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a b s t r a c t

Worldwide, there is an increase in the number of energy storage systems that are installed as a result of
several benefits. These systems bring uniformity and efficiency improvements to electrical grids by
storing and returning energy to the grid. They help with the integration of the new renewable energy
sources, mitigating the intermittency of these sources, which is the main problem to implement them on
a large scale. One of the most widespread kinds of these systems is the Pumped Storage Hydropower
Plant, with an installed power capacity of 153 GWat global level. This work presents a newMixed Integer
Linear Programming model to operate these plants by maximizing the received profits. The model is
distinguished from others because it allows the inclusion of a greater number of breakpoints, which
means that more realistic solutions can be obtained by reducing the computational effort. To prove the
usefulness of the formulation, two real plants located in Argentine Republic are tested: Rio Grande and
Los Reyunos power plants which have a total installed power capacity of 975 MW. Results indicate that
the proposed model reaches feasible solutions with a sufficient level of accuracy with CPU times of less
than 1 s.

© 2020 Elsevier Ltd. All rights reserved.
1. Introduction

For the year 2018, the total amount of electricity generation at
global level was 26,700 TWh [1]. Themajor part of the increment of
electricity consumption was covered by the generation corre-
sponding to the new renewable and nuclear sources. Nevertheless,
therewas also an increase of the pollution level due fossil fuels. This
increasing was of 2.4% in CO2 emissions. In order to generate all the
required electricity, is necessary the investment of large sums of
money. In this context, electric companies are always seeking to
improve the efficiency of power generation, transmission and dis-
tribution processes [2].

There are several strategies to improve the power system effi-
ciency. One is to organize the power generation processes by
implementing mathematical programming. It helps to decide the
best combination of units for generating electricity to cover the
forecast demand [3]. Another strategy is the implementation of
systems that allow the storage of energy when the electricity de-
mand is low. Then, the energy is returned to the system when the
power demand is high [4]. The energy storage system can be
classified into five groups: mechanical (Pumped Hydro-storage,
Compressed Air, Flywheels), electric (superconductors, capaci-
tors), thermal, electrochemical (batteries), and chemicals (fuel
cells) [5].

Pumped Storage Hydropower Plants (PSHPs) are one of themost
extended energy storage systems at worldwide level [6], with an
installed power capacity of 153 GW [7]. The goal of this type of
storage system is basically increasing the amount of energy in the
form of water reserve [8]. During periods with low power demand
(off-peak period), these systems pumpwater from a lower reservoir
to an upper one. In contrast, when the electricity demand is
increased (peak periods), PSHPs turbine water for producing elec-
tricity as a conventional hydropower plant. Countries that have the
highest amounts of installed power capacity of this technology are
China with capacity of 32 GW, Japan 28 GW, EUA 22 GW, and Spain
8 GW.

PSHPs have the advantage of presenting lower production costs,
in comparisonwith the conventional generating units that are used
during peak periods (as natural gas units or diesel units). As
consequence of the PSHPs ability to pump water during off-peak
periods, they take advantage of the variation in generation prices
(the electricity prices are higher during the peak periods). In
contrast to conventional hydropower plants, PSHPs do not depend
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Nomenclature

Acronyms
PSHP Pumped Storage Hydropower plant
MILP Mixed integer linear programming
HUC Hydro unit commitment
NLP Nonlinear programming
MINLP Mixed integer nonlinear programming
ISO Independent system operator
RG-TP Rio Grande this paper (curve of results with the new

model)
LR-TP Los Reyunos this paper (curve of results with the new

model)
RG-9P Rio Grande 9 points (curve of results with the nine

point model)
LR-9P Los Reyunos 9 points (curve of results with the nine

point model)
RG-NL Rio Grande nonlinear (curve of results with the

nonlinear model)
LR-NL Los Reyunos nonlinear (curve of results with the

nonlinear model)

Indexes
s index for each turbine or unit of the PSHP
t index of time periods
z index for head level
y Index for generation segment

Constants

rft forecast hourly price
sgens cost for generating 1 MW ($)
spus cost for consuming 1 MW ($)
S total number of turbines
T programming horizon
Dt forecast demand (MW)
mgens electric generator efficiency
mturbs hydraulic turbine efficiency
mcps mechanical efficiency coupling between the turbine

and the alternator
mpus efficiency for the pumping mode
dupin inflow that correspond to the upper reservoir (m3/s)

or (Hm3/h)
dupout outflow that correspond to the upper reservoir (m3/s)

or (Hm3/h)

dlos;in inflow that correspond to the lower reservoir (m3/s)
or (Hm3/h)

dlos;out outflow that correspond to the lower reservoir (m3/s)
or (Hm3/h)

Drmin
z minimum volume difference for the head levelz

(Hm3)
Drmax

z maximum volume difference for the head levelz
(Hm3)

HDmax
z maximum value of head level (m)

max H maximum head value for all levels (m)
HDmin

z minimum value of head level (m)
Pgeny;z;s power generation at segments y; z for the unit s (MW)
Dgy;z;s discharge at segments y; z for the unit s (m3/s) or

(Hm3/h)

pgens maximum power output for each PSHP unit s
pgens minimum power output for each PSHP unit s

Ppuz;s power consumption in pumping mode for the unit s
and headz (MW)

Qpz;s pumped water flow for the PSHP unit s and headz
(m3/s) or (Hm3/h)

Variables
pgens;t generated power (MW)

ppus;t consumed power (MW)
Dgs;t unit discharge variable (m3/s) or (Hm3/h)
hs;t hydraulic head (m)
qps;t pumped water flow (m3/s) or (Hm3/h)
qgens;t binary variable that represents the generating mode

status
qpus;t binary variable that represents the pumping mode

status
f
gen
t binary to ensure that when a unit of the PSHP is

working on pumpingmode, the rest of units must not
be in generating mode

f
pu
t binary to ensure that when a unit of the PSHP is

working on generating mode, the rest of units must
not be in pumping mode

rupt upper reservoir water volume (Hm3)

rlos;t lower reservoir water volume (Hm3)

wtgeny;z;s;t weight variable for generating mode [0,1]
tz;s;t binary variable for the for the head level matching
wtpuz;s;t weight variable for pumping mode [0,1]
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greatly on the river flows for increasing the volume of the upper
reservoir. Additionally, PSHPs benefit from seasonal events due to
the availability of pumping water from other reservoirs. As for the
power system, PSHPs can respond quickly to several changes of
power demands and they also participate in the control of grid
frequency. Due to the aforementioned characteristics, these plants
are preferred to cover peak demands [6].

Optimization techniques based on mathematical models that
represent these PSHPs have greatly improved in recent years [9].
Hydro Unit Commitment Problem (HUC) involves finding the best
possible combination to operate a conventional hydropower plant
[10]. The problem which determines the operation of a PSHP is a
special case of the HUC problem. In this field, a coordination
framework to optimize a system integrated by PSHPs, irrigation
facilities, and wind generators is developed in Ref. [11]. In Ref. [12],
a nonlinear model (NLP) is presented for solving the HUC problem
with two PSHPs from Iran, taking into account constraints of
reservoir volumes and the diameter of the water transmission in-
stallations. The main drawback of NLP andMixed Integer Nonlinear
Programming (MINLP) models, which are implemented for repre-
senting PSHPs, is the elevated computational requirement to obtain
solutions with a sufficient level of accuracy. For this reason, novel
Mixed Integer Linear Programming (MILP) models have been
developed for representing PSHPs during the last years. They allow
to obtain the advantages of linear models, which are lower CPU
times, global optimally, and the flexibility to add constraints [13].
Consequently, there are approaches, as in Ref. [14], that presents a
linearization technique for the PSHP operating curves.
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Unfortunately, the approach does not consider the effects of hy-
draulic head changes in the pumping mode. Hydraulic head is a
measure of elevation from a water static column by considering an
arbitrary point. In Ref. [15], this effect is considered as constant. In
contrast [16], presents anMILPmodel for the operation of PSHPs, by
using a nine-breakpoint method, which reduces the peak-valley
difference of the residual load with head change effects. Another
nine-breakpoint method is included in Ref. [17] to linearize the
operation curves, but it is developed for conventional hydropower
plants. A dynamic programming method is applied to solve mul-
tiple plants by considering head effects in Ref. [18]. However, this
method is not efficient for the short-term scheduling due to
dimensionality problems (as stated in Ref. [19]). In Ref. [20], a
model that addresses a natural gas-electricityehydraulic system is
considered with a nine-point method. The main contributions and
differences between the aforementioned works and the present
paper are summarized in Table 1.

Argentine Republic is a country with a population of more than
40 million people and an extension of 2.78 million km2. In order to
provide electricity to the entire territory, a total power capacity of
38,609 MW is installed [21]. The participations of each generation
technology in the energy matrix are described as follows (based on
[21]). For thermal generation: steam turbine 11.5%, natural gas
turbine 18%, combine cycle 29%, diesel 4.7%, and nuclear 4.5%.
Additionally, the renewable sources are hydro 25.4%, pumped
storage 2.6%, photovoltaic 0.5%, wind 2.1%, biogas 0.1% and other
renewables 1.6%. The pumped storage technology has an installed
capacity close to half of the nuclear power capacity (975 MW and
1755 MW, respectively). The pumped storage system of Argentine
Republic is composed by two PSHPs: Los Reyunos that has two
reversible turbines with 225 MW of installed capacity and Rio
Grande with four turbines and 750 MW of capacity.

In view of the above, the main contribution of this paper is the
introduction of a novel MILP model that deals with the operation of
PSHPs (for both operating modes). The model considers several
aspects that help to obtain more realistic solutions. It supports an
elevated number of breakpoints. This constitutes the main differ-
ence when this model is compared against other models, which
only can handle a reduced number of breakpoints. The imple-
mentation of a larger number of breakpoints enhances the quality
of the solution. In addition, all constraints are considered simul-
taneously. This characteristic differentiates this model from other
ones, as the decomposition methods. In addition, several con-
straints are also considered as water reservoir volumes, thresholds
of operation, operating mode exclusivity, among others. The new
model is applied to a real case formed by two PSHPs fromArgentine
Republic: Los Reyunos and Rio Grande. The daily programming of
Table 1
Main contributions and differences of several approaches.

Approach Main Contributions

[11] Coordination framework to optimize the joint operation of pumped-storage
unit, irrigation system and intermittent wind power generation

[12] NLP model for operating PSHP along with a comparison by using four criter

[14] A Linear model that address PSHP operation with the lowest computationa
along transmission constraints

[15] Amethodology that integrates predator-prey optimization (PPO) and Powell’
method

[16] A MILP model to minimize the peak-valley difference of the residual load se
each power grid.

[17] A MILP model for operating hydro generation, which requires fewer auxilia
variables

[18] Nonlinear model to address head effects of hydro systems
[20] A MILP model for solving a natural gas-electric-hydro system
the two plants will be considered with real data provided by their
owners (GENCOs) and the operator (ISO) [22]. This work is devel-
oped taking into account the linking between the grid ISO [23] and
GENCOs.

The rest of this paper is organized as follows. Section 2 in-
troduces the formulation of the PHSP operation, and develops the
linearization technique to approximate the nonlinearities of oper-
ating curves. The numerical test based on the real case of the two
PSHPs from Argentine Republic is presented and described in
Section 3. Section 4 presents the analysis of results and compares
the proposed model with similar ones. The conclusions of the study
are drawn in Section 5.
2. Model for solving the power plant operations

This section presents and describes the original nonlinearmodel
for the operation of PSHPs. After, it introduces the linearization
techniques for obtaining a MILP model.
2.1. Operation constraints

The basic scheme of a PSHP can be observed in Fig. 1. The system
is composed of an upper water reservoir and a lower reservoir. The
difference between the water elevation from upper reservoir and
thewater elevation from lower reservoir is known as hydraulic head
or, simply, head. Moreover, PSHPs have an internal system of pen-
stocks with a reversible turbine which is connected to a generator.
The plant provides electricity to a near power substationwhere the
electricity is suited and transmitted to the grid (through trans-
mission towers). The basic working of a PSHP is pumping water
during periods when the electricity demand is low, usually at night.
By contrast, when the electricity demand is increased and the
generation prices are higher, PSHP turbines water for generating
electricity. All water reservoirs depend on the water flows which
are turbined or pumped by the PSHP, in addition to the river inflows
and outflows.

Based on [24], the aim of the model is maximizing revenue (RG)
of one PSHP by reducing the associate production cost for a pro-
gramming horizon of 24 h. The objective function is presented in
(1).

maxRG¼
XS

s¼1

XT

t¼1

h
rft

�
pgens;t �ppus;t

�
�pgens;t sgens �ppus;ts

pu
s

i
(1)

Themodel considers S turbines for a PSHP and the programming
horizon isT . In addition, s is the index for each turbine or unit of the
PSHP, t is the index of time periods, pgens;t is the generated power, ppus;t
Main Differences

It is applied to a micro grid, not to a large scale system

ia NLP model can require an elevated computational effort, especially in
large scale systems

l effort It does not consider the hydraulic head effects for the pumping mode

s search Hydraulic head is considered as constant

ries of A nine-breakpoint method with nine triangles is applied to linearize

ry A nine-breakpoint method. The model only considers conventional
hydropower plants. Without the capacity of pumping
Inefficiency for short-term scheduling due to the dimensionality factor
A nine-breakpoint method with nine triangles is applied to linearize



Fig. 1. Basic scheme of PHSP operation.
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is the consumed power, rft is the forecasted hourly price for each
time t, sgens and spus are the costs for unit capacity. In the considered
case, both costs will be assumed as negligible.

When the problem includes system constraints, the first one is
satisfying the power demand, which is represented in (2). Where Dt

is the forecast power demand at time t that is reported by the ISO in
a deregulated electricity market [25]. It is important to mention
that Dt refers to the generation that the ISO expect from the PSHP.

XS

s¼1

pgens;t �Dt ; t ¼ 1;…; T (2)

Based on [26], the generated power by a PSHP is calculated in
(3). Where Dgs;t is the unit discharge variable, which represents the
rate of water flow through the water control facilities. The variable
is related to the flow rate of each individual unit. As a consequence,
Dgs;t is the amount of cubic meters of water that pass through the
turbine s at time t. In addition, hs;t is the head variable, mgens is the

electric generator efficiency (from 0.92 to 0.97), mturbs is the hy-
draulic turbine efficiency (from 0.75 to 0.94), and mcps is the me-
chanical efficiency coupling between the turbine and the alternator
(from 0.95 to 0.99).

pgens;t ¼9800 Dgs;ths;tm
gen
s mturbs mcps

.�
1 *106

�
;…… S ¼ 1; …; S; t

¼ 1; …; T

(3)

Based on [27], the power consumed by the PSHP for pumping
water is calculated in (4). This equation depends on the variables of
pumped water qps;t and headhs;t . Accordingly, there is a product
between the two continue variables, as in case of power generation
constraint (3). Consequently, both nonlinear constraints are hard to
solve due to the elevated computational requirement.

ppus;t ¼
9800qps;ths;t
mpus 1*106

s ¼ 1; …; S; t ¼ 1; …; T

(4)

In order to avoid mechanical problems for the PSHPs, an ex-
clusivity constraint of operation mode is needed. As a result, when
one or more units of the plant are working in generating or
pumping mode, the rest of the units must be working in the same
operation mode or in off status. For this purpose, two binary
variables are introduced for representing the generating mode
(qgens;t ) and the pumping mode (qpus;t ). Mode exclusivity constraints
are developed in (5-10). Constraint (5) imposes that only one of the
two binary variables is equal to 1 when the PSHP is generating,
pumping, or 0 otherwise.

qgens;t þ qpus;t � 1……s ¼ 1; …; S; t ¼ 1; …; T (5)

The binary variable fgen
t is set up so that if one unit of the PSHP is

in generatingmode, the rest of units cannot be in pumpingmode. In
fact, fgen

t ¼ 1 when at least one unit is in generating status. This
mode exclusivity is modeled in (6e7). Thus, if qpus;t ¼ 1 for the units,

all qgens;t ¼ 0. In another case, if qpus;t ¼ 0 for the units, all qgens;t ¼ 0 or 1.
This exclusivity of operating mode is modeled in (6) as follows.

XS

s¼1

qgens;t � S fgen
t ; t ¼ 1; …; T (6)

A similar reasoning is adopted in constraint (7). In this case, the
binary variable f

pu
t is implemented to avoid the overlapping of

operating modes.

XS

s¼1

qpus;t � S fpu
t ; t ¼ 1; …; T (7)

Constraint (8) establishes that all units of the PSHP can be
included within the three stages for each time period: at least one
unit is in pumping mode, generating mode, or all units are in off
status.

f
pu
t þf

gen
t � 1; t ¼ 1;…; T (8)

Constraints (9) and (10) determinate the water volumes of the
upper and lower reservoirs. These constraints include the variables
related to pumped and turbined water flows, along with the con-
stants that represent the river inflows or outflows which are con-
nected to the reservoirs. The model considers a PSHP with one
upper reservoir and several lower reservoirs. In this context, the
model includes all possible configurations of PSHPs.
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rupt ¼ rupt�1 þ dupin þ dupout �
XS

s¼1

Dgs;t þ
XS

s¼1

qps;t ; t

¼ 1; …; T (9)

rlos;t ¼ rlot�1 þ dlos;in þ dlos;out þ Dgs;t � qps;t ;…… s ¼ 1; …; S; t

¼ 1; …; T (10)

The proposedmodel considers that each unit s can be connected
to different reservoirs. If all units share the same reservoirs and
they are installed at the same height, values of head variable can be
set as equals for all units of each PSHP and eacht (in order to reduce
the computational effort). Besides, river inflows and outflows are
considered as constants for the daily scheduling [28].

Constraint (11) ensures that the amount of water volume in the
upper reservoir, at the end of the programming horizon, must be
greater than or equal to the water volume at the beginning. This
constraint constitutes an energy reserve.

rupt¼T > rupt¼1 (11)

2.2. Mixed integer linear programming model

This subsection presents the linearization techniques that are
implemented for solving the PHSP operations with the novel MILP
model.

2.2.1. Generating mode
There are some papers, as the aforementioned in the Introduc-

tion, which have linearized the nonlinear PSHP operating curves
presented in (3) by considering the head variation effects. However,
these papers admit up to nine breakpoints which are divided into
three head levels and three generation segments. These models
solve the problem throught the implementation of a nine triangles
sub-region method. By contrast, the model presented in this paper
admits an increased number of breakpoints with more head levels
and generation segments. This means an enhancing of the accuracy
level of the obtained solutions. Graphical representation of the
relation between the water discharge and power generation for
PSHPs is drawn in Fig. 2. The figure includes real data belonging to
the unit 1 of PSHP Los Reyunos and the unit 1 of PSHP Rio Grande,
based on [29].
Fig. 2. Discharge-generation curves belonging to real cases of PSHPs Los Reyunos and
Rio Grande.
Graph included in Fig. 2 represents performance curves for five
levels of hydraulic head, which correspond to 194 m, 190 m, 180 m,
170 m, and 195 m for Rio Grande. In the case of Los Reyunos, head
levels are 98.7 m, 92 m, 87 m, 82 m, and 77.5 m. Regarding the
generation mode, eight segments are considered which are
130 MW, 140 MW, 150 MW, 160 MW, 170 MW, 180 MW, 190 MW,
and 200 MW for Rio Grande. Segments for Los Reyunos are 64 MW,
67.6 MW, 71.2 MW, 77.2 MW, 83.1 MW, and 89.7 MW.

In order to linearize the PSHP performance curves, several
constraints will be introduced. Constraint (12) implies that the bi-
nary variable qgens;t is equal to the sum of all generating mode weight

variableswtgeny;z;s;t [0,1]. Where y is the index for generation segment,
z is the index for head level, Y is the total number of generation
segments, and Z is the total number of head levels. The sum of the
weight variables is equal to the binary variableqgens;t . When the unit
is generating the value of the sum is equal to 1.

XY

y¼1

XZ

z¼1

wtgeny;z;s;t ¼ qgens;t ; s ¼ 1; …; S; t ¼ 1; …; T

(12)

Constraint (13) relates the reservoir volume differences with the
binary variable tz;s;t . This variable is equal to 1 when the difference
between reservoir volumes matches with the corresponding head
level and 0 otherwise. Drmin

z and Drmax
z are constants that represent

theminimum andmaximumvolume difference for the head level z.

XZ

z¼1

tz;s;tDrmin
z � rupt � rlos;t �

XZ

z¼1

tz;s;tDrmax
z ; s ¼ 1; …; S; t

¼ 1; …; T (13)

Constraints (14e15) calculate the value of the head variable hs;t
for each unit s by considering the weight variable wtgeny;z;s;t . Where

HDmax
z and HDmin

z are constants that correspond to the maximum
and minimum value of head level. In addition, max H is the
maximum head value for all levels.

hs;t �
XY

y¼1

XZ

z¼1

wtgeny;z;s;tHD
max
z þmax H

�
1� qgens;t

�
; s ¼ 1; …; S; t

¼ 1; …; T

(14)

hs;t �
XY

y¼1

XZ

z¼1

wtgeny;z;s;tHD
min
z ; s ¼ 1; …; S; t ¼ 1; …; T

(15)

The values of the power output (pgens;t ) and water discharge

(Dgs;t) variables are defined by constraints (16e17).Where Pgeny;z;s and
Dgy;z;s are constants related to the power generation and water
discharge of the unit at segments y;z.

pgens;t ¼
XY

y¼1

XZ

z¼1

wtgeny;z;s;tP
gen
y;z;s; s ¼ 1; …; S; t ¼ 1; …; T

(16)

Dgs;t ¼
XY

y¼1

XZ

z¼1

wtgeny;z;s;tDgy;z;s; s ¼ 1; …; S; t ¼ 1; …; T

(17)
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Units of the PSHP have maximum and minimum operating
limits due to security and technical reasons, this is modeled in (18).

Where pgens and pgens are the power output limits for each PSHP
units.

pgens qgens;t � pgens;t � qgens;t p
gen
s ; s¼1; …; S; t¼1; …; T (18)

In order to enhance the understanding of the method of this
section, it is important to mention that constraint (12) sets the
weighting sum of all breakpoints. In fact, if a unit is in generating
mode, the weighting sum is equal to 1 and 0 otherwise. Besides,
constraints (14e15) calculate the interpolation value for the head
variable. If the unit is generating, the interpolated value will be
equal to the weighted head sum for each breakpoint. Finally,
(16e17) calculate the weighted sum of the power output and water
discharge, respectively. These five constraints depend on the
weighted variablewtgeny;z;s;t . It establishes the operation point for the

unit and it maintains the variablespgens;t ,hs;t and Dgs;t in concordance.
The dependencies and dynamism between these variables and the
weighted variables have been widely discussed in Ref. [17]. Fig. 3
illustrates the breakpoint implementation and the differences be-
tween traditional models and the new model. Fig. 3 A) represents
the traditional method to determine the operating point. This
method is based on the use of nine breakpoints that correspond to
the real generation-discharge curves of the PSHP. Each breakpoint
is obtained due to the intersections between the three head levels
and the three generation segments. The operating point is deter-
mined by selecting one of the nine triangles (which are marked in
the figure) by implementing auxiliary variables. The sum of the
weight variables will be influence by the head levels and the gen-
eration segments. The major disadvantage of the method is that it
can only handle nine breakpoints. By contrast, Fig. 3 B) shows the
proposed method which supports a higher number of head levels,
generation segments and, in consequence, a greater amount of
breakpoints. The method can determine the correct portion of the
operating zone. As more real breakpoints contribute to represent
the generation-discharge curves, more realistic solutions are
obtained.
2.2.2. Pumping mode
Similar reasoning of the previous subsection applies to the

pumping mode. Constraint (19) implies that the sum of the weight
Fig. 3. Comparison between A) traditional nine-
variables of pumping mode wtpuy;z;s;t must be equal to the binary

variable for pumping status qpus;t .

XZ

z¼1

wtpuz;s;t ¼ qpus;t ; s ¼ 1; …; S; t ¼ 1; …; T

(19)

Values belonging to the power consumption variable ppus;t and
the pumped water variable qps;t are calculated through constraints
(20e21). Where Ppuz;s is the constant for the power consumption, and
Qpz;s is the constant related to the pumpedwater flow (for the unit s
along with the head level z).

ppus;t ¼
XZ

z¼1

wtpuz;s;tP
pu
z;s ; s ¼ 1; …; S; t ¼ 1; …; T (20)

qps;t ¼
XZ

z¼1

wtpuz;s;tQpz;s; s ¼ 1; …; S; t ¼ 1; …; T (21)

The binary variable tz;s;t is introduced to avoid discrepancies of
operating points, especially when the PSHP goes from the gener-
ating mode to the pumping mode, or vice versa. More specifically,
the variable is equal to 1 when the operating point matches with
the head level z and 0 otherwise. In consequence, tz;s;t will be
implemented in the next five constraints to establish the in-
terdependencies among discharges, pumping flows, and the
reservoir conditions. To determine the correct value oftz;s;t ,
constraint (22) implies that the variable must be active in a single
head level. This constraint relates the water reservoir differences
with the values of the rest of variables, which depend on the head
level.

XZ

z¼1

tz;s;t ¼1; s ¼ 1; …; S; t ¼ 1; …; T ; z ¼ 1;…; Z (22)

Variable tz;s;t is related to the weight variables for both oper-
ating modes, wtgeny;z;s;t andwtpuz;s;t , in constraints (23e24).
breakpoint models and B) the novel model.
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XY

y¼1

wtgeny;z;s;t � tz;s;t ; s ¼ 1; …; S; t ¼ 1; …; T ; z

¼ 1;…; Z (23)

wtpuz;s;t � tz;s;t ; s ¼ 1; …; S; t ¼ 1; …; T ; z ¼ 1;…; Z

(24)

Constraints (25e26) relate the binary variable tz;s;t with the
determination of the head value. Where Mis a sufficiently large
positive number.

hs;t �M
�
1� tz;t

� � tz;s;tHDmax
z ; s ¼ 1; …; S; t

¼ 1; …; T ; z ¼ 1;…; Z (25)

hs;t þM
�
1� tz;t

� � tz;s;tHDmin
z ; s ¼ 1; …; S; t ¼ 1; …; T; z

¼ 1;…; Z

(26)

Fig. 4 illustrates the flowchart of the proposed methodology
along with an identification of steps. It is convenient to mention
that the model considers simultaneously all constraints. The
method is divided into steps in order to enhance the understanding
of the reader. The inputs are data relating to hourly electricity
prices, operating costs, and the forecast demand. The model de-
termines when is more convenient to generate or consume elec-
tricity, in order to maximize the benefits of the PSHP GENCOs. To
obtain the optimal decision about the operation of the plants, the
model needs an efficient exploration of the generation-discharge
curves, consumption-pumping curves, and the reservoir dy-
namics. The operating curves are nonlinear and solve them require
an elevated computational effort. Even it could be impossible to
obtain feasible solutions within a reasonable time (many authors
consider this limit as 3600 s). For this reason, the model solves the
determination of the operating point through the linearization of
curves. However, linearization of operating curve can lead to obtain
solutions that are far from the reality. The most majority of line-
arization models consider up to nine breakpoints. In connection
with this issue, the proposed model considers a better represen-
tation of the real curves based on the inclusion ofmore breakpoints.
The novel formulation allows the utilization of an elevated number
of breakpoints to enhance the obtained solutions. Main differences
between the traditional models and the novel proposal were shown
in the Fig. 3. The more implemented breakpoints, the better the
quality of the solution. These improvements of the curve lineari-
zation will be proved and discussed in the next sections.
3. Case study

The proposed MILP model is applied to a real system that is the
Pumped Storage System of Argentine Republic. The system is
formed by two PSHPs. First one is Los Reyunos Plant, which is
located in Mendoza province. It has two units with a total installed
power capacity of 225 MW and its yearly generation is about
247 GWh. The upper reservoir is called Los Reyunos and the lower
reservoir is El Tigre.

The second plant is called Rio Grande, which is the largest PSHP
in Latin America. It is located in Cordoba province and its yearly
generation is about 970 GWh. The upper reservoir of the plant is
called Cerro Pelado and the lower one is Arroyo Corto. The tributary
of river only offers a 15% of the required water volume for gener-
ating power. As a consequence, 85% of the required water volume is
pumped from the lower reservoir. Power capacity of Rio Grande is
750 MW along with four Francis reversible turbines. The basic
scheme of the two PSHPs is shown in Fig. 5. Plants are marked in
the geographical space of South America.

Data relating to generation and discharge for the two PHSPs are
given in Table 2. In addition, Table 3 presents information con-
cerning reservoirs. Both tables were formulated based on [29e31].
The hourly forecast price for the 24 h of programming horizon is
given in Table 4. In addition, Table 5 presents the hourly demand
that each PSHP must cover according to the requirements of ISO
CAMMESA, which is in charge of organizing the power generation
of thewhole country [32]. It is important tomention that themodel
of Section 2 represents the operation of a single PSHP. In the case of
this test system, the total revenue is obtained from the sum of two
objective functions and the respective constraints of each plant
(one model is implemented for each PSHP). This is revealed in the
model size description in the next section.

4. Analysis of results and comparisons

The CPU equipment used for solving the test system is an INTEL
CORE i5 750 @ 2.67 GHz processor and 4 GB of RAM. Themodel was
programmed using software GAMS and the linear solver CPLEX
[33]. Adopted relative GAP is 0.05%. Note that the relative GAP is the
difference between the best known solution and the value that
bounds the best possible solution, divided by the best bound.

4.1. Results of the two plant operation

The MILP model is composed of 5331 equations, 8,065 single
variables and 1344 binary variables. The model is solved by CPLEX
within a CPU time of 0.9 s and the solution value is $ 169,688. Since
all units of each PSHP are installed at the same height of the test
case, the amount of head variables could be reduced (to one head
variable for each PSHP). However, in order to keep the general
purpose and application of the model, head variables are consid-
ered as in Section 2. It is also important to mention that the model
optimizes both PSHPs simultaneously.

In Fig. 6 there are 2 bar graphs that show the power output
profile for the two PSHPs (on the left side of the vertical axis) and
the hourly price during 24 h of the programming horizon (on the
right side of the vertical axis). Positive values of y-axis represent
power generation. By contrast, negative values represent power
consumption. The graph on the left belongs to Rio Grande and the
graph on the right belongs to Los Reyunos. According to the ob-
tained solution, Rio Grande is working at rated power during the
first hour, it pumps water between hours 2 and 8 with a con-
sumption of 4320 MWh, it is in off status between hours 9e17, it
generates 3889 MWh during 18e23 h (interval with the highest
hourly price), and it is in off status at the last hour. The plant
generates 4649 MWh during the whole programming horizon and
consumes 4320 MWh. There is a significant economic benefit, in
spite of the power generation and consumption amounts are very
similar. As a consequence, it can be noted that the model takes
advantage of the price variations. Hourly prices are lower during
the off-peak power demand periods and higher during the peak
periods. As a result, Rio Grande gets a gross profit of $345,927 along
with an operating cost of $245,957 and, consequently, a net profit of
$ 99,970. It is important to mention that the generating-discharge
curves for Rio Grande are similar to straight lines. In fact, they
can be addressed though methods which consider these particu-
larities (for example, as is treated in Ref. [34]). For the purposes of
this paper, curves are linearized by using constraints of the section
2.1.

For Los Reyunos Plant, the hourly operation is given in the



Fig. 4. Flowchart of the novel MILP model.
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Fig. 5. Basic scheme of PHSPs Los Reyunos and Rio Grande.
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following form: it generates 236 MWh for the first hour, 128 MWh
for the hour 4, and 1234 MWh between hours 18e23. With regard
to the power consumption for pumping water, Los Reyunos con-
sumes 236 MWh between hours 2e3, 472 MWh between hours
5e6, and 118 MWh during hour 9. This PSHP generates 1598 MWh
and consumes 826 MWh during the whole programming horizon.
As a result of hourly prices, the plant has a gross profit of $115,836,
an operating cost of $47,117, and thus a net profit of $69,719.

Regarding revenue prices, the forecast demand (expressed in
Table 4) is required to the authorized GENCOs by the ISO and this
requirement is mandatory. In this context, GENCOs sell their gen-
eration in the Argentinean Electricity Market. In this market, the
generation that is used to cover the forecast demand is paid in the
Seasonally Market according to the hourly forecast prices. More-
over, when the generation exceeds the forecast demand, it is sold in
the Spot Market (where prices vary during each hour according the
demand changes and unit availability). In this paper, prices of both
markets are assumed as equivalent.
Fig. 7 shows two graphs that represent head level on the left
vertical axis, and the volumes of upper and lower reservoirs on the
right vertical axis. As in the previous figure, graph on the left side
belongs to Rio Grande and graph on the right belongs to Los Rey-
unos. For Rio Grande Plant, the head value is 180 m for the hours 1,
23, and 24. During the rest of periods (hours 2e22), the head value
is 190 m. As regards water reservoir volumes, it can be observed
that there is an almost proportional relationship between the vol-
umes of Cerro Pelado (upper reservoir) and Arroyo Corto (lower
reservoir). The volume of Cerro Pelado increases its value from
201.3 Hm3 to 209 Hm3 during hours 1e10 due to the pumping
operation. As a consequence of the pumped water flow, the volume
of Arroyo Corto decreases its value from 14.36 Hm3 to 7.41 Hm3 in
the same period. By contrast, the volume of Cerro Pelado decreases
from 209.25 Hm3 to 201.30 Hm3 between hours 18 and 24, due to
power generation. Lastly, the volume of Arroyo Corto increases
from 7.71 Hm3 to 16.30 Hm3.

As regards Los Reyunos Plant, the head value is 86.9 m between



Table 2
Water discharge of the two PSHPs (m3/s).

Los Reyunos - Unit 1

Generation Segment (MW) Head Levels (m)

Head 1 z1 ¼ 77.5 Head 2 z2 ¼ 82 Head 3 z3 ¼ 87 Head 4 z4 ¼ 92 Head 5 z5 ¼ 98.7

y1 ¼ 64 55.1 54.3 52.3 51.1 50
y2 ¼ 67.62 58.7 57.76 56.46 55.37 54.62
y3 ¼ 71.24 62.3 61.22 60.63 59.64 59.25
y4 ¼ 77.19 63.24 62.25 61.76 60.43 59.79
y5 ¼ 83.14 64.18 63.29 62.89 61.22 60.33
y6 ¼ 89.79 65.69 64.61 64.22 63.04 62.16
y7 ¼ 98.50 66.77 65.59 65.07 64.18 63.1
y8 ¼ 81.18 68.5 67.2 66.3 65.8 64.1
Rio Grande - Unit 1
Generation Segment (MW) Head Level (m)

Head 1 z1 ¼ 165 Head 2 z2 ¼ 170 Head 3 z3 ¼ 180 Head 4 z4 ¼ 190 Head 5 z5 ¼ 194
y1 ¼ 130 90 87 83 78 76
Y2 ¼ 140 97 94 88 84 82
y3 ¼ 150 102.87 99.61 94.06 88.87 86.6
y4 ¼ 160 109.94 106.33 100.01 94.33 91.69
y5 ¼ 170 114.17 106.31 99.43 96.8
y6 ¼ 180 112.68 105.03 101.98
y7 ¼ 190 120.03 111.75 108.56
y8 ¼ 200 117.98 113.94

Table 3
Data reservoirs of the two PSHPs.

Item Los Reyunos Rio Grande

Lower Reservoir El Tigre Upper Reservoir Los Reyunos Lower Reservoir Arroyo Corto Upper Reservoir Cerro Pelado

Minimum volume (Hm3) 0 58 0 0
Maximum volume (Hm3) 8 271 34.5 565
Initial volume (Hm3) 2.9 154.2 14.4 201
River Inflow (Hm3/h) 0.1 0.1 0.1 0.1
River Outflow (Hm3/h) 0.05 0.05 0 0
Min. volume difference Head level 1 (Hm3) 0 �35
Min. volume difference Head level 2 (Hm3) 75 15
Min. volume difference Head level 3 (Hm3) 108 81
Min. volume difference Head level 4 (Hm3) 152 187
Min. volume difference Head level 5 (Hm3) 203 348
Max. volume difference Head level 1 (Hm3) 75 15
Max. volume difference Head level 2 (Hm3) 108 81
Max. volume difference Head level 3 (Hm3) 152 187
Max. volume difference Head level 4 (Hm3) 203 348
Max. volume difference Head level 5 (Hm3) 270 557

Table 4
Hourly forecast price.

Hour
rft

� $

MW

� Hour
rft

� $

MW

� Hour
rft

� $

MW

� Hour
rft

� $

MW

�

1 59.57 7 57.51 13 69.01 19 72.71
2 54.23 8 60.80 14 68.61 20 78.26
3 56.69 9 62.03 15 66.14 21 78.87
4 57.10 10 65.73 16 65.93 22 78.67
5 56.49 11 66.14 17 66.76 23 78.07
6 56.69 12 66.55 18 72.71 24 76.00

Table 5
Hourly forecast demand (MW).

Hour Rio Grande Los Reyunos Hour Rio Grande Los Reyunos

1e17 0 0 21 725.25 217.58
18 562.50 168.75 22 637.5 191.25
19 667.50 200.25 23 525 157.50
20 727.50 218.25 24 0 0
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hours 1 to 5, 91.9 m during hours 6e18, and 86.9 m during hours
19e24. The volume of the upper reservoir (Los Reyunos Reservoir)
is increased in a fluctuant manner from 154.16 Hm3 to 156.32 Hm3.
Consequently, the volume of the lower reservoir (El Tigre) is
increased from 2.96 Hm3 to 3.34 Hm3 between hours 1 and 17. It
should be noted that the volume of El Tigre is also increased, even
with the water discharge for power generation. This results from
the fact that the river tributary is a significant contribution to the
volume reservoir. Subsequently, Los Reyunos Reservoir decreases
its volume from 156 Hm3 to 154.16 Hm3 due to power generation
(between hours 18 and 24), and the volume of El Tigre increases
from 3.83 Hm3 to 6.14 Hm3.
4.2. Model comparison

It is important to mention that when it came to solving the test
system by applying the original nonlinear model (1-11), it was not
possible to obtain feasible solutions using nonlinear solvers BARON,
DICOPT, and SBB [35]. In these cases, the time limit was 3600 s. To
study the accuracy of the new model, a comparison among three
models can be observed in Fig. 8. First one is the model proposed in



Fig. 6. Generation and consumption profile for PSHPs Los Reyunos and Rio Grande.

Fig. 7. Volumes of reservoirs and head level for PSHPs Los Reyunos and Rio Grande.

Fig. 8. Comparison among three models for power consumption and generation.
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this paper, called TP model, whose curves of results are labeled as
RG-TP for Rio Grande and LR-TP for Los Reyunos. Second one is the
classic linear model of nine breakpoints, called 9P model, whose
curves of results are labeled as RG-9P for Rio Grande and LR-9P for
Los Reyunos. In order to obtain a 9P model for solving the test
system, only three head levels and three generation segments of
Table 2 are taken into account. The considered head levels are z1, z3,
z4, and the considered generation segments are y1, y4, y8. Three
auxiliary variables also are needed to obtain the 9P model. These
variables are implemented to locate the operating point within one
of the nine triangle sub-regions. The third model is the nonlinear
model and it is obtained by implementing nonlinear constraints
(3e4). However, values for head and water flow variables are taken
from the solution of the TP model to calculate the power output.
This is because, as stated at the beginning of the section, it is
impossible to obtain solutions by using the original nonlinear
model without initial values. Curves of results that belong to the
nonlinear model, called NL model, are labeled as RG-NL for Rio
Grande and LR-NL for Los Reyunos.

In the figure, positive values of curves correspond to the power
generation (pgens;t ) and negative values correspond to the power

consumption (ppus;t ). The total generation or consumption of all units
is considered for each curve. Regarding power generation in the
first hour, the RG-TP curve value is 760 MWh, RG-9P is 800 MWh,
RG-NL is 745.87 MWh, LR-TP and LR-9P are 236 MWh, and LR-NL is
132.4 MWh. During hour 12 LR-TP is 128 MWh, LR-9P is 128 MWh,
and LR-NL 151.3 MWh. Between hours 18 and 23 the averages of
curves are 648.14 MWh, 205.63 MWh, 624.4 MWh, 226.8 MWh,
624.4 MWh, and 182 MWh for the six curves in the order that they
have been referred in the figure, respectively. On the other hand,
the values of power consumption for three curves (LR-TP, LR-9P, LR-
NL) during hour 4 are 128, 128, and 151.3 MWh. Finally, the aver-
ages during the rest of pumping periods for the six curves are 617,
165.2, 617.1, 165.2, 478, and 165 MWh, respectively. The NL model
generates a total amount of 5928 MWh and consumes 4171 MWh.
This means that there are differences of 5.09% for TP model and



Fig. 9. Comparison between two linear models by considering water discharge and
water pumping.
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5.47% for 9P model, when the total generated power is considered.
In case of power consumption, the difference between NL and both
linear models (TP and 9P) is 18.93%.

Visual analysis of the figure suggests that, when the power
consumption periods are considered, there are not differences be-
tween curves RG-TP and RG-9P or between curves LR-TP and LR-9P.
In addition, when the power generation during hour 1 is consid-
ered, a slight difference can be appreciated between the values of
curves RG-TP and RG-9P, because RG-TP curve value is closer to the
value of the RG-NL. The main differences of curves are observed
between hours 17 and 29. When the curves of results for models TP
and 9P are compared during these periods, it can be observed that
the values for RG-TP and LR-TP curves are closer to the values of RG-
NL and LR-NL.

Another analysis related to the study of the accuracy level is the
implementation of the factorvt, which is calculated in (27). It is
obtained from the absolute value of the difference between the
power generation (or consumption) curve values of each linear
model (TP and 9P) and the power generation (or consumption)
curve value for the nonlinear model (RG-NL and LR-NL), divided by
the absolute value of the point that belongs to the nonlinear model
curve. The lower the value ofvt , the better the accuracy level of the
linear model.

vt¼jlinear valuet �non linear valuet j
jnon linear valuet j *100; t¼1; …;T

(27)

Table 6 shows the values for vt that are obtained from the
comparison between the two linear models, TP and 9P, for the two
PSHPs (RG and LR). It can be observed that vt values of TPmodel are
lower than the values of 9P model during hour 1, and they are also
lower between hours 18 and 24. There are not values of vt during
the rest of the programming horizon because PSHPs are in off
status, or the values of vt for both linear and nonlinear models are
equal. Values of vt for the 9P model are at no time lower than the
values of TP model.

Finally, a third comparison between the two linear models can
be formulated. Besides the visual analysis through curve graphs
and the study of vt values, another comparison of both models is
presented. It considers the total amounts of water discharge and
pumped water flow during the programming horizon. The analysis
of discharge and pumpedwater flow is presented in Fig. 9. Curves of
TPmodel for both PSHPs are labeled as RG-TP and LR-TP, and curves
of 9P model are labeled as RG-9P and LR-9P. Negative values for
curves indicate that they belong to the turbined water flows and
positive values belong to the pumped water flows. Major differ-
ences of curves are related to Rio Grande (RG-TP and RG-9P), while
Table 6
factor comparison between the two linear models.

Hour vt

RG eTP RG - 9P LR eTP LR - 9P

1 1.89 7.26 22.64 22.64
2 29.11 29.11 2.31 2.31
3 29.11 29.11 2.31 2.31
4 29.11 29.11 15.44 15.44
5 29.11 29.11 2.31 2.31
6 29.11 29.11 2.75 2.75
7 29.11 29.11 e e

8 29.11 29.11 e e

9 e e 2.75 2.75
10 e e e e

11 e e e e

12 e e e e
curves for Los Reyunos (LR-TP and LR-9P) are very similar.
It is also of interest to list the total amounts of discharged and
pumped flows. Rio Grande pumps 2040 m3/s water for TP model
and 3009 m3/s for 9P model. The PSHP also discharges 2781 m3/s
for TP model and 3075 m3/s for 9P model. With regard to Los
Reyunos, amounts belonging to the items mentioned above for
both models are 370 m3/s, 383 m3/s, 984 m3/s and 1001 m3/s,
respectively.
5. Conclusion

This paper presented a new MILP model that is implemented to
determine the optimum operation of Pumped Storage Hydropower
Plants (PSHPs). The developed model considers several constraints
which are not taken into account in some works, such as the hy-
draulic head effects for both operating modes. The main difference
between the presented linearization technique and other ones,
which are available in the literature, is that it allows including an
increased number of breakpoints. The greater number of break-
points distinguishes the proposed model from the classic nine-
breakpoint linearization models, and this means obtaining more
realistic solutions. In order to prove the effectiveness of the pro-
posed model, two real PSHPs of Argentine Republic are studied. Rio
Grande, whose installed capacity is 750 MW and Los Reyunos with
an installed capacity of 225 MW. It is important to mention that
when it comes to solving the test system by applying the original
nonlinear model, feasible solutions cannot be reached within a
time limit of 3600 s. Instead, when the test system is solved using
the proposedmodel with a relative gap of 0.05, the optimal solution
Hour vt

RG eTP RG - 9P LR eTP LR - 9P

13 e e e e

14 e e e e

15 e e e e

16 e e e e

17 e e e e

18 2.37 45.59 e e

19 4.22 22.62 2.85 4.21
20 4.36 14.76 22.64 22.64
21 4.45 15.21 22.64 22.64
22 4.08 24.53 22.64 22.64
23 2.81 17.50 11.65 32.04
24 e e 3.16 45.11
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is obtained in less than a second of CPU time. To analyze the
approximation level of the novel technique, a comparison of three
stages between this model and the classical models is performed.

Results indicate that GENCOs in charge of PSHPs take advantage
of the energy price variations. In fact, Rio Grande Plant generates
4649 MWh and consumes 4320 MWh. Despite both amounts are
very similar, the GENCO obtains a net profit of $99,970 due to the
effectiveness of the model. In a similar situation, Los Reyunos ob-
tains a net profit of $69,719, while it generates 1598 MWh and
consumes 826 MWh. Results of analyses indicate that the solutions
of the new model are more accurate than the solutions of classical
methods. The study of power output curves indicates that it fits
more closely to the original nonlinear model by up to 15 MWh, in
comparison with other linear models. The results of the vt factor
show that the new model is almost 19% better than the nine-
breakpoint methods. In addition, the analyses of water discharge
and water pumping results proves that there are differences up to
969 m3/s compared with classical models. Over the years, the
number of the installed PSHPs is increased at global level. There-
fore, optimization tools for operating efficiently these power plants
will become increasingly important. The model presented in this
work achieves this purpose. Besides the low computation effort
that is required for solving the test system, the model can be
adapted for the simultaneous operation of a greater number of
plants. Moreover, this proposal can be annexed into an economic
dispatch problem for solving the power system for the whole
country.
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