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Section |I:
In thissection, there are 12 questions, fill in the correct answersin the spaces
provided at the end of each question. Each correct answer isworth 5 points.

1. The sum of a four-digit number and its four tigs 2005. What is this four-digit
number ?

Answer: 1979

Since 2001+2+1<2005<2002+2+2, the four-digit numberseek is 1900+38b
wherea andb are digits. From 1900+412b+1+9=2005, we have 812b=95. Note
thata must be odd and less than Saif 5, thenb= 20 is not a digit.

Hencea=7,b=9 and the four-digit number is 1979.

2. In triangleABC, AB=10 andAC=18.M is the midpoint of oBC, and the line
throughM parallel to the bisector af CAB cutsAC atD. Find the length oAD.

A

D
Answer: 4

Let the bisector of~ CAB intersectBC atT. Then
BT=10t andCT=18 for some positive numbeér

B T M c HenceCM=14t so thatMT=4t. SinceMD is parallel to
AT, we haveAD=4.

X+y+xy=2§
3. Letx, y andz be positive numbers such thay +z+yz=15 Find the value of
Z+ X+ 2x =35
X+Yy-+Z+Xy.

Answer: 15

We have (1%)(1+y)=9, (14y)(1+2)=16 and (1#)(1+x)=36. Hence (1%)?=81/4. Since
X is positive, 1¥=9/2 andx=7/2. Similarly,y=1 andz=7. Hencex+y+z+xy=15.



4. The total number of mushroom gathered by 11 boy girls isn® +9n—2,
with each gathering exactly the same number. Déterthe positive integenr.

Answer: 9

Dividing n*+9n-2 byn+11, the remainder is 20. Heneell must divide 20, and this
is only possible ih=9.

5. The positive integeris such that botk andx + 99 are squares of integers. Find
the total value of all such integets

Answer: 2627

Let x=n* andx+99=n7. Then 99#a7-n*=(m+n)(m-n). If m+n=99 andm-n=1, n=49 and
x=2401. Ifm+n=33 andm-n=3, n=15 andx=225. Finally, ifm+n=11 andmn-n=9, n=1
andx=1. The sum is 2401+225+1=2627.

6. The lengths of all sides of a right triangle positive integers, and the length of
one of the legs is at most 20. The ratio of theunradius to the inradius of this
triangle is 5:2. Determine the maximum value ofplee@menter of this triangle.

Answer: 72

Let the triangle have legsandb and hypotenuse Then its circumradius 192

while its inradius isd+b-c)/2. Hence S+b)=7c. By Pythagoras' Theorem,
25(@@+b)*=49@%+b%), which simplifies to 0=1&-25ab+12b” =(3a-4b)(4a-3b). This
means that the two legs are in the ratio 4:3, abwe have a 3-4-5 triangle. Since
one of the legs is at most 20, and we wish to meparthe perimeter, let the shorter
leg be of length 18, the largest multiple of 3 un2ieé. Then the other leg has length
24 and the hypotenuse has length 30, yielding @v@mum perimeter of 72.

7. Leta be the larger root of2004x)° — 200312008- £ and g be the smaller root
of x*+200% - 2004 (. Determine the value af-3.

Answer: 2005

We have 0=(2009*-2003x200%-1=(x-1)(2004x+1) so thatr =1. We also have
0=x*+2003%-2004=§-1)(x+2004) so thajg =-2004. Hencer - 3=2005



8.Let a be a positive real number such tbé&a—lzzs » Determine the value of

1
a3+—3.
a

Answer: 47

We have &+1/a)*=a’+1/a’+2=7. Hence 77 =(a+1/a)* =a’+1/a’>+3+7 so that
a*+1/a’=47 .

D QP C
9.In the figure ABCD is a rectangle witB=5 such
that the semicircle oAB as diameter cuSD at two
points. If the distance from one of themAtas 4, find
the area oABCD. A B
Answer: 12

Let P be the point of intersection of the semicircleha@D such thaiAP=4. Now

~ APB=90°. By Pythagoras' TheoreBP=, AB*- AP’ =3. Hence the area of
trianglePAB is 1 (4)(3)=6. The area AABCD, which is double the area BAB, is

therefore 12.

10.Leta:9{n(%)j —1—(%}—(%’) —---—(ig(j } wheren is a positive integer. His

an integer, determine the maximum valua.of

Answer: 81

erava 819 .(19] “1°>1) o9

&

If a=9(n-9) (190) +81 is to be an integer, we must haw® orn=1 wherebya=81 or

a=9. Hence the maximum value afs 81.

11. In a two-digit number, the tens digit is greadban the units digit. The product
of these two digits is divisible by their sum. Wieathis two-digit number?

Answer: 63




Let the two-digit number be a@b with a>b. We havab/(a+b)=k for some positive
integerk. This expression may be rewritten ask)(b-k)=ab-ak-bk+k*=I’. Fork= 5,
a=10 and is not a single digit. Suppdsel. If a-4=4=b-4, thena=b=8 but this is
given not to be the case. Herszd=8 or 16, but thea=12. If k=3, we have either
a=b=6 ora=12. Ifk=2, we have eithea=b=4 ora=6 andb=3. Finally,k=1 leads
only toa=b=2. Hence the desired number is 63.

12.In Figure,PQRSis a square of area 1Ais a point orRSandB is a point orPS
such that the area of triand@B is 4. Determine the largest possible value of
PB+AR.

Let BP=x, AR=y andPS=z. ThenBS=z-x, RS=10/z andAS=10/z - y. The combined
area of triangleBPQ, ABS andARQ is 6:%[xd§ +(z- x)(%) -y)+ yz} . Hencexy=2.

The minimum value ok+y occurs whex=y=+/2, and the value of+y is 2v2.

Answer: 22




Section I1:

Answer the following 3 questions, and show your detailed solution in the space
provided after each question. Write down the question number in each paper.
Each question isworth 20 points.

1. Leta, b andc be real numbers such that bc =b+ca=c+ab=501. If M is the
maximum value oa+b+c andmis the minimum value of+b+c. Determine
the value oM+2m.

We havea-b=c(a-b) so that eithec=1 ora=b. If c=1, thena+b=501 whileab=500.
Hence &,b)=(1,500) or (500,1), and we haa¢b+c=502. Ifa=b, we have
a(1+c)=c+a’=501 so thaa(1+501a%)=501. This factors intoaf1)(@*+a-501)=0. If
a=1, thenb=1 andc=500 and we havat+b+c=502 again. Otherwise=5014a°=c so
thata=b=c. Their common value i5-1++/2005), so that+b+c=2(-1+/2005). It

follows thatM=502 whilem=2(-1-+/2005), so thatM+2m=499-3,2005.

2. The distance from a point inside a quadrilaterahe four vertices are 1, 2, 3 and 4.
Determine the maximum value of the area of suchaalglateral.

Let P be the point inside the quadrilateABCD. The area oABCD is the product of

1 AC and the sum of the distances fré@ to B andD. This sum is less than or equal
to PB+PD, with equality if and only i lies onBD andBD is perpendicular téC.

On the other hand\C is less thafPA+PC, with equality if and only iP lies onAC.

It follows that maximum area occurs wh&@ andBD intersect aP, and are
perpendicular to each other. The area is then dyey(PA+PC)(PB+PD). Now PA,

PB, PC andPD are 1, 2, 3 and 4 in some order.

To maximize the product oPA+PC)(PB+PD), we want the values of the products to
be as close to each other as possible. Hence thienoma area ist (1+4)(2+3)=2.



3. We have an open-ended table with two rows dihtithe numbers 1, 2, ..., 1024
are written in the first 2005 squares of the ficst. In each move, we write down
the sum of the first two numbers of the first rosveanew number which is then
added to the end of this row, and drop the two remnhbsed in the addition to the
corresponding squares in the second row. We cantintil there is only one
number left in the first row, and drop it to theresponding square in the second
row. Determine the sum of all numbers in the seqomd (For example, if 1, 2, 3,
4 and 5 are written in the first row, at the end,lvave 1, 2, 3, 4,5, 3, 7, 8 and 15
in the second row. Hence its sum is 48.)

L emma:

Initially, the numbersy, ay, ..., a," are written in the first 2squares of the first row.
Then the sum of all numbers in the second row+4)( a;+ a,+...+ay").

Forn=1, the numbers in the second rovajsa,, a;+ay, the sum is 2;+ a,)
Forn=2, the numbers in the second rovaisa,, as, &u, a;+ay, 8s+ay, & +a,+astay,
the sum is 34;+ a, + azt+ay).

Assume n=k, the numbers in the second rovajsa,, as, a, ...., ax, atay,
agtay, ..., 8+ 8y artaptagtay,..... .8 o+ a2 +a M+ &y, ... artaytagtagt...,

a,"*+ a," the sum of the numbers in the second rowd )( a,+ as+...+a5").

Whenn=k+1, the numberay, a,, ..., a,"*are written in the first'¢* squares of the

first row. After #moves, we have*dumbers a,+a,, agtay, ..., & -1+ a,", in the

first row , and we have*Z numbersay, a,, ..., a,"'* in the second row.
By induction, at the end,the sum of the numbetiensecond row is

(k+1+1)(agt+ apt...+a"™h).

Now, the numbers 1, 2, ... , 2086e written in the first 2005 squares of the fiost.
After 981 moves, we have 1024 numbers : 1963, 19642005, 3, 7, 11, ..., 3919,
3923 in the first row, and we have 1962 numbers2, 1... , 1961, 1962 in the second
row.

We only look at 1024=2 numbers in first row, from Lemma, we obtain thensof

the numbers in the second row is (10+1)(1963+19642005+3+7+...+3919+3923)
=11(1+2+3+ ... +2004+2005)=22121165. We must add past 1, 2, ..., 1961, 1962
in the second row to the total sum. It follows ttret sum of all the numbers in the
second row is 22121165+(1+2+ ... +1962)=24046868..



