 
2.486624e+009 
6.261336e+018 

T h e advantage o f the H e r m i t e i n t e r p o l a t i o n approach over the clustered L a 
grange approach is c lear ly evident for the exper iments w i t h N — 33 x 33 = 1089 
basic da ta points (or N = 3267 c lus tered da t a p o i n t s ) . I n th i s case the ^ - c o n d i t i o n 
number of A for the clustered in te rpo lan t s is o n the order o f 1 0 2 0 , wh i l e i t is "on ly" 
6.261336e-)-018 for the H e r m i t e m a t r i x . T h i s difference, however, has a s ignif icant 



344 Meshfree Approximation Methods with MATLAB 

i m p a c t o n the numer ica l s t ab i l i t y , a n d the r e s u l t i n g RMS-e r ro r s . T h e H e r m i t e i n 

t e rpo l an t is more t h a n three orders o f m a g n i t u d e more accurate t h a n the Lagrange 

i n t e r p o l a n t t o clusters w i t h q = / i / 1 0 0 (see t h e last r o w o f Tab le 37.2) . 
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Fig. 37.2 Fits for clustered interpolants with N — 289 basic data points. Top left to bottom 
right: Lagrange interpolant, interpolant with cluster size h/10, interpolant with cluster size h/100, 
Hermite interpolant. 



Chapter 38 

Solving Elliptic Partial Differential 
Equations via R B F Collocation 

I n t h i s chapter we discuss how the techniques used i n previous chapters for Lagrange 
and H e r m i t e i n t e r p o l a t i o n can be app l i ed t o t he n u m e r i c a l so lu t i on o f e l l i p t i c p a r t i a l 
dif ferent ia l equations. T h e r e su l t ing numer ica l m e t h o d w i l l be a collocation approach 

based on r ad i a l basis funct ions . I n the P D E l i t e r a t u r e t h i s is also of ten referred t o 
as a strong form solution. 

T o make the discussion t ransparen t we w i l l i n i t i a l l y focus on the case o f a t i m e 
independent l inear e l l ip t i c p a r t i a l d i f ferent ia l equa t ion i n R 2 . 

38.1 K a n s a ' s A p p r o a c h 

A now very popu la r non-symmetric method for the so lu t i on o f e l l i p t i c P D E s w i t h 
r ad i a l basis functions was suggested by E d K a n s a i n [Kansa (1990b)] . I n order t o be 
able t o clearly po in t ou t the differences between Kansa ' s m e t h o d a n d a s y m m e t r i c 
approach proposed i n [Fasshauer (1997)] we recal l some o f the basics o f scat tered 
d a t a i n t e rpo l a t i on w i t h r a d i a l basis funct ions i n R s . 

I n the scattered da t a i n t e r p o l a t i o n con tex t we are g iven da t a {xi,fi}, i = 

1,...,N, X i G R s , where we can t h i n k o f the values fi be ing sampled f r o m a 
func t ion / : R s —» R. T h e goal is t o f i nd an i n t e rpo l an t o f the f o r m 

N 

v f ( x ) = J2cMW* ~ XJ\\)> X e R s , (38.1) 

such t h a t 

V f ( x i ) = fi, i = l,...,N. 

T h e so lu t ion o f th i s p r o b l e m leads t o a l inear sys tem Ac = / w i t h the entries o f A 
given by 

A^ = <p(\\xi - Xj\\), i , j = l,...,N. (38.2) 

A s discussed earlier, the m a t r i x A is non-s ingular for a large class o f r a d i a l funct ions 
i n c l u d i n g (inverse) m u l t i q u a d r i c s , Gaussians, and the s t r i c t l y pos i t ive def ini te com
p a c t l y suppor ted funct ions o f W e n d l a n d , W u , G n e i t i n g or B u h m a n n . I n t he case 

345 
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o f s t r i c t l y cond i t i ona l l y pos i t ive def ini te funct ions such as p o l y h a r m o n i c splines the 
p r o b l e m needs t o be augmented b y p o l y n o m i a l s . 

W e now s w i t c h t o the co l loca t ion s o l u t i o n o f p a r t i a l d i f ferent ia l equat ions. A s 
sume we are g iven a d o m a i n 17 C R s , and a l inear e l l i p t i c p a r t i a l d i f ferent ia l equa t ion 
of the f o r m 

Cu(x) = f(x), x i n 17, (38.3) 

w i t h (for s i m p l i c i t y o f descr ip t ion) D i r i c h l e t b o u n d a r y condi t ions 

u(x) = g(x), x on <917. (38.4) 

For Kansa 's co l loca t ion m e t h o d we t h e n choose t o represent the a p p r o x i m a t e 
s o l u t i o n u by a r ad i a l basis func t i on expansion analogous t o t h a t used for scat tered 
d a t a i n t e r p o l a t i o n , i.e., 

N 

u(x) = J2cM\\x-tj\\)- (38.5) 
3 = 1 

As i n the previous chapter o n H e r m i t e i n t e r p o l a t i o n we now f o r m a l l y d i s t i n 
guish i n our n o t a t i o n between centers 3 — { £ i , . . . , £ j v } a n d collocation points 
X = {xi,..., XN} C 17. W h i l e f o r m a l l y different , these po in t s w i l l of ten phys ica l ly 
coincide. A scenario w i t h 3 ^ X w i l l be exp lo red i n Chapters 39 and 40. For the 
fo l lowing discussion we assume the s implest possible se t t ing , i.e., 3 — X a n d no 
p o l y n o m i a l t e rms are added t o t he expansion (38.5) . 

T h e co l loca t ion m a t r i x t h a t arises w h e n m a t c h i n g the di f ferent ia l equa t ion (38.3) 
and the b o u n d a r y condi t ions (38.4) at the co l loca t ion po in t s X w i l l be o f the f o r m 

(38.6) 

where the t w o blocks are generated as fol lows: 

{Ac)ij = C<p(\\x -£j\\)\x=Xi, Xi G I , £ j G 3, 

Aij = (f(\\xi - Xi G B, £j G 3. 

Here the set X o f co l loca t ion po in t s is sp l i t i n t o a set X o f i n t e r io r po in t s , and a 
set B of b o u n d a r y po in t s . T h e p r o b l e m is wel l-posed i f the l inear system Ac = y, 
w i t h y a vector consis t ing o f entries f(xi), Xi G X , fo l lowed by g(xi), Xi G B, has 
a unique so lu t ion . 

We note t h a t a change i n the b o u n d a r y condi t ions (38.4) is as s imple as m a k i n g 
changes t o a few rows o f the m a t r i x A i n (38.6) as w e l l as o n the* r i g h t - h a n d side y. 

W e also p o i n t ou t t h a t w h i l e th i s is a r a the r general desc r ip t ion o f a n u m e r i c a l 
m e t h o d w i t h no p a r t i c u l a r R B F i n m i n d , K a n s a specifically proposed t o use m u l t i 
quadrics i n (38.5) , and consequently th i s n o n - s y m m e t r i c co l loca t ion approach of ten 
appears i n the l i t e r a tu re as the multiquadric method. I n the paper [Kansa (1990b)] 
the au thor describes three sets o f exper iments us ing the m u l t i q u a d r i c m e t h o d and he 
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comments on the superior performance o f mu l t i quad r i c s i n te rms o f c o m p u t a t i o n a l 
complex i ty and accuracy w h e n compared t o f in i te difference methods . 

Moreover , Kansa suggests the use o f v a r y i n g shape parameters Ej, j = 1 , . . . , N. 
W h i l e the theore t ica l analysis o f the r e su l t ing m e t h o d is near in t rac tab le , Kansa 
shows t h a t th i s technique improves the accuracy and s t a b i l i t y o f the m e t h o d w h e n 
compared t o using on ly one constant value o f e (see [Kansa (1990b)]) . Excep t 
for one paper by Bozz in i , Lenarduzz i and Schaback [Bozz in i et al. (2002)] ( w h i c h 
addresses on ly the i n t e r p o l a t i o n se t t ing) the theore t ica l aspects of v a r y i n g shape 
parameters have no t been discussed i n the l i t e ra tu re . 

A p rob l em w i t h Kansa 's m e t h o d is t h a t — for a constant shape parameter 
e — the m a t r i x A may be singular for ce r ta in configurat ions o f the centers £j. 
Orig ina l ly , Kansa assumed t h a t the non-s ingu la r i ty results established by M i c c h e l l i 
for i n t e rpo l a t i on matr ices (see the discussion i n the earlier chapters of th i s b o o k ) 
w o u l d car ry over t o the P D E case. However , as the numer ica l exper iments o f [ H o n 
and Schaback (2001)] show, th i s is not so. T h i s fact is not rea l ly surpr i s ing since the 
m a t r i x for the co l loca t ion p r o b l e m is composed o f rows t h a t are b u i l t f r o m different 
functions, w h i c h — depending on the di f ferent ia l opera tor C — m i g h t not even be 
rad ia l . The results for the non- s ingu la r i ty of i n t e r p o l a t i o n matr ices , however, are 
based on the fact t h a t A is generated b y a single f unc t ion (p. 

Nevertheless, an i n d i c a t i o n of the success o f Kansa 's m e t h o d are the ear ly 
papers [Duba i (1992); D u b a i (1994); Go lbe rg et al. (1996); Kansa (1992); 
M o r i d i s and Kansa (1994)] and m a n y more since. Since the numer ica l exper iments 
of H o n and Schaback show t h a t Kansa 's m e t h o d cannot be well-posed for a r b i t r a r y 
center locations, i t is now an open ques t ion t o f i n d sufficient condi t ions on the center 
locations t h a t guarantee i n v e r t i b i l i t y of the Kansa m a t r i x . One possible approach 
— b u i l t on the basic ideas o f the greedy a l g o r i t h m o f Chap te r 33 — is t o adap
t i v e l y select "good" centers f r o m a large set of possible candidates. Fo l l owing t h i s 
s t ra tegy i t is possible t o ensure i n v e r t i b i l i t y o f the co l loca t ion m a t r i x t h r o u g h o u t 
the i t e ra t ive a l g o r i t h m . T h i s approach is described i n the recent paper [ L i n g et al. 
(2006)]. 

Before we discuss an a l te rna te approach (based on the symmet r i c H e r m i t e i n 
t e rpo l a t i on me thod ) w h i c h does ensure well-posedness o f the resu l t ing co l loca t ion 
m a t r i x we w o u l d l ike t o p o i n t ou t t h a t i n [Mor id i s and Kansa (1994)] the au thors 
suggest how Kansa 's m e t h o d can be appl ied t o other types of p a r t i a l d i f ferent ia l 
equat ion problems such as non-l inear e l l i p t i c P D E s , systems of e l l i p t i c P D E s , a n d 
t ime-dependent parabol ic or hyperbo l i c P D E s . W e w i l l also see i n the next chapter 
t h a t Kansa 's m e t h o d is wel l -su i ted for e l l i p t i c problems w i t h var iable coefficients. 
We w i l l come back to the use o f Kansa 's m e t h o d for t ime-dependent problems i n 
Chapter 42. 
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3 8 . 2 A n H e r m i t e - b a s e d A p p r o a c h 

T h e fo l lowing symmet r i c co l loca t ion m e t h o d is based o n the generalized H e r m i t e 
i n t e r p o l a t i o n m e t h o d de ta i led i n Chap te r 36. Assume we are g iven the same l inear 
e l l ip t i c P D E (38.3) w i t h D i r i c h l e t b o u n d a r y cond i t ions (38.4) as i n the prev ious 
sect ion on Kansa ' s m e t h o d . I n order t o be able t o a p p l y the results f r o m general ized 
H e r m i t e i n t e r p o l a t i o n t h a t w i l l ensure the n o n - s i n g u l a r i t y o f the co l loca t ion m a t r i x 
we propose the fo l lowing expans ion for the u n k n o w n f u n c t i o n u: 

NT N 

Hx)=J2cj£^(\\X-$\\)k=Zj+ E cMWx-ZA)- (38-7) 
3 = 1 j=Nx + l 

Here Nj denotes the number of nodes i n the i n t e r io r of O, and is the d i f ferent ia l 
opera tor used i n the d i f ferent ia l equa t ion (38.3) , b u t a c t i ng on ip v i ewed as a f u n c t i o n 
of the second argument , i.e., dp is equal t o C^-cp u p t o a possible difference i n s ign. 
T h u s , the l inear funct ionals A i n (36.2) are g iven b y Xj = <5̂ . o £ , j = 1 , . . . ,Nx, 
and Xj = 5$j, j = Nx + 1, • • . , N. 

Af te r enforcing the co l loca t ion condi t ions 

Cu(Xi) = f(xi), Xi G X , 

u(xi) = g(xi), Xi G B, 

we end up w i t h a co l loca t ion m a t r i x A t h a t is o f t he f o r m 

A 
A£jr€ Ac 

Ac< A 
(38.8) 

Here the four blocks are generated as fol lows: 

OiccOy = C&<pi\\x - S I D U ^ , * ^ , Xi,£j € X , 

(Ac)ij = dp(\\x - & | | ) | x = x i , Xi 6 X , £j € 6, 

(Acshj = ^(p(\\xi-$\\)\6=ij, Xi,&B, & G X , 

A^ = (p(\\xi - Xi,£jeB. 

N o t e t h a t we have ident i f ied the t w o sets X = X U B o f co l loca t ion po in t s a n d E o f 
centers. 

T h e m a t r i x A o f (38.8) is o f the same t y p e as the generalized H e r m i t e i n t e rpo la 
t i o n matr ices (36.3) , and therefore non-s ingular as long as ip is chosen appropr i a t e ly . 
Thus , v iewed us ing the new expansion (38.7) for w, t he co l loca t ion approach is cer
t a i n l y well-posed. A n o t h e r p o i n t i n favor o f the Hermi te-based approach is t h a t 
the m a t r i x (38.8) is s y m m e t r i c as opposed t o the comple te ly u n s t r u c t u r e d m a t r i x 
(38.6) of the same size used i n t he n o n - s y m m e t r i c approach. T h i s p r o p e r t y is o f 
value when t r y i n g t o devise an efficient i m p l e m e n t a t i o n o f the co l loca t ion m e t h o d . 
A l s o note t h a t a l t h o u g h A now consists of four b locks , i t s t i l l is o f the same size, 
name ly N x N, as the co l l oca t i on m a t r i x (38.6) ob t a ined for Kansa ' s approach . 
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However, the symmet r i c co l loca t ion m a t r i x is more compl ica ted t o assemble, i t re
quires smoother basis functions t h a n the non-symmet r i c Kansa m e t h o d , and i t does 
not lend i tself very nicely t o the so lu t i on of non-l inear problems. 

One a t t e m p t t o o b t a i n an efficient i m p l e m e n t a t i o n o f the Hermite-based col lo
ca t ion m e t h o d is a v a r i a t i o n o f the greedy a l g o r i t h m described i n Sect ion 33 .1 . W e 
refer the reader t o the o r i g ina l paper [Hon et al. (2003)] for details . 

3 8 . 3 E r r o r B o u n d s f o r S y m m e t r i c C o l l o c a t i o n 

A convergence analysis for the symmet r i c co l loca t ion m e t h o d was p rov ided i n 
[Franke and Schaback (1998a); Franke and Schaback (1998b)] . T h e error estimates 
established i n those papers require the so lu t ion o f the P D E t o be ve ry smoo th . 
Therefore, one should be able t o use meshfree r ad i a l basis func t ion co l loca t ion tech
niques especially we l l for (h igh-dimensional ) P D E problems w i t h s m o o t h solut ions 
on possibly i r regular domains . Due t o the k n o w n counterexamples f r o m [ H o n and 
Schaback (2001)] for the non-symmet r i c m e t h o d , a convergence analysis is s t i l l lack
ing for t h a t m e t h o d . However, for an adapt ive vers ion o f the non-symmet r i c m e t h o d 
Schaback recent ly analyzed the convergence i n [Schaback (2006a)]. 

I n [Wendland (2005a)] one can f i nd the fo l lowing convergence result for the 
symmet r i c co l loca t ion m e t h o d : 

T h e o r e m 3 8 . 1 . Let fl C R s be a polygonal and open region. Let £ ^ 0 be a 
second-order linear elliptic differential operator with coefficients in C2(k~2^ (fl) that 
either vanish on fl or have no zero there. Suppose that 3> G C 2 / c ( M s ) is a strictly 
positive definite function. Suppose further that the boundary value problem 

£u — f in fl, 

u — g on dfl 

has a unique solution u 6 jV<&(fl) for given f G C(fl) and g G C(dfl). Let u be the 
approximate collocation solution of the form (38.7) based on $ = <p(|| • | | ) . Then 

l l « - w | U 0 0 ( f 2 ) < C7i f e- 2|MU/-*(fi) 

for all sufficiently small h, where h is the larger of the fill distances in the interior 
and on the boundary of fl, respectively. 

T h e p r o o f uses the same techniques as i n Chapte r 14 and takes advantage o f a 
" s p l i t t i n g theorem" t h a t pe rmi t s s p l i t t i n g the error i n to a b o u n d a r y error and an 
error i n the in te r ior . A s a consequence of the p r o o f W e n d l a n d suggests t h a t the 
col loca t ion poin ts and centers be chosen so t h a t the f i l l distance on the b o u n d a r y 
is smaller t h a n i n the in t e r io r since the a p p r o x i m a t i o n orders differ by a factor £ 
(for different ial operators o f order £ ) . M o r e precisely, he suggests d i s t r i b u t i n g the 
poin ts so t h a t 
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Some numer ica l evidence for convergence rates o f the s y m m e t r i c c o l l o c a t i o n 
m e t h o d is g iven by the examples i n t h e nex t chapter , a n d i n the papers [ J u m a r h o n 
et al. (2000); Power and B a r r a c o (2002)] . 

38.4 Other Issues 

Since the methods described above were b o t h o r i g i n a l l y used w i t h g l o b a l l y sup
p o r t e d basis funct ions , t he same concerns a b o u t s t a b i l i t y and numer i ca l efficiency 
app ly as for i n t e r p o l a t i o n problems. T h e t w o recent papers [ L i n g a n d K a n s a (2004); 
L i n g and Kansa (2005)] address these issues. I n p a r t i c u l a r , t he au thors develop a 
precondi t ioner i n the s p i r i t o f t he one described i n Sect ion 34.3, a n d describe t h e i r 
experience w i t h a d o m a i n decompos i t ion a l g o r i t h m . 

Recently, M i r a n d a [ M i r a n d a (2004)] has s h o w n t h a t Kansa 's m e t h o d w i l l be 
well-posed i f i t is combined w i t h so-called R-functions. T h i s idea was also used 
by H o l l i g and his co-workers i n t he i r deve lopment o f web-splines (see, e.g., [ H o l l i g 
(2003)]) . 

O the r recent papers i nves t iga t ing var ious aspects o f r a d i a l basis f u n c t i o n col loca
t i o n are, e.g., [Cheng et al. (2003); Fedoseyev et al. (2002); K a n s a a n d H o n (2000); 
Larsson and Fornberg (2003); L e i t a o (2001); M a i - D u y a n d T r a n - C o n g (2001a); 
Y o u n g et al. (2004)] . 

For example , i n the paper [Fedoseyev et al. (2002)] the au thors suggest t h a t 
t he co l loca t ion po in t s on the b o u n d a r y shou ld also be used t o satisfy the P D E . T h e 
m o t i v a t i o n for th i s m o d i f i c a t i o n is t h e w e l l - k n o w n fact t h a t b o t h for i n t e r p o l a t i o n 
and co l loca t ion w i t h r a d i a l basis funct ions the e r ror is largest near the bounda ry . I n 
order t o prevent the co l loca t ion m a t r i x f r o m becoming t r i v i a l l y s ingular (by us ing 
dupl ica te columns, i.e., basis funct ions) i t is suggested i n [Fedoseyev et al. (2002)] 
t h a t the cor responding centers l ie outs ide the d o m a i n S7 ( thus c rea t ing a d d i t i o n a l 
basis funct ions) . I n var ious numer i ca l exper iments th i s s t r a t egy is shown t o i m p r o v e 
the accuracy o f Kansa 's n o n - s y m m e t r i c m e t h o d . W e i m p l e m e n t t h i s approach i n 
the nex t chapter . However , i t shou ld be n o t e d t h a t there is once more no theore t 
ica l f ounda t i on for th i s m o d i f i c a t i o n o f e i ther the n o n - s y m m e t r i c or the s y m m e t r i c 
m e t h o d . 

Larsson and Fornberg compare Kansa 's basic co l loca t ion m e t h o d , the mod i f i ca 
t i o n j u s t described, and the Hermi te -based s y m m e t r i c approach m e n t i o n e d earl ier 
(see [Larsson and Fornbe rg (2003)]) . U s i n g m u l t i q u a d r i c basis funct ions i n a s tan
d a r d i m p l e m e n t a t i o n t h e y conclude t h a t t he s y m m e t r i c m e t h o d is t he mos t accu
rate , fol lowed b y the non - symmet r i c m e t h o d w i t h b o u n d a r y co l loca t ion . T h e reason 
for th i s is the be t te r c o n d i t i o n i n g o f t h e system for t he s y m m e t r i c m e t h o d . Lar s 
son and Fornberg also discuss a n i m p l e m e n t a t i o n o f t he three me thods us ing the 
complex Contour -Pade i n t e g r a t i o n m e t h o d men t ioned i n Sect ion 16 .1 . W i t h th i s 
technique s t a b i l i t y p rob lems are overcome, and i t t u r n s o u t t h a t b o t h the s y m m e t 
r ic and the non - symmet r i c m e t h o d p e r f o r m w i t h comparab le accuracy. B o u n d a r y 
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col loca t ion o f the P D E yields an improvemen t o n l y i f these condi t ions are used as 
add i t i ona l equations, i.e., by increasing the p r o b l e m size. I t should also be no ted 
t h a t often the most accurate results were achieved w i t h values of the m u l t i q u a d r i c 
shape parameter e t h a t w o u l d lead t o severe i l l - c o n d i t i o n i n g using a s t anda rd i m 
p lementa t ion , and therefore these results cou ld be achieved o n l y us ing the complex 
in teg ra t ion m e t h o d . Moreover , i n [Larsson a n d Fornberg (2003)] r ad i a l basis func
t i o n co l loca t ion is deemed t o be far superior i n accuracy t o s t anda rd second-order 
f in i te differences or even a s t anda rd Four ier-Chebyshev pseudospectral m e t h o d . 

Le i tao applies the symmet r i c co l loca t ion m e t h o d t o a four th-order K i r c h h o f f 
p la te bend ing p rob lem (see [Lei tao (2001)]) and emphasizes the s i m p l i c i t y o f the 
i m p l e m e n t a t i o n of the r ad ia l basis func t ion co l loca t ion m e t h o d . M a i - D u y and T r a n -
Cong suggest a co l loca t ion m e t h o d for w h i c h the basis funct ions are t aken t o be 
ant i -der ivat ives o f the usual r ad i a l basis funct ions (see [ M a i - D u y and T r a n - C o n g 
(2001a)]). A n d , f inal ly, i n [Young et al. (2004)] the authors discuss the so lu t i on o f 
2 D and 3 D Stokes' systems b y a self-consistent i t e ra t ive approach based on Kansa 's 
non-symmetr ic m e t h o d . 

• l ; . 





Chapter 39 

Non-Symmetric R B F Collocation 
in M A T L A B 

I n th i s and the next t w o chapters we present a number o f M A T L A B implementa t ions 
for s t andard Laplace/Poss ion problems, problems w i t h var iable coefficients, and 
problems w i t h m i x e d or piecewise defined b o u n d a r y condi t ions . T h e non-symmet r i c 
Kansa m e t h o d is discussed i n th i s chapter . We prov ide a f a i r ly de ta i led presenta t ion 
since the M A T L A B code changes ra the r s igni f icant ly f r o m one p r o b l e m t o another . 

M o s t o f the fo l lowing test examples are s imi la r t o those s tud ied i n [ L i et al. 
(2003)]. We res t r ic t ourselves t o two-d imens iona l e l l ip t i c problems whose ana ly t i c 
so lu t ion is readi ly available and therefore can easily be verif ied. We w i l l refer t o a 
po in t x i n R 2 as (x,y). 

3 9 . 1 K a n s a ' s N o n - S y m m e t r i c C o l l o c a t i o n M e t h o d 

E x a m p l e 3 9 . 1 . Consider the fo l lowing Poisson p r o b l e m w i t h D i r i c h l e t b o u n d a r y 
condi t ions: 

u(x,y) = sin(Tnr), ( x , y ) G T i , 

u(x,y) = 0, (x,y)eT2, 

where T\ = {(x,y) : 0 < x < 1, y = 0 } and T2 = d£l\Ti. As can easily be verif ied, 
the exact so lu t ion is given b y 

A M A T L A B p r o g r a m for the non-symmet r i c co l loca t ion so lu t ion o f th i s p r o b l e m 
using inverse m u l t i q u a d r i c R B F s is p rov ided as P r o g r a m 39 .1 . W h i l e th i s p r o g r a m 
s t i l l is of the same general s t ruc tu re as earlier i n t e r p o l a t i o n programs we now require 
no t on ly a def in i t ion of the basic func t ion , b u t also o f i ts Lap lac i an (see l ine 2 ) . O n 
lines 3 and 4 we define the exact so lu t ion and i ts Lap lac i an for th i s test p rob l em. 
No te t h a t when we define the r i g h t - h a n d side o f the p rob lem, instead o f b reak ing the 
bounda ry c o n d i t i o n d o w n i n t o t w o pieces as given i n the p r o b l e m def in i t ion above 

(39.1) 
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we s imp ly evaluate the k n o w n s o l u t i o n on the b o u n d a r y (see l ine 26 o f the code) . O f 

course, th is is no t possible i n general since the s o l u t i o n w i l l no t be k n o w n . I n t h a t 

case one w o u l d have t o replace l ine 26 by the s l i g h t l y m o r e compl ica ted expression 

r h s = [ L u ( i n t d a t a ( : , 1 ) , i n t d a t a ( : , 2 ) ) ; . . . 

s i n ( p i * b d y d a t a ( l : s n - 1 , 1 ) ) ; z e r o s ( 3 * ( s n - 1 ) , 1 ) ] ; 

I n order t o stay as close as possible t o the code used i n earlier p rograms we 
load the ( in t e r io r ) co l loca t ion po in t s f r o m d a t a files. For example , o n l ine 7 we 
read N = 289 u n i f o r m l y spaced po in t s i n [0, l ] 2 f r o m the file Data2D_289u i n t o 
the var iable d s i t e s . A s always, the centers for the basis funct ions associated w i t h 
in te r io r po in ts are t aken t o be the same as t he co l loca t ion (i.e., da ta ) sites. 

However, as expla ined i n the previous chapter , we now also require co l loca t ion 
po in t s and centers t o f i t the b o u n d a r y cond i t ions . T h e r e are several approaches we 
cou ld take t o accompl ish th is : 

• We cou ld use those co l loca t ion po in t s read f r o m file t h a t lie o n the b o u n d a r y as 
b o u n d a r y co l loca t ion po in t s ( and centers). T h i s means i d e n t i f y i n g those po in t s 
i n the a r ray d s i t e s . T h i s approach w o u l d be the closest i n s p i r i t t o the t h e o r y 
discussed i n the previous chapter . I n M A T L A B one cou ld easily code t h i s w i t h 
the commands 

i n d x = f i n d ( d s i t e s ( : , 1 ) = = 0 I d s i t e s ( : , 1 ) = = 1 | . . . 

d s i t e s ( : , 2 ) = = 0 I d s i t e s ( : , 2 ) = = 1 ) ; 
b d y d a t a = d s i t e s ( i n d x , : ) ; 
i n t d a t a = d s i t e s ( s e t d i f f ( [ 1 : N ] , i n d x ) , : ) ; 
b d y c t r s = b d y d a t a ; 

However, we do no t fo l low t h i s approach here. 

• We can create a d d i t i o n a l co l loca t ion po in t s for the b o u n d a r y condi t ions . These 
poin ts can lie anywhere on the boundary . W e take t h e m t o be equal ly spaced 
(see lines 9 -11) . N o t e t h a t we arrange the b o u n d a r y po in t s i n a counter
clockwise manner s t a r t i n g f r o m the o r i g i n . N o w we have several choices for 
the b o u n d a r y centers: 

— We can let the b o u n d a r y centers coincide w i t h the b o u n d a r y co l loca t ion 
poin ts . However , th i s approach w i l l lead t o a s ingular co l loca t ion m a t r i x 
for u n i f o r m in t e r io r po in t s (since t h a t set a l ready contains po in t s o n the 
boundary , and therefore dup l i ca te co lumns are created) . No te , however, 
t h a t t h i s approach works fine i f we take the in t e r io r co l loca t ion po in t s t o 
be H a l t o n po in t s (since those poin ts do n o t lie o n the b o u n d a r y o f t he u n i t 
square). T h i s approach can be real ized b y rep lac ing lines 12-14 by 

b d y c t r s = b d y d a t a ; 

— We can create a d d i t i o n a l b o u n d a r y centers outside the d o m a i n (see lines 12¬
15). W e fol low th i s approach i n mos t o f our exper iments since i t seems 
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to provide a slightly more accurate solution. Placing boundary centers 
away from the boundary has been recommended recently by a number of 
authors. Note that this approach takes us into the realm of R B F methods 
for which the centers differ from the data sites (or collocation points), and 
we stated earlier that not much is known theoretically about this setting 
(i.e., invertibility of system matrices or error bounds). It is an open problem 
how to find the best location for the boundary centers. We take them a 
small distance perpendicularly from the boundary collocation points (see 
Figure 39.1). 

P r o g r a m 3 9 . 1 . KansaLaplace_2D .m 

°/« KansaLaplace_2D 
% Script that performs Kansa c o l l o c a t i o n for 2D Laplace equation 
% C a l l s on: DistanceMatrix 

% IMQ RBF and i t s Laplacian 
1 rbf = @(e,r) 1 . / s q r t ( l + ( e * r ) . ~ 2 ) ; ep = 3; 
2 Lrbf = @(e,r) e ~ 2 * ( ( e * r ) . " 2 - 2 ) . / ( l + ( e * r ) . ~ 2 ) . " ( 5 / 2 ) ; 

% Exact solution and i t s Laplacian for t e s t problem 
3 u = @(x,y) s i n ( p i * x ) . * c o s ( p i * y / 2 ) ; 
4 Lu = @(x,y) -1.25*pi~2*sin(pi*x).*cos(pi*y/2); 

% Number and type of col l o c a t i o n points 
5 N = 289; gridtype = 'u'; 
6 neval = 40; 

% Load ( i n t e r i o r ) c o l l o c a t i o n points 
7 name = spri n t f ( ,Data2D_0/0d0/0s' ,N .gridtype) ; load (name) ; 
8 intdata = d s i t e s ; 

% Additional (equally spaced) boundary collocation points 
9 sn = sqrt(N); bdylin = linspace(0,1,sn)'; 
10 bdyO = zeros(sn-1,1); bdyl = ones(sn-1,1); 
11a bdydata = [bdylin(l:end-1) bdyO; bdyl b d y l i n d :end-1) ; . . . 
l i b flipud(bdylin(2:end)) bdyl; bdyO flipud(bdylin(2:end))]; 

% Create additional boundary centers OUTSIDE the domain 
12 h = l / ( s n - l ) ; bdylin = (h:h:l-h)'; 
13 bdyO = -h*ones(sn-2,1); bdyl = (l+h)*ones(sn-2,1); 
14a bdyctrs = [-h -h; bdylin bdyO; 1+h -h; bdyl bdylin;... 
14b 1+h 1+h; flipud(bdylin) bdyl; -h 1+h; bdyO f l i p u d ( b d y l i n ) ] ; 
15 c t r s .= [intdata; bdyctrs]; 

% Create neval-by-neval equally spaced evaluation locations 
% i n the unit square 

16 grid = linspace(0,1,neval); [xe.ye] = meshgrid(grid); 
17 epoints = [xe(:) y e ( : ) ] ; 

% Compute evaluation matrix 
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18 DM_eval = DistanceMatrix(epoints,ctrs); 
19 EM = rbf(ep,DM_eval); 
20 exact = u(epoi n t s ( : , 1 ) , e p o i n t s ( : , 2 ) ) ; 

% Compute blocks for c o l l o c a t i o n matrix 
21 DM_intdata = DistanceMatrix(intdata,ctrs); 
22 LCM = Lrbf(ep,DM_intdata); 
23 DM_bdydata = DistanceMatrix(bdydata,ctrs); 
24 BCM = rbf(ep,DM_bdydata); 
25 CM = [LCM; BCM] ; 

'/. Create right-hand side 
26a rhs = [ L u ( i n t d a t a ( : , 1 ) , i n t d a t a ( : , 2 ) ) ; ... 
26b u(bdydata(:,1),bdydata(:,2))]; 

°/« Compute RBF solution 
27 Pf = EM * (CM\rhs); 

°/0 Compute maximum error on evaluation g r i d 
28 maxerr = norm(Pf-exact,inf); 
29 rms_err = norm(Pf-exact)/neval; 
30 f p r i n t f ('RMS error: '/0e\n', rms_err) 
31 f p r i n t f ('Maximum error: 7«e\n' , maxerr) 

% Plot c o l l o c a t i o n points and centers 
32 hold on; p l o t ( i n t d a t a ( : , 1 ) , i n t d a t a ( : , 2 ) , ' b o 1 ) ; 
33 plot(bdydata(:,1),bdydata(:,2),'rx'); 
34 plot(bdyctrs(:,1),bdyctrs(:,2),'gx'); hold off 
35 fview = [-30,30]; % viewing angles for plot 
36 PlotSurf(xe,ye,Pf,neval,exact,maxerr,fview); 
37 PlotError2D(xe,ye,Pf,exact,maxerr,neval,fview); 

I n Tables 39.1 and 39.2 we l i s t R M S - e r r o r s and c o n d i t i o n numbers for the n o n -
symmet r i c co l loca t ion so lu t ion o f the P D E p r o b l e m (39.1). I n Table 39.1 a n d the 
r i g h t pa r t of Table 39.2 we present results for co l loca t ion w i t h inverse m u l t i q u a d r i c 
R B F s using a shape parameter o f e = 3, N = 289 i n t e r io r , and an a d d i t i o n a l 64 
bounda ry co l loca t ion po in ts . I n Table 39.1 the i n t e r i o r po in t s are i r r e g u l a r l y spaced 
H a l t o n poin ts , w h i l e i n Table 39.2 we use u n i f o r m l y spaced in te r io r po in t s . T h e 
bounda ry centers are placed outs ide t h e d o m a i n for the results i n Table 39.2 (see 
the exp lana t ion above and the left p a r t o f F i g u r e 39.1). I n Table 39.1 we compare 
the effect o f p lac ing the b o u n d a r y centers d i r e c t l y on the b o u n d a r y (coincident w i t h 
the b o u n d a r y co l loca t ion po in t s ) as opposed t o placement outs ide the d o m a i n as i n 
F igure 39.1. 

T h e left p a r t o f Table 39.2 compares the use o f Gaussians ( w i t h the same shape 
parameter e = 3) t o inverse m u l t i q u a d r i c s . For Gaussians we replace lines 1 a n d 2 
of P r o g r a m 39.1 by 

1 rbf = @(e,r) exp(-(e*r).~2) ; ep = 3; 
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Table 39.1 Non-symmetric collocation solution of Example 39.1 with IMQs, e = 3 
and interior Halton points. 

N centers on boundary centers outside 

(interior points) RMS-error cond(A) RMS-error cond(A) 

9 
25 
81 

289 
1089 

5.642192e-002 
1.039322e-002 
2.386062e-003 
4.904715e-005 
3.676576e-008 

5.276474e+002 
3.418858e+003 
1.726995e+006 
1.706884e+010 
1.446865e+018 

6.029293e-002 
4.187975e-003 
4.895870e-004 
2.668524e-005 
1.946954e-008 

4.399608e+002 
2.259698e+003 
3.650369e+005 
5.328110e+009 
5.015917e+017 

2 L r b f = @ ( e , r ) 4 * e ~ 2 * e x p ( - ( e * r ) • ~ 2 ) . * ( ( e * r ) . " 2 - 1 ) ; 

Table 39.2 Non-symmetric collocation solution of Example 39.1 with Gaussians and 
IMQs, £ = 3 and uniform interior points and boundary centers outside the domain. 

Gaussian IMQ 

(interior points) RMS-error cond(A) RMS-error cond(A) 

3 x 3 1.981675e-001 1.258837e+003 1.526456e-001 2.794516e+002 
5 x 5 7.199931e-003 4.136193e+003 6.096534e-003 2.409431e+003 
9 x 9 1.947108e-004 2.529708e+010 8.071271e-004 8.771630e+005 

17 x 17 4.174290e-008 5.335000e+019 3.219110e-005 5.981238e+010 
33 x 33 1.408750e-005 7.106505e+020 1.552047e-007 1.706638e+020 

Several observations can be made by l o o k i n g at Tables 39.1 and 39.2. T h e use o f 
H a l t o n points instead o f u n i f o r m poin ts seems t o be beneficial since b o t h the errors 
and the cond i t i on numbers are smaller (c.f. the r i g h t pa r t o f Table 39.1 vs. the r i g h t 
p a r t o f Table 39.2). Placement o f the b o u n d a r y centers outside the d o m a i n seems 
t o be advantageous since again b o t h the errors and the c o n d i t i o n numbers decrease 
(c.f. Table 39.1). Also , the last r o w of Table 39.2 seems t o indicate t h a t Gaussians 
are more prone t o i l l - c o n d i t i o n i n g t h a n inverse mu l t iquad r i c s . 

O f course, these are ra ther superf icial observations based on o n l y a few numer ica l 
experiments . For m a n y of these claims there is no theore t ica l founda t ion , and 
m a n y more experiments w o u l d be needed t o make a more conclusive s ta tement (for 
example, no a t t e m p t was made here t o f i nd the best approx imat ions , i.e., op t imize 
the value of the shape paramete r ) . Also , one cou ld exper iment w i t h different values 
of the shape parameter on the b o u n d a r y and i n the in te r io r (as suggested, e.g., i n 
[Kansa and Car lson (1992)]) . 

T h e col loca t ion po in ts and centers used here (and i n most of the fo l lowing ex
amples) are displayed i n the left p lo t o f F igure 39 .1 , wh i l e the r i g h t p lo t contains 
a so lu t ion for N — 289 in te r io r H a l t o n po in ts corresponding t o row 4 i n the r i g h t 
pa r t o f Table 39 .1 . 
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Fig. 39.1 Collocation points (interior: blue circles, boundary: red crosses) and centers (interior: 
blue circles, boundary: green crosses) (left) and non-symmetric R B F collocation solution (right) 
for Example 39.1 using IMQs with e — 3 and N = 289 interior points. 

E x a m p l e 3 9 . 2 . Consider the f o l l o w i n g e l l i p t i c equa t ion w i t h var iable coefficients 
and homogeneous D i r i c h l e t b o u n d a r y condi t ions : 

d ( d \ d ( d \ 
— ( a(x,y)— u(x,y)\ + ^ ( b(x, y ) — u(x, y) j = f{x,y), (x,y) e fl = [0, l ] 2 , 

u(x, y) = 0, (x, y) G T = dfl, 

where 

f{x, y) = - 1 6 z ( l - x){3 - 2y)ex~y + 3 2 y ( l - y)(Sx2 + y 2 - x - 2 ) , 

and the coefficients are g iven b y 

a(x, y) = 2 - x2 - y 2 , b(x, y) = ex~y. 

A s can easily be verif ied, t he exact so lu t ion for th i s p r o b l e m is g iven b y 

u(x,y) = 1 6 x ( l - x)y{l - y ) . 

T h e cor responding M A T L A B p r o g r a m is l i s ted as P r o g r a m 39.2. T h e de f in i t i on 
section o f th i s p r o g r a m (lines 1-9) is m u c h longer t h a n before since we need t o 
w o r k w i t h first and second-order p a r t i a l der ivat ives o f the basic func t ion . A l so , t he 
coefficients a and b and t h e i r pa r t i a l s are requ i red . 

W h i l e most o f the remainder o f the p r o g r a m is iden t i ca l t o the prev ious one, 
the assembly o f t he co l loca t ion m a t r i x (lines 26-32) is m u c h more invo lved since 
we need to a p p l y the d i f fe rent ia l opera to r t o the basis funct ions (see l ine 30 for 
the c o m p u t a t i o n o f the b lock LCM w h i c h corresponds t o the b lock Ac i n our earl ier 
discussion (38.6)) . 

P r o g r a m 3 9 . 2 . K a n s a E l l i p t i c V C J 2 D .m 

% K a n s a E l l i p t i c V C _ 2 D 
% S c r i p t t h a t p e r f o r m s Kansa c o l l o c a t i o n f o r 2D e l l i p t i c PDE 
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% with variable c o e f f i c i e n t s 
% C a l l s on: DistanceMatrix, DifferenceMatrix 

% IMQ RBF and i t s d e r i v a t i v e s 
1 rbf = @(e,r) 1 . / s q r t ( l + ( e * r ) . ~ 2 ) ; ep = 3; 
2 dxrbf = @(e,r,dx) -dx*e~2./(l+(e*r).~2)."(3/2); 
3 dyrbf = @(e,r,dy) -dy*e~2./(l+(e*r).~2)."(3/2); 
4a dxxrbf = @(e,r,dx) e ~ 2 * ( 3 * ( e * d x ) . ~ 2 - l - ( e * r ) . ~ 2 ) . / . . . 
4b ( l + ( e * r ) . ~ 2 ) . " ( 5 / 2 ) ; 
5a dyyrbf = @(e,r,dy) e~2*(3*(e*dy)."2-1-(e*r).~2)./... 
5b ( l + ( e * r ) . ~ 2 ) . " ( 5 / 2 ) ; 

°/0 Test problem input (right-hand side, c o e f f i c i e n t s ) 
6 u = @(x,y) 1 6 * x . * ( l - x ) . * y . * ( l - y ) ; 
7a Lu = @(x,y) -16*x.*exp(x-y).*(l-x).*(3-2*y)+... 
7b 32*y.*(1-y).*(3*x."2+y.~2-x-2); 
8 a = @(x,y) 2-x."2-y."2; ax = @(x,y) -2*x; 
9 b = @(x,y) exp(x-y); by = @(x,y)-exp(x-y); 
10 N = 289; gridtype = 'h'; 
11 neval = 40; 

% Load ( i n t e r i o r ) c o l l o c a t i o n points 
12 name = sp r i n t f ( 'Data2D_yod0/0s' ,N, gridtype) ; load (name) ; 
13 intdata = d s i t e s ; 

% Additional boundary c o l l o c a t i o n points 
14 sn = sqrt(N) ; bdylin = linspace(0,1,sn) 5; 
15 bdyO = zeros(sn-1,1); bdyl = ones(sn-1,1); 
16a bdydata = [ b d y l i n d : end-1) bdyO; bdyl b d y l i n ( l : end-1) ;.. . 
16b flipud(bdylin(2:end)) bdyl; bdyO flip u d ( b d y l i n ( 2 : e n d ) ) ] ; 

% Create additional boundary centers OUTSIDE the domain 
17 h = l / ( s n - l ) ; bdylin = (h:h:l-h)'; 
18 bdyO = -h*ones(sn-2,1); bdyl = (l+h)*ones(sn-2,1); 
19a bdyctrs = [-h -h; bdylin bdyO; 1+h -h; bdyl bdylin;... 
19b 1+h 1+h; flipud(bdylin) bdyl; -h 1+h; bdyO f l i p u d ( b d y l i n ) ] ; 
20 c t r s = [intdata; bdyctrs]; 

% Create neval-by-neval equally spaced evaluation locations 
°/0 i n the unit square 

21 grid = linspace(0,1,neval); [xe,ye] = meshgrid(grid); 
22 epoints = [xe(:) y e ( : ) ] ; 

% Compute evaluation matrix 
23 DM_eval = DistanceMatrix(epoints,ctrs); 
24 EM = rbf(ep,DM_eval); 
25 exact = u(epoints(:,1),epoints(:,2)); 

% Compute blocks for c o l l o c a t i o n matrix 
26 DM_intdata = DistanceMatrix(intdata,ctrs); 
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27 DM_bdydata = DistanceMatrix(bdydata,ctrs); 
28 dx_intdata = D i f f e r e n c e m a t r i x ( i n t d a t a ( : , 1 ) , c t r s ( : , 1 ) ) ; 
29 dy_intdata = D i f f e r e n c e m a t r i x ( i n t d a t a ( : , 2 ) , c t r s ( : , 2 ) ) ; 
30a LCM = dia g ( a x ( i n t d a t a ( : , 1 ) ) ) * ... 
30b dxrbf(ep,DM_intdata,dx_intdata) + ... 
30c d i a g ( a ( i n t d a t a ( : , 1 ) , i n t d a t a ( : , 2 ) ) ) * ... 
30d dxxrbf(ep,DM_intdata,dx_intdata) + ... 
30e di a g ( b y ( i n t d a t a ( : , 1 ) , i n t d a t a ( : , 2 ) ) ) * ... 
30f dyrbf(ep,DM_intdata,dy_intdata) + ... 
30g d i a g ( b ( i n t d a t a ( : , 1 ) , i n t d a t a ( : , 2 ) ) ) * ... 
30h dyyrbf(ep,DM_intdata,dy_intdata); 
31 BCM = rbf(ep,DM_bdydata); 
32 CM = [LCM; BCM]; 

7, Create right-hand side 
33 rhs = [ L u ( i n t d a t a ( : , 1 ) , i n t d a t a ( : , 2 ) ) ; z e r o s ( 4 * ( s n - 1 ) , 1 ) ] ; 

7, RBF solution 
34 Pf = EM * (CM\rhs); 

7o Compute maximum error on evaluation g r i d 
35 maxerr = norm(Pf-exact,inf); 
36 rms_err = norm(Pf-exact)/neval; 
37 f p r i n t f ('RMS error: 7,e\n', rms.err) 
38 f p r i n t f ( 'Maximum error: 7 0e\n' , maxerr) 

7» Plot c o l l o c a t i o n points and centers 
39 hold on; pl o t ( i n t d a t a ( : , 1 ) , i n t d a t a ( : , 2 ) , ' b o ' ) ; 
40 plot(bdydata(:,1),bdydata(:,2),'rx'); 
41 plot(bdyctrs(:,1).bdyctrs(:,2),'gx'); hold off 
42 fview = [-30,30]; % viewing angles for plot 
43 PlotSurf(xe,ye,Pf,neval,exact,maxerr,fview); 
44 PlotError2D(xe,ye,Pf,exact,maxerr,neval,fview); 

I n Table 39.3 we compare the so lu t ion ob ta ined w i t h Gaussians a n d inverse 
mu l t i quad r i c s based on in t e r io r H a l t o n po in ts . T h e b o u n d a r y centers are t aken t o 
l ie outs ide the d o m a i n as i n F igure 3 9 . 1 . A g a i n , t he s o l u t i o n w i t h inverse m u l t i 
quadrics is s l i gh t ly be t te r cond i t i oned . For Gaussians we need t o replace lines 1-5 
of P r o g r a m 39.2 by 

1 rbf = @(e,r) e x p ( - ( e * r ) . ~ 2 ) ; ep = 3; 
2 dxrbf = @(e,r,dx) -2*dx*e~2.*exp(-(e*r)."2); 
3 dyrbf = @(e,r,dy) -2*dy*e~2.*exp(-(e*r).~2); 
4 dxxrbf = @(e,r,dx) 2*e~2*(2*(e*dx).~2-l).*exp(-(e*r).~2); 
5 dyyrbf = @(e,r,dy) 2*e~2*(2*(e*dy)."2-1).*exp(-(e*r).~2); 

T h e t o p pa r t o f F igure 39.2 contains p lo t s o f the app rox ima te s o l u t i o n a n d 
m a x i m u m error for the inverse m u l t i q u a d r i c so lu t ion based o n N = 289 i n t e r i o r 
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Table 39.3 Solution of Example 39.2 with Gaussians and IMQs, e = 3 and interior 
Halton points. 

Gaussian IMQ 

(interior points) RMS-error cond(A) RMS-error cond(A) 

9 6.852103e-002 8.874341e+003 1.123770e-001 6.954910e+002 
25 1.091888e-002 4.898291e+003 1.123575e-002 3.302471e+003 
81 1.854386e-004 1.286993e+009 1.370992e-003 4.992219e+005 

289 8.445637e-007 7.031011e+019 8.105109e-005 7.527456e+009 
1089 2.559824e-005 4.553162e-f020 7.041415e-008 7.785955e+017 

and 64 b o u n d a r y points . 

E x a m p l e 3 9 . 3 . Consider the Poisson p r o b l e m w i t h m i x e d b o u n d a r y condi t ions 

V2u(x, y) = -5.4x, (x, y)Efl= [0, l ] 2 , 

—u(x,y) = 0, (x,y)er1UT3, 

u{x,y) = 0.1, (x,y)eT2, 

u(x,y) = l, (x,y)eT4, 

where 

r i = i(x,y) • 0 < x < 1, y = 0}, 
r 2 = {(x,y) : x = 1, 0 < y < 1}, 
r 3 = {(x,y) : 0 < x < 1, y = 1}, 
r 4 = {{x,y) : x = 0, 0 < y < ! } • 

For th is p r o b l e m the exact so lu t ion is g iven b y 

u(x,y) = 1 - 0.9a;3. 

Note t h a t the n o r m a l der iva t ive on the edges T i and T3 is g iven by ^ and 
— •§^1 respectively. Therefore, for the M A T L A B p r o g r a m we require the y - p a r t i a l o f 
the basic func t ion i n a d d i t i o n t o i ts de f in i t i on and i ts L a p l a c i a n (see lines 1-3 o f 
P r o g r a m 39.3). A g a i n , the m a i n difference i n the code is i n the assembly o f the 
col loca t ion m a t r i x on lines 22-30. No te t h a t th i s t i m e we need t o deal careful ly 
w i t h the bounda ry condi t ions a n d r i g h t - h a n d side (see lines 26-29 and 30). I t is 
i m p o r t a n t t h a t the o r i en t a t i on o f the b o u n d a r y poin ts is consistent. 

P r o g r a m 3 9 . 3 . KansaLaplaceMixedBC_2D .m 

°/. KansaLaplaceMixedBC_2D 
"/, S c r i p t that performs Kansa c o l l o c a t i o n for 2D Laplace equation 
*/, with mixed BCs 
% C a l l s on: DistanceMatrix, DifferenceMatrix 
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IMQ RBF and i t s Laplacian 
1 rbf = @(e,r) 1 . / s q r t ( l + ( e * r ) . ~ 2 ) ; ep = 3; 
2 dyrbf = <3(e,r,dy) -dy*e~2. / ( l + ( e * r ) . "2) . ~ (3/2) ; 
3 Lrbf = @(e,r) e " 2 * ( ( e * r ) . " 2 - 2 ) . / ( l + ( e * r ) . ~ 2 ) . ~ ( 5 / 2 ) ; 

% Exact solution and i t s Laplacian for t e s t problem 
4 u = @(x,y) l-0.9*x.~3+0*y; 
5 Lu = @(x,y) -5.4*x+0*y; 

% Number and type of c o l l o c a t i o n points 
6 N = 289; gridtype = 'h'; 
7 neval = 40; 

% Load ( i n t e r i o r ) c o l l o c a t i o n points 
8 name = s p r i n t f ( ,Data2D_yodyoS',N,gridtype) ; load (name) ; 
9 intdata = d s i t e s ; 

% Additional boundary c o l l o c a t i o n points 
10 sn = sqrt(N); bdylin = l i n s p a c e ( 0 , 1 , s n ) 5 ; 
11 bdyO = zeros(sn-1,1); bdyl = ones(sn-1,1); 
12a bdydata = [ b d y l i n d : end-1) bdyO; bdyl b d y l i n d : end-1) ; ... 
12b flipud(bdylin(2:end)) bdyl; bdyO flipud(bdylin(2:end))] 

% Create additional boundary centers OUTSIDE the domain 
13 h = l / ( s n - l ) ; bdylin = ( h : h : l - h ) J ; 
14 bdyO = -h*ones(sn-2,l); bdyl = (1+h)*ones(sn-2,1); 
15a bdyctrs = [-h -h; bdylin bdyO; 1+h -h; bdyl bdylin; ... 
15b 1+h 1+h; fli p u d ( b d y l i n ) bdyl; -h 1+h; bdyO f l i p u d ( b d y l i n 
16 c t r s = [intdata; b dyctrs]; 

°/0 Create neval-by-neval equally spaced evaluation locations 
% i n the unit square 

17 grid = linspace(0,1,neval); [xe.ye] = meshgrid(grid); 
18 epoints = [xe(:) y e ( : ) ] ; 

% Compute evaluation matrix 
19 DM_eval = DistanceMatrix(epoints,ctrs); 
20 EM = rbf(ep,DM_eval); 
21 exact = u(ep o i n t s ( : , 1 ) , e p o i n t s ( : , 2 ) ) ; 

% Compute blocks for c o l l o c a t i o n matrix 
22 DM_intdata = DistanceMatrixdntdata,ctrs) ; 
23 DM_bdydata = DistanceMatrix(bdydata,ctrs); 
24 dy_bdydata = Differencematrix(bdydata(:,2),ctrs(:,2)); 
25 LCM = Lrbf(ep,DM_intdata); 
26 BCM1 = -dyrbf(ep,DM_bdydata(l:sn-1,:),dy_bdydata(l:sn-1,:)); 
27 BCM2 = rbf(ep,DM_bdydata(sn:2*sn-2,:)); 
28a BCM3 = dyrbf(ep,DM_bdydata(2*sn-l:3*sn-3,:),... 
28b dy_bdydata(2*sn-l:3*sn-3,:)); 
29 BCM4 = rbf(ep,DM_bdydata(3*sn-2rend,:)); 
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30 CM = [LCM; BCM1; BCM2; BCM3; BCM4]; 
7, Create right-hand side 

31a rhs = [Lu ( i n t d a t a ( : , 1 ) , i n t d a t a ( : , 2 ) ) ; zeros(sn-1,1); ... 
31b 0.1*ones(sn-l,l); zeros(sn-1,1); o n e s ( s n - l , 1 ) ] ; 

•/. RBF solution 
32 Pf = EM * (CM\rhs); 

7. Compute maximum error on evaluation g r i d 
33 maxerr = norm(Pf-exact,inf); 
34 rms_err = norm(Pf-exact)/neval; 
35 f p r i n t f ('RMS error: °/0e\n', rms_err) 
36 fprintf('Maximum error: 7.e\n', maxerr) 

7, Plot collocation points and centers 
37 hold on; plot(intdata(:,1),intdata(:,2),'bo'); 
38 plot(bdydata(:,1),bdydata(:,2),'rx'); 
39 plot(bdyctrs(:,1),bdyctrs(:,2),'gx'); hold off 
40 fview = [-30,30]; 7» viewing angles for plot 
41 PlotSurf(xe,ye,Pf,neval,exact,maxerr,fview); 
42 PlotError2D(xe,ye,Pf,exact,maxerr,neval,fview); 

I n Table 39.4 we again compare the use of Gaussians and inverse mu l t i quad r i c s 
on a set of N — 9 ,25 ,81 ,289 a n d 1089 in te r io r H a l t o n po in t s ( w i t h a d d i t i o n a l 
bounda ry centers outside the d o m a i n ) . A s i n the previous exper iments the Gaussian 
so lu t ion is s l igh t ly infer ior i n t e rms o f s t a b i l i t y for the same value o f the shape 
parameter . 

Table 39.4 Non-symmetric collocation solution of Example 39.3 with Gaussians and 
IMQs, e = 3 and interior Halton points. 

Gaussian I M Q 

(interior points) RMS-error cond(A) RMS-error cond(,4) 

9 3.423330e-001 5.430073e+003 7.937403e-002 2.782348e+002 
25 1.065826e-002 1.605086e+003 5.605445e-003 1.680888e+003 
81 5.382387e-004 3.684159e+008 1.487160e-003 2.611650e+005 

289 6.181855e-006 1.452124e+019 1.822077e-004 3.775455e+009 
1089 2.060470e-006 1.628262e+021 1.822221e-007 3.155751e+017 

I n the b o t t o m par t o f F igu re 39.2 we show the inverse m u l t i q u a d r i c so lu t ion for 
AT = 289 in te r io r poin ts a long w i t h i t s m a x i m u m error . No te t h a t (even t h o u g h the 
p r o b l e m has a symmet r i c so lu t ion) the approx ima te so lu t ion is no t qu i te symmet r i c 
(as demonst ra ted by the error p lo t , c.f. also the t o p pa r t o f F igure 39.2) . 
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y 0 o x y 0 o 

Fig. 39.2 Top: Non-symmetric collocation solution (left) and error plot (right) for Example 39.2 
using IMQs with e = 3 and N = 289 interior Halton points. Bottom: Approximate solution (left) 
and error plot (right) for Example 39.3 using IMQs with e — 3 and AT = 289 interior Halton points. 

I n [ L i et al. (2003)] t he au thors r epo r t t h a t the non- symmet r i c co l loca t ion 
so lu t ion for th i s p r o b l e m w i t h m u l t i q u a d r i c R B F s is several orders o f m a g n i t u d e 
more accurate t h a n a s o l u t i o n w i t h piecewise l inear f in i t e elements us ing the same 
number o f nodes. 



Chapter 40 

Symmetric R B F Collocation in M A T L A B 

I n th i s chapter we discuss t h e i m p l e m e n t a t i o n o f the Hermi te-based symmet r i c 
co l loca t ion m e t h o d . A g a i n , ou r discussion is f a i r l y de ta i led w i t h complete M A T L A B 
code. As i n the previous chapter we re s t r i c t ourselves t o two-d imens iona l e l l ip t i c 
problems whose ana ly t ic s o l u t i o n is r ead i ly available a n d therefore can easily be 
verif ied. We w i l l refer t o a p o i n t x i n R 2 as (x,y). 

4 0 . 1 S y m m e t r i c C o l l o c a t i o n M e t h o d 

For problems i n v o l v i n g the L a p l a c i a n we n o w require also t h e dif ferent ia l opera tor 

d2 d2 d2 d2 d2 d2 d2 d2 

<9£2 dx2 dr)2 dx2 d£2 dy2 drj2 dy2 

d4

 n d4 d4 \ 
+ 2 ——- + 

dx4 dx2y2 dy4 J ' 

where the s impl i f i ca t ion i n t h e last l ine is j u s t i f i e d since we are w o r k i n g w i t h even-
order derivatives. For example, us ing the cha in ru le w i t h r = \\x — £ | | we get for 
various r ad i a l basis functions i n M2: 

V 2 v 2 e - ( £ r ) 2
 = 1 6 £ 4 ( 2 _ 4 ( £ r ) 2 + ( £ r ) 4 ) e~(er)^ G a u s s i a i l j ( 4 0 . 1 ) 

9 9 1 3 £ 4 (3(er)4 - 2 4 ( e r ) 2 + 8) n r „ t t N 

V ^ V 7 T T F F = ( i U ^ 2 ' ( 4 0- 2 ) 

€ ( l + ( e r ) 2 ) 7 / 2 

M o r e examples o f R B F s and t he i r der ivat ives are collected i n A p p e n d i x D . 

E x a m p l e 4 0 . 1 . We use t h e same P D E a n d b o u n d a r y c o n d i t i o n as i n E x a m 
ple 39 .1 . A M A T L A B p r o g r a m for s y m m e t r i c Hermite-based co l loca t ion is g iven as 
P r o g r a m 40 .1 . No te t h a t t h i s p r o g r a m is qu i t e a b i t more compl ica ted t h a n the 

365 
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corresponding one for the non-symmetric collocation method (c.f. Program 39.1). 
The evaluation matrix EM now consists of two blocks (similar to the collocation ma
trix for the non-symmetric case, see lines 19-23), whereas the collocation matrix is 
assembled from four blocks (c.f. lines 25-33). Note that we now also require one of 
the iterated Laplacians of the basic function as listed in (40.1)-(40.3). 

Program 40.1. HermiteLaplace_2D.m 

% HermiteLaplace_2D 
% Script that performs Hermite c o l l o c a t i o n f o r 2D Laplace equation 
7, C a l l s on: DistanceMatrix 

7o IMQ RBF and i t s Laplacian and double Laplacian 
1 rbf = <3(e,r) 1 . / s q r t ( l + ( e * r ) . ~ 2 ) ; ep = 3; 
2 Lrbf = @(e,r) e~2* ( (e * r ) . "2-2) . / ( l + ( e * r ) . "2) . " (5/2) ; 
3a L2rbf = @(e,r) 3*e"4*(3*(e*r)."4-24*(e*r)."2+8)./... 
3b ( l + ( e * r ) . " 2 ) . " ( 9 / 2 ) ; 

7. Exact solution and i t s Laplacian for t e s t problem 
4 u = @(x,y) s i n ( p i * x ) . * c o s ( p i * y / 2 ) ; 
5 Lu = @(x,y) -1.25*pi~2*sin(pi*x).*cos(pi*y/2); 

7. Number and type of c o l l o c a t i o n points 
6 N = 289; gridtype = 'u'; 
7 neval = 40; 

7o Load ( i n t e r i o r ) c o l l o c a t i o n points 
8 name = s p r i n t f ( 'Data2D_7od7oS' ,N,gridtype) ; load (name) ; 
9 intdata = d s i t e s ; 

7o Additional (equally spaced) boundary c o l l o c a t i o n points 
10 sn = sqrt(N); bdylin = linspace(0,1,sn)'; 
11 bdyO = zeros(sn-1,1); bdyl = ones(sn-1,1); 
12a bdydata = [ b d y l i n d : end-1) bdyO; bdyl b d y l i n d : end-1) ; ... 
12b flipud(bdylin(2:end)) bdyl; bdyO f l i p u d ( b d y l i n ( 2 : e n d ) ) ] ; 

7. Create additional boundary centers OUTSIDE the domain 
13 h = l / ( s n - l ) ; bdylin = ( h : h : l - h ) ' ; 
14 bdyO = -h*ones(sn-2,1); bdyl = (1+h)*ones(sn-2,1); 
15a bdyctrs = [-h -h; bdylin bdyO; 1+h -h; bdyl bdylin; ... 
15b 1+h 1+h; f l i p u d ( b d y l i n ) bdyl; -h 1+h; bdyO f l i p u d ( b d y l i n ) ] ; 
16 i n t c t r s = intdata; 

7. Create neval-by-neval equally spaced evaluation l o c a t i o n s 
7o i n the unit square 

17 grid = linspace(0,1»neval); [xe.ye] = meshgrid(grid); 
18 epoints = [xe(:) y e ( : ) ] ; 

7o Compute evaluation matrix 
19 DM_inteval = Dista n c e M a t r i x ( e p o i n t s , i n t c t r s ) ; 
20 LEM = Lrbf(ep,DM_inteval); 
21 DM_bdyeval = DistanceMatrix(epoints,bdyctrs); 

^ .Li. 
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22 BEM = rbf(ep,DM_bdyeval); 
23 EM = [LEM BEM]; 
24 exact = u(epoints(:,1),epoints(:,2)); 

% Compute blocks for c o l l o c a t i o n matrix 
25 DM_IIdata = DistanceMatrixdntdata,intctrs) ; 
26 LLCM = L2rbf(ep,DM_IIdata); 
27 DM_IBdata = DistanceMatrixdntdata,bdyctrs) ; 
28 LBCM = Lrbf(ep,DM_IBdata); 
29 DM_BIdata = DistanceMatrix(bdydata,intctrs); 
30 BLCM = Lrbf(ep,DM_BIdata); 
31 DM_BBdata = DistanceMatrix(bdydata,bdyctrs); 
32 BBCM = rbf(ep,DM_BBdata); 
33 CM = [LLCM LBCM; BLCM BBCM]; 

% Create right-hand side 
34a rhs = [ L u ( i n t d a t a ( : , 1 ) , i n t d a t a ( : , 2 ) ) ; ... 
34b sin(pi*bdydata(l:sn-1,1)); z e r o s ( 3 * ( s n - 1 ) , 1 ) ] ; 

% Compute RBF solution 
35 Pf = EM * (CM\rhs); 

% Compute maximum error on evaluation g r i d 
36 maxerr = norm(Pf-exact,inf); 
37 rms.err = norm(Pf-exact)/neval; 
38 fprintf('RMS error: %e\n', rms.err) 
39. f p r i n t f ('Maximum error: °/«e\n' , maxerr) 

°/0 Plot collocation points and centers 
40 hold on; plo t ( i n t d a t a ( : , 1 ) , i n t d a t a ( : , 2 ) , ' b o ' ) ; 
41 plot(bdydata(:,1),bdydata(:,2),'rx'); 
42 plot(bdyctrs(:,1),bdyctrs(:,2),'gx'); hold off 
43 fview = [-30,30]; % viewing angles for plot 
44 PlotSurf(xe,ye,Pf,neval,exact,maxerr,fview); 
45 PlotError2D(xe,ye,Pf.exact,maxerr,neval,fview); 

As above we deal with the boundary by allowing the use of different collocation 
points and centers along the boundary. This causes the collocation matrix to be 
non-symmetric, and therefore the theoretical foundation of Chapter 38 no longer 
applies, i.e., it is not clear that in this case the matrix is invertible. In order to 
work with a "safe" symmetric (and guaranteed invertible) matrix one should replace 
lines 13-15 with 
bdyctrs = bdydata; 
Note that, contrary to the non-symmetric Kansa approach, we can do this for both 
uniform and non-uniform interior points. In this case it is also possible to simplify 
the assembly of the collocation matrix. We can remove lines 29-30 and replace 
line 33 by 
CM = [LLCM LBCM; LBCM' BBCM]; 
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T h e same set o f exper iments as for the n o n - s y m m e t r i c K a n s a m e t h o d (see 

Tables 39.1 and 3 9 . 2 ) are d isp layed i n Tables 40 .1 and 4 0 . 2 for the s y m m e t r i c 

Hermi te -based m e t h o d . 

Table 40.1 Symmetric collocation solution of Example 40.1 with IMQs, e = 3 and 
Halton points. 

JV 
centers on boundary centers outside 

(interior points) RMS-error cond(A) RMS-error cond(A) 

9 1.869505e-001 
25 7.698471e-002 
81 4.839682e-003 
289 4.480250e-005 
1089 2.481407e-008 

9.055720e+003 
8.506782e+004 
1.338599e+007 
9.991615e+010 
2.820823e+018 

2.438041e-001 
9.429580e-002 
5.070833e-003 
3.448546e-005 
1.907000e-008 

3.549895e+004 
1.162027e+005 
1.017388e+007 
7.180249e+010 
2.262777e+018 

We note t h a t , as for the n o n - s y m m e t r i c co l loca t ion m e t h o d , inverse m u l t i 
quadr ics w i t h i n t e r io r H a l t o n p o i n t s and ex te r io r b o u n d a r y centers seems t o per
f o r m overa l l s l i g h t l y be t te r t h a n the o ther choices (i.e., Gaussians, in t e r io r u n i f o r m 
poin ts , or b o u n d a r y centers o n the b o u n d a r y ) . 

Table 40.2 Symmetric collocation solution of Example 40.1 with Gaussians and IMQs, 
e = 3 and uniform points with boundary centers outside the domain. 

N 
Gaussian IMQ 

(interior points) RMS-error cond(>l) RMS-error cond(yl) 

3 x 3 
5 x 5 
9 x 9 

17 x 17 
33 x 33 

4.088188e-001 
7.704584e-003 
2.272289e-004 
5.271776e-008 
5.805757e-007 

1.196486e+005 
1.359899e+005 
2.453107e+010 
4.338406e+021 
1.438258e+022 

2.806897e-001 
1.583948e-001 
8.650782e-004 
3.962654e-005 
1.870210e-007 

3.105155e+004 
1.216534e+005 
2.016503e+007 
6.051588e+011 
2.324115e+020 

I t is remarkable , however, h o w sma l l t he difference i n per formance between the 
s y m m e t r i c a n d n o n - s y m m e t r i c approach is. T h i s can be concluded by c o m p a r i n g 
the tables i n E x a m p l e 39 .1 w i t h those i n E x a m p l e 4 0 . 1 . A l s o , F i g u r e 40 .1 shows 
er ror p lo ts for the t w o me thods us ing t h e same set o f parameters , i.e., inverse 
m u l t i q u a d r i c s w i t h e = 3 , N = 2 8 9 i n t e r i o r H a l t o n po in t s a n d 64 b o u n d a r y po in t s 
w i t h the b o u n d a r y centers placed outs ide t h e d o m a i n as i n F igu re 39 .1 . 

T h e example above shows v e r y h i g h convergence rates as p red ic t ed b y the es
t i m a t e i n T h e o r e m 38.1 w h e n us ing i n f i n i t e l y s m o o t h inverse m u l t i q u a d r i c s o n a 
p r o b l e m t h a t has a s m o o t h so lu t ion . 

E x a m p l e 4 0 . 2 . A M A T L A B i m p l e m e n t a t i o n o f t he var iable coefficient p r o b l e m o f 
E x a m p l e 3 9 . 2 , w h i l e t heo re t i ca l l y possible, is v e r y cumbersome us ing the s y m m e t r i c 
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Fig. 40.1 Error plots for the collocation solution of Example 39.1 (Example 40.1) using IMQs 
with e — 3 and N — 289 interior Halton points; boundary centers outside domain. Kansa's method 
(left) and symmetric method (right). 

col loca t ion m e t h o d . For example, since the di f ferent ia l opera tor C is g iven b y 

the basic expansion for the R B F so lu t ion is 

N B N 

3 = 1 3=NB + 1 

w i t h 

T h i s , however implies t h a t the block Acc$. o f the symmet r i c co l loca t ion m a t r i x has 
entries computed w i t h the di f ferent ia l opera tor 

tk (a("'y)S + |( 6 ( x' y )^;j 
a4

 dA 

= a(x, y)a(£, + (a(x, y)b(£, r,) + b(x, y)a(£, r))) 9 g 2 2 

+ 
b(x, y)b(£, rf) 7-7 + — K - a(£, rj) - a(x, y) — — — 1 — + 

dy4 dx dx3 

'db(x,y) , dbjtj, y)\ d3 , 

, dy 
'da(x,y) 

dx 

'db(x,y) 

, dy 

d-n J dx2dy 

> w ^ ( ^ A <93 da(x,y)da(f:r)) d2 

V) - Kx, y)— ) — + 
dr) J dy& dx di dx2 

( da{x,y) db^rj) db(x,y) da(^r))\ d2 db(x,y) dbfoy) d2 

V dx dr) dy d£ J dxdy dy dr, dy2 
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Here we expressed derivat ives w i t h respect t o the second var iable £ = (£, rj) o f 
t he basic func t ion i n te rms of those w i t h respect t o the f irst var iable x — (x,y) 
r emember ing t h a t every d i f fe ren t ia t ion in t roduces a s ign change (c.f. the discussion 
a t the end o f Chapte r 36) . 

E x a m p l e 4 0 . 3 . Ins tead o f repea t ing the ca lcula t ions for E x a m p l e 39.3, we present 
a different p r o b l e m w i t h piecewise defined b o u n d a r y condi t ions . 

V2u(x,y) = 0, (x,y) e f t = ( - l , l ) 2 , 

u(x,y) = 0, (x,y) € Tx U T 3 U T 5 , 

u(x, y) = - sin(37ry), (x, y) <E T 2 , 
5 

u(x,y) = sin 4(7ra;), (x,y) G T 4 , 

where 

r i = {(x,y) - l < x < l , y = - l } , 

r 2 = {{x,y) x = l, - l < y < l } , 

r 3 = {(x,y) 0 < x < l , y=l}, 

r 4 = {{x,y) - l < x < 0 , y=l}, 

r 5 = {(x,y) x = - l , 0 < y < 1 } . 

For this p r o b l e m we do no t have an exact s o l u t i o n available. However , t h i s p r o b l e m 
is t aken f r o m [Trefethen (2000)] and we use the pseudospectral so lu t i on f r o m there 
for compar ison . W e w i l l rev is i t th i s p r o b l e m la ter w h e n we discuss R B F - P S methods 
i n Chapte r 42 . 

Program 40.2. HermiteLaplaceMixedBCTref_2D .m 

% HermiteLaplaceMixedBCTref_2D 
% Script that performs Hermite c o l l o c a t i o n f o r 2D Laplace equation 
7, Note: Prog 36 i n Trefethen (2000), exact solution not provided 
°/0 C a l l s on: DistanceMatrix 

% IMQ RBF and i t s Laplacian 
1 rbf = @(e,r) 1 . / s q r t ( l + ( e * r ) . " 2 ) ; ep = 3; 
2 Lrbf = @(e,r) e ~ 2 * ( ( e * r ) . " 2 - 2 ) . / ( l + ( e * r ) . ~ 2 ) . ~ ( 5 / 2 ) ; 
3a L2rbf = @(e,r) 3*e~4*(3*(e*r)."4-24*(e*r)."2+8)./... 
3b ( l + ( e * r ) . " 2 ) . " ( 9 / 2 ) ; 

% Laplacian for t e s t problem 
4 Lu = @(x,y) z e r o s ( s i z e ( x ) ) ; 

% Number and type of c o l l o c a t i o n points 
5 N = 289; gridtype = 'u'; 
6 neval = 41; 

7, Load ( i n t e r i o r ) c o l l o c a t i o n points 
7 name = s p r i n t f ( 'Data2D_7od70s' ,N, gridtype) ; load (name) ; 
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8 intdata = 2 * d s i t e s - l ; 
% Additional boundary col l o c a t i o n points 

9 sn = sqrt(N); bdylin = linspace(-1,1,sn)'; 
10 bdyl = ones(sn-1,1); 
11a bdydata = [ b d y l i n d : end-1) -bdyl; bdyl b d y l i n d : end-1) ; ••• 
l i b flipud(bdylin(2:end)) bdyl; -bdyl flipud(bdylin(2:end))]; 

°/0 Create additional boundary centers OUTSIDE the domain 
12 h = 2 / ( s n - l ) ; bdylin = (-l+h:h:1-h)'; 
13 bdyO = repmat(-1-h,sn-2,1); bdyl = repmat(1+h,sn-2,1); 
14a bdyctrs = [-1-h -1-h; bdylin bdyO; 1+h -1-h; bdyl bdylin; ... 
14b 1+h 1+h; flipud(bdylin) bdyl; -1-h 1+h; bdyO f l i p u d ( b d y l i n ) ] ; 
15 i n t c t r s = intdata; 

% Create neval-by-neval equally spaced evaluation locations 
% i n the unit square 

16 grid = linspace(-1,1,neval); [xe,ye] = meshgrid(grid); 
17 epoints = [xe(:) y e ( : ) ] ; 

% Compute evaluation matrix 
18 DM_inteval = DistanceMatrix(epoints,intctrs); 
19 LEM = Lrbf(ep,DM_inteval); 
20 DM_bdyeval = DistanceMatrix(epoints,bdyctrs); 
21 BEM = rbf(ep,DM_bdyeval); 
22 EM = [LEM BEM] ; 

7, Compute blocks for co l l o c a t i o n matrix 
23 DM_IIdata = DistanceMatrixdntdata,intctrs) ; 
24 LLCM = L2rbf(ep,DM_IIdata); 
25 DM_IBdata = DistanceMatrixdntdata,bdyctrs) ; 
26 LBCM = Lrbf(ep,DM_IBdata); 
27 DM_BIdata = DistanceMatrix(bdydata,intctrs); 
28 BLCM = Lrbf(ep,DM_BIdata); 
29 DM_BBdata = DistanceMatrix(bdydata,bdyctrs); 
30 BBCM = rbf(ep,DM_BBdata); 
31 CM = [LLCM LBCM; BLCM BBCM]; 

7o Create right-hand side 
32a rhs = [L u ( i n t d a t a ( : , 1 ) , i n t d a t a ( : , 2 ) ) ; zeros(sn-1,1); ... 
32b 0.2*sin(3*pi*bdydata(sn:2*sn-2,2)); z e r o s ( ( s n - l ) / 2 , 1 ) ; . . . 
32c sin(pi*bdydata((5*sn-3)/2:3*sn-3,l)).~4; z e r o s ( s n - l , 1 ) ] ; 

7» Compute RBF solution 
33 Pf = EM * (CM\rhs); 
34 surf(xe,ye,reshape(Pf,neval,neval)); 
35 view(-20,45), a x i s ( [ - l 1 - 1 1 -.2 1 ] ) ; 
36 text(0,.8,.5,sprintf(>u(0,0) = 7.12 . lOf ' ,Pf (841) ) ) 
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T h e de f in i t i on of the b o u n d a r y cond i t ions i n t he M A T L A B code for P r o g r a m 40.2 

is s imi l a r t o t h a t for P r o g r a m 39.3. However , now we are w o r k i n g o n the square 

[—1, l ] 2 ins tead o f [0, l ] 2 , and therefore s l igh t ad jus tments are requ i red . For exam

ple, the co l loca t ion po in t s we l oad f r o m file are n o w t r ans fo rmed o n l ine 8. A l so , 

the b o u n d a r y centers have t o be offset f r o m a different b o u n d a r y (see lines 12-14) . 

Fig. 40.2 Plots for solution of Example 40.3 using pseudospectral method with 361 points from 
[Trefethen (2000)] (left), and with symmetric collocation using IMQs with e = 3 and N = 289 
uniform interior points; 64 additional boundary centers outside domain. 

We note t h a t the q u a l i t y o f t he t w o solu t ions d isplayed i n F igu re 40.2 is qu i t e 
s imi la r . T h e t o t a l number of po in t s used for t he PS s o l u t i o n is 3 6 1 , w h i l e 353 po in t s 
(289 in te r io r p lus 64 b o u n d a r y ) are used for the R B F so lu t i on . 

4 0 . 2 S u m m a r i z i n g R e m a r k s o n t h e S y m m e t r i c a n d N o n -
S y m m e t r i c C o l l o c a t i o n M e t h o d s 

A l l i n a l l , the non - symmet r i c (Kansa ) m e t h o d seems t o p e r f o r m j u s t a l i t t l e b i t 
be t te r t h a n the s y m m e t r i c ( H e r m i t e ) m e t h o d (compare Tables 39.1 a n d 39.2 w i t h 
Tables 40.1 a n d 40.2) . For the same value o f t he shape parameter e the errors as w e l l 
as the c o n d i t i o n numbers are s l i g h t l y smal ler . T h i s does n o t agree w i t h the f indings 
i n [Larsson and Fornberg (2003)] where the au thors concluded t h a t t he s y m m e t r i c 
m e t h o d is more accurate (see also our discussion a t t he end o f Chap te r 38) . 

A n advantage o f t he H e r m i t e approach over Kansa ' s m e t h o d is t h a t the col 
l oca t ion matr ices r e su l t i ng f r o m the H e r m i t e approach are s y m m e t r i c i f a l l o f the 
centers coincide w i t h the co l loca t ion po in t s . Therefore the a m o u n t o f c o m p u t a t i o n 
can be reduced considerably b y us ing a solver for s y m m e t r i c systems. Since Kansa ' s 
m e t h o d requires fewer der iva t ives o f t he basic f u n c t i o n i t has t he added advan
tages o f be ing s impler t o i m p l e m e n t and appl icable t o problems w i t h less s m o o t h 
solut ions . Moreover , as we saw i n Examples 39.2 a n d 40.2, the n o n - s y m m e t r i c 
m e t h o d is m u c h s impler for p rob lems w i t h non-cons tant coefficients. Fu r the r -
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more, i t is no t clear how t o deal w i t h non- l inear p roblems us ing the s y m m e t r i c 
me thod . For a t r ea tmen t o f non- l inear P D E s based o n the non - symmet r i c colloca
t i o n m e t h o d w i t h i n an opera tor N e w t o n f r amework see [Berna l and K i n d e l a n (2006); 
Fasshauer (2001a)]. 

A n o t h e r con t rapos i t ion o f the t w o me thods w i l l be presented i n the context o f 
pseudospectral methods i n Chap te r 42. 

B o t h o f the methods described i n t h i s sect ion have been i m p l e m e n t e d for m a n y 
different appl ica t ions . Compar isons o f the t w o methods were r epor t ed i n , e.g., 
[Fasshauer (1997); Larsson and Fornberg (2003); Power and Bar raco (2002)]. 
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Chapter 41 

Collocation with C S R B F s in M A T L A B 

I n th i s t h i r d chapter descr ibing the M A T L A B i m p l e m e n t a t i o n o f R B F co l loca t ion 
methods we look at how compac t l y suppor t ed funct ions can be used i n b o t h a d i rec t 
approach and w i t h i n a m u l t i l e v e l f r amework . A s i n the previous t w o chapters we 
present on ly two-d imens iona l e l l i p t i c p roblems and w i l l refer t o a p o i n t x i n R 2 as 

41 .1 C o l l o c a t i o n w i t h C o m p a c t l y S u p p o r t e d R B F s 

W h i l e Kansa i n i t i a l l y proposed the non- symmet r i c co l loca t ion m e t h o d for m u l t i 
quadrics, the general m e t h o d applies t o any k i n d o f R B F i n c l u d i n g those w i t h 
compact suppor t . T h e same goes for t he s y m m e t r i c m e t h o d . W e now present M A T 
L A B code for the symmet r i c co l loca t ion m e t h o d based o n Wendland ' s C 6 f u n c t i o n 
¥ > 3 , 3 ( 0 — (1 — r ) ^ . ( 3 2 r 3 + 2 5 r 2 + 8r + 1). I t s Lap l ac i an and b i h a r m o n i c der ivat ives 
are given by 

V V 3 , 3 ( r ) = 44 (1 - r)6

+(88r3 + 3 r 2 - 6 r - 1), 

V V 3 , 3 ( r ) = 1056(1 - r ) 4 _ ( 2 9 7 r 3 - 2 1 2 r 2 + 16r + 4 ) . 

Note , however, t h a t i n order for us t o be able t o take advantage o f the subrou t ine 
D i s t a n c e M a t r i x C S R B F . m we p r o v i d e d earlier i n P r o g r a m 12.1 we need t o represent 
the basic func t ion and i ts der ivat ives i n the shif ted f o r m 

£ 3 ) 3 ( r ) = r 8 ( 6 6 - 154r + 1 2 1 r 2 - 3 2 r 3 ) , 

V 2 ^ 3 ) 3 ( r ) = 4 4 r 6 ( 8 4 - 264r + 2 6 7 r 2 - 8 8 r 3 ) , 

V 4 < £ 3 , 3 ( r ) - 1 0 5 6 r 4 ( 1 0 5 - 483r + 6 7 9 r 2 - 2 9 7 r 3 ) , 

as implemented on lines 1-3 of P r o g r a m 4 1 . 1 . W h i l e we technica l ly do no t need 
t o include a scale factor e i n the M A T L A B code for the basic f u n c t i o n (since the 
suppor t size is a l ready used t o de te rmine the m a t r i x entries i n P r o g r a m 12.1), t he 
derivat ives of the basic f u n c t i o n s t i l l require the scale factor w h i c h appears as a 
consequence of the chain ru le (see lines 2 and 3 ) . 

A n o t h e r po in t t o reconsider i n the compact suppor t se t t ing is the placement o f 
the bounda ry centers. W h i l e we saw for g loba l ly suppor t ed basic funct ions t h a t 

375 



376 Meshfree Approximation Methods with MATLAB 

i t was ac tua l ly beneficial t o place some centers outs ide the d o m a i n , t h i s no longer 
makes m u c h sense i f we decide t o use c o m p a c t l y suppor t ed funct ions . Clear ly , 
any basic func t ion whose suppor t radius is smal ler t h a n the distance o f i t s center 
f r o m the b o u n d a r y o f the d o m a i n w i l l n o t c o n t r i b u t e t o the so lu t i on o f the p r o b l e m . 
Therefore, we now use i n t e r io r H a l t o n po in t s augmented by equal ly spaced b o u n d a r y 
po in t s for b o t h the co l loca t ion po in t s and the centers. T h i s change is reflected on 
lines 14 and 15 o f P r o g r a m 41.1. Otherwise , P r o g r a m 41.1 is essentially iden t i ca l t o 
P r o g r a m 40.1. However , for the convenience o f the reader we decided t o p r i n t t he 
ent i re p r o g r a m for the c o m p a c t l y suppor t ed case, also. 

Program 41.1. HermiteLaplace_2D_CSRBF .m 

7. HermiteLaplace_2D_CSRBF 
% S c r i p t that performs Hermite c o l l o c a t i o n for 2D Laplace equation 
7, with sparse matrices 
7. C a l l s on: DistanceMatrixCSRBF 

7o Wendland C6 RBF, i t s Laplacian and double Laplacian 
1 rbf = @(e,r) r.~8.*(66*spones(r)-154*r+121*r.~2-32*r.~3); 
2 Lrbf = @(e,r) 44*e~2*r."6.*(84*spones(r)-264*r+267*r.~2-88*r."3); 
3a L2rbf = @(e,r) 1056*e~4*r."4.*... 
3b (105*spones(r)-483*r+679*r.~2-297*r.~3); 
4 ep = 0.25; 

7o Exact solution and i t s Laplacian for t e s t problem 
5 u = @(x,y) s i n ( p i * x ) . * c o s ( p i * y / 2 ) ; 
6 Lu = @(x,y) -1.25*pi~2*sin(pi*x).*cos(pi*y/2); 

7o Number and type of c o l l o c a t i o n points 
7 N = 289; gridtype = 'h> ; 
8 neval = 40; 

7o Load ( i n t e r i o r ) c o l l o c a t i o n points 
9 name = s p r i n t f ( 'Data2D_7od7oS' ,N .gridtype) ; load (name) ; 

10 intdata = d s i t e s ; 
7. Additional (equally spaced) boundary c o l l o c a t i o n points 

11 sn = sqrt(N); bdylin = linspace(0,1,sn)'; 
12 bdyO = zeros(sn-1,1); bdyl = ones(sn-1,1); 
13a bdydata = [ b d y l i n d : end-1) bdyO; bdyl b d y l i n d : end-1) ; ... 
13b flipud(bdylin(2:end)) bdyl; bdyO f l i p u d ( b d y l i n ( 2 : e n d ) ) ] ; 

7o Let centers coincide with ALL data s i t e s 
14 bdyctrs = bdydata; 
15 c t r s = [intdata; b d y c t r s ] ; 

7o Create neval-by-neval equally spaced evaluation l o c a t i o n s 
7o i n the unit square 

16 g r i d = linspace(0,1,neval); [xe,ye] = meshgrid(grid); 
17 epoints = [xe(:) y e ( : ) ] ; 
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'/, Compute evaluation matrix 
18 DM_inteval = DistanceMatrixCSRBF(epoints,intdata,ep); 
19 DM_bdyeval = DistanceMatrixCSRBF(epoints,bdyctrs,ep); 
20 LEM = Lrbf(ep,DM_inteval); 
21 BEM = rbf(ep,DM_bdyeval); 
22 EM = [LEM BEM]; 
23 exact = u(e p o i n t s ( : , 1 ) , e p o i n t s ( : , 2 ) ) ; 

% Compute blocks for c o l l o c a t i o n matrix 
24 DM_IIdata = DistanceMatrixCSRBF(intdata,intdata,ep); 
25 DM_IBdata = DistanceMatrixCSRBF(intdata,bdyctrs,ep); 
26 DM_BIdata = DistanceMatrixCSRBF(bdydata,intdata,ep); 
27 DM_BBdata = DistanceMatrixCSRBF(bdydata,bdyctrs,ep); 
28 LLCM = L2rbf(ep,DM_IIdata); 
29 LBCM = Lrbf(ep,DM_IBdata); 
30 BLCM = Lrbf(ep,DM_BIdata); 
31 BBCM = rbf(ep,DM_BBdata); 
32 CM = [LLCM LBCM; BLCM BBCM]; 

7. Create right-hand side 
33a rhs = [ L u ( i n t d a t a ( : , 1 ) , i n t d a t a ( : , 2 ) ) ; ... 
33b sin(pi*bdydata(l:sn-1,1)); z e r o s ( 3 * ( s n - 1 ) , 1 ) ] ; 

% Compute RBF solution 
34 Pf = EM * (CM\rhs); 

% Compute maximum error on evaluation g r i d 
35 maxerr = norm(Pf-exact,inf); 
36 rms_err = norm(Pf-exact)/neval; 
37 fprintf('RMS error: %e\n', rms_err) 
38 fprintf('Maximum error: %e\n', maxerr) 

% Plot collocation points and centers 
39 hold on; pl o t ( i n t d a t a ( : , 1 ) , i n t d a t a ( : , 2 ) , ' b o ' ) ; 
40 plot(bdydata(:,1),bdydata(:,2),'rx'); 
41 plot(bdyctrs(:,1),bdyctrs(:,2),'gx'); hold off 
42 fview = [-30,30]; '/. viewing angles for plot 
43 PlotSurf(xe,ye,Pf,neval,exact,maxerr,fview); 
44 PlotError2D(xe,ye,Pf,exact,maxerr,neval,fview); 

If we want to replace the symmetric collocation method in Program 41.1 by the 
non-symmetric one, then lines 18-32 need to be replaced by 

% Compute evaluation matrix 
DM_eval = DistanceMatrixCSRBF(epoints,ctrs,ep); 
EM = rbf(ep,DM_eval); 
exact = u(epoi n t s ( : , 1 ) , e p o i n t s ( : , 2 ) ) ; 
% Compute blocks for c o l l o c a t i o n matrix 
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DM_intdata = DistanceMatrixCSRBF(intdata,ctrs,ep); 
DM_bdydata = DistanceMatrixCSRBF(bdydata,ctrs,ep); 
LCM = Lrbf(ep,DM_intdata); 
BCM = rbf(ep,DM_bdydata); 
CM = [LCM; BCM]; 

Example 4 1 . 1 . We use the test p r o b l e m o f Example s 39.1 and 4 0 . 1 . However , 

t h i s t i m e we compare a s t a t i o n a r y a p p r o x i m a t i o n scheme t o a non-s ta t ionary one 

for b o t h the non - symmet r i c a n d the s y m m e t r i c co l l oca t i on m e t h o d . I n the s t a t i on 

a ry se t t ing we take an i n i t i a l pa ramete r value o f e = 0.25 (i.e., ve ry w i d e basis 

funct ions t h a t cover the ent i re d o m a i n ) , and t h e n double i ts value for every suc

cessive exper iment . T h i s keeps the " b a n d w i d t h " o f t he co l loca t ion m a t r i x f ixed 

a n d results i n an efficient a p p r o x i m a t i o n m e t h o d . However , as for sca t tered d a t a 

i n t e r p o l a t i o n (c.f. Table 12.1) we shou ld n o t expect convergence for h —> 0 i n t h i s 

s t a t i ona ry se t t ing . T h i s can be seen c lear ly i n the left p a r t of Tables 41.1 a n d 41.2. 

I n fact, we can observe t h a t for t h e co l l oca t i on approach th ings are even worse t h a n 

for i n t e r p o l a t i o n . N o t o n l y is there no convergence for h —> 0, the errors a c t u a l l y 

increase. T h i s is especially p ronounced for t he s y m m e t r i c m e t h o d . 

Table 41.1 Non-symmetric collocation solution of Example 40.1 with C S R B F s , sta
tionary e (initial value e = 0.25) and non-stationary e — 0.25. TV interior Halton 
points, 4(\ /]V — 1) equally spaced boundary centers coinciding with boundary colloca
tion points. 

stationary non-stationary 

(interior points) RMS-error cond(A) RMS-error cond(A) 

3 x 3 
5 x 5 
9 x 9 

17 x 17 
33 x 33 

6.077025e-003 
2.352498e-003 
1.947271e-003 
1.326745e-003 
5.703309e-003 

1.495127e+005 
6.274058e+005 
6.192333e+006 
6.113189e+007 
1.824487e+008 

6.077025e-003 
3.810928e-004 
4.430301e-005 
2.200286e-006 
9.986944e-008 

1.495127e+005 
2.720833e+007 
2.851716e+010 
2.293235e+013 
8.537419e+015 

Table 41.2 Symmetric collocation solution of Example 40.1 with C S R B F s , stationary 
e (initial value e = 0.25) and non-stationary e = 0.25. N interior Halton points, 
4(\/]V — 1) equally spaced boundary centers coinciding with boundary collocation 
points. 

stationary non-stationary 

(interior points) RMS-error cond(A) RMS-error cond(A) 

3 x 3 5.866837e-003 4.448249e+004 5.866837e-003 4.448249e+004 
5 x 5 3.190108e-003 2.454493e+006 4.757992e-004 3.582872e-(-007 
9 x 9 8.381144e-003 8.693440e+007 3.825086e-005 2.360746e+010 

17 x 17 1.115179e-001 2.162078e+009 2.099321e-006 1.392838e+013 
33 x 33 3.696962e-001 3.164425e+010 8.680882e-008 6.127122e+015 
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I n the non-s ta t ionary se t t ing we observe convergence whose ra te is r emarkab ly 
s imi la r for b o t h approaches (c.f. the r i g h t p a r t o f Tables 41.1 and 41.2) . However , 
the co l loca t ion matr ices are now comple te ly dense, and therefore th i s approach — 
as i n the case of i n t e r p o l a t i o n — defies the use o f compac t l y suppor t ed funct ions . 

I t is also in teres t ing t o note t h a t we can see t h a t t he accuracy ob ta ined w i t h 
the C 6 W e n d l a n d funct ions ( i n "g lobal m o d e " ) is s imi la r t o t h a t o f the g loba l ly 
suppor t ed C°° Gaussians a n d inverse m u l t i q u a d r i c s used i n E x a m p l e 39.1 — an 
i n d i c a t i o n t h a t the so lu t ion t o the P D E does no t l ie i n the na t ive space o f t he 
Gaussians or inverse mu l t i quad r i c s . 

O n the other hand , i f t he basic funct ions are chosen t oo loca l ( to keep the 
m e t h o d efficient), t h e n the b o u n d a r y i n f o r m a t i o n can no t penet ra te t o the inside o f 
the p rob lem. T h i s is essentially w h a t happens i n the s t a t i ona ry se t t ing . F igure 41.1 
shows fits w i t h e = 2 (smal l s u p p o r t ) and w i t h e = 0.25 (large suppor t ) for N = 289 
in t e r io r H a l t o n po in t s plus 64 equal ly spaced b o u n d a r y poin ts cor responding t o the 
f o u r t h r o w i n Tables 41.1 a n d 41.2. As ind i ca t ed above, the centers are chosen 
t o coincide w i t h the co l loca t ion po in t s . T h e co l loca t ion m a t r i x i n the e = 2 case 
is sparse and has on ly 1 1 % nonzero entries w h e n us ing the s y m m e t r i c m e t h o d 
and 43% for the non-symmet r i c m e t h o d . T h e ra ther s ignif icant difference i n the 
spars i ty pa t te rns o f the s y m m e t r i c and non- symmet r i c methods is due t o the fact 
t h a t the entries for the s y m m e t r i c m a t r i x are given b y higher-order der ivat ives o f 
the basic func t ion t h a n those i n the non- symmet r i c case. W h i l e the derivat ives o f 
ip theore t ica l ly r e t a i n the same suppor t as ip, numer i ca l ly the size of the suppor t 
appears t o sh r ink w i t h increasing d i f fe ren t ia t ion . T h u s the resu l t ing a p p r o x i m a t i o n 
i n the symmet r i c s t a t iona ry case is m u c h poorer because the basis funct ions a n d 
the i r derivatives are too loca l and the b o u n d a r y i n f o r m a t i o n i n prevented f r o m 
t r ave l ing across the d o m a i n . S imi l a r observations were r epor t ed i n [ J u m a r h o n et 
al. (2000); Fasshauer (1999d)] . 

I n [Fasshauer (1999d)] use o f a d iagonal (Jacobi) precondi t ioner was proposed 
t o speed up the convergence of the conjugate gradient m e t h o d used there t o solve 
the l inear system. However, the accuracy o f t he m e t h o d does no t benefit f r o m th i s 
measure and therefore we do no t pursue the idea any fur ther . 

T h e exper iments above, as w e l l as those r epor t ed i n [ J u m a r h o n et al. (2000)] 
using Wendland ' s C 4 compac t l y suppor t ed R B F ^3,2, ind ica te t h a t the er ror bounds 
o f T h e o r e m 38.1 m a y be t oo pessimist ic . For e l l i p t i c problems and C 6 basis funct ions 
the theorem predicts an er ror on the order of 0(h) w h i l e the numer ica l exper iments 
i n Table 41.2 suggest an order o f abou t 0(hs) for the non-s ta t ionary se t t ing . 

Even more t h a n i n the i n t e r p o l a t i o n se t t ing , for the numer ica l s o l u t i o n o f P D E s 
w i t h compac t ly suppor ted R B F s we need t o use a m u l t i l e v e l approach t o have the 
po t en t i a l t o combine efficiency w i t h accuracy. A coarse so lu t ion w i t h w i d e funct ions 
w i l l have t o p rov ide an i n i t i a l fit t h a t captures the m a i n features o f t he so lu t ion , 
and then more refined res idual updates can improve th i s i n i t i a l so lu t ion local ly . 
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x 10~3 x 10' 

y o o x y o o 

Fig. 41.1 Plots for solution of Example 40.1 with non-symmetric (top) and symmetric (bottom) 
collocation using C S R B F s with e = 2 (left) and e — 0.25 (right) and N = 289 interior Halton 
points; boundary centers coincide with equally spaced boundary collocation points. 

4 1 . 2 M u l t i l e v e l R B F C o l l o c a t i o n 

We end the discussion o f the co l l oca t i on approach b y l o o k i n g a t a m u l t i l e v e l i m p l e 
m e n t a t i o n o f R B F co l loca t ion w i t h c o m p a c t l y s u p p o r t e d funct ions . 

T h e most s ignif icant difference between t h e use o f c o m p a c t l y s u p p o r t e d R B F s 
for scat tered d a t a i n t e r p o l a t i o n a n d for the n u m e r i c a l so lu t i on o f P D E s by col loca
t i o n appears w h e n we t u r n t o the m u l t i l e v e l approach. Recal l t h a t the use o f the 
m u l t i l e v e l m e t h o d is m o t i v a t e d by our desire t o o b t a i n a convergent scheme w h i l e a t 
the same t i m e keeping the b a n d w i d t h f ixed, a n d thus the c o m p u t a t i o n a l c o m p l e x i t y 
at O(N). 

Here is an a d a p t a t i o n o f the s t a t i o n a r y m u l t i l e v e l a l g o r i t h m o f Chap te r 32 t o 
the case of a co l loca t ion so lu t i on o f t he l inear p r o b l e m Lu = /: 

A l g o r i t h m 4 1 . 1 . S t a t i o n a r y M u l t i l e v e l C o l l o c a t i o n 

(1) Le t u0 = 0 
(2) For k = 1,2, ...,K do 

(a) F i n d Uk G Sxk such t h a t Cuk = / — £uk-i o n g r i d X\-
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(b) U p d a t e uk <— uk-i + uk 

Here Sxk is the space o f funct ions used for expansion (38.5) for the n o n -
symmet r i c m e t h o d or (38.7) for the s y m m e t r i c m e t h o d o n g r i d Xk. N o t e t h a t 
the opera tor C encodes b o t h the d i f ferent ia l equa t ion and the b o u n d a r y c o n d i t i o n . 

Whereas we no ted i n Chap te r 32 t h a t there is s t rong numer i ca l ( and l i m i t e d the
oret ical) evidence t h a t the s t a t i ona ry m u l t i l e v e l i n t e r p o l a t i o n a l g o r i t h m converges 
at least l inearly, the fo l lowing example shows t h a t we cannot in general expect the 
stationary multilevel collocation algorithm to converge at all. 

E x a m p l e 4 1 . 2 . Once more we take the same test p r o b l e m as i n Examples 39 .1 , 
40 .1 , and 41 .1 . As for the numer ica l exper iments i n the previous example, we le t 
the b o u n d a r y centers coincide w i t h the b o u n d a r y co l loca t ion po in t s (see l ine 25 o f 
P r o g r a m 41.2 be low) . 

A n i m p o r t a n t difference between the m u l t i l e v e l i n t e r p o l a t i o n code o f Chap te r 32 
and the code presented here for the co l loca t ion so lu t ion o f P D E s lies i n the c o m 
p u t a t i o n o f the residuals. N o t e t h a t i n the i n t e r p o l a t i o n se t t ing the residual is o f 
the f o r m / — Vf, wh i l e for P D E s we have / — Cuk-\. Thus , the evaluation m a t r i x 
i n the i n t e rpo l a t i on se t t ing is fo rmed d i r e c t l y f r o m the basis funct ions , w h i l e i n t h e 
co l loca t ion se t t ing ( i n b o t h the s y m m e t r i c and non- symmet r i c case) the eva lua t ion 
m a t r i x for the residuals is fo rmed us ing the derivatives o f the basis funct ions. These 
differences can be seen by c o m p a r i n g lines 23-33 o f P r o g r a m 32.1 w i t h lines 39-56 
of P r o g r a m 41.2 below. 

P r o g r a m 4 1 . 2 . ML_HermiteLaplaceCSRBF2D.m 

7. ML_HermiteLaplaceCSRBF2D 

% S c r i p t t h a t p e r f o r m s s y m m e t r i c m u l t i l e v e l RBF c o l l o c a t i o n 
7, u s i n g s p a r s e m a t r i c e s 
7. C a l l s o n : D i s t a n c e M a t r i x C S R B F 

7o Wendland C6 RBF, i t s L a p l a c i a n and d o u b l e L a p l a c i a n 
1 r b f = @ ( e , r ) r . ~ 8 . * ( 6 6 * s p o n e s ( r ) - 1 5 4 * r + 1 2 1 * r . ~ 2 - 3 2 * r . " 3 ) ; 
2 L r b f = @ ( e , r ) 4 4 * e ~ 2 * r . ""6 . * ( 8 4 * s p o n e s ( r ) - 2 6 4 * r + 2 6 7 * r . " 2 - 8 8 * r . ~3) ; 
3a L 2 r b f = @ ( e , r ) 1 0 5 6 * e ~ 4 * r . " 4 . * . . . 

4 u = @ ( x , y ) s i n ( p i * x ) . * c o s ( p i * y / 2 ) ; 
5 L u = @ ( x , y ) - 1 . 2 5 * p i ~ 2 * s i n ( p i * x ) . * c o s ( p i * y / 2 ) ; 
6 K = 6 ; n e v a l = 4 0 ; g r i d t y p e = 'h'; 
7 ep = 0 . 5 * 2 . " [ 0 : K - 1 ] ; 

7o C r e a t e n e v a l - b y - n e v a l e q u a l l y spaced e v a l u a t i o n l o c a t i o n s 
7o i n t h e u n i t s q u a r e 

8 g r i d = l i n s p a c e ( 0 , 1 , n e v a l ) ; [ x e , y e ] = m e s h g r i d ( g r i d ) ; 
9 e p o i n t s = [ x e ( : ) y e ( : ) ] ; 

3b ( 1 0 5 * s p o n e s ( r ) - 4 8 3 * r + 6 7 9 * r . ~ 2 - 2 9 7 * r . ~ 3 ) ; 
7o E x a c t s o l u t i o n and i t s L a p l a c i a n f o r t e s t p r o b l e m 

,Lx 



382 Meshfree Approximation Methods with MATLAB 

% Compute exact solution 
10 exact = u(epoints(:,1),epoints(:,2)); 
11 Rf_old = z e r o s ( 1 7 , l ) ; 
12 for k=l:K 
13 Nl = (2'k+l)~2; N2 = ( 2 " ( k + l ) + l ) ' 2 ; 
14 namel = s p r i n t f ( 'Data2D_°/„d°/0s' ,N1,gridtype) ; 
15 name2 = s p r i n t f ( ,Data2D_0/od0/0s' ,N2, gridtype) ; 
16 load(name2) 

°/0 Additional boundary points for r e s i d u a l evaluation 
17 sn = sqrt(N2); bdylin = lin s p a c e ( 0 , 1 , s n ) ' ; 
18 bdyO = zeros(sn-1,1); bdyl = ones(sn-1,1); 
19a bdyres = [ b d y l i n d : end-1) bdyO; bdyl b d y l i n d : end-1) ; ... 
19b flipud(bdylin(2:end)) bdyl; bdyO flipud(bdylin(2:end))] 
20 i n t r e s = d s i t e s ; 
21 load(name1); intdata = d s i t e s ; 

°/„ Additional boundary points 
22 sn = s q r t ( N l ) ; bdylin = linspace(0,1,sn) '; 
23 bdyO = zeros(sn-1,1); bdyl = ones(sn-1,1); 
24a bdydata = [ b d y l i n d : end-1) bdyO; bdyl b d y l i n d : end-1) ; ... 
24b flipud(bdylin(2:end)) bdyl; bdyO flipud(bdylin(2:end))] 
25 bdyctrs{k} = bdydata; 
26 i n t c t r s { k > = intdata; 

°/„ Compute new right-hand side (= r e s i d u a l ) 
27a Tf = [ L u ( i n t d a t a ( : , 1 ) , i n t d a t a ( : , 2 ) ) ; ... 
27b sin(pi*bdydata(l:sn-1,1)); z e r o s ( 3 * ( s n - 1 ) , 1 ) ] ; 
28 rhs = Tf - Rf_old; 

% Compute blocks for c o l l o c a t i o n matrix 
29 DM_IIdata = DistanceMatrixCSRBFdntdata, i n t c t r s { k > , ep(k) ) ; 
30 DM_IBdata = DistanceMatrixCSRBF(intdata,bdyctrs{k},ep(k)); 
31 DM.BIdata = DistanceMatrixCSRBF(bdydata,intctrs{k},ep(k)); 
32 DM_BBdata = DistanceMatrixCSRBF(bdydata,bdyctrs{k},ep(k)); 
33 LLCM = L2rbf(ep(k),DM_IIdata); 
34 LBCM = Lrbf(ep(k),DM_IBdata); 
35 BLCM = Lrbf(ep(k),DM_BIdata); 
36 BBCM = rbf(ep(k),DM_BBdata); 
37 CM = [LLCM LBCM; BLCM BBCM]; 

% Compute c o e f f i c i e n t s f or RBF solution of d e t a i l l e v e l 
38 coeftk} = CM\rhs; 
39 i f (k < K) 

°/0 based on the distances between the next f i n e r 
°/0 points (respoints) and centers 

40 for j = l : k 
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41 DM_IIres = DistanceMatrixCSRBF(intres, i n t c t r s - C j } , e p ( j ) ) 
42 DM.IBres = DistanceMatrixCSRBF(intres,bdyctrs{j},ep(j)) 
43 DM_BIres = DistanceMatrixCSRBF(bdyres,intctrs{j},ep(j)) 
44 DM.BBres = DistanceMatrixCSRBF(bdyres,bdyctrs{j},ep(j)) 
45 LLRM = L2rbf(ep(j),DM_IIres); 
46 LBRM = Lrbf(ep(j),DM_IBres); 
47 BLRM = Lrbf(ep(j),DM_BIres); 
48 BBRM = rbf(ep(j),DM_BBres); 
49 RM-Cj} = [LLRM LBRM; BLRM BBRM]; 
50 end 

% Evaluate RBF approximation (sum of a l l previous f i t s , 
°/, but evaluated on current grid) 

51 Rf = zeros(N2+4*sqrt(N2)-4,1); 
52 for j=l:k 
53 Rf = Rf + RM { j } * c o e f { j } ; 
54 end 
55 Rf_old = Rf; 
56 end 

'/„ Compute evaluation matrix 
57 DM_inteval = DistanceMatrixCSRBF(epoints,intctrs{k},ep(k)); 
58 DM_bdyeval = DistanceMatrixCSRBF(epoints,bdyctrs{k},ep(k)); 
59 LEM = Lrbf(ep(k),DM_inteval); 
60 BEM = rbf(ep(k),DM_bdyeval); 
61 EM = [LEM BEM] ; 

% Evaluate RBF approximation 
62 Pf = EM*coef{k}; 
63 i f (k > 1) 
64 Pf = Pf_old + Pf; 
65 end 
66 Pf_old = Pf; 

% Compute maximum error on evaluation g r i d 
67 maxerr = norm(Pf-exact,inf); 
68 rms.err = norm(Pf-exact)/neval; 
69 f p r i n t f ('RMS error: °/.e\n', rms.err) 
70 fprintf('Maximum error: %e\n', maxerr) 
71 i f (k > 1) 
72 max_rate = log(maxerr_old/maxerr)/log(2); 
73 rms_rate = log(rms_err_old/rms_err)/log(2); 
74 f p r i n t f CRMS r a t e : % f \n', rms_rate) 
75 fprintf('Maxerror r a t e : % f\n', max_rate) 
76 end 
77 maxerr_old = maxerr; rms_err_old = rms.err; 
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'/, Plot c o l l o c a t i o n s o lution 
78 fview = [-30,30]; 
79 PlotSurf(xe,ye,Pf,neval,exact,maxerr,fview); 
80 PlotError2D(xe,ye,Pf,exact,maxerr,neval,fview); 
81 end 

For non-symmet r i c co l loca t ion we can delete l ine 3 of P r o g r a m 41.2 and need t o 

replace lines 29-37 by 

DM_intdata = DistanceMatrixCSRBF(intdata,ctrs{k},ep(k)); 
DM_bdydata = DistanceMatrixCSRBF(bdydata,ctrs{k},ep(k)); 
LCM = Lrbf(ep(k),DM_intdata); 
BCM = rbf(ep(k),DM_bdydata); 
CM = [LCM; BCM]; 

lines 41-49 by 

DM_intres = Dis t a n c e M a t r i x C S R B F ( i n t r e s , c t r s { j } , e p ( j ) ) ; 
DM_bdyres = DistanceMatrixCSRBF(bdyres,ctrs-Cj},ep(j)); 
LRM = Lrbf(ep(j),DM_intres); 
BRM = rbf(ep(j),DM_bdyres); 
RM{j} = [LRM; BRM]; 

and lines 57-61 by 

DM_eval = DistanceMatrixCSRBF(epoints,ctrsfk},ep(k)); 
EM = rbf(ep(k),DM_eval); 

Table 41.3 Stationary symmetric and non-symmetric multilevel collocation solu
tions of Example 39.1 using C S R B F s with initial scale parameter e = 0.5. Interior 
Halton points, additional centers on boundary. 

symmetric non-symmetric 

(interior points) RMS-error rate RMS-error rate % nonzero 

3 x 3 2.491453e-002 1.512255e-002 100 
5 x 5 1.011182e-002 1.3009 3.785466e-003 1.9982 89.53 
9 x 9 9.016652e-003 0.1654 7.873870e-004 2.2653 40.03 

17 x 17 8.995221e-003 0.0034 2.470405e-004 1.6723 13.55 
33 x 33 8.994046e-003 0.0002 1.070175e-004 1.2069 4.00 
65 x 65 8.993892e-003 0.0000 8.334939e-005 0.3606 1.12 

129 x 129 8.993969e-003 -0.0000 7.863637e-005 0.0840 0.29 

We note t h a t the non-convergence behavior can be observed for b o t h the s y m 
met r i c and the non- symmet r i c approach. However , w i t h t he non- symmet r i c ap
proach the convergence ceases a t a s igni f icant ly la ter stage. T h e e x p l a n a t i o n for t h e 
different convergence behavior o f the t w o methods is t he same as t h a t presented a t 
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the end of the previous example. T h e higher der ivat ives requ i red for the symmet r i c 
me thod are numer ica l ly o f a more local ized na tu re — even t h o u g h here the spar-
s i ty pat terns o f the symmet r i c and non- symmet r i c matr ices are iden t ica l (c.f. the 
r igh t -mos t c o l u m n i n Tables 41.3 and 41.4) . 

Table 41.4 Stationary symmetric and non-symmetric multilevel collocation solu
tions of Example 39.1 using C S R B F s with initial scale parameter e = 0.25. Interior 
Halton points, additional centers on boundary. 

symmetric non-symmetric 

(interior points) RMS-error rate RMS-error rate % nonzero 

3 x 3 5.866837e-003 6.077025e-003 100 
5 x 5 7.287305e-004 3.0091 5.751941e-004 3.4012 100 
9 x 9 1.193468e-004 2.6102 1.168520e-004 2.2994 91.90 

17 x 17 3.188905e-005 1.9040 1.482129&-005 2.9789 42.69 
33 x 33 2.530241e-005 0.3338 2.550329e-006 2.5389 14.34 
65 x 65 2.487657e-005 0.0245 6.067264e-007 2.0716 4.17 

129 x 129 2.485184e-005 0.0014 7.348170e-008 3.0456 1.13 

Also , the accuracy t h a t can be ob ta ined w i t h the m u l t i l e v e l a l g o r i t h m — w h i l e 
be t ter t h a n using the s t a t i ona ry approach w i t h o u t residual i t e r a t i o n i n E x a m p l e 41.1 
— is considerably poorer t h a n w h a t we were able to o b t a i n w i t h g loba l ly suppor ted 
functions (c.f. Examples 39 .1 , 40 .1 , or the non-s ta t ionary p a r t o f E x a m p l e 41.1) . 

T h e same sa tu ra t ion phenomenon was observed by W e n d l a n d i n the contex t 
of a mu l t i l eve l G a l e r k i n a l g o r i t h m for c o m p a c t l y suppor ted R B F s (see [Wendland 
(1999b)] as we l l as our discussion i n Chap te r 44) . 

I t has been suggested t h a t the convergence behavior o f the m u l t i l e v e l colloca
t i o n a l g o r i t h m may be l i n k e d t o the phenomenon of approx ima te a p p r o x i m a t i o n . 
However, so far no connect ion has been established. 

A s was shown i n [Fasshauer (1999d)] a possible remedy for the non-convergence 
p rob lem is . One m i g h t also expect t h a t a s l i gh t l y different scaling o f the suppor t 
sizes of the basis functions (such t h a t the b a n d w i d t h o f the m a t r i x is a l lowed t o i n 
crease s lowly f rom one i t e r a t i o n t o the next , i.e., m o v i n g t o w a r d the non-s t a t iona ry 
set t ing) w i l l lead t o bet ter results . I n [Fasshauer (1999d)] i t was shown t h a t th i s is 
i n fact t rue . However, s m o o t h i n g fur ther i m p r o v e d the convergence. A discussion 
of the idea o f pos t -cond i t ion ing v i a s m o o t h i n g is beyond the scope of t h i s t e x t . We 
refer the reader t o the paper [Fasshauer and Jerome (1999)]. 





Chapter 42 

Using Radial Basis Functions in 
Pseudospectral Mode 

Pseudospectra l (PS) methods are k n o w n as h i g h l y accurate solvers for p a r t i a l dif
fe rent ia l equat ions. T h e basic idea (see, e.g., [Fornberg (1998); Trefethen (2000)]) 
is t o use a set o f very s m o o t h and g loba l basis funct ions B3, j = 1 , . . . , N, such as 
p o l y n o m i a l s t o represent the app rox ima te so lu t ion o f the P D E v i a 

N 

u(x) = ^CjBjix), x e R . (42.1) 
3 = 1 

Since most o f our discussion w i l l focus o n a representat ion of the spa t ia l p a r t o f 
the s o l u t i o n we w i l l at first ignore the t i m e var iable t h a t m a y be a p a r t o f the the 
formulas for u. W e w i l l la ter employ s t anda rd t ime-s tepp ing procedures t o deal 
w i t h the t e m p o r a l pa r t o f the so lu t ion . Moreover , since s t andard pseudospectral 
methods are designed for the un ivar ia te case we i n i t i a l l y l i m i t ourselves t o single-
var iable funct ions . La t e r we w i l l generalize the discussion t o m u l t i v a r i a t e (spat ia l ) 
p rob lems by us ing r ad i a l basis funct ions. 

A n i m p o r t a n t feature of pseudospectral methods is the fact t h a t one usual ly 
is content w i t h o b t a i n i n g an a p p r o x i m a t i o n t o the so lu t ion on a discrete set o f 
g r i d po in t s Xi, i — 1 , . . . , AT. One o f several ways t o implemen t the pseudospectral 
m e t h o d is v i a so-called differentiation matrices, i.e., one finds a m a t r i x D such t h a t 
a t the co l loca t ion po in ts Xi we have 

u' = Du, (42.2) 

where u = [u(xi),..., U(XN)]T is the vector o f values o f the approx imate so lu t ion 
u at the co l loca t ion points . Frequent ly, o r thogona l po lynomia l s such as Chebyshev 
po lynomia l s are used as basis functions, and the co l loca t ion poin ts are corresponding 
Chebyshev po in t s . I n th i s case the entries o f the d i f fe rent ia t ion m a t r i x are e x p l i c i t l y 
k n o w n (see, e.g., [Trefethen (2000)]) . 

E x a m p l e 4 2 . 1 . I n order t o get an idea of how the d i f ferent ia t ion m a t r i x is used t o 
solve a p a r t i a l d i f ferent ia l equa t ion we consider the fo l lowing s imple one-dimensional 

387 
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t r a n s p o r t equa t ion (c.f. the numer i ca l exper iments i n Sect ion 43.1.1 be low) : 

ut{x,t) + cux(x,t) = 0, x > - 1 , t > 0 , (42.3) 

u ( - l , * ) = 0, 

u ( x , 0 ) = / ( x ) . 

I n order t o solve th i s p r o b l e m we discretize the spa t i a l d o m a i n w i t h t he co l loca t ion 
poin ts Xi, i = 1 , . . . , N, so t h a t for any fixed t i m e tn we have the vector = 
[u(xi,tn),... ,u(xN,tn)]T o f values o f the a p p r o x i m a t e so lu t ion . I n order t o m a r c h 
i n t i m e we use a s t andard f o r w a r d difference a p p r o x i m a t i o n o f t h e t i m e der iva t ive , 
i.e., 

Mx,tn)«U(X'tn+l)-t
U(X'tn\ (42.4) 

where At = t n + i — tn. I n our vec tor ized n o t a t i o n at t h e co l loca t ion po in t s appl ica
t i o n o f the d i f fe ren t ia t ion m a t r i x t o express the spa t i a l der iva t ive a long w i t h (42.4) 
for the t i m e der iva t ive leads to 

u ^ n + 1 ) = u ( n ) - cAtDu^ 

for the so lu t ion o f (42.3) . T h u s , there is no need — as w i t h t he R B F co l l oca t i on 
methods s tud ied earlier — t o compu te the expans ion coefficients Cj i n t he represen
t a t i o n (42.1) of the app rox ima te so lu t ion . A l s o , no l inear systems are solved d u r i n g 
the t i m e - m a r c h i n g phase o f the code. T h e d e t e r m i n a t i o n o f the d i f fe ren t ia t ion m a 
t r i x w i l l , however, involve s o l u t i o n o f a l inear sys tem i n the R B F f ramework . 

We are interested i n us ing i n f i n i t e l y s m o o t h r a d i a l basis funct ions i n the pseu
dospectra l expansion (42.1), i.e., Bj(x) = (p(\\x — Xj\\), where </? is one o f our s t r i c t l y 
posi t ive defini te basic funct ions such as a Gaussian or an inverse m u l t i q u a d r i c . W e 
w i l l also exper iment w i t h t he use o f funct ions h a v i n g o n l y l i m i t e d smoothness such 
as the g loba l ly suppor t ed M a t e r n funct ions or W e n d l a n d funct ions w i t h a large sup
p o r t . W i t h some a d d i t i o n a l n o t a t i o n a l effort a l l t h a t fol lows can also be f o r m u l a t e d 
for cond i t i ona l l y pos i t ive defini te funct ions such as m u l t i q u a d r i c s . 

42 .1 D i f f e r e n t i a t i o n M a t r i c e s 

I n order t o under s t and how to find a d i f fe ren t i a t ion m a t r i x consider the expansion 
(42.1) and let Bj, j = 1 , . . . , N, be an a r b i t r a r y l i nea r ly independent set o f s m o o t h 
funct ions t h a t w i l l serve as the basis for our a p p r o x i m a t i o n space. 

I f we evaluate (42.1) at t he co l loca t ion po in t s Xi, i — 1 , . . . , N, t h e n we get 

N 

Hxi) = ' ^ 2 c j B j ( x i ) i i = l , . . . , N , 
3=1 

or i n ma t r i x -vec to r n o t a t i o n 

u = Ac, (42.5) 
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where c = [ c i , . . . , C J V ] T is t he coefficient vector , t he evaluation matrix A has entries 
A^ = Bj(xi), a n d u is as before. 

B y l i n e a r i t y we can also use the expansion (42.1) t o compu te the der iva t ive o f 
u b y d i f f e ren t i a t ing the basis funct ions 

d N d 

I f w e aga in evaluate at the co l loca t ion po in t s Xi, t h e n we get i n m a t r i x - v e c t o r 
n o t a t i o n 

u' = Axc, (42.6) 

whe re u a n d c are as i n (42.5) above, and the derivative matrix Ax has entries 
-^Bj(xi), or , i n the case o f r a d i a l basis funct ions , ^ V?(||^ — I!) 1^=^^-

I n order t o o b t a i n the d i f fe ren t i a t ion m a t r i x D we need t o ensure i n v e r t i b i l i t y o f 
t h e eva lua t i on m a t r i x A. T h i s depends b o t h o n the basis funct ions chosen as w e l l 
as t h e l o c a t i o n o f the co l loca t ion po in t s Xi. For un iva r i a t e po lynomia l s i t is w e l l -
k n o w n t h a t t he eva lua t ion m a t r i x is i nve r t i b l e for any set of d i s t i nc t co l loca t ion 
p o i n t s . I n pa r t i cu l a r , i f the po lynomia l s are w r i t t e n i n ca rd ina l (or Lagrange) 
f o r m , t h e n t h e eva lua t ion m a t r i x is t he i d e n t i t y m a t r i x . I f we use s t r i c t l y pos i t ive 
de f in i t e r a d i a l basis funct ions , t h e n the m a t r i x A is i nve r t i b l e for any set o f d i s t i nc t 
c o l l o c a t i o n po in t s (also n o n - u n i f o r m l y spaced po in t s a n d i n R s , s > 1) accord ing 
t o ou r discussion i n Chap te r 3. C a r d i n a l r ad i a l basis funct ions, o n the o ther hand , 
are r a t h e r d i f f i cu l t t o o b t a i n . For the special case o f u n i f o r m one-dimensional gr ids 
e x p l i c i t formulas can be found i n [P la t t e and D r i s c o l l (2005)]. A general discussion 
o f t h e c a r d i n a l representa t ion o f R B F s is g iven i n Chap te r 14. I n the fo l l owing we 
w i l l n o t insis t o n h a v i n g a c a r d i n a l representa t ion . 

N o w t h a t we have discussed the i n v e r t i b i l i t y o f A, we can use (42.5) t o f o r m a l l y 
solve for t he coefficient vector c = A~1u, and w i t h th i s (42.6) yields 

u' = AxA~xu, 

so t h a t t he differentiation matrix D co r responding t o (42.2) is g iven by 

D = AxA~l. 

For m o r e complex l inear d i f fe rent ia l opera tors £ w i t h constant coefficients we 
proceed i n an analogous fashion t o o b t a i n a discret ized di f ferent ia l opera tor (differ
e n t i a t i o n m a t r i x ) 

L = ACA~\ (42.7) 

where the m a t r i x Ac has entries (Ac)ij = £Bj(xi). I n the case o f r a d i a l basis 
func t ions these entries are o f the f o r m (Ac)ij = £</?(||x — ^ | | ) | a . = a . . -

I n t h e con tex t o f pseudospectral methods the d i f fe ren t ia t ion matr ices D or 
L c a n n o w be used t o solve a l l k inds o f P D E s ( t ime-dependent as w e l l as t i m e -
independen t ) . Sometimes o n l y m u l t i p l i c a t i o n b y L is required , e.g., for m a n y t i m e -
s t e p p i n g a lgo r i thms such as the example g iven a t the beg inn ing o f the chapter . For 
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other problems one needs to be able t o inve r t L . I n the s t anda rd PS case i t is 
k n o w n t h a t the Chebyshev d i f fe ren t ia t ion m a t r i x has an i V - f o l d zero eigenvalue (see 
[Canuto et al. (1988)], p . 70), and thus is n o t i nve r t i b l e b y itself. However , once 
b o u n d a r y condi t ions are t aken i n t o cons idera t ion the s i t u a t i o n changes (see, e.g., 
[Trefethen (2000)], p . 67) . 

E x a m p l e 4 2 . 2 . T o o b t a i n a l i t t l e more ins ight i n t o the special proper t ies o f ra
d i a l basis funct ions let us p re tend t o solve the ill-posed l inear e l l ip t i c P D E of the 
f o r m Cu = f by i g n o r i n g b o u n d a r y condi t ions . A n a p p r o x i m a t e so lu t ion at t he 
co l loca t ion points Xi m i g h t be ob ta ined by so lv ing the discrete l inear sys tem 

Lu = /, 

where / contains the values o f / at t he co l loca t ion po in t s and L is as above. I n 
other words , the so lu t ion at the co l loca t ion po in t s is g iven (see (42.7)) b y 

u = L - 1 f = A(Acr1f, 
and we see t h a t i n v e r t i b i l i t y o f L ( and therefore Ac) is r equ i red to proceed. 

A s ment ioned above, the d i f fe ren t ia t ion m a t r i x for pseudospectral me thods 
based on Chebyshev po lynomia l s is s ingular . T h i s is o n l y n a t u r a l since the p r o b l e m 
of recons t ruc t ing an u n k n o w n f u n c t i o n f r o m the values of i ts der ivat ives alone is 
i l l -posed. 

However, i f we use r ad i a l basis funct ions the results o n generalized H e r m i t e 
i n t e rpo l a t i on c i ted i n Chapte r 36 ensure t h a t t he m a t r i x Ac is i nve r t ib l e p r o v i d e d a 
s t r i c t l y posi t ive defini te basic func t ion is used and the d i f ferent ia l opera tor is e l l i p t i c . 
Therefore, the basic d i f fe ren t ia t ion m a t r i x L for RBF-based pseudospectral me thods 
is inver t ib le . 

T h e observat ion j u s t made suggests t h a t R B F methods are sometimes " too g o o d 
to be t r ue" . T h e y m a y deliver a " so lu t ion" even for i l l -posed problems. T h i s is a 
consequence of the o p t i m a l i t y pr inc ip les o f Chap te r 18, i.e., as the m i n i m i z e r o f t he 
nat ive space n o r m R B F methods possess a b u i l t - i n regularization capability. T h i s 
in teres t ing feature o f R B F s has recent ly been used to solve i l l -posed problems (see, 
e.g., [Cheng and C a b r a l (2005)]) . 

4 2 . 2 P D E s w i t h B o u n d a r y C o n d i t i o n s v i a P s e u d o s p e c t r a l M e t h o d s 

F i r s t we discuss h o w the l inear e l l i p t i c P D E p r o b l e m 

Cu = / i n Q 

w i t h D i r i ch l e t b o u n d a r y c o n d i t i o n 

u = g o n T = dfl 

can be solved us ing pseudospectral methods . Sometimes one can f ind basis funct ions 
t h a t already satisfy the b o u n d a r y condi t ions (especially for per iodic p rob lems) . 
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However, i f the basis functions do no t satisfy the b o u n d a r y condi t ions we can fol low 
a very simple procedure (see, e.g., P r o g r a m 36 o f [Trefethen (2000)]) . Just take the 
different ia t ion m a t r i x L based o n a l l co l loca t ion po in t s Xi, and then replace those 
rows o f L corresponding t o co l loca t ion a t b o u n d a r y po in t s w i t h u n i t vectors t h a t 
have a one i n the pos i t ion corresponding t o the d iagonal o f L . Thus , t he c o n d i t i o n 
u = g w i l l be exp l i c i t l y enforced at th i s p o i n t as soon as we set the r i g h t - h a n d side 
t o the corresponding value o f g. 

B y reorder ing the rows and columns o f the resu l t ing m a t r i x we o b t a i n a b lock 
m a t r i x o f the f o r m 

Lr = 
M P 

0 I 
(42.8) 

(42.9) 

where the non-zero square blocks M a n d I are o f size ( N — N B ) X ( N — N Q ) and 
iVg x N B , respectively. Here N& denotes the number o f g r i d po in ts o n the b o u n d a r y 

r. 
O n the g r i d o f co l loca t ion po in ts the so lu t ion o f the P D E w i t h b o u n d a r y condi 

t ions is then ob ta ined by so lv ing the b lock l inear system 

7 
.9 

where the vectors / and g collect t he values o f / and g at the respective colloca
t i o n points , and the vector u o f g r i d values o f the approx ima te so lu t ion has been 
reordered along w i t h the columns o f the m a t r i x so t h a t i t can be decomposed i n t o 
u = [UZ,UB]T- Here ux collects the values i n the in te r io r o f the d o m a i n fl and u g 
collects the values on the boundary . 

Solving (42.9) for u& = g and s u b s t i t u t i n g th i s back in to the t o p p a r t we o b t a i n 

u T = M-\f-Pg), 

or, i n the case of homogeneous b o u n d a r y condi t ions , 

ux = M~1f. 

We now see t h a t a l l t h a t rea l ly ma t t e r s is whether the m a t r i x M is inver t ib le . I n the 
case of Chebyshev p o l y n o m i a l basis funct ions and the second-derivative opera tor 
coupled w i t h different types o f b o u n d a r y condi t ions th i s quest ion has been answered 
aff i rmat ively by G o t t l i e b and L u s t m a n (see [Go t t l i eb and L u s t m a n (1983)], or , e.g., 
Section 11.4 o f [Canuto et al. (1988)]) . P r o g r a m 15 o f [Trefethen (2000)] also 
provides a discussion and an i l l u s t r a t i o n o f one such p rob lem. We w i l l l ook at t he 
m a t r i x M i n the R B F context i n the nex t section. 

4 2 . 3 A N o n - S y m m e t r i c R B F - b a s e d P s e u d o s p e c t r a l M e t h o d 

Once bounda ry condi t ions are added t o the P D E Cu = / , t hen ei ther o f the t w o 
col loca t ion approaches discussed i n Chapters 38 -41 are c o m m o n l y used i n the R B F 
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commun i ty . Recall t h a t i n Kansa 's non-symmet r i c m e t h o d [Kansa (1990b)] one 
s tar ts w i t h the expansion 

u(x) 
N 

£ 
7 = 1 

Cj$j(x), x e fl c (42.10) 

— 7" 
A 

C — 

.9. 

j u s t as before (c.f. (42.1)) . However, the coefficient vector c is now ac tua l ly com
pu ted by inser t ing (42.10) in to the P D E and b o u n d a r y condi t ions b y forc ing these 
equations t o be satisfied at the co l loca t ion po in t s X i . T h e R B F collocation solution 
is therefore ob ta ined b y so lv ing the l inear system 

(42.11) 

where / and g are as above, and the ( rec tangular ) matr ices Ac a n d A are o f the 
f o r m 

(Ach = CQjixi) = &p{\\x - X J I D U ^ , i = 1, • • • ,N - NB, j = 1 , . . . ,N, 

Ai:j =&j(xi) = (p(\\xi-xj\\), i = N - N B + l,...,N, j = l,...,N. 

Assuming t h a t the system m a t r i x i n (42.11) is inve r t ib le one t hen obta ins the ap
p rox ima te so lu t ion (at any po in t x) by us ing the coefficients c i n (42.10). However , 
as was ment ioned earlier, counterexamples i n [Hon a n d Schaback (2001)] show t h a t 
cer ta in co l loca t ion grids do no t a l low i n v e r t i b i l i t y o f the system m a t r i x i n (42.11). 

I f we are interested i n the R B F co l loca t ion so lu t ion at the co l loca t ion po in ts 
only, t hen (using c f r o m (42.11) and once again assuming i n v e r t i b i l i t y o f the system 
m a t r i x ) we get 

u = Ac = A Ac 
A 

w i t h evaluat ion m a t r i x A such t h a t Aij = &j(xi) as above. T h i s suggests t h a t 
(according t o our discussion i n Sect ion 42.1) the discret ized different ia l opera tor L 
based on the g r i d poin ts X i , i — 1,... ,N, and basis funct ions <&j, j — 1 , . . . , N , is 
g iven by 

Indeed, we have 

w i t h the same blocks M, P , 0 and / as above. T o see th i s we in t roduce the fo l lowing 
no t a t i on : 

= 
'Ac 

A - 1 . 
A 

'Ac A - l _ 'M P~ 
A 0 / 

A = 

r T 

LaNJ 

and A 1 = [bx . . . bN] 
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w i t h co lumn vectors a* and 6j such t h a t a[bj For Kansa 's m a t r i x f r o m 
(42.11) this n o t a t i o n implies 

Ac 
A 

a 

T 
a C , N - N B 

T 
a N - N B + l 

T 
aN 

where we have used an analogous n o t a t i o n t o denote the rows o f the b lock Ac-
N o w the discret ized different ia l opera tor based o n the non- symmet r i c co l loca t ion 
approach is g iven by 

Ac 
A 

A ' 1 = 

a 

T 
a C , N - N B 

T 
a N - N B + l 

a T 
N 

[&i ... bN] 

AcAj1 ACAB 

AA. 

I -i 

Here we p a r t i t i o n e d A 1 i n to the blocks Ax

 1 w i t h N — N& co lumns corresponding t o 
in te r io r poin ts , and A^1 w i t h co lumns corresponding t o the r ema in ing b o u n d a r y 
poin ts . Also , we made use o f the fact t h a t afbj = 5. 13 • 

T h i s is the same as (see (42.8)) 

M P 
0 / 

where M and P were ob ta ined f r o m the discrete dif ferent ia l opera tor (42.7) 

L = ArA - l [AcAj1 Ac A^1] 

by replacing ce r ta in rows w i t h u n i t vectors as we expla ined is c o m m o n pract ice for 
hand l ing the Di r i ch l e t b o u n d a r y condi t ions i n the PS approach. 

Thus , we have ju s t seen t h a t — p r o v i d e d we use the same basis funct ions <§>j 
and the same g r i d of co l loca t ion po in t s ccj — the non-symmet r i c R B F co l loca t ion 
approach for the so lu t ion o f an e l l ip t i c P D E w i t h D i r i c h l e t b o u n d a r y condi t ions 
followed by evalua t ion at the g r i d po in t s is iden t i ca l t o a pseudospectral approach. 
However, neither of the two methods is well-defined in general since they b o t h re ly 
on the i n v e r t i b i l i t y o f Kansa 's co l loca t ion m a t r i x . 
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'Ac A'1 = 
'M P~ 

_ A _ 0 / 

O n the other hand , we showed above t h a t we can always form the discret ized 
dif ferent ia l opera tor 

— even i f Kansa 's m a t r i x is no t i nve r t ib l e . T h i s impl ies t h a t we can safely use the 
non-symmet r ic R B F pseudospectral approach whenever invers ion o f the discret ized 
differential opera tor is no t requ i red (e.g., i n the contex t o f exp l i c i t t ime-s t epp ing 
for parabol ic P D E s ) . 

A n o t h e r in te res t ing feature t h a t we w i l l i l l u s t r a t e i n the next chapter is the 
fact shown recent ly by a number of authors (see, e.g., [ d e B o o r (2006); D r i s c o l l 
and Fornberg (2002); Schaback (2005); Schaback (2006b)]) t h a t i n the l i m i t i n g case 
of "f la t" basis funct ions the one-dimensional R B F i n t e r p o l a n t yields a p o l y n o m i a l 
in t e rpo lan t . Since we also men t ioned earl ier t h a t the discret ized di f ferent ia l opera tor 
Lr is inve r t ib le i f a un ivar ia te p o l y n o m i a l basis is used we can conclude t h a t Kansa 's 
co l loca t ion m a t r i x is i nve r t ib le i n the l i m i t i n g case e —>• 0. 

42 .4 A S y m m e t r i c R B F - b a s e d P s e u d o s p e c t r a l M e t h o d 

T h e second R B F co l loca t ion m e t h o d is the s y m m e t r i c approach whose sys tem ma
t r i x is inver t ib le for a l l g r i d conf igura t ions and any s t r i c t l y posi t ive defini te basic 
func t ion as expla ined i n Chap te r 38. 

Recal l t h a t for the symmet r i c co l loca t ion m e t h o d one uses a different basis t h a n 
for the non-symmet r i c approach (42.10), i.e., a different func t ion space t o repre
sent the app rox ima te so lu t ion . For the same e l l ip t i c P D E and D i r i c h l e t b o u n d a r y 
condi t ions as above one now star ts w i t h 

N-NB N 

«(*)= Y. + E c ;̂(*)- (42-12) 
j=N-NB + l 

Since the <3>j are assumed t o be r a d i a l funct ions , i.e., $>j(x) = <p(\\x — xj\\) the 
funct ionals £ | can be in t e rp re t ed as an a p p l i c a t i o n o f £ t o ip v iewed as a f u n c t i o n 
of the second var iab le fol lowed b y eva lua t ion a t X j (see the discussion i n Chapters 36 
and 38). One obta ins the coefficients c = [ c i , c # ] T b y so lv ing the l inear sys tem 

(42.13) 

Here the blocks Ace* a n d A, respectively, are square matr ices cor responding t o the 
in t e rac t ion o f i n t e r io r co l loca t ion po in t s w i t h each o ther and b o u n d a r y co l loca t ion 
points w i t h each other . A s discussed i n Chap te r 38 (for centers co inc id ing w i t h 
co l loca t ion po in t s ) the i r entries are g iven by 

Ace* Ac ' cx~ f 
Acs A - C B . .9. 

(Acce)ij = \C [£«</?(!!*-£ 
X — 37 i 

i , j = 1,..., N — NB, 
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Aij =<p(\\xi-Xj\\), i,j = N - NB + 1,...,N. 

T h e other t w o blocks are rectangular , and correspond t o i n t e r a c t i o n o f in t e r io r 
poin ts w i t h b o u n d a r y poin ts and vice versa. T h e y are defined as 

(Ach = [&p(\\x - x M * ^ > i = !> • • •. N - NB, j = N - NB + 1 , . . . , N, 

(A^)ij= [tfviWxi-xW)]^., i = N — NB + 1,..., N, j = 1,..., N — NB. 

A s already ment ioned, i t is we l l k n o w n t h a t the system m a t r i x i n (42.13) is 
inver t ib le for s t r i c t l y pos i t ive defini te r ad i a l funct ions. T h i s impl ies t h a t we can 
o b t a i n the approx imate so lu t ion at any p o i n t x b y using the compu ted coefficients 
c i n (42.12). Thus th i s R B F co l loca t ion m e t h o d is ra ther s imi la r t o Kansa 's non-
symmet r i c m e t h o d w i t h the notable difference t h a t the co l loca t ion approach is wel l -
defined. 

A nice connect ion between the symmet r i c and non-symmet r i c co l loca t ion me th 
ods appears i f we consider the corresponding s y m m e t r i c pseudospectral approaches. 

To th is end we use the expansion (42.12) o n w h i c h the s y m m e t r i c R B F colloca
t i o n m e t h o d is based as s t a r t i n g p o i n t for a pseudospectral m e t h o d , i.e., 

N-NB N 

u(x)= Y cj£*${x)+ Y, c ^ ( * ) - (42-14) 
j=N-NB+l 

I n vectorized n o t a t i o n th is corresponds t o 

u(x) = [a^.$(x) aT(x)] 
cB 

w i t h appropr ia te row vectors a^{x) and aT(x). Eva lua ted o n the g r i d o f colloca
t i o n poin ts th i s becomes 

u=[Ac* AT] cx 
cB 

Here the blocks A^z and AT o f the eva lua t ion m a t r i x are rectangular matr ices w i t h 
entries 

(AcOii = [&vi\\xi - x 

( i T ) i j = <p(\\Xi -Xj\\), 

i = l,...,N, j = 1 , . . . , N - NB, 

1,...,N, j = N - N B + l,...,N, 

corresponding t o eva lua t ion o f the basis funct ions used i n (42.12) at the co l loca t ion 
poin ts Xi. No te t h a t the second m a t r i x w i t h entries ^ ( l l ^ i — xj\\) 1 S m f a c t the 
transpose of the corresponding b lock o f the sys tem m a t r i x i n (42.11) for Kansa 's 
m e t h o d (and thus use of the t i l d e - n o t a t i o n is jus t i f i ed ) . 

Moreover , the r ad i a l s y m m e t r y o f the basis funct ions impl ies t h a t the first b lock 
of the eva lua t ion m a t r i x for the s y m m e t r i c co l loca t ion m e t h o d , A ^ , is again the 
transpose of the corresponding b lock i n Kansa 's co l loca t ion m e t h o d , Ac-

To see th i s we consider d i f ferent ia l operators o f even orders and o d d orders 
separately. I f £ is a l inear d i f ferent ia l opera tor of o d d order, t hen w i l l i n t roduce 
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a s ign change since i t is ac t ing o n ip as a f u n c t i o n o f t he second var iable . I n a d d i t i o n , 
o d d order derivat ives (evaluated a t x = x3) inc lude a factor o f the f o r m 
N o w , t r anspos i t i on o f th i s factor w i l l aga in lead t o a s ign change. T h e c o m b i n a t i o n 
of these t w o effects ensures t h a t = A^. For even orders the effects o f the 
operators C and are ind is t inguishable a n d the l inear factor is no t present. 

Therefore, us ing s y m m e t r i c R B F co l loca t ion we o b t a i n the app rox ima te s o l u t i o n 
of the b o u n d a r y value p r o b l e m o n the co l loca t ion g r i d as 

T 
Acca Ac 

- l 
7" 

_ A _ Ace A _ .9. 

We emphasize t h a t th i s is not t he s o l u t i o n o f a pseudospectral m e t h o d b u i l t o n 
the same func t ion space (same basis funct ions a n d same co l loca t ion po in t s ) as t he 
symmet r i c R B F co l loca t ion m e t h o d . 

For a pseudospectral m e t h o d we w o u l d require the discret ized d i f ferent ia l oper
ator . F o r m a l l y (assuming i n v e r t i b i l i t y o f Kansa 's m a t r i x ) we w o u l d have 

Acc* Ac 'Ac 
Ace A _ A 

(42.15) 

where we already incorpora t ed the b o u n d a r y cond i t ions i n a way analogous to our 
earlier discussion. 

T h e p r o b l e m w i t h t he d i f fe ren t i a t ion m a t r i x (42.15) for the s y m m e t r i c pseu
dospectral approach is t h a t we cannot be assured t h a t t he m e t h o d itself, i.e., t he 
discretized di f ferent ia l opera tor , is wel l -def ined. I n fact, due t o the Hon-Schaback 
counterexample [ H o n a n d Schaback (2001)] we k n o w t h a t there exist g r i d conf igu
ra t ions for w h i c h the "basis" used for the s y m m e t r i c PS expans ion is no t l i n e a r l y 
independent. 

Therefore, the s y m m e t r i c R B F co l loca t ion approach is wel l - su i ted for p rob lems 
t h a t require invers ion o f the d i f fe rent ia l opera tor (such as e l l i p t i c P D E s ) . Subse
quent eva lua t ion o n a g r i d makes the s y m m e t r i c co l loca t ion look like a pseudospec
t r a l m e t h o d — b u t i t m a y no t be one (since we m a y no t be able t o fo rmula te the 
pseudospectral Ansatz). 

42 .5 A U n i f i e d D i s c u s s i o n 

I n b o t h the s y m m e t r i c a n d non - symmet r i c co l loca t ion approaches we can t h i n k o f 
the approx imate s o l u t i o n as a l inear c o m b i n a t i o n o f app rop r i a t e basis funct ions . I n 
vectorized n o t a t i o n th i s can be w r i t t e n as 

u(x) = pT(x)c, (42.16) 

where the vector p(x) contains the values o f the basis funct ions a t a;. I f we consider 
the non-symmet r i c m e t h o d these basis funct ions are j u s t j = 1 , . . . , N, w h i l e 
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for the s y m m e t r i c m e t h o d t h e y are compr ised o f b o t h funct ions o f t h e t y p e &j and 
4$ (c.f. (42 .14)) . 

W e now le t T> denote the l inear opera tor t h a t combines b o t h the d i f ferent ia l 
opera tor C and the b o u n d a r y opera to r (for D i r i c h l e t b o u n d a r y cond i t ions the l a t t e r 
is j u s t the i d e n t i t y ) . T h e n we have 

Vu(x) = VpT(x)c = qT(x)c (42.17) 

for an app rop r i a t e ly defined vector q(x). W i t h t h i s n o t a t i o n the b o u n d a r y value 
p r o b l e m for our app rox ima te s o l u t i o n is g iven b y 

Vu(x) = / ( X ) , 

where / is a piecewise defined f u n c t i o n t h a t collects t he fo rc ing funct ions i n b o t h 
the in t e r io r and o n the boundary . 

N o w we evaluate the t w o representat ions (42.16) and (42.17) o n the g r i d o f 
co l loca t ion po in t s X i , i = 1 , . . . , N, a n d o b t a i n 

u = P c and UD = Qc 

w i t h matr ices P and Q whose rows correspond t o eva lua t ion o f t he vectors pT(x) 
and qT(x), respectively, a t the co l loca t ion po in t s X i , i = 1 , . . . , N. T h e discret ized 
b o u n d a r y value p r o b l e m is t h e n 

uv = f Qc = f, (42.18) 

where / is the vector o f values o f / o n the g r i d . 

For the non - symmet r i c co l loca t ion approach the eva lua t ion m a t r i x P is the s tan
d a r d R B F i n t e r p o l a t i o n m a t r i x , a n d the de r iva t ive m a t r i x Q is Kansa ' s m a t r i x , 
whereas for s y m m e t r i c co l loca t ion P is g iven b y the t ranspose o f Kansa ' s m a t r i x , 
and Q is the s y m m e t r i c co l loca t ion m a t r i x . 

I t is our goa l t o f i nd t he vector u, i.e., t he values o f the a p p r o x i m a t e s o l u t i o n 
on the g r i d o f co l loca t ion po in t s . T h e r e are t w o ways b y w h i c h we can p o t e n t i a l l y 
o b t a i n th i s answer: 

(1) W e solve Qc = f for c, i.e., 

c = Q-1f. 

T h e n we use the discret ized vers ion o f (42.16) t o get the desired vector u as 

(2) A l t e r n a t i v e l y , we first f o r m a l l y t r a n s f o r m the coefficients, i.e., we r e w r i t e u = 
P c as 

c = P ' 1 u . 

T h e n the discret ized b o u n d a r y value p r o b l e m (42.18) becomes 

QP~xu = / , 

and we can o b t a i n t he so lu t i on vec tor u b y so lv ing t h i s sys tem. 
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T h e first approach corresponds t o R B F co l loca t ion , the second t o the pseu
dospectra l approach. B o t h o f these approaches are equivalent as long as a l l o f the 
matr ices involved are inver t ib le . Unfo r tuna t e ly , as men t ioned earlier, there are con
figurations of co l loca t ion poin ts for w h i c h Kansa ' s m a t r i x is no t inve r t ib l e . T h i s 
means t h a t for the non-symmet r i c case ( w h e n Q is Kansa ' s m a t r i x ) A p p r o a c h 1 
cannot be assured t o w o r k i n general, and A p p r o a c h 2 can o n l y be used i f the 
discretized different ia l opera tor is app l i ed d i r e c t l y ( b u t no t inver ted) . For the s y m 
met r i c approach (when P is Kansa ' s m a t r i x ) , o n the o ther hand , A p p r o a c h 1 is 
guaranteed t o w o r k i n general, b u t A p p r o a c h 2 m a y no t be well-defined. 

4 2 . 6 S u m m a r y 

O u r discussion above revealed t h a t for the non - symmet r i c (Kansa) Ansatz (42.10) 
we can always fo rmula te the discrete d i f ferent ia l opera tor 

However, we cannot ensure i n general the i n v e r t i b i l i t y o f Lr- T h i s impl ies t h a t the 
non-symmetr ic R B F pseudospectral approach is j u s t i f i ed for t ime-dependent P D E s 
( w i t h expl ic i t t ime-s tepp ing me thods ) . 

For the symmet r i c Ansatz (42.12), on the o ther hand , we can i n general ensure 
the so lu t ion o f Cu = / by R B F co l loca t ion . However , i t is no t possible i n general 
t o even formula te the discrete di f ferent ia l opera tor 

L r = 

needed for the pseudospectral approach. T h i s suggests t h a t we should use the 
symmet r i c approach for t ime- independent P D E s and possibly for t ime-dependent 
P D E s w i t h i m p l i c i t t ime-s tepping . 

T h e difficult ies w i t h b o t h approaches can be a t t r i b u t e d t o the possible s ingu
l a r i t y o f Kansa 's m a t r i x w h i c h appears as discret ized di f ferent ia l opera tor for the 
non-symmetr ic approach, and (v i a i t s t ranspose) as the eva lua t ion m a t r i x i n the 
symmet r i c approach. 

Since the non-symmet r i c approach is qu i te a b i t easier t o imp lemen t t h a n the 
symmet r i c approach, and since the g r i d conf igura t ions for w h i c h the Kansa m a t r i x 
is s ingular seem t o be very rare (see [Hon a n d Schaback (2001)]) m a n y researchers 
( inc lud ing ourselves) of ten prefer t o use the non - symmet r i c approach — even under 
questionable circumstances (such as w i t h i m p l i c i t t ime-s t epp ing procedures, or for 
e l l ip t i c p rob lems) . T h e connect ion t o po lynomia l s i n the l i m i t i n g case s = 0 jus t i f ies 
th i s po in t o f v i ew at least for 1-D problems. 

A n in te res t ing quest ion for fu ture research is the s t u d y o f RBF-pseudospec t ra l 
methods w i t h m o v i n g or adapt ive gr ids . T h i s w i l l be c o m p u t a t i o n a l l y m u c h m o r e 

ACc€ Ac 

Acs A 
[Acs i T ] 
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involved t h a n the case discussed here ( and i l l u s t r a t e d i n the nex t chapte r ) , b u t 
the use o f R B F s should i m p l y t h a t there is no m a j o r r e s t r i c t i o n imposed b y t h e 
use o f m o v i n g (scattered) co l loca t ion gr ids . I n pa r t i cu l a r , w i t h R B F - P S me thods 
one w i l l no longer be res t r ic ted t o a t ensor -p roduc t s t r uc tu r e as w i t h t r a d i t i o n a l 
p o l y n o m i a l pseudospectral methods , i.e., w i t h R B F expansions we shou ld be able 
t o take advantage o f scat tered m u l t i v a r i a t e gr ids as w e l l as spa t i a l domains w i t h 
non-rectangular geometries. 

X 4 





Chapter 43 

R B F - P S Methods in M A T L A B 

Overa l l , the coup l ing o f R B F co l loca t ion a n d pseudospectral methods discussed 
i n the previous chapter has p rov ided a number o f new insights . For example , i t 
should now be clear t h a t we can a p p l y m a n y s t anda rd pseudospectral procedures 
t o R B F solvers. I n pa r t i cu la r , we now have "s tandard" procedures for so lv ing t i m e -
dependent P D E s w i t h R B F s . 

I n th i s chapter we i l lu s t r a t e how the R B F pseudospectral approach can be ap
p l i ed i n a way very s imi la r t o s t anda rd p o l y n o m i a l pseudospectral methods . A m o n g 
our numer ica l i l l u s t r a t ions are several examples t aken f r o m the book [Trefethen 
(2000)] (see Programs 17, 35 and 36 there ) . W e w i l l also use the I D t r a n s p o r t equa
t i o n of E x a m p l e 42.1 t o compare the R B F and p o l y n o m i a l pseudospectral methods . 

43 .1 C o m p u t i n g t h e R B F - D i f f e r e n t i a t i o n M a t r i x i n M A T L A B 

W e begin b y exp la in ing how t o compu te the discret ized dif ferent ia l opera tors (dif
fe ren t ia t ion matr ices) t h a t came up i n our discussion i n the previous chapter . 

I n order t o compute , for example , a f i rs t -order d i f fe ren t ia t ion m a t r i x we need 
t o remember t h a t — by the cha in ru le — the der iva t ive of an R B F w i l l be o f the 
general f o r m 

Thus , we require no t on ly the distances, r, b u t also differences i n x, where x is t he 
f irst component of x. Therefore , the m a i n s tatements i n our f i rs t M A T L A B subrou
t ine ( l is ted as P r o g r a m 43.1) are the c o m p u t a t i o n o f these distance and difference 
matr ices on lines 5 and 6. A c c o r d i n g t o the discussion i n the previous chapter , 
the d i f ferent ia t ion m a t r i x is t h e n g iven by D = A X A _ 1 . T h i s is imp lemen ted o n 
lines 9 - 1 1 . No te the use o f the m a t r i x r i g h t d iv i s ion operator / or m r d i v i d e i n 
M A T L A B o n l ine 11 used t o solve the system DA = Ax for D. 

P r o g r a m 43.1 is ac tua l ly a l i t t l e more compl ica ted t h a n i t needs t o be since 
we inc luded an o p t i m i z a t i o n o f the R B F shape parameter v i a leave-one-out cross 
v a l i d a t i o n as described i n Chap te r 17 (see lines 4,7 and 8) . Here we use a m o d -

401 
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i f i c a t i on o f t he basic r o u t i n e C o s t E p s i l o n w h i c h we ca l l C o s t E p s i l o n D R B F (see 

P r o g r a m 43.2 below) so t h a t we o p t i m i z e the choice o f e for the m a t r i x p r o b l e m 

D = AxA~l ^ ATDT = (AX)T. 

P r o g r a m 4 3 . 1 . DRBF.m 

'/. CD,x] = D R B F ( N , r b f , d x r b f ) 
% Computes t h e d i f f e r e n t i a t i o n m a t r i x D f o r 1-D d e r i v a t i v e 

% u s i n g Chebyshev p o i n t s and L00CV f o r o p t i m a l shape p a r a m e t e r 

% I n p u t : N , c r e a t e N + l c o l l o c a t i o n p o i n t s 

% r b f , d x r b f f u n c t i o n h a n d l e s f o r r b f and i t s d e r i v a t i v e 

% C a l l s o n : D i s t a n c e M a t r i x , D i f f e r e n c e M a t r i x 
'/, R e q u i r e s : C o s t E p s i l o n D R B F 

1 f u n c t i o n [ D , x ] = D R B F ( N , r b f , d x r b f ) 

2 i f N==0, D=0; x = l ; r e t u r n , end 
3 x = c o s ( p i * ( 0 : N ) / N ) ' ; °/„ Chebyshev p o i n t s 

4 m i n e = . 1 ; maxe = 1 0 ; % Shape p a r a m e t e r i n t e r v a l 
5 r = D i s t a n c e M a t r i x ( x , x ) ; 

6 dx = D i f f e r e n c e M a t r i x ( x , x ) ; 

7 ep = f m i n b n d ( @ ( e p ) C o s t E p s i l o n D R B F ( e p , r , d x , r b f , d x r b f ) , m i n e , m a x e ) ; 

8 f p r i n t f ( ' U s i n g e p s i l o n = °/0f \ n ' , ep) 

9 A = r b f ( e p , r ) ; 
10 Ax = d x r b f ( e p , r , d x ) ; 

11 D = A x / A ; 

N o t e t h a t C o s t E p s i l o n D R B F . m is ve ry s imi l a r t o C o s t E p s i l o n . m (c.f. P r o 
g r a m 17.3). N o w , however, we c o m p u t e a r i g h t - h a n d side matrix co r responding 
t o the t ranspose o f Ax. Therefore , t he d e n o m i n a t o r — w h i c h remains the same 
for a l l r i g h t - h a n d sides (see f o r m u l a (17.1)) — needs t o be c loned o n l ine 6 v i a the 
r e p m a t c o m m a n d . T h e cost of e is n o w the Frobenius n o r m o f the m a t r i x EF. O t h e r 
measures for the e r ror m a y also be appropr i a t e . For t he s t anda rd i n t e r p o l a t i o n set
t i n g R i p p a compared use o f the £\ a n d £2 no rms (see [ R i p p a (1999)]) and conc luded 
t h a t the £\ n o r m yie lds more accurate " o p t i m a " . For the R B F - P S prob lems t o be 
presented here we have observed ve ry good resul ts w i t h the £2 (or Frobenius) n o r m , 
and therefore t h a t is w h a t is used o n l ine 7 o f P r o g r a m 43.2. 

P r o g r a m 4 3 . 2 . C o s t E p s i l o n D R B F . m 

7, ceps = C o s t E p s i l o n D R B F ( e p , r , d x , r b f , d x r b f ) 
% P r o v i d e s t h e " c o s t o f e p s i l o n " f u n c t i o n f o r L00CV o p t i m i z a t i o n 
7o o f shape p a r a m e t e r 

°/0 I n p u t : e p , v a l u e s o f shape p a r a m e t e r 
% r , d x , D i s t a n c e and D i f f e r e n c e m a t r i c e s 

% r b f , d x r b f , d e f i n i t i o n o f r b f and i t s d e r i v a t i v e 

1 f u n c t i o n ceps = C o s t E p s i l o n D R B F ( e p , r , d x , r b f , d x r b f ) 
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2 N = s i z e ( r , 2 ) ; 
3 A = r b f ( e p , r ) ; '/, = A~T since A i s symmetric 
4 rhs = dxrbf(ep,r,dx)'; 7. A_x~T 
5 invA = pinv(A); 
6 EF = (invA*rhs)./repmat(diag(invA),1,N); 
7 ceps = norm(EF(:)); 

43.1.1 Solution of a 1-D Transport Equation 

We i l lu s t r a t e the use o f the subrout ine DBRF. m b y so lv ing a one-dimensional t rans
p o r t equat ion . Consider 

ut(x, t) + cux(x, t) = 0, x > — 1, t > 0, 
u ( - l , t ) = 0, 

u(x,0) = f(x), 

w i t h the w e l l - k n o w n so lu t ion 

u(x, t) = f(x — ct). 

I n P r o g r a m 43.3 we imp lemen t a so lu t ion o f th i s p r o b l e m w i t h the help o f the 
d i f ferent ia t ion m a t r i x f r o m P r o g r a m 43.1 above. N o t e t h a t we cou ld use a lmost the 
ident ica l code t o solve th i s p r o b l e m w i t h a Chebyshev pseudospectral m e t h o d as 
discussed i n [Trefethen (2000)]. I n fact, i n F igu re 43.1 we d isp lay side-by-side the 
solut ions ob ta ined w i t h Gaussian R B F s and w i t h Chebyshev po lynomia l s . B o t h 
solut ions were compu ted on a g r i d o f 21 Chebyshev poin ts . T h e cross-val idat ion 
a l g o r i t h m re tu rned a value o f e = 1.874049 for the Gaussian. T h e m a x i m u m error 
for the Gaussian so lu t ion at t i m e t = 1 was 0.0416, w h i l e for the PS so lu t ion we 
get 0.0418. T h e o n l y difference i n the PS-code is the replacement o f l ine 4 i n 
P r o g r a m 43.3 b y 

4 [D,x] = cheb(N) 

where cheb .m is the subrout ine p rov ided o n page 54 o f [Trefethen (2000)] for spect ra l 
d i f ferent ia t ion . 

Program 43.3. TransportDRBF. m 

7. TransportDRBF 
7. S c r i p t that solves constant c o e f f i c i e n t wave equation 
7o u_t + c*u_x = 0, using RBF-PS approach 
7, C a l l s on: DRBF 
1 rbf = @(e,r) exp(-(e*r) . ~2) ; 7. Gaussian RBF 
2 dxrbf = @(e,r,dx) -2*dx*e~2.*exp(-(e*r).~2); 
3 N = 20; 
4 [D,x] = DRBF(N,rbf,dxrbf); 
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5 x = f l i p u d ( x ) ; dt = 0.001; t = 0; c = -1; 
6 v = 64*(-x).~3.*(l+x)."3; 
7 v(find(x>0)) = zeros(length(find(x>0)),1); 

% Time-stepping by e x p l i c i t Euler formula: 
8 tmax = 1; t p l o t = .02; plotgap = round(tplot/dt); 
9 dt = tplot/plotgap; nplots = round(tmax/tplot); 

10 data = [ v 5 ; zeros(nplots,N+l)]; tdata = t ; 
11 I = e y e ( s i z e ( D ) ) ; 
12 for i = l:nplots 
13 for n = l:plotgap 
14 t = t+dt; 
15 vv = v(end-1); 
16 v = v - dt*c*(D*v); °/„ e x p l i c i t E u l e r 
17 v ( l ) = 0; v(end) = vv; 
18 end 
19 d a t a ( i + l , : ) = v'; tdata = [tdata; t ] ; 
20 end 
21 surf(x,tdata,data), view(10,70), colormap('default'); 
22 a x i s ( [ - l 1 0 tmax 0 1 ] ) , y l a b e l t , z l a b e l u, g r i d off 

% exact solution and error 
23 xx = lins p a c e ( - l , 1 , 1 0 1 ) ; 
24 vone = 64*(1-xx)."3.*xx."3; 
25 vone(find(xx<0)) = zeros(length(find(xx<0)),1); 
26 w = i n t e r p l ( x , v , x x ) ; 
27 maxErr = norm(w-vone,inf) 

T h e g r aph i n F igure 43.1 shows the t i m e profi le o f the solut ions for the t i m e 
in te rva l [0,1] w i t h i n i t i a l prof i le f(x) = 64(1 — x)3x3 a n d u n i t wave speed. 

J 0 . 5 - J 0 .5 

Fig. 43.1 Solution to transport equation based on Gaussian R B F s with e = 1.874049 (left) and 
Chebyshev PS method (right). Explicit Euler time-stepping with (At = 0.001), and 21 Chebyshev 
points. 
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43 .2 U s e o f t h e C o n t o u r - P a d e A l g o r i t h m w i t h t h e P S A p p r o a c h 

W e now give a b r i e f exp lana t ion o f h o w the Contour -Pade a l g o r i t h m of [Fornberg 
and W r i g h t (2004)] can be used t o compute R B F d i f fe ren t ia t ion matr ices . I n i t s 
o r i g i n a l f o r m the Contour -Pade a l g o r i t h m allows us t o s t ab ly evaluate r ad i a l basis 
func t ion in te rpolants based on i n f i n i t e l y s m o o t h R B F s for ex t reme choices of t he 
shape parameter e ( i n pa r t i cu l a r e —• 0) . M o r e specifically, the Contour -Pade 
a l g o r i t h m uses F F T s and Pade app rox ima t ions t o evaluate the func t ion 

u(x,e) = 6 T ( a ; , e ) ( A ( £ ) ) - 1 / (43.1) 

w i t h b(x,s)j = ipe(\\x — Xj\\) at some eva lua t ion p o i n t x and A(e)ij — ipe(\\xi — X j \ \ ) 
(c.f. the discussion i n the previous chapter and i n Chap te r 17). T h e parameter e 
is used t o denote the dependence o f b and A o n the choice o f t h a t parameter as a 
scaling factor i n the basic func t ion ip£ = <p(e-). 

I f we evaluate u at a l l o f the co l loca t ion po in t s X i , i = 1 , . . . , N, for some f ixed 
value of e, t h e n bT(x, e) t u r n s i n t o the m a t r i x A(e). I n the case o f i n t e r p o l a t i o n t h i s 
exercise is, o f course, pointless. However , i f the Contour -Pade a l g o r i t h m is adapted 
t o replace the vector bT(x,e) (cor responding t o eva lua t ion at a single p o i n t x) 
w i t h the m a t r i x Ac based on the di f ferent ia l opera tor used earlier (corresponding 
t o eva lua t ion at a l l co l loca t ion po in t s ) , t h e n 

Ac(e)(A(e))-1u 

computes the values o f the (spat ia l ) der iva t ive o f u o n the co l loca t ion poin ts Xi. 
B o u n d a r y condi t ions can t h e n be i nco rpo ra t ed la ter as i n the s t andard pseudospec
t r a l approach (see, e.g., [Trefethen (2000)] or our discussion i n Section 42.2) . 

T h i s means t h a t we are able t o supp ly yet another subrou t ine t o compute the 
d i f ferent ia t ion m a t r i x on l ine 4 o f P r o g r a m 43.3 v i a the Contour -Pade a l g o r i t h m . 

43 .2 .1 Solution of the ID Transport Equation Revisited 

We use the same example as i n Subsect ion 43 .1 .1 . I n th i s subsection we compare 
a so lu t ion based o n the Contour -Pade a l g o r i t h m for Gaussian R B F s i n the l i m i t i n g 
case e —> 0 t o the t w o methods described earlier (based on DRBF and cheb). A l l o f 
these approaches use an i m p l i c i t Eu le r m e t h o d w i t h t i m e step At — 0.001 for the 
t i m e d iscre t iza t ion . We p o i n t ou t t h a t for an i m p l i c i t t ime-s tepp ing m e t h o d b o t h 
the Contour-Pade approach and the DRBF approach used earlier, o f course, requi re 
an inversion o f the d i f fe ren t ia t ion m a t r i x . Recal l t h a t our theore t i ca l discussion 
suggested t h a t th i s is j u s t i f i ed as l ong as we confine ourselves t o the l i m i t i n g case 
s —> 0 and one space d imension . W e w i l l see t h a t t he n o n - l i m i t i n g case (using DRBF) 
seems to w o r k j u s t as we l l . 

I n Figures 43.2 and 43.3 we p l o t the m a x i m u m errors at t i m e t = 1 for a 
t i m e step At = 0.001) and spa t ia l d iscret izat ions consis t ing o f Af + 1 = 7 , . . . , 19 
co l loca t ion poin ts . E r ro r s for the Contour -Pade Gaussian R B F so lu t ion are on the 
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left o f F igure 43.2 a n d for the Chebyshev PS s o l u t i o n o n the r i g h t . T h e er rors 
for t he Gaussian R B F so lu t ion w i t h Af-dependent " o p t i m a l " shape pa ramete r are 
shown i n the left p a r t o f F i g u r e 43.3, w h i l e the co r respond ing " o p t i m a l " e-values 
are d isplayed i n the r i g h t p l o t . T h e y range a lmos t l i n e a r l y increasing f r o m 0.122661 
a t N = 6 t o 1.566594 a t N = 18. 

W e can see t h a t the errors for a l l three me thods are v i r t u a l l y iden t i ca l . U n f o r t u 
nately, i n th i s exper iment we are l i m i t e d t o t h i s s m a l l range o f N since for N > 19 
the Contour -Pade so lu t ion becomes unre l iab le . However , t he agreement of a l l three 
solut ions for these sma l l values o f N is r emarkab le . I n fact , t h i s seems t o ind ica te 
t h a t the errors i n t he s o l u t i o n are m o s t l y due t o t he t ime- s t epp ing m e t h o d used. 

6 8 10 12 14 16 18 6 8 10 12 14 16 18 
N N 

Fig. 43.2 Errors at t = 1 for transport equation. Gaussian R B F with e = 0 (left) and Chebyshev 
PS-solution (right); variable spatial discretization N. Implicit Euler method with A t = 0.001. 

6 8 10 12 14 16 18 6 8 10 12 14 16 18 
N N 

Fig. 43.3 Errors at t = 1 for transport equation using Gaussian R B F with "optimal" e (left) 
and corresponding e-values (right); variable spatial discretization N. Implicit Euler method with 
A t = 0.001. 

T h e spect ra of t h e d i f f e r en t i a t i on mat r ices for b o t h the Gaussian Con tou r -Pade 

and the Chebyshev PS approaches are p l o t t e d i n F igures 43.4 a n d 43.5, respect ively. 
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T h e subplots correspond to the use o f AT -f- 1 = 5, 9 , 1 3 , 1 7 Chebyshev co l loca t ion 
po in ts for the spa t ia l d i sc re t iza t ion . T h e p lo t s for the Gaussian a n d Chebyshev 
methods show some s imi la r i t i es , b u t also some differences. T h e general d i s t r i b u t i o n 
of the eigenvalues for the t w o methods is qu i t e s imi la r . However , the spectra for 
the Contour -Pade a l g o r i t h m w i t h Gaussian R B F s seem t o be more or less a s l i gh t l y 
s t re tched ref lect ion abou t the i m a g i n a r y axis o f t h e spectra o f the Chebyshev pseu
dospectra l m e t h o d . T h e differences increase as N increases. T h i s , however, is n o t 
surpr i s ing since the Contour -Pade a l g o r i t h m is k n o w n t o be unre l iab le for larger 
values of N. 
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Fig. 43.4 Spectra of differentiation matrices for Gaussian R B F with e = 0 on Chebyshev collo
cation points obtained with the Contour-Pade algorithm and N = 5, 9,13,17. 

4 3 . 3 C o m p u t a t i o n o f H i g h e r - O r d e r D e r i v a t i v e s 

A ra ther nice feature o f p o l y n o m i a l d i f fe ren t i a t ion matr ices is the fact t h a t higher-
order derivat ives can be c o m p u t e d b y repeatedly a p p l y i n g the f i rs t -order differen
t i a t i o n m a t r i x , i.e., = Dk, where D is t he s t anda rd f i rs t -order d i f fe ren t i a t ion 
m a t r i x and is the m a t r i x cor responding t o the £>th (un iva r i a t e ) der iva t ive . 

Unfo r tuna t e ly , th i s nice feature does no t ca r ry over t o the general R B F case (just 
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Fig. 43.5 Spectra of differentiation matrices for Chebyshev pseudospectral method on Chebyshev 
collocation points with N = 5, 9,13, 17. 

as is does no t h o l d for pe r iod ic Four ie r spec t ra l d i f f e ren t i a t i on mat r ices , e i t he r ) . 
W e therefore need t o p r o v i d e separate M A T L A B code for h igher -order di f ferent ia
t i o n mat r ices . As P r o g r a m 43.4 shows, t h i s is n o t f u n d a m e n t a l l y more c o m p l i c a t e d 
t h a n the f i rs t -order case. T h e o n l y differences be tween P r o g r a m s 43.1 and 43.4 are 
g iven b y the c o m p u t a t i o n o f the AD(k) m a t r i x o n l ine 10 for the f i r s t -order case i n 
P r o g r a m 43.1 and lines 9 for t he second-order case i n P r o g r a m 43.4, a n d b y the 
use o f the sub rou t ine C o s t E p s i l o n D 2 R B F ins tead o f C o s t E p s i l o n D R B F . These dif
ferences are m i n u t e , and essential ly a l l t h a t is needed is the app rop r i a t e f o r m u l a for 
the der iva t ive of t h e R B F passed t o D2RBF v i a the pa ramete r d 2 r b f . W e do n o t 
l ist the f u n c t i o n C o s t E p s i l o n D 2 R B F . I t differs f r o m C o s t E p s i l o n D R B F o n l y i n the 
de f in i t i on o f the r i g h t - h a n d side m a t r i x w h i c h n o w becomes 

4 r h s = d 2 r b f ( e p , r ) ' ; 

A l so , the n u m b e r a n d t y p e o f parameters t h a t are passed t o the func t ions are 
different since the f i r s t -order de r iva t i ve requires differences of c o l l o c a t i o n po in t s 
a n d the second-order de r iva t ive does no t . 
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Program 43.4. D2RBF.m 

% [D2,x] = D2RBF(N,rbf,d2rbf) 
% Computes the second-order d i f f e r e n t i a t i o n matrix D2 for 1-D 
% derivative using Chebyshev points and L00CV for optimal epsilon 
% Input: N, number of points -1 
% rbf, d2rbf, function handles for rbf and i t s der i v a t i v e 
% C a l l s on: DistanceMatrix, DifferenceMatrix 
% Requires: CostEpsilonD2RBF 
1 function [D2,x] = D2RBF(N,rbf,d2rbf) 
2 i f N==0, D2=0; x=l; return, end 
3 x = cos(pi*(0:N)/N) ' ; % Chebyshev points 
4 mine = .1; maxe =10; % Shape parameter i n t e r v a l 
5 r = DistanceMatrix(x,x); 
6 ep = fminbnd(@(ep) CostEpsilonD2RBF(ep,r,rbf,d2rbf),mine,maxe); 
7 f p r i n t f ('Using epsilon = °/0f\n', ep) 
8 A = r b f ( e p , r ) ; 
9 AD2 = d2rbf(ep,r); 

10 D2 = AD2/A; 

43.3.1 Solution of the Allen-Cahn Equation 

T o i l lus t ra te the use of the subrou t ine D2RBF. m we present a mod i f i c a t i on o f P ro 
g r a m 35 i n [Trefethen (2000)] w h i c h is concerned w i t h the so lu t ion o f the nonl inear 
reaction-diffusion (or A l l e n - C a h n ) equa t ion . T h e specific p r o b l e m we w i l l solve is 
o f the f o r m 

ut = Ltuxx + u - u3, x e (-1,1), t>0, 

w i t h parameter / J , i n i t i a l c o n d i t i o n 

u(x,Q) = 0.53a; + 0.47sin ^ - ^ 7 n E ) > x e [ _ 1 > !]» 

and non-homogeneous ( t ime-dependent) b o u n d a r y condi t ions u(—l,t) = —1 and 
u(l,t) = s i n 2 ( i/5). T h e so lu t ion t o th i s equa t ion has three steady states (u = 
— 1, 0,1) w i t h the t w o nonzero solut ions be ing stable. T h e t r a n s i t i o n between these 
states is governed b y the parameter /x. I n our calculat ions below we use /x = 0.01, 
and the unstable state should vanish a r o u n d t — 30. 

T h e modi f ied M A T L A B code is presented i n P r o g r a m 43.5. No te how easily the 
non l inea r i ty is deal t w i t h by i n c o r p o r a t i n g i t i n t o the t ime-s tepp ing m e t h o d o n 
l ine 13. 

Program 43.5. M o d i f i c a t i o n o f P r o g r a m 35 o f [Trefethen (2000)] 

% p35 
% Sc r i p t that solves Allen-Cahn equation with boundary condition 
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% i m p o s e d e x p l i c i t l y ( " m e t h o d ( I I ) " ) ( f r o m T r e f e t h e n ( 2 0 0 0 ) ) 
7, We r e p l a c e t h e Chebyshev m e t h o d b y an RBF-PS m e t h o d 
7. C a l l s o n : D2RBF 

7, M a t e r n c u b i c as RBF b a s i c f u n c t i o n 

1 r b f = @ ( e , r ) e x p ( - e * r ) . * ( 1 5 + 1 5 * e * r + 6 * ( e * r ) . ~ 2 + ( e * r ) . ~3) ; 
2 d 2 r b f = @ ( e , r ) e ~ 2 * ( ( e * r ) . ~ 3 - 3 * e * r - 3 ) . * e x p ( - e * r ) ; 

3 N = 2 0 ; 
4 [ D 2 , x ] = D 2 R B F ( N , r b f , d 2 r b f ) ; 

7o Here i s t h e r e s t o f T r e f e t h e n ' s c o d e . 

5 mu = 0 . 0 1 ; d t = m i n ( [ . 0 1 , 5 0 * N ~ ( - 4 ) / m u ] ) ; 
6 t = 0 ; v = . 5 3 * x + . 4 7 * s i n ( - l . 5 * p i * x ) ; 

7o S o l v e PDE b y E u l e r f o r m u l a and p l o t r e s u l t s : 

7 tmax = 100 ; t p l o t = 2 ; n p l o t s = r o u n d ( t m a x / t p l o t ) ; 

8 p l o t g a p = r o u n d ( t p l o t / d t ) ; d t = t p l o t / p l o t g a p ; 
9 x x = - 1 : . 0 2 5 : 1 ; v v = p o l y v a l ( p o l y f i t ( x , v , N ) , x x ) ; 

10 p l o t d a t a = [ v v ; z e r o s ( n p l o t s , l e n g t h ( x x ) ) ] ; t d a t a = t ; 

11 f o r i = l : n p l o t s 

12 f o r n = l : p l o t g a p 

13 t = t + d t ; v = v + d t * ( m u * D 2 * v + v - v . " 3 ) ; 7. E u l e r 

14 v ( l ) = 1 + s i n ( t / 5 ) ~ 2 ; v ( e n d ) = - 1 ; 7. BC 
15 end 

16 v v = p o l y v a l ( p o l y f i t ( x , v , N ) , x x ) ; 

17 p l o t d a t a ( i + l , : ) = v v ; t d a t a = [ t d a t a ; t ] ; 

18 end 
19 s u r f ( x x , t d a t a , p l o t d a t a ) , g r i d on 

20 a x i s ( [ - l 1 0 tmax - 1 2 ] ) , v i e w ( - 4 0 , 5 5 ) 
2 1 c o l o r m a p ( ' d e f a u l t ' ) ; x l a b e l x , y l a b e l t , z l a b e l u 

T h e o r i g i n a l p r o g r a m i n [Trefe then (2000)] is o b t a i n e d b y de le t ing lines 1-2 a n d 
rep lac ing l ine 4 b y a ca l l t o c h e b . m fo l lowed b y the s t a t ement D2 = D~2 w h i c h y ie lds 
the second-order d i f f e ren t i a t i on m a t r i x i n t he Chebyshev case. 

N o t e t h a t i n our R B F - P S i m p l e m e n t a t i o n the m a j o r i t y o f t he m a t r i x c o m p u t a 
t ions are r equ i red o n l y once outs ide the t i m e - s t e p p i n g procedure w h e n c o m p u t i n g 
the der iva t ive m a t r i x as the s o l u t i o n o f a l inear sys tem. Ins ide the t i m e - s t e p p i n g 
loop (lines 12-15) we requ i re o n l y m a t r i x - v e c t o r m u l t i p l i c a t i o n . W e p o i n t o u t t h a t 
th i s approach is m u c h more efficient t h a n c o m p u t a t i o n o f R B F expans ion coeffi
cients at every t i m e step (as suggested, e.g., i n [ H o n a n d M a o (1999)] ) . I n fact , t h i s 
is the m a i n difference be tween the R B F - P S approach a n d the c o l l o c a t i o n approach 
o f Chapters 38 -40 (see also our c o m p a r i s o n o f t he c o l l o c a t i o n approaches a n d t he 
R B F - P S approach i n the p rev ious chap te r ) . 

I n F i g u r e 43.6 we show the s o l u t i o n o b t a i n e d v i a t he Chebyshev pseudospect ra l 
m e t h o d and v i a a n R B F pseudospec t ra l app roach based o n the "cubic" M a t e r n 
f u n c t i o n cp(r) = (15 + 15er + 6 ( e r ) 2 - f (er)3)e~£r w i t h " o p t i m a l " shape pa rame te r 
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e = 0.350952. No te t h a t these compu ta t ions are ra ther sensitive t o the value o f e 
and the n o r m used t o measure the "cost" o f e i n C o s t E p s i l o n D 2 R B F . m . I n fact, use 
of the l\ or no rms instead o f the t 2 n o r m b o t h lead t o inacceptable results for 
th i s test p rob lem. T h e reasons for th i s h i g h sens i t iv i ty of t he so lu t ion t o the value 
of e are the ext reme i l l - c o n d i t i o n i n g o f the m a t r i x a long w i t h the changes o f t he 
so lu t ion over t ime . A n adapt ive m e t h o d w o u l d most l ike ly p e r f o r m m u c h be t te r i n 
th i s case. 

T h e computa t ions for th i s example are based o n 21 Chebyshev po in ts , and the 
d i f ferent ia t ion m a t r i x for the R B F is ob ta ined d i r ec t l y w i t h the subrout ine D2RBF. m 
(i.e., w i t h o u t the Contour-Pade a l g o r i t h m ) . W e use th i s approach since for 21 po in t s 
the Contour-Pade a l g o r i t h m no longer can be re l ied u p o n . Moreover , i t is apparent 
f r o m the figures t h a t reasonable solut ions can also be ob t a ined v i a th i s d i rec t ( and 
m u c h s impler) R B F approach. T rue spec t ra l accuracy, however, w i l l no longer be 
given i f e > 0. We can see f r o m the figure t h a t the so lu t ion based on Chebyshev 
po lynomia l s appears t o be s l i gh t ly more accurate since the t r a n s i t i o n occurs at a 
s l igh t ly later and correct t i m e (i.e., at t « 30) and is also a l i t t l e "sharper". 

Fig. 43.6 Solution of the Allen-Cahn equation using the Chebyshev pseudospectral method (left) 
and an R B F - P S method with cubic Matern functions (right) with N = 20. 

4 3 . 4 S o l u t i o n o f a 2 D H e l m h o l t z E q u a t i o n 

W e consider the 2 D H e l m h o l t z equa t ion (see P r o g r a m 17 i n [Trefethen (2000)]) 

u x x + u y y + k2u = f(x,y), x , y e ( - l , l ) 2 , 

w i t h bounda ry c o n d i t i o n u = 0 and 

f(x,y)=exp(-10 (y-l)2 + (x-±)2 

T o solve th i s t ype of ( e l l i p t i c ) p r o b l e m we again need t o assume i n v e r t i b i l i t y o f 
the d i f ferent ia t ion m a t r i x . E v e n t h o u g h th i s m a y no t be w a r r a n t e d theo re t i ca l ly 
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(see our discussion i n the previous chap te r ) , we compare a non- symmet r i c R B F 
pseudospectral m e t h o d w i t h a Chebyshev pseudospectral m e t h o d . 

We a t t e m p t to solve the p r o b l e m w i t h r a d i a l basis funct ions i n t w o different 
ways. F i r s t , we apply the same technique as i n [Trefethen (2000)] us ing the k r o n 
func t ion t o express the disret ized L a p l a c i a n on a tensor -produc t g r i d o f (N + 1) x 
(N + 1) po in t s as 

where D2 is the (univar ia te ) second-order d i f fe ren t ia t ion m a t r i x , / is an i d e n t i t y 
m a t r i x of size (N + 1) x (N + 1) , and ® denotes the Kronecker tensor-product. For 
p o l y n o m i a l PS methods the second-order d i f fe ren t ia t ion m a t r i x can be c o m p u t e d 
as the square of the one for the f i rs t -order der iva t ive , i.e., D2 = D2, a n d th i s is 
w h a t is used i n [Trefethen (2000)]. 

A s we po in ted out earlier, for R B F s we cannot fo l low th i s approach d i r ec t l y 
since D2 ^ D^2\ Thus , we generate the m a t r i x D2 d i r e c t l y w i t h the help o f the 
subrout ine D2RBF. However, as long as the co l loca t ion po in t s f o r m a tensor -product 
g r i d and the R B F is separable (such as a Gaussian or a p o l y n o m i a l ) , we can s t i l l 
employ the Kronecker t ensor -produc t cons t ruc t ion (43.2) . T h i s is imp lemen ted i n 
lines 4 and 9 o f P r o g r a m 43.6 

P r o g r a m 4 3 . 6 . M o d i f i c a t i o n o f P r o g r a m 17 of [Trefethen (2000)] 

7. p l 7 

7. S c r i p t t h a t s o l v e s H e l m h o l t z e q u a t i o n 
7. u _ x x + u _ y y + ( k " 2 ) u = f on [ - 1 , 1 ] x [ - 1 , 1 ] 
7o We r e p l a c e t h e Chebyshev me thod b y an RBF-PS me thod 
7o and e x p l i c i t l y e n f o r c e t h e b o u n d a r y c o n d i t i o n s 
7. C a l l s o n : D2RBF 

7o G a u s s i a n RBF b a s i c f u n c t i o n 
1 r b f = @ ( e , r ) e x p ( - ( e * r ) . ~ 2 ) ; 
2 d 2 r b f = @ ( e , r ) 2 * e ~ 2 * ( 2 * ( e * r ) . ~ 2 - l ) . * e x p ( - ( e * r ) . " 2 ) ; 
3 N = 2 4 ; 
4 [ D 2 , x ] = D 2 R B F ( N , r b f , d 2 r b f ) ; y = x ; 
5 [ x x , y y ] = m e s h g r i d ( x , y ) ; 

6 x x = x x ( : ) ; y y = y y ( : ) ; 
7 1 = e y e ( N + l ) ; 
8 k = 9 ; 
9 L = k r o n ( I , D 2 ) + k r o n ( D 2 , I ) + k ~ 2 * e y e ( ( N + l ) ~ 2 ) ; 

7o Impose b o u n d a r y c o n d i t i o n s b y r e p l a c i n g a p p r o p r i a t e r o w s o f L 
10 b = f i n d ( a b s ( x x ) = = l I a b s ( y y ) = = l ) ; '/„ b o u n d a r y p t s 
11 L ( b , : ) = z e r o s ( 4 * N , ( N + l ) ~ 2 ) ; L ( b , b ) = e y e ( 4 * N ) ; 
12 f = e x p ( - 1 0 * ( ( y y - l ) . ~ 2 + ( x x - . 5 ) . ~ 2 ) ) ; 
13 f ( b ) = z e r o s ( 4 * N , 1 ) ; 

7. S o l v e f o r u , r e s h a p e t o 2D g r i d , and p l o t : 

L = f <g> D2 + D2 <g> f, (43.2) 

i l 
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14 u = L \ f ; 
15 u u = r e s h a p e ( u , N + l , N + l ) ; 
16 [ x x , y y ] = m e s h g r i d ( x , y ) ; 
17 [ x x x . y y y ] = m e s h g r i d ( - l : . 0 3 3 3 : 1 , - 1 : . 0 3 3 3 : 1 ) ; 
18 uuu = i n t e r p 2 ( x x , y y , u u , x x x , y y y , ' c u b i c ' ) ; 
19 f i g u r e , e l f , s u r f ( x x x , y y y , u u u ) , 
20 x l a b e l x , y l a b e l y , z l a b e l u 
21 t e x t ( . 2 , 1 , . 0 2 2 , s p r i n t f ( ' u ( O . O ) = °/ .13.1 I f ' , u u ( N / 2 + 1 , N / 2 + 1 ) ) ) 

T h e so lu t ion of the H e l m h o l t z equa t ion for k — 9 w i t h Gaussians using an 
" o p t i m a l " shape parameter e = 2.549845 and N = 24 (i.e., 625 t o t a l po in ts ) is 
displayed next t o the Chebyshev pseudospectral so lu t ion o f [Trefethen (2000)] i n 
F igure 43.7. A g a i n , the s i m i l a r i t y o f the t w o solut ions is remarkable . 

As an a l te rnat ive approach — t h a t allows also the use o f non-tensor p r o d u c t 
col loca t ion grids — we mod i fy P r o g r a m 43.6 and use a d i rec t i m p l e m e n t a t i o n o f the 
Laplac ian o f the R B F s . T h e o n l y advantage o f do ing th i s o n a tensor -product g r i d 
is t h a t now a l l r ad i a l basis funct ions can be used. T h i s v a r i a t i o n o f the code takes 
considerably longer t o execute since the d i f fe rent ia t ion m a t r i x is now c o m p u t e d w i t h 
matrices of size 625 x 625 ins tead o f the 25 x 25 matr ices used for the un iva r i a t e 
d i f ferent ia t ion m a t r i x D2 earlier. Moreover , the results are l ike ly t o be less accurate 
since the larger matrices are more prone t o i l l - c o n d i t i o n i n g . However, the advantage 
of th is approach is t h a t i t frees us o f the l i m i t a t i o n o f p o l y n o m i a l PS methods t o 
tensor-product co l loca t ion gr ids . 

T h e modi f ied code is l i s ted i n P r o g r a m 43.7 where we have used the C6 W e n d l a n d 
funct ion ^3,3(r) = (1 - er)%(32(er)3 + 25(er)2 + 8sr + 1) w i t h an " o p t i m a l " scale 
parameter e = 0.129440. N o t e t h a t we used the compac t ly suppor ted W e n d l a n d 
functions i n "global mode" ( w i t h sma l l e, i.e., large suppor t size) and th i s explains 
the def in i t ion o f the basic func t ion as i n lines 1 and 2 o f P r o g r a m 43.7 i n p r e p a r a t i o n 
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for the use with the dense code DistanceMatrix .m in the subroutine LRBF .m (which 
is listed below as Program 43.8). The output of Program 43.7 is displayed in 
Figure 43.8. 

P r o g r a m 4 3 . 7 . Modification I I of Program 17 of [Trefethen (2000)] 

7. pl7_2D 
7o S c r i p t that solves Helmholtz equation 
7. u_xx + u_yy + (k~2)u = f on [-1,1]x[-1,1] 
7o We replace the Chebyshev method by an RBF-PS method, 
7o e x p l i c i t l y enforce the boundary conditions, and 
7o use a 2-D implementation of the Laplacian 
7. C a l l s on: LRBF 

% Wendland C6 RBF basic function 
1 rbf = @(e,r) max(l-e*r,0).~8.*(32*(e*r).~3+25*(e*r).~2+8*e*r+l); 
2a Lrbf = @(e,r) 44*e"2*max(l-e*r,0)."6.*... 
2b ( 8 8 * ( e * r ) . ~ 3 + 3 * ( e * r ) . ~ 2 - 6 * e * r - l ) ; 
3 [L,x,y] = LRBF(N,rbf,Lrbf); 
4 [xx,yy] = meshgrid(x,y); 
5 xx = x x ( : ) ; yy = y y ( : ) ; 
6 k = 9; 
7 L = L + k~2*eye((N+l)~2); 

7o Impose boundary conditions by replacing appropriate rows of L 
8 b = find(abs(xx)==l I abs(yy)==l); 7, boundary pts 
9 L(b,:) = zeros(4*N,(N+l)~2); L(b,b) = eye(4*N); 

10 f = exp(-10*((yy-l).~2+(xx-.5).~2)); 
11 f(b) = zeros(4*N,1); 

7o Solve for u, reshape to 2D g r i d , and pl o t : 
12 u = L\f ; 
13 uu = reshape(u,N+l,N+l); 
14 [xx,yy] = meshgrid(x,y); 
15 [xxx,yyy] = meshgrid(-l:.0333:1,-1:.0333:1); 
16 uuu = interp2(xx,yy,uu,xxx,yyycubic'); 
17 figure, e l f , surf(xxx,yyy,uuu), 
18 xl a b e l x, y l a b e l y, z l a b e l u 

19 text(.2,1, .022,sprintf O u(0,0) = 7.13. l l f ' ,uu (N/2+1, N/2+1) ) ) 

P r o g r a m 4 3 . 8 . LRBF.m 
7. [L,x,y] = LRBF(N,rbf ,Lrbf ) 
7o Computes the Laplacian d i f f e r e n t i a t i o n matrix L for 2-D 
7o d e r i v a t i v e s using Chebyshev points and L00CV for optimal epsilon 
% Input: N number of points -1 
7o rbf, Lrbf, function handles for rbf and i t s d e r i v a t i v e 
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% C a l l s on: DistanceMatrix 
% Requires: CostEpsilonLRBF 
1 function [L,x,y] = LRBF(N,rbf,Lrbf) 
2 i f N==0, L=0; x=l; return, end 
3 x = cos(pi*(0:N)/N)'; % Chebyshev points 
4 y = x; [xx.yy] = meshgrid(x,y); 

% Stretch 2D grids to ID vectors and put i n one array 
5 points = [xx(:) y y ( : ) ] ; 
6 mine = .1; maxe = 10; % Shape parameter i n t e r v a l 
7 r = DistanceMatrix(points.points); 
8 ep = fminbnd(@(ep) CostEpsilonLRBF(ep,r,rbf,Lrbf),mine,maxe); 
9 f p r i n t f ('Using epsilon = 7,f \n', ep) 

10 A = r b f ( e p , r ) ; 
11 AL = L r b f ( e p , r ) ; 
12 L = AL/A; 

Fig. 43.8 Solution of the 2D Helmholtz equation using a direct implementation of the Laplacian 
based on C 6 Wendland functions with e = 0.129440 on 625 tensor-product Chebyshev collocation 
points. 

4 3 . 5 S o l u t i o n o f a 2 D L a p l a c e E q u a t i o n w i t h P i e c e w i s e B o u n d a r y 
C o n d i t i o n s 

O u r f inal example is another e l l ip t i c equat ion . T h i s t i m e we use the Gaussian R B F 
w i t h an " o p t i m a l " shape parameter e = 2.549845. A g a i n , the spa t ia l d i sc re t iza t ion 
consists o f a tensor p r o d u c t o f 25 x 25 Chebyshev poin ts , and the d i f fe ren t ia t ion ma
t r i x for the R B F - P S approach is c o m p u t e d using the D2RBF and k r o n cons t ruc t ion 
as i n the previous example. 

<L 4 . 



416 Meshfree Approximation Methods with MATLAB 

We consider the 2 D Laplace equa t ion 

u x x + u y y = 0, x , y £ ( - l , l ) 2 , 

w i t h b o u n d a r y condi t ions 

!

sin 4 (7nr), y = 1 and — 1 < x < 0, 

i s i n ( 3 7 r y ) , x = 1, 

0, o therwise . 

T h i s is the same p r o b l e m as used i n P r o g r a m 36 o f [Trefethen (2000)] , a n d we do 
n o t l i s t i t here due t o the s i m i l a r i t y w i t h prev ious examples and the o r i g i n a l code 
i n [Trefethen (2000)] . 

F igure 43.9 shows the s o l u t i o n ob t a ined v i a t he Chebyshev and R B F pseu
dospectra l methods , respectively. T h e q u a l i t a t i v e behavior o f t he t w o solut ions is 
ve ry s imi l a r . 

Fig. 43.9 Solution of the 2D Laplace equation using a Chebyshev P S approach (left) and Gaussian 
R B F s (right) with e — 2.549845 on 625 tensor-product Chebyshev collocation points. 

4 3 . 6 S u m m a r y 

W h i l e there is no advantage i n go ing t o a r b i t r a r i l y spaced i r regu la r co l loca t ion 
po in ts for any o f the p rob lems presented here, there is n o t h i n g t h a t prevents us 
f r o m do ing so for the R B F pseudospectral approach . I n p a r t i c u l a r , as we saw i n 
Section 43.4, we are n o t l i m i t e d t o us ing tensor p r o d u c t gr ids for h igher -d imens iona l 
spa t ia l d iscre t iza t ions . T h i s is a p o t e n t i a l advantage of the R B F pseudospectra l 
approach over the s t a n d a r d p o l y n o m i a l methods . 

M o r e appl ica t ions o f the R B F - P S m e t h o d can be found i n t he recent papers 
[Ferreira and Fasshauer (2006); Fer re i ra a n d Fasshauer (2007)] . 

Fu tu re challenges inc lude dea l ing w i t h larger p rob lems i n a n efficient and sta
ble way. T h u s , such issues as p r e c o n d i t i o n i n g and F F T - t y p e a l g o r i t h m s need t o 
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be s tudied i n the context o f R B F pseudospectral methods . Some first studies o f 
the eigenvalue s t a b i l i t y of R B F pseudospectral methods have been r epor t ed ve ry 
recently i n [P la t te and Dr i s co l l (2006)]. 





Chapter 44 

R B F Galerkin Methods 

44.1 A n E l l i p t i c P D E w i t h N e u m a n n B o u n d a r y C o n d i t i o n s 

A va r i a t i ona l approach t o the so lu t ion o f P D E s w i t h R B F s i n Euc l idean spaces has 
so far on ly been considered i n [Wend land (1999a); W e n d l a n d (1999b)] and the ve ry 
recent paper [ H u et al. (2005)]. O n the sphere — where we do no t have to w o r r y 
about b o u n d a r y condi t ions — we also have [Le G i a (2004)]. I n [Wendland (1999b)] 
the au thor studies the H e l m h o l t z equa t ion w i t h n a t u r a l b o u n d a r y condi t ions , i.e., 

—Au + u = / i n fl, 
d 

—— u = 0 on dfl, 
on 

where n denotes the u n i t outer n o r m a l vector . 
T h e classical G a l e r k i n f o r m u l a t i o n t h e n leads t o the p r o b l e m of f i nd ing a func t ion 

u G H1 (fl) such t h a t 

a(u,v) = (f,v)L2{n) for a l l v G H1(fl), 

where ( / , f ) L 2 ( f 2 ) * s t h e u s u a l Z /2-hiner p r o d u c t , and for the H e l m h o l t z equa t ion the 
b i l inear f o r m a is g iven by 

a(u,v) — I ( V u • V f + uv)dx. 
Jo. 

I n order t o o b t a i n a numer ica l scheme the in f in i te -d imens iona l space H1(fl) is re
placed by some finite-dimensional subspace Sx ^ ^ 1 ( ^ ) ) where X denotes the 
c o m p u t a t i o n a l g r i d t o be used for t he so lu t ion . I n the contex t o f R B F s Sx is t aken 
as 

S x = span{<£>(|| • -Xj\\), Xj G X}. 

T h i s results i n a square system o f l inear equations for the coefficients o f u G Sx 
dete rmined by 

a(u,v) = (f,v)L^n) for a l l v G Sx-

M o r e specifically, ii X = {xi,... , X N } , t h e n 
N 

u = Y C M \ \ • -XJ\\), 

419 
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a n d the system (44.1) is g iven b y 

/ [Vu(x)-V<p(\\x-Xi\\)+utp(\\x-Xi\\)]dx= [ f(x)<p(\\ x — Xi\^)dx, 

i = l , . 

Using l i nea r i t y and the de f in i t i on o f u g iven above th i s t u r n s i n to 

N. 

Y,cn / [ v v ( i i a ; - a ! j i i ) - v ¥ ' ( i i a j - a j < i i ) + ¥ ' ( i i a ; - a j i i i M i i X Xi\\)] dx 

[ f(x)<p(\\x-Xi\\)dx, i = l , . . . , N . 

Aij= [ [V^llaj-ajj-ID-V^dlaj-aJilD + ^ l l x - ^ I IMI I x Xi\\)] dx, 

and the r i g h t - h a n d side entries 

T h e evalua t ion o f these integrals is w h a t is most t ime-consuming i n the R B F 
G a l e r k i n approach (see the numer i ca l exper iments o f the next chap te r ) . W e n d 
l a n d repor ts t h a t the numer i ca l eva lua t ion of these weak- fo rm integrals presents a 
ma jo r p r o b l e m for the r a d i a l basis f u n c t i o n G a l e r k i n approach. 

I n add i t i on , R B F G a l e r k i n methods w i l l face diff icul t ies w i t h D i r i c h l e t (or some
t imes also called essential) b o u n d a r y cond i t ions . B o t h o f these diff icul t ies are also 
w e l l - k n o w n i n m a n y o ther flavors o f meshfree weak- fo rm methods . A n especially 
p romis ing so lu t ion to the issue o f D i r i c h l e t b o u n d a r y condi t ions seems t o be the use 
of .R-functions as proposed b y H o l l i g a n d Re i f i n the contex t of web-splines (see, 
e.g., [Ho l l ig (2003)] or our earlier discussion i n the con tex t o f co l loca t ion me thods i n 
Chapter 38) . A n o t h e r popu la r approach uses Lagrange m u l t i p l i e r s i n a cons t ra ined 
o p t i m i z a t i o n se t t ing . 

For more on the G a l e r k i n m e t h o d see, e.g., [Braess (1997); Brenner and Scott 
(1994)] ( i n the context o f f in i t e elements) , or [Babuska et al. (2003)] ( i n the contex t 
of MLS-based meshfree me thods ) . 

4 4 . 2 A C o n v e r g e n c e E s t i m a t e 

I t was shown i n [Wendland (1999a)] t h a t for those R B F s (g loba l ly as w e l l as lo 
cal ly suppor ted) whose Four ie r t r a n s f o r m decays l ike (1 + || • ||2)_2/3 t he fo l l owing 
convergence est imate for t h e R B F G a l e r k i n m e t h o d holds: 

\\u - u \ \ H i ( C l ) < C h a 1 | | u | | H » ( f 2 ) , (44.2) 
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where h — hx,n is the fill distance o f X, the so lu t i on satisfies the r egu l a r i t y require
ments u e Ha(Q), and where the convergence ra te is de t e rmined by (3 > a > s / 2 + 1 . 

F r o m our discussion i n Chapte r 13 we k n o w t h a t the Four ie r t r a n s f o r m of W e n d 
land's compac t ly suppor ted funct ions decays as (1 + || • \\2)~s~2k~1 • So for these 
functions the above est imate impl ies t h a t funct ions w h i c h are i n C 2 K and s t r i c t l y 
posi t ive definite on R S sa t isfying K > a — w i l l have 0(hK+^s~1^2) conver
gence order, i.e., the C° f unc t ion = (1 — r)2

+ yields 0{h) and the C2 f unc t i on 
(P3A = (1 — r ) + ( 4 r + 1) delivers 0{h2) convergence i n R 3 . 

A s w i t h the convergence es t imate for s y m m e t r i c co l loca t ion there is a l i n k be
tween the r egu la r i t y requirements on the so lu t i on and the space d imens ion s. Also , 
we po in t ou t t h a t so far the t h e o r y is o n l y established for P D E s w i t h n a t u r a l b o u n d 
ary condi t ions . 

T h e convergence est imate (44.2) holds for the non-s t a t iona ry se t t ing , i.e., i f 
we are using compac t ly suppor ted basis funct ions, for fixed suppor t r a d i i . B y the 
same arguments used i n Chapters 12, 16 a n d 4 1 , one w i l l w a n t t o s w i t c h t o the 
s t a t ionary se t t ing and employ a m u l t i l e v e l a l g o r i t h m i n w h i c h the so lu t ion at each 
step is upda ted by a fit t o the most recent res idual . T h i s should ensure b o t h 
convergence and numer ica l efficiency. 

4 4 . 3 A M u l t i l e v e l R B F G a l e r k i n A l g o r i t h m 

Here is the var ian t of the s t a t iona ry m u l t i l e v e l co l loca t ion a l g o r i t h m l is ted i n Chap
ter 41 adapted for the weak f o r m u l a t i o n o f the P D E discussed at the beg inn ing of 
th is chapter (see [Wendland (1999b)]) : 

A l g o r i t h m 4 4 . 1 . M u l t i l e v e l G a l e r k i n 

(1) u0 = 0 
(2) For k f r o m 1 to K do 

(a) F i n d uk €E Sxk such t h a t a(uk,v) = (f,v) — a(uk-i,v) for a l l v 6 Sxk 

(b) Upda t e uk <— uk-i + uk 

T h i s a l g o r i t h m does not converge in general (see Tab . 1 i n [Wendland (1999b)]) . 
Since the weak f o r m u l a t i o n can be in t e rp re t ed as a H i l b e r t space p r o j e c t i o n 

me thod , W e n d l a n d was able t o show t h a t a modi f i ed vers ion o f the m u l t i l e v e l 
G a l e r k i n a l g o r i t h m , namely 

A l g o r i t h m 4 4 . 2 . Nested M u l t i l e v e l G a l e r k i n 

(1) F i x K and M G N , and set v0 = 0. 
(2) For j f r o m 0 whi le resiudal > tolerance t o M do 

(a) Set wo = Vj. 

(b) A p p l y the A;-loop of the previous a l g o r i t h m and denote the result w i t h u(vj). 
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(c) Set Vj+\ = u(vj). 

does converge. I n fact, us ing th i s a l g o r i t h m W e n d l a n d proves, and also observes 
numer ica l ly , convergence w h i c h is at least l inear (see T h e o r e m 3 a n d T a b . 2 i n 
[Wend land (1999b)]) . 

T h e i m p o r t a n t difference between the t w o m u l t i l e v e l G a l e r k i n a l g o r i t h m s is t he 
added outer i t e r a t i o n i n the nested vers ion w h i c h is a w e l l - k n o w n idea f r o m l inear 
algebra i n t r o d u c e d i n [Kaczmarz (1937)] . A p r o o f o f the l inear convergence for 
general H i l b e r t space p r o j e c t i o n methods coupled w i t h K a c z m a r z i t e r a t i o n can be 
found i n [Smi th et al. (1977)] . T h i s a l te rna te p r o j e c t i o n idea is also the fundamen ta l 
ingredient i n the convergence p r o o f o f the d o m a i n decompos i t ion m e t h o d o f [Beatson 
et al. (2000)] described i n the Chap te r 35. W e m e n t i o n here t h a t i n the m u l t i g r i d 
l i t e r a tu re Kaczmarz ' m e t h o d is f requent ly used as a smoother (see e.g. [ M c C o r m i c k 
(1992)]) . 

I n the recent paper [Schaback (2003)] t he a u t h o r presents a f r amework for the 
r ad i a l basis func t ion s o l u t i o n of p rob lems b o t h i n the s t rong (co l loca t ion) and weak 
(Ga le rk in ) f o r m . 

M a n y other meshfree methods for the so lu t ion o f p a r t i a l d i f ferent ia l equat ions i n 
the weak f o r m appear i n the ( m o s t l y engineering) l i t e r a tu r e . These me thods come 
under such names as smoo thed pa r t i c l e h y d r o d y n a m i c s ( S P H ) (e.g., [ M o n a g h a n 
(1988)]) , r ep roduc ing kernel pa r t i c l e m e t h o d ( R K P M ) (see, e.g., [ L i and L i u (1996); 
L i u et al. (1997)]) , p o i n t i n t e r p o l a t i o n m e t h o d ( P I M ) (see, [ L i u (2002)]) , element 
free G a l e r k i n m e t h o d ( E F G ) (see, e.g., [Belytschko et al. (1996)]) , meshless lo
cal P e t r o v - G a l e r k i n m e t h o d ( M L P G ) [ A t l u r i a n d Z h u (1998)] , h -p-c loud m e t h o d 
[Duar te and Oden (1996b)] , p a r t i t i o n o f u n i t y f in i t e element m e t h o d ( P U F E M ) 
[Babuska and M e l e n k (1997); M e l e n k and Babuska (1996)] , or generalized f in i te ele
ment m e t h o d ( G F E M ) [Babuska et al. (2003)] . M o s t o f these me thods are based o n 
the m o v i n g least squares a p p r o x i m a t i o n m e t h o d discussed i n Chap te r 22. T h e t w o 
recent books [ A t l u r i and Shen(2002a)] and [ L i u (2002)] summar ize m a n y o f these 
methods . However, these books focus m o s t l y o n a survey of t he var ious me thods 
and re la ted c o m p u t a t i o n a l and i m p l e m e n t a t i o n issues w i t h l i t t l e emphasis on the 
m a t h e m a t i c a l f ounda t i on o f these methods . T h e recent survey paper [Babuska et al. 
(2003)] fi l ls a large p a r t o f th i s v o i d . 



Chapter 45 

R B F Galerkin Methods in M A T L A B 

We consider the fo l lowing H e l m h o l t z test p r o b l e m (c.f. [Wendland (1999b)]) : 

—Au(x, y) + u(x, y) — COS(-KX) cos(7ry) i n fl = [— 1, l ] 2 , 
d , 

-^—u(x,y)=0 o n dfl, 
on 

where x = (x, y) G M 2 and n denotes the u n i t outer n o r m a l vector . I t is easy t o 
verify t h a t the exact so lu t ion for th i s p r o b l e m is g iven b y 

. . cos(7ra:) cos(7ry) 

I n P r o g r a m 45.1 we provide a s imple M A T L A B i m p l e m e n t a t i o n for the G a l e r k i n 
so lu t ion o f th i s p rob lem. No te t h a t our p r o g r a m does no t a t t e m p t t o p rov ide a 
mul t i l eve l so lu t ion as described i n the previous chapter , nor do we pre tend to be 
especially efficient (and therefore the p r o g r a m is ve ry s low) . A s p o i n t e d ou t i n the 
previous chapter, the most t i m e consuming p a r t is the ca lcu la t ion o f the integrals 
needed for the stiffness m a t r i x A w i t h entries 

A^ = / Vip(\\x - Xi\\) • Vip(\\x - Xj\\)dx 
J[-i,i]' 

+ / <p(\\n ~ a5i||MI|au - Xj\\)dx, 

and the r i gh t -hand side vector w i t h entries 

f(x)ip(\\x - Xi\\)dx. 
- I , I P 

We compute these integrals us ing the d b l q u a d numer ica l i n t e g r a t i o n rou t ine on 
lines 15-20 o f P r o g r a m 45 .1 . No te t h a t we exp lo i t the s y m m e t r y o f the stiffness 
m a t r i x i n the for-loop, and t hen complete the m a t r i x on l ine 2 1 . T h e funct ions 
needed for the in t eg ra t ion are p r o v i d e d o n lines 1-3 and 5-6. I n [Wendland (1999b)] 
the au thor details a s t ra tegy for conver t ing the double integrals t o un ivar ia te in te
grals since a l l the functions invo lved are r a d i a l l y symmet r i c . We do no t pursue t h a t 
poss ib i l i ty here. 

For th is example we use the C 2 W e n d l a n d func t ion <^3,i(r) = (1 — r)^_(4r + 1) 
w i t h a suppor t scaled by e = 0.7. O n l ine 4 we p rov ide the s t anda rd representa t ion 
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of the basic func t ion as i t is needed for the eva lua t ion a n d p l o t t i n g p a r t o f t he 
p r o g r a m (lines 23-34, w h i c h are o f t he same f o r m as our earlier p rograms) . 

Program 45.1. RBFGalerkin2D .m 

% RBFGalerkin2D 
7 0 S c r i p t that performs Galerkin solution of 2D Helmholtz equation 
% - u_xx - u_yy + u = f 
7. C a l l s on: DistanceMatrix, PlotSurf, PlotError2D 

% D e f i n i t i o n of the RBF and i t s gradient, Wendland C2 
l a rbf = @(e,x,y,xi,yi) max(l-e*sqrt((x-xi).~2+(y-yi). ~ 2 ),0)."4.*... 
lb ( 4 * e * s q r t ( ( x - x i ) . ~ 2 + ( y - y i ) . ~ 2 ) + l ) ; 
2a dxrbf = @(e,x,y,xi,yi) -20*(x-xi)*e~2.*... 
2b max(l-e*sqrt((x-xi).~2+(y-yi)."2),0)."3; 
3a dyrbf = Q(e,x,y,xi,yi) -20*(y-yi)*e~2.*... 
3b max(l-e*sqrt((x-xi).~2+(y-yi).~2),0)."3; 
4 evalrbf = @(e,r) max(l-e*r,0)."4.*(4*e*r+l); 

°/0 Products for integration 
5 rp = @(e,x,y,xi,yi,xj,yj) r b f ( e , x , y , x i , y i ) . * r b f ( e , x , y , x j , y j ) ; 
6a gp = @(e,x,y,xi,yi,xj,yj) d x r b f ( e , x , y , x i , y i ) . * . . . 
6b dxrbf(e,x,y,xj,yj)+dyrbf(e,x,y,xi,yi).*dyrbf(e,x,y,xj,yj); 

% Parameter for basis function 
7 ep = .7; 

% Right-hand side function for Helmholtz equation 
8 f = @(x,y) c o s ( p i * x ) . * c o s ( p i * y ) ; 

°/0 Exact solution 
9 u = @(x,y) c o s ( p i * x ) . * c o s ( p i * y ) / ( 2 * p i " 2 + l ) ; 

°/0 Number and type of centers: 
10 N = 25; gridtype = 5u'; 

Resolution of evaluation g r i d for errors and p l o t t i n g 
11 neval = 40; 

7. Load data points 
12 name = s p r i n t f ('Data2D_7od7.s5 , N,gridtype); load(name) 

7o S h i f t centers to the square [-1,1] ~2 
13 c t r s = 2 * d s i t e s - l ; 

7o Build s t i f f n e s s matrix and right-hand side 
14 A = zeros(N,N); rhs = ze r o s ( N , l ) ; 
15 for i=l:N 
16 for j = l : i 
17a A ( i , j ) = dblquad(@(x,y) g p ( e p , x , y , c t r s ( i , 1 ) , c t r s ( i , 2 ) , . . . 
17b c t r s ( j , 1 ) , c t r s ( j , 2 ) ) , - 1 , 1 , - 1 , 1 ) + ... 
17c dblquad(@(x,y) r p ( e p , x , y , c t r s ( i , 1 ) , c t r s ( i , 2 ) , . . . 
17d c t r s ( j , 1 ) , c t r s ( j , 2 ) ) , - 1 , 1 , - 1 , 1 ) ; 
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18 end 
19a r h s ( i ) = dblquad(@(x,y) f ( x , y ) . * . . . 
19b r b f ( e p , x , y , c t r s ( i , l ) , c t r s ( i , 2 ) ) , - 1 , 1 , - 1 , 1 ) ; 
20 end 

7, Make matrix symmetric 
21 A = A + A5 - diag(diag(A)); 

7. Solve l i n e a r system, i . e . , compute expansion c o e f f i c i e n t s 
22 c = A\rhs; 

7o Evaluation 
23 grid = linspace(-1,1,neval); [xe, ye] = meshgrid(grid); 
24 epoints = [xe(:) y e ( : ) ] ; 
25 exact = u(epoints(:,1),epoints(:,2)); 
26 DM_eval = DistanceMatrix(epoints,ctrs); 
27 EM = evalrbf(ep,DM_eval); 
28 Pf = EM * c; 

7o Compute maximum error on evaluation grid 
29 maxerr = norm(Pf-exact,inf); rms.err = norm(Pf-exact)/neval; 
30 f p r i n t f ('RMS error: 7.e\n', rms.err) 
31 f p r i n t f ('Maximum error: 7.e\nJ , maxerr) 

7o Plot approximate solution 
32 fview = [-30,30]; % viewing angle for plot 
33 PlotSurf(xe,ye,Pf,neval,exact,maxerr,fview); 
34 PlotError2D(xe,ye,Pf,exact,maxerr,neval,fview); 

Error s , c o n d i t i o n numbers o f the stiffness m a t r i x , and observed convergence rates 
are l is ted i n Table 45 .1 . A p l o t o f the a p p r o x i m a t e so lu t ion and error d i s t r i b u t i o n 
us ing 81 equal ly spaced centers t o generate the t r i a l and test spaces is p rov ided i n 
F igure 45.1. 

Table 45.1 Errors and condition numbers for Galerkin solution of 
Helmholtz equation using the C 2 Wendland function with e = 0.7. 

N ^oo-error rate RMS-error rate cond(A) 

9 4.774434e-003 1.013915e-003 8.159139e+000 
25 3.223359e-003 0.5668 9.561258e-004 0.0847 1.408312e+002 
81 9.346870e-005 5.1079 2.494297e-005 5.2605 3.232525e+004 

289 9.701313e-005 -0.0537 2.239018e-005 0.1558 6.897924e+007 

W e can see t h a t the convergence is r a ther e r ra t ic , and t h a t the c o n d i t i o n number 
increases rap id ly . T h e W\-convergence ra te p red ic ted i n [Wendland (1999a)] for the 
basic func t ion used here is 0(h). O n average, the results l i s ted i n Table 45.1 ind ica te 
rough ly an 0(h2) RMS-convergence ra te . 
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Appendix A 

Useful Facts from Discrete Mathematics 

A . l H a l t o n P o i n t s 

H a l t o n po in t s (see [ H a l t o n (1960); W o n g et al. (1997)]) are created f r o m van der 
Corput sequences. T h e y f o r m so-called l o w discrepancy sequences and are used 
f requent ly i n quas i -Monte Car lo me thods for m u l t i - d i m e n s i o n a l i n t eg ra t i on app l i 
cat ions . 

T h e s t a r t i n g p o i n t i n the cons t ruc t ion of a van der C o r p u t sequence is the fact 
t h a t every nonnegat ive integer n can be w r i t t e n un ique ly using a p r i m e base p, i.e., 

k 

n = J ^ a i p \ 
i=0 

where each coefficient ai is an integer such t h a t 0 < ai < p. For example, i f n = 10 
a n d p = 3, t h e n 

10 = 1 • 3° + 0 • 3 1 + 1 - 3 2 , 

so t h a t k = 2 and an = a2 = 1 and a\ = 0. 
N e x t we define a func t ion hp t h a t maps the nonnegat ive integers t o the in t e rva l 

[ 0 , 1 ) v i a 

A: 

i=0 y 

For example 

T h e resu l t ing sequence hPtN = {hp(n) : n = 0 , 1 , 2 , . . . , N} is k n o w n as a van 
der C o r p u t sequence. For example 

h3,w = { 0 , 1 / 3 , 2 / 3 , 1 / 9 , 4 / 9 , 7 / 9 , 2 / 9 , 5 / 9 , 8 / 9 , 1 / 2 7 , 1 0 / 2 7 } . 

I n order t o generate a Halton point set i n s-dimensional space (more precisely 
i n t he s-dimensional u n i t cube [0, l ) s ) we take s (usual ly d i s t i n c t ) pr imes p±,... ,ps 
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and use the resu l t ing van der C o r p u t sequences h P l t N , . . . , h P a t N as the coordinates 
o f the s-dimensional H a l t o n po in ts , i.e., the set 

HS,N = { ( V ( n ) > • • ->hPs(n)) '• n = 0 , 1 , . . . , i V } 

is the set o f N + 1 H a l t o n poin ts i n [0, l ) s . H a l t o n p o i n t sets for s = 2 are d isp layed 
i n F igure 1.1 a n d the b o t t o m p a r t o f F igure 14.5. 

A n nice p r o p e r t y o f H a l t o n po in t s is t he fact t h a t t h e y are nested p o i n t sets, 
i.e., HSIM C HS>N for M < N. I n fact, t he p o i n t sets can even be cons t ruc ted 
sequentially, i.e., one does no t need t o s t a r t over i f one wants t o add more po in t s 
to an exis t ing set o f H a l t o n po in ts . T h i s dist inguishes the H a l t o n po in t s f r o m the 
re la ted Hammers ley poin ts . 

I t is k n o w n t h a t i n low space dimensions, the m u l t i - d i m e n s i o n a l H a l t o n sequence 
qu ick ly "fil ls up" the u n i t cube i n a w e l l - d i s t r i b u t e d p a t t e r n . However, for h igher 
dimensions (such as s = 40) , us ing a r e l a t ive ly sma l l value o f N results i n p o o r l y 
d i s t r i b u t e d H a l t o n poin ts . O n l y w h e n N is large enough re la t ive t o s do the po in t s 
become we l l -d i s t r ibu ted . Since none o f our examples exceed s = 6 t h i s is n o t a 
concern for us. 

I n the M A T L A B p rograms t h r o u g h o u t th i s b o o k we use the func t ion h a l t o n s e q 
w r i t t e n by Dan ie l Dougher ty . T h i s f u n c t i o n can be downloaded f r o m the M A T L A B 
Cent ra l F i l e Exchange, see [ M C F E ] . I n th i s i m p l e m e n t a t i o n o f H a l t o n sequences 
the o r i g i n is not p a r t o f the p o i n t set, i.e., the H a l t o n po in t s are generated s t a r t i n g 
w i t h n — 1 instead o f n = 0 as described above. 

A . 2 fed-Trees 

I n order t o deal w i t h large sets o f d a t a eff icient ly we f requent ly use compactly sup

ported basic funct ions (see, e.g., Chap te r 12). For the i r successful i m p l e m e n t a t i o n 
cer ta in geometr ic i n f o r m a t i o n is requ i red . M o s t i m p o r t a n t l y , we need t o k n o w w h i c h 
da ta sites lie i n the suppor t o f a g iven basis func t ion . Such a query is k n o w n as a 
range search. We also m a y be in teres ted i n finding a l l centers whose suppor t con
tains a g iven (evaluat ion) p o i n t x. Such a query is k n o w n as a containment query. 

Fur the rmore , we m i g h t also be in teres ted i n f i n d i n g the ( n ) nearest neighbors of a 
given p o i n t (for instance i f we need t o find the separa t ion distance qx o f a set o f 
points X). One way t o accompl ish these tasks is v i a kd-trees. A A:d-tree (shor t for 
/c-dimensional t ree) is a space-par t i t ion ing d a t a s t ruc tu re for o rgan iz ing po in t s i n 
fc-dimensional space. Thus , i f we were t o be t r ue t o the n o t a t i o n used t h r o u g h o u t 
th is book, we should technica l ly be refer r ing t o these trees as sd-trees. W e w i l l , 
however, s t ick w i t h the usual t e r m i n o l o g y and refer t o t h e m as kd-trees. 

T h e purpose o f A:d-trees is t o h ie ra rch ica l ly decompose a set o f N d a t a po in t s i n 
R s i n to a re la t ive ly sma l l number o f subsets such t h a t each subset contains r o u g h l y 
the same number o f d a t a sites. Each node i n the tree is defined by a s p l i t t i n g plane 
t h a t is perpendicular t o one o f the coord ina te axes and passes t h r o u g h one o f the 
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da ta points . Therefore the s p l i t t i n g planes p a r t i t i o n the set o f po in t s at the med ian 
in to "left" and " r i gh t " (or " top" and " b o t t o m " ) subsets, each w i t h r o u g h l y h a l f the 
poin ts of the parent node. These ch i ld ren are again p a r t i t i o n e d i n t o equal halves, 
using planes t h r o u g h a different d imens ion (usual ly one keeps o n cyc l ing t h r o u g h the 
dimensions w h e n de t e rmin ing the next s p l i t t i n g p lane) . T h i s p a r t i t i o n i n g process 
stops after log A7" levels. I n the end every node of the fcd-tree, f r o m the roo t t o the 
leaves, stores a po in t . T h e c o m p u t a t i o n a l c o m p l e x i t y for b u i l d i n g a fcd-tree f r o m JV 
poin ts i n R s is 0(sN log N). Once the tree is b u i l t , a range query can be per formed 
i n 0(\ogN) t i m e . T h i s compares, favorably w i t h the O(N) t i m e i t w o u l d take t o 
search the "raw" da ta set. 

I n our M A T L A B examples we use the funct ions k d t r e e and k d r a n g e q u e r y f rom 
the fcd-tree l i b r a r y (given as a set o f M A T L A B M E X - f i l e s w r i t t e n by G u y Shechter 
t h a t can be downloaded f r o m the M A T L A B C e n t r a l F i le Exchange, see [ M C F E ] ) . 

F igure A . l shows a s t anda rd median-based p a r t i t i o n i n g o f nine H a l t o n po in t s 
i n [0, l ] 2 on the left a long w i t h the associated A;d-tree o n the r i g h t . 

Fig. A . l kd partitioning (left) and tree (right) for 9 Halton points. 





Appendix B 

Useful Facts from Analysis 

B . l S o m e I m p o r t a n t C o n c e p t s f r o m M e a s u r e T h e o r y 

Bochner 's theorem (c.f. T h e o r e m 3.3) a n d a number o f o ther results are fo rmula t ed 
i n te rms o f Borel measures. 

Since we refer t o the book [Wend land (2005a)] for m a n y o f the theore t i ca l results 
presented i n th i s b o o k we fo l low the expos i t ion i n [Wend land (2005a)]. W e s t a r t 
w i t h an a r b i t r a r y set X, and denote the set o f a l l subsets o f X b y V(X). T h e e m p t y 
set is denoted by 0. 

D e f i n i t i o n B . l . A subset A o f V(X) is cal led a cr-algebra o n X i f 

(1) XeA, 
(2) A £ A implies t h a t i ts complement ( i n X) is also conta ined i n A , 
(3) Ai E A , i E N , impl ies t h a t the u n i o n o f these sets is conta ined i n A . 

D e f i n i t i o n B . 2 . G i v e n an a r b i t r a r y set X and a cr-algebra A o f subsets o f X, a 
measure on A is a func t ion fj, : A —> [0, oo] such t h a t 

(1) M0) = o, 
(2) for any sequence {Ai} of d i s jo in t sets i n A we have 

oo oo 

i=l i=l 

D e f i n i t i o n B . 3 . I f X is a t opo log ica l space, and O is the co l lec t ion o f open sets 
i n X, t hen the cr-algebra generated b y O is called the Borel a-algebra and denoted 
by B(X). I f i n a d d i t i o n X is a Hausdor f f space, t h e n a measure \x defined o n B(X) 
t h a t satisfies n(K) < oo for a l l compact sets K C X is called a Borel measure. 

T h e carrier of a B o r e l measure is g iven by the set X \ { 0 : O E O a n d / i ( O ) = 0 } . 
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B . 2 A B r i e f S u m m a r y o f I n t e g r a l T r a n s f o r m s 

W e summar ize formulas for var ious i n t eg ra l t ransforms used t h r o u g h o u t the t e x t . 
T h e Four ier t r ans fo rm conventions we adhere t o are l a i d ou t i n 

D e f i n i t i o n B . 4 . T h e Fourier transform o f / E L i ( R s ) is g iven b y 

/(«) = -?=L= f f(x)e-i^dx, u; E R*, ( B . l ) 
(27V)s jRs 

and i ts inverse Fourier transform is g iven by 

f{x) = -JL= / f(oj)e*"«du,, x E W. 
v/(27r) s

 JWLS 

T h i s de f in i t ion o f the Fourier t r a n s f o r m can be found i n [ R u d i n (1973)] . A n o t h e r , 
j u s t as common , de f in i t ion uses 

/(«) = ( f(x)e-2™"*dx, (B .2 ) 
JRS 

and can be found i n [Stein a n d Weiss (1971)] . T h e f o r m ( B . l ) we use can also be 
found i n the books [Wendland (2005a); Scholkopf and Smola (2002)], whereas (B .2 ) 
is used i n the books [ B u h m a n n (2003); Cheney and L i g h t (1999)]. 

S imi la r ly , we can define the Four ier t r a n s f o r m of a f in i te (signed) measure fi on 
W by 

A(W) = _ L = / e - ^ d ^ x ) , w e R 3 . 
x/(27r) s JRS 

Since we are m o s t l y interested i n pos i t ive defini te r a d i a l funct ions, we note t h a t 
the Fourier t r a n s f o r m of a r a d i a l f u n c t i o n is again r ad ia l . Indeed, 

T h e o r e m B . l . Let $ E Z / i ( R s ) be continuous and radial, i.e., &(x) = <^(||cc||). 
Then its Fourier transform <£ is also radial, i.e., <3>(o;) = .F,s(/?(||u>||) with 

1 i 

FsVir) - i o / iP(t)t2J(s-2)/2{rt)dt, 
Vrs~A Jo 

where J(s-2)/2 is the classical Bessel function of the first kind of order (s — 2 ) / 2 . 

T h e p r o o f o f th i s t heo rem can be found i n [Wend land (2005a)]. T h e in t eg ra l 
t r ans fo rm appear ing i n T h e o r e m B . l is also referred t o as a Fourier-Bess el transform 
or Hankel transform. 

T h e Hankel inversion theorem [Sneddon (1972)] ensures t h a t the Four ier t rans
f o r m for r ad i a l funct ions is i ts o w n inverse, i.e., for r a d i a l funct ions cp we have 

A t h i r d in t eg ra l t r a n s f o r m t h a t p lays an i m p o r t a n t role is the Laplace transform. 
We have 

D e f i n i t i o n B . 5 . L e t / be a piecewise cont inuous f u n c t i o n t h a t satisfies \f(t)\ < 
Meat for some constants a and M. T h e Laplace transform o f / is g iven by 

s > a. 
poo 

Cf(s)= / f(t)e~stdt, 
JQ 
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Simi la r ly , the Laplace t r a n s f o r m of a B o r e l measure fx o n [0, oo) is g iven b y 
poo 

£/i(s) = / e-stdii(t). 
Jo 

T h e Laplace t r ans fo rm is cont inuous a t the o r i g i n i f and o n l y i f \x is f in i te . 

B . 3 T h e S c h w a r t z S p a c e a n d t h e G e n e r a l i z e d F o u r i e r T r a n s f o r m 

General ized Fourier t ransforms are requi red i n the t r ea tmen t o f c o n d i t i o n a l l y posi
t ive defini te functions. For the de f in i t ion o f the generalized Four ier t r a n s f o r m given 
below we have t o define the Schwartz space o f r a p i d l y decreasing test funct ions 

S = { 7 G C ° ° ( M S ) : l i m x^iD^Xx) = 0, cx, 3 & W0}, 
||as||-»oo 

where we use the m u l t i - i n d e x n o t a t i o n 

T h e space S consists o f a l l those funct ions 7 G C ° ° ( M S ) w h i c h , together w i t h 
a l l t he i r derivatives, decay faster t h a n any power o f l / | | cc | | . T h e space S contains 
the space C o ° ( I R s ) , the space of a l l i n f i n i t e ly differentiable functions o n M s w i t h 
compact suppor t . We also note t h a t CQ°(RS) is a t r ue subspace of S since, e.g., the 
func t ion 7(0?) = e~HxH belongs t o S b u t n o t t o C o ° ( R s ) . A remarkable fact about 
the Schwartz space is t h a t 7 G <S has a classical Fourier t r ans fo rm 7 w h i c h is also 
i n S. 

O f pa r t i cu l a r impor t ance are the fo l lowing subspaces S m of S 

S m = { 7 G S : 70*0 = 0(\\x\\m) for ||a:|| — 0, m G N 0 } . 

Fur the rmore , the set V o f s lowly increasing funct ions is given by 

V = {f e C ( K S ) : | / ( x ) | < |p(as)| for some p o l y n o m i a l p G L T } . 

T h e generalized Fourier t r ans fo rm is n o w g iven by 

D e f i n i t i o n B . 6 . Le t / G V be complex-valued. A cont inuous func t ion / : 1RS \ 
{ 0 } —> C is called the generalized Fourier transform o f / i f there exists an integer 
m G No such t ha t 

/ f(x)j(x)dx = / f(x)-f(x)dx 

is satisfied for a l l 7 G c > 2 m . T h e smallest such integer m is cal led the order of / . 

Var ious defini t ions of the generalized Four ier t r ans fo rm exist i n the l i t e r a tu re . 
A classical reference is the b o o k [Gel ' fand and V i l e n k i n (1964)]. 

Since one can show t h a t the generalized Fourier t r ans fo rm o f an s-variate po ly 
n o m i a l of degree at most 2 m is zero, i t follows t h a t the inverse generalized Four ier 
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t r a n s f o r m is o n l y un ique u p t o a d d i t i o n o f such a p o l y n o m i a l . T h e order o f t he 

general ized Four ier t r a n s f o r m is n o t h i n g b u t t he o rder o f the s i n g u l a r i t y a t the o r i 

g i n o f the generalized Four ie r t r a n s f o r m . For func t ions i n L i ( R s ) t h e general ized 

Four ie r t r a n s f o r m coincides w i t h t he classical Four ie r t r a n s f o r m , a n d for funct ions 

i n L 2 ( M S ) i t coincides w i t h the d i s t r i b u t i o n a l Four ie r t r a n s f o r m . 



Appendix C 

Additional Computer Programs 

I n th i s appendix we l is t several M A T L A B and one M a p l e p r o g r a m t h a t are used i n 
various places t h r o u g h o u t the book . 

C l M A T L A B P r o g r a m s 

A s a test func t ion for mu l t i - d imens iona l problems we sometimes use 
s 

f8(x) = 4 s f j xd(l - xd), x = ( x u . . . , x s ) e [0, l ] s . 
d=l 

P r o g r a m C . l . t e s t f u n c t i o n . m 

% t f = t e s t f u n c t i o n ( s , p o i n t s ) 
°/0 E v a l u a t e s t e s t f u n c t i o n 
°/0 p r o d _ { d = l } ~ s x _ d * ( l - x _ d ) ( n o r m a l i z e d so t h a t i t s max i s 1) 
% a t s - d i m e n s i o n a l p o i n t s 
f u n c t i o n t f = t e s t f u n c t i o n ( s , p o i n t s ) 
t f = 4 " s * p r o d ( p o i n t s . * ( 1 - p o i n t s ) , 2 ) ; 

A n o t h e r test func t ion used i n some of the numer ica l exper iments is the sine 
func t ion defined for any x = (xi,..., xs) £ M s as 

- A sin(7rrr d ) sine (x) = I I - . 
A X TTXd 
d = l 

T h e sine func t ion is no t a s t andard M A T L A B func t ion . I t can, however, be found i n 
the Signal Processing Too lbox . For the sake of completeness we provide M A T L A B 
code for the sine func t ion o f a single variable , x £ 1R. 

P r o g r a m C . 2 . s i n c . m 

% f = s i n c ( x ) 
% D e f i n e s s i n e f u n c t i o n 
f u n c t i o n f = s i n c ( x ) 

435 
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f = o n e s ( s i z e ( x ) ) ; 
nz = f i n d ( x~=0); 
f ( n z ) = s i n ( p i * x ( n z ) ) . / ( p i * x ( n z ) ) ; 

No te t h a t wh i l e s i n c . m takes a vector i n p u t x i t produces a vector o f values 
of the un ivar ia te sine func t ion at t he components o f x — n o t the value o f the 
m u l t i v a r i a t e sine func t ion a t t he vec tor a rgument x . 

A mu l t i - d imens iona l g r i d o f equa l ly spaced po in t s is used several t imes t h r o u g h 
out the book . M A T L A B provides the c o m m a n d n d g r i d t h a t can accompl i sh t h i s . 
However, i n order t o be able t o use t h i s c o m m a n d f l ex ib ly for a l l space dimensions 
s we require a l i t t l e ex t r a w o r k . T h i s is i m p l e m e n t e d MakeSDGrid .m. 

P r o g r a m C . 3 . MakeSDGrid .m 

% g r i d p o i n t s = M a k e S D G r i d ( s , n e v a l ) 
% P r o d u c e s m a t r i x o f e q u a l l y spaced p o i n t s i n s - d i m e n s i o n a l u n i t cube 
°/0 (one p o i n t p e r r o w ) 
% I n p u t 
% s: space d i m e n s i o n 
% n e v a l : number o f p o i n t s i n each c o o r d i n a t e d i r e c t i o n 
% O u t p u t 
7o g r i d p o i n t s : n e v a l ~ s - b y - s m a t r i x (one p o i n t p e r r o w , 
7o d - t h c o l u m n c o n t a i n s d - t h c o o r d i n a t e o f p o i n t ) 
f u n c t i o n g r i d p o i n t s = M a k e S D G r i d ( s , n e v a l ) 
i f ( s = = l ) 

g r i d p o i n t s = l i n s p a c e ( 0 , 1 , n e v a l ) ' ; 
r e t u r n ; 

end 
7o M i m i c t h i s s t a t e m e n t f o r g e n e r a l s: 
7o [ x l , x2] = n d g r i d ( l i n s p a c e ( 0 , 1 , n e v a l ) ) ; 
o u t p u t a r g = ' x l ' ; 
f o r d = 2 : s 

o u t p u t a r g = s t r c a t ( o u t p u t a r g , ' , x ' , i n t 2 s t r ( d ) ) ; 
end 
m a k e g r i d = s t r c a t ( ' [ ' , o u t p u t a r g , ' ] = n d g r i d ( l i n s p a c e ( 0 , 1 , n e v a l ) ) ; ' ) ; 
e v a l ( m a k e g r i d ) ; 
7o M i m i c t h i s s t a t e m e n t f o r g e n e r a l s: 
7o g r i d p o i n t s = [ x l ( : ) x 2 ( : ) ] ; 
g r i d p o i n t s = z e r o s ( n e v a l " s , s ) ; 
f o r d = l : s 

m a t r i c e s = s t r c a t ( ' g r i d p o i n t s ( : , d ) = x ' , i n t 2 s t r ( d ) , ' ( : ) ; ' ) ; 
e v a l ( m a t r i c e s ) ; 

end 



C. Additional Computer Programs 437 

Due to i ts removable s ingu la r i t y a t t he o r i g i n the t h i n - p l a t e spline basic f u n c t i o n 
requires a separate func t ion de f in i t ion . 

Program C.4. tps.m 

% rbf = t p s ( e , r ) 
'/, Defines t h i n plate spline RBF 
function rbf = t p s ( e , r ) 
rbf = z e r o s ( s i z e ( r ) ) ; 
nz = find(r~=0); % to deal with s i n g u l a r i t y at o r i g i n 
rbf(nz) = ( e * r ( n z ) ) . ~ 2 . * l o g ( e * r ( n z ) ) ; 

Standard p l o t t i n g rout ines for 2 D func t ion and error graphs are used by mos t 

programs. 

Program C.5. PlotSurf .m 

% PlotSurf(xe, ye, Pf,neval,exact,maxerr,fview) 
% Generates plot of surface Pf f a l s e colored by the 
% maximum error abs(Pf-exact) 
% fview defines the view. 
function PlotSurf(xe,ye,Pf,neval,exact,maxerr,fview) 

°/0 Plot surface 
figure 
Pfplot = surf(xe,ye.reshape(Pf,neval,neval),.. . 

reshape(abs(Pf-exact),neval,neval)); 
set(Pfplot,'FaceColor' ,'interp','EdgeColor','none 5) 
[cmin cmax] = caxis; 
caxis([cmin-.25*maxerr cmax]); 
view(fview); 
colormap hsv 
vcb = c o l o r b a r ( ' v e r t ' ) ; 
ylim(vcb,[0 maxerr]) 

set(get(vcb,'YLabel'),'String','Error') 

Program C.6. PlotError2D .m 
'/, PlotError2D (xe, ye, Pf , exact,maxerr,neval, fview) 
°/0 Generates plot of abs error for surface Pf, i . e . , abs (Pf-exact) 

fview defines the view, 
function PlotError2D(xe,ye,Pf,exact,maxerr,neval,fview) 

% Plot maximum error 
f igure 
errorplot = surf(xe,ye,reshape(abs(Pf-exact),neval,neval)); 
set(errorplot,'FaceColor','interp','EdgeColor','none') 
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[ c m i n cmax] = c a x i s ; 

c a x i s ( [ c m i n - . 2 5 * m a x e r r c m a x ] ) 

v i e w ( f v i e w ) ; 

c o l o r m a p h s v 

v c b = c o l o r b a r ( ' v e r t ' ) ; 

y l i m ( v c b , [ 0 m a x e r r ] ) 

s e t ( g e t ( v c b , ' Y L a b e l ' ) , ' S t r i n g > , ' E r r o r ' ) 

For 3 D p lo t s we use t he f o l l o w i n g rout ines . 

P r o g r a m C . 7 . P l o t l s o s u r f .m 

% P l o t l s o s u r f ( x e , y e , z e , P f , n e v a l , e x a c t . m a x e r r , i s o m i n , 
7, i s o s t e p , i s o m a x ) 

7o G e n e r a t e s p l o t o f i s o s u r f a c e s o f P f f a l s e c o l o r e d b y 
7o t h e e r r o r abs ( P f - e x a c t ) 

7o i s o m i n , i s o s t e p , i s o m a x d e f i n e t h e r a n g e and number o f 
7o i s o s u r f a c e s . 

f u n c t i o n P l o t l s o s u r f ( x e , y e , z e , P f , n e v a l , e x a c t , m a x e r r , . . . 
i s o m i n , i s o s t e p , i s o m a x ) 

7» P l o t i s o s u r f a c e s 
f i g u r e 
h o l d on 

f o r i s o v a l u e = i s o m i n : i s o s t e p : i s o m a x 

p f i t = p a t c h ( i s o s u r f a c e ( x e , y e , z e , r e s h a p e ( P f , n e v a l , . . . 
n e v a l , n e v a l ) , i s o v a l u e , r e s h a p e ( a b s ( P f - e x a c t ) , . . . 

n e v a l , n e v a l , n e v a l ) ) ) ; 
i s o n o r m a l s ( x e , y e , z e , r e s h a p e ( P f , n e v a l , n e v a l , n e v a l ) , p f i t ) 
s e t ( p f i t , ' F a c e C o l o r ' , ' i n t e r p ' , 5 E d g e C o l o r ' , ' n o n e ' ) ; 
d a s p e c t ( [ l 1 1 ] ) 
v i e w ( 3 ) ; a x i s ( [ 0 1 0 1 0 1 ] ) 

end 

[ c m i n cmax] = c a x i s ; 
c a x i s ( [ c m i n - . 2 5 * c m a x c m a x ] ) 

c o l o r m a p h s v 
v c b = c o l o r b a r ( ' v e r t ' ) ; 
y l i m ( v c b , [ 0 c m a x ] ) 

s e t ( g e t ( v c b , ' Y L a b e l ' ) , ' S t r i n g ' , * E r r o r ' ) 
h o l d o f f 

P r o g r a m C . 8 . P l o t S l i c e s . m 

% P l o t S l i c e s ( x e , y e , z e , P f , n e v a l , x s l i c e , y s l i c e , z s l i c e ) 
% G e n e r a t e s s l i c e p l o t o f v o l u m e Pf 

7« x s l i c e , y s l i c e , z s l i c e d e f i n e t h e r a n g e and number o f s l i c e s 
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function P l o t S l i c e s ( x e , y e , z e , P f , n e v a l , x s l i c e , y s l i c e , z s l i c e ) 
% Plot s l i c e s 
figure 
p f i t = slice(xe,ye,ze,reshape(Pf,neval,neval,neval),... 

x s l i c e , y s l i c e , z s l i c e ) ; 
set(pf it,'FaceColor','interp','EdgeColor','none') 
d a s p e c t ( [ l 1 1 ] ) 
view(3); a x i s ( [ 0 1 0 1 0 1]) 
vcb = co l o r b a r ( ' v e r t ' ) ; 
set(get(vcb,'YLabel'),'String','Function value') 

P r o g r a m C . 9 . P l o t E r r o r S l i c e s .m 
7„ P l o t E r r o r S l i c e s (xe, ye, ze, Pf , exact ,ne, x s l i c e , y s l i c e , z s l i c e ) 
% Generates s l i c e plot of volume error abs(Pf-exact) 
% x s l i c e , y s l i c e , z s l i c e define the range and number of s l i c e s , 
function PlotErrorSlices(xe,ye,ze,Pf,exact,ne,... 

x s l i c e , y s l i c e , z s l i c e ) 
% Plot s l i c e s for error 
figure 
errorplot = slice(xe,ye,ze,reshape(abs(Pf-exact),ne,ne,ne),... 

x s l i c e , y s l i c e , z s l i c e ) ; 
set(errorplot,'FaceColor','interp','EdgeColor','none') 
dasp e c t ( [ l 1 1]) 
view(3); a x i s ( [ 0 1 0 1 0 1]) 
[cmin cmax] = caxis; 
caxis([cmin-.25*cmax cmax]) 
colormap hsv 
vcb = co l o r b a r ( ' v e r t ' ) ; 
ylim(vcb, [0 cmax]) 
set(get(vcb,'YLabel'),'String','Error') 

T h e fo l lowing a l g o r i t h m is a very p r i m i t i v e (and very inefficient) i m p l e m e n t a t i o n 
of an adapt ive t h i n n i n g a l g o r i t h m for scat tered data . I t removes 500 po in t s a t a 
t i m e and wr i tes the in te rmedia te result t o a file. 

P r o g r a m C . 1 0 . Thin.m 

load('Data2D_Beethoven') 
% This loads v a r i a b l e s d s i t e s and rhs 
x = d s i t e s ( : , 1 ) ; 
y = d s i t e s ( : , 2 ) ; 
f igure 
tes = delaunayn(dsites); 
t r i p l o t ( t e s , x , y , ' g ' ) 
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for 1=1:5 
for j=l:500 

n = s i z e ( d s i t e s , 1 ) ; 
d = zeros(1,n); 
for i = l : n 

temp = d s i t e s ; 
temp(i,:) = • ; 
[ k , d ( i ) ] = dse archil (temp, d s i t e s ( i , :)) ; 
i f (k >= i ) 

k=k+l; 
end 

end 
r = min(d); 
idx = find(d==r); 
d s i t e s ( i d x ( l ) ,: ) = [] ; 
x ( i d x ( l ) ) = [ ] ; 
y ( i d x ( l ) ) = [ ] ; 
r h s ( i d x ( l ) ) = [] ; 

end 
figure 
tes = delaunayn(dsites); 
t r i p l o t ( t e s , x , y , ' r ' ) 
name = s p r i n t f ('Data2D_Beethoven°/0d', 1 ) ; 
save(name, ' d s i t e s ' , 'rhs') 

end 

C . 2 Maple Programs 

T h e M L S basis funct ions a n d d u a l basis funct ions displayed i n Chap te r 24 were 
c o m p u t e d w i t h the fo l l owing M a p l e code. 

Program C . l l . MLSDualBases .mws 

r e s t a r t ; w i t h ( p l o t s ) : w i t h ( l i n a l g ) : 
N:=10: m:=3: DD:=4: h:=l/N: ep : =1/(sqrt (DD) *h) : 
phi := (x,y) -> exp(-ep"2*(x-y)"2); 
for k from 1 to m do 

ppllk := p l o t ( x ~ ( k - l ) , x=0..1): 
od: 
display([seq(ppI|k,k=l..m)],insequence=true,thickness=2); 
X := vector([seq(h*k, k=0..N)]); 
# or use 11 Halton points 
# X := vector(CO.5000,0.2500,0.7500,0.1250,0.6250, 
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# 0.3750,0.8750,0.0625,0.5625,0.3125,0.8125] ) ; 
G := matrix(m,m): 
for i from 1 to m do 

for j from 1 to m do 
G [ i , j ] := e v a l f ( a d d ( ( X [ k ] ) ~ ( i - 1 ) * ( X [ k ] ) ~ ( j - l ) * 

p h i ( x , X [ k ] ) , k=l..N+l)); 
od: 

od: 
P := v e c t o r ( [ e v a l f ( s e q ( y ~ ( k - 1 ) , k=l..m))]); 
Lambda := li n s o l v e ( G . P ) : 
for k from 1 to m do 

l|| k := unapply(Lambda [ k ] , ( x , y ) ) ; 
od: 
for k from 1 to m do 

l p l l k := p l o t ( l | | k ( x , x ) , x=0..1): 
od: 
d i s p l a y ( [ s e q ( l p I Ik, k=l..m)],insequence=true,thickness=2); 
K := (x,y) -> phi(x,y)*add(l||k(x,x)*y~(k-1), k=l..m): 
approxK := (x,y) -> 1/sqrt(DD*Pi)*(3/2-ep~2*(x-y)"2) 

*phi(x,y); 
for i from 1 to N+l do 

a K p l l i := p l o t ( [ K ( x , X [ i ] ) , a p p r o x K ( x , X [ i ] ) ] , x=0..1, 
color=[green,red]): 

od: 
display(seq(aKpI|i,i=l..N+l),insequence=true,thickness=2); 
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Catalog of R B F s with Derivatives 

D . l G e n e r i c D e r i v a t i v e s 

W e prov ide formulas for a l l f i rs t and second-order der ivat ives o f r ad i a l funct ions o f 
t w o variables, i.e., <p(r) — (p(\\x\\) = ip(y/x2 + y2), where x = (x,y) £ R 2 . T h e 
cha in rule impl ies 

J ^ ( M I ) = lv(r)^r(x,y) 

d , . x 

dr yjx2 + y 2 

x d . . 

r dr 

since r = = y/x2 + y2. S imi l a r ly , J^¥>( | |ar | | ) = r ^ ^ ( r ) - ^ ^ e S e n e r i c second-
order derivat ives are given b y 

9 2 / , i us d2 , . ( d . A 2 d . , d2 . , 
fl^ND = ^ ( r ) (^(*>v)J + - ^ r ) - ^ r ( x , y ) 

x 
2 d2 , . y2 d 

as we l l as 
dr2 r 3 dr 

d2 v2 d2 x2 d 

dy2 r2 dr2 r 3 dr 

and the Lap lac i an 
dxdy r2 dr2 r 3 dr 

d2 d2 \ ... ... d2 , . H M 

\ <9a:2 ch/ 2 / d r 2 r d r 
Derivat ives o f higher order or i n higher space dimensions can be c o m p u t e d s i m 

i l a r l y by a p p l y i n g the cha in ru le . For example , the generic four th -order b i h a r m o n i c 
(or double Lap lac ian) t u r n s ou t t o be 

/ d4 d4 d4 \ d 4 2 d 3 I d 2 I d 

+ 2dxW + W) ^(I'X|I) = ^ { r ) + r ^ r ) ' ^ d 7 ^ ( r ) + ^ o V ^ ( r ) -

443 
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D . 2 F o r m u l a s for S p e c i f i c B a s i c F u n c t i o n s 

T h e generic derivat ives o f the basic f u n c t i o n w i t h respect t o r i n t he previous sect ion 
need t o be replaced by the f o l l o w i n g formulas . 

D . 2 . 1 Globally Supported, Strictly Positive Definite Functions 

E x a m p l e D . l . Gaussian R B F : 

dr 

J ^ ( r ) = 2 e 2 e - ( - ) 2 ( 2 ( e r ) 2 - l ) . 

T h i s func t ion is C°° at the o r i g i n . 

E x a m p l e D . 2 . Inverse m u l t i q u a d r i c ( I M Q ) R B F : 

1 

y/l + {er)2' 
d . . e2r 

-if(r) 
dr" ' ( l + ( £ r ) 2 ) 3 / 2 ' 
d2 . . 2 2(er)2 - 1 Mr) =e2 

dr2 ( ! + ( e r ) 2 ) 5 / 2 

T h i s func t ion is C ° ° at the o r i g i n . 

E x a m p l e D . 3 . General ized I M Q R B F : 
i 

tp(r) ( l + ( e r ) 2 ) 2 ' 
d . . 4 e 2 r 
Mr) 3 ' dr ( l + (er) 2) 

d2 , , . 2 5 ( £ r ) 2 - 1 
Mr) = 4 £ 

d r 2 ^ v (1 + ( e r ) 2 ) 4 ' 

T h i s func t ion is C°° a t the o r i g i n . 

E x a m p l e D . 4 . Inverse quad ra t i c ( I Q ) R B F : 

1 
P(r) = 

( l + M 2 ) ' 
d . . 2 e 2 r 

- r ^ ( r ) 2 ' 
dr ( i + ( e r ) 2 ) 

d2 , s 0 2 3(er) 2 - 1 
dr2^K (1 + ( e r ) 2 ) 

T h i s func t ion is C°° at the o r i g i n . 

3 • 
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E x a m p l e D . 5 . Basic M a t e r n R B F : 

<p(r) — e~£r. 

T h i s func t ion is no t differentiable at t he o r i g i n . 

E x a m p l e D . 6 . L inea r M a t e r n R B F : 

(p(r) = e _ £ r ( l + e r ) , 

-^-tp(r) = —e2re~er, 
dr 

| ^ ( r ) = £ 2 e — ( e r - 1). 

T h i s func t ion is C2 at the o r i g i n , b u t n o t smoother . 

E x a m p l e D . 7 . Quadra t i c M a t e r n R B F : 

y , ( r ) = e - £ r ( 3 + 3 £ r + ( e r ) 2 ) , 

•j-<p(r) = — e 2 r e _ e r ( l +er), 
CX/ 

•j^2<p(r) = e2e~£r ((er)2 - er - l ) . 

T h i s func t ion is C 4 at the o r i g i n . 

E x a m p l e D . 8 . Cub ic M a t e r n R B F : 

cp(r) = e - £ r ( 1 5 + 15er + 6 ( e r ) 2 + ( e r ) 3 ) , 
d 

—<p(r) = -e2re~£r ((er)2 + 3er + 3) , 

^ ¥ > ( r ) = e2e~£r ((erf - 3er - 3) . 

T h i s func t ion is C 6 at the o r i g i n . 

D . 2 . 2 Globally Supported, Strictly Conditionally Positive Definite 
Functions of Order 1 

E x a m p l e D . 9 . L inear or n o r m R B F : 

(p(r) — r. 

T h i s func t ion is no t differentiable at t he o r i g i n . 

E x a m p l e D . 1 0 . M u l t i q u a d r i c ( M Q ) R B F : 

<p(r) = y/l + (er)2, 

d . . e 2 r 

dr^K y/i + ( e r ) 2 ' 

d2 , . e2 

np(r) 
dr2 (1 + ( e r ) 2 ) 3 / 2 

T h i s func t ion is C ° ° at the o r i g i n . 
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D . 2 . 3 Globally Supported, Strictly Conditionally Positive Definite 
Functions of Order 2 

E x a m p l e D . l l . Generalized M Q R B F : 

y>(r) = (1 + ( e r ) 2 ) 3 / 2 , 

4-<p(r) = 3e2ry/l + ( e r ) 2 , 
dr 
d2 . . Q 2 2 ( e r ) 2 + 1 

;(p(r) = 3e 2 

dr2 y/i + ( e r ) 2 

T h i s func t ion is C°° at the o r i g i n . 

E x a m p l e D . 1 2 . Cub ic R B F : 

<p(r) = r3, 

| „ ( r ) = 3 r 2 , 

d2 , , 
;<p{r) = 6r . dr2 

E x a m p l e D . 1 3 . T h i n p la te spline ( T P S ) R B F : 

(p(r) = r 2 l o g ( r ) , 

- ^ ( r ) = r (2 l o g ( r ) + 1 ) , 

d 2 

Mr) = 21og(r ) + 3 . dr2 

W h i l e the s ingular i t ies o f the f u n c t i o n and f irs t de r iva t ive at the o r i g i n are remov
able, the s i ngu l a r i t y o f t he second der iva t ive at t he o r i g i n is no t . 

D . 2 . 4 Globally Supported, Strictly Conditionally Positive Definite 

Functions of Order 3 

E x a m p l e D . 1 4 . General ized M Q R B F : 

^ ( r ) = ( l + ( e r ) 2 ) 5 / 2 , 

- ^ ( r ) = 5 e 2 r ( l + { e r f f 2 , dr 

J ^ ( r ) = 5eVl + ( e r ) 2 ( 4 ( e r ) 2 + l ) . 

T h i s func t ion is C ° ° at t he o r i g i n . 

E x a m p l e D . 1 5 . Q u i n t i c R B F : 

= r 5 , 

- 5 r 4 , 

d2 , x 

d r 2 ^ r ) 
= 2 0 r 3 
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E x a m p l e D . 1 6 . Second-order T P S R B F : 

(p(r) = r 4 l o g ( r ) , 

^ ^ ( r ) = r 3 (41og(r) + l ) , 

d2 

— < p ( r ) = r 2 ( 1 2 1 o g ( r ) + 7 ) . 

D . 2 . 5 Globally Supported, Strictly Conditionally Positive Definite 
Functions of Order 4 

E x a m p l e D . 1 7 . Septic R B F : 

<f(r) = r 7 , 

dMr) = 7 r 6 , dr 

£_ 
dr2 

ip(r) = 4 2 r 5 . 

D . 2 . 6 Globally Supported, Strictly Positive Definite and Oscilla
tory Functions 

E x a m p l e D . 1 8 . Linear Laguerre-Gaussian R B F for R 2 : 

y>(r) = e - ^ \ 2 - ( s r ) % 

^ip(r) = 2 e 2 r e - ^ 2 ((er)2 - 3) , 

•jj^<p(r) = - 2 e 2 e - ( e r ) 2 (2(er)4 - 9(er)2 + 3) . 

T h i s func t ion is C°° at the o r i g i n . 

E x a m p l e D . 1 9 . Quadra t i c Laguerre-Gaussian R B F for R 2 : 

¥ p ( r ) = e - ( - ) 2

( 3 _ 3 ( £ r ) 2 + l ( £ r ) 4 ) ) 

^ ( r ) = - e 2 r e - ^ 2 ((er)4 - 8(er)2 + 12) , 

~ ^ ( r ) = e 2 e ~ ^ 2 (2(erf - 21(er)4 + 4 8 ( e r ) 2 - 12) . 

T h i s func t ion is C ° ° at the o r i g i n . 

E x a m p l e D . 2 0 . Linear generalized I M Q R B F : 
2 - (er)2 

<p(r) 
( l + ( £ r ) 2 ) 4 ' 

d ( \ « 2 (er)2 - 3 •<f(r) = 6e r-
^ ( l + ( e r ) 2 ) 5 ' 

d 2

 2 7 ( g r ) 4 - 3 0 ( £ r ) 2 + 3 
——(pir\ — - 6 c —— —-~ . 
dr2^y ( l + ( e r ) 2 ) 6 

^ fk fi 
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T h i s func t ion is C°° at the o r i g i n . 

E x a m p l e D . 2 1 . Quadra t i c generalized I M Q R B F : 

3 - 6 ( e r ) 2 + (er)4 

tp(r) 
(1 + ( e r ) 2 ) 6 

d , s o 2 (er 4 - 8 (er 2 + 6 
—ip(r) = - 8 e ^ r - — - - — ' - ^ , 
d r y ( i + ( e r ) 2 ) 7 

l _ n M _ 0 / l . 2 3 ( e r ) 6 - 3 1 ( e r ) 4 + 3 4 ( e r ) 2 - 2 
d r 2 ^ r ) - 2 A £ (l + (er)2f 

D . 2 . 7 Compactly Supported, Strictly Positive Definite Functions 

E x a m p l e D . 2 2 . Wendland ' s cps^ ( s t r i c t l y posi t ive defini te i n R 3 ) : 

<p(r) = (l-er)\. 

T h i s func t i on is no t differentiable a t the o r i g i n . 

E x a m p l e D . 2 3 . Wendland ' s ipz,\ ( s t r i c t l y pos i t ive defini te i n 

tp(r) = (1 -er)\(4er + 1) , 

4-<p(r) = - 2 0 e 2 r ( l - e r ) 3 , 
dr 

d? 

•^2<p(r) = 20e 2 (4e r - 1 ) (1 - e r ) 2 . . 

T h i s func t ion is C 2 at the o r i g i n . 
E x a m p l e D . 2 4 . Wendland ' s ipz,i ( s t r i c t l y pos i t ive defini te i n 

<p{r) = (1 - er)6

+(35(er)2 + 18er + 3 ) , 

4-<p(r) = - 5 6 e 2 r ( 5 e r + 1 ) (1 - er)5,, 
dr 
d2 

:<p(r) = 56e 2 ( 3 5 ( e r ) 2 - 4er - l ) (1 - e r ) 4 . dr2 

T h i s func t ion is C4 at t he o r i g i n . 

E x a m p l e D . 2 5 . Wend land ' s (̂ 3,3 ( s t r i c t l y pos i t ive defini te i n R 3 ) 

cp(r) = (1 - er)5_(32(er) 3 + 2 5 ( e r ) 2 + 8er + 1), 

4~<p(r) = - 2 2 e 2 r ( l 6 ( e r ) 2 + 7er + l ) (1 - er)7,, 
dr 

d2 

ip(r) = Tie2 ( I 6 0 ( e r ) 3 + 1 5 ( e r ) 2 - 6er - l ) (1 - er)\. dr2 

T h i s func t ion is C 6 at t he o r i g i n 
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E x a m p l e D . 2 6 . W u ' s -03,3 ( s t r i c t l y pos i t ive defini te i n R 7 ) : 

(p(r) = (1 - er)\(5(er)3 + 20(er)2 + 29er + 16). 

T h i s func t ion is no t differentiable at the o r i g i n . 

E x a m p l e D . 2 7 . W u ' s ^2,3 ( s t r i c t l y pos i t ive defini te i n R 5 ) : 

(p(r) = (1 - er)%(5(er)4 + 25(er)3 + 48(er)2 + 40er + 8 ) , 

—<^( r ) = -9e2r ( 5 ( e r ) 3 + 2 0 ( e r ) 2 + 29er + 16) (1 - er)4, 
dr 

d2 

- ^ t p ( r ) = 18e 2 ( 2 0 ( e r ) 4 + 6 0 ( e r ) 3 + 5 7 ( e r ) 2 + Her - 8) (1 - er)3,. 
drz 

T h i s func t ion is C2 a t the o r i g i n . 

E x a m p l e D . 2 8 . W u ' s ^1,3 ( s t r i c t l y pos i t ive definite i n R 3 ) : 

(p(r) = (1 - er)%(5(er)5 + 3 0 ( e r ) 4 + 12(erf + 82{er)2 + S6er + 6 ) , 

^ip(r) = - l l e 2 r ( e r + 2) (5(er)3 + 15(er)2 + 18er + 4) (1 - er)%, 
Co/ 

rl2 

- f » ¥ ? ( r ) = 22e 2 ( 2 5 ( e r ) 5 + l O O ( e r ) 4 + 1 4 2 ( e r ) 3 + 6 8 ( e r ) 2 - 16er - 4) (1 - er)%. 
dr2 

T h i s func t ion is C 4 at the o r i g i n . 

E x a m p l e D . 2 9 . W u ' s -0n,3 ( s t r i c t l y pos i t ive definite i n R ) : 

(p(r) = (1 - er)7

+(5(er)6 + 35(er)5 + 1 0 1 ( e r ) 4 + 1 4 7 ( e r ) 3 + 1 0 1 ( e r ) 2 + 35er + 5 ) , 

4-ip(r) = -13e2r (b(er)5 + S0(er)4 + 72(er)3 + 8 2 ( e r ) 2 + 36er + 6) (1 - er)%, 
dr 

•^<p(r) = 78e 2 ( l O ( e r ) 6 + 50{er)5 + 9 5 ( e r ) 4 + 7 5 ( e r ) 3 + 7 ( e r ) 2 - her - l ) (1 - er)%. 
drz 

T h i s func t ion is C6 at the o r i g i n , b u t o n l y s t r i c t l y posi t ive defini te i n R . 

E x a m p l e D . 3 0 . Euc l id ' s ha t <pi: 

<p{r) = (l-er/2)+. 

None of the Euc l id ' s ha t funct ions are differentiable at the o r i g i n . 
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basic function, 6, 18 
basis 

bi-orthogonal, 200 
change of, 311 
dual, 200 

basis function, 3, 6 
Beppo-Levi space, 109, 129, 163, 164 

(semi-)norm, 109, 163 
Bessel function 

modified of the second kind, 41, 67 
modified of the third kind, 41 
of the first kind, 34, 39, 85, 432 

Bessel kernels, 41 
best K-tevva approximation, 293 
best approximation, 159, 163, 178, 192, 

193, 254, 300 
bi-orthogonal basis, 200, 206 
bilinear form, 106, 107, 419 
Bochner's theorem, 28, 31, 33, 65, 82 
Borel measure, 31, 32, 34, 35, 48, 50, 431 
Borel cr-algebra, 431 
boundary centers, 354, 368, 375 
boundary conditions, 390 

and boundary centers, 354 
change of, 346 
Dirichlet, 346, 348, 353, 358, 365, 378, 

381, 390-392, 394, 397, 420 
essential, 420 
for multilevel interpolation, 278 
for native space, 127 
homogeneous, 391 
implementation, 361, 372, 391, 393, 396 
mixed, 361 
natural, 419, 421, 423 
Neumann, 419 
piecewise defined, 370, 415 
time-dependent, 409 

Buhmann's functions, 93, 94, 345 

cardinal basis functions, 112, 113-115, 
151, 164, 195, 196, 199, 311 
approximate, 298, 301, 309, 310 
local approximate, 309 
polynomials, 314 

carrier, 32, 431 
centers, 6, 17, 334, 346 
change of basis, 311 
clustered data, 178, 339 
collocation, 333, 335, 388, 420, 422 

multilevel, 380 

non-symmetric, 335, 345, 353, 392 
preconditioned, 310 
symmetric, 348, 365 
with CSRBFs, 375 

collocation approach, 345 
collocation points, 346 
collocation solution, 392 
compactly supported radial basis 

functions, 15, 76, 85-101, 109, 127, 138, 
140, 149, 234, 240, 241, 251, 260, 
277-289, 345, 375-385, 421 

compactly supported strictly positive 
definite functions, 35, 42 

completely monotone functions, 14, 38, 
42, 47, 47-49, 51, 52, 73-75 
properties, 47 

computer graphics, 2, 13, 255 
condition number, 23, 135, 137, 139, 142, 

172, 273, 303-314, 343, 356, 372, 425 
conditionally positive definite functions, 

52, 63-65, 123, 162, 299 
conditionally positive definite of order m 

on W, 63, 64 
conditionally positive definite of order 

one, 60 
conditionally positive definite radial 

functions, 73-78, 81 
conditionally positive semi-definite of 

order one, 60 
constrained optimization, 165, 192, 197, 

202, 420 
containment query, 428 
continuous moment conditions, 231, 232 
Contour-Pade algorithm, 133, 151, 405 
convergence 

rate of, 99 
correction function, 230 
Coulomb potential, 44 
Courant-Fischer theorem, 76, 136 
covariance, 312 
covering radius, 22 
cross validation, 14, 146-150, 167 

leave-one-out, 146, 148, 150, 185, 401 
CSRBF, see compactly supported radial 

basis function, function 
cutoff function, 43, 88, 128 

data files, 20 
data mining, 2 
data sites, 2 
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data values, 2 
Delaunay triangulation, 294, 306, 439 
derivative matrix, see differentiation 

matrix 
derivatives 

of RBFs, 444-449 
higher-order, 407 
of Gaussian, 365 
of generic radial function, 338, 443 
of IMQ, 358, 361, 365 
of MQ, 340, 365 
of Wendland C 6 CSRBF, 375, 381 

descente, 85 
differentiation matrix, 387-391, 401-403, 

412 
higher-order, 407 

dimension walk, 85, 89, 90 
Dirichlet boundary conditions, 346, 348, 

353, 358, 365, 378, 381, 390-392, 394, 
397, 420 

Dirichlet tesselation, 306 
discrete Gauss transform, 322 
discrete moment conditions, 203, 230 
discrete moments, 229 
discrete weighted least squares, 191 
distance matrix, 2, 6 
domain decomposition, 331, 332, 350, 422 

algorithm, 332 
dual, 104, 159 
dual basis, 200, 206, 222 
dual representation, 200, 201, 206 

eigenfunctions, 107, 201 
energy split, 161, 291 
error estimate, 111-123, 125-133 

for approximate approximation, 231 
for derivatives, 123 
for fast Gauss transform, 325 
for Gaussians, 126 
for least squares approximation, 179 
for Matern functions, 126 
for MLS approximation, 226 
for multiquadrics, 125 
for radial powers, 127 
for RBF Galerkin method, 420 
for rough functions, 129, 131 
for symmetric PDE collocation, 349 
for thin plate splines, 127 
for Wendland CSRBF, 127 
generic, in terms of fill distance, 121 

generic, in terms of power function, 117 
improvements, 127 
with respect to shape parameter, 132 

essential boundary conditions, 420 
Euclid's hat, 92, 93 
Euclidean norm, 17 
evaluation matrix, 8, 20, 95, 144, 212, 214, 

223, 238, 366, 381, 389, 395 
evaluation points, 10 
exact Lp-approximation order k, 112 
exact approximation order, 132 

fast Fourier transform, 151, 245 
fast Gauss transform, 322, 325 
fast multipole method, 321 
fast tree codes, 327 
Faul-Powell algorithm, 298, 301 
feature, 159 
F F T evaluation algorithm, 245 
fill distance, 2 2 , 111 
fixed level iteration algorithm, 267 
Fourier transform, 31-33, 110, 231, 4 3 2 

fast, 151, 245 
fast inverse, for non-uniformly spaced 

points, 244 
fast, for non-uniformly spaced points, 

243, 244 
generalized, 65, 4 3 3 

of generalized MQ, 67 
of radial powers, 69 
of thin plate splines, 70 

inverse, 4 3 2 
inverse discrete, 244 
of a measure, 432 
of a radial function, 51, 85, 432 
of Gaussians, 37 
of Laguerre-Gaussians, 38 
of Matern functions, 41 
of Poisson radial functions, 40 
of truncated power functions, 43 

Fourier transform characterization, 34, 65 
Franke's function, 20 
Franke-type function, 142, 241, 246, 283 
function 

approximate cardinal, 298, 301, 309, 
310 

band-limited, 40, 110, 126 
basic, 6, 18 
basis, 3, 6 
Bessel of the first kind, 34, 39, 85, 432 
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Buhmann CSRBF, 93, 94, 345 
cardinal basis, 112, 113-115, 151, 164, 

195, 196, 199, 311 
compactly supported RBF, 15, 76, 

85-101, 109, 127, 138, 140, 149, 
234, 240, 241, 251, 260, 
277-289, 345, 375-385, 421 

completely monotone, 14, 38, 42, 47, 
47-49, 51, 52, 73-75 

conditionally positive definite, 52, 
63-65, 123, 162, 299 

conditionally positive definite and 
radial, 73-78, 81 

conditionally positive definite of order 
monK s, 63, 64 

construct strictly positive definite, 33 
correction, 230 
cutoff, 43, 88, 128 
eigen, 107 
Euclid's hat, 92, 93 
Franke's, 20 
Franke-type, 246 
fundamental positive definite, 32 
Gaussian, 17, 19, 22-24, 35, 37, 40, 49, 

52, 55, 82, 101, 110, 113, 117, 
123, 126, 130, 132, 133, 137, 
140, 148, 153, 156, 188, 211, 
243, 253, 259, 270, 296, 309, 
322, 327, 345, 356, 357, 363, 
403, 405, 412, 415 

generalized inverse multiquadric, 41, 49, 
67, 123, 138 

generalized multiquadric, 67, 74, 77, 
138 

generating, 195, 232 
Gneiting CSRBF, 91, 345 
Green's, 164 
inverse multiquadric, 37, 154, 296, 306, 

345, 353, 356, 357 
inverse quadratic, 42 
A;-times monotone, 50, 50, 51, 75, 76 
kriging, 116 
Laguerre-Gaussian, 38, 52, 123, 126, 

131, 222, 233, 237, 238, 241, 
245, 246, 269, 322 

Lebesgue, 226 
local approximate cardinal, 309 
MacDonald's, 41 
Matern, 41, 109, 123, 126, 129, 388, 410 

modified Bessel of the second kind, 41, 
67 

modified Bessel of the third kind, 41 
multiply monotone, 49-52, 75-76 
multiquadric, 13, 68, 77, 110, 113, 126, 

131-133, 139, 140, 153, 243, 288, 
306, 308, 310, 326, 339, 345, 346 

multivariate, 17 
multivariate Hermite, 322 
optimal basis, 164 
Poisson radial, 39 
polyharmonic spline, 14, 71, 129, 130, 

278, 306, 313 
positive definite, 27-35 
positive definite on Rs, 28 
positive definite radial, 33-35 
R, 350, 420 
radial, 17, 33 
radial basis, 6, 17 
radial power, 69, 74, 109, 127-129, 131, 

132, 138, 155, 278, 306 
rapidly decreasing, 433 
Shepard, 13, 205 
slowly increasing, 433 
Sobolev spline, 41, 109 
strictly conditionally positive definite of 

order monR 8, 63, 64 
strictly positive definite, 28, 32 
strictly positive definite and radial for 

all s, 34 
strictly positive definite on Rs, 28 
surface spline, 14, 70 

shifted, 131 
thin plate spline, 14, 70, 74, 109, 

127-129, 131, 132, 138, 155, 
163, 164, 167, 170, 278, 306, 
308, 310, 314, 316, 326, 437 

tri-cube, 227 
truncated power, 43, 50 
univariate, 17 
vector-valued, 2, 83 
weight, 193, 196, 199, 201, 202, 206, 

212, 214, 216, 226, 227, 229, 
230, 233, 234, 274, 285, 287 

Wendland CSRBF, 87, 87-88, 91, 92, 
98, 99, 109, 127, 129, 131, 138, 
154, 179, 211, 234, 240, 241, 
251, 253, 260, 279, 345, 375, 
388, 413, 423 

Whittaker-M, 44 
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Wu CSRBF, 89, 88-90, 345 
functional 

dual, 104 
information, 159 

functions 
generating, 197 

fundamental positive definite function, 32 

Galerkin system, 419, 421 
Gaussian, 17, 19, 22-24, 35, 37, 40, 49, 52, 

55, 82, 101, 110, 113, 117, 123, 126, 130, 
132, 133, 137, 140, 148, 153, 156, 188, 
211, 243, 253, 259, 270, 296, 309, 322, 
327, 345, 356, 357, 363, 403, 405, 412, 
415 

generalized covariance, 312 
generalized derivative, 109 
generalized Fourier transform, 65, 433 
generalized Hermite interpolation, 333, 

348, 390 
generalized interpolation conditions, 334 
generalized inverse multiquadric, 49 
generalized inverse multiquadrics, 41, 67, 

123, 138 
generalized Laguerre polynomials, 38, 233 
generalized multiquadrics, 67, 74, 77, 138 
generating functions, 195, 197 

construction of, 232 
global variable, 193 
GMRES, 309, 350 
Gneiting's functions, 91, 345 
Gram matrix, 177, 178, 194, 197, 207, 220 
greedy algorithm, 184 
greedy approximation algorithms, 293 
greedy one-point algorithm, 293 
Green's functions, 164 

Haar space, 4 
Halton points, 5, 427 
Hammersley points, 428 
Hankel inversion theorem, 41, 432 
Hankel transform, 432 
Hausdorff-Bernstein-Widder Theorem, 48 
Helmholtz equation, 411, 419, 423 
Hermite interpolation 

generalized, 333, 348, 390 
Hermite polynomials (multivariate), 322 
Hermite-based collocation, 348, 365 
high-order method, 229, 291, 419 
history of meshfree approximation, 13 

homogeneous, 278, 311, 317 
homogeneous kernel, 312, 313, 319 
homogeneous Sobolev spaces of order k, 

109 

ill-posed problem, 390 
implicit surfaces, 255 
information functional, 159 
inner points, 331 
inner product, 28, 103, 106-108, 168, 177, 

191, 192, 200 
integral characterization, 31-33 
integral operator, 50, 76, 86 
integral transforms, 432 
integrally positive definite, 107 
interaction region, 323 
interior cone condition, 120 
interpolation, 2 

generalized Hermite, 333, 348, 390 
scattered data, 2 

interpolation matrix, 3, 8, 20 
sparse, 95-98 

interpolation theorem, 49, 64, 77 
inverse Fourier transform, 244, 432 
inverse multiquadric, 37, 154, 296, 306, 

345, 353, 356, 357 
inverse quadratic, 42 
iterative refinement algorithm, 265 

Jacobi polynomials, 234 

fc-times monotone, 50, 50, 51, 75, 76 
Kansa's matrix, 346, 347, 393, 394, 
396-398 

Kansa's method, 335, 345, 353, 392 
kd-tree, 95, 98, 216, 428 
kernel 

Bessel, 41 
covariance, 312 
generalized covariance, 312 
homogeneous, 312, 313, 319 
integrally positive definite, 107 
multiscale, 278 
reproducing, 103, 103-108, 311 

kernel method, 205 
knot insertion algorithm, 181 
knot removal algorithm, 184 
kriging, 312 
kriging function, 116 
Kronecker tensor-product, 412 

i l£ST 
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Lagrange form, 112 
Lagrange multipliers, 165, 166, 197, 
200-202, 208, 209, 216, 217, 222, 420 

Laguerre-Gaussians, 38, 52, 123, 126, 131, 
222, 233, 237, 238, 241, 245, 246, 269, 
322 

Laplace transform, 48, 432 
of a measure, 433 

Laplace's equation, 415 
Laurent series, 151 
learning theory, 2, 13, 163 
least squares 

adaptive, 181, 184 
approximation, 168, 177 
discrete weighted, 191 
moving, 14, 191, 192, 194, 198, 207, 216 

properties, 198 
nonlinear, 187 
penalized, 167 
regularized, 166 
smoothing, 170 

leave-one-out cross validation, 146, 148, 
150, 185, 401 

Lebesgue constant, 120 
Lebesgue function, 226, 227, 269 
local approximate cardinal functions, 309 
local polynomial regression, 202 
local polynomial reproduction, 120 
local variable, 193 
Lp-approximation order k, 112 

m-unisolvent, 53 
MacDonald's function, 41 
Mairhuber-Curtis theorem, 3 
manifolds, 83, 255 
Maple programs, s e e program 
marching cube, 257 
Matern functions, 41, 109, 123, 126, 129, 

388, 410 
mathematical finance, 2, 13 
M A T L A B programs, see program 
matrix 

almost negative definite, 81 
augmented, 56, 59, 60, 64, 305 
conditionally positive definite of order 

one, 60 
conditionally positive semi-definite of 

order one, 60 
differentiation, 387-391, 401, 403, 412 
distance, 2, 6 

evaluation, 20, 389 
Gram, 177, 178, 194, 197, 207, 220 
higher-order differentiation, 407 
interpolation, 3, 8, 20 

sparse, 95-98 
Kansa's, 346, 347, 393, 394, 396-398 
negative definite, 60 
positive definite, 27 
positive semi-definite, 27 
stiffness, 420, 423 

measure, 431 
Borel, 31, 32, 34, 35, 48, 50, 431 
carrier, 32, 431 

Mercer's theorem, 107 
meshfree, 1, 12 
meshless, 12 
meshsize, 22 
Micchelli's theorem, 51 
minimal eigenvalue 

upper bound, 137 
for Gaussian, 137 
for generalized multiquadrics, 138 
for radial powers, 138 
for thin plate splines, 138 
for Wendland CSRBF, 138 

minimum norm interpolant, 162, 166 
mixed boundary conditions, 361 
MLS, s e e moving least squares 
modified Bessel function of the second 

kind, 41 
modified Bessel function of the third kind, 

41 
moment conditions, 203 

and approximation order, 230, 232 
continuous, 231, 232 
discrete, 203, 230 

moments, 207, 323, 328 
discrete, 229 

montee, 85 
moving least squares approximation, 14, 

191, 207, 216 
Backus-Gilbert approach, 194 
equivalence of formulations, 198 
iterated approximate, 270 
properties, 198 
standard interpretation, 192 

multigrid algorithm, 332 
multilevel Galerkin algorithm, 421 
multilevel interpolation, 277 
multiplicative Schwarz, 331 
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multiply monotone functions, 49-52, 
75-76 

multiquadric, 13, 68, 77, 110, 113, 126, 
131-133, 139, 140, 153, 243, 288, 306, 
308, 310, 326, 339, 345 

multiquadric method, 346 
multiscale kernels, 278 
multivariate, 17 
multivariate Hermite functions, 322 

native space, 103, 105, 106 
native space norm, 119, 166, 278 
native space semi-norm, 123 
natural boundary conditions, 419, 421, 

423 
nearest neighbor, 227, 298, 310, 323, 428 
negative definite, 60 
nested multilevel Galerkin algorithm, 421 
neural networks, 2, 13, 172 
NFFT, see Fourier transform 
noisy data, 14, 165, 170-175, 212 
non-stationary approximation, 22, 99-101, 

126, 128, 131, 139, 140, 153-155, 211, 
267, 378, 421 

non-symmetric method, 345 
non-symmetric pseudospectral method, 

391 
non-uniform sampling, 2 
nonlinear least squares, 187 
nonlinear reaction-diffusion equation, 409 
norm, 17 

basic function, 156, 313 
equivalence, 293 
Euclidean, 17 
native space, 119, 166, 278 
Sobolev space, 109 
weighted, 191 

(p-)norm distance matrix, 8 
(semi-) norm 

Beppo-Levi space, 109, 163 
norm invariance, 18 
normal equations, 177, 192, 194 

off-surface points, 255 
operator 

descente, 85 
differential, 86 
discrete differential, 398 
for radial functions, 85 
integral, 50, 76, 86 

montee, 85 
turning bands, 91 

optimal basis functions, 164 
optimal recovery, 159, 165 
optimality properties, 160 
optimality theorem I, 162 
optimality theorem II, 163 
optimality theorem III, 164 
optimization, 2 

constrained, 165, 192, 197, 420 
constrained quadratic, 202 

orthogonal projection, 163 
oscillatory strictly positive definite 

functions, 35 
overlapping domains, 331 

p-norms, 79-82 
packing radius, 136 
partial differential equation 

Allen-Cahn, 409 
elliptic with variable coefficients, 358 
Helmholtz, 411, 419, 423 
Laplace, 415 
linear elliptic, 346, 390 
nonlinear reaction diffusion, 409 
solution of, 1 
transport equation, 387, 403, 405 

partition of unity, 206, 229, 249 
patch test, 55 
PDE, see partial differential equation 
penalized least squares, 167 
piecewise defined boundary conditions, 

370 
piecewise linear spline, 5 
plane wave, 325 
point cloud data, 255 
point cloud modeling, 257, 260 
Poisson problem, 353, 361, 365, 378, 381 
Poisson radial functions, 39 
polyharmonic splines, 14, 71, 129, 130, 

278, 306, 313 
polynomial 

(multivariate) Hermite, 322 
generalized Laguerre, 38, 233 
Jacobi, 234 

polynomial precision, 119 
polynomial reproduction, 55-59, 64, 195, 

203, 207, 216, 305 
local, 120 

positive definite function, 27-35 
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criterion to check, 33 
properties, 29 

positive definite matrix, 27 
positive definite on M.s, 28 
positive definite radial function, 33-35 
positive semi-definite matrix, 27 
power function, 115, 116, 119, 121, 128, 

139, 143 
preconditioned conjugate gradient, 98, 
303, 309, 379 

preconditioning, 303-313 
program 
ApproxMLSApproxlD.m, 239 
CostEpsilon.m, 150 
CostEpsilonDRBF.m, 402 
D2RBF.m, 409 
DifferenceMatrix.m, 342 
DistanceMatrix.m, 7 
DistanceMatrixCSRBF.m, 96 
DistanceMatrixFit.m, 8 
DRBF.m, 402 
HermiteLaplace_2D.m, 366 
HermiteLaplace_2D_CSRBF.m, 376 
HermiteLaplaceMixedBCTref_2D.m, 

370 
IteratedJVILSApproxApprox2D.m, 271 
KansaEllipticVC_2D.m, 358 
kansaLaplace_2D.m, 355 
kansaLaplaceMixedBC_2D.m, 361 
LinearMLS2D_CS.m, 219 
LinearMLS2D_GramSolve.m, 220 
LinearScaling2D_CS.m, 217 
LOOCV2D.m, 147 
LOOCV2Dmin.m, 150 
LRBF.m, 414 
MakeSDGrid.m, 436 
ML_CSRBF3D.m, 279 
MLJrIermiteLaplaceCSRBF2D.m, 381 
MLSDualBases.mws, 440 
pl7.m, 412 
pl7_2D.m, 414 
p35.m, 409 
PlotError2D.m, 437 
PlotErrorSlices.m, 439 
Plotlsosurf.m, 438 
PlotSlices.m, 438 
PlotSurf.m, 437 
PointCloud2D.m, 257 
PointCloud3D_PUCS.m, 261 
Powerfunction2D.m, 144 

PU2D_CS.m, 251 
RBFApproximation2D.m, 169 
RBFApproximation2Dlinear.m, 171 
RBFCardinalFunction.m, 114 
RBFGalerkin2D.m, 424 
RBFGreedyOnePoint2D.m, 294 
RBFHermite_2D.m, 341 
RBFInterpolation2D.m, 21 
RBFInterpolation2Dlinear.m, 56 
RBFInterpolation2DtpsH.m, 317 
RBFKnotInsert2D.m, 182 
RBFKnotRemove2D.m, 185 
Shepard2D.m, 212 
Shepard_CS.m, 215 
sinc.m, 435 
testfunction.m, 435 
Thin.m, 439 
tps.m, 437 
TPS_RidgeRegression2D.m, 173 
tpsK.m, 314 
TransportDRBF.m, 403 

properties of positive definite functions, 29 
pseudospectral method 

non-symmetric, 391 
symmetric, 394 

quadratic form, 27, 165 
quasi-interpolant, 194, 201, 206, 208, 225, 
229, 230, 267, 322 
evaluation of, 243, 327 
optimal, 164 

.R-functions, 350, 420 
radial, 33 
radial basis function, 6, 17 
radial function, 17 
radial powers, 69, 74, 109, 127-129, 131, 

132, 138, 155, 278, 306 
range search, 428 
rapidly decreasing test functions, 433 
rate of convergence, 99 
ray tracing, 257 
Rayleigh quotient, 136 
RBF, see radial basis function, function 
reaction-diffusion equation, 409 
regression 

local, 212, 227 
local polynomial, 202 
ridge, 167 
rigde, 257 

' ^ ^ ^ ^ ^ 
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regression spline, 170 
regularization, 390 
regularization theory, 167 
reproducing kernel, 103, 106-108, 311 

for conditionally positive definite basic 
function, 311 

properties, 104 
reproducing kernel Hilbert space, 103, 

103-105, 107 
residual iteration, 268 
ridge regression, 167, 257 
RKHS, see reproducing kernel Hilbert 

space, 103 
RMS-error, see root-mean-square error 
root-mean-square error, 10 

sampling theory, 13, 110, 164 
saturation, 130, 156, 237, 240, 246, 385 
saturation error, 231 
scattered data interpolation, 2 
scattered data modeling, 1 
Schoenberg-Menger Theorem, 81 
Schwartz space, 433 
(semi-)norm 

Beppo-Levi space, 109, 163 
Shannon sampling theorem, 110 
shape parameter, 17, 37 

choice of, 141-150 
convergence with respect to, 132-133 

shape parameter free, 69 
Shepard function, 13, 205 
Shepard's method, 205, 211 

high-order, 229 
iterated, 274 

shifted surface splines, 131 
cr-algebra, 431 
slowly increasing functions, 433 
smoothing, 167, 211, 240, 257, 297, 308, 

385 
of noisy data, 170-175 

smoothing splines, 167 
Sobolev space, 108, 128, 130-132, 179, 228 
homogeneous of order fc, 109 
norm, 109 

Sobolev splines, 41, 109 
sources, 323 
sparse approximation, 293 
special point, 317 
special points, 310, 313 

spectral approximation order, 126, 153, 
288 

spline 
B-, 92, 93 
piecewise linear, 5 
polyharmonic, 14, 71, 129, 130, 278, 

306, 313 
regression, 170 
shifted surface, 131 
smoothing, 167 
Sobolev, 41, 109 
surface, 14, 70 
thin plate, 14, 70, 74, 109, 127-129, 

131, 132, 138, 155, 163, 164, 
167, 170, 278, 306, 308, 310, 
314, 316, 326, 437 

web-, 350, 420 
spread, 195 
stability, 23, 131, 135-140, 193, 303, 331, 

347, 350 
stationary approximation, 22, 99-101, 

130-132, 140, 155-157, 211, 216, 227, 
237, 277, 279, 378, 421 

stationary multilevel collocation 
algorithm, 380 

stationary multilevel interpolation 
algorithm, 277 

stiffness matrix, 420, 423 
strictly conditionally positive definite 

function 
Fourier transform characterization, 65 

strictly conditionally positive definite of 
order rnonl5, 63, 64 

strictly positive definite and radial for all 
s, 34, 49 
Schoenberg's characterization, 35 

strictly positive definite function, 28, 32 
compactly supported, 35, 42 
Fourier transform characterization, 34 
oscillatory, 35, 39, 90 

strictly positive definite on Rs, 28 
strong form solution, 345 
super-spectral approximation order, 126, 

153 
surface reconstruction algorithm, 256 
surface splines, 14, 70 
symmetric formulation, 335 
symmetric pseudospectral method, 394 

targets, 323 

I 
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Taylor expansion, 119, 120, 193, 226, 323, 
327-331 

theorem 
Bochner, 28, 31, 33, 65, 82 
Courant-Fischer, 76, 136 
Hankel inversion, 41, 432 
Hausdorff-Bernstein-Widder, 48 
interpolation, 49, 64, 77 
Mairhuber-Curtis, 3 
Mercer, 107 
Micchelli, 51 
optimality I, 162 
optimality II, 163 
optimality III, 164 
Schoenberg-Menger, 81 
Shannon Sampling, 110 
Williamson, 50 
zeros, 128 

thin plate spline, 308 
thin plate splines, 14, 70, 74, 109, 

127-129, 131, 132, 138, 155, 163, 164, 
167, 170, 278, 306, 310, 314, 316, 326, 
437 

thinning algorithm, 187, 282, 439 
time-dependent boundary conditions, 409 
trade-off principle, 24, 100, 138-140, 277 
translation invariant, 29, 106 
transport equation, 387, 403, 405 
tree codes, 325 

tri-cube, 227 
trial and error, 142 
truncated power functions, 43, 50 
turning bands operator, 91 

uncertainty principle, 24, 139, 277 
univariate, 17 
upper bound for A m i n , 137 

van der Corput sequence, 427 
vector-valued functions, 2, 83 
Voronoi diagram, 306 

web-spline, 350, 420 
weight functions, 193, 196, 199, 201, 202, 

206, 212, 214, 216, 226, 227, 229, 230, 
233, 234, 274, 285, 287 

weighted norm, 191 
well-posed, 3 
Wendland CSRBF, 87, 87-88, 91, 92, 98, 

99, 109, 127, 129, 131, 138, 154, 179, 
211, 234, 240, 241, 251, 253, 260, 279, 
345, 375, 388, 413, 423 

Whittaker-M function, 44 
Williamson's theorem, 50 
Wu CSRBF, 89, 88-90, 345 

zeros theorem, 128 


