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�¤ z2 +
1
z2 ¤�ÀÖõ ,z3 +

1
z3 =

√3 Âð� .π2 < Argz <
2π3 �î ý¤�Ï Àª�� ÍÜµ¿õ ý¢Àä z À��î ­Âê .1 ñ��b¨.À��î �±¨�½õ,q2 ø q1 ùbÀª ù¢�¢ ý�þ�ð ¢Àä ø¢ Âû ý�Â� �î üðÄþø ßþ� �� Àª�� �µ¨��� üã��� f : R −→ R À��î­Âê .2 ñ��b¨.´¨� ý¢�ã¬ �fÀ�î� R ýø¤ f À�û¢ ö�È÷ .f(q1) < f(q2) ù�Ú÷� ,q1 < q2 Âð�¤�ÀÖõ ø¢ ¥� üØþ Ûì�� ,x ∈ R Âû ý�Â� �î üðÄþø ßþ� �� Àª�� ÂþÁ�ÕµÈõ üã��� f : R −→ R À��î ­Âê .3 ñ��b¨.´¨� ´��� R ýø¤ f À�û¢ ö�È÷ .´¨� ÂÔ¬ �� Â��Â� f ′(x) �þ f(x)ÝÞ���õ R ýø¤ f À�û¢ ö�È÷ . lim

x→±∞
f(x) = +∞ ø Àª�� �µ¨��� üã��� f : R −→ R À��î ­Âê (Óó�) .4 ñ��b¨.¢¤�¢ ÕÜÎõ×þ p(x) = anxn + an−1xn−1 + · · · + a1x + a0 Âð� À�û¢ ö�È÷ ,(Óó�) ´ÞÆì ¥� ù¢�Ôµ¨� �� (�)ý��ÜÞ�À�� ù�Ú÷� ,¢¤�À÷ üÖ�Ö� �bÈþ¤ �î Àª�� üÖ�Ö� °þ�Â® �� ø n �b�¤¢ ¥� ý��ÜÞ�À��

q(x) = p(x) + p′(x) + p′′(x) + · · · + p(n)(x) .¢¤�À÷ üÖ�Ö� �bÈþ¤ ��÷
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.Àª�� ÂµÞî 10−4 ¥� �±¨�½õ ý�Î¡ ¤�ÀÖõ �î À��î �±¨�½õ ý¤�Ï �¤ ln(1/1) ü±þÂÖ� ¤�ÀÖõ .6 ñ��b¨
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34. Let the radius and the height of the circular cylinder ber
and h. By similar triangles,

h

R − r
=

H

R
⇒ h =

H(R − r)

R
.

Hence, the volume of the circular cylinder is

V (r) = πr2h =
πr2H(R − r)

R

= π H

(

r2 −
r3

R

)

for 0 ≤ r ≤ R.

SinceV (0) = V (R) = 0, the maximum value ofV must

be at a critical point. If
dV

dr
= π H

(

2r −
3r2

R

)

= 0,

thenr =
2R

3
. Therefore the cylinder has maximum

volume if its radius isr =
2R

3
units, and its height is

h =
H

(

R −
2R

3

)

R
=

H

3
units.
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Fig. 4.8.34

35. Let the box have base dimensionsx m and heighty m.
Then x2y = volume= 4.
Most economical box has minimum surface area (bottom
and sides). This area is

S = x2 + 4xy = x2 + 4x

(

4

x2

)

= x2 +
16

x
, (0 < x < ∞).

Clearly, S → ∞ if x → ∞ or x → 0+. Thus minimum
S occurs at a critical point. For CP:

0 =
d S

dx
= 2x −

16

x2 ⇒ x3 = 8 ⇒ x = 2 ⇒ y = 1.

Most economical box has base 2 m× 2 m and
height 1 m.
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Fig. 4.8.35

36.
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Fig. 4.8.36

From the figure, if the side of the square base of the
pyramid is 2x , then the slant height of triangular walls
of the pyramid iss =

√
2 − x . The vertical height of the

pyramid is

h =
√

s2 − x2 =
√

2 − 2
√

2x + x2 − x2 =
√

2

√

1 −
√

2x .

Thus the volume of the pyramid is

V =
4
√

2

3
x2
√

1 −
√

2x,

for 0 ≤ x ≤ 1/
√

2. V = 0 at both endpoints, so the
maximum will occur at an interior critical point. For CP:

0 =
dV

dx
=

4
√

2

3

[

2x

√

1 −
√

2x −
√

2x2

2
√

1 −
√

2x

]

4x(1 −
√

2x) =
√

2x2

4x = 5
√

2x2 , x = 4/(5
√

2).
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�À¡ ��÷��
aü®�þ¤ ��Üä ùbÀØÈ÷�¢ßþ� ¤¢ .δ = min{δ1, δ2, 12 (x2 − x1)} Ý��îüõ ­Âê ö��î�,x ∈ R Âû ý�Â� ,�¤�¬

|x − x1| < δ =⇒ |f(x) − f(x1)| < ǫ,

|x − x2| < δ =⇒ |f(x) − f(x2)| < ǫ.� î Ý � � îü õ �� ¿ µ ÷� ý¤� Ï �¤ q2 ø q1 ý� þ� ð ¢�À ä� ñ� �,�¹�µ÷ ¤¢ .|q2 − x2| < δ ø |q1 − x1| < δ

|f(q1) − f(x1)| < ǫ,

|f(q2) − f(x2)| < ǫ.�î Ýþ¤ø�üõ ´¨¢ �� ö��î� �õa�
q1 < x1 + δ ≤ x1 +

12(

x2 − x1)
= x2 − 12(

x2 − x1) ≤ x2 − δ < q2 ø
f(q1) > f(x1) − ǫ

= f(x1) − 12(

f(x1) − f(x2)
)

=
12(

f(x1) − f(x2)
)

+ f(x2)

= ǫ + f(x2) > f(q2).Å� .´¨� Ëì��� �î f(q1) > f(q2) ø q1 < q2 ,�Ø�þ� ü�ãþ.¢�ªüõ ´��� �ä¢a � üµ¨¤¢ ø f(x1) ≤ f(x2) �fõø�ó¢�Àä� Ý�÷���üõ x3 < x4 �î x4 ø x3 üÖ�Ö� ¢Àä ø¢ Âû ý�Â� ñ��ø x3 < q3 < q4 < x4 �î Ý��î ��¿µ÷� ö��� �¤ q4 ø q3 ý�þ�ðÝþ¤ø� ´¨¢�� ­Âê ø �ä¢a � Â����
f(x3) ≤ f(q3) < f(q4) ≤ f(x4),�fÀ � î� R ýø¤ f � ¹ � µ ÷ ¤¢ .f(x3) < f(x4) ,� Ø � þ� ü � ã þ

� .´¨� ý¢�ã¬,x ∈ R Âû ý�Â� ,­Âê Â���� :3 ñ��b¨
(

f2)′(x) = 2f(x)f ′(x) = 0.ý�Â� Ý��îüõ­Âê �f ·õ .´¨� ´��� üã��� R ýø¤ f2 �¹�µ÷ ¤¢.c ≥ 0 ö� ¤¢ �î f2(x) = c ,x ∈ R ÂûÀ�îüõ ��¹þ� �î f2(x) = 0 ,x ∈ R Âû ý�Â� ù�Ú÷� ,c = 0 Âð�.´¨� ÂÔ¬ ´��� â��� f ,´ó�� ßþ� ¤¢ Å� .f(x) = 0À�îüõ ��¹þ� �î f2(x) = c ,x ∈ R Âû ý�Â� ù�Ú÷� ,c > 0 Âð�ø √c �� Â��Â� f ¤�ÀÖõ ,x Âþ¢�Öõ ¥� üÌã� ý�Â� Âð� .f(x) = ±√
cù�Ú÷� ,Àª�� −√

c �� Â��Â� f ¤�ÀÖõ ,x ¥� ÂÚþ¢ Âþ¢�Öõ üÌã� ý�Â�Â��Â� f ¤�ÀÖõ ,x ¤�ÀÖõ ×þ ý�¥� �� Ûì�� ,ü÷��õ ¤�ÀÖõ �b �Ìì Â����ù¤��Þû ,x ∈ R Âû ý�Â � Å� .´Æ�÷ ß��� �î ¢�ªüõ ÂÔ¬ ��â��� f ,´ó�� ßþ� ¤¢ Å� .f(x) = −√
c ù¤��Þû �þ f(x) =

√
c

� .´¨� −√
c ´��� â��� �þ √c ´���

1 üõ�Þä ü®�þ¤ �Â�ö��õ ö�½µõ� Û��Æõ Û�95/9/18.(z3)2−√3(z3)+1 = 0 ,z3+
1
z3 =

√3 ö�� :1 ñ��b¨
z3 ,�ø¢ �b�¤¢ �b ó¢�ãõ ×þ ý�û�Èþ¤ �b ±¨�½õ ñ�õÂê Â���� ,�¹�µ÷ ¤¢:¢�� Àû��¡ Â��Â� Âþ¥ ¢Àä ø¢ ¥� üØþ ��

√3±
√3− 42 =

√32 ± 12 i = cos
π6 ± i sin

π6 .:Àª��üõ Âþ¥ ¢Àä 6 ¥� üØþ z �Áó
cos

(

π6 + 2kπ3 )

± i sin

(

π6 + 2kπ3 )

, k = 0,1,2.�¤�¬ �� ¢Àä 6 ßþ� �î Ý��îüõ ���� �õa�
cos

π18 ± i sin
π18 ,

cos
13π18 ± i sin

13π18 ,

cos
25π18 ± i sin

25π18¢Àä ø¢ ,± π18 �� Â��Â� ñøa� ¢Àä ø¢ üÜ¬� ý�ûö�õ�ð¤� �î À�ª��üõ�� ���� �� .´¨� ∓11π18 �� Â��Â� ��¨ ¢Àä ø¢ ø ±13π18 �� Â��Â� �ø¢Ýþ¤ø�üõ ´¨¢ �� ,π2 < Argz < 2π3 �Ø�þ�
z = cos

11π18 + i sin
11π18 . �¹�µ÷ ¤¢

z2+ 1
z2=

(

cos
22π18 +i sin

22π18 )

+

(

cos
22π18 −i sin

22π18 )

= 2 cos
22π18 = 2 cos

11π9 = −2 cos
2π9 . �ù��¿ó¢ üÖ�Ö� ¢Àä ø¢ x2 ø x1 Âð� Ý��îüõ �ä¢a� �Àµ�� :2 ñ��b¨.f(x1) ≤ f(x2) ù�Ú÷� ,x1 < x2 �î ý¤�Ï À�ª���� .f(x1) > f(x2) Ý�ª�� �µª�¢ ø Àª�±÷ ´¨¤¢ �ä¢a� À��î ­ÂêÝ�û¢üõ ¤�Âì ,­Âê ßþ�

ǫ =
12(

f(x1) − f(x2)
)

.ø δ1 > 0 üÖ�Ö� ¢�Àä� Å� ,´¨� �µ¨��� x2 ø x1 ¤¢ f ö��,x ∈ R Âû ý�Â� �î ý¤�Ï À÷¤�¢ ¢��ø δ2 > 0
|x − x1| < δ1 =⇒ |f(x) − f(x1)| < ǫ,

|x − x2| < δ2 =⇒ |f(x) − f(x2)| < ǫ.



=
43x

( 10− 5√5 x
√5− 2√5 x

)ö� � .¢� ªü õ Â Ô ¬ x = 2√5 ø x = 0 ý�¥� � � ù¥� � ß þ� ¤¢Ý Þ � Æ î� õ �Á ó ,V ( 2√5) = 1615 ø V
(

√52 )

= 0 ,V (0) = 0ßþÂµÈ�� ö�Þû �î 1615 �� ´¨� Â��Â� [0,
√52 ] ùb¥�� ¤¢ V â��� ÕÜÎõùÀª �µ¡�¨ ý�û�Âû ß�� ¤¢ À÷���üõ �Âû ×þ �î ´¨� üÞ¹�

� .Àª�� �µª�¢
f(x) = ln(1+x) �bÎ��® �� f : (−1,∞) → R â��� :6 ñ��b¨ÂÔ¬ ñ�� f â��� n �b ±�Âõ ¤�Ü�� ý��ÜÞ�À�� ø ÝþÂ�ðüõ ÂÑ÷ ¤¢ �¤�î Ý��îüõ ���� .Ý��îüõ �±¨�½õ �¤

f ′(x) =
0!

(1+ x)1 ,

f ′′(x) = − 1!

(1+ x)2 ,

f(3)(x) =
2!

(1 + x)3 ,

f(4)(x) = − 3!

(1+ x)4 ,

...

f(n)(x) = (−1)n−1 (n − 1)!

(1+ x)n
,

f(n+1)(x) = (−1)n n!

(1+ x)n+1 .�� ´¨� Â��Â� ÂÔ¬ ñ�� f â��� n �b ±�Âõ ¤�Ü�� ý��ÜÞ�À�� �¹�µ÷ ¤¢
pn(x)=f(0)+

f ′(0)1!
x+

f ′′(0)2!
x2+

f(3)(0)3!
x3+f(4)(0)4!

x4
+ · · ·+f(n)(0)

n!
xn

= x − x22 +
x33 − x44 + · · · + (−1)n−1 xn

n
.Ý�Æþ��� Ý�÷���üõ ¤�Ü�� �b �Ìì Â���� ö��î�

ln(1/1) = f(0/1) = pn(0/1) + en+1(0/1)ö� ¤¢ �î
en+1(0/1) = (−1)n

(0/1)n+1
(n + 1)(1 + c)n+1ü±þÂÖ � ¤�ÀÖõ pn(0/1) ,n Âû ý�¥� � � Å� .0 < c < 0/1 ø:¥� ´¨� �¤�±ä �±¨�½õ ý�Î¡ ø Àû¢üõ ´¨¢ �� �¤ ln(1/1)

|en+1(0/1)| =
(0/1)n+1

(n + 1)(1 + c)n+1 <
10−(n+1)

n + 1 .ý¤�Ï n Àþ�� ,Àª�� 10−4 ¥� ÂµÞî �±¨�½õ ý�Î¡ �Ø�þ� ý�Â��î Àª��10−(n+1)
n + 1 < 10−4.,âì�ø ¤¢ ,Å� .´¨� 3 �� Â��Â� n ¤�ÀÖõ ßþÂµÞî ¤�Ñ�õ ßþ� ý�Â��� 10−4 ¥� ÂµÞî ý�Î¡ �� �¤ ln(1/1) ü±þÂÖ� ¤�ÀÖõ p3(0/1):�� ´¨� Â��Â� ü±þÂÖ� ¤�ÀÖõ ßþ� .Àû¢üõ ´¨¢110 − 1200 +

13000 =
2863000 =

1431500 ≈ 0/0953. �

�¹�µ÷ ¤¢ ø lim
x→±∞

f(x) = +∞ ,­Âê Â���� (Óó�) :4 ñ��b¨ø N1 > 0 üÖ�Ö� ¢�Àä� ù�Ú÷� ,M = |f(0)| + 1 Ý�û¢ ¤�Âì Âð�,x ∈ R Âû ý�Â� �î ý¤�Ï À÷¤�¢ ¢��ø N2 > 0
x > N1 =⇒ f(x) > M,

x < −N2 =⇒ f(x) > M.,x ∈ R Âû ý�Â� ,N = max{N1, N2} ­Âê �� Å�
|x| > N =⇒ f(x) > M.ÝÞ�Æî�õ �b �Ìì Â �� � � Å� ,´¨� �µ¨�� � [−N, N ] ýø¤ f â�� �À � � î ­Â ê .¢¤�¢ Õ ÜÎ õ ÝÞ � � � õ [−N, N ] ýø¤ f ,Ý Þ � � � õ ø¢�¡ �� �¤ ÕÜÎõ ÝÞ���õ ö� ¤¢ f �î Àª�� ý��ÎÖ÷ c ∈ [−N, N ]

R ýø¤ f ÕÜÎõ ÝÞ���õ f(c) ,âì�ø ¤¢ ,�î Ý��îüõ ���� .¢Â�ðüõù�Ú÷� ,x ∈ [−N, N ] Âð� ,x ∈ R Âû ý�Â� �Âþ¥ ,´¨�
f(x) ≥ f(c),�Áó ø |x| > N ù�Ú÷� ,x /∈ [−N, N ] Âð� ø

f(x) > M = |f(0)| + 1 > f(0) ≥ f(c). �­Âê Ý�÷���üõ ¢�ª ¢¤�ø üÜÜ¡ ¶½� ´�Üaî �� �Ø�þ� öøÀ� (�).´¨� �ø¥ n Å� ,¢¤�À÷ üÖ�Ö� �b Èþ¤ p(x) ö�� .an > 0 Ý��î´¨� n �b�¤¢ ¥� ý��ÜÞ�À�� ×þ ��÷ q(x) �î Ý��îüõ ���� ö��î�ø an ö¢�� ´±·õ Å� .´¨� an ��÷ ö� n �b �¤¢ �b ÜÞ� °þÂ® ø,�¹�µ÷ ¤¢ . lim
x→±∞

q(x) = +∞ �î À�îüõ ��¹þ� n ö¢�� �ø¥­Âê .¢¤�¢ ÕÜÎõ ÝÞ � � � õ R ýø¤ q(x) ,(Óó�) ´ÞÆì Â �� � ��õa� .q′(c) = 0 �¹�µ÷ ¤¢ ,Àª�� ÕÜÎõ ÝÞ���õ ßþ� q(c) Ý��îüõ
q′(c) = p′(c) + p′′(c) + · · · + p(n)(c) + p(n+1)(c)

= p′(c) + p′′(c) + · · · + p(n)(c) = q(c) − p(c),�f õø� ó Å� ,¢¤�À ÷ üÖ � Ö� �b È þ¤ p(x) ö�� .q(c) = p(c) ,�Á óÕÜÎõ ÝÞ���õ q(c) �Ø�þ� ö��î� .q(c) > 0 �¹�µ÷ ¤¢ ø p(c) > 0
� .¢¤�À÷ üÖ�Ö� �bÈþ¤ ��÷ q(x) �î À�îüõ ��¹þ� ´¨� q(x)ÂÎì ùb¥�À÷� ÓÊ÷ �� ´¨� Â��Â� s + x ÛØª �� ���� �� :5 ñ��b¨�¹�µ÷ ¤¢ .´¨� Âµõ √10 ö� âÜ® ñ�Ï �î â�Âõ ÛØª �� ý��Öõ

s + x =
12√10+ 10 =

√5.´¨� Â��Â� x °Æ� Â� ´¡�¨ Û��ì ý�û�Âû ¥� ��Àî Âû Ý¹� Å���13 (4x2)
√

s2 − x2 =
43x2√(√5− x

)2
− x2

=
43x2√5− 2√5 x.�bÎ��® �� V :

[0,
√52 ]

−→ R â��� Âþ¢�Öõ �¹�µ÷ ¤¢
V (x) =

43x2√5− 2√5 xùb¥� � ¤¢ V ö�� .À û¢ü õ ´¨¢ � � �¤ Ó Ü µ¿ õ ý� û�Â û Ý¹�ÕÜÎõ ÝÞ�Æî�õ ù¥�� ßþ� ¤¢ �Áó ,Àª��üõ �µ¨��� üã��� [0,
√52 ]���� ,¤�îÁõ ùb¥�� ¤¢ V â��� ÕÜÎõ ÝÞ�Æî�õ �b ±¨�½õ ý�Â� .¢¤�¢�î Ý��îüõ

V ′(x) =
43(2x

√5− 2√5 x +
−2√52√5− 2√5 x

x2)


