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Magnitude of
temperature
at a point A
(no direction)

Magnitude and

Emm——) O = 500 W

Hot Cold
medium medium
[ - > X
0 L

<4mmmmm— O =-500 W

direction of heat Cg_ld Pgl‘?t

flux at the same mediim mediim

point 0 1 i L X
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(a) Rectangular coordinates (b) Cylindrical coordinates (c) Spherical coordinates
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LL wsl,d +
Time =2 PM Time = 5 PM

I... . S ’LO‘ & . * v
15°C 7°C  15°C ToC (‘R‘b PLANG Lud Bt QSM

\ % \{ % Sylad 0929 !
) 0 mmmm—)p O -0, JRUARVAIRER

(a) Steady .b)'é 099 Ouj A U‘)““‘”

15°C 7°C  12°C 5°C

\{ / N / (Lumped System) piowsss

5wl Gl & S Ol s
QI ™ A P Lo

) 0 ) O, -0

e Olpury .Gl A o

(b) Transient
D9 wblgd CgiSy ploj 4 G
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13 90d il Al A A1 (ylgd 0 1y iyl JULST Pl #*

| G S Oyl Jlas) =
|
|
| $65°C
80°C ¢ T(x,:r')} |- 0, Negligiblé
| ( | heat transfer
\ | 65°C
80°C I
/ 0. 0
| x ;
| - =
I ® 65°C H——
80°C | Primary
| ¢70°C direction of
= A heat transfer
}_- ‘-""--.
Qz y WS (goms 90 Wyl JESI jo #+

Dt (90 9 pland o P s By 50 wolio (il g 0,10 0gg
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Qcmnd — kA dx (W)
Cowl pinS glod Caouw a1 ] g g b g3 Sg0e Tyl HLo Hlo g #*
A
AZ
¥ = —kA— N
i {/T < Ao (W)
¥ o .
. . =3 .= . =
A 0,=0,7 +0,] +0.k
o _ 0T 5 _ 0T
4+ Anisotherm Q'T B kA'T ox’ Q.‘*' o kA}' 0y’
- 0T
> QL’. o ml’. ('.}:;
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Al o b e 31 (ol WilgT (o iyl addgi E 5+

Sun
. Solar i
e == radiation E — 2] i\/ (W)
@ g, gen y € gent
x Egen = egenvi
Solar energy
N 4 absorbed by
Water water
/ 4
\% VGl )
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'Rate of heat' 'Rate of heat' [ Rate of l_1eat \ [ Rate of change |
conduction | — | conduction | + g_en_e ration | _ of the energy
af x at ¢ + Ax inside the content of the
\ - element . . element

jﬁlE|E:ls:rne:rlt (2-6)

Qx - Q.‘{ + Ax + Eg;en, element — At

AEgemen = Erpar — Er=me(T, L p — T)) = pcAAX(T, , p, — T) Egen Volume

element

Egen.e]ement = Egenuelemem = 'ﬁ'gen‘d‘ﬁx

Substituting into Eq. 2-6, we get
. . T, — T,
Q,— O,par Tt égenAAx = IJCA&I%
Dividing by AAx gives
o l Q.1'+,'_'u' - Qr + ¢ = pe T.r + At T Tr
AT Ax gen = POTTAG
Taking the limit as Ax — 0 and Ar — 0 yields
10 (0T, , _ o <
A&I(Max)_‘_ege“_pcﬂr 0
. . . _ X+Ax
. Ov v ar — O . a0 0 I( ) aT *
lim A T oax x| —kATe
Ar—0 x ; x| X A=Ay, o =A
WWW.AEGHBALI.BLOG.IR 2 - ==
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i o d (,aT
Variable conductivity: ,—(k —
- ax \" ax

.

1 . a-T
Constant conductivity: 2 +

ox-

(1) Steady-state:
(a/0t = 0)

(2) Transient, no heat generation.
(€oen = 0)

(3) Steady-state, no heat generation.

(9/0t = 0 and €., = 0)

oT

= pC —;
P a1

rE’gen

Cen _ 10T

ko« ot
dﬁzﬁ n é‘gen —0
dx- k
ST _ 10T
ax: o ot
1T
( L
dx-
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/ i ' / . ' 'Rate of heat ' Rate of change |
Rate of heat Rate of heat . . =
L ) generation | _ | of the energy
conduction | — | conduction | + - = L&
inside the content of the
at r Catr + Ar
\ - element element
: : : . AEE]E]HBHL
Qr - Qr+ﬁr + Egen.e]emem - ﬁf

AEelemenL = E.r+ At T -E = ﬂ?(-'(Tr+ At T T.r) = F"fAAr'[ Tt+:1.r _ T.r}

Egen. element — ’Egenuelemﬁu - geuA"lr

T.r+ﬂ.: T:
Q Qr+;1r + (geu’q&r = P(AAFT
_lQr+;1r Q.r' + ¢ _ (.T.r+;1.r_Tr
A Ar gen — PC At

Taking the limit as Ar — 0 and Ar — 0 yields

1 0 oT o ar
m(“ dr) T Coen = PC;
. Qr+;1r_Qr_ aQ _d ] al
&l.r'lE[}]ﬂ Ar T _5(_M§)
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| . 1o (., oT\ . )T
Variable conductivity: S ( rk < ] + €,y = p(‘(',—
' For\ — or, e ot
. 1 o ( aT\ , e 19T
Constant conductivity: e (r — ] + = -
' For\ dr, k o of
(1) Steady-state: | d [ dT\ | Cgen
P ——|\r— 1+ =0
(a/ot = 0) Fdr\ dr, k
(2) Transient, no heat generation: 14 (} T ] _ 10T
(€gen = 0) Far\ dr & ot
(3) Steady-state, no heat generation: d (}ﬂ- ] —0
(d/dr = 0 and é,., = 0) dr\ dr
10 WWW.AEGHBALI.BLOG.IR ©0> d-\ﬂ-'O _ C))\)A d@\
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Variable conductivity:

Li( ,,ng] Y
r2 0r gen — PC gy
3
R r
Constant conductivity:
) ~ Volume
19 (FE EJ'T] n €gen _ 1 0T element
r2adr\  odr k a Jt
: - . €.
Steadv-state. : : gen
(1) Sfi{!{f_ state Lﬁi(fzﬁ] + =0
(a/ot = 0) redr\ dr, k
(2) Transient, IV .
} | | o ,0T\ 10T
no heat generation. — |\ = | ===
. redr\ dr, a ot
(Cgen = 0)
(3) Steady-state,
) Hlead » d | ,dT’ . AT dT
no heat generation. re =0 o1 F—s + 2 =0
dr ' dr J dr? dr

(0/0t = 0 and é,, = 0)
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a1
dt

L g (‘" 0T

; + é... = pC
I {_”. lf_” ) ZE11 1{

n = o for a plane wall
n =1 for a cylinder

n =2 for a sphere
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Rate of heat | [ Rate ofheat| [ Rate of change '
Rate of heat : :
conduction at | — conduction generation | _ | of the energy
Y. v.and z at x + Ax inside the content of
T N v+ Av,andz + Az ~ element - the element
or
"lEc]r,ment
Q + Q + Q Jr + Ax Q'p + Ay Q;, + Az + Egtn element — T {2-36)

Noting that the volume of the element is Viamens = AxAyAz, the change in the
energy content of the element and the rate of heat generation within the ele-
ment can be expressed as

AE e = Er v ar — Ey=mc(T, 4 4, — T)) = pcAxAyALUT, o 5, — T))
Egen. element — {&gen II""I:.tli:rrl.nzl:lt Egenﬁ‘rﬁﬁ "lu

Substituting into Eq. 2-36, we get

Tr-l-m B Tr Q.1 az

Qi+ Q0+ Q.= Quvar = Qyey — Qo art CuurAYAZ = peAxAyAr ——

Dividing by AvAyvAz gives

| ':-..'-'..;,-+,.:|._;.; - Q.x _ | Q.‘*“" Ay G-. . 1 Qz +4; Q.z

 AyAz Ax AvAz Ay AxAy A7 t Cpen =
Topni — T,
AT
WWW.AEGHBALI.BLOG.IR
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d, 0T}y 0 #T al
.” ||.i ax rH ||.i #H . 'gen = PC =7 Y (2-38)
(1) LS'F‘E?{!(‘.?'_T-.‘E-'F‘{!H?I J*T n NEYA n 0- T fgen —0
(called the Poisson equation) x> ay? dw k
(2) Transient, no heat generation: J°T N 0°T n 0T 14T
(called the diffusion equation) x> dy* a7z « ot
(3) Steady-state, no heat generation. d*T N 0°T N >*T 0
(called the Laplace equation) x> ayv* a7’
T , 9*T , 8T , €sn _ 19T
Lo+ 8-+ 52 == (2-39)
dx- av- az- k a ot
WWW.AEGHBALI.BLOG.IR
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X = rcos d, y = rsin ¢, and 7=7
LL".
* \_}fm,
\Qﬁf{:ﬁx
z N
\\ﬁ:
] \“é_ﬂ-ﬁ-‘
1o (, aT\ , 1 aT(, aT a [ aT\ , . aT
_‘,_(f‘\:f‘,_‘]_i__,],_ k— | + = (k, ] €oen = PC 7
FPar\  dr ) r2dod\ 0Jdd az '\ dz, & at
WWW.AEGHBALI.BLOG.IR ©0> dm_ C))\)A d@\
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X = rcos ¢ sin 6, y = rsin ¢ sin 6, and z=cosb

Ik

) [, ,aT ) aT ) T )T
%.‘%(kr-ﬂ—} T < s N T + 6y = pC =
re ot ar resinc 8 0o dd r?sin 6 08 a6 . ol

! !
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+ Specified Temperature Boundary Condition
+ Specified Heat Flux Boundary Condition

+ Convection Boundary Condition

+ Radiation Boundary Condition

+ Interface Boundary Conditions

+ Generalized Boundary Conditions
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lﬁ()/(;_* T(x, 1) fR%C)‘C‘
s 507 x.t “C
10,1 =T,
Oe L
I(L, 1) =T, L x
70, 1 =150"C
T(L.ty="70°C

Uasulio jLii— axlgl 9 1) 1o laglps

Heat

flux | Conduction T Heat f] .
. cd ux in the _
Gg=—-ks-= ( X ) ) (W/m?)

aT(0. 1) 0x positive x — direction
qo=—k “or
Heat
Conduction| flux
[ d7(0, 1) dT(L. 1)
IT(L, 1) . —k = 50 and —k— = -5
—k 2 =qr a,li.' dx
dx
04 TL—E
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/—'—‘» '(‘\
Insulation T(x. 1) 60°C
al(0, 1 ar(0,n
k—2=0  or =
0X 0X 0le . >
L X

Uasulio jLii— axlgl 9 1) 1o laglps

4, Center plane
|

Zero
slope

L— Temperature - 9
h distribution HT{L},"_‘ f} o {:]
(symmelric ~ — L
| } 0X

about center

plane)
(e . I a—}L >
72
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Heat conduction Heat convection

at the surface ina | = | at the surface in
selected direction the same direction
aT(0, 1) - 0 Jf\ﬂ]’”{L f) 3 er "
—K - =N ol I 1 —K - = 5 L) — o
I ey = 100, 1)] x [ T(L, 1) — Ty
Convection | Conduction I CDmreCﬁDil ‘ Cnndl uction
2
“L I JT(0
AT(0. t <2 1 [Ty — T(O, )] =—k 220D
[Ty — T, B)] = —k 200 1Ty = 100, O o
. hy, T,
h Conduction | Convection

I Convection | Conduction
Tm]

LDy T T,
ox )
01 *L x
WWW.AEGHBALI.BLOG.IR
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i

Heat conduction Radiation exchange
at the surfaceina| = at the surface 1n
selected direction the same direction

Radiation | Conduction

dT(0, 1)
dx

- E]"-T[Tjun'.l — T(0, ”4] &1 &2

surr, 1 surt, 2

£10 [T 1 — 10, *] = —k
aT(0, 1)
dx

Conduction | Radiation

IT(L. t) *
—k ‘ = g,o|T(L, )y — T2, 5] IT(L. 1)

ax _k S =60 |T(L, )* — T;tl-l-, |

1

()®
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E*T_]‘ {1.{1}-.. r} o ) {:} TB{J:”.. Ir}

?q___l{,'{“:h Iy = TB{"‘I*}" I) _1{_1 X B ax

Interface

Material / Material
A B

Ty(x, D) Tg(x, 1)

Conduction | Conduction

K aTA(Iﬂ, I:l -k E?TB(IG, I)

A
0 . (;._I T a.x : .
.IU X
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< &
< s
Heat transfer problem alivwo Ry 2 +
Mathematical formulation Sl ) e go 8 *
(Differential equation and
boundary conditions) .
General solution of differential equation dolzo oges > "

Application of boundary conditi . -
pplication o ﬂrn ary conditions S0 bulpd Jlos! #
Solution of the problem Lo ol S 'y
_
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500

400 \RSHVET

300 Rcﬂpper ‘T,
S~ Goa kK(T)dT
200 Aluminum - s
“ETOT, T
100 Tungsten
Platinum
50
Iron ‘ T —T, 4 - -
Qp]:me wall — kavg A T = E . KT)ydT
20 Stainless steel, Ji2

AIST 304 . ' T, — T, o
Qcylinder = 27k, L

1
Y& An(ry/ry)  In(ry/ry) I, o

—_—
=

Aluminum

Thermal conductivity (W/m-K)

d ‘
o . T, —T, 4mrr (T

: \ O sphere = 4T Kagl'1 172 Iy — 1 - " DT

Pyroceram B B o
2

Fused gquartz
|
100 300 500 1000 2000 4000
Temperature (K)
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]

Plane wall
. - k(T) = ko(1 + BT)
K(T) = k(1 + T)
B=>0
T, p=0
S temperature coefficient of thermal conductivity I,
pf<0
Oe 'L }-
I;
o1 + BT)dT |
k —L e i1+ p D)
avg TE _ T] o ID( B ) ) o ( zwg}
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