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“CENTROID” AND “CENTER OF MASS” BY
INTEGRATION

Learning Objectives

1). To determine the volume, mass, centroid and center of mass
using integral calculus.

2). To do an engineering estimate of the volume, mass, centroid
and center of mass of a body. /Qf;a{mlcs

Definitions % V4

Centroid: Geometric center of a line, area or volume.

Center of Mass: Gravitational center of a line, area or volume.

The centroid and center of mass coincide when the density is
uniform throughout the part.


Yangfan Liu


Yangfan Liu


Yangfan Liu


Yangfan Liu


Yangfan Liu


Yangfan Liu


Yangfan Liu


Yangfan Liu


Yangfan Liu


Yangfan Liu


Yangfan Liu


Yangfan Liu


Yangfan Liu


Yangfan Liu


Yangfan Liu


Yangfan Liu


Yangfan Liu


Yangfan Liu


Yangfan Liu


Yangfan Liu


Yangfan Liu


Yangfan Liu


Yangfan Liu


Yangfan Liu


Yangfan Liu


Yangfan Liu


Yangfan Liu


Yangfan Liu


Yangfan Liu


Yangfan Liu


Yangfan Liu


Yangfan Liu


Yangfan Liu


Yangfan Liu


Yangfan Liu


Yangfan Liu


Yangfan Liu


Yangfan Liu


Yangfan Liu


Yangfan Liu



34

Centroid by Integration olt

a). Line

L={dL LX =[x, dL Ly= [y, dL

b). Area:

A= [dA AX=[x.dA  Ay=[y dA
D

c). Volume:

V=[dv V=[x, dv

Vy= [y, dv VZ=[z,dv

where: X, Y, Z represent the centroid of the line, area or
volume.

(Xc)i, (Y.),, (2,), represent the centroid of the differential

c 1’

element under consideration.
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Center of Mass by Integration
m= jdm = J p dv

mXg = jxc dm = jxc(pdV)

Jye dm= [y, (pdV)

Mz = [z,dm= [z,(pdV)

my

Note:
¢ For a homogeneous body p = constant, thus

m:deV:deV:pV

e Tabulated values of the centroid and center of mass of
several standard shapes can be found on the back inside
cover of the textbook.
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Planar Area
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Body or Shell of Revolution

d?=r|R(z))%dz

do7=2n R(z)dL
=27 R(z)|1 +(§§ 1"y



Centroids and Center of Mass By Integration

Example 1
Given: It is desired to determine the area and centroids of the shaded shape.
Find: For the shaded shape provided,

a) Estimate the area and the x and y centroids.

b) Calculate the area of the shape.

c) Calculate the x and y centroids of the shape.

a‘) ESf\‘m‘\/é{ ) /\

}?

¥
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Centroids and Center of Mass By Integration

Example 4
Given: The shaded area is bound by two curves.
Find:
a) Estmate and then calculate the shaded area.

b=stinrate and then calculate the x-centroid of the

Y
I
I
[
I
I
I
!
|
shaded area. :
|

c)-Estimate and then calculate the y-centroid of the
shaded area.

Atv(: (>h.—)(1> o(j
(7 (b k) 4

-
—z&é)
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Centers of Mass & Centroids: By Integration

Group Quiz 1
Group #: Group Members: 1)
(Present Only)
Date: Period: 2)
3)
4)
Given: A shaded area is bounded by two lines given by y

x = y’la and y = x%/a. ]
Find:
a) Do an engineering estimate of the shaded area
and the centroid of the shaded area (X, Y).

b) Determine the location of the centroid (X, ¥)by ¢
the method of integration.

Solution:




X

L———x-——q{ Ls—dx

dL=(1+7% P dx

XC= X, Vo= pix)

FIGURE 8

dor={yy(x)— yi(x}|dx

Xo=x

ye=51nafxt+ yifx)]

FIGURE 7

X ' X=XV

s e . e

dy___ :j:; dL\(
l .

dL={1 -+ gy

xc=x(y) ye=y

do/=[xy(y)~x{y)idy
xc=%lx2(y) +xify)]
Y=y

d¥=niR(z}dz
FIGURE %a

dL=| (ggjz-i-Rzly’dqé
xc=Ri¢)cos ¢
yc=Ripjsin ¢

xc=5R(9) cos ¢
yc=‘§“R(¢f sin ¢

da=2x Riz)dL
=2rRi)|1+/K)

FIGURE 9b

zl%dz




ME 270 - Basic Mechanics I - Group Problems

Your Name: Group Members: 1) 2)
Date: Period: 3) 4)
Group #:

Given: A shaded area is bounded by two lines given by
x =y%/aand y = x*/a.

Find; (Ghadel ares.od e

(a) Do an engineering estimate of the§centroid of the
shaded area (X, ¥).

(b) Determine the location of the centroid (X, ¥) by the
method of integration.
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