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Preface

It is our hope that this book will serve both as a textbook for graduate courses on
stability of structures and a reference volume for engineers and scientists. We
assume the student has a background in mathematics and mechanics only at the
level of the B.S. degree in civil or mechanical engineering, though in the last four
chapters we assume a more advanced background. We cover subjects relevant to
civil, structural, mechanical, aerospace, and nuclear engineering, as well as
materials science, although in the first half of the book we place somewhat more
emphasis on the civil engineering applications than on others. We include many
original derivations as well as some new research results not yet published in
periodicals.

Our desire is to achieve understanding rather than just knowledge. We try to
proceed in each problem from special to general, from simple to complex,
treating each subject as concisely as we can and at the lowest possible level of
mathematical apparatus we know, but not so low as to sacrifice efficiency of
presentation. We include a large number (almost 700) of exercise problems.
Solving many of them is, in our experience, essential for the student to master the
subject.

In some curricula, the teaching of stability is fragmented into courses on
structural mechanics, design of steel structures, design of concrete structures,
structural dynamics, plates and shells, finite elements, plasticity, viscoelasticity,
and continuum mechanics. Stability theory, however, stands at the heart of
structural and continuum mechanics. Whoever understands it understands
mechanics. The methods of stability analysis in various applications are similar,
resting on the same principles. A fundamental understanding of these principles,
which is not easy to acquire, is likely to be sacrificed when stability is taught by
bits, in various courses. Therefore, in our opinion, it is preferable to teach
stability in a single course, which should represent the core of the mechanics
program in civil, mechanical, and aerospace engineering.

Existing textbooks of structural stability, except for touching on elastoplastic
columns, deal almost exclusively with elastic stability. The modern stability
problems of fracture and damage, as well as the thermodynamic principles of
stability of irreversible systems, have not been covered in textbooks. Even the
catastrophe theory, as general is it purports to be, has been limited to systems
that possess a potential, which implies elastic behavior. Reflecting recent research
results, we depart from tradition, devoting about half of the book to nonelastic
stability.

Various kinds of graduate courses can be fashioned from this book. The
first-year quarter-length course for structural engineering students may, for
example, consist of Sections 1.2-1.7, 2.1-2.4, 2.8, 3.1, 3.2, 3.5, 3.6, 4.2-4.6,
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5.1-5.4, 6.1-6.3, 7.1-7.3, 7.5, 7.8, 8.1, 8.3, and 8.4, although about one-third of
these sections can be covered in one quarter only partly. A semester-length
course can cover them fully and may be expanded by Sections 1.8, 1.9, 2.7, 3.3,
4.5, 4.6, 5.5, 7.4, 1.8, 8.2, and 8.6. The first-year course for mechanical and
aerospace engineers may, for example, be composed of Sections 1.1-1.5,1.7, 1.9,
2.1-2.3, 3.1-3.7, 4.2-4.6, 5.1-54, 6.1-6.3, 7.1-7.3, 7.5, 7.8, 8.1-8.3, and
9.1-9.3, again with some sections covered only partly. A second-year sequel for
structural engineering students, dealing with inelastic structural stability, can, for
example, consist of Sections 8.1-8.6, 9.1-9.6, 10.1-10.4, 13.2-13.4, and 13.6,
preceded as necessary by a review of some highlights from the first course.
Another possible second-year sequel, suitable for students in theoretical and
applied mechanics, is a course on material modeling and stability, which can be
set up from Sections 11.1-11.7, 10.1-10.6, 13.1-13.4, 13.8-13.10, and 12.1-12.5
supplemented by a detailed explanation of a few of the constitutive models
mentioned in Section 13.11. A course on Stability of Thin-Wall Structures
(including plates and shells) can consist of a review of Sections 1.1-1.8 and
detailed presentation of Chapters 6 and 7. A course on Inelastic Columns can be
based on a review of Sections 1.1-1.8 and detailed presentation of Chapters 8 and
9. A course on Stability of Multidimensional Structures can be based on a review
of Sections 1.1-1.9 and detailed presentation of Chapters 7 and 11. A course on
Energy Approach to Structural Stability can be based on a review of Sections
1.1-1.8 and detailed presentation of Chapters 4, 5, and 10. A course on Buckling
of Frames can be based on Chapters 1, 2, and 3. Chapter 3, along with Section
8.6, can serve as the basis for a large part of a course on Dynamic Stability.

The present book grew out of lecture notes for a course on stability of
structures that Professor BaZant has been teaching at Northwestern University
every year since 1969. An initial version of these notes was completed during
BaZant’s Guggenheim fellowship in 1978, spent partly at Stanford and Caltech.
Most of the final version of the book was written during Professor Cedolin’s
visiting appointment at Northwestern between 1986 and 1988, when he enriched
the text with his experience from teaching a course on structural analysis at
Politecnico di Milano. Most of the last six chapters are based on BaZant’s lecture
notes for second-year graduate courses on inelastic structural stability, on
material modeling principles, and on fracture of concrete, rock, and ceramics.
Various drafts of the last chapters were finalized in connection with BaZant’s stay
as NATO Senior Guest Scientist at the Ecole Normale Supérieure, Cachan,
France, and various sections of the book were initially presented by BaZant
during specialized intensive courses and guest seminars at the Royal Institute of
Technology (Cement och Betonginstitutet, CBI), Stockholm; Ecole des Ponts et
Chaussées, Paris; Politecnico di Milano; University of Cape Town; University of
Adelaide; University of Tokyo; and Swiss Federal Institute of Technology.
Thanks go to Northwestern University and the Politecnico di Milano for
providing environments conducive to scholarly pursuits. Professor BaZant had the
good fortune to receive financial support from the U.S. National Science
Foundation and the Air Force Office of Scientific Research, through grants to
Northwestern University; this funding supported research on which the last six
chapters are partly based. Professor BaZant wishes to express his thanks to his
father, Zdenék J. BaZant, Professor Emeritus of Foundation Engineering at the
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Czech Technical University (CVUT) in Prague and to his grandfather, Zdenék
Bazant, late Professor of Structural Mechanics at CVUT, for having introduced
him to certain stability problems of structural and geotechnical engineering.

We are indebted for many detailed and very useful comments to Leone
Corradi and Giulio Maier, and for further useful comments to several colleagues
who read parts of the text: Professors J. P. Cordebois, S. Dei Poli, Eduardo
Dvorkin, Theodore V. Galambos, Richard Kohoutek, Franco Mola, Brian
Moran, and Jaime Planas. Finally, we extend our thanks to M. Tabbara, R.
Gettu, and M. T. Kazemi, graduate research assistants at Northwestern Univer-
sity, for checking some parts of the manuscript and giving various useful
comments, to Vera Fisher for her expert typing of the manuscript, and to
Giuseppe Martinelli for his impeccable drawings.

Evanston, Il Z. P.B.and L. C.
October, 1989
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Introduction

One of the principal objectives of theoretical research in any

department of knowledge is to find the point of view from
which the subject appears in its greatest simplicity.

—-J. Willard Gibbs

(acceptance letter of Rumford Medal, 1881)

Failures of many engineering structures fall into one of two simple categories: (1)
material failure and (2) structural instability. The first type of failure, treated in
introductory courses on the strength of materials and structural mechanics, can
usually be adequately predicted by analyzing the structure on the basis of
equilibrium conditions or equations of motion that are written for the initial,
undeformed configuration of the structure. By contrast, the prediction of failures
due to structural instability requires equations of equilibrium or motion to be
formulated on the basis of the deformed configuration of the structure. Since the
deformed configuration is not known in advance but depends on the deflections to
be solved, the problem is in principle nonlinear, although frequently it can be
linearized in order to facilitate analysis.

Structural failures caused by failure of the material are governed, in the
simplest approach, by the value of the material strength or yield limit, which is
independent of structural geometry and size. By contrast, the load at which a
structure becomes unstable can be, in the simplest approach, regarded as
independent of the material strength or yield limit; it depends on structural
geometry and size, especially slenderness, and is governed primarily by the
stiffness of the material, characterized, for example, by the elastic modulus.
Failures of elastic structures due to structural instability have their primary cause
in geometric effects: the geometry of deformation introduces nonlinearities that
amplify the stresses calculated on the basis of the initial undeformed configuration
of the structure.

The stability of elastic structures is a classical problem which forms the
primary content of most existing textbooks. We will devote about half the present
treatise to this topic (Part I, Chapters 1-7).

We begin our study of structural stability with the analysis of buckling of
elastic columns and frames, a bread-and-butter problem for structural engineers.
Although this is a classical research field, we cover in some detail various recent
advances dealing with the analysis of very large regular frames with many
members, which are finding increasing applications in tall buildings as well as
certain designs for space structures.

The study of structural stability is often confusing because the definition of
structural stability itself is unstable. Various definitions may serve a useful
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purpose for different problems. However, one definition of stability—the dynamic
definition—is fundamental and applicable to all structural stability problems.
Dynamic stability analysis is essential for structures subjected to nonconservative
loads, such as wind or pulsating forces. Structures loaded in this manner may
falsely appear to be stable according to static analysis while in reality they fail
through vibrations of ever increasing amplitude or some other accelerated
motion. Because of the importance of this problem in modern structural
engineering we will include a thorough treatment of the dynamic approach to
stability in Chapter 3. We will see that the static approach yields correct critical
loads only for conservative structural systems, but even for these it cannot answer
the question of stability completely.

The question of stability may be most effectively answered on the basis of the
energy criterion of stability, which follows from the dynamic definition if the
system is conservative. We will treat the energy methods for discrete and
discretized systems in Chapter 4 and those for continuous structures in Chapter 5,
in which we will also focus on the approximate energy methods that simplify the
stability analysis of continuous structures.

In Chapters 6 and 7 we will apply the equilibrium and energy methods to
stability analysis of more complicated thin structures such as thin-wall beams, the
analysis of which can still be made one-dimensionally, and of two-dimensional
structures such as plates and shells. Because many excellent detailed books deal
with these problems, and also because the solution of these problems is tedious,
requiring lengthy derivations and mathematical exercises that add little to the
basic understanding of the behavior of the structure, we limit the treatment of
these complex problems to the basic, prototype situations. At the same time we
emphasize special features and approaches, including an explanation of the direct
and indirect variational methods, the effect of imperfections, the postcritical
behavior, and load capacity. In our computer era, the value of the complicated
analytical solutions of shells and other thin-wall structures is diminishing, since
the solutions can be obtained by finite elements, the treatment of which is outside
the scope of the present treatise.

While the first half of the book (Part I, Chaps. 1-7) represents a fairly
classical choice of topics and coverage for a textbook on structural stability, the
second half of the book (Part II, Chaps. 8-13), devoted to inelastic and damage
theories of structural stability, attempts to synthesize the latest trends in research.
Inelastic behavior comprises not only plasticity (or elastoplasticity), treated in
Chapters 8 and 10, but also creep (viscoelastic as well as viscoplastic), treated in
in Chapter 9, while damage comprises not only strain-softening damage, treated
in Chapter 13, but also fracture, which represents the special or limiting case of
localized damage, treated in Chapter 12. Whereas the chapters dealing with
plasticity and creep present for the most part relatively well-established theories,
Chapters 10-13, dealing with thermodynamic concepts and finite strain effects in
three dimensions, as well as fracture, damage, and friction, present mostly fresh
results of recent researches that might in the future be subject to reinterpretations
and updates.

Inelastic behavior tends to destabilize structures and generally blurs the
aforementioned distinction between material failures and stability failures. Its
effect can be twofold: (1) it can merely reduce the critical load, while instability is
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still caused by nonlinear geometric effects and cannot occur in their absence—this
is typical of plasticity and creep (with no softening or damage); or (2) it can cause
instability by itself, even in the absence of nonlinear geometric effects in the
structure—this is typical of fracture, strain-softening damage, and friction and
currently represents a hot research subject. An example of this behavior is
fracture mechanics. In this theory (outlined in Chapter 12), structural failure is
treated as a consequence of unstable crack propagation, the instability being
caused by the global structural action (in which the cause of instability is the
release of energy from the structure into the crack front) rather than the
nonlinear geometric effects.

Stability analysis of structures that are not elastic is complicated by the fact
that the principle of minimum potential energy, the basic tool for elastic
structures, is inapplicable. Stability can, of course, be analyzed dynamically, but
that too is complicated, especially for inelastic behavior. However, as we will see
in Chapter 10, energy analysis of stability is possible on the basis of the second
law of thermodynamics. To aid the reader, we will include in Chapter 10 a
thorough discussion of the necessary thermodynamic principles and will then
apply them in a number of examples.

Irreversibility, which is the salient characteristic of nonelastic behavior,
produces a new phenomenon: the bifurcation of equilibrium path need not be
associated with stability loss but can typically occur in a stable manner and at a
load that is substantially smaller than the stability limit. This phenomenon, which
is not found in elastic structures, will come to light in Chapter 8 (dealing with
elastoplastic columns) and will reappear in Chapters 12 and 13 in various
problems of damage and fracture. A surprising feature of such bifurcations is that
the states on more than one postbifurcation branch of the equilibrium path can be
stable, which is impossible for elastic structures or reversible systems in general.
To determine the postbifurcation path that will actually be followed by the
structure, we will need to introduce in Chapter 10 a new concept of stable path,
which, as it turns out, must be distinct from the concept of stable state. We will
present a general thermodynamic criterion that makes it possible to identify the
stable path.

The stability implications of the time-dependent material behavior, broadly
termed creep, also include some characteristic phenomena, which will be
explained in Chapter 9. In dealing with imperfect viscoelastic structures under
permanent loads, we will have to take into account the asymptotic deflections as
the time tends to infinity, and we will see that the long-time (asymptotic) critical
load is less than the instantaneous (elastic) critical load. In imperfect viscoelastic
structures, the deflections can approach infinity at a finite critical time, and can
again do so under a load that is less than the instantaneous critical load. For creep
buckling of concrete structures, we will further have to take into account the
profound effect of age on creep exhibited by this complex material.

The most important consequence of the instabilities caused by fracture or
damage rather than by geometric effects is that they produce size effect, that is,
the structure size affects the nominal stress at failure. By contrast, no size effect
exists according to the traditional concepts of strength, yield limit, and yield
surface in the stress or strain space. Neither does it according to elastic stability
theory. The most severe and also the simplest size effect is caused by failures due
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to propagation of a sharp fracture where the fracture process happens at a point.
A less severe size effect, which represents a transition from failures governed by
strength or yield criteria to failures governed by instability of sharp fractures, is
produced by instability modes consisting either of propagation of a fracture with a
large fracture process zone (Chap. 12) or of damage localization (Chap. 13). As a
special highlight of the present treatise, these modern problems are treated in
detail in the last two chapters.

The practical design of metallic or concrete columns and other structures is an
important topic in any stability course. In this text, the code specifications and
design approaches are dispersed through a number of chapters instead of being
presented compactly in one place. This presentation is motivated by an effort to
avoid a cookbook style and present each aspect of design only after the pertinent
theory has been thoroughly explained, but not later than that. It is for this
reason, and also because fundamental understanding of inelastic behavior is
important, that the exposition of column design is not completed until Chapters 8
and 9, which also include detailed critical discussions of the current practice.

The guiding principle in the presentation that follows is to advance by
induction, from special and simple to general and complex. This is one reason
why we choose not to start the book with general differential equations in three
dimensions and thermodynamic principles, which would then be reduced to
special cases. (The general three-dimensional differential equations governing
stability with respect to nonlinear geometric effects do not appear in the book
until Chap. 11.) There is also another reason—the three-dimensional analysis of
stability is not necessary for slender or thin structures made of structural materials
such as steel or concrete, which are relatively stiff. It is only necessary for dealing
with incremental deformations of massive inelastic structures or structures made
of highly anisotropic or composite materials which can be strained to such a high
level that some of the tangential moduli of the material are reduced to values that
are of the same order of magnitude as the stresses.

As another interesting phenomenon, which we will see in Chapter 11, various
possible choices of the finite-strain tensor lead to different expressions for the
critical loads of massive bodies. It turns out that the stability formulations
corresponding to different choices of the finite-strain tensor are all equivalent, but
for each such formulation the tangential moduli tensor of the material has a
different physical meaning and must be determined from experimental data in a
different manner. If this is not done, then three-dimensional finite-strain stability
analysis makes no sense.

As we live in the new era of computers, stability of almost any given structure
could, at least in principle, be analyzed by geometrically nonlinear finite element
codes with incremental loading. This could be done in the presence of complex
nonlinear behavior of the material as well. Powerful though this approach is, the
value of simple analytical solutions that can be worked out by hand must not be
underestimated. This book attempts to concentrate on such solutions. It is these
solutions that enhance our understanding and also must be used as test cases for
the finite element programs.
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Buckling of Elastic Columns
by Equilibrium Analysis

Under an axial compressive load, a column that is sufficiently slender will fail due
to deflection to the side rather than crushing of the material. This phenomenon,
called buckling, is the simplest prototype of structural stability problems, and it is
also the stability problem that was historically the first to be solved (cf.
Timoshenko, 1953).

The essential characteristic of the buckling failures is that the failure load
depends primarily on the elastic modulus and the cross-section stiffness, and it is
almost independent of the material strength or yield limit. It is quite possible that
a doubling of the material strength will achieve a less than 1 percent increase in
the failure load, all other properties of the column being the same.

After a brief recall of the elements of the theory of bending, we analyze, as an
introductory problem, a simply supported (pin-ended) column, first solved by
Euler as early as 1744. Next we generalize our solution to arbitrary columns
treated as beams with general end-support conditions and possible elastic
restraints at ends. We seek to determine critical loads as the loads for which
deflected equilibrium positions of the column are possible.

Subsequently we examine the effect of inevitable imperfections, such as initial
curvature, load eccentricity, or small disturbing loads. We discover that even if
they are extremely small, they still cause failure since they produce very large
destructive deflections when the critical load is approached. Taking advantage of
our solution of the behavior of columns with imperfections, we further discuss the
method of experimental determination of critical loads. We also, of course,
explain the corresponding code specifications for the design of columns, although
we avoid dwelling on numerous practical details that belong to a course on the
design of concrete or steel structures rather than a course on stability. However,
those code specifications that are based on inelastic stability analysis will have to
be postponed until Chapter 8. Furthermore, we show that for certain columns the
usual bending theory is insufficient, and a generalized theory that takes into
account the effect of shear must be used. We conclude the first chapter by
analysis of large deflections for which, in contrast to all the preceding analysis, a
nonlinear theory is required.

In stability analysis of elastic structures, the equilibrium conditions must be
formulated on the basis of the final deformed shape of the structure. When this is

3
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done under the assumption of small deflections and small rotations, we speak of
second-order theory, while the usual analysis of stresses and deformations in
which the equilibrium conditions are formulated on the basis of the initial,
undeformed shape of the structure represents the first-order theory. The
first-order theory is linear, whereas the second-order theory takes into account
the leading nonlinear terms due to changes of structural geometry at the start of
buckling. All the critical load analyses of elastic structures that follow fall into the
category of the second-order theory.

1.1 THEORY OF BENDING

Because of its practical importance, stability of beam structures subjected to
bending will occupy a major part of this text. In the theory of bending we
consider beams that are sufficiently slender, that is, the ratio of their length to the
cross-section dimensions is sufficiently large (for practical purposes over about
10:1). For such slender beams, the theory of bending represents a very good
approximation to the exact solution according to three-dimensional elasticity.
This theory, first suggested by Bernoulli in 1705 and systematically developed by
Navier in 1826 is based on the following fundamental hypothesis:

During deflection, the plane normal cross sections of the beam remain (1)
plane and (2) normal to the deflected centroidal axis of the beam, and (3) the
transverse normal stresses are negligible.

The Bernoulli-Navier hypothesis, which is applicable not only to elastic
beams but also to inelastic beams, provided that they are sufficiently slender,
implies that the axial normal strains are &= —z/p, where z =transverse
coordinate measured from the centroid of the cross section (Fig. 1.1), and
p = curvature radius of the deflected centroidal axis of the beam, called the
deflection curve. At the beginning we will deal only with linearly elastic beams;
then the Bernoulli-Navier hypothesis implies that the axial normal stress is
0=Ee=—Ez/p and E = Young’s elastic modulus.

Substituting this into the expression for the bending moment (Fig. 1.1)

= - I ozdA
A
where A = cross-section area (and the moment is taken about the centroid) one
gets M=E[z>dA/p or
M=Ellp (1.1.1)

where I = [ z?> dA = centroidal moment of inertia of the cross section. (For more
details, see, e.g., Popov, 1968, or Crandall and Dahl, 1972.) In terms of

dx

+— g — —

Figure 1.1 Bending of a straight bar according to Bernoulli-Navier hypothesis.



BUCKLING OF ELASTIC COLUMNS BY EQUILIBRIUM ANALYSIS 5

deflection w (transverse displacement of the cross section), the curvature may be

expressed as
1 w"” ( 3 3)(5)
—_—— = nl___ 12+_ 14__'__)
o T+wd? VT2V To@"”
in which the primes denote derivatives with respect to the length coordinate x of
the beam, that is, w” = d’w/dx?. In most of our considerations we shall assume

that the slope of the deflection curve w(x) is small, and then we may use the
linearized approximation

(1.1.2)

1
—=w 113
P (1.1.3)

If [w'| is less than 0.08, then the error in curvature is within about 1 percent.
Equation 1.1.1 then becomes
M = EIw" (1.1.4)

which is the well-known differential equation of bending for small deflections. In
writing the equilibrium equations for the purpose of buckling analysis, however,
displacements w, even if considered small, cannot be neglected, that is, M must
be calculated with respect to the deformed configuration.

Part 2 of the Bernoulli-Navier hypothesis implies that the shear deformations
are neglected. Sometimes this may be unacceptable, and we will analyze the
effect of shear later.

Problems

1.1.1 For a simply supported beam of length / with sinusoidal w(x), calculate the
percentage of error in 1/p and M at midspan if wy,.,/! =0.001, 0.01, 0.1, 0.3
(subscript “max’’ labels the maximum value).

1.1.2 Derive Equations 1.1.1 and 1.1.2.

1.2 EULER LOAD, ADJACENT EQUILIBRIUM, AND BIFURCATION

Let us now consider a pin-ended column of length I shown in Figure 1.2 (also
called the hinged or simply supported column). The column is loaded by axial
load P, considered positive when it causes compression. We assume the column
to be perfect, which means that it is perfectly straight before the load is applied,

)
it .

8

L4

Figure 1.2 Euler column under (a) imposed axial load and (b) imposed axial displacement.

P
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and the load is perfectly centric. For the sake of generality, we also consider a
lateral distributed load p(x), although for deriving the critical loads we will set
p=0.

The undeflected column is obviously in equilibrium for any load P. For large
enough load, however, the equilibrium is unstable, that is, it cannot last. We now
seek conditions under which the column can deflect from its initial straight
position and still remain in equilibrium. If the load keeps constant direction
during deflection, as is true of gravity loads, the bending moment on the deflected
column (Fig. 1.2a) is M = —Pw + My(x) where My(x) is the bending moment
caused by a lateral load p(x), which may be calculated in the same way as for a
simply supported beam without an axial load, and —Pw is an additional moment
that is due to deflection and is the source of buckling. Substituting Equations

1.1.1 and 1.1.3 into the preceding moment expression, we obtain Elw" = —Pw +
M, or
M P
" 2,y = =0 i 2 —
w" + k*w 7 with & El (1.2.1)

This is an ordinary linear differential equation. Its boundary conditions are
w=0 at x=0 w=0 at x=I! (1.2.2)

Consider now that p =0 or M;=0. Equations 1.2.1 and 1.2.2 then define a
linear eigenvalue problem (or characteristic value problem). To permit a simple
solution, assume that the bending rigidity EI is constant. The general solution for
P >0 (compression) is

w = A sin kx + B cos kx (1.2.3)

in which A and B are arbitrary constants. The boundary conditions in Equation
1.2.2 require that

B=0 Asinki=0 (1.2.4)
Now we observe that the last equation allows a nonzero deflection (at P > 0) if
and only if kl =z, 2x, 3z, .... Substituting for k we have PI?/El = n?, 4x?,
9x?, ..., from which
2.2
ﬂn=%;EI (n=1,2,3,...) (1.2.5)

The eigenvalues P, , called critical loads, denote the values of load P for which a
nonzero deflection of the perfect column is possible. The deflection shapes at
critical loads, representing the eigenmodes, are given by

w=gq,sin n_:ltx (1.2.6)

where g, are arbitrary constants. The lowest critical load is the first eigenvalue
(n =1); it is denoted as P, = P and is given by

nz

Pe=" EI (1.2.7)
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It is also called the Euler load, after the Swiss mathematician Leonhard Euler,
who obtained this formula in 1744. It is interesting that in his time it was only
known that M is proportional to curvature; the fact that the proportionality
constant is EI was established much later (by Navier). The Euler load represents
the failure load only for perfect elastic columns. As we shall see later, for real
columns that are imperfect, the Euler load is a load at which deflections become
very large.

Note that at P, the solution is not unique. This seems at odds with the
well-known result that the solutions to problems of classical linear elasticity are
unique. However, the proof of uniqueness in linear elasticity is contingent upon
the assumption that the initial state is stress-free, which is not true in our case,
and that the conditions of equilibrium are written on the basis of the geometry of
the undeformed structure, whereas we determined the bending moment taking
the deflection into account. The theory that takes into account the effect of
deflections (i.e., change of geometry) on the equilibrium conditions is called the
second-order theory, as already said.

At critical loads, the straight shape of the column, which always represents an
equilibrium state for any load, has adjacent equilibrium states, the deflected
shapes. The method of determining the critical loads in this manner is sometimes
called the method of adjacent equilibrium. Note that at critical loads the column
is in equilibrium for any g, value, as illustrated by the equilibrium load-deflection
diagram of P versus w in Figure 1.3. The column in neutral equilibrium behaves
the same way as a ball lying on a horizontal plane (Fig. 1.3).

In reality, of course, the deflection cannot become arbitrarily large because we
initially assumed small deflections. When finite deflections of the column are
solved, it is found that the branch of the P-w diagram emanating from the critical
load point is curved upward and has a horizontal tangent at the critical load (Sec.
1.9).

At critical loads, the primary equilibrium path (vertical) reaches a bifurcation
point (branching point) and branches (bifurcates) into secondary (horizontal)
equilibrium paths. This type of behavior, found in analyzing a perfect beam, is
called the buckling of bifurcation type. Not all static buckling problems are of this
type, as we shall see, and bifurcation buckling is not necessarily implied by the
existence of adjacent equilibrium.

It is interesting to note that axial displacements do not enter the solution.

Per,
3

(o]

Figure 1.3 Neutral equilibrium at critical load.
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Thus, the critical load is the same for columns whose hinges slide axially during
buckling (Fig. 1.2a) or are fixed (Fig. 1.2b). (This will be further clarified by the
complete diagram of load vs. load-point displacement in Sec. 1.9.)

Dividing Equation 1.2.7 by the cross-section area A, we obtain the critical
stress

”2

amr”

in which r = VI/A = radius of inertia (or radius of gyration) of the cross section.
The ratio I/r is called the slenderness ratio of the column. It represents the basic
nondimensional parameter for the buckling behavior of the column. The plot of
og versus (l/r) is called Euler’s hyperbola (Fig. 1.4). This plot is obviously
meaningful only as long as the values of or do not exceed the compression
strength or yield limit of the material, f,. Thus, buckling can actually occur only
for columns whose slenderness ratio exceeds a certain minimum value:

! E
;=n\/];y (1.2.9)

Substituting the typical values of Young’s modulus and the compression strength
or the yield limit for various materials, we obtain the minimal slenderness ratios
as 86 for steel, 90 for concrete, 50 for aluminum, and 13 for glass fiber-reinforced
plastics. Indeed, for the last type of material, buckling failures are the
predominant ones.

For real columns, due to inelastic effects and imperfections, the plot of the
axial stress versus the slenderness ratio exhibits a gradual transition from the
horizontal line to the Euler hyperbola, as indicated by the dashed line in Figure
1.4. Consequently, buckling phenomena already become practically noticeable at
about one-half of the aforementioned slenderness ratios (see Chap. 8).

Up to this point we have not reached any conclusion about stability. However,
the fact that for critical loads the deflection is indeterminate, and can obviously
become large, is certainly unacceptable to a designer. A certain degree of safety
against reaching the lowest critical load must evidently be assured.

O (128)

Problems

1.2.1 Sketch the load-deflection diagram of the column considered and the
critical state; explain neutral equilibrium and adjacent equilibrium.

3
(4
fy —
~
N,
\\
N\~ G Euler hyperbola

0 rVE/ty 7208

Figure 1.4 Buckling stress as a function of slenderness.
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a) ‘P b) lp

C

Figure 1.5 Exercise problems on critical loads of free-standing columns.

1.2.2 if a timber column has slenderness 15:1, compression strength f.=
1000 psi, and E = 300,000 psi, does it fail by buckling or by material failure?

1.2.3 Solve for the critical load of a free-standing column of height [ (Fig. 1.5a).

1.2.4 Do the same for a free-standing column with a hinge and rotational spring
of stiffness C at the base (Fig. 1.5b). Study the dependence of P, on EI/CI
and consider the limit case EI/CI— 0.

1.3 DIFFERENTIAL EQUATIONS OF BEAM-COLUMNS

In the foregoing solution we determined the bending moment directly from the
applied load. However, this is impossible in general, for example, if the column
has one or both ends fixed. Unknown bending moment M, and shear force V,
then occur at the fixed end, and the bending moments in the column cannot be
determined from equilibrium. Therefore, we need to establish a general
differential equation for beams subjected to axial compression, called beam-
columns.

Consider the equilibrium of a segment of the deflected column shown in
Figure 1.6a. The conditions of force equilibrium and of moment equilibrium
about the top support point are

V(x)—V,+rp(x*)dx*=0
e (1.3.1)
M(x) + Pw(x) = M, + Vx +f p(x*)x* dx* =0

Differentiating Equations 1.3.1, we obtain V' + p=0and M'+ Pw' + V + V'x +
px =0 from which

Vi=—p M +Pw'=-V (1.3.2)

These relations represent the differential equations of equilibrium of beam-
columns in terms of internal forces M and V. The term Pw’ can be neglected only
if P < P,,, which is the case of the classical (first-order) theory. The quantities
w', M', V, and p are small (infinitesimal), and so Pw’ is of the same order of
magnitude as M’ and V unless P < P,,,.

In the special case of a negligible axial force (P =0), Equations 1.3.2 reduce
to the relations well known from bending theory.

Alternatively, the differential equations of equilibrium can be derived by
considering an infinitesimal segment of the beam, of length dx (Fig. 1.6b). Taking
into account the increments dM and dV over the segment length dx, we get the
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Q Q+dQ
X E | /M+dM
S "

Q="

Figure 1.6 Equilibrium of (a) a segment of a statically indeterminate column and (b, c) of
an infinitesimal element.

following conditions of equilibrium of transverse forces and of moments about the
centroid of the cross section at the end of the deflected segment:

(V+dV)=V+pdx=0

(M+dM)-M+de+PdW—(pdx)<%)=0 (1.3.3)

Dividing these equations by dx, and considering that dx— 0, we obtain again
Equations 1.3.2.

Note that the shear force V is defined in such a way that its direction remains
normal to the initial beam axis, that is, does not rotate during deflection (and
remains horizontal in Fig. 1.6). Sometimes a shear force Q that remains normal
to the deflected beam axis is introduced (Fig. 1.6¢). For this case the conditions of
equilibrium yield Q=Vcos@+Psin6=V+Pw' and —~N=Pcosf-
V sin @ = P — Vw' (where N = axial force, positive if tensile and 6 =slope of the
deflected beam axis). Substituting the expression for Q in the second of
Equations 1.3.2 one obtains

M =-Q (1.3.4)

which has the same form as in the first-order theory. Equation 1.3.4 could be
derived directly from the moment equilibrium condition of the forces shown in
Figure 1.6c.

Differentiating the second of Equations 1.3.2 and substituting in the first one,
we eliminate V; M" + (Pw')’ = p. Furthermore, substituting M = EIw" we get

(EIw")" + (Pw')' =p (1.3.5)
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This is the general differential equation for the deflections of a beam-column. It is
an ordinary linear differential equation of the fourih order.

Alternatively, one could write the force equilibrium condition with the
cross-section resultants shown in Figure 1.6¢, which gives p dx + dQ + d(Nw') =
0. Substituting Equation 1.3.4 as well as the relations M = EIw" and ~-N=P
(valid for small rotations), one obtains again Equation 1.3.5. A generalization of
N is customarily used for plates (Sec. 7.2).

Note that two integrations of Equation 1.3.5 for P =const. yield EIw" +
Pw=Cx + D + [ [ pdxdx, where C, D are integration constants. The right-hand
side represents the bending moment My(x), and so this equation is equivalent to
the second-order differential (Eq. 1.2.1). However, if the column is not statically
determinate, then M, is not known.

The term that makes Equations 1.3.2 and 1.3.5 the second-order theory is the
term Pw', which is caused by formulating equilibrium on the deflected column. If
this term is deleted, one obtains the familiar equations of the classical (first-order)
theory, that is, M'=—V and (EIw")" =p. This theory is valid only if P <P,
(this will be more generally proven by Fig. 2.2, which shows that the column
stiffness coefficients are not significantly affected by P as long as |P|=0.1F).
When P < P,,, the term Pw’ is second-order small compared with M, w’, and V,
and therefore negligible (this is how the term “second-order theory” originated).

The terms Pw’ and (Pw')’ would be nonlinear for a column that forms part of
a larger structure, for which not only w but both w and P are unknown. The
problem becomes linear when P is given, which is the case for columns statically
determinate with regard to axial force. However, even if P is unknown, the
problem may be treated as approximately linear provided that the defiections and
rotations are so small that the variation of P during deflection is negligible (see
Sec. 1.9). P may then be considered as constant during the deflection. In this
manner we then get a linearized formulation.

To make simple solutions possible, consider that the axial (normal) force P
and the bending rigidity EI are constant along the beam. The differential
equation then has constant coefficients, and the fundamental solutions of the
associated homogeneous equation (p =0) may be sought in the form w = e™.
Upon substitution into Equations 1.3.5 we see that e** cancels out and we obtain
the characteristic equation EIA*+ PA>=0, or A*(A>+ k% =0. The roots are
A =ik, —ik, 0, 0 provided that P >0 (compression). Since sin kx and cos kx are
linear combinations of e*** and e~**, the general solution of Equations 1.3.5 for
constant EI and P is

w(x)=Asinkx + B coskx + Cx + D + w,(x) (P>0) (1.3.6)

in which A, B, C, and D are arbitrary constants and w,(x) is a particular solution
corresponding to the transverse distributed loads p(x).

For columns in structures, it is sometimes also necessary to take into account
the effect of an axial tensile force P <0 on the deflections. In that case the
characteristic equation is A%(A* — k%) =0, with k*=|p|/EI The general solution
then is

w(x) = A sinh kx + B cosh kx + Cx + D + w,(x) (P<0) (1.3.7)
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The basic types of boundary conditions are

Fixed end: w=0 w'=0
Hinge: w=0 M=0 or w"=0 (1.3.8)
Free end: M=0 V=0 or (EIwW") + Pw'=0

Sliding restraint: w' =0 V=0

When we seek critical loads, we set p=0. The boundary conditions are
homogeneous, and the boundary-value problem defined by Equations 1.3.5 and
1.3.8 becomes an eigenvalue problem.

Generally, there exists (for p =0) an infinite series of critical loads, and the
load-deflection diagram is of the kind shown in Figure 1.3. At critical loads, one
has bifurcation of the equilibrium path and neutral equilibrium.

When the bending rigidity EI or the axial force P vary along the beam,
approximate solutions are in general necessary. This may be accomplished, for
example, by the finite difference or the finite element method, which leads to an
algebraic eigenvalue problem for a system of homogeneous algebraic equations.
Solutions in terms of orthogonal series expansions are also possible, and normally
very efficient, especially for hand calculations.

Problems

1.3.1 Without referring to the text, derive the differential equations of equi-
librium of a beam-column and the general solution for w(x), using the
cross-section resultants the directions of which do not rotate during deflection
(Fig. 1.6b).

1.3.2 Do the same as in Problem 1.3.1 but use the cross-section resultants the
directions of which rotate during deflection (Fig. 1.6¢).

1.3.3 Explain why, for small rotations w’ and large P, Q #V while (—N)=P.
Hint: Is the Q —V first-order small in w’', that is, proportional to w’, and
IN| — P second-order small, that is, proportional to w’2? Note that w, w', M,
V, and Q are considered small (infinitesimal) while P is finite.

1.3.4 Write the finite difference equations that approximate Equations 1.3.5 and
1.3.8 for case of variable EI(x).

1.3.5 Find the general solution of the beam-column equation for variable EI and
P such that El = a + bx, P =a + b(x + tan x) where a, b = constants. Hint: Is
w =sin x a solution?

1.4 CRITICAL LOADS OF PERFECT COLUMNS WITH VARIOUS
END RESTRAINTS

Let us now examine the solution of critical loads for perfect columns with various
simple end restraints shown in Figure 1.7. As an example, consider a column with
one end fixed (restrained, built-in) and one end hinged (pinned), sometimes
called propped-end column, (Fig. 1.7a). Let p = 0. Because the general solution
has four arbitrary constants, four boundary conditions are needed. They are of
two kinds, kinematic and static. The kinematic ones are w =0 and w' =0 atx =/,
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Figure 1.7 Effective length L of columns with various end restraints.

and w=0 at x=0. The remaining boundary condition is static: M =0 or
EIw" =0 or w" =0 at x =0 (axial coordinate x is measured from the free end; see
Fig. 1.7). In terms of Equation 1.3.6 (with w, =0), these boundary conditions are

Forx =0: B+D=0
—BK2=
B 0 (1.4.1)
Forx=1[: Asinkl+ Bceoskl+Cl+ D=0

Akcoskl— Bksinkl+ C=0

This is a system of four linear homogeneous algebraic equations for the unknowns
A, B, C, and D. This system, representing an algebraic eigenvalue problem, can
have a nonzero solution only when the determinant of the equation system
vanishes. This condition may be reduced, after some algebraic rearrangements, to
the equation sin k/ — k! cos kI = 0. Because cos kIl =0 does not solve this equa-
tion, we may divide it by cos k/ and get

tan ki = k! (1.4.2)
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This is a transcendental algebraic equation. The approximate values of the roots
may be located graphically as the intersection points of curves y =« and y =tan u
(u=kl) (see Fig. 1.8). Using the iterative Newton method, one can then
determine the roots with any desired accuracy. The smallest positive root (Fig.
1.8) is u =kl =4.4934, and noting that k = VP/El, we find that the smallest
critical load is

”2

~ (0.6991)

The shape of the buckled column may be obtained by eliminating B, C, and D
from Equation 1.4.1. This yields

w = A(sin kx — kx cos kl) (1.4.4)

where A is an arbitrary constant (limited, of course, by the range of small
deflections). Solving x for which w” =0, we find that there is an inflection point at
x =0.699.. Note that, after buckling, the reaction at the base is no longer aligned
with the beam axis (Fig. 1.7a), but has the eccentricity (M),.,/P.=
(EIW")y—i/ P, = —Asinkl=0.976A, and its line of action runs through the
deflected inflection point, as well as the column top, as expected.

Columns with other end restraints shown in Figure 1.7 can be solved in a
similar manner. Aside from the simple boundary conditions listed in Equations
1.3.8 and illustrated by Figure 1.7c, d, f, g, one can have elastically restrained
ends. Such restraints can sometimes be used as approximations for the behavior
of columns as parts of larger structures, the action of the rest of the structure
upon the column being replaced by an equivalent spring. An end supported
elastically in the transverse direction (Fig. 1.7b) is described by the boundary
conditions M =0 and V =—-C,w. A hinge that slides freely but is elastically
restrained against rotation (Fig. 1.7¢) is characterized by the boundary conditions
V=0 and M=C,w’'. A hinged end elastically restrained against rotation (Fig.
1.7h) is characterized by the boundary conditions w =0 and M = C,w’, where C,
is the spring stiffness.

The buckling modes of a column under different boundary conditions are
demonstrated in Figure 1.9, which portrays one of the teaching models developed
at Northwestern University (1969). Intermediate supports are used to obtain
higher buckling modes.

P. EI (1.4.3)

y=tan u

Figure 1.8 Determination of critical states for fixed-hinged columns.
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Figure 1.9 Northwestern University (1969) teaching models: buckling of axially com-
pressed columns with various end restraints.
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Instead of solving for constants A, B, C, and D from a system of four
algebraic equations for each particular type of column, one can determine the
critical loads more expediently using the idea of the so-called effective length, L
(also called the free length, the reduced length, or the buckling iength). This
approach is based on the fact that any segment of the column between two
adjacent inflection points of the deflection curve is equivaient to a pin-ended
column of length L equal to the distance between these two inflection points. This
is because M =0 (w"=0) at the inflection points. Since the expression in
Equation 1.3.6 for the general solution can be extended beyond the length
domain of the column, one can also consider inflection points of this extended
deflection curve that lie outside the column. This needs to be done when two
inflection points within the actual column length do not exist. The critical load of
any column may now be written in the form

2

4
=5 El (1.4.5)

P

As an example, comparison with Equation. 1.4.3 suggests that the effective
length for the fixed-hinge column (Fig. 1.7a) should be L = 0.699] where ! is the
actual length of the column. Differentiating Equation 1.4.4, we find w"=
—AK?sin kx, which becomes 0 for x = L when kL = . From this L/l = m/kl =
7/4.4934 = 0.699. This confirms the effective length approach.

Equation 1.3.6 (with w, = 0) represents a transversely shifted and rotated sine
curve. Thus the effective length L can be intuitively figured out by trying to
sketch a sine curve that fulfills the given boundary conditions. This is illustrated
for various columns in Figure 1.7. For the fixed—fixed column (Fig. 1.7g), the
inflection points are obviously at quarter-length points. Therefore, L = /2, from
which P, =4x2El/P. For the fixed—free column (Fig. 1.7c), one inflection point
is at the free end (M =0), and the other one may be located by extending the
deflection curve downward; L = 2/, from which P, = x*EI/4/. Similarly, for the
column with a fixed end and a sliding restraint (Fig. 1.7f), extension of the
deflection curve shows that L =/, and so the first critical load is the Euler load.
For a column with one hinge and one sliding restraint (Fig. 1.7d), extension of
the deflection curve shows that the effective length is L=2/, and so P, =
m*EI/4. For the column with rotational springs (Fig. 1.7h), the bending
moments at the ends oppose rotation, which causes the inflection point to shift
away from the ends, as compared with a pin-ended column; consequently,
1/2< L <!, which means that Pg <P, <4Pg. Similarly, for the column in Figure
1.7e, we conclude that P, < Pg/4. For the column in Figure 1.7b, we conclude
that P, > Pg/4.

A useful approximate formula for columns whose ends do not move and are
restrained against rotation by springs of spring constants C; and C, was
developed by Newmark (1949):

p = 7*El [(0.4 +2,)(0.4 + l.,,)] EI El

T 0.2+ A4,)(0.2+ Ay) "= Cll Ab:E{l (1.4.6)

The error of this formula is generally less than 4 percent.
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The most general supports of a column are obtained when one end is
supported by a hinge and is restrained by a rotational spring of spring constant
C,, and the other end can rotate and move laterally, being restrained by a
rotational spring and a lateral spring of spring constants C, and C; (Fig. 1.7j).
One extreme case of this column is the fixed-end column, which is obtained when
Ci, C,, and C; all become infinite. Another extreme case is obtained when C,,
C,, and C; all tend to zero. In this case the column becomes a mechanism, and its
critical load P, vanishes. Therefore, the first (smallest) critical load of a column
of constant cross section is bounded as

0<P, <4P; (1.4.7)

This inequality also applies for a column as part of a frame. The reason is that the
replacement of the action of the rest of a frame onto the column by elastic springs
cannot increase the critical load, as we will explain later (Sec. 2.4), although
usually such a replacement leads to a higher critical load than the actual one.

In some structural systems the axial load may rotate during buckling. Some
problems of this type may be nonconservative, which we will discuss later.
However, even for conservative problems of this type one must be careful to give
proper consideration to the lateral force component of an inclined load P, since
such a component generally affects buckling and may cause a significant reduction
of the critical load. Consider, for example, the case that the load P passes
through a fixed point C (Fig. 1.10a) at a distance ¢ from the free end of a
cantilever, as would happen, for example, if a cable were stretched between the
free end of the cantilever and the fixed point. The boundary condition for shear
at the free end (x =0) becomes V = —EIw" — Pw’ = PA/c. The other boundary
conditions are for x=0: M=EIw"=0; and for x=I: w=0 and w'=0.
Substituting Equation 1.3.6 and requiring that, for x =0, w= A, one obtains
tan kI = kl(1 — c¢/1) as the condition for the critical load. The solution is tabulated
in Timoshenko and Gere (1961, p. 57) and gives a critical load that is higher than

A |IP
a) . b) . ¢)
xy C
4
[ v v
c | 4 “T
i A
>, A
Xy PT
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4
4
—Jl— ,7) —3 R 77/J77r

Figure 1.10 Conservative systems in which axial load rotates during buckling.
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P:/4. It is also interesting to note that, in the case ¢ =/, the critical load becomes
equal to Pg, because the moment at the base becomes zero, and the conditions
are the same as for a beam with hinged ends.

In the case that the fixed point C is situated above the free end (Fig. 1.10b),
the boundary condition on shear becomes V = —PA/c and the critical load is
given by tan kl = kl(1 + c/I). In this case the critical load becomes smaller than
Pc/4, and for the case ¢ =/ we find P, =0.138P;.

The solution can be found more directly if one uses a coordinate axis X, which
coincides with the direction of the applied force P, that is, is inclined by ¥ = A/c
(Fig. 1.10b). Relative to axis %, the deflection curve is w = A sin k%, and for x =/
(base), one has ¥ =Asinkl=A + Al/c, from which A =A(1+[/c)/sinkl. The
slope at the base relative to axis £ is w' = A/c, which yields Ak cos kl = A/c, and
substituting the value found for A one obtains again kI(1 + c¢/I) = tan kl.

A situation in which a free-standing column is subjected to this second type of
load is depicted in Figure 1.10c and was analyzed by Lind (1977) (see also Prob.
1.4.5). One may be tempted in this case to say that P, equals Pz/4, but this
would neglect the fact that the reaction of the beam upon the fixed-base leg is
inclined rather than vertical because of the horizontal component of the axial
force in the pin-ended column (Fig. 1.10c).

Problems

1.4.1 For the fixed—hinged column, a lateral reaction component develops at the
sliding hinge and causes the line of the force-resultant at the hinge to pass
through the inflection point of the deflection curve. Prove it.

1.4.2 Find the critical load of the systems in Figure 1.7b, e, h, j with the
following values of the spring constants C, = ElI/l, C,=EI/2l, C;=12EI/P.
Find also the inflection points of the deflection curves and verify the validity of
Equation 1.4.5.

1.4.3 Find the critical load of the system in Figure 1.11a in which the load is
applied through a frictionless plunger. Note that the load point is fixed, that

Frictionless

77777

Figure 1.11 Exercise problems on critical loads of systems loaded through (a) a plunger,
(b) a roller, and (c) a rigid member.
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is, does not move with the column top, but the load direction rotates with the
column top. So the boundary conditions are M(0)=—Pw(0) and V(0)=
—Pw’(0), which is equivalent to Q(0) =0. The load resultant P is a follower
force, since its direction follows the rotation of the column top. Yet load P is
conservative because the lateral displacement is zero.

1.4.4 Find the critical load of the system in Figure 1.11b, assuming that the roller
on top rolls perfectly without friction and without slip. Note that the load P
acting on the column top moves by distance w(0)/2 if the deflection on top is
w(0). So one boundary condition on top is M(0) = —Pw(0)/2. Since the load
P transmitted by the roller has inclination w’(0)/2, the second boundary
condition on top is V(0) = —Pw’(0)/2.

1.4.5 Find the critical load of the system in Figure 1.11c.

1.4.6 Find the value of ¢ for the frame of Figure 1.10c in the case that the
pin-ended leg is shorter than /. Does the critical load increase or decrease in
this case? Show that if the pin-ended leg is placed above the horizontal beam,
the situation for the free-standing column becomes that of Figure 1.10a.

1.4.7 Find the critical load of the systems in Figure 1.12a-e.

a) 12 b) 1 c) 12° I d) = e)
[ ] L ] | 1 2P 2P

Figure 1.12 Exercise problems on critical loads of structures with rigid members.

1.4.8 Solve the critical loads of the beams in Figure 1.13 in which the rigid bars
are attached to the beam ends (see Ziegler, 1968). Note that the columns are
under tension or, if loaded by a couple, under no axial force.

9)

a) b) c) d) e) f)
P P P P P P
SRRk
P,
P
P % 4 P

Figure 1.13 Exercise problems on critical loads of beams loaded through rigid bars at
ends.

By

1.5 IMPERFECT COLUMNS AND THE SOUTHWELL PLOT

The perfect column which we have studied so far is an idealized model. In reality,
several kinds of inevitable imperfections must be considered. For example,
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columns may be subjected to unintended small lateral loads; or they may be
initially curved rather than perfectly straight; or the axial load may be slightly
eccentric; or disturbing moments and shear forces may be applied at column
ends, which is essentially equivalent to an eccentric or inclined axial load. Unlike
beams subjected to transverse loads and small axial forces, columns are quite
sensitive to imperfections, although not as much as shells.

Lateral Disturbing Load

As the simplest prototype case, consider again the pin-ended column (Fig. 1.14a).
We assume the column to be perfectly straight in the initial stress-free state but
subjected to lateral distributed loads p(x) and to end moments M, and M,. We
imagine these loads to be applied first, as the first stage of loading. As the second
stage of loading, we then add the axial load P.

The coordinates of the deformed center line of the column under the action of
P> M;, and M, are denoted as zy(x), and the associated bending moments as
My(x) (Fig. 1.14a). Subsequent application of the axial load P increases the
deflection ordinates to z(x) (see Fig. 1.14a); this causes the bending moments to
change to M(x)= My(x) - Pz(x). Now we may substitute M = Elz", and this
yields the differential equation

M,
El
in which k%= P/EI. Note that if load P were applied first, and loads p(x), M,,

and M, subsequently, the differential equation as well as the final deflection z(x)
would be the same because elastic behavior is path-independent.

2"+ k%= (1.5.1)

Figure 1.14 Buckling of imperfect columns: (a) lateral loads, (b) initial curvature, (c, d)
axial load eccentricity.
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Let us assume again that X is constant and expand the initial bending moments
in a Fourier sine series:

- . nax
My(x)= 21 Qo, sin T

in which [ is the length of the column, and Qq = 2[{, My(x) sin (nzx/l) dx/l are
Fourier coefficients, which can be determined from the given distribution My(x)

(see, e.g., Rektorys, 1969; Pearson, 1974; Churchill, 1963). We may then seek
the solution also in the form of a Fourier sine series:

(1.5.2)

2x)=3 g, sin "= (1.5.3)

n=1 I

in’ which g, are unknown coefficients. Note that each term of the last equation
satisfies the boundary conditions z(0) = z(!) = 0. Substituting Equations 1.5.2 and
1.5.3 into Equation 1.5.1, we obtain

w 2
3 [kzq,, - (#’) 4 — %] sin”—I”—x-= 0 (1.5.4)
Since this equation must be satisfied for any value of x, and since the functions
sin (n7x/l) are linearly independent, the bracketed terms must vanish. This
provides
__ 9,
=P P,

Let us now relate this result to the deflection zy(x) existing before the
application of the axial load P. The initial deflection z(x) may be expanded,
similarly to Equation 1.5.3, in Fourier sine series with coefficients g, , which are
obtained from Equation 1.5.5 by setting P =0, that is, gy, = — Qo /(n*Pc). From
this relation and Equation 1.5.5 we conclude that

1
1- (P / P cr,,)
in which P,, = a’n*EI/I* = the nth critical load of the perfect column.

(1.5.5)

9n = 4o, (1.5.6)

Initial Curvature or Load Eccentricity

Consider now another type of imperfection—the initial curvature (crookedness)
characterized by the initial shape z(x) (Fig. 1.14b). Application of axial load P
produces deflections w, and the ordinates of the deflection curve become
z =z,+ w (Fig. 1.14b). For a pin-ended column, we have, from the equilibrium
conditions, M = —Pz. At the same time, the bending moment is produced by a
change in curvature, which equals w” (not z"), and so M = Elw" = El(z" — z§) =
—Pz. This leads to the differential equation

2"+ k*z=1z} (1.5.7)

We see that the previously solved Equation 1.5.1 is identical to this equation if we
set M, = Elzj. Therefore, there is no need to carry out a separate analysis for the
case of initial curvature. The results are the same as those for lateral disturbing
loads, which we have already discussed.
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Equation 1.5.7 was derived by Thomas Young (1807), who was the first to
take into account the presence of imperfections.

Note that in formulating the conditions of equilibrium for the deformed
structure, we use displacements with regard to the initial undeflected (but axially
deformed) state; that is., w =z —z,, where z and 2, are the initial and final
coordinates of a material point, both z and 2z, being expressed in the initial
coordinate system. In the general theory of finite strain this is called the
Lagrangian coordinate description, which contrasts with the Eulerian description
in which the local coordinates move with the points of the structure. Except for
some instances in Chapter 11, in this book we use exclusively the Lagrangian
coordinate description, which is more convenient for stability analysis than the
Eulerial description.

Another type of imperfection is the eccentricity of the axial load applied at the
end. This case may be treated as a special case of initial curvature such that the
beam axis is straight between the ends and has right-angle bends at the ends (Fig.
1.14¢). Expanding this distribution of %, into a Fourier sine series, the previous
solution may be applied. Alternatively, an eccentrically loaded column is
equivalent to a centrically loaded perfect column with disturbing moments
M, = My(0) = —P/e, and M, = My(l) = —P/e, applied at the ends, which is a case
we have already solved (Eq. 1.5.1) (e, and e, are the end eccentricities).

Behavior Near the Critical Load

Figure 1.15a illustrates the diagrams of load P versus maximum deflection w for
various values of go, characterizing the imperfection (only the first sinusoidal
component is considered in the calculation). As the initial imperfection tends to
zero, or go,— 0, the load-deflection diagram asymptotically approaches that of a
perfect column with a bifurcation point at the first critical load.

Since a small imperfection of the most general type (Qo, #0 or go, #0 for
i=1,2,...) can never be excluded, we must conclude from Equation 1.5.5 or
1.5.6 that the deflection tends to infinity at P— P, no matter how small the
initial imperfection is (it would be unreasonable to assume that g, is exactly
zero). This leads us to conclude that columns must fail at the first critical load and
that load values higher than the first critical load cannot be reached.

We must also conclude that in a static experiment one can never realize the

0.0001

92

Figure 1.15 Behavior of column with initial curvature given by (a) first sinusoidal
component and (b) second sinusoidal component.
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critical load. However, it should not be concluded that the imperfection analysis
always yields the same maximum load as the bifurcation analysis (critical state).
Counterexamples will be given in Section 4.5. Note also that if lateral disturbing
loads are large, the column material will fail before the critical load is reached.

When the amplitude g,, of the first sinusoidal component of the imperfection
is thought to be zero, the dominant term in Equation 1.5.6 is g, =q,,/[1 -
(P/4Pg)), as plotted in Figure 1.15b (curve 012). Although the assumption that
any imperfection is exactly zero is physically unreasonable, one might think that
for this assumption the column would not fail for P <4Pg. Not so, however. At
P = Pg = P,,,, the solution of the homogeneous differential equation for homoge-
neous boundary conditions may be superimposed, and this indicates that at
P = Pg the equilibrium path bifurcates at point 1 shown in Figure 1.15b. Thus
arbitrary deflection becomes possible at P = Pg, and P < Pg must be required to
prevent it.

These conclusions are, of course, limited to the small-deflection theory. If a
nonlinear, finite-deflection theory is used, the deflection does not approach
infinity at P— P,,. Rather, it simply becomes large, and from a practical
viewpoint usually unacceptably large.

The foregoing analysis brings to light the importance of the first critical load.
We are not sure what are the type and value of the initial imperfection; however,
as long as they are small we do not need to know their precise values since they
make little difference for the load at which the column fails. To illustrate this
point better, consider some value of P near the first critical load, say P = 0.95P,,,.
Then Equation 1.5.6 becomes

q1=20qo, q2=1.314,, 43 =1.12g,, q4=1.06qo,- - - (1.5.8)

We see that the first term of the Fourier series expansion dominates, and the
other terms are unimportant. So the precise shape of the initial bending moment
distribution or curvature need not be known closely if the behaviour under
overload is of interest. This is a comforting finding since the initial imperfections
are not well known in practice. We may also conclude that for practical purposes
it is sufficient to consider only the first Fourier series component, that is, an initial
bending moment or curvature distributed according to a sinusoidal half-wave. It
then follows that, near the first critical load,

max z =y max 2 max M = u max M, (1.5.9)
in which
1
= ——————e 1.5.10
B T=@IP.) (1.5.10)

Factor u is called the magnification factor because it indicates the ratio by which
the initial deflections due to initial bending moments are magnified by the axial
load. Factor u was discovered by Thomas Young (1807). The same magnification
rule applies to initial curvature, in which case it is called Perry’s rule
(Timoshenko and Gere, 1961, p. 32).

The magnification factor (Egs. 1.5.9 and 1.5.10) is utilized in the current
structural engineering code specifications, including those of the American
Institute of Steel Construction (AISC) and the American Concrete Institute
(ACI).



24 ELASTIC THEORIES

Another simple formula was used in codes for the case of equal eccentricities
ey=e,=e at both ends. In this case it is convenient to measure the axial
coordinate x from the midlength point (Fig. 1.14d). Deflection ordinates z(x) are
measured from the line of the axial load P. Due to symmetry, A=C=0 in
Equation 1.3.6, and z(x)= B cos kx + D. The boundary conditions at x = +//2
require that z=e and M =—Pe. This yields two equations for B and
D: B cos (kI/2) + D = e and —EIk’B cos (kl/2) = —Pe. Their solution yields D =
0 and B = e sec (kl/2). Noting that kI = 7V P/Pg, we thus obtain the well-known

secant formula
P
max z = e sec (g \/FE) (1.5.11)

It is interesting to check that the asymptotic form of this formula at P— Fg is
equivalent to the use of the magnification factor in Equation 1.5.9 (except for the
factor m/4). Denoting &£=1—P/Ps, we confirm it by the following
approximations:

e (n P) . (n T P) n x [P
= COS —\/— = sin ————\,—— =———\,—
max 2z 2 VP 2 2VP/ 2 2VNP

/4 /4 & =& P
=—(1-V1- =—<1—1+—)=—<1——) 1.5.12
2( 3 2 2/ 4 Pg ( )
in which we exploit the fact that £— 0 and that the argument of the sine is very
small.
Although our analysis has been limited to pin-ended columns, similar
conclusions may be obtained for all types of columns with various end restraints.

Southwell Plot

Unavoidable imperfections must be taken into account in evaluating the results of
buckling tests. Every column has some initial curvature or eccentricity, and so
z=2y+w. The initial imperfection is, however, difficult to measure, and one
needs a method of determining the critical load independently of z,. Now, which
quantity is easier to measure, deflection w or ordinate z? Deflection w, since it
suffices to install a deflection gauge and its change of reading gives w.
Determination of the deflection ordinate z would require measuring the distance
from the point on the abstract line of the load axis, which is impractical.

To determine the critical load, we measure deflection w at various values of
load P close to P,,. For these values the magnification factor, Equations 1.5.9 and
1.5.10, should be applicable as a good approximation, regardless of the shape of
initial imperfections. So we have z =z, + w = zy/[1 — (P/P,,)]. Rearranging, we
get w = (z, + w)P/P,,, from which

= w+2 (1.5.13)

Denoting Y=w/P, A=1/P,, B=2)/P,, we see that this equation can be
written as Y = Aw + B, which represents the equation of a straight line of slope A
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and Y-intercept B in the plot of Y versus w. This plot is called the Southwell plot;
see Figure 1.16 (Southwell, 1932). We measure deflections w at various values of
load P and plot the values of w/P versus w. We obtain a series of data points
whose middle portion is essentially straight, except for the scatter of measure-
ments. To eliminate the statistical scatter, we pass a straight regression line
(visually, or better, by using the method of least squares) through the middle
portion of the data points. The inverse slope of the regression line is the first
critical load, and the Y-intercept gives information on the magnitude of
imperfections.

The data points at the lower left of the Southwell plot normally deviate from
the regression line upward, since for small P/P,, the higher harmonics in
Equation 1.5.3 have a nonnegligible effect (note the calculation in Eq. 1.5.8). The
upper right range of data points normally deviates from the regression line also
upward, which is usually caused by large deflections at which Equation 1.5.13
does not apply, as it is limited to the linear smail-deflection theory. The smaller
the imperfection, the longer is the linear range (and the better is the estimate of
P..)-

The foregoing observations underscore for the experimentalist the importance
of minimizing imperfections of test columns. If the imperfections are larger, P,
will not be approached closely before the deflection becomes so large that either
the material breaks or the linearized small-deflection theory, on which the
Southwell plot is based, is no longer valid.

The Southwell plot is applicable not only to columns, but also to many other
buckling problems, which we will study later. However, for structures such as
plates or shells, as well as some frames, significant deviation from the Southwell
plot is caused by postcritical behavior, which we will study in Chapters 4 and 7.
The load may start to either increase or decrease soon after the first significant
lateral deflections near the critical load take place. In these cases of postcritical
reserve or postcritical loss of carrying capacity, which are especially marked for
plates and shells (Chap. 7), the Southwell plot deviates from the straight line
quite significantly at the upper right end of the plot. Such deviations make the
Southwell plot useless for plates. A modification of the Southwell plot that can
take these postcritical deflections approximately into account was proposed by
Spencer and Walker (1975) (see Eq. 7.4.18). For a discussion of other deviations,

P
i

Figure 1.16 Southwell plot for the evaluation of critical loads of imperfect columns.



2% ELASTIC THEORIES

see Roorda (1967). To mitigate the effect of higher harmonics, and thus to extend
the linear range, Lundquist (1938) proposed a modified plot of (w — w’)/(P — P’)
versus (w —w') where (P’, w') is a certain suitably chosen ‘‘pivot” state (see also
Taylor and Hirst, 1989, with extensions to imperfection increase due to cyclic
loading). For further discussions, see also Leicester (1970) (extension to lateral
buckling of beams, Chap. 6) and Allen and Bulson (1980).

Problems

1.5.1 Consider a pin-ended column with initial curvature expressed by the first
term of a Fourier series Zg(x) = qq, sin (7x/!). Find the values of shear forces
V and Q at the ends (according to their definition in Sec. 1.3).

1.5.2 Consider a pin-ended column with a lateral load p = const., and find the
deflection through the first five components of the Fourier series. Do the same
for the case p =0 but the axial loads P at the ends have an eccentricity e on
the same side on the beam. In both cases construct the diagram of P/P.,
versus the ratio w(l/2)/wo(l/2) where wy(1/2) is the deflection at midlength if
the axial load P were absent.

1.5.3 Solve columns whose one end is supported on a hinge that slides on a plane
of small inclination B, as shown in Figure 1.17a. An interesting aspect of this
problem is the postcritical behavior, which is characterized by a decrease of
the maximum load with increasing imperfection (see Sec. 2.6, Prob. 2.6.7, and
Sec. 4.5).

e

&

a) b)

Figure 1.17 Exercise problems on critical loads (a) of columns with a hinge sliding on an
inclined support, and (b) of a system with a rigid member.

1.5.4 Solve P, for the column in Figure 1.17b, with 4/l =0.05, 0.3, 1, 3, 10,
1000.

1.5.5 Consider a free-standing column of height A.

(a) Solve deflections in the presence of My(x), first sinusoidal My(x), then
general.

(b) Do the same for wy(x).

(c) Verify the magnification factor for this column.

1.5.6 Stochastic imperfection. A hinged column has a sinusoidal initial shape
whose amplitude a is uncertain and a normal probability distribution with
mean a2 and standard deviation s,. For P =0.5P, 0.7Pg, and 0.9P;, determine
the mean and standard deviation of max M.
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1.5.7 Do the same as Problem 1.5.6; however, not only a but also E, P, and
minimum allowable compressive stress o, (< 0).are uncertain, all with normal
distributions. The means and standard deviations of a, E, P, and o, are 4, E,
P, 6.4, Si Se Sp, So. Formulate the problem and discuss the numerical

method of calculation of the probability of failure.

1.6 CODE SPECIFICATIONS FOR BEAM-COLUMNS

Before World War II, most code specifications were based on the secant formula
(Eq. 1.5.11). Presently, most codes, including that of the American Institute for
Steel Construction (AISC) for steel structures and that of the American Concrete
Institute (ACI) for concrete structures, are based on the magnification factor (Eq.
1.5.10). A typical problem is the buckling analysis of columns as parts of frame
structures. The analysis is carried out approximately in two stages. In the first
stage, called first-order analysis, one solves the frame in the usual manner,
without regard to buckling. This means that the equilibrium conditions are
written for the undeflected structure, on the basis of its initial geometry (and the
so-called P-A effects are ignored, A being deflection w). The first-order analysis
yields bending moments called the primary bending moments. In the second stage
of analysis, called the second-order analysis, the deflections (i.e., the P-A effects)
are taken into account when the equilibrium conditions are written. This
second-order analysis may be iterated to improve accuracy. In regular practice,
however, the second-order analysis is replaced, in an approximate sense, by the
use of the magnification factor in the following form:

Cn
1- (P/Pcn) MO....,

in which M, _ is the maximum primary moment within the column and C,, is
a coefficient that takes into account the distribution of primary moments along
the column. For the constant loading moment we already found in Equation
1.5.12 that C,, = n/4. If the calculated primary moments happen to be negligible,
a certain minimum value of M,__, corresponding to minimum imperfections, is
prescribed by some codes (e.g., ACI).

In most cases, the distribution of bending moments in a column in a frame is
linear according to the first-order analysis (Fig. 1.14c). We restrict our attention
to braced frames in which column ends do not move. So we may consider a
pin-ended column with moments M, and M, applied at the ends. The larger end
moment we denote as M,, that is, M,=M,. According to Equation 1.3.6, the
distribution of bending moments after the axial load P is superimposed on the
initial bending moment has the form

M(x) = EIw"(x) = C, sin kx + C, cos kx (1.6.2)

in which C, and C; are arbitrary constants. The boundary conditions are M = M,
atx =0, and M = M, at x =I, from which

Meor = (1.6.1)

Mz— M1 cos kl

=M, Ci= sin ki

(1.6.3)
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We need to find the maximum moment M., To this end, we evaluate
dM/dx = C,k cos kx — C,k sin kx, and set it equal to 0. This yields tan kx =
C,/C,, from which
LS SO © S
VG +C VG +C2
Now, M,.. can occur either within the column length, in which case the above
equations apply, or at the end, in which case M,,,, = M,. Therefore, substituting
Equation 1.6.4 into 1.6.2,

Monax = max(M,, VCZ + C2) (1.6.5)

This result should be approximately equivalent to Equation 1.6.1, from which
we may obtain the expression

sin kx = (1.6.4)

é’: ) (max(Mz,MVZC? + Czi))

This is a nondimensional expression which depends on M,/M, and P/P.,,.

The curves of coefficient C,, versus ratio M,/M, have been plotted for various
values of the ratio of P/P,,. This plot, taken from the work of Wang and Salmon
(1979), is shown in Figure 1.18. This figure also shows the plot of the expression
C,, = [0.3(M,/M,)* + 0.4(M;/M,) + 0.3]'?, proposed by Massonet (1959). In or-
der to simplify practical analysis, a line approximately representing the bundle of
the C,, curves has been drawn (see Fig, 1.18). This line is described by the
following simple formula:

Ca=(1- (1.6.6)

M,

C,=0.6+0.4 M,

in which the inequalities mean that the value of C,, should be taken as 0.4 if it
comes out to be less than 0.4, and as 1.0 if it comes out to be greater than 1.0.
This last equation is now used in the current AISC (1978, -1986) and ACI (1977)
codes for columns braced against lateral sway. It should be noted that the

{ =10 (1.6.7)

=04

Cm P
1.0 a=
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Cm=06+04(My/M32)
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N
L i L "y I 1] ]
+1.0 +0.5 -0.5 <10
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Figure 1.18 Equivalent-moment factor C,, for beam with unequal end moments. (After C.
Massonet, 1959; see also Wang and Salmon, 1979.)
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limitation C,, = 0.4 applies for a range of values M,/M, in which the initial double
curvature of the beam reverses on approach to critical load to a single curvature
(Fig. 1.15b). In that case the concept of magnification factor does not give a good
approximation.

For the relatively infrequent cases when primary bending moments My(x) are
caused by a lateral load on the column, the AISC and ACI codes prescribe
C,.=1

Equation 1.6.7 is permitted only for braced frames, since we assumed the
column ends do not move. Consider now that one column end moves (Fig.
1.19a); this is typical of unbraced frames, which buckle with a sidesway. For the
column base, consider a hinged support, which is the most unfavorable
assumption yielding the maximum effective length L. The primary bending
moment before applying the axial load P is My(x) (Fig. 1.19a). Application of
axial load P would cause an additional (second-order) bending moment Pw so
that the total moment is M = M, + Pw. According to the magnification factor,
w =wp/[1 — (P/P,)], in which w, is the deflection due to applied lateral load
alone, that is, for P=0 (primary deflection). We want to express the final
moment in the form of Equation 1.6.1, and so we have the condition

PWO _ ( Cm )
M, + 1-p/P., =M, 1-P/P., (1.6.8)
Solving this equation we get
Wo P
1= )8 .
C P o/ \P (1.6.9)

cry

which is valid for all columns with one end hinged and an arbitrary support at the
other end. Equation 1.6.9 is generally applicable only for columns which initially

P
Figure 1.19 Primary bending caused by lateral load.
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bend in a single curvature. For initial double curvature the magnification factor
does not work well.

Consider now in particular that there is no load between column ends, and
primary bending is caused by lateral load V applied at the column top (Fig.
1.19a). Then the maximum of M, occurs at the column top, M, = VI. The primary
deflection at the column top is the deflection corresponding to the triangular
bending moment distribution shown in Figure 1.19a, and by virtual work or the
moment-area theorem, we have w, = VI*/3EL Substitution into Equation 1.6.9
then yields the equation

a*\( P P
C.=1 (1 12)(,,“1) =1-0.18 P (1.6.10)
which is suggested in sec. 1.6.1 of the AISC Commentary. ACI is more
conservative, requiring C,, =1 for any load P on sway columns. On the other
hand, AISC specification 1.6.1 permits using C,, = 0.85, which is unconservative
except for the case when P/Pc,l>§, that is, the range in which buckling is
important.

As for columns subjected to lateral loads (Fig. 1.19b, c), one may assume the
most unfavorable case of hinged supports. Then our starting equation M =
M, + Pw again applies, and with an identical derivation C,, is again found to be
given by Equation 1.6.10.

To sum up, the practical analysis procedure consists of the following steps: (1)
analyze the primary bending moments M, by the first-order theory, (2) find the
first critical load P, for the column in the perfect structure (we shall complete the
discussion of this in the next chapter), and (3) apply the magnification factor with
the correction coefficient C,,.

Many aspects of code specifications have to do with inelastic material
behavior. It is not possible to do them justice until the basic theory of inelastic
buckiing is presented. See Sections 8.4, 8.5, and 10.3.

Problems

1.6.1 Solve the cases of Figure 1.19a—c directly from the differential equation (for
the distributed load assume p = const.).

1.6.2 Derive the exact value of C,, for a pinned column with a parabolic p(x) and
various values of P/P,,.

1.6.3 Do the same as Problem 1.6.2 but for a fixed—fixed column.

1.6.4 Do the same as Problem 1.6.2 but for a uniform load eccentricity e.

1.6.5 Derive expressions similar to Equations 1.6.8 and 1.6.9 for the column of
Figure 1.19a for a distributed lateral load p = const. (Fig. 1.19d).

1.6.6 Consider the case of a column with nonrotating ends but sidesway (Fig.
1.19¢). Derive expressions similar to Equations 1.6.8 and 1.6.9 for the cases
V = const. and p = const. Solve directly from the differential equations.

1.7 EFFECT OF SHEAR AND SANDWICH BEAMS

When a column buckles, the axial load causes not only bending moments in the
cross sections, but also shear forces. The deformations due to shear forces are
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neglected in the classical bending theory, since the cross sections are assumed to
remain normal to the deflected beam axis. This assumption is usually adequate;
however, there are some special cases when it is not.

Pin-Ended Columns

The shear deformations can be taken into account in a generalization of the
classical bending theory called Timoshenko beam theory. In this theory (whose
generalizations for plates and sandwich plates were made by Reissner, Mindlin,
and others), the assumption that the plane cross sections remain normal to the
deflected beam axis is relaxed, that is, the slope @ of the deflected beam axis is no
longer required to be equal to the rotation y of the cross section (see Fig. 1.20a).
The difference of these two rotations is the shear angle y, which may be
expressed as

Q
GA,

y=0—-y= (1.7.1)
in which Q represents the shear force that is normal to the deflected beam axis
and rotates as the beam deflects (introduced in Sec. 1.3).

Furthermore, G is the elastic shear modulus, and A, = A/m, where A is the
area of the cross section and m is the shear correction coefficient. This coefficient
takes into account the nonuniform distribution of the shear stresses throughout
the cross section (m would equal 1 if this distribution were uniform). As shown in
mechanics of materials textbooks, for a rectangular cross section m = 1.2, for a
solid circular cross section m = 1.11, for a thin-walled tube m = 1.65, and for an
I-beam bent in the plane of the web m = A/A,,, where A, is the area of the web
(Timoshenko and Goodier, 1973; Dym and Shames, 1973).

The axial normal strains are given as £ =—zy' since y'dx represents a
relative rotation of two cross sections lying a distance dx apart. Substituting this

s P
E
a) b)
2
P
0 /Y{
Pyt ’:E:L v
pd
Q 05
V+dV
x M+dM
P P
m=l 65
fy /€ =0 002
0 50 f/r o

Figure 1.20 (a) Beam element with shear deformation, (b) Influence of shear deformation
on critical stress.
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into the bending moment expression M = — [ E€z dA, one obtains

, M
Y = El (1.7.2)
We have already shown (Eq. 1.3.4) that Q = —M'. Inserting this and 6 = w’
into Equation 1.7.1, we have
1 M’
w—y= GA, (1.7.3)
This equation and Equation 1.7.2 represent two basic differential equations of the
problem. Differentiating the last relation and substituting Equation 1.7.2,
variable vy can be eliminated and it follows that

"_M _MI )
W _EI+(GA0) (1.7.4)

This equation means that the total curvature w” is a sum of the flexural curvature
and the curvature due to shear. This fact may, alternatively, be introduced as the
starting assumption.

Consider now a pin-ended column. In this case we have M =—Pw, and

Equation 1.7.4 becomes
Pw'\' —Pw
=) +—— .
v (GAO) EI (1.7.5)
Furthermore, if the bending rigidity El, the shear rigidity GA,, and the axial load
are constant, Equation 1.7.5 yields

___r
EI(1 - P/GAy)

The boundary conditions are w =0 at x = 0 and x = I. We see that the differential
equation and the boundary conditions are the same as for buckling without shear
(Sec. 1.2). The general solution is w = A sin kx + B coskx, and the boundary
conditions require that B=0 and kl=nx (n=1, 2, ...) if A should be nonzero.
Thus k? = (nz/l)%. If this is substituted into Equation 1.7.6, the resulting equation
may be solved for P, which furnishes the formula

P, Pe,
Pcr,,= 1 + (Pg,-n/GAo) = 1 + nzm[][/(l/r)]z(E/G)

due to Engesser (1889, 1891). Here PZ_= n?Pg = critical load when bending is
neglected. We sce that again the smallest critical load occurs for n =1. When
slenderness, //r, is sufficiently large, the shear strains become negligible, and the
classical Euler solution is recovered.

From Equation 1.7.7 we observe that shear strains decrease the critical load.
The smaller the ratio G/mE, the larger is the shear effect in buckling. Also, the
smaller the slenderness, !/r, the larger is the shear effect. Therefore, the shear
correction becomes significant for short columns (small //r), but only if the yield
stress f, is so high that the short column still fails due to buckling rather than
yield. The critical stress for n=1 is, from Equation 1.7.7, o, =0%/(1+
02,m/G) in which 0%, = P% /A = x*E/(l/r)? = critical stress without the effect of

w'+k*'w=0  where k= (1.7.6)

(1.7.7)
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shear. This equation yields the plot in Figure 1.20b. We note that as the
slenderness tends to zero, the critical stress tends to a finite value while with the
neglect of shear it tends to infinity.

Evaluating the ratio f,/E for typical metals, (e.g., 0.002 for structural steel),
and noting that the largest possible value of o is f,, we find that the correction
due to shear is generally negligible (<1 percent). So it is for reinforced concrete
columns. However, for compression members made of an orthotropic material
that has a high elastic modulus in the axial direction and a low shear modulus, the
shear correction can be quite large. This is often the case for fiber composites
based on a polymer matrix. Other practical cases in which the shear correction is
important are the built-up columns and tall building frames that will be discussed
later (Secs. 2.7 and 2.9).

Generalization

Our solution in Equation 1.7.5 is based on introducing M = —Pw, which is valid
only for pin-ended columns. In general, we must express M from Equation 1.7.2.
Then, substituting this into the differential equilibrium equations (Eq. 1.3.3) and
into Equation 1.7.3, we obtain the following equilibrium equations:

(Ely’y +(Pw')' =p
(EIy'y + GAo(w’' — 9)=0

which correspond to what is called Timoshenko beam theory (Timoshenko,
1921). Equation 1.7.8 represents a system of two simultaneous linear ordinary
differential equations for functions w(x) and y(x). If EI, GA,, and P are all
constant, the general solution for p =0 can be sought in the form w = Ce*,
¥ = De™. Substitution into Equation 1.7.8 yields a system of two linear equations
for C and D, which are homogeneous if p = 0. They have a solution if and only if
their determinant vanishes. This represents a characteristic equation which yields

A*=—k? where k? is again given by Equation 1.7.6. The general solution for
p =0 now is

w=C,+ Cox + Cycos kx + C,sin kx Y = Cy;— BCsk sin kx + BC,k cos kx
(1.7.9)

with 8 =1 -~ P/GA,. The boundary conditions are w =0, 9 =0 for a fixed end,
w=0, p’' =0 for a hinged end, and ¥’ =0, y" + k’w’ =0 for a free end. The
solutions show that Equation 1.7.7 for n =1 (in which P%_is no longer equal
to nPg) is still valid for all the situations in which V =0 for all x (Corradi,
1978; see also Ziegler, 1968, p. 51). In particular this is so for fixed and free
standing coiunins (as well as cviumns with sliding restraints; Fig. 1.7f). For a
fixed—hinged column, however, the critical load is given by the equation Skl =
tan kl (with k defined by Eq. 1.7.6). Since 8 <1, the critical load is smaller
than that predicted by Equation 1.7.7, and the difference from Equation 1.7.7
is about the same as that between Equation 1.7.7 and F,, for no shear (see
Prob. 1.7.3).

All the foregoing formulations rest on Equation 1.7.1 in which the shear angle
y is intuitively written as a function of the variable direction shear force Q rather
than the fixed shear direction force V. That this must indeed be so can be

(1.7.8)
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rigorously shown on the basis of an energy formulation with finite strain, utilizing
the calculus of variations (an approach which will be discussed in Sec. 11.6). In
such an analysis, it can be shown that our use of shear force Q normal to the
deflection curve is associated with the use of the classical Lagrangian (or Green’s)
finite-strain tensor. Other definitions of the finite-strain tensor are possible, and if
they are used to calculate the strain energy, the resulting differential equations
differ somewhat from Equation 1.7.8 (see, e.g. Eq. 11.6.11 proposed by Haringx,
1942, for helical springs), and Q has a different meaning (e.g., it could represent
a shear force inclined at angle , i.e., in the direction of the rotated cross-section
plane). Careful analysis shows, however, that the various possible definitions of
finite strain as well as Q correspond to different definitions of elastic moduli E
and G in finite strain, and that all these formulations are physically equivalent (as
proven in BaZant, 1971). Distinctions among such approaches are unimportant if
the strains are small.

Sandwich Beams and Panels

The shear beam theory can also be used to analyze cylindrical bending of
sandwich beams or panels, whose applications are especially important in the
aerospace industry, and are presently growing in structural engineering as well.
Sandwich beams are composite beams, which consist of a soft core of thickness ¢
(Fig. 1.21), for example, a hardened polymeric foam or honeycomb, bonded to
stiff faces (skins) of thicknesses f. The contribution of the longitudinal normal
stresses in the core is negligible compared with those in the skins. Consequently,
the shear stress is nearly uniform through the thickness of the core. Since the
skins are thin, the shear stresses in the core carry nearly all the shear force, and
the shear deformation of the core is very important. The skins alone behave as
ordinary beams whose cross sections remain normal, but the cross section of the
core does not remain normal.

Rotation ¢ (Fig. 1.21) is defined by longitudinal displacements of the skin
centroids, which slightly differs from the rotation 1y, of the core cross section.
Writing 4(c + f)y = 3cy. where y. = shear strain in the core and y = average shear
strain, we have, per unit width of plate (see Fig. 1.21), Q/G.c=y.=(1+
fle)yy=(@1+£/c)(6 — ), that is,

Qo

6-y=5F GA=G(f+o) (1.7.10)

Stitf skins (faces)

o
Q

Figure 1.21 Sandwich-beam deformation under bending and shear.
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where G. = elastic shear modulus of the core. The bending moment per unit
width of the plate is M = N(c +f)+2M, where N;=(E;f)i(c+f)y’ and
M, =HPEw". So

f

3
M=E;II1PI+E;IIW” Il——'i(c +f)2 If=L

5 (1.7.11)

where E; = E,/(1 — v§) = elastic modulus of the faces (skins) for uniaxial strain
(v; = Poisson ratio). E; must be used instead of E; since in a wide panel the
lateral strains &, must be zero, or else the bending could not be cylindrical, and
curvature would arise also in the lateral direction y (cf. Chap. 7).

The differential equation for w(x) is obtained by differentiating Equation
1.7.10 where Q = —M’ and 6 =w’, expressing from this ¢’ and substituting it
into Equation 1.7.11. The result, for constant cross section, is identical to
Equation 1.7.4 in which EI=E.(I,+I) and GA,=G.A,(1+/L). So the
solution is similar. If the faces are thin, that is, f << c({; — 0), Equations 1.7.1 and
1.7.2 apply directly, with GA,= G.c, EI = Ejfc?/2.

Problems

1.7.1 Derive in detail Equation 1.7.9 giving the general solution of Equations
1.7.8 (with p = 0).

1.7.2 Using Equation 1.7.9, show that Equation 1.7.7 still gives correct F,, for
(a) a fixed column, (b) a free-standing column, and (c) a column with a sliding
restraint (Fig. 1.7f).

1.7.3 For a fixed-hinged beam, the expression for P, that takes shear into
account differs from Equation 1.7.7. Calculate P, for § =1~— P/GAy=0.9,
0.8, 0.7, 0.6, 0.5, using the result of Problem 1.7.1. Hint: The graphic solution
illustrated in Figure 1.8 is still valid, although the straight line now has slope

1.7.4 Solve the critical axial load (per unit width) of a simply supported sandwich
panel in cylindrical bending (Fig. 1.21a). Express the results in a nondimen-
sional form and discuss the effects of G./E; and c/f.

1.8 PRESSURIZED PIPES AND PRESTRESSED COLUMNS

Pressurized Pipes

It is instructive to consider a variant to the column problem—a pressurized pipe.
We consider, for example, the steel pipes shown in Figure 1.22a, b filled with
water and loaded axially by a frictionless piston, with applied force, P =p,A
where p;, = hydrostatic pressure in water and A = area of the interior cross section
of the pipe. At first thought, one is tempted to say that this column will never
buckle since the pipe carries no axial stresses due to P. Indeed, patent
applications for such columns have been submitted. How wonderful would that
be! We could make this column, say 10 cm in diameter, 100 m long, support on it
a building, and it would never buckle.
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Figure 1.22 Buckling of hydraulic column supports and pressurized pipes.

In reality these columns do buckle, and the critical value of the axial force on
the piston is exactly the same as it is when the pipe is empty and an axial force is
applied to the pipe. This fact can be demonstrated in various ways.

The easiest demonstration is to consider the differential equilibrium conditions
for the composite of the pipe and the fluid. The forces acting on an element of
this composite of length dx are sketched in Figure 1.22c. Taking the conditions of
equilibrium of horizontal forces and of moments above the center of the lower
end cross section, we obtain the differential equilibrium equations V'=0(,
M'+ p,Aw’' = —V, which are the same as Equations 1.3.2 we deduced before
provided we set P=p,A. Then, introducing M = EIw" and eliminating V, we
obtain the differential equation Emw'"Y + prAw" =0, which implies that for a pipe
with pin-ended supports (Fig. 1.22b) the critical pressure p., in water is given by
PoA = EIx?[ .

As another demonstration, we may consider the pipe separately from water
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(Fig. 1.22d). The pipe has no axial load, but it is loaded laterally by the pressure
of water. Now, if the pipe deflects as shown in Figure 1.22d the area of the
internal wall of the pipe on the left of the deflected axis becomes larger than the
area on the right, causing a net resultant p per unit length applied radially from
water to the pipe. The value of this resultant may be calculated most easily by
considering equilibrium of a slice of the water column (without steel walls) of
length ds (Fig. 1.22d). The condition of equilibrium of radial forces is p, ds —
pr dA da =0, with da = ds/p, in which p = curvature radius of the center line of
the column of water. This yields the well-known expression for the radial force
p. =pnA/p, which is, for small rotations, equal in magnitude to the lateral
distributed force applied on the steel pipe of bending stiffness EI. The bending
equation for the pipe, without water, is EIw!'Y = p, and substituting p = —p,A/p,
where 1/p=w" (for a positive curvature, p is negative), we obtain again the
governing equation EIw'Y + p,Aw” =0, which is identical to the beam column
equation if p,A = P.

Based on these considerations, it is clear that, for example, the fixed-end pipe
of length I, connecting two rigid and rigidly supported tanks (Fig. 1.22¢), can
buckle, and if the Poisson ratio v of pipe material is 0, the buckling pressure p_,
at the level of the pipe satisfies the equation p.,A = 4EIx*/I>. For nonzero v, one
must note that pressurization of the pipe generates axial force N, =2vpA in the
pipe. Thus the critical pressure p must be solved from the relation p. A —
2vp A = 4EIn*/I%.

By contrast, if the system of the two tanks with the pipe is statically
determinate, for example, when one of the tanks can freely displace laterally on
rollers, no pressure can cause the pipe to buckle. The reason is that in this case
the steel pipe does not have zero axial force but transmits an axial tensile force
that is exactly equal in magnitude and opposite to the force transmitted by the
column of water inside the pipe, with the consequence that the net resulting axial
force in the composite of pipe and water is exactly zero.

Column supports of the type shown in Figure 1.22a, b are actually used in
mining, particularly, in very deep gold mines in the Transvaal. (They are very
stocky, operating far below the critical load, and are provided with valves which
leak liquid when a certain limit pressure is exceeded, thus endowing the column
with an infinite yield plateau.)

Prestressed Columns

A situation that is analogous and mathematically equivalent to a pressurized pipe
arises in a prestressed column (Fig. 1.23). The prestressed tendon in a prestressed
concrete column is analogous to the pressurized column of water in a pipe, except
that the force in it is tensile rather than compressive, and the reaction of the
tendon is always applied to the concrete part of the column. At first it might seem
that the axial compressive force F applied on the concrete part of the column by
the prestressing anchors at the end of the column would cause buckling when
F=P,, for example, when F=EIn*/I* for a pin-ended column. Not so,
however. The prestressing force F has in fact no effect on the column buckling,
and the prestressed column buckles only due to its externally applied axial load P
(however, this is not true for inelastic columns; see Sec. 8.5). This is obvious if
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Figure 1.23 Buckling of prestressed columns.

one realizes that in the composite cross section of tendon and concrete, the
tensile force in the tendon, F, is exactly canceled by the compressive force —F in
the concrete part of the cross section, with the result that the net axial force in the
composite cross section is zero.

Another way to look at the prestressed column problem is to consider the
concrete part of the column separately from the tendon, in which case the
concrete part is loaded by axial force P + F at the ends, and also by the radial
distributed forces p, = F/p applied from the tendon onto the concrete due to
column curvature 1/p = w"(x) as the column deflects (Fig. 1.23). The differential
equation for the deflections w(x) of the concrete part of the column is
(EIw")' + (P + F)w" =p in which P is the externally applied axial force. Now,
for small rotations, p = —p, = Fw" (since for a negative curvature p is negative).
Upon substitution into the preceding differential equation one thus obtains
(EIw")" + Pw" =0, which is the same as the differential equation of a column
loaded only by axial load P, and is independent of the prestressing force F.

Our preceding analysis is contingent upon the assumption that the tendon is
snugly embedded in concrete without any free play. In post-tensioning construc-
tion this is achieved by grouting. If a post-tensioned tendon is left ungrouted,
then the axial reaction from the tendon anchors may cause small buckling
deflections. However, as the deflection grows, the tendon comes in contact with
concrete, and a radial distributed force develops, limiting further increase of
deflections.

Problems

1.8.1 Discuss the behavior of a concrete hinged column which is prestressed by a
straight tendon of constant eccentricity e. The prestress force is F, and a
center axial load P is applied on the column.

1.8.2 Discuss the behavior of a simply supported pipe with initial curvature
wo(x). Axial load P is applied on a piston that has constant frictional force P;.

1.8.3 Analyze a prestressed free-standing column—calculate the lateral reactions
of the tendon, and from them show that the column cannot buckle.

1.9 LARGE DEFLECTIONS

All our considerations so far have been limited to the linearized, small-deflection
theory (second-order theory), which applies only for infinitely small deformations
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from an initial stressed state of the structure. This is sufficient for most practical
purposes in structural engineering; nevertheless, a full understanding of the
column behavior calls for a nonlinear finite-deflection theory. Although the initial
nonlinear behavior is more easily determined by an approximate energy approach
(see Sec. 5.9), an exact equilibrium solution is possible for some columns, and we
will demonstrate it now.

Solution of Rotations by Elliptic Integrals (Elastica)

Consider again the pin-ended column shown in Figure 1.24. We assume that the
length of the deflected centroidal axis of the column remains the same, /. Instead
of deflection w it is more convenient to work with the slope angle 6. Since
ds = p dO where s is the length coordinate measured from the column end along
the deflection curve and p is the curvature radius, the curvature is given as
1/p = dB/ds. Now using primes to denote derivatives with regard to s rather than
x, we have M = EI6’'. This must equal —P(w + ¢) according to the equilibrium
condition, e representing the load eccentricity at the end (Fig. 1.24).
Differentiating with regard to s and noting that dw/ds = sin 6, we obtain for the
function 6(s) the differential equation

EI9"= —Psin 6 (1.9.1)

It so happens that this nonlinear second-order differential equation can be
easily solved. The solution we are going to present was given in 1859 by Kirchhoff
after he obtained Equation 1.9.1 and noticed that it is mathematically identical to
the equation that describes large oscillations of a pendulum, which was solved
earlier by Lagrange (this was called a kinetic analogy of columns; Love, 1927).
We assume EI to be constant. It is expedient to set sin 0 = 2 sin (6/2) cos (6/2),
multiply Equation 1.9.1 by 6’, and then, upon noting that 6’6" =3(6'%)’, and
that [sin? (6/2)]' = @’ sin (6/2) cos (6/2), we may integrate Equation 1.9.1 to get

1 7] P
w9'2= —sin2§+c2 (k2=E}) (1.9.2)

in which ¢ is an undetermined integration constant. Denoting as 6, the slope at
the end of the beam (s = 0), and noting that 8= M/EI = — Pe/EI, we obtain by

0] ® 3
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dx1 0 \ds
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Figure 1.24 Beam-column under large deflections.
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substitution into Equation 1.9.2

2 2 2
R AT S

Taking a square root of Equation 1.9.2 and separating the variables, we get

+d0 2n / P
————=2kds =— \|— ds 1.9.4
VcZ —sin? (6/2) I VP ( )

The plus and minus signs distinguish between buckling to the left and to the right.
We will consider only the minus sign. It is convenient to introduce in Equation
1.9.4 the substitution

. 2= . =2ccos¢d¢= 2ccos pdo
sin 3 csing dO c0s (6/2) T=Csm ¢

The integral of Equation 1.9.4 yields a functional relation between the slope of
the deflected column and the length coordinate s, which completely defines the
shape of the column, a curve known as the elastica. We are interested only in the
end rotation, and we consider from now on only the special case of centric load,
e =0 (even though the solution is possible for any e). Then c = sin (6,/2), which
yields sin ¢o=1 or ¢o= 7/2 as the integration limit corresponding to the end of
the beam. Thus, integration of Equation 1.9.4 from the end of the beam (s =0,
¢ = ¢o) to midlength (s =1/2, 6 = ¢ = 0) yields

x [P_[™_ _ dp )
2\/:5_,[) Vl—cisinzd) (c—smz) (156

This integral is recognized as the complete elliptic integral of the first kind, tables
of which are available. Equation 1.9.6 represents a relation between P and 6,,.

Consider now the case of small end rotation 6,. Then c*sin® ¢ << 1, and so
(1 —c?sin? ¢) 2 =1+ 1c?sin” ¢. Upon substitution in Equation 1.9.6 we can
easily integrate, obtaining for the integral the value (1 + c?/4)x/2. Substituting
this into Equation 1.9.6, setting ¢ = sin (6,/2) = 6,/2, and neglecting higher-order
terms in 6,/2, we obtain from Equation 1.9.6 the asymptotic relation

(1.9.5)

63
P=PE(1 +§) (1.9.7)

which is valid when 6, is not too large (for 6, < 55° the error in P is <1 percent).
For 6,— 0 we have P = Px. This means that deflected equilibrium shapes at very
small 6, are possible if P = Pg. This agrees with the results of linearized theory
(Eq. 1.3.5). The error in P for the linearized theory is less than 1 percent if
0,<16°.

We conclude further from Equation 1.9.7 that with increasing deflection the
load P increases. This is an important feature, which contrasts with some other
buckling problems (especially shells) for which the load may decrease with
increasing buckling deflections (see Secs. 2.6, 4.5, and 7.7). (The latter behavior
requires the use of larger safety factors in design.)
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Deflections and Shortening

Let us now calculate deflections w and the axial coordinates x’ of points whose
coordinate was x in the initial undeflected (straight) state. To this end, we
multiply Equation 1.9.4 either by sin 8 or by (1 +cos 8). Then, noting that
sin@ds=dw, (1+cosB@)ds=ds+dx’', sin@=2sin(0/2)cos(6/2), and 1+
cos 0 = 2[1 — sin? (8/2)], and taking only the minus sign in Equation 1.9.4, we get

_2sin(6/2) cos (8/2) d6 _ _2[1-5in’(6/2)]d6 _ ,
V& —sin? (6/2) =2kdw Vc? —sin® (6/2) =2k(ds + d:1)9 5

Making again the substitution according to Equation 1.9.5, we obtain
2c 2
dw=—?sin ¢do —;Vl—cisin2¢=ds+dx' (1.9.9)

Integration between the limits ¢, and ¢, which correspond to 6, and 0, yields w
and x’at any point of the column as functions of s and 6. Integration between the
limits ¢ =0 and ¢ = 7/2 (for e = 0) then gives

2c [P 4 [P [™? :
wmu=;\/% I'=I(;\/%L Vl—czsmid)dd)—l) (1.9.10)

in which w,,,, is the maximum column deflection, which occurs at midlength, and
I’ is the length of the chord of the deflected column, ! being the length of the
deflection curve. We recognize the integral in Equation 1.9.10 to be the complete
elliptic integral of the second kind.

Consider again that the end slope 6, is small. Then, noting that (1—
cZsin? ¢)"? =1 - ic*sin’ ¢, we get from Equations 1.9.10 the approximations

alE erral
W= O \[7  w=1-1'=2|1-(1 160 - (1.9.11)

in which u represents the magnitude of axial displacement under the load P.
From Equations 1.9.11, 8= aw,,, /!, and substituting this into Equation 1.9.7,
we finally obtain the asymptotic relation

2

P= PE(I *op w,,,,,) (1.9.12)

The diagram of axial load versus maximum lateral displacement according to
Equation 1.9.12 is plotted in Figure 1.25a. The figure shows also the exact
solution obtained with the help of elliptic integrals. The approximate solution is
good for maximum deflections up to 0.2 of column length, which is sufficient for
all practical purposes. Furthermore, we note that the increase of axial load over
P, is less than 2 percent for deflections up to 0.1/, and this is why the axial load
after the critical state can be considered approximately constant for most practical
purposes. Moreover, substituting Equation 1.9.12 into the second equation in
Equations 1.9.11 along with 6, = fw,,,,/l, we obtain

2
-2 X
U= Wha (1.9.13)
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Figure 1.25 Load versus lateral displacement for perfect and imperfect columns.

It is interesting to note that this asymptotic relation for not too large
deflections is exactly the same as if the deflection curve were sinusoidal, with a
constant length of arc. Furthermore, expressing w2, and substituting it in
Equation 1.9.12, we obtain for not too large deflections of an inextensible column
the asymptotic relation (Fig. 1.26a)

P= Pc,(l + %‘2) or o=0.+ —"2—e (P=P.) (1.9.14)
a) b)
A Pﬁ\
P uore
R, /4 R, -__r : % Per
uo= 0P, /EA
u/2> (u+uo)/ B -

c)
6“ '
E N-Exact
I _Second
‘l : ==} order
Cer [~ 1 ‘?6‘"
+ua) /8 Ut
> >

Figure 1.26 Load versus axial displacement for (a) inextensible perfect columns, (b, c)
extensible perfect columns, and (d) extensible imperfect columns.
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where the stresses refer to the centroid at column midlength and & = u/l. So we
see that after the bifurcation of equilibrium path, the axial load is approximately
proportional to the axial displacement. (The present derivation of Eq. 1.9.14 was
given by BaZant, 1985.) In Section 5.9, Equation 1.9.14 as well as Equation 1.9.7
will be generalized to imperfect columns.

Equation 1.9.14 holds true under the assumption of an inextensible column.
To take into account the elastic strain increment € at neutral axis, we need to
superimpose ¢ = (0 — 0.;)/E upon the strain & =u/l=2(P/P,— 1), obtained by
solving Equation 1.9.14. This yields u =2/ AP/P + 1 AP/EA, with AP=P—-PF,.
Setting AP/P = AP/P,, (for small AP < P), and solving this equation for AP, we
then obtain the approximate load-shortening relation

P. u o
- —a = = +— < F P=P,
P P°'+2+Pc,/EA(I) o 0=0ut 0B’ )
(1.9.15)

which is valid for not too large deflections. In this relation, the axial load-point
displacement u is measured from the critical state (that is, u =0 at P = P,;). The
total axial displacement is & = u + u,, where uy= P.I/EA.

According to Equation 1.9.15, the diagram of axial load versus load-point
axial displacement, as well as the axial stress—strain diagram, is bilinear, as shown
in Figure 1.26b, c.

The axial stress—strain diagram of a perfect column, as shown in Figure 1.26c,
looks the same as the stress—strain diagram for an elastic—plastic material.
However, there is one crucial difference. For unloading, the elastic column
retraces back the same path as it traced on previous loading (Fig. 1.26b), while an
elastic—plastic material unloads along a different path. Of course, in an elastic
material the deformations must be perfectly reversible even if the response
diagram of the structure is nonlinear.

Thus the stress—strain diagram of a column that buckles is approximately
bilinear, with slope E (Young’s modulus) for o = o, and slope 3o, for P> P,
and the load-axial displacement diagram slope 1iP./l =3a2El/I’. These slopes
represent the incremental (tangential) stiffnesses of the buckling column.

It may seem surprising that the postcritical dependence of the axial load on
the axial displacement may be linear. That this is indeed possible can be
intuitively understood by noting that both the axial load change and the axial
displacement are proportional to the square of the maximum deflection.

Discussion of Results

For normal columns, the decrease of the incremental stiffness after the critical
state is tremendous. The ratio of the stiffness before and after buckling is 2E/o,,
which is always larger than 2E/f, where f, = strength (ultimate stress); thus, for
steels with yield limit f, = f, = 40,000 psi and Young’s modulus E = 30 x 10° psi,
the stiffness decreases over 1500 times as the critical state is exceeded, while for a
concrete column with f, = 5000 psi and E =4 x 10°, the stiffness decreases over
1600 times. For a fiber-reinforced polymer, with f, =40,000psi and E =
700,000 psi, the stiffness decreases over 35 times. Nevertheless, the incremental
stiffness after the critical state remains positive, which contrasts with some other
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structures in which the incremental stiffness after the critical state may become
negative (e.g., shells; Secs. 7.7, 2.6, and 4.5). This indicates that the pin-ended
column has a postcritical reserve strength.

A similar solution is possible for columns with other end supports. However,
the solutions for other types of supports can be obtained directly from the present
solution by a procedure similar to the effective length approach as described for
small deflections (Sec. 1.4). Thus the elastica curve for a free-standing column
(Fig. 1.27b) is one-half of the curve for the pin-ended column (Fig. 1.27a) with
the same load. The curve for a fixed—fixed column is obtained by adding to
segment 12 segments 41 and 25 which are identical to 13 or 32 but inverted. The
curve for a column with sliding ends restrained against rotation (curve 325 in Fig.
1.27d) is obtained as one-half of curve 435 (Fig. 1.27¢) for a fixed—fixed column.
The curve for a fixed-hinged column (126 in Fig. 1.27¢) is obtained by finding
point 6 at which the tangent 16 passes through point 1 in Figure 1.27c. The
present solution, however, cannot be applied to certain elastically restrained
columns of columns within a frame.

Real columns are always imperfect. Based on Equations 1.9.3 and 1.9.4, one
can obtain an exact solution for nonzero e or an approximate (asymptotic)
second-order solution by a similar procedure as just shown (Renzulli, 1961). The
curves of load versus maximum lateral deflection or load versus axial displace-
ment, which are obtained for various initial load eccentricities e, are illustrated in
Figures 1.25b and 1.26d.

The approximate large-deflection behavior can also be solved by integrating a
differential equation in terms of w rather than 6. To this end the curvature
expansion from Equation 1.1.2 may be introduced (Thompson and Hunt, 1973;
Dym and Shames, 1973). However, this approach is considerably more involved.

Our analysis leads to several important observations:

1. In contrast to the linearized small-deflection theory, the deflection does not
tend to infinity at P, but remains bounded at any load.

2. After the critical state, the load increases as the deflection increases. Thus
columns possess a postcritical reserve. This contrasts with buckling of some
other structures, especially shells, for which the load decreases after the
critical state.

3. The deviations from the linearized small-deflection theory do not become
significant until the deflections become quite large.

Figure 1,27 Elastica curves for beams with various end supports.
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4. Normal structural columns would suffer material yielding or fracture well
before the finite-deflection theory becomes important, and so the linear-
ized small-deflection theory suffices for design.

Knowledge of postcritical behavior is important for evaluating the effect of
buckling of a member within a statically indeterminate truss (see Sec. 2.5). It is
also useful for various applications outside structural engineering. As one such
example, the elastica solution has been used in a method of measurement of
stress relaxation of highly flexible specimens made of a linearly viscoelastic
material (BaZant and Skupin, 1965, 1967). For such a material, one can show that
the specimen deflected as shown in Figure 1.28 keeps a constant shape, and so it
undergoes stress relaxation at constant strain. The relaxation ratio for stress is
proportional to the relaxation ratio for the support reaction, and this reaction can
be easily measured. The main advantage is that the reaction corresponding to
large strains in bending (Fig. 1.28) is far smaller than the reaction corresponding
to large axial strains without bending, so that the frame that provides the reaction
is cheap to make. Thus one can economically produce many loading frames to
test long-time relaxation (as well as strength degradation) of many specimens.
The elastica solution is necessary to determine the stresses from the measured
reaction (BaZant and Skupin, 1967).

Analytical solution for nonlinear finite-deflection theory of columns, such as
outlined above, are generally much more difficult than the linearized small-
deflection solutions. Today, however, all these problems can be solved easily with
a computer using finite elements. The usefulness of the analytical nonlinear
solutions now lies mainly in the understanding that they provide us, as well as in
serving as a check on accuracy of finite element solutions.

For a generalization of the solution of initial postcritical behavior to imperfect
columns, see Sec. 5.9.

Problems

1.9.1 Obtain the P-w,,,, and P-u relations for (a) a free-standing column and (b)
a fixed—fixed column.

1.9.2 Study the approximate large-deflection behavior for the case that the load
has a finite eccentricity e.

1.9.3 Repeat the preceding solution for a free-standing column.

1.9.4 Consider a pin-ended column whose ends cannot slide, under the effect of
an axial thermal expansion due to temperature change AT. Construct the
diagrams of P versus AT and P versus midspan deflection w.

1.9.5 Use the P(u) diagram to obtain the critical load and postcritical behavior of
a column with nonsliding hinges, heated from temperature T, to temperature
T. Plot P(T), w(T).

Y A
Pe NP

Figure 1.28 Device for long-time relaxation tests. (After BaZant and Skupin, 1965, 1967.)
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1.10 SPATIAL BUCKLING OF BEAMS UNDER TORQUE AND
AXIAL FORCE

All the problems we have analyzed so far have been two-dimensional (planar). In
the presence of torque, the analysis has to be generalized to three dimensions.
Spatial buckling of twisted and compressed shafts is important for the design of
rotors of turbines, generators, and other rotating machinery (Ziegler, 1968).
Spatial buckling may also be important for frames. Recently, design of latticed
struts that can be collapsed for transport by means of torsion became of interest
for construction of an orbiting space station.

Buckling of beams due to torque and axial load exhibits critical load
combinations that represent equilibrium path bifurcations at which a deflection of
a perfect shaft or beam becomes possible. The method of solution of these
problems is a generalization of the method in Sections 1.2-1.4.

Consider a geometrically perfect beam or shaft supported on two spherical
hinges, loaded by axial force P and torque M,, which is assumed to keep its
direction during buckling; see Figure 1.29b, where the axial vector of torque is
represented by a double arrow. The deflection must be expected to be a spatial
curve characterized by displacements v(x) and w(x) in directions y and z (x, y,
and z are Cartesian coordinates). In a cross section at x, the torque vector M, has
bending components of magnitudes MT =My’ and —Mw’ in the z and y
directions. Adding these components to the expressions EIw"=—Pw and
Elv" = — Pv without the torque (Sec. 1.3), we get the differential equations

Ew'-Muy' +Pw=0
Eh'+Mw' +Pv=0

We assume here that the bending stiffness EI is the same for both y and z
directions (the cross section need not be circular, though). Note that the change
of torque about the deflected beam axis due to deflections v(x) and w(x) is
second order small and therefore negligible, since it has the magnitude AT =
M1 — cos 6) = M,08%/2 where 6 =slope of the deflection curve. For this reason
the torsional stiffness of the beam is, curiously, irrelevant for buckling of shafts,
and only the bending stiffness matters (this, however, contrasts with torsional
buckling of thin-wall beams; see Chap. 6).

(1.10.1)
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Figure 1.29 Beam or shafts subjected to axial force and constant-direction torque.
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The general solution of Equations 1.10.1 may be sought in the form
v=Ae'™ w=Be'™ (1.10.2)

where i = V—1. Substituting this into Equations 1.10.1, we can eliminate e'**
and obtain a system of two homogeneous linear equations

[P—Elwz iMw ]{A}_o
-iMw P-Elw*l\B)
Deflection is possible if the determinant vanishes, which yields the characteristic

equation Elw?+ M,w — P =0. Considering only +M,w (torque of one sign), we
have the roots

(1.10.3)

1
w,,2=-2-E—I(—M,:i:VM,§+4EIP) (1.10.4)
The general solution is the real or imaginary part of
V=A% + A"  w=B,e'”* + B,e'** (1.10.5)

where A,, A, B,, and B, are constants, which may be complex. The boundary
conditions for the hinged beam are v =w =0 for both x =0 and x = /. This yields
for A,, A, the conditions

A+A,=0 A"+ A,e"=0 (1.10.6)

and the conditions for B,, B, happen to be identical. Equations 1.10.6 have a
nonzero solution only if e =", that is, if w,!= w,!+27nn, where n is an
integer. The case n =1, that is, w,= w,, would require that M, =0 (if P> 0),
and so the first critical state is obtained for n =1, that is, w,/ =,/ +2x or
w,=w, +2n/l. According to Equation 1.10.4, this requires that (M?+
4EIP)'?[2EI = m/l, which can be rearranged as

P M,\?
o (_(;) =1 (1.10.7)
where )
1
=2k M,=kZE k=2 (1.10.8)

l l

P, is the critical load for buckling without torque, and MY, is the critical torque
for buckling without axial force. This result was obtained by Greenhill (1883); see
also Love (1927), Timoshenko and Gere (1961), and Ziegler (1968). Equation
1.10.7 is plotted in Figure 1.29g.

To determine the deflection curve, one obtains from Equation 1.10.3 the
eigenvector B,=iA,c, and B,=iA,c, where c¢;=(P - Elw;)/Mw; (j=1,2).
Assuming A, to be real, we then have from Equations 1.10.6 A,=-A4,,
B,= —B,, and the solution is obtained as the real part of Equation 1.10.5:

v = A,(cos @, x — cos W,X) w=—A,c(sin w,x —sin w,x) (1.10.9)

This is obviously a spatial (nonplanar) curve. For a more detailed analysis, see
Konopasek (1968), Grammel (1949), and Herrmann (1967).

The foregoing problem, however, is not as simple as it seems. The work of a
torque vector M, which keeps its direction and is applied at either a hinged end or
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a free end is path-dependent. To understand why, imagine that we reach the
slope (v'2+ w'%)'? at the beam end by rotating the beam end tangent first by
angle w’ about axis y and then by angle v’ about axis z. During these rotations M,
does no work. However, we can reach the same final angle in other ways. For
example, we can rotate the beam tangent by the angle (v’ + w'?)'? about axis y
and bring then the beam end to the final position by rotating it about axis x. In
that case, M, does work. Therefore, the loading is path-dependent, nonconserva-
tive. When we deal with such problems in Chapter 3, we will see that static
analysis is a priori illegitimate, and dynamic analysis is required. By chance,
however, it so happens that for the present problem the dynamic analysis yields
the same result as the static analysis, that is, Equation 1.10.7 happens to be
correct.

A shaft (Fig. 1.29c) with fixed slopes at both ends obviously represents a
conservative problem, in which the work of M, due to v(x) and w(x) is always
zero. In this case, there are at the ends redundant bending moments M, about
axis y and M, about axis z, as well as horizontal reactions Q, and Q,.
Consequently, moments (M, — Q.x) and (M, — Q,x) must be added to the
right-hand sides of Equations 1.10.1. To get rid of the unknowns M., M,, Q,,
Q,, one may differentiate these equations twice, which yields (for constant EI
and P)

EIw"Y — My"™ + Pw" =0
E"Y+Mw" +Pv"=0

These differential equations have a general applicability. They are of the fourth
order, as we encountered it in Sections 1.3 and 1.4 for the fixed beam without
torque, while the hinged beam as well as the cantilever can be handled by
second-order equations, as in Section 1.2.

The solution may again be considered in the form of Equations 1.10.2.
Substitution into Equations 1.10.10 yields a characteristic equation that can be
reduced for P=0 to the condition tan(w!/2)=wl/2. The smallest root is
wl/2 = 4.494. The corresponding critical torque for buckling without axial force is
found to be again given by MZ in Equation 1.10.8, with k = 2.861. For a detailed
solution, see Ziegler (1968).

Another conservative problem is the shaft in Figure 1.29d. The solution yields
again Equations 1.10.8, but with k = 2. However, for the shafts in Figure 1.29¢, f,
which are nonconservative, there is a surprise. The static analysis yields k = o,
that is, the column appears to be unconditionally stable, for any load. Dynamic
stability analysis (see Chap. 3), on the other hand, indicates that the (undamped)
column buckles under an arbitrarily small torque (Ziegler, 1951). This raises the
question whether it is actually possible to apply on such columns a torque M,
whose vector keeps its directions, and whose magnitude is constant in time. This
question becomes rather complex if one tries to consider the hydrodynamic forces
that produce the torque, for example, those acting on the blades of a turbine
rotor.

A conservative torque can be applied at free or pinned ends of a shaft by long
cables as shown in Figure 1.30. In case (a), called semitangential torque, the
torque vector M, tilts due to deflection angle v’ but not w’, and in case (b), called
the quasitangential torque, M, tilts due to both v’ and w’. Beck (1955) and

(1.10.10)
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Figure 1.30 (a) Semitangential and (b) quasitangential conservative torque.

Ziegler (1968) show that for semitangential torque, k = 1.564, 1, and 2.168, and
for quasi-tangential torque, k =1, 0.5, and 1.576 for the cases in Figure 1.29b, e,
f, respectively. This illustrates that the precise manner in which the torque is
applied has a great influence and must be studied carefully.

Problems

1.10.1 Derive Equations 1.10.10 in detail, with sketches.

1.10.2 Carry out the detailed solutions of the shafts in Figure 1.29¢, d.

1.10.3 Solve the column in Figure 1.29b for (a) semitangential or (b) quasi-
tangential torque at P =0.

1.10.4 Equations 1.10.10 can be combined into one differcntial equation

EIYY —iM,Y" + PY"=0 (1.10.11)

in which Y=uv+iw (which is a complex variable). Indeed, the real and
imaginary parts of this equation yield Equations 1.10.10. The boundary
conditions can be written completely in terms of Y; for a hinged end Y =0
and Y" =0, and for a fixed end Y =0, Y’ =0. Equations 1.10.11 can be solved
by Y = Ae’* where A is complex. Carry out this solution for the problems in
the text (for P =0 this method was shown by Ziegler, 1968).

1.10.5 P and M, are increased proportionally, at a fixed P/M, ratio. Suppose the
beam has initial imperfection vo(x)= av,(x) and wy(x)= aw;(x) where
a = imperfection parameter and v(x), w,(x) = first buckling mode of perfect
beam for this P/M, ratio. Calculate the diagrams of max v and max w versus
M, and the magnification factor. Also discuss the behavior near the critical
state.

1.10.6 Formulate the differential equations for initial postcritical deflections of a
beam under P and M, that is correct only up to second-order terms in v and w.
Does P produce a second-order torque? Does M,? Do you need to introduce
rotation 8(x) about the beam axis as a third unknown? Discuss how you
would solve the problem by finite differences.
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2

Buckling of Elastic Frames
by Equilibrium Analysis

Buckling of framed structures is no doubt the most important buckling problem
for civil and structural engineers, and it is often encountered by mechanical and
aerospace engineers as well. Obviously, buckling of frames involves buckling of
their individual members, and so the results of our analysis in the preceding
chapter must be applicable. In particular, buckling of a beam-column with
arbitrary spring supports at both ends has some essential characteristics of the
buckling of members of a frame. Not all the essential characteristics, though.

In a frame, the individual members interact and buckle simultaneously, the
axial load of one member influencing not only the critical load of that member
but also the critical loads of the adjacent members. This fact is often overlooked
in practice and may sometimes lead to serious underestimations of the critical
load of a frame. The problem is that a member of a frame does not quite behave
as a column with spring supports at both ends, because the spring stiffnesses,
which are equivalent to the elastic reaction of the rest of the frame on the
member under consideration, are not constant but depend on the unknown
critical load of the frame. In fact, the equivalent spring stiffnesses for the effect of
the rest of the frame upon a given member are generally smaller than those
calculated with the neglect of the dependence of these spring stiffnesses on the
critical load.

In contrast to columns, the initial axial force P in the column of a frame
before buckling usually is not known exactly. To circumvent this difficulty, the
linearized second-order theory is used in an approximate form. From the
first-order theory, in which the equilibrium conditions are formulated for the
initial undeformed shape of the structure, one obtains by the usual methods of
frame analysis the axial forces in the columns (recall that the distribution of floor
loads into the columns depends on the bending of floor beams). These axial
forces in the columns are then treated as known in a subsequent second-order
analysis. By virtue of this fact, the incremental second-order formulation becomes
linear. In reality, of course, the distribution of the floor loads into the column is
not constant and varies as the column buckles; however, it may be considered as
approximately constant if the buckling deflections are small, the error being
higher-order small.

The analysis of buckling of frames begins with the determination of the
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stiffness or flexibility matrices of its members. Although the method of deter-
mination of these matrices is well known for arbitrary beam-columns of variable
cross section, we will confine our attention mostly to members of constant cross
section since their solution is easy and sufficient for instructional purposes.
Subsequently we will apply the stiffness or flexibility matrices to solve various
typical problems for frames and continuous beams appearing in practice, and we
will also generalize our analysis to a form suitable for computer programming.
Next we shall study large regular frames or lattices, which are used in tall
buildings or planned for certain structures in space. Due to the large number of
unknown joint rotations and displacements, we will emphasize simplified and
approximate solutions, among which the use of finite difference calculus and of
continuum approximations is particularly interesting.

Furthermore, we will also discuss how the frame behaves after the critical load
is almost reached, and we will briefly point out the important aspects of
redundancy in frames, which lend to many structures a large postcritical reserve
and prevent a failure of the frame when only a limited number of the members
has buckled. We will also briefly investigate built-up columns, in which the effect
of shear can be very important, and similar shear effects in column-type
approximations of tall regular frames. Finally, we will present the elements of
calculation of the critical loads of arches, a problem which is important for bridge
design and also has some analogies in buckling of cylindrical shells.

2.1 STIFFNESS AND FLEXIBILITY MATRICES OF BEAM-COLUMNS

Stiffness Matrix for End Rotations

To determine the critical loads of continuous beams or framed structures, one
needs the stiffness or flexibility matrix of the beam-column. The stiffness
coefficients of a linearly elastic structural element represent the forces produced
by a unit displacement. To determine the stiffness coefficients, we consider a
perfectly straight elastic beam which is fixed at end b,*is loaded by axial
compressive force P, and has length ! (while under load P); see Figure 2.1.

Figure 2.1 (a) Fixed-hinged beam (1), subjected to axial force P (2), and subsequently to
end rotation (3); (b) hinged—hinged beam subjected to axial force and end rotation.
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Subsequently, let a small rotation 8, be imposed at end a. We want to calculate
the end moment M, that has to be applied in order to produce end rotation 6,.
We also need to calculate the corresponding reaction moment M, that arises at
the fixed end b.

In accordance with the customary sign convention in frame analysis, the end
moments applied on the beam and the end rotations are considered positive when
turning clockwise. This means that the moments acting upon a joint are positive
when turning counterclockwise. As for the bending moments within the beam, we
retain the previous sign convention according to which a positive bending
moment is that which causes positive curvature. For the sake of simplicity, EI is
considered as constant. The deflection curve of the beam is then given by
Equation 1.3.6 (in which w, =0 because p =0). The boundary conditions are
w=0 and w'=-~6, at x=0, and w=0 and w’' =0 at x =I, which yields the
conditions

B+D=0

Ak +C=-§,
Asinkl+ Bcoskl+ Cl+ D=0
Ak cos kl —~ Bk sinkl + C=0

2.1.1)

For the sake of brevity we denote

/P /P l
=kl= —_—f = _—=T— . 1.
A EII 4 P T (2.1.2)

where I* = half-wavelength of the deflection curve. Eliminating C and D from
Equations 2.1.1 we obtain the equations

A(sin A — ) + B(cos A — 1) = 8,1

. (2.1.3)
A(cosA—1)—BAsinA=6,]
and by subtracting these two equations we get
1—-cosA—AsinA
a=n('= ) '
sinA—AcosA (2.1.4)

Substituting this into the second of Equations 2.1.3, we obtain an expression for
B. Now we may note that M, = M(0) = EIw"(0) = — EIk*B. After some trigono-
metric manipulations we then obtain

M,=K®, (2.1.5)

in which K =sEl/I = stiffness coefficient, and

s= A(sinA —Acosd)
2—2cosA—Asini

(2.1.6)

The bending moment at the opposite end of the beam may be obtained as
M, = —M(l) (note the minus sign!). This yields M, = — Elw"(l) = EIk*(A sin A +
B cos A). Dividing this expression by M, = —EIk*B and utilizing Equation 2.1.4,
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we obtain after some further trigonometric transformations

c—%— A—sini
M, sinA—AcosA

Parameter ¢ is termed the carry-over factor, same as in the slope-deflection
method.

Having solved the bending moments caused by rotating end a while end b is
fixed, we automatically know the answer when end b is rotated while keeping end
a fixed. Due to symmetry, the resulting moments are M, = K0, and M, =cM,.
The case when both ends are rotated may be obtained by superposition of the two
cases in which only one end is rotated and the other end is kept fixed.
Superposition applies because the boundary-value problem at hand is linear. Thus
we find that M, = K6, + Kc0,, M, = K6, + Kc6,, which may be written in matrix

form as
M, _El[s sc]{o,,}
{Mb} - l Lsc s 0,, ) (2.1.8)
The square matrix in this equation, together with the factor El/l, is called the
stiffness matrix of beam-columns. This matrix was introduced by James (1935) in
a work dealing with the moment-distribution method, Goldberg (1954), and
Livesley and Chandler (1956).
Considering a pin-ended column subjected to moment M, at one end (Fig.

2.1b), we may use a similar procedure to show that the rotations at the ends are
given by 6, = (I/ENysM,, 6, = —(l/El)¢sM,, in which

¢s='}(%—cotl) ¢s=%(§i;~l_%) (2.1.9)

When moments are applied at both ends of a simply supported column,
symmetry and superposition arguments yield

ot =zl-pe o) (2.1.10)

Here the square matrix, together with the factor I/EI, represents the flexibility
matrix of beam-columns. The inverse of this matrix is the stiffness matrix in
Equation 2.1.8. The flexibility coefficients were introduced in stability analysis of
frames by von Mises and Ratzersdorfer (1926); see also Timoshenko and Gere
(1961), Chwalla (1928), and BaZant (1943). Because functions s, ¢, ¥s, and ¢s
serve as the basis of stability analysis of frames, they are also called stability
functions.

Equations 2.1.6, 2.1.7, and 2.1.9 are limited to axial compression (P >0). In
calculations of buckling of frame structures it is sometimes necessary also to take
into account the effect of axial tension on the stiffness of a beam (P <0). In this
case the general solution of the differential equation for w(x) is given in terms of
hyperbolic functions; see Equation 1.3.7. Using this expression, and proceeding
similarly as before, one can show that for tension (P <0, A= nV(—P)/FPg) the
parameters s and c in Equation 2.1.8 and ;s and ¢ in Equation 2.1.9 have the

(2.1.7)
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form
o . Y
o= A(Acosh A sml.rl) o= sinh A : 2.1.11a)
2—2coshA+ Asinh A Acosh A —sinh A
1 1 1 1/1 1 )
=2 _ - == 2.1.11b
s A(tanhl A) Ps A(l sinh A ( )

If there is no axial load, P =0, the deflection curve is given neither by
trigonometric nor by hyperbolic functions, but is a cubic polynomial. The values
of ¢ and s must be in this case 1 and 4, respectively, as is known from the
slope-deflection method. Since s and ¢ must be continuous functions of A, one
may check that correct limits of s and ¢ are obtained as A~> 0. In determining these
limits, one repeatedly obtains expressions of the type § and one needs to use
L’Hospital’s rule several times to verify that the correct limits are indeed
obtained.

Calculating the derivatives of s and sc (Egs. 2.1.6 and 2.1.7) at A =0, one may
obtain the following Taylor series expansion (e.g., Dean and Ugarte, 1968):

s_4_2_”2(£)_11“4(£)2_. :
15 \P./ ~ 6300 \P;

sc—2+1—tf(£) + KL (£)2+ .
30\Pg/ 12,600 \Pg

(2.1.12)

which ensue by introducing A =nVP/P: (Eq. 2.1.2). The same Taylor series
expansion about A =0 is obtained from Equations 2.1.11a for P <0. The series
expansions in Equations 2.1.12 need to be used for very small values of P/Pg, in
order to avoid problems of numerical accuracy. The exact expressions are then
ratios of very smail numbers.

The diagrams of parameters s, ¢, and sc are shown in Figure 2.2a as functions

b)

>
e e e e e

Figure 2.2 Variation of (a) stiffness coefficients and (b) flexibility coefficients with axial
force P.



58 ELASTIC THEORIES

of p = P/Pe. Coefficients s, ¢, and sc are also tabulated in Horne and Merchant
(1965). The basic property that should be emphasized is that the bending
stiffnesses of a beam-column depend on its axial load. With increasing compres-
sion, s decreases, while the carry-over factor ¢ increases. For p = 2.046, we have
s =0 and ¢ — =, with sc finite. The zero value of s indicates that a zero moment
applied to the hinged end of a hinged—fixed beam can produce a finite rotation of
the hinge, that is, an infinite flexibility. The value P =2.046P; was already
recognized (see Eq. 1.4.3) to be the first critical load for a fixed—hinged beam.

The diagrams of parameters 95 and ¢s are shown in Figure 2.2b as functions
of p = P/Pg. For P = Pg (critical load for a hinged—hinged beam) 5 and ¢5 tend
to infinity, thus indicating zero stiffness.

The stability functions for beam-columns with shear deformations (Sec. 1.7)
have been derived by Absi (1967) and used by BaZant and Christensen (1972b).
They are given by

Asin A —A%B cos A AB —sin A P
= = i =1-—— (2.1.13
s 2—2cosA—ABsini ¢ sin A — AB cos A with f=1 GA, ( )

Stiffness Matrix for End Rotations and Relative Lateral Displacement

For general frame analysis we need the stiffness matrix of a beam-column whose
ends are subjected not only to rotation but also to lateral translation. Consider a
beam which is initially parallel to the axis x and is subjected to axial load P under
which it has length / (Fig. 2.3). Subsequently, small lateral displacements w, and
w), along with small rotations 8, and 8, are imposed at the ends of the beam (Fig.
2.3). To accomplish the transformation from the initial position to the final
position, the beam may be first deformed by imposing at its ends the rotations

A A
¢a=oa+7 ¢b=0b+7 (2.1.19)
while keeping the positions of the ends fixed, and then a small rigid body rotation
of the whole beam by angle —A/I (together with a translation) may be carried out
to obtain the final position. Here, A = w;, — w, = small relative lateral displace-
ment of beam ends. The rigid body translation and rotation do not affect the

Figure 2.3 Member of a frame (1), subjected to axial force P (2), and subsequently to
general end displacements (3).
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internal forces in the beam, and so according to Equation 2.1.8,
1+
0+9),)

M,= ETI (5P, +scd,) = ETI [sO,, +scO,, +
(2.1.15)

M, = EI{ (scop, +s¢Pp) = ETI [scO,, +50, + s 7 ) A]
In these relations, there are three independent kinematic variables 6,, 6,, and A,
but only two force variables, M, and M,. Thus, we need to introduce one
additional internal force that is associated with A. This additional internal force
is properly the shear force V since it is the shear force that does work on A.
Writing the moment equilibrium condition of the whole beam in the deformed
state (Fig. 2.3), we have M, + M, — VI — PA =0, and substituting for M, and M,
from Equations 2.1.14, we find

M,+M, A El{s(1+c) s(1+¢) [2s(1+c) Jrz(P)]}
——t bt _po= + = =
Ve Py U et % e E R

(2.1.16)

So far we have considered loads applied at the ends of the beam. If a lateral
load is applied between the ends of the beam, we may utilize the principle of
superposition. First we consider the ends of the beam to be rotated and displaced,
and subsequently, holding the ends fixed, we apply the lateral load. This load
produces fixed-end moments ML and M} and fixed-end shear force V. Their
values can be calculated from the general solution (Eq. 1.3.6) by imposing the
boundary conditions w = w’ = 0 at both ends. The line of reasoning is the same as
in the slope-deflection method; however, M%, ME, and V' depend on the ratio
P/Pg. A table of fixed-end moments and forces is given by Horne and Merchant
(1965).

Combining Equations 2.1.15 and 2.1.16, we acquire the following matrix
equilibrium equation of a beam-column:

5
s SC 'I‘
M, - 0, MZ
El § L
M, =—l- sc s 7 6, ¢+ M, (2.1.17)
|4 A vt
$ 5 s*
) 12_
in which we introduce the notations
P
§=s(l+c) s*=28-a*— (2.1.18)
Pe

The square matrix (with the factor EI/l) represents the general stiffness matrix
for small deformations of a beam-column. Note that this matrix is symmetric.
Symmetry is a required property since the material behavior is assumed to be
elastic. Note also that 6,, 6,, and A are here considered incremental displace-
ments starting from the initial state of equilibrium under axial force P and
possible lateral loads.

A broad spectre of stiffness matrices of beam-columns is presented in Tuma’s
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torsion (simple torsion, Chap. 6), the planar and spatial stiffness matrices of a
beam-column encased in an elastic foundation resisting deflection as well as
twisting rotation (cf. Sec. 5.2), the load terms of the matrix stiffness equation of
equilibrium for various typical cases of transverse loads, the modified stiffness
matrices and load terms for various end supports (both planar and spatial), the
critical load for many typical variable-section columns (tapered symmetrically or
asymmetrically, or stepped), and various elastically restrained columns. Moreover,
this monumental handbook presents the transfer matrices (or transport matrices)
that relate the column matrix of forces and displacements for one cross section to
that for another cross section.

A more detailed discussion of the stability functions and their use in frame
stability analysis is given by Horne and Merchant (1965). The stability functions s
and c can be generalized to dynamics, to include the effect of the axial force on
vibration frequencies. A unified approach for matrix analysis of buckling and
vibration problems is given by Williams (1981), and Williams and Wittrick (1983);
also Livesley and Chandler (1956).

Note that the theory presented so far is limited to negligible axial extensions.
Normally this is acceptable, but not for very tall frames (Sec. 2.9).

Problems

2.1.1 Derive the expressions for s (Eq. 2.1.6), ¢ (Eq. 2.1.7), ys, and ¢5 (Egs.
2.1.9).

2.1.2 Invert the relation of Equation 2.1.10 and show that it becomes equivalent
to Equation 2.1.8.

2.1.3 Derive the expressions of parameters s, ¢, ¥s, ¢s for the case that the
beam is under axial tension.

2.1.4 Find the expressions of parameters s, ¢, ¥s, ¢s, taking into account the
effect of shear deformation (Egs. 2.1.3).

2.1.5 For a fixed-end beam under axial compression, find the end moments and
shear force due to a constant lateral load.

2.1.6 Using Equation 1.7.4, try to derive Absi’s stability functions for beam-
columns with shear.

2.1.7 Calculate M,, M, due to 6, =1 for a free-standing column (Fig. 2.4a). Plot
the associated stiffness as a function of P/Pg.

2.1.8 Calculate lateral displacement and rotation at the end due to V =1 (Fig.
2.4b).

a) b) c)
¥ iy V

m —V m
My M, 12
e ﬁl'
77z 4

Figure 2.4 Exercise problems on stiffness and flexibility coefficients of free-standing
columns.
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2.1.9 Calculate the stiffness for rotation on top of a free-standing column (Fig.
2.4a) in terms of s and c functions. Then compare to the result of Problem
2.1.7.

2.1.10 Same as above, but for the stepwise variable I (I; and L) (Fig. 2.4c).

2.1.11 The so-called transfer (or transport) matrix (Pestel and Leckie, 1963)
relates the column matrix (N, V, M, u, w, 0) at one cross section to that at
another cross section (N = axial force, positive if tensile). (a) Derive it by
rearrangement of the stiffness matrix equation of equilibrium, that is, of
Kq =f; (b) also derive some of the transfer matrix elements by integration of
the beam-column differential equation (check: Tuma, 1988).

2.1.12 Use the transfer matrix obtained above to solve the critical load of a
simply supported continuous beam of two equal spans.

2.1.13 Derive the modified stiffness matrix relating all the end forces and
displacements of columns with nonzero F, V, M at one end and at the other
end (a) M =0 (hinge), (b) M =V =0 (free end), (c) V =0 (sliding restraint);
see Tuma (1988, p. 220).

2.1.14 Integrating the beam-column differential equation, derive the load term in
the matrix stiffness equation of equilibrium for (a) a distributed uniform load,
(b) a uniform load over a half-span, (c) two concentrated loads at the third
points, (d) a moment applied at the quarter-span (cf. Tuma 1988).

2.2 CRITICAL LOADS OF FRAMES AND CONTINUOUS BEAMS

We are now ready to demonstrate calculations of the critical loads of continuous
beams and simple frames.

Simple Structures

Example 1. Consider a continuous beam of two spans, shown in Figure 2.5a,
under the axial load uF, where F is a reference (design) load and u is a safety
factor (load multiplier) for which we want to calculate the critical value u,.
Consider that, in general, small moments m, and m; may be applied at joints 2
and 3.

There are two unknown generalized displacements, rotations 6, and 6; above
the supports. The associated conditions of equilibrium of the joints at these
supports are M, + My; = m, and M,, = m;, where M;; is now used to denote the
end moment in beam ij at end i. Substituting from Equation 2.1.8, we obtain

EI EL
My + My = I_lz (5120,) + l_n (52302 + 523¢30;3) = m,
12 23
2.2.1)
EL,

M;, = 1. (523€2302 +52303) = m;
23

in which the subscripts 21 and 23 refer to beams 21 and 23.
Let us consider first the case m, =m;=0. We have a system of two algebraic
linear homogeneous equations for the unknown rotations 6, and 6; above
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Figure 2.5 (a) Continuous beam; (b) plot of determinant of stiffness matrix as function of
load multiplier; (c) possible source of error in the determination of the critical value of the
load multiplier.

supports 2 and 3. Nonzero solutions exist if and only if

D(u) = det K(u) = [sn(il )+s23]s23 (523¢2)2 =0 2.2.2)

where K(u) = stiffness matrix = matrix of the coefficients at 8, and 8, in these
two equations. The determinant is a function of u since s;; is a function of
P12 = pF/Pg, and s, and c,; are functions of py; = uF/Pg,,.

To obtain the smallest value of u which satisfies Equation 2.2.2, one may
construct the plot of D(u) versus u to find the approximate location of the roots
(Fig. 2.5b). Then an accurate value of x4 may be obtained by the Newton iterative
method. Assuming a uniform moment of inertia, I, = L, and I/, =1.3/,;, one
finds p. F =1.088F,,.

If disturbing moments m, and m; are present, Equation 2.2.1 is a system of
nonhomogeneous linear equations for unknowns 8, and 6;. According to
Kramer’s rule, its solutions are 6,=D,/D(u) (i=2,3) where D(u) is the
determinant of the left-hand-side matrix, same as before, and D, is the
determinant of the matrix obtained when the right-hand side replaces the column
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corresponding to 6;. The critical state is obtained when 6;— «, and this occurs
when D(u)=0. So the critical state condition is the same as before.

A warning of a possible pitfall may be in order. The plot of the critical state
determinant D(u) versus u often has vertical asymptotes, as illustrated in Figure
2.5b. If the subdivisions of u at which D(u) is evaluated are too coarse, one may
succeed to pass through the points a smooth curve such as the dashed curve in
Figure 2.5¢, and thus miss the root lying to the left of the vertical asymptote, on
the correct solid curve (Fig. 2.5c). But this could fool the analyst only if the roots
Uy, and ., are very close.

Example 2. Consider now a two-span continuous beam on simple supports (Fig.
2.6a). For this structure, the flexibility method is more efficient. While with the
displacement method there are three unknown joint rotations 6,, 6,, 68; (Fig.
2.6a), with the flexibility method there is only one unknown, the moment M, at
the intermediate support (Fig. 2.6b). The primary structure is obtained by
inserting a hinge at this support. The condition of compatibility of the rotations at
this support reads Mx(ys, 112/ EL 2 + ¥s,l23/EL3) =0, in which the subscripts 12
and 23 refer to beams 12 and 23 and ¥y is the flexibility coefficient given by

Equations 2.1.9. A nonzero value of M, is possible if and only if the coefficient of
M, is zero, that is,

D(p) = [ws(b%) + 'ps”(b{_;;)] =0 (2.2.3)

Note that in the case of a single unknown, D(u) is the determinant of a 1 x 1
flexibility matrix. For l,;=1.3l); and El, = EbL;, Equation 2.2.3 indicates the
lowest critical value of the load multiplier to be u.F =1.24P¢ . The plot of D(u)
versus p is shown in Figure 2.6f. We see that the curve representing D(u) jumps
from o« to —x before the critical load is reached. This is due to the fact that the
flexibility coefficient ys,, of the longer beam of the primary structure jumps from
% tQ —oo.

This example at the same time illustrates one limitation of the stiffness and
flexibility methods. If the spans are equal, that is, [, =l = and Pg,,= Pe, = Pg,
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Figure 2.6 (a, b) Continuous beam solved by flexibility method; (c, d) case of equal spans;
(e) presence of one-sided constraints; (f) plot of the determinant of the flexibility matrix.
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then uF = Pg is obviously the lowest critical load, u., F. In this case, however, the
ends of the beams meeting at joint 2 can rotate freely (Fig. 2.6c), and so
compatibility is obtained for M, =0. But the critical load u..,F = Pg cannot be
detected by the flexibility method since the determinant of the equation system
(only one equation in this case) does not have to vanish when all unknown
moments are zero.

The stiffness method has an analogous limitation. It cannot detect the critical
load p.,,F = 4P corresponding to a fixed-end beam (Fig. 2.6d). Indeed, in this
case the end rotations and displacements are zero, and so the associated stiffness
matrix does not have to vanish to satisfy the equilibrium equations.

Generally, in passing from a direct solution of the differential equations to a
discretized formulation, we can find only the eigenstates that correspond to a
nonzero solution of the discretized problem. So it is necessary to check the
possibility that the first critical load might correspond to a homogeneous (zero)
solution according to the flexibility or stiffness method. In this regard, though, the
use of the displacement method is safer since the shape of such eigenstates is
more easily detected with the stiffness method.

The presence of one-sided constraints on deformation may change the
buckling load. For example, for the case of Figure 2.6e, the lowest critical load is
Ber,F = 2.046P¢, which corresponds to a fixed—hinged beam.

Example 3. Next consider an unbraced portal frame as shown in Figure 2.7a.
The frame is loaded by vertical loads uF and also by a small lateral disturbing
load f. Let the bending rigidity EI be the same for all members, and the span / be
equal to the height. There are, in general, three unknown generalized displace-
ments, A, 0,, and 6;. Due to symmetry of the frame, one may expect that
buckling would occur either in a symmetric mode or in an antisymmetric mode.
The general buckling mode can be obtained as a superposition of these two.
Consider first the antisymmetric buckling mode, 0, = 8; = 0. As known from
the slope-deflection method for frames, the conditions of equilibrium may be
written for moments acting on the corner joint, in which case the same equation
ensues for joints 2 and 3, and for the horizontal forces acting on the horizontal

Figure 2.7 Portal frame: (a) antisymmetric buckling mode (unbraced frame), (b)
symmetric buckling mode (braced frame).
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beam separated from the columns. These two conditions are:

EI 1
M23 +M21 =T (8128 +S238 +S23€238 +7§12A) =0

Eirs (2.2.4)
§
at Ve[ 0

+S—3“6+-1-(s;"2+s;;)A] =f

1°7e

Due to the consideration of the lateral disturbing force f, this system of two linear
algebraic equations is nonhomogeneous. The stiffness coefficients that appear in
Equations 2.2.4 are functions of the axial forces in beams 12, 23, and 34. For
finite deformations, these forces would, in general, depend not only on the
externally applied load uF, but also on f and on the moments at the joints, which
in turn are functions of A, 6,, and 6,. We consider, however, only very small
(infinitesimal) deviations from the initial state at which f=A=60,=6,=0.
Consequently, the stiffness coefficients are functions of uF alone, and are
independent of the additional axial forces produced by f, A, 6,, and 8,, which
are all infinitesimal. (The shear forces V,,, V,,, and the moments M,; and M,, are
also infinitesimal.) Thus, for a given load multiplier u, all the coefficients of these
equations can be evaluated, and the frame rotations and displacements can be
solved, unless the determinant of the equation is 0. If this happens, the solution
tends to infinity (just as it does for a column under lateral load as the axial load
approaches the critical value). Thus, the vanishing of the determinant is the
condition of critical load.

If there is no lateral disturbing load f, the reasoning is different but the
conclusion is the same. In this case, the equation system is homogeneous (f = 0),
and we seek the value of p for which a nonzero solution exists: again, this
happens when the determinant vanishes.

Evaluating the determinant of Equations 2.2.4, and noting that §,; = 4(1 + ) =
6 (since the initial axial force in the horizontal beam is zero), we find
D(p) = (512 + 6)’s}; — (I5,2)> = 0. Choosing various values for the load muitiplier
p and applying the iterative Newton’s method, we find that the smallest critical
load is p, F =0.744Pg, where Pg is the Euler load of length I. Note that for
pu=pu, none of the stiffness coefficients becomes zero, which means that the
critical load of the structure does not coincide with the critical load of any single
member.

The symmetric buckling mode (68,= —0;= 6, A =0) occurs only if f=0. In
this case one gets from moment equilibrium of the corner joint a single equation:
(EI/N)(s12 + 523 — §23€23)0 = 0, which is satisfied (at 6 #0) for u,F =2.55P¢. The
buckling mode is shown in Figure 2.7b. The corresponding critical load governs
only if the frame is braced against lateral sway. Otherwise the nonsymmetric
mode occurs, since its critical load is smaller.

We have now seen an example that a symmetric and symmetrically loaded
structure can buckle nonsymmetrically. This contrasts with first-order theory
(linear elasticity), for which the symmetry of structure and loads always implies
symmetry of deformation.

Figure 2.8 shows a teaching model of a symmetric portal frame developed at
Northwestern University (1969). The model demonstrates the buckling modes
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Figure 2.8 Northwestern University (1969) teaching models: sway buckling and symmetric
buckling of portal frame with hinged based or fixed base.

under equal vertical loads centered on the columns. The sway (asymmetric)
buckling is shown for the case of a hinged base. The symmetric buckling is
obtained, for the case of a fixed base, by preventing translation of the horizontal
beam.

When there are several independent loads, such as F| and F, in Figure 2.9a,
one normally considers them fixed and seeks the common multiplier u that
produces buckling. In some design problems, though, the ratio of these loads can
be arbitrary, and then it is of interest to solve the critical load value of multiplier
u for various ratios F/F,. This then allows constructing the surface of critical
states, as illustrated in Figure 2.9b.

A remark on the concept of “perfect.”” A frame may be defined to be perfect
if it is described by a homogeneous system of equations, that is, yields an
eigenvalue problem. Otherwise the frame is imperfect.

Example 4. Consider the triangular frame shown in Figure 2.9¢. Let the bending
rigidity EI and the length [ be the same for all members and assume that the
members are very slender so that their axial stiffnesses are much higher than their
bending rigidities. If this is so, then the shear forces V;;, Vs, . . . (Fig. 2.9d) in all
members are negligible in comparison with the axial forces, and the condition of
equilibrium at the corner joint is determinate, yielding the following axial forces
(Fig. 2.9¢): Py = uF tan 30° = uF/V3 (compression), Py = —2uF/V3 (tension).
The neglect of V2, and V; is only approximate if the frame is imperfect, but it is
correct in the limit of very small imperfections or very slender bars. For not too
slender members, of course, the diagram with shear forces (Fig. 2.9d) needs to be
used. The fact that the inclined member is under tension is important, since it
significantly increases the stiffness of this member (Eq. 2.1.11 must be used). For
a symmetric buckling mode, for which the top joint does not rotate, the
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Figure 2.9 (a) Unsymmetric portal frame subjected to independent loads F, and E; (b)
surface of critical states; (c, d, €) triangular frame with members 12 and 13 under tension;
(f) variation of determinant of stiffness and flexibility matrix for continuous beam.

conditions of equilibrium of the moments acting at the top joint and at either one
of the lower joints yield

El El
My + M, = T [5230 + c23523(— 0)] + T (520)=0

or 2.2.5)
f(p)=s52(1—cz3) +5, =0

in which again 5,3 and c,; are functions of p,; = uF/\/§ Pg and s,, is a function of

P = —2uF /V3 P:. Using the iterative Newton’s method, we obtain Por F =

4.76P;.

Difficulties with the Flexibility Method

As illustrated by Example 1, the elements k; of the stiffness matrix K can never
be infinite and its determinant gradually decreases as the load multiplier is
increased. On the contrary, Example 2 has shown us that elements of the
flexibility matrix of the primary structure C typically become infinite before the
load multiplier becomes critical. The variation of det C may even be rather
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complex; see, for example, Figure 2.9f for a three-span beam with one span
considerably shorter than the other two. These examples reveal that the flexibility
matrix C need not be positive definite for stable states (i.e., below P, ).
Consequently various iteration methods cannot be based on flexibility, because
they would not be guaranteed to converge.

There are also other reasons which favor the stiffness method. One is that the
equations of this method can be set up more directly without searching first for a
statically determinate primary structure that is required by the flexibility method.
The other is that the second-order effects are functions of the displacements and,
consequently, more readily accounted for if the displacements are chosen as
unknowns. For all these reasons, computer analysis is usually done on the basis of
the stiffness method.

General Approach for Computer Analysis

For computer analysis, it is more convenient to set up the equilibrium equations
in terms of independent lateral end displacements w, and w, rather than their
difference A, and to introduce separate quantities for the shear forces acting at
either end. In some cases, such as very tall building frames, it is also necessary to
consider axial shortening of the members, due to increments of the axial force P,
but even if the problem does not require it, programming is easier if the axial
displacements at member ends are treated as unequal. Thus we consider, for a
member, six independent displacement parameters u,, u,, ..., us, forming a
column matrix w; the associated forces acting upon the members are F, .. ., F;,
forming column matrix F; see Figure 2.10, which shows the usual matrix analysis
convention for positive signs. Now substitute A =us—u,, 6, =u,, and 6, = u,
into Equation 2.1.17; express 5=V, F,=-V, F,=M,, and F;= M,; and further
substitute F, = (uy — u)EA/l = (uy— u,)El/r¥l; F,=—(us— u)EA/l= —(u,—
u,)El/r*l. This yields, in matrix aotation,

F=Ku+F- (2.2.6)

Column matrix F” consists of components FF that represent the fixed-end forces
produced by the loads on the member and depend on the ratio P/Pg. Matrix K is
a symmetric (6 X 6) stiffness matrix of the member:

r2 0 0 -2 0 0
s*? g7t 0 —s*? 5!
El s 0 5! sC
K=— 2.2.7
l sym. r-2 0 0 ( )
s*7? st
h— s -

To explain the meaning of the stiffness coefficients in this matrix, note that
coefficient K,; that represents the V, value when 6,=1 is the only nonzero
displacement, and, according to Equation 2.1.17, this must be equal to —SEI//?
(the negative sign is due to the difference in the sign convention for the shear
force at end a). The term K, that represents the M, value when w, = 1 is the only
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Figare 2.10 Member of a frame in the initial state (1), and after a general infinitesimal
displacement at the ends (2).

nonzero displacement, and, according to Equation 2.1.17, this must be equal to
—SEI/I? because A = —w,.

Note that the 6 X 6 stiffness matrix K of the beam-column is singular and
cannot be inverted. A corresponding flexibility matrix does not exist. The reason
is that the end displacements u,, ..., us include rigid body translations and
rotation (which cannot be determined from the forces because the forces do no
work on rigid body translations and rotations). On the other hand, the 3x3
stiffness matrix of beam-columns is not singular and can be inverted, and so the
corresponding 3 X 3 flexibility matrix exists (in this case the displacements are
relative and do not include any rigid body translations or rotation). The
singularity of the 6 X 6 stiffness matrix nevertheless causes no singularity of the
assembled structural stiffness matrix that takes into account the boundary
conditions.

The initial axial forces P in frame members that are to be used in critical state
buckling analysis, particularly the distribution of floor loads, have to be calculated
according to the first-order theory. Note that the use of the 6 X 6 full stiffness
matrix of a column (Eq. 2.2.6) makes it possible to calculate changes N of the
axial loads that occur during buckling. It must be emphasized that the theory is
valid only for very small (infinitesimal) values of N compared to the initial axial
forces N°= —P, that is, for [N| < P. If we wanted to calculate large changes of
the axial load, we would need to use nonlinear analysis with incremental loading.

Matrix K of Equation 2.2.7 also can be used for incremental loading analysis
of load-deflection behavior of the structure. In this case the increments of
member forces are added to the initial values, and the coordinates of member
ends are updated after each loading step. For better accuracy, each loading step
may be iterated, determining the stiffness coefficients in the second and further
iterations from the midstep forces for the preceding iteration.

Problems

2.2.1 Same as Example 1, but /,, = 1.4/,;.

2.2.2 Same as Example 2, but /,; = 1.5/,.

2.2.3 Same as Example 3, but span / = 1.2 times height A.

2.2.4 Same as Example 4, but change the angle at the top corner from 60° to 90°.

2.2.5 For the continuous beam in Figure 2.5a, determine u,, from Equation
2.2.2 (equilibrium equations). Assume that I, = L, {,, =1.31,;.

2.2.6 For the continuous beam in Figure 2.5a, determine u.,, using flexibility
coefficients (compatibility equations). Assume I, = I3, [, = 1.3L,;.
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2.2.7 For the frame in Figure 2.7, determine u,, 4., and the corresponding
buckling modes. Repeat the analysis for I, = 4l,,. Repeat the calculation for
the frame in Figure 2.9a assuming [,, = l3,/2, L3 =2I,,=4l,3, and F/E =2.

2.2.8 Verify the solution of Example 4 and find the second critical value of the
load multiplier (it corresponds to an antisymmetric mode: 8, = 65, 8, #0).

2.2.9 Suppose that the determinant characterizing the critical state gives s(2 +
¢) =0. Does s =0 give the critical load? (Only if simultaneously ¢ # .)

2.2.10 Find the first buckling mode and critical load of the continuous beam with
fixed ends shown in Figure 2.11a.

a)

h/EI [YLs
N

f)

[
e 3 2
F3 - £

Figure 2.11 Exercise problems on critical loads of continuous beams.

2.2.11 Using the stiffness method, find the first critical load of the beam with a
cantilever shown in Figure 2.11b. (Find first the fixed end moment due to
rotation 8 of the fixed end of the cantilever, Fig. 2.11c. The result is
P, =0.1813a%R/I%.)

2.2.12 Find the first critical load of the beam with an intermediate spring support
shown in Figure 2.11d. Assume C=20EI/P (the result is P, =
13.8927°E1 /1> = 1.4076Pg).
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2.2.13 Solve F, for a three-span continuous beam (Fig. 2.11¢), and then compare
it with the P, value that is obtained when the central span is treated as an
isolated column with rotational end springs whose stiffness constants equal the
stiffness of the side span at zero axial force. Then find how the results change
with the ratio /,/I, in the range (0, 1).

Note: One may be tempted to analyze a column in a frame by replacing the
action of the rest of the frame upon the column by equivalent springs. This
practice, however, is incorrect and may cause a large error on the unsafe side, as
this problem demonstrates. The reason is that the spring stiffnesses, which are
equivalent to the rest of the frame, are actually not constant but depend on the
unknown value of the critical load. The only exception is when the rest of the
frame has no axial forces, as in the case of the L-frame in Figure 2.12b (Prob.
2.2.15).

2.2.14 Find the critical load of the two beams shown in Figure 2.11f. (Note that
the solutions are not the same.)

2.2.15 Find the critical load of the L-frames in Figure 2.12a and b, assuming axial
inextensibility for beams 12 and 23. (P,,=1.406P¢ for Fig. 2.12a and
P, = 0.144P¢ for Fig. 2.12b.) Compare the results with that obtained for the
columns in Figure 2.12c and d with a spring on top whose spring stiffness is
taken the same as the stiffness of the horizontal beam (C = 3EI/I).

a) e
3

b)r cyp d lp
2 € » 7 e ©
il e |

g) P cP

e) P f) lP
U:(‘ 3 |3 —Joint 2 rigid 1
* uz EI 2
Uy
e El
! |
7 { o, 7%

Figure 2.12 Exercise problems on critical loads of frames.

oy

2.2.16 Using the stiffness matrix of Equation 2.2.7 write the incremental
equilibrium equations for the L-frame in Figure 2.12¢ taking into account the
elastic shortening of beam 12, and find the critical load P,. Compare the
result with that obtained assuming axial inextensibility.
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Note: In the presence of axial shortening in the column, the L-frame in Figure
2.12a does not exhibit neutral equilibrium at critical load and bchaves as
imperfect since the equation system is not homogeneous. The reason is that

support 3 resists the axial shortening of column 12.

2.2.17 Consider the truss of Figure 2.12f with a rigid joint at 2.
(a) Solve P, for « =45°, L=1,.
(b) Same as (a) but limit L/I,— 0.

(c) Same as (a) but limit I,/,— 0.
(d) Let I, = L. Find angle « for which P,,, = maximum.
(e) a =45° Is the cost of the truss lower if joint 2 is made a pin (a single bolt

instead of a welded connection)? Assume (1) making the joints rigid doubles
the cost of the truss; (2) the cost of a pin-jointed truss is proportional to its

P P ‘ P

v

¥ !
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'

Figure 2.13 Further exercise problems on critical loads of frames.
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weight; (3) the cross sections are geometrically similar in which case the
weight of the bars per unit length is proportional to VI. (Demonstrate this,
too.)

2.2.18 Solve P, for the frame in Figure 2.12g, with c =1, 0.98, 0.90, 0.30, O,
assuming the frame to be (a) braced, (b) unbraced (constant EI).

2.2.19 Solve P, for the frames in Figure 2.13.

2.2.20 Solve the critical load of the structures with rigid members in Figure
2.14a,b. Hint: Assume axial inextensibility and include in the translational
equilibrium equation the component PA/a due to the inclination of the rigid
member.

d)»F%,C“%'? ;ﬁp\ﬁ*

f) s ¢, : 8, ~8; ~9 9) ‘P 93 &

Figure 2.14 Exercise problems on critical loads (a—c) of structures with rigid members,
(d, e) of continuous beams loaded through a frictionless plunger or roller, and (f, g) of
infinite one-story frames.

2.2.21 Solve the structure in Figure 2.14c for (a) /, =1, and (b) I, =21,.

2.2.22 Solve the critical load of the structures in Figure 2.14d (frictionless
contact) and in Figure 2.14e (no-slip rolling support). Hint: See Probs. 1.4.3
and 1.4.4.

2.2.23 Consider the infinite one-story frame in Figure 2.14f. Calculate the ratios
6,.1/6; and ¢;.,/¢;, which must be constant (i > 1).

2.2.24 Solve P, for the infinite one-story frame in Figure 2.14g.

2.2.25 Calculate the critical load P., of the arch frame in Figure 2.15a for the
antisymmetric buckling shown, which satisfies (to the first-order) the condition
of axial inextensibility of members (EI=const.). Note: There are two
unknowns: 6 and v. One equation for € and v is obtained as the condition of
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Figure 2.15 Exercise problems on critical loads of arch frames.

equilibrium of the moments acting on joint 2 or 3. To obtain a second
equation for 6 and v it is convenient to consider a single-degree-of-freedom
mechanism as shown, in which members 12, 23, and 34 have centers of
rotation Oy,, 0,3, and O,4, and the rotations in the joints 1, 2, 3, and 4 are
obtained as ¢, —3¢, 3¢, and —¢. According to the principle of virtual work,
equilibrium requires that M,¢ — 3M,, ¢ + 3Ms,¢p — M43 =0 in which expres-
sions for end moments M,,, M,,, M,,, and M,; in terms of @ and v need to be
substituted (¢ cancels out). Also note that this problem has much similarity
with the buckling of a fixed arch (Sec. 2.8).

2.2.26 Solve P, for the frame in Figure 2.15b.

2.3 BUCKLING AS A MATRIX EIGENVALUE PROBLEM AND USE
OF FINITE ELEMENTS

From the examples presented we see the analysis of frame buckling by the
stiffness method generally reduces to a linear matrix equation:

K(up)u=1 (2.3.1)
in which u is the column matrix of small generalized displacement increments u;
from the initial state, f is the column matrix of the associated small generalized
force increments f; (which include resultants of distributed loads such as the fixed
end forces), K is a matrix of incremental stiffness coefficients K; (i,j=
1,2,...,n) and u is the parameter of initial loads that are finite rather than
infinitely small and are independent of f. The analysis by the flexibility method
also reduces to a linear matrix equation, but from now on we will consider only
the stiffness method since in the general case it is more easily programmed for a
computer, as discussed in the preceding section.
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If the determinant of matrix K approaches zero, displacements ¥; increase to
infinity and any f;, no matter how small, causes infinitely large displacements
(according to the linearized theory). This represents instability. The behavior is
the same as that obtained for columns. Obviously, the vanishing of the
determinant is the condition of critical load. When f; = 0, the frame in the critical
state is in neutral equilibrium, that is, is in equilibrium for any magnitude of
deflection in the buckling mode. In rectangular frames with negligible axial
extensions, the case f; = 0 occurs when all the loads are vertical and are applied at
the joints (thus causing zero-fixed-end moments), and when no disturbing loads
act at the joints.

Equation 2.3.1 represents a matrix eigenvalue problem, but not of the
standard type because the coefficients K;; depend on u nonlinearly, and u appears
not only in the diagonal terms. The formulation can be modified in various ways
to get rid of the nonlinearity. One way is incremental linearization of K(u). We
select a certain value u, of load parameter u and expand the coefficients K;;(#) in
Taylor series about u,. Truncating the series after the linear terms, we have

K(p)u={Ko+ (1 — po)K;Ju=0 (23.2)

where K, and K, are constant matrices. Premultiplying this equation by the
inverse matrix K;' we get

(C—uhu=0 (2.3.3)

in which C=pu - K;'K, and I=identity matrix. Thus we have acquired a
standard matrix eigenvalue problem, for whose solution efficient computer library
subroutines are available. After solving the smallest root u=pu,, we expand
K;;(n) again around point u, and repeat the entire computation until the results
differ negligibly. This process converges very rapidly.

Another way to get rid of nonlinearity, which does not require iterations but
increases the number of unknowns and leads to a linear eigenvalue problem that
is not of the standard form, consists in subdividing the columns of the frame into
three or more short elements (beam segments). Then the Euler buckling load of
these short elements, Pg, is at least nine-times that of the whole column, Pg,
while the buckling load of the frame is often <Pg and always =4Pg. Thus the ratio
p = P../P; for each member may be expected to be small (always less that 4 and
typically about 0.1). In such a range the graphs of s, sc, etc. (see Fig. 2.2a) are
nearly linear and a linearized expression, corresponding to the linear part of the
Taylor series expansion about p =0, may be used for functions s, sc, s*, and §.
From Equations 2.1.12 and 2.1.18, we have

C (B een B (R
d 15 \P; 30 \P,

i/ P . 6 P
S L
§=6 IO(PE) d 57 \p:

Substituting the values from Equations 2.3.4 into Equation 2.2.7, we obtain
K=K +K° (2.3.5)

(2.3.4)

where K¢ is the linear elastic stiffness matrix of the beam at no axial force and K°
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represents the so-called “‘geometric stiffness matrix,” which is given by

0 0 0 0 O 0
6 _L 4, .6 _1
5 10 5 10
22 l e
P padl L _E
K°=-7 5 % 10 30 (2.3.6)
0 0 0
svm 6 4
ym. 5 10
212
h— 1—5- —

The geometric stiffness matrix is also called the “initial stress matrix” or the
“load-geometric matrix,” because it depends both on the initial load and on the
geometry of the structure. See also Chapter 10, Equations 10.1.32 and 10.1.33
and Chapter 11, Equation 11.8.8.

Note that the subdivision of beams into a number of shorter elements provides
also one way of treating a beam of variable EI or variable P (P can vary due to
own weight). For a sufficient number of elements, a smooth variation of EI (or P)
may be replaced by a stepwise variation of EI (or P) (Fig. 2.16), thus enabling
the use of beam elements of constant EI and constant P, as developed before.

Still another effective method of solving Equation 2.3.1 is as follows. We
select one of the displacement parameters, u,, such that we do not expect u; to
be negligible as compared with max |%;| in the buckling mode. Then we replace
the kth equation by the equation x, =1 (which can be visualized as imposing a
unit displacement upon the frame). Thus, the system of equations becomes
nonhomogeneous and, choosing a certain value of u, it can be solved. After
solving it, we evaluate O, = K,;u;, which represents a force needed to produce
displacement ;. Now, Q, can be regarded as a function of u, and the problem is
to find the smallest z which yields Q; =0 (i.e., the smallest u for which the force
needed to produce the displacement is zero and the frame is in neutral
equilibrium). This can be accomplished by choosing various values of u and
applying Newton’s regula falsi method. A subroutine which implements the above
algorithm is given in BaZant (1974); see also BaZant and Estenssoro (1979). Using
this method, buckling of frames with as many as 2000 displacement unknowns has

-
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Figure 2.16 Column subdivided into elements of shorter length.
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use a nonlinear optimization subroutine, such as that for the Levenberg-
Margquardt algorithm, to minimize the sum of Q3 as a function of p.

As we might expect, Equation 2.3.5 is the same as that used in the finite
element method, and we now outline its well-known derivation. Since, as it
appears from Equation 2.3.6, the terms which refer to the axial deformation are
not affected by the second-order theory, we will consider only lateral displace-
ments w and rotations ¢ =w' of the axis of the beam. In the finite element
method the stiffness matrix is normally derived from the principle of virtual work,
whose statement can be obtained directly from the differential equations of
equilibrium (Eqs. 1.3.2) by integration over the length of the beam

y] !
J(V’+p)6wdx+] M +V+Pw)éw' dx=0 (2.3.7)
0 0

where éw(x) is any continuous and differentiable function representing virtual
displacements. One may now substitute ¢ = dw’, integrate by parts the terms
which contain V' and M’, and denote as R, the values of V and M at the two
ends of the beam and as &r, the corresponding virtual (generalized) displace-
ments. This yields the following relation, representing a statement of the principle
of virtual work:

! ! !
JM&IJ’dx—I Pw’6¢dx=]p6wdx+2Rk6rk (2.3.8)
o o o k

Let us now introduce the approximation w =N"u where N7 is a column
matrix of interpolation functions and u is a column matrix of joint displacements
(see, e.g., Gallagher, 1975). We then have w’=CTu, where C;=dN,/dx.
Assuming the same approximation for éw, we also have 8¢ =C” Su and
8¢’ =B” du where B; = d>N,/dx?. Substituting these relations together with the
constitutive relation M = EIw” = EIB"u into the left-hand side of Equation 2.3.8,
one obtains the expression du’Ku in which

K=JBEIBde —PJCCde=K‘+K". (2.3.9
f f

Using a vector of shape functions N corresponding to a cubic approximation of
the displacement distribution, w =ag+ a,x + a,x*> +asx> (see, e.g. Gallagher,
1975), one obtains for K° and K’ the same matrices already introduced in
Equation 2.3.5. So we verify that both approaches are equivalent.

The fact that a cubic parabola yields exactly the same s and ¢ when P/Pg is
small can be verified by developing in Taylor series the sine and cosine functions
which appear in the exact deflection curve (Eq. 1.3.6). One has sinx =x —
x}/6+---, cosx=1—x%/2+---, and we therefore see that a cubic polynomial
approximates the deflection curve as closely as desired if P is small enough.

Problems

2.3.1 Solve the critical load of the beams in Figure 2.17a, b, ¢, d using one beam
finite element (with stiffness matrix given by Eq. 2.3.5). Calculate the
percentage error with respect to the exact solution.
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Figure 2.17 Exercise problems on finite element solutions of critical loads of structures.

2.3.2 Same as Problem 2.3.1, but use two finite elements of equal length.

2.3.3 Solve the critical load of the continuous beam of Example 1 in Section 2.2
(Fig. 2.5a) using one finite element for each span. Compare the result with the
exact solution.

2.3.4 Same as Problem 2.3.3, but use two finite elements for each span.

2.3.5 Solve the same example as in Problem 2.3.3, using incremental lineariza-
tion of K (Eq. 2.3.2).

2.3.6 Same as Problem 2.3.3, imposing 6;=1 to one end of the beam and
searching for the value of P that yields a moment M; =0 as the reaction at the
same end.

2.3.7 Solve by finite elements the critical load of the beams in Figure 2.11.

2.3.8 Solve the critical load of the frame in Figure 2.17e: (a) use the matrix in
Equation 2.2.7, plotting the reaction AF caused by imposed displacement
Au=1 as a function of P; (b) use the linearized matrix in Equation 2.3.5,
short beam elements, and a computer library subroutine for eigenvalues.

2.4 LARGE REGULAR FRAMES

Large frames give rise to a large number of unknowns, and this may engender
computational problems. However, they are, in general, regular, and this
regularity may be exploited to greatly reduce the number of unknowns. Consider
a large rectangular frame shown in Figure 2.18. The vertical axial forces in the
columns vary from floor to floor; however, if the frame is very tall, then the
change of axial force from one floor to the next is small, and locally a constant
value of axial load P may be assumed. Similarly, the changes in column

Large number of interior bays
—"—

Same P
assumed

)
Figure 2.18 Large rectangular frame.
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dimensions from floor to floor may be neglected. As an approximation the frame
may be assumed to extend in both the vertical and horizontal directions to
infinity.

Consider first buckling of rectangular frames that are braced against lateral
sway. We consider columns that are remote from the bracing, and we neglect the
axial deformations of all members. Among various possible periodic patterns of
joint locations, the smallest critical value of P will be obtained for the pattern for
which the curvature of the columns is the smallest, that is, the distance between
adjacent inflection points (effective length) is the largest. The pattern of joint
rotations that satisfies this condition is sketched in Figure 2.19a. In this pattern,
the joint rotations, denoted as 6, are all equal and their sign alternates from joint
to joint in both directions. The displacements of the joints are zero. So there is
only one unknown displacement, 8. We need one equilibrium equation, which is
provided by the condition of equilibrium of all four moments acting on one joint
(Fig. 2.19a); M,, + M3 + M;,+ M,5=0, in which the numerical subscripts refer
to the joints as numbered in Figure 2.19a. Expressing these moments according to
Equation 2.1.5, and noting that s,, =54, §;3 = 5,5, we have

2EI 2EI
m0+m;;60=0 m12='7;-2(312'512012) m13=-1£(313"313€13) (2.4.1)
1 13

We may set s;3 =4 and c,3 =0.5 because the axial load is zero in the horizontal
members. Thus, if we assume that the bending rigidity as well as the length of the
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Figure 2.19 Regular buckling modes of large regular frames: (a) nonsway buckling of
interior members (braced frame), (b) sway buckling of interior members (unbraced
frame), (c) nonsway buckling of boundary members (braced frame), (d, e) approximate
models for boundary column buckling.
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horizontal and vertical members is the same, Equations 2.4.1 reduce to
D(P)=sp(1-¢c1p)+2=0 (2.4.2)

Using the iterative Newton method, we find the solution P, = 1.6681Pg.

The foregoing solution applies only if the frame is braced. In an unbraced
frame, a horizontal relative displacement A is possible between adjacent floors.
The smallest curvature of columns and the longest effective length is obtained
when all the joint rotations @ are equal (which also implies the same sign); see
Figure 2.19b. Assuming that the relative horizontal displacements between two
adjacent floors are the same, we have only two unknowns, A and 6. So we need
two equations of equilibrium. One of them is the condition of equilibrium of all
the four bending moments acting on one joint. The other one is a condition of
equilibrium of the entire upper part of the frame above a certain floor, separated
from the lower part of the frame by cutting the columns just below the floor (Fig.
2.19b). Since the deformations at each point are assumed to be the same, the
horizontal shear forces V applied from the columns onto the bottom of the floor
are all the same. At the same time, the sum must be zero since no lateral load is
assumed to be applied. Therefore, their horizontal shear force in each column
must be zero. So we have the following two conditions of equilibrium:

S M=m3,6+m;;0+miA=0

(2.4.3)
S V=k,0+kiA=0

where  my; = (2ELy/1)(512 +512€12), M1z = RELs/li5)(s13+ 513€13), mi;=
—QELy/13,)512, k12=—(QEL,/13,)5,,, and ki, = (EI/l},)st,. Since there are no
axial forces in the horizontal beams, we may substitute 5,3 =4 and c,3 =0.5. For a
nonzero deformation to exist, the determinant of the foregoing two equations
must vanish, which yields the condition

D(P)=25% = s15[6 + 512(1 + ¢13)] =0 (2.4.9)

provided that the bending rigidity and the length are the same for the columns
and the beams. The solution by the iterative Newton method gives the first
critical load, P, =0.577Pg.

It is interesting to check the limits of the critical loads for the sway and
nonsway modes as the horizontal beams become either infinitely rigid or infinitely
flexible. If they are infinitely rigid, I;;— «, then Eq. 2.4.1 for the nonsway frame
yields P, =4Pg. This is the critical load for a fixed-end column, as we expect.
For the sway mode, Equation 2.4.4 yields the critical load P,,, = Pg, which is the
critical load of a column with sliding rotational restraints at the end. If the beam
is infinitely flexible, I;3;—0, Equations 2.4.1 for the nonsway mode yield
P, = Pg, and Equation 2.4.4 for the sway mode yields P, — 0.

We conclude, therefore, that the critical load of a column in a braced frame is
never less than the Euler load, that is, the effective length is never longer than the
floor height. On the other hand, for an unbraced frame the critical load of the
column is never larger than the Euler load, that is, the effective length is never
shorter than the floor height.
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Figure 2.20 Frame with elastically restrained sway.

In the preceding examples we assumed the lateral sway of the frame to be
either perfectly free or perfectly prevented. In most practical frames, though, we
have an intermediate situation in which lateral sway is possible but is elastically
resisted by a shear wall (Fig. 2.20). Denote the effective shear stiffness of such a
wall as K,,, and the number of all columns in a floor as n. Assume that the shear
force V,, = K, A of the shear wall is balanced approximately uniformly by all the
columns. Then the resisting shear force per column is V; = K,,A/n, and this force
must be included in the horizontal condition of equilibrium (adding it to the
left-hand side of the second of Eqs. 2.4.3). (In practice the stiffness of exterior
walls and partition walls may also contribute to the horizontal shear force V;, but
it is on the safe side to neglect this contribution.) This yields for the critical load
(again with the assumption that I,=1I;=1, l;,=1;5=10) the characteristic
equation D(P) = (5,2 + $12€12 + 6)(s12 + K, ,I*/nEI) — 257,=0. As an example,
assuming that K, /n =3EI/P®, the solution of the characteristic equation yields
P, =0.862P.

The preceding solution for braced and unbraced frames may be easily
generalized to slab buildings in which the horizontal beams are replaced by a flat
slab or a slab stiffened by horizontal beams. The stiffness of the slab, just like the
stiffness of the horizontal beam, is not affected by the critical load P. All that is
needed to apply our previous approach is to calculate the rotations ¢ at column
ends when moments M =1 are imposed at all column ends. For a braced
building, the unit moments are applied in an alternating pattern (Fig. 2.21a), and
for the sway buckling of a building that is not braced the applied unit moments
are all of the same sign (Fig. 2.21b). Then one must calculate the rotation ¢

a) no sway b) sway

Figare 2.21 Deformation modes for stiffness calculations in slab buildings.
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caused by these unit applied moments, and the effective stiffness of the rotational
elastic restraint provided to each column by the floor slab is m,; = 1/¢. This value
must then be substituted into Equation 2.4.1 or 2.4.3. Note that moments M
cannot be applied as a concentrated moment applied to a point, because the
plate-bending equation would have a singularity and would yield an infinite
rotation ¢. Therefore M must be applied by an equivalent distributed load over
area A (Fig. 2.21c). This area must be the larger of (1) the cross section of the
column at its end and (2) the area h* where h = slab thickness (this is because the
plate-bending equation does not apply at a scale <h).

The foregoing solutions are applicable only to columns in the interior of a
large regular framework. A different solution is required for the columns at or
near the boundary of the regular framework (Fig. 2.19¢c). This is because the
boundary joints receive only three instead of four moments, and also because the
cross section and load of the boundary columns usually differ from those of the
interior columns.

A simple solution for the boundary columns is possible if a finite number of
bays near the boundary, say, two, are isolated from the rest of the frame. This
may be achieved by inserting either hinges or fixed supports at the joints lying on
the third column line, as shown in Figure 2.19d, e. When hinges are used, the
frame is obviously weakened, and the critical load will be lower than the actual
one, that is, we obtain a lower bound. When fixed ends are inserted, the frame
will obviously be stiffer and the critical load will be obtained larger than the
actual one, that is, we obtain an upper bound. These two bounds are usually close
enough for practical purposes. If closer bounds are desired, the hinges and fixed
ends are inserted at the joints lying on the third rather than the second column
line, or even the fourth one, etc.

Let us assume for all the solutions of boundary column buckling that the
frame is braced. Note also that the axial force in the boundary columns normally
differs from that in the interior columns and may be denoted as kP where k is
some constant give a priori. In the present solutions we assume that k = 1.

Consider first that fixed ends are inserted in the joints on the third column line
(Fig. 2.19d). We denote by 6, the joint rotations of the boundary column line and
by 6, those on the second column line. The moment conditions of equilibrium of
the joints of the first and second column lines are

El, El

T , (2512 — 2515¢,2)0, + 1. 2 (5130, +513¢130) =0
1 13
2.4.5
Ellz EII3 ( )
1. . (2512 — 2512¢12) 62 + _113 (2513602 + 5,3¢136,) =0
1

Then, assuming that the bending rigidities EI and the lengths ! of all members are
the same, the condition of a vanishing determinant of these two equations is

D(P) = (2512~ 251212 + $13)(25 12 — 2512€12 + 2513) — (513€13)° =0 (2.4.6)

where, for the horizontal beams, we have s,; =4 and c,; = 0.5, because they carry
no axial load. From this condition, P, =1.550Pg, which represents an upper
bound on the actual critical load, as already explained.

To get the lower bound, hinges may be inserted just to the left of the joints at
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the third column line (Fig. 2.19¢). So we have three unknowns, the joint
rotations, 6,, 6,, and 6, at the first, second, and third column line. The moment
conditions of equilibrium of the joints on the first, second, and third column lines,
and the condition of zero moments at the hinge, yield a system of three linear

homogeneous equations for 6,, 6, and ;. The determinant of these equations
vanishes if

D(P)= (2512 — 2512€12 + 4)(2512 — 2512612+ 7) ~ (2)* =0 (2.4.7)

Equation 2.4.7, which has been derived assuming that the bending rigidities and
lengths of all members are the same and introducing the condition that horizontal
members do not carry axial loads, yields P, = 1.525P¢. This is a lower bound on
the actual critical load. We see that the upper and lower bounds are sufficiently
close for practical purposes.

An exact solution to boundary column buckling can be obtained easily if the
frame is assumed to extend to infinity away from the boundary, and if the joint
equilibrium equations for all joints j =2 are the same. In this case, the ratios of
rotations of adjacent hinges are constant, that is, 6,/0,=0,/0,=0,/6;=---=
a = constant, or 8, =a6,, 6;=a@,. The reason is that for joints j =2 the joint
equilibrium equations represent difference equations with constant coefficients,
the solutions of which have the general form 6, = Ae” where j=2,3,4, ..., and
A, A are, in general, complex constants (e.g., Wah and Calcote, 1970; and also
Sec. 2.9). Consequently, the moment conditions of equilibrium of the boundary
joints and of the first joint behind the boundary have the form:

A|9|+A2(a9|)=0 B|9| +Bz(a9|)+B3(a29|)=0 (2.4.8)

in which A,, A,, B,;, B,, and Bj; are expressed in terms of stability functions s
and c of the members and depend on axial load P, as well as kP. Canceling 6,
and eliminating a from these equations we get the condition

D(P)=B BA'+B(A')2—0 2.4.9
(P)=B-B, !+ B (1)) = (2.4.9)
To determine the critical load, we need to find the value of P for which this
expression vanishes. If the bending stiffnesses and lengths are the same for all
members and the boundary column is subjected to the same axial load as the
other columns, we find in this manner that P, = 1.525P, a value which happens
to coincide with the lower bound that we obtained before (but this would not
happen, e.g., if the boundary column had a different bending rigidity or were
subjected to a different axial force).

By siinilar reasoning one can find the critical load for a boundary column in an
unbraced frame.

One might be tempted to assume, for the sake of simplicity, that the buckling
of a regular frame (Fig. 2.22a) is equivalent to the buckling of a single column
elastically supported at the ends by springs of constant stiffness (Fig. 2.22c), the
springs modeling the resistance of both the adjacent columns and beams.
However, this is incorrect, since one ignores the fact that the adjacent columns
are in fact axially loaded and, consequently, their stiffness is a function of the
unknown axial load and becomes zero for P = P,.. Springs can replace only the
action of the adjacent beams without axial forces.
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Figore 2.22 (a) Buckling of a regular frame; (b, c, f) schemes for approximate buckling
analysis; (d) flexible joints; (e) inelastic deformation of joint; (g) corner column buckling.

On the other hand, it is certainly possible to replace the action of those parts
of the frame that are not subjected to axial loads by equivalent springs. Thus it is
possible to replace the horizontal beams in the regular frame (Fig. 2.22a) by
rotational springs as shown in Figure 2.22b. This means that the problem of
buckling of braced frames is equivalent to the problem of buckling of an infinite
continuous beam. (See Probs. 2.2.13 and 2.4.6.)

One aspect that we have so far neglected is extremely important for practical
applications. In most frames, the joints are not perfectly rigid but flexible, that is,
the ends of the beam column can rotate with regard to the joint (Fig. 2.22d). This
means that one must introduce an effective rotational spring at each end of the
beam-column to take the deformability of the connection into account (and
possibly a shear spring needs to be introduced as well). One must then distinguish
between the rotations of the ends of the beam-column and of the joint, and add
to the system of equations the spring deformation relations involving these
rotations. Otherwise the formulation of frame-buckling problems is the same and
may be based on the stability functions s and ¢. Many practical examples of the
buckling of frames with elastic connections, as well as tables of critical loads, have
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been worked out by Fift (1964,1974), whose work was mainly intended for
frames assembled from precast concrete members.

A further complication, however, often arises, due to inelastic behavior of the
connection. All joints, including welded ones, undergo some limited plastic
deformations (Fig. 2.22¢) and in riveted or bolted joints frictional slip may also
take place. One consequence is that cyclic lateral loads of steel building frames
cause moment redistributions such that the bending moments in beams at the
column joints due to vertical lodds become almost zero. The problem then is how
to determine for buckling analysis the initial bending moments and the effective
elastic constants relating the rotations of the beam and of the column at the joint.
For detailed analysis, see, for example, Ackroyd and Gerstle (1982, 1983), and
Moncarz and Gerstle (1981).

Problems

2.4.1 Calculate P, for a regular frame in which the sway is resisted by an elastic
shear wall of shear stiffness K,, (see Fig. 2.20). Do the calculations for various
values of K, such that K,,I°/nEI =0.1, 0.5, 1, 2, 4. Check that 0.577P < P,
(Note that the bound 1.668F will be exceeded for sufficiently large K,
because the buckling mode assumed does not approach the buckling mode for
no-sway frames, causing the present critical load to become the second rather
than the first critical load. Also note that for plotting P, versus K,, it is easier
to choose various values of P/Pg and calculate the corresponding K,, than vice
versa.)

2.4.2 Solve P, from Equation 2.4.6. (Answer: P, =1.55P¢.)

2.4.3 Find the lower bound on the critical load at the boundary of a regular
frame, assuming the same given data as in the text but the hinge is inserted at
the joints of the third column line (see Fig. 2.19¢). (Answer: P, =1.52P¢.)

2.4.4 Same as Problem 2.4.3, but assume the frame to extend to infinity to the
right and obtain a solution of the type 6;=Ae” for j=2,3,4,... (A, A=
complex) using the difference calculus. Compare the result with Problem
2.4.3.

2.4.5 Solve P, from Equation 2.4.9.

2.4.6 Isolate an interior column from a regular frame by replacing with springs of
constant C the restraint against rotation furnished at the joint by the adjacent
floor beams (in which the axial force may be assumed to be negligible) (Fig.
2.22f).

(a) Consider the case of no sway (C, = =), What would you assume for the
value of C? Then, assuming C =2(2EI)/l, would you find the same value as
P.. given by Equation 2.4.2 (for the case when the bending stiffnesses and
lengths of the horizontal and vertical members are the same)? Explain.

(b) Consider the case of an elastic restraint against sway (C,/*/EI =0.1, 0.5,
1, 2, 4). What value would you assume for C? Compare with the results of
Problem 2.4.1.

2.4.7 Solve P, for the corner column buckling in Figure 2.22g, in which the joint
rotation decays both in the horizontal and vertical directions. Formulate the
equilibrium condition for interior joints relating 6 ; to Gx_y ), Ox+1j Orj—1,
and 6, ;+,, as well as the conditions for the boundary joints k =1, j=2, and
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k=2, j=1, and the corner joint k =1, j=1. For j =2, k=2 they represent
partial difference equations with constant coefficients and may be solved by
6y, = Ce“e® where a, b = complex constants (these difference equations are a
special case of Egs. 2.9.1 for zero axial extensions); for j=1, k=2 the
solution has the form 6, ;= Ae¥, and for k =1, j==2, 6,, = Be* where 4,
x = complex constants (A, B, C = arbitrary complex constants).

2.5 POSTCRITICAL RESERVE IN REDUNDANT TRUSSES

In statically indeterminate structures, buckling failure of one member does not
usually mean collapse. The axial forces redistribute, and the loads may then be
further increased until another member fails by buckling, and so forth until
eventually so many members buckle that the whole structure collapses. Thus,
statical indeterminacy generally endows structures with an additional reserve
strength that is not available in isolated columns.

Example of a Statically Indeterminate Truss

The simplest case to analyze is a statically indeterminate truss. Consider the
example of the truss in Figure 2.23a. All the members are assumed to be
pin-ended and of the same cross section. If we analyze the truss by the force
method, considering, for example, the force in member 23 as redundant, we note
that members 23 and 36 have the highest axial compression, P,; = kP, where
k=(2+V2)/(2+2V2). When the load P reaches the value P,=Pg, /k, Pg,
being the Euler load of member 23, the member buckles. In the posteritical
behavior after buckling, the deflection of member 23 increases at approximately
constant axial force (Fig. 2.24a), and so the length of member 23 can decrease
quite substantially without any significant change in the axial force P»; carried by
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Figure 2.23 Postcritical behavior of a truss (a, b, ¢) and its load-deflection diagram (d).
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Figure 2.24 (a) Limited analogy between yielding and buckling of a column; (b) buckling
mechanism; (c, d, €) truss examples for problems.

this member (Fig. 2.23b). This behavior is quite similar to plastic yielding (Fig.
2.24b) of the member in compression, Pg,, being imagined as the yield value of
the normal force. After members 23 and 36 buckle, which occurs simultaneously,
the truss can be treated as a statically determinate structure since the forces in the
two buckled members are constant and known. Stress analysis of this statically
determinate truss shows that an equal axial compression next occurs in members
13, 35, 12, and 56; its value is P, =(1—k/V2)P, + (P — P,). The frame then
becomes a mechanism. It continues to deflect at constant load and its stress state
remains the same. Since, due to symmetry, the mechanism has four degrees of
freedom, the ratios of the shortenings of members 13, 35, 12, and 56 are
indeterminate and are left to chance. But that has not effect on the load-
deflection diagram. (In reality, though, only one member is likely to shorten, due
to inevitable small random differences between these members.)

The load-deflection diagram of the truss is sketched in Figure 2.23d. It consists
of straight-line segments of different slope, and the changes in slope correspond
to the attainment of critical loads in individual columns.

Generalization and Limit Analysis Method

From this example, it is evident that significant redistributions of internal forces
can take place in statically indeterminate structures. This problem has been
studied in detail by Masur (1954). Since the behavior of the buckled column is
about the same as axial yielding of the column, one may use the methods of limit
analysis known from plasticity. In particular, the lower and upper bound
theorems can be applied. It should be pointed, however, that the shake-down
theorem for cyclic loading does not apply because the deformation of a buckled
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elastic column upon loading is reversible (as long as no inelastic deformations
take place), while the deformation of a yielded column is irreversible (see Fig.
2.24a).

Buckling of some compressed members may be combined with tensile (or
compression) yielding of other members. Elaborating further on our preceding
example, suppose that while the compressed diagonal buckles, the tensile
diagonal fails by yielding (Fig. 2.24b). Then, by equating the work of external
forces and the work of internal reactions for the limit load F (W,, = W,,,), one
obtains FL¢ = P.L¢/V2 + P..L¢/V2, where P, and P, are the critical load of
member 23 and the yielding axial force in member 14, respectively. The result is
F=(P,+P)V2/2.

In practice, the designer cannot always take advantage of the plastic-like force
redistributions due to buckling of individual members. Often the deflections
associated with such buckling may be too large. Or for some structures such as
bridges the major loads are repetitive, in which case repeated buckling would
arise, which cannot be permitted because of fatigue of the material. Frequently,
too, the member may enter a softening regime, in which the axial load descends
at increasing shortening (see Secs. 8.2 and 8.7).

It must be emphasized, however, that the foregoing solution becomes
insufficient for large deflections for which the member can develop force P
significantly higher than Pg. See the discussion of postcritical reserve in Sections
1.9 and 5.9. Then a nonlinear incremental loading analysis of the truss is

required. This case can be practically important only for very flexible (slender)
members.

Order of Approximation

It is helpful to realize what is the order of approximation in this analysis. The
classical bifurcation buckling of columns at small deflections (Sec. 1.1-1.8,
2.1-2.4) is called the second-order theory because it takes into account bending
moments M = P.w. In terms of displacements w, this represents the first order of
approximation. For large-deflection buckling of the members of a pin-jointed
truss, we have P = P.(1+cw?) where c = constant, w = deflection (Eq. 1.9.12).
The bending moments are M = P..(1 + cw®)w, and because of the term P, w? this
formulation may be called the fourth-order theory, although in terms of w the
formulation is of the third order.

One is now tempted to ask: Would it suffice to use a third-order theory, that
is, a second-order approximation in terms of w?? The answer is no. The
second-order terms cancel out for a symmetric problem such as a pin-jointed
column. In frames, however, this need not happen since nonsymmetry is possible.
Then it suffices to use a third-order theory (i.e., a second-order approximation in
w). Such an analysis is quite different, as we see next.

Problems

2.5.1 With reference to the example of Figure 2.23, find the values P, and P, of
the truss load that correspond to the buckling of members 23 and 21.
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2.5.2 Solve the limit load of the trusses in Figure 2.24c,d, and e assuming the
same Pg for all members but no yielding. Determine the sequence of buckling
of the members.

2.5.3 Solve the truss in Figure 2.23 assuming that the height of the truss is not {
but the diagonal has a 30° slope. (In that case the truss becomes a
two-degree-of-freedom mechanism when member 12 buckles.)

2.5.4 Solve the maximum load of the truss in Figure 2.23 assuming that
Pg,,= Pg,,= Pz, =1.01Pg,,. (In that case the truss becomes a single-degree-of-
freedom mechanism when member 12 buckles.)

2.6 POSTCRITICAL BEHAVIOR OF FRAMES

The limit analysis as we described it in the preceding section applies only to
pin-jointed trusses, in which there are no bending interactions among the
members of the truss and each member buckles independently as the Euler
column. Rigidly jointed frames, however, exhibit more intricate behavior. It
appears that for large deflections the equilibrium value of a load is affected by the
incremental shear forces and by the axial shortenings of members resulting from
their deflections. The incremental shear forces induce axial force changes in the
adjoining members meeting at an angle, thereby modifying their bending
stiffness. These effects are second-order small if the deflection is small. Yet they
are of a lower order than the large-deflection effects in columns, and therefore
more important.

This behavior leads to a new phenomenon we have not yet discussed, called
asymmetric bifurcation. In such a bifurcation, the initial postcritical response is
characterized by a plot of load versus deflection of a perfect frame and does not
have a horizontal slope; rather it has a finite inclination. This phenomenon
distinguishes frames in general (as well as shells) from typical columns,
continuous beams, and pin-jointed trusses. It causes sensitivity to imperfections,
manifested by the fact that an imperfect frame has a smaller maximum load than
the perfect frame.

L-Frame of Koiter and Roorda

For the sake of illustration, consider the L-frame shown in Figure 2.25. In their
famous, and by now classical, papers, Koiter (1967) used this example to
illustrate asymmetric bifurcation and Roorda (1965a, b) confirmed Koiter’s theo-
retical predictions by experiment. Koiter’s analysis was based on power series
expansion of the potential-energy expression for the structure, which provides
complete information for both equilibrium states and their stability. Roorda and
Chilver (1970) showed a different method of analysis, which was based solely on
equilibrium equations and employed the perturbation method with power series
expansions. Although their method does not deal with stability of equilibrium
states, it yields all the information needed for practical purposes, and was shown
by Roorda and Chilver to agree with Koiter’s previous solution. The previous
solutions, however, still have certain shortcomings; (1) they rely solely on
mathematical manipulations and do not provide much insight as to the source and
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Figure 2.25 Koiter-Roorda’s L-frame: (a) buckling to the left; (b) buckling to the right; (c)
neutral equilibrium at P = P, for perfect frame (and small 0).

mechanism of the imperfection sensitivity; and (2) they are relatively complicated
because the nonlinear differential equations are integrated directly, without
exploiting the existing powerful matrix method for frames.

A simplified method for nonlinear postcritical analysis of frames has recensly
been presented by Kounadis (1985) and illustrated by the example of Koiter-
Roorda’s L-frame. This method relies on direct integration of the differential
equations for the deflection curves of members and is approximate since it
achieves simplification by relaxing in a certain intuitive manner the compatibility
conditions at the joints. We will present here a relatively simple method that, by
contrast, does not require integration of differential equations as it utilizes the
stiffness matrices with stability functions, is asymptotically exact, and gives
information on the magnitude of contributions to imperfection sensitivity from
various mechanisms (BaZant and Cedolin, 1989).

In the frame in Figure 2.25, the bars have equal uniform bending rigidities E1,
and the ratio of their lengths is 8. The vertical load P is applied at the corner with
a small eccentricity e. The deformation of the frame is characterized by rotations
8, 6,, and 68, (Fig. 2.25a, b). The column and beam are assumed to be so slender
that their first-order axial shortenings due to axial forces are negligible.

The deflections w produce second-order axial shortenings of the column and
the beam. They are second-order small in terms of w or @ and cause joint
displacements u® downward and v® to the right (Fig. 2.25a, b).

Due to these displacements, buckling of the column to the right (Fig. 2.25b)
produces an incremental shear force V? in the beam which tends to make the
axial compression force P° in the column larger than the applied load P. On the
other hand, for buckling to the left the shear force V? is of opposite sign and
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tends to make P° less than P (Fig. 2.25a). This favors buckling to the right.
Second, buckling of the column to the right (Fig. 2.25b) produces a smaller
curvature of the beam than buckling to the left (Fig. 2.25a) (since for both cases
the joint moves down and to the right). This, too, favors column buckling to the
right (Fig. 2.25b). Third, buckling of the column to the right (Fig. 2.25b)
produces an incremental shear force in the column which translates into a
compressive force in the beam, lowering its stiffness, while buckling to the left
causes a tensile force in the beam, increasing its stiffness. This again favors
buckling to the right.

So we see that the response does not exhibit the same symmetry that is found
for centrically loaded perfect columns, which are equally likely to buckle left or
right. This asymmetry is manifested in the load-deflection diagram of imperfect
columns and has an important consequence: It causes the maximum load to
become less than P.,. We will demonstrate it.

Taking u® and v'? into account but still considering small deflections, we
obtain from Equation 2.1.17 the following moment equilibrium condition of the
joint (Fig. 2.25):

El _ (P El u?
T[sc0+sccc02—s ( )] ﬂl [s,,0+s,,c,,03+s,,(ﬂl):|=—Pe (2.6.1)

where s., ¢., and 5. are functions s, ¢ and § for the column, depending on
p° = P°/Pg (P° = axial compressive force in the column) and Pg = Euler load of
the column; s,, ¢,, and §, are functions s, ¢, and § for the beam, depending on
p® = P?/P% (P® = axial load of the beam and P% = Euler load of the beam).

The moment equilibrium conditions at hinges 2 and 3 yield 5.0, +s.c.0 —
5.P/1=0 and 5,05+ 5,¢,0 + 5,u®/Bl =0. Expressing 6, and 6; from these
conditions and substituting them into Equation 2.6.1, one obtains

(l—c,,)]0+sc(c —1)( m)+ﬂ(1_ ,,)( ‘2’) Pel

5 o)~ " E (2.6.2)

El
The horizontal and vertical equilibrium conditions for the joint (Fig. 2.25) can
be written as

[ (1 —c2)+

=Ve —Esc(l )6 (2.6.3)
and

PP=P-V® Vb= (Bl)z sp(1—c2)0 (2.6.4)
where V¢ and V? are the shear forces in the column and the beam (Fig. 2.25). In
the calculation of V¢ and V?, higher-order terms have been omitted since the
validity of our theory is limited to small displacements.

Let us now determine u® and v®. Small deflections of the members of the
frame may be expressed as w = 6f.(x) for the column and w = 6f,(x) for the
beam, where x is the axial coordinate of the column or beam measured from the
jomt fi(x)=A,sinkx + B.coskx + Cx + D,, k=24./l, A, =xVp°, and f,(x) =
Ayx®+ B,x* + C,x + D,. The expression adopted for f,(x) is a cubic parabola,
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which is exact for P =0 and is always a sufficient approximation for the present
since P® (unlike P°) is small (this will be confirmed later). The constants A,
B., ..., D, are determined from the conditions w =0 and w’' =1 for x =0, and
w=0, w'=0 for x =/ or x = B, where the primes denote derivatives (here with
respect to x). This yields A, =1/(sinA,—A.cosd.), C.=—(A./l)sini., B.=
D.=0, A,=-C,/I?>, C,=%, B,=D,=0. Since the beam axis may be con-
sidered to be inextensible during buckling (as the axial force change is negligible)
we have u® or v®=[(1-cosw')de=[[1—(1—-3w?)]de=[3iw?dx.
Consequently, for small 6,

4
uO=n6®  no=| HfoFds (2.6.52)

Bl
v® =1,6° M= j %[f,',(x)]zdx (2.6.5b)
0

where coefficients 7, and 1), are positive. Their values are found to be 9, =0.18!
and 7. =A2%(2A2+ A, sin2A, — 4 sin® .)/8l. Substituting Equations 2.6.5a, b into
Equation 2.6.2 one gets

[sc(l -+ % (1- ci)]o + [sc(cz - 1)(1’12) +5,(1— ci)(%)]oz =- ;—ell
(2.6.6)

It is clear that if we would correct the deflection shapes f.(x) and f,(x) by
taking u®, v® into account, we would introduce into Equation 2.6.6 only terms
whose order is higher than 8% but would not change the terms with 6 and 6>
Also note that since P®=0 for =0, the consideration of P®+#0 in the
expression of f,(x) would add a term proportional to 8 in the expression of 7,
(Eq. 2.6.5b), which would translate into a higher-order term in Equation 2.6.6.

Equations 2.6.3, 2.6.4, and 2.6.6 represent a system of five equations relating
6, P, P®, P, V®, V. If P®, P%, V®, V° are eliminated, one gets the relation of P
to 6. For a convenient calculation of the curve P(0), one may choose a series of
closely spaced increasing values of P°. For each P*, one evaluates s, and c.. Then
using approximately the previous rather than current value of 8 in Equation
2.6.3, one solves from it P® and then evaluates s, and c,, upon which one solves
two values from Equation 2.6.6 (a quadratic equation), giving different portions
of the P(8) curve. Accuracy could be improved by iterating the procedure with
the latest value of 8 used in Equation 2.6.3 but this is not necessary if the chosen
P¢ values are very closely spaced.

The curves P(8) are plotted in Figure 2.26a for various values of relative
eccentricity e/l. As expected, for e >0 the rotation 6 is negative. A crucial fact to
note is that, for e >0, the curve P(0) has a maximum, while the curves that are
obtained upon neglecting u® and v® (dashed in Fig. 2.26a) do not. As a limit
case for e =0, we obtain the initial postcritical response of the perfect system.

Second-Order Solution of the L-Frame

As already shown, the foregoing solution has only second-order (quadratic)
accuracy in 6. Therefore, any simplifications that preserve the second-order
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Figure 2.26 (a,b) Curves of load versus rotation; (c) curve of load versus load-point
displacement; (d) imperfection sensitivity diagram.

accuracy are admissible and cause no error. To this end, we expand all the
variables in Equation 2.6.6 into a power series with respect to 6 about the critical
state (¢ =0). Then we discard all the terms of powers higher than 6%, that is, we
solve Equation 2.6.6 with second-order accuracy in 6. Since we are expanding all
the coefficients about the critical state, we evaluate them for the critical state
(onset of buckling, 8=0). At that state, u@=vP=0, P=PFP,=P° and
V?® =V°=0. Using power series expansions for functions s and c (see Dean and
Ugarte, 1968, and Eq. 2.1.12), the second-order approximations for s, and c,
near the critical state are

2% (P? 1 3 (:z’-) (P")
=4—-—|= ==t —=)| = 2.6.7
=4 15(Pg) =27 8\15/\Pt (267)
because P® =0 at the critical state.
The approximation for P® as a function of 6 can be obtained from Equation

2.6.3 but it can be more directly reasoned from the fact that, at the onset of
buckling, the joint is in a state of neutral equilibrium (Fig. 2.25c). Therefore, the
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moment acting on the column must be equal to the moment acting on the beam,

which equals 3EI/BI because initially P* = 0. Then, using Equation 2.6.3 one may

calculate the shear force in the column:

3EI

Pb=Vc=—F0, pb=—b=——0 (2.6.8)

From this it appears that P® >0 (compression) if # <0. So we conclude that the

change of beam stiffness also contributes to the initial downward slope for 6 <0.

Substituting p® from Equations 2.6.8 into Equations 2.6.7 and then s, and ¢,

into Equation 2.6.6, and neglecting terms that contain powers higher than 6%, we
obtain

20+ E62=0 (2.6.9)

where x =s.(1—c2)+3/B and & =s.(c2— 1)n,/1 +3n./B% +3B/5. Coefficient x
depends on p° = P°/Pg. For P close to F,

X=Xt (P°—Fy)x'  with ' =dyx/dP* (2.6.10)

Now x =0 for P = P,,, and so x., = 0. (The reason is that at the onset of buckling
all the second-order terms in Eq. 2.6.6 or 2.6.9 disappear.) This condition also
gives the critical load of the perfect frame: P.. = p_ Pg, in which p¢, =1.407 for
B =1. The value of x' = (dx/dp°)/ Pt is evaluated at p¢ = P, /Pg, and it may be
noted that y'<0. In view of Equation 2.6.4 we have y=yx'(P-V®—-P,).
Taking into account Equations 2.6.7 and neglecting third-order terms in 6,
Equation 2.6.8 becomes

P=P.(1+ab) (2.6.11)
in which

-kl S S
“TErR "TsenR ®TEoR ¢0P
Note that in writing Equation 2.6.11 we neglected the increment A§ = (P° —
P.)E' because (P°— P.) is a small quantity, which would be multiplied by 6>
when substituted in Equation 2.6.9, and thus it would yield a third-order small
term. In Figure 2.26b, Equation 2.6.11 is represented by a straight line of slope a,
which is very close to the solution we previously obtained from the full equation
system for e = 0 (and is asymptotically, i.e., for 8 — 0, the same).

There are three terms that contribute to the siope dP/d@: (1) the stiffness
change of the column caused by its axial force change due to the vertical shear
force transmitted to it from the beam (term a,); (2) the stiffness change of the
beam caused by its axial force change due to the horizontal shear force
transmitted to it from the column (term a,); and (3) the displacement of the
corner due to axial shortenings of the beam and column caused by their
deflections (term a;). Note that in a symmetric frame the shear forces represented
by a, as well as a, would be canceled by the shear force from the opposite
member, and term a; would vanish also if the joint displacement is precluded by
symmetry.

The diagram of load versus load-point displacement u (1 = u®) at e = 0 (Fig.
2.25) is obtained, according to Equation 2.6.5a by substituting 8@ = +Vu/n, (with

a=a,+a,+a,
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1. evaluated for P° = P,), that is,

P= Pc,(l iv‘fiv&) (2.6.13)

Equation 2.6.13 is plotted in Figure 2.26c.

For small values of ¢ and 8, and for values of P° not too different from P.,,
introduction of the approximations in Equations 2.6.7, 2.6.8, and 2.6.10 into
Equation 2.6.6 and elimination of higher-order terms in 8 provides

1+a0 . e n? e
P= P“[m] with a = El(—7') = (—dx/dp°) (1) (2.6.14)

where « represents a nondimensional imperfection. Figure 2.26b compares the
solution of the full second-order nonlinear system of Equations 2.6.3-2.6.6 to the
simplified second-order solution (Eq. 2.6.14). We may observe that for very small
imperfections (e/! =0.0001, e/l =0.001) these two second-order solutions agree
closely. For stronger imperfections this is not so, mainly because P is no longer
close to P.,.

Imperfection Sensitivity

In Equation 2.6.14 we may now introduce the expansion 1/(1-a/0)=1+
(a/0)+ («/6)*+ - - - and assume that 6 >> a at maximum load. Then, neglecting
in the resulting expression all higher than linear terms in 8, we get

P a

Er—1+5+a(0+a) (2.6.15)
Setting dP/d6 =0, the value of 8 at maximum P is obtained as 6,,= —Va/a
(only the negative root is of interest because we know the column deflects to the
right). Substituting this into Equation 2.6.15 we obtain P,,/P,=1-2Vaax —aa,
and for small imperfections o we have

Prax= P..(1 — 2Vaa) (2.6.16)

Equation 2.6.16 is plotted in Figure 2.26d.

It is important to note that after reaching the critical state the load declines
with increasing deflections, that is, the structure exhibits softening. The diagram
of load P versus rotation (—8) begins to descend with a finite slope P..a (Fig.
2.26a). On the other hand, the diagram of the load versus the associated
displacement, that is, the axial load-point displacement u, begins to descend with
a vertical slope (Fig. 2.26c¢).

The postcritical behavior we just illustrated is generally called asymmetric
bifurcation, since the equilibrium path P(8) or P(u) at the critical point
bifurcates in an asymmetric manner (symmetry would require a horizontal slope
at P..). An important consequence is that the imperfect column has a maximum
load P,., that is less than P.. The larger the imperfection, the smaller is Py,
(Fig. 2.26d). (Note that ACI requires the columns to be designed for approxi-
mately e >0.01/ even if the load is supposed to be centric.) Applied loads in
buildings can often cause e to be as large as 0.3/ or more.
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The validity of Equation 2.6.16 where a is the initial slope, and especially the
fact that P,,, declines in proportion to Ve (o = imperfection), is not limited to
this example. It represents the famous half-power law of Koiter (1945) (Sec. 4.6),
which applies generally to all asymmetric bifurcations. This law implies a rather
severe sensitivity of the maximum load to the magnitude of imperfection, the
severity being manifested by the fact that the curves in Figure 2.26¢c, d start to
descend with a vertical tangent (for imperfection-sensitive structures for which
the bifurcation is symmetric, Koiter derived a %-power law, P, — P = a*?,
which is less severe than o'?).

The frame we analyzed was tested by Roorda (1965a, b). Figure 2.27 shows
his test results for two different eccentricities e, which are above and below the
value e, that offsets the geometric imperfections of the model (adjustment of the
theoretical curve by horizontal shift in Fig. 2.27b is necessary due to inevitable
imperfections of the experiment). The same figure also illustrates the results of
the theoretical calculations of Roorda and Chilver (1970). They found the initial
slope of the load-rotation curve to be (dP/d6)/P.=0.381 (at 6=0), which
agreed with Roorda’s experimental results (see Fig. 2.27a). The present
calculation gives a =0.379, which might be more accurate since the present
method is more direct.

If, for example, ¢ =0.01/, then o =0.00871, and Equation 2.6.16 with
a =0.379 yields P, =0.885P,, that is, P drops by about 12 percent below P.,.
Calculation of this kind of drop in P,,. has not been the practice in the design
of frames.

Generalizations and Implications

To generalize the foregoing procedure to arbitrary frames one needs to consider
second-order joint displacements due to lateral deflections and the second-order
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Figwre 2.27 Experimental results of Roorda compared to theory.
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changes of the stiffness coefficients due to second-order changes of the axial
forces in members. The solution may be expected to lead in general to a system
of quadratic equations.

In some frames such as the symmetric portal frame in Figure 2.28c, the axial
shortening of columns meets with no resistance and the incremental shear force
for asymmetric buckling in the horizontal beam has no effect on the sum of
vertical loads. The bifurcation is, therefore, symmetric, and neutral equilibrium
exists at the critical state (for small deflections), just as it does for columns and,
obviously, also for continuous beams. However, if the portal frame columns have
different lengths or different stiffnesses (Fig. 2.28d, ¢) or different axial loads,
their axial shortenings u; and u, are different and cannot be freely accommod-
ated, and the incremental shear force in the horizontal beam affects the sum of
the loads. Then the bifurcation is asymmetric. For frames the symmetric
bifurcation is in fact an exception rather than a rule.

The redundancy of the frame per se is not the source of asymmetric
bifurcation. For example, the two-bar frame in Figure 2.28a, b, which is statically
determinate and is obtained from our previous frame by replacing the upper
hinge support with a simple support, must also exhibit asymmetric bifurcation.
Indeed, the column buckling to the left (Fig. 2.28a) meets in this frame also with
less resistance than buckling to the right (Fig. 2.28b) since it produces less
curvature in the horizontal beam, due to the fact that the vertical column shortens
in proportion to 62

Asymmetric bifurcation is also exhibited by columns if the sliding plane of a
simple support is misaligned with the beam axis (see Probs. 1.5.3 and 2.6.7).
Since very small misalignments are inevitable, a small bifurcation asymmetry
must be always present.

Order of Approximation

We should be aware of the order of approximation in the foregoing solution. The
highest-order terms that are contained accurately in the equilibrium equation
(Eq. 2.6.2) are of the second-order in rotation 6. Together with the load, the
highest-order term in Equation 2.6.2 is P8?, which is proportional to Pw?. So, in
view of the fact that M = P.w is called the second-order theory, the present

a)P

d) Less resistance

Ly

Figure 2.28 Frames exhibiting (a,b,d,e) asymmetric bifurcation, (c) symmetric
bifurcation.
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approximation (which is of the second order in deflections) can be called the
third-order theory.

Note that the power series expansion of beam curvature, which reads
1/p=w(1+w?2=w"(1-3w?+Yw"—.-.), lacks the second-order term
w"w’. The first term beyond the linear term w” is the term w"w'2, which is of the
third order, and so it affects in the joint equilibrium condition only terms of order
6° but not of order @2 It is for this reason that the second-order axial shortening
can be calculated from the first-order deflection solution based on the linear
curvature expression 1/p = w"” and the linear stability functions s and c. For the
same reason, functions s and c (linear stiffness) are insufficient to determine initial
postcritical behavior in symmetric bifurcations. Thus the symmetric bifurcation is
harder to analyze than the asymmetric one. A higher-order accuracy is needed.

We may recall from the comments in Section 2.5, that the postbuckling solution
for columns (Sec. 1.9) as well as pin-jointed trusses can be considered as a
fourth-order theory (or a third-order approximation in w). This is the lowest-
order theory it can be since, due to symmetry of the column-buckling problem,
the second-order terms in w cancel out. For the present L-frame, they do not
cancel out due to nonsymmetry, and consequently the third-order terms in w are
not needed for the initial postcritical behavior. That is why our solution method
for asymmetric bifurcation of the L-frame is rather different and could not be
applied in the same manner to postcritical behavior of a column. It is for this
reason that one can get correct results calculating the shortening of the members
(Eqs. 2.6.5a, b) on the basis of sinusoidal deflection curves, while for columns a
higher-order approximation of the deflection curve must be used.

For symmetric frame-buckling problems, by contrast, a fourth-order theory,
based on the moment-curvature relation from Section 1.9, is needed to determine
the postcritical behavior.

Postcritical Reserve Due to Redundancy

Similar to redundant pin-jointed trusses, which we studied in the previous
sections, frames, of course, also exhibit postcritical reserve due to redundancy.
For example, when a single column of a large frame buckles, the entire frame
need not collapse, since the axial force can be transferred from this column to the
adjacent columns.

As long as the bifurcation asymmetry effects we just illustrated are absent (or
at least unimportant), the postcritical behavior may again be analyzed by methods
of elastoplastic limit analysis, similar to the procedure we demonstrated for
pin-jointed trusses. Such analysis can indicate that significant redistributions of
internal forces occur due to large-deflection buckling in frames. The increase of
load capacity due to these redistributions may overshadow the effects of
bifurcation asymmetry due to displacements u{® and v{® and the incremental
shear forces. The load of the frame may still increase even if the axial force in one
column decreases. This was demonstrated for continuous beams by Masur and
Milbradt (1957), who showed that they can possess a much larger postcritical
reserve than columns (see also Masur, 1970, and Powell and Klingner, 1970). If,
however, the column force decreases with deflection significantly, then the limit
analysis methods are inapplicable and step-by-step loading needs to be used.
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The existence of either postcritical reserve or postcritical softening is
important for probabilistic analysis and safety of frames. Obviously, if only one
out of many columns in the frame fails, the adverse consequences may be quite
limited and much less severe than the consequences of overall failure of the entire
frame due, for example, to long-wave extensional buckling. Probabilistic analysis
of these problems is needed.

Finite Element Computational Procedure

Large-deflection buckling of frames can be calculated with the help of finite
element programs, using the technique of incremental loading (see, e.g., BaZant
and El Nimeiri, 1973). Each beam of the structure is subdivided into beam
elements that are so short that their curvature will remain negligible even for the
large deflections anticipated. Even after large deflections, the incremental
stiffness matrix of such short elements can be assumed to be the same as that for
small deformations as indicated in the preceding text (Eq. 2.3.5). For each load
increment the computation proceeds as follows (BaZant and El Nimeiri, 1973):

1. Using the current axial force P in each element and current x and y
coordinates of the end nodes of the element, generate the linearized 6 X 6
stiffness matrix k for each beam element (Eq. 2.3.5). Then assemble these
element stiffness matrices into the structural stiffness matrix K. Solve the
displacement increment vector Au=(Au,, Au,,...)" from the linear
equation system K Au = Af in which Af is the vector of load increments for
the current loading step. [To obtain the postpeak response, one must
prescribe here the load-point displacement increments, rather than the
load increments; if matrix K happens to be singular, it means that a critical
state (failure) has been reached.]

2. Adding Au to the old nodal coordinates, generate new coordinates of the
nodes, and adding calculated Af to the old f, obtain new reaction values.
Using Au, calculate from K Au the increments AP of the axial forces P in
all finite elements, and add them to the previous values of P. Unless the
given termination condition is satisfied, return to step 1 and start
computations for the next loading increment.

We will return to large-deflection buckling in Section 4.9 where we will solve
both perfect and imperfect columns by the energy approach.

Often the response of frames at large deflections becomes inelastic, and then a
different solution is required; see Chapters 8 and 10.

Problems

2.6.1 For the frame in Figure 2.25 (with 8 =1) solve the critical load and then
calculate n,, n, (Egs. 2.6.5), a (Egs. 2.6.12), and « (in terms of ¢). What are
the relative magnitudes of 7. and 7,? Compare with the value a =0.381 given
by Roorda and Chilver. (The results are ./l =0.1, n./l=0.621, p. = 1.407,
a =0.379.) Determine P, — Py for e =0.01L

2.6.2 In Equations 2.6.11 and 2.6.12, a, and a, represent the effect of the
incremental shear forces in the beam and in the column, respectively, and a;
represents the effect of the second-order displacements of the joint. Verify
that a, = 0.2160, a, = 0.0372, and a3 =0.1255.
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2.6.3 Same as Problem 2.6.1 but (a) the column and beam are fixed at the ends,
(b) the column base is hinged and the beam end is fixed, (c) vice versa.

2.6.4 Same as Problem 2.6.1, but for the frames in Figure 2.29a, b, c.

2.6.5 Discuss the postbuckling stiffness change for the asymmetric bifurcation of
the frame in Figure 2.29d.

a)

_--\ |®
Q-EU

e

T

b—

Figure 2.29 Exercise problems on postcritical behavior (a—d) of frames and (e) of hinged
column with inclined support.

2.6.6 Calculate the plot of curves P(8) for e = +0.001/, e = £0.01/, e = +0.1/
corresponding to Problem 2.6.1.

2.6.7 Asymmetric bifurcation is also exhibited by columns if their symmetry is
broken by a support. Show that this is the case for a hinged column in Figure
2.29e in which the support slides on a plane of inclination § with respect to the
column axis (cf. Prob. 1.5.3 and Sec. 4.5). Hint: Force equilibrium of the
slider along the plane of sliding requires that P cos 8 = P, cos (8 + v/l), and
sliding can occur only if P, = Pg.

2.6.8 Asymmetric bifurcation is also exhibited by asymmetric or asymmetrically
loaded rigidly jointed trusses. Analyze the sensitivity to the eccentricity of the
load for the trusses in Figure 2.30a,b,c. Such trusses were tested and
analyzed by Roorda.

e 4P
4 4 > 51 b‘«

Figure 2.30 Exercise problems on postcritical behavior of trusses.
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Figure 2.31 Further exercise problems on postcritical behavior of frames.

2.6.9 Show that for c#1 the frame in Figure 2.31a exhibits asymmetric
bifurcation. Assume the frame to be (a) braced, e, =e,=e, (b) unbraced,
e, = —e;=¢; and for ¢ =0.98, 0.95, 0.90, 0.70, 0.30, 0.00 solve (1) P, (see
Prob. 2.2.18), (2) 3P,/ 36, for the initial postbuckling behavior, (3) P,, — P,
for 0=0.011.

2.6.10 Same as above, but for the frame in Figure 2.31b.

2.6.11 Same as above, but for frame in Figure 2.31c. Hint: First determine the
ratio 6,.,/6; = r which must be constant for i > 1.

2.6.12 Again solve Problem 2.2.25 taking now, however, axial shortenings of the
members due to 6 and u into account. Note: This arch frame exhibits
asymmetric bifurcation. Based on the first-order solution from Problem
2.2.25, one may calculate the second-order approximations to axial short-
enings u® of members 12 and 34, and u{> of member 23. They represent
quadratic forms in @ and v. The effect of u® and uf® is to cause the
displacement v at joint 2 to increase to v + Av, and displacement v at joint 3
to decrease to v — Av. The magnitude of Av is determined from the condition
that the horizontal projections of all the second-order displacements (Fig.
2.32a) must have a zero sum, as dictated by the support conditions. This yields
the condition —u®/V2+ Av/V2 - uf® + Av/\/ip -u@/V2=0, from which
Av=u?® +uP/V2. Replacing v with v + Av and v — Av for joints 2 and 3,
respectively, in the equilibrium equations of Problem 2.2.25, we then get two
quadratic equations relating P, 6, and v, from which the initial postcritical
response can be calculated.

] 3L .

Figure 2.32 Further exercise problems on postcritical behavior of frames.

2.6.13 Consider the L-frame in Figure 2.32b, which represents a symmetric
structure-load system. Applying the same method as we did for the Koiter-
Roorda frame, verify that terms proportional to 67 in the joint equilibrium
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equation cancel out. Consequently, this frame does not exhibit asymmetric
bifurcation. Rather, it must exhibit symmetric bifurcation, for which the initial
slope of load versus deflection is horizontal. At larger deflections the load can
either increase (as in Sec. 1.9) or decrease. To decide it, higher-order terms
must be included (see Sec. 4.9).

2.6.14 The distribution of P in the systems of Figure 2.33a, b, c,d varies with
deflection. Is this sufficient to produce asymmetric bifurcation? Is the
postbuckling behavior symmetric?

! gkt 1
4 | IT 2 |
P‘O P,-2P
o 4 I 2 4 l 2, A ! »

Figure 2.33 Exercise problems on postcritical behavior of frames with load distribution
varying with deflection.
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2.6.15 Stochastic eccentricity. Load P on the L-frame of Koiter and Roorda,
which was studied in the text, has an uncertain eccentricity e that has a normal
probability distribution with mean € and standard deviation s,. Using the final
simplified Equation 2.6.16 determine the mean and standard deviation of
max P (it is the problem of statistics of a function a of a random variable; see,
e.g., Benjamin and Cornell, 1970).

2.6.16 Same as Problem 2.6.15, however not only the eccentricity but also the
load P are uncertain, with log-normal distributions. The means and standard
deviations of log e and log P are u,, y,, s., and s,. Formulate the problem and
discuss the numerical method of calculation of the probability that P would
exceed Py

2.7 BUILT-UP COLUMNS AND REGULAR FRAMES AS COLUMNS
WITH SHEAR

In Section 1.7 we analyzed the buckling of columns that exhibit significant shear
deformations. Such deformations happen to be very important when built-up
columns are approximately analyzed as homogeneous columns. Disregard of the
shear effect proved tragic, causing one of the greatest disasters in the history of
bridge building. As a world record span of over 500 m was being completed over
the St. Lawrence River in Quebec at the beginning of this century (year 1907),
one of the compression diagonals of this truss railroad bridge (a cantilever system
with inserted simple spans) buckled and caused total structural collapse sending
many workers to their deaths. The critical diagonal was a built-up member and
the source of failure was traced to a very low shear stiffness of this diagonal.
Although Engesser’s formula for the shear effect had been presented about two
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decades before, it passed unnoticed by the bridge designers. Learning from this
experience, the bridge was then successfully rebuilt in the 1920s and by virtue of
this disaster it became generally accepted that built-up columns must be designed
for buckling with shear.

Let us now illustrate how a built-up column may be approximated by a
homogeneous column. Consider the column shown in Figure 2.34a, consisting of
two channel beams connected by welded batten plates. Although such a column
would be more accurately treated as a frame, it suffices to treat it as a single
homogeneous column if the number of panels is large. The distribution of the
bending moment along the channel beams is then approximately periodic,
repeated in each panel. This requires the bending moment in the channel to have
a zero value at middistance between the batten plates. Thus, we may imagine an
H-shaped element to be cut by cross sections at middistance between the batten
plates (Fig. 2.34b), and we may consider that the ends of this element are
subjected only to shear forces. Using the principle of virtual work and the
bending moment distributions along the channel beams and the batten plates as
shown in Figure 2.34c, one may calculate that the deflection § (Fig. 2.34c) caused
by shear force Q is

0 1 _a  a
GA, GA, 12El, 24El

in which y is the average shear angle, a is the distance between the centroids of
the batten plates, b is the distance between the centroids of the channel beams,
and I, and I, are the centroidal cross-section moment of inertia of the channel
beams and of the batten plates, respectively. The expression for GA, in
Equations 2.7.1 represents the equivalent (approximate) shear stiffness of the
built-up column. Based on this stiffness, one may then use Engesser’s formula
(Eq. 1.7.7 of Chap. 1) to obtain the critical load.

Consider now the column shown in Figure 2.35a. Since the bending moments
on the individual members are negligible, we may assume hinges at each node

d=vya y 2.7.1)
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Figore 2.34 (a) Battened column, and (b,c) subdivision in cells for approximate
calculation of shear deformation.
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|

Figure 2.35 (a) Latticed column and (b, c) subdivision in cells for approximate calculation
of shear deformation.

(Fig. 2.35b) and treat the column as a truss. To calculate the equivalent shear
deformation we isolate one cell of the truss whose length a represents the distance
between two adjacent lacing bars, and we subject the cell to a shear force Q (Fig.
2.35c). The relative lateral displacement 6 may be calculated from the principle
of virtual work on the basis of the axial forces in the lacing bars shown in Figure
2.35c. Neglecting the axial deformation of the vertical members, the result is

Q 1 1 (d’ b3>
6= Y 7.
GA," GA, ab’\EA, EA, (2.7.2)

in which b is the distance between the centroids of the vertical members, d is the
length of the diagonal measured to the centroids of the vertical members, and A,
and A, are the cross-sectional areas of the diagonal and transversal lacing bars.

Similar expressions can be derived for other types of built-up columns or
latticed columns; see, for example Bleich (1952) and Timoshenko and Gere
(1961). A similar consideration of shear is also possible for columns with webs
that are weakened by openings.

The column with shear can also be used as a model that greatly simplifies the
analysis of long-wave extensional buckling of large regular frames. If the
width-to-height ratio (Fig. 2.36a) is not too high, this approach gives results that
are very close (errors of 5 to 10 percent) to the exact solutions obtained by finite
difference calculus or by computer analysis based on the assembly of all members
(BaZant and Christensen, 1972b).

Consider a planar regular rectangular frame (Fig. 2.36b) in equilibrium under
axial forces P, in columns and P, in beams (usually P, =0). Let L, and L, be the
length of horizontal and vertical members; A, and A, their cross-sectional area,
and I, I, their cross-sectional moments of inertia (subscripts x and y refer to
members in the horizontal and vertical directions).

In analogy with the well-known portal method of approximate frame analysis,
it will be assumed that the bending moments at the midlength points of all
columns and beams are zero. This is equivalent to the assumption that the
rotations of all joints in a given floor and in the two adjacent floors are equal.
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Figure 2.36 (a) Frame geometry; (b) equilibrium at a typical joint; (c) comparison of
frame critical loads obtained by various methods. (After BaZant and Christensen, 1972b.)

Consider an imposed relative horizontal displacement yL, between the adjacent
floors. Taking the initial forces, F,, into account and neglecting P,, we obtain the
moment equilibrium equations for the interior joints and the boundary joints:
6Pk, ¢ +2k,5,¢ — 2k,5,y =0 in which =2 for an interior joint and =1 for a
boundary joint, and k, = EL/L,, k, = EL,/L,. Then we calculate the sum ¥ V of
the corresponding shear forces V in all the columns of the floor, each of which is
expressed (after substitution for @) as follows: V/y=(s;y —25,¢)k,/L, =

{12(k,/L,)/[(6/5,) + 2k,/(k.B)]} — P,. From this, the shear rigidity R of the

105
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cross section of the whole frame is obtained as

R=%-1 2.7.3
” L (2.7.3)
_1-2/m 2/m : .71’_2 P,
K=615,) + (k1K) (615,) + 2k, Jk) 12 (pE) 2.7.4)

in which m = the number of columns in the floor. The moment of inertia of the
horizontal cross section of the whole building (neglecting the contribution of the
values of 1) is

L.(m—

[=A L2 +2+- -+ (m—1))] - mA, [ >

1)] =g(m2— 1)A,L?
2.7.5)

According to Engesser’s formula (Eq. 1.7.7), the critical value P, of the
resultant of initial axial forces in all columns is

- P
= —= 3 2.7.6
Fa=mh =13 Pe/R (2.7.6)
or .
(2GS =]
==12\— N5 t = 2.7.7
Pg, m+1/\L,B 12k ( )

in which Pz = a’EI/H?=Euler load for the frame taken as a single column
without shear, B = width of frame, H = height corresponding to half-wavelength
(Fig. 2.36a), and r, = VI,/A,.

Equation 2.7.7 is not an explicit formula for P, , since P, appears in Equation
2.7.4 for k. In the cases of interest for long-wave buckling, however, P, < Pg,
and so an approximate value of P, may be obtained by setting P, =0 and §, =6
in Equation 2.7.4.

The results of this approximate analysis are shown by the dash-dot lines in
Figure 2.36¢ in comparison with the exact solutions for a typical frame. It is seen
that the predictions are surprisingly accurate and quite satisfactory for most
design purposes, even for the cases where the actual distribution of vertical
displacements along the floor is far from a linear one (although the derivation of
Engesser’s formula assumed the cross section to remain plane).

Still more accurate values can be obtained for high values of (H/B)/(L,/r,) by
solving Equations 2.7.4 and 2.7.7 for P,_ exactly, for example, by the regula falsi
method. Curiously, though, for low values of (H/B)/(L,/r,), solving Equations
2.7.7 and 2.7.4 by an iterative procedure leads to a value for P, /Pg that has a
greater error than the first approximation.

The approximation by a column with shear is particularly useful for practical
problems that are difficult to solve exactly by finite difference calculus, such as a
free-standing frame in which the column cross sections and the axial forces vary
from floor to floor.

The consideration of shear in regular frames exemplified in the preceding
analysis may be used also in more complex structural systems. An example is the
buckling of a framed tube, a term used for a stiff-perimeter frame frequently used



BUCKLING OF ELASTIC FRAMES BY EQUILIBRIUM ANALYSIS 107

in modern skyscrapers (e.g., the Sears Tower, Chicago and the World Trade
Center, New York, the two tallest buildings in the world in the 1980’s) or the
buckling of planar frames or frame tubes that are coupled with a stiffening truss
(e.g., John Hancock Building, Chicago) or with strong shear walls in the core of
the building (e.g. Lake Point Tower, Chicago). In that case, one needs to write
the differential equation for a beam-column with shear using an unknown
distributed reaction from the stiffening shear wall, or unknown concentrated
reaction forces from the stiffening shear wall, or unknown concentrated reaction
forces from the large stiffening truss. These unknowns are then determined from
the conditions of compatibility of deflections of the regular frame and the shear
wall of the stiffening truss.

Since even in the tallest contemporary buildings the overall critical ioads are
generally much higher than the actual loads, of main practical interest is the
extension of the foregoing calculations to dynamics, particularly to the deter-
mination of free vibration frequencies as influenced by the axial loads, in the
presence of shear deformations in the beam-column approximating the frame.
Accurate knowledge of the vibration frequencies is obviously important for the
consideration of seismic loads or wind loads.

Problems

2.7.1 Calculate the equivalent shear stiffness for the trusses in Figure 2.37a, b.
2.7.2 Calculate the equivalent shear stiffness and the critical load for the
structures in Figure 2.37¢c, d, e.

a) b) c) d) e)

Perfectly rigud floors

Col rigid
against shear

f) g) ‘kP kP
¥ Y
ns 7
P
4 / Column with
Ro?uhr ] shear
- é column] x/ —
%
2 N ¥

v T MTW ¥ e ém

shear wall column with shear

Figure 2.37 Exercise problems on buckling of frames treated as columns with shear.
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2.7.3 Consider a regular frame (see Fig. 2.37f) the sway of which is opposed by a
shear wall. Analyze it as a column with shear coupled continuously to an
ordinary column of bending stiffness E/ and the same height, and impose the
entire load on the top of the column with shear. Express the critical load.

2.7.4 Consider a regular frame connected at discrete points to a stiffening truss as
shown in Figure 2.37g. Express the critical load.

2.8 HIGH ARCHES

From the viewpoint of buckling analysis, it is useful to distinguish two basic types
of arches: high arches and flat arches. High arches are those for which the center
line of the arch may be considered incompressible, and flat (or shallow) arches
are those for which its shortening is important. We will now analyze high arches
from the viewpoint of differential equations of equilibrium, and shallow arches we
will treat from the viewpoint of energy in Section 4.4. Later, in Section 5.5, we
will return to high arches, applying approximate energy methods. Note also that
in Problems 2.2.25 and 2.6.12 we have already analyzed a polygonal frame that
behaves essentially the same as an arch.

Curvature Change

First we must describe the geometry of deformation. Let R be the curvature
radius of the arch, s the length coordinate measured along the curved center line,
and w the deflection normal to the center line, positive if toward the center of
curvature. The bending moment M is proportional to the curvature change k, and
if the arch is sufficiently slender, the proportionality constant is EI (like for
beams). Therefore
M=EI 1.1 2.8.1

=Elx  x=pi-% (2.8.1)
in which R* is the curvature radius of the center line after the deflection. As an
approximation, we can imagine that the curvature change (Fig. 2.38a) is a sum of
the curvature change at constant deflection, which is 1/(R —w) — 1/R, and the

38 ‘:l:dw

Figure 2.38 Geometry of arch deformation.
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curvature change due to deflection variation, which is d’w/ds%. So we have
d*w 1 1 d*w w d*w

=_2+< __)=_2+"—=—2+'—2'
ds R—w R/ ds* R(R-w) ds* R

where s = length coordinate of arch center line.

However, calculating the curvature change due to w under the assumption of
constant w has been an intuitive step. We need a more rigorous justification by
calculating the curvature change at variable w(s). To this end, we note (Fig.
2.38b) that because the center line of the arch is inextensible, ds=Rd¢ =
R* d¢* = ds*. The angle subtended by the tangents of the center line at the ends
A’ and B’ of the deformed element ds* (Fig. 2.38b) is d¢* = (w' + w"ds) +
d¢ —w' +du/R, in which the last term represents the additional relative rotation
between the tangents at B’ and C’ that is caused by axial displacement u. This
displacement is required to satisfy the inextensibility assumption, that is,
du =w d¢; see Figure 2.38b. Therefore we have

_1_1_de* 1_d¢* 1_i[ (d_w d’w ) dw ( d¢)] 1
"R R 4" R & R &\ Gtz ® R/

K

(2.8.2)

ds ds? ds R R
_dz_w+d_¢<1+!)_l—d2_w+1 283
T ds? ds R/ R ds® R? (2.8.3)

This is the same as Equation 2.8.2 because d¢/ds =1/R.

Substituting the linearized curvature change expression in Equation 2.8.2 into
Equation 2.8.1, we obtain the following governing differential equation for the
buckling of high arches:

dw w M

—t—=— :
dsZ R2 EI (2'8 4)

Approximate Theory for Perfect Arches with a Fixed
Compression Line

It is expedient to analyze first a perfect system. A perfect arch is an arch in which
the center line before buckling coincides with the compression line, which
represents the locus of the points of the normal force resultant within the cross
sections (and is also called the funicular line). Perfect arches are, for example,
circular arches under uniform radial pressure, parabolic arches under a vertical
distributed load that is uniform on a horizontal projection, and catenary arches
under dead weight that is uniform along the arch, provided that the boundary
conditions do not introduce significant bending moments. (For example, the
two-hinge arch or fixed arch would need to have radially sliding supports in order
to achieve zero bending moments upon application of uniform radial pressure;
see Fig. 2.39a, b). Although such boundary conditions are not normally used, if
the arch is not too slender the bending moments produced by boundary
conditions due to center-line compression are small and can be neglected.
Anyhow, the assumption of incompressibility of the center line implies these
bending moments to be zero (in Fig. 2.39a, b it does not permit radial sliding of

supports).
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Figure 2.39 (a, b) Boundary conditions for perfect arches; (c) circular arch subjected to
uniform radial pressure and disturbing moment m; (d) approximate and exact behavior;
(e, f) buckling modes of hinged and fixed arches.

A useful simplification is due to the fact that, for hinged high arches, the
reaction resultants of the arch do not move significantly during buckling. Then
the compression line remains fixed, that is, does not move with the cross sections
during buckling. Consequently, the bending moment M due to buckling deflec-
tions w simply is M = —Pw (Fig. 2.39c), and Equation 2.8.4 takes the form:

d’w 1 P

F+k2w=o k’=F+-E—I (2.8.5)
Together with the boundary conditions for w(s), Equation 2.8.5 defines a
one-dimensional boundary-value problem for w(x).

The problem may be readily solved if k is constant, which occurs for a circular
arch (R =const.) if the axial force P is constant. This case is obtained if the
loading consists of a uniformly distributed radial load p, and then P=pR =
const., according to the differential equation of equilibrium. For the other types
of arches mentioned above, the axial force increases from the crown to the
support.

Consider now a two-hinged circular arch with incompressible center line and
no imperfection, subjected to uniform radial pressure p (Fig. 2.39c). The
differential equation (Eq. 2.8.5) as well as the boundary conditions at hinges
(w = 0) may be satisfied (for P = const.) by the function w = A sin (nws/L) where
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L is the length of the arch center line from one hinge to another. Upon
substitution in Equation 2.8.5 it then follows n’a%/L?>=1/R*+ pR/EI, which
yields for the critical value of p the formula, due to Hurlbrink (1908),

(.
pcl’n R3 (L/R)z

Now there exists an interesting point particular to arches. Not every sine curve
is admissible if the center line is assumed inextensible. This inextensibility
condition could in no way be satisfied if the number of half-sine waves from
support to support were odd. The number n of half-sine waves must be even,
because deflections outward tend to extend the arch while those downward tend
to shorten the arch, and one must exactly compensate for the other. Therefore,
the smallest admissible value of » in Equation 2.8.6 is not n =1 but n =2. This
was noted by Hurlbrink (1908), although the governing differential equation (Eq.
2.8.5) was obtained long before him by Boussinesq (1883).

The formula also applies for a full circular ring, in which case, however, it
yields p.,, = 0 because L/R =2x. This is not surprising since, in this case, the two
support hinges coincide and the arch no longer has a statically determinate
support. Rather, it can freely rotate as a rigid body about the hinge; see
Timoshenko and Gere (1961, p. 298). The lowest load that causes buckling is
Per, = 3EI/R® (Bresse formula, cf. Timoshenko and Gere, p. 291).

The foregoing solution may also be used for cylindrical shells, which buckle in
a mode that is translationally symmetric along the axis of the cylinder (this can be
assumed only if the load does not change in the direction of the axis). In this case
the bending stiffness EI must be replaced by the cylindrical stiffness of the shell
(Chap. 7) B = ER*/12(1 — v?) where h = shell thickness and v = Poisson ratio.

1] (n=2,4,6,...) (2.8.6)

Various Types of Arches and the Effect of Imperfections

Often the cross sections of the arch are not, before buckling, loaded centrically,
that is, there is an initial bending moment My(s) = —Pzy(s) where zy(s) is the
distance of the center line of the undeflected (stress-free) arch from the
compression line (Fig. 2.39c). In such a case we have on the right-hand side of
Equation 2.8.5 the term M,(s)/EI instead of 0. This is the case, for example,
when moment m #0 is applied as in Figure 2.39¢c. Instead of bifurcation-type
buckling with a critical load given by Equation 2.8.6, we obtain a load-deflection
curve that is similar to the linearized solution of imperfect columns, with the
deflections approaching infinity as the critical load in Equation 2.8.6 is ap-
proached (Fig. 2.39d). Note, however, that such behavior is obtained only if the
arch is loaded asymmetrically. The symmetric components of loads can produce
only finite deflections but cannot excite the first critical mode since n must be
even (Eq. 2.8.6).
Equation 2.8.6 can be put into the form (for n =2)
n’El

pch_PCt—(ﬂle)z (2'8'7)
in which BL = effective length, B =2/[4 — (L?*/n*R?}"?, and P, = critical axial
thrust. For L/R— 0 we have g =1, which corresponds to an arch of a very low
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rise (for which, however, Eq. 2.8.7 is invalid since the effect of axial extensibility
becomes important). For L/R =&, we have f=1.15, which corresponds to a
semicircular arch. In view of the fact that the buckling shape (Fig. 2.39¢) has an
inflection point at the crown, it is interesting that the value of B, lying between 1
and 1.15, is not much different from that for a hinged column of length L/2
pg=1).

( A three-hinged arch of a sufficiently high rise has an antisymmetric buckling
shape similar to that of a two-hinged arch. As calculated by Austin (1971),
B =1.14 to 1.15. It is interesting that this is not very different from the § value for
a semicircular two-hinged arch (see also Timoshenko and Gere, 1961, p. 301, in
which the results obtained by Dinnik, 1934, are reported). For a not too deep
three-hinged arch, however, the buckling becomes symmetric, according to the
shape illustrated in Figure 2.39¢.

A fixed arch cannot be solved by the present procedure since the compressior.
line moves during buckling. It is then best to solve the arch by approximate
energy methods, which will be shown in Section 5.5. Timoshenko and Gere
(1961, p. 299) present a solution due to Nicolai (1918), from which it appears that
B =0.70 to 0.71 (see also Austin, 1971). Note that the effective length factor g is
rather close to the value for a fixed-hinged column of length L/2. This is not
surprising, since this type of arch buckles with an inflection point (M = 0) at the
crown (Fig. 2.39f).

The data presented in Timoshenko and Gere (1961) for parabolic arches
under a vertical load uniformly distributed over the horizontal projection, as well
as catenary arches subjected to own weight, show that the value of the effective
length factor is very close to that which we have mentioned for circular arches
subjected to normal load (Austin, 1971). For typical arch shapes, and for P
defined as the critical axial thrust at quarter-points of the span, it has been found
that

B =0.68 to 0.73 (fixed arch)
f=110t01.24  (two-hinged arch) (2.8.8)
B=1.10t0 1.15 (three-hinged arch, except catenary)

For the case of own weight, DaDeppo and Schmidt (1971) have shown that
two-hinged circular arches have a critical value of the axial thrust significantly
smaller than under normal loading.

The case of circular arches loaded by a concentrated load at the crown has
been analyzed by DaDeppo and Schmidt (1969). The critical thrust at the
quarter-points, expressed by Equation 2.8.7, corresponds in this case to the
values f=1.0 to 1.14, which is about the same as for a uniformly distributed
load. The prebuckling deformation due to the primary bending moment obviously
cannot be neglected in this case. It leads, for a two-hinged arch, to a
load-deflection curve of the type illustrated in Figure 2.40a. At the critical load
the equilibrium path intersects another path that corresponds to an antisymmetric
mode with sidesway and has a negative slope. The arch follows this second path
after the bifurcation point, that is, the deformation ceases to be symmetric. This
causes sensitivity to imperfections (of a similar type as illustrated in Sec. 2.6). As
is clear from Figure 2.40a, the presence of inevitable imperfections causes the
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Figure 2.40 (a) Hinged circular arch subjected to a concentrated load and (b) the
load-displacement curve; fixed arch subjected to concentrated load.

load-deflection curve to have a maximum load that is less than the critical load for
the bifurcation point.

On the other hand, fixed arches under concentrated load at the crown buckle
symmetrically (Fig. 2.40b). For this case the value of the effective length factor is
B=0.77 to 0.83, which is considerably larger than for the case of distributed
normal loading (Schmidt and DaDeppo, 1972).

An important fact about slender arches is that they are imperfection-sensitive.
This means that, in contrast to columns, imperfections such as asymmetry of the
applied load cause a decrease of the maximum load compared to the critical load
of the perfect arch. This is due to appearance of an asymmetric deformation
mode. The type of bifurcation in buckling of arches is called unstable symmetric
(Fig. 2.39d). We will discuss such behavior in more detail in Section 4.5 (see also
Thompson, 1982, p. 57).

The symmetric buckling modes of a circular arch under radial or vertical loads
are illustrated by the teaching model in Figure 2.41a, b developed at Northwes-
tern University (1969). The results of the experiments of Roorda (1965a, b) are
shown in Figure 2.42a,b. Figure 2.42a gives the load-rotation diagram for a
certain value of the eccentricity. The critical load of the imperfect arch decreases
with the eccentricity of the load, as shown by the imperfection sensitivity diagram
in Figure 2.42b. The milder effect of the imperfection with respect to asymmetric
bifurcation (approximating the %-power law) is evident. We will return to this
example in Section 4.5.

Arches can also buckle laterally, in a bending-torsional mode. This will be
touched on in Section 6.3; see also Timoshenko and Gere (1961), where many
other interesting results about buckling of arches and rings are given.

General Linearized Theory for Uniformly Compressed Circular
Arches

The equilibrium relation M = —Pw, which we used to derive Equation 2.8.5, is
not applicable in general. Let us now outline a linearized formulation based on
more general equilibrium relations. We restrict attention to the case of an
inextensible circular arch of radius R (Fig. 2.43a) that is in equilibrium under a
uniformly distributed radial load p, and is characterized by the absence of
bending moments, shear forces, and displacements in the prebuckled state.
Buckling produces the increments M, V, and N of bending moment, shear force,
and axial force (Fig. 2.43b). For the case of radial loads whose direction remains
constant during deflection (dead pressure), the differential equilibrium conditions
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Figare 2.41 Northwestern University (1969) teaching models: in-plane buckling of high
arch under normal and vertical loading.

for the radial and tangential directions and for moments are (Oran and Reagan,
1969)

V'+N=0 N -V=0 (2.8.9)

M'—RV ~pR?*6=0 (2.8.10)

in which the prime indicates differentiation with respect to angle ¢, and

0 = (u + w')/R = rotation of the arch cross section (Fig. 2.43b). Equations 2.8.9

are the same as in the first-order theory. The rotational equilibrium equation (Eq.
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Figure 2.42 Experimental results of Roorda (1965a, b) compared to theory.

2.8.10), however, has an additional term which results from the fact that the arm
of the axial force pR (Fig. 2.43b) is proportional to 0 ds.

We may now express V from Equation 2.8.10, in which M = EI(w" + w)/R?
from Equation 2.8.4. Then we substitute this into V' + N =0 and N' =V =0.
Realizing that the inextensibility condition requires that #' =w, and denoting
k*=pR®/El, we thus obtain

@ +2u" + u)" + K" +2u" +u)=0 (2.8.11)

This is a homogeneous sixth-order differential equation for the tangential
displacement u(¢). Its general solution can be expressed (if k2#1) as u(¢) =
u5(¢) + u?(¢) in which u®(¢) and u“(¢) are the symmetric and antisymmetric
parts, given by
uS(¢)=A,cos k¢ + A,cos ¢ + As¢ sin ¢ (2.8.12)
u?(¢p)=A,sin k¢ + Agsin ¢ + A cos ¢ (2.8.13)

Figure 2.43 (a) Inextensible circular arch and (b, ¢) equilibrium of arch element.
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Considering the case of symmetric boundary conditions, Equations 2.8.12 and
2.8.13 yield the antisymmetric and symmetric buckling modes, respectively (note
that antisymmetric buckling corresponds to a symmetric solution for the
tangential displacement u). For hinged ends, the boundary conditions are

Ato=2a: u=0 w=u'=0 x=w”+%=u’"=0 (2.8.14)
For clamped ends, they are
_u+w

At ¢ = ta: u=0 w=u'=0 6 R

=u"=0 (2.8.15)

Consider now antisymmetric buckling. The system of three homogeneous
equations that express the boundary conditions has a nonzero solution if, for
hinged ends,

2(k sin ka cos a — sin @ cos k) sin & — k(k* — 1)(a + sin & cos &) sin kar =0
(2.8.16)
and for clamped ends,

2(k sin ka cos a — sin & cos k&) cos a — (k? — 1)(a& + sin & cos @) cos ka =0
(2.8.17)

Expressing the critical value of the radial loads through Equation 2.8.7, one
obtains for a semicircular arch f# = 1.1078 if the ends are hinged and 8 = 0.6667 if
the ends are clamped. Comparing this with the values given by Timoshenko and
Gere (8=1.15 and B =0.70), we see that their approximate solution in these
cases is not too inaccurate and is also on the safe side.

The effect of elastic restraints at the ends was analyzed for circular arches by
Oran and Reagan (1969). They also studied the effect of pressure loading, which
differs from the loadings we examined before in that the load direction changes as
the arch deflects in such a manner that the load vector remains normal to the
deflected shape of the arch (normal pressure). Therefore, the load acquires in the
buckled configuration (Fig. 2.43c) a component, p,=—p#6, in the direction
tangent to the initial undeformed center line of the arch while the normal
component p, =p cos @ =p remains approximately constant. The equilibrium
equation in the tangential direction, which replaces the second of Equations
2.8.9, takes the form N'—V +p,R=N'—V —pRO =0, and the governing
differential equation is found to be

u+ (1 +HuY + K2u"=0 (2.8.18)

in which k; =1+ pR*/EI For k,+#0 and k, #1 the solution can be expressed as
(Oran and Reagan, 1969)

u5(¢) =B, + B,cos ¢ + Bycos k,¢ (2.8.19)
u?(¢)=B,d + Bssin ¢ + Bgsink, ¢ (2.8.20)

Considering again the case of a semicircular arch (o = #/2), and imposing the
boundary conditions expressed by Equations 2.8.14 and 2.8.15 for the cases of
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hinged and clamped ends, respectively, one finds § = 1.1547 for a hinged arch
and f=0.7071 for a clamped arch. This is to be compared with the values
B =1.1078 and B = 0.6667 that we found before for the case that the loads do not
rotate as the arch deflects. We see that the rotation of the loading produces a
decrease of the critical load.

We will return to this point in Section 5.5 where we will apply energy methods
to arches.

Problems

2.8.1 Without using the text, derive Equation 2.8.6.

2.8.2 Solve p,, for a circular arch whose footings slide radially but cannot rotate
(Fig. 2.39b).

2.8.3 Assume that the compression line (obtained from first-order analysis) is a
circle of radius r passing through the hinge supports, such that r # R. Assume
that P, p, and r are constant during buckling, and solve the load-deflection
diagram from Equation 2.8.4, and plot it.

2.8.4 Sketch the forces acting on an infinitesimal element ds = R d¢ of the arch
and give a detailed derivation of Equations 2.8.9 and 2.8.10, as well as
Equation 2.8.11.

2.8.5 Derive Equations 2.8.16 and 2.8.17 by applying the proper boundary
conditions.

2.8.6 Solve antisymmetric buckling of a hinged semicircular arch under pressure
loading, taking into account the rotation of the load vector as the arch
deflects. Hint: Apply to the solution given by Equation 2.8.19 the boundary
conditions given by Equations 2.8.14. The result is k, =2, p,R =3EI/R?,
Bz=0, B3=BI=B, and u=B(1+0082¢)

2.8.7 Same as Problem 2.8.6 but for a clamped arch.

2.8.8 Express the boundary conditions for the case of a hinged arch with
rotational springs attached at the ends. Find, for a semicircular arch, the
critical value of p as a function of the spring rigidity.

2.8.9 A stiffened arch (Fig. 2.44a) is an efficient structure, which was a trend in
bridge design during the 1930s. Assuming that the arch as well as the vertical
supports of the beam (the roadway) are so flexible that they can transmit only
axial forces and are at the same time axially inextensible, set up the
differential equations of equilibrium of an element ds of the arch coupled with

S

Vt" M+ dM

M +

R vev
PedP

. d+dd

Ay %,
Figure 2.44 Exercise problems on buckling of (a) stiffened and (b) tied arches.
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an element ds of the beam. Assume the vertical supports to be infinitely
densely distributed. [The critical loads were obtained by Dischinger (1937,
1939); see also Oran and Reagan (1969).]

2.8.10 Discuss buckling of a tied arch (Fig. 2.44b), in which the suspenders and
the roadway beam are perfectly flexible, the arch is axially inextensible, and
the beam is axially extensible (cf. Dischinger, 1937, 1939; and Austin, 1971).

2.9 LONG-WAVE BUCKLING OF REGULAR FRAMES

In Section 2.4, we did not find the complete solution of regular frames but used
intuition and experience to pick the lowest buckling modes. Such an approach
might cause one to assume an incorrect mode for the lowest critical load if the
frame is more complicated. However, for a regular frame, in which the member
properties and loading are repeated from joint to joint (or more generally from a
group of joints to the next group of joints), a complete and mathematically
rigorous solution is possible with the help of finite difference calculus; see Bleich
and Melan (1927), Bleich (1952), Chwalla and Jokisch (1941), Dean and Ugarte
(1968), Omid’varan (1968), Tsang (1963), Gutkowski (1963), Jordan (1965),
BaZant and Christensen (1972b), and Wah and Calcote (1970). Interest in regular
frames or lattices has surged recently, stimulated by some prospective applica-
tions proposed for space stations.

System of Difference Equations

A planar regular frame (Fig. 2.45) is considered to be initially in equilibrium
under axial forces P, in all columns and P, in all beams (although in buildings
usually P, =0). Subsequently the initial equilibrium is disturbed by infinitely
small load increments f* and f” and moments m applied at the joint, causing the
joints to undergo infinitely small displacements # and.v in the horizontal and
vertical directions x and y, and small rotations ¢, positive if counterclockwise;
see Figure 2.45. If all the members in each direction have the same properties,
the conditions of equilibrium of incremental horizontal forces, vertical forces, and
moments acting on interior joint r, s lead to the equations (BaZant and

=

r—1 r red

Figure 2.45 Section of large regular frame with joint and generalized displacements
numbering.
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Christensen, 1972b):

, k5
Ex(ur+l.: - 2ur,: + ur—l,:) + f‘ (¢r.:+l - ¢r,:—l)
y

kysy
+ Lz (ur.:+1 - zur.: + ur.:—l) +f:,: =0
¥y

' kx§x
Ey(vr.:+1 - zvr,s + Ur,:—l) - L— (¢r+1.s - ¢r—l.:)

kisy ,
+?(Ur+l.:_zvr.:+ Ur—l,:) +fr,: =0 (29.1)
kxsxcx(¢r+l.: - 2¢r.: + ¢r—l.:) + 2kx§x¢r.:
k.S,

L (Ur+1.: - Ur-l.:) + kysycy(¢r.:+l - 2¢r,: + ¢r,:-l)

+ 2kys-y¢r.: + I_‘y_sy (ur,:+l - ur.:—l) -m,;= 0
L)‘

in which subscripts x and y refer to members in the horizontal and vertical
directions, and subscripts 7 and s represent the joint numbers in the horizontal
and vertical directions, r=1,2,...,s=1,2,...; L,, L, =length of horizontal
and vertical members; E,=FEA,/L,, E,=EA,/L, in which A,, A,=cross-
sectional areas; k, = EL/l,, k, = EL/l, in which I, I, = cross-sectional moments
of inertia; s,, ¢, and s,, ¢, are the stability functions of P,, P, (Egs. 2.1.6, 2.1.7
for axial compression, and Egs. 2.1.11a for axial tension), and §,, s} or §,, sy the
expressions given in Equation 2.1.18. Equations 2.9.1 have the general form:

agu, s+ aju ey .+ asu, o+ azu,_y +au,
+bgv, s + bV, s+ b3V, s + b3V, + bJY,
+CoPr s+ i s+ P H 3P, s+ CLr = —f]
(v=1,2,3withf; . =f7., fi.=fl, fls=m,,) (29.2)

These equations are two-dimensional, linear, second-order partial difference
equations with constant coefficients. (The fact that the coefficients are constant
means that they do not depend on r and s, which is a property facilitating the
solution.) The solution is entirely analogous to the solution of linear differential
equations with constant coefficients. If the equations are nonhomogeneous, that
is, have nonzero right-hand sides, then the general solution of these equations is
the sum of some particular solution and a general solution of the corresponding
homogeneous linear difference equations, for which the right-hand sides are zero,
that is, f7,=f2,=m, =0. If one wishes to analyze the deflections of regular
frames with imperfections, nonzero disturbing loads at the joints are considered.
However, we will be interested only in the critical loads, and for that purpose we
may set the disturbing joint loads equal to zero, that is, we only consider the
homogeneous linear difference equations. Similar to the method of solution of
linear differential equations, Equation 2.9.2 is satisfied by solutions of the type:

u,s= Ureiys Vs = ‘/’eiys ¢r,s = R’eiYS (29.3)
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where i*= —1; y =constant (in general complex); and U,, V,, R, = functions (in
general complex) of the integer subscript r=1,2,3,.... Indeed, noting that
Y6+ = gi%pivs | oiY~N = ¢~ie!  one finds that upon substitution of Equations
2.9.3 into Equation 2.9.2 the terms e cancel out, that is, the dependence on s is
eliminated, and ordinary linear homogeneous difference equations for integer
functions U,, V,, R, are obtained (in general they can have complex coefficients).
For the case of infinitely extending frames we considered before, Equation 2.9.2
may always be solved by Equations 2.9.3 with

U=Ae* V,=Be* R,=Ce* (2.9.4)
in which k, A, B, C are, in general, complex constants. Upon substitution into
Equations 2.9.3, the dependence on r disappears and one obtains a system of
three homogeneous linear algebraic equations for the unknowns A, B, and C.
The condition that the determinant of these equations must vanish to make
nonzero deflections possible then yields an algebraic equation with coefficients in
general complex, depending on k as well as the axial loads P, and P,. Upon
choosing some values for P, and P,, we can solve this equation to obtain the
corresponding k. Our objective is to find, for a given ratio P,/P,, the smallest
value P, for which a solution k exists. This solution then represents the lowest
critical load of the infinitely extending frame. The general solution of an infinitely
extending frame under any loads is a linear combination of all possible solutions
of the type of Equations 2.9.4 plus some particular solution.

In this manner we could rigorously obtain ail the buckling modes, including
the solutions for the critical loads of the interior columns in large regular frames,
which we previously obtained by an intuitive, semiempirical choice of the decisive
buckling mode (Sec. 2.4).

Solution for Tall Building Frames

Following BaZant and Christensen (1972a, b and 1973), we will now seek buckling
solutions of wide and tall regular frames depicted in Figure 2.46a, in which the
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Figure 2.46 (a) Geometry of frame solved; (b) long-wave buckling mode; (c) free-standing
frame of approximately the same initial load; (d) detail of boundaries of frame solved; (&)
alternative boundary support which could be analyzed similarly.
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vertical members may undergo significant axial extensions or shortenings, thus
permitting the entire building frame to buckle as a whole. Such solutions are of
interest for the tallest skyscraper frames presently built, although further
generalizations would be needed to take into account the spatial action,
interaction with flow slabs, in-fill panels or walls, bracing or shear walls, etc.
Moreover, a generalization of the solution that we will now describe can be made
for overall long-wave vibrations of large regular frames with columns under
significant axial forces; such solutions are of interest for the response to
earthquake or wind loads.

The buckling mode shown in Figure 2.46b can be characterized by the
following simple expressions:

u,,=U,—U,cosys v, =V, sin ys ¢, =R, sin ys (2.9.5)

which may be regarded as the real part of a special case of Equations 2.9.2 and
2.9.3. U,, V,, R, are discrete real functions of one integer subscript, r, and U, is a
constant. Using Equations 2.9.5 instead of Equations 2.9.3 means that we expect
the solution to be periodic vertically. Substituting Equations 2.9.5 into Equations
2.9.1, we find that the trigonometric functions of s cancel out and the equations
reduce to a system of three second-order simultaneous linear ordinary homoge-
neous difference equations with constant coefficients:

k,s
—E (U, —2U, +U,_,)+ (2sm Y)R, — i’ 2(cosy - 1)U, =0

kxjx kxsx
L—(Rm -R,.,) + Vor1—2V,+V,)=0 (2.9.6)

k5.Cx(R,+1 — 2R, + R,_y) + (2k,3, + 2k 5,)R,

E2(cos y - 1)V, -

+k,s,¢,2(cos y ~ 1)R, + kL 2sin y)U, — % Vo —V,_)=0
y
These equations have the advantage that their coefficients are real, in contrast to
those arising from the more general substitution in Equations 2.9.3.
Consider now the boundary conditions for the long-wave extensional buckling
mode in Figure 2.46. The kinematic boundary conditions for the top and bottom
boundaries of the rectangular frame may be written as

v=¢=0 fors=0ors=2n, and all r

(2.9.7)
u=0 fors=0ors=2n,, andr=c

n, = /vy is assumed to be an integer denoting the number of floors contained
within the half-wavelength, H (Fig. 2.46a), and c is the subscript for the column
line that is held against lateral sliding at the base and top of the frame, while the
bases and tops of all other column lines are allowed to slide freely in the
horizontal direction at bottom and top boundaries. Furthermore, Equations 2.9.5
satisfy the condition:

yr.: Z(V (F22) + Vyr,s) = 0 (2'9- 8)
in which

k
V,, =22 ’s’ (u,s+1+u,s)+ (¢,s+¢,s+l) (2.9.9)
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V, represents the shear force per length L, transmitted along a horizontal section
of the frame passed through the neutral axis of one line of horizontal members.
This implies that the total shear force in the horizontal cross sections of the entire
frame is zero (this shear force corresponds to the fixed direction shear force V,
and not to the rotating shear force Q we previously introduced for columns with
shear).

The boundary conditions in Equations 2.9.7 imply that the rectangular frame
in Figure 2.46 is supported rigidly in the vertical direction at the joints of the top
and bottom boundaries, while horizontally the joints are allowed to slide freely,
with no friction. Furthermore, since V, represents the shear force along the
neutral axis of the horizontal beams, the beams at the top and bottom boundaries
are implied to have one-half of the cross-sectional area of the other members.
Although practical frames do not normally satisfy this condition, the difference is
unimportant because the horizontal members at the top and bottom boundaries
are not subjected to bending (since the joint rotations on top and bottom are
zero). So the axial strains of these horizontal members are negligible. These
boundary conditions are illustrated in Figure 2.46d.

It may be noted that a frame with the boundary conditions on top and bottom
as illustrated in Figure 2.46¢ also could be solved exactly in a similar manner.

The simple solution according to Equations 2.9.5 also gives approximately
correct results for the critical load of the free-standing rectangular frame in Figure
2.46c. This was verified by comparisons with exact solutions of frames up to 52
stories high (BaZant, Christensen, 1972a). For the free-standing frame, its height is
taken as H/2 and represents the quarter-wavelength of the buckling mode shown
in Figure 2.46b. The boundary conditions for the free-standing frame are not
fulfilled on the top boundary exactly. However, they are fulfilled in the integral
sense. The vertical force resultant and the moment resultant above the vertical
center line of all axial forces of columns on top are zero for the solution according
to Equations 2.9.5 at y = H/2. The deviation from the exact boundary conditions
consists of a self-equilibrated system of vertical column forces on the top
boundary, and according to the Saint-Venant principle this system should have
only a local effect and should decay rapidly away from the top of the
free-standing frame.

The boundary conditions on the left and right sides of the rectangular frame
are most conveniently formulated if the frame is imagined to extend beyond the
actual boundary, adding vertical rows of fictitious joints r =0 and r=m+1
outside the boundary (m is the number of column lines). This has the advantage
that the boundary joints r =1 and r =m =n, + 1 (n, = number of bays) can be
treated as interior joints of the frame, for which the discrete field equations (Egs.
2.9.6) apply. The internal forces transmitted into the joints at » = 1 from the left
and the joints at r = m from the right, that is, from the fictitious outside extension
of the frame, must be made equal to the prescribed incremental loads applied at
the left and right boundaries. This condition yields

E;(uo,s - ul,:) = PL E;(um,s - um+l..\‘) = PR

kX EX

kxsx(cx¢0,s + ¢l.s) - -Z— (vl.s - vO,:) =M
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k Sx(¢mx+cx¢m+lx) L (vm+ls m.s)=MR
k.sk JK.s'x
12 (V15— Vo) == (Pos + P1.) = V* (2.9.10)
ka: kxsx

L2 (vm+l.s_vm,s) L (¢ms+¢m+ls) VR

in which Pt, VL, MY, PR, V%, and MR are the incremental horizontal force,
vertical force, and moment applied at the left or the right boundary joint (Fig.
2.46d). For the calculation of critical loads we of course consider PL=V’l=
cee=0.

The difference equations (Eqs. 2.9.6) can be satisfied if U,, V,, and R, are
expressed according to Equations 2.9.4, or alternatively, U, = Ae®, U, = Be®,
and R, = Ce”. Considering then the most general linear combination of all
possible solutions of this type, one can satisfy all the boundary conditions.
However, it is more convenient to first reduce the difference equations from the
second order to the first order. This may be accomplished by introducing twice as
many unknowns, F,, F, ..., F, defined as

Fi,=Ur—l F;!=‘,r—l F‘S=Rr—l F‘2=Ur F-‘S=Vr F‘6=Rr

4 14 4 4

(2.9.11)

Substituting this into Egs. 2.9.6 and appending three additional finite difference
equations F,, =K, K, =F,, F , =F,, we then obtain the following first-order
matrix difference equation in the canonical (standard) form:

(F,Y [o01 0 0 o o] (R
anl -1 ax; 0 0 0 (1773 F‘Z,
FE 00 0 1 0 O E
i QR (2.9.12)
F,., 0 ay; a43 A4s Q45 Ay F,
F,, 00 O 0 0 1 123
\Fs,., ) | 0 as; ae3 ags ass Qe | \ F&,J
in which
ks, 2k, 3,
[L2E1(1_0037)+1] a26—LE,smy
a 2L,5.k,5, sin ¥ 0= §2+s¥s.c,
2= Lk (52— s3s.C.) §2—sks.c,
~2s¥s.c, [E,L2 ]
= S - +1 2.9.13
Gas §2—sis.c, [ ks v (1—cosy) ( )
_ 2L, 5:5:C, . 2L,5.(k,s, + ks, + k,s,c, COS ¥)
a4s_§z—s*sc ©= k. (52— sts.c,)

2k,3,sy sin y 2575,

a Aoz =T = <
2 L —sisec) 0 L3 —stsec)
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- *
sf + 5, 85,C;

2%, [E;.Li(l—cos y)+k,s:]

o=~ kax 53 - s:sxcx e 53 - s:sxcx
(2.9.13)
255 (k,s, + ks, + k,s,c, cOS 7)
Qs = 2
kx(sx —Sx sxcx)
The solution of these equations may be found in the form
F(r)=Kp', E(r)=Kp', ..., F(r)=Ksp" (2.9.14)

in which p, K, ..., K¢ are arbitrary constants. Note that one can equivalently
replace p” with ¢#” where B = In p. Substituting this in Equations 2.9.13 we obtain

a system of linear homogeneous algebraic equations for K, K, . . ., K¢ Their
determinant must vanish to make a nonzero solution possible, that is,
-p 1 0 0 0 0
-1 ap—-p O 0 0 Qs
0 0 - 1 0 0
p =0 (2.9.15)
0 a;; @Gy au—p as Q46
0 0 0 0 -p 1
0 aegs a3 [/ 7 Aes Qes— P

This equation represents a standard linear eigenvalue problem. Computational
experience has shown that the roots are normally real, and usually also distinct.
(To avoid the need of programming for the case of double roots, the value of the
axial load, which influences the values of the coefficients of the determinant, was
slightly adjusted so as to avoid the occurrence of either double roots of two roots
that are too close.) The general solution of the discrete field equation (Eq.
2.9.12) may then be expressed as

E(r)=C\K!pi + CoK3p5+- - -+ CeKopl,  (i=1,2,...,6) (2.9.16)

in which py, p,,..., ps are the roots of the determinant (Eq. 2.9.15);

Cy, G, ..., Cy are arbitrary constants to be determined from the boundary
conditions; and (K%, K%, . . ., K%) is the jth eigenvector associated with root p;.
Always

Substitution of the solution in Equation 2.9.16 into the boundary conditions in
Equations 2.9.10 for the left and right sides of the plane (with Pr=P%=...=

M?" = 0) yields a system of six linear algebraic homogeneous equations for C;:

ﬁ) b(P)C;=0 (i=1,...,6) (2.9.18)

in which coefficients b; depend on the value of the axial load P,, both directly
(through s,, c,, s, etc.) as well as indirectly through the values of the roots

P1, - - -, Pe (we assume that the ratio P,/P, is prescribed, usually as zero). The
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A
] s

expressions for these coefficients are found to be

T')l

by, = | K+ c,Ki — (K, —

by = | K\~ Kb — (Kb — K

rm
p.ra

(2.9.19)

by= K% - Ki— (KL + K

'ol

m+1

bS[ = (KIZ - Kll)(p[ + P;j +1)
b {K"p(”'“)’2 for m odd
9 LK) + K§)p}*™  for m even

The computation of the lowest critical load for a given frame may now
proceed as follows. We choose a series of values of P,; for each of them we solve
the roots p,, ..., Ps, the corresponding eigenvectors, and the coefficients b;.
Equations 2.9.18 can have a nonzero solution only if the determinant vanishes.
Therefore, we calculate the value of the determinant corresponding to each value
P, and construct the plot of the determinant value versus P, (actually, it is
computationally more effective to plot the § power of the determinant). Then we
search for the zero values of this plot. First one locates the approximate values of
the roots graphically, and then one may find the accurate value of P, according
to Newton’s iterative procedure.

Numerical Results and Their Discussion

It may be shown that (for P, = 0) the critical load, normalized with respect to the
Euler load Pg, of the columns, is in general a function of five nondimensional
parameters:

P k., Hr, L
PE f(k BL’ —’,n,,n,) (2.9.20)

where > =radius of gyration of the column cross section. Numerical results
characterizing the effects of various nondimensional parameters were obtained by
BaZant and Christensen (1972b) and some of them are plotted in Figures
2.47-2.49.

The weakening influence of the number of floors is seen from the lines for
H/B = constant in Figure 2.47. The effect of n,, n, is negligible if, roughly, n, or
n,>10 for H/B >2, or n, >S5, n,>10 for H/B > 4. That the effect of the third
parameter in Equation 2.9.20 is indeed rather small can be seen from Equations
29.5.

The value of the critical axial force for short-wave buckling modes in which
axial extensions are negligible lies, for typical building frames without diagonal
bracing, above 0.8Pg, . The critical forces for the long-wave extensional buckling
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Figure 2.47 Critical loads per column for typical frame properties. (Solid lines for constant
number of bays, n,; dashed lines for constant height-to-width ratio.) Note the small effect
of n,, n, at H/B constant. (After BaZant and Christensen, 1972b.) Dash-dot lines show
solution according to continuous approximation. (From BaZant and Christensen, 1973.)

modes are thus of no interest when P,_ is in this range or above it. Such cases
have not been included in Figures 2.47-2.49. (It was shown, however, that even
in such cases the presence of axial force P, may considerably reduce the frame
stiffness in long-wave deformation modes; this is of importance especially for
vibration analysis.

It is found that frames for which long-wave buckling needs to be considered
have either small k,/k, or are very high and slender, with members so stiff that
short-wave buckling is precluded, as is typical for stiffening frames of modern tall
buildings. In practice, these frames are arranged as a framed tube to provide also
torsional rigidity.

The critical load values are also irrelevant when they exceed the plastic yield
load of the columns, P,. Lines indicating the P, value for the frame with various
L,/r, values have been included in Figure 2.49 for structural steels with 60,000 psi
yield limit. Obviously, for high-strength steels the range in which long-wave
buckling modes are of importance is considerably wider than for low-strength
steels.

It is also of interest to determine the relationship of the present solutions to
the exact solutions for buckling of free-standing frames, as in Figure 2.46. The
critical axial loads for long-wave buckling of such frames has been solved by
BaZant and Christensen (1972a) exactly for a few cases (frames 52 stories high).
Comparison of numerical results indicates that the critical load of the free-
standing frames about equals the critical load of the frames solved previously
(Fig. 2.46a) if the height of the free-standing frame equals the quarter-wavelength
of the buckling modes solved previously, that is, H/2. This agrees with intuition.
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Figure 2.48 Distribution of amplitude of vertical joint displacements across frame width at
buckling for various beam-to-column stiffness ratios k,/k,, frame height-to-width ratios
H/B, and column slenderness ratios L,/r,. (Distributions of column extensions are the
same. For F, less than the critical load, distributions are appreciably different only if P,/Pg,
is not small.) (After BaZant and Christensen, 1972b.)

To sum up, the critical loads of large regular frames with uniformly distributed
axial loads can be effectively calculated by the methods of finite difference
calculus. This approach offers the possibility of easily treating long-wave
extensional buckling modes in which the buckling is not local, confined to a few
members, but the frame buckles as a whole.

Problems

2.9.1 Verify that Equations 2.9.3 and 2.9.4 indeed satisfy Equations 2.9.2. Also
verify that Equation 2.9.14 satisfies Equation 2.9.12, yielding Equation 2.9.15.
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Figure 2.49 Critical load per column as function of ratio of frame slenderness H/B to
column slenderness L, /r, (solid lines) (after BaZant and Christensen, 1972b). [Dashed lines
indicate plastic yield loads for columns with various L,/r, having yield limit of 60,000 psi.
Dash-dot lines show results according to continuous approximation (from BaZant and
Christensen, 1973).]

2.9.2 Write the finite difference equations for a free-standing tall regular
single-bay frame (Fig. 2.50a) and solve P, by the methods of finite difference
calculus (cf. Bleich, 1952). Assume the horizontal beams to be infinitely stiff
axially but not the columns. Compare the result with the solution of a built-up
column as a column with shear (Sec. 2.7).

2.9.3 Same as Problem 2.9.2, but both ends fixed (Fig. 2.50b).

a)
Pl It b

)
E 26
' hae

Figure 2.50 Exercise problems on long-wave buckling of regular frames.
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2.9.4 Same as Problem 2.9.3, but the top joints slide vertically.
2.9.5 Derive the difference equations for a regular three-dimensional frame.

2.10 CONTINUUM APPROXIMATION FOR LARGE REGULAR
FRAMES

Apart from the methods of finite difference calculus, the long-wave buckling and
generally all large-scale overall behavior of very large regular frames, trusses, and
lattices can be analyzed by approximating the structure as a continuum in which
the joint displacements and rotations are represented by the values of some
continuous functions evaluated at the joint locations. The smoothing of the
structure with a macroscopic continuum always involves some error, and,
therefore, in contrast to the solution of finite difference equations, this approach
is never exact, although the approximation error often is negligible (BaZant and
Christensen, 1972a).

The replacement of the discrete structure with a continuum can also be
advantageous in that it makes it possible to utilize various methods of numerical
solution of partial differential equations, which are generally more developed
than those for difference equations (e.g., when the coefficients of the difference
equations are not constant but variable). Aside from the classical methods such as
the trigonometric series expansion for structures with rectangular boundaries, one
can utilize the finite element method, in which the finite elements can be quite
large, with dimensions corresponding to many bays of a frame or many cells of a
lattice. With this approach, the variation of member properties or the initial axial
forces along the frame poses no particular problem.

Transition from Difference to Differential Equations

Although the method of continuum approximation can be generally applied to all
types of large regular frames, trusses, and lattices, we will demonstrate it only for
the case of a large two-dimensional regular rectangular grame, considered before.
We consider again the frame shown in Figure 2.45. However, we now allow the
member stiffnesses to vary from one cell of the frame to the next, either because
of a change in the cross section of the members or change in the initial axial
force. As a generalization of Equations 2.9.1, the conditions of equilibrium of the
horizontal forces, vertical forces, and moments acting on joint 7, s read:

, k.5
Ex(ur+l,s - 2ur s + ur—l,s) + -i—! (¢r.s+l - ¢r,s—l)
y

k,s)
L2

1 '
+ (ur s+1 zur,s + ur.s—-l) + i Ax(Ex)(ur-H,s - ur—l,s)

+1 A,(fs'!)w,,,ﬂ —20,,+ Gres +49,)

1
2
1 ks

30T )= ) 4 1,0
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k.S,
E;(vr,s+l - 2vr,s + vr,s—l) - —lxjs— (¢r+l,s - ¢r—l,s)
ka: 1 '
+ L2 (vr+l,s - 2vr.s + vr—l,s) + 2Ay(Ey)(vr.s+1 - vr.s—l)
. . s (2.10.1)
xSx
- 5 Ax(L_)(¢r+l,s - 2¢r.s + ¢r—l.s + 4¢r.s)
1. (ks
#3057 )@= v =0

k.5,
kxsxcx(¢r+l,s - 2¢r.s + ¢r—i,s + 2¢r,s) + 2kxsx¢r,s - (vr+1,s - vr—l.s)

L,
k}'E}'
+ kysycy(¢r,s+l - 2¢r.s + ¢r.s—l + 2¢r,s) + 2kysy¢r.s + L (ur,s+l - ur,s—l)
y
1 1 (kS
+ 5 Ax(kxsxcx)(¢r+i,s - ¢r—l,s) - 5 Ax( Lx )(vr+l,s - 2vr,s + vr—l.s)

L
L

Yy

in which all notations are the same as before except that for the case of
nonuniform properties we introduce the difference operators A, and A, denoting
the differences in the quantity to which they apply between two adjacent
members. Also, in the case of nonuniform properties, k,, s,, k,, etc., are defined
as the average values (attributed to joint 7, s) of the corresponding quantities in
the adjacent members.

The finite difference expressions in Equations 2.10.1 are obviously the
well-known second-order finite difference approximations to the first and second
derivatives. Therefore, Equations 2.10.1 may be approximated by the partial
differential equations

1 1
+ 5 Ay(kysycy)(¢r,s+l - ¢r.s—1) + 5 Ay( )(ur.s+l - 2ur.s + ur,s—l) - mr.s = 0

- L .
LAE )0+ 2k50),5 + (y53,),, + 32 (k) 0, + £ = 0

L2
2! - 2k.5 +(k.s* —2(k.5 +f =
Ly(Eyv.}').}' ( xsx¢).x ( xS x v.X).X 2 ( XSX):X¢-“ f;' 0 (2.10.2)
2kx§x(v,x - ¢) - 2ky§y(u.y + ¢) - Li(kxsxcxd).x).x - Li(kysycyd).y).y
L2 L
+ ? (kxjx).xv,xx - _2}: (k}'j}').yu-}'}' +m=0

Here u, v, ¢, f,, f,, and m represent continuous and sufficiently smooth functions
of x and y whose values at points (x;, y;) approximate the values of u,;, v;;, etc.;
subscript x or y following a comma denotes partial derivatives, for example,
v,=3v/3x, ¢, =3¢P/3x* k., sy, 5. ¢, Ei etc. are also understood as
continuous and smooth functions whose values at the midspans of the members
approximate the actual member properties. (Introduction of these continuous
functions is meaningful only if member properties and initial axial forces vary
sufficiently regularly from member to member.)
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Continuum Approximation Based on Potential Energy

An alternative approach to obtaining Equations 2.10.2 can be based on potential
energy. The expression for the second-order approximation to the incremental
strain energy U, for a single member is

2
U= % [Mo(¢a — W) + Mp(Pp — ¥) + P(u, — up)] - P"(LT"’) (2.10.3)

where P° is the initial axial force, subscripts a and b refer to member ends, and y
is the rotation of the line joining the member ends, plus linear terms —P%(u,, —
u,), M%¢, — v), and Mi(¢, — y). However, as is well known, the linear terms
need not be taken into account since they would yield the conditions of
equilibrium for the initial state which are assumed to be satisfied. The value
(Ly*/2) represents, with an error 0(y*), the axial extension of the member due
to small lateral displacements v,, v,. If M,, M,, and P are expressed according to
the stiffness matrix in Equation 2.2.7, it follows on rearrangement that
1 2
A =§E'(u,, — ) 4 S ks(@y = $.)* + k(= V) — ¥) - P°L7"’ (2.10.9)
The incremental strain energy U, contained in a pair of horizontal members at
joint (r, s) is a sum of two expressions of the form of Equation 2.10.4. For the
sake of simplicity, the properties and initial axial forces of members whose
longitudinal axes lie on the same line will now be considered as constant. Then,
expanding the value of u, v, and ¢ in joints (r + 1, 5) and (r — 1, 5) in a Taylor’s
series about the point (r, s) leads to the continuum approximation

U= LZE? + L2k, s, 9% + Lk, 5.9 . + 2k, 5. (¢ — v ,)* = PiLv%  (2.10.5)

In Equation 2.10.5 we retain only the terms with first derivatives of u, v, and ¢,
but with the notable exception of those higher-order terms that can be converted
on integration by parts to terms containing only the first-order derivatives. The
term ¢¢ ., is of this type since, in the expression for the total energy IT of the
structure, it can be converted, upon integration by parts, to the term —¢?>.

The incremental strain energy U, stored in a pair of vertical members meeting
in the joint (r,s) can be obtained similarly. The element of the continuum
approximation as shown in Figure 2.51 is periodically repeated in both directions.
From this it can be seen that the strain energy corresponding to the area L, L, of
the frame is (U, + U,).

_l J I
= —

IL

_ _
0 It Ir

Figure 2.51 Internal forces at the member midspans and their intuitive analogy with the
stresses acting on an element of micropolar continuum. (After BaZant and Christensen,
1972a.)
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The total incremental potential energy of the structure, I, is approximated by
the expression
dx dy
L.L,

n =] j B(U,lr +U)-fiu—-fv— m¢] - W (2.10.6)
) “(»)

where Wy = the work of the incremental loads applied at the boundary of the

structured body. Integrating the terms involving the products ¢¢ ,. and ¢¢ ,, by

parts, or applying Green’s theorem (e.g. Pearson, 1974), the integral in Equation

2.10.6 takes the form:

dx dy _
L.L,

n=j j dedy—f (fu+£fv+me) W, (2.10.7)
(x) “(y) (x) “(»)

for which
U=[L2E? + L2Ev?, — Lk, s.c. 9% — L%k,s,c,0% + 2k, 5. (¢ — v ,)?
+2k,5,(¢p +u,)>— POL V., — POL u?)(2L L))" (2.10.8)

and W = Wj; plus a certain contour integral of terms involving products ¢¢ , and
¢¢,,. Obviously, u can be regarded as the second-order terms of the specific
incremental strain energy of the continuum approximating the frame. The
presence of negative terms involving —¢? and —¢?, in Equation 2.10.8 or terms
such as ¢¢ ,, and ¢¢ ,, in Equation 2.10.5, which can also become negative,
raises questions regarding the conditions for positive definiteness of the total
potential energy. Such conditions must always be met if P2= P%=0. That this is
indeedoso follows from the positive definiteness of the expression in Eq. 2.10.4 for
PY=P°=0.

The differential equilibrium equations may be derived from the first variation
of the incremental potential I1. If the first-order terms are omitted, this variation
is

oM = ] ] {L2Eu, bu,+ L2Eyw , 6v,,— L%k,s.c,¢.. O .
x Jy
- Lf'kysycy¢.y 6¢y + 2kx§x(¢ - Ux)(6¢ - 6v.x)

+ 2k}’§Y(¢ + u,y)(5¢ + 6u.y) - Pngv,x 601 - P(y)L,,u'y 5u,y

dx dy
L.L,

(2.10.9)

—fiou—f,0v—-médo}

plus a certain contour integral that is relevant only for the boundary conditions. If
the terms containing derivatives of the variations are integrated by parts (or if
Green'’s theorem is used), and if the equilibrium condition 6IT =0 is applied, one
obtains the differential equations of equilibrium that are identical with Equations
2.10.2 for constant member properties, as expected.

If the incremental properties of members and initial axial forces vary from
member to member, additional terms must be included in the strain energy
density expression. Proceeding in the same manner as we did from Equation
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2.10.7 to Equations 2.10.9 and 2.10.2, it can be verified that in order to obtain the
equilibrium equations (Egs. 2.10.2) for the case of variable properties, the strain
energy density must be given by Equation 2.10.8 plus the term

Lz(kxjx).x¢,xv,x - L;(kxjy).yd’,yu,y
2L,L,

(2.10.10)

Micropolar Continuum and Couple Stresses

It is now interesting to observe that the continuum described by Equations 2.10.2
is a special case of the so-called micropolar continuum proposed by Eringen
(1966). This continuum is defined as a continuum that is characterized not only by
displacements u(x, y) and v(x, y) but also by material rotations ¢(x, y), which
are independent of the rotations @ based on « and v, that is, of @ = }(v,, — u,).
Thus, the potential energy of a micropolar continuum depends not only on the
strains u,, v,, and y where y=2¢,,=v,+u, but also on three additional
quantities: @ — ¢, r,, and r, where r, = r+(w- ¢)=v,—¢ and r,= )
(0 — ¢)=u ,+ ¢. The fact that the potential-energy density in Equation 2.10.7 is
indeed of the form U(u,,v,, 1., 71,, ¢, ¢,) means that the continuum that
approximates a rectangular frame is a special case of a micropolar continuum.
Obviously, this continuum is orthotropic.

The micropolar continuum is a special case of continua with couple stresses
m,., m,, that exist because of the fact that the shear stresses are not symmetric,
that is, o,, # 0,,. (The fact that o,, = 0,, for the usual continua is derived from
the condition of moment equilibrium of an infinitesimal element under the
condition that the moments applied to its faces are zero.)

The stresses o,,, 0,,, 0., 0, and the couple stresses m,,, m, in the
micropolar continuum of constant properties are defined and expressed from
Equation 2.10.8 as follows:

au Ewu L,
O+ O == 0+ =
du

x L,
J Eyv, L
a)y + 0, = o), + 2=
yy yy a y yy Lx
o ?_E_] au k,s, x—2k5.¢
¥ ar, dv, L.L,
(2.10.11)
?_E_]_G_U kysyu, +2k,5,¢
%% 3w, LL
au -k
m, = 5xCxP.xLx
<9¢,r L,
e = ou —k,s,c,9,L,
¥ 3¢, L,
where (7 U+ o%u, + odv, =the total strain energy density and o=~

PYL,, o), = —P°/L are the initial stresses. Note that the symmetric part 0,
and the antisymmetric part oy, of shear stress g,, can also be expressed directly
as Oy, = 3 3U/3¢,,, Oy, =13 3U/3(w — ¢).
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Stresses and Boundary Conditions

It is now interesting to define the continuum counterparts of the internal forces in
the regular frame. These forces are associated with the incremental internal
forces in the frame members at midspan (Fig. 2.51) and include axial force N,
shear force T, and bending moment M, which will be referred for reasons of
convenience to the point on the straight line connecting the ends of the member
in the deformed position (and not to the point on the deformed neutral axis).
Therefore,

N=E'(u, —u,)=—P

V= k[s*(v,, - va)/L - §(¢a + ¢b)]
- L

(2.10.12)

MM L - o), -
M= = ks(1- )5~ 90)

The end moments M, and M, are related to M, N, and V by the following
equations:

_(V+Py)L _(V+Py)L
2 2
In terms of the member properties within the framework, the continuum

approximations of Equations 2.10.12 in the x- and y-directions are straightfor-
ward and are given by

M,=-M M,=M (2.10.13)

N,=L.Eu, N,=L,Ev,
k * — k < k * k §.
1; = xs, v,xL 2 xsx¢ I;, = ysy u'y: 2 ysy¢ (2. 10- 14)
x y

M, =3L.ks.(1-c)o., M,=3L ks, (1—c,)¢,

where N,, N,, T,, T,, M,, and M, are continuous functions whose values at
midspan approximate the internal forces in Equations 2.10.12, and where T, is
taken as —V, so that its positive direction would correspond to the usual
continuum convention.

Equations 2.10.11 for the stresses and couple stresses are simply related to the
continuous approximations in Equations 2.10.14 for the internal forces at the
midspans

N ol
*"L, ” "L,
T _5L
Oy = L Oyx = L (2.10.15)
o M %M,
¥ L(-c) ¥ L(l-¢)

It is interesting to note that while the normal and shear forces are expressed as
the resultants of the normal and shear stresses over lengths L, and L,, the
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bending moments are not equal to the resultants L,m,,, L,m,, of the couple
stresses m,, and m,,. (For a zero axial force, M,=—-L,m,,/2 and M, = —
L.m,.[2, so that even the sign of M, and m,, is opposite.) Thus, the analogy that
some authors based intuitively on the assumption that the midspan bending
moments may be expressed as the resultants of couple stresses, that is,
M,=Lm, and M,=L,m,, is not completely correct. The reason for the
inequality of M, and L,m,, consists, roughly speaking, in the fact that the
bending moment varies along the member, while N, and 7, are constant along the
member. Also, the strain energy of the member due to ¢, equals 3m,.¢ , rather
than 3(M,/L,)¢ ., whereas the energies due to N, and T, equal 3(N,/L,)u,, and
WL/L)v. - $).

After defining the internal forces, we can consider the boundary conditions.
At each boundary joint of the framework, one quantity of each of the pairs
. f), (v,f), and (¢, m) must be given. In the case of a continuum
approximation, Equations 2.10.14 have an error of an order higher than second
only if the functions «, v, ¢, and their derivatives are evaluated at the midspan
point of the beam. Therefore, when the applied loads £, f,, or m at the boundary
joint are prescribed, the simplest formulation of the boundary conditions may be
achieved in a manner similar to that used in the solution of continuous
boundary-value problems by the finite difference method. The gridwork is
imagined to be extended beyond the boundary, and the hypothetical values for
the nodes outside the physical boundary are used in such a way that the internal
forces at the midspan points of the imagined members crossing the boundary
transmit the prescribed forces into the actual boundary joints (Fig. 2.52). Thus,
using Equations 2.10.12 and 2.10.13, the conditions on the left vertical and top
horizontal boundaries of the framework are

Nx=_Pf N = y

T,=V5 T,= -vE (2.10.16)
L, L

Mx=Mf+(Vf+P21px)_2_ My=_Mf_(Vf+P21py)?y

where P?, V2, and M? denote the prescribed incremental normal load, tangential
load, and moment, respectively, at the actual boundary joint of the frame. By
substitution of Equations 2.10.14, the respective conditions for the left vertical

et P4 M.:’i”’, _
Ly/2]
b %%

o

r=0 rsj ra2 rs3

Figure 2.52 Fictitious extension of the grid beyond its boundary for the formulation of the
free boundary condition. (After BaZant and Christensen, 1972a.)
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and top horizontal boundaries of the continuum are obtained as follows:
L.Ewu,=-P¢
kesiv, =2k S, 0=VIL,
Lk.s (1 ¢)¢.=2M7+ (V7 + Pu,)L,
LyE;'U-y =-P f

kystu,+2k,s,¢=—VEL,

y

Lyk,s,(1—c,)¢,=—2ME—(VE—Pu,)L,

(2.10.17)

These conditions are imposed along the line connecting the midspan points of the
imaginary members crossing the boundary. The continuum boundary can thus be
imagined to be located at distances L,/2 and L,/2 beyond the boundary joints of
the frame.

As an interesting digression, we may note one consequence for the problem of
a substitute frame. Structural analysts have often been seeking a substitute frame
that would behave approximately in the same manner as a given large regular
frame yet would have much greater distances between the joints, thus permitting
simpler analysis. The substitute frame was usually determined on the basis of
some limited conditions of equivalence, but this could not guarantee the same
behavior under all types of loading. From the viewpoint of our formulation, it is
clear that a rational definition of a substitute frame can be based on the
requirement that the continuum approximation of the substitute frame be the
same as for the actual given frame. Labeling the quantities for the substitute
frame with subscript § the condition that the coefficients of all the terms in
Equations 2.10.2 and in the finite difference approximations of these differential
equations based on grid steps Ax = L,,, Ay =L, be the same (or proportional),
we find that the conditions of equivalence of a given frame and a substitute frame
with members of greater lengths L, and L, are

E.L}=BE, L} E,L}=BE, L}
kx§x = ﬁkxsgxs k}'g}' = ﬁk}'si}'s (2 10 18)
kest = BhesST, kysy = Bkysy, '
k.s.c,L:= Bk, xschLis kysycny' = Bk, yscysts

in which B is an arbitrary parameter. This is a system of eight equations, which
however involve only five unknowns, namely k., E;, k,, E,,, and . Therefore
we must conclude that a substitute frame in general does not exist.

Obviously, the length of the members of the given frame translates into a
certain characteristic length of the equivalent micropolar continuum, and this
characteristic length is a fundamental property of the continuum that cannot be
altered. In a limited sense, though, a substitute frame can be defined for those
frames that are adequately described as a column with shear; see Section 2.7. It
suffices to ensure that the substitute frame with greater floor heights and wider
bays has the same moment of inertia in its horizontal cross section and also the
same overall horizontal shear stiffness. These two conditions can only be satisfied
by altering the ratio of elastic constants, that is, by using Es +# E.
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While the micropolar continuum can describe the overall behavior of large
regular frames very closely, it is incapable of capturing local disturbances. Such
disturbances are usually induced at the boundaries due to deviations of the
boundary conditions from those required by the continuous approximation. It can
be shown, however, that such disturbances decay rapidly with the distance from
the boundary (BaZant and Christensen, 1972a).

Numerical Results and Discussion

The exact solutions of buckling for the continuum approximation of the large
regular frame were obtained by an exact integration of the partial differential
equations of the problem, in a manner that is analogous to that demonstrated in
the preceding section for the solution by means of finite difference calculus
(Bazant and Christensen, 1973).

Extensive numerical comparisons of the deformations of frames and of their
continuum approximations were given by BaZant and Christensen (1972a,b).
Further results for the nonlocal continuum approximation are plotted in the
figures of the previous section. The dash-dot line of Figure 2.47 represents the
plot of the critical load for long-wave buckling versus the number of floors, n,. It
is seen that this curve is very close to the solid curve for the exact solution, except
when the frame height-to-width ratio is very small. The resuits for the continuum
approximation are also plotted in Figure 2.49 showing the dependence of the
long-wave critical load on the height-to-width ratio of the frame; it is seen that in
most cases the continuum solution is graphically indistinguishable, and when a
difference is seen, it is still practically negligible.

Bazant and Christensen’s (1972a) original formulation of the continuum
approximation to large regular frames with columns under axial forces was later
extended by other authors to vibrations as well as to certain problems of more
general lattices. Recently there has been an increasing interest in these
formulations with regard to the analysis of large space lattices for certain special
structures to be put in orbit in space.

As a historical note, the usefulness of continuum approximations of frames
was recognized already during the 1960s. The possibility of applying the couple
stress medium to lattice structures and frames was discussed by Wozniak (1966) in
rather general terms. A more specific model was presented by Banks and
Sokolowski (1968); however, their model was not quite satisfactory because it was
based on a classical type of couple stress continuum (Cosserat’s continuum) in
which the microrotation ¢ and the macrorotation w are equal, whereas for a
frame the continuum counterparts of these quantities (the joint rotation and the
member chord rotation) are in general unequal. The micropolar continuum as a
model for a rectangular gridwork with diagonals was proposed by Askar and
Cakmak (1968). However, this model was also not quite satisfactory because
certain essential terms were missing from the expression for the potential-energy
density (the missing terms were ¢¢ .., which are essential because they
transform, upon integration by parts, to the term —¢2). A similar model for a
spatial cubic gridwork with diagonals was investigated by Tauchert (1969) who
assumed, similarly to Banks and Sokolowski (1968), that for a unit element of the
continuous medium the couple stresses approximate the moments transmitted by
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the lattice bars at their midlength. Plausible though this assumption might seem
at first, it is nevertheless incorrect as Equations 2.10.15 demonstrate.

To sum up, the continuum approximation by a micropolar continuum is an
effective means to solve buckling (as well as vibrations at initial forces) of very
large regular frames or lattices. Some problems can be solved exactly on the basis
of the partial differential equations, while in general one can discretize the
continuum approximation with a mesh whose step is larger than the cells of the
frame or lattice, which enables a considerable reduction of the number of
unknowns.

Problems

2.10.1 Find the trigonometric functions which solve Equations 2.10.2.

2.10.2 Based on the finite difference equations for Problem 2.9.2, deduce the
differential equations for the smoothing continuum for the single-bay frame.
Then solve the critical load from this differential equation and compare it to
the result of Problem 2.9.2.

2.10.3 Do the same as above for Problem 2.9.3 or 2.9.4.

2.10.4 Generalize the present formulation to three dimensions.
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3

Dynamic Analysis of Stability

Failure of structures is a dynamic process, and so it is obviously more realistic to
approach buckling and stability from the dynamic point of view. At the same
time, it appears that a dynamic approach is necessary to define the concept of
stability precisely. So far we have used the term stability only in a loose, intuitive
way.

In this chapter, we begin with the analysis of the stability of vibrations of
structures subjected to conservative loads, such as gravity loads. Then we proceed
to show that a completely different behavior may be encountered when the
structure is subjected to nonconservative loads, such as wind or hydrodynamic
forces in general, or pulsating loads produced by rotating machinery or moving
vehicles, etc. This will lead us to state the precise fundamental definition of
stability of motion and to consider when equivalent results for stability can be
achieved by static analysis or energy methods, which are generally much simpler.
Finally, we will touch the topic of nonlinear dynamic systems. They can exhibit a

complex, apparently random response called chaos, which nevertheless shows
some degree of order.

3.1 VIBRATION OF COLUMNS OR FRAMES AND DIVERGENCE

According to the D’Alembert principle, the differential equation of motion of a
column may be obtained from the differential equation of equilibrium by
including the transverse inertia force per unit length of column in the applied
transverse load p. We will also consider that there may be damping that is linear
and velocity-dependent. We will neglect the effect of rotational inertia, which
may be appreciable only at high frequencies (Raju and Rao, 1986). Thus, we may
set p = —u 8°w/3¢*> — B dw/t, where w = deflection, u = mass of the column per
unit length, B =damping coefficient, and ¢ = time. Then, substituting this into
Equation 1.3.5, we get

2 (6122)+ 2 (p2) = - Z2 22 6.1)
ox ox ox ox ot ot

where x = length coordinate, EI = bending stiffness, and P = axial load (positive

14
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if compression). When forced vibrations are studied, then, of course, the
prescribed distributed load p(f) must be added on the right-hand side of this
equation.

In our caiculations we will assume, for the sake of simplicity, that P, EI, u,
and f are constants, in which case this equation becomes

El

3w ?_sz= _u(c‘:‘zw aw) (3.1.2)

EERRr EAar

where b = $/2u = damping parameter. Equation 3.1.1 or 3.1.2 is a linear partial
differential equation. Together with the appropriate boundary conditions at
column ends x =0 and x =/, and initial conditions at =0, we have an initial
boundary-value problem.

Columns

For the sake of simple illustration let us study first the free vibration of a
pin-ended column (Fig. 3.1a) loaded by axial force P, whose magnitude and
direction remain constant as the column moves (this is an example of a
conservative load). Since the boundaries of the domain in the xt plane are
rectangular (Fig. 3.1b), the solutions of this initial boundary-value problem may
be expected to be separable in the form w(x, ¢) = Y(x)f(t) = product of a function
of x that gives the modal shape (or mode) of the vibration of the structure and a
function of ¢. As the coefficients of Equation 3.1.2 are constant, we may seek the
general solution in the form:

Wit )= 3 £0) sin% (3.1.3)

Note that the sine functions automatically satisfy the bondary conditions for a
pin-ended column (w = w"=0 at x =0 and x = ). Note also that Equation 3.1.3
for t =0 can represent any initial deformation of the beam and any initial velocity
distribution. The initial values f£,(0) and f,(0) can be found through Fourier sine
series expansion of given w(x, 0) and w(x, 0). The Fourier cosine series is not
included in Equation 3.1.3 since its terms do not satisfy the boundary conditions.

a) b)

T ,rw /A

1 -t
} s

Figure 3.1 (a) Vibration mode of a pin-ended column; (b) region of (x, ¢) plane in which
the solution is sought.
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For general boundary conditions, such as fixed-end columns, one would have
to replace Equation 3.1.3 with w =} a, expc,x where a, and c, are complex
numbers. This would have to be done also if both even and odd derivatives with
respect to x were present in the differential equation, but fortunately this does not
happen for bending theory (Eq. 3.1.2). Complex-valued a, and c, also need to be
used to derive the generalized s and ¢ functions and the stiffness matrix for free
vibrations of beam columns under axial load. Then w is also complex, and the
actual deflection is represented by the real part of w (or alternatively the
imaginary part of w).

Let us try the D’Alembert substitution f,(f)=A,e* in Equation 3.1.3.
Substitution of Equation 3.1.3 into Equation 3.1.2 furnishes

oo 2.2 2.2
3 [(Elﬂ-P)" d +pA%,+2pr,,]A,, e =0 (3.14)

= 12 12

To satisfy this equation for all x and all ¢, the bracketed terms must vanish
(otherwise this equation could be satisfied only for some x and some t). Noting
that n*Elx?*/I> = n*Pg = P, = nth critical load, we thus get the condition

4,4
A2+ 26, + (%’)(1 —PL) =0 (3.15)

Consider now that there is no damping (b =0). The foregoing quadratic
equation for A, then has the roots:

) n*n® [EI / P
A’n = ilw,, ), = 1—2 7 1- P—cr" (316)

The corresponding general solutions for f,(¢) are the linear combinations of all
the fundamental solutions associated with w, or A,,:

For P<P,: f.()=A,cosw,t+ B,sinw,t (3.1.7)
P=P,: f,(t)y=A,+B,t (3.1.8)
P>P,: f()=A,e™+B,e ™ (3.1.9)

where A, and B, are constants to be determined from the initial conditions at
t =0, that is, from the values f,(0), £,(0). [These values can be found by Fourier
series expansion of given w(x, 0) and w(x, 0).]

Types of Motion and Dependence of Natural Frequency on Load

Of prime interest is the first natural frequency w,. Let us examine its dependence
on the axial load P. For P =0 we have the first natural frequency of a load-free
beam o= (EI/p)"*(n*/I?). As the magnitude of the axial compressive load P
increases, the frequency @, according to Equation 3.1.6 decreases. The plot of P
versus @3 is a straight line (Fig. 3.2a); and f;(¢) is given by Equation 3.1.7. For
P = P, =first critical load, the first vibration frequency w, vanishes (Fig. 3.2a),
and in this case A, =0 is a double root of Equation 3.1.5. This means that the
corresponding fundamental solutions are € and #°*, or 1 and ¢, which yields the
general solution in Equation 3.1.8. For P> P, , w, becomes an imaginary
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Figure 3.2 (a) Dependence of frequency on axial load P; time variations of deflection at
various P for (b) b =0 and (c, d) b >0 (b = damping coefficient).

number, which means that A, becomes real, and so the solution consists of
exponentials (Eq. 3.1.9).

The types of motion obtained for various values of P are plotted in Figure
3.2b. We see that there is a qualitative change in the type of solution as the axial
load exceeds the first critical load. For small P < P,,, the solutions are bounded,
and if the initial velocity (or the initial deflection) is very small, the deflection
remains very small for all times. However, when P = F,, the deflections will
become very large no matter how small the initial velocity (or the initial
deflection) is. Since arbitrarily small initial velocities or initial deflections
(analogous to imperfections, with arbitrary distributions along x) cannot, in
reality, be, prevented, that is, £;(0) #0, £,(0) #0, the deflection for P = P, will
increase beyond any bounds, according to our linearized theory. This may be
interpreted as failure.

Therefore, the response of the column for P = P,, is termed unstable, and the
condition of stability of the column is

P<P, (3.1.10)

The type of instability exhibited by our column, and illustrated in Figure 3.2b
by the solution for P = P, is called divergence, because the column is incapable
of vibrating and diverges to one side. The typical feature of this type of instability
is that it occurs at @ =0. The motion is at constant velocity, at which the inertia
forces vanish. Such motion implies the existence of neutral equilibrium at x =0
when £,(0)=0, £,(0)=0. This explains why the static analysis gave the same
critical load. For P > P, , the motion is accelerated.

The complete solution is given by the infinite sum expressed by Equation
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3.1.3. This means that, for example, the solution for P., < P <P, consists of a
diverging motion according to Equation 3.1.8 or 3.1.9 for the first mode (n=1)
and superimposed oscillations according to Equation 3.1.7 (for n=2). These
oscillations are of limited magnitude if the corresponding initial perturbation is
small, but this does change the diverging character of the response caused by the
first mode.

Effect of Damping

If damping is present (b >0), the solutioa is different, but the stability condition
(Eq. 3.1.10) remains the same. In this case, the solution of Equation 3.1.5 for
b<w,is

A,=-btin, with o,=Vewi->b? (3.1.11)

in which w, = vibration frequency of the damped column. The corresponding
fundamental solutions are of the type e® and e*'“*, that is,

w~e Pcoswt or e Msinw,t (3.1.12)

These motions represent damped vibrations with envelope e~ (Fig. 3.2c). The
deflections obviously remain very small if the initial velocity or the initial
deflection is very small, provided that w; is real or w;? is positive, which occurs
when @, > b (and requires that P < P, because w, is real if P <P,,).

When w;=0 or w,=b (P <P,,), the solutions for n =1 are of the type e~
and e, and so they are also bounded (Fig. 3.2d). When w;2<0 or w,<b, the
solutions for n = 1 are of the type e~ ®**V and =~ with 0’| =iw, (o is real
because in this case w; is imaginary); these solutions remain bounded only as
long as w}j<b or —w><b? or b?>— wi<b? that is, wi>0 or P<P,, (Fig.
3.2d).

So we see that the stability condition of the column is not affected by linear
damping, that is, damping has no stabilizing (or destabilizing) influence. This is
generally true for linear systems with conservative loads, but not always true for
systems with nonconservative loads (such as circulatory loads, as corroborated by
certain examples).

Thus the main effect of damping is to prevent an oscillating motion (a motion
with alternating sign of the deflection) at loads sufficiently close to critical. In
dynamics, the value of the damping coefficient b at which the oscillatory motion
changes to nonoscillatory is usually called critical damping (in our case, b, = w,).
Here the use of the term critical has nothing to do with stability.

Frames and Other Generalizations

The foregoing analysis can be generalized to beams with arbitrary end supports as
well as to frames. In the linearized, small-deflection theory, the motion can be
sought in the form

w(x, t) = A w(x) sin wt (3.1.13)

in which w(x) represents what is called the modal shape or mode of the structure.
In contrast to our solution for a simply supported column, this shape is generally
not sinusoidal. By a procedure similar to our derivation of the stiffness matrix for
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a beam-column, one can derive a generalized stiffness matrix for vibrations, in
which the coefficients s and ¢ are functions of not only p = P/Pg but also of the
vibration frequencies w; see, for example, Mohsin and Sadek (1968), Howson
and Williams (1973), Akesson (1976), and Kohoutek (1985) (along with a
discussion of some pitfalls). Thus, the problem of free vibrations of arbitrary
beams or frames with axial forces in the beams generally leads to the following
matrix eigenvalue problem:

K(p, w)a=0 (3.1.14)

in which @ is the column matrix of the modal amplitudes of generalized
displacements (displacements and rotations at the joints of members), and K is a
square matrix whose coefficients are generally nonlinear functions of p and .
Free vibrations are possible if det K =0, and from this condition for each chosen
p one can find the corresponding vibration frequencies w, especially the first
frequency ®,. The value of p for which w, ceases to be real is then the first
critical load. The condition det K =0 must in general be solved numerically and
the same procedure as already expounded for static buckling of frames may be
used.

When the beam has a variable stiffness, or the axial load is variable, a solution
may be obtained by splitting the beam into a number of short beam elements,
each with different I or different P. This is the approach used in the finite
element method, and the solution based on s and c¢ functions then becomes
asymptotically identical to the solution based on beam finite elements with cubic
distribution functions. As before, one advantage of the finite element approach is
that it yields a linear eigenvalue problem (i.e., matrix K that is linearly dependent
on small p and w). This is achieved, though, at the cost of a greatly increased
number of unknowns.

Forced vibrations of structures with axial forces generally lead to the matrix
equation of motion:

K(p)u(t) =1(1) (3.1.15)

where p = parameter of axial forces and u, f = column matrices of joint (or node)
displacements and applied forces. The general solution can be composed from the
individual modal responses based on Equation 3.1.14.

Note that in our example we can determine stability without obtaining the
complete solutions. The precise initial conditions are irrelevant for stability. We
need to determine only the type of solution, that is, solve the problem
qualitatively. This is the basic objective in most dynamic stability analyses. We
are interested in qualitative methods for dynamics, which give only the stability
information we need.

The divergence type of instability that we illustrated for our column is typical
of all conservative elastic systems. Next we will see that nonconservative systems
may lose stability in a different manner—dynamically.

Problems

3.1.1 Solve free vibrations of a massless pin-ended column with point mass m
attached at midspan (Fig. 3.3a). Determine @,, P,
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Figure 3.3 Exercise problems on free vibrations of beams and frames under conservative
loads.

3.1.2 Same for a fixed-end column (Fig. 3.3b).

3.1.3 Same for a free-standing column, mass m on top (Fig. 3.3c).

3.1.4 Solve sway vibrations of a massless portal frame, with mass m at each node
(Fig. 3.3e). Find @, P, (use s and c functions).

3.1.5 Solve vibrations of a massless two-span continuous beam in Figure 3.3d
with a mass of rotational inertia moment I attached at tlie middle support (use
s and c functions).

3.1.6 Solve free vibrations of the two-column structure in Figure 3.3f, and P,,.

3.1.7 Using Equation 3.1.14, solve the free vibration frequencies and the first
critical load of a fixed-end beam. Hint: Start with w =sin wt(e®) with
B =complex constant. After finding roots B, use w =sin wt(A sin §,x +
B cos B1x + CeP™ + De~P*). [Note: Instead of the exponentials, one can also
use C sinh S,x + D cosh f,x, but then the resulting stiffness matrix loses
accuracy when x is large; see Kohoutek (1985).]

3.1.8 Same for a free-standing column of height / (load P travels with column
top, remaining vertical).

3.1.9 Using w(x, t) = X, f,(t)e** find the critical load of a pin-ended beam.

3.1.10 Using w(x, t) = ¥ a,e“" find the generalized s and ¢ functions (cf. Howson
and Williams, 1973, and Akesson, 1976).

3.1.11 A rope dancer (Fig. 3.3g) of mass m performs on an inextensible rope of
axial stiffness £A attached to the tops of poles (free-standing columns) of
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distributed mass u and stiffness El, receiving substantial axial force due to the
dancer’s weight mg. Calculate the natural frequency @ which needs to be
outside the frequency range of the dancer’s motions.

3.2 NONCONSERVATIVE LOADS AND FLUTTER

We will now show that a qualitatively different loss of stability can occur under
nonconservative loads. In the preceding problem, it was stipulated that the
direction of the load does not change as the column deflects. By contrast, in some
cases the load direction may vary depending on the deformation of the structure.
Let us study a simple example.

Massless Column under Follower Load
Consider a free-standing column that is loaded by a so-called follower force, P, a

force that turns its direction so as to always remain tangential to the deflection
curve at the column top (Fig. 3.4a). Follower loading is typical of wind and may

b)

d)

Perz

}ap,

Pery

|P¢ T
aPe w?

‘ﬂ‘ 3el/mb?

fo

Figure 3.4 (a) Column loaded by a constant follower force (massless column, point mass
at end); (b) diagram of forces at column top; () condition for critical load; (d)
dependence of frequency of free vibrations upon load.
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be generated by attaching to the column end a disk normal to the column and
placing the column in a wind tunnel with an airstream in the x-direction. The
same loading also may be approximately obtained by striking the disk with a
water jet in the x-direction, or by attaching a rocket engine of thrust P at the end
of the column.

To make a simple solution possible, we consider that the column in Figure
3.4a is massless while the disk at the end has mass m and may be treated as a
mass point (i.e., its rotational inertia is negligible). We consider the linearized
small-deflection theory and constant EI. The absence of distributed mass and of
damping along the column makes the static solution (Eq. 1.3.6) valid for the
shape of the deflection curve, that is,

w(x, 1) =f(t)(A sinkx + B cos kx + Cx + D) (3.2.1)

in which f(¢) is a function of time ¢ to be determined and k = (P/EI)'>.

To formulate the boundary condition on top, we may recall that the shear
force is expressed as V = —M' — Pw' (Eq. 1.3.2); w now denotes the deflection
on top, that is, w =w(0, t). Referring to the diagram of forces, including the
inertia and damping forces, as sketched in Figure 3.4b, we obtain for mass m the
equation of motion: mw =V + Pw’' — Bw or mw + fw=—-M'— Pw' + Pw' = —
M' where w=d*w/dt>, w=dw/dt, and B =damping coefficient. Substituting
M = Elw", and writing also the remaining three boundary conditions (the second
boundary condition at the top is M = 0 for x = 0), we have the conditions:

For x = 0: w'=0  —(EIw"Y =mw + Bw
(3.22)
Forx =1: w=0 w' =0

It is interesting to examine the problem first by the static approach, assuming
that w = 0 and w = 0. Then, for EI = constant, substitution of Equation 3.2.1 into
Equations 3.2.2 yields the boundary conditions,

A=0 B=0 Cl+D=0 C=0 (3.2.3)

This further implies that D = 0. Thus, the column loaded by a follower force has
no deflected equilibrium position, that is, it cannot buckle in a static manner.
However, this does not mean that the column cannot buckle at all—a striking
conclusion, which was incorrectly drawn in one of the first studies of this
problem. We cannot exclude the possibility that the column could lose stability
while in motion.

Turning our attention to the dynamic problem, we obtain from the boundary
conditions (Egs. 3.2.2)
B=0 —AEIK’f =~D(mf + pf
f (mf + Bf) (3.2.4)
Asinkl+Cl+ D=0  Akcoskl+C=0

Eliminating the unknown constants A and C, we get for functions f(t) the
second-order ordinary linear differential equation

F+2bf + 0’ =0 (3.2.5)
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in which we introduce the notations

2 El <—"3 ) _B -
@ = m \sinu—ucosu b=om =k (3.2.6)
Consider first that damping is negligible, that is, b = 0. A solution of Equation
3.2.5 may be sought in the form f = e'“, which satisfies automatically Equation
3.2.5 (w is the vibration frequency). As long as Equations 3.2.6 yield w?>>0, the
column is stable because the deflections remain very small for all time if the initial
velocity or the initial deflection is very small. However, when w?<0, the
solutions are of the type f =e* or e where A = iw real (w = imaginary); one of
these solutions leads to arbitrarily large deflections no matter how small the initial
velocities or initial deflections are.
According to Equations 3.2.6, w® changes its sign when sinu — u cosu = 0 or
tan # = u. As shown in Figure 3.4c, the smallest positive load value for which this
condition can be satisfied is u = 4.4934, which yields the first critical load

P, =20.19 £2l= 8.183 i

1 4

The fact that P, is much larger than the critical load Pg/4 for the dead load is

due to the horizontal component of P, which is opposite to the deflection if P is
not too large.

Furthermore, as is clear from the graphs of functions tan «, cos %, and u in
Figure 3.4c, w? is positive, and the column is stable, when P <P, , or when
P, <P<P,, etc, where P, F.,... are the load values corresponding to
successive change of sign of w?. On the other hand, for P.,=P=<PF,, w?=0,
which means instability.

The plot of P versus w?, calculated according to Equations 3.2.6, is shown in
Figure 3.4d. It is noteworthy that w® does not become negative by passing
through a zero value, as it did in our previous study of column vibrations under
dead load, but it does so by jumping from +o to —o. This means that neutral
equilibrium does not exist at the critical load. The loss of stability in which the
structure is oscillating at the critical load is called the oscillatory instability or
flutter, and the critical load is also called the flutter load. The present example is
a limiting case of flutter in which the frequency tends to infinity at the loss of
stability. (The infinite value of the frequency is due to our neglect of the mass
between the column ends.)

It is interesting but not surprising to note that the value of F,,, coincides with
the value that would be found by static analysis for the case in which the load
passes through a fixed point at distance ¢ from the free end (Sec. 1.4), with ¢c— 0.
Note also that, for P =0, w?=3EI/ml (i.e., the limit of Egs. 3.2.6 for y—0)
can be calculated as the frequency of a single-degree-of-freedom elastic system of
stiffness 3E1//? and mass m.

Consider now that damping is present, that is, b > 0. Substituting f = e* into
Equation 3.2.5, one obtains the characteristic equation A%+ 2bA + w® =0, whose
roots yield the fundamental solutions:

e sinw't e cosw't where w' =V’ —b? (3.2.8)
e~ Gre  e=(=0%  where 0" = Vb - &? (3.2.9)

(3.2.7)

or
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Obviously, deflections that are initially small remain small if b > w". This means
that b>> " and finally leads to the stability condition w?> 0, which is the same
as before. So we see again that linear damping has no effect on the critical loads.

Effect of Distributed Mass

A free-standing column that has a distributed mass and is loaded on top by a
follower force (called Beck’s column) also loses stability by means of flutter
rather than divergence (Beck, 1952). The solution is considerably more involved;
see, for example, Timoshenko and Gere (1961, p. 152). The loss of stability,
however, is different in that the vibration frequency at the critical state is finite,
not infinite. We illustrate such a type of stability loss with another, simpler
example.

Consider the free-standing column shown in Figure 3.5a, which consists of two
rigid bars of length ! connected by hinges with rotational springs of stiffness C.
The rigid bars are assumed to be massless, however masses m (considered as
point masses) are attached on top and at the middle hinge. The column is loaded
on top by a follower force P.

The horizontal inertia forces acting at the upper and lower point masses are,
for small deflections, ml(6, + 8,) and ml@,. Writing the moment equations of
equilibrium of the entire column as a free body about its base, and of the top part
as a free body about the middle hinge, we obtain the following system of two
linear ordinary differential equations for 8, and 8, as functions of time ¢:

mi(8, + 6,)21 + ml,l + Pl(6,— 6,) + CO, =0

o 3.2.10

If the terms with 8, and 8, are deleted, we have a system of two equilibrium
equations. They are homogeneous and have a nonzero solution only if their
determinant D vanishes. However, one finds that D = C?, which cannot vanish.
Therefore, this column again cannot lose stability in a static manner, that is, by
neutral equilibrium. It may also be noted that the system of equilibrium equations

a) b)

ARE
c
Divergence
w?real <0
4
w? complex } Flutter
2
Stable
wireal >0 vibration
! V' w?

Figure 3.5 (a) Free-standing two-bar column loaded by a constant follower force (massless
bars, point masses on top and at middle hinge); (b) dependence of frequency of free
vibrations upon load.
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has a nonsymmetric matrix (stiffness matrix); this means that a potential energy
does not exist, that is, the column is nonconservative. Later we will discuss it
more.

The dynamic solution of Equations 3.2.10 may be sought in the form
6,=q,¢'”, 0,=q,e'™. Indeed, upon substitution in Equations 3.2.10 the term
e'“* cancels out. Then a system of two homogeneous linear algebraic equations for
¢ and ¢, results:

[(C—Pl)—3m12w2 Pz-zmﬂwz]{ql}={0} (3.2.11)

—-C —mlw? C-mlw?® lq, 0
Nonzero amplitudes ¢, and g, are possible only if the determinant of this
equation system vanishes. This leads to a quadratic equation for w?:
(mlw?? ~23C - Pl)(mPw?) + C*=0 (3.2.12)
the solution of which is
ml*w? = (3C — PI) + V(3C — PI)* - C*= (3C - PI) + V(4C - PI)(2C - PI)
(3.2.13)
Obviously, the frequency @ might not only become imaginary, as we saw it in
our preceding examples, but it could also become complex. What does that mean
for stability? Consider that w = o + i where « and § are real numbers. Since w
is a root of an algebraic equation with real coefficients, the complex frequency
must come in conjugate pairs, that is, it a +if is a root of the characteristic

equation, then a —if is also a root. Then &' = ¢“e™#, which means that the
general solution is a linear combination of the following four solutions:

e Fcosart e Psinar (3.2.14)

Due to the fact that the complex roots come in conjugate pairs, we have both
+B and —B in these solutions. This means that one of the exponents must be
positive regardless of the sign of B. Two of these solutions represent then
oscillations with an amplitude growing beyond any bounds, and the response can
become very large no matter how small the initial velocity or the initial deflection
may be. Hence, when the vibration frequency becomes a complex number, the
structure loses stability. This is called Borchardt’s criterion.

Let us now finish the problem in Figure 3.5a. For P <2C/I, there are four real
distinct frequencies @, which implies stability. For P =2C/I, all frequencies w are
still real but there are double roots, which means that solutions of the type
tsin @t and tcos wt are present: they are unbounded, which means instability.
For 2C/I< P <4C]/I, the expression under the square root in Equation 3.2.13 is
negative, and so the roots w are complex: this implies instability of the oscillatory
type, that is, flutter. For P =4C/l, ? becomes again real, but negative, and so @
is purely imaginary. This means that the deflection grows exponentially, diverging
at monotonically increasing velocity and increasing acceleration to one side. This
is an unstable situation. Note that a solution proportional to ¢ is not present,
unlike the case of a column under a dead load, and divergence does not begin with
a state of neutral equilibrium, that is, with @ = 0. The regions of instability are
graphically represented in Figure 3.5b.

It may also be noted that if the same column were loaded by a vertical force P
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(which corresponds to gravity load and is conservative), then P, = 0.3820C/I (see
Eq. 4.3.13). Our lowest critical load is P, =2C/I, which is 5.23 times larger.
Obviously, the directional behavior of the load has a tremendous effect.

The last problem was studied by Herrmann and Jong (1965) and Herrmann
(1967b). They demonstrated with this problem that in a nonconservative system a
small internal (viscous) damping can have a destabilizing influence, that is, it can
lower the critical load (Thompson, 1982, p. 32).

Elastically Supported Rigid Plate under Aerodynamic Forces

As another example consider the stability of a massive rigid plate of unit width
and specific mass u per unit length, suspended on springs of stiffness C; and C, as
shown in Figure 3.6. The plate, initially in a horizontal position of static
equilibrium, is loaded by wind of velocity v, characterized by wind force resultant
F =kv’0 acting at a distance a ahead of the downwind end of the plate;
k = constant, 8 = rotation of the plate. (The foregoing definition of F is valid only
for very slow steady oscillations, such that wb/v << 1; see Bisplinghoff, Ashley
and Halfman, 1955.) The location of the resultant of the aerodynamic forces on
the plate is called in aeroelasticity the aecrodynamic center. Its location does not
depend on angle 6. For two-dimensional incompressible flow this center is located
at a =3b/4, while for supersonic flow it is located at a = b/2 (Dowell et al., 1978,
p- 4). Denoting the deflection from the static equilibrium position at midpoint as
w (Fig. 3.6), the inertia effects are characterized by vertical inertia force ubw
applied at the center of the plate, and inertia moment ub*6/12. The equations of
motion may be obtained as the equations of dynamic equilibrium of vertical
forces and moments about the center of the plate, and they yield the following
system of two linear ordinary differential equations for w and 6:

W+a"w+a|20=0

0+a,w+and=0 (3-2.15)
in which
a _CGi+ G a _G-G kv?
n=T T R S T T
ub 2 ub 2 (3.2.16)
=8 c-C) an=—i(C +C)—12k—"(a-9)
as bzl‘(l 2 2 bu 1 2 ub® 2
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Figure 3.6 Rigid plate suspended on springs and loaded by wind of constant velocity v.
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The loss of stability due to divergence (equivalent to static buckling) may be
determined by setting w = 6 = 0. Equations 3.2.15 then becomes a system of two
linear algebraic homogeneous equations, and so the loss of stability occurs when
deta; =0. From this condition, the critical wind velocity for divergence may be
solved, and it is found that (since v is real) divergence is possible only if
C,>Cy(bla-1).

The dynamic solutions are found by substituting w = q,e'™ and 6 = g,e'*.
This reduces Equations 3.2.15 to the following homogeneous linear algebraic
equation for the amplitudes q,, g,:

a, — ? a2 ]{‘h}_{o}
[ a5, an—o0?llq, 0 (3.2.17)

Nonzero amplitudes are possible only if the determinant of this equation system
vanishes, which yields the condition

+ +ax\?
w2=a“ ) a22:t J(all ) a22) —anaxn +apayn (3.2 18)

Assuming that a,, + a5, >0, the condition that ®> be real and positive requires
that

ut “”)2 (3.2.19)

2

The second of these inequalities reduces to (@,, — ax)> + 44,545, >0, and it is
found that condition 3.2.19 is always satisfied if C, < C, (because a,a,, >0); in
this case no flutter is possible. If C, > C,, then this condition can be violated and
flutter is possible for a sufficiently high wind speed v, which is solved from the
foregoing condition.

The condition a,,a,, — a,,a,, =0 yields the critical velocities for divergence
(@ = 0), that is, static buckling, the case we have already solved.

It may be noted that the condition for critical velocity is not changed if the
initial angle of attack of the plate is different from zero. In this case 6 and w must
be interpreted as incremental generalized displacements due to elastic deforma-
tions of the springs; the problem is analogous to that of lateral deflection of an
imperfect column (see Bisplinghoff et al., 1955, p. 424).

The last problem illustrates some but not all of the essential aspects of
instability of aircraft wings as well as suspension bridges. In wing design it is
desirable to make flutter impossible at any velocity. This is achieved with
C,> C,. It can be shown that, more generally, stability of a plate whose center of
gravity is not at midlength is achieved if the center of the spring stiffness of the
links is behind the center of gravity.

In relation to the suspension bridge problem, the plate in our example may be
imagined as a section of the roadway and the springs model the suspension
cables. A realistic analysis of a suspension bridge, however, must also take into
account the effect of motions 6(¢) and w(t) on the aerodynamic forces, as well as
the inertia of the added mass of air that is forced to move with the plate.

The understanding of dynamic stability of suspension bridges was greatly
advanced by the collapse of the Tacoma bridge near Seattle in 1940 (Bowers,
1940; Simiu and Scanlan, 1986). Shortly after the erection of the bridge, which
was of a much lighter design than the preceding large suspension bridges (the

0<anaxp—apa,< (
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Figure 3.7 Oscillations and collapse of Tacoma bridge. (Reprinted by permission of the
Centro di Cinematografia Scientifica del Politecnico di Milano.)

Golden Gate bridge in San Francisco, built in 1937, and the George Washington
bridge, built earlier over the Hudson River in New York), a strong gale caused
large torsional-flexural oscillations of the center span that produced collapse
within a few hours. These oscillations as well as the subsequent collapse were
recorded on a film (Fig. 3.7). Analysis of this disaster (e.g., T. von Kirmén,
1940; F. B. Farquarson, 1954; Simiu and Scanlan, 1986) eventually led to a much
better understanding of the behavior of suspension bridges and made it possible
to design light large-span suspension bridges that are safe against aerodynamic
instability. An example is the Humber bridge over the mouth of the Humber
River in England, whose span (currently a world record) is 1410 m (compared
with 853 m for the Tacoma bridge and 1280 m for the Golden Gate bridge, which
held the world record until the Verrazzano Narrows bridge in New York, also of
classical design, surpassed it in the 1960s; see, e.g., Leonhardt, 1982, which gives
a good discussion of practical design aspects).

Conservative and Nonconservative Forces

Let us now consider the nature of the forces that produce dynamic instability.
When a structure oscillates, its amplitude as well as its kinetic energy increases
beyond any bounds. This energy must come from somewhere. Clearly, it is
extracted from the load. However, if the loads are conservative and have a
potential, the energy supplied to the structure cannot exceed the potential-energy
loss of the applied loads due to deflection, and it is therefore bounded. Hence,
dynamic instability (flutter) can be caused only by nonconservative loads.

The loads on a structure are generally defined as a force field P = P(x), where
x = (x, y, z) = position vector in Cartesian coordinates x, y, z. During the deflec-
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tion of the structure, the load vector P moves along path s consisting of
displacement vectors ds. A load is said to be conservative if the work
W = [4 P ds from position A to position B is independent of the path taken and
depends only on these final positions. An equivalent condition is that the closed
path integral § P ds =4 (P, dx + P, dy + P, dz) must be zero for all closed paths.
This is always true if a potential-energy function Il = I(x, y, z) exists such that
an M an
P=— P=— P=—
ox ¥ oy oz
The potential-energy function always exists if the following integrability condi-
tions are satisfied:

(3.2.20)

OF._9F, OR,_0OF, 8K, 0P
d & 9z ox 8z dy

The force field is conservative if it possesses a potential. However, it can be
conservative even if it does not have a potential, as we will see from an example
of a rotating shaft in Section 3.4.

For the follower loads on a column, as well as the wind force on the plate in
the preceding examples, a potential cannot be defined and does not exist because
the load direction depends on the deformation of the structure. This may be
illustrated by the sketch in Figure 3.8. Depending on the trajectory of the column
top and its rotation history, the disk can move from its original position 1 to its
final position 3 in infinitely many different ways, for example, those illustrated by
a, b, and c in Figure 3.8. In the first case the disk moves first laterally and then it
rotates, in which case no work is done. If the disk first rotates clockwise and then
moves to the right, the work done by the load is negative, and if it first rotates
counterclockwise, then moves to the right and again rotates clockwise, the work
done by the load is positive. Different amounts of work are done for different
paths leading to the same final state.

We should caution, however, that the dependence of the load direction on the
structure deformation does not in itself cause the load to be nonconservative.
This is, for example, demonstrated by considering a shell under hydrostatic
pressure. Hydrostatic pressure is a special case of follower loads always oriented
orthogonally to the deformed surface of the shell. The work done is nevertheless
proportional to the cross-hatched area in Figure 3.9a, which is determined fully
by the final deflected position and does not depend on the way in which this final
position has been reached.

Another example of a load whose direction depends on the deformation of the
structure is a spring load on the column shown in Figure 3.9b. This load is also
conservative because it is a force produced by an elastic spring. Such a load, as

1 24 fjs 2Y‘
a) I b) <) v

Figure 3.8 Different rotation histories of a column top which correspond to different
amounts of work done by the follower force (for the same initial and final state).

(3.2.21)
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Figure 3.9 Conservative systems with load direction dependent on deformation.

well as the hydrostatic pressure load, cannot supply unlimited kinetic energy to
the structure. Still other examples were shown in Figure 1.10.

The fact that the loads are constant in magnitude and keep constant direction
does not in itself guarantee that they are conservative. This may be illustrated by
the example (presented in Sec. 1.10 and Fig. 1.29) of a shaft supported at the
ends by pins and loaded by axial force P and torque M,. Such a loading is
nonconservative, since the work of torque M, depends on the deflection path
(Timoshenko and Gere, 1961, p. 156). Therefore, dynamic analysis of stability is
required. This example, however, is somewhat artificial since no mechanical way
to apply M, in this manner is known.

The basic lesson from our preceding examples is that examination of
equilibrium states (i.e., static analysis) is in general insufficient to determine
stability of an elastic structure subjected to nonconservative loads.

Equations Governing Flutter of Suspension Bridges

Finally, to supplement the preceding discussion of the behavior of suspension
bridges, let us state the full equations that are adequate for most practical
purposes. The equations of motion of the bridge deck beam (Fig. 3.10) that
vibrates flexurally and torsionally in a steady flow of air and does not exhibit
significant warping torsion or cross-section distortion (Chap. 6) are partial
differential equations of the form:

(EW,.) o +uw+ w0, +C,w,+L=0

—(GJ0 )+ w,+1,6,+CoO,+M=0

in which subscripts following a comma denote partial derivatives (e.g., w,=w =
Fw/ 812), 6 = rotation about beam axis; GJ = torsional stiffness (for simple or

Saint Venant’s torsion, Chap. 6), u=beam mass per unit length, I, = mass
moment of inertia about the elastic axis (neutral axis for bending), y, = distance

il "llln....--.-....nllll”llln.. ——

(3.2.22)

Figure 3.10 Suspension bridge.
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of the elastic axis from the inertia axis; Cy, Cr = damping coefficients for
bending and torsional motions; and L, M = aerodynamic lift force and torque.
According to Simiu and Scanlan (1986) (see also Meirovitch and Ghosh, 1987):

L=- % pv22b[KH,(K)(—w) + KHZ(K)(bﬁ) + K2H3(K)8]
o v (3.2.23)
M=- % pv2(2b)2[KA,(K)(%) + KAZ(K)(b—vq) + K2A3(K)8]

in which b = width of the deck; K = bw/v-reduced frequency; @ = frequency of
oscillations; v =wind velocity; and H,, H,, H;, A,, A,, A;= aerodynamic
coefficients depending on K. Further one must add the boundary condition of the
beam; for example, w=w =6 =0at x =0 and x = L for fixed ends.

Problems

3.2.1 Solve the problem of the free-standing two-bar massless column in Figure
3.5a for the case that the intermediate mass is 2m.

3.2.2 Same as above, but assume that the lower and upper bars have lengths 2/
and /.

3.2.3 Same for a free-standing two-bar massless column with only one mass m on
top (Fig. 3.11a).

3.2.4 Same as Problem 3.2.1, but the load is vertical.

3.2.5 Same as Problem 3.2.1, but the load passes through a fixed point at a
distance a from the base, Figure 3.11b. Hint: Is P a conservative load? What is
the limit case for a— «?

3.2.6 Same as Problem 3.2.1, but the load has an angle ¢ = 6/2 (partial follower
load) (Fig. 3.11c).

3.2.7 Show that the system of Figure 3.9b is conservative.

3.2.8 Is the column in Figure 3.11e conservative? Hint: Refer to Problem 1.4.3.

3.2.9 Frequency w is given by the equation ®* — 2(2 + P)w? + P(P + 6) = 0. Find
P,,. What type of instability occurs?

3.2.10 Show that the work done by hydrostatic pressure p (Fig. 3.9a) is equal to
p AV, where AV is the volume between the initial and final deflection surface.
This volume is obviously independent of the path in which the structure got
from the initial to the final state. Why is this sufficient to conclude that the
load is conservative?

3.2.11 Show that the column in Figure 3.11d loaded by a follower force P
exhibits no flutter and @ = 0 at the critical state (so that P.. can be obtained by
static analysis).

3.2.12 Solve the system in Figure 3.11f for the cases: (a) ¢ = 8 (follower load);
(b) ¢ = 8/2 (partial follower load); (c) ¢ = 6 fixed direction load (dead load).

3.2.13 Solve the system in Figure 3.11g.

3.2.14 Consider the equations of motion of a suspension bridge deck. For the
purpose of this exercise, assume that H, = —0.1(v/fB); H,=0; H,=0; A, =0;
A,=—0.025(v/fB)(2.0 — v/fB); A;=0; in which f=w/2x, and analyze
dynamic stability.
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Figure 3.11 Exercise problems on (a—g) structures loaded by follower forces, and (h)
flexible pipes with high-speed fluid flow.

3.2.15 Flexible pipes can fail by flutter due to high-speed flow of the fluid they
convey. As a simple prototype problem consider the pipe in Figure 3.11h,
which can flex only at two points (by angles ¢, and g,), restrained by springs
of constant C and dampers of coefficient Cp. Let p be the fluid mass density
(constant, incompressible fluid), v the fluid velocity, R the inner radius of the
pipe, and k the wall thickness. The pipes are subjected to external linear
viscous damping . Due to inertia there is a lateral force F exerted by the fluid
on the pipe at the pipe bend. It is proportional to ¢, —¢q, and can be
calculated as the rate of change of the momentum vector of the fluid as it
passes through the bend. (a) Derive the differential equations of motion for g,
and g,, (b) discuss the solution method, and (c) determine the stability limits.
For detailed analysis see Sugiyama (1987).

3.3 PULSATING LOADS AND PARAMETRIC RESONANCE

Another type of nonconservative load is pulsating loads. Such loads often
approximate reasonably well the action of rotating machinery such as turbines
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and power generators on the columns of structures, or the action of moving
vehicles on the piers of bridges.

Axial Pulsating Load on a Column

Consider again a pin ended column of length / (Fig. 3.12a) that has a uniform
distributed mass u, a constant bending rigidity EI, and is subjected to axial
compressive load P(t) = F, + F, cos Q¢ in which Q is a given forcing frequency,
and F,, P, = constants. Since no restriction on constancy of axial load P needed to
be made in deriving the differential equation of beam-columns, substitution of
inertia force and of P(t) into Equation 3.1.2 (with no damping) provides the
differential equation

3w

Fw 3*w
El-a74-+ (P + P,coth)§= ~u

> (3.3.1)

For the boundary conditions of a pin-ended column, we may seek the solution in
the form

wir, )= £.(0) sin"—’l‘f (3.3.2)
n=1
in which f,(¢) are unknown functions to be found. Substitution into Equation

a) Pé cos 2t

b) ——~—=First order approximation for small p
Stability boundary undamped (b=0)
Damped (% =005)

t
[ v /
unstable .,
7
-, 1’
A
0.1

I I!.o 2.0

£

Figure 3.12 (a) Pin-ended column under pulsating axial force; (b) limits of stability if
damping is considered (heavy lines) or not (light lines).

Q
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3.3.1 yields the condition

és"‘ﬂrﬁ{f" EI( r )[l_nzzizEl(P”P'c"SQ‘)}f"}:O (3.3.3)

For this equation to be satisfied at any value of x, the expression in braces must
vanish for every n. This yields the differential equation

af
e

in which the following notations are made:

P, n*n* (EI P n’n?
2 031 _ 20 0 = ="t =
=0 (1 Pc,n) @ =T (u) P3P, —py T H
(3.3.5)

® = free vibration frequency of the column for no axial load, w = free vibration
frequency under static load F,, and p = excitation parameter. We have discarded
subscripts n, that is, replaced w,, %, p,, and f, by o, ®° p, and f, since
Equation 3.3.4 has the same form for all n.

Equation 3.3.4 is an ordinary linear differential equation of second order, with
one variable coefficient. It is known as the Mathieu differential equation, and its
solutions are Mathieu functions. We will now indicate an approximate solution of
the limiting response that was given by Rayleigh and can be obtained without
relying on the theory of Mathieu functions.

+ w*(1 —2p cos Qt)f =0 3.3.9)

Undamped Vibration

The motion of the column produced by the periodic load may be expected to be
quasi-periodic, and when the amplitude increases in time, the column is unstable.
At the limit of stability, a periodic solution may be expected:

f@®= i (A, cos kyt + B, sin kyt) (3.3.6)
k=1

in which y =constant. Substituting this into Equation 3.3.4 and utilizing the
relations 2 cos Q¢ cos kyt = cos (R + ky)t +cos (2 — ky)t, 2cosQtsinkyt=
sin (Q + ky)t —sin (Q — ky)t, we obtain

i {(0® — k*y*)(A, cos kyt + B, sinkyt)

k=1
— pw?[A cos (Q — ky)t — B, sin (Q — ky)i]
+ pw?[A, cos (Q + ky)t + B, sin (Q + ky)]} =0 (3.3.7)

There are six different trigonometric functions in these equations for each k.
To satisfy these equations identically for all ¢, the coefficient at each trigonometric
function would have to vanish. However, this condition would, in general, yield
six equations for each k, while there are only two unknowns A, and B,. So, in
general, we would have more unknowns than equations, which is an unsolvable
problem. To satisfy these equations for all ¢ (at nonzero A,, B.), the sine
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functions as well as the cosine functions must be identical, that is, their arguments
must coincide. Therefore, we must choose y such that the numbers Q — ky and
Q + ky are all contained among the numbers ky =0, +y, £2y, +3y,....

One way to achieve it is to set Q — y =0, that is, y = Q. Then the coefficient
of cos yt must vanish, that is, @*~ y?> =0, which implies that Q = w represents a
critical load at which stability is lost. This critical load is the same as in static
buckling (P, = 0).

Another way to achieve it is to set Q ~ y =y, that is, y = Q/2, and it can be
verified that this yields the smallest excitation frequency Q that causes instability.
Then we have in Equation 3.3.7 only two types of trigonometric functions:
cos (kQt/2) and sin (kQt/2); indeed, arguments kyt and (Q — ny)t are equal
when 7 =2 — k. But this means that identical sine or cosine functions occur in
different brackets of Equation 3.3.7 for different k values. Substituting y = Q/2
into Equation 3.3.7, writing out all terms for k =1, 2, 3 in detail (without }), and
collecting the trigonometric functions of the same argument, we obtain a
condition of the form

—pw2A2+a,cos%+b,sin%t+azcosgt+b2sin Qt+a3c0s3—g+- c-=0
(3.3.8)
in which
a;=[(1-p)o* - iQ%A, - pw’A, b, =[(1+p)o®—iQ?%B, - pw’B;
(3.3.9)

Now, to satisfy Equation 3.3.8 identically for all times ¢, it is necessary that A, as
well as the coefficient of each trigonometric function vanish. We get an infinite
system of equations for A,, B,;, A,, B,, As;, B, ..., with the same number of
equations as unknowns (Rayleigh, 1894 and 1945, pp. 82-83).

We are not really interested in a complete solution, however. If we find some
nonzero solution, it represents a critical state. One such solution can readily be
obtained by setting A, =0 and A;= B;=0, which has the advantage that the
equations for A; and B, become uncoupled from the rest. Note also that even if
we considered those solutions in which A; and B; are present, then the terms
with A; and B, for p << 1 are higher-order smaller than the terms with A, and B,.
This justifies omission of A; and B; in more general circumstances.

The system of equations @, =0 and b, =0 in this case can be satisfied for
nonzero A, and B, (of arbitrary magnitude) if its determinant is zero, and this
occurs if the excitation frequency is

Q=20V1 :|:p=2w(l i‘—z’) (3.3.10)

The limits of stability according to Equation 3.3.10 are plotted in Figure 3.12b
as continuous light curves for 2w\1+p and as dashed straight lines for
2w(1 £ p/2). For a vanishing amplitude of the pulsating load, instability is
obtained for excitation frequencies Q=2w where w is the free vibration
frequency corresponding to the mean load F,.

The stability loss that occurs at other than the natural frequencies for Fo,=0
and is determined by further parameters, such as those in Equations 3.3.5, is
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called the parametric resonance. For columns, it occurs at double the natural
frequency for P,=0. It can be any natural frequency, not just the first one. In
general, for each natural frequency one can find infinitely many parametric
resonance frequencies, all except one being lower than the natural frequency. It
may be checked that Q = 2w is the only destabilizing frequency of a column that
is associated with the first natural frequency and is higher than this frequency. It
may be interesting to note that a pulsating tensile force (P < 0) can also produce
instability (Kohoutek, 1984).

The diagram in Figure 3.12b is called a Strutt diagram; for its complete picture
see, for example, Timoshenko and Gere (1961, p.160). A more complete
investigation can be found in Rayleigh (1894 and 1945).

Damped Vibration

For design engineers, it may be disturbing that according to the previous solution
an infinitely small amplitude of the pulsating loads may destabilize the column at
a certain frequency that is less than the static critical load. In reality, however,
there is always damping. It is an essential feature of parametric resonance that
damping has a strong stabilizing effect, since it keeps energy from flowing from
the excitation into the system (Rayleigh, 1894 and 1945, p. 84).

For linear damping, the solution may be obtained easily in the same manner
as we demonstrated. It leads again to an equation of the type of Equation 3.3.8 in
which, however, each of the coefficients a,, a, depends on both A, and B,.
Instability occurs when the determinant of the equations a,=0 and b,=0
vanishes, which yields (for b << ) the condition

/ 4b*
Q=2w\/1:t pz—;)—z (3.3.11)

The limit of stability given by this equation is approximately (for p—0) a
hyperbola, sketched with a bold line in Figure 3.12b. The lowest magnitude of p
is obtained for the case of parametric resonance, Q = 2w, for which p = 2b/w and
so we see that a sufficiently small excitation amplitude cannot cause instability. In
practice, a relatively small damping usually suffices to stabilize columns under
normal excitation amplitudes. At parametric resonance, the damping is least
effective. For the highest parametric resonant frequency, damping has a much
stronger stabilizing influence than at lower ones, that is, it pushes the unstable
region much farther away from the horizontal axis in the Strutt diagram of Figure
3.12b (see Timoshenko and Gere, 1961).

More accurate solutions can be obtained considering the coefficients of further
trigonometric terms in Equation 3.3.8. However, if p <0.6, the present ap-
proximate solution lies within about 1 percent of the exact one.

Another way to obtain an approximate solution of the Mathieu differential
equation is by the perturbation method. For the general theory of Mathieu
equations see Whittaker and Watson (1969).

Simple Energy Analysis of Parametric Resonance

From the energy viewpoint it is important to note that the lateral deflections
cause second-order small axial shortening u(z) of the column. Consequently, the
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axial load can do unbounded work on the axial shortenings if its oscillations are

synchronous with those of u(t). For the sake of simplicity (Fig. 3.12a), let us now
assume that

w(x, t) = a sin wt sin f;— (3.3.12)

Then
w

w=22aZsnarcos™  w=-swcoswrsin®®  (3.3.13

% ] ] —at—aw s ot sin— (3.3.13)

The axial shortening may be calculated as u = f}, (ds — dx) where ds® = dx> + dw?>.

Setting dw =w’ dx and noting that (1+w'?)"2=1w'?2 if w' is small, we have
u =1f{ w2 dx, which yields

2,2 2.2

"8;' (1 - cos 2wt) u="4l

Because this equation involves sin2wt rather than cos 2wt, it is now more

convenient to assume that P = Py + P, sin Qt. Then

n’d*w
4l

2 sin 200t (3.3.14)

u=

W)= j Padt= j (P + P, sin Q¢) sin 2wt dt

n’dw
8l

{PJ‘ [cos Qo — Q)t — cos Qw + Q)t] dt + % (1—cos 2wt)}.
0

(3.3.15)

When Q # 2w, W(t) is obviously a periodic function and therefore the energy
supplied to the structure is bounded. That must be a stable situation. Not so,
however, when Q=2w.. In this case Equation 3.3.15 yields for t =1, = an/w
(n=1,2,3,...)

na’w
W) ==
So, if no energy is absorbed by damping, the energy of the structure grows
beyond any bound. This proves, in a much simpler manner than before, that
Q =2w is an unstable situation (i.e., parametric resonance).

Consider now damping. The energy dissipated by damping is D =
§§ pow dx dt where pp, = Bw = 2buw = damping force per unit length of column.
Hence

Pt, (3.3.16)

t :
D(®)= f f 2bua’w? cos® wt sin? 2 dx dt = buazwz(!) (t +32 2wt) (3.3.17)
0 Jo ) 2 2w
The energy that can be stored in the column at times ¢, is U(¢,) = W(¢,) — D(¢,).
Obviously, if W(t,)<D(t,), the column cannot acquire unbounded energy,
that is, it must be stable. This yields the stability condition |P| < 4buw*?/n*w.
Substituting w”= (x*EI/l*u)(1 — Py/P.;) according to Equations 3.3.5 for n =1,
and noting that EIn?*/I*> = P.,, the stability condition becomes

P 2b
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(in which, of course, P, < P,, according to the static stability condition). When
this inequality is reversed, one finds that the value of U(t,) will increase beyond
any bound, which is an unstable situation.

Note that when Q =2w, Equation 3.3.11 for the critical state reduces to
p = 12b/w where p = P,/2(P,.— Py). This confirms the correctness of Equation
3.3.18. Also note that the larger P, is, the smaller is the amplitude |P,| that can be
stably sustained by the column.

The foregoing energy approach (BaZant, 1985) does not seem to be effective
for Q@ # 2w because the time history of motion is more complex. Other methods,
as already shown, are necessary for a complete solution of the problem.
Nevertheless, the foregoing energy method for parametric resonance with or
without damping yields all the information needed for practical design purposes.
This method can be extended easily to arbitrary columns, frames, arches, plates,
shells, thin-wall beams, etc. (see Prob. 5.2.14, 6.2.5, 6.3.11, 6.4.6, 7.3.19 and
7.5.7).

To sum up:

1. The frequency of the applied axial load has a great influence on stability.

2. A large destabilizing effect, called parametric resonance, can be obtained
when the frequency of the load is other than the natural vibration
frequencies.

3. Typically, as we saw it for a column, the strongest parametric resonance is
experienced at double the first natural frequency.

4. Damping changes the stability limits, significantly enlarging the stable
domain (this contrasts with the examples in Secs. 3.1 and 3.2).

Problems

3.3.1 Define and describe the phenomenon of parametric resonance.

3.3.2 Without referring to the text, derive the differential equation governing the
column response to the pulsating load.

3.3.3 Using the energy method, show that parametric resonance occurs also when
Q =2w, when w, (n=1,2,...) are all the higher natural frequencies of a
column under constant axial load P,. Also calculate the maximum stable
amplitude |P)| for Q =2w,.

3.3.4 Using the energy method, estimate the frequency Q for parametric
resonance and the corresponding maximum stable |P| in the presence of
damping for (a) a fixed—fixed column, (b) a fixed-hinged column, and (c) a
portal frame. Assume approximate deflection shapes for this purpose.

3.3.5 Calculate the lowest natural vibration frequency of a circular hinged arch
under radial pressure p.

3.3.6 Consider the axial pressure p(f) to be pulsating, and extend the
preceding problem to parametric resonance, with and without damping. Hint:
Calculate the second-order shortening of the arch center line due to w(s, ¢)
and the work done on it by the axial force N° due to p (N°= —pR). Compare
this to the energy dissipated by damping due to w(s, ¢).

3.3.7 The simply supported column in Figure 3.13a, having uniform EI and
uniform distributed mass pu, is loaded by the weight of mass m through a
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Figure 3.13 Exercise problems on parametric resonance.

spring of stiffness C as shown. Neglect the first-order axial shortening of the
column (EA— »). Calculate (a) the first frequency w,; of flexural vibrations
characterized by midspan deflection q,, and (b) the frequency w, of axial
vibration of mass m characterized by g, (at g, = 0). Determine the value of C
for which parametric resonance occurs (@,=2®;). Then show that a
disturbance initially exciting only axial vibrations g, must eventually also
produce flexural vibrations ¢, and vice versa.

3.3.8 (a) The spring C in Figure 3.13b supports an inextensible massless
pendulum of length L with point mass m at the end. Determine the length L
for which lateral oscillations will arise if mass m is initially displaced purely
vertically. (b) Do the same for the pendulum in Figure 3.13c suspended on a
massless frame.

3.3.9 (a) Point mass m in Figure 3.13d is fixed at midspan to a massless beam of
stiffness El,,, supported on columns of uniform distributed mass u and stiffness
EI as shown. Calculate span L for which an initial vertical displacement of
mass m will lead to lateral oscillations of the columns. (b) Do the same for the
point mass m in Figure 3.13¢, where both the beam and columns are massless
(and inextensible). (c) Do the same for point mass m in Figure 3.13f fixed at
midlength to a massless string of stiffness EA (the beam, with uniform
distributed mass u, receives significant axial force due to weight mg).

3.3.10 The massless rigid bar column in Figure 3.14a has point mass m, attached
at the joint, and while 6 =0, mass m, is excited to oscillate vertically.
Oscillations u at 8 =0 is one possibility. Find the conditions that this produces
oscillations in 6.

3.3.11 (a) The rigid block of mass m, in Figure 3.14b is elastically supported on a
rigid plate of mass m, that is supported by two massless columns. While
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Figure 3.14 Further exercise problems on parametric resonance.

w =0, mass m, is excited to oscillate vertically. Oscillations u at w =0 are one
possibility. Find the condition when this produces lateral oscillations w. (d)
Do the same for the rigid block in Figure 3.14c. (c) Do the same, when mass
m;, is supported elastically (Fig. 3.14d) on a massless rigid-jointed elastic
portal frame with point masses m, attached at the joint.

3.3.12 A column of height H is rigidly joined with a beam of span L. Both have
uniform distributed mass p and bending stiffness EI, and are inextensible.
While u =0, the beam deflection w=0 is initially excited to oscillate.
Oscillations at u =0 are one possibility. Find the ratio H/L for which this
produces simultaneous lateral vibrations u of the column.

3.3.13 Do the same as Problem 3.3.12, but the beam and column are massless,
and point mass m is attached at the column top (Fig. 3.14f).

3.4 OTHER TYPES OF DYNAMIC LOADS

Other interesting, qualitatively different aspects of dynamic stability are revealed
in problems of rotating machinery, whose vibrations must be sustained by
structures and their foundations. Following Ziegler (1968), consider the example
of a rigid circular disk of mass m mounted on a rotating massless elastic shaft, as
shown in Figure 3.15. It is convenient to use rectangular coordinates x, y that
rotate with the disk at its angular velocity w. The deflections in the directions x
and y are denoted as 4 and v, and the spring constants of the shaft in these
directions as C, and C, (we will see that even a very small difference between C,
and C, due to inevitable imperfections is of interest for the solution).

The spring and inertia forces acting on mass m are sketched in Figure 3.15b.
Since we cannot assume the deflection to be constant, we must also include the
inertia forces due to relative accelerations, in particular the centrifugal force and
the Coriolis force. The centrifugal force components in the x- and y-directions are
mw*u and mw?v. The Coriolis force components are 2mwv and —2mo4 in the x-
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Figure 3.15 (a) Rotating disk supported by massless shaft; diagrams of (b) forces, (c)
velocities, (d) accelerations; (e) limits of stability.

and y-directions, as shown in Figure 3.15b. These expressions can be derived
either formally, by vector differentiation, or simply from the velocity vector
diagrams in Figure 3.15c,d. As is apparent from these figures, the radial
displacement Au = u At during the time interval At in the x-direction causes the
magnitude of the circumferential velocity wx to increase by w Au or wi At. In
addition to this, the radial velocity vector changes direction by angle @ At, and so
we have an additional velocity increment (@ Af) in the tangential direction. This
combines to give the total velocity increment 2uw At during At. Therefore, the
acceleration in the y-direction is 2wu. By similar reasoning (Fig. 3.15¢c, d), the
radial velocity ¥ leads to acceleration —2w7 in the x-direction.

Thus it is found that the equations of motion of the mass disk in the rotating
coordinates are

—Cit + mo*u+2mov—mii=0 —-Cu+meo*v-2moua—-mii=0 (3.4.1)

This is a system of two linear ordinary differential equations with constant
coefficients. Seeking the solution in the form u = q,e", v = q,e", we get for the
unknown coefficients ¢, and g, the following system of homogeneous linear
algebraic equations:

(AZ - % - wz)ql —2wAg,=0
c (3.4.2)
2wAq, + (AZ + Tnz - wz)qz =

A nonzero solution is possible only if the determinant vanishes. This yields the
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condition A* + 2aA% + ¢ =0, in which we introduce the notations

a=——C'+C2+ ? c=(£—l-—w2)(£3—w2) (3.4.3)
2m m m

This biquadratic equation has four roots:
A=2V-axVa®-c (3.4.9)

There is always at least a very small unavoidable difference in the values of
the spring constants, and the smaller one may be denoted as C,, that is, C, < C,.
For w? < C,/m, as well as for @>> C,/m, c is positive, a> — ¢ < a?, and so all the
roots are imaginary; this means that the shaft oscillates with a constant amplitude
and is stable. For @?= C,/m or w*= C,/m, we have ¢ =0 and A =0, which is a
double root; this means that ¥, v ~ ¢ is one fundamental solution, and so the shaft
is unstable. For C,/m < w?< C,/m, we have ¢ <0 and two of the roots A are
complex; then one root has a positive real part, and so the shaft is unstable. Thus,
the region

Ci/m=w*<Cy/m (3.4.5)

is the region of instability (Fig. 3.15¢) and @, = (C,/m)'? and w,= (C,/m)? are
the critical angular velocities.

One interesting feature of this problem is that the shaft becomes stable at
supercritical angular velocities, which exceed the angular velocities, for which the
shaft is unstable. This contrasts with the buckling of columns under axial dead
loads, for which all loads exceeding the first critical one cause instability.

The fact that u, v~t at the critical states, that is, the stability limit
corresponding to translation at constant velocity (no acceleration) implies that it
must be possible to obtain the critical velocities by static analysis. Indeed, using
the static approach and assuming the disk to be mounted with unavoidable
eccentricities e,, e, one gets the equilibrium equatons mw?(e, + u) — C,u =0,
mw?*(e; + v) — C;u =0, from which

C, C,

etv=e——
2 Cz_mwz

egtu=e ———
Cl_mw

(3.4.6)
This gives infinite deflections at the critical velocities @ = (C,/m)'? and o =
(C,/m)'?. However, for all other angular velocities  the deflection is small and
the shaft appears to be stable, which is false, so we have an example of a problem
where the static method fails to give the complete answer, even though the
instability is of static (divergence) type. The reason for the failure of the static
approach is the neglect of the Coriolis force. Instability occurs as a translation at
constant velocity in the rotating system, but this implies that there must be
acceleration relative to fixed coordinates, and this acceleration is the Coriolis
acceleration.

With reference to the energy approach to be studied later (Chapter. 4), it may
be noted that the present problem possesses potential energy, IT1=3(C, -
mo?)u? + 3(C, — mow?)v?, and indeed the derivatives —I1/3u and —38I1/3v yield
the correct spring forces and centrifugal forces. The existence of potential energy
implies that the system is conservative. IT ceases to be positive definite when
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®>>C,/m, and thus we are led to conclude from the energy analysis that all
angular velocities exceeding the first critical one would be unstable, which is
incorrect.

It may be checked that the same incorrect result would have been obtained
from the dynamic method if the Coriolis force were omitted. Thus, the Coriolis
force has a stabilizing effect on the shaft.

The failure of the energy approach is due to the fact that the Coriolis force,
while being conservative, does not possess a potential because it always does zero
work (as it is always oriented normal to the direction of motion). There are other
examples of forces that are conservative (since they do no work), yet possess no
potential; for example e.g, the gyroscopic moments. Generally, such forces may
have a stabilizing influence.

Another striking feature of the rotating shaft problem, discovered by Ziegler
(1968), is the possibility that damping may have a destabilizing influence on a
system stabilized by the Coriolis force (or gyroscopic forces in general). Consider
velocity-dependent linear damping forces —2mbit and —2mbv in Figure 3.15, and
carry out the same type of analysis as before. Assuming C, = C,, one finds that
the shaft is stable for w?> < C,;/m and unstable for w?> C,/m. So, we see that
damping cancels the stabilizing effect of the Coriolis force. However, although
this result is mathematically correct, it contradicts experiments that all show that
@ = (C,/m)"? is the only unstable angular velocity. The explanation is that there
always exist further damping forces such as air drag and bearing friction, or
nonlinear damping, and according to Ziegler (1968) their consideration removes
the discrepancy with experiment.

As is apparent from the preceding examples, it is important to distinguish
various types of forces. Following Ziegler (1968), the forces on dynamic systems
may be classified as follows:

1. Nonstationary {or heteronomous) loads, which are specified functions of
time. They are obviously nonconservative and always require a kinetic
approach. Pulsating loads are an example.

2. Stationary loads, which do not depend directly on time.

a. Velocity-dependent loads.

(1) Dissipative loads, which are nonconservative; they do work (dissi-
pate energy) as the structure moves.

(2) Gyroscopic loads (such as the Coriolis force or gyroscopic mo-
ments), which are conservative but have no potential since they do
no work.

b. Velocity-independent loads.

(1) Loads having no potential, which may be termed circulatory
(borrowing this expression from hydrodynamics). They are
nonconservative.

(2) Loads having a potential, which may be termed noncirculatory.
They are conservative.

Note that the class of conservative loads includes two categories: (1)
velocity-independent loads having a potential; (2) velocity-dependent gyroscopic
loads. All other loads are nonconservative. The last class of loads occurs in the
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classical stability problems, in which static (as well as energy methods) are always
applicable.

Among reactions, one may distinguish (1) nonworking reactions (i.e.,
reactions of rigid supports) and (2) dissipative reactions (e.g., reaction of a
viscous dashpot or frictional slider). The work of reactions can never be positive
in scleronomic systems. Scleronomic systems are systems in which the constraints
do not depend explicitly on time (Gantmacher, 1970, p. 11), that is, the position
vector of the reaction point may depend on a set of Lagrangian coordinates but
not explicitly on time (Ziegler, 1968, p. 27).

Problems

3.4.1 Work out the solution for the rotating shaft in the presence of linear
damping.

3.4.2 If a shaft is subjected to axial compression force P, its critical angular
velocity ., is, of course, reduced. The value of w. may be calculated from
w = (C,/m)"? provided that the spring constant is evaluated taking P (and the
support conditions) into account. This may be done in the manner shown in
Section 2.1. Solve w. for a simply supported shaft of length /, uniform
bending stiffness EI, one central disk, and P =0.5P¢. (For a detailed analysis
of many cases, see Ziegler, 1968.)

3.4.3 Analyze stability of a massive beam-column (shaft) that has fixed ends,
carries axial load P, and rotates with angular velocity € (Fig. 3.15f). The
column has uniform distributed mass u. {Note that the centrifugal force uQ%w
contributes to buckling [cf. Watson and Wang, 1983; also J. Eng. Mech.
(ASCE), 1990 in press].}

3.5 DEFINITION OF STABILITY

The examples in the preceding sections demonstrate that stability of structures in
general must be defined in the dynamic sense. A static definition is in general
insufficient.

We consider structures with a finite number of degrees of freedom, charac-
terized by generalized displacements g;(t). Except for some pathological cases,
the behavior of continuous structures may be approximated in this manner by
some discretization procedure, such as the finite element method, the finite
difference method, or the truncated Fourier series expansion. The equations of
motion of the structure, which in general may be derived as the Lagrange
equations of motion (see, e.g., Fliigge, 1962), have the form

[M;){g;} +[Cy){4;} + [K;){q} = {f} (3.5.1)

in which [M;]=mass matrix, [C;]=damping matrix, [K;]= stiffness matrix,
and {f;} =column matrix of applied forces (i,j=1,2,...,n). For reasons of
convenience, mathematicians prefer to convert Equation 3.5.1 to a system of first
order differential equations. This is accomplished by introducing new variables
Y\, Y,, ..., Yy with N=2n, such that Y,,_, =g, and Y,, = ¢;. The latter equa-
tions, together with Equation 3.5.1, yield a system of 2n first-order differential
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equations for the unknowns Yy(¢):

MY} + [CiH{ Yo} + [Kjl{Yaymi} = {£} (i} ={¥a} (3.5.2)

Multiplying by the inverse [M;]™!, one can obtain a system of 2n first-order
differential equations in the standard (canonical) form:

Yi=E(Y,, Y, ..., Y1) k=1,2...,N (3.5.3)

Since the stiffness and damping coefficients may depend on displacements,
functions F; can, in general, be nonlinear. The N-dimensional space of variables
Y), ..., Ynis called the phase space.

In a general sense, one needs to decide whether a certain solution Y3(z),
which corresponds to certain given initial values Y3(f) =Y, at time t=t¢,
(k=1,...,N), is stable. In the static problems as well as in the problems of
Sections 3.1 and 3.2, the solution Y3(f) whose stability is to be examined
consisted of a state at rest; that is, Y} = constant, although in general Y2 may be
functions of time. As illustrated by the preceding examples, the crucial question
with regard to stability is what happens when the system is disturbed, for
example, when the initial values Y} are changed to slightly different initial values
Y% + v} where vg are some small initial perturbations. The solution correspond-
ing to these initial values may be written as

Yi(t) = Y(t) + v (1) (3.5.9

in which functions v, (t) represent the change of the solution caused by the change
in the initial conditions. For most practical problems, functions F; are smooth,
and so they may be expanded in Taylor series about Y%. This yields

N
Ye= Yo+ i, =F(YS, ..., Y% )+ D GimUnm

m=1
N N aZFk
mzl ,,z;‘l 37, ay (3.5.5)
in which ay, = 3F,/3Y,,. At the same time, by definition, we have Y2=
F(Y3,..., Y% 1), and introducing this into Equation 3.5.5, we obtain the

differential equations
N
U= D GamVUm+ V(U1 ..., Un, ) k=12,...,N (3.5.6)
m=1

in which ¥, are functions representing the second and higher terms of the Taylor
series expansion. They have the important special property that their Taylor
series expansions about v, =0 contain no constant terms and no linear terms in
v,. Equations 3.5.6, introduced by Poincaré, reduce the investigation of stability
of any solution to the investigation of stability of a zero (trivial) solution, v, = 0.
In the problems we have considered so far, we obtained equations of the type of
Equations 3.5.6 directly, without having to carry out the foregoing reduction.

Definition of Stability. If for an arbitrary positive number ¢ there exists a
positive number d such that every solution with initial values

WY=<=6 k=1,...,N (3.5.7)
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satisfies the inequalities
lve()|<e k=1,...,N (3.5.8)

for all times t>¢, the solution Y%(¢) is said to be stable (in the sense of
Liapunov). When, in addition, lim v, =0 for t— , the solution is said to be
asymptotically stable.

Simply stated, a structure (or any system) is stable if a small change in the
initial conditions (input) leads to a small change in the solution (output, response).

The foregoing definition of stability, due to Liapunov (1892), is generally used
in all fields—not only structural mechanics but also biology, economics, etc.

The meaning of the stability definition is graphically illustrated in Figure
3.16a. For any given band of width 2¢ (cross-hatched), if one can find a nonzero
positive initial deviation & such that the corresponding solution curve (dashed)
remains within the band 2¢, then the solution (the solid curve) is stable. On the
other hand, if for all initial deviations & (=0) the solution deviates outside the
band 2¢ (the dash-dot curve), the solution will be unstable.

If the system is linear, then the solution is proportional to the initial
conditions. Then stability may also be defined as follows: the structure (system) is
stable if a finite change in initial conditions (input) does not cause an infinite
change in the solution (output, response).

The conditions in Equations 3.5.7 and 3.5.8 may be slightly modified, for
example, by requiring that the vectors v) and v,(f) be contained within
hyperspheres of radii § and ¢ in the phase space, that is, that

vWaol+---+vf=6 and i+ vi+---+vi<e  (3.5.9)

instead of the conditions in Equations 3.5.7 and 3.5.8 in the foregoing definition.
The inequalities in the definition stated may be regarded as describing hypercubes
in N-dimensional phase space. The prefix hyper refers to the fact that the phase
space has generally more than three dimensions.

An example illustrating the stability definition is given in Figure 3.16b. Let
a>0, that is, a is finite, even though it could be very small. If one gives
0 < £ <a, then the ball will move beyond position ¢ (all the way to position a) no
matter how small 6 is (8 > 0).

As another example, consider a linear system (an oscillator) for which
g = deviation from the static equilibrium position and § = velocity. If the system
is damped, the motion after an imposed displacement  brings the system back to

)

TVk(t) / #
T - €| t)
- -
ic LU E L J4e
6 - 0
Yy (t) Yi (1) Unstable

t, t

Figure 3.16 (a) Responses of perturbed systems: stable (dashed curve) or unstable
(dash-dot curve); (b) example of unstable system.
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Figure 3.17 Stable (a, b) and unstable (c) responses in the phase space.

the original position of equilibrium (Fig. 3.17a). If the system is not damped, a
motion in which g and ¢ are always limited ensues; see the diagram in the phase
space in Figure 3.17b. If the stiffness of the system becomes negative, a static
instability is produced (Fig. 3.17c) but if the damping becomes negative a
dynamic instability is produced (Fig. 3.17c¢).

As is now obvious from our discussion, we are normally not interested in
obtaining complete solutions of the dynamic problem. We are only interested in
the qualitative nature of the solutions for various values of the load, to the extent
that we can judge stability. The qualitative analysis of dynamic systems owes its
basic development to Poincaré (1885, 1892) who introduced this approach in
analyzing stability of bodies in orbit and stability of rotating fluid bodies in a
gravity field.

Problems

3.5.1 On the basis of the Liapunov definition of stability, determine whether the
balls in Figure 3.18a are stable.

a) e 1. d)
é -]
y=0 (plane)
Stable? Unstable
(yes)
y= x®
Stable ?
(yes)
Stable? Unstable

(no)

Figure 3.18 (a) Stable and unstable ball supports, and (b,c) exercise problems on
Liapunov’s definition of stability.

3.5.2 Consider a single-degree-of-freedom system for which the (equilibrium)
solution is g, = 0. Let the motion be defined by ¢, = a(t + 1) + be™’, where a
and b characterize the initial deviations, and r=P?—3P+2. Find the
stability condition for P. Then for (a) £=10"%, P=0.5 and (b) £=10"%,
P=1.5, try to find 6 (6 >0).
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3.5.3 Analyze stability of the solution g,=t for a single-degree-of-freedom
system. Let the perturbed motion of the system be defined by ¢, =+
a Re e’”*, where w*= -3+ V1 — P, a = const. Consider
(a) P=0.5, £¢=0.1—find 6>0
P=0.6, e=10">—find 6 >0
P=0.9, ¢=10"°—find 6 >0
(b) P=1.1, £¢=10""*—can you find 4 >0?
P =1.4, ¢ =10"°—can you find 6 >0?
3.5.4 For the hinged column in Figure 3.18b try to find 4 (8 >0) if (a) P =0.5P;
(b) P=0.999Pg; (c) P=Pg; (d) P=1.1P¢.
3.5.5 For the column in Figure 3.18c, try to find 8 (6 >0) for (a) P = C/8!; (b)
P =18C/l; (c) P=2C/L
3.5.6 Do the same as in Problem 3.5.5 for the column in Figure 3.18d.

3.6 THEOREMS OF LAGRANGE-DIRICHLET AND OF LIAPUNOV

As we have seen, dynamics permits a more general and more fundamental
approach to stability problems than statics. The dynamic solutions, however, are
also much more difficult than the analysis of equilibrium states. At the same time,
the complete dynamic solution is usually not needed for stability analysis. The
magnitudes of the initial disturbances are normally unknown anyway. What is
needed are only the limits of stability, that is, the critical states.

Much effort has therefore been devoted in stability theory to finding criteria
that make it possible to determine the limits of stability without actually having to
solve the motion of the system. The simplest and oldest of such criteria is an
energy criterion of stability, which was in its essence known to Torricelli in 1644
for mechanical systems subjected to gravity loads, was presented by Lagrange in
his Mécanique Analytique (1788), and was rigorously proven by Dirichlet in the
early nineteenth century.

Theorem 3.6.1 Lagrange—Dirichlet Theorem. Assuming the total energy to
be continuous, the equilibrium of a system containing only conservative and
dissipative forces is stable if the potential energy of the system has a strict
minimum (i.e., is positive definite).

Proof The state of the system may be imagined as a point in a 2n-
dimensional space with coordinates v, = q,, v;=¢;, V3=¢3, V4a=q,,..., U=
U3, = {§,, called the phase space. The energy of the system is E =11+ T where
I1 = potential energy and T = kinetic energy. As shown before, we may assume
without any loss of generality that the equilibrium state whose stability is
investigated is ¢, =¢;,=¢2=¢,=---=§,, =0, and the corresponding energy
value is E = 0. The condition of strict minimum means that IT = 0 for all points of
the phase space sufficiently close to the origin. Figure 3.19a illustrates that a
surface [1(q,, . . . , g,) has a strict local minimum at the origin ¢, =---=gq, =0 if
and only if the intersections with horizontal planes IT= const. result in closed
contours around the origin. For a surface that does not have a strict minimum,
Figure 3.19b illustrates that the intersections are open curves such as hyperbolas.
Since the kinetic energy T is always nonnegative, II>0 implies E >0 for all
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Figure 3.19 Total energy surfaces (a) with or (b) without a strict local minimum; (c—e)
typical two-dimensional cross sections of total energy surface for positive-definite IT; cross
sections corresponding to increasing energy values for (f) positive-definite IT and (g)
nonpositive-definite IT.

points of the phase space close to the origin. Note that the position in the phase
space defines the kinetic energy completely since the phase space coordinates
include the velocities. Typical two-dimensional cross sections of E are sketched in
Figure 3.19¢c, d, e. In Figure 3.19c¢, the contour E = const. is closed because IT is
positive definite. In Figure 3.19d it is closed because E is positive definite, and in
Figure 3.19¢ it is closed because T >0 always.

Consider now a finite hypercube of size 2¢ centered in the phase space around
the origin, that is, |v,| < ¢ for all k, ¢ being any given positive number. In any
two-dimensional cross section, this hypercube appears as a square of side 2¢ (Fig.
3.19f). Among all the values of E on the boundary of the hypercube, there exists
one minimum value E,>0 (this follows, e.g., from the Weierstrass theorem,
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which states that every continuous function may be uniformly approximated
within a finite region with any desired accuracy by a polynomial). Because E has
a strict minimum, the hypersurfaces of constant E value must be closed and
contain the origin. In the two-dimensional cross section, these hypersurfaces
appear as the closed contours shown in Figure 3.19f. Also, the subsequent
hypersurfaces (the subsequent contours in Fig. 3.19f) correspond to progressively
increasing energy values E,, E,, E,, .. .. Consequently the hypersurface E = E,
is contained entirely within the 2¢ hypercube (within the 2¢ square in Fig. 3.19f).
Therefore, one can choose a 28 hypercube (28 square in Fig. 3.19f) in such a
manner that it is contained entirely within the hypersurface E = E,. For all points
in the interior of the 28 hypercube (i.e., for |vi| < 8 for all k), we have E<E,.

Next we note that for a system containing only conservative and dissipative
forces, energy E cannot increase. Therefore, if we choose an initial state (i.e.,
the initial deviations from the equilibrium position and initial velocities) within
the 26 hypercube (20 square in Fig. 3.19f), the initial energy E, is such that
0<Ey,<E,. So the energy E for all subsequent times will be bounded as
0<E=E,<E,, which implies that the state of the system will always remain
within the hypersurface E = E, (contour E = E, in Fig. 3.19f). Since the surface is
entirely contained within the 2¢ hypercube, the state of the system always
remains within this hypercube (i.e., within the 2¢ square in Fig. 3.19f).

For further discussion see e.g. Leipholz (1970), Ziegler (1968), and Gant-
macher (1970). Equivalently, one can use in this proof hyperspheres instead of
hypercubes (Ziegler, 1968). Note that the proof depends on the fact that
dissipative forces cannot increase the value of E. This follows from the second
law of thermodynamics (or the dissipation inequality), which in fact serves as the
most fundamental criterion of stability (see Sec. 10.2). In the absence of
dissipation, the constancy of E follows simply from the principle of conservation
of mechanical energy.

If the dissipative forces are absent, the energy of the system will remain
constant (E =0) and equal to its initial value E, which corresponds to the initial
deviations from the equilibrium state and the initial velocities. In the phase space,
the state will remain on the hypersurface E = E, (and in a two-dimensional cross
section, on the closed contour E = E,); see Figure 3.20a.

When dissipative forces are present we have dE/dt <(0. Assuming that the

4y States of equal
total energy

fxie-eo

%

a) T b)

Possible actual .. ..Alternative stable path
path of the system

Figure 3.20 Stable paths in the phase space if dissipative forces are (a) absent or (b)
present.
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potential energy and the nonpotential forces do not depend explicitly on time

dE JE\ .
E— . (é—v:)vk (3.6.1)

that is, the derivative with respect to time represents in the phase space the
projection of the vector ¥, of velocities and accelerations onto the normal to the
surface E = constant. Thus the path of the system must either cross the surfaces
E = constant in the direction toward the origin (Fig. 3.20b) or run along them. In
the case that dE/dt =0 only for ¢, =0 (definite dissipative system) and that the
equilibrium position is isolated (i.e., there are no other infinitely close equi-
librium positions) the equilibrium position is asymptotically stable, that is, all the
deviations and velocities tend to zero as the time increases (Gantmacher, 1970,
p. 176).

Figure 3.19g illustrates that if the potential energy is not positive definite,
stability cannot be proven. In this case the contours E = constant are not closed
curves, and thus if the initial state is within the 2¢ square in Figure 3.19g, it only
guarantees that a subsequent state will remain in the infinite cross-hatched
domain, which, of course, cannot fit within any finite 23 square.

Simple examples of positive-definite potential-energy functions are

3¢i+5¢5 qi+(q2-29)° (@1-9))'+49i+q7  qi-9qi
qgi+ai-q3  qi+qi-qi

Note that there exists a number &£ >0 such that, for |q,| <&, one always has

g% — 93>0 (because ¢} is higher-order small). One can denote &°I1= g3+ g3,

8°M = —q3, and then, for all ¢, and ¢,, 6°I1>0; see for more detail Section 4.1.
On the other hand, the expressions

9i-4¢5 qi-¢3 qi—-(g:-39+q3 qi+qi

ai+q:  qit+t(q:+q5)

(3.6.2)

(3.6.3)

are not positive definite.

As revealed by our previous dynamic solution of a rotating shaft (Sec. 3.4) as
well as other examples, the gyroscopic forces, which are conservative but not
derivable from a potential, can stabilize a system that would otherwise be
unstable. However, they cannot destabilize a stable system, as implied by the
Lagrange-Dirichlet theorem.

The minimum of potential energy defines an equilibrium state. Therefore, the
limits of stability of conservative systems can be analyzed statically. This is true
whether or not dissipative forces are present.

In the Lagrange-Dirichlet theorem, positive definiteness is a sufficient
condition, not a necessary one. When the potential energy is not positive definite,
the system may or may not be stable. The absence of the local minimum of the
potential energy (absence of positive definiteness) does not necessarily imply
instability, and examples to this effect are known. However, for two important
cases Liapunov proved instability. This is stated by the following two Liapunov
instability theorems (Gantmacher, 1970, pp. 174-176; Rektorys, 1969, p. 827;
Kamke, 1956, p. 61).
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Theorem 3.6.2 Liapunov’s First Theorem. If the potential energy in the
equilibrium state is not minimum and if the absence of a minimum is caused by
the second-order terms in the Taylor series expansion of the potential energy then
the system is unstable. (Thus, a saddle point, IT= g} — g5 + ¢1, implies instability,
but IT = g% + g} — g3 does not necessarily imply instability, while not guaranteeing
stability; for ramifications see Leipholz, 1970).

Theorem 3.6.3 Liapunov’s Second Theorem. If the potential energy is
maximum with respect to all adjacent states (local maximum) and the maximum
is characterized by the terms of the lowest order (not necessarily the second
order) in the Taylor series expansion of potential energy, then the system is
unstable. (For example, I1=—q%— g3+ q} + q5 and I1=—g} — g3 each implies
instability, but IT=—g?+q3 or I1=—q%+ g} +q5 does not necessarily imply
instability.)

The crucial point in the proof of the Lagrange-Dirichlet theorem is the
existence of the energy function E, serving as the test function for stability. As
noted by Liapunov, it is possible to restate the proof of the Lagrange—Dirichlet
theorem, using instead of the function E a continuous function ¥ that has a strict
minimum in the equilibrium state, and that, during any motion of the system,
does not increase, d¥W/dt < 0. If, again, d¥/dt = 0 only for g, = 0 the solution is
asymptotically stable.

Is it possible to find more general test functions that we could apply at least to
some nonconservative system? Some such test functions, which are positive
definite and are called the Liapunov functions, have been found. One of them
was given by Liapunov in the following theorem (Liapunov, 1892):

Theorem 3.6.4 If one can find for a given system a positive-definite function
Y¥(t, v;) such that its total derivative

— =t — .6.
dt ot 2,‘: G (3.6.4)
is either identically zero or negative semidefinite (d¥/dt=0), then the state
v, = 0 is stable. Furthermore, if d¥/dt is negative definite (dW/dt <0) and ¥ can
be made less than any positive number, (i.e., W¥—0 at the origin), then the
solution is asymptotically stable.

Proof The proof is analogous to that of the Lagrange-Dirichlet theorem
(Leipholz, 1970, p. 77) and its main point is illustrated in Figure 3.21. When ¥ is
positive definite then the surfaces W = constant are closed around the origin (Fig.
3.21) and for ¥, < W, the surface ¥ = W, lies entirely within the surface ¥ = ¥,.
Obviously ¥, (3W/dv,)v, = v - grad W, which represents in the phase space the
projection of the vector v onto the normal of the surface W = constant (Fig.
3.21). Thus, the path of the system (curve p in Fig. 3.21) must either cross all the
surfaces W = constant in the direction toward the origin, in which case v - grad ¥
must be negative, or it must run along one of such surfaces, in which case v - grad
W =0. For the special case that 3¥/3t =0 (i.e., surfaces ¥ = const. do not vary
in time) it is then clear that the trajectory of subsequent states will keep
approaching the origin or remain at a fixed surface W = const. Thus, for any given
2¢ square in Figure 3.21, one can find a contour ¥ = W, lying entirely within the
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Figure 3.21 Cross sections of positive-definite test function W and path of stable system.

2¢ square, and so by choosing the initial state A within a 26 square that fits within
the contour W =, it is ensured that the state of the system cannot get outside
the region W =W¥;, and therefore not outside the 2¢ square. If W/at <0, the
surfaces W = const. shrink in time, and so the movement toward the origin cannot
be slower than for dW/3t = const., which implies stability. If 8%¥/3¢>0, the
surfaces W = const. expand in time, however by requiring that d¥/dt <=0 one
ensures that the movement toward the origin relative to the expanding surfaces
prevails, thus ensuring stability. Finally, the asymptotic stability is ensured if ¥ is
diminishing during the motion of the system (d¥/dt—0) and W0 implies
reaching the origin in the limit.

Evidently, the Lagrange-Dirichiet theorem is a special case of Liapunov’s first
theorem such that ¥ = E = total energy.

In conclusion we should emphasize that the Lagrange—Dirichlet theorem
permits only dissipative forces that do not destroy the existence of the
potential-energy function IT (q,, . . ., g,) from which all conservative forces are
derived by differentiation. Dissipative phenomena such as material creep,
plasticity, damage, or fracture generally make potential energy nonexistent, and
thus the Lagrange—Dirichlet theorem is not applicable. However, as we will see
in Chapter 10, static stability analysis can then be conducted on the basis of
thermodynamic criteria.

Problems

3.6.1 In two dimensions sketch typical contours of surfaces IT = const. when IT is
(a) positive definite, (b) negative definite, (c) positive semidefinite, and (d)
indefinite.

3.6.2 State and prove (with a sketch) the Lagrange-Dirichlet theorem without
referring to the text.

3.6.3 Indicate the type of definiteness of the following expressions: 2g3 + 343,
(9:-299) + 45 ai-4419:+395, (2q:—a5)' —q5+45 (@1—q)’ +qi+4q5,
G +49% A -5+ 95 241+ 93+ 43 91— 245 (91— 9))*
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3.7 STABILITY CRITERIA FOR DYNAMIC SYSTEMS

Practically all problems of stability of structures are nonlinear. To make the
solution feasible, they usually need to be linearized. For a certain class of
problems, specified by the following theorem due to Poincaré and Liapunov, the
linearization is legitimate and is certain to give correct results as far as the
stability limits are concerned.

Theorem 3.7.1 The nonlinear system (Eq. 3.5.6) in which the nonlinear
terms ¥, for sufficiently small v, admit a Taylor series expansion that contains
nonlinear terms is stable if the linearized system (y, = 0) is stable.

For a proof, see Leipholz (1970, p. 81) or Gantmacher (1970, p. 193). The
converse of this theorem is not necessarily true.

The method of stability analysis of a linear system has already been illustrated
by several examples (Secs. 3.1-3.4). Generally, the solution is sought in the form
qx = Qwe” where Q, are constants (or v, = A.e"), and substitution into the
equations of motion (Eq. 3.5.6 with y, =0) then yields the characteristic
equation, an algebraic equation in A. If the problem is formulated in terms of the
first-order differential equations in the standard (canonical) form (Eq. 3.5.6 with
Yr = 0), the characteristic equation defines a standard linear matrix eigenvalue
problem for a real matrix:

a;; —A a2 a3 - aN
an Ay — A Ay - an =0 (N = Zn) (3.7.1)
an an2 ays - - aww—A

The roots are in general complex, appearing in conjugate pairs A =a * ib, and
the corresponding fundamental solutions then are of the form e* cos bt and
¢“ sin bt if the roots are distnct. In the case of multiple roots, of multiplicity ,
solutions te® cos bt, . . . , ""'e* sin bt are also present. It has been made clear by
the preceding examples that a change in initial conditions will become arbitrarily
magnified with time when @ > 0. Hence, the stability condition is

ReA<0 or Imw<0 (3.7.2)

in which @ =iA = F b + ia =frequency. In the case of multiple roots, the case
a =0 is unstable. Equation 3.7.2 must hold for all roots to ensure stability.

According to the theorem of Poincaré and Liapunov, Equation 3.7.2 is a
sufficient stability condition for the actual, nonlinear system. Furthermore, if
Re A >0 for at least one root, the actual, nonlinear system is unstable.

No general theorem is available for the case when the critical state is
characterized by A =0 (w =0) for some root and Re A=0 for all roots. The
question of stability of the actual nonlinear system is then decided by the
nonlinear terms 4, in Equation 3.5.6.

Figure 3.22 illustrates the behavior of the roots in the Gauss plane when the
load P is varied. When the root passes into the right half-plane Re A > 0 through
the origin (A=0), stability is lost by divergence (i.e., by buckling), and the
critical load then may be obtained by static analysis because the inertia forces at
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Figure 3.22 Stability conditions expressed through the behavior of roots 4 in the Gauss
plane.

incipient instability vanish. When the roots leave the stable half-plane (left
half-plane) through the imaginary axis, that is, at a point other than the origin,
stability is lost by flutter, and then static analysis of the critical loads is generally
inapplicable.

Every conservative system (with forces derivable from a potential) exhibits
static instability (buckling, divergence). This is because the condition of minimum
potential energy defines an equilibrium state (Leipholz, 1970).

By expanding the determinant in Equation 3.7.1 one may bring the charac-
teristic equation to the form

fR)=poA" +p A"+ -+ pyA+py=0 (3.7.3)

whose coefficients pq, . . . , pn are not all zero. If the characteristic equation for A
is neither quadratic nor biquadratic, simple explicit expressions for the roots are
unavailable. However, the precise values of the roots are not needed; one only
needs to know the sign of the real parts of all roots. There exist certain methods
that can decide this question without actually solving the roots. One such method
utilizes the following matrix, called the Hurwitz matrix:

pPr po 0 0 0 O --- O

Ps“‘Pg‘ Pr po 0 0O --- 0

Ps Pa'P3s P2 P1 Po - O (3.7.4)
H=

0 0 ‘\‘PN

in which 0 is substituted for all the terms whose subscript exceeds N.
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Theorem 3.7.2 Hurwitz Theorem. The necessary and sufficient condition for
all the roots of Equation 3.7.1 to have negative real parts is that all the principal
minors of the Hurwitz matrix (Eq. 3.7.4), that is,

pL P Pr po O
Al =D Az = ! 0 A3 =1P3 P2 D1 L AN =detH (37.5)
P3 P2
Ps Ps Ps3

must be positive. (For the proof, see Leipholz, 1970, pp. 33 and 37.) An
equivalent criterion was derived earlier by Routh (Gantmacher, 1970, p. 199).

As an example, in the case of a fourth-degree polynomial one has

pr po 0 0
H=|P?3 Pz Pr Po

0 ps P3 P2
0 0 0 p,

and the conditions of stability are p, >0, p,p,—pop3>0, (P1P2—PoP3)P3—
pips>0, p,>0. Note also that for the evaluation of the determinants in
Equations 3.7.5, it is best to expand them always with respect to the last row,
because then the preceding determinant appears as one of the minors used in the
expansion.

Another useful method of examining stability is due to Nyquist and Michailov
(Leipholz, 1970, p. 27). One considers the mapping of the complex plane (Gauss
plane Re A4, Im A) into the complex plane (Ref, Im f) given by the polynomial
f(A) in Equation 3.7.3. In the mapped plane, the image of all roots coincides with
the origin. Therefore, if in the complex plane of A all the roots lie to the left of
the imaginary axis, in the complex f plane the origin must also lie to the left of the
image of the imaginary axis. Choosing various y values in an increasing sequence,
and evaluating f(A) from Equation 3.7.3 for all values A = iy, one can trace from
individual points (such as points 1 through 9 illustrated in Fig. 3.23) the curve that
is the image of the imaginary axis. If the origin remains to the left of this curve
(proceeding from y = — to y = +), the system is stable.

(3.7.6)

y
\9\llm(f)
4\Im(X) 8
¢9
¢8
A All roots A
A Ao o:‘ Ay 7 4 7
so ° xzo 6 5
15 Re(l \ Re(f)
4 6
3 3
b2 2
b1 ’l./

Figure 3.23 Mapping of imaginary axis of Gauss plane and of roots A for stable system.
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A caveat with respect to linearization needs to be mentioned. In some stability
problems, such as shell buckling, it is insufficient to investigate infinitely small
variations in the initial conditions, and small but finite imperfections of the system
must be taken into account, in order to obtain physically relevant results. The
linearized stability analysis still yields the correct critical loads, but they are
insufficient to predict the actual behavior which is dominated by finite imperfec-
tions, as it will be shown in Chapter 7.

Problems

3.7.1 Verify the stability of the solution of the example presented in Section 3.4
(disk mounted on shaft) using the Routh-Hurwitz condition.

3.7.2 Analyze stability of the nonlinear dynamic system:

2mlP(§y + §2) + ml*Gy + Pl(g2— q1) + Cqy(1 + kq,) =0
ml’(§y + §2) + C(g2— q1) + Ck(g2— ¢1)* =0
in which m, I, k are positive constants. (Note: This system gives the motion of
the column with two rigid bars and two point masses that was described before
by Egs. 3.2.10, but the springs are now nonlinear.)

3.7.3 Analyze stability of a massless free-standing column with a point mass on
top loaded by a follower force P that varies with the slope 0 as P = P, cos 0
(P, = const.).

3.7.4 Same P as above, but for a free-standing column consisting of two rigid
bars connected by springs, with point masses at the joint and on top.

3.7.5 Can a conservative system with forces derivable from a potential lose
stability by flutter? Is dynamic analysis necessary?

3.8 STABILITY OF CONTINUOUS ELASTIC SYSTEMS

In generalizing Liapunov’s stability definition to continuous structures it would be
unreasonable to require that the displacements, strains, and strain rates caused by
an infinitely small disturbance (less than é) remain infinitely small (less than &) at
all points of the structure. This is clarified, for example, by the example (due to J.
D. Achenbach of Northwestern University) of an elastic sphere that is subjected
on its surface to a disturbance (pressure jump) generating a radial pressure wave
(Fig. 3.24a). When this wave reaches the center of the sphere, a finite strain is

a Singula b) .
) Rl Singutar
— =X - -
‘ Stress
€ Singularity

ubsequent
wavefronts

Times tytt,

Figure 3.24 Pressure wave (a) in elastic sphere and (b) in elastic solid with sharp crack or
sharp notch.
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produced even if the disturbance is infinitely small. Similarly, when the tip of a
sharp crack (or a sharp acute corner) (Fig. 3.24b) in an elastic solid is hit by a
plane wave of an infinitely small amplitude, finite displacements, strains, and
strain rates are produced within an infinitely small neighborhood of the crack tip
(or corner). If the body is in its natural (unstressed) state prior to the disturbance,
obviously it would be senseless to consider these states as unstable, just because
of the response in one isolated, singular point. Therefore, stability of continuous
bodies can be meaningfully defined only in a certain average sense. Thus, the
definition of stability must employ a certain metric (or norm) of a function space,
applied to the displacements as continuous functions of location.

Consider a structure with one continuous displacement variable w = w(x, y; )
that describes a deviation from a certain basic state whose stability is to be
examined. Following Movchan (1956) and others (e.g., Herrmann and Nemat-
Nasser, 1966; Fu and Nemat-Nasser 1970) one defines a certain metric p(w, t)
such that p(0, t) =0, and p is a positive-definite continuous function of time ¢ (w
being continuous). For ¢t=t, one may in general consider a different metric
po(w, t) of the same properties as p, and such that p continuously depends on p,.
An example of an acceptable metric is p = [y w’(x, t) dV and po = [, w(x, to) dV.
Liapunov’s definition of stability may now be extended as follows:

The state w = 0 is stable if, for an arbitrary positive &, there exists a positive 6
such that p(w, ¢) <€ for all ¢ > ¢, if po(w, t;) < 9.

Using this definition, Movchan proved a theorem which states the condition
whose fulfillment guarantees stability:

Theorem 3.8.1 The state w =0 is stable (with respect to metrics p, and p) if
there exists some positive-definite functional ®(w, ) (called the Liapunov
functional) such that ® =0 for all ¢t =¢, and ® tends to zero as p, tends to zero,
that is, if for any positive €, one can find a positive é; such that ®(w, tp) < ¢, if
8o(w, ty) < 8,. (The proof is analogous to that of Lagrange—Dirichlet theorem.)

Similar to the Lagrange—Dirichlet stability theorem, a physically meaningful
choice of the Liapunov functional is energy. For a structure with nonconservative
loads, such as follower forces (Sec. 3.2), one cannot choose the total energy,
E =11+ T, because nonconservative loads may supply further energy W to the
structure, that is, £ may increase. However, because of the law of conservation of
mechanical energy, IT+ T must increase (in absence of dissipation) precisely by
the amount W. So the energy functional

©=I+T-W with w=prdde (3.8.1)
v

(where V denotes the volume of the structure and p is the distributed applied
load) remains constant, that is, ® = 0. Furthermore, ® obviously tends to zero as
w tends to zero, and so the assumptions of Movchan’s theorem are satisfied. Since
the kinetic energy T is always positive definite, one may exclude it from &,
setting

O =I-W (3.8.2)

and state the energy criterion of stability as follows:
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If ®* is a positive-definite functional, the stability of an elastic system with
nonconservative loads is ensured.

A special case of this theorem for the case when only conservative loads are
present (W =0) represents an extension of the Lagrange—Dirichlet theorem to
continuous structures. For nonconservative loads a positive-definite IT does not
ensure stability, as has been shown by Ziegler (1952) via an example.

Note that the foregoing energy criterion states only a sufficient condition of
stability, and not the necessary one. Stability might exist even when ®* is not
positive definite, and even when it is outright negative definite. For example, the
gyroscopic loads, which are conservative but do no work, can stabilize a structure
that would otherwise be unstable (Sec. 3.4), and the foregoing energy criterion
says nothing about this possibility. Nevertheless, the criterion does imply that the
gyroscopic forces cannot destabilize a structure that is otherwise stable, same as
implied by the Lagrange—Dirichlet theorem for discrete systems.

Problems

3.8.1 State various other possible metrics (norms) that can be used to define
stability of a continuous structure.

3.8.2 Is p = [ w?dV an acceptable metric?

3.8.3 Is p=max|w| an acceptable metric? If not, give some examples which
demonstrate it.

3.9 NONLINEAR OSCILLATIONS AND CHAOS

Our previous dynamic analysis has been confined to linear or linearized systems.
Nonlinear structural behavior may arise due to geometric nonlinearity of large
deflections as well as nonlinear material behavior (Chaps. 8-13). Nonlinear
dynamic systems show a much richer and intricate specter of behavior. During the
last few decades it became apparent that nonlinear dynamic systems can exhibit
not only a simple dynamic response such as periodic oscillation or divergence but
also a complex response which is nonperiodic and appears to be random, despite
the deterministic nature of the system with its loads. Such a response, called
chaos, nevertheless shows a certain degree of order, and so it would be incorrect
to treat it by methods of random dynamics. Therefore, considerable attention has
recently been devoted to the study of the order in chaos (see, €.g., the books by
Thompson and Stewart, 1986; Thompson, 1982; Moon, 1986; Schuster, 1989;
Guckenheimer and Holmes, 1983; and the papers by Moon and Holmes, 1983;
and by Thompson, 1989).

The typical responses of a single-degree-of-freedom oscillator are illustrated in
Figure 3.25, which shows the histories of deflection g(¢) and the trajectories in the
phase space (¢q, ¢). The motion of an undamped, unforced, linear oscillator is of
the type ¢ = A sin wt, § = Aw cos wt; from this we see that ¢* + (§/w)* = A and
so the trajectory in the phase space is an ellipse (Fig. 3.25a). A typical property
of damped, unforced, linear oscillators is that the trajectories are attracted to the
point of equilibrium, provided the equilibrium is stable. This point in the phase
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Figure 3.25 Typical responses of a single-degree-of-freedom oscillator: (a) linear, un-
damped, and unforced; (b) linear, damped, and unforced; (c) linear, damped, and forced;
(d) nonlinear, damped, and forced (reproduced, with permission, from Thompson and
Stewart, 1986).

space is then called a point attractor. The attractor can be a focus (Fig. 3.25b-1) if
damping is light, subcritical, or a node (Fig. 3.25b-2) if the damping is strong,
supercritical. The trajectories for the damped, forced oscillator are attracted to
the trajectory of the steady-state cyclic motion, which is called a cycle attractor
(Fig. 3.25c).

For a nonlinear oscillator, by contrast, the time history as well as the
phase-space trajectory may happen to appear chaotic, attracted to no simple
trajectory. Nevertheless, in some cases the trajectory is not completely random
but upon closer scrutiny is found to be attracted to something, called the strange
(or chaotic) attractor. (More often, though, the response is periodic, with a
period equal to that of the forcing function or its multiple.) The strange attractor
describes a hidden order in the chaotic response. It is typical of chaotic response
that a very small change in the initial conditions produces a trajectory that
exponentially diverges from the original trajectory (Fig. 3.25d); this means that
the system is unstable and the response in time is unpredictable.

Chaotic response may be experimentally demonstrated, for example, on a
buckled beam loaded by a constant axial force P = P, and magnetically excited
by a sinusoidal lateral force; see Figure 3.26 (Moon and Holmes, 1979). The
nonlinearity stems from large deflections that cause the restoring force to be
equivalent to a spring of a quadratically varying secant stiffness, C = C, + C,q>
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Figure 3.26 Buckled beam excited by sinusoidal lateral force.

where C,, C,=given coefficients, depending on P. Thus the equation of motion
has the form

G+kg+Ciq+Crq’=BcosQt (3.9.1)
or
G+kg+Ciqg°=pPBcosQt (3.9.2)

where k = damping coefficient, Equation 3.9.2, called the Duffing equation, is the
special case for which there is no linear stiffness, that is, C, = 0. This happens to
the column at P= P,. Equation 3.9.1, with C,<0, applies for P> P,,. The
corresponding surfaces of potential energy IT have the shapes shown in Figure
3.26, described as Il = a,4% + a,q* where a,> 0 while a, =0 at P= P., and a, <0
at P> P,,. This means that the surface II(q) for P = P, has a nearly flat portion at
the origin, which agrees with the fact that linear analysis for small deflections
yields a zero natural frequency (Sec. 3.1). However, taking into account the
quartic term in I1(g) one finds that bounded finite oscillations at P =P, are
possible. Understanding is helped by noting that a ball forced to roll on these
surfaces oscillates in the same manner as the column.)

For Equations 3.9.1 and 3.9.2, as well as in general, the order in a chaotic
response becomes apparent by plotting in the phase plane a map of the discrete
states of the system at periodic instants ¢t =T, 2T, 3T, ... where T = period of
the forcing action. This map, called Poincaré map, was introduced already at the
turn of the century by Poincaré who studied the subsequent positions of an
orbiting body at intersections with one plane.

To construct a Poincaré map of this or other systems, one needs to calculate
the mapping Y, = f(Y;) which yields the new intersection point Y., in terms of
the previous one, Y; (i=1,2, 3, ... =subscript denoting here subsequent dis-
crete times) (Y = phase space vector of displacements q and their rates q). This
mapping is generally nonlinear, exhibiting linear and quadratic terms. Quadratic
mappings f(Y;), also called iterates of quadratic polynomials, have been studied
intensely. An important mapping is Hénon’s mapping: x,,1 =y + 1 —ax?, y,,, =
bx; (where x; =Y, y;=Y;), which may be shown to include transformations by
folding, contracting, and rotating.

After the initial transients are damped out, the Poincaré maps of chaotic
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Figure 3.27 Poincaré maps of chaotic systems (from Instabilities and Catastrophies in
Science and Engineering, by J. M. T. Thompson, Copyright 1982, John Wiley & Sons.
Reprinted by permission of John Wiley & Sons, Ltd.).
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systems (or quadratic iterates) typically consist of discrete points all of which are
located on regular and repetitive patterns. An example of such a pattern,
obtained for Hénon mappings by Thompson (1982), is shown in Figure
3.27a,b,c.

The subsequent iterates do not lie next to each other but jump randomly over
the patterns in this map. Part (b) of Figure 3.27 is an enlargement of the
rectangular region C from part (a), and part (c) is an enlargement of the
rectangular region D from part (b). Upon subsequent refinements, finer and finer
self-similar patterns emerge, ad infinitum. This is called a fractal structure. (An
example of such maps are Cantor sets.) The fractal structure does not have to
consist just of lines as in Figure 3.27. Beautiful intricate multidimensional
patterns, reproduced with self-similarity at subsequent refinements of scale, have
been demonstrated for various chaotic systems or quadratic mappings.

Solutions that start at an arbitrary state may be attracted to a point attractor
or a cycle attractor as illustrated for linear systems, or to a strange attractor, such
as exemplified in Figure 3.27. There can be a multitude of attractors for a given
nonlinear dynamic system, and then one may construct regions in the mapping
space, called the attractor basins. Each basin includes all the starting states for
which the solution is attracted to the same attractor.

To sum up, nonlinear deterministic systems under periodic excitation may
exhibit chaotic response that appears to be random but in reality has a certain
orderly structure. Determination of this structure is the objective of the theory of
chaos.
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Problems

3.9.1 Explain the meaning of a strange attractor.

3.9.2 Construct the Poincaré map for the steady-state motion of a single-degree-
of-freedom oscillator such as a massless cantilever column with mass m on
top, loaded on top by a constant vertical force, and periodic lateral force
f =fysin ot on top. Consider P <P, and also discuss the cases P = P,, and
P > P,. Finally, referring to Section 1.9, discuss the change in the governing
equation due to large deflections.

3.9.3 For Hénon mapping with 2 = 1.4 and b = 0.3, the point g = 0.63135448 and
¢ =0.18940634 was found to correspond to a state at which the initial
transients are already damped out. Using your computer calculate the
subsequent iterates and plot them on the Poincaré map. In this manner, a plot
of the strange attractor is obtained (cf. Thompson, 1982, p. 146).
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4

Energy Methods

In this chapter we analyze conservative structural systems, which constitute the
majority of applications in structural engineering practice. According to the
Lagrange-Dirichlet theorem, which we proved in the preceding chapter, stability
of these systems can be determined by energy methods. Static analysis, which we
exclusively used in Chapters 1 and 2, represents a part of the energy approach,
however a part that cannot answer the question of stability. Statics can only yield
equilibrium states, which may be stable or unstable. Of course the question of
failure of conservative and dissipative systems can be answered by the static
method provided that imperfections are taken into account. However, solutions
of perfect structures, for example, structures with no initial curvature, are
generally simpler than the analysis of structures with imperfections, and the fact
that energy analysis can decide stability of a perfect system represents one
important advantage of the energy approach. Compared to the dynamic analysis,
which serves as the fundamental test of stability, the static energy analysis
generally brings about a great simplification.

First we will use the energy approach to analyze the stability of discretized
elastic systems. Then we will study stability of equilibrium states of the structure
after the first critical state is passed (postcritical behavior). We shall see that there
exist diverse types of postcritical behavior, which leads to an important
classification of conservative stability problems.

4.1 POSITIVE-DEFINITE MATRICES, EIGENVALUES, AND
EIGENVECTORS

For the reader’s convenience, this section reviews the basic results that we will
need from the algebra of quadratic forms (e.g., Franklin, 1968, Rektorys, 1969;
Korn and Korn, 1968; Courant and Hilbert, 1962; Zurmiihl, 1958; Pearson, 1974;
Smirnov, 1970; Hohn, 1958; Shilov, 1977; Gantmacher, 1959; Faddeev and
Faddeeva, 1963). A general quadratic form with coefficients K; is written as

a=3 2 Kiq4;=q"Kq (4.1.1)

i=1 j=1
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in which q=column matrix (vector) of the generalized displacements g;,
superscript T is used to denote the transpose of a matrix, K =matrix of the
quadratic form = (# X n) square matrix with elements Kj;. In application to elastic
structures, matrix K is real and represents the stiffness matrix of the structure
with regard to its generalized displacements, and IT is the potential energy.

Matrix K is said to be nonsingular (or regular, invertible) if a matrix C exists
such that CK = KC = I, where I = identity matrix (that is, a matrix with 1’s on the
main diagonal, and 0’s everywhere else). C is said to be the inverse of K, and it is
denoted by K. If K has no inverse, K is said to be singular. A matrix is singular
if and only if det K =0.

In a conservative system (see Sec. 3.2), IT must be equal to the work [ ¥, f; dg;
done by the loads to reach the current state (cf. Eq. 3.2.20). This work expression
is path-independent if and only if it represents a total differential, that is,
9f,/3q; = 3f;/ 3q; (see also the integrability conditions in Eq. 3.2.21). Substituting

the stiffness definition K,; = 3f;/3q;, we conclude that the potential energy exists if
and only if

K;= 2, 3q, 54,94, =K (4.1.2)
that is, the stiffness matrix is symmetric.

In Chapters 10 and 13 we will see that friction or damage can make the
stiffness matrix K nonsymmetric. Then the potential energy does not exist and the
value of the quadratic form is independent of the antisymmetric part of K because
q"Kq = q"Kq where K = (K + K”) = symmetric part of matrix K. In this chapter
we will consider only symmetric stiffness matrices.

Matrix K is said to be positive definite when the associated quadratic form IT
is positive definite. A quadratic form is said to be positive definite when it has a
strict minimum, that is, when I1>0 for all q,, q», .. ., g, except g, =q,=---=
4, =0. An example is I1 = g3 + 5¢3. Another example is [1 =g} — 29,9, +2g% =
(91— q2)* + q3. A quadratic form is positive semidefinite when I1=0 for all g;
while IT=0 for some nonzero q;. The simplest example is IT= g3 provided that
we deal with a two-dimensional space, I1=1II(q,, q,). Another example is
M= ql + 44,9, + 493 = (q, + 2¢,)>, which vanishes for q,=—2q,. A quadratic
form is indefinite when I1> 0 for some g; and II <0 for some other g; (then of
course there also exist nonzero g; for which IT= 0, because I1(q) is a continuous
function). An example is IT=g%—3g3. Other examples are I1=gq3+ 64,9, +
4g3=(q:+39,)* — 5¢5 both in the (g1, q2) and (g1, 92, gs) spaces, and II=
g+ g5+ 953 +29:92— 24,93 = (91 + ¢2)° + (g1 — ¢3)° — q7. I1 is negative definite
when —I1 is positive definite, and it is negative semidefinite when —II is positive
semidefinite. As one can check from the previous examples, the matrices of
positive-semidefinite and negative-semidefinite quadratic forms are singular,
while the matrices of positive-definite and negative-definite quadratic forms are
regular (nonsingular). The matrices of indefinite forms can be regular or singular.
Examples of quadratic surfaces I1=TIl(q,, ;) of various types are shown in
Figure 4.1.

To decide whether II =g} -4q,q2 +5q3 is positive definite, one may realize
that this can be written as IT = y? + y2 where y, = q, — 29, and ¥ = q,; obviously,
this expression is positive definite. On the other hand I =q% - 49,92 + 34} is not
positive definite because IT=(g; —29.)°—q3. So one can decide positive
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a) b)

Q,
Figure 4.1 Potential-energy surfaces in two dimensions: (a) stable; (b-f) unstable.

definiteness by introducing new variables y,=%;B;q; or y=Bq. If B is a
nonsingular matrix, the inverse q =Ty where T=B"! exists; this is called a

regular linear substitution (or linear transformation). The quadratic form
transforms as

211 =q"Kq = (Ty) KTy =y"K"y (4.1.3)

K*=T'KT 4.1.4)
is the transformed matrix. Equation 4.1.3 leads to the following theorem:

where

Theorem 4.1.1 Matrix K is positive definite (or positive semidefinite,
indefinite, singular), if and only if matrix K* is.

Proof According to Equation 4.1.3, the quadratic forms of K and K* are
equal, and if T is nonsingular, then for every q one can find a corresponding y,
and for every y one can find a corresponding q. So, if among K and K* one is
always positive, the other must be, too.

Theorem 4.1.1 permits us to choose any independent linear combinations of
displacements as the independent variables in stability analysis.

Positive definiteness of a matrix can be decided by its eigenvalues (also called
proper values or characteristic values). The homogeneous equation (K — Al)q=10
has a nonzero solution if and only if det (K — AI) =0. The roots of this equation
are the eigenvalues A,, 45, . .., A, of matrix K. Normally we number them so
that A,=<A,=---=<A,. In general, q and A may be complex numbers. Since the
determinant is an nth-degree polynomial in A with roots A,, it must have the form
det (K— Al) = (A, —A)(A,— A) - - - (A, — A). Substituting in this equation A =0, we

get Vieta’s rule:
detK=2AA,- - A, (4.1.5)

and comparing the coefficients at A”~! on both sides of the equation, we also get
the relation A, +A,+---+A4,=K;;+ Kn+---+K,,=trK. From Equation
4.1.5 it follows that K is singular if and only if at least one eigenvalue is zero.

Theorem 4.1.2 All eigenvalues of a real symmetric matrix are real.

Theorem 4.1.3 A real symmetric matrix is positive definite (or positive
semidefinite, indefinite) if and only if all its eigenvalues are positive (or
nonnegative, or of different signs).
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Proof If K is real symmetric positive definite, then ¢ Kq> 0 for any vector
q. If q is an eigenvector, we may substitute Kq = Aq, which yields q” (Aq) >0 or
AMq7q) >0. Because q7q = |g,/* + |g,|* + - - - +¢,|* >0 (which is valid even if q is
complex), we conclude that A>0. This proves that the condition in Theorem
4.1.3 is necessary. To prove that it is also sufficient, consider any vector q, which
may be represented as a linear combination of all eigenvectors q”, that is,
q=cqV+---+c,q" (because ¢ are linearly independent, cf. Theorem
4.1.4). Multiplying by K, we get Kq=c,Kq" +-- -+, Kq®=c,4,qV+ -+
Cahnq™, and qQ'Kq=(c,qV" +- - - + ¢, q") (1A g + - - - + Curaq) =
gV g+ -+ 24,4 because q'q’ =0 when i#j (according to
Theorem 4.1.4). As ¢©'q®) >0 for all i, positiveness of all A; suffices for the last
sum to be positive.

Corollary From Theorem 4.1.3 and Equation 4.1.5 we know that det K> 0
is a necessary condition of positive definiteness. But it is not sufficient.

As revealed by Equations 2.3.2 and 2.3.5, the stiffness matrix of an elastic
structure linearized with respect to load parameter A has the form

K=M-AN (4.1.6)
where M and N are constant square real symmetric nonsingular matrices. The
(generalized) eigenvalues A=A, (r=1, ..., n) are those for which the equation

Kq =0 has a nonzero solution. The (generalized) eigenvector ¢’ associated with
A, is the nonzero solution of K")q"’=0 where K" =K(1,)=M-A,N. The
generalized linear eigenvalue problem (M — AN)q =0 can be transformed to the
standard eigenvalue problem by multiplying this equation by N~' from the left:
this yields (D — AI)q=0 where D =N"'M. Obviously the eigenvalues A remain
the same, and so do the eigenvectors. [An alternative conversion to a standard
eigenvalue problem is to multiply by M™!, which yields (M™'N — ul)q =0 where
u=1/1]

Theorem 4.1.4 The eigenvectors corresponding to two different eigenvalues
are mutually orthogonal.

Proof The eigenvectors q” and q* of the generalized eigenvalue problem
are the nonzero solutions of the equations (M — 4,N)q"” =0 and (M — A,N)q®¥’ =
0. We multiply these equations from the left by ¢9’N~' and q“"N7!,
respectively, and subtracting them we get q"Dq"” — q""Dq") = 1,4"7q* -
4,q®)Tq”> where D =N""M. Both terms on the left-hand side are equal because
q9Dq" = (¥TDq")T = qTD7q® and DT =D. Also q"7q® = ¢*Tq". So
we conclude that (4, —A,)q”7q®’=0. Thus, if A, —A,#0, we must have
q"7q®) =0, that is, vectors ¢’ and q' are orthogonal. (Note that this is true not
only for the standard eigenvalue problem, but also for the generalized one.)

Consider now the linear transformation q=Qy (that is, T=Q) such that
Q,=q", that is Q=[q",..., q"))=square matrix whose columns are the
eigenvectors q”) represented as column matrices. The eigenvectors satisfy the
equations K”’¢”=0 in which the right-hand side is a zero column matrix.
Combining similar equations for all the eigenvectors, we have
[KVqW, ..., K"q"™]}=[0,...,0], and substituting K’ =M — 4,N we get

[Mq(l)’ very Mq(")] = [Aqu(l)’ LI | Aan(n)] (41'7)
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Multiplying this equation from the left by Q"N~!, we get
Q'N"'MQ=[q%,...,q"]"[A,q",...,2,4") (4.1.8)

Now we may note that ¢”7q =0 if A, # A, and 1 if A, = A, (here we assume the
eigenvectors to be normalized). It follows that

A, 0 --- 0
Q'DQ=|0 A --- 0 D=N"M (4.1.9)
0 0 --- &,

For the standard eigenvalue problem we have N=N"'=1, M=D =K, and
Q'DQ = Q"KQ =K* (Eq. 4.1.4), and thus the following theorem ensues:

Theorem 4.1.5 The linear substitution q=Qy in which the columns of
matrix Q are the normalized eigenvectors of K transforms a real symmetric
quadratic form to

A1=q"Kq=4,y3+ A p3+ - +4,y2 (4.1.10)

Corollary For the generalized eigenvalue problem (N#1I), the matrix
Q7KQ is not diagonal.

Note that Equation 4.1.10 can also be used as an alternative proof of Theorem
4.1.3.

Furthermore, one can introduce new variables z; by substituting y; = z;/V|A,| if
A;#0 and y; = z; if A, = 0. This leads to the following theorem:

Theorem 4.1.6 Any real symmetric quadratic form can be transformed to the
form
M=—zI—---—zi+22,+---+22 (4.1.11)
(called the canonical form) where 0=k =m <n.

The transformation q =Tz, which leads from Equation 4.1.1 to Equation
4.1.11, is not unique, but the numbers of plus and minus signs in Equation 4.1.11
are (Sylvester’s law of inertia).

It may be useful to note a subtle difference between (1) looking for the
(generalized) eigenvalues and (2) expressing I1 as a sum of squares. In the former
problem we look for the eigenvalues A, for which the equation Kq=0 or
(M — AN)q = 0 admits nonzero q. In the latter problem, I1 is to be expressed for a
given load parameter A = A,; to this end, we need to find the eigenvalues Ao = A,
and eigenvectors q = g§” for which the equation (K, ~ A,0)q =0 with K,=M —
AN admits nonzero q. Then 2I1= Y, A, y? in which y=Qg'q and Q is the
matrix of eigenvectors ¢§” of matrix K,. For the special case where N=1, we
have Ay, = A, — Ay, but not for general N.

The magnitudes of vectors y and q = Ry are the same if and only if RT=R",
because q’q=(Ry)"(Ry)=y"R"Ry=y’R'Ry=y"ly=y’y. In that case
matrix R is said to be unitary and the transformation orthogonal (it can be
geometrically interpreted as a rotation in an n-dimensional space). The trans-
formed matrix K’ = R™'KR is said to be similar to K.

Theorem 4.1.7 Similar matrices have the same eigenvalues, that is, the
eigenvalues are invariant during orthogonal transformations (rotations).
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Proof Let A be an eigenvalue of K', that is K'y=Ay or R™'KRy = ly.
Multiply this by R from the left: (RR™HK(Ry) = A(Ry). Denoting Ry =q, we
then have Kq= Aq, which means that if A is an eigenvalue of K’ it is also an
eigenvalue of K. The reverse holds true as well, since the foregoing procedure
can be reversed.

For students of mechanics of materials it may be interesting to note that
invariance of the principal stresses during coordinate rotations, and the fact that
their values are real, are special cases of Theorems 4.1.7 and 4.1.2.

Corollary The determinant and trace of a matrix, or any other function of
the eigenvalues, are invariant.

Theorem 4.1.8 The inverse of a positive-definite real symmetric matrix is
also positive definite.

Proof If a real symmetric matrix K is positive definite, then every eigen-
value A satisfying the equation (K — AI)q =0 is positive. Also, the inverse matrix
K™! must exist. Premultiplying this equation by —A7'K™' from the left, we
get (—A'K'’K+K™'I)q=0, and noting that K™'K=I, K"'I=K™}, we have
(K™'-A"'1)q=0. Now, from the fact that all the possible values of A" are
positive, it follows K™! is positive definite.

Corollary If A is an eigenvalue of stiffness matrix K, then A™' is an
eigenvalue of the corresponding compliance matrix C =K' provided that K is
nonsingular. Thus, if det K— 0 (A—0), then det C— « (because 1/A— «).

From the relation (K™'—A"'I)q=0 and Eq. 4.1.5 it further follows that
detK™'=A7'As1--- A =1/(AA,- - - A,), that is, det K™'=1/det K.

The consequence for structural mechanics is that if a quadratic form
describing the potential energy is positive definite, so is the quadratic form for the
associated complementary energy. Or, if the stiffness matrix is positive definite,
so is the associated flexibility matrix (Hohn, 1958, p. 257).

Theorem 4.1.9 If both A and K are positive definite, so are AK and A~'K.

Proof If K is positive definite, then all the eigenvalues A for which the
equation Kq = Aq has a nonzero solution are positive. Multiplying this equation
by q”A from the left we get q7 (AK)q=q” Aiq=A(q"Aq). Here A >0 and also,
if A is positive definite, " Aq> 0 for any q#0. Therefore q” (AK)q> 0 for any
q#0. Furthermore, according to Theorem 4.1.8, A~! is also positive definite,
and replacing A by A™! in the foregoing argument we find that q” (A~'K)q>0
for any q# 0.

A convenient test of positive definiteness is given by the following theorem:

Theorem 4.1.10 Sylvester’s Criterion. A real symmetric matrix K;; is positive
definite if and only if all its principal minors are positive, that is,
Ky -+ Kin
K, K
DI=K11>0 Dz=|:K11 K12]>0 Dn= >0
A 2 Knl Tt Knn
(4.1.12)

Corollary If K is positive definite, so is any submatrix with coincident
diagonal.
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This means that if the structure is stable (i.e., its potential energy has a strict
minimum) and we fix some of the displacements, then the structure remains
stable (i.e., its potential energy will still have a strict minimum; see Sec. 4.2).
This observation is, of course, clear on physical grounds. It can in fact be used to
prove Theorem 4.1.10 physically (BaZant, 1985), as follows:

Proof of Theorem 4.1.10 We imagine that we fix g, = 0. The stiffness matrix
of the structure is thereby reduced from n Xn to (n—1)xX(n—1), and its
determinant changes from D, to D,_,. Now, because the structure must remain
stable (i.e., cannot be destabilized), if we fix one displacement we must have
D,_,>0 on the basis of Equation 4.1.5 and Theorem 4.1.3. (Conversely, if
D,_, =<0, the structure with g, fixed is unstable.) Furthermore, if we fix also
g,-1=0, by the same physical argument we conclude that D,_, >0, etc., until we
get D, >0, which completes the physical proof of Theorem 4.1.10. (A purely
mathematical version of this proof, without mechanical interpretation, is also
possible.)

Now the algebraic proof. That D, >0 is a necessary condition we already
know. For n =1, Theorem 4.1.10 is obvious. For n =2, the proof is easy. We
have 2I1 = K,,4% + 2K 129:192 + K;,43, which can be transformed to

_ Ky )2 KuKn-KbL ,
ZH Kll(ql + K“ q»> + —_——K“ q2
Obviously, I1 is positive definite if and only if K;; >0 and K,K,, — K3,>0.

It is also easy to verify the fact that K; cannot be positive definite if any of the
principal minors D, is zero. Let y;, ¥,, . . . , yx be one eigenvector of the minor D,
(k=n), and set ¢, =y, 42=Y2, - - - » Gk =Y Qer1=q+2=" " =¢q,=0. If the
determinant D, vanishes, then L)_, K;q;=0fori=1,2,...,kand £}, K;q;=0
for i=1,2,...,n Hence 2I1=Y7., X1, K;q.q; = L7=1 q(L7=1 K;;q;)) =0. This
means that K;; is not positive definite.

(4.1.13)

For n > 2, the algebraic proof of Theorem 4.1.10 is more involved and can be
made on the basis of Jacobi’s theorem (Zurmiihl, 1958) or by induction on the
basis of Courant’s minimax principle (Franklin, 1968, p.152). In a more
elementary way Theorem 4.1.10 for a general n can be algebraically proven as
follows (e.g., Simitses, 1976, pp. 11-12). Introduce a new variable:

n . n p(1)
n=q:+ ﬁq,~=q1+ Z%qi with K{’ = K;; (4.1.14)

i=2 Kll i=2
Then it is easy to check that
1 1 n n
N= E Kﬂ)}'% + E 22 22 Kgl.z)q'.qi 4.1. 15)
i=2 j=
in which e Do)
K® = KiPKy K’mK 1KY (4.1.16)
11
Now, by choosing g,=1 and y;=¢3=---=¢, =0, we have II1= K$2/2, which

must be positive. So the numerator of Equation 4.1.16 must be positive.(si.nce
K{V>0). This means that D,=K,;;K» — K%3,>0, that is, the second principal
minor D, of the n X n matrix K; must be positive. Subsequently, one may
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introduce consecutive substitutions

Ve=q+ 2 q(KE/KE) (4.1.17)
obtaining e
1 1 & n
nm=: KS" T+ +sKEYE+S X D K¢tV (4.1.18)
ith 2 25k jmka1
w1 ® _ ng 1)K(k 1) _ Y."-I)KY"_I)
K= K&ED ! 4.1.19)
and, in the same manner as before, one obtains
Dy = KE*VKEDY — kg >0 (4.1.20)

D, defined in this manner represents the kth principal minor since it consists of a
sum of products of k elements of a k X k matrix such that each product has one
and only one element from each row and each column, and involves all possible
such terms with the signs corresponding to the definition of a determinant.

Theorem 4.1.11 For symmetric matrices K, the number of positive (or

negative) pivots is equal to the number of positive (or negative) eigenvalues (see,
e.g., Strang, 1980, 1986).

Problems

4.1.1 Is the form 3q% — 124,49, + 943 positive definite? (see also Problem 3.6.3).

4.1.2 (a) Determine for which P-values the structure with the stiffness matrix
K,,=2—-P, Kp=3—-P, K;=K, =V2 is stable. (b) Do the same for
K ,=9-P, Kp=6—P, K;;=K,, =3V2.

4.1.3 (a) Prove that all the diagonal elements K;; of a positive-definite matrix K
are positive. Hint: Consider the sign of I for the case when ¢; =1 with all
other g; =0. (b) Prove Theorems 4.1.2 and 4.1.3.

4.1.4 A nonsymmetric matrix K can be decomposed as K=K+ A where matrix
K is symmetric (K™ = K) and matrix A is antisymmetric (A7 = —A). Noting
that g"Aq=3[q"Aq+ (qTAq)T] prove that q"Aq is always zero. This, of
course, means that ¢"Kq = q’Kgq, as already said.

4.1.5 For systems with friction or damage, the stiffness matrix K can be
nonsymmetric (see Sec. 10.4 and Chap. 13). As an example, consider a system
with two displacements ¢, ¢ such that K, ,=2-P,K\,=3,K,;=1, Kp,=4.
Let K be the symmetric part of K. Show that the state of neutral equilibrium
(for which there exists an elgenvector g; satisfying the equations f; = ¥; K;;q; =
0, i=1,2), occurs for P, = 3, while the critical state of stability hmlt (for
which l( rather then K, becomes singular) occurs for P., =1, which is less
than P.. Further show that the eigenvectors of K and K, corresponding to P,
and P, respectively, are (4, -1) and (2, —1) (they differ from each other).
Then, noting that the energy function 2[1=Yfq, =%, %, K;q:q,=
L. L K;9.9, = (g1 +292)* + (1 — P)g} (representing the work done on the
system but not the potential energy), find one nonzero vector (g,, 42) such
that 2[1<0 at P=% (which is smaller than P.). Finally verify that for
P=P_.=1, one can find a nonzero vector (g, 4,) (eigenvector of K) that is
orthogonal to the corresponding force vector f; = £; K,q;, that is, ¥, k:q; =0,
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thus causing I to vanish even though the vector (f;, ;) is always nonzero at
P=1.

4.1.6 Determine for which P-values the structure with the stiffness matrix
Kiy=4-P, K;=6—P, K,,=3, K5, =35 is stable.

4.1.7 In the foregoing problems the eigenvalues of K were real, but for a
nonsymmetric matrix K they can also be complex. Show that this is the case
for K;;=1—P, K=2— P, K;, = —K,, = 1. Show that the limit of stability is
P=P_=1, and that there is no state of neutral equilibrium. (See also Prob.
10.4.4.)

4.2 POTENTIAL ENERGY FOR DISCRETE ELASTIC SYSTEMS

A discrete system is a system with a finite number, n, of degrees of freedom,
characterized by the generalized displacements q,, . . ., g, (kinematic variables)
that may represent actual displacements or rotations, or parameters of some
deformation modes. Continuous structures such as beams, which do not represent
a discrete system, may usually be approximated by a discrete system using some
discretization procedure, such as the finite element method or expansion of the
displacement distribution into a Fourier series. So the theory of discrete systems
has a rather general applicability.

The Lagrange-Dirichlet theorem reduces the stability analysis to a test of
positive definiteness (or existence of a strict minimum) of the energy function of
the structure-load system, called the potential energy, I1. The dissipative forces
(permitted by the Lagrange-Dirichlet theorem) must be such that IT is a function
of the generalized displacements gq,, ..., g, in the vicinity of the equilibrium
state under consideration, such that the variation of IT with g,,...,q, be
path-independent, that is, reversible. Consequently, the loads must have a
potential (i.e., must be conservative), at least in the vicinity of the equilibrium
state, and dissipative forces, if present, may depend only on velocities
q1s - - - » gn, Which is the case for damping; they vanish when static deformations
are analyzed.

Structure-Load System

The potential energy IT consists of the (elastic) strain energy U and the work of
loads W. If we consider that an equilibrium state of the structure is changed to
another, adjacent equilibrium state in response to a change in the given loads
(e.g., a change of the weight that is carried by the structure), then we must have
AU=AW, or AU—- AW =0, according to the principle of conservation of
energy. It follows that if the loads are not changed (e.g., the weights carried by
the structure remain constant), then the net change of energy of the structure-
load system is AU — AW. Therefore, the potential energy is defined as
n=U-w 4.2.1)
For the case of constant loads, called dead loads, we have W = Yk Peqy where
P, =load associated with ¢, (k=1,2,..., n). For yariable loads, W=
L« [ Pi(qi) dgi where Pi(qi) are functions specified .mdependently f’f the
properties of the structure (see also Eq. 4.3.20 and the dl.scussmn belo?v it). An
example of a variable conservative load is the attractive or repulsive force
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between two electric charges or between two magnets, for which Py = ax(r — 92
where a,, r, = constants, or the force produced by hydrostatic pressure of a heavy
liquid, for which P = a;(r — q). In the following we will tacitly assume dead
loads unless specified otherwise.

The fact that positive definiteness of AIT guarantees stability can also be
proven [independently of the Lagrange-Dirichlet theorem (Theorem 3.6.1)] on
the basis of the second law of thermodynamics. If the change of state is
isothermal, AIl represents the Helmholtz free energy of the structure-load
system, and if the change of state is isentropic, AII represents the total energy of
the structure-load system. For details see Chapter 10.

Second Variation of Potential Energy

The loading may in general be considered to change as a function of some control
parameter A, which may represent the load (A = P), or the parameter of a system
of loads, or the prescribed displacement, or the parameter of a system of
prescribed displacements. Let 8q,, . . ., 89, be small variations of the generalized
displacements from the equilibrium state assumed to occur at constant A.
Assuming I1 to be a smooth function (i.e., continuous and with continuous
derivatives up to a sufficient order), function I1 may be expanded into a Taylor
series about the equilibrium state; this provides

An:n(ql+6qlx---an+6qn;l)—n(qh'--an;l)

=8I+ 6N+ 6N+ - 4.2.2)
in which
nOIl(qy, .-, qn; A 13 & 3Gy, ...,q.;4
si=13 (4 q )6q'_ =53 3 (4 q )6qi6q,
| 9g; 215 i3 9q; 9q; (4.2.3)

138 & &3NGgy,---,qnA)
M= 8q.6q,0
3!:‘-—.21 /gl kgl 9q; 99, 3¢ 2990
6I1, &1, 8%, ... are called the first, second, third, etc., variations of the
potential energy. The conditions of equilibrium are

6II=0 forany dq; or dll/3q; =0 for each i (4.2.4)

According to the Lagrange-Dirichlet theorem, the equilibrium state is stable for
those values of the control parameter A for which

8°’>0 for any dq;, 8g; 4.2.5)

When, for some A value, 6’I1 =0 for some 8q;, ¢; and 6°I1 >0 for some other
0q:;, 8q;, the system may be, but need not be, unstable for that A value,
depending on the higher-order variations of II. When §°I1 = 0 identically for all
6q;, 8q; the system might or might not be stable, and it will be stable if also
8°T1 =0 and 8°T1> 0 for all dq,, 6q;. When, for some A value, %11 < 0 for some
0q:, Oq;, the system is unstable for that A value. This follows from Liapunov’s
stability theorem (Theorem 3.6.2), which states that the system is unstable if the
potential energy is not positive definite, and the lack of positive definiteness is
indicated by the second-order terms in the expansion of the function IT (Sec. 3.6).

In one dimension g, the condition of stability is illustrated in Figure 4.2. The
potential energy of a ball in a gravity field is proportional to its vertical
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n 3q, n 8q, nmr%aq;\
% 9 a
a) Stable b) Unstable ¢) Unstable
(neutral equilibrium)
An
n n
ar ' Q. e
d) Stable e) Unstable f) Unstable

“An' n (ql'aql)' n(ql)

Y

L1
h) Stable (metastable)

Figure 4.2 Ball in a gravity field with single degree of freedom: (a-f,h) different
conditions of stability of equilibrium position; (g) variations of potential energy for stable
system represented in (d).

coordinate. It should be also noted that the foregoing conditions of stability (Eq.
4.2.5) are based only on the variations of potential energy IT in an infinitely small
neighborhood of the equilibrium state. In Figure 4.2g the various surfaces 8I1,
8%I1, 8°I1, 8°TI are shown for the case of Figure 4.2d. 8’1 describes the actual
potential surface only asymptotically, in an infinitely small neighborhood of the
equilibrium state.

Of course stability can also be defined in the large. For example, the unstable
state in Figure 4.2¢ may be characterized as stable in the large. The stable state in
Figure 4.2h is called metastable if a stable state of lower IT exists at a finite but
small distance away (a finite but small disturbance then changes the state of the
system).

Critical State

At the limit of stability, the second variation ceases to be positive definite. This
requires that the first variation of 8%I1 must turn to zero, and so the condition for
the stability limit, called the critical state, may be written as
811 ;A)]=0 or A& 8q;=0  for all dq;
6[ (ql; « ey qn, a(aq‘) i

or
3(6%11) _

0 for all i (4.2.6)
3(6q;)
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T?is is called the Trefftz criterion. [Note that 8(&°IT) is not the third variation,
6°IL]

If the structural system is linear, then the potential energy is a quadratic form,
and if ¢, = - - - = q,, = 0 is the equilibrium state, then IT = §°[1, that is, the second
variation of the potential energy coincides with the potential energy itself. Thus,
for a structural system that is linear and for which ¢, =0 represents the
equilibrium state, the critical state condition in Equation 4.2.6 reduces to
an oIl

6H=0 6 i=0 “6, _=0 1
or 21‘, 2, q for all 4q or 24, for all i

(4.2.7)

This condition has the appearance of an equilibrium condition, although it is, in
fact, an implementation of the Trefftz criterion (Eq. 4.2.6). Calculation of critical
states according to Equation 4.2.7 is also known as the method of adjacent
equilibrium.

The equation 6II(q,, ..., q,; A)=0 is equivalent to the equilibrium condi-
tions formulated directly as we did it in Chapters 1 and 2. The solution of this
equation is the equilibrium state ¢,(1), ..., ¢g,(A) as a function of the control
parameter A. The critical value A, is solved from the eigenvalue problem defined
by the equation 6[6°II(q,, - - -, ¢.; A)]) =0. This equation, however, coincides
with the equation 8II(q,, ..., q,; A) =0 if the equilibrium state is ¢, =---=
9. =0 because then 8q, = g, and 6°*I1 = I1. The direction of motion at the critical
state is characterized by the eigenvector ¢{", ..., q¢” obtained by solving the
eigenvalue problem.

It should be noted that when, for certain A, 8§*I1<0 occurs for some g;, the

which 6°I1 is minimized (at fixed A) with respect to q,, ¢q,, . . . , ¢,; rather, it can
be determined only by dynamic analysis that includes inertia forces, viscous

forces, etc. This direction is generally not the same as the static instability mode
for A,.

An Example

Consider now a simple example: a rigid bar of length ! restrained at one end with
a spring of stiffness C, loaded by force P of constant vertical direction (Fig. 4.3a)
(A= P). The angle ¢ may be taken as the generalized displacement, and if for

b) p <) lP
|© TR T
| L
JL
L
4 S

Figure 4.3 Single-degree-of-freedom systems.
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g =0 the spring is free of stress, g =0 is an equilibrium position, which we want
to investigate for stability. The change of the potential energy of the system from
the position ¢ =0 (Fig. 4.3a) is AIl=I1=1Céq*— Pén =1Cq* - PI(1 — cos q)
(6q = q) where 7 is the vertical displacement of the load. Expanding in a Taylor
series, one obtains 87 = I(1 — cos 8q) =I(36q* — %89* + - - -). So we have 611 =
0 (as required if g =0 is an equilibrium position), 6°IT = (C — Pl)dq?, 6°I1=0,
8°T1 = 4Pldq*, . ... The condition of stability is 6°I1>0, that is, P < C/I, and
the critical load P, = C/l. The same answer would be obtained from the Trefftz
criterion, since the condition 8(6%IT) = (C — Pl)dq =0 yields P., = C/I (because
6q #0).

Alternatively, one may set Il = 0 for g =0 and express the potential energy of
the system as I1 =4Cq? — PI(1 — cos q) = 3Cq* — Pi[(¢*/2) + - - -]. Then the equi-
librium condition is 8I1=(C — Pl)qdq =0 for any d8q, which gives ¢ =0 for
P#C/l. The second variation &%l =(C — Pl)dq> gives the same stability
condition as before, that is, P < C/I.

Note that if one would ignore the geometric effect of lateral deflection on the
work of axial load, we would get the incorrect equilibrium condition Cqdq =0.
This is equivalent to neglecting in the expression of IT the term P/(1 —cosq) =
Plg?/2, which is quadratic and of the same order as the strain energy 3Cq>.
Obviously, the second-order theory must include in the potential-energy expres-
sion all the terms up to the second order in displacements.

Effect of Higher-Order Derivatives of I1

For nonlinear systems, the determination of stability gets more complicated as it
depends on higher than second derivatives of II. When &°I1 =0 for some path
and 8°I1>0 for all others, the system can be stable or unstable depending on
higher variations. For polynomial expressions without cross terms, such as q,q,
(exemplified in Eqs. 3.6.3), the assessment of stability is straightforward, but not
when cross terms are present. While for a quadratic surface it suffices to check the
change of I for all the radial paths away from the origin (constant ratio of g;),
paths of curved projection need to be also considered for a higher-order surface.

Figure 4.4 shows an example (adapted from Thompson and Hunt, 1984) of a
quartic polynomial for Il, which is curious by the fact that II is not positive
definite even though IT initially rises along every radial path (constant g,/g-) from
the origin. The reason is that there exist paths with a curved projection onto the
419> plane (of the type q,= —kq3, k = constant >0) for which a negative IT is
reached. Therefore the condition IT ,;;, >0 does not guarantee stability in this
case (the subscripts preceded by a comma denote partial differentiation). It turns
out that stability requires that Il ;,;, —3(I1 ;,)%/T1, >0 (see Thompson and
Hunt, 1984, p. 23).

Difficulties with Complementary Energy

For any stiffness matrix K corresponding to displacements g; of a kinematically
determinate structure, one can define the associated flexibility matrix C
corresponding to the associated forces f;, which are such that X f; dg; is the work
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Figure 4.4 Higher-order surface that represents unstable behavior due to motion along
curved nonradial path.

(the meaning of stiffness coefficients K;; and the associated flexibility coefficients
C; is illustrated in Fig. 4.5). Matrix C defines the quadratic form of complemen-
tary energy of the structure, IT* = 7 Cf.

Since f=Kq and q=Cf, we have C=K™'. Because the inverse of a real
symmetric positive-definite matrix is also positive definite (Theorem 4.1.8),
positive definiteness of either 6I1 or 8°I1* (=367 CHf) implies stability. Then
S°I1* as a function of f; (not g;) has a strict minimum. In this sense, the methods
of potential energy and complementary energy appear as two dual approaches, as
do the associated principles of virtual displacements (8I1=0) or virtual forces
(811* = 0); see, for example, Washizu (1975), or Argyris and Kelsey (1960).

a) b) €)
P P lP
i C WO Lk (=0
Qs
q kzz R
( 2 ag) fasl
f2 C,,
(o
q, q,:0 ka2 %, f.20
f,( *

Figure 4.5 Definition of stiffness coefficients (b) and flexibility coefficients (c) for a
continuous beam (a).
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This duality, however, does not apply for the flexibility method of calculation
of critical loads of redundant (statically indeterminate) beams or frames. In this
method, one uses another flexibility matrix C, which represents the flexibility
matrix of the primary structure, that is, a structure obtained by releasing the
redundant forces X; (through imaginary cuts). For the primary structure, X; may
be regarded as applied (external) forces, and so one can also define IT*=
iXTCTX = complementary energy of the primary structure with respect to X;.
Now it is important to realize that IT* is not associated with K (because X; and g;
are not associated by work). Therefore, C#K™".

When the load (or load parameter) P is varied, detK, detC, and det C
change. Det K can never become infinite before reaching the first critical load,
because it would imply rigid response. It can become infinite only at critical loads
for which the buckling mode involves some zero displacements, €.g., the stiffness
matrix for end rotations of a beam when the load corresponds to buckling of a
fixed-fixed beam; see Figure 2.5. Det C first becomes infinite at the first critical
load. On the other hand, det C =0 at the first critical load because at neutral
equilibrium the redundants X, can change at no change of loads. However, det C
typically becomes infinite and jumps from « to —= at some load (or loads)
P, <P, (= first critical load of the structure), see Figures 2.6f and 2.9 (cf. Prob.
4.2.7). This is caused by the fact that parts of the primary structure reach and
exceed their own critical load P, before P, is reached. Indeed, in that case the
stiffness matrix of that part becomes singular, and therefore the determinant of
the compliance matrix of that part (as well as some flexibility coefficient of that
part) becomes infinite. This must make det C also infinite because the C;; are the
sums of the flexibilities of all the parts of the primary structure.

Consequently, it is possible (and in fact typical) that IT* loses positive
definiteness before P, is reached (see the profiles of AIl and AIT* in Fig. 4.6).

det K 4

Figure 4.6 Typical profiles of potential energy IT and of complementary energy I1* of the
primary structure.



214 ELASTIC THEORIES

So we conclude that the flexibility method, which is based on the flexibility matrix
C of the primary structure, cannot be used to determine stability.

That positive definiteness of I1* cannot decide stability of the actual structure
is actually also a direct consequence of the fact that II* represents the
complementary energy of the primary structure rather than the actual structure.
This is further reflected in the fact that complementary energy of the primary
structure is used to enforce conditions of compatibility rather than equilibrium.

The condition det C = 0 can of course be used to determine P, (see Sec. 2.2).
However, this approach is not advisable for any structure with more than a few
unknowns, because the graph of det C versus P typically has many jumps
between ~ and — (Fig. 2.9). By contrast, det K cannot exhibit such behavior (as
we illustrated in more detail in Sec. 2.2).

To sum up, the complementary energy of the primary structure as a function
of the redundants can, and typically does, lose positive definiteness while the
actual structure is still stable.

Overturning Instability of a Block: Discontinuous IT’

The preceding stability conditions apply only if function Il(qy,...,q,) is
continuous and has a continuous derivative. This is true for most elastic structures,
but not for some systems of bodies in contact that can separate (lose contact). For
example, consider stability of a rigid block (e.g., a retaining wall or a building) of
weight P that rests on a rigid base and is loaded by a constant horizontal force H
(e.g., dead load exerted by earth pressure or water pressure) applied at height a
as shown in Figure 4.7a. We assume the block cannot slip; but it can lift from the
base and thus it can lose stability by overturning. The work done on the block
during overturning is W = Mg where M = Ha — Pb and q = dq = small rotation
about corner O. So the potential energy of the block is

rI_{—Mq=(Pb—Ha)q forg=0

4.2.8
00 for g <0 ( )

a) ‘ b) c)

'l /\‘\§ ?n \n
\
q‘\;"\\‘“ 3 n>o % M=o 2
\
77 “}&///1/ ) 9 0 q
*_L_I Stable Critical Unstable
e) .4 9) ¢

Figure 4.7 (a—d) Stability of rigid block; (e) rigid block on elastic base, and (f, g) buckling
of column with one-sided constraints (exercise problems).
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Here we considered the rigid base to be the limiting case of an elastic base
(Fig. 4.7¢) with stiffness approaching infinity, in which case IT for negative
rotation immediately becomes infinite. According to the Lagrange-Dirichlet
theorem (Theorem 3.6.1), the block is stable if IT1>0 for any possible 8q #0.
This means that the block is stable if Pb — Ha >0, critical if Pb — Ha =0, and
unstable if Pb — Ha <0. The system behaves the same way as a ball rolling on the
potential surfaces shown in Figure 4.7b, ¢, d. Conceptually it is interesting to note
that (1) equilibrium exists without 6IT = 0; (2) the condition of stability is 6I1>0
(or IT' = 3I1/3g >0) for dg>0, but not 6°II>0 (or 3I1/3¢>>0); and (3)
I, IT', and 3*I1/3¢* are discontinuous at g =0, and the derivatives Il' and
&I1/3q* are one-sided, defined only for g—0* (that is, g— 0 at ¢ =0); see
Figure 4.7b, ¢, d.

Problems

4.2.1 Similar to the example in Figure 4.3a, determine the equilibrium and
stability conditions for the rigid-bar column in Figure 4.3b. Also apply the
Trefftz criterion.

4.2.2 Same as Problem 4.2.1 for the two-bar column in Figure 4.3c.

4.2.3 Without referring to the text explain why the complementary energy of the
primary structure does not decide stability.

4.2.4 Discuss stability against overturning of the elastically supported block in
Figure 4.7e, which can lift from the springs. Plot IT versus q.

4.2.5 Figure 4.7f shows a perfect Euler column for which buckling to the left is
prevented by a rigid block. Plot IT versus deflection and show that the limit of
stability is Pg, that is, the same without the block, despite discontinuity of
Ii(q).

4.2.6 However, the behavior is different if the column has an initial crookedness
toward the block (Fig. 4.7g). Show that in that case the column buckles in two
half-waves and can support loads up to 4Pg.

4.2.7 A fixed-free column, whose first critical load is P, = Eln2/(0.699l)2, may
be considered as a system with one degree of freedom—the end rotation ¢,.
So det K= K,, =sEI/Il (Sec. 2.1), det C=1/K,,. The statically determinate
primary system is a hinged column, with end rotations ¢,, ¢,, and Cisa 2 x 2
matrix given by Equation 2.1.10. Using the graphs of stability functions
s, ¢5, Y, in Figure 2.2, show that (a) det K first becomes infinite at the critical
load P}, =4EIx*/* of a fixed-fixed column (i.e., P%> P, ), (b) det C first
becomes infinite at P, , and (c) det C first becomes infinite at the critical load
of a hinged column, P, = P, = EIn*/I® (i.e., P, <P,). Also plot det C, detK,
and det C as functions of P.

4.2.8 Similar to Problem 4.2.7, plot det K, det C, and det C as a function of P for
a (a) fixed column whose primary system is taken as a free-standing column,
(b) fixed-hinged column whose primary system is taken as (1) a hinged column
or (2) a free-standing column, and (c) simply supported continuous beam-
column of two equal spans whose primary system consists of two simply
supported columns.
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4.3 BIFURCATION BUCKLING AT SMALL DEFLECTIONS

Consider again the prototype buckling probiem of the hinged elastic column, with
a sliding support at one end (Fig. 4.8). Let the column be perfect (which implies
it is perfectly straight), and let EI be constant. In Chapter 1 we saw (Fig. 1.3) that
the equilibrium path of this column in the plot of P versus max w bifurcates, and
for this reason we speak of bifurcation buckling to distinguish this type of
buckling from other types at which there is no bifurcation (see Sec. 4.4).

Calculation of Potential Energy of Beam-Columns

Let us now calculate the potential energy of a perfectly straight column, possibly
with a lateral disturbing load p(x). At zero load, the initial length of the column
is lp. Then we increase the axial compressive load untii (at column length /, state
2 in Fig. 4.8) we reach the value P, at which the column instantly (but statically)
buckles. The load remains constant during buckling (according to the linearized
small-deflection theory), that is, the load in the buckled state is P’ = P (state 3 in
Fig. 4.8). This implies that (for small deflections) the axial strain at neutral axis
remains constant during buckling, that is, the length of the arc of the deflected
neutral axis does not change. Therefore, the axial ioad P moves during buckling
axially by the distance

') ')
A= [ (ds = dx) = [ (I(x)?+ (@w) - dx)
0 0

)

]
= f [A+w?2—1]de~2 [ w2dx (4.3.1)
0 2 0

in which we introduce the approximation (1 + w'?)? =1+ 4w'2, since we assume
w’' to be small (linearized bending theory). The strain energy of the column per
unit length (i.c., the bending energy) is iMw”, in which M = EIw". Thus the
potential energy of the column relative to the state just before buckling (state 2 in

P

L, ®
r—@ ) " z PxP
AR
x ds w!
t. 3 ds
?. we dx§
1 QL

Figure 4.8 Pin-ended column (1) subjected to axial force (2), and lateral deflection due to
buckling (3).
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Fig. 4.8) is
. ll !
N=U-w with U::IEEIW"de W=PAI+Ipwdx (4.3.2)
0 0

in which W includes the potential energy of constant lateral disturbing loads p(x),
which might be present. Expand now the deflection curve w(x) and the lateral
disturbing load p(x):

wix) = 2 q, sin hx

n=1 l

p(x)= 3 p,sin —"’l"‘ (4.3.3)
n=1

in which p, and g, are Fourier coefficients. Substituting this into Equation 4.3.2

with Al according to Equation 4.3.1, we have

EI 2.2
n-2[(-30 F 0 o2 [ (S0 e

i} L (Z pasinE)(3 gusin ™) s (4.3.4

Squaring the sums, we obtain terms of the type sin (nax/l) sin (mzx/l), which are
to be integrated from 0 to I (m,n=1, 2, 3,...). The integration, however, is
greatly simplified by the fact that the integral of all terms for which m #n
vamshes (which is a general property of orthogonal functions). Then, noting that

osin? (nax/l)dx =1/2, and that n®a’El/l* =P, =nth critical load, we may
reduce Equation 4.3.4 to the form:

Ell  n*m*
gy, -5 )= 2 7 3—— ,z qn Zp..qn

or

n=1

> nm? , !
H(‘Il» e qn) = 2 T(Pcr,. - P)qn_izpnqn (435)

Equilibrium and Stability

The first variation of Equation 4.3.5 yields the equilibrium state, and by setting
9I1/3q, =0 we obtain 8I1=¥,[2q.n*7*(P,, — P)/4l —Ip,/2] 6q,=0 for any
dq,, from which

1 lp,,
1-P/P, 1T wmE,

This is the same as obtained before by the static method (Eq. 1.5.6), and involves
the previously derived magnification factor (Eq. 1.5.10).

Stability is determined by the second variation of potential energy 6°I1, which
is represented by the first term in Equation 4.3.5. Note that in this problem the
lateral disturbing load p(x) has no effect on the stability limits, because we use
here a linearized theory for which II is a quadratic function, and the lateral load
affects only the linear terms. However, 6°I1 coincides with IT only if the system is
perfect, that is, if p,=---=p,=0. The second variation consists of a sum of
squares, and represents a quadratic form in its standard (canonical) form. Thus

qn = 9o, (4'3'6)
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the column is stable if the coefficients at all g2 are positive and is unstable if at
least one of these coefficients is negative or zero. Obviously, for P <P, all the
coefficients are positive. So the column is stable below the first critical load, while
for P=P,,, the column is unstable, the case P=F,, representing the loss of
stability. Thus we confirm by energy analysis the result which we already
established by dynamic analysis—the most general and fundamental approach.

The fact that the potential energy is obtained in the form of a sum of squares,
that is, that the matrix of the quadratic form is diagonal, is a consequence of the
fact that the deflection expansion in Equations 4.3.3 happens to represent a linear
combination of the fundamental buckling modes. (This would not be so if EI
were variable.) The buckling modes, representing the eigenstates of the eigen-
value problem of buckling, always represent a system of orthogonal functions,
whether one deals with a column of arbitrary end restraints, a column of variable
cross section, or a continuous beam or frame. Therefore, it is generally
advantageous to represent the deflection curve as a linear combination of the
fundamental buckling modes w’(x), and if this is done, then the potential
energy is always obtained in the form of a sum of squares, which makes the
stability analysis trivial. In this manner, the foregoing stability analysis could be
generalized to arbitrary elastic structures.

Role of Axial Strain and Shortening Due to Deflections

We may now recall that in the previous chapters we formulated the equilibrium
conditions without taking into account the axial shortening Al (e.g., in deriving
Eq. 2.1.16 for V). Why is it, then, that now we must take Al into account? The
reason is that Al is quadratic in w. This makes it possible to neglect Al in the
equilibrium equations since they are linear in w, provided the deflections are
small. The incremental expression for AII, however, has no linear terms. Its
lowest-order terms are quadratic, and so the term P Al, which is neglected in the
first-order theory, must be taken into consideration here.

In certain problems, the finite strain £ at beam axis during buckling can be
nonzero. With second-order accuracy, we may write

e=e+eP=u"+iw? 4.3.7)
in which e =u'= 0u/3x = first-order linearized strain at beam axis (u = axial
displacement), and £® = iw'? = the second-order strain at beam axis. This strain
represents the approximation (ds — dx)/dx = [(1 + w'*)"? dx — dx]/dx = iw'? (see
Fig. 4.8) where ds is the length of the arc of the deflected beam axis whose
projection onto the original (undeflected, straight) beam axis is dx. The
approximation is sufficient for small enough rotation w’. In the previously
considered problems, we had £ =0 at beam axis during buckling.

So far we solved column buckling assuming the column top to be axially
sliding during buckling, so that £¢=0. However, if the column is axially
restrained, then £ # 0 during buckling. To solve such problems, it is important to
realize that the term —Pfgiw'?dx no longer represents the work of the load.
However, it still represents a part of potential energy that depends on P and is
neglected in the first-order theory (a similar situation typically occurs for plates,
see Sec. 7.2). To illustrate it, consider the pin-ended (hinged) column in Figure
4.9a where the axial force is produced before buckling (i.e., at w=0) by an
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Figure 4.9 (a) Pin-ended column (1) subjected to axial (controlled) displacement (2) and
lateral deflection due to buckling (3); (b, ¢) first- and second-order variations of strain
energy and strain energy density due to elongation at beam axis; (d) difference in
postbuckling behavior for load and displacement controls.

enforced axial displacement, but during buckling the axial displacement at the
end is prevented, that is, both end hinges are fixed axially (Fig. 4.9a). This
situation may be imagined to characterize an ideal buckling test in which the
crosshead of the testing machine is moved at a small velocity; the end of the
column is displaced slowly, the axial force P grows, and then the column suddenly
buckles during a time interval that is so short that the axial displacement of the
crosshead during the buckling is negligible. In this case the incremental strain
energy density during buckling, 31EIw", must be augmented by the term
(Ne + 3N€?) where ¢ is the incremental axial strain during buckling at column
axis, and N = —P = axial force, positive for tension (Fig. 4.9b). The first-order
strain, e = du/dx, is zero in this case, same as for axially sliding hinges. But the
second-order strain is nonzero, that is, £ = £€® = 3w'2# 0. Since ¢ is second-order
small the term 3Pe? is fourth-order small and negligible compared to Pe. So the
incremental strain energy of the column for small deflections is

All = fo ’ BEW"™ +(-P)(3wd)}dx =TI (4.3.8)

But this at the same time represents the total energy I since the incremental
work W of the end load P is in this case zero. So we conclude that the
potential-energy expression is the same as for the Euler column (an axially sliding
hinge at the end, i.e., simple support), and so the stability limits (as well as the
differential equation for small deflections w) for the columns in Figures 4.8 and
4.9 are exactly the same. A difference is, of course, encountered for finite
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postbuckling deflections (Fig. 4.9d) (e.g., because of the term 3Ne?, that we
neglected).

Calculation of I1 from the Work of Initial and Incremental Stresses

Instead of expressing directly the energy density (3EIw"™ + N¢) per unit length of
column, one can begin with the energy density per unit volume. Let us illustrate
this alternative but equivalent procedure for the case of a column with axially
fixed hinges and a lateral distributed load p(x). The column may be either perfect
or imperfect. If imperfect w represents the increment of z(x) from the initial
ordinate 2%(x) (which is assumed to be negligibly small), and the initial bending
moment M° is nonzero (superscript 0 is used throughout the text, e.g., in Sec.
6.1, as a label for initial equilibrium states). We have

AII=J:L(a°+%o)e,dAdx—rpwdx=J:L(o°£1+%Eef)dAdx

| Pw x o° 1777 (4.3.9)
where (Fig. 4.9c) o®=initial axial stresses before buckling, MP°= bending
moment in the initial equilibrium state caused by p, by the applied end moments
(also considered to be dead loads), and by P, €, =¢ — 3(—w'z)/dx=¢—w"z =
increment of normal strain from the initial equilibrium state for a generic point of
the cross section, and o = E¢ = the corresponding stress increment. P must now
be understood as the initial value of the axial compression force (reaction at
column top). During buckling the axial force is now changing. Its change is
—EAg, and the corresponding energy is taken into account by the term 1Eg?
With regard to variational analysis, the new equilibrium state represents a state to
which the adjacent non-equilibrium states are compared in terms of minimization
of I1. Using for ¢ the expression given by Equation 4.3.7, assuming p to be a dead
load (i.e., constant), and integrating, we get from Equation 4.3.9:

All = [[[ (A+—-—z)(—w"z+%w'2)+-21-Ew"2 2]dAdx [pwdx
=[ [;Ew”z[z dA +— w[sz——w’zf dA
0

0 0
+£w"[ z dA—ﬁw’ZI sz]dx—fpwdx
I A 2] A 0
! ! !
= [ @B 3Pw+ Mown dx - [ pwax = [ (B2 - Pwyax = 5°n
0 0 0

(4.3.10)

Here we used the relations [ z2dA =1, [ 2zdA =0, and [ dA = A, assuming axis
x to be centroidal. The last expression in Equation 4.3.10 is obtained upon noting
that, due to initial equilibrium, [M°w"dx=—fM"w'dx=fVw dx =~
§ V¥wdx = f pw dx because either M° or w' and either V° or w are zero at the
ends, and M% =V° We neglect here the contribution to M° due to Pz° as
higher-order small because for the initial state z, is assumed to be small.
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This last derivation demonstrated a procedure that has the most general
applicability. We will use it again, for example, for thin-walled beams (Sec. 6.1).

Example with Two Degrees of Freedom

As another example, consider the column shown in Figure 4.10a consisting of
two perfectly rigid bars of length /, connected at hinges by rotational springs of
spring stiffness C. The deflected state of the column is defined by the inclination
angles of the bars, g, and g,. These angles are assumed to be small. In general
the column may be imperfect, with the initial state at load P =0 given by angles
¢, = a, and g, = a,. The same column was studied in Section 3.2; here, however,
the load remains vertical, that is, is conservative. The potential energy Il(q,, ¢,)
may be expressed as II= U — W where

U(q1, q2) = 1C(‘Il - 0'1)2“' %C(‘h- q,— a+ 0'1)2

W (41, g2) = P(I cos az — I cos g, + I cos a; ~ 1 cos q,) (4.3.11)

P!
=-2-(q3+q§-a%-a%)

(U = strain energy, W = work of load P).

In the last equation we introduced the approximation cosq, =1—3¢? and
cos a, =1 — a3, which is acceptable for small angles. Note that, even though the
angles are small, we cannot substitute cosg; =1 and cos a,=1, because the
energy is quadratic and must be approximated correctly at least up to the terms of
second order in q,. By differentiating, we obtain the conditions of equilibrium:

lan (Z—fc—,l)ql—q2—2aq+af2=0

Ca
a (4.3.12)

190 P
-—=—q,+(l—z g:—ar+a;=0

When the structure is perfect, that is, a; = o, =0, a deflected equilibrium state is
possible if and only if the determinant of the equation system vanishes. This

K]

o2
»

or maximum
deflection

Figure 4.10 (a) Imperfect column consisting of two rigid bars, (b, ¢) buckling modes, and
(d) equilibrium paths.
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yields the condition (P!/C)?— 3(Pl/C) + 1 =0, from which one may solve:

3FV5 (g) _ {0. 3820C/!
2 \1/ l2.6180C/

By substituting these critical values into either the first or the second equation in
Equations 4.3.12, one obtains for the eigenstates, that is, the buckling modes,

. -1£V5
@~

The buckling modes defined by these ratios are sketched in Figure 4.10b, c.

By c¢liminating g, from Equations 4.3.12, one can solve P as a function of g,,
for various values of the initial imperfection. This yields the equilibrium path
shown in Figure 4.10d. Only the equilibrium path of the perfect system exhibits
bifurcation. For the imperfect system, the equilibrium paths do not reach the
critical load value at any finite deflection.

It may be checked that the same equations of equilibrium and the same
critical loads are obtained by either the virtual work method or by writing the
equilibrium conditions on the basis of free-body diagrams. However, this
equilibrium approach does not answer the question of stability. To answer it, we
must consider the second variation 6°IT, which happens to coincide in the present
case with I1, provided the structure is perfect. The matrix of the second variation
2 81 = K, 8q% + 2K, 8q, 8q, + K, 845 is obtained by differentiating Equations
4.3.12:

K, 121 Pl Kn_157T1 PI K, 1 &1

P, ,= (4.3.13)

=0.6180 or —1.6180 (4.3.14)

(4.3.15)

Note that for our structure these coefficients give the second variation for both
the perfect and imperfect cases, and so the stability regions of the perfect and
imperfect structures are the same (this is generally true for linear theory, for
which the energy is quadratic, but it is not generally true for nonlinear theory; see
Secs. 4.4-4.6). According to Theorem 4.1.10, the structure is stable if and only if

2- Lic -1
¢ | >0 and 2—%’>0 (4.3.16)
-1 1- T
which may be rewritten as
(P-P,)P—P,)>0 and 2- %l> 0 (4.3.17)

We may now distinguish three cases:

1. P <P,,, in which case both conditions in Equations 4.3.17 are satisfied.

2. P, =<P=<P,, in which case the first condition in Equations 4.3.17 is
violated, and so the system is unstable.

3. P> P,, in which case the first condition in Equations 4.3.17 is fulfilled, but
the second one is violated, and so the system is unstable.
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Overall, the system is stable if and only if P <P, , whether it is perfect or
imperfect.

There are certain advantages to stability analysis in which the buckled shape is
expressed as a linear combination of the buckling modes (eigenmodes) g
(k=1, ..., n) whose amplitudes y, are taken as the kinematic variables. Using
again the example in Figure 4.10a, and expressing g, and ¢, as a linear
combination of the buckling modes (Eq. 4.3.14), we have

g1 =19 +y.4? = yi(—1 + V5) + y(—1 - V5)
=919 +yqP =y 2+y,-2

which is in fact the orthogonal transformation @ =Ty or ¢; = ¥, y,¢4¢" introduced
in Section 4.1. Substituting into Equations 4.3.11 (with a, = a, =0), we get

(4.3.18)

U= _2C. [4(5 — 2V5)y} + 4(5 + 2V5)y3)
2 (4.3.19)
W= 5 265 — V5)y? + 2(5 + V5)y3)

Note that the cross product y, y; is absent from these expressions. The absence of
cross products from the expression for Il is, of course, a general property of
eigenmodes, and their amplitudes y, are therefore called the orthogonal
coordinates. The potential energy becomes a sum of squares, and thus the
question of stability can be decided easily. We have I1=U — W = B, y? + B, y3,
and so the stability conditions are B, >0 and B, >0. This immediately yields the
critical values in Equation 4.3.13 with the same stable domain as we obtained it
from Equations 4.3.17.

In the plane (9., g.) (Fig. 4.11a) the coordinates y, and y, can be represented
by observing that y, = 0 (axis y,) corresponds to the line q,/g,=(—1— V5)/2 and
y»=0 (axis y,) corresponds to the line ¢q,/q,=(—1+ V/5)/2. The axes y, and y,
are the principal axes of the quadratic surface of potential energy, as illustrated in
Figure 4.11b—f for various load intervals. For a system with two degrees of
freedom (Fig. 4.10a), these surfaces are a convex elliptic paraboloid for P <P,
(Fig. 4.11b), a cylinder with horizontal axis for P=P,, and P=P,, (Fig.
4.11c, ), a hyperbolic paraboloid (saddle surface) for P, < P <P, (Fig. 4.11d),
and a concave elliptic paraboloid for P > P.,, (Fig. 4.11f).

The expression for IT = U — W according to Equation 4.3.19 can, of course, be
obtained from the eigenvalues P, and P, and ecigenvectors according to
Equation 4.1.3. The reason that this is a sum of squares is that the stiffness matrix
in Equation 4.3.15 happens to involve P only in the diagonal terms. In other
problems this is not the case in general, and then the use of eigenvectors in
substitution q =Ty does not yield IT as a sum of squares. However, if the
eigenvalue problem is first converted to the standard form, a sum of squares
always results (see Sec. 4.1).

A salient property of bifurcation buckling of symmetric structures, as
illustrated by our preceding examples of perfect structures, is that the symmetry
of response breaks down. In physics and other fields of science, the breakdown of
symmetry of response typically leads to instability, and the bifurcation theory may
be developed from this viewpoint.
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Figure 4.11 (a) Orthogonal coordinates and (b—f) surfaces of potential energy for various
values of P.

Some Fundamental Aspects of Potential Energy

As pointed out in Section 4.2, the derivation of the Lagrange-Dirichlet theorem
shows that Il represents the energy of the entire structure-load system (in
thermodynamics, I1 is the Helmbholtz free energy if the conditions are isothermal
and the total energy if the conditions are isentropic; see Sec. 10.1). As stated in
Equation 4.2.1 the principle of conservation of energy implies that I[1=U — W
(where we write I1, U, W, instead of AII, AU, AW because I, U, W is
considered to be zero in the initial state); U = strain energy of the structure, and
W = work of the loads, P, (k=1,2,...,n), thatis,

w=5 j Pu(we) dw, (4.3.20)

where w, = load-point displacements and P, = given functions of w,. Obviously,
P = dW /9w, = —3®/ 3w, where ® = —W = potential energy of the loads. Now a
crucial point is that ® is defined independently of the structure and is a function
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of w; (considered as load-point coordinates in space). Potential @ exists only if
OP,/dw,; = 3P,/ 3w, for all k, j; this is necessary to ensure that forces P, are
conservative, as required by the Lagrange-Dirichlet theorem (Theorem 3.6.1).

For the special case of dead loads (P, = const.), W =}, P,w;. In that case the
load is exerted by gravity and may be imagined to be applied by an object whose
weight is P, (as in Fig. 4.12). Then ® = —W = change of gravitational potential
energy of the object when it is lowered by distance w.

For the sake of simple illustration, the potential energy of a rigid ball of mass
m moving on a rigid curved surface (Fig. 4.12a) is [T=—Pw (not —3iPw!),
w = displacement of the ball in the direction of force P, P = mg, g = acceleration
of gravity (Fig. 4.12a); indeed P = —3I1/dw. The potential energy of a weightless
block resting on a spring of stiffness C is IT=4Cu® where u = shortening of the
spring (Fig. 4.12b); this satisfies the condition that F = Cu = 9I1/3u = force in the
spring. The potential energy of a system of mass m moving on massless curved
block that is supported by a spring of stiffness C is II=—Pw + 4Cu® where
P = mg (Fig. 4.12c); this satisfies the conditions P = —3I1/0w, F = Cu = 3I1/du.
If a weightless block supported on a spring of stiffness C is loaded by a force P(w)
that is defined as a function of displacement w (Fig. 4.12d), the potential energy
of the system is I1=—[ P(w)dw + 3Cu? again P(w)=-3I1/dw, F=Cu=
d11/du. For the special case of dead load, that is, for P = constant, this last case
reduces to the previous one (Fig. 4.12c). Finally, if the spring is nonlinear, then

= —[ P(w) dw + [ F(u) du where F(u) = force in the spring.
The strain energy is generally calculated as

U= L I 6:dedV (4.3.21)

where ¢ = stress tensor, & = strain tensor, V = volume of structure (and : denotes
a tensor product contracted on two indices 6:de = 0;; d¢;;). For the special case of
uniaxial linear elasticity (o0 = E¢) this yields

11, (&
U—Lzast—LzEs dV—LZEdV 4.3.22)

where [ o de = $0¢ represents the triangular area under the stress-strain diagram.

There is another viewpoint that often makes things puzzling to inquisitive
students. Does not the reaction from the loading device increase gradually from
zero during the load application? Yes, it does. So, should not the work of load be

b)

Figure 4.12 Ball on (a) rigid block and (b, ) block resting on springs; (d) weightless block
resting on springs loaded by a force.
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1P,w, instead of Pyw for a linear increase of reaction, or [ P.(u) du in general?
[u is the axial displacement increasing from 0 to wy, and P,(u) are the reaction
values increasing from 0 to the final value P, as the load is applied.]

No, it should not. As we said, a constant load may always be imagined to be
exerted by some object of weight P,. If the object is positioned in contact with
the undeflected structure and then suddenly released, the reaction it receives
from the structure does not, of course, become immediately equal to its weight,
but increases gradually as the structure deflects. The difference between this
reaction and the weight accelerates the object and is manifested as the inertia
force. Clearly, the analysis would have to be done dynamically if the process of
development of the reaction from the structure onto the object were to be taken
into account. The rapid application of a mass onto an elastic structure is analyzed
in a course on dynamics, and it is found that, at the deflection w, equal to the
static deflection, the structure also has kinetic energy, which is exactly equal to
Powi — 3Pew;. So there is no contradiction with the previous viewpoint.

Problems

4.3.1 Write the expression of the potential energy II for (a) a free-standing
columa, (b) a fixed-end column, (c) a two-span continuous beam of equal
spans; and expand the deflection curve and lateral disturbing load in a Fourier
series. Consider also an eccentricity in the applied axial load. Write the
expressions for the first and second variations of IT and find the critical loads.
Determine the deflected shapes. Verify that the principle of virtual work gives
the same equations as the first variation.

4.3.2 Solve the stability conditions of the same column as in Figure 4.10a except
that (a) the top bar length is 2/, (b) the spring constant of the base spring is
2C.

4.3.3 Do the same for the column in Figure 4.13a.

4.3.4 Do the same for the column in Figure 4.13b.

4.3.5 Do the same for the column in Figure 4.13c.

4.3.6 Do the same for the column in Figure 4.13d.

4.3.7 Do the same for the column in Figure 4.13e (where P is a spring force).

4.3.8 Do the same for the system in Figure 4.13f.

4.3.9 Do the same for the system in Figure 4.13g.

4.3.10 Draw Figure 4.10d to scale.

4.3.11 Show that the potential energy I1= U — W calculated from Equations
4.3.19 is equivalent to the form IT=A4,y?+ A,y3 in which A, and A, are the
eigenvalues of the matrix K of coefficients of the quadratic form IT (Theorem
4.1.5, Sec. 4.1).

4.3.12 Draw Figure 4.11 to scale.

4.3.13 Thermal buckling. An elastic column with two hinges that cannot slide
axially (Fig. 4.13h) is heated by AT. Express its potential energy and show
that the stability limit is the same as for a column on which the thermal force
is applied externally. Express the stability limit in terms of AT. See also
Problem 1.9.5. Note: 0 = E(¢ — ") where "= a AT, a =thermal expansion
coefficient; W =0, II=U = [ (6*/2E)dV = [ 1E(¢ — £")*dV and substitute
&€ = —zw'(x). (The postcritical behavior is, however, very different.)



ENERGY METHODS 227

h) ),

f u{ Magnet l)
v, moving with
+— 7” the top c
Fixed
? 4 magnet

Figure 4.13 Exercise problems on bifurcation buckling at small deflections.

4.3.14 Magnetic forces (variable load). A hinged column is loaded by a magnet
that is attached to its top and is attracted to another fixed magnet at initial
distance r (Fig. 4.13i), such that the attractive force, directed toward the
opposite end, is P = a(r — u)~2 where a, r = constants and u = axial displace-
ment. Calculate P, from potential energy and also verify P, by equilibrium
analysis using P(u) from Equation 1.9.14. Show that P, = Pg unless r is very
small. How small must r be to make P.,, < 0.8Pg? (Hint: The second derivative
of the potential energy of the load is nonzero and equal to —dP/du.)

4.3.15 Do the same, but force P is exerted by a spring of stiffness C whose lower
end is moved away until P, is reached but is fixed during buckling (Fig.
4.13j). This case can be solved in two ways: (1) as a column loaded by a
variable force, or (2) as a single elastic system comprising both the column
and the spring. Show that both ways yield the same result.

4.3.16 Derive Equations 4.3.19 on the basis of eigenvalues and eigenvectors as
presented in Section 4.1.

4.4 SNAPTHROUGH AND FLAT ARCHES

So far we have dealt with problems that can be cast in a linear form. However,
for some problems, such as stability of flat arches, linearization would deprive the
formulation of certain essential features that lead to instability and failure. We
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first illustrate these different features with an example of a truss, then we extend

the analysis to flat arches and finally analyze the effects of imperfections and of
interaction with bifurcation buckling.

Von Mises Truss

As the first illustration, consider the simple two-bar truss (von Mises truss) shown
in Figure 4.14a. The bars are elastic, characterized by axial stiffness
EA/(L/cos a), and the Euler load of each bar is assumed to be so large that the
bars never buckle. The initial length of each bar is L/cos a, with L being the
half-span and « the initial inclination angle of the bars. Noting that the axial
strain of the bars is £ = (L cos a/cos g — L)/ L, we find the potential energy:

EAL (cos o
cosg \cos q

I(g)=U-Pw=

2
- 1) — PL(tan « —tan q) (4.4.1)

By differentiation, we obtain the equilibrium condition:

gl L

3 " cosig 2EAlcos atang —sing) + P]=0 (4.4.2)

from which we can calculate
P=2EA(sing —cos atanq) (4.4.3)

The equilibrium path according to this equation is plotted in Figure 4.14b.

To decide the question of stability of equilibrium states, we need to calculate
the second derivative of I1. Evaluating 5°I1/3¢> (at constant P) from Equation
4.4.2 and substituting Equation 4.4.3 for P, we obtain

821'[ 2EAL

aq = ot p ——(cos @ —cos’q) (for equilibrium states) (4.44)

a)

P = P, =const
-9

Ally R :
P=Py

Figure 4.14 (a) Two-bar truss, (b) equilibrium path, (c) variation of potential energy at
various points on equilibrium path, and (d) potential-energy curves for various constant
values of P.

>
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The truss is stable if and only if this expression is positive. This yields the
condition that g > g, or ¢ = —q, where

cos go = (cos a)'” (4.4.5)

For —qo = q =< q, the truss is unstable.

It is interesting to compare the critical state values g, with the g value
corresponding to the limit points (the maximum and minimum points) of the
equilibrium diagram in Figure 4.14b. Calculating the derivative dP/3q from
Equation 4.4.3 and setting 3P/3q =0, we find that the g values for the limit
points are —q, and +4g,, with g, given by Equation 4.4.5. Thus we see that the
stable equilibrium states lic on the equilibrium diagram in Figure 4.14b on the
segments of positive slope (segments 501 and 234), while the unstable equilibrium
states lie on the segment of negative slope (segment 12) This result is not by
chance. Later we will see that generally, for single-degree-of-freedom systems, a
positive slope of the equilibrium path implies stability, and a negative slope
instability. Figure 4.14c illustrates, for various points on the equilibrium path, the
variation of the potential energy with g at P = constant.

The equilibrium path can be followed also in the plot of the potential energy
IT versus the generalized displacement q (Fig. 4.14d), in which load P is plotted in
the third spatial direction. The resulting surface is represented through the curves
of constant load, which have horizontal tangents for the equilibrium states. These
states are stable if the curve is convex (i.e., positive second derivative of IT) and
unstable if not convex. The limit point (a critical state) is, on these curves, the
inflection point with a horizontal tangent.

Let us now discuss what happens when the von Mises truss is loaded in a
load-controlled manner. First the stable equilibrium path 01 is followed, until the
critical state point 1 is reached. When the load is increased an infinitesimal
amount above the peak point value, there is suddenly no adjacent equilibrium
state and the only equilibrium state possible is a finite distance apart; it is the
state corresponding to point 3 in Figure 4.14b. Therefore, the structure snaps
through from point 1 to point 3, as indicated by the dashed horizontal line in
Figure 4.14b. So an infinitely small change of load causes a finite change of
deflection, which is defined as an unstable situation. The snapthrough path 13
does not represent equilibrium states, and therefore it happens dynamically, in
the presence of inertia forces which are equal to the vertical deviation from the
equilibrium path in Figure 4.14b. The work done by the inertia forces is equal to
the area 1231 in Figure 4.14b (see also Sec. 4.8). This work goes into kinetic
energy, causing the movement along the horizontal path 13 to be accelerated,
with the kinetic energy at point 3 equal to the area 1231. If there were no
damping, the structure would then oscillate about point 3 indefinitely, but in
reality these oscillations will be damped and the structure will ultimately come to
equilibrium at point 3. When the load is further increased, the stable path 34 is
followed. _

When the load P is decreased, the structure follows path 432 in Figure 4.14b,
until a critical state is reached at point 2. If the load is further decreased by an
infinitesimal amount, there is suddenly no adjacent equilibrium state and the
structure will snap through to point 5. This snapthrough will again be dynamic,
and the work corresponding to area 2152 will be converted to kinetic energy and
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then dissipated as heat. Due to damping, the structure will eventually come to
equilibrium at point 5. If the load is further decreased, the stable segment 56 is
followed. .

From this discussion we see that segment 12, which has a negative slope, can
never be reached under load control. Nevertheless, it can be reached in a stable
manner under displacement control. We will discuss it in more detail later (Sec.
4.8).

Even though the structure is perfectly elastic, it exhibits hysteresis. The
energy lost during a complete load—unload cycle, which goes first into kinetic
energy of vibrations and is ultimately dissipated as heat due to ever-present
damping, is given by the area 132501.

Note that in contrast to the previous examples, the snapthrough instability
does not involve any bifurcation of the equilibrium path.

The snapthrough instability is also called the limit-point instability, or snap
instability. This term, however, does not make a clear distinction from the
snapdown instability that occurs under displacement control and will be examined
later (Sec. 4.8). Structural behavior with a negative tangential stiffness, that is,
declining load-deflection diagram, is also called softening.

Consider now what simplification is possible when the angles g and a are
small. Then one may set cos @ =1— &*/2 and 1/cos ¢ =1+ ¢*/2, tanq =q and
tan a = a. Equation 4.4.1 reduces to

I =#(q2 - o?? - PL(a —q) (4.4.6)

which is a fourth-degree polynomial. A quadratic approximation, however, would
lose the essential feature of this problem. The equilibrium condition 6I1/3g =0
yields

P=FEAq(a®—q% (4.4.7)
The stability condition 8°I1/3¢* > 0, which may be again shown to be equivalent
to the condition 3P/3q >0, yields the regions of stable equilibrium:
-

q>% o g<zs  (stable) (4.4.8)

The behavior obtained by this small-angle approximation is obviously similar, and
for very small angles asymptotically equivalent, to our previous exact result.

The essential aspect of snapthrough buckling is that it leads to a nonlinear
problem that cannot be meaningfully linearized. For very small angles ¢ and a,
all the quartic and cubic terms in Equation 4.4.6 could be dropped, making IT
quadratic. But then the equilibrium condition 3I1/3¢ =0 would yield a linear
equation between P and g that does not formulate an eigenvalue problem and
yields no critical load. This linear equation would describe the tangent of the
equilibrium path at g =0, which is obviously useless for determining failure.
Likewise, linearization could be carried out about the initial state ¢ = a,, but this
would yield a linear equation that describes the tangent to the equilibrium path at
the initial state and is, therefore, useless for predicting failure. So we see that
there are buckling problems that are inherently nonlinear and cannot be
linearized even if the deflections are very small. We will see more problems of
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this kind in this and the following sections. The nonlinearity aspect is essential in
the buckling of axially loaded cylindrical shells (see Sec. 7.5).

Flat Arches

The snapthrough instability is exhibited by flat (or shallow) arches, that is, arches
whose rise is small compared to the span. Timoshenko (1935) and Biezeno (1938)
presented solutions for the cases of distributed and concentrated load, respec-
tively, and Marguerre (1938) discussed some implications for the theory of
buckling. Fung and Kaplan (1952) considered various types of arches and of
lateral load. Hoff and Bruce (1953) analyzed the problem dynamically, and Masur
and Lo (1972) gave a general discussion of the problem including imperfection
analysis. Nonlinear material behavior was considered by Franciosi, Augusti, and
Sparacio (1964) and loading through an elastic foundation was studied by Simitses
(1973). Experimental results were reported by Roorda (1965).

As experiments as well as theoretical studies confirm, flat arches may be
assumed to fail in a symmetric mode, whose basic characteristic is the shortening
of the center line of the arch. This contrasts with the behavior of high arches (also
called deep arches, see Sec. 2.8), for which the center-line shortening is
negligible, making the asymmetry of bending the paramount feature. Analysis of
high arches, on the other hand, must include the curvature term w/R? (Eq.
2.8.2), which is negligible for flat arches (since R is large).

Consider a two-hinge arch whose initial shape before loading is

zo(x) = a sin % (4.4.9)

where [ = length of the span (Fig. 4.15a) and a = rise of the arch; a <</ since the
arch is flat. The arch is loaded by a vertical distributed load p. The solution is

Arch sensitivity

TN /‘Nagram

hﬁ? ? Imperfection p,/T,|

Figure 4.15 (a) Flat arch subjected to symmetric loading, (b) equilibrium paths, (c)
symmetric and antisymmetric disturbances, and (d) imperfection sensitivity.
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simple if the distributed load is sinusoidal:

p = Psin ’—’Ix— (4.4.10)

The deflection ordinate may be sought in the form:

z=gqa sin—”lf (4.4.11)
The potential energy of the flat arch may be expressed as
Il 1 A 2 !
n= J' L EI(AkY2 dx + = EA(—I> - f p(zo—2) dx (4.4.12)
o 2 2 l o
in which EI and EA are considered to be constant along x, and
2
Ak =2"— zg=’;—2a(1 -9 sin’—’lx— (4.4.13a)
{ ! 1 {
Al=Ide7+d?—Ide2+d?(,=§I(z’z 22 dx = (q ~1)
(V] (V] (V]
(4.4.13b)

Ak represents the change of curvature of the arch, and Al the change of length of
the center line of the arch (for the case of nonuniform EI, see Simitses and Rapp,
1977). (We neglect the term w/R? that we included in the curvature change
expression for high arches, Eq. 2.8.2; the reason is that for flat arches R? may be
assumed to be very large.) Substituting Equations 4.4.9 to 4.4.11 and 4.4.13 into
Equation 4.4.12, and integrating, one obtains

Ii(q) = I [—a (14 )(1 q)z(sm -I—) ~ Pa(1 - q)(sin —nlf)z] dx
+b;? (1612) A=y

oY= () +E2 (et~ rer-ai)

= ”zﬁlaz[i (1-9y +%(1 - q’)’] —gl’l(l -q) (4.4.14)

in which we introduce the notation n = Aa*/4I = a*/4r* = nondimensional para-
meter of arch slenderness, r = radius of gyration. Differentiating, we obtain for
the equilibium states the condition:

on x*El

3q 2P

ay[1+ (n-1)q — ng’) + Pl 0 (4.4.15)
which furnishes

P= F EIa[l +(n-1)q — ng’} (4.4.16)
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The diagram of P(q) may, but need not, have limit points (Fig. 4.15b). The
condition of the limit points is 9P/3g =0, which yields n —1 — 3ng?=0 or

n—
3n

The equilibrium diagram has limit points only if n > 1, that is, if the ratio of the
rise of the arch to the radius of gyration is not too small.
The equilibrium is stable if

1l EIn*

Fra =-=p a*(n—1-3ng%>0 (4.4.18)
This is satisfied if n — 1 —3nq> <0 or g3 — ¢>>0, or (g0 — q)(go + q) <0. So we
get the stability condition:

qg=+1q,=1= (4.4.17)

Either g¢>gq or q<-—qo (4.4.19)

For —go=q =< q,, the arch is unstable. It is again easy to check that the states
q = tq, are identical to the maximum and minimum points of the equilibrium
curve of P versus q.

The equilibrium path of the system can be obtained also from the principle of
virtual work. Another method, used by Timoshenko and Gere (1961), is to apply
equilibrium conditions to a primary system in which one hinge is allowed to slide
horizontally and then restore compatibility by introducing the statically inde-
terminate horizontal thrust in the arch.

When the distributed load p is uniform, p =p,, Equation 4.4.10 may be
approximately replaced by the first term of the Fourier sine expansion of uniform
load, which is p = [4P sin (wx/l)}/%. The rest of the analysis is similar. It is found
that the resulting solution is only 0.38 percent less than an accurate solution for
the critical value of a uniform load. More sinusoidal Fourier components may be
considered to obtain more accurate solutions, for any p(x). But the first term has
dominant influence.

Except for the fact that for » <1 there are no limit points (no critical states)
and the response is always stable (Fig. 4.15b), the behavior of the present system
is entirely analogous to the von Mises truss. Especially, the flat arch exhibits
snapthrough buckling (Fig. 4.15b, path 12), and the snapthrough leads to
hysteretic energy dissipation due to spontaneous conversions of potential energy
into kinetic energy and then into heat.

Effect of Imperfections

The main difference from high arches is that shortening of the arch center line is
important while antisymmetric bending is not. This may be verified by replacing
Equations 4.4.10 and 4.4.11 by more general expressions:

2

p =P,sin —"If + Pysin —’I“- (4.4.20a)

2
z(x) =q asin —ﬂ;f + q.a sin —I’E (4.4.20b)
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in which the added (antisymmetric) sine terms may be regarded as imperfections
perturbing symmetry (see Fig. 4.15c); P, and P, are given parameters for
symmetric and antisymmetric loading (in general, the first two components of a
Fourier series expansion), and q,, g, are the generalized displacements charac-
terizing the symmetric and antisymmetric deformation. Substituting Equations
4.420a and 4.4.20b, along with Equations 4.4.9, 4.4.13a, and 4.4.13b, into
Equation 4.4.12 and integrating, one gets the potential-energy expression:

n=2[2@-+2a-ar]+B(5)@ -0+ ~(S) + 4Big2

+2nBlg3 + Bln(ql - 1)¢3 (4.4.21)
in which B = a*Ela?/1*. The equilibrium conditions then are
2 all
Elgq_=q'_ 1-n(1- ql)ql+Pl(B) +4nq,q3=0 (4.4.22a)
2 8l
= +44- = 4.
5750, P(%) + 44— n + ang3 + ngD)g, =0 (4.4.22b)

Solution of these equations yields the equilibrium paths Py(q,, q,) and Py (q,, g2).

A question of concern is whether a small inevitable imperfection of load
represented by the load asymmetry parameter P, can greatly reduce the critical
load of the arch. Consider, therefore, that P, and g, are very small while P, and
q, are finite. In Equation 4.4.22b the term 4nq3 may then be neglected, and so
this equation yields g, = —f(g,)P, where fy(q,) is a function of ¢,. Substituting
this into Equation 4.4.22a, we find that P, =f£,(q,) — fx(q.)P3, where fi(q,) and
f(q,) are positive functions and fi(q,) represents the previous solution for
symmetric load (P, = 0), that is, Equation 4.4.16. This is valid for all ¢,, including
the critical value. Thus we may conclude that if P, is small, then the change in
load-carrying capacity for the symmetric load component is second-order small
(Fig. 4.15d). This is a rather weak imperfection sensitivity. It means that, in
stability analysis of flat arches, one does not need to worry about inevitable small
asymmetric load components. (By contrast, later we will see buckling problems in
which a small imperfection of magnitude & causes a critical load reduction that is
proportional to §'? or £%?, which represents a much more severe sensitivity to
imperfections.)

Another type of imperfection of interest for snapthrough is an initial dynamic
disturbance. Imagine that kinetic energy AT equal to the cross-hatched area in
Figure 4.16a is initially imparted to the flat arch. Then the arch can snap through
along the horizontal path AB at load P, — AP, which is lower than the static
critical load P.. Near the critical points, the equilibrium curve may be
approximated as a parabola. For a parabola the area A1C, and thus also AT, is
proportional to AP>?, and so the lowering of the critical load, AP, due to initial
dynamic disturbance is proportional to AT?>. This means it is proportional to
v*?, v being the initial downward velocity of the arch at the apex. This is not a
very strong imperfection sensitivity; if v is very small, the load reduction is
higher-order small, that is, ~v*?).

There is one particular dynamic path (Fig. 4.16b) for which the cross-hatched
areas A1C and C2B are exactly equal. For that path there is no energy loss.
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Figure 4.16 (a, b) Horizontal snapthrough due to dynamic disturbance; (c) similarity to
pressure-volume diagram for real gases; (d, e) variation of potential energy at constant P.

The horizontal snapthrough has an analogy in the pressure-volume diagram
according to the van der Waals equation for real gases (Fig. 4.16c; see, e.g.,
“Thermodynamics,” in Guggenheim, Enc. Brit., 1980). In this diagram, due to
inevitable disturbances in a gas, the real behavior usually consists of a horizontal
snapthrough which cuts equal areas below and above as shown in Figure 4.16c,
and is therefore equivalent in energy to the curved diagram. (Note that this
pressure-volume diagram is also analogous to a strain-softening material; Chap.
13)

For a state (qo, P,) that occurs just before reaching P., (Fig. 4.16d) the
potential-energy curve (at P = const.) has the shape shown in Figure 4.16e, and
the structure behaves as a ball rolling on this curve. In physics and chemistry,
such a situation is called metastable. It is a special case of stability in which a small
disturbance can lead to another stable state that exists nearby, at a finite distance
away, and has a lower potential energy (or, more generally, a lower value of
some thermodynamic potential).

Other Examples of Snapthrough

Snapthrough buckling is exhibited by other types of arches or trusses; for
example, the tied arch or tied truss (Fig. 4.17a, b) with simple supports, or a flat
fixed arch (Fig. 4.17c), for which the choice of the deflected shape must respect
the condition of zero rotation at the supports. The long strip of a flat cylindrical
shell, uniformly loaded, also exhibits snapthrough buckling and our solution for
the flat arch may be directly applied. Snapthrough buckling is also exhibited by a
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G

Figure 4.17 Examples of systems which exhibit snapthrough buckling: (a) tied arch, (b)
tied truss, (c) flat fixed arch, and (d) shell under hydrostatic pressure.

flat spherical dome shell under hydrostatic pressure (Fig. 4.17d). Snapthrough
buckling of rectangular panels of cylindrical shells of finite length requires a
rather sophisticated analysis, but the behavior is similar.

Other examples of snapthrough instability are found in various switches (e.g.,
the standard wall switch for electric lights). Safety ski bindings involve a
mechanism that behaves in the same manner as snapthrough buckling (e.g.,
BaZant, 1960; and BaZant’s Patent No. 97175 of safety ski binding, Czecho-
slovakia, 1959).

Problems

4.4.1 Find the critical load of the structural systems in Figure 4.18a, b, ¢ assuming
that the axial force in the bars is less than the Euler load. For Figure 4.18b
solve for (a) C >0, EA finite (<»); and (b) C =0, EA finite. For Figure 4.18c
solve (a) I1=I1(0) and P = P(0); (b) critical loads; (c) stable regions, (d)
limit cases: (1) C—0, A.>0; (2) C>0, A.—0.

4.4.2 Find the critical load of a flat tied bridge arch.

4.4.3 Find the value of arch rise a such that critical loads from flat arch theory
and high arch theory become the same. Do this for (a) a hinged arch (Fig.
4.18d) and (b) a tied arch (Fig. 4.18e).

4.4.4 For the low portal frame of a large span in Figure 4.18f, calculate
I =II(w), P = P(w) by virtual work. Hint: Solve the stiffness of the L-shape
segment first. Plot the result and discuss stability.

4.4.5 Do a similar analysis for the overpass-type frame in Figure 4.18g. Hint:
Solve stiffnesses, then proceed as in Problem 4.4 .4.

4.4.6 Solve II(w), P(w) for the four-bar pyramidal roof truss in Figure 4.18h.

4.4.7 Do the same for the three-bar pyramidal roof truss in Figure 4.18i.

4.4.8 Solve the critical load of a fixed cylindrical shell panel that is shallow (i.e.,
its rise above the chord of the arc is not high) and is loaded by water pressure,
as shown in Figure 4.18j. Assume z,=ax(! —x) and w =bx*(l — x)* where
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Figure 4.19 Further exercise problems on snapthrough buckling.
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a, b = constants. (Note that the work of load is p AV, where p =water
pressure and AV = volume of water displaced by deflection.)

4.4.9 For what values of A,/A, and a does the system in Figure 4.19a exhibit
snapthrough?

4.4.10 For the systems in Figure 4.19b, ¢ find for which a the critical load for
snapthrough becomes equal to the critical load for bifurcation buckling of this
frame. (Note: Mode interaction then produces intricate postcritical behavior.)

4.4.11 The systems in Figure 4.19d, e, f, g consist of axially inextensible bars in
which the axial force is less than the Euler load. Solve the P(8) diagram. Find
the critical load. Discuss stability.

4.4.12 Find the critical load for snapthrough for the rigidly jointed frames in
Figure 4.19h,i. Hint: Snapthrough analysis requires taking into account the
effect of axial shortening of the members on their rotation.

4.5 LARGE-DEFLECTION POSTCRITICAL BEHAVIOR AND TYPES
OF BIFURCATION

Our analysis of bifurcating systems (Sec. 4.3) has so far been limited to the
linearized formulation for small deflections. Under that simplification, the stable
regions of the perfect and imperfect systems are the same because the second
variations 8°I1 for both systems are given by identical expressions. Not so,
however, for the nonlinear, finite-deflection theory. The stable regions of the
imperfect and perfect systems then need not be the same.

Symmetric Stable Bifurcation: Example

Consider first the column shown in Figure 4.20a, consisting of a perfectly rigid
bar of length L held upright by means of a rotational spring of stiffness C
(analyzed by Augusti, 1961). The load P remains constant and vertical, and the
column initially has a small inclination angle « (for a =0 the column is perfect,
and we studied this case in Sec. 4.2). Let g = inclination angle of the bar. The
potential energy is

I=U-W=1C(q — a)*— PL(cos a — cos q) (4.5.1)
Its derivatives are
oIl . &Il
E—C(q— a)— PLsing o =C—-PLcosq 4.5.2)
Setting 5I1/5q =0, we have the equilibrium condition:
Clg—a
p=C(L=9) 5
L \sing (4.5.3)

The equilibrium diagrams P(6) are plotted (as the solid and dashed curves) in

Figure 4.20b for various values of the initial imperfection, a. Setting 8°I1/9¢* =

0, we find that the critical states liec on the curve (dash-dot curve in Fig. 4.20b):
C

=Lcosq

(4.5.4)

cr
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Figure 4.20 (a) Rigid-bar column with rotational spring at base, (b) equilibrium path, (c)
imperfection sensitivity diagram, (d) variation of potential energy at constant P, and (e)
load-displacement diagrams.

The critical load of a perfect column (a =0) is P, = C/L =lim P,, for g— 0, or
lim P (Eq. 4.5.3) for g—0.

Examine now stability of the equilibrium states. Substituting the equilibrium
value of P (Eq. 4.5.3) into Equations 4.5.2, we get

&Il
8_¢12 =C[1-(q— a)cotg] (4.5.5)

The column is stable if 8*I1/3¢%> 0. So the stability condition is tan g >q — a if
a<qg<m/2and tanq <gq — & if —7/2<q <0. This may be related to the slope
of the equilibrium diagram, which is given by

P C/( 1
1 =(qg - t 4.5.6
e Frws) LRICRIOLLE) (4.5.6)
Consider now that @ >0. The equilibrium curves are then the curve families
at bottom right and top left in Figure 4.20b. From Equation 4.5.6 we conclude
that, for ¢ > a, the equilibrium curves for @ >0 in Figure 4.20b are stable when
their slope is positive, while for g <0 they are stable when their slope is negative.
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The point of zero slope on each curve represents the critical state (Eq. 4.5.4).
According to Equation 4.5.5, the value of g at the critical state is related to o by
the transcendental equation g — tan ¢ = a. Note that this column can be stable for
loads higher than the critical load P2, of the perfect column. Also, critical states
exist for P> P2 even if the system is imperfect (see the dash-dot curve
connecting the critical states in Fig. 4.20b).

Repeating the same derivation for & <0 one gets symmetrical results—the
curve families at bottom left and top right in Figure 4.20b. It may be concluded
that for g > 0 stability is always associated with positive slopes, and for g <0 with
negative ones.

Although, for this column, the critical states other than the one for the perfect
structure cannot be reached under load control, it is interesting to determine the
dependence of the critical load on the initial imperfection o (Fig. 4.20c). The
diagram for this dependence is generally called the imperfection sensitivity
diagram. According to the condition 8°I1/3¢* =0 and Equation 4.5.5, the critical
states are characterized by ¢ — a =tan q. For small values of ¢ (and &), we have

tang =q + 3¢>, cos g =1—1¢? and substituting these expressions into Equation
4.5.4 we obtain

P, =% [1 + % (a'm)] (for small a) (4.5.7)

The perfect column has a point of bifurcation at P = P?,, and for P> PY it
follows a rising postbuckling path. Therefore this type of bifurcation is called
stable. It is also symmetric, because the postbuckling path is symmetric with q.
The critical state for the perfect column is in this case stable since for
P=C/L=P% and o=0 we have I1=C(3g*>—1+ cosq)=q*C/4!>0. [This
illustrates that stability at the critical state is decided by fourth-order terms in the
expansion of Il. However, if the solution were done only with second-order
accuracy, as is usually the case for more complex structures, then the critical state
appears to be a neutral equilibrium state (I1 =0 for any g).]

The shape of the potential-energy function near the equilibrium state at
various stages of loading is sketched for the case a =0 in Figure 4.20d. Positive
curvature indicates stability.

With regard to Chapter 3 on dynamics (Secs. 3.5-3.6), Figure 4.20d shows for
various levels of load P the diagrams of constant total energy E =I1+ T (where
T = kinetic energy) plotted in the phase space (g, §). These diagrams show the
trajectories followed by the motion of the column if it is undamped. A set of
closed trajectories shrinking into a point indicates stability (points A, B, C in Fig.
4.20d), and the lack of closed contours around a point indicates instability (point
D in Fig. 4.20d).

It is also important to understand the diagram of load P versus load-point
displacement u. We have (Fig. 4.20a) u = L(cos & — cos q). Restricting attention
to small angles ¢ and @, we may set cosq =1—g?/2, cosa =1— &*/2, which
yields ¢ = £(a? + 2u/L)"2. Substituting this approximation, which is accurate up
to terms of third order in ¢, and also the approximation singq=q —}q° we
obtain from Equation 4.5.3

PL_1¥F a(a®+2u/L)™?
C 1-1(a?+2u/L)

(4.5.8)
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For the perfect column we have

PL 1 lu

T i=wpL 'YL 4.5.9)

The diagrams of these relations are plotted in Figure 4.20e. We see that in the
plot of load versus load-point displacement, the initial postcritical response is
given by a straight line of slope K, = P/du = &’I1/3u®>0. On the other hand,
the force associated with ¢ by work is not P, but a disturbing applied moment m
(since m dq = work). The tangential stiffness associated with q is K,,, = dm/dq =
3°[1/5¢%. Note that K,,, = 0 at the critical state (g = 0) (this is a special case of the
condition det K = 0). This means that there is a neutral equilibrium at the critical
state. This further implies that applying an arbitrarily small disturbance m causes
at critical state a finite rotation g. However, this is detectable neither in the P(q)
nor in the P(u) plot because m =0 for these plots. The fact that 3P/3q =0 for
q =0 (and m = 0) is not the cause of neutral equilibrium because P and q are not
associated by work.

To obtain only the behavior near the bifurcation point, the potential energy in
Equation 4.5.1 may be approximated by a polynomial. It is interesting to note
that it does not suffice to substitute in Equation 4.5.1 cosq =1~ 3¢?, cos a =
1-3a? one can check that such simplification yields only the critical load
P%.=C/L of the perfect system (from &°I1/3¢>=0) but nothing about the
postcritical behavior. One must include at least the next higher-order term in the
approximation of I, that is, set cos g =1—1g° + %q*, cosa=1-1a*+%a* in
Equation 4.5.1, and then

I1=4C(q — a)* + #PL(q" — 12¢° — a* + 1207) (4.5.10)

One may now follow the same procedure as before to obtain the asymptotic
approximations for equilibrium paths P(q, «) and critical states P.(a) (see
problem assignment). A salient property of the stable symmetric bifurcation is
that the polynomial expansion of Il contains no cubic term and has a positive
quartic term.

The behavior of the rigid-bar column supported by a rotational spring (Fig.
4.20a) is entirely analogous to the large-deflection behavior of an elastic column
as solved in Section 1.9. The equilibrium diagrams obtained (Fig. 1.25) were
similar to those in Figure 4.20b, and it can be shown in general that the rising
portions of these diagrams are stable, the declining portions are unstable, and the
critical states are characterized by a horizontal tangent (see our later general
discussion of equilibrium curves). The load-point displacement diagram (Fig.
1.26) was also similar to the one in Figure 4.20e.

Symmetric Unstable Bifurcation: Example

The fact that the critical states of the imperfect column occur at loads higher than
PS, for the perfect system is particular to this example and is not verified in
general. To illustrate it, consider a slightly different column, as shown in Figure
4.21a, in which the rotational spring at the base is replaced by a horizontal,
vertically sliding spring of stiffness C. Unlike before, the resisting moment of the
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Figure 4.21 (a) Rigid-bar column with horizontal spring at top, (b) equilibrium path, (c)
imperfection sensitivity diagram, (d) variation of potential energy at constant P, and (e)
load-displacement diagrams.

spring force about the hinge at the base is not proportional to the rotation at the
base, because the force arm of the spring decreases as the column deflects. The
potential energy is

IT1 = 4CL*(sin q — sin &)> — PL(cos a — cos q) (4.5.11)

By differentiation:

88_1'1 = CL*(sin ¢ — sin @) cos ¢ — PLsin g
azgl (4.5.12)
Py CL?*(cos 2q + sin asing) — PL cos g
Setting 3I1/8q =0, we obtain the equilibrium condition:
sin &
P=CL(1— - ) 45.1
ing cos q (4.5.13)

The equilibrium diagrams P(8) for various values of the initial imperfection « are
plotted in Figure 4.21b. Setting 8°I1/ 3¢ =0, we find that the critical states lie on
the curve (dash-dot curve in Fig. 4.21b):

P.=CL cos 2q +sin a'sing (4.5.14)
cos q
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The critical load of a perfect column (a =0) is P& = CL =1lim P., for g—0, or
lim P (Eq. 4.5.13) for ¢g—0.

Examine now stability of the equilibrium states. Substituting P from Equation
4.5.13 into Equations 4.5.12 we get

m_cL . :

P = sng (sin & — sin® q) (4.5.15)
It may be noted that the condition of positiveness of this expression is identical
(for 0 = g = 90°) to the condition 3P/3q > 0. Thus, as is generally true, the rising
portions of the equilibrium curves in Figure 4.21b are stable, the declining
portions are unstable, and the critical states occur at the limit points, that is, the
points with a horizontal tangent. From Equation 4.5.15 the critical states are
characterized by the condition sin g, = (sin &)">.

In one respect the behavior of the present column is markedly different from
that in Figure 4.20a. The critical states of the imperfect system occur at loads less
than the critical load of the perfect system. The larger the imperfection, the
smaller is the critical load. For such systems, it is important to quantify the
dependence of the critical load P, of the imperfect system on the magnitude « of
the imperfection. Substituting sin ¢ = sin g, = (sin &)"” and cos ¢ = cos g, =[1 -
(sin @)**]'? into Equation 4.5.13, we obtain for the critical load of the imperfect
column the equation

P, = CL[1—(sin &)**][1 — (sin @)**]'?> = CL(1 — 3a*?) (4.5.16)

in which the last expression applies to sufficiently small imperfections a. Note
that the critical load decrease is proportional to the % power of the imperfection,
a behavior which is typical of many systems (see Sec. 4.6). Therefore, the tangent
of the imperfection sensitivity diagram P.(«) (Fig. 4.2ic) has a vertical
downward slope at o = 0. This means that the critical load decreases very rapidly
with only a very small imperfection.

Structures for which the critical load (i.e., maximum load) decreases at
increasing imperfection are called imperfection sensitive (Fig. 4.21c) while those
with the opposite behavior (Fig. 4.20c) are called imperfection insensitive. The
imperfection sensitivity diagram P.(a) always begins with a vertical downward
slope (see Eq. 4.6.6). If the drop of P, is large for typical imperfection values in
practice, the structure is said to be strongly imperfection sensitive. For columns
and frames, the drop of P, due to actual imperfections is usually quite small,
even though the imperfection sensitivity diagram may be starting with a vertical
tangent. For example, a typical unavoidable imperfection for a column may be
a = 0.05, for which Equation 4.5.16 indicates that the critical load is reduced by
4.6 percent, not a very large reduction. For shells, however, a typical inevitable
imperfection may cause a 60 to 80 percent reduction of the critical load
(Chap. 7).

The equilibrium curve emanating from the bifurcation decreases with dis-
placement symmetrically and for this reason the bifurcation is termed unstable
symmetric. Unlike the previous example, the bifurcation state itself is unstable,
according to the exact solution. The reason: For P = CL = P, and a = 0 we have
M= CL*(}sin’q + cos g — 1), and upon expanding sing and cosq in a power
series we get I1=—1CL?¢*, which is not positive definite. On the other hand, at
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P = P%, the tangential stiffness associated with q is K, = 8°I1/3¢g* =0; this means
that one finds neutral equilibrium at the critical state. The shape of the
potential-energy function near the equilibrium state at various stages of loading is
sketched for the case o =0 in Figure 4.21d.

It is interesting to calculate again the diagram of load P versus load-point
displacement w. Considering ¢ and « to be small, noting that u = L(cos a —
cosq), and introducing the approximation (sinq)™'=(1+ 3g%)/q, which is
accurate up to the third-order terms in ¢, we obtain from Equation 4.5.13

P u sin & q_z)] ) _ ( Zu)"z
CL-(cosa L)[l ——(1+6 with g = £(2?+ ) @5.17)

q
For the perfect column (& = 0), this reduces to
P u
L= 1- I (4.5.18)

These equations are plotted in Figure 4.21e. It is noteworthy that the initial
postbuckling response of the perfect column consists of an inclined straight line
with negative slope. This contrasts with the previous case of a rigid bar supported
by a rotational spring, for which the postbuckling slope was positive.

To determine only the behavior near the bifurcation, Il can be approximated
by a polynomial. As before, it does not suffice to use a quadratic approximation
for cosq and sing in Equation 4.5.11 (this would yield only P% but no
information on the postcritical behavior). Rather, the approximation must be at
least of the fourth degree, and Equation 4.5.11 yields

n=£2'—“—2[(q—qgs)“(“"%)]Z_PL[(1"§+;_;)_(l_q?z+g_;)]

2
=CTL[3(q —a)f + aq(e? + ¢°) - o — ¢°]

+ % (¢*-12¢> - a* +12a%) (4.5.19)

Asymptotically, this is the same type of behavior as is obtained by the preceding
procedure (see also problem assignment). For obtaining unstable symmetric
bifurcation, it is essential that the cubic term (g*) vanishes when @ =0, and that
the quartic term (g*) is negative near the critical load; this is so because
%PLg* — 1CL*q* = %ZL(P — 4P%)q* and CL = PY,. Note that even though Equa-
tion 4.5.19 contains the cubic term agq®, this term has a negligible effect here
because the linear term aq (which is much larger if g is small) is also present.

Asymmetric Bifurcation: Example

In the preceding examples the equilibrium curves were symmetric with regard to
the undeflected equilibrium state at which bifurcation takes place. However,
asymmetric equilibrium curves near the bifurcation point are also possible and
quite frequent for frames (see Sec. 2.6) as well as shells. Consider the column
shown in Figure 4.22a, in which a rigid bar supported by a hinge is held upright
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Figure 4.22 (a) Rigid-bar column with inclined spring, (b) equilibrium path, (c) imperfec-
tion sensitivity diagram, (d) variation of potential energy at constant P, and (e)
load-displacement diagrams.

by a laterally sliding spring of stiffness C and constant inclination angle 45°. The
column is generally imperfect, with initial inclination angle a. The extension of
the spring is v =L cos (45°— &) — L cos (45°—¢q), and so the potential-energy
expression is

n =§ L¥[cos (45° — q) — cos (45° — &)]* — PL(cos @ —cos q)  (4.5.20)

from which
an : .
— = CL?[} cos 2q — sin (45° — q) cos (45° — a)] — PLsinq
9q
P11 (4.5.21)
P = CL?[cos (45° — &) cos (45° — q) — sin2q] — PL cos q
Setting 3I1/9q =0, we obtain the equilibrium curves:
CL
P= pr [3 cos 2g — sin (45° — q) cos (45° — a)) (4.5.22)

These equilibrium curves are plotted for various values of the initial imperfection
angle « in Figure 4.22b, and in view of our previous experience one may be
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stricken by the fact that these curves are asymmetric. The curve on which the

initial states lie is obtained from Equations 4.5.21 by setting 3I1?/3¢ =0, which

yields (dash-dot curve in Fig. 4.22b):

cos (45° — &) cos (45° — q)
cos g

P,.= CL[ —2sin q] (4.5.23)
The critical load of perfect column (a =0) is P%, = CL/2=1im P., for g— 0, or
lim P (Eq. 4.5.22) for ¢g—0.

Stability is characterized by the condition

32—;21- = CL*[cos (45° — q) cos (45° — &) —sin2q] — PLcos g >0 (4.5.24)
and substituting here for P from Equation 4.5.22 we can check that the condition
3I1/3q* >0 is (for positive q) equivalent to the condition dP/3q > 0. Thus, as is
generally true, the rising portions of the equilibrium curves in Figure 4.22b are
stable, the declining portions are unstable, and for a#0 the points with
horizontal tangents represent the critical states. For a =0 (perfect column), the
bifurcation point, representing the critical state, is characterized by vanishing
tangential stiffness K,, = 39m/3q =0, despite the fact there is no horizontal
equilibrium path in the P(q) plot. Indeed, K,, = 3°I1/3g* = CL*(cos 45° cos 45° —
0) — P2.L =0. Consequently, an arbitrarily small disturbing moment m produces
at the critical state a finite rotation g, but this is manifested neither in P(«) nor
in P(q) plots (Fig. 4.22b, €) because m = 0 for these plots.

Note that an initial inclination of the column to the right causes a decrease in
the critical load, while to the left it causes an increase in the critical load,
compared to PY. This type of behavior is called asymmetric bifurcation. While
symmetric bifurcations are divided into imperfection insensitive and imperfection
sensitive, asymmetric bifurcation is obviously always imperfection sensitive.

The reason for the asymmetry of this bifurcation is the fact that the arm of the
spring reaction force increases as the column deflects to the left, and decreases as
it deflects to the right. An equivalent behavior can be obtained with a rotational
spring (Fig. 4.20) with nonlinear properties, such that the incremental spring
stiffness C varies with the rotation.

Let us now examine the imperfection sensitivity of the asymmetric bifurcation
of our column. Restricting our attention to small angles g and «, we may
substitute sin (45° — q) = sin 45° cos g — cos 45°sin g = (1 — g — ¢?)/ V2, cos2q =
1-24% etc., into Equation 4.5.22. Then, after rearranging and discarding ail
terms of higher than second order in a and g, we obtain the approximate
equilibrium diagram for small deflections

CL 3 @
=—{1-= __.) 5.
P > ( 2q p (4.5.25)

Then, setting dP/dq =0 we get for the critical states the relation g, = (2a/3)'?,
and substituting this into Equation 4.5.25, we obtain the relation

P"=£2’:(1_\/3\/;)=pgr_p,aw (4.5.26)
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Equation 4.5.26 yields the imperfection sensitivity diagram plotted in Figure
4.22c. Again, the initial slope of this diagram is vertical. The fact that Equation
4.5.26 involves a 3-power law rather than a 4-power law, which we found before,
reveals that the imperfection sensitivity of this asymmetric bifurcation is stronger
than in our previously analyzed symmetric unstable bifurcation. For imperfection
angle o =0.01, Equation 4.5.26 indicates a drop of maximum load by 24.5
percent and, for @ =0.001, by 7.8 percent, which is certainly quite significant for
design. (A significant drop was also demonstrated for a certain frame in Sec. 2.6.)
These effects are in the current practice lumped into a uniform safety factor. But
obviously distinction properly should be made between imperfection-sensitive and
imperfection-insensitive frames.

The shape of the potential-energy function near the equilibrium states at
various stages of loading is sketched for the case a =0 in Figure 4.22d.

To calculate the diagram of load P versus load-point displacement u, we
restrict our attention to small angles g and the perfect column (« =0).
Introducing the approximations cosq =1—¢g?%/2, sing=gq(l —q*/6), cotq =
(1 - ¢%/3)/q, we acquire from Equation 4.5.22 the relation P = (CL/2)(1 - 3q/2).
Then, by substituting g = +(2u/L)"? according to Equation 4.5.17, we obtain

P 3 (Zu) 1z

=1¥3(7

CL/2 2
This equation is plotted in Figure 4.22e. We see that the initial postcritical
response of the perfect column is not a straight inclined line, but a curve that
starts downward with a vertical slope if the column deflects to one side (g > 0),
and upward with a vertical slope if the column deflects to the other side. This
behavior obviously produces, for the relationship of load versus load-point
displacement, an extreme imperfection sensitivity.
To determine the initial postcritical behavior near bifurcation, we may write
cos (45° — q) = (cos g +sin ¢)/V2 and approximate cos g, singq, cos @, sin « in
Equation 4.5.20 for I1 by fourth-order polynomials:

- L(1-§+5)- -5+ 5 - -]

(25 --4+2)

_cr
4

(4.5.27)

(@*+2-q¢*+q*a+qa* - 2qa — a’)+%(a’—q2) (4.5.28)

The essential property of this polynomial approximation that causes the bifurca-
tion to be asymmetric is that is contains the cubic term ¢°. All terms of degree
higher than cubic in ¢ and « have been dropped from Equation 4.5.28, since they
are not essential.

L-Shaped Rigid-Bar Frame

Asymmetric bifurcation is exhibited by many types of frames. For example the
L-shaped frame analyzed by Koiter (1967) and already solved in Section 2.6
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behaves in the same manner as the column in Figure 4.22. This kind of behavior
can be easily illustrated with a simple model consisting of two rigid segments
joined by elastic springs of stiffness C, and C, (Fig. 4.23a). The frame may be
imperfect, due to initial inclination g = a. To obtain the postcritical behavior, the
equilibrium conditions must take into account (similar to Sec. 2.6) the load-point
displacement u due to lateral deflection v. Same as in Equation 4.5.17 we have
u = H(q> — a*)/2, where H = frame height. This displacement affects the relative
rotation (6 — ;) in the hinge restrained by spring C,; (6 — ) =(q — a) + (¢ —
¢o) = 2(q — @) + u/(L/2). The moment equilibrium condition at this hinge can be
written as C,(8 — 0) = V(L/2) cos ¢, in which V is the vertical reaction at the
sliding support and cos ¢ =1 — ¢?/2. The moment equilibrium condition at the
base gives C,(q — a)— PgH + V[qH + L(1 — ¢*/2)] =0. By substitution for V
and elimination of 8 — 8, with the help of the preceding relation, one obtains the
load-rotation relation:

P=@iy{cig- e+ 2 (1-2) [ug -y +2(D)ig- o]

2
x [qH + L(l - q?)]} (4.5.29)
a) W2 | L2
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Figure 4.23 (a) L-shaped rigid-bar frame, (b) equilibrium paths, (c) load-displacement
diagrams, and (d) imperfection sensitivity diagram.
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This relation is plotted in Figure 4.23b for various values of the imperfection a.
Figure 4.23c shows the curves P(u). Figure 4.23d shows the imperfection
sensitivity diagram obtained from the maximum points of the P(6) curves, and it
may be checked that this diagram follows the a'?-power law, that is, the
reduction in the maximum load is quite significant, even for a small imperfection
such as a =0.01 rad. The calculations presented are second-order accurate. This
problem, however, is easy to solve exactly even for finite (large) deflections, in
which case cos y, tan 7, and sin y in the foregoing relations are not replaced by
approximations. This solution yields the light curves in Figure 4.23b.

Rigid-Bar Arch
An important example of symmetric bifurcation is the inextensional buckling of
arches, analyzed already is Section 2.8. In this case a good model can again be

T X 1 ':/s; T 1 1 e/s;
0.05 g 005
e) f) g)
L/C
PL/ PL/C Bl /C
0.60 0.60 0.60
0
040 =10 0.40 0.40
T ) o, T, L us e/s
0.0 01 - 0.01 0.03 = 0.01 0.02

Figure 4.24 (a) Rigid-bar arch; (b, e) equilibrium paths; (c, f) load-deflection diagrams;
and (d, g) imperfection sensitivity diagram.



250 ELASTIC THEORIES

obtained by considering an angle frame made of rigid bars, in which hinges are
inserted at quarterpoints; see Figure 4.24a. The relative rotation of the hinges is
restrained by springs. To obtain the postcritical behavior, one must consider the
load-point displacement u due to the lateral deflection caused by rotation 6 (Fig.
4.24a). If one neglects the terms of higher than second order, the displacement of
the rigid joint (vertex) may be assumed to be vertical. Its projections parallel and
normal to the initial direction of the bars (which form an angle § with the
horizontal) are, respectively, A=2L(1—-cos0)=L6#*> and S=A/tanf=
L@%/tan B. If O is the rotation of the rigid joint, the rotations at the supporting
hinges are 6,=0+6/L=0+6%*/tanB and 6,=6—6/L=06- 6*/tan B. The
relative rotations at the hmges with springs are ¥, =6+ 0, and ¥, =0 + 6,.
Global equilibrium requires that V,+V,=P, H,=H, and 4V,Lcosf=
P(2L cos B +e). Then one substitutes these equations into the moment equi-
librium equations for the hinges with springs, which are C¥, =V,L cos 8, —
H,Lsin 8,, C¥,= —V,L cos B, + H,Lsin 8,, in which 8, =8-6,, B,=8+0,.
This provides the following equation for the relation of P and 6:

f:8: flga)
4.5.30
(f283+.f382 ( )
in which
267 82 el
fl_—tanﬂ fz—(1+2)cosﬂ+2Ltanﬂ
f=[1—92(1+ 1 )]sinﬂ 40 4.5.31
3 2 tan’p 81= (4.5.31)
2(1-3) -
8= oL 1 > +0sin g g:=0cos B

The results are plotted in Figure 4.24b, for the frame with 8 = 30°, for various
values of the ratio e/s where e is the eccentricity of the load and s is the span.
Figure 4.24c shows the curves of the load versus the load-point displacement.
Figure 4.24d shows the imperfection sensitivity diagram, whose asymptotic form
for small e agrees with the 4-power law (as it must; see Sec. 4.6). For a more
shallow angle frame (f = 10°), for which the assumption of inextensibility still
holds, the curves P(q), P.(e) are shown in Figure 4.24¢, g. They are seen to be
similar to those measured and analyzed for an angle frame by Roorda (1965).
They are also similar to those measured and analyzed by Roorda (1965) for a
shallow arch, already shown in Section 2.8. The postcritical P(u) diagram for the
perfect angle frame, shown in Figure 4.24f, is a straight line, which agrees with
that measured and analyzed by Roorda (1971) for a shallow prestressed arch.

Nonlinear Springs and Polynomial Approximation of Potential
Energy

The physical property that causes asymmetric bifurcation in Figure 4.22 is (as
already pointed out) the fact that the linearly elastic extensional spring installed
nonhorizontally behaves, relative to the buckling mode, as a nonlinear rotational
spring. Indeed, the elastic restraint against rotation of the rigid column about the
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base can be characterized by dM = C dq, where M is the moment of the spring
force about the pivot and C is the incremental rotational spring stiffness. From
the geometry in Figure 4.25a (perfect system, & = 0) we have M = CL?[cos (y ~
q)—cosy]sin(y—q), dM/dq=C = (CL?*/2)[2cos®ycosq —2cos2ycos2q +
sin 2y(sin ¢ — 2 sin 2q)], and, for small rotations g, this can be written as

C=C,—-Cyq (4.5.32)

in which C,, C,=constants; C,= CL*cos’y —cos2y), C,=(3CL?*/2)sin2y,
constants for fixed y. For the imagined nonlinear rotational spring, we have, by
integration, M = [ Cdq or

M=C,q-1C,q* (4.5.33)

Now the potential energy of the system is calculated as I1= f M dq — PL(1 -
cos q), which yields

_1 P , 1 3 _C,
m=3 1 Pcr)clq HoV I L

The salient property of this polynomial expression for potential energy is that,
unlike linear systems, it is not quadratic but cubic in the deflection parameter g.
The cubic form of the potential-energy expression, which is typical for certain
shells, always leads to asymmetric bifurcation and the associated strong imperfec-
tion sensitivity.

Note that the tangential stiffness K,, = dm/dq = 8°I1/8¢*>= (1 - P/P.)C,~

(4.5.34)

Ca variable
incremental
stiffness

Figure 4.25 Equivalence between linear extensional springs and nonlinear rotational
springs.
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C,q (where m = disturbing applied moment) vanishes at the bifurcation point,
which means that one has neutral equilibrium at g =0 (for perfect column).

For the case of symmetric bifurcations, K, =3m/3q = 11/3¢4*=
(1-P/P,)C, + C;q* (where C,, C; are constants) and positiveness (or negative-
ness) of C; means stable (or unstable) bifurcation.

The existence of neutral equilibrium means that an arbitrarily small applied
moment m causes a finite rotation q. But this is detectable in the plots of neither
P(q) nor P(u) because these are taken at m = 0.

For the special case when the linear spring is horizontal (Fig. 4.25b) we have
for the equivalent rotational spring C, = 0. This means that the cubic term in the
potential-energy expression vanishes. Then one must include the higher-order
term (quartic form). From the geometry in Figure 4.25b, we have M =
CL?sinq cos g, dM/dq = C = CL? cos 24, and, for a small rotation q,

C=C - Cq? (4.5.35)

where C,=CL? and C,=2CL% We see that the nonlinearity of the effective
rotational spring lacks the linear term, and the leading term is quadratic. By
integration, the effective rotational spring is characterized by

M=C,q—-1Ciq? (4.5.36)

By further integration, the potential-energy expression is expressed by the
polynomial:

N=3(C: - PL)g* -~ %Csq* (4.5.37)

We see that in this case the potential-energy polynomial lacks the cubic term and
the leading term, which causes nonlinear postcritical behavior, is quartic. This
property, already shown in Equations 4.5.10 and 4.5.19 for rigid columns with a
linear spring at the base or on top, is typical of all symmetric bifurcations.

If the quartic term is negative (C;<0), the symmetric bifurcation is
imperfection sensitive, as is true of this example. If it is positive, the symmetric
bifurcation is imperfection insensitive and exhibits a postcritical reserve. The
foregoing properties, resulting from cubic or quartic terms in I, are applicable
generally. They apply to all kinds of phenomena in physics and science where
instabilities can be characterized by a potential (Thompson and Hunt, 1984).
Classification and qualitative analysis of various types of instabilities on the basis
of the potential polynomial is the subject of catastrophy theory (Sec. 4.7).

Two Degrees of Freedom: Example

Consider now an example of a two-degree-of-freedom system (Fig. 4.26a). The
rigid-bar column loaded vertically by constant load P is supported on a
horizontally sliding hinge and is held upright by two horizontal springs of stiffness
C. The inclination angle of the bar is ¢,, and the horizontal displacement of the
hinge is ¢q,. The initial imperfection is characterized by the initial angle of
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Figure 4.26 (a) Sliding rigid-bar column, (b) equilibrium paths, and (c) imperfection
sensitivity.
inclination, « (Fig. 4.26a). The potential energy of this column is
C
= 2 (g2 + Lsinq, — Lsin &)* + §q§ + PL(cosq, —cosa) (4.5.38)

The equilibrium conditions are given by

II,=CLcos q,(q.+ Lsing,— Lsin«)— PLsing,=0

4.5.
II,=C(q,+ Lsing,—Lsina)+ Cq,=0 (4.5.39)
Eliminating ¢q,, we obtain for the equilibrium path the equation
CL sin &
P="Feosg,(1-27) .
5 084, 1 nd, (4.5.40)

These equilibrium paths are plotted for various values of initial imperfection « in
Figure 4.26b.

To analyze stability, we calculate the second partial derivatives of Il:
I1,, = C(L cos q,)* — C(q, + L sinq, — L sin )L sin q, — PL cos q,
n.12=CLc°sq1 n,22=2C

where I1; = 3°I1/3q, 3q; = K;; = tangential stiffness matrix. These expressions
form the matrix of the second variation &%I1=3(I1,, 8q3+2I1 ,, 8q, 8q, +
I 5, 843).

For this matrix to be positive, one diagonal coefficient must be positive, which
is guaranteed by Il ,, =2C (Eqgs. 4.5.41), and the determinant D of the matrix
must be positive (Theorem 4.1.10). The latter condition reduces, after some
algebraic manipulations, to the condition (sin &« —sin’q,)/sing,>0. For
sin g, > 0 this yields the stability condition:

sing, < (sin@)'®  (0<gq,<n/2) (4.5.42)

which means that the critical states q,_ are given by the condition sing,=
(sin @)'?. Substitution into Equation 4.5.40 yields the critical load as a function of
the imperfection a:

(4.5.41)

P.= % [1 — (sin &)*?]?? (4.5.43)
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A plot of this equation is the imperfection sensitivity diagram; see Figure 4.26¢.
For small imperfections, P.,=3CL(1 —3a*?). Note again that for this structure
the critical load markedly decreases with imperfection «; for a=0.01, the
maximum load drops by 7.0 percent compared with the perfect system. Also note
that at the bifurcation point (P =P, « =0, q =0), det K=det [II ;} =0, which
is in fact a necessary condition of all bifurcations (see also Sec. 10.4).

The initial postbuckling behavior could be obtained upon approximating
Equation 4.5.38 with a fourth-degree polynomial in q,, g5, and a.

One could construct other examples of two-degree-of-freedom systems that
exhibit symmetric imperfection-insensitive bifurcation, asymmetric bifurcation,
and snapthrough.

Limit Points of Equilibrium Paths

Our foregoing determination of stability limits based on calculation of the
determinant D of the second variation can be quite tedious. A shortcut is possible
by realizing that at the maximum points of the equilibrium path P(q,) the
determinant D must vanish or else these points would not be critical states (in
view of the fact that 5°I1/393 >0, Eqs. 4.5.41).

Another reason for the limit point to be a critical state is that the vector

(09, 892) can be nonzero at P = 0. Thus, by differentiating Equation 4.5.40 we
have

E—EI—J(—sin +sin 1 ) 4.5.44
dq, 2 % sin® ¢, (4.5.44)

Setting this equal to zero, we indeed get the same conditions for the critical states
as before, namely, sin g, = (sin &) (Eq. 4.5.42). At all other points of each
equilibrium path P(q,) at fixed imperfection «, determinant D is nonzero, and so
it must be positive everywhere on one side of the critical point and negative
everywhere on the other side of the critical point. Then, from the fact that the
determinant of 8°I1 is positive in the initial state P =0, it follows that the states
0<gq)<q,, are stable, and the states ¢, > q,_ are unstable.

We saw in the previous example that at the critical states the determinant of
the matrix of the second variation vanishes. This property is true in general, that
is, there cannot be a critical state in which the determinant does not change sign.
To show it, the potential energy may be written in the form IT1= U — PW where
P =load or load parameter and W = work per unit load. Equilibrium requires
that I1; = U, — PW, =0 (subscripts preceded by a comma denote partial deriva-
tives). From this, the equilibrium load-deflection diagram is defined by P =
U./W,. The load variation along the equilibrium diagram may be expressed as

8P=2 P;bg;= W;z(W,,. 2 U,;dq;—PW, > W, ‘S‘Ii)
7 J j

=W3' 21, dq; (4.5.45)
)
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Now it is obvious that if 6P =0 while at least one among dg; vectors is nonzero,
then at least one of the principal minors of the matrix IT ; must vanish or else the
right-hand side of Equation 4.5.45 could never vanish. Similarly, if 6P # 0 for all
6q;, then all principal minors of matrix IT ; must be nonzero.

In view of the foregoing analysis, the critical states on an equilibrium path
without bifurcation can be determined as the maximum points of the equilibrium
paths of load versus deflection. These points may be obtained by static analysis,
for example, from the principle of virtual work.

Bifurcation Criterion in Terms of the Tangential Stifiness Matrix

As illustrated for several preceding examples, the tangential stiffness vanishes at
the bifurcation point regardless of whether the bifurcation is symmetric or
asymmetric. For systems with many degrees of freedom, one can similarly show
that for bifurcation points always det K =0 where K = tangential stiffness matrix
(see also Sec. 10.4). This means that K 6q =0 for some admissible eigenvector
éq* = 8q, that is, the bifurcation point of elastic structures always represents a
state of neutral equilibrium (this is not generally true for inelastic structures
because the eigenvector 6q* may be inadmissible according to the unloading
criteria, see Sec. 10.4). Thus, the condition

detK=det[[1;]=0 (atq=0) (4.5.46)

in general may be used to detect the bifurcation point, whether symmetric or
asymmetric.

For a general derivation of Equation 4.5.46, we observe that the fundamental
(primary, main) path at given increments 8P is characterized by 6q=0. At the
bifurcation point suddenly a path with 6q#0 becomes possible for a given
increment 8P. Generally K dq= 8f. Now we have d8f, = f, = - - - = 6f,, = 0 (that
is, 6f=0), since P does not represent any of the loads 8f; (i.e., is not associated
by work with any g;); 6P is merely a parameter on which K depends. Therefore
the matrix equation K 6q =0 must have a nonzero solution at the bifurcation
point. Hence det K= 0 (i.e., matrix K is singular, its lowest eigenvalue is zero).
The eigenvector 6q* of matrix K determines the initial path direction (Fig.
4.27)—not in any Pgq; plane (i.e., not the slope dP/dg;) but in the rn-dimensional
space of q;,...,q, (in all but the last of our examples this was a one-
dimensional space). To determine the increment 6P associated with 6q = 6q*,

f P
?Primary path

92
Pcr

Secondary
path

q

Figure 4.27 Initial path direction at bifurcation.
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one must of course consider equilibrium in the adjacent states, as documented by
our examples.

As will be seen in Section 10.3, for inelastic columns an important difference
is that the axial shortening does not depend on deflection, but is independent,
and must be taken as one of the 8q;. Thus 8P does work on one of the éq;.
Consequently, neutral equilibrium need not exist at bifurcation.

Classification of Elementary Instabilities of Elastic Structures

We have encountered in this book examples of various elementary types of
instabilities of elastic structures. They may be classified as follows:

I. Dynamic (energy approach is insufficient)
II. Static (IT exists, energy approach is sufficient)
A. Snapthrough (limit point)
B. Bifurcation
1. Asymmetric bifurcation
2. Symmetric bifurcation
a. Stable (imperfection insensitive)
b. Unstable (imperfection sensitive)

Problems

4.5.1 Calculate equilibrium paths P(6, a), critical loads P.(«), function P(u),
and P.(«) for the polynomial approximation of I1 in Equation 4.5.10 for a
rigid column with a rotational spring at the base (Fig. 4.20a) and analyze
stability.

4.5.2 Do the same as above but for Equaton 4.5.19 for a rigid column with a
horizontal spring on top (Fig. 4.21a)

4.5.3 Do the same as above, but for Equation 4.5.28 for a rigid column with an
inclined spring on top (Fig. 4.22a)

4.5.4 Do the same as above, but for the two-degree-of-freedom column in Figure
4.26a (approximate Eq. 4.5.38 by a fourth-degree polynomial).

4.5.5 Solve P(q), P.(a), P(u), and analyze stability for the structures in Figure
4.28a,b,c,d, e, f.

4.5.6 For the inextensible columns in Figure 4.28g, h solve P(u). Hint: u=
f& (w'?/2) dx.

4.5.7 Consider the rigid column in Figure 4.28i with both a rotational spring C, at
the base and a horizontal spring C, on top. Analyze stability. For a certain
combination of C, and C,, the fourth-order terms in the polynomial
expansion of IT vanish. Find this combination and analyze stability. (Norte: A
polynomial approximation of IT must in this case include all terms up to sixth
degree in q.)

4.5.8 Do the same for a column with an initially horizontal spring on top attached
to a fixed point at a distance a (Fig. 4.28j). For a certain a value, the
fourth-degree terms in IT vanish. Find such a and analyze stability.
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Figure 4.28 Exercise problems on large-defiection buckling of columns.

4.5.9 Do the same but for a column with a sliding horizontal spring attached at
height a below the top (Fig. 4.28k). For a certain a, the fourth-degree terms in
I vanish. Find such a and analyze stability.

4.5.10 For the column in Figure 4.28a with 8 = 90°, solve P(q) and P(u) for any
a and L. For which ratio a/L is the slope dP/du =0 (if any)? Correlate the
answer to the polynomial expansion in II.

4.5.11 For the (nonrigid) elastic column in Figure 4.28h with 8=0° (a)
calculate dP/du. (b) For which § and n do you get dP/du =07 (E=a/L,
n = EI/Cal?).

4.5.12 Using a computer graphics package, plot the surfaces I =I1(q,, P) for the
one-degree-of-freedom structures in Figures 4.14a, 4.20a, 4.21a, 4.22a, 4.28a
and I =1Il(q,, q,) for the two-degree-of-freedom structures in Figures 4.26a
and 4.28¢, f. Discuss instability on the basis of the shape of these surfaces.

4.5.13 Determine by the principle of virtual work the equilibrium path of (a) a
flat arch; (b) an imperfect Euler column; (c) a rigid bar with elastic restraint.
Compare it with potential-energy analysis.

4.5.14 The column in Figure 4.29a has a pin and a support sliding on a plane of
inclination 8. The column is imperfect, with initial curvature z,=
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d)

Sliding

C \c‘bh#, Perfect neutral
equilibrium (at large
4 deflections)
P
a
q
defiection

Figure 4.29 Exercise problems on large-deflection buckling.

P
Globally
stable

deflection

ol sin (mx/l)(a < 1); determine P,., and the power law for sensitivity to
imperfection a. Calculate P,../Pe for a=0.01 if B=1° 5°, 45°. (See first
Prob. 2.6.7, which deals with the postcritical behavior of the perfect column.)

4.5.15 Determine the postcritical response and the imperfection sensitivity
diagram of the inclined L-frame in Figure 4.29b. Compare the results with
Roorda’s experimental results (Roorda, 1971).

4.5.16 Precompressed arch. A straight beam is shortened by u, to form an arch
of height f. (Fig. 4.29c). Then load p(x) = p,sin (7x/!) is applied. Calculate
the diagram of p, versus max w at constant u, (the base held fixed during
buckling).

4.5.17 Solve the P(q) diagrams for the structures in Figure 4.29d,e. Note: The
shapes of the diagrams that should be obtained are also shown in these
figures; the column in Figure 4.29d exhibits perfect neutral equilibrium [a
horizontal P(q) diagram] at large deflections, and the column in Figure 4.29¢
exhibits rehardening and may therefore be said to be globally stable, while
being locally unstable near the critical point.

4.5.18 Solve exactly (for large deflections) the P(q) and P(u) diagrams for the
structure in Figure 4.23a.

4.5.19 (a) Derive Equations 4.5.30 and 4.5.31 in detail and plot P(#) and P,
versus e/L for B=45° 60°. (b) Using the same procedure, analyze the
rigid-bar L-frame in Figure 4.30a. This structure is actually the same as the
rigid-bar arch in Figure 4.24, except that the direction of load P is now
different. Check that the critical load (for e =0) is P, =4C/L. This value can
be found by writing the condition of neutral equilibrium in the deformed
configuration for small 6. (Caution: Even for small 6 there are small
additional horizontal reactions at the supports, proportional to @, because the
structure is redundant.) Figure 4.30b shows the results.
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0 -0 -02 -03 -04

Figure 4.30 Equilibrium paths of rigid-bar L-frame (exercise problem).

4.5.20 Solve P(q), P(u), and the imperfection sensitivity for the L-frame in
Figure 4.31a in which the load has eccentricity ¢ and (a) « =0, C, =0, C,>0,
H=L; (b) a=0, C;=2C,, H=L; (¢) «a=0, C,=C,, H=2L. Solve the
problem also for & = a, (small imperfection).

4.5.21 Same as Problem 4.5.20 for the L-frames in Figure 4.31b,c, e.

4.5.22 Same as Problem 4.5.20 for the asymmetric portal frame made of rigid
segments shown in Figure 4.31d (consider either C, = C, = C; or C; = C3=0).

d) e) f)

él L2 Lk r Pﬁe—uz Lr2 P’ﬂs

c. |IV&, S A" N8
L L
Cy Ca
g) —f—re h) P-Same i)
P line of
action p ‘P

Figure 4.31 Exercise problems on equilibrium paths (a—e, g—i) of rigid-bar frames and (f)
of two-bar frame.
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4.5.23 Solve the postcritical behavior of the frame in Figure 4.31f, in which one
support slides on a plane of inclination S.

4.5.24 Solve the postcritical behavior of the two-bar columns in Figure 4.31g, h.

4.5.25 Analyze the postcritical behavior of the model frames in Figure 4.32 made
of rigid bars that are rigid in flexure but elastic axially (with stiffness EA). At
the joints the bars are connected by pins and are restrained by springs.

Figure 4.32 Exercise problems on large-deflection buckling of frames with infinite bending
rigidity of members.

4.5.26 Determine the P(u) and P(q) diagrams for various imperfections «, the
types of bifurcation and imperfection sensitivity of the rigid columns in Figure
4.33a—e (B =45° or 90°); in c, d, e the spring C, is precompressed exactly to
the critical load but during subsequent buckling its end is held fixed. Consider
I=2L. Then consider I = —L. Also check the limit cases /—»® and [— —x,
which are equivalent for gravity load.

72 e lee

7

7

£ p v, v '
Figure 4.33 Exercise problems on equilibrium paths of rigid-bar columns.

4.5.27 Using the results from Section 1.9, determine the P(u) and P(Wpax)
diagrams and the type of bifurcation for the column in Figure 4.34a,
considering z, = 0 (perfect column). (Later, after studying Sec. 5.9, we will be
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Figure 4.34 Exercise problems on equilibrium paths of beam-columns.

able to consider also z,#0.) Repeat for the columns in Figure
4.34b.c,d,e,f, g.

4.5.28 Equation 4.5.9 may be written as P = P.(1 + u/3L). The same equation
applies to the simply supported rigid-bar column in Figure 4.3c with a
spring-stiffened hinge at midspan. A similar equation, namely P =P, (1+
u/2l), was derived before for an elastic beam-column (Eq. 1.9.14). The
relation between end rotation 6 and axial displacement u for the rigid-bar
column is u = L(1 — cos 6) = L6?/2, and for the elastic sinusoidally deflected
column it is u = 16?/4, which is again similar except for a factor. Considering,
for example, a hinged symmetric portal frame, check whether these simila-
rities could be exploited for approximate analysis of the postcritical behavior
of complex trusses or frames. For example, an elastic frame may be replaced
by an assembly of rigid segments with hinges placed at the estimated
max M-points, as shown in Figure 4.31i. Obviously, the postcritical behavior
of such an assembly of rigid segments could be analyzed more easily, and if
one would assume that P = P.(1 + u/2L) and u = L6%/4 instead of the correct
relations for rigid-bar members, the results are likely to be very close to those
for the exact solution of the elastic frame. Could this similarity be further
extended for the effect of imperfections?

4.5.29 Check for the L-shaped rigid-bar frame (Fig. 4.23) that the tangential
stiffness K = 3°I1/3q* at the point of asymmetric bifurcation vanishes.

4.5.30 (a) For the perfect column with nonlinear spring (Fig. 4.25) calculate
rotations ¢ due to vertical load P and disturbing moment m. Then evaluate
K =03m/3q = 311/3¢*, K,=3P/3u = &11/3u* (where u =Iload-point dis-
placement) and discuss the question of neutral equilibrium with its relation to
the P(u), P(q), m(q) diagrams. (b) Repeat for the columns in Figure
428a,b,c.

4.5.31 For the column in Figure 4.26a (Eq. 4.5.38), obtain the eigenvectors and
express I1 as a sum of squares of orthogonal coordinates y, according to
Equations 4.1.3.

4.6 KOITER'S THEORY, IMPERFECTION SENSITIVITY, AND
INTERACTION OF MODES

As we have seen, structures exhibit various types of bifurcation and imperfection
sensitivity. A completely general theory of the initial (linearized) postbuckling
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behavior in bifurcation-type problems was formulated by Koiter (1945) in
Holland during the second world war. His famous doctoral thesis in Dutch had
not become widely known and appreciated until its English translation appeared
in 1967 (Koiter, 1967). By examining all possible forms of the potential-energy
surface near a bifurcation point, and exploiting the physically required smooth-
ness properties, Koiter generally proved that

1. The equilibrium at the critical state is stable if load P for the adjacent
postcritical equilibrium states is higher than the bifurcation load P... The
postcritical states are stable and the structure is imperfection insensitive
(Fig. 4.200).

2. The equilibrium at the critical state of the perfect structure is unstable if
there exist adjacent postcritical equilibrium states for which load P is lower
than the bifurcation load P, of the perfect structure. Imperfections cause
the load at which the structure becomes unstable to be smaller than P,
(Figs. 4.21b, 4.22b).

Koiter also proved in general that, among the unstable bifurcations, the
asymmetric ones have a much higher imperfection sensitivity than the unstable
symmetric ones. The behavior can be characterized by the angle 8 of the initial
postbifurcation load-deflection diagram shown in Figure 4.35. If angle B is
positive, the bifurcation is stable and the structure is imperfection insensitive. If 8
is negative, the bifurcation is unstable, the structure is imperfection sensitive, and
the larger the magnitude of the negative angle B, the higher is the imperfection
sensitivity. The imperfection sensitivity becomes very strong when, after bifurca-
tion, not only load P but both the load and the deflection decrease. We will see
examples of such behavior, now called snapback, in Section 4.8. This type of
postbifurcation behavior is typical of axially compressed or bent cylindrical shells
as well as compressed spherical domes under transverse distributed loading.

In his general theory, Koiter (1945, 1967) also studied interaction of various
buckling modes occurring at the same load, which can occur in frames and is
particularly important for cylindrical shells. He conceived the notion of a
multidimensional space with one axis for the load and one axis for the amplitude
of each possible buckling mode. He found how to determine in this space the
equilibrium paths on the basis of the first derivatives of the total potential-energy
function, as well as how to determine the stability of the states on these paths on
the basis of the second derivatives of the potential-energy function. As one
powerful general result, Koiter established that at least one stable equilibrium

Load P

B=p

—

Displacemenru

Figure 4.35 Postbifurcation load-deflection diagram.
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path must emanate from a bifurcation point. Koiter’s theory was later refined by
Hutchinson and others, particularly with reference to shell buckling; see
Hutchinson (1967), Hutchinson and Koiter (1970), Stein (1968), Budiansky
(1974), Thompson and Hunt (1973), and Croll and Walker (1972).

General Validity of Koiter's 1-Power and 3-Power Laws

To analyze imperfection sensitivity in full generality, Koiter studied the asympto-
tic form of a smooth potential-energy function Il{g, A, @) where a =small
imperfection parameter and A = load parameter. This parameter may characterize
either a single load (A = P/P2,) or a system of loads. As exemplified by Equations
4.5.19, 4.5.28, 4.5.34, and 4.5.37, the polynomial approximation of function IT
for small g and & may in general be written in the form (BaZant and Cedolin,
1989):

(g, A, &) = (¢, — a,1&)q + (¢2 — a2)q* + (¢, — @, x)q" — Au
u= bz(q2 - (Yz) + b4(q4 - a4)

where ¢, ay, €3, a3, C,, a,, b, bs;, n=constants, and u = generalized
displacement defined so that Au would represent the work of loading. In our
previous examples we saw that n = 3 for the asymmetric bifurcation and n = 4 for
the symmetric bifurcation. Generally we will assume that » =3 or 4. It may be
checked by generalization of what follows that inclusion of terms with o?q,
o’q?, ... would not change the result. The reason is that near the bifurcation
@ < q, so that a’q < agq, o’q*> < aq?, etc.
The condition of equilibrium is

LU ¢, —aya +2(c; — a,a — bA)g +n(c, — a,a)q" "' - 4bAg> =0 (4.6.2)

9q
and (according to Eq. 4.5.45) the condition of maximum load on the equilibrium
path (i.e., critical load of an imperfect system) is
2

Z—qrzl =2(cy— aya — byA) + n(n — 1)(c, — a,a)q" > - 12b,Ag*=0 (4.6.3)
Since @ =0, g =0 is an equilibrium state (3I1/3q = 0), we must have ¢, =0, and
if this state is also the bifurcation point, the condition 3’I1/9¢*=0 (at « =g =0)
must reduce to A= A% for the perfect system. This yields A%b,=c,. We may
always define A so that A%, =1; then b, =c, and 1— A is small near the critical
state of a perfect structure. For a single load, A = P/P?,.

Consequently, Equations 4.6.2 and 4.6.3 can be put in the form:

(4.6.1)

14 kyq? “(l—k gy "‘2)=A
( 39°) 1q 29 (4.6.4)

(1+3k3g%) 7 '[1 = (n — 1)kog""*] = A
in which k, =a,/2c,, k,=nc,/2¢c,, k3;=2bs/c;#0 if n=4 and k;=0 if n=3,
The case n =3 follows from the fact that the terms in g° are of higher order.

Since the terms k;q> are small with respect to 1, one can set (1+k;g%)~' =
[1-ksg®+ (k3g®)* = -], (1+43ksq®) "' =[1—3ksq* + (3k3q*)*—-- ] in Equa-
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tions 4.6.4. Then, multiplying the expressions on the left-hand sides, and
neglecting higher-order terms, one gets

A=1-k(7) = Ga + by

A=1-— [(n e l)kz + 3k3]qn_2

where k3=0 if n =3 and k; #0 if not. The derivation of Equations 4.6.5 took
into account the fact that, if n =4, the terms with ¢"~2 and ¢ in the original
equations may be combined. Eliminating A from Equations 4.6.5, one finds the
values of g for the critical points of the imperfect column to be given by
gee = ({k1/[(n — 2)k, + 2k3]} @)™V, Then substituting this into the second of
Equations 4.6.5, one gets the following basic result:

a\™ n—2
1—1—(%) m="— (4.6.6)

(4.6.5)

where ap = const. = [(n — 2)k, + 2k;3)k7[(n — 1)k, + 3k3] ™™ and A = P,/ P2 for
the case of a single load.

The smaller the exponent m, the stronger is the imperfection sensitivity. In
particular, for n =3 we have m =3 (asymmetric bifurcation), and for n =4 we
have m =% (unstable symmetric bifurcation). These are the famous Koiter’s
3-power and %-power laws, which we already illustrated and discussed in the
preceding  section (Eqs. 4.5.16 and 4.5.26; Figs. 4.21b,c, 4.22b,c,
4.23b,d, 4.24b, d, and 4.26b, c). For the i-power law the imperfection sensitivity
is stronger than for the -power law.

Equation 4.6.6, of course, makes sense only if a, exists, that is, if ki, + k3;>0
for n =4 and if k,k, >0 for n = 3. If not, it means that there is no solution for
P,..x; this occurs either for the stable symmetric bifurcation (if n =4) or for
buckling to one of the sides (right or left) in the case of asymmetric bifurcation
(n =3).

Equation 4.6.6 could also be extended to structures for which n > 4.

Equation 4.6.6 represents the celebrated results of Koiter’s dissertation,
indicating the type of imperfection sensitivity. These results (which were derived
here by a considerably simpler procedure than that presented before) apply to
any elastic structure, not just frames. Briefly, these results may be summarized as
follows (Koiter, 1945, sec. 4.5.5).

If the equilibrium of the perfect system at the critical state is unstable and the
instability is caused by an odd power n of g in the potential-energy expression,
then the structure exhibits asymmetric bifurcation. If the instability is caused by
an even power n of g, then the structure exhibits unstable symmetric bifurcation.
Both cases involve imperfection sensitivity in which the maximum load rapidly
decreases with increasing imperfection parameter a. The decrease of maximum
load is stronger, the smaller the value of n; it happens only for one sign of « if n
is odd and for both signs of « if n is even.

Interaction of Buckling Modes

Optimizing the weight of a structure from the viewpoint of the first critical load of
the perfect structure usually produces a design for which the critical loads for
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several buckling modes coincide. This causes interaction of buckling modes that
leads to increased imperfection sensitivity, in which either the coefficient that
multiplies a™ is increased or the exponent m is decreased. We will illustrate it by
two examples. (For a general analysis see, ¢.g., Thompson and Hunt, 1973).
Consider first Augusti’s (1964) column shown in Figure 4.36a; see also
Thompson and Hunt (1973, p. 242), Thompson and Supple (1973), Supple (1967),
and Chilver (1967). It is a rigid free-standing column of length L, which can
deflect in any spatial direction characterized by angles gq,, ¢, with the vertical. It
is supported by springs of stiffness C; and C,. Initial imperfections are given by
angles q, = &, and ¢, = a,. Consider q,, q,, a,, a, to be small. Then the angles
of the bar with x and y axes are approximately 90° — ¢, and 90° — g, respectively,
and denoting as ¢ the angle of the bar with the z axis we have cos® (90° — q,) +
cos? (90° — g,) + cos® ¢ = 1. From this, cos ¢ = (1 —sin? g, — sin® g,)""2. The verti-
cal displacement of the load is L(1 — cos ¢). Therefore, the potential energy is

I(g;, g2, P, @) =1Ci(g1 — 1)’ +3Ca(g2 — @)°
— PL[1 - (1 —sin® g, —sin? ;)" 4.6.7)
from which, for the case o, = a, = a,
I=1{C\qi + C.93 — PL(q} + 95 — 191 — a2 + 34iq3))
- a(Ciqy + C2q5) (4.6.8)

because sing =q — ¢°/6 and (1 + 6)">=1+16 — 18%if q and & are small. Setting
IM,=0,I1,=0, and o« =0, we get the critical loads P.,, = C,/L and P,,,= C,/L.
If one critical load, say F,,, is much less than the other, one may assume ¢, =0,
and the problem becomes identical to the one we already solved in Section 4.2
(Fig. 4.3a). This problem is imperfection insensitive.

The optimum design that takes into account only the critical load is obtained
for C,=C,=C, P, =P, =P, Consider now this special case, in which the
buckling modes g, and g, interact. The equilibrium equations are I1; =0 and
I1,=0, and for the perfect column (a=0) the condition of existence of a

S Y

a)‘

Figure 4.36 (a) Rigid free-standing column in space (Augusti’s column, 1964), and (b, c)
its modifications.
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nonzero solution of these homogeneous equations is found to require that
q»= *q,. This means that the column buckles along the plane of symmetry, as
might have been expected in view of the symmetry of the problem when C, = C,.

When a,=a,=a #0, the buckling direction may be expected to be very
close to or on the plane of symmetry (¢, = q,). Moreover, by writing out in detail
the equations IT,=0 and II,=0, which are nonlinear, we find they are
symmetric and are satisfied by g, =¢, =g, and one finds PL=C(1 - a/q)(1+
q°/3). By the physical nature of the problem, this solution should be unique. This
justifies that, for a #0, we may set g, = g, = q in Equation 4.6.8, which furnishes

II=Cq*- PL(q¢>+ %q*) —2Caq (4.6.9)

At maximum load we must have IT,, =0, which yields ¢*=P,/P —1 where
P.= C/L. Equilibrium requires that IT , =0, which yields the relation P.(q —
«) = P(q + ¢°/3). Substituting P, = P(1 + ¢°), this relation becomes ¢*>— a —
aq® = ¢*/3. Here the term aq> may be neglected, being higher-order small, and
so ¢*= (3a/2)*® at P = P,,,. Recalling that g>= P./P — 1, we thus obtain the
result

Puoss . _ (3 \*
et () (4.6.10)
This is again the %4-power law. For initial angle @ =0.01, the drop of maximum
load is by 6.1 percent.

Now the important phenomenon to note is that interaction of buckling modes
g, and g, conspires to produce imperfection sensitivity although each mode
taking place alone exhibits no imperfection sensitivity, as we recall from Equation
4.5.7 and Figure 4.20c. Such an increase of sensitivity to imperfections is typical
when critical loads coincide and modes interact.

As another example, let us look at the reticulated (lattice) strut (built-up
column) shown in Figure 4.37 (Koiter and Kuiken, 1971; Thompson and Hunt,
1973, p.277). The longitudinal bars (flanges), distance 2b apart, have axial

a)Local b) Globat ¢) Compound d)

|

4 Xy 1

Figure 4.37 Reticulated (lattice) strut buckling according to (a) local, (b) global, and (c)
compound modes; (d) plot of maximum load P versus ratio between global and local
critical loads.
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stiffness EA; and bending stiffness EI;. The bracing is pin-jointed but the flanges
are continuous through the joints. We may distinguish two basic buckling modes:
local and global; see Figure 4.37. The flange deflection for these modes and the
initial imperfection may be assumed as

L

where q;, g>=modal amplitudes, & = imperfection parameter, L = strut length,
and a =length of each bracing cell. The load on the strut is 2P, causing axial
force P in each flange. In the local mode (Fig. 4.37a) the flange may be
considered to buckle as an infinite continuous beam of spans a, in a sinusoidal
curve with zero bending moments (inflection points) at the joints. Thus, the local
and global critical loads are

wm=q sm; W, =g, sin— Zx=aa sm% (4.6.11)

> >
P, = = El, Ps= I EA.b? (4.6.12)

Consider first the local buckling alone (g, =0), which is equivalent to an
Euler column of length a. According to the magnification factor (Eq. 1.5.10),
aa+q,= aa/(1 - P/P,), that is, q, = aaP/(P, — P), and so the axial displace-
ment 4 per length a is
n*a’aP(2P, - P)

4(P, - Py
The lateral deflection w, increases the axial compliance of the flange to the
following value:

e, ’ ’ 7’
Uy =§_L [(zo+ w1)* — 25] dx =Ia’(4f+2‘lla'a) = (4.6.13)

1 1 N 13u, _ a’b? N na’P?
EA} EA; adP L?P; 2(P,—P)
Now, taking simultaneous global buckling into account, load 2P on the strut
with nonzero w, can be approximately taken as the Euler load of a column with
bending stiffness 2b>EA;. Therefore 2P = 2b’EA; n*/L*. Substituting Equation
4.6.14 we get the relation
1 P, L%a? P
—— —— T e— A=— 4.6.15
A P 26*(1-A) P, ( )
If P, < P; (but close to Ps) and A is close to 1, the left-hand side of this equation
is approximately 1 — P, /P, and solving for 1 — A we get

P a\?? P\'7? b r
=1 (ao) where o= \/ik,(l Pc) , da=p=2 (46.16)
where we introduced the radius of gyration of the flange r; = (I,/A,)"z, and took
into account the fact that the present analysis is made only for P, close to Pg for
which r2A,/a® = Ab*[L?, that is, r;/a = b/L (which means the slenderness of the
flange and of the strut are nearly equal). If P, =P;, and A is close to 1, the
left-hand side of Equation 4.6.15 is approximately 1 — A, and so we get

(4.6.14)

172
£— =1- <—€) where a, =V2k, (4.6.17)
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If P.>P; (but close to P;) and P is close to P;, we may substitute
1-A=1- P;/P, and obtain from Equation 4.6.15

P a\? (P. - P5)*?
i 1- (;2) where a, = Vik,[—‘h—ﬁg‘;——] (4.6.18)

The typical plot of maximum load P versus Pg/P, for a strut of the same cross
section is shown in Figure 4.37d. For P, > P (but close to Pg), the reticulated
strut has a mild imperfection sensitivity, characterized by exponent 2. For P, < F;
(but close to Pg), the strut has a strong imperfection sensitivity, characterized by
exponent 4. For P, = P, that is, when the local and global critical loads coincide,
the strut has a severe imperfection sensitivity, characterized by exponent . In
this case, which represents the optimum design based on critical load alone, the
drop of maximum load for a =0.01 and L/2b =20 is 53 percent. This is a very
large loss of capacity indeed!

From the foregoing analysis it is, of course, not clear whether the approxima-
tions made have been of a sufficiently high order, in particular, whether the uses
of sinusoidal deflection curves in Equations 4.6.11 of w,, of the magnification
factor in Equation 4.6.13, and of the global critical load based on EA; have been
sufficiently accurate. Comparison with the complete analysis made by Koiter and
Kuiken (1971), however, indicates that the results are correct, and therefore the
accuracy of these approximations has been sufficient. In other problems, if there
is uncertainty about the sufficiency of the order of approximation, one should
preferably use Koiter’'s general method for compound bifurcation (branching)
points. This method is based on the potential-energy expression and utilizes
orthogonalized buckling modes (cf. Egs. 4.3.18 and 4.3.19), but is considerably
more involved than the analysis just presented.

In the present context, it may be noted that some codes (e.g., Italian) impose
a maximum slenderness A,, of the members in the built-up columns; for example,
A,, =50 for Figure 4.40. It so happens that this is enough to avoid the drop of
critical load due to interactive buckling.

Problems of mode interaction abound for thin-wall structures. Some are not
imperfection sensitive, for example, the buckling modes of web-stiffening ribs and
the rib-stiffened plate as a whole (Fig. 4.38). Usually however, mode interaction
causes severe imperfection sensitivity. In most cases, it is naive to optimize the
design of such structures so that the local and global critical loads are the same or
close (this is called naive optimization). Such situations were identified to have
been significant contributing factors of several collapses in steel box-girder
bridges (see, e.g., Dowling, 1975).

Koiter’s theory is further discussed in Section 7.7.

Problems

4.6.1 Without referring to the text, discuss imperfection sensitivity diagrams for
various types of buckling.

4.6.2 Analyze imperfection sensitivity for IT according to Equation 4.6.1 with
n=S5.

4.6.3 Knowing that g, = ¢, = ¢, Augusti’s column for large deflection can easily
be solved exactly. In that case it is better to use the angle ¢ of the bar with the
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Figure 4.38 Local and global buckling modes of web-stiffening ribs and rib-stiffened
plates.

vertical axis, and, instead of Equation 4.6.7, we may write (exactly)
M= C(q — )*>— PL(1 - cos ¢), in which tan ¢ = V2tang.

4.6.4 Analyze interaction of modes q,, g, and imperfection sensitivity for the
three-dimensional buckling of the columns in Figure 4.36b, c, which represent
generalizations of the two-dimensional columns in Figures 4.21 and 4.22 and
are modifications of Augusti’s column.

4.6.5 Analyze buckling mode interaction and imperfection sensitivity for the
reticulated struts in Figure 4.39a,b for P <P,, P; = P,, and Pc > P,.

i)

Figure 4.39 Reticulated trusses; Exercise problems on interaction of buckling modes.

4.6.6 Analyze interaction of the shear and bending modes for Figure 4.40. This
structure approximates either a built-up column with plates or a tall building
frame. Pay particular attention to the case when the critical loads for the shear
and bending modes coincide (which would represent a naive optimum design).
Solve it by a smeared, continuum approach (valid for large L/a), which is



ELASTIC THEORIES

d) Combined

Figure 4.40 Battened column: Exercise problem on interaction of buckling modes.

equivalent to a column with shear or a sandwich plate, which we treated in
Section 1.7, but at small deflections only.

4.6.7 Calculate the potential-energy polynomial II(q,, g;, P, @) for the reticu-
lated strut in Figure 4.37 making the same order of approximations as we did
in Equations 4.6.13 to 4.6.15. Repeat it for Figures 4.39 and 4.40.

4.6.8 Analyze load-deflection paths and stability of Bergan’s truss (Bergan, 1979,
1982); see Figure 4.41. This structure, which has two degrees of freedom,
exhibits both bifurcation and snapthrough, and for a certain combination of

spring stiffnesses both can occur simultaneously. As a generalization, the
lateral spring may be nonlinear.

Figure 4.41 Exercise problem on Bergan’s truss.

4.7 CATASTROPHE THEORY AND BREAKDOWN OF SYMMETRY

In the preceding sections we have seen that the type of elastic instability is
completely determined by the form of the potential-energy function. In fact, what
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matters are the basic topological characteristics of the potential surface. This is
the viewpoint taken in catastrophe theory.

This theory, developed by Thom (1975), Zeeman (1977), Poston and Stewart
(1978), Smale (1967), Arnold (1963, 1972), Andronov and Pontryagin (1937), and
others, classifies instabilities, called more generally catastrophes, from a strictly
qualitative viewpoint. It seeks to identify properties that are common to various
catastrophes known in the fields of structural mechanics, astrophysics, atomic
lattice theory, hydrodynamics, phase transitions, biological reactions, psychology
of aggression, spacecraft control, population dynamics, prey—predator ecology,
neural activity of brain, economics, etc. Simply, the theory deals with the basic
mathematical aspects common to all these problems.

As shown by Thom (1975), the number of possible types of instability is
determined by the number of essential parameters that can be independently
controlled, such as the loads (called the active control parameters) or imperfec-
tion magnitudes (called the passive control parameters). If there is only a single
control parameter A, we can observe only one type of catastrophe called the fold.
In buckling it can take the form of either snapthrough (limit-point instability) or
asymmetric bifurcation, for which the typical potential surfaces for problems with
one generalized displacement g are shown in Figure 4.42a, b and the equilibrium
curves are shown in Figure 4.44. If there are two independent control parameters
A, and A,, for example, the load P and the imperfection magnitude «, we can
observe not only the fold catastrophe (Fig. 4.44), but also another type of
catastrophe called the cusp, which corresponds to the symmetric bifurcations (see

a) Snapthrough

limit point

b) Asymmetric
biturcation
(porhcl column

Figure 4.42 Surface I1(g, A) with fold catastrophes.
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Fig. 4.43 and 4.45). If there are three independent control parameters, we can, in
addition, observe three more catastrophes calied the swallowtail, the hyperbolic
umbilic, and the elliptic umbilic.

Using topological concepts, Thom (1975) proved a remarkable property: For
systems with only one control parameter, one can observe only one type of
catastrophe; for systems with up to two control parameters, one can observe only
two types of catastrophes; for systems with up to three control parameters, one
can observe only five types of catastrophes; and for systems with up to four
control parameters, one can observe at most seven types of catastrophes. These
catastrophes, listed in Table 4.7.1, are cailed elementary. Those with up to three
control parameters have already been mentioned, and those with four independ-
ent control parameters include the butterfly and the parabolic umbilic.

The potential functions for the elementary catastrophes can be reduced by
coordinate transformations to the basic forms listed in Table 4.7.1. This table also
lists one additional catastrophe, the double cusp, which has eight control
parameters and has been identified in various buckling problems with interacting
modes. The practical advantage of the classification of instabilities is that their
analysis can be systematized and the entire behavior near the critical state
understood as soon as the potential-energy function is formulated.

a) Stable
symmetric
bifurcation

b) Unstable
symmetric
bifurcation

Figure 4.43 Surfaces I1(q, A) with cusp catastrophes at point A.
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Critical
states —
parabola

Figure 4.44 Asymmetric bifurcation: equilibrium curves g(A) for fold catastrophes at
various values of imperfection a (the surface is quadratic near P,—a hyperbolic
paraboloid).

Note that the first four catastrophes in Table 4.7.1 involve only one variable
g, representing the amplitude of the buckling mode. The remaining three
clementary catastrophes have two independent variables ¢, and ¢, (generalized
coordinates), representing the amplitudes of two interacting buckling modes.
Generally the greater the number of independently controlled parameters, the
more pathologic the type of instability can get. The equilibrium surfaces for the
higher-order catastrophes are quite complicated, as we see from the example of a
hyperbolic umbilic in Figure 4.46 adapted from Thompson and Hunt (1984,
p. 129).

Interaction of simultaneous buckling modes is the feature that produces the
more complicated types of catastrophes (instabilities) numbered 5-8 in Table
4.7.1. Two examples of such interactions have already been given in Section 4.6.
As other examples, mode interaction arises when the flanges of a column buckle
at the same critical load as the column as a whole; or when the critical loads for
the overall buckling of a rib-stiffened panel and for the local buckling of either
the plate panels or the ribs happen to coincide (Byskov and Hutchinson, 1977;
Thompson and Hunt 1977, 1984; Thompson, 1982; Hunt 1983), see Figure 4.38;
or when the stiffness of a beam on an elastic foundation and the foundation
modulus are such that the critical loads for such buckling modes coincide
(Hansen, 1977; Wicks, 1987); or when the web of a box girder buckles at the
same critical load as the top plate or the box overall.

As already noted in Section 4.6, optimum design in which the structure has
the minimum possible weight to resist the lowest critical load typically leads to
interaction of simultaneous buckling modes. Such optimum designs were labeled
naive (Koiter and Skaloud, 1963; Thompson, 1969; Tvergaard, 1973; Thompson
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a) Stable
symmetric
bifurcation

Criticat

Cusp

T P=A,
b) Unstable |

symmetric
bifurcation

a-/lz

Figure 4.45 Equilibrium surfaces g(,, A,) for cusp catastrophes showing contours of
constant imperfection a and lines of critical states (the surface is cubic near PZ).

and Hunt, 1973) because they are not really optimum as the interaction of
simultaneous buckling modes is found to increase the imperfection sensitivity,
often to a high degree. For the double cusp catastrophe, this was documented by
Hui’s (1986) analysis of beams on nonlinear elastic foundations (see also Wicks,
1987). The optimum design should have sufficiently different critical loads for
various modes. Otherwise, optimization produces severe imperfection sensitivity,
which has been a contributing factor in some failures of box girder bridges.

Interaction of many simultaneous buckling modes that have the same or
nearly the same critical load is typical for compressed cylindrical or spherical
shells and is the source of their enormous imperfection sensitivity. In some
structures, however, for example, rib-stiffened plates, interaction of buckling
modes need not cause imperfection sensitivity (Magnus and Poston 1977).
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Table 4.7.1 Seven Elementary Catastrophes (Thom, 1975; Zeeman, 1977) Having Up to Four Control Parameters, and One Catastrophe
with More Parameters

No. of
Type of Control No. of
Catastrophe Parameters Variables Potential-Energy Expression Structural Instability
(1) Fold 1 1 @ +iq Limit point (snapthrough),
asymmetric bifurcation
(2) Cusp 2 1 @ +1.97+ g Stable symmetric bifurcation,
unstable symmetric bifurcation

(3) Swallowtail 3 1 g’ +4:q° +4,9* + g Beams on nonlinear elastic
(4) Butterfly 4 1 g°+Aq'+0¢°+1,9°+Ayq foundation®
(5) Hyperbolic 3 2 G+ G+ Aqqy — Aaqa— Asqy Rib-stiffened plate,* )

umbilic beam on elastic foundation®
(6) Elliptic 3 2 45— 3q29% + Ai(g3 + q3) — A9, — A;q, Beam on quadratic )

umbilic foundation® i:";efl‘:;:::g ‘;f

u u

(7) Parabolic 4 2 g tqi+Ag3+Aqi—Asq,— g, Pressurized shallow spherical shell,” | pyckling

umbilic plate on elastic foundation® modes
(8) Double cusp 8 2 qt + g3+ Lq%q5 + (9} + 24%q,) Nonlinear beams on elastic foundation,’| 4, and g,

. . - d
+ (a3 + 2y 4 2.a%+ Aa? stiffened cylindrical shells,
(3 +20042) + Aqi + Asqz compressed plates,*! thin-wall
+2A6q1q2 + Arq1 + Asq angle columns" J

* Thompson and Hunt (1977, 1984), Thompson (1982); Hunt (1983).
® Hui and Hansen (1980 and 1981).

¢ Hansen (1977).

9 Byskov and Hutchinson (1977).

© Magnus and Poston (1977).
f Poston and Stewart (1978)

8 Sridharan (1983).
" Hui (1984).
" Hui (1986).
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Figure 4.46 Equilibrium surface P(,, 1,) for hyperbolic umbilic catastrophe. (From
Elastic Instability Phenomena, by J. M. T. Thompson and G. W. Hunt, copyright 1984,
John Wiley and Sons. Reprinted by permission of John Wiley and Sons, Ltd.).

The term elementary means that the potential function has been reduced to its
most elementary form that retains the essential qualitative features of the
catastrophe. Thus, merely adding various higher-order terms in g, q,, g2, A, 05 4;
to the expressions in Table 4.7.1 does not cause different behavior. For example,
it has been shown that the control parameters need to appear in the potential
function only linearly. This tells us, for example, that it was legitimate to delete
the terms with a” and a* from Equations 4.6.1. Likewise, for n = 3 Table 4.7.1
(line 1) indicates the fold catastrophe and shows that it would have been
legitimate to set ¢, =c;=a,=as;=b,=b,=0. For n =4, Table 4.7.1 (line 2)
indicates the cusp catastrophe and shows that it would have been legitimate to set
¢;=a,=a,=0. The fact that these parameters are nonessential can be proven by
certain topological concepts called determinacy and unfolding (Poston and
Stewart, 1978), applied to the surface of equilibrium states in the space of control
parameters (4,, A, . ..). Considerations of determinacy decide which terms in g,
q1, 92 are needed and which can be omitted. Considerations of unfolding do the
same for the control parameters, thus reducing the stability problem to its
simplest form, with the minimum possible number of control parameters.

As an elementary illustration of topological arguments in stability, let us show
a topological proof of the following theorem (Thompson, 1970): An initially
stable equilibrium path P(q) rising monotonically with the load becomes unstable
if and only if it (1) intersects another equilibrium path (bifurcation) or (2) attains
a horizontal tangent (limit point, snapthrough). Graphically, this theorem
prohibits the situation shown in Figure 4.47c.

To give a proof, following Thompson (1970) we consider the plane (P, q)
where, by definition, the values of IT , are zero for the points on the equilibrium
path. If the states on this path are stable, IT , is negative to the left of the path
and positive to the right of the path, as shown in Figure 4.47. First assume that
curve P(q) is always rising (Fig. 4.47a). If the path becomes unstable at some
point such as B, and P(q) is still rising, then I , must be positive on the left and
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Figure 4.47 (a, b) Possible and (c) impossible equilibrium paths.

negative on the right of the path. Obviously, between 0 and B there must be a
point A, where the I1 , values on the left switch from negative to positive and
those on the right switch from positive to negative. Since Il , changes con-
tinuously, we must have IT , =0 at all points where IT, changes its sign, that is,
those points must be equilibrium states. Planar topology now requires that the
regions of positive and negative signs on each side must be separated by a curve,
such as CAD in Figure 4.47, at which the sign switch takes place. This curve is an
interacting equilibrium path.

If curve P(q) is not always rising but reaches a limit point F, after which it
descends, it is clear from Figure 4.47 that IT , must be positive on the left of the
descending segment FG and negative on the right. Indeed, if the opposite were
true, that is, the signs of Il , on each side of the curve switched, the regions of
positive and negative signs on each side would have to be separated by a curve
where I1 , =0, that is, another equilibrium path would have to intersect, which is
the case we already examined.

From a mathematical viewpoint, the most fundamental characteristic of
bifurcation of solutions is the breakdown of symmetry. For example, the perfect
pin-ended column is in a symmetric state since it can deflect either left or right. If,
after bifurcation, the column is deflected to the right, it can no longer deflect to
the left and so its symmetry has broken down.

Since bifurcation-type stability problems always represent some type of a
breakdown of symmetry, bifurcation and stability analysis may be avoided if the
symmetry is deliberately destroyed by introducing prescribed imperfections. This
approach is applicable not only to elastic systems but also to inelastic systems (see
Secs. 8.2, 8.4, and 8.5). The advantage is that for a slightly imperfect system one
has no bifurcation, and if the imperfection tends to zero the path of the imperfect
(nonsymmetric) system approaches the stable path of the perfect (symmetric)
system. The disadvantage is that imperfect (nonsymmetric) systems are usually
much harder to analyze (e.g., for elastic shells, or for inelastic structures—see
Secs. 8.2, 8.4, and 8.5) and their analysis does not yield simple basic properties of
the structural system, such as the bifurcation load.

Despite the intent of catastrophe theory to be most general, its formulation
has so far been limited to reversible systems for which a smooth potential-energy
surface exists. To be really general, the catastrophe theory needs to be extended
to irreversible systems, such as inelastic structures (Chaps. 8-13), for which one
must apply more general thermodynamic stability criteria. Such criteria cor-
respond to maximization on surfaces with curvature discontinuities, which
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represent the increment of internal entropy but do not constitute a potential in
the mathematical sense (i.e., with the attribute of path independence except in
the small).

Problems

4.7.1 Without referring to the text, indicate the forms of potential-energy
function that govern the field and cusp catastrophies and give examples for
elastic structures.

4.7.2 Set up the potential-energy expression for I1 for the column with a
horizontal spring on top, Figure 4.21. If imperfection « is not a control
parameter but is given, say a =0.01, what type of catastrophe occurs, and at
what values of g and P?

4.7.3 Setting up the potential-energy expression for the rigid column with a
horizontal spring on top shown Figure 4.21, decide which type of catastrophe
takes place. Alternatively, do it for the columns in Figures 4.20 and 4.22.

4.7.4 Formulate the potential-energy expression up to quartic terms for the
reticulated strut in Figure 4.37, and comparing it to the expressions in Table
4.7.1 decide which type of catastrophe takes place. Also discuss which, if any,
terms can be omitted.

4.8 SNAPDOWN AT DISPLACEMENT-CONTROLLED LOADING

Loads are often applied on structures as reactions to prescribed displacements.
Such types of loading may be called the displacement-controlled loading. An
example is the loading of a specimen in a typical laboratory testing machine. If
the machine is much stiffer than the specimen, and if the movement of the
loading crosshead is prescribed, the specimen is loaded essentially in a
displacement-controlled manner.

It seems plausible that the structure is always stable when the displacements
are prescribed. This is certainly true for the von Mises truss (Fig. 4.14a), as well
as all structures with a single degree of freedom. However, for a structure with
n degrees of freedom, stability is guaranteed only if all the displacements
¢, - - - » qn are prescribed. If only one of them is prescribed, a state that would be
unstable under load control may or may not be stabilized.

Structures with Two Degrees of Freedom

To illustrate the problem (following BaZant, 1985), consider again the von Mises
truss. However, the truss is not loaded directly but through a spring of stiffness C,
as shown in Figure 4.48. The load-point displacement, denoted as g,, is assumed
to be small, and so is the initial angle a. Extension of the spring then is
g, — L(g, — @). The strain energy of the spring must now be added to that we
previously figured out for the von Mises truss (Eq. 4.4.6). Thus, the potential
energy of the entire structure is

EAL C
N=—(qi- oY+ g~ Lla—q,)]' - Pgy (4.8.1)
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La 1
q-Lla-q,)

Figure 4.48 (a) Spring-loaded von Mises truss, and (b,c) graphic construction of
load-displacement curve.

The equilibrium conditions are
I, = EAL(qi - ¢®)q: + CL[g, — L(a ~q,)] =0 (4.8.2)
N,=Clg,— L(a—q;)]-P=0 (4.8.3)

Multiplying Equation 4.8.3 by L and adding it to Equation 4.8.2, we find that the
equilibrium path may be described as a function of only one variable, q,:

P = EA(e? - q%)q, (4.8.4)

This equation is the same as before (Eq. 4.4.7). However, g, is not the
work-associated quantity for P. Rather, the work-associated quantity is ¢g,, whose
relation to g, (resulting from Eq. 4.8.3) is g, = P/C + L(a — q,). Substituting in
Equation 4.8.4, we find that the dependence of load P on load-point displacement
q218

P=EA[af2—(af—-qf+EPL-)z](af—-qf+C—I;) (4.8.5)

This equation represents a cubic equation in both P and q,. The plots of the
function P(q,) are shown in Figure 4.48¢c for various values of spring stiffness C
at fixed EA, a, and L. These curves look different from what we have seen so
far—for small enough values of C, the displacement growth reverses and the
curve turns back with a positive slope—a phenomenon known as the snapback.
The shapes of the equilibrium curves P(q,) may be more easily figured out
graphically. Since the truss and the spring are coupled in series, they are both
under the same load P and their deformations are added. Therefore, for any
given P value one needs to add the corresponding g, value for the truss and the
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spring displacement P/C. As illustrated in Figure 4.48b, c, this amounts to adding
the horizontal segments a and b on the same horizontal line. This construction
displaces the peak to the right but the points of intersection with the g, axis do
not displace. So the slopes of both the rising segment and the snapback become
smaller, while the softening segment becomes steeper. The snapback happens
only if C is smaller than a certain limit value C, that corresponds to a vertical
tangent at g, = 0. From the condition (3P/3q,)— « or (3¢,/3P) =0 at g, =0 we
get C=C,; = o?EA/L. (The reversal of softening to a positive slope is typical of
many stability problems, especially in the mechanics of distributed cracking;
Chap. 13.)

Let us now examine stability of the equilibrium paths. First consider that the
load P is controlled, in which case we have two independent kinematic variables,
q, and g,. Since II , = C >0, stability is completely decided by the determinant
D =11,,I1 ,, — T3, (the subscripts preceded by a comma denote derivatives,
e.g., I1,, = 3°1/3q, 3q,). From Equations 4.8.2 and 4.8.3 we calculate

>0 (stable)
D =CEAL(3q5—- )4 =0 (critical) (4.8.6)
<0  (unstable)

This is the same condition we found before for small « (see Eq. 4.4.8), and so,
same as before, the limit points (the maximum and minimum points) of the
curves P(q,) as well as P(g,) in Figure 4.48b, c represent the critical states, and
the segment of each path between the maximum and the minimum (having a
negative slope) is unstable while the rest of each path is stable. See also Figure
4.49a.

Second, consider that displacement ¢, is controlled. Then g, becomes a
parameter, P is the reaction, and we are left with only one kinematic variable
—displacement ¢q,, which represents an internal displacement (internal kinematic
variable) of the system. So the stability condition now is IT ,, > 0.

Looking at it in another way, we may consider the general expression for the
second variation 2 8’1 =11 ,, 8¢} + 2I1 ,, 8q, &q, + I1 ,, 65 and substitute in it
d6q,=0 (since 8q, cannot be arbitrarily varied if the displacement g, is
controlled). This yields 2 8*I1=1I,, 8¢, showing again that the condition
6°I1> 0 reduces to IT,;; >0.

From Equation 4.8.2 we get

P11 >0 (stable)
Z5=EAL(gi- )+ CL*} =0 (critical) 4.8.7)
1N <0  (unstable)

It is interesting to compare this condition with the condition 3q,/3P =0.
Differentiating Equation 4.8.5 with respect to P, and then solving for 3¢,/3P, we
obtain exactly the same condition as Equations 4.8.7 for the critical state.
Therefore, the critical states are the points of vertical tangent on the load-
deflection path in Figure 4.48b.

In Figure 4.49c, these critical points are projected onto the curve P(q,). We
see that the critical points are pushed away from the limit points of the curve
P(q,), and the unstable portion of the equilibrium path becomes smaller. Thus,
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Figure 4.49 (a—c) Stable and unstable segments of equilibrium paths; (d) variation of
potential energy at constant P; (e) graphic construction of the critical points.

displacement control has a stabilizing influence, as naturally expected. This
example nevertheless teaches us that a displacement-controlled elastic system
does not always have to be stable.

The fact that the points of vertical tangent of the diagram P(q,) represent
critical states is obvious even without consideration of energy. These points must
be at the stability limit because there exist adjacent (infinitely close) equilibrium
states with the same value of the control variable g,. However, the fact that the
portion of the equilibrium path between the critical points is unstable and the rest
of it is stable is fundamentally justified on the basis of potential energy. This fact
is not obvious intuitively, since segment 23 of the path in Figure 4.49b has a
positive slope. We see that under controlled displacement the equilibrium path of
positive slope may be either stable or unstable—a point to note.
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Figure 4.49d illustrates how the potential-energy change AII with respect to
the equilibrium state varies in the vicinity of the equilibrium state. Since g, is
controlled, it cannot vary freely, and so the nonequilibrium positions adjacent to
those on the equilibrium curve can differ only by displacement g,. Therefore, AI1
can vary only as a function of gq,, at fixed q,. The AIl-plots with convex curvature
are characteristic of the stable points on the equilibrium states, and those with
concave curvature are characteristic of the unstable points (Fig. 4.49d). Realize
that on ail these plots of AIl versus g, only one point, namely that on the
equilibrium curve, is an equilibrium state, while the other ones are not. It should
be kept in mind that the principle of minimum potential energy Il compares
states of different deflection at the same load, and the equilibrium (stable) is that
state for which IT is stationary (minimum). Therefore, determination of min IT
does not involve any differentiation of P (P = const.).

When we are calculating the equilibrium path P(g,), we are looking for
equilibrium states at various fixed values of P; but again minimization of IT at
constant P is implied at each load level (load value). Thus we have an infinite
number of minimization problems for IT for all values of P.

Figure 4.49¢ illustrates a graphic construction of the critical points. The plot of
the second derivative Il ,, versus g, is a parabola, and the critical points are
obtained, according to Equations 4.8.7, as the intersections with the horizontal
line of ordinate CL?. Where the parabola is below this line, the system is
unstable. If C =0 (the limiting case of no spring), the equilibrium path reduces to
that which we found before for the von Mises truss. If C> C,= EAa®/L, the
parabola is always above the line, and the system is always stable (under
displacement control). For C— =, that is, an infinitely stiff spring, the system is
always stable. This is also evident from the fact that L(«a — gq,) = q,, indicating
that, in effect, displacement g, is controlled.

As the structure is loaded under controlled g,, the load P (actually a
reaction) varies in a smooth equilibrium manner until point 2 (Fig. 4.50a) of the
vertical tangent is reached. As the displacement g, is further increased by an
infinitesimal amount, there is no equilibrium state possibie in the immediate
vicinity of point 2. So, rather than pursuing the snapback curve, the structure
must snap rapidly down to point 4 on the second stable branch—a phenomenon
that may be generally calied the snapdown.

The vertical downward path from point 2 to point 4 (Fig. 4.50a), of course,
cannot be an equilibrium path, and inertia forces will be present. Imagine that the
mass m of the system is concentrated just under the hinge of the truss (Fig.
4.50d). During the snapdown, the force P, = P in the spring, which is related to
relative spring displacement linearly (Fig. 4.50c), is also represented by the
dotted line in the diagram (Fig. 4.50b) of the force on the hinge of the von Mises
truss, denoted as P,, versus hinge displacement u;. The force difference P — P,
will act on the mass m, imparting to it the kinetic energy W= [ (P—P)du,=
{ miiy du, = { mii,u, dt = j'(zmul) dt=3mi?. At point 4, W is exactly equal to
the cross-hatched area 2342 in Figure 4.50b. It is also equal, due to the way the
diagram in Figure 4.50a is constructed, to the cross-hatched area 2342 in Figure
4.50a. Durmg snapdown along path 24 the velocity of mass m increases; then the
mass swings beyond point 4, is decelerated, and continues to oscillate about point
4 at constant g,. Due to inevitable damping, the oscillation eventually ceases, and
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4P, 4p, 4p,=P

q,-Uy

Figure 4.50 (a) Snapdown at controlled displacement q.; (b-c) force-displacement
diagrams for von Mises truss and spring; (d) system with concentrated point mass; (e)
snapdown path; (f) snapdown path with no energy change.

the system finds new equilibrium at point 4. After point 4 in Figure 4.50a, the
system follows the stable path 46 with increasing displacement q,. -

On subsequent unloading, the system returns along the stable path 6453. As
the displacement is decreased below that for point 3, there is no longer any
equilibrium state adjacent to 3, and the system snaps dynamically up to point 7 on
the first stable branch. After oscillations about point 7 cease due to damping,
further unloading follows the stable equilibrium along path 70.

Similar to snapthrough, the system exhibits hysteresis even though it is
perfectly elastic . The energy dissipated during a cycle is equal to the area 72437
and is dissipated due to inevitable damping of the dynamic motion. Note also that
the softening segment 12 of the stable path cannot be reached at unloading from
the opposite branch. However, if the loading reverses to unloading at a point of
the segment 12, then, of course, unloading follows the softening segment 12.
(This contrasts with the behavior of strain-softening materials, in which unloading
is always irreversible. Otherwise, though, the behavior of such a structure is
analogous to the stress-strain diagrams of strain-softening materials.)
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If our system, under displacement control, receives an initial disturbance, for
example, initial velocity, it may follow other snapdown paths as shown in Figure
4.50e. There is one particular path for which there is no net energy loss; it is path
89 in Figure 4.50f, for which the cross-hatched areas 8C2 and C93 are exactly
equal. Along path 8C9 the structure first decelerates from its initial velocity at
point 8, thus reducing its initial kinetic energy by an amount equal to area 8C2.
Along path C9 the structure accelerates and ends at point 9 with exactly the same
velocity as the initial velocity at point 8, and the same final kinetic energy
(because areas 82C and C39 are equal). When a structure exhibiting snapdown
instability constitutes a part of a larger structural system and when the analysis is
static, then the path of the snapdown subsystem must be assumed to follow the
straight vertical path 89 with equal areas on both sides, since for this path there is
no energy change. Any other snapdown paths, and particularly path 24 of Figure
4.50a, would not be admissible for static elastic analysis because energy

dissipation would be implied while elastic analysis presupposes no energy
dissipation.

Softening Specimen in a Testing Machine

Consider now the stability of a softening specimen or structure loaded in a testing
machine. Assume that displacement g, is controlled (Fig. 4.51a) and that the

C—0. load control

" oy Py

a \ b a+b

< S L e

u v-u v

Figure 4.51 (a) Softening structure and, as an example, (b) von Mises truss with added
spring C, loaded in a testing machine of stiffness C; responses under (c) load control and
(d) displacement control; (e—g) graphical construction of load-displacement diagram.
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spring stiffness C characterizes the stiffness of the machine frame. If the structure
to be tested has a softening response (negative incremental stiffness) with regard
to its displacement g, (Fig. 4.51a), a certain minimum stiffness of the machine
frame is necessary for stability. As an example, assume that the specimen is a von
Mises truss with a spring C, (Fig. 4.51b). When C— 0 we have load control (Fig.
4.51c), and when C— » we have displacement control (Fig. 4.51d).

To treat the intermediate case of finite C (that is, 0 < C <®), we can have
either of two approaches. The basic one is to include spring C with the original
system, that is, consider the combined system of a von Mises truss with both
springs as one system, in which case the two springs have an equivalent stiffness
Ceq=1/(1/C, +1/C). In this case we have displacement control for the combined
system, see Figure 4.51g. Another approach is to consider only the original
system. In this case the critical state arises when the unloading displacement rate
du/dP of the original system offsets the unloading displacement rate of the spring
d(v —u)/dP, because then dv/dP =0 for the combined system. Since d(v —
u)/dP = 1/C, the critical state condition for the original system is du/dP = —1/C,
or

dp

= C (4.8.8)
Thus the critical state may be found by drawing a tangent of slope —C as shown
in Figure 4.51e. As is clear from the graphic construction, the critical load P.,
obtained in this manner is of course the same as that obtained by drawing a
vertical tangent to the diagram in Figure 4.51g for the combined system.

The condition dP/du = —C, however, is correct only if the softening specimen
cannot be further decomposed into a system consisting of a softening element
plus a spring (cf. Sec. 13.2).

Generalization of Snapdown Analysis

Consider first an elastic structure with a single degree of freedom, g,. The
potential energy may be written as I1(q,) = U(q,) — PW(q.), where P is the load,
U = strain energy, and W = work per unit load; U and W are functions of q,,
independent of P. Equilibrium is characterized by the condition I1,=U, -
PW,=0. Since this condition must be satisfied for all points of the equilibrium
path Il(q,), the total derivative of IT, along the path must be zero, that is,
dIl,/dq,=0. Hence, Un—PWn—P W,=0, or I1,, - P, WI—O (notation:
I1 ,, = 8°1/34%). Thus we conclude that

b _ & Noq; (4.8.9)

dq, oW /3q, oq,

Normally W /8q, does not change sign during the deformation process, and
so g, may always be defined so that W /3q, is positive. Then stability is decided
by the sign of 3°I1/3¢%. So a single-degree-of-freedom structure is stable if and
only if the slope of the equilibrium curve P(q,) is positive. If the slope is
negative, the system is unstable. A horizontal slope indicates the critical state.

Let us now generalize the analysis to an arbitrary elastic structure with two
generalized displacements ¢, q,. If there is a single load P (or if there are
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several loads that depend on a single parameter P), then the potential energy
may be written as

(9, 92) = U(q1, q2) — PW(‘II» q2) (4.8.10)

Differentiating with respect to g, and q,, we obtain the following equations for
the equilibrium path:

M,=U,-PW,;=0 IM,=U,—PW,=0 (4.8.11)

Let us now relate these conditions to the equilibrium path P(q,), which we
assume to be continuous and smooth, that is, without bifurcation. The partial
derivatives Il ;, and Il ,, are generally nonzero; however the total derivatives
dIl ,/dq, and dIl ,/dq, along the equilibrium path must be zero since Equations
4.8.11 continue to be satisfied for all points of the path P(q,). Calculating the
total derivative of a function according to the chain rule, that is, according to the

rule dF(q., 92, P)/dq, = 9F|3q, + (3F/3q.)(dq./dq,) + (OF | 9P)(dP/dq;), we
obtain from Equations 4.8.11:

dIl _
dq'l=n,12+n,qu2—W,1P,2=O

2
a, (4.8.12)
dq —H22+H21QI2 W,P,=0

q>

in which g, , = dq,/dq, = derivative of g, with respect to g, along the equilibrium
path. Eliminating the derivative from the last two equations, we obtain the
relation H‘un‘n - Iflz =P 2(W2H 1= Wln,zl), that iS,

dP det H'il'
dQ2 W,zn,u - Wil ,,

Under load control, a necessary and sufficient condition of stability (Theorem
4.1.10) is that both det I1 ;>0 (i, j=1, 2) and II ;, >0. Either detIl ;=0 or
IT ;; = 0 indicates the critical state. Thus we conclude that if the load is controlled
(i.e., if g, can vary independently), then a stationary point on the equilibrium
curve P(q,) (a point of horizontal tangent, dP/dg, = 0) always indicates a critical
state, and this critical state is associated with detIl ; =0. (This condition was
already demonstrated for a structure with two degrees of freedom treated in Sec.
4.5))

Let us further assume P to be defined so that it is associated (or conjugate)
with g,. This means that the work of load P (at constant P) is given by Pq,, that
is, W =q,, as was the case in our preceding example. Then W,=1 and W, =0,
and Equation 4.8.13 reduces to

(4.8.13)

dP detIl,;
— = 4.8.14
dq, I, ( )

The stability conditions detII ;>0 and I1,,>0 in this case imply that if a
load-controlled system with two degrees of freedom is stable, then dP/dq,>0.
However, the condition dP/dq,> 0 implies stability only if IT,; >0 also. When
does II ;; become negative?
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To answer this question, consider that displacement g, is controlled. So
I1,,>0 is then both necessary and sufficient for stability. The displacement-
controlled system becomes critical when II,; =0, and according to Equation
4.8.14 this happens when dP/dg,— =, that is, at the snapdown point of the
equilibrium curve P(g,) (point 2 in Fig. 4.50a), provided that detII ; does not
vanish simuitaneously. Thus, IT ;, can change sign only at the snapdown point.
Also II,; must vary continuously and be positive at the start of loading
(P=g,=0). So Il ;; must be positive up to the snapdown point and negative
beyond it. Also, since the snapdown point cannot occur before the peak point,
IT;; must be positive from the origin up to the peak point.

So we may conclude that for a two-degree-of-freedom structure a smooth
equilibrium path without bifurcation is (1) stable up to the peak point (maximum
point) and unstable after it if the load is controlied, and (2) stable up to the
snapdown point and unstable after it if the displacement is controlled. Thus, the
conditions of horizontal or vertical tangents may be used for determining the
critical states under load or displacement control. This is shorter for calculation
than the second derivatives of II.

Let us now extend our analysis to an arbitrary system with n degrees of
freedom and one load (or load parameter) P. The potential energy may be
written as

gy, .- -, 9.)=U(q1, ..., qn) — PW(qh -1 qn) (4.8.15)
The equilibrium conditions are
N,=U,-PW;=0 (i=1,...,n) (4.8.16)

If displacement g, is controlled, the equilibrium path may be described as P(q,)
and q;(q,)- If load P is controlled, then the equilibrium path may be described as
q.(P) and gq,(q,). Although the derivatives II ;, are generally nonzero, the total
derivative along the equilibrium path, dIl;/dg,, must vanish since Equation
4.8.16 must apply for all the values g,. Hence, along the equilibrium path,

O,=>1,,-WP,=0 (i=1,...,n) (4.8.17)
j=1
Recognizing that g, , = 1, these equations may be rewritten as

n=1

> M,q.=PW,-II,, (i=1,...,n—1) (4.8.18)

j=1
from which we have deleted the last equation for i = n. These equations represent
a system of n-—1 linear algebraic equations for the unknowns gq,,,
92>« - - > Qn-1.,- By Kramer’s rule, the solution of these equations may be
expressed as

1 n-1

Gjn = > (C)YAP.W,—T1,)  (j=1,...,n=1) (4.8.19)
D(n—!)

i=1

in which Dy,_y, is the determinant of the system of equations (Eq. 4.8.18) and
represents the principal minor of the n X n matrix IT ; (illustrated by the cross
hatching in Fig. 4.52a). The sum represents the determinant obtained when the
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Figure 4.52 Determinant expansions into minors.

jth column of matrix IT ; is replaced by the right-hand sides of Equation 4.8.18.
This determinant is expressed in Equation 4.8.19 by its expansion into minors A;
obtained from matrix Il ; when the jth column and ith row are deleted (the
cross-hatched subdeterminant pictured in Fig. 4.52b).

Substituting now Equation 4.8.19 into Equation 4.8.18 written for i = n (i.e.,
the last of Eqs. 4.8.17) and solving the ensuing equation for P, we obtain

n—=1 n—1
P,nA(n) = H,nnD(n—l) - 2:1 21 (—1)'+1Aiin,inn.in (4820)
=1 i=

in which we denoted
n—-1 n
A(n)= W,,D(,,_l) - 2 2 (—l)HiAiiH.niW,i (4-8-21)
j=1 i=1

Now the right-hand side of Equation 4.8.20 is equal to the determinant
D,y = detI1 ; since it represents the expansion of this determinant into minors
according to the nth row (Fig. 4.52c). Hence,
4P Dy
dq,, A(,,)

If P and g, are associated (conjugate), then W =gq,, and W, =1, W, =0 for all
i#n, and also A,y = Dy,_,)= principal minor of matrix I1; (Fig. 4.52a). Then,
along the equilibrium path,

(4.8.22)

4P _ D,

4.8.23
dq, D,y ( )

Under load control, D,,>0 and D,_,,>0 represent necessary (albeit
insufficient) conditions of stability (sufficient if n=2). Therefore, the initial
branch of the equilibrium path has a positive slope as long as the system is stable
(Fig. 4.49a). The maximum point (with a horizontal tangent) represents the
critical state. After the maximum point, the sign of either D, or D,_;, must
change, and so the negative slope of the equilibrium path P(q,) always implies
instability.

Under displacement control, however, D, is irrelevant for stability. Stability
requires that only the principal minors Dy, Dy, ..., Dg,-1y be positive. A
vertical tangent of the equilibrium path implies that D,_;)=0 (assuming that
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D(,y#0), and so under displacement control the equilibrium path does not
become unstable until a point of vertical downward slope is reached (Fig. 4.49b).
This conclusion in general legitimizes the determination of stability from the
equilibrium path and makes it unnecessary to calculate the matrix of second
derivatives of the potential energy.

Note that D, becomes negative at the maximum point, and it cannot change
sign again because it would imply a horizontal tangent (provided D, varies
continuously). Also note that D,_,, becomes negative at the point of vertical
downward slope. For these reasons the snapback segment that follows the point
of vertical downward slope is unstable, even though the slope of the load-
deflection curve is positive. This is an important conclusion, which is not
intuitively obvious.

To sum up, instability can occur not only under load control but also under
displacement control when there are other uncontrolled displacements that can
cause instability. Calculation of the matrix of the second variation of the potential
energy can be bypassed by determining stability from the slope and shape of the
equilibrium path. If there are no more than two kinematic variables, the
equilibrium path gives complete information on stability.

Equilibrium Paths with Bifurcations, Snapthrough, and Snapdown

Our foregoing analysis of the stability of equilibrium paths is limited to the paths
which do not bifurcate. We will not carry out a complete analysis of equilibrium
paths with bifurcations, but we will at least give some illustrative examples.

Consider a rigid bar with a hinge at the base, supported by a laterally sliding
inclined spring, of stiffness C. We investigated this structure before (Sec. 4.5, Fig.
4.22). However, in contrast to our previous study, we consider that load P is
applied through a spring of spring constant C, (Fig. 4.53a). The initial
imperfection is characterized by the initial inclination angle of the bar, a. For
a =0, the structure is perfect and exhibits asymmetric bifurcation.

The diagrams of load P versus the associated displacement ¢, can be deduced
either by simple calculations, or graphically. We pursue the latter, which is more
instructive. We have already derived, for the perfect column, the diagram (Fig.
4.22e, Eq. 4.5.27) of load P versus the vertical displacement « on top of the bar.
We show this diagram again in Figure 4.53b. Now, since ¢, = u + P/C, = sum of
the vertical displacements due to bar inclination and to spring C,, we may obtain
the diagram P(q,) by adding the displacements of the bar top and the spring as
shown graphically by the addition of segments @ and b in Figure 4.53b and c. The
resulting diagram of load P versus load-point displacement g, are shown in Figure
4.53d. The diagram P(q,) in Figure 4.53d exhibits snapback soon after its peak
point, and if the displacement g, is controlled the perfect structure will
experience snapdown right from the bifurcation point, along the dashed line 12 in
Figure 4.53d. In this case the bifurcation point is a point of instability under both
load control and displacement control.

The diagram P(q,) for the imperfect structure can be constructed in a similar
way. The diagrams of load versus load-point displacement can easily be calculated
exactly, by choosing a series of values of ¢, and evaluating explicitly the value of
P (load) and of the load-point displacement g,. The resulting diagrams are
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Figure 4.53 (a) Spring-loaded rigid bar with inclined spring; (b—d) graphic construction of
load-displacement response; and (¢) Roorda frame loaded through a beam.

sketched in Figure 4.53d. Depending on the value of the imperfection and on the
stiffness C, of the spring, these diagrams may exhibit snapdown paths, such as 34
in Figure 4.53d.

The load-displacement diagram shown in Figure 4.53d is typical for axially
compressed or bent cylindrical shells or compressed spherical shells. For such
shells, a significant load reduction of maximum load occurs at rather small
displacements.

Another example that would give rise to similar diagrams is the Roorda
frame, studied in Sections 2.6 and 4.5, if the load is applied through a spring or
another flexible element such as a beam (Fig. 4.53¢). The load versus load-point
displacement diagram would be similar to Figure 4.53d.

Consider again the von Mises truss with a spring from Figure 4.48, but assume
now that the bars are so slender that they may buckle before the horizontal
position is reached (Fig. 4.54). Assume the bars to be perfect, and the critical
axial force of each bar to be Pz. Let Py be the axial compressive force in the bars.
For Pg < Pg, the stiffness of each bar is EA/l where A = cross-section area of the
bar and / = L/cos a = bar length. For P = Pg, the axial force in the bar depends
approximately linearly on the bar shortening u, but the incremental stiffness
drops to the value C, = Pg/2l, as established in Section 1.9.

After buckling (Pg = Pg), the strain energy of the bar, I1,, is equal to the
shaded area under the axial load-shortening diagram in Figure 4.54b; II, =
I + Peu + 3C,u?, where IT = constant, u = elongation of the bar (we choose
u>0 to mean that the bar shortens), u=L/cos & — L/cos q, =3L(a? - ¢?).
Combining this with the potential energy of the spring and of the load (Equation
4.8.1), and assuming angles « and g, to be small, we obtain instead of Equation
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Figure 4.54 (a) Spring-loaded von Mises truss with slender bars; diagrams of (b) load
versus axial shortening of bars, and (c) responses for buckled and unbuckled bars.

4.8.1 the potential-energy expression:

1 =21+ P L(? — ¢?) +%Lz(oz2 -4 +§ [9.— L(a—q)F - Pq,
(4.8.24)

Setting 3I1/3q, =0 and 3I1/3¢g, =0, we get a system of two equations for ¢, and
g, and eliminating g, we obtain for the equilibrium path at P; = Pg the equation:

P =2P:q, + C,L(a*— q)q, (4.8.25)

This relation is plotted in Figure 4.54c; together with the path for the case when
the bars do not buckle. The transition from one path to the other occurs at the
point where they cross; this is a bifurcation point.

As a further approximation, we can introduce in Equation 4.8.25 P =2Pgq,
because C, is much smaller than the prebuckling axial stiffness of the bar, EA/!.
The solution may be illustrated as in Figure 4.55, in which the curved equilibrium
diagrams correspond to our previous solution for unbuckled bars.

First consider the case of an infinitely stiff spring (C— «). If the bars are
sufficiently slender, that is, have a sufficiently small Euler load Pg, the bars will
buckie before the first maximum point is reached (point 1 in Fig. 4.55a). Beyond
that point, P =2Pgq,; this gives the line 135, which is approximately straight. The
segment 01 is stable, and the segments 135 are unstable under load control. So
the system will exhibit a snapthrough from point 1 to point 6. We see that in this
case the maximum load is reduced due to buckling of the bars.

If the spring is sufficiently soft, the equilibrium load-deflection diagram for the
case of unbuckled bars as well as the path after the buckling of the bars may
exhibit a reversal (snapback), as shown in Figure 4.55b. In this case, not only the
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Figure 4.55 Load-displacement diagrams for various choices of parameters and types of
control.

snapthrough occurs at a reduced load, but also the snapdown under displacement
control occurs at a smaller displacement than it does for the case of no bar
buckling.

For bars with a large Pg, the buckling of the bars may occur after the
maximum point of the path for the unbuckled bars, as shown in Figure 4.55¢ and
d. If Cis sufficiently large, this has no effect on either the snapthrough load or the
snapdown displacement. However, if the spring is soft, the displacement at
snapdown may get reduced, as shown in Figure 4.55d.

In the construction of the diagrams in Figure 4.55 we already assumed that
after bifurcation the path corresponding to buckled bars is stable, and the path
corresponding to unbuckled bars is unstable. If we did not know this, we could
alternatively also obtain this conclusion by considering IT as a function of three
displacements q,, q,, qi, the last one representing the maximum lateral
defiection of the bars.

One purpose of the last example was to illustrate more complicated
equilibrium paths that a structural system may take. In particular we see in Figure
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4.55b that bifurcation may occur in the reverse direction (segment 135). Such
behavior, which is often encountered in shells, shows extreme imperfection
sensitivity. Indeed, if the bars in Figure 4.48 were considered imperfect, for
example, with a small initial curvature, one would obtain in Figure 4.55b the
dash-dot equilibrium paths. For such paths, the maximum load can be greatly
reduced compared to the bifurcation load, even if the imperfection is very small.

For a certain slenderness of the bars, that is, for a certain value of Pg, it is
possible that the bifurcation due to buckling of the bars occurs exactly at the
maximum point of the equilibrium path for the unbuckled bars. Thus, two
instabilities can occur simultaneously (Fig. 4.55¢, f). Under load control,
snapthrough would prevail over the bifurcation instability, while under displace-
ment control the bifurcation instability would prevail except if the spring is
sufficiently soft, in which case a snapdown can occur.

Problems

4.8.1 For the structures in Figure 4.56a, b, determine the snapdown load on the
basis of the diagram P(q,) of load versus load-point displacement of the
structure without the spring.

4.8.2 For the structures in Figure 4.56¢c, d, determine the snapdown load.

4.8.3 Do the same for the structures in Figure 4.57a,b, c,d, e, f, g.

4.8.4 Do the same for the structures in Figure 4.58a,b,c,d, e, f, g.

b)
a) c3
CI

(o
o
[

-q, q,

Figure 4.56 Exercise problems on equilibrium curves and snapdown of displacement-
controlled systems.
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Figure 4.57 Further exercise problems on equilibrium curves and snapdown of
displacement-controlled systems.

4.8.5 Calculate the response curves for the imperfect structure in Figure 4.58h.

4.8.6 Do the same for the structure in Figure 4.58i. [The resulting diagrams
P(q,), P(q,) are plotted for this case.]

4.8.7 As a generalization of Bergan’s truss (Prob. 4.6.8, Fig. 4.41) consider that
the vertical load P is not applied directly but through a third spring of stiffness
C;. (Snapback can occur then, too.)

4.8.8 For the structure in Figure 4.48 (Eq. 4.8.1), obtain the eigenvectors and
express Il as a sum of squares of orthogonal coordinates y;, according to
Equation 4.1.10.

4.9 INCREMENTAL WORK CRITERION AT EQUILIBRIUM
DISPLACEMENTS

The criterion of minimum potential energy is based on comparing the potential-
energy value at the equilibrium state ¢; under consideration with the potential-
energy values at all adjacent nonequilibrium states g; + dq; with the same load.
In many applications, however, it is more convenient, albeit equivalent, to make
energy comparisons with adjacent equilibrium states for a slightly different load.
This can be done if the stability criterion is reformulated in terms of the work of
equilibrium reactions on displacements (BaZant, 1985).
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Figure 4.58 Further exercise problems on equilibrium curves and snapdown of
displacement-controlled systems.

Stability Criterion

For infinitesimal variations dq; of generalized displacements gq;, the energy
increment from the equilibrium state g, is, according to Equation 4.2.2, if I[1(g;) is
differentiable at least twice,

An—azn—li iKé é K——aﬂ— 4.9.1
- —2i=l j=1 ¥ 09 04 ij_a‘Iia‘Ij D
in which K represents the incremental (tangential) stiffness matrix of the
structure. In Equation 4.9.1 we take note of the fact that 6IT1=0 if the initial
state is an equilibrium state. In the special case that 6’I1=0, higher-order
variations 6"I1 (n >2) must be considered to decide stability, but for §I1#0
they are irrelevant. (Equation 4.9.1 may be extended to structures for which IT
does not exist and Kj; is not unique; see Chap. 10. Then all possible K; matrices
must, of course, be considered. This occurs, e.g., when the unloading and loading
stiffnesses differ.)
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The potential-energy derivatives 9I1/3g; = f; represent the generalized forces
associated with the generalized displacements g;. Instead of considering devia-
tions &q; from equilibrium at no change of applied loads, we now consider that
the applied loads are changed simultaneously with 8q; so that they are equal to
the reactions, that is, equilibrium is maintained at the adjacent state g; + 6q;.
Increments of the applied forces that must be applied to preserve equilibrium are
obviously expressed as

N
of = 21 K, dq; (4.9.2)
i<

The incremental work that must be done on the system to effect displacement

variations 8g; may now be calculated, with second-order accuracy, as follows (see
Fig. 4.59):

N 1 1 1
AW =W =3 (f+306)00, =5 3, b0, =53 3 K, 6,69, =811 (4.9.3)
i=1 i=1 i

In this equation we took note of the fact that, because of equilibrium in the initial
state q;, L;f:6q;=1YX;(311/3q;) 6q;=6I1=0. We see that, same as for the
variation of the potential energy, the second-order terms decide, that is, AW is a
second-order expression (provided the structure behaves linearly at least near the
state g;).

We may now conclude that the incremental second-order work that must be
done on the system in order to produce displacement variations dq; in an
equilibrium manner is exactly equal to the increment of the potential energy
when passing from the initial equilibrium state g, to the state g; + dq; in a
nonequilibrium manner, while the load is kept constant. This means that the
stability criterion may be restated in terms of the incremental work at equilibrium
displacements as follows:

If 8*W >0 for all kinematically admissible 6g,—stable
If 8°W =0 for some kinematically admissible dq,—critical (4.9.4)
If 8°W <0 for some kinematically admissible 6g,—unstable

In other words, if the incremental work expression 8% at equilibrium
displacements is positive definite then the structure is stable. This is the criterion
of incremental work at equilibrium displacements. Although it deals only with
equilibrium states of the system it is equivalent to the criterion of minimum

184 8a;
1 j}“
% 7 N

q; Ch

»T-I—

Figure 4.59 Incremental work.
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potential energy, which refers to nonequilibrium changes since it compares the
equilibrium state with adjacent nonequilibrium states. This criterion is also
equivalent to the incremental stiffness criterion, which requires that, for stability,
the incremental (tangential) stiffness matrix K; must be positive definite. (When
K is not unique, all possible K;; must be positive definite to ensure stability.)

When 6°%W =0 and 6% #0, the critical state is unstable. When &% =
8°W =0, stability of the critical state is decided by the sign of 6*W.

Example 1: Hinged column. For the sake of illustration, let us analyze again the
stability of a perfect simply supported column having length /, bending rigidity
EI, and axial compression force P. We examine the stability of the initial
equilibrium state w(x)=0. For this purpose we consider the variation of
deflections éw(x). To maintain equilibrium after this variation, one must apply
the lateral distributed load:

dp(x) = EI w'V(x) + P 6w"(x) (4.9.5)

The incremental work may be calculated as

AW = fo '3 6p(x) Sw(x) dx (4.9.6)

It is now convenient to introduce the Fourier series expansions:

dp(x)=S of, sin$ ow=> &g, sin$ (4.9.7)
n=1 n=1
Substituting then into Equation 4.9.5 we get
oo 4_4 2.2
3 [(EI%— P%) 8, ~ af,,] sin ™% =0 (4.9.8)
n=1

which can be satisfied identically for all x only if the bracketed expression
vanishes. This yields the equilibrium relation between the displacement para-
meters 84, and the associated distributed load parameters Jf,:

12

0qn = n*a*(P,, — P)

of, (4.9.9)

Substituting this into Equation 4.9.6, we obtain

1 >, n’m?

AW =3 2 8,84, = X, <5 (P, = P) O¢; (4.9.10)
n=1 n=1

The column is stable if this quadradic form is positive definite. This obviously
requires that P, — P >0 for all n. Thus, the stability condition is found to be
P<P,,, as we already showed before on the basis of the potential energy (Eq.
4.3.5). Note that this stability analysis made no use of the potential-energy
expression for the column; it used only the equilibrium relations and the work of
loads. Note also that, due to the linearity of Equation 4.9.5, AW = 8%, that is,
AW contains no terms of order higher than 2.
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Example 2: Rigid-bar column with two degrees of freedom. Consider the
column consisting of two rigid bars connected by hinges and held upright by
rotational springs of stiffness C, a problem we solved before in Section 4.3;
see Figure 4.60. The bars have equal lengths ! and are loaded by a vertical
dead load P; the column has initial imperfections consisting of initial inclinations
of the bars «, and «, (Fig. 4.60a). As generalized displacements, we choose the
inclination angles g, and g, of the lower and upper bars. Based on our preceding
considerations, we must introduce disturbing forces df; and df, associated with g,
and g,; they are represented by moments 6f;, 8f, applied on the lower bar and
the upper bar at the hinges, as shown in Figure 4.60a.

To formulate the conditions of equilibrium, we may consider, for example,
each bar as a separate free body, as shown in Figure 4.60b. First we consider
equilibrium at the initial state for which the axial load is P and the disturbing
loads &f, = 6f, = 0. If the deflections of the column are assumed to be small, the
moment conditions of equilibrium for the lower bar and the upper bar then yield
the equations

Clg1—a)—-C(q2—q1— a,+ ay) — Pl(g, — ay) =0

C(g.—q1—ay+a,)+ Plg,=0

After disturbing loads &f; and df, are applied, the column will find a new

equilibrium condition characterized by generalized displacements ¢, + g, and

g, + 6q,. The moment conditions of equilibrium of the lower and upper bars then
yield

C(q:1+ 69, — a1) — C(q+ 69, — 9, — 69, — a, + &) — Pl(q, + 8q, — &) — 6f; =0

C(g2+069,—q,— 69, — a, + &) + Pl(g, + 8q,) — 8/, =0

(4.9.12)

Subtracting Equations 4.9.11 from Equations 4.9.12 we obtain incremental
equilibrium conditions which may be cast in the following matrix form:

{22} - [ZC—_CPI c-;CPz]{ZZ:} (4.9.13)

The square matrix in this equation represents the incremental stiffness matrix of
the structure subjected to axial load P. For stability, this matrix must be positive
definite. We may now note that this matrix is the same as the matrix of the

(4.9.11)

a) lp b) p

+— 3 3

Figure 4.60 Free-standing two-bar column.
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quadratic form II ; that we obtained previously (Sec. 4.3, Egs. 4.3.16) from the
principle of minimum potential energy. Therefore, the rest of the stability
analysis is the same, and so are the results.

Alternatively, we may base the stability analysis on the incremental work
expression at equilibrium displacements:

AW = 1(6f, 69, + 0f, 6q2) = (K11 643 + 2K, 89, 892 + K1, 8q3) (4.9.14)

Stability requires that the quadratic form in this equation be positive definite.
Obviously this yields again the same stability condition as before.

As in Example 1, note again that in this approach to stability we have used
only equilibrium conditions and work of loads, and made no use of the expression
for potential energy. Also note that this approach can be extended to rigid
columns with springs that do not possess potential energy (e.g., elastoplastic
springs). We will deal with such problems later in Chapters 8 and 10.

If the column is perfect (a; = a, =0), the moment conditions of equilibrium
of the lower and the upper bar directly yield Equation 4.9.13. We see that in this
problem, under the assumption of small deflections, the stability regions of the
perfect and imperfect columns are the same. This is, of course, not true when
angles g, and ¢, are large, but the present approach can easily be generalized to
this case (which was already solved on the basis of potential energy in Sec. 4.3).

Example 3: Spring-loaded von Mises truss. Consider again the von Mises truss
loaded through a spring (Fig. 4.61)—a two-degree-of-freedom system, which we
analyzed in Section 4.8. If the spring is soft enough, the system exhibits an
equilibrium path P(q,) with a snapback and fails by snapdown instability. On the
snapback segment, the equilibrium curve has a positive slope, which in general is
necessary but not sufficient for stability (except for single-degree-of-freedom
systems). Imagine now applying small incremental moments &f; at the support
hinges in the direction of angle q, (Fig. 4.61a). If the system is in the snapback
regime, the slope of the curve P(q,) is negative (Fig. 4.61b), and it is easy to see
that this implies the slope of the curve fi(q,) to be also negative, that is, the
incremental stiffness for the disturbing moment &f; is negative. Thus, the
incremental work AW =1 8f, 8q, is negative for this particular disturbing load.
This proves that the states on the snapback segment of the load-displacement
curve are, despite its positive slope, unstable. Even though the incremental work
approach is equivalent to potential-energy minimization, it is nevertheless often
simpler, as this example illustrates.

a) . b) °)
Nic
N — -
Q4 < q, 3¢, \\\ jr L /’
X 73¢, q, \\‘ \ q, / qQ,
P=f — % =
: Stable

Figure 4.61 Spring-loaded von Mises truss and its stability limits under displacement
control.
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Possibility of Generalization to Inelastic Systems

The incremental work criterion at equilibrium displacements is more general than
the criterion of minimum potential energy because it can be extended to problems
with dissipative forces, which cannot be determined from potential energy. We
will derive such an extension from the laws of thermodynamics in Chapter 10
where we will deal with inelastic structures, which exhibit dissipative processes
such as plasticity, fracture, microcracking, void nucleation and growth, and other
kinds of damage.

The incremental work criterion at equilibrium displacements is equivalent to
the most fundamental thermpdynamic condition that the internally produced
entropy of the system (Sec. 10.1) cannot decrease, as required by the second law
of thermodynamics. The negativeness of A% means that the system can
spontaneously release energy, which must then be dissipated as heat. A process
that dissipates heat increases the internal entropy of the system (precisely by
—AW/T where T = absolute temperature). Therefore, such a process must take
place. This means that the system cannot remain in the initial equilibrium state,
and so the initial state is unstable. On the other hand, if A¥ is positive and no
work is actually done on the structure by &8f;, the change for which A% was
calculated cannot happen because it would cause the internally produced entropy
of the system to decrease by —A#'/T, and so the initial state is stable. Obviously,
these conditions do not require that a potential energy exist. For a more rigorous
analysis, see Section 10.1.

Problems

4.9.1 Consider a hinged column with an axially sliding support and with initial
curvature 2(x) = X a, sin (nzx/I). Find the stability condition under an axial
load P using the concept of incremental work.

4.9.2 Use the criterion of incremental work to find the stability condition for the
systems in Figure 4.62a, b, c.

Figure 4.62 Exercise problems on stability of rigid-bar systems.

4.9.3 Solve the problems of Sections 4.3, 4.4, and 4.5 by the incremental work
approach.

References and Bibliography

Andronov, A. A., and Pontryagin, L. S. (1937), ““Coarse Systems,” Dokl. Akad. Nauk.
SSSR, 14:247; also in Andronov, A. A. (1956), “Sobraniye Trudov,” lzd. Akad.
Nauk. SSSR, p. 181 (Sec. 4.7).



ENERGY METHODS 301

Argyris, G. H., and Kelsey, S. (1960), Energy Theorems and Structural Analysis,
Butterworths, London (Sec. 4.2).

Amold, V. L. (1963), “Small Denominators and Problems of Stability of Motion in
Classical and Celestial Mechanics,” Russian Mathematical Surveys, 18(6) : 85 (Sec.4.7).

Amold, V. I. (1972), “Lectures on Bifurcations in Versal Families,” Russian Mathematical
Surveys, 27(54):54-123 (Sec. 4.7).

Augusti, G. (1961), “Sulla definizione di carico critico delle strutture elastiche” (in
Italian), Giornale del Genio Civile, 99(12):946 (Sec. 4.5).

Augusti, G. (1964), “Stabilita di strutture elastiche elementari in presenza di grandi
spostamenti” (in Italian), A#ti Accademia Scienze Fis. Mat., Napoli, Vol. 4, Series
3, No. 5 (Sec. 4.6).

BaZant, Z. P. (1960), “Mechanical Analysis and New Designs of Safety Ski Binding” (in
Czech), Theory and Practice of Physical Education, 8:562 (Sec. 4.4).

BaZant, Z. P. (1985), Lectures on Stability of Structures, Course 720-D24, Northwestern
University, Evanston, Ill. (Sec. 4.1).

Bazant, Z. P., and Cedolin, L. (1989), “Koiter’s Power Law for Imperfection Sensitivity in
Buckling: Direct Derivation and Applications,” Dept. Civil Eng. Report No.
89-9/C616k, Northwestern University, Evanston, Ill (Sec. 4.6).

Bellini, P. X. (1972), “The Concept of Snap-Buckling Illustrated by a Simple Model,” Int.
J. NonLinear Mechanics, 7:643-50.

Bellini, P. X., and Sritalapat, P. (1988), “Post-Buckling Behavior Illustrated by Two-DOF
Model,” J. Eng. Mech. (ASCE), 114(2):314-27.

Bergan, P. G. (1979), “Solution Algorithms for Non-Linear Structural Problems,”
Proceedings of the International Conference on Engineering Application of the Finite
Element Method, Computas, Norway (Sec. 4.6).

Bergan, P. G. (1982), “Automated Incremental-Iterative Solution Methods in Structural
Mechanics,” in Recent Advances in Non-Linear Computational Mechanics, ed. by
E. Hinton, D. R. J. Owen, and C. Taylor, Pineridge Press Ltd., Swansea, U.K.,
pp. 41-62 (Sec. 4.6).

Biezeno, C. B. (1938), “Das Durchschlagen eines schwach gekriimmten Stabes,”
Zeitschrift Angew. Math. und Mech. (ZAMM) 18:21 (Sec. 4.4).

Budiansky, B. (1974), “Theory of Buckling and Post-Buckling of Elastic Structures,” in
Advances in Applied Mechanics, vol. 14, ed. by C. S. Yih, Academic Press, New
York, pp. 1-65 (Sec. 4.6).

Byskov, E., and Hutchinson, J. W. (1977), “Mode Interaction in Axially Stiffened Shells,”
AIAA Journal, 15:941-48 (Sec. 4.7).

Chilver, A. H. (1967), “Coupled Modes of Elastic Buckling,” J. Mech. Phys. Solids,
15:15-28; Appl. Mech. Rev., 20:Rev. 7755 (Sec. 4.6).

Courant, R., and Hilbert, D. (1962), Methods of Mathematical Analysis, Vol. 1,
Interscience Publ. (John Wiley & Sons), New York (transl. from German, Springer
Verlag 1937) (Sec. 4.1).

Croll, J. G. A., and Walker, A. C. (1972), Elements of Structural Stability, Macmillan,
London (Sec. 4.6).

Dowling, P. J. (1975), “Strength of Box-Girder Bridges,” J. Struct. Eng. (ASCE),
101(9): 1929-46 (Sec. 4.6).

Faddeev, D. K., and Faddeeva, V. N. (1963), Computational Methods of Linear Algebra,
Freeman, San Francisco—London.

Franciosi, V., Augusti, G., and Sparacio, R. (1964), “Collapse of Arches under Repeated
Loading,” J. Struct. Eng. (ASCE), 90(1):165 (Sec. 4.4).

Franklin, J. N. (1968), Matrix Theory, Prentice-Hall, Englewood Cliffs, N.J., (Sec. 4.1).

Fung, Y. C., and Kaplan, A. (1952), “Buckling of Low Arches of Curved Beams of Small
Curvature,” NACA TN 2840 (Sec. 4.4).



302 ELASTIC THEORIES

Gantmacher, F. R. (1959), The Theory of Matrices I, II, Chelsea (transl. from Russian,
Gostekhizdat, Moscow, 1953) (Sec. 4.1).

Gjelsvik, A., and Bodner, S. R. (1962), “The Energy Criterion and Snap-Buckling of
Arches,” J. Eng. Mech. (ASCE), 88(5):87-134.

Guggenheim, E. A. (1980), “Thermodynamics,” in Encyclopedia Britannica; also,
“Thermodynamics, Classical and Statistical,” in Encyclopedia of Physics, vol. I11/2,
ed. by S. Fliigge, Springer-Verlag, Berlin, 1959, pp. 1-118 (Sec. 4.4).

Hansen, J. S. (1977), “Some Two-Mode Buckling Problems and Their Relation to
Catastrophe Theory,” AIAA Journal, 15:1638-44 (Sec. 4.7).

Ho, D. (1972), “The Influence of Imperfections on Systems with Coincident Buckling
Loads,” Int. J. Nonlinear Mech., 7:311-21.

Ho, D. (1974), “Buckling Load of Nonlinear Systems with Multiple Eigenvalue,” Int. J.
Solids and Structures, 10:1315-30.

Hoff, N. J., and Bruce, V. G. (1953), “Dynamic Analysis of the Buckling of Laterally
Loaded Flat Arches,” J. Math. and Phys., XXXI1(4):276-88 (Sec. 4.4).

Hohn, F. E. (1958), Elementary Matrix Algebra, Macmillan, New York (Sec. 4.1).

Huddleston, J. V. (1968), “Finite Deflections and Snap-Through of High Circular
Arches,” J. Appl. Mech. (ASME), 35:763-69.

Hui, D. (1984), “Effects of Mode Interaction on Collapse of Short, Imperfect, Thin-
Walled Columns,” J. Appl. Mech. (ASME), 51:556-73 (Sec. 4.7).

Hui, D. (1985), “Amplitude Modulation Theory and Its Application to Two-Mode
Buckling Problems,” Zeitschrift fiir Angew. Math. und Phys. (ZAMP), 35(6):789-
802.

Hui, D. (1986), “Viscoelastic Response of Floating Ice Plates under Distributed or
Concentrated Loads,” J. Strain Analysis 21(3):135-43. (Sec. 4.7).

Hui, D., and Hansen, J. S. (1980), “The Swallowtail and Butterfly Cuspoids and Their
Application in the Initial Post-Buckling of Single-Mode Structural Systems,” Quart.
Appl. Math., 38:17-36 (Sec. 4.7).

Hui, D., and Hansen, J. S. (1981), “The Parabolic Umbilic Catastrophe and Its
Application in the Theory of Elastic Stability,” Quart. Appl. Math., 39:201-220
(Sec. 4.7).

Hunt, G. W. (1983), “Elastic Stability: in Structural Mechanics and Applied Mathematics;
Collapse: the Buckling of Structures in Theory and Practice,” IUTAM Symposium
held at University College, London, pp. 125-47, Cambridge University Press,
London (Sec. 4.7).

Hutchinson, J. W. (1967), “Imperfection-Sensitivity of Externally Pressurised Spherical
Shells,” J. Appl. Mech. (ASME), 34:49-55 (Sec. 4.6).

Hutchinson, J. W., and Koiter, W. T. (1970), “Post-Buckling Theory,” Appl. Mech. Rev.,
13:1353-66 (Sec. 4.6).

Iooss, G., and Joseph, D. D. (1980), Elementary Stability and Bifurcation Theory,
Springer-Verlag, New York, p. 286.

Johns, K. C., and Chilver, A. H. (1971), “Multiple Path Generation at Coincident
Branching Points,” Int. J. Mech. Sci., 13:899-910.

Koiter, W. T. (1945), “Over de stabiliteit van het elastische evenwicht,” Dissertation,
Delft, Holland. Translation: “On the Stability of Elastic Equilibrium,” NASA
TT-F-10833, 1967 and AFFDL-TR-70-25, 1970 (Sec. 4.6).

Koiter, W. T. (1963), “Elastic Stability and Post-Buckling Behavior,” in Nonlinear
Problems, ed. by R. E. Langer, University of Wisconsin Press, Madison.

Koiter, W. T. (1967), “Post-Buckling Analysis of Simple Two-Bar Frame,” in Recent
Progress in Applied Mechanics, ed. by B. Broberg et al. (Folke Odqvist Volume),
Almgqyvist and Wiksell, Sweden, p. 337 (Sec. 4.5).



ENERGY METHODS 303

Koiter, W. T., and Kuiken, G. D. C. (1971), “The Interaction between Local Buckling
and Overall Buckling on the Behavior of Built-Up Columns,” Report No. 447,
Laboratory of Engineering Mechanics, Delft (Sec. 4.6).

Koiter, W. T., and Skaloud, M. (1963), “Interventions, comportement postcritique des
plaques utilisées en construction métalliques,” Mém. Soc. Sci. Liege, 5:64—68 and
103-104 (Sec. 4.7).

Korn, G. A., and Korn, T. M. (1968), Mathematical Handbook for Scientists and
Engineers, 2nd ed., McGraw-Hill, New York (Sec. 4.1).

Langhaar, H. L. (1962), Energy Methods in Applied Mechanics, John Wiley & Sons, New
York.

Lee, C. S., and Lardner, T. J. (1989), “Buckling of Three-Dimensional Rigid-Link
Models,” J. Eng. Mech. (ASCE), 115(1):163-77.

Magnus, R. J., and Poston, T. (1977), “On the Full Unfolding of the von Kirméin
Equations at a Double Eigenvalue,” Math. Report No. 109, Battelle Advanced
Studies Center, Geneva, Switz. (Sec. 4.7).

Marguerre, K. (1938), “Die Durchschlagskraft eines schwach gekriimmten Balken,” Sitz.
Berlin Math. Ges., 37:92 (Sec. 4.4).

Masur, E. F., and Lo, D. L. C. (1972), “The Shallow Arch—General Buckling,
Post-Buckling and Imperfection Analysis,” J. Struct. Mech., 1(1):91 (Sec. 4.4).

Oran, C. (1968), “Complementary Energy Method for Buckling of Arches,” J. Eng.
Mech. (ASCE), 94(2):639-51.

Pearson, C. E., ed. (1974), Handbook of Applied Mathematics, Van Nostrand Rheinhold
Co. (Sec. 4.1).

Pecknold, D. A., Ghaboussi, J., and Healey, T. J. (1985), “Snap-Through and Bifurcation
in a Simple Structure,” J. Eng. Mech. (ASCE), 111(7):909-22. See also discus-
sion, 113(12):1977-80.

Poston, T., and Stewart, 1. (1978), Catastrophe Theory and Its Applications, Pitman,
London (Sec. 4.7).

Rektorys, K. (1969), Survey of Applicable Mathematics, lliffe Books, London, (Sec. 4.1).

Roorda, J. (1965), “Stability of Structures with Small Imperfections,” J. Eng. Mech.
(ASCE), 91(1):87-106 (Sec. 4.4).

Roorda, J. (1971), “An Experience in Equilibrium and Stability,” Tech. Note No. 3, Solid
Mech. Div., University of Waterloo, Canada (Sec. 4.5).

Schreyer, H. L., and Masur, E. F. (1966), “Buckling of Shallow Arches,” J. Eng. Mech.
(ASCE) 92(4):1-19.

Sewell, M. J. (1970), ““On the Branching of Equilibrium Paths,” Proceedings of the Royal
Society, London, A315:499-518.

Shilov, G. E. (1977), Linear Algebra, Dover Publ., New York (transl. from Russian) (Sec.
4.1).

Simitses, G. J. (1973), “Snapping of Low Pinned Arches on an Elastic Foundation,” J.
Appl. Mech. (ASME), 40(3):741 (Sec. 4.4).

Simitses, G. J. (1976), An Introduction to the Elastic Stability of Structures, Prentice-Hall,
Englewood Cliffs, N.J. (Sec. 4.1).

Simitses, G. J., and Rapp, 1. H. (1977), “Snapping of Low Arches with Non-Uniform
Stiffness,” J. Eng. Mech. (ASCE), 103(1):51-65 (Sec. 4.4).

Smale, S. (1967), “Differentiable Dynamic Systems, ” Bull. Ann. Math. Soc., 73:747 (Sec.
4.7).

Smirnov, V. (1970), Cours de mathématique supérieure, vol. 3, Mir Publishers, Moscow

Sec. 4.1).

Sridhar(an, S. (1983), “Doubly Symmetric Interactive Buckling of Plate Structures,” Int. J.

Solids Struct., 19:625-41 (Sec. 4.7).



304 ELASTIC THEORIES

Stein, M. (1968), “Recent Advances in the Investigation of Shell Buckling,” AIAA
Journal, 6(12):2239-45 (Sec. 4.6).

Strang, G. (1980), Linear Algebra and Its Applications,- Academic Press, New York (Sec.
4.1).

Strang, G. (1986), Introduction to Applied Mathematics, Wellesley-Cambridge Press,
Wellesley, Mass. (Sec. 4.1).

Supple, W. J. (1967), “Coupled Branching Configurations in the Elastic Buckling of
Symmetric Structural Systems,”” Int. J. Mech. Sci., 9:97-112 (Sec. 4.6).

Szabo, J., Gaspar, Z., and Tarnai, T. (1986), Post-Buckling of Elastic Structures, Elsevier
Science Publ., Netherlands.

Theocaris, P. S. (1984), “Instability of Cantilever Beams with Non-Linear Elements:
Butterfly Catastrophe,” Int. J. Mech. Sci., 26(4):265-75.

Thom, R. (1975), Structural Stability and Morphogenesis, translated from French by D. H.
Fowler, Benjamin, Reading (Sec. 4.7).

Thompson, J. M. T. (1969), “A General Theory for the Equilibrium and Stability of
Discrete Conservative Systems,” Zeitschrift fir Angew. Math. Phys. (ZAMP),
20:797 (Sec. 4.7).

Thompson, J. M. T. (1970), “Basic Theorems of Elastic Stability,” Int. J. Eng. Sci., 8:307
(Sec. 4.7).

Thompson, J. M. T. (1982), Instabilities and Catastrophes in Science and Engineering, John
Wiley and Sons, Chichester—New York, 240 pp. (Sec. 4.7).

Thompson, J. M. T., and Hunt, G. W. (1973), A General Theory of Elastic Stability, John
Wiley & Sons, London (Sec. 4.6).

Thompson, J. M. T., and Hunt, G. W. (1974) “Dangers of Structural Optimization,”
Engineering Optimization, 1:99-110.

Thompson, J. M. T., and Hunt, G. W. (1977), “A Bifurcation Theory for the Instabilities
of Optimization and Design,”” Synthese, 36:315 (Sec. 4.7).

Thompson, J. M. T., and Hunt, G. W. (1984), Elastic Instability Phenomena, John Wiley
& Sons, Chichester (Sec. 4.2).

Thompson, J. M. T., and Supple, W. J. (1973), “Erosion of Optimum Designs by
Compound Branching Phenomena,” J. Mech. Phys. Solids, 21:135 (Sec. 4.6).

Timoshenko, S. P. (1935), “Buckling of Curved Bars with Small Curvature,” J. Appl.
Mech. (ASME), 2(1):17 (Sec. 4.4).

Timoshenko, S. P., and Gere, J. M. (1961), Theory of Elastic Stability, McGraw-Hill, New
York (Sec. 4.4).

Tvergaard, V. (1973), “Imperfection Sensitivity of a Wide Integrally Stiffened Panel under
Compression,” Int. J. Solids Struct., 9:177-92 (sec. 4.7).

Tvergaard, V., and Needleman, A. (1980), “On the Localization of Buckling Patterns,” J.
Appl. Mech. (ASME), 47:613-9.

Van der Neut, A. (1968), ‘The Interaction of Local Buckling and Column Failure of
Thin-Walled Compression Members,” Proceedings of XII Internat. Cong. Appl.
Mech., Stanford, pp. 389-99 (Springer-Verlag).

Washizu, K. (1975), Variational Methods in Elasticity and Plasticity, 2nd ed., Pergamon
Press, Oxford—-New York, 412 pp. (Sec. 4.2).

Wicks, P. J. (1987), “Compound Buckling of Elastically Supported Struts,” J. Eng. Mech.
(ASCE), 113(12):1861-69 (Sec. 4.7).

Zeeman, E. C. (1977), Catastrophe Theory: Selected Papers 1972-1977, Addison-Wesley,
London (Sec. 4.7).

Zurmiihl, R. (1958), Matrizen, Springer-Verlag, Berlin (Sec. 4.1).



5

Energy Analysis of Continuous Structures
and Approximate Methods

The energy criterion of stability, as stated in the Lagrange—Dirichlet theorem, is
the most effective way to analyze stability of conservative structural systems. The
use of the energy criterion for stability analysis is simpler than the fundamental
dynamic approach. However, this is not the only use of the energy criterion.

The energy approach is also valuable for obtaining approximate values of the
critical loads of more complex conservative structural systems. For example, the
exact solution of the critical load of a column of nonuniform stiffness, or a column
with variable axial force, or a column whose buckling is resisted by a weak lateral
spring placed between the column ends is, in principle, straightforward, however,
computationally much more laborious. Quite accurate, yet simple approximations
of the critical load can be obtained with the energy approach by using estimated
approximate shapes of the deflection curve. These shapes may be chosen either
on the basis of experience and experimental observations, or they may be taken
the same as the exact solution of a simplified problem, for example, a column of
uniform rather than nonuniform bending rigidity.

It turns out that the approximate values of critical loads obtained from the
energy criterion always represent upper bounds on the exact values. For
structural design, however, it would be preferable to have a principle that would
yield a lower-bound approximation to the critical load. Obviously, it would better
serve the safety of design. Unfortunately, though, determination of close,
generally applicable lower bounds that would be as simple to calculate as the
Rayleigh quotient P (Sec. 5.3) has proven to be an elusive goal and in general
the quest has not yet succeeded, although a good lower bound of the first critical
load can be obtained on the basis of successive approximations, provided that a
not too poor lower bound for the second critical load is known (Sec. 5.8). The
situation in stability is unlike that in plasticity, where both upper and lower
bounds that give good approximations for the collapse load are available and are
both equally easy to calculate.

When the approximate deflection curve can be guessed so that there is only
one unknown parameter, a good upper-bound approximation to the critical load
can be obtained simply by evaluation of an explicit expression, known as the
Rayleigh quotient. When the deflection shape cannot be guessed with sufficient
accuracy, one can obtain an upper-bound approximation for the lowest critical
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load by minimization of the potential energy with respect to several parameters of
the assumed deflection shape. This is the essence of the Rayleigh-Ritz method.
Similar results can be obtained on the basis of the differential equation using the
Galerkin method.

In the present chapter we will develop these energy approximations in detail,
and amply illustrate them by examples. At the beginning of the chapter we will
need to clarify the relationship between the potential-energy expression and the
differential equation of the problem with its boundary conditions. This relation-
ship is provided by the calculus of variations, and for the reader’s convenience we
will present a brief overview of this branch of mathematics. Its understanding is
essential for approximate energy-based methods as well as for the stability
analysis of continuous structures in general, which represents the unifying theme
of the present chapter.

5.1 INDIRECT VARIATIONAL METHOD AND EULER EQUATION

The stability analysis illustrated in the preceding chapter, in which the structure is
discrete or discretized and the expression for the second variation of potential
energy is reduced to a quadratic form, is called the direct variational approach. In
contrast to this approach, continuous structures can be analyzed also by an
indirect variational method in which the structure is not discretized but
differential equations are obtained from the minimizing condition for the
potential energy. In general, the potential energy is a function of a function, that
is, [I=II{w(x)], which is called a functional. The conditions of a minimum (or
maximum) of a functional are studied in the calculus of variations, and for the
reader’s convenience we now give a brief overview of this mathematical theory
(e.g., Elsgol’ts, 1963; Fung, 1965; Courant and Hilbert, 1962; Stakgold, 1967).

Review of the Calculus of Variations

We are interested in determining the conditions of a minimum of functional IT of
one function w of one variable x, that is,

M{w(x)] = Ll o(x, w, w', w")dx (5.1.1)

Function w(x) is assumed to be continuous and have continuous first four
derivatives in the interval 0 <x </, and, at the boundaries x =0 and x =1, the
function is subjected to the appropriate boundary conditions. The problem is to
find the function w(x) that makes the functional in Equation 5.1.1 a minimum.
Let w(x) be the exact solution we seek (Fig. 5.1a), and consider all possible
functions that are close to w(x). These functions may be written as w(x) + dw(x)
where Ow(x) = ew(x) = variation of function w, &=variable parameter, and
w(x) = any chosen (fixed) function that has the same continuity properties as
w(x) and is such that the sum w + ew satisfies the same kinematic boundary
conditions as w. Function w(x) is then said to be kinematically admissible; see
Figure 5.1a. Replacing w(x) by w(x) + ew(x) in Equation 5.1.1, the functional IT
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Figure 5.1 Variations of functlon w which represents the exact solution.

becomes a function of parameter £ alone because functions w(x) and Ww(x) are
fixed. So we have

M{w(x) + ew(x)] =f(€) = fl o(x, w+ew, w +ew’, w'+ ew")dx (5.1.2)

A necessary, albeit not sufficient, condition of a minimum of function f(¢) is
that df /de =0 at £ = 0. Recalling the rules for differentiation of an integral and of
an implicit function, we then obtain from Equation 5.1.2:

di_df(e)_ (‘00
de de o O€

+o . (x,wtew,.. W+ (x+w+ew", .. IW]dx (5.1.3)

]
=I [f..(x, w + W, w' + &', W'+ en")W
(1]

in which we introduce the notations ¢, = 3¢/dw, ¢, =3¢/ow’, and ¢ .- =
o¢/ow". After setting € =0, it is now customary to multiply this equation by &,
which yields

6l = 6H[w(x)]—e[d ] f[¢ WX, w, w', w") dw(x)

+¢.(x, w,w', w)ow'(x) + @ .(x,w, w', w)éw'(x)]dx=0 (5.1.4)
in which 6I1 is called the first variation of functional I1, and
Sw(x) = ew(x) Sw'(x) = ew'(x) Sw"(x) = ew"(x) (5.1.5)

These expressions define the first variation of the function w(x) and its
derivatives.

It is now useful to eliminate the derivatives of dw(x) from Equation 5.1.4.
This may be achieved if the second term in the integrand is integrated by parts
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once, and the third term by parts twice. The result is

')
STL= [y wlo + [y, 6wl + [ 9(x) w(x) dx =0 (5.1.6)
0
with the notation

d d* d
‘!IJ(X)= ¢.w—a ¢.w‘+a;2'¢.w" Y= ¢.w'_ax.¢,w' Y2= ¢.w" (5.17)

where the arguments x, w, w', w"” are omitted for brevity.

Equation 5.1.6 must be satisfied for any choice of function w(x) that is
kinematically admissible, that is, for any shape of the curve of variation éw(x).
The word ““any” is crucial. It has the consequence that (1) y(x) =0 for all points
x within the interval (0,7), and (2) at each boundary (x =0 and x =) either
éw =0or ¥, =0, and either dw’ =0 or y, =0. This consequence is known as the
fundamental lemma of the calculus of variations (Fung, 1965).

This lemma may be proven by demonstrating the impossibility of the opposite.
Thus, consider that the foregoing conclusion is not true, that is, that y(x)#0, at
least in some parts of the interval; see Figure 5.1b. Due to the continuity
properties, function ¥(x) must then be nonzero in some finite intervals.
However, one can then choose some function w that is nonzero in the same
intervals and has always the same sign as y(x). Then, if the terms in front of the
integral are made to vanish, 811 is positive and thus cannot be zero. But this
violates the necessary condition of the minimum. Therefore, y(x) =0 is the only
possibility. Similarly, if 6w #0 at the boundary point (x =0 or x =), and if we
assume that v, may also be nonzero at that point (Fig. 5.1c), then the expression
in Equation 5.1.6 can always be made nonzero by choosing the function w(x) to
have some finite value at the boundary point. A similar argument can be made
for the second boundary term (at x =) in front of the integral in Equation 5.1.6.
Thus, ¥, =0 (or y,=0) is the only possibility if 6w (or dw’) can be nonzero at
the boundary point according to the given boundary conditions.

Therefore, the condition of a stationary value of functional II, which
represents the necessary, albeit not sufficient, conditions of the minimum of I1,
are as follows:

2
0¢_49¢ 499 o foro=xsl (5.1.8)

and forx=0and x =1:

d
Either w=0 or ¢ — ax ¢u-=0 (5.1.9a)
and
Either w'=0 or ¢w-=0 (5.1.9b)

As an example consider the total potential energy for an axially loaded
inextensible column. It can be obtained by adding the strain energy of bending of
the beam (with bending rigidity EI) and the work of the axial load and lateral
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= J: BEW™ — P(3w'?) - pw] dx (5.1.10)
Evaluating the derivatives of the integrand, we have ¢, = -p, ¢, = —Pw',

¢..~= EIw". Substituting this into Equation 5.1.8, we then get the well-known
differential equation of equilibrium:

(EIw"Y' +(Pw') =p (5.1.11)
while from Equations 5.1.9 for the boundary points we get
Either w=0 or (EIw") = Pw'=V =0 (5.1.12a)
and
Either w=0 or Ew"'=M=0 (5.1.12b)

which we recognize to be the well-known boundary conditions for a beam.

Equation 5.1.8 is called the Euler equation of the variational problem, first
derived by Euler (who obtained it as the limiting case of finite difference
approximations). The boundary conditions on the left of Equations 5.1.9a,b are
called in mathematics the essential boundary conditions, and in mechanics the
kinematic boundary conditions, while the boundary conditions on the right of
Equations 5.1.9a,b are called in mathematics the natural boundary conditions,
and in mechanics the static boundary conditions.

Application to Structures Possessing a Potential Energy

As one basic observation, we see that not every boundary condition that may
randomly come to mind is admissible as a boundary condition if the problem is
known to possess potential energy. The condition that the potential energy must
be a strict minimum yields not only the differential equation of the problem but
also the admissible forms of the boundary conditions. This observation sheds
further light on the discussion of nonconservative loads in Section 3.2. In
particular, this observation explains that the boundary conditions for the follower
force are incompatible with the existence of a potential energy (since they
disagree with the natural boundary conditions according to Egs. 5.1.12a, b). This
discrepancy further implies that the follower load is nonconservative, as we
established before by other means.

The energy functional, of course, does not have to be quadratic. For example,
the potential-energy expression for large deflections of a simply supported
inextensible column can be written as I1= f{[3EI68'* — P(1 — cos )} ds where
6 =slope of a deflected beam, which is a function of the length coordinate s
measured along the arc of the deflected beam. Denoting the integrand as ¢, we
have ¢ o= —Psin 8, ¢ o = EIF’, and so the Euler equation yields (EI6') +
P sin 6 =0, which is the same as obtained before in Section 1.9 (Eq. 1.9.1).

The Euler equation as well as the associated kinematic and static admissible
boundary conditions are easily generalized to problems where the energy density
function ¢ depends on higher derivatives of w, to problems where it depends on
several functions of one variable x, and to problems where it depends on one or
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generalizations when we analyze stability of thin-walled beams and of plates.

The Euler equation obtained in the foregoing mathematical derivation, of
course, ensures only that the functional has a stationary value, but does not prove
it achieves a minimum. However, when dealing with functionals such as the
potential energy we are sure, on physical grounds, that the stable states
correspond to a minimum rather than a maximum or no extreme at all {inflection
point of f(¢), Eq. 5.1.2]. (This is also clear from the fact that the operators
involved in the potential-energy expression for the differential equation must be
symmetric and self-adjoint in the stable states at very small loads.)

The Euler equation with its proper boundary conditions, which represents the
condition that 8II=0, is in mechanics generally equivalent to the equilibrium
condition. However, in the frequent special case that w(x) =0 is an equilibrium
state, the Euler equation (with its proper boundary conditions) is also equivalent
to the Trefftz condition for the critical load, 8(8°IT) = 0; see Equation 4.2.6. The
reason is that, due to the fact that dw(x) =w(x), we have in this special case
8 II=1II for linear problems, and 6’I=II with second-order accuracy for
nonlinear problems.

Review of Positive-Definite and Self-Adjoint Operators

Before turning to practical applications in the next section, it might be useful to
review from a course of mathematics some basic properties of positive-definite
operators. The problem of critical load for a linear system is a special case of an
eigenvalue problem, which is generally given by the linear differential equation

Mw — PNw=0 (5.1.13)

with homogeneous boundary conditions; M and N are linear differential
operators and P is the eigenvalue to be found. In the special case of column
buckling we have (cf. Eq. 5.1.11) M = (d*/dx*)[EI(x) d*/dx?] and N = —d?*/dx>.
We may define a scalar product (or inner product) of two functions as
(u, w)= [u(x)w(x) dx, (0,1) being the given domain. Operator M is called
positive definite if (Mw, w)>0 for any admissible function w (except w =0). If
(Mu, v) = (4, Mv), the operator is called symmetric, and if it is bounded, it is
also called self-adjoint. Since we will consider only bounded (continuous)
operators, these two terms become synonymous.

Theorem 5.1.1 If M and N are positive-definite operators, then all eigen-
values of Equation 5.1.13 are positive.

Proof Taking a scalar product of Equation 5.1.13 with w, we have
((Mw — PNw), w)=0 or (Mw, w)— P(Nw,w)=0. Because (Mw, w)>0 and
(Nw, w) >0, P must be positive.

Theorem 5.1.2 If M and N are symmetric, the eigenfunctions w,, and w,
associated with two different eigenvalues P, and P, are orthogonal in the sense
that (Mw,,, w,)=0 as well as (N¥w,,, w,) =0. In the special case that N is an
identity operator, we have (w,,, w,) =0.
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Proof (Collatz, 1963; Courant and Hilbert, 1962) By definition Mw,, —
P, Nw,=0. Taking a scalar product of these equations with w, and w,,
respectively, and subtracting the resulting equations, we have (Mw,, w,) —
(Mw,, w,,) — P (NW,,, w,) + P, (Nw,, w,,) =0. Obviously, (Nw,, w,,) =
(Nw,,, w,,) and (Mw,,, w,)=(Mw,, w,,) because of symmetry. Thus (P, —
P.)(Nw,, w,)=0 and when P, #P,, we finally obtain (Nw,, w,)=0.
Furthermore, taking again a scalar product of the equation (Mw,, — P, _Nw,,)
with w,,, we have (Mw,,,, w,,)) = P;, (Nw,,, w,,) or (Mw,,, w,) =0.

The differential equation for column buckling (Eq. 5.1.11) may now be
considered as a special case of the equation Lw =p, with L =M — PN. If M and
N are symmetric, L is also symmetric, as one can readily verify.

Theorem 5.1.3 (e.g., Dym and Shames, 1973, p. 156) If the equation Lw =p
has a solution and if L is a self-adjoint positive-definite operator, then the
function which minimizes the functional

I(w)=3(Lw, w) - (w, p) (5.1.14)

is a solution of the differential equation and, conversely, the solution of the
differential equation (with homogeneous boundary conditions) minimizes the
functional.

Proof Consider a family of functions w + dw such that éw = ew where ¢ is
an arbitrary parameter and w is any chosen function that is admissible for the
field of definition of L (which also implies that w satisfies homogeneous boundary
conditions). Consider that w is the function that minimizes I(w), that is,
I(w + ew) — I(w) >0 for £ #0. Substituting from Equation 5.1.14, we obtain

WL(w +ew), w + ew) — (w + ew, p) —3L(w, w) + (w, p) >0 (5.1.15)
This may be rearranged as
(Lw, w) + e(Lw, w) + (LW, w) + €*(Lw, w)]
-(w,p) - e(w, p) - %L(W’ w)+(w,p)>0 (5.1.16)
or
(Lw, W) + (Lw, w) —2(w, p)le + 3(Lw, w)e2>0  (e#0) (5.1.17)

Since L is assumed to be a self-adjoint operator, we have (Lw, w) =(Lw, w),
and this provides

[(Lw, w) — (W, p))e + 3(Lw, w)e2>0  (e+#0) (5.1.18)

This is a quadratic expression of the form a,¢ + a,e®. Clearly such an expression
can be positive for all £ #0 only if a, = 0. Thus (Lw, w) — (W, p) =0, which may
be rewritten as

((Lw—=p), w)=0 (5.1.19)

Because this equation must hold for any (admissible) w, it follows (by virtue of
the basic lemma of the calculus of variations) that Lw — p =0, that is, w satisfies
the differential equation. Furthermore, to prove the converse of the theorem, we
consider that w is a solution of the differential equations with its homogeneous
boundary conditions and we try to prove that w minimizes /(w). To this end we
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express I(w) by substituting Lw for p. This gives
Iw+ew)=3(L(w+ ew), w + ew) — (Lw, w + eW)
= —1(Lw, w) + 3[(LW, w) + (Lw, W)
= 2(Lw, w))e + 1L(W, W)€
Using the self-adjoint property, (Lw, w) = (Lw, w), and so we have
I(w + ew) = —3(Lw, w) + (LW, w)&? (5.1.20)

For I to be a minimum at £ =0, it is necessary that (Lw, w) >0, that is, operator

L must be positive definite. Also, if L is positive definite, I achieves a minimum
at e=0.

Note that the use of the self-adjoint property in this proof has replaced the use
of integration by parts. The second term on the right-hand side of Equation
5.1.20 is called the second variation of the functional, &I =i(Lw, w)&%. The
condition that the extreme is a minimum may be stated as 621 >0, which is
similar to Equation 4.2.5 for discrete systems.

As an example, let us consider a beam-column with homogeneous boundary
conditions and verify that I(w), defined by Equation 5.1.14, represents its
potential energy, as expected. We have

1 ! 1 ] {
I(W)=§ jo w(EIw")”dx—EP jo w(—w") dx — jo pw dx (5.1.21)

Integrating by parts, we get
r 1 P 1
I(w)= j [— 5 w'(EIw")' — 3 w'? —pw] dx + 5 [w{(EIW")' + Pww'});
0

1 P 1 1
= L (E Elw"™ — ) w'? —pw) dx — 5 [Vw], - 5 [Mw'], (5.1.22)
where we used —(EIw")' — Pw’' = —M' — Pw’' =V =shear force. The boundary
terms [ ]5 vanish due to the fact that the boundary conditions must be either
kinematic (w =0, w’' =0) or static (V =0, M =0). The remaining expression is
indeed the potential energy of a beam-column.

Finally, note the analogy with matrix eigenvalue problems (Sec. 4.1), for
example, the analogy between orthogonality of eigenvectors and of eigenfunc-
tions. This is not surprising, since an eigenfunction can be regarded as the limiting
case of an infinite-dimensional eigenvector.

Problems

5.1.1 Derive the Euler differential equation and boundary conditions for the
energy integrand that also contains w” and w'V.

5.1.2 Assume an elastic but nonlinear moment-curvature relation M = EI(1 —
kw")w"” where El, k = constants, formulate the potential energy, and use the
calculus of variations to derive the Euler differential equation for w(x) with
the boundary conditions. Check it from the equilibrium conditions for beam
element dx.
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5.1.3 Solve the same problem as above but M = EIw" (EI=const.) and
deflections are large. Use the approximation M = El/p = EIw"(1 —3w'?/2)
(Sec. 1.1) and, for the work of load P, express (ds — dx)/dx up to terms that
are of the next higher order in w than the approximation 3 [ Pw'?dx.
Consider that P = P+ P, where F,=initial load and P, = increment during
buckling, and assume the column as inextensible.

5.1.4 Do the same but assume M = EI(w" + kw'Y), with EI, k = constants, while
the deflections are small and the behavior is linear. (This expression for M
appears in some recent nonlocal continuum theories for heterogeneous
materials, e.g., BaZant, 1984).

5.1.5 Do the same, but assume M = EI(w" + w").

5.1.6 Using the operator approach, prove that, for P <P, the potential energy
I1 for a pin-ended beam-column has a minimum with respect to parameter &
for any chosen w(x) (and not a maximum or an inflection point).

§.1.7 Adding the term [3EAu’?dx to the expression for II, where u = axial
displacement, show that variational calculus yields for u(x) a separate
differential equation that reads AP = —EAu’ (provided the deflections are
small and the behavior is linear). Discuss the result with respect to buckling of
a column whose ends during buckling either slide freely or are restrained
against sliding in the axial direction (Fig. 1.2).

5.1.8 Formulate IT for the free-standing column loaded on top by an elastic
stretched cable anchored at the base. (a) Follow the procedure of variational
calculus to obtain the boundary conditions on top, and check them by
equilibrium considerations. (b) Do the same when the tendon is anchored at a
distance a below or above the base. (c) Can you do the same if P is not
applied by a cable but is a follower load (tangential to the column on top)?
(d) Deduce from IT the boundary conditions of the columns in Figures 1.11
and 1.13.

5.1.9 Prove from the potential energy expression that a prestressed column
(whose tendon has no lateral free play) cannot buckle.

5.1.10 Write the potential energy for a pipe column filled with water and loaded
by force P applied on a piston in the pipe at its end (Fig. 1.22). Derive from it
the differential equation with boundary conditions and the critical load.

5.1.11 (a) Express the potential energy of a beam with shear in general, and of a
sandwich beam in particular. (b) Derive from it the differential equations and
boundary conditions for w(x) and ¥(x) given in Section 1.7 (Egs. 1.7.8).

5.1.12 Using the potential-energy expression for a beam with shear from Problem
5.1.11, assume a suitable deflection shape w(x), y(x) for a free cantilever
column (Fig. 5.2) and determine the critical height k& for loading by own
weight (this is an estimate of maximum height of a tall building, wind and
earthquake disregarded).

Figure 5.2 Exercise problem on cantilever column under own weight.
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5.1.13 Formulate the potential energy for three-dimensional buckling of a doubly
symmetric I-beam under axial load and torque, using all the assumptions from
Section 1.10. Derive from it the differential equations for v(x) and w(x) from
Section 1.10.

5.2 BEAM ON ELASTIC FOUNDATION

To illustrate applications of the calculus of variations, let us study beams on
elastic foundations, which are widely encountered in engineering practice. They
may be used for approximate description of the behavior of foundation beams or
pavements resting on deformable subsoil (Fig. 5.3a, b). Ice sheets floating on
water behave as beams or plates on elastic foundation. The beam on elastic
foundation is also extensively used as a simplified model for the buckling of piles
embedded in soil. Another type of problem that may be approximately treated as
a beam on elastic foundation is the lateral buckling of the compression belt of a
truss bridge of U-shaped cross section (belt 12 in Fig. 5.3c), provided the elastic
reactions due to deformation of the U-shaped cross section are approximately
treated as uniformly distributed. Axisymmetric deformations of axially com-
pressed cylindrical shells (Fig. 5.3d) are also equivalent to the problem of a beam
on elastic foundation.

Potential Energy and Differential Equations

The elastic foundation is usually considered as the limiting case of an infinitely
dense distribution of a row of springs. Denoting the spring stiffness per unit
length of the beam, called the foundation modulus, as ¢, we may express the
distributed reaction p, of the foundation against the beam as p,(x) = —cw(x) (Fig.
5.4a). In this formulation, called the Winkler foundation (Winkler, 1867), one

I R
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Ice sheet
__, d,__

p - kw Wator

d)

Figure 5.3 (a) Beam on an elastic foundation; (b) ice sheet floating on water; (c)
compression belt of a truss bridge; (d) axisymmetric deformation of a cylindrical shell.
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Figure 5.4 (a) Beam on Winkler foundation; (b) foundation modulus c; (c-e) buckling of
beams with various end restraints.

assumes that the reaction p, at point x depends only on deflection w at point x
and is independent of deflection w at adjacent points. This assumption is satisfied
exactly for ice sheets floating on water, for which ¢ = p,, = unit weight of water,
as follows from Archimedes’ law. For other applications, such as beams resting
on foundation soil or on an elastic body, this assumption is not exactly satisfied,
since p,(x) depends also on the deflections w(x') in adjacent points x’. Various
assumptions, which introduce such dependence, have been proposed; for
example, Wieghardt’s foundation, for which p,(x)=[Z.cee™ " *w(x') dx’
where ¢, = constant. However, these generalized foundation models have not
found much application, since they do not seem to give significantly better results
for various practical applications. Particularly, for beams on soils, the non-
linearity of foundation behavior causes the simple Winkler foundation to be
usually a better model than the generalized foundations with dependence of the
reaction on the adjacent deflections.

The strain energy of the foundation, represented by the area under the
p,—w diagram in Figure 5.4b, is (—p,)w/2 = cw?/2. Together with the strain
energy of bending of the beam (with bending rigidity EI) and the work of axial
compression force P and of transverse distributed load p(x), the expression for
the total potential energy of the beam-foundation system is

y
M= f [% (EIw"™ + cw? — Pw'?) -—pw] dx (5.2.1)
(]

To apply the Euler equation, we evaluate the derivatives of the integrand:
¢.,=cw=-p, ¢, =—Pw', ¢, =EIw" Thus, according to the Euler equation
(Eq. 5.1.8), the differential equation for a beam on elastic foundation is

(EIW")" + (Pw') +cw=p (5.2.2)

The boundary conditions that are compatible with the existence of potential
energy are, according to Equations 5.1.9,

Either w=0 or —(Elw") -Pw'=V=0 (5.2.3)
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and
Either w' =0 or EIw"'=M=0 (5.2.4)

The boundary conditions on the left are the essential ones (kinematic), and those
on the right are the natural ones (static). We see that the foundation modulus ¢
appears only in the differential equation but not in the boundary conditions.
Boundary conditions of other forms, for example, (EIw")' = —Q =0 (Q defined
in Sec. 1.3), are not compatible with the existence of potential energy and cause
the structure to be nonconservative.

The same differential equation and boundary conditions can be -easily
obtained from equilibrium conditions of an infinitesimal element of the beam, as
in Section 1.3. One can also obtain the differential equation from the one for

beam columns (Eq. 5.1.11) by replacing p with the net resulting distributed load
p—cw.

Solution for Different Boundary Conditions

Let us now solve a perfect beam on an elastic foundation (p =0), with constant
El, P, and c. The solution may be sought in the form w(x) = e*, and substitution
into Equation 5.2.2 yields for A the characteristic equation

EIX*+PA+c=0 (5.2.5)

This is a biquadratic equation, that is, a quadratic equation for A% It has four
roots, given by A = jk,, —ik,, ik,, —ik, where

K _ \/_—— _ P _ ( i ) 1/4

{Kz} aVy+Vy* -1 y WeEI o=z (5.2.6)
Consider now periodic solutions w(x). They are possible only if 4 is

imaginary, which occurs when y = 1. From Equations 5.2.6, the critical loads may

be written as P = P = 2yVcEI Clearly, the smallest P.. occurs for the smallest y

that gives real values for x, and k,, which is ¥ = 1. Thus, the smallest critical load

for a periodic solution is

P, =2VcEI (5.2.7)

In this case A =i, ia, —io, —ia, that is, we have two double roots. So the
corresponding general solution is

w(x) = A sin ax + Bx sin ax + C cos ax + Dx cos ax (5.2.8)

where A, B, C, D =arbitrary constants. The half-wavelength of the periodic
terms is

L=2= n(—) (5.2.9)

The solution in Equation 5.2.8 can satisfy the boundary conditions when the
beam has pin supports (w = w"=0) at both ends (Fig. 5.4c), provided that the
beam length is / =nL where n = positive integer (in this case B =D =0 since
otherwise w would not be periodic). By placing the origin x = 0 into one end, the
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periodic solution can be written as w = A sin (ax/L), with C =0 (because w =0
at x =0).

Note that for a beam on an elastic foundation the lowest critical load does not
correspond to the longest wavelength permitted by boundary conditions. This
property is different from beams and is similar to plates and shells.

The periodic solution obviously applies also for an infinitely long beam (I— o,
n—x). So Equation 5.2.7 can be called the critical load of an infinitely long
beam on an elastic foundation.

The lengths of actual beams are often not compatible with the wavelength L
(Fig. 5.4d) and then y is higher than 1, with the consequence that the critical load
is higher than Equation 5.2.7 indicates. However, if we consider the beam on an
elastic foundation to be getting infinitely long, a wavelength L = I/n compatible
with the end supports is getting infinitely close to the value &/« and so the critical
load is approaching for /— o the value indicated by Equation 5.2.7.

The solution just obtained is applicable to ice sheets floating on water, and it
determines the upper bound on the force than an ice sheet can exert on an
obstacle; for example, the force of a river ice sheet on a bridge pier, or the force
of a sea ice sheet on a fixed object such as an oil-drilling platform. However,
these problems are in reality more complicated because the ice sheet is
two-dimensional, and a simplification of the ice sheet to a strip of unit width is
much too conservative. The in-plane compression force carried by ice sheets also
influences their capability of carrying vertical loads because it reduces the
effective bending stiffness, just like the axial load reduces the bending stiffness of
a beam-column. River ice as well as ice sheets in the arctic are often under large
in-plane forces, and these need to be taken into account in determining their
carrying capacity (to decide, e.g., whether an aircraft of a certain weight can land
on the ice sheet safely).

Let us now outline the general solution. For the case y > 1, there are four
distinct imaginary roots, and so the general solution has the form

w(x) = A sin kx + B cos k,x + C sin k,x + D cos k,x (5.2.10)

where A, B, C, D are arbitrary constants to be found from boundary conditions.
For y =1, the solution has already been given (Eq. 5.2.8). Finally, for y <1, the
roots A are complex: A =p +ir, p—ir, —p +ir, —p —ir, where r and p are such
that 2r2=a?(1+vy), and 2p>=a’(1—y). This fact can be checked easily:
A= (xp tir)*=—a’y £ ia®V1—y%, which is obviously identical to Equation
5.2.6. Thus, the general solution is

w(x) = A sin rx sinh px + B cos rx sinh px + C sin rx cosh px + D cos rx cosh px
(5.2.11)

For the case of a beam on an elastic foundation with both ends fixed, it can be
shown (Hetényi, 1946) that the boundary conditions can be satisfied only with
y>1, and using the solution in Equation 5.2.10 one finds the characteristic
equation to be (k,l)tan (x,l) = (k/)tan(kx.l) for symmetric buckling, and
(x;1) cot (ky1) = (x,1) cot (k;l) for antisymmetric buckling. The roots of these
equations can be approximately found graphically and with great accuracy by
Newton iteration. This then yields the critical load for a beam of given length.
Since in this case the solution (Eq. 5.2.10) is periodic, it is not surprising that the
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critical load approaches the value given in Equation 5.2.7 as the beam length !
approaches infinity. For finite lengths / # nL where L is given by Equation 5.2.9,
P, must be, of course, larger than Equation 5.2.7, since we proved that for
periodic modes the maximum F,, occurs at y=1.

When both ends of the beam are free, the boundary conditions can be
satisfied only if y<1. Then, using Equation 5.2.11 one finds (as shown by
Hetényi, 1946; see also Simitses, 1976) the characteristic equation (3p*—
P)r sinh 2pl = £(p? — 3r¥)p sin 2rl in which the plus sign applies for symmetric
buckling and the minus sign for antisymmetric buckling. If the beam length /
tends to infinity, sinh 2p/ — , while sin 2r/ remains bounded; therefore, 3p* — r?
must approach zero, which indicates that y = 3. So the critical load of an infinitely
long beam on elastic foundation with free ends is

P, _=VcEI (free ends) (5.2.12)

The deflection curve (Fig. 5.4e) is a damped sine curve whose amplitude decays
away from the ends. Therefore, the buckling is essentially confined to the end
portions of a very long beam. To make a very long beam buckle along its entire
length, the axial load would have to be doubled to the value given by Equation
527.

The wavelength of the damped sine curve is (from Eq. 5.2.11) 2L =2x/r=
27V2/aV1+ y=4x/V3a, in which we have used y = 3. The rate of decay can
be quantified by considering the ratio of the sine amplitude reductions at a
distance of one wavelength, that is, e”/e?™*2) = ¢=#2L = ¢=2V3=1/37 6. So
the sine curve is damped very strongly.

As a further insight into the difference between the infinitely long beams with
a supported end and an unsupported (free) end, we may consider the nature of
solution decay. The solution can be either periodic (no real exponentials present)
or consist of exponentially modulated oscillations. The exponential functions
grow either toward the left or toward the right. Thus, if deflections within the
central portion of an infinitely long beam are nonzero, the solution must be
periodic, or else the deflections at the end would be infinite. The exponentials can
be present only if the deflections vanish everywhere except within boundary
segments whose length depends on the rate of decay (controlled by coefficient A
in e**) and occupies an infinitely short fraction of the infinite beam length. It is
found that the critical load for the periodic solution is higher than the critical load
for the exponentially modulated solution. So the latter solution must correspond
to a free end, and the periodic solutions cannot therefore correspond to a free
end. By exclusion, it must then correspond to the remaining possibilities of
supported ends (fixed or hinged). It also follows that, for both types of support
(hinged or fixed) in the central part of the beam, the periodic solution is the
same, and so the critical loads are also the same. The foregoing considerations
illustrate how to obtain critical loads without fully solving the problem (as is often
done for shells).

The buckling mode that involves nonzero deflections over the entire beam
(except for periodic nodal points) is an example of global buckling, and it occurs
for the periodic solution with supported ends. The buckling mode for the free
end, for which the deflections are nonzero only within limited segments near the
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ends, is an example of local buckling and, in particular, of boundary buckling.
Similar distinctions can be introduced for shells.

A detailed exposition of the buckling of beams on an elastic foundation was
presented by Hetényi (1946). The stiffness matrix of beam-columns on an elastic
(Winkler) foundation is presented in Tuma’s (1988) handbook—not only for the
planar case we analyzed, but also for the spatial case of a beam with torsion
(simple torsion, Chap. 6) encased in an elastic foundation resisting not merely
deflections but also twisting rotations. Tuma also gives the transfer (or transport)
matrices and the loading terms of the matrix stiffness equation of equilibrium for
many typical transverse load cases, as well as the modified stiffness matrices for
various end supports.

Fiber on Elastic Foundation

An interesting limiting case of a beam on elastic foundation is a fiber on elastic
foundation (Fig. 5.5). The fiber represents the limiting case of the beam on an
elastic foundation for EI— 0, and thus Equation 5.2.7 yields P, =0. This means
that a fiber on a Winkler-type foundation cannot carry any compressive force (a
fiber embedded in an elastic space can, but this means that the Winkler-type
foundation is an inadequate model for it). Nevertheless, the fiber—foundation
system has a useful analogy for columns as we will see in the next section. The
potential energy of this system is

] ]
I, = f Lew? dx + f INw'2 dx (5.2.13)

0 0

N denotes the force in the fiber, positive if tensile, and ¢ is the foundation
modulus. From the condition dI1=0 we get, upon integrating by parts (for
P; = const.),

! !
oIl, =j (cw ow + Nw' dw') dx =I (cw — Nw") dwdx + [Nw' dw]y, (5.2.14)
o o

Since OII; must vanish for any continuous dw(x), the following differential
equation of equilibrium applies:

Nw' —cw=0 (5.2.15)
with the admissible boundary conditions: either w =0 (kinematic) or Nw’' =V =

0 (static). The first boundary condition corresponds to a supported end of fiber,
and the second one to a free end (V = shear force in the fiber). Note that the

w'

ds ldx
cwdx

N
f w'sw'dx
Figure 5.5 A fiber on an elastic foundation.
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same differential equation results from the force diagram for element dx in Figure
5.5. Indeed, the resultant of transverse forces is N(w' + w" dx) — Nw' —cwdx =
0 which yields Equation 5.2.15.

The differential equation Nw” —cw =0 can be made mathematically equiv-
alent to the equation w" — (P/EI)w =0, which we solved in Section 1.2 (for the
same boundary conditions w =0 at x =0 and x =), if we set either EIl =1/c,
P=-1/Nor EI = —1/c, P=1/N. So, in analogy to the equation P, = EIn*z?*/?,
we have (1/N). = —(1/c)n*a%/I? or N, = —cl?*/n*a?. The smallest |N,]| results for
n—>x; N,.=0.

Problems

5.2.1 Consider periodic solutions w = ¢ sin (stx /). Substituting this into Equation
5.2.2, obtain P, as function f () of /. Setting df /dl =0, obtain P,,__ and check
that it agrees with Equation 5.2.7.

5.2.2 Using the Euler equation of variational calculus, determine the differential
equation for a beam on elastic foundation for which (a) c is variable, ¢ = kx,
and EIl =const.; (b) same but ¢ = ksinax; (c) ¢ =const. but EI =Rx; (d)
¢ =const. but EI = R sinax, where k, R, a = given constants; (¢) do the same
as (a), (b), (c), (d), but ¢ =const., EI = const., and the axial load, rather than
being applied at the ends, is introduced as a distributed axial load p
(p = const.) (Figure 5.6a).

5.2.3 Consider the continuous beam with n equal spans /, n being large, and
simple supports (Fig. 5.6b). The supports rest on springs of equal spring
constants C. A beam on elastic foundation with foundation modulus ¢ = C/!
can approximate this continuous beam closely if the buckling half-wavelength
is L>>1, say L >4l. (a) Find the condition for C and / to permit analysis as a
beam on elastic foundation. Give the solution of P, and w(x) (b) for n— o;
(c) for n =10. (d) Using stability functions s and ¢ (Chap. 2) formulate the
algebraic equation system that gives the exact solution of this continuous
beam for any given n. (¢) Imagine the continuous beam to represent one
compression belt of a truss bridge in Figure 5.6¢, in which C is the spring
stifiness of the cross-section U-frame, both compression belts buckling
symmetrically or antisymmetrically, and calculate C from the data on the
U-frame given in Figure 5.6¢.

5.2.4 Solve P, and w(x) for the semi-infinite beam on elastic foundation shown
in Figure 5.6d, which has at the end x = 0 a transversely sliding restraint, that
is, w =0, V=0 at x =0 (P, EIl, c = constants). Plot w(x).

5.2.5 Do the same as Problem 5.2.4, but the end of the beam is loaded through a
short 