Section 3.2

Solutions Chapter 3

SECTION 3.2

3.2.6 (www)

Assume that the matrix

VZ,L(z*,\*) Vh(x*)
7= ( Vh(x*) 0 )
is invertible, but the sufficiency conditions do not hold for z* and A*. Since z* and A* satisfy
the first and the second order necessary conditions of Prop. 3.2.1, this implies that there is a
vector g # 0 such that Vh(z*)'y = 0 and §'V2, L(x*, \*)§ = 0. Hence, § minimizes the quadratic
function y’' V2, L(z*, \*)y over all y with VA(z*)'y = 0. Thus V2, L(z*, \*)g = 0, and we have

VZ,L(x*,\*) Vh(x*) i o
Coner 0 ) ()0

which contradict the invertibility of J.

For the reverse assertion, assume that z* and A\* satisfy the second order sufficiency condi-

tions of Prop. 3.2.1. Let § € R and zZ € R™ be vectors such that
]
J =0.
z

V2zL(x*, \*)y + Vh(z*)z = 0, (1)

Consequently

Vh(z*)'y = 0. (2)
Pre-multiplying Eq. (1) by g and using Eq. (2), we obtain
yViaL(z*, A*)g = 0.

In view of Eq. (2), it follows that § = 0, for otherwise the second order sufficiency condition
would be violated. Then Eq. (1) yields Vh(z*)z = 0. Since a* is a regular point, we must have

Z = 0. Hence, J is invertible.
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We have

V2p(u) = =VA(u).
To calculate VA(u), we differentiate the relation
Vf(z(w) + Vh(z(uw))A(uw) = 0.

We have

/

Va(u) V. L(z(u), A(w)) + VA)Vh(z(w)) = 0.
We also have Va(u)Vh(z(u)) = I, from which we obtain for all ¢ € R

ch(u)Vh(m(u))Vh(x(u))/ = th(x(u))l.
By adding the last two equations, we see that
Vi (u) (V2 L(z(w), M(u)) + eVh(z(u)) Vh(z(u))) + (VAu) — cl)h(z(w) = 0.
From this, we obtain, for every ¢ for which the inverse below exists,

-1
Va(u) + (VA(u) — cI)h(w(u))l (v%IL(JJ(U)7 AMu)) + th(x(u))Vh(x(u))/> =0.

Multiplying with VA (z(u)) and using the equations Vz(u)Vh(z(uv)) = I and V2p(u) = —VA(u),

we see that

V2p(u) = (Vh(w(u)),(V?u;L(x(u), Au)) + th(x(u))Vh(x(u))l)_1Vh(x(u)))_ —cl.

SECTION 3.3
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(a) Let d € F(z*) be arbitrary. Then there exists a sequence {d*} C F(z*) such that d* — d.

For each d*, we have
* k) _ *
V f(aeyd = lim L0 I,

a—0 (0%

* k *
Since x* is a constrained local minimum, we have M > 0 for all sufficiently small «

(for which x* 4+ adF is feasible), and thus V f(z*)’d* > 0. Hence
Vf(x*)d = klim Vf(z*)'dk >0
as desired.

(b) If z* is a constrained local minimum, we have from part (a)
Vfi(z*)'d >0 Vdwith Vg;(z*)’d <0, Vje& A(z*).
According to Farkas’ lemma, this is true if and only if there exists p* such that

~Vi@a) = Y wVet), w20

JEA(z*)
Setting pf = 0 for j & A(z*), we have the desired result.

(c) We want to show that F(z*) = V(2*), where V (z*) is the cone of first order feasible variations
given by
V(z*)={d|Vgj(z*)d <0,V j € A(z*)}.

First, let’s show that under any of the conditions (1)—(4), we have F(x*) C V(z*). By

Mean Value Theorem, for each j € A(x*) and for any d € F'(z*) there is some € € [0, 1] such that
gi(z* + ad) = g;(z*) + aVg;(z* + ead)'d.

Because gj(z* + ad) < 0 for all @ € [0,a] and g;(z*) = 0 for all j € A(z*), we obtain for all
j € Alz*)

lirrb Vgj(z* + ead)'d <0,

a—

which by continuity of each Vg; implies that
Vg;(xz*)'d <0, V5 e A(z*),

so that d € V(x*). Therefore F(x*) C V(x*) and F(a*) C V(2*) [because V (z*) is closed].

3
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Now we need to show that V(x*) C F(z*) for each of the parts (1) through (4).

(1) Let gj(x) = bz + ¢; for all j, where b; are vectors and c; are scalars. Let d € V(2*). We
have

gi(z* + ad) = b (z* + ad) + ¢; = gj(z*) + abld.

If j € A(z~), then by the definition of V' (z*) we have b’d = Vg;(x*)'d <0, so that g;(z* +ad) <
gj(z*) =0 for all a > 0. If j & A(2*) and bd <0, then g;(z* + ad) < gj(z*) <0 for any a >0
[because this constraint is not tight at *]. If j ¢ A(z*) and b;d > 0, then g;(z* + ad) < 0 for all
a < &;, where a; = —g;(2*)/(a’;d) [here we use g;(2*) < 0]. Therefore we have g;(z* + ad) <0

for all j and all o < @&, where
a=min{a; | j € A(z*), vid > 0}.

Thus d € F(x*) and consequently V (z*) C F(x*) [since V(z*) is closed].

(2) Let d € V(2*) and let d be such that
Vg;(z*)'d < 0, YV j e A(x*).

Define dy = yd + (1 — 7)d. By using the Mean Value Theorem, for each j there is some ¢ € [0, 1]
such that

gi(a* + ady) = gj(z*) + aVg;(z* + eady)'dy
= gj(2*) + ayVg;j(a* + ead,)'d + a(1 — v)Vg;j(x* + ead,)'d.

Let v be fixed. If j & A(x*), then by using the fact g;(z*) < 0 it can be seen that for all

sufficiently small oz we have
gj(x* + ady) <0, Vg & A(z*).
If j € A(z*), then by continuity of Vg; we have for all sufficiently small «
Vgj(z* + ead,)'d < 0.
This combined with the fact d € V(2*) implies that for all sufficiently small o
gj(x* + ady) <0, Y j e Alx*).

Therefore, for a fixed ~, there exists a sufficiently small & such that g;(z* + ad,) < 0 for all j
and a € (0,a]. Thus dy € F(z*) for all vy and

lim d, =d € F(x*).
7—0

4
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(3) Since g; is convex, we have for every j € A(z*)
9j(x*) + Vg (z*)' (T — z*) < g;(7) <0.

By defining d = T — 2* and by using g;(z*) = 0 for all j € A(z*), from the preceding relation we
obtain
Vygi(xz*)d <0, vV je A(z*),
and the result follows from part (2).
(4) Let B be a matrix with rows consisting of Vg;(x*)’ for j € A(z*). Since these gradients are

linearly independent, B has full row rank, so that the square matrix BB’ is invertible and the

matrix B, = B/(BB’)~! is well-defined. Let

-1

Multiplying both sides of this equation with B, we obtain
-1
Bd=1| : |,
-1
which is equivalent to

Vgj(xz*)'d = —1, V5 e A(z*).
The result now follows from part (2).

(d) For this problem we can easily see that the point z* = (0,0) is a constrained local minimum.

We have
0 0
V¢1(0,0) = . and Vg2(0,0) = "

Note that both constraints are active at z* = (0,0), i.e., A(z*) = {1,2}. Evidently g; and g2 are
not linear, so the condition (c1) does not hold. Furthermore, there is no vector d = (di, d2)’ such
that

Vg1(0,0)d =d2 <0 and Vg2(0,0)d = —d2 < 0.

Hence, the condition (c2) is violated. If the condition (c3) holds, then as seen in proof of
part (c3) the condition (c¢2) also holds, which is a contradiction. Therefore, at x* = (0,0) the
condition (¢3) does not hold. The vectors Vgi1(0,0) and Vg2(0,0) are linearly dependent since
Vg1(0,0) = —Vg2(0,0), so the condition (c4) is also violated.

)
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Let scalars po > 0, p1 > 0, and g2 > 0 be such that

oV f(z*) + mVagi(z*) + p2Vge(z*) = 0,

() () )= 60)

It follows that po = 0, i.e., there is no Lagrange multiplier.

or equivalently

(e) Note that {z | h(z) = 0} = {z | [|h(z)||2 < 0}, so that z* is also a local minimum for
the modified problem. The modified problem has a single constraint gi(z) = ||h(z)||?, which
is active at x*. Since g1 is not linear, the condition (c1) does not hold. Because Vgi(z*) =
2Vh(z*)h(z*) = 0, the conditions (c2) and (c4) are violated at z*. If g1 is convex and the
condition (c3) holds, then as seen in the proof of (c3), the condition (c2) also holds, which is a

contradiction. Hence, at z* each of the conditions (1)—(4) of part (c) is violated. From
poV fz*) + iV (z*) =0

and Vgi(z*) = 0, it follows that p{V f(2*) = 0, and since V f(z*) # 0, we must have p§ = 0,

i.e., there is no Lagrange multiplier.

3.3.6 (www)

Assume that there exist x € R and p € R™ such that conditions (i) and (ii) hold, i.e.,

aix <0, Vi=1,...,m, (1)
> pwiai=0, p#0, p=>0, (2)
i1

where a} are row vectors of the matrix A. Without loss of generality, we may assume that pq > 0.

By pre-multiplying Eq. (1) with p; > 0 and summing the obtained inequalities over i, we have

m
Z,uiagx < piajx < 0.
i=1

On other hand, from Eq. (2) we obtain

m
S e =0,
=1

which is a contradiction. Hence, conditions (i) and (ii) cannot hold simultaneously.
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The proof will be complete if we can show that conditions (i) and (ii) cannot fail to hold

simultaneously. Indeed, if condition (i) fails to hold, the minimax problem

minimize max{ajz,...,amx}

subject to z € R

has 0 as its solution. Hence by Prop. 3.3.10, there exists a u > 0 with > ", y1; = 1 such that
St wiai = 0, or A’z = 0. Thus condition (ii) holds, and it follows that the conditions (i) and

(ii) cannot fail to hold simultaneously.

3.3.7 (www)

Assume, to obtain a contradiction, that the conclusion does not hold, so that there is a sequence
{z*} such that zF — x*, and for all k, 2%k # z*, h(z*) = 0, and f(zF) < f(z*)+ (1/k)||zF — 2*||2.
Let us write ¥ = x* + §kyk where

rk — p*

5k = ||zk — 2* e

The sequence {y*} is bounded and lies on the surface of the unit sphere, so it must have a
subsequence converging to some y with ||y|| = 1. Without loss of generality, we assume that the

whole sequence {y*¥} converges to y.
By taking the limit as ¥ — 0 in the relations

flax + 0ky¥) — f(a*) o(d%)

1
ot — )| > = VI +

ok ok
hi(xk) — hi(z* hi(x* + 0kyk) — hy(x*) o(0k)
0= 5 ) = 5k = Vhi(x*)’y’“ + 5
o2 B l) e ) i) Gy, o)

we see that
Vf(xz*)y <0, Vh(z*)y=0, i=1,...,m, Vgj(z*)y <0, V5 € A(z*).
Let us now show that
Vgj(z*)'y =0,  VjeAt(z*), (1)

where

At(z*) ={j | pj >0},
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so that we can conclude based on the hypothesis that
y'VazL(z*, A*)y > 0. (2)

Indeed, we have V,L(x*, A*, u*) = 0 or equivalently

V @)+ NVhi(z )+ > piVg(ar) =0.

i=1 JEAT (¥)
By taking inner product of this relation with y and by using the equation Vh,;(z*)'y = 0, we

obtain

Vi@ )y+ Y wiVg(at)y=0.

JEAT (2*)
Since all the terms in the above equation have been shown to be nonpositive, they must all be

equal to 0, showing that Eq. (1) holds.

We will now show that y'V2,L(z*, \*)y < 0, thus coming to a contradiction [cf. Eq. (2)].
Since zF = x* + §kyk by the mean value theorem [Prop. A.23(b) in Appendix A], we have

! k 2 k k 1ok (0%)? K/N72 £(£k)q b
Hlak — a2 > fa) — f(a2) = 09 @y + vz pi@m, 3)
0= hi(e¥) — hi(er) = 59 mi(a )yt + C @y, =1 m @
LI |
02 g4 - g,a") = Vs eyt + Clprvg @ jeaw). @)

where all the vectors 5’@7 Ef , and ff lie on the line segment joining z* and z*. Multiplying Eqs.
(4) and (5) by Af and p}, respectively, adding them and adding Eq. (3) to them, we obtain
!
1 m
gk —ar|[2 > 68 | Vi(ar) + Y N Vhi(a)+ Y wVg(a) | gk
i=1 JEA(z*)

(0h)2

5 Yk’ VZf(ék)JrZA;‘V?hi(Ef)Jr > wrvzg(Eh) | k.

=1 JEA(z)

+

Since 6% = [|z% — || and Vf(2*) + 3770, ArVhi(z*) + 37 4oy 45 Vg (2*) = 0, we obtain

%>y’“' sz(f’“)+z>\2‘vzhi(5f)+ > wrvrg(Eh) |y,

i=1 JEA(z*)

By taking the limit as k — oo,

0>y [ V2f(2*)+ D NV2hi(a*) + Y wiV2g;(a) | v,

=1 JEA(x*)

thus arriving at the desired contradiction.
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(a) Consider a problem where there are two identical equality constraints [h1(z) = ha(x) for all
x], and assume that 2* is a local minimum such that Vhq(z*) # 0. Then, V f(z*)+AVhi(2z*) =0
for some A. Take a scalar v > 0 such that A+~ > 0 and let A} = A+ v and Ay = —v. Then we
have

Vf(x*) + XNiVhi(az*) + XsVha(z*) =0,

but since A} and A have different signs, there is no x such that simultaneously we have Afhi(z) >
0 and Ajha(z) > 0. Thus A} and A} violate the last Fritz John condition. As an alternative
example, consider the following inequality constrained problem

minimize 1 + x2

subject to g1(x1,22) = (21)2 —x2 <0, ga(z1,22) = —(21)2 + 22 <0.
Then z* = (0,0) is a local minimum with A(z*) = {1,2}, and p§ = pui = pi = 1 satisfy

Karush-Kun-Tucker conditions, namely
V£(0,0) + Vgi1(0,0) + Vg2(0,0) = 0.

However, there is no point (z1,z2) such that ¢gi(z1,z2) > 0 and go(x1,x2) > 0, i.e., the Fritz

John condition (iv) does not hold.

(b) For simplicity, assume that all the constraints are inequalities (equality constraints can be
handled by conversion to two inequalities). If V f(z*) = 0, we can take p; = 0 for all j, and we
are done. Assume that V f(x*) # 0 and consider the index subsets J C A(z*) such that V f(x*)
is a positive combination of the gradients Vg;(z*), j € J, and among all such subsets, let J*

have a minimal number of elements. Without loss of generality, let J* = {1,..., s}, so we have
Vf(@*) + mVar(z*) + -+ psVgs(z*) =0,

where p; >0for j=1,...,s.

We claim that Vgi(z*),..., Vgs(z*) are linearly independent. Indeed, if this were not so,

we would have for some a1, ..., as, not all zero,
a1V (z*) + - -+ asVgs(z*) =0

so that
Vi(x*) + (p +ya1)Vai(z*) + - + (s + yas)Vgs(z*) = 0,

9
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for all scalars . Thus, we can find v such that p; +~ya; > 0 for all j and p5+yo; =0 for at least
one index j € {1,...,r}. This contradicts the hypothesis that the index set J* has a minimal
number of elements.
Thus Vgi(z*),...,Vgs(xz*) are linearly independent, so that we can find a vector h such
that
Vgi(z*)h=---=Vgs(z*)h=1.

Consider vectors of the form

x = x* + vh,

where 7 is a positive scalar. By Taylor’s theorem, for sufficiently small 7, we have g;(x*+~h) > 0
and hence also pjgj(z* +~vh) > 0 for all j = 1,...,s. Thus, the scalars pj, j = 1,..., s, together
with p; =0 for j =s+1,...,r, satisfy all the Fritz John conditions with po = 1.

3.3.11 (www)

From the given conditions, it follows that

> wivg(ar) =0, (1)

JEA(z*)

where pf, ..., uy are Lagrange multipliers satisfying the Fritz John conditions. Since the functions

g;(x) are convex over ", for any j € A(z*) and any feasible vector 2 we have
0> gj(z) —gj(z*) > Vg;(z*) (v — x*).
Therefore
w59 (x) > i (gj(x*) + Vgj(z*) (x — 2*))
= w;Vgj(x*) (x —x*), VjeAlr*).
This and Eq. (1) imply

Z pigi(x) >0, for all feasible z.
jeA(z*)

On the other hand, for all feasible x we have Eje Aa*) ;95 (z) < 0. Therefore

S wigim) = > wigi(z) =0

JEA™), u3>0 JEA(*)

for all feasible z. This is possible only if g;(z) = 0 for all feasible z and j € A(x*) with p} > 0.

Since not all uj are equal to zero, there is at least one index j with pj > 0.

10
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It is straightforward that the given condition is implied by the condition (iv) of Prop. 3.3.5.

To show the reverse, we replace each equality constraint h;(z) = 0 with the two constraints
hi(z) < 0 and —h;(z) < 0, and we apply the version of the Fritz John conditions given in the
exercise. Let A\ and \; be the multipliers corresponding to the constraints h;(z) < 0 and

—hi(x) <0, respectively. Thus in any neighborhood N of z* there is a vector x such that
hi(z) > 0, for all 4 with A >0, (1)

—h;(x) > 0, for all ¢ with A; >0, 2)
gi(z) >0, for all j with u} > 0.

Evidently pfgj(x) > 0 for all j with pf > 0. Since A} = AT — A7, if A # 0 then either
AF > A7 =0 (corresponds to ¥ > 0) or A\, > A = 0 (corresponds to A} < 0). In either case,

from Egs. (1) and (2) we have that
Afhi(x) > 0, for all ¢ with A} #0.

Hence the Fritz John condition (iv), as given in Prop. 3.3.5, holds.

3.3.13 (www)

First, let us point out some important properties of a convex function that will be used in the

proof.

Convexity of f over " implies that f is continuous over R" and the set 0 f(z) of subgra-

dients of f at x is nonempty for all z € R" (see Prop. B.24 of Appendix B).

If f is convex over ", while G is continuously differentiable over ", then if a point y* is
an unconstrained local minimum of f(z)+ G(z), we have if 0 € 9f (y*) + VG(y*) (see Prop. B.24
of Appendix B).

(a) Let z* be a local minimum of f and S = {z | ||z — 2*|| < €}, where ¢ > 0 is such that
f(z) = f(x*) for all feasible x with z € S. As in the proof of Prop. 3.1.1 (Sec. 3.1.1), for each
k > 1 we consider the penalized problem

m T

minimize Fk(z) = f(2) + £ Y (n(e)? + 5 3 (g (@) + g lle — 27|

subject to x € S.

11
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Similar to Sec. 3.1.1, we conclude that the solution z* for the above problem exists and (using
the continuity of f, hs, g;r) that 2% — 2* as k — oo. Therefore, there is an index k such that x*

is an interior point of S for all k > k. For such k, we have 0 € 9Fk(x*), or equivalently

S+ D EEVR(h) + 37 (Vg ) + (ot —a7) =0,

i=1 j=1
for some s* € df (z*) and £ = kh;(a*), ¢F = kg;-r(xk).

Following the lines of the proof of Prop. 3.3.5, we obtain

m T 1
uEsk + ZAthi(sck) + Z,u?ng(:Ek) + —k(wk —z*) =0,

. ‘ 0

i=1 Jj=1
for all k > k., where

k 1 k ; k Jk
N():d_k, )\175_2,1@’ Zi]—v s 1L, ,ujzé_ka 3:17 , Ty
and
SF= 1+ ()2 +> (¢h2
i=1 j=1

Since %k — z* with sk € 9f(z*) for all k, from Prop. B.24 and the boundedness of the se-
quence {uf, Ay, ... N5, b, ... puk} we see that there are a vector s* € df(x*) and a limit point

(g, AT, ooy N, i, - -+, 1) such that

Hps™+ D N Vhi(a®) + ) p5Vgi(a7) = 0, (1)
i=1 j=1

If u* = 0, then the vector

=Y NVhi(at) = > p5 Vi)
i=1 j=1

is equal to zero. Otherwise, we can set puf = 1 in (1), which shows that the above vector is a
subgradient of f at z*. Thus, condition (i) of the exercise is satisfied. The rest of the proof is

the same as that of Prop. 3.3.5.

(b) The proof is similar to the one of Prop. 3.3.7.

(b) Assume that Vh;(z*) are linearly independent, and that there is a vector d such that
Vhi(z*)'d =0, Vi=1,...,m, Vyg;(xz*)'d <0, YV j e A(x*).

If pg = 0in (1), then using the same argument as in proof of Prop. 3.3.8 we arrive at contradiction.

Under the Slater condition, the proof that pg # 0 is the same as in Prop. 3.3.9.

12
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The problem can be formulated as follows
minimize 72
subject to ||z —y;||2<r2, j=1,...,p, z€R",
which is equivalent to the unconstrained minimax problem
minimize max {||lx — 1|2, ..., ||z — ypl||?}
subject to z € Rn.

According to Prop. 3.3.10, the Lagrange multiplier conditions are

(i) 22?:1 M;(QT* — yj) =0.

(il) p* >0, b =1

(iii) For all j =1,...,p, if p; >0, then

lz* =yl = max{[|lz —y1|[%, ..., [l = wp[ P}

where z* is optimal solution for the minimax problem and p* is the corresponding Lagrange

multiplier.

Note that the cost function is continuous and coercive, so that the optimal solution always
exists. Furthermore, the cost function is convex and the given conditions are also sufficient for

optimality. By combining (i) and (ii) we have

p p
wr=Y iy Yy owi=1, wp>0, Vj,
j=1 j=1

i.e., x* is a convex combination of the given points y1,...,yp. For p = 3, when y1, y2,y3 do not

lie on the same line, we have the following geometric solution:

(1) All constraints are active, so z* is at equal distance from all three points. Then x* is the
center of the circle circumscribed around the triangle of the three points. In this case z* must lie
within the triangle and is a positive combination of the y;, the coefficients being the multipliers.
This corresponds to the case when the triangle is not obtuse.

(2) Only two of the constraints are active, in which case x* lies on the line connecting the
two points. This occurs when the triangle formed by the given points is obtuse. Then x* is the
midpoint of the longest side of the triangle. If y; is not the end point of the longest side, then
1j = 0. The other two Lagrange multipliers are both positive.

13
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Now consider the degenerate case when the three points lie on the same line. We can assume
that ys3 lies between y; and y2. Then the optimal point x* is the midpoint of the segment joining

y1 and y2. The Lagrange multipliers pj and p3 are positive, while 3 = 0.

3.3.15 (www)

a) Le e a sequence of points in T'(x) for some z € X. Assume tha — y as k — oo.
Let {y*} b q f points in T'(x) fi X A that y* — y as k

The definition of the tangent cone implies that for every y* there is a sequence {zF} C X \ {z}

such that
oF —x yk )
¥ — x, and i’ — T as i 0o
g — =l [ly*]l
For k. =1,2,..., choose an index iy such that 75 > ip_1 > ... >4 and
k
1 Ty, — & yk 1
||[zF — || < = and k - < =
* 2" g, ==l lly*[l|| 2%

ki

Evidently {:Efk} C X\ {z}, and xfk — x as k — oo. Also, we have that H * A

I3
Tt
It =l ~ v

as k — oo. This together with the fact that y* — gy, and

k k
Tig ~T Y S +H vy
— . )
[z, — Il [yl llaef, =l [ly¥] ly*Il Iyl
implies
lim || —e—— — Yo,
koo || ||z — 2l lyll

which by the definition of T'(x) means that y € T'(z). Thus, T'(z) is closed.

(b) Let F(x) and F(x) denote, respectively, the set of feasible directions at x and its closure.
First, we will prove that F () C T(x) holds, regardless of whether X is convex. Let d € F(x).
Then there is an @ > 0 such that x+ad € X for all @ € [0, @]. Choose any sequence {a*} C (0, @]

with a# — 0 as k — oo. Define z¥ = z + o*d. Evidently 2% € X \ {z}, and Hii—:i” = H%:ll\l
converges to ﬁ. Hence d € T(z). It follows that F(x) C T(x), and since T'(z) is closed, we

have F(x) C T(z).

Next, we prove that T'(z) C F(z). Let y € T(x) and {z*} C X \ {z} be such that
zk —x Yy

_ = 7 4+ gk’
[|lz% =[] [yl

where £ — 0 as k — oo. Since X is a convex set, the direction z* — x is feasible at z for all k.

Therefore, the direction dé = s 2 llyll = y+£&F||y]| is feasible at x for all k, i.e., {d¥} C F(x).

IRIELE
Since
Jimdk = lim (y+&F[lyl]) = v,

we have y € F(x). Consequently 7'(x) C F(x). This completes the proof.

14
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3.3.16 (www)

Let = be any vector in X. We will show that T'(x) = V(z). We have, in general T'(z) C V(z)
(see e.g., the proof of Prop. 3.3.17), so we focus on showing that V(z) C T'(z). Let y € V (), so

that we have
Vygi(x)y <0, VY jeAlx).
Let a* be a positive sequence with a* — 0, and let
rk =z + aky.
For all j € A(x) we have g;(x) = 0, and using the concavity of g;, we obtain
i (z*) < gj(x) + akVg;(z)'y < 0.

It follows that for k sufficiently large, z* is feasible. Since
zk —x Y

zh -z T =
N e 71

it follows that y € T'(x), so that V(z) C T(x).

3.3.17 (www)

Let y be a vector such that Vg;(xz*)'y < 0 for all j € A(z*). By continuity of Vg;(z) (as a
function of z and j), there exist a neighborhood N of 2* and a neighborhood A of A(z*) (relative
to J) such that

Vygj(x)y<0, YaxeN, VjeA (1)

Furthermore, the neighborhood N can be chosen so that
gi(x) <0, VaeN, VjeJ\A (2)
Since N is open and x* € N, we can find a scalar @ > 0 so that x*+ay € N whenever 0 < a < a.

For any o with 0 < @ <@ and j € A, by the mean value theorem and feasibility of z*, we have
gj(a* + ay) = g; (&) + aVg;(a* + bay)'y < aV,(e* + fay)y, (3)
for some 0 € (0,1). Since z* 4+ fay € N and j € A, from Egs. (1) and (3) we obtain
gi(z* +ay) <0, VjeA Vae(01].
For any o with 0 < o < @ the point 2* + ay belongs to N, which together with Eq. (2) implies
gi(z* +ay) <0, VjeJ\A, Vaec(0,1]
The last two inequalities show that y is a feasible direction of X at z*. In the solution to part (b)

of Exercise 3.3.15, it is shown that the set of feasible directions at x* is a subset of the tangent

cone at x*, regardless of the structure of the set X.

15
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3.3.18 (www)

Assume that we have shown the validity of the Mangasarian-Fromovitz constraint qualification
for the problem without equality constraints, i.e., for a local minimum z*, there exist Lagrange

multipliers under the condition that there is a vector d such that
Vg;(xz*)'d <0, YV j e A(x*). (1)

Now, consider the problem with equality and inequality constraints. Assume that there is

a vector d such that
Vhi(z*)'d =0, Vi=1,...,m,

(2)
Vg;i(z*)'d <0, YV je A(z*).
Since the vectors Vhi(z*), ..., Vhy,(x*) are linearly independent, by reordering the coordinates

of x if necessary, we can partition the vector x as x = (2, zr) such that the submatrix Vgh(z*)

(the gradient matrix of h with respect to ) is invertible. The equation
h(CCB, SUR) =0

has the solution (7, x%,), and the implicit function theorem (Prop. A.25 of Appendix A) can be
used to express zp in terms of xg via a unique continuously differentiable function ¢ : .S — ™
defined over a sphere S centered at x7},. In particular, we have 2, = ¢(a%,), h(é(zgr),zr) =0

for all zp € S, and
Vé(xr) = —Vrh(¢(xr),vr) (Veh(d(zr),7r) ", Var€s, (3)

where Vrh is the gradient matrix of h with respect to zr. Observe that x% is a local minimum

of the problem
min F(xpR)
(4)
subject to Gj(zr) <0, j=1,...,7,
where F(zr) = f (¢(zr),2zr), Gj(zr) = gj (¢(xr),zr). Note that this problem has no equality

constraints. From (2) we have
Vh(z*)'d = Vph(z*)'dg + Vrh(z*)'dr =0,

and
Vy;(z*)'d = Vpg;(z*)'ds + Vryg;(z*)'dr <0, (5)
for all j € A(xz*). Since Vph(z*)’ is invertible, from the first relation above we obtain
~1
dp = = (Veh(6(27),23)")  Veh(8(zR),v%) dr,

16
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which in view of Eq. (3) is equivalent to
dp = Vo(z3,) dr.
Substituting this in Eq. (5), we obtain
Vi ($(z}), 23) Vo(ah) dr + Vrg; (9(z3),23) dr <0,
which is equivalent to
VGj(x3,)d <0, YV j e A(x*).
This means that the Mangasarian-Fromovitz constraint qualification is satisfied for problem (4),

so there are Lagrange multipliers u7, ..., uy such that

0=VF(x})+ Y wiVG(ay) = Vo(a})Vaf(a*) + Vrf(z*)

=1

+ D15 (Vi) Vg, (@) + Vagi(z+)
j=1

. (6)
= Vé(ey) | Vaf(@*)+ Y 1 Veg(@*) | + Vrf(z*)

j=1
+ > 5V Rrgj ().
j=1
Define
B"=Vpgh ((b('r*R)u l‘}‘;{) , R'=Vgh ((ZS(.Z‘E), ‘TE)
and

Ne=—B'H | Vpfa®) + ) u;Vsg;(a)
j=1

Then from Eq. (3) we see that V¢(z%) = —R/B’~!, which combined with Eq. (6) implies
Vrf(@*) + R+ ptVeg;(z*) =0.

=1

The definition of A* implies ]
Vi fa) + B+ 3 i Vg (a) = 0

j=1

Since Vh(z*)' = (B’, R'), the last two equalities are equivalent to
V() + Vhar YA + 3 V) = 0
j=1
which shows that the Lagrange multipliers exist. ]
The proof of the existence of the Lagrange multipliers under the Slater constraint qualifica-

tion is straightforward from the preceding analysis by noting that the vector d = T — z* satisfies

the Mangasarian-Fromovitz constraint qualification.

17
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3.3.19 (www)

For simplicity we assume that there are no equality constraints; the subsequent proof can be
easily extended to the case whether there are some inequality constraints. To show that the
Mangasarian-Fromovitz constraint qualification implies boundedness of the set of Lagrange mul-

tipliers, follow the given hint.

Conversely, if the set of Lagrange multipliers is bounded, there cannot exist a p # 0 with
# > 0 and ZjeA(I*) 1;Vgj(z*) = 0, since adding yu, for any v > 0, to a Lagrange multiplier
gives another Lagrange multiplier. Hence by the theorem of the alternative of Exercise 3.3.6,

there must exist a d such that Vg;(z*)'d < 0 for all j € A(z*).

3.3.20 (www)

‘We have

<4x§> sin (%) — o} cos (%) ) if 21 # 0,

0
if Tl = 0,
-1

and it can be seen that Vh; and Vhe are everywhere continuous. Thus, for A\; =1, Ao = 1, we
have

)\1Vh1(0) + )\QVhQ(O) =0.

On the other hand, it can be seen that arbitrarily closely to z* = (0,0), there exists an x such
that hq(z) > 0 and ha(x) > 0. Thus 2* is not quasinormal, although it is seen (most easily, by a

graphical argument) that z* is quasiregular.

3.3.21 (Www)

(a) Without loss of generality, we assume that there are no equality constraints and that all
inequality constraints are active at z*. Based on the definition of quasinormality, it is easy
to verify that x* is a quasinormal vector of X if it is a quasinormal vector of X. Conversely,
suppose that z* is a quasinormal vector of X, but not a quasinormal vector of X. Then there
exist Lagrange multipliers pui, ..., u, that satisfy the Fritz John conditions with po = 0 and

py >0 for some j € J (for otherwise, x* would not be a quasinormal vector of X). From the

18
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definition of the set J it follows that there is a vector y € V(z*) such that Vgz(z*)'y < 0. By
multiplying the relation

> V() =0
j=1

with y, we obtain
.
0="> 1;Vgj(@)y < psVgs(z*)y <0,
j=1

which is a contradiction. Hence, z* is a quasinormal vector in X.

(b) Clearly, if * is a quasiregular vector of X, then it is a quasiregular vector of X. To prove the
converse, we follow the given hint. Assume that z* is a quasiregular vector of X. Then evidently
V(z*) € V(z*) = T(z*), where V(z*) and T(z*) denote, respectively, the cone of first order
feasible variations and the tangent cone of X at z*. To complete the proof, we need to show that
V(z*) € T(z*). Let y € V(z*)\ {0} be arbitrary. Since y € T(x*), there is a sequence {z+} C X
such that =¥ # x* for all k& and

xk — * y

xk — * — — .
B (et | 7]

From the first order Taylor’s expansion we have

i 9@ —gi(@*) . Vgi(er)(ah —ar)  Vg,(at)y
MmO e el
koo ||z — x| koo [k — 2] [lyll

for all j. This implies g;(z*) < 0 for all j € J and all sufficiently large k. Therefore x* € X for all
k sufficiently large, and consequently ¥ is in the tangent cone of X at z*. Hence V (z*) C T(x*),

which is equivalent to quasiregularity of z* with respect to the set X.

(¢) The given statement follows from parts (a) and (b).

3.3.22 (www)

Without loss of generality, we can assume that there are no equality constraints (every equality
constraint h;(z) = 0 can be replaced by two inequalities h;(z*) < 0 and —h;(2*) < 0 with h;(z)
and —h;(z) being linear, and therefore concave). Since x* is a local minimum, there exist a scalar
o and Lagrange multipliers A1, ..., Am, i1, . - ., tr satisfying the Fritz John conditions. Assume
that po = 0. Then
-
> Vi) = Y uVg(a*) =0. (1)
j=1

JEA(z*)

19
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Multiplying this equation by d, we obtain

> wVgi(*)d=0. (2)

JEA(z*)

If pj, > 0 for some jo € A(z*) \ J, then

D Vg (@) d < o Vgjo (*)'d < 0,
JEA(z*)
which is a contradiction to Eq. (2). Therefore for all jo € A(x*) \ J we must have p; = 0. Then
from Eq. (1) we have

> piVgi(z*) =0. (3)

jeJ
Now we use the same line of argument as in the proof of Prop. 3.3.6 in order to arrive at a

contradiction. In particular, since g; is concave for every j € J, we have
9i(x) < gj(z*) + Vg () (x — %), Vje

By multiplying this inequality with p; and adding over j € J, we obtain

/
D pigi(@) <> pigi(@) + [ D> wiVei(ar) | (@ —ar) =0, (4)
JjeJ jEJ jeJ

where the last equality follows from Eq. (3) and the fact that p;g;(x*) = 0 for all j [by the Fritz

John condition (iv)]. On the other hand, we know that there is some j € J for which p; > 0 and

an x satisfying g;(2) > 0 for all j with p; > 0. For this z, we have >, ; p1;9;(2) > 0, which

contradicts Eq. (4). Thus, we can take po = 1 so that x* satisfies the necessary conditions of

Prop. 3.3.7.

SECTION 3.4

3.4.3 (www)

Let’s first consider

P in dr <— bu. (D
(P) pin, ¢ g nax b (D)
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The dual problem to (P) is

n

m m
pegatn = s g 35 (0~ S )+ B

Jj=1

If ¢; — 0" piaij # 0, then g(p) = —oco. Thus the dual problem is

m
maxZuibi
i=1
m
ZuiaijZCj, j=1...,n
=1
>0,

To find the dual of (D), note that (D) is equivalent to
min  —Vp,

Ap=c,u>0

and so the dual problem is

= 1 — by — !
irel%%p(x) mgx}gfo (Az —b)'p — dzx}.
If alx — b; < 0 for any 4, then p(xz) = —oco. Thus the dual of (D) is
max —c’x or mincx

subject to A’z > b.

The Lagrangian optimality condition for (P) is

m / m
I* = argmxin { (c — Zujcu) T+ Zu;‘bl} ,

i=1 i=1

from which we determine the complementary slackness conditions for (P):
Ap =c.
The Lagrangian optimality condition for (D) is
p* = arg min{(Ax* — b)'u — c'z*},
n=>0

from which we determine the complementary slackness conditions for (D):

Az* —b >0,
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(Az* —b)ipuf =0, Vi

Next, consider

(P) min  dx <= max_Wu. (D)
Alz>b,x>0 Ap<e,n>0

The dual problem to (P) is

n

m m
) = 1 2 ( 2 H) Qb
1= 1=

Jj=1

If ¢; — >, piaij <0, then g(p) = —oo. Thus the dual problem is
max Z wibs
i=1
m

Zuiaijﬁ(}j, j=1...,n
i=1
> 0.
To find the dual of (D), note that (D) is equivalent to
Y
Apgenzo 0
and so the dual problem is
= inf {(Az —b)'n — 'z}
maxp(x) = max inf {(Az — b)'p — '}
If alx — b; < 0 for any 4, then p(z) = —oo. Thus the dual of (D) is
max —c/x or minc'x

subject to A’x > b,z >0

The Lagrangian optimality condition for (P) is

m / m
x* :argrglgg{(c—zlujai) a?—i-;/ﬁbi}y
i= i=

from which we determine the complementary slackness conditions for (P):

(g—Zu;aij) xr=0, 23>0, Vj=1,...n,
=1

m
C—Zu;‘ai >0, Vi
i=1
The Lagrangian optimality condition for (D) is

p* = argmin{(Az* — b)'u — c/x*},
n>0

from which we determine the complementary slackness conditions for (D):

Axr*—b>0,

(Az* —b)iuf =0, Vi

22
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3.4.4 (www)

(a) Let A; be a Lagrange multiplier associated with the constraint Y .-, z;; = 3;, and let v; be

a Lagrange multiplier associated with the constraint Z;.Lzl x;j = a;. Define
X =Aa]zy; >0, Vij}

The Lagrangian function is
m n n m
L(:C,l/7 )\) = Zaijmij —|—ZVZ' o — foij +Z>\j (,BJ — Z$¢j>
ij i=1 j=1 j=1 i=1

m n
=Y (ayj —vi = \aij + ) _viai + ) Aif.
i) i=1 j=1

The dual function is

q(v,\) = Zlg)f(L(x,V, A) =

Z;’;l vy + Z;—lzl AiBi ifai; —vi —A; >0 for all 4, 4,
—00 otherwise.

An alternative dual function is obtained by assigning a Lagrange multiplier \; to each
constraint 27;1 235 = (5, and lumping the remaining inequality constraints within the abstract

set constraint. Thus,

X =A{z] inj =aq;, ®i;j >0, Vi, j}.

j=1

The Lagrangian function is
L(:E7 )\) = Zaijxij + Z)\j (ﬁj — qu)
i, j=1 i=1
=D (Dot = Mg | + D Nibi
i=1 \j=1 j=1

Then the dual function is

q(\) = in}f{ L(xz,\)

e

= Z)‘Jﬁ] + zlg)f(z (aij — Aj)zi
Jj=1 i=1 j=1

- ZlAJﬂj + Z; dnf (aij = Ao,
i= i=

and the dual problem is
maximize ¢(\)

subject to A € Rn.
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(b) & (c) The Lagrange multiplier A; can be interpreted as the price p;. So if the transportation

problem has an optimal solution x*, then its dual also has an optimal solution, say p*, and
)= _aizy;,
(2%
ie.,

ZZQ@-&-Z mm (aij — p}la; = Za” ;. (1)

Since x* is primal feasible, we have

n n m
* Q. __ * *
ijﬂﬂ = ij Z%
j=1 j=1  i=1

and by combining this with Eq. (1), we obtain

Z min {ay; —pitai =Y _(ay —pi)a. (2)

— 1<j<n i
By the feasibility of z*, we have 2?21 z}; = «a; for all 4, and from Eq. (2) it follows that
Z(a” p;— mm {a” pj})xjj =0.
2%

Since all the terms in the summation above are nonnegative, we must have

(aij P 12“2 {ai; — pﬂ) zi; =0, Vi, .

Therefore if zj; > 0, then
pj = min {aix — pi.},

which can be equivalently expressed as

%
“ _ q;; = max —a
p; YT Zk<n {Pk — @i}

Since p* is arbitrary, this property holds for every dual optimal solution p*.

3.4.5 (Duality and Zero Sum Games) (www)

Consider the linear program

min ¢,
Ce>Alx

n
Zi:l z;=1,2;2>0
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whose optimal value is equal to mingex max,cz 2’ Az. Introduce dual variables z € R™ and
¢ € R, corresponding to the constraints A’z — (e < 0 and 2?21 x; = 1, respectively. The dual

function is

|
5
£,

T R A

¢ 1—2,2]- +a/(Az —Ee) + &

Jj=1

{§ ifzgnzlzjzl,fe—Ang,

—oo  otherwise.

Il
5
=8

Thus the dual problem, which is to maximize ¢(z,£) subject to z > 0 and £ € R, is equivalent to

the linear program

£,

max
Ee<Az, zeZ

whose optimal value is equal to max,cz mingcx z/Az.
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