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CHAPTER 1

INTRODUCTION

The seminal papers of Black and Scholes [8] and Merton [39] provided the first analytical
formula for pricing European options, termed the Black-Scholes model. Since then a vast
amount of research has been dedicated to improving the imperfections of the Black-Scholes
model. Two assumptions postulated by the Black-Scholes model have come under much
scrutiny, namely the assumption of normality for the log-returns and the homoskedastic
volatility. Empirical studies have shown that the Black-Scholes model cannot deal with
the volatility clustering and leptokurtosis observed in asset prices. It is widely accepted
that the distribution of log-returns is skewed, peaked around the mean and heavy tailed
(see Anderson, et al. [3], Bollen and Inder [9], Carr, Geman, Madan and Yor [13] and
Cont [16]). Another critical point in the Black-Scholes framework is the requirement that
continuous trading be possible.

A Quantile-Quantile plot (Q-Q plot) of residuals, which are assumed to be standard
normal random variates from our fitted model are plotted in Figure 1.1. The deviation

from normality is easily seen in the left tail in this Q-Q plot.

In the late eighties and early nineties the use of Lévy processes was proposed to relax
the assumption of lognormal asset returns. Among these proposed Lévy processes are the
variance gamma process of Madan and Seneta [35], the normal inverse Gaussian process

of Barndorff-Nielson [4], the Meixner process of Schoutens [48] and the CGMY process

1
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Figure 1.1: Q-Q plot of S&P 500 residuals.

of Carr, et al. [13]. Although these models provide adequate fits, one still had the

assumption of homoskedastic volatility.

Numerous authors have dealt with heteroskedastic volatility models and discrete time

processes in order to achieve a more realistic model.

The framework for the discrete time approach was provided by Rubinstein [44] and
Brennan [12|. Rubinstein and Brennan introduced us to the Risk Neutral Valuation
Relationship (RNVR). Rubinstein and Brennan assumed that all investors have the same
characteristics as a representative investor and it is assumed that constant proportional

risk aversion is exhibited by the representative investor.

Two important classes of volatility models are the continuous time stochastic volatility
models and the generalised autoregressive conditional heteroskedastic (GARCH) models.
A wide range of continuous time stochastic volatility models have been proposed. These
include the jump diffusion model of Merton [40] and the bivariate diffusion models of Hull
and White [32] and Heston [29]. Barndorff-Nielsen and Shephard [6] proposed the use of

Ornstein-Uhlenbeck (OU) processes, driven by Lévy processes, to model volatility. These
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models are generally referred to as BNS models. A different procedure for incorporating
stochastic volatility through the randomisation of time was proposed by Clark [15]. These
models are referred to as time change models. Clark considered geometric Brownian mo-
tion subordinated by an independent Lévy subordinator (nonnegative nondecreasing Lévy
process) for the stock price process. In Geman, Madan and Yor [25] the subordination or

time change of Lévy processes was considered.

Engle [23] introduced the Auto-regressive Conditional Heteroskedastic (ARCH) pro-
cess. The ARCH process was generalised by Bollerslev [10] and aptly named the Gen-
eralised Auto-regressive Conditional Heteroskedastic (GARCH) process. Since its intro-
duction, the GARCH process has gained prominence for modeling financial time series.
Many variants of the GARCH process have since been proposed, most notably the non-
linear asymmetric GARCH (NGARCH) process of Engle and Ng [24] which incorporates
a leverage effect. The leverage effect refers to the negative correlation that exists between
the asset return innovations and volatility innovations. The ability of the GARCH(1,1)
process in modeling volatility was documented by Hansen and Lunde [28]. They com-
pared over three hundred time series models and were unable to find conclusive evidence

that the GARCH(1,1) model is outperformed by any of them.

Duan [21] provided the first rigorous theoretical foundation for option pricing us-
ing this powerful econometric model. Duan’s model provided a connection between the
heteroskedastic volatility approach and the discrete time approach. Duan proposed a
GARCH process with Gaussian innovations for the volatility process. However, a more
general form of the RNVR was required. Duan introduced us to the Locally Risk Neutral
Valuation Relationship (LRNVR). The generalisation of the RNVR incorporated the con-
dition that the conditional variances of the log-returns remain unchanged under a change

from the real world measure to the risk neutral measure. Heston and Nandi [30] proposed
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a GARCH option pricing model (Hereafter, HN-GARCH) with a closed form solution for
European options. Their model incorporated a very specific GARCH like process for the
stochastic volatility. The HN-GARCH model contains a diffusion approximation equiva-
lent to the diffusion model introduced by Heston [29]. Hence, Heston’s stochastic volatility
model is a continuous time limit of the HN-GARCH model. Although the HN-GARCH
model obtains a closed form solution, an empirical comparison was performed by Hsieh
and Ritchken [31] showing the HN-GARCH model is outperformed by a variant of Duan’s
GARCH model . The variant of Duan’s GARCH model incorporated an NGARCH pro-
cess for the stochastic volatility, thereby incorporating a leverage effect. However both

models were capable of explaining the maturity and strike bias in the Black-Scholes model.

The main drawback to the GARCH process and Duan’s GARCH model in volatility
estimation and option pricing is the assumption of normality. Numerous papers in the
volatility estimation literature deal with this assumption. These include Bollerslev [11],
Barndorff-Nielsen [5] and Griebenow [26]. Recently, more general distributions have been
proposed in an attempt to relax the assumption of normality in the GARCH option pric-
ing literature. Duan, Ritchken and Sun [22] included jumps in the Duan model through
a compound Poisson process (Poisson random sum of Gaussian random variables). Menn
and Rachev [37], [38] proposed a-stable and smoothly truncated stable distributions.
Other models proposed include modified tempered stable distributions (Kim, Rachev and
Chung [33]) and Student-t and Paretian distributions (Curto, Pinto and Tavares [19]).
Kim, Rachev and Chung [33] and Menn and Rachev [37] perform out-of-sample predic-
tions using the maximum likelihood estimates from asset prices. Menn and Rachev [3§]
also perform in-sample calibrations in addition to the same out-of-sample predictions per-
formed in the other two papers ([33], [37]). The empirical results in the three papers ([33],

[37] and [38]) are very encouraging. Duan’s GARCH model is regularly outperformed in
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the modeling of asset returns and the pricing of European options.

In this dissertation we attempt to relax the assumption of normality by incorporat-
ing infinitely divisible distributions, specifically the normal inverse Gaussian (NIG) and
Meixner distributions, for the random innovations. These distributions have semi-heavy
tails and can be skewed. Semi-heavy tails refers to the instance when the tails of a dis-
tribution are heavier than those of a Gaussian distribution but lighter than those of the
non-Gaussian stable laws. The NIG and Meixner distributions provide much more flexi-
bility through their three characterizing parameters. However, the incorporation of these
distributions provides an additional restriction on the volatility process. This restriction
is introduced in Chapter 6 and we will discuss the impact of this restriction in the empir-

ical analysis in Chapter 7. We will term these models Lévy GARCH models.

The remainder of the dissertation is set out as follows: In Chapter 2 we introduce
Duan’s Gaussian GARCH option pricing model, the LRNVR and the risk-neutral GARCH
model. In Chapter 3 we define the concept of Lévy processes and discusses their main
properties. We define the NIG and Meixner distributions in Chapter 4 and Chapter 5
respectively. We discuss the properties of these distributions and describe methods of
generating random numbers from these distributions. In Chapter 5 we formulate a new
algorithm for generating Meixner random numbers using the rejection method (see Ross
[43], p. 66). In Chapter 6 we formulate the Lévy GARCH model and more specifically
the NIG-GARCH and Meixner-GARCH models. Their respective risk neutral versions
are also introduced. In Chapter 7 we discuss matters regarding parameter estimation,
goodness of fit and the calibration of option prices. This chapter is concluded with a

presentation of results based on the data obtained from the S&P 500 and S&P 100.



CHAPTER 2
Tae GARCH MODEL

2.1 INTRODUCTION

Since the GARCH process of Bollerslev [10] was introduced, it has gained prominence for
modeling financial time series. Duan [21] provided the first rigorous theoretical foundation
for option pricing using this powerful econometric model. Due to the complex nature of
the GARCH process, Duan [21] developed his GARCH option pricing model by extending
the conventional risk neutralization in Rubinstein [44] and Brennan [12]. He called it the

locally risk-neutral valuation relationship (LRNVR) (see Definition 2.3.1).

2.2 THE MODEL

Duan [21] proposed the following model for the stock price process,

1
St = Stht exp (T’At — §ht -+ )\\/h_t+ \/h—t€t> (21)

where S; denotes the stock price at time ¢ and Sy is known. At is the time unit (i.e. one
minute, one day, etc.). The sequence (€ )en consist of independent and identically dis-
tributed standard normal random variables, i.e. € LN (0,1) YVt € N. X is a positive real
constant and denotes the market price of risk. r is the constant continuously compounded
risk free interest rate. h, is the conditional variance (squared stochastic volatility) process

which follows a GARCH(1,1) process (see Bollerslev [10]),

hesar = ag+ athe; + Bihy (2.2)

6
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where oy, o and 37 are non-negative and oy + [3; is assumed to be less than one to ensure

covariance stationarity of the sequence.

i i i i i i i i i
0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1

Figure 2.1: Simulated stock price path.

14

1.2 1|

0.8 —

0.6 i

0.4 ml

0.2

Figure 2.2: The variance path
which drives the stock price path in Figure 2.1.

Figures 2.1 and 2.2 plot a single realization of the GARCH model (equations 2.1 and
2.2). The parameter values are given by (g, ay, 81, A) = (1.524x107°,0.188,0.716,0.007),

So = 100 and r = 0.

This GARCH model has two distinctive features. Firstly, in contrast to the general

diffusion type models, which are Markovian, the GARCH model is non-Markovian with
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regards to the filtration generated by ¢;. Secondly, the GARCH model contrasts with
standard preference-free option pricing, since the GARCH option price is a function of

the risk premium embedded into the underlying asset.

Remark. If the coefficients a; and (3; are zero. Then the GARCH model (equations
(2.1) and (2.2)) reduces to the Black-Scholes discrete time model (see Black and Scholes
[8] and Merton [39]). Hence, this includes the homoskedastic lognormal Black-Scholes

model as a special case of the GARCH model.

2.3 THE RIisKk NEUTRAL MODEL

The model proposed in the previous section can not be applied to option pricing as it is
not risk-neutral. We must therefore find the risk-neutral model. Before this is done, we

first introduce Duan’s [21] locally risk-neutral valuation relationship.

Definition 2.3.1 A pricing measure Q is said to satisfy the locally risk-neutral valu-
ation relationship (LRNV R) if the measures Q and P are mutually absolutely continuous

and measure Q must also satisfy the following requirements:
(i) The following equation must hold for all 0 <t <T
E%e™"S, | Fi.] = e " S},
i.e. the discounted stock price process must be a Q-martingale.

(ii) The conditional variances of the logarithmic returns are unaffected by the change of

)

measure.

VAR® (Iog > tg“

t

.7:t> = VAR (log Strat
St
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Duan extended the conventional risk-neutral valuation relationship in the aspect of
variances, condition (ii). Under the LRNVR | the one-period ahead conditional variance,

is invariant with respect to a change to the risk-neutral measure.

Lemma 2.3.2 Define the stock price dynamics under measure Q as

1
St = St—At exXp (TAt — §ht + \/Egt) s (23)

where & = €.+ A is a sequence of independent and identically distributed random variables
whose distribution under Q equals that of €, under measure P, namely N(0,1). Note that
& 9 N (X, 1) under measure P. Then the conditional variance process, hy, under measure

Q has the following form,
hine = o+ athy(§ — N)? + Buhy (2.4)

and then this stock price process satisfies the locally risk-neutral valuation relationship.
See Appendix 2.A.1 for the proof of this result.

In general, the conditional variance process is altered under an equivalent change of mea-
sure. Under the LRNVR the admissible equivalent measures are restricted to those under
which the conditional variance of the log-returns remains unchanged. The squared volatil-
ity process, under the LRNVR, is not being driven by a chi-squared random variable &?

but by a noncentral chi-squared random variable (& — \)2.

The GARCH process, after local risk-neutralization, is characterized by the following

properties:

Theorem 2.3.3 Under the risk-neutral measure Q, if |A\| < /(1 — a1 — B1)/au, then

(i) The stationary variance of hi&; equals 1—(1+:\l—20)oq—ﬁl
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(i) VR, is leptokurtic.

(i) COVe(husan &) = s

Proof: See Appendix 2.A.2.

Under the original measure P, the stationary variance of the GARCH return process

aQ

is
l—a1—p1

and the conditional variance, under measure P, is uncorrelated with the lagged
asset return (see Bollerslev [10]). Theorem 2.3.3(i), shows that the stationary variance
is increased under local risk neutralization, since A > 0. We also see that, under local
risk neutralization, the conditional variance is negatively correlated with the lagged asset

return.

Note that the unconditional variance or any conditional variance beyond one period
is not invariant under a change in equivalent pricing measures. Thus, although the risk
premium has been locally risk-neutralized under measure Q, the latter measure still in-
fluences the conditional variance globally. In other words, local risk neutralization and

global risk neutralization are not equivalent.

Due to the nature of European options (see Section 7.2), their pricing requires aggre-
gating single period asset returns to obtain a random terminal asset price at some future
date. We see that the terminal asset price of the GARCH model, Sr, can be expressed

in terms of the initial asset price, Sy, by

St = Sp exp [TT =33 hiae+ > Vhia iAt:| ; (2.5)

where i = 1,2,...,n and nAt = T. This follows directly from equation (2.3).
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2.A  APPENDIX

2.A.1 PROOF OF LEMMA 2.3.2

To show this result holds, we must prove that the price dynamics defined by equations

(2.3) and (2.4), satisty the LRNVR conditions.
(i) Using the measurability of h; with respect to F;_a¢, we get
ECle S| Find = Ee S arexp(rAt — Lhy + /&) | Fioad)

1
G_T(t_At)_2htSt—AtEQ [eXp (\/h_tft) |~7:t—At]

1 1
— e—T(t—At)— 3 ht St_At€2 ht
—r(t—At
e ( )Stht-
Hence, S; is a Q-martingale.

(ii) To avoid any ambiguity, we will write h; in equations (2.2) and (2.4) as h; and h}

respectively.

t—At

S
VARC (1 t
( %S

Fin) = VAR (rAt = 4hi 4 VRGIF )
- VARQ<\/hf§t|}}_N>
_ VAR@(m@H)mN)

_ (2.6)

where the third equality follows from setting & = ¢, + A. Similarly,

VARF (log S
St—At

]-‘t_m) — VAR? (mt +A/h— Lh + \/Eetm_m)
= h VAR (¢)| Fi_ny)

— h (2.7)
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2.A.2 PROOF THEOREM 2.3.3

Before we prove the result, the following Lemma will play an important role.
Lemma 2.A.1 Let h; be defined as in equation (2.4). Then

VAR®[Vh&] = E%hel]

= E%n,. (2.8)
Proof:

VARY[/Rg&] = EQhe?] — {EQy/ M)}
= E%h EYE2|Fad] — {EYVR EQ& | Fad]}?
————— —————

=1 =0

= EQh.

(i) For the variance of a process {X;, t > 0} to be stationary we require that
VARQ[X,] = VARY[X,] Vit#s. (2.9)
Now, using Lemma 2.A.1

VAR V&) = E%h]
= E%ao + arhu—ni(&-n, — A)* + Bilu—nd]
= ap+ B hiai(&ar — N2 + BE Rl
= g+ B h_ne (€2 o, — 26— ah + AD)] + BIEChy_ad]
= ap+ B hadB[EE a — 20— ar + N Fioad]] + BIE hiad]
= ag+ o (1+ A)EQh_a,] + LIEYh_ad

= o +ao(l+ /\2)VARQ[\/ hi—natéi—nt] + 51VARQ[V hi—nt&i—nat)-
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Now, setting
VAR®[\/hy_ary-ad] = VARC[\/hyg)
and solving for VAR?[v/A.&,] yields
VAR?[\/hegy] = o . 2.10
[\/_tgt] 1 . (1 + /\2>O(1 . 61 ( )
Since VARQ[\/A,&] > 0, it follows that
1—(1+M)a; — 6 >0, (2.11)
which implies
A2 =0y
aq
. I s e
a1 :
(ii) For v/h:&; to be leptokurtic we require that
E%[h7el] > 3{E [h&7]}>. (2.12)
Now,
EVniel] = EC[ERE|Finad]
= EQ[th[é‘f]}}_N]]
= 3E[h? (2.13)
because &, conditional upon F;_ay, is N(0, 1) under Q. Furthermore,
{EC &Y = 3{E[E[h&|Fiad]}?
= 3{EYNE[E|Fad]}?
= 3{E%n]}% (2.14)
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Therefore

EC[hier] — 3{E® (&)}
= 3[E%[hY] — {E¥[d}’]

= 3VARY[A,] > 0. (2.15)

(iii) Since EQ[¢] = EQ[¢£}] = 0, we have

COVe(hesar &) = Ehaé]
= E9(ag + arhe(& — N)? + Bih)&]
= E%ao& + arhe (€2 — 202 + A28 + Bilu&y]
= EQIE[E} — 202 + N2 Fiadll

= —20,\Eh,).



CHAPTER 3

LEVY PROCESSES

3.1 INTRODUCTION

Lévy processes are aptly named after French mathematician Paul Lévy (1886-1971), one of
the founding fathers of probability theory and the modern theory of stochastic processes.
Lévy made substantial contributions to the study of infinitely divisible laws and pioneered
the study of processes with independent and stationary increments, now known as Lévy
processes (see Loeve [34]).

The Wiener process and the Poisson process are fundamental examples of Lévy pro-
cesses. All Lévy processes are superpositions of a Wiener process and a number of inde-
pendent Poisson processes.

More recently, the use of infinitely divisible distributions in modeling financial time
series has been proposed. Madan and Senata [35] introduced the variance gamma dis-
tribution as a model for stock returns. Other distributions introduced to model stock
returns include the normal inverse Gaussian distribution by Barndorff-Nielson [4] and the

Meixner distribution by Schoutens and Teugels [51].

3.2 DEFINITION AND PROPERTIES

Definition 3.2.1 (Lévy Process) A cadlag stochastic process (Xi)i>o on (Q2,F,P) with
values in R such that Xo = 0, is called a Lévy processes if it possesses the following

properties:

15
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(1) (Xi)e>0 has independent increments: Xy — X, is independent of Fs for all0 < s < t,

where F¢ is the history of the process up to time s.

(ii) (Xi)i=o0 has stationary increments: X; — X has the same distribution as X;_s for

all0 < s < t.
(iii) (Xi)i>o0 is stochastically continuous (continuous in probability):

limp, o P(| Xy1n — X¢| > €) =0, for every € >0 andt > 0.

Condition (iii) does not imply that the paths of the process (X});>¢ are continuous. In
fact, it serves only to exclude processes that have jumps at nonrandom (fixed) times.

Thus, given a time point ¢, the probability of a Lévy process jumping at ¢ is zero.

The jump of the process (X;);>o at time ¢, is defined as,

AXt - Xt iF thy (31)
where
X = li%n Xs. (3.2)
st

Definition 3.2.2 (Infinite Divisibility) A distribution F' on R is said to be infinitely
divisible if, for every n > 2, there exists n independent and identically distributed random

variables X\, ..., X\ such that S-", X has distribution F.

Let X be a random variable with distribution function F'. The characteristic function

of X (equivalently, of F), ¢(u), is defined as
o(u) = Ele™], u € R. (3.3)

Infinite divisibility may then be reformulated in terms of characteristic functions.
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Lemma 3.2.3 F (or X) is infinitely divisible if and only if for every n > 2 there ezists

a characteristic function ¢,(u) such that
¢(u) = [Pn(u)]". (3-4)

Common examples of distributions that are infinitely divisible are the Poisson distri-
bution, the gamma distribution and the normal distribution. A random variable, Y, with
any of these distributions can be written as Yl(") —i—...—l—Yn(n), where Y;(") i € {1,..,n} has the
same distribution as Y but with modified parameters. For example if Y 3 gamma(a, ),

then Y = Yl(n) + ..+ Y™ where Yi(n) L gamma(a/n, 3).
Infinite divisibility has a strong relation to Lévy processes, namely

Proposition 3.2.4 Let (X,)i>0 be a Lévy process. Then, for every t, Xy has an in-
finitely divisible distribution. Conversely, if F is an infinitely divisible distribution, then

there exists a Lévy process (X;) such that the distribution of Xy is given by F.
For a proof of this result see Cont and Tankov [17], p. 69.

Define

N(A) =D TAX, € A, (3.5)

where A is a set bounded away from 0 (does not contain 0 as a limit point). The jump

behavior of a Lévy process is dictated by its Lévy measure, which is defined next.

Definition 3.2.5 (Lévy measure) Let (X;)i>o be a Lévy process. The Lévy measure v

on R is defined by

v(A) = EIN:(A)] = EIN,(A)] /% (3.6)
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The Lévy measure, v, is a measure on R, that satisfies the following conditions:

/R(|x|2/\1)y(dx)<oo and  v({0}) = 0. (3.7)

Thus we see that the Lévy measure of a set A is just the expected number of jumps per
unit time whose size belongs to A . If the Lévy measure is of the form v(dz) = u(x)dz,
then u(z) is called the Lévy density.

For the proof of the integrability condition (3.7), see Appendix 3.A.1. But first an

important theorem is required, namely the Lévy-Ito decomposition theorem.

Theorem 3.2.6 (Lévy-Ité6 decomposition theorem) Let (Xi)i>0 be a Lévy process
and let Ny be given by (3.5). Then Ny is a Poisson process and

X = vyt =eW, + / z[N¢(dx) — tv(dzx)]

0<|z[<1

5 /| ) (3.9)

where v € R, 0 > 0 and Wy is a standard Brownian motion, statistically independent of

N;.
See Sato [46], p. 125 for a proof of this result.

The Lévy-Ito6 decomposition theorem shows that the form of a general Lévy process con-
sists of three parts (see (3.8)): a deterministic part (yt), a Brownian part (¢W;) and a
pure jump part. The Lévy measure v(dz) dictates the frequency and sizes of the jumps
in the process.

Every infinitely divisible distribution has a triplet of Lévy characteristics or Lévy

triplet.
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Definition 3.2.7 (Lévy Triplet) Let X, be a Lévy process with decomposition (3.8).

Then

(v,0%v) (3.9)

1s called the Lévy triplet of X,.

Lemma 3.2.8 Let (X;);>0 be a Lévy process with Lévy measure v(dz) and o = 0. Then

the paths of the process have finite variation if and only if

|z|v(dz) < oo (3.10)

-1

and a finite number of jumps occur in every finite time interval if and only if

/1 v(dx) < oo. (3.11)

1

3.3 LEVY-KHINTCHINE REPRESENTATION

Theorem 3.3.1 (Lévy-Khintchine representation) Let (X;);>o be a Lévy process on

R with Lévy triplet (y,0% v). Then

dox(u) = e¥x®, ueR (3.12)
where
2 2
x(u) = iuy— i +/ (™" — 1 — juz)v(dx)
2 0<z|<1
+/ (™ — 1)v(dx) (3.13)
lz|>1

Proof: See Appendix 3.A.2.
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3.A APPENDIX

3.A.1 PRrROOF OF CONDITION (3.7)

It is sufficient to show that, for some ¢ > 0, f|x‘<€ |z|?v(dx) < oo, since the Lévy measure

of any closed set not containing zero is finite.

Let (X¢):>0 be a Lévy process and define
X/ = / x[Ny(dx) — tv(dz)] and Y, =X, — X/.
o< |x|<e

Then (X;) and (Y;) are Lévy processes (from the Lévy-1t6 decomposition theorem), also

(Y:) and (X}) are independent. We have,

B = [Efe™ ]

= [E[e"]] - [E[e™]]

< [E[e™X]]
because

[E[e™ )] < Efle™™]

= 1. (3.14)

For some u and ¢, [E[e™Xt]| > 0 because a characteristic function cannot equal zero for all

u and t. Thus |E[e™X]

is bounded below by some positive number C' < 1 independent
of 4.

The following identity plays an important role in the proof:

2(1 —cosat) (sin%)z‘ (3.15)

242 at
a-t 5

see Chung [14], p. 138.
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Now

B = [Bfesplin | slu(d) — i)
= |exp(t /5<| y lexp(iuz) — iux — 1|v(dx))]
= |exp(t /5<| y [cos(ux) + isin(ux) — iux — 1|v(dz))|
= |exp(t /5<|x|<6[cos(ux) — 1]y (dx)) exp(it/6 [sin(ux) — ux]v(dz))|

<|z|<e

= exp(t /5<| § [cos(ux) — 1]y (dz)),

where the second equality follows from the fact that

Elexp(iu /5g|z|ge x[Ny(dx) — tv(dz)])] = exp(t/(S lexp(iux) — iux — 1|v(dr)),

<Jz[<e
see Appendix 3.A.2 for proof of this result (equations (3.19), (3.21) and (3.23)), and the

fifth equality follows from the identity
le| =1 for all § € R. (3.16)
Therefore,

0<C< exp(t/ [cos(ux) — 1]v(dx)) < 1

0<|z|<e
because cos(ux) < 1 for all u and z. Taking the logarithm and multiplying throughout

by —% yields

0< /5 o costunl(@) < €

where C' = —% > 0 because 0 < C' < 1 which implies that —oo < logC' < 0.

Since C' is independent of §, the preceding inequalities imply that

0 < lim [1 — cos(uz)]v(dz) < C,

010 Js<|z|<e
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is equivalent to
0< / [1 — cos(uz)|v(dz) < C,
0<|z|<e
i.e. to
wlx? [sin 42 2 N
OS/ ( uxQ) V(dl’)§07
oclal<e 2\ g
from (3.15). Now, since
coux\ 2
sin %£
( —2 ) —1 as — —0, (3.17)
o 2
there exists ag > 0 such that
coux \ 2
sin £° 1
( — ) >3 for all @ < agp. (3.18)

2

Choose u such that %% > €. Then

2 2 iU\ 2 B
0< u_/ r’v(dz) < / ﬂ<sniw2 > v(dr) < C.
4 Joge|<e 0<lzl<e 2 3

Therefore,

Outlines of this proof are given in Cont and Tankov [17], p. 82.
3.A.2 PROOF OF THEOREM 3.3.1
We can write X;, as
Xiys = (X — Xo) + X,
Therefore,
Oxppe (W) = Oxip—x0)+x. (1)

= ¢x,.-x,0x,(u)

= ¢Xt QSXs (U),
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where the second and third equalities follow from the properties of a Lévy process. It

follows that

log x,,, = logox,(u)+logox, (u).
We have shown that ¢x,(u) is linear in ¢, hence there exists a number 1 (u) such that
log ox,(u) = t(u) Vit >0.
Therefore
Ox,(u) = eV,
From the Lévy-Itd decomposition theorem, we can represent (X;):>o as

Xy = yt+oWy+ / r{Ny(dz) — tv(dx)} + / xNy(dzx).

0<|z|<1 |z|>1
It then follows that
¢x,(u) = Elexp(iuXy)]
= Elexp(iu{~t + oW, z{N,;(dx) — tv(dx N (dx
fexpliufyt + +/0<|xl<1{ (de) -t ’“/M (d2)})]
= Elexp(iuyt + iucW;)|Elexp(iu /0<| . x{Ny(dx) — tv(dx)})]
Elexp(iu Ny (dx))].
exp( /| o)
Now
Elexp(iuyt + iucWy)] = exp(iuyt)Elexp(iucW,)]

= exp(iuyt — u?c?t/2),

Efexp(iu /0 o FUd) = ()]

n—1
. : k kE kE+1 kEk+1
= lim Elexp(iu g E{Nt<ﬁ’T) —tv(—,

n— o0 n n
k=1

b (3.19)
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and

]E[exp(iu/||>1 r N, (dx))]
= Jlim Elexp(iu ) ENt(%, %))], (3.20)
|k|=n

where the expectations on the right hand side of equations (3.19) and (3.20) are given by

and

Elexp(i Z PnE R Sy
|k|= "

T Elesptin o, 51y - K 50y
k=1
|1|1 S~ expligty (5 DY) expltr(, v D
IH exp(—tliut +1u(2, 21 1)) S sl v £y
Iﬁl exp(—t[iu% + 1]1/(%, %)) exp(exp(iu%)tu(% i Z o
|H expltfexp(iu) — iu — (-, "))
exp(l |:|Z_11[exp(iu§) _ zu% _ 1@(%, i u Ly (3.21)

o=k k k41
Elexp(iu Z nNt(n

|k|=n

k
= H Elexp(iu— Nt(
|7€|

n

E kE+1
n
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=TT et 50 S lespius S, Sy

[kl=n y=0
— H eXp(_ty(S, %)) exp(exp(iu%)ty(g k :; 1))
|k|=n
= H exp(t[exp(iu%) — 1]V(§, : Z 1))
|k|=n
|k|=n

respectively. Substituting (3.21) and (3.22) into equations (3.19) and (3.20) respectively

and taking the limit yields the following:
Efexp(iu / 2{Ni(dz) — t(dz)})
0<lz|<1
— explt / lexp(iuz) — iuz — 1v(dz)) (3.23)
0<|z|<1
and

Elexp(iu N, (dx = ex exp(iux) — 1lv(dx )
fexp /| )] = el /| eliu) ~ @) (320

by the definition of a Riemann-Stieljes integral.

Hence,
bx,(u) = expl(iuyt —u’c?t/2 + t/ lexp(iuzx) — iux — 1]v(dx)
0<|e|<1
+t/ lexp(iuz) — 1]v(dx))
|z|>1
= exp(t{iuvy —u?0?/2 + /[exp(iux) — 1 — qualgcpz<1))v(de)}).

R

Therefore

u?o?

Yx(u) = tuy— 5 + /0<| |<1(ei“m — 1 —iuzx)v(dx)

+/x|>1(ei“x — v (dx).



CHAPTER 4

THE NORMAL INVERSE (GAUSSIAN
DISTRIBUTION

4.1 INTRODUCTION

In this chapter we present the normal inverse Gaussian distribution and some of the
properties this distribution contains. The normal inverse Gaussian (NIG) distribution
is a three parameter distribution, introduced by Barndorff-Nielsen [4]. This distribution
often fits asset returns quite well (see Barndorff-Nielsen [4],[5] and Rydberg [45]). This
chapter is concluded with a description on the method used to generate NIG random

numbers.

4.2 DEFINITION AND PROPERTIES

Before introducing the normal inverse Gaussian distribution, we need the following defi-

nition:

Definition 4.2.1 (/G density function, Schoutens [50], p. 53) A random vari-
able is inverse Gaussian distributed with parameters @ = (a,b) if it has the probability

density function

f(x;0) =

a -3/2 _1 2. —1 | 32 41
mexp(ab)x exp( 2(@ x4 b)), (4.1)
where

z € (0,00), a€(0,00), be(0,00).

26
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This distribution is denoted X & IG(a,b).

The normal inverse Gaussian (N IG) distribution can be obtained as a mixture of indepen-

dently distributed random variables from the normal and inverse Gaussian distributions.
Definition 4.2.2 Let Z < N(0,1) and Y < IG(6,\/o? — 32). Then

X =pY +VYZ (4.2)
has a NIG(«, 3,0) distribution. This distribution is denoted as X 4 NIG(a, 3,9).

This is more commonly referred to as the normal-variance mixture representation of

the normal inverse Gaussian distribution.

Proposition 4.2.3 (NIG density function, Schoutens [50], p. 60) A random
variable X which is normal inverse Gaussian distributed with parameters @ = («, 3,0) has

the probability density function

K (a2 + 22)
N

£(2:0) = 2 exp(ay/a?— P + i) (43)

where

reR, ae€(0,00), pe(—a,a), §¢c(0,00)

and K (-) is the modified Bessel function of the third kind with index 1.
Proof: See Appendix 4.A.1 for the proof of this result.

It follows from equation (4.2) that the conditional distribution of X given Y = y is
N(By,y). This result will play an important role in generating normal inverse Gaussian

random numbers (see Section 4.3).
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Lemma 4.2.4 Let X < NIG(«a,3,9). Then the expected value, variance, skewness

and kurtosis of X are respectively given by

E[X] = \/af—’%ﬁ? (4.4)
da?

VAR = s (4.5)

SKEW[X] = — \/S(o;[i i (4.6)

KURT[X] = 3 <1+5 fﬁztfﬁz)). (4.7)

See Schoutens [50], p. 60 for the above results.

Moments of all orders exist for the NIG distribution. Looking at the kurtosis of the
NIG distribution, it can clearly be seen that it is always greater than the kurtosis of the

Normal distribution, which equals 3.

Figures 4.1, 4.2 and 4.3 illustrate the effect of the parameters on the normal inverse
Gaussian distribution. The kurtosis of the density function is influenced by all the pa-
rameters of the distribution. However, the skewness (symmetry) of the density function
is described by the parameter [ (see Figure 4.2). The distribution is skewed to the left

for 3 < 0, skewed to the right for § > 0 and symmetric for 3 = 0.

Definition 4.2.5 Let X be a random variable with characteristic function ¢(u). Then

the cumulant generating function, k(u), is defined as

k(u) = log E[e"X] = log ¢(—iu). (4.8)



CHAPTER 4

DEFINITION AND PROPERTIES

29

25

a=10

—e—a=18

Figure 4.1: The effect of o in the NIG density.

a € {10,18,30},3=0,6 = 1.

1.4 T T T

1.2

0.8}

0.6

0.4F

0.2}

Figure 4.2: The effect of # in the NIG density.

a=8,08€{—6,06},0=1.
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14

—%=1

121

0.8}

0.6

0.4r

0.2}

Figure 4.3: The effect of 0 in the NIG density.
a=38,0=0,0 € {1,4,8}.

Lemma 4.2.6 Let X & NIG(a, 3,0). Then the characteristic function, ¢p(u), and the

cumulant generating function, k(u), are respectively given by

¢(u;0) = exp (5 (\/a2 — 32— —(B+ iU)2>) (4.9)
and
w(w6) = o (val—F—val-(F+up) (4.10)
where i = v/—1 and u € R.
Proof: See Appendix 4.A.2 and 4.A.3.

Considering the form of the characteristic function of a NIG random variable (4.9), we

see that the NIG(«, 3, 9) distribution is infinitely divisible, since

o(u; a, 3,0) = [p(u; a, B,0/n)]". (4.11)
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The tail behavior of the NIG(a,3,d) distribution is often referred to as ‘semi-heavy’.
Semi-heavy tails refers to the instance when the tails are heavier than those of the Gaussian
distribution but lighter than those of the non-Gaussian stable laws. The NIG(«, 3,0)

distribution’s semi-heavy tails are characterised by the following asymptotic relation:
flx;a, B,6) ~ Clz| ™2 exp(—alz| + Bz) as & — Foo, (4.12)

for some C' > 0. See Appendix 4.A.5 for proof of this result.

4.3 SIMULATING A NIG RANDOM VARIABLE

The Monte Carlo method discussed in Benth, et al. [7] was implemented in generating

NIG(a, 3,9) random variables.
Previously we saw that if ¥ < IG(0,y/a? — (3?) and Z L N(0,1), then
X = B8Y +VYZ L NIG(a, 3,6).

This relationship will be used in the simulation of NI/G random variables.

The following result plays an important role:

Theorem 4.3.1 (see Schuster [52]) Let Z 2 IG(a,b). Then

a*(Z —a/b)? 4 2

V= A (4.13)

where x? denotes a chi-squared random variable with 1 degree of freedom.

We follow the algorithm set out by Michael, Schucany and Haas [41] to generate random
variables through transformations with multiple roots. % random variables are easily
generated as squares of a standard normal random variable. Now, given a x? observation

v, we solve for z in (4.13) to obtain a inverse Gaussian observation. There are two roots
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associated with this quadratic equation. These roots can be expressed as

2
= a v vV4abu + v (4.14)

b o 202
and

4ab 2
o Oy U Yiabv T+ o? (4.15)

b e 202

where z; > 0 and 25 > 0. See Appendix 4.A.4 for a proof of this.

Define

a

4.16
a+21b ( )

z=zl(u<

I
a+zlb)+22 (u >

where u < uni form(0,1). Then z is an observation from an /G(a,b) distribution (see
Michael, et al. [41] for justification of the choice of z). Hence, we can generate a

NIG(«a, 3,9) random variable with the following algorithm:

Generating a N/G random variable X
(i) Generate v < x2.
(ii) Generate u 2 uniform(0,1).
(iti) Calculate z in (4.16), with a =4 and b= /a2 — (2.
(iv) Generate y L N(0,1).
(v) Return X = Bz + /zy.
Histograms of NIG(«, 3, ) data sets of size 10°, generated by the proceeding method, are

plotted in Figures 4.4, 4.5 and 4.6. The parameter values are (a, 3,0) = (8,0, 1), (8,6,1)

and (8, —6, 1) respectively.
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These histograms are directly comparable to the probability density functions plot-
ted in Figure 4.2, where the effect of 3 is displayed. Figures 4.4, 4.5 and 4.6 have the
NIG(8,0,1), NIG(8,6,1) and NIG(8,-6,1) density functions superimposed on the his-

tograms respectively.

-15 -1 -0.5 0 0.5 1 15

Figure 4.4: Histogram of a NIG(8,0,1) generated data set
with the theoretical density function superimposed.
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Figure 4.5: Histogram of a NIG(8,6,1) generated data set
with the theoretical density function superimposed.

Figure 4.6: Histogram of a NIG(8,—6,1) generated data set
with the theoretical density function superimposed.
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4.A  APPENDIX

4.A.1 PROOF OF PROPOSITION 4.2.3

The following integral form of the modified Bessel function of the third kind (see Schoutens

[50], p. 148) will play an important part:

K () = Ky(2) = % /0 " exp {— %z(u + i)] du. (4.17)

We will prove Proposition 4.2.3 using relationship (4.2). We have

P[X <z] = P[BY +VYZ <0

- /0 R \_/gy)fy(y)dy

and differentiating this with respect to x yields

fx(a) = / Ty ‘ff@’)fm)dy,

where ®'(-) denotes the normal density function.

Recalling Definition 4.2.1, we see that

o) = =yt esp sV 5 — 34 @2 - ), (a15)
Hence,
fx(a)
— % Oooy—2 exp [_ %(m :/;y)] exp [&/ﬂ— %(5—; +(a® — 52)1/)] dy
= % exp(ay/a? — 5?) /OOO Yy~ exp [— %(%2 - Qﬁyxy + 532 + %2 +a’y — 62y)} dy
— eV ) [y e | < 5+ 8 0ty (4.19)

Now, writing

V2 + 52
(z° + 62)5 + a®y = ava? + 62 (xa——M) + ava? 4 62 (L) (4.20)
Y

2 + 62
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and making the following transformation

ay «

-, 4.21
Vere M Uaaa (4.21)

we have

! (avVa? +6%(u + 1) dy.
u

Fe(o) = - explay/a = 7 4 ) [Tutenp {— !

The result is achieved by using relationship (4.17) with z = avx? + §2.

4.A.2 NIG CUMULANT GENERATING FUNCTION

From Proposition 4.2.2,

E[@“X] — /Reum%é eXp(é\/mﬂLﬁl‘)Kl(Oi;i\/g)dI

ad K(O./ (52+I2)

= ooy =) [ Lo+ 2Ly,
= exp(dv/a? = 2~ 6y/a? = (F+u)?) -

/R%éexp(ts a2—(ﬁ+u)2+(ﬂ—l—u)x)Kl(a(;g\/%7)
~ (VT = 5V = (B uP) [ fai B+ ud)ds

— exp (Vo2 = B = a? = (F+u)?)).

dx

dx

Hence,

R(u) = logEle"] = 5(v/a? — [ — \/a? — (B + u)?).
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4.A.3 NIG CHARACTERISTIC FUNCTION

Using the relationship, ¢(u) = exp{x(iu)} = E[e™¥], we have

o(u) = Ele"] =exp (3(v/a? = B2 — o = (B + ).

4.A.4 ROOTS z; AND 29

We are only required to show that z; > 0, since z, > 0 follows from the restrictions on a

and b and the fact that a y? random variable is always positive.

a v V4abu + v? v V4a2b? + dabv + 02 — 4a2b?

a
b 20? 202 b 202 202

a v y/(2ab 4 v)? — 4a??
b2 202

a |1Cy (2ab + v)?
= oo T o
a v (2ab+)
Tob 2w 2w

0.

4.A.5 PROOF OF RELATION (4.12)

The following result is important in deriving the asymptotic relation (4.12) (see Abramowitz
and Stegun [1], p. 378).

Let A=1. Then

Ki(z) ~ /2|7;| exp(—|z|) (4.22)

as |x| — oo.
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Using Proposition 4.2.3 and equation (4.22), it follows that

K 52 2
fe) = Sexp(o/a? =7+ j#x)

a5 exp(dy/a? — B2 + fx)
" N N 2a\/m exp(—avé? +22).  (4.23)

Now
exp(—avé2+x%) = exp ( — alz| i—z + 1)
52 1
= exp (—a|x![1+2—ﬁ+0(ﬁ)})
52 1
= exp (—04\3:] — %—FO(E)])
~ exp(—alz|) as |x| — oo, (4.24)
exp(6y/a2 — 32 + Bz) = exp (3j [@ e 5])

~ exp(fx) as |z| — oo, (4.25)

and

VRt = |x|\/

as |z| — oo. (4.26)

Substituting (4.24), (4.25) and (4.26) into (4.23) yields

adexp(fz) [

f(z)

= Cexp(—alz| + fz)|z| 2

where C = \/%5.



CHAPTER 5

THE MEIXNER DISTRIBUTION

5.1 INTRODUCTION

In this chapter we present the Meixner distribution and some of the properties this distri-
bution contains. The Meixner distribution and the Meixner process were introduced by
Schoutens and Teugels [51] (see also Schoutens [47]). The Meixner distribution is a three
parameter distribution. The fitting of stock returns using this distribution was considered
by Grigelionis [27] and Schoutens [48],[49]. We conclude this chapter with the proposal

of a new method for generating Meixner random numbers.

5.2 DEFINITION AND PROPERTIES

Definition 5.2.1 (Meixner density function, Schoutens [50], pp. 62) A random
variable X is Meizner distributed with parameters @ = («, 3,6), if it has the probability

density function

se0 = Ee oo (S (%)

(5.1)
where

. 0 2
‘F((S + @)‘ = (/ cos (Elogy) y(s_le_y)
a 0 o
e T 2
+ (/ sin (— log y) y‘sley) (5.2)
0 o

39
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and

reR, ae€(0,0), p[e(—mm), J§€(0,00).

This distribution is denoted as X & Meizner(a, 3,9).

Lemma 5.2.2 Let X 2 Meizner(a, 3,8). Then the expected value, variance, skew-

ness and kurtosis of X are respectively given by

E[X] = adtan(8/2) (5.3)
VAR[X] = %258602<ﬁ/2) (5.4)

SKEW[X] = \/g sin(3/2) (5.5)

2 — cos(3/2)

KURT[X] = 3+ - .

See Schoutens [50], p. 63 for the above results.

Moments of all orders exist for the Meixner distribution. Looking at the kurtosis of
the Meixner distribution, it can clearly be seen that it is always greater than the kurtosis

of the Normal distribution, which always equals 3.

Figures 5.1, 5.2 and 5.3 show the effect of the parameters on the Meixner distribution.
Like the normal inverse Gaussian distribution, the kurtosis of the density function is de-
scribed by all the parameters of the distribution. However, the skewness (symmetry) of
the density function is described by the parameter § (see Figure 5.2). The distribution is

skewed to the left for g < 0, skewed to the right for 5 > 0 and symmetric for § = 0.
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a=05
—_—— =1

---a=3

Figure 5.1: The effect of o in the Meixner density.
a€{0.5,1,3},8=0,6 =0.1.

1.4 T T T T T T T

1.2

0.8}

0.6

0.4}

0.2}

Figure 5.2: The effect of # in the Meixner density.
a=050€{-20,2}0=1.
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—3=0.1

Figure 5.3: The effect of § in the Meixner density.
a=2,0=0,0€{0.1,0.4,0.8}.

Lemma 5.2.3 Let X < Meizner(a, 3,9). Then the characteristic function, ¢(u),

and the cumulant generating function, r(u) = log E[e"X] = log ¢(—iu), are respectively
given by
_ B cos((3/2) 2
ow;0) = (Cosh((au—iﬁ)/Q)) (5.7)
and
K(u;0) = 24 [log(cos(ﬁ/Z)) — log(cos((au + ﬁ)/2))] (5.8)

where 1 = v/—1 and u € R.

Proof: See Appendix 5.A.1 and 5.A.2.

Looking at the form of the characteristic function of a Meixner random variable (5.7), we

see that the Meizner(«, 3,0) distribution is infinitely divisible, since

o(u; a, 3,0) = [p(u; o, B,0/n)]". (5.9)
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The Meizner(a, 3,9) distribution, like the NIG distribution, also has semi-heavy tails.
The tail behavior is characterised by the following asymptotic relation:

Clz|P exp(—n-|z|) asz — o0

ca, 3,0) ~ 5.10
fwi,5,9) {C’]aj|pexp(—77+|x\) as r — —00, (5.10)
where
T—0 T+ 3
p - 2(5 - 1, 7], = s 7}+ =
a a

and for some C' > 0. See Appendix 5.A.3 for the proof of this asymptotic relation.

5.3 SIMULATING A MEIXNER RANDOM VARIABLE

There seems to be no published algorithm to generate random numbers from a Meixner
distribution. One can attempt to generate Meixner random numbers using the inverse
transform of the distribution function. However because there is no closed-form expres-
sion for the latter, the distribution function must be approximated numerically with a
Riemman sum (see Robbertse [42], p. 47). We propose a different method, one using the
rejection method (also referred to as the acceptance-rejection method) described by Ross

[43], p. 66.

Suppose a method exists for generating a random variable from a continuous distribu-
tion with density function g(x). We can then use this distribution as a basis for generating
a random value from a continuous distribution with density function f(x) by generating
Y from g and accepting this value y with a probability proportional to %. Let ¢ be a

constant such that

f(x)
—~<e¢ V. 5.11
glx) ~ 50
Typically, we choose
¢ = max (z) (5.12)
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and accept y with probability %. Note that this is accomplished by generating a

f(y)
cg(y)”

uni form(0,1) random number u and then accepting y if u <

For the Meixner distribution with parameters 8 = («, 3, ), we will use for g(x) the
NIG density, with parameters 8* = (a*, 5*,6*). The parameters (a*, *,*) are chosen
such that the first three moments of the N IG distribution are equal to those of the Meixner
distribution. This entails the solution of three non-linear equations. In some instances
0* contains complex values. After some simulation we noticed that this occurred mostly
when o < || < w. Looking at Figures 4.1, 4.2 and 4.3 we notice that the NIG distribution
is peaked for large values of o and small values of 6. The Meixner distribution is peaked
for small values of o and small values § (Figures 5.1, 5.2 and 5.3). For the instances when

the moments can not be matched, we set 8" equal to:

Sy
o FOH (5.13)
gr = a*f (5.14)
=0 (5.15)

Hence we can generate a Meixner(a, 3,0) random variable with the following algo-

rithm :

Generating a Meixner random variable X
(i) Given «, 3,9, calculate o*, 5*,6* in the manner indicated above.

(ii) Calculate ¢ using (5.12) with f a Meizner(a, 3,d) density and g a NIG(a, 3,0)

density.
(iii) Generate u 2 uni form(0,1).

(iv) Generate y L NIG(a*3*,d%).
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(v) Ifu < LY set X = y. Otherwise return to step (iii).

cg(y)’

Histograms of Meizner(a, 3,0) generated data sets, of size 10°, are plotted in Figures
5.4, 5.5 and 5.6. The parameter values are given by (0.5,0,1),(0.5,2,1) and (0.5, -2, 1)
respectively. These histograms are directly comparable to the probability density func-
tions plotted in Figure 5.2, where the effect of 3 is displayed. Figures 5.4, 5.5 and 5.6
have the Meizner(0.5,0,1), Meizner(0.5,2,1) and Meixner(0.5, —2,1) density functions

superimposed on the histograms respectively.

-15 -1 -0.5 0 0.5 1 15

Figure 5.4: Histogram of a Meizner(0.5,0,1) generated data set
with the theoretical density function superimposed.
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Figure 5.5: Histogram of a Meizner(0.5,2,1) generated data set
with the theoretical density function superimposed.

Figure 5.6: Histogram of a Meizner(0.5,—2,1) generated data set
with the theoretical density function superimposed.
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5.3.1 SIMULATION STUDY

We compared simulating Meixner random numbers using the rejection method (see Section
5.3) and the method which incorporates the inverse transform of the distribution func-
tion. The Meizner(0.5,0,1) distribution was used in the study. We simulated® a 1000
N x M matrices of Meixner random numbers and calculated the average time(seconds)
taken for the simulation. The standard deviations are included in brackets. The results

are provided in the Table 5.1 below.

Method
(N,M) Inverse Transform Rejection
(1,10) 0.640  (0.0452) | 0.026 (0.0023)
(1,1000) | 0.755  (0.0689) | 0.056 ( )
(10,10) | 2.149  (0.0248) | 0.033 (0.0042)

( ) ( )

( ) ( )

(100,100) | 20.134 (1.1364) | 0.230
(1000,1000) | 181.273 (2.2526) | 8.722

Table 5.1: Simulation times of a N x M matrix of Meixner random variates
when moment matching is possible.

For the Meixner(1,2,1) distribution one is unable to match the first three moments to
that of the NIG distribution. Hence, the parameter set 8 contains complex values. One
thousand N x M matrices of Meizner(1,2,1) random numbers were simulated using the
rejection method. Table 5.2 gives the average time(seconds) taken to generate a (N, M)

matrix of Meixner random numbers (standard deviations included in brackets).

Looking at Tables 5.1 and 5.2 we see that the rejection method for generating Meixner
random numbers is significantly quicker than the inverse transform method. We see that,
at its worst, the rejection method is more than two times slower when the moments of
the NI1G and Meixner distributions cannot be matched compared to the case when they

can be matched. However, when the moments cannot be matched, the rejection method

! Simulations run in Matlab 2007b on a AMD Turion(tm) 64x2 Mobile Technology TL-56 1.79 Ghz
processor with 2 Gb of RAM and Windows XP operating system.
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is still significantly quicker than the inverse transform method.

(N,M) Time
(1,10) | 0.045 (0.0035)
(1,1000) 0.077  (0.0054)
(10,10) | 0.046  (0.0043)
( )
( )

(100,100) | 0.231 (0.0134
(1000,1000) | 19.826 (0.3693

Table 5.2: Simulation times of a N x M matrix of Meixner random variates
when moment matching is not possible.

Figure 5.7 below plots a histogram of a generated data set, size 105, of Meizner(1,2,1)
random numbers. The theoretical Meizner(1,2,1) density function is superimposed on

the histogram.

Figure 5.7: Histogram of a Meizner(1,2,1) generated data set
with the theoretical density function superimposed.
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5.A APPENDIX

5.A.1 MEIXNER CUMULANT GENERATING FUNCTION

From equation (5.1),

B = [ e (2021(5/2
e e (M
N /R 2aml'(20) ( )
(8 +

= (2cos(5/2))? / 2a7r11“(25) exp(

ol
)

(o

2

dx

()|

_ (2cos(3/2))* (2 cos((5 + Oéu)/Q))% oy [(BHow)z i\ | .
T (2cos((B+ au)/2))P / 2amT(20) P < a ) F(” a> !
B (2cos(3/2))%
~ (2cos((B + au)/2 26/fxozﬁ+au O)de
_ ( cos(3/2) )25

cos((B + au)/2)

Hence,
k(u) = logEle""] = 2(5[10g(cos(6/2)) —log(cos((B + au)/2))|.
|

5.A.2 MEIXNER CHARACTERISTIC FUNCTION

Using the relationship, ¢(u) = exp{x(iu)} = E[e®¥] and the following relationship be-

tween complex trigonometric and hyperbolic functions
cos(iz) = cosh(z), (5.16)

we have
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o) =5 = (-

- <<

i(au —if

cos(3/2) )26
(B +iau)/2)

cos(5/2) .
)/ 2))

cos(3/2)

- (eosh«au - iﬁ)/Q))%'

5.A.3 PROOF OF RELATION (5.10)

The following result is important in deriving relation (5.10) (see Copson [18], p. 224).

Let x be finite. Then

as |y| — oo.

(2 +ay)[* ~ 27ly|* ™" exp(~ly]).

Using Proposition 5.2.1 and equation (5.17), it follows that

f(z)

oS 2
oo/ (

(2cos(5/2)
2am'(26

)
2a7T(26)
)
)

)

20
exp( )QWE
o} o}

o)

26—1
exp(—w

C'exp (F|x| + gx) |21

{

C'exp %ﬁm |z

C'exp 77:6|x| |z

C exp(—n_|z|)|z|?
Cexp(—ny|z|)|z|?

‘26—1

|2671

as r — 400

as r — —00

as r — +oo

as r — —0O0

X

)

(5.17)
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where

and C' > 0.

p=20—1,

n- = )




CHAPTER 6

THE LEVY-GARCH MODEL

6.1 INTRODUCTION

Duan [21] attempted to relax one of the two main assumptions in the Black-Scholes model,
namely the assumption of constant volatility. As we have seen (Chapter 2), Duan pro-
posed a GARCH(1,1) process for the variance (squared volatility) process. However, Duan
still assumed the log returns of the asset to be normally distributed. Empirical studies
show that the log returns are skewed and heavy-tailed. (see Anderson, et al. [3], Bollen

and Inder [9], Carr, et al. [13] and Cont [16])

Thus, in this chapter we attempt to relax the assumption of normality and replace
it with a more flexible Lévy process distribution, namely the NIG distribution or the
Meixner distribution. We show that the properties of Duan’s GARCH model still hold

when more general distributions are utilized for the random innovations.

Duan’s GARCH model will be referred to as the Gaussian-GARCH model in this chapter

and the succeeding chapters.

6.2 FORMULATION OF THE MODEL

For risk-neutrality we require a measure Q which is equivalent to the real world measure

P, such that the discounted stock price process e S, is a martingale, i.e.

52
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B[S, | Fi] = e S, (6.1)

The log returns model will be written in the following form

S
log —— = At — k(v/he; 0) + Ve, (6.2)

ht—l—At = o+ Oélht(-:? + ﬁlht (63)

where 0 is the parameter set of random variable ¢; and k(y/hy; @) is the cumulant gener-

ating function of €. ¢ = Zta;z’” has a standardized distribution, i.e. € < (0,1), and Z; is

2

an infinitely divisible random variable with mean p, and variance o7.

Note that the drift p; can be rewritten as
e = T pu T

e — T At
= r L
T+ T \/—_tAt

A
= —/h 6.4
Ve (6:4)
where A = ‘“—\/%:At is assumed to be constant. A is defined as the risk premium per

unit time. The risk premium is the expected return above the risk free rate per unit of
volatility.

Hence, our model can be specified as

log S rAt+ My — k(Vhy; 0) 4+ /ey (6.5)

Si—at

Taking the expectation of S; conditional on the history up until time ¢ — At, yields
EIP [efrtst ’E—At] _ EP[efrtSt_AterAtJr)\\/hjfn(\/E;O)Jr\/thCt |ftht]
_ St,Ate*r(tht)H‘\/hT*”(‘/E;e)]EP [e\/thQ “/T;ffAt]
St_Ate—r(t—At)-l—/\\/hT—n(\/hT;O) em(m;e)

St_Ate—'r(t—At)—i-)\\/E' (66)
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We see that the discounted stock price process e~ 'S, is not a martingale.

We now apply the following transformation in equation (6.5),
S=6e+A (6.7)

and let Q be a measure such that & = ¢,+\ < (0,1) and such that measure Q is equivalent
to measure P. In the case where measure P generates a NIG or Meixner distribution, we
will show that such a measure QQ exists and further more generates respectively a NIG
or Meixner distribution (see Appendix 6.A.1). Note that & 2 (A, 1) under measure P.

Now substituting (6.7) into (6.2) and (6.3) yields,

S, = Si_arexp <rAt — /@'(\/hi; 0) + \/E&) (6.8)

hirar = oo+ arhy(& — )\)2 + Bl (6.9)

Then under Q, A = 0 in equation (6.5), and it follows from (6.6) after replacing P by
Q and X by 0 that e™"S, is a martingale as required.

This model looks similar to that of the Gaussian-GARCH model. However, there
is one more important distinction to point out that can not be seen explicitly above.
The inclusion of the term x(v/h¢; @) creates a restriction on the parameters @ and/or hy,
since k(v/hs; @) must be real. x(v/he; @) contains a function u(y/hs; @) which is complex
for certain combinations of values of @ and/or h,. Hence, we incorporate additional
restrictions on @ and/or h;. These restrictions are dependent on the particular distribution
chosen for the innovation ¢;.

For instance, let Z; 4 NIG(a, f3,d). Then using equation (4.10) we have

K(VI0) = 2\ 4 kg ()
= i (VT - ar - (54 Vije?) (10
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where 8 = (o, 3,6) and u, and o, are given by (4.4) and (4.5) respectively. It follows
that ¢, = Zta;z“z follows a standardized NIG distribution, i.e. ¢ < std NIG(a, f3,9). For

(6.10) to be real we require that,

18] <« and 18+ Vo, <«
& —a<f<a —a—pF<Vhjo,<a—p
& —(a+p)<0<a-p —oa+B) < Vhy < oy(a = f)

The first restriction and the fact that o, > 0 implies that, the lower bound and the upper
bound of the second restriction are always negative and positive respectively. Now since

hy > 0, we get the following restriction for h;
0 < hy < oj(a—pB)>

We see that for the NIG distribution we are required to cap the value of hy;. We will

denote this cap value by ¢g(8). Hence, for the NIG distribution ¢(0) is given by
9(8) = a3(a - B)*. (6.11)

For the Meixner distribution, the incorporation of the additional restrictions on @
and/or h; are of the same form as the NIG distribution, i.e. we are also required to cap
h when Z, 4 Meizner(a, 3,9) (see Section 6.2.2). Our two Lévy-GARCH models, where

Zy is a NIG or Meixner distribution, can be generally specified as:

Sy = Si_arexp <7"At + MW he — 6(V/hy; 0) + \/h_tet> (6.12)

hizar = (ap+ Oélht(f? + Gihe) A g(0). (6.13)

The risk-neutral Lévy-GARCH models are given by

S; = Si_arexp (rAt - KJ(\/E; 0) + \/E&> (6.14)

hivar = (a0 +arhy(& — A + Bihe) A g(6). (6.15)
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The effect of the restriction ¢g(@) will be discussed in the next chapter with the pricing

results.

Remark. This model has the following properties:
e The process h;yas is F; measurable and thus predictable.

e The expected price increment over one period conditional on the history, E[&S;ft | F],
equals exp(rAt+ A\y/h;) and thus agrees with the interpretation that A is the market

price of risk.

e When ¢, follows a standard normal distribution for all ¢ € N, the model is that

introduced by Duan [21] (see Chapter 2).

e If in addition, the coefficients a; and (; are zero then the model reduces to the
Black-Scholes discrete time model (see Black and Scholes [8] and Merton [39]).
Hence, this ensures the homoskedastic lognormal Black-Scholes model as a special

case of the Lévy GARCH models.

Proposition 6.2.1 Under the risk-neutral measure Q, if |\ < /(1 — ay — B1)/ay, then
(i) The stationary variance of hi&; equals o G e

(i) VR, is leptokurtic.

(iil) COV(hyyar, &) = o aom

I-(14+A2)a1— 1

where s denotes the skewness coefficient of the distribution &;.
Proof: See Appendix 6.A.2.

We see that the stationary variance of the Lévy-GARCH return process is equal to
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that of the normal GARCH return process. Also, the conditional variance, under risk-
neutralization, is correlated with the lagged asset return for s # 2\. However, unlike the
normal GARCH return process, the correlation is positive for s > 2\ and negative for

s < 2.

As in the Gaussian-GARCH model, the pricing of European options requires aggre-
gating single period asset returns to obtain a random terminal asset price at some future
date. From (6.8) we see that the terminal asset price, Sy, can be expressed in terms of

the initial asset price, Sy, by

St = Sy exp [TT - Z k(V hiae; 0) + Z vV hiAtfiAt:| (6.16)

where 1 = 1,2,...,n and nAt =T.

6.2.1 NIG-GARCH MODEL

Let Z; 4 NIG(a, 3,9). Then, using equations (6.10) and (6.11), the stock price process

is given by
Sy = Si_arexp (rAt + %\/E— 0 [\/oﬂ — 32— \/a2 — (B + \/h_t/az)2 })
e (i)

and the variance process follows a restricted-GARCH(1,1) process,

ht-i—At = (Oé[) + OélhtE? + Blht) A 0'2(0[ — 5)2

6.2.1.1 THE NIG-GARCH RiSK-NEUTRAL MODEL

The risk neutral stock price process and volatility process are given by
Sy = Si_arexp (TAt + %\/ hy — ¢ {\/ a? — 32 — \/042 - (ﬂ+ \/h_t/az)2 ] >
Z
- exp (\/ ht&t) s (617)

hesar = (ap+ arhy(& — N2 + Bihy) A oi(a — B)?, (6.18)
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where & 2 std NIG(«, 3,0). We will call this the NIG-GARCH (risk neutral) model.
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Figure 6.1: Simulated NIG-GARCH stock path.
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Figure 6.2: Simulated NIG-GARCH variance path.

Figures 6.1 and 6.2 plot a single

realization of the NIG-GARCH model. The param-

eter values are given by (ag,ap, 81, A) = (1.524x1075,0.188,0.716,0.007), (a,3,0) =

(1.8,0.189,1.62), Sy = 100 and r = 0. For this parameter set g(0) = 2.3769. Hence,

looking at Figure 6.2, we see that the restriction g(@) plays no role in this single real-

ization. The impact of the restriction ¢g(0) in the empirical analysis will be looked at in

Chapter 7.
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6.2.2 MEIXNER-GARCH MODEL

Let Z; B Meixner(a, 3,9). Then, using equation (5.8) we have

k(v 0) = —g—;m + 25 | log(cos(8/2)) — log(cos((ay/hu/o, + 8)/2)) | (6.19)

where 0 = (a, 3,9), 1, and o, are given by (5.3) and (5.4) respectively. It follows that

€ = Z’EU;Z“Z follows a standardized Meixner distribution, i.e. ¢ L staM eixner(a, 3,9). For

(6.19) to be real we require that

‘g‘ﬁg and M <z
& —T<B<T —1 =B <avhjo, <m—p3
& —(r+p)<0<7-0 —o,(m+ B) /o < Vhy < 04(m = )/

The first restriction and the fact that 0, > 0 and o > 0 implies that, the lower bound and
the upper bound of the second restriction are always negative and positive respectively.

Now since h; > 0, we get the following restriction for h,

o (m — B)?
Hence, the restriction ¢g(@) is given by
T — ()02
o(0) = TN (6.20)

Then the stock price process is defined by

5 = Siacexp (rt - 25 og(cos(s/2)) ~ og(eos( (a0, + 9/2)] )
oxp (22 /At Vinlee + )

and the variance process follows a restricted-GARCH(1,1) process,

(m — B)%0}

ht+At = (Oéo + Oélht€§ + ﬁlht) A a2
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6.2.2.1 THE MEIXNER-GARCH RISK-NEUTRAL MODEL

The risk neutral stock price process and volatility process are given by

5. = Si-arexp (70— 2 log(eos(3/2)) ~ Tog(cos((a/Tu/oz-+ 5)/2)| )

. exp (%\/E + \/h_tét) : (6.21)
(v — B)%02

ht+At = (Oéo —+ Oélht<€t — )\)2 + ﬁlht) A o2 (622)

where & & stdM eizner(a, 3,9). We will call this the Meixner-GARCH (risk neutral)

model.

Figures 6.3 and 6.4 plot a single realization of the Meixner-GARCH model. The pa-
rameter values are given by (ag, ay, £, A) = (1.524x107°,0.188,0.716, 0.007), (a, 3,6) =
(1,0.18,1), Sy = 100 and r = 0. For this parameter set g(@) = 0.71. Hence, looking at

Figure 6.4, we see that the restriction g(@) plays no role in this single realization.

i i i i i i i i i
0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1
t

Figure 6.3: Simulated Meixner-GARCH stock path.
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Figure 6.4: Simulated Meixner-GARCH variance path.
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6.A APPENDIX
6.A.1 CONSTRUCTION OF THE RISK NEUTRAL MEASURE Q
We base our construction of the risk neutral measure Q on the following result, which

gives necessary and sufficient conditions for the equivalence of the distributions for two

infinitely divisible distributions.

Theorem 6.A.1 (Sato [46], Theorem 33.1) Let (X,P) and (X, Q) be two infinitely di-
visible random variables on R with Lévy triplet (y,0%,v) and (7,52, v) respectively. Then

P and Q are equivalent if and only if the following conditions are satisfied:
(i) 0% =52
(ii) The Lévy measures are equivalent with

/OO (e¥@72 _ 1)2p(dz) < oo, (6.23)

o0

where Y (x) = log(igjg).

(iii) If o = 0 then we must in addition have

1

F—r= /_ (v — v)dz. (6.24)

1
Proof: See Sato [46], p. 218 for a proof of this result.

6.A.1.1 NIG DISTRIBUTION

For the NIG distribution the Lévy triplet under PP is given by (see Schoutens [50], p. 59)

o =0 (6.25)

v(B) = 25704 i sinh(8z) K1 (ax)dx (6.26)
0 exp(82) K (al])

0 ]

. (6.27)
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Proposition 6.A.2 Let X be distributed NIG(«, 3,0) under measure P and NIG(«, 3, J)
under measure Q with Lévy triplets (v(5),0,v(8)) and (v(3),0,v(B)) respectively. Then

P and Q are equivalent measures.

Proof: For convenience we write 4 and # for v(3) and v(3) respectively. We must
show that conditions (ii) and (iii) from Theorem 6.A.1 hold, since condition (i) follows

easy from equation (6.25).

(i)
LD

Sau exp(ﬁx‘)flﬁ(alw\)
= log (m oxp(Ba) K1 (ala)) )

™ |z

= (619 (6.28)

The integral in condition (ii) can be rewritten as

/OO (ew(””)/2 —1)%*v(dz) = / (ew(””)/2 —1)%v(dx)

lz|<1

e? @2 _ 1)2p(dx). )
+ /|x|>l( 1)“v(dx) (6.29)

The second integral in (6.29) is finite since

@2 _ 1)y (dy) = — 1)?*v(dx
/M( You(de) /|>1‘/ You(dz)

- / » SNT)s

< (6.30)

Now

/ll 1(6111(:10)/2 _ 1)2y(dl‘) _ /|| 1(6(55)27/2 B 1)21/(dx).
x|< x|<
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CHAPTER 6

For 3 # 3 and |z| < 1

2 s 2
()~ (Barow)

IA
Q
&I\D

for some positive constant C'. Hence,

e(B_ﬂ)zﬂ—lQl/ dx) < C 22v(dx
/M< Puldz) < / (dx)

|z|<1
< o0
for all Lévy measures v.
(i)
. 200 (1 20a 1
Y=v = — sinh(fx) K, (ax)dx — T/ sinh(fx) Ky (ox)dx
0 0
260 (! .
. [sinh(Bx) — sinh(Gz)| K7 (ax)dx
T Jo
Sa 1 3 5
= ?a (e7 — 7" — eP% 4 P K () da
0
Sa 1 3 Sa 1 5
- (7 — PV K (ax)da — _a/ (e — ™)K\ (ax)dx
T Jo T Jo
sa 1 5 sa [ ;
= — ) (7 — "VK (a|z|)dx — — (e — ") K\ (a|z|)dx

o [

0
- (e — eﬁm)iKl(a|x|)d:p + ba / (e — ") i

™ Jo |35‘ ™ J-1

sa 1
= 22 (e — By DK (alo])da
™ Jo ||

= /_11 2(0 — v)dx.

(6.31)
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6.A.1.2 MEIXNER DISTRIBUTION

We use a different form of  than stated in Schoutens [50]. v can be calculated as follows:

1
v = lim n/ xdF,(z), (6.32)

n—~oo 1

where dF,(z) is a Meixner(a, 3,6/n) distribution (see Marshall [36]). It follows from

)
n (%

(3 >r(9+i—“””)rd
exp(fz/a — x

(6.32) that

2
dx

1 COS 26/n

o b (2cos(B/2))%0m
= n/_leOmF(Q(S/n—I— 1)n/26

n—oo

s i\ |?
= / r— exp(fz/a) F(—) dx
1 am [0
s T
= — —d
/1 Yo eXp(ﬁx/a}xSinh(ﬂx/a) ’
1
5 / exp(fr/a) (6.33)
_; sinh(7z/a) '
For the Meixner distribution the Lévy triplet under P is given by (see Schoutens [50], p
63)
o = (6.34)
exp ﬁx/a
= 4 6.35
V(5) /1 sinh(7x /) d (6:35)

g = o-oplr/e) (6.36)

xsinh(mz /o)
Proposition 6.A.3 Let X be distributed Meixner(c, 3,0) under measure P and
Meizner(a, 3,6) under measure Q with Lévy triplets (y(3),0,v(8)) and (v(5),0,v(5))

respectively. Then P and Q are equivalent measures.

Proof: For convenience we write 4 and o for v(3) and v() respectively. We must
show that conditions (ii) and (iii) from Theorem 6.A.1 hold, since condition (i) follows

easy from equation (6.34).
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ﬂ(dm))
v(dzx)
exp(fz/a)
N )
&\ 5 _exp(Bz/a)

x sinh(7rz/a)

Y(zr) = log(

_ A=, (6.37)

«

Looking at equations (6.29) and (6.30), we are required to show

1 -
/ (eP=Re/2e _ )2y (dx) < oo. (6.38)
-1

For 3 # 3 and |z| < 1

2 > 2
() (P

for some positive constant C'. Hence,

/ (e(B—ﬂ)w/M_ D?v(dr) < C 2?v(dzx)
lz|<1

|z|<1

< o0

for all Lévy measures v.

(iif)
- 5/1 exp(fz/a) da:—d/l exp(fz/a) .

L sinh(7mz/ar) 1 sinh(mz/ar)

s exp(fr/a) — exp(dr/a)

1 sinh(7z/«)
_ s [ zexp(Br/a) — exp(B/a)
B 6/1 x sinh(7z /) d

_ /_ "ol - ). (6.39)

1
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6.A.2 PROOF OF PROPOSITION 6.2.1
(i) This proof follows that in Appendix 2.A.2 (i).
(ii) Let KURT[,] = k. Now,
E°[R¢)] = EC[E[R;E|Fiead]
= EQ[h?E[fﬂft—AtH
= E°[h/KURT(¢))
= KE[hZ] (6.40)
and
3{E@[ht£t2]}2 — 3{EQ[E[ht€t2|]:t—AtH}2
= 3{EYME[E | Fiend]}
= 3{E%n]}% (6.41)
We know that
VAR[X] =E[X? —{E[X]}* >0 (6.42)
therefore
E[X?] > {E[X]}>. (6.43)
It then follows that
E°[h7] > {E%[hq]}*. (6.44)

Now, since k is always greater than 3, we see that the condition for a leptokurtic

random variable (2.12) is satisfied.
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(iii) Let SKEW[¢,] = s.

COVe(hsn &) = EQhunck] — EQhyad EQE]
= E9(ag + arhe(& — N)? + Bihy)&)
= E%ap& + anhy (€8 — 202 + A28 + Bilu&)]
= aEYRE[E} — 202 + N6 Fiad]]
= o AEQ[h (SKEW[E,] — 2))]

= ay(s — 20)E%R,]. (6.45)



CHAPTER 7
OPTION PRICING

7.1 INTRODUCTION

This chapter is devoted to the fitting of times series and the calibration of option prices,
using the GARCH models discussed in previous chapters. We discuss aspects such as
parameter estimation, calibration and goodness of fit. We give a brief description of the
data. This chapter is then concluded with a presentation of the results based on the data

analysis.

7.2 EUROPEAN OPTIONS

The importance of derivatives in the world of finance is forever increasing. Many different
types of derivatives exist, these include forwards, options and swaps. Options are traded
both on exchanges and in the over-the-counter market. Two basic types of option exist,
namely a call option and a put option. A call (put) option gives the holder the right to buy
(sell) the underlying. Once this has been distinguished, options are further categorized
by other aspects, including the strike price, time to maturity, exercise times and payoft.
European call (put) options give the holder the right to buy (sell) the underlying for
a given price (the strike price) when the option matures on a specified date, known as the
expiry date. European options are the simplest of options. The payoff of a European call

option, with strike price K, is given by:

{ST—K if S0 > K

. (7.1)
0 otherwise,

payoff =

69



70 OPTION PRICING CHAPTER 7

this can be written more concisely as (Sp — K)*.

7.2.1 PRICING FORMULA FOR EUROPEAN CALL OPTIONS

Let Cy(K,T) denote the value (price) of a European call option, with strike K and ma-
turity 7', at time ¢t. For a European call option the value, Cy(K,T), is given by the
discounted expectation of the payoff under the risk-neutral measure Q (see Delbaen and

Schachermayer [20]).
Cy(K,T) = exp{—r(T — t)}E? {maX{ST - K, O}} ) (7.2)

where 7 is the risk free interest rate.
Since no analytical formulas exist for the Gaussian-GARCH, NIG-GARCH and Meixner-
GARCH option pricing models, the expectation in equation (7.2) is calculated using Monte

Carlo simulation.

7.3 PARAMETER ESTIMATION

In select cases it is an easy task to decide how to estimate a parameter and often intuition
can lead us to good parameter estimates. However in complicated models, such as the
option pricing models we have discussed, we need a more theoretical approach in esti-
mating parameters. Methods of estimating parameters include the method of moments
and maximum likelihood. Estimating parameters using maximum likelihood is by far the
most popular technique and we also use it in our estimation procedure. We employ a
two part parameter estimation procedure. Firstly we calculate the maximum likelihood
estimates on the stock price series and then use the maximum likelihood estimates as
initial estimates in our calibration procedure on option data. It is relevant to use the real
world model to get initial parameter estimates because, when ¢, has a NIG or Meixner

distribution, the distribution of & falls into the same class of distributions as ¢, (see Chap-
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ter 6). Calibration entails matching an option pricing model to observed market prices
by minimizing the root mean square error (see Section 7.3.3.1) between the market and

the model prices.

7.3.1 MAXIMUM LIKELIHOOD ESTIMATORS

Before defining the concept of maximum likelihood estimators, we need the following

definition:

Definition 7.3.1 (Likelihood function) Let xy, 2o, ...,z, be an i.i.d. sample from a

population with pdf f(x;0), where @ = (01, ...,0r). Then the likelihood function is defined

by

L(0;x) = L(0y, ..., 0k 21, ..., tn) = Hf(g;i;el, Y01 (7.3)
where x = {x1, 29, ..., 2, }.
We now define the concept of maximum likelihood estimators.

Definition 7.3.2 (Maximum likelihood estimators) For each sample point z, let
6(x) be a parameter value at which L(0;z) attains its mazimum as a function of 0,
with x held fixed. A maximum likelihood estimator of the parameter @ based on a sample

~

x = (21, xa, ..., x,) is O(x), where
0(x) = arg max L(0)]x) (7.4)

However, in many cases it is easier to use the natural log of the likelihood function, defined

as

1(0;x) =log L(0;x) = Zn:log f(xi; 01, ..., 0k). (7.5)
i=1
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Since the log function is monotone increasing, maximizing the likelihood function is equiv-

alent to maximizing the log-likelihood function. Hence we have the following relationship

~

0(x) = arg max L(0;x) = arg mgxl(@;x). (7.6)

The abbreviation MLE (maximum likelihood estimate) is used when referring to the re-
alized value of the estimator. Intuitively, the MLE can be defined as the parameter value
for which the observed sample is most likely. Also note, by the construction of the max-
imum likelihood estimator, the range of the MLE coincides with that of the parameter.
Solving for the MLE analytically is impossible except in some special cases, for example
the normal distribution. Often, in solving for the maximum likelihood estimates, it is
best to rely on a highly efficient optimization package. In fact, this is one of the most
important features of maximum likelihood estimation. If the likelihood function can be
expressed explicitly, then there is hope of maximizing the likelihood function numerically.
However a drawback to using optimization packages is that one generally requires an ini-
tial estimate for the MLEs and if the likelihood function has multiple local maxima, the

MLESs are often dependent on the initial starting values.

Let y;a¢ = log S(isf;m for : = 1,...,n., denote the log returns. Then our ’real world’

model is given by

Yiny = rAt + )\\/E - H(\/E; 0) + \/ hiat€int, (7.7)

where €;a; & (0,1). Then, using equation (7.5), the log-likelihood functions are given by:

For €;a; 4 N(0,1)

1 [ (viae — AL = AWhiae + Shiar\?
1(9;}’)——§ZK = ST ) L log hiag . (7.8)

— hint

For e;nr = Zm;—;“z, where Ziny & NIG(a, 3,0) and p, and o, are given by (4.4) and (4.5)
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respectively,

[8;y) = Zlog fNIG(ymt — At = AWhiai + (v hine/ 7 6) : 9)
=1 V hiAt/UZ

1< hin
-3 > log =5t (7.9)
=1

2
0%

For €jan; = ZiA;Z_“Z, where Z;a; < Meixner(a, 3,9) and pu, and o, are given by (5.3) and

(5.4) respectively,

1(6;y) = Z log fareizner <yim —rAt = AWhiai+ 6(vhiat/ 05 6) : 0)
i=1 V hiAt/Uz

1 — hia
-5 Z log —2° (7.10)
=1

o2
The likelihood function is dependant on the choice of the starting values €, and hy.
However, for large samples the impact of the starting values on the estimation results is

negligible. Therefore, we set ¢y = 0 and hy equal to the stationary variance of the return

. o]
process v hiat€int, 1-€. ho = =338)a, 5 -

Maximizing the likelihood functions (7.8), (7.9) and (7.10) leads to estimates 6(y) for

A

the unknown model parameters 6. From the estimates O(y) we can obtain the time series
of empirical residuals €;4; for © = 1, ..., n. The empirical residuals are calculated using the

following equation

Eony = DB rAt — MW hia + £(V hiag; 0) (7.11)

S

hint

where iLZAt is obtained from

BiAtd’O + dhini€ing + Bli%'At (7.12)
and €y = ¢y and fLO = hyg.
7.3.2 GOODNESS OF FiIT

To assess the goodness of fit of the Gaussian-GARCH and Lévy-GARCH models to a

series of asset closing prices, we use the chi-squared test (x? test).
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Define the null hypotheses as follows:

Hg"’"mal . €;a¢ follows the standard normal distribution.
HYNTG . €;a; follows the standard normal inverse Gaussian distribution.
H}etner . ¢, o follows the standard Meixner distribution.

7.3.2.1 THE x? TEST

A general method for comparing fact with theory, namely the chi-squared test or x? test,

was devised by Karl Pearson (1857 - 1936). The x? test is the most well known test for

the goodness of fit problem.

Let Ay, Ay, ..., A,, denote the division of the sample space into m cells of equal width,
for a random sample x. Let 6y denote the MLE of the parameter 0 of a distribution F
under the null hypothesis. Then the expected number of observations in the " cell, é;,
is given by

éi:nﬁi, 1= 1,2,...,m, (713)
where n denotes the sample size and p;, for : = 1,2, ..., m, is given by

pi = PIX € A = F(A;;00) — F(A;_1; 0,), (7.14)

Let o;, for © = 1,2,...m, denote the number of observations from a random sample x

falling into the " cell, A;. Then the x? statistic is given by

o (05— 6)?
p— — .1
X ;_1 P (7.15)

and if n is large, ¥ has approximately a chi-squared distribution with (m —1— k) degrees
of freedom where k is the number of parameters in the null distribution that we must

estimate. We therefore reject Hy at significance level « if

X > in—1—k;1—a (7.16)
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where x2,_;_;_, denotes the 100(1 — )" percentile of the chi-squared distribution with

(m — 1 — k) degrees of freedom.
7.3.3 CALIBRATION

We calibrate our different models to a given set of option data. In the figures we denote
the market prices by a circle (), the in-sample calibrated prices by plus sign (+) and
the out-of-sample predictions by a star (x). Our goal is to get the plus signs and stars as
close to the circles as possible.

Except in the calculation of initial parameter estimates under the real world model,
we do not explicitly use any historical data in the calibration process. All necessary in-

formation is contained in the option prices, which are observed in the market.

Option prices, from the GARCH models, are calculated using Monte Carlo simulation
and equation (7.2). We simulate n stock paths, using the risk neutral stock path processes,

and estimate the expectation by

1 < :
—> max{S} — K,0} (7.17)
n
i=1
where 4,Vi = 1,2, ..., n., denotes the i*" stock path .

7.3.3.1 RMSE

For an estimate of the goodness of calibration, we calculate the root-mean-square error

(RMSE):

RMSE — Z (market price - model price)? (7.18)

- number of options
options

In the calibration procedure we estimate the model parameters by minimizing the root-

mean-square error (RMSE) between the model and market prices.

In-sample calibrations and out-of-sample predictions are calculated on the option price
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data. In-sample calibrations refers to the procedure discussed above whereby the param-
eters are estimated through the minimization of some criteria, in our case the RMSE.
Out-of-sample refers to the predicting of the option prices using the parameters esti-
mated by the in-sample calibration or maximum likelihood procedure. We then calculate

the RMSE for these predicted prices.

7.4 DATA
7.4.1 S&P 500

The S&P 500 data set consists of both the Index series and a set of option prices.

The Index series consists of the closing prices from the 2" of January 1990 till the
18" of April 2002 (see Figure 7.1). The option set consists of 75 mid-prices of a set of
European call options on the S&P 500 Index (see Figure 7.2) at the close of the market on
18 April 2002. On this date the S&P 500 Index closed at 1124.47. The risk-free interest
rate is given as 0.7%. For the exact option prices and their maturities see Table 7.8 in

Appendix 7.A.1.
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Figure 7.1: S&P 500 Index Series, 2 January 1990 - 18 April 2002.
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Figure 7.2: S&P 500 Option prices.

7.4.2 S&P 100

The S&P 100 data set also consists of both the Index series and a set of option prices.
The Index series consists of the closing prices from the 4" of March 1998 till the 4"
of March 2008 (see Figure 7.3). The option set consists of mid-prices of a set of European
call options on the S&P 100 Index (see Figure 7.4) at the close of the market on 4 March
2008. On this date the S&P 100 Index closed at 611.15. For the risk-free interest rate we

used a zero coupon swap yield curve. For the exact option prices and their maturities see

Tables 7.9 and 7.10 in Appendix 7.A.2.

Unlike the S&P 500 data, the risk-free interest rate we use in the S&P 100 data analysis
is nonconstant. We thus replace r in our GARCH models by r;. It then follows that the

stock price processes under measure P and Q are given by

S, = Si_arexp (rtAt + )\\/h_t — H(\/Ft; 0) + \/h_tet) (7.19)
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and

S; = Si_arexp (rtAt — /{(\/E; 0) + \/E&) (7.20)

respectively. The option price at time ¢ with strike K and maturity 7" (see Equation (7.2))

then becomes

Cy(K,T) = exp{— i r At} RS {maX{ST - K, 0}] : (7.21)

850

800

750

700

650

o 600

550

500

450

400

350 i i i i i
1998 2000 2002 2004 2006 2008

Figure 7.3: S&P 100 Index Series, 4 March 1998 - 4 March 2008.
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Figure 7.4: S&P 100 Option prices.

7.5 RESULTS

The maximum likelihood estimates for the S&P 500 and S&P100 Index series are given
in Tables 7.1 and 7.2 respectively. The x? statistics and the respective p-values for the
two data sets are given in Table 7.3. The chi-squared statistic was calculated on the
range of five standard deviations either side of the mean or [-5,5] since the innovations are
distributed with zero mean and standard deviation one. This range was then partitioned

into 80 equal intervals.

Looking at the results in Table 7.3, we see that the hypothesis that €;a; is distributed
standard normal is rejected for the S&P 500 and S&P 100 index series. At a 5% sig-
nificance level, we were unable to reject the hypotheses that €;4; has a NIG or Meixner
distribution for both data sets. With p-values of 0.75 and 0.69 respectively, we see that
the NIG and Meixner distributions fit the innovations extremely well in the S&P 100

index. This is evident in the Q-Q plots (see Figures 7.5, 7.6 and 7.7).
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Model
Parameters Gaussian-GARCH | NIG-GARCH | Meixner-GARCH
o 5.8135x10~7 1.0225x107° 7.6620x10~"
1 0.0578 0.0367 0.0640
51 0.9376 0.9063 0.9233
« - 1.4970 1.3376
16 - -0.3590 -0.5524
0 - 2.6038 1.0159
A 0.0700 0.0578 0.0066
Log-Likelihood 13118.2315 10363.2894 10361.8063

Table 7.1: S&P 500 Maximum Likelihood Estimates.

Model
Parameters Gaussian-GARCH | NIG-GARCH | Meixner-GARCH
o 9.9533x10~" 9.6983x10~ " 6.9593x10~7
o 0.0669 0.1048 0.1100
51 0.9254 0.8813 0.8868
Q - 4.3854 0.5105
15} - -1.3997 -0.7752
) - 2.1590 3.4219
A 0.0440 0.0025 0.0001
Log-Likelihood 10240.1408 8011.3395 8009.6526

Table 7.2: S&P 100 Maximum Likelihood Estimates.

2

Data Model X p-value
Gaussian-GARCH | 7290.19 0
S&P 500 NIG-GARCH 94.80 0.094
Meixner-GARCH 93.66 0.095
Gaussian-GARCH | 3950.93 0
S&P 100 NIG-GARCH 68.26 0.751
Meixner-GARCH | 71.19 0.694

Table 7.3: Goodness of Fit Statistics.
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Figure 7.5: Gaussian-GARCH model: Q-Q plot of S&P 100 residuals.

-5 -4 -3 -2 -1 0 1 2
Quantiles of standard normal inverse Guassian distribution

Figure 7.6: NIG-GARCH model: Q-Q plot of S&P 100 residuals.
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Figure 7.7: Meixner-GARCH model: Q-Q plot of S&P 100 residuals.

From Figure 7.5 we see that the residuals from the Gaussian-GARCH model do not
fit the normal distribution very well, especially in the left tail. In Figures 7.6 and 7.7 we
see that the residuals for the NIG-GARCH and Meixner-GARCH models, except for a

few points in the left tail, are close to their model-implied distributions.

The calibration results include the results for both the in-sample and out-of-sample
tests. The S&P 500 in-sample test was calibrated on the first four maturities for all
strikes (43 options), while the S&P 100 in-sample test was calibrated on the first three
maturities for all strikes (117 options). The out-of-sample predictions where calculated
on the remaining options. Tables 7.4 and 7.5 give the RMSE for the S&P 500 and S&P
100 options respectively. The S&P 500 and S&P 100 calibrated parameters are given in
Tables 7.6 and 7.7 respectively.

The first couple of maturities were chosen for the in-sample calibrations. This was
done so that the out-of-sample predictions would be a forecast of long dated options and

future options that would become available in the market.
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RESULTS
Models RMSE
Calibrated In-sample | Out-of-sample
Black-Scholes 3.60 7.14
Gaussian-GARCH 2.83 6.35
NIG-GARCH 1.07 4.05
Meixner-GARCH 1.07 3.21

Table 7.4: S&P 500 Calibration Results: Measures of fit.

Models RMSE
Calibrated In-sample | Out-of-sample
Black-Scholes 2.93 8.98
Gaussian-GARCH 2.81 7.39
NIG-GARCH 1.67 6.22
Meixner-GARCH 1.84 6.73

Table 7.5: S&P 100 Calibration Results: Measures of fit.

We see, from Tables 7.4 and 7.5, that the NIG-GARCH and Meixner-GARCH mod-
els outperform the Gaussian-GARCH model in both the in-sample calibrations as well

as out-of-sample predictions. The in-sample RMSE for the Lévy Models is significantly

lower than the Gaussian-GARCH models.

Model
Parameters | Gaussian-GARCH | NIG-GARCH | Meixner-GARCH
o 5.4390x10~" 1.06x10~7 3.5931x10~7
aq 0.0679 0.0063 0.0014
51 0.9271 0.9907 0.9951
o - 0.2251 7.9649
16} - -0.0301 -0.1800
) - 6.4955 0.8111
A 5.2081x10~* 3.5428x10~8 7.3532x1078

Table 7.6: S&P 500 Calibration Results: Parameters.
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Model
Parameters | Gaussian-GARCH | NIG-GARCH | Meixner-GARCH
o 1.4977x107° 1.7236x10° 9.9509x10~"
o 0.0430 0.0162 0.0273
53 0.9515 0.9807 0.9706
o - 1.7439 0.5609
16} - -0.2066 -0.6237
) - 3.6055 4.0280
A 2.5659x10~4 3.6055x1076 3.0736x1076

Table 7.7: S&P 100 Calibration Results: Parameters.

Figures 7.8, 7.9 and 7.10 show the market prices of the S&P 500 options with the cali-

brated option prices superimposed for the Gaussian-GARCH, NIG-GARCH and Meixner-

GARCH models respectively.
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Figure 7.8: S&P 500 Gaussian-GARCH Calibration.
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Figure 7.9: S&P 500 NIG-GARCH Calibration.
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Figure 7.10: S&P 500 Meixner-GARCH Calibration.
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Figure 7.11: S&P 500 Comparison of out-of-sample prices.

Figure 7.11 plots the out-of-sample prices for the Black-Scholes, Gaussian-GARCH
and NIG-GARCH models against the market prices. We left the Meixner-GARCH model
prices out so that the figure is not cluttered. We can clearly see that the NIG-GARCH
outperforms the Gaussian-GARCH and Black-Scholes models in predicting the market
prices. This is most evident in the out of the money options, were the Black-Scholes and

Gaussian-GARCH models greatly undervalue the option prices.

Figures 7.12, 7.13 and 7.14 plot the market prices of the S&P 100 options with the cali-
brated option prices superimposed for the Gaussian-GARCH, NIG-GARCH and Meixner-
GARCH models respectively. Since the S&P 100 option prices are congested (see Figure
7.4) only the options with strikes between $550 and $750 are plotted. We see that the

Lévy GARCH models provide better fits than the Gaussian-GARCH model.
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Figure 7.12: S&P 100 Gaussian-GARCH Calibration.
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Figure 7.13: S&P 100 NIG-GARCH Calibration.
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Figure 7.14: S&P 100 Meixner-GARCH Calibration.
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Figure 7.15: S&P 100 Comparison of out-of-sample prices.
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Figure 7.15 plots the out-of-sample predictions for the Gaussian-GARCH, NIG-GARCH
and Meixner-GARCH models against the market prices. Here we see, like the S&P 500 op-
tions, that the Lévy models outperform the Gaussian-GARCH model. The NIG-GARCH

and Meixner-GARCH provide very similar predictions for the market option prices.

7.5.1 IMPACT OF THE RESTRICTION ¢(0)

In the empirical analysis, not a single instance occurred where the simulated squared
volatility process in the NIG-GARCH and Meixner-GARCH models reached the cap
value, ¢(@), for both the S&P 500’s and S&P 100’s maximum likelihood estimates and
the calibrated parameters. Hence, the additional restriction had no impact in the results
obtained for these two data sets. Whether or not this restriction will influence the results

for other data sets is not known.
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7.A APPENDIX

7.A.1 S&P 500 DATA

Strike | May  June Sep. Dec. March  June Dec.
2002 2002 2002 2002 2003 2003 2003

975 161.60 173.30

995 144.80 157.00 182.10

1025 120.10 133.10 146.50

1050 84.50 100.70 114.80 143.00 171.40

1075 64.30  82.50  97.60

1090 | 43.10

1100 | 35.60 65.50 81.20 96.20 111.30 140.40

1110 39.50

1120 | 22.90 33.50

1125 | 20.20 30.70  51.00 66.90 81.70  97.00

1130 28.00

1135 25.60  45.50

1140 | 13.30 23.20 58.90

1150 19.10  38.20 53.90 68.30 83.30 112.80

1160 15.30

1170 12.10

1175 10.90  27.70 42,50  56.60 99.80

1200 19.60  33.00 46.10  60.90

1225 13.20 2490  36.90 49.80

1250 18.30 29.30  41.20  66.90

1275 13.20  22.50

Table 7.8: S&P 500 Option Data.
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7.A.2 S&P 100 DATA

Strike | 22 March 19 April 17 May 19 June 20 Sep. 20 Dec. 19 Dec.
2008 2008 2008 2008 2008 2008 2009
400 217.80
420 199.40
440 181.30  189.60
460 163.60
480 135.80 136.70  138.40 142.70  146.00  158.40
485 130.20 130.90
490 125.20 126.00  127.20
495 120.20
500 115.20 116.40 117.80  120.20 125.40 143.50
505 110.00 111.50
510 106.80  108.60
515 100.20 102.00
520 95.30 97.30 99.50  102.40  108.70  114.00  129.30
525 90.30 92.60
530 85.30 88.00
5935 80.40
540 78.80 81.90 85.40 92.90 98.70  115.00
545 70.60 74.30
550 65.80 69.90 73.40
555 61.00 65.50
560 56.30 61.30 65.10 69.40 77.70 84.30
565 51.60
570 52.90 57.20
575 42.60 48.90
580 38.20 45.00 49.60 70.80 90.40
585 34.00 41.20
590 30.00 37.50
595 26.10 33.90
600 22.50 30.50 35.70 40.80 50.70 58.10 78.80
605 19.05 27.20

Table 7.9: S&P 100 Option Data (Part 1).
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Strike | 22 March 19 April 17 May 19 June 20 Sep. 20 Dec. 19 Dec.
2008 2008 2008 2008 2008 2008 2009
610 15.90 29.40
615 21.05
620 10.15 18.35 23.60 28.90 39.00 67.90
625 7.90 15.75
630 5.90 13.30 18.45
635 4.35 11.20
640 3.00 14.00 18.95 28.80 36.40 57.90
645 7.45
650 1.30 5.95
655 0.88 4.65
660 0.57 3.65 7.15 11.20 20.25 27.50 48.80
665 0.38 2.75
670 0.25 4.75
675 1.40
680 0.13 0.88 2.95 5.85 13.50 20.15
685 0.08 0.65
690 0.15 0.45 1.70
695 0.15 0.38
700 0.05 0.35 0.95 14.20 33.40
705 0.05 0.50
710 0.30 0.28 0.55
715 0.30
720 0.35 0.95 4.85 9.45 27.10
725 0.30
730 0.10 0.50
740 0.30 0.50 0.28 0.50 2.50 21.60
750 0.30
760 0.30 0.50 0.50 1.15 17.05
780 0.30 0.50 0.50 0.50 0.55 2.10 13.20
800 0.50 0.50 1.15

Table 7.10: S&P 100 Option Data (Part 2).



SUMMARY AND CONCLUSION

Duan [21] proposed the first option pricing model which modeled volatility using a
GARCH process. In this dissertation we have explored an extension of Duan’s [21]
GARCH option pricing model. This extension allowed us to drop the assumption of
lognormal returns. We replaced the assumption of normality by proposing Lévy process
innovations. These models were aptly named Lévy-GARCH option pricing models. More
specifically, the normal inverse Gaussian and Meixner distributions were proposed. The
main advantage of the models we proposed was that they allowed the daily conditional
logarithmic returns to be heavy tailed and skewed. These GARCH models (both Duan’s
and the Lévy models) are able to capture another stylized fact of financial data, namely
volatility clustering. A disadvantage of the Lévy-GARCH models was the necessity of
incorporating an additional restriction on the evolution of the squared volatility. For the
NIG and Meixner distributions, the additional restriction required us to cap the squared

volatility process.

The normal inverse Gaussian and Meixner distributions were shown to be acceptable
candidates to govern the innovation process. Both distributions can be skewed, either
positively or negatively, and have kurtosis greater than that of the normal distribution.
These distributions still allow for desirable properties of Duan’s GARCH option pricing
model to persist. The normal inverse Gaussian and Meixner innovations were standardized
so that the innovation process had an equivalent mean and variance to the Gaussian-

GARCH’s innovation process. This allowed for direct comparisons to Duan’s Gaussian-

93
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GARCH model.

In addition, we were able to show that an equivalent martingale measure for the NIG
or Meixner distribution exists and furthermore that the equivalent martingale measure

generates respectively a NIG or Meixner distribution.

We proposed a new method to generate random numbers from a Meixner distribution.
This method is based on the rejection method discussed in Ross [43]. Using the NIG
distribution as a basis, we matched the first three moments of the Meixner and NIG
distributions so that the distributions were as 'close’ as possible. However, matching the
moments is not always possible. In the cases where the moments are not matched, we used
a transform of the Meixner parameters to get the NIG parameters. A brief justification
was given on the choice of transformation used. We showed, in a simulation study, that
the rejection method was significantly more efficient, irrespective of whether the moments

can or cannot be matched, than the inverse transform method.

In our empirical analysis we used data on the S&P 500 and S&P 100 index series as
well as a set of European options on each index. Empirical tests on the ability of the
GARCH models to price options were provided.

Modeling the innovations with the NIG and Meixner distributions significantly im-
proved the goodness of fit statistics. Furthermore, the y? test rejected the hypothesis
that the innovations are normally distributed but did not reject the hypothesis that the
innovations are normal inverse Gaussian or Meixner distributed.

The Lévy GARCH models outperformed the Gaussian-GARCH and Black-Scholes
models in both in-sample calibrations and out-of-sample predictions. Overall, we con-
clude that the Lévy GARCH models outperform the Gaussian-GARCH model in both
fitting the stock price process and in the calibrating and predicting of option prices. The

skewness and semi-heavy tails of the NIG and Meixner innovations seem to generate sig-
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nificant improvements in the empirical results.

The main drawbacks to our model was the necessity of incorporating a restriction
on the squared volatility process and that there was no leverage effect incorporated into
our model. Looking ahead we would try to relieve the Lévy GARCH models of these
drawbacks.

The first drawback is a difficult one to overcome. Due to the complex nature of the
characteristic functions for the distributions we have considered and many other more
general heavy tailed distributions, this restriction must be incorporated. However, our
empirical results were not affected by this restriction as the squared volatility process
never reached the cap value. This could be due to the data sets we used or there is a
remote possibility that this will always be the case irrespective of the data used. This will
be left for further investigation.

As for the leverage effect, it can be incorporated into the model with a modification
in the squared volatility process. We can replace the GARCH(1,1) process by one of
two modified GARCH processes. The first being the nonlinear asymmetric GARCH or

NGARCH model. The NGARCH(1,1) model is given by:
ht = Oy + Oélht(Et — p)2 + ﬁlht- (722)

The other option is to incorporate positive innovations and negative innovations separately
through the use of indicator functions. The innovations are then given different weights

in the squared volatility process. This is done as follows:
ht = Qg + OllhtE?]KEt > O) + OZthE?]I(Et < O) + ﬁht (723)

These two variations of the GARCH process add an additional parameter to the model.
The increase in pricing performance of the GARCH models due to the inclusion of this

additional parameter is also left for further investigation.
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