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Foreword 

The aim of this book is to present the basis for calculation of composite 
structures, using continuum mechanics equations which enable the more elaborate 
theories to be treated. 

The first part is devoted to study of materials constituting the layers of laminated 
composites. The constitutive equations for anisotropic and in particular orthotropic 
materials are presented, with temperature and hygrometry effects taken into account. 
Next the basic laws of mixtures are given, which enable the behaviour of 
unidirectional layers to be predicted from the characteristics of their fibres and 
matrix components. 

The subject of the second part is multi-layer plates. We begin by presenting the 
general equations of thin plates in Kirchhoff-Love analysis. Later, symmetrical 
orthotropic plates are studied in detail for cases of bending, vibration and buckling. 
The thermo-elastic behaviour of multi-layers plates is considered separately. Then 
we tackle symmetric orthotropic moderately thick plates, using Reissner-Mindlin 
type analysis. Examples of asymmetrical plates in Kirchhoff-Love theory are 
analysed in detail. The cylindrical bending of laminated composites is treated in 
both Kirchhoff-Love and Reissner-Mindlin type analysis, with bending, vibration 
and buckling applications. 

The third part of this book is devoted to beams. The first chapter of this part 
treats tension-compression loading. The following chapter treats bending with 
transverse shear deformations not taken in account. The last chapter of this part 
presents bending taking into account transverse shear. Examples of bending, 
vibration and buckling are considered for each case. 

In the appendices, plate equations are developed by integrating local equations of 
motion. Global equations are obtained from variational formulae of continuum 
mechanics. 
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Chapter 1 

Constitutive relations for anisotropic 
materials in linear elasticity 

1.1. Introduction 

Stress-strain or constitutive relations for anisotropic materials will be treated 
first, and in particular the behaviour of orthotropic and transversely isotropic 
materials, the latter including unidirectional composites. 

Then, using tensor notation based on four indices and the conventional notation 
with two indices, the expressions for changing axes in terms of stresses, strains, 
stiffnesses and compliances will be detailed. 

1.2. Four indices tensor notation 

1.2.1. Cons t i tu t i ve  re la t ions  

The reference state is a natural state without stress or strain, that is: 
trq = 0  and eq = 0 .  

In linear elasticity theory the stress tensor o is given as a function of the strain 
tensor E by the tensorial relation: 

= C �9 e ,  or with the indices: 
o'q = Cqktekl , with i, j , k , I  = 1,2,3. 

The sign �9 indicates a tensor product. The Cqk I elements are the 81 components 

of the elastic moduli tensor or stiffness tensor C. In a homogeneous medium the 81 
elastic moduli Cqkt are independent of the point considered. 

Inversion of the constitutive relation provides the tensor expression: 
E = S �9 ~ ,  or using index notation" 
eq = Soktcrkt . 

The  Sqk I are the 81 components of the elastic compliance in the compliance 

tensor S. 
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1.2.2. Properties o f  Cijta and  Sijta 

1.2.2.1. Symmetry  with respect to the last two indices 

The stresses are given by: 
trij = C i j u e u  = Cijlkelk . 

As the strain tensor is symmetrical we have: 
eta = elk ,  hence trij = Cijlketa . 

By identification, the symmetry property is obtained: 
Ci j k l  -- C i j l k  �9 

1.2.2.2. Symmetry  with respect to the f i rs t  two indices 

The stresses are given by: 
O'ij = C i j k l  s  , or cr j i  = C j ik l  s  " 

As the stress tensor is symmetrical we have: 
Or(i = O ' j i  , hence trij = CjitaEkl . 

By identification, the symmetry property is obtained: 
Ci j k l  = C j i k l  . 

1.2.2.3. Symmetry  o f  the f irst  pair  o f  indices with respect to the second pair  

From the application of the first law of thermodynamics to elasticity, the state 
function U, the internal energy, is identified with the strain energy W a . 

The elementary strain energy per volume: 
o'ij  d E  q , 

is an exact derivative: 
O O'ij _ O 0"ta 

Oekl Oe~j ' 

with cr o = Cijtaeta and trta = Ctaijeij. After introduction in the equality above, we 

obtain the symmetry property: 
Ci jk l  = C k l i j  . 

Given this property, the elementary volume strain energy: 
dw d = trqdeij  = Cqtaetadeij , 

leads to, by integration, the volume strain energy: 
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The compliances have the same symmetry properties as the stiffnesses. 

1.3. Conventional two indices Voigt notation 

Given the two first symmetry properties: 
C q k  I = C jikl = Cqtk , 

the order of the first two indices (i, j)  and the next two indices (k,l) does not affect 
the modulus of elasticity values. As there are six distinct values for the group (i, j)  
and six distinct values for the group (k,/), there remain 36 independent elastic 

moduli. 

Given the third symmetry property: 
Cqkt = Cktq , 

the permutations of the (i, j) and (k,l) groups do not modify the elastic moduli 
values. The number of independent values is therefore reduced to 21. 

Taking account of the previous remarks, we can propose: 
Cijkl -- C I j  , with C tj = C jI , 

where 
l = i  for i = j ,  l = 9 - ( i + j )  for i ;~ j ,  

and 
J =k for k = l ,  J = 9 - ( k + / ) f o r  k;~l .  

The index relationship 0./j = Cijktekl being written in the explicit form" 

0.ij = Col IE'll + CijE2822 + Cq33833 + 2Cq23E'23 + 2Cq316'31 + 2Cql2E'12 ' 
the constitutive relation can be written in the matrix form: 

"0.11 Cllll C1122 C1133 C1123 Cll31 C1112 
0"22 Cll22 C2222 C2233 C2223 C2231 C2212 
0"33 Cll33 C2233 C3333 C3323 C3331 C3312 
0"23 C1123 C2223 C3323 C2323 C2331 C2312 
o'31 Cll31 C2231 C3331 C2331 C3131 C3112 

O'12 Clll2 C2212 C3312 C2312 C3112 C1212 

Ell 
E22 
E33 
2c23 
2e31 

_2e12_ 

or in the index form: 
0.1 = C I J E J  , 

with the convention: 
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and: 

al =crij and l = i  for i = j ,  

a l=aij and l = 9 - ( i + j )  for i ; e j ,  

e s = e  u and J = k  for k=l ,  
ej=2ekt and J = 9 - ( k + l )  for k;el .  

The constitutive relation can also be written in the form: 

-al ! "Cll Cl2 Cl3 Cl4 C15 C16] -El. 
0"2 Cl2 C22 C23 C24 C25 C26 / e2 
0"3 = C13 C23 C33 C34 C35 C36 [ e3 
0-4] C14 C24 C34 C44 C45 C46 / E4 

J 
/ 

O'5 C15 C25 C35 C45 C55 C56 / E5 
/ 

_0-6 C16 C26 C36 C46 C56 C66Ji.s 
Similarly we have: 

El = SIJ o-J,  or ~: = So,  with S = C -1 . 

, o r  o = C ~ .  

1 . 4 .  A n i s o t r o p i c  m a t e r i a l  

1.4.1. Monoclinic material 

The monoclinic material studied has the plane (Mlx3,x 1) as a plane of mirror 
symmetry. 

T( ln') 1 

n �9 n 

x2 M x2 

Figure 1.1. Mirror symmetry axes 

( ) ( )  (e') (x" " ") ( ) The two axes in e -- XI,X2,X 3 and = l,X2,X3 - XI,--X2,X 3 are 
symmetrical about the plane (M[xa,x I ). The two vectors: 

n = nix I +//2x2 + n3x 3 , and 
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n =n ix  l - n 2 x  2 +n3x 3 = n i x  I +n2x 2+n3x 3 = n i x  I +n2x 2 +n3x3,  
are symmetrical. 

�9 �9 (e') The components n i of n in are equal to the n i components of n in (e). 
* 

The mirror symmetry property of the two vectors n and n is written: 

n i = rl i . 

For the two symmetric stress vectors T(M[n*)and T(MIn ), we have the same: 
~ t 

r i *  = r i . 

The relation T(M In)= (o(M))n is written in index form: 

T i =O'ijn j in (e), 

and: 

" "  (e') = O'ijn j in . 

Given the preceding remarks, the second relation is written: 
T/ = * o ' q n j ,  

hence, by identification" 

o'q = o" 0 . 

The components with the same indices o'/j and crq of stress tensor in the two 

axes (e ~ and (e)are equal. 

For the strain tensor we have the same: 

e(i = eq . 

The constitutive relation o = C : c is written in index form: 

crq = Cip tek l  in the axes (e), 

and: 

* * * ( e* )  orij = CijklEkl in the axes . 

Given the previous properties, the second relation is written: 

ai j  = Cqktekt  , 

hence, by identification' 

C•k t = Cok t . 
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I t  

The components with the same indices Cijkl and Cijkl of the stiffness tensor in 

the two axes (e*)and (e)are  equal. 

Designating by a, the matrix of change of axes from (e ) to  (e*), the expression 
for the change of axes for a fourth order tensor is written: 

Cok I = a piaqjarkaslCpqrs , 
and the mirror symmetry property requires: 

C ijkl = C ijkl . 

The only non-zero components of the change of axes matrix: 

~ a =  0 - 1  , 

0 0 

are" 
al l  = 1, a22 = - 1 ,  a33 = 1. 

The elastic modulus CIIII is given by the expression for changing axes" 
lit 

CIIII = aplaqlar las lCpqrs ,  
where the second index of aij is equal to 1, in the summation for p only all  = 1 is 

not zero, therefore we obtain: 

C ~ l l l = C l l l i  . 

The elastic modulus C1112 is, with the same axes change, equal to: 

C1112 = aplaqlar las2Cpqrs ,  
in the summation with as2 only a22 = -1 is not zero, therefore we have: 

Clll2 = - C l l l 2  �9 

The mirror symmetry property Cl112 = CI 112 leads to 

Clll2 = - C l l l 2 ,  
hence: 

Clll2 = 0 .  

The elastic moduli which possess the index 2 an odd number of times are zero. 
The stiffness matrix in the monoclinic axes are thus of the form: 
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"Cllll Cll22 Cll33 0 Cll31 0 
Cl122 C2222 C2233 0 C2231 0 
C1133 C2233 C3333 0 C3331 0 

0 0 0 C2323 0 C2312 
C1131 C2231 C3331 0 C3131 0 

0 0 0 C2312 0 C1212 

A monoclinic material is characterised by 13 elastic moduli. 

With the two-index notation, for the mirror symmetry planer (M[xa,xt), the 
stiffness matrix is written" 

-Cll CI2 Cl3 0 Ci5 0 
Cl2 C22 C23 0 C25 0 
CI3 C23 C33 0 C35 0 
0 0 0 C44 0 C46 

C~5 C25 C35 0 C55 0 
0 0 0 C46 0 C66 

1.4.2. Orthotropic material 

The orthotropic material studied has the two planes (Mlxs,x 1) and (Mix 1, x 2) 
as planes of mirror symmetry. 

The non-zero components of the axes that change the matrix from 
(e) = (x,,x2,x3) to (e*)= (x,,x2,-x3)" 

I -1 I 0 0 

a =  0 1 0 , 

0 0 -1 

are: 
all =1, a22 =1,  a 3 3 = - 1 .  

According to the previous results, the elastic moduli with the index 3 an odd 
number of times are zero. 

The stiffness matrix in the orthotropic axes has the form' 
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Cllll C1122 C1133 0 0 0 
C1122 C2222 C2233 0 0 0 
C1133 C2233 C3333 0 0 0 

0 0 0 C2323 0 0 
0 0 0 0 C3131 0 
0 0 0 0 0 C1212, 

An orthotropic material is characterised by nine elastic moduli. 
In addition, it is immediately obvious that the (MIx2,x 3) plane is also a plane of 

mirror symmetry. 
With the two-index notation, the stiffness and compliance matrices are 

respectively equal to: 

and 

Cil 

Cl2 

C -  C13 
0 
0 
0 

Cl2 C~3 0 0 0 
C22 C23 0 0 0 
C23 C33 0 0 0 

0 0 C44 0 0 
0 0 0 C55 0 
0 0 0 0 C66 

S ~_ 

Sl~ Sl2 S~3 0 0 0 
Si2 $22 $23 0 0 0 
Sl3 $23 $33 0 0 0 
0 0 0 $44 0 0 
0 0 0 0 S5~ 0 
0 0 0 0 0 S66 

The inversion of the matrix C involves the calculation of the inverses of the two 
matrices: 

II = Icc2c31 Ic ~176 C12 C22 C23 and b =  0 C55 0 . 
C13 C23 C33 0 0 C66 

Putting: 
A = det a = C ! IC22C33 -4- 2C12C23C13 

we obtain: 
- - c? c. - ci c... 
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C22C33 - C23 C13C23 - C12C33 $44 = I 
9 Sll= A ' S l2=  A ' C,4 

C l l C 3 3  - C~3 C12C23 - Ct3C22 _ 1 
$22 -- A ' S13 = A ' $55 - C55 '  

C11C22 - C122 C12Cl3 - C23Cll 1 
S33 = A ' S23 -- A ' S66 = C66 " 

The strains are given as a function of the stresses by the matrix relation: 

El 

E2 

E3 

E4 

E5 

_E6 

"Sll Sl2 Sl3 0 0 0 

$2! $22 $23 0 0 0 

S31 $32 $33 0 0 0 

0 0 0 $44 0 0 

0 0 0 0 $55 0 
0 0 O 0 0 $66. 

o" 1 

0" 2 

0" 3 

0" 4 

o" 5 

.0"6. 

The elastic compl iances  Sij can be expressed as a function of  Y o u n g ' s  

moduli  E i , the Poisson coefficients vii  and the shear modul i  G i j .  

In order to reveal these different values, three s imple tensile and three shear tests 
are proposed. 

- In the case of  a s imple tensile loading in the direction x I , all the or i are zero 

except o" I . 
The strains e i , given by the consti tutive relation are equal to: 

El = S l itYl , e 2 = S210-1 , e 3 = S31tYl , e 4 = e 5 = e 6 = 0 .  
Young ' s  modulus  E l in the x I direction is def ined by the relation: 

tY 1 
E l =J J. 

El 

x 2  

x 1 
i .................................................................................... i 

Figure 1.2. Simple  tension 
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The Poisson coefficients VI2 and VI3 are  given by: 

VI2 E2 = -V126.1 = - ~ O ' 1  , 
El 

and: 

V13 6"3 =-V136"1 = - - - O . I  �9 
El 

By identification, we obtain: 
_ 1/12 _ VI3. 

- In the case of a simple tension loading in the x 2 direction and for a simple 
tension in the x3 direction, we obtain: 

1/21 1 --V2---~3 and 513= v31 v32 1 
S I 2 = - ~ ,  $22=~,  532 = E2 - ~ '  $23=--~3,  $33"-~. 

- In the case of a simple shear in the x 2 and x3 directions, all the 0"i are zero 
except o" 4 . 

-a4 I 
r 

X3 

t 
I J 

--0"4 

0" 4 X2 

Figure 1.3. Simple shear 

The strains e i given by the constitutive relation are equal to: 

E 4 = $44O. 4 , 
E l = E  2 = E  3 = E  5 = E  6 = 0 .  

The shear modulus G23 is defined by: 

O" 4 
E 4 = , 

G23 
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hence: 
1 

$44 = ~  
G23 

- In the case of simple shear in the x3 and x I directions, and in the xl and x2 
directions, we obtain" 

l l 
$55 = , and $66 = ~ .  

G31 GI2 

- The compliance matrix is written in the orthotropic axes in the form: 

1 V21 V31 
El E2 E3 
vi2 1 v32 
El E2 E3 
v13 v23 1 
El E2 E3 

1 
0 0 0 0 0 

G23 
1 

0 0 0 0 0 
G31 

0 0 0 0 0 

0 0 0 

0 0 0 

0 0 0 

1 

GI2 

and from the symmetry properties of the elastic compliances we have the following 
relation between the Poisson coefficients and Young's moduli: 

vii = vJ--Li (no summation). 
E i Ej 

- The stiffness matrix is obtained by inversion of the compliance matrix and is 
written, in the axes of orthotropy, in the following form: 

Cll Cl2 Ci3 0 0 0 
Ci2 C22 C23 0 0 0 
Ci3 C23 C33 0 0 0 

0 0 0 C44 0 0 
0 0 0 0 C55 0 
0 0 0 0 0 C66 _ 
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with: 

and: 

CII = 1 -  v23V32A El '  C12 -- v21 +AV23V31 E~, C13 = v31 +AV32v21 E~, 

_ 1 -  v31v13 v32 + v31v12 C21 - v12 + v13v32 E2 ' C22 = E2, CI 3 -_ E2, 
A A A 

_ 1-v12v21 C31 - - v13 + v12v23 E3 ' C32 - v23 + v21v13 E3 ' C33 = E3, 
A A A 

C44 = G23, C55 = G31, C66 = GI2, 

A = 1 - 2v12v23v31 - v12v21 - v23v32 - v31v13. 

1.4.3. T r a n s v e r s e l y  i so t rop ic  m a t e r i a l  

The transversely isotropic medium proposed here has the (Mlx z,x 3) plane as 

the isotropic plane. 
| f  the (MIx2,x 3) plane is an isotropic plane, the elastic moduli with the same 

~ ) ~  ) (e )  (x" " ") indices in the two axes e = x t , x 2 , x 3  and * = t , x2 ,x3  which are defined 
by the following relations: 

X = X l ,  
I 

x = c o s a x  2 + s i n a x  3, 
2 

= - s i n a x  2 + c o s a x  3, X 3 

have the same value whatever the angle ct. 

x3 ~ a #  x3 

x 2  

M X 2 

X 1 = X I 

Figure 1.4. Isotropic plane 

�9 ho matrix for changing the axes from /e)to (e')  
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I I 0 0 ] 
a =  0 c o s a  - s i n a  , 

0 s ina  c o s a  d 

has the following non-zero components: 

al I = 1, 
a22 = a33 = COS~, 
032 = -a23 = sint~. 

In the particular case where ct = -~-, the non-zero components of a are: 

all  = l ,  a32 = l ,  a 2 3 = - 1 .  

The formula for changing the axes Cijkl = apiaqjarkaslCpqrs leads to: 

Cl l l l  = aplaqlarlaslCpqrs = C l l l l ,  

C2222 = ap2aq2ar2as2Cpqrs = C3333, 

C3333 = ap3aq3ar3as3Cpqrs = C2222, 

C1122 - CI 133, C2323 --" C3232, 

C1133 =C1122, C3131 =C2121, 

C2233 = C3322, C~212 - C1313. 

The property Cijkl = Cijk! provides the relations" 

C2222 - C3333, Cll22 - C1133, C3~3~ - C1212" 

Given these relations, the stiffness matrix: 

-Cl l l l  C1122 C1122 0 0 0 
C1122 C2222 C2233 0 0 0 
C1122 C2233 C2222 0 0 0 

0 0 0 C2323 0 0 
0 0 0 0 C1212 0 
0 0 0 0 0 C1212 
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involves six independent components.  With the two-index notation we have: 

Cll C12 Cl2 0 0 0 
Cl2 C22 C23 0 0 0 
Cl2 C23 C22 0 0 0 

0 0 0 C44 0 0 

0 0 0 0 C66 0 

0 0 0 0 0 C66 - 

For any angle 5 we have: 

a l l  =1, 
a22 = cos 5,  a23 = - sin 5,  

a32 = s ina ,  a33 = c o s 5 .  

In the formula for changing axes C2222 = ap2aq2ar2as2Cpqrs, the only non- 

zero ap2  are: 

a22 = cos 5 and a32 = sin a ,  
so we obtain" 

�9 (c ) C2222 = cos4 aC2222 + cos 3 5 s in  5 2223 + C2232 + C2322 + C3222 .-. 

... + cos 2 a, sin 2 5(C2233 + C3322 + C2323 + C2332 + C3223 + C3232 )... 

... + cosssin 3 5(C2333 + C3332 + C3323 + C3233)+ sin 4 5C3333. 

With C2222 = C3333, Ciiij = 0 for i r j (no summation),  and introducing the 

property Cijkl - Cijkl , we obtain: 

C2222 = COS4 5 C2222 + 2 cos 2 5 sin 2 5 (C2233 + 2C2323 )+ sin 4 5 C2222 , 
or 

(l-cos4 5 - s i n 4  5)C2222 = 2c0s2 5sin2 a(C2233 + 2C2323 ), 

I(cos2 t2' + sin 2 5 ) 2 -  cos4 5 - sin 4 5]C2222 = 2cos 2 5sin 2 

2 cos 2 5 sin 2 5 C2222 = 2 cos 2 5 sin 2 5 (C2233 + 2C2323 ). 

5 (C2233 + 2C2323), 

This relation is satisfied whatever the angle 5 if we have: 

C2222 - C2233 + 2C2323 �9 

The application of the formula for changing axes to other elastic moduli does not 
result in new relations. 
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The stiffness matrix is written in the transverse isotropy axes in the following 
form: 

-Cllll C1122 C1122 0 0 0 
C1122 C2233 + 2C2323 C2233 0 0 0 
C1122 C2233 C2233 + 2C2323 0 0 0 

0 0 0 C2323 0 0 
0 0 0 0 C1212 0 
0 0 0 0 0 C1212 

A transversely isotropic medium is characterised by five independent elastic 
moduli. Certain unidirectional fibre composites can be considered as transversely 
isotropic materials. With the two-index notation we have' 

Cll Ci2 Cl2 0 0 
Cl2 C23 +2C44 C23 0 0 
Cl2 C23 C23 + 2C44 0 0 

0 0 0 C44 0 
0 0 0 0 C66 
0 0 0 0 0 

0 
0 
0 
0 
0 

C66. 

1.4.4. lsotropic material 

In an isotropic material all directions are equivalent. 
(e') In axes (e)=(Xl,X2,X3)and = (x l ,x3 ,x , ) the  Cijkl and Cijkl  components 

with the same indices have the same numerical value. The only non-zero terms of 
the change in axes matrix: 

I 0 0 11 
a =  1 0 0 ,  

0 1 0 
are: 

a21 =1, a32 =1,  a13 =1. 
The formula for changing axes: 

llt 

Cijkl  = a p i a q j a r k a s l C p q r s  , 

with the property: 

C ijkl - C ijkl ' 

providing the relations: 
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or: 

Cl l l l  = C2222, C1122 = C2233, 
C2222 = C3333, C1133 = C2211, 
C3333 = C l l l l ,  C2233 =C3311, 

C2323 = C3131, 
C313] =C1212, 
C1212 = C2323, 

CIIII = C2222 = C333, 
C1122 = C2233 = C3311, 
C2323 - C3131 - C1212. 

Putting C2233 = ,~ and C2323 = ,t/, the relation C2222 = C2233 + 2C2323 gives: 

C2222 = ,~, + 2,//. 
In all axes, the stiffness matrix is written in the following form: 

-A,+2/l A, A, 0 0 0" 
A, 2+2,u  2, 0 0 0 
2, A, 2,+2,u 0 0 0 
0 0 0 ,u 0 0 
0 0 0 0 ,u 0 
0 0 0 0 0 /z 

An isotropic material is characterised by the two elastic moduli ,,l and /z 
termed the Lam6 coefficient, or by Young's modulus E and by Poisson's coefficient 
v.  We recall the relations: 

vE E 
, , l = ( l + v X l _ 2 v ) ,  , u = G = 2 ( l + v )  
E /L(32 + 2,U) ,'1, 

it+,/, ' 2(2 +p)"  
Determination of the compliance matrix involves the following expressions 

A = ( 2  + 2/L) 3 + 2 3 3 - 3 2 ( 2  + 2/~) = 4/t2 (3a + 2~t), 
+ 2**)2 _ a2 

all - 4/z2 (32 + 2/z) 

S, 2 = _ 2 (  A + 2/ t ) -  A2 
4,u2 (3,;t + 2,u) 

1 l + v  
$44 = - - = 2 ~ .  ,u E 

2 + ~  1 
/z(32 + 2/t) E 

,~, V 
2,u(3,;t + 2 /z ) -  E 
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The compliance matrix is written in all axes as' 
1 v v 

E E E 
v 1 v 
E E E 
v v 1 . . . . .  0 0 0 
E E E 

0 0 0 2 l+e-  0 0 
E 

l + v  
0 0 0 2 - - - -  0 

E 

0 0 0 

0 0 0 

0 0 0 0 0 2 .+__.:_. 
E 

1.4.5. In f luence  o f  temperature  and  humidi ty  on the consti tut ive relation o f  an 
orthotropic material  

The variation of temperature AT results in a strain field defined by' 
e, = ot iAT  (i = 1,2,3), e i = 0 (i = 4,5,6), 

o r :  

e i = c t i A T  ( i= l ,2  ..... 6), with ct 4 = c t  5 = c t  6 = 0 .  
ot i being the coefficient of thermal expansion in the x I direction. 

The variation of humidity At/ ,  equal to the relative variation of the mass of the 
material, results in a strain field defined by: 

e, = fliArl (i : 1,2,3), e i = 0 (i : 4,5,6), 
o r :  

e, = fliArl (i = 1,2 ..... 6), with ,84 = r5 = ,86 = 0.  
,8 i being the coefficient of hygroscopic expansion in the x I direction. 

In general the elastic moduli depend on the temperature and the humidity. 
When the temperature and humidity variations are small, the elastic moduli can 

be assumed to be constant. 
Taking into account the strains caused by the stress field due to the variations in 

temperature and humidity, the constitutive relation is written as: 
e i =So t r  j + otiAT + fliArl (i, j = 1,2,3), 

e i = Sqtrj  (i, j = 4,5,6), 

o r :  
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~e i = Sijo" j + Gt, i A T  + i~iAl~ (i, j = 1,2 ..... 6), 

a, i =0,  ,B i = 0  (i =4,5,6). 
In the orthotropic axes the thermal and hygroscopic effects are revealed as 

expansions in the x I direction, and by the absence of angular distortion in the x i 
and xj directions. 

1.5. Matrix relations for a change of axes 

In the direct orthotropic axes (~)= (X i ,X  2 ,X3) ,  the constitutive relations are 
written: 

= C [  a n d g = S f i .  
Whereas in the off-axis co-ordinates (e)= (x i ,x2 ,x  3), we have" 

o = C E  and c = S o .  
The matrix for changing axes from (~) to (e) is  represented by a: 

~ a = a 21 a22 a23 �9 

a31 a32 a33 

1.5.1. Change of axes for stress and strain matrices 

The following formula is proposed for the change of axes matrix: 
O'ij = a pi a qj O'pq 

in matrix form: 
o = M~ , 

where M is a (6,6) matrix which will be determined. 

The explicit expressions: 

O'11 = a p l a q l O ' p q ,  

O'll = a121~'l i + alla21ffl2 + alla31ffl3... 

... + a21a I iOr--'21+a21~22 + a21a31ff23... 

... + a31al IO'-"31 + a31a21cr'-32 + a21~33, 
and: 

m 

0"23 = ap2aq30rpq , 
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m . . . .  m 

0"23 = a12a130"11 + a12a230-12 + a12a330-13"" 

... + a 2 2 a 1 3 0 " 2 1 + a 2 2 a 2 3 0 - 2 2  + a22a330-23... 

... + a32a130-31 + a320230-32 + a32a330"33, 

enable the change of axes formula to be written in the matrix form: 

0"11 

0"22 

0"33 

0-23 

0"31 

_0"12 _ 

2 2a 2 a3 al21 a22 , a3t 1 l 
a122 a222 a~2 2a22a32 
a23 a223 a~3 2a23a33 

, , .  

a12a13 a22a23 a32a33 a22a33+a32a23 

al3al I a23a21 a33a31 a23a31 + a33a21 

al la12 a21a22 a31a32 a21a32 + a31a22 

2a31all 2alla2t 
2a32at2 2a12a22 
2a33at3 2al3a23 

a32a13+a12a33 a12aE3+a22a13 
a33atl + a13aat a13a21+ a23att 
a31ai2 +alia32 alla22 + aElal2 _O'12 J 

The matrix M is made up of four sub-matrices (3,3) whose components can 
easily be found by writing the transposed change of axes matrix: 

i!l a ~ 8 r = 12 a22 a32 �9 

13 023 ~ 
Decomposing the matrix M in four sub-matrices (3,3): 

M = tt Mr2 , 

2t M22 

the following rules can be proposed: 
- The (i, j )  component of the sub-matrix i , ,  is equal to the square of the (i, j )  

component of a t .  
- The (i, j )  component of the sub-matrix Mr2 is equal to twice the product of 

the two other terms of the row i of a r .  
- The (i, j )  component of the sub-matrix M21 is equal to the product of the two 

other terms of the column j of a t .  
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- The (i, j)  component of the sub-matrix M22 is equal to the sum of the cross 

products of the terms of the matrix obtained by removing row i and column j of a t .  

In a similar manner we can develop the formula for changing the axes of the 
strains" 

Eij = a p i a q j E p q  , 

in matrix form: 
= N~,  

with N being a (6,6) matrix which will be determined. 

The explicit expressions: 
m 

~'11 =aplaqlCpq, 

ell = a?l~'l i + alla21e'12 + alla31e-13... 
- 2 

... + a21al lE21+a21E22 + a21a31E'23... 

... + a31al 1~'-31 + a31a21~'32 + a321~33, 
and: 

E23 = d p 2 a q 3 E p q ,  

E23 = aI2aI3EII  + a12d23EI2 + aI2a33EI3"" 

... + a22a13E21+a22a23C22 + a22a33E23... 

... 4- a32dI3E31 + a32a23s + a32d33E33, 

enable the formula for changing axes to be put in the form" 

a?: aeea3: 

2al2al3 2a22a23 2a32a33 a22a33+a32a23 
2al3al I 2a23all 2a33a31 a23a31 + a33a21 

2a I lal2 2a21d22 2a31a32 a21032 -t- a31a22 

Ell 

E22 

s = 
2e23 
2e3~ ] 

.2r 

a 3 1 a l l  a l i a 2 1  

a 32 a 12 a 12 a 22 

a 33 a 13 a 13 a 23 

a32a13 +a12a33  a12a23 +a22d13  

a 3 3 a l l  +a13a31 a13a21 + a 2 3 a l l  

a31a12 + a l i a 3 2  a l i a 2 2  + a 2 1 a l 2  

m 

f l l  
s 
E33 

2e23 
2e31 

_2et2 



Constitutive relations for anisotropic materials 23 

As for the matrix M, the matrix: N, J 
9 

21 Nz2 

consists of four sub-matrices (3,3) whose components are found as follows" 

- The component (i, j) of the sub-matrix Nil is equal to the square of the 

component (i, j )  of a t .  
- The component (i, j )  of the sub-matrix Nl2 is equal to the product of the two 

other terms of the row i of a t .  
- The component (i, j )  of the sub-matrix N21 is equal to twice the product of 

the two other terms of the column j of a t .  
- The component (i, j )  of the sub-matrix N22 is equal to the sum of the cross 

products of the terms of the matrix obtained by removing row i and column j of a t .  

From the matrix a, we construct the matrix M such that o = M-d. Similarly from 

a -l , we can construct, in an analogous manner, the matrix M -l such that: 
~ =  M - I o .  

The matrix a - t = a  r is obtained by exchanging the indices i and j of the 
orthogonal matrix a. The matrix M -l is obtained by exchanging the indices i and j 
of the terms aij which are involved in the matrix M, which results in: 

_ 

a121 al22 al23 2d12013 

M -1 = a21 a22 a323 2d32033 
021a31 d22a32 023033 d22033+d23r 
r a32r a33a13 a32a13 +r 

_tllla21 a12a22 013023 a12d23 +tl13a22 

The matrix thus obtained is the transposed matrix N. We therefore have the 
relation: 

M -l = N  r ' 

An analogous calculation, performed on the N matrix gives the equation: 
N -l = M  r" 

2al3al i 2dlla12 
2a23a21 2a21a22 
2033a31 2a31d32 

a23d31 +a21d33 a21d32 +a22d31 
a33all "t'a31r a31d12 +a32dll 
d13d21 +dllt/23 dlld22 +a12a21. 



24 Analysis of composite structures 

1.5.2. Change of axes for stiffness and compliance matrices 

We have just obtained the following relations: 
= M ~  [1], ~ = N r a  [2], 

c=N'~  [3], ~ = M r c  [4]. 

In addition, the constitutive relations in the othotropic axes and off-axis are written" 
=CE [5], [ = S ~  [7], 

t y = C r  [6], c=Sty  [8]. 

From relations [1 ], [5] and [4], we obtain: 
tv = M ~  = MC~ = M C M r c .  

Identification with [6] gives: 
C = M C M  r . 

From relations [3], [7] and [2], we obtain in a similar way: 
= N~ = NS-~ = NSNTtv. 

Identification with [8] leads to: 
S = NSN r . 

Multiplication of the left hand part of C = M C M r  by N r and the right hand part 
by N gives: 

N r C N  = N r M ~ M r N ,  
o r "  

= N r C N .  

Multiplication of the members of S = NSN r by M r on the left and by M on the 
fight gives the equation: 

M r S M  = M r N S N r M ,  
hence: 

S = M r S M .  



Chapter 2 

Orthotropic layer behaviour 

2.1. Introduction 

The expressions developed in the previous chapter for the change of axes will 
now be applied to an orthotropic ply of any orientation in a composite. In the plate 
theories which will be presented the assumption is made that the normal stress in the 
x3 direction is zero. This hypothesis leads to the introduction of column matrices of 
stresses and strains with only five terms. From these we will deduce the formulae for 
changing co-ordinates and the constitutive relations which will be used in the plate 
theories. 

2.2. Stiffness and compliance matrices In orthotropic co-ordinates 

The orthoptropic layer studied here has the co-ordinate axes (OlX 1, X2,x 3). The 

layer of thickness h is limited by the two planes perpendicular to (Olx 3) which are 

defined by x 3 = ~  and x 3 = - h  2' 

X2 

iiiii! iii iiii!i!!!iiiii ill ii iii V 

XI 

Figure 2.1. Orthotropic axes 

In the following, all the quantities defined in the orthotropic axes will be 
overscored. 



26 Analysis of composite structures 

In the orthotropic axes (F)= (Xl,X2,x3) the constitutive relation is expressed 
as: 

R 

~ = S : ~ ,  
and in the matrix form as: 

= S~,  
or: 

El 
E2 
E3 
E4 
m 

E5 
m 

.~6 _ 

SII 
S12 
S13 
0 
0 
0 

Sl2 Sl3 0 0 0 

$22 $23 0 0 0 
u 

$23 $33 O O O 
D 

O 0 S ~  0 O 

0 0 0 $55 0 
O 0 O O $66 - 

- '~l  
0" 2 
o" 3 
O" 4 
O" 5 

.0"6 _ 

The compliance matrix can be written in terms of Young's moduli Ei, the 
Poisson coefficients vii and the shear moduli Gij in the form: 

with: 

S =  

1 V21 1/31 
El E2 E3 
vl2 1 V32 
El E2 E 3 
VI3 V23 1 
El E2 E 3 

0 O 0 

0 0 0 

0 0 0 

0 0 0 

0 0 0 

1 

G23 

0 

0 0 

1 

G31 

0 0 0 0 0 1 

Gl2 

vO= vj--j-i (no summation). 
e, ej 

If the plane (X 2, x 3) is a plane of isotropy, then: 

9 

or" 

w ~ m I m u m 

S22 = S33 = S23 +7  S.~, S~3 = Sl2, S~ = s55, 
L 

1 1 l V32 1 1 
= ~ = ~  ~ ,  V21 =V31, = E2 E3 2G23 E3 GI2 G31 
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A unidirectional layer in which the fibres are parallel to X t can, for a first 
approximation, be considered as transversely isotropic. 

The relation E = S~  is then written as" 
- m  - 

E! 

E2 
m 

E3 
E4 

E5 

.E6. 

- m  m 

Sll S12 S12 0 0 0 
o o o 

S--12 $23 $23 + r S% 0 0 0 
0 0 0 $44 0 0 
0 0 0 0 $66 0 
0 0 0 0 0 $66_ 

Similarly in the orthotropic axes (~) the constitutive relation: 
- - - - -  . . .  

8 " = C : c ,  
can be written in matrix form as: 

~ = C E ,  
or: 

- u  - 

o.l 
o" 2 

m 

o" 3 
O" 4 

o" 5 
m 

_~ _ 

CII 

C12 

C13 
0 
0 

_0  

m m 

Cl2 Cl3 0 0 0 
. . .  . - - , .  

C22 C23 0 0 0 
C23 C33 0 0 0 

0 0 C44 0 0 
. . , . -  

0 0 0 C55 0 
0 0 0 0 C66 e 6 J  

" - n  - 

O.I 
O" 2 

O" 3 

O" 4 

O" 5 

.O'6 _ 

In the particular case of the transversely isotropic unidirectional layer we then 
have: 

- m  - 

o.l 
0" 2 
0" 3 
0" 4 

0" 5 

_0"6 _ 

- n  B . . -  

Cll Ct2 Ct2 0 0 0 
CI2 C23 + 2C44 C23 0 0 0 
Cl2 C23 C23 + 2C44 0 0 0 

0 0 0 C44 0 0 
0 0 0 0 C ~  0 

0 0 0 0 0 C66 

- - _ - 

El 
E2 
E3 
E4 

E5 
.E6. 

2.3. Conventional matrices for changing axes 

The angle a between the vector x I of the off-axes (e) = (x 1, x 2, x 3) and the 
vector X! of the orthotropic axes (~)= ( X I , X I , x 3 ) ,  is measured on x 3. 
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Figure 2.2. Off-axis directions 

The matrix which enables us to go from the orthotropic directions (~') to the off- 
axis directions (e)" 

a = I cosa  s ina  !1 
- sin cr coscx , 

o 0 

is written in the form: 

with: 

I I  = 

Ic s!l 
- - $  C , 

0 0 

c = cos a and s = sin a .  

From the transposed matrix of the axis change 

Ii-s !1 Ill T = C , 

0 

we obtain the following two matrices M and N: 

i 

c2 s2 0 0 0 - 2cs 

s 2 c 2 0 0 0 2cs 

0 0 1 0 0 0 

0 0 0 c s 0 

0 0 O - s  c 0 

cs - c s  0 0 0 c 2 - s  

, N =  

" 2 r 

2 $ 

0 

0 

0 

2cs 

s 2 0 0 

c 2 0 0 

0 1 0 

0 0 c 

0 0 - s  

- 2cs 0 0 

0 

0 

0 
$ 

c 

0 c 

- -  c$ 

c$ 

0 
0 

0 
2 _ $ 2  
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2.4. Stress and strain matrices  

The formulae  for chang ing  the d i rec t ions  for o = M ~  and ~ = N T 
writ ten in the fo l lowing  forms '  

cr, ] 
cr2[ 

I 0"3[ 
Crn] 
as] 

I 
.~ .J 

c 2 s 2 0 

s 2 c 2 0 

0 0 1 

0 0 0 

0 0 0 

cs - cs 0 

0 0 - 2cs 

0 0 2cs 

0 0 0 

c s 0 

- s  c 0 
0 0 c 2 - s  2 

0.1 

0.2 

0.3 
u 9 

o" 4 

0.5 

.0"6 _ 

o can be 

and: 

0.1 

0" 2 

o' 3 

0" 4 

0" 5 

_~ _ 

" 2 c 
2 s 

0 

0 

0 

- c s  

2 s 0 0 0 2cs 

c X 0 0 0 - 2cs 

0 1 0 0 0 

0 0 c - s  0 

0 0 s c 0 

cs 0 0 0 c 2 - s  2 

'0.1 

o" 2 

o" 3 

0" 4 

0" 5 

_0"6 _ 

similarly,  the formulae  for changing  the strain axes for strains c = N~ and ~ = M r 
can be written: 

and: 

62 

63 

E4 

E" 5 

_g6 _ 

- m  - 

El 

F. 2 

~3 

C4 

F. 5 

.C6. 

c 2 

s 2 

0 

0 

0 

_2cs 

2 c 
s 2 

0 

0 

0 

- 2cs 

s 2 0 0 0 - c s  

c 2 0 0 0 cs 

0 1 0 0 0 

0 0 c s 0 

0 0 - s  c 0 

- 2 c s  0 0 0 c 2 - s  2 

s 2 0 0 

c 2 0 0 

0 1 0 

0 0 c 

0 0 s 

2cs 0 0 

0 cs 

0 - c s  

0 0 

- s  0 

c 0 
0 c 2 - s  2 

- i  - 

ci 
E2 

c3 
m 9 

C4 

C5 
_E6 _ 

El 

E2 

E3 

E4 

e5 

_E6. 
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In the present case it may be noted that we go from M to its inverse N r by 
replacing the angle a by - a  in M. One can use the same transformation to go from 
N to its inverse M r . 

2.5. Stiffness matrix in directions away from the orthotroptc axes 

The stiffness matrix C in the (e) space is given by the relationship: 
C = MCM T I 

which involves the matrix: 

m __ 

c 2 s 2 0 0 0 - 2cs 

s 2 c 2 0 0 0 2cs 

0 0 1 0 0 0 

0 0 0 c s 0 

0 0 O - s  c 0 

cs - c s  0 0 0 c 2 - s  2 

The product of the latter two matrices is thus: 

l Cl2 "Cl3 0 0 0 c 2 s 2 0 0 0 cs 
$ 2 o o o o o o - .  

~ M r = ] C , 3  C'23 C---33 0 0 0 i 0 1 0 0 i 
i 0 0 C-,.4 0 0 0 0 c - s  ' 

0 0 0 Css 0 0 0 s c 

o o o o c~JL-2c~ 2~ o o o c ~ - ~ j  

that is: 

~ M  r 

$2 C2~'12 CI 3 c2C'11 + $2C'12 C'll + 0 0 
c~e,~ +~c-~ ~'-e,~ +c~e~ c-~ o o 
c~c--,3 +~c%3 ,'-Cl~ +c~e~3 c%3 o o 

0 0 0 c C ~  - s C ~  

0 0 0 sCss cCss 

- 2csC66 2csC66 0 0 0 

.(~,,-c-,,)- 
c,(e,, -c-~,) 
c,(~,, -c%) 

0 
0 

(c 2 - s2)~'66. 

After multiplying the left-hand side by M and identification, one obtains: 
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- the components of the first column of C :  

Cl, : c4C'11 + s'lC'22 + 2c2s2 (C'12 + 2C'66 ), 

C2, :cZs2('C,, +C"-22-4~'66)+ (c 4 + s ' )C,2 ,  

C31 = c2C53 + 12823 , 
C41 = O ,  

C51 =0, 
C6 ' =r162 _$2~'22 _(r _$2)(~"2 +2C"- )l, 

- the components of the second column of C: 

C,2 = c2s2(Cl, +C'22-4C'66)+ ( c4 + s4)C~2 =C2,, 
c ,2 -  ~'e,, +~'c5, + 2 c ~ ( e , ,  + 2e~), 
C32 = 82C'13 + c2C53 , 
C42 = 0, 
C52 = O, 

- the components of the third column of C: 

C13 = c2C"13 + 82823 = C31, 
C23 = $2C"13 + r = C32, 
C33 = C33, 
C43 = O, 
C53 = O, 
c~3 - c~(e,, -c%), 

- the components of the fourth column of C: 

Cl4 = O, 
C24 = O, 
C34 = O, 
C44 = c2C'44 + s2C'55, 
c,,  = ~ , (e , , -  ~,,), 
C64 = O, 
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- the components of the fifth column of C: 

Cl5 = O, 

C25 =0 ,  

C35 = O, 
c . ,  = c , . .  

C65 =0, 

- the components of the sixth column of C: 

- 2 + 2C66 = C61, 

2 + 2C66 = C62, 

C36 = cs(C'13- C-23)= C63, 
C46 = 0, 
C56 = 0, 

The constitutive relation o = Ce can then be written as: 

o-I 
o" 2 
o" 3 
o- 4 

o- 5 
_o-6 

Cll 
C12 
C13 

0 
0 

C16 

C12 Cl3 0 0 C l6  
C22 C23 0 0 C26 
C23 C33 0 0 C36 

0 0 C44 C45 0 
0 0 C45 C55 0 

C26 C36 0 0 C66 

"El 
s 
E3 . 
E4 

C5 

_E6 

Note that for a = 0 or a = {- ,  the coefficients C16, C26 , C36 and C45 are equal 

to zero ( orthotropic materials whose directions of orthotropy coincide with the co- 
ordinate axes). 

2.6. Compliance matrix in directions away from the orthotropic axes 

The compliance matrix S in (e) is given by the relationship: 

S = NSN T 

which involves the matrix: 
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N , . .  

2 2 r S 
S 2 C 2 

0 0 

0 0 

0 0 

2cs - 2cs 

0 0 0 - c s  

0 0 0 cs 

1 0 0 0 

0 c s 0 

O - s  c 0 

0 0 0 c 2 - s  

The product of these two matrices is: 

gN r 

- m  

Sll 
Sl2 
SI3 
0 
0 
0 

s-,~ s-,~ o o o 
s-~, s53 o o o 
sS~ sL~ o o o 
0 0 $44 0 0 
0 0 0 S55 0 

0 0 0 0 $66 

2 c 
2 s 

0 
0 
0 

- -  cs 

s 2 0 0 0 2cs 

c2 0 0 0 - 2cs 

0 1 0 0 0 

0 0 c - s  0 

0 0 s c 0 

cs 0 0 0 c 2 - s 2 

that is' 

gN r 

c2S~2 + s2922 
c 2-s~3 + s 2-g23 

0 

0 
- csS66 

~ . .  + ~ . ~  ~.~ o o 2 . (~ . . -~ .~ )  
~ .~+c~s-~ ~ .  o o 2.(~.~-s-~) 

0 0 cS44 "- sS44 0 

0 0 sS55 cS55 0 

r 0 0 0 (C2__ S 2 )~'66 

After multiplication of the left-hand side by N and identification, one obtains: 

- the components of the first column of S" 

Sit t 2 
=C2 2 _ (r S4)~12 ' s~. s ( ~ . . + ~  ~ ) +  + 
= C 2 -  S 2 -  $31 S13 + $23, 

S4t = 0, 

SsI = O, 

$61 = c s [ 2 c 2 S 1 1 - 2 5 2 S ' 2 2 - (  C2 -" s2)(2S'12 + S'66)], 
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- the components of  the second column of S: 

SI2 = r + 8 2 2 -  S'66)+ (C 4 + s4)8"12 =$21 , 

S22 = $4Sli + c4S'22 +r + S'66~ 
$32 = $2,~'13 + c2S'23 , 
$42 =0 ,  
$52 =O, 

S62 =c$[2525'I-" 2c2S-'22 +( c2 -$2)(2512 + 566)], 

- the components of  the third column of  S: 

S13 = c25"13 + $2523 = 831 , 

$23 = $25"13 + c25"23 = $32 , 

$33 = $33 , 
$43 =0 ,  
$53 =O, 

$63 = 2r (513 - $23 ), 

- the components of the fourth column of  S: 

514 =0 ,  
$24 = O, 
$34 - O, 

s .  = r + ~ ' -g . ,  

S54 = c ' ( 5 5 5 - g 4 4 ~  
$64 = 0 ,  

- the components of  the fifth column of  S: 

$15 = O, 

$25 = O, 

$35 =0, 

s55 = s 2 944 + c2S-55, 
$65 = 0 ,  
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- the components of the sixth column of S: 

$36-" 2c5(S'13 - S'23 ) = S63 , 
$46 = 0 ,  
$56 =0, 

$66 = 4c2s2(S'~1 +S'22- 2S'~2)+ ( c2 -s2)2S-~ �9 

The constitutive relation ~ = S~ can then be written as' 

E3 = 
E4 

ie5 i 
~.E6. 

SII S12 S13 0 0 S16 
S12 $22 $23 0 0 $26 
S13 $23 $33 0 0 $36 
0 0 0 S44 S45 0 
0 0 0 $45 $55 0 

_S16 $26 $36 0 0 $66  

0.1 
o" 2 
0"3 . 
0" 4 

~ 
_0.6 J 

As for the stiffnesses, note that for the compliances SI6, $26, $36 and $45 are 

zero for a = 0 or ct = ff (orthotropic axes coincide with the co-ordinate axes). 

2.7. Orthotropic layer loaded in tension and in she[r 

2.7.1. Simple tension 

For the case of a layer loaded in simple tension in the xl direction, the only non- 
zero component of the matrix is 0.1. 

-0.1 

Xl 

Xl 

Figure 2.3. Tension off-axis 
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The constitutive relation c = So gives" 

E l = SllO'l , 

E 2 -- S120"1, 

E 3 -- S130rl, 

s =0 ,  
~75 = 0 ,  

E 6 -- S160"1. 

The layer undergoes three unit extensions in the x I , x z and x 3 directions as 

well as an angular distortion in the two orthogonal directions xl  and x z. 

For a = 0 (fibres parallel to x I ) or ct = ~- (fibres parallel to x 2), the elastic 

compliance S l6 is zero. The angular distortion is then zero. 

The strains obtained are shown in the figures below. 

kx2 

Figure 2.4. Strains when St6 g 0 

Ak x2 

O 
v 

x 

Figure 2.5. Strains when Sl6 = 0 
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2.7.2. Simple shear 

When the layer described previously is loaded in simple shear in the two 
directions x I and x 2, the only componen t  which is not zero in the stress matrix 

is 0"6. 

-a6 

-0" 6 

Figure 2.6. Shear in off-axis directions 

Given the consti tutive relation ~: = S o ,  we have" 

E I = Sl60.6. E 4 = 0, 

E 2 = $260"6 , E 5 = 0, 

E 3 = $360. 6, E6 = $660. 6. 

The layer undergoes unit extensions in the x I , x 2 and x a directions, and an 

angular distortion in the two directions xt  and x2.  

For ct = 0  or a = 2 g-,  the elastic compliances  S i6 ,  $26 and $36 are zero. The 

linear expansions are therefore zero. 

The corresponding strains are represented by the fol lowing figures. 

O 
Xl 

Figure 2.7. Strains when Sl6 r 0, $26 ~ 0,$36 ~ 0 
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A~ x2 

x I 

Figure 2.8. Strains when S!6 = $26 -- 536 -- 0 

2.8. Reduced stiffness matrix for the orthotropic layer 

In this paragraph, we will describe the Q and Q of an orthotropic layer with 
through thickness normal stress tr 3 zero. These matrices are introduced into the 

theorems of  Kirchhoff-Love and Reissner-Mindlin for multi-layer materials. 

2.8.1. Reduced stiffness matrix Q in orthotropic co-ordinates 

as: 
In the orthotropic co-ordinates (E), the constitutive relation ~ = C ~  is written 

o" 1 

o" 2 

o" 3 

o" 4 

o" 5 

_~ _ 

Cll  Cl2 Cl3 0 0 0 
I _ _  ! 

C12 C22 C23 0 0 0 

C13 C23 C33 0 0 0 
0 0 0 C44 0 0 

1 

0 0 0 0 C55 0 
0 0 0 0 0 C66 

Cl 
E2 

c3 
E4 

0 

C5 

_C6 _ 

When- 
a- 3 - CI3~ ! + C23~ 2 + C33E 3 = 0 ,  the expansion ~3 is equal to: 

C~3~ + c23~2 
E 3 = __ . 

(?33 
The normal stresses" 

a~ = C~ t~ + C~2~2 + c~3~3, 
- -  1 i 

a--2 = C~2~ + C22~2 + C23~3, 
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can then be expressed only in terms of E l and e2, using: 

~1 = e l l - '~ '~331 ~1 + C 1 2 -  C33- E2, 

- C"3"~ El + e22 - C"3"~'3" ~'2 ' 

By putting: 
_ _ C--i x _ _ 
QII = CII C'33' QI2 = c12 - 

- -  --  C'73 Q~66 = C--66' Q22 = C22 C'33' 

Q44 = C44, Q55 = C55, 

C13C23 
C33 

the constitutive relation can be expressed in one of the following two forms: 

or: 

with: 

-~,- r~,, ~,~ o o o - ~ ,  

e4 o o ;g4 
. ~  o o ~5 : ~  

II ~ 1 o,,: o][;,7 
_ _  _ C i 3 C j 3  - ~ - - - ( i ,  j = 1,2), 
a,j = % c-.  
Q-~j = C~j (i, j = 4,5,6). 

In the plate theorems of Kirchhoff-Love and Reissner-Mindlin we keep the 
notations ~ and ~ to represent the matrix columns of stress components' 

O"1,O"2,O"6,O'4,O"5 , or O"1,0.2,0. 6 , 
and strains" 

EI,E2,E6,E4,E5, or s 
which have just been introduced, and designate by Q the corresponding reduced 
stiffness matrix. 
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2.8.2. R e d u c e d  s t i f fness  ma t r i x  Q in the  co-ordinates  away  f r o m  the  or thotropic  
a x e s  

The change from the orthotropic axes (~) to the off-axis co-ordinates (e) and its 

transposition are written as: 

a = c and a r = c . 

0 0 

The matrix axes change with respect to the stresses tt = M-6, involving the 
matrix: 

M _.  

2 2 
C $ 

2 2 
S C 

0 0 

0 0 

0 0 

C$ -- C$ 

0 0 0 - 2cs 

0 0 0 2cs 

1 0 0 0 

0 c s 0 

0 - s  c 0 

0 0 0 c 2 - s 2 

can be written for this case in the form" 

or: 

0.1 c 2  

0" 2 s 2 

0"6 = c s  

0"4 0 

0"5 0 

s 2 - 2cs 0 0 

c 2 2cs 0 0 

- c s  c 2 - s  2 0 0 

0 0 c s 

0 0 - s  c 

io, l c2 s2 _2cs I"l 
0.2 = s2 c2 2cs ~2 

0" 6 C$ - -C$ C 2 - - $  2 5 6 
[o,]-[:, ], 

keeping the notation M for the two new conventional change of axes matrices 
associated with the two matrices of the stress components 51, 52 , 56 , 54 , 55 and 

~ ~ . 

0 . 1 , 0 . 2 , O ' 6  

r = l~r 

The formula for changing the axes with respect to the strain matrices E = N~ ,  
with: 
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S 

c 2 

2 $ 

0 
0 
0 

s 2 0 
c 2 0 

0 
0 
0 

2cs  - 2cs  

0 0 - c s  

0 0 cs 

1 0 0 0 

0 c s 0 

O - s  c 0 

0 0 0 c 2 - s 2 

can be written as: 

-e  l c 2 s 2 - cs 0 0 "el 

e 2 s 2 c 2 cs 0 0 e2 

e~ - o2C~ - 2~ ~ - ~ o o~ ~ , 
e 4 0 0 C E4 

: 5 .  0 0 - s .e5 

or: 

i ,l c2 s2 _cs 
E 2 = S 2 C 2 CS E'2 , 

e 6 2cs  - 2cs  c2  _ S2 

E:',I-E:, cjLg5 ]" 

So, by designating as N the new conventional axis change matrix" 
~ = N ~ .  

The formula for changing axes, established for the stiffness matrices 
C = M C M r  leads to the relation: 

Q = MQM r . 

Given the calculations already performed for the change of axes the reduced 
stiffness matrix Q is of the form: 

with: 

Q ._ 

QII  QI2 QI6 0 0 
QI2 Q22 Q26 0 0 
QI6 Q26 Q66 0 0 

0 0 0 Q44 Q45 
0 0 0 Q45 Q55_ 
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QII =C4QII +$4Q22 +2c252(~2 +2Q66) , 

Q,2 = c2s2(~, + Q--22-4Q'66)+ ( c4 + s4)~2, 

QI6 = C$[c2Q11- $2Q'22 "-(C2- $2)(~2 + 2Q'66)1, 

Q~0- c , [ ,~ , -  c~2 + (c~-,~)(o,~ + ~)1 ,  
2 - -  Q44 = c2044 + s Qss, 

Q45 = C$(J~5- Q'44)" 
It should be noted that the reduced stiffnesses Ql6 ,  Q26 and Q45 are zero for 

ct = 0 or a' = -~. These relationships can be written in matrix form" 

- . 

QII 
Q22 
Ql2 
Q6~ 
Ql6 = 
Q26 
Q44 
Q55 

_Q45 

C 4 S4 2C2S 2 4C2S 2 0 0 
$4 C 4 2C2$2 4C2$ 2 0 0 

C2S 2 C2S2 C 4 +$4 --4C2S 2 0 0 
C2S 2 C25 2 - 2C252 ( c2 7" S2)z 0 0 
c~, - c , ~ - c , ( c ~ - , ~ ) - ~ , ( c ~ - , ~ )  o o 

0 0 0 0 c 2 s 2 

0 0 0 0 s 2 c 2 

0 0 0 0 - c s  c s  

_0"55 

or: 

-QIi ] 

Ql61 
_Q26 J 

C 4 S 4 
S 4 C 4 2C2S 2 4C2S 2 

C25 2 C25 2 C 4 + S 4 __ 4C2S 2 
2 2 C2S 2 C2$ 2 --2C2S 2 ~ --$ ~ 

_e,~-~, c,i~-,~) ~c~i~-,~). 
Q44 c2 
Qs5 = S2 

/Q~5 - c ~  

2c2s 2 4c2s 2 ] 

Q~ 

$2 

CS Q55 
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2.9. Reduced compliance matrices of an orthotroplc layer 

Having presented the reduced stiffness matrix Q we will now derive the 
reduced compliance matrices P and P for an orthotropic layer where the through- 
thickness normal stress o" 3 is zero. 

2.9.1. Reduced compliance matrix in orthotropic co-ordinates 

with: 

In the orthotropic co-ordinates we have" 
- m  

m 

~e 2 

E 6 = 

~'4 
m 

_E5 

~2 
0 

0 
0 

Pl2 0 0 0 "~'l" 
~2 o o o ~2 

0 P66 0 0 ~6 , 

o o ~44 o ~4 
o o o ~55 ~5 

m m 

= -- QI2 -- Q22 , P 1 2 = _  , 
Pll QllQ22 _~-  2 QI iQ22 - Ol~ 

~22= QII ~66= 1 

- 1 - l 
P44 = g44' P55 -- -55" 

2.9.2. Reduced compliance matrix P in the direction away from the orthotropic axes 

The formula for the change in co-ordinates for the reduced compliance matrix is 
written as" 

P = N~N r 

Given the preceding calculations for changing axes the reduced compliance 
matrix P may be written as' 

p . - -  

-ell e12 el6 
Pl2 P22 P26 
Pl6 P26 P66 
0 0 0 

0 0 0 

0 0 

0 0 

0 0 , 

P44 P45 
P45 P55 
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with: 

el2 =c2$2('P111 +P22-P66)+ ( c4 + s')ell2, 
P66 = 4c2s2(~ ,  + - f i n - 2 ~ 2 ) + ( c 2 - s 2 ~ f 6 6 ,  

PI6 =c$[2c2pII1- 2$2P22- (  c2 -$2)(2P112 + P'66)1. 

P55 = s2p44 + c2~5,  

It may be noted that the terms el6. P26 and P45 are zero for ct = 0 or ct = n_. 2" 
These relationships can be presented in the form: 

P l l -  

~2 
i 

~2 
P66 
!PI6 = 

~6 
P44 
P55 

.P45 _ 

C4 s 4 2C2S 2 c2s  2 0 0 

S 4 C 4 2C2S 2 C2S 2 0 0 

C 2s2 C2S 2 C 4 +S 4 - C 2 S  2 0 0 

4 c 2 s 2 4 c 2 s  2 - 8 c 2 s  2 , -- -- ( c 2 , - s 2 ~  O 0  
2c3s - 2cs 3 - 2cs[c 2 - s 2 

(. 
0 0 0 0 c 2 s 2 

0 0 0 0 S2 c 2 

0 0 0 0 - cs CS 

-I P22 
Pl2 
P66 

_ sJ 

or" 

ell 
P22 

P I2  
P66 
P~6 

_P26 _ 

- C4 
S 4 

C2S 2 

4C 2 S 2 

2C3S 

2CS 3 

P44 C2 

P55 = s2 

LP45 - cs 

s 4 
4 c 

c2s  2 

4c 2 s 2 

- 2CS 3 

-2C3S  

S 2 

CS "P55 " 

2c2s 2 c2s 2 

2c2s 2 c2s  2 

c 4 + s4 _ c 2 s 2  

- 8 c 2 s  2 (c 2 - s 2 ~  

-2c,(c  _,i) 
P_22, 
52 
P66 



Chapter 3 

Elastic constants of 
a unidirectional composite 

3.1. Introduction 

When an orthotropic material is in a plane stress state the relationships between 
the stresses and strains involve the four elastic constants E l , E 2 , I,'12 and GI2. In 
addition to these coefficients, when considering thermo-elasticity the coefficients of 
thermal expansion cq and or 2 are also required. 

In this chapter we are able to obtain the characteristics of a unidirectional 
composite material as a function of the characteristics of the fibres and the matrix. 

3.2. Density p 

Designating as: 
- M ,  M r ,  M m the masses of the composite, fibres and matrix, 

- p,  ,of, /9 m the densities of the composite, fibres and matrix, 

- v ,  v f ,  v m the volumes of the composite, fibres and matrix, 

the mass of the composite is" 
M = M f  + M  m , 

or :  

Then: 
pV m p f V f  + P m V m  �9 

v f  
V f  = , the volume fraction of the fibres, 

v 

V m = vm the volume fraction of the matrix, 
v 

and noting that V f  + V m - 1, the density of the composite is: 

p = V/  p /  + VmP m = V / p [  + (l - V f )p m . 
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3.3. Longitudinal Young's modulus E l 

In the theory below we assume that, as shown in the figure, the fibres are 
concentrated in the lower part of the composite and that the matrix occupies the 
upper part. The composite is subjected to the longitudinal tensile force F. 

~ X2 

I 

V 

- F X  l matrix X 1 

fibres 

Figure 3.1. Longitudinal tension 

In the model adopted here, we suppose that the longitudinal extensions resulting 
from the tensile force F are the same in the composite, fibres and matrix, which can 
be presented as: 

e I =e l  f = e ~ .  

We designate as: 
- E l, , E m the Young's moduli of the fibres and matrix, 

- S ,  S f ,  S m the surface areas, orthogonal to Xl ,  occupied by the composite, 

fibres and matrix. 

We note that, designating by I the length of the composite: 
v f  _ S f l  _ S f  

v - -Sl s 
and that: 

S m 
V ~  - -  m ~ 

S 
The tensile stresses in the fibres and in the matrix are equal to: 

0"/ = E f s 1, 

0"~ = Ems 1, 
and the tensile force is given by: 
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F = S f o ' f  + SmtY~ n . 

The tensile stress cr I in the composite is" 
F 

~'1 -- - -  ---- V f o ' !  f "l" VmO" ~ "- ( V f  E f "t" V m E m )E' l . 
S 

The longitudinal Young's modulus E l of the composite is defined by: 

E l = tYl 
~'1 

and thus we obtain the relationship: 

E l = V f E f  +]/mE m = V f E f  + ( l - V f ) e m ,  

which provides a satisfactory value of E l . It should be noted that, for cases where 

E f >> E m , then as a first approximation: 

E l = V f E f .  

3.4. Polsson' s coefficient v 12 

With the loading described above the transverse extensions of the fibres and the 
matrix are equal to: 

E f = - V f E I ,  

E~ =--VmE 1, 

where v /  and v m represent Poisson's coefficients of the fibres and the matrix. 

The change in thickness of the laminate is given by" 
f Ae = Ae f + Ae m = e f e  + emE 2 , 

where e f  and e m are the thicknesses of the fibre and matrix parts. 

Designating by 17 the width of the composite, it may be noted that: 
v /  ___e f b l  _ e f 

V f  = v ebl e 

and: 

Vm mere . 
e 

The transverse expansion of the composite is: 

~'2 = - - - =  f f �9 e 
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Poisson's coefficient Vl2 of the composite is defined by" 

t; 2 
v12 = - ~ .  

El 
From this we obtain the expression: 

VI2 -- Vfvf + VmV m -'- Vfvf "4- 0 -Vf )I/m, 

which provides Poisson's coefficient VI2. 

3.5. Transverse Young's  modulus  E 2 

The composite is subjected to the transverse tensile force F. 

X2 

matrix I / / X t 

fibres 

- F X  2 

Figure 3.2. Transverse tension 

With the same model it is assumed that the transverse strains in the fibres and in 
the matrix are equal" 

0"2 =0"2 f =0.~n. 

The transverse extensions in the fibres and in the matrix are: 

f _ 0"2 e., - , 
1 _ .  

Ef  
~.~n = 0"2 . 

Em 
The thickness variation is equal to: 
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Ae = Ae f + Ae m = e f e  f + eme~' , 
the transverse extension of the composite is: 

= - -  = v:e  + v , . c 7  = + . 

e E f  E,n 

The transverse Young's modulus E 2 of the composite is defined by the 

expression: 
1 

E2 
c2 
0"2 

from which we obtain" 
1 

E 2 E f  E m 

The transverse Young's modulus E 2 is therefore equal to: 

or~ 

E 2 = 
E fEm E m 

Em ' 

E 2 = 
Em 

Em )" 
l - V f  l - - ~ f  

The accuracy of the value of E 2 obtained by this expression is poorer than that 

for E l . When E f >> E m , the expression for E 2 becomes: 

Em 
E 2 = ~ .  l-V/ 

From the calculations above it may be noted that the two Young's moduli E I 

and E 2 are given by expressions analogous to those encountered when the 
equivalent stiffnesses of two springs in parallel and in series are calculated. 

3.6. Shear modulus G!2 

The composite is subjected to shear loading 0" 6 as shown on the following 
figure: 
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matrix ~ X  1 - - - - - - - - - - - ~ / / e ~ n  

fibres ~ 6f  

F i g u r e  3 . 3 .  Shear 

Again with the same model, it is assumed that the shear stresses in the fibres and 
in the matrix are equal" 

0. 6 =0.6 f =0.~n. 

The angular distortions in the fibres and in the matrix are given by: 
Ef = 0"6 , 

G f  

~.~n = 0"6 , 
Gm 

where G f  and G m represent the shear moduli of the fibres and the matrix. 

The displacement in the Xl direction of the upper plane of the composite with 
respect to the lower plane is" 

u = u f  +um . 
Given the displacements due to the fibre and matrix parts: 

Uf = e f E  f , 

u m = emE ~ ,  
we obtain: [e, e.) 

= m = + 0 . 6 .  u efEf6 + emE 6 G f  G m 

The angular distortion of the composite is: 

E 6 = _ = + 0" 6 , 
e G f  G m 
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the Gl2 of the composite is given by" 

1 = e 6 
9 

GI2 0" 6 
SO: 

or :  

_ L = v :  . 

GI2 G/ G m 
The shear modulus is: 

GfGm 
GI2 = VmG: + V/G,. 

G m 

Gm ' %+v: c: 

G m 
GI2 = 

Once again the accuracy of Gi2 is less than that for E l . When Gf >> G m , we 

have, as a first approximation: 
Gm 

G I 2  = - - - - - - .  l - V f  

3.7. Longitudinal thermal expansion coefficient cq 

The composite is not subjected to any external force but experiences a 
temperature variation of: 

A T = T - T o .  
In the model considered here we assume that the longitudinal extensions of the 

fibres and of the matrix are identical, that is: 

e I = e (  = e ~ .  
Only the longitudinal stresses due to the difference between the thermal 

coefficients of the fibres, a f and of the matrix a m are not zero. 

The longitudinal expansions of the fibres and the matrix are equal to: 

E /  

e~ n = o '~  + ~mAT" 
Em 
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The longitudinal stresses in the fibres and the matrix are: 

tr(  = E f  (e, - ~ f A T ) ,  

o'~ n = Em (e I - t~mAT ). 
The resultant force of the tensile loads" 

F = o ' ( S f + o ' ~ n S m ,  
being zero, we obtain the expression" 

V f o ' (  + VmO'~ n = 0 . 

Introducing in this expression the stress values or[ and cry', we obtain: 

V f E f (E 1 - o[, f AT)+ Vmg m (E I - O~'mAT ) - O, 
then: 

(Vf E f  + VmE m )El -- (Vfo(,f E f  + Vml~,mE m )AT .  

The coefficient of longitudinal thermal expansion o~ l of the composite being 
defined by: 

6"1 
o~ 1 - ~ ,  

AT 
we obtain the following expression: 

V f a f  E / +  VmamE m 
t ~ l  - -  = 

VfeI  + V Em 
V f a f E f  + ( l - V f ) a m E  m 

3.8. Transverse expansion coefficient a 2 

The transverse expansions of the fibres and matrix are equal to: 

el2 =_  Vf o'( +otfAT,  
E f  

m Vm e 2 = - tr~ + OtmAT, 
Em 

replacing the longitudinal stresses by their values determined in the previous 
paragraph we obtain: 

e f = - V f ( s  l - a f A T ) + a f A T ,  

= -Vm(e, -a Ar)+a Ar. 
The thickness variation is given by" 

Ae = Aef + Ae m = e f e f + eme ~ , 
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The transverse expansion of the composite is" 
Ae ~ 

E 2 =---'=VfE +VmE ~. e 
Introducing the values of e~ and e ~ ,  we obtain: 

As: 

we have: 

or: 

E 2 = -(Vfvf + VmV m )E l "6 (Vfolfl/f "6 Vmt~mV m )AT Jr (Vfocf .6 Vmt~ m )AT .  

el V f a  f E f + VmamE m = AT,  
Vf E f "6 VmE m 

~' = {-(~:~' +"~176176176 
...+ (VfGcfVf +VmOlmVm)(Vfffvfff +Vmfm +Vmfm)}AT+(Vfocf +VmEm)AT ' 

~ =[~,~m('..~, -~:~o)(~~ -~:) 
VI E f + VINE., 

+ VfGCf .6 Vma m ]AT. 

The coefficient of transverse thermal expansion a 2 of the composite given by: 

s 0'2 ="~, 
is equal to: 

or: 

Ct 2 = V f t~ f + Vmt~ m + VmE f - V f Em (Ctm _ Ct f ) 
E f  E F m 
Vm Vf 

t~ 2 -" Vfot  f +(l-V/)a m + vm E f - v f Em (Gl m - tX.f ) 
E f  Em + 

l - V f  V f  
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Chapter 4 

Failure criteria 

4.1. Introduction 

Having analysed the stresses and strains in composite materials we will now 
present the main failure criteria for these materials. 

The degradation of the composites is characterised by one of the following local 
modes: 

- damage dominated by fibre degradation (rupture, microbuckling, etc.), 
- damage dominated by matrix degradation (crazing, etc.), 
- damage dominated by singularities at the fibre-matrix interface (crack 

propagation, delamination, etc.). 

Composite failure is a gradual process, as the damage in a layer results in a 
redistribution of stresses in the laminate. 

4.2. Maximum stress theory 

Failure of the composite occurs as soon as the stress field no longer satisfies the 
following relationships: 

. . .  m 

0.1rc < 0.1 < 0.1rt, 

0.2rc < 0"2 < 0"2rt, 
- - - .  ~ m 

0.3rc < 0"3 < 0.3rt, 

m m 

--0.4r < 0"4 < 0.4r, 

--0.5r < 0"5 < 0.5r, 
, - - - -  . - - ,  . . .  

--0.6r < 0"6 < 0.6r, 

in which ~'irt (i = 1,2,3) represents the failure stresses in tension, 0.-'irc (i = 1,2,3) the 
failure stresses in compression, and 0.-'/r (i = 4,5,6) the shear failure stresses. 

In these expressions the failure stresses in tension and shear are positive, those in 
compression are negative. 

When the stress state in the composite is expressed as a function of a single 
parameter which depends on the external loads, it is convenient to introduce for each 
expression the loading coefficient Fit r associated with the stress state leading to 
failure. 



56 Analysis of composite structures 

This stress state defined by: 

~i  = Fia~i  (no summation), 
leads to the loading coefficients: 

! 1 

Ft'tr = O'irt o r  F itr = Orirc (i = 1,2,3) 
O" i or i 

according to whether the normal stresses ~i are positive or negative and: 

Fitr =O'i--~r or Fitr=-~ ( i=4,5,6) ,  
O" i O" i 

according to whether the shear stresses ~i are positive or negative. 

Failure occurs for the smallest value of the loading coefficients Fit r , calculated 
above, according to the failure mode given by the index i. For i = 1, 2 or 3, failure 
occurs in tension or compression in the directions X l, X z or X 3 , whereas for i =4, 
5 or 6, failure occurs by shearing in the planes (X 2, X 3 ), (X 3, X 1 ) or (X l , X z ). 

4.3. Maximum strain theory 

Failure of the composite occurs as soon as the strain field no longer satisfies the 
following relationships: 

Eir c < E l < Elr t ,  --E4r < E 4 < E4r,  

E2r c < E  2 < E 2 r  t ,  - -E5r  < E  5 < E 5 r ,  

E3r c < E  3 < E 3 r  t ,  - -E6r  < E  6 < E 6 r ,  

in which E-it t (i = 1,2,3) represent the failure strains in tension, E"]r c ( i -  1,2,3) the 
failure strains in compression and gir (i = 4,5,6) the shear failure strains. 

The failure strains in tension and shear are positive, whereas in compression they 
are negative. 

Just as for the maximum stress theory, if the strain state only depends on one 
parameter we can define for each expression the maximum strain coefficient Fie 
which is associated with the strain state leading to failure. 

This strain state: 
~i' = F/e~i (no summation), 

gives the loading coefficients: 

Fie = Eirt o r  FiE -" Eirc (i = 1 ,2 ,3 ) ,  
E2. 
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m m 

Fie =Eir or Fie =-Eir ( i=4,5,6)  
E i Ei 

with, as for the maximum stress theory, the same remarks concerning the signs of 
the sign convention and the failure modes. 

4.4. Polynomial  failure criteria 

Composite failure occurs when the stress field no longer satisfies the expression: 

FiN i + Fi jNiN j + Fukcritrj tr  k + ... < 1 (i, j ,  k .... = 1, 2 ..... 6).  

The coefficients F i , Fij and Fijk . . . .  in this criterion are found experimentally. 

The different criteria described in the following paragraphs are of this type. 

4.4.1. Tsai .HUl criterion 

The Tsai-Hill criterion is of the form' 

<1 ( i , j = l ,  2 ..... 6), Fij~i~j 
with F/j = Fj i .  

As for the von Mises criterion, it is assumed that a change in hydrostatic pressure 
has no influence on the failure of the material. 

For an orthotropic material the Tsai-Hill criterion is written as" 

The six constants a, b, c, d, e and f are determined from six independent loading 
cases. 

For failure by extension in the X I direction, then X2 and finally X3, we obtain 
the three following expressions: 

(a + c)~2,. = 1, (a + b)g22r = 1, (b + C)f f  ~r = 1, 
which leads to: 

1 1 1 
a+c=__--- T ,  a + b = - - - - - ,  b + c -  , 

O'lr ~'2 r ~'32r 
for which the solution is: 
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a =  _--T+ m 
O'lr l(1 

b -  -~22r + 

1(  1 r  ~ +  
2 ~'2 r 

1 1) 

1 1 / 
~32r --2 ' Orlr 

1 l / 
m 2  ~ O'lr ~22r 

For failure by shear in the plane (X 2, X 3 ), then (X 3, X, ) and finally (X,, X 2 ), 
we obtain the three expressions: 

d~2r = l, e~25r = l, j ~ 2 r = l  , 
which gives" 

1 1 1 d='~42r, e=~, f=~-62 r. 
By identification of the polynomial, we obtain the following non-zero 

coefficients F#" 
1 1 1 

FII ff-?r F 2 2 e 2  v F33 if-2 r 

1 l 1 
F44 e24 F55 e2 F66 e26~ 

= -  ~ ~ r  ~r , 

i l l  l l / 
F3 ~ = - ~ + Crtr-W ~ 2  r " 

In the expressions above the failure stresses, cr-"/r (i = 1, 2, 3) will be taken equal 
to the tensile failure stress ~Yirt for ~i positive, and in compression ~irc for ~'i 
negative. 

Composite failure occurs when the stress field no longer satisfies the expression: 
FII~" ? +/722 ~2 +/733 ~2 + 2F230"20r 3 + 2F31ff3~ I + 2F12fflff2... 

. . .  + F4~4 ~ + F ~ r  + F ~  < ~ .  

The mode or modes of composite failure are determined from the dominant 
terms in the Tsai-Hill criterion. 
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When the external loads are such that the stress field is defined by a multiplying 
constant the Tsai-Hill loading coefficient Frn is introduced for which failure 
occurs. The stress field leading to failure of the composite is written as: 

~i' = FrH~i. 
This is introduced into the expression for the criterion: 

F,j , j < l .  

and the Tsai-Hill loading coefficient is obtained: 
1 

" - -  ~ 

In a composite the first failure occurs in the layer with the lowest loading 
coefficient. In addition, the failure mode or modes correspond to the dominant terms 
in the criterion. 

In the case of a plane stress field defined by: 

0" 3 =0" 4 =0 '  5 = 0 ,  
the Tsai-Hill criterion is written as: 

FI 1~'12 + F22~'22 + 2F12~1~" 2 + F66~ "2 < I.  

For a transverse isotropic material with the isotropic plane (X z ,X3) ,  the two 
corresponding orthotropic directions are equivalent. The coefficients in the Tsai-Hill 
criterion are then equal to: 

1 1 
Fll ~2 r F22 = F33 = ~2  r 

1 1 

1 1 
F23 = 2e2r e2r ' FI2 = F31 = 

1 

2~2r ' 
and the criterion can be written in the form' 

+ < 1. 

When the stress state is plane stress (o" 3 = 0" 4 = o" 5 = 0), this reduces to: 

~?  + ~ 2  0 . , a  2 ~ <1 

In the latter case, designating the stress values at failure by ~i' - FrH~'t then the 
Tsai-Hill loading coefficients at failure are' 
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1 
, , .  2( )2 ( 2 

O'lr ~6r J 

4.4.2. Tsai-  W u  cr i ter ion  

The Tsai-Wu criterion is written as" 

+ j <1 ,  

where the constants F i and F O. are determined from independent tests. 

- In the case of tensile and compression failure in the direction Xl ,  we obtain 
the equations: 

F l ~ ' l r  t + Fl l ~2rt = 1, 

F l f f l r  c + F l l ~ ' ? r  c = 1, 
in which the unknowns are F 1 and FII- 

The determinant of the system and the determinants associated with the two 
unknowns being equal to: 

A =~lrt~lrc(~lrc - - ~ l r t ~  

A ~ c r ~  --2 
- -  _ O ' l r t  , 

A 2  : ~ ' I r t  -~Irc, 
we obtain: 

Fl O'~rc + &'-i. 1 l 
O'l rt O'l r c Or l r t O'l r c 

1 
E l l  -" - - ~ "  

O'l rt O'l r c 

The constants F 2 , F22, F 3 and F33 are obtained from tensile and compression 

tests in the X 2 and X3 directions. 

- In the case of a shear failure in the plane (X 2, X 3), there are two equations: 

F 4 ~ 4 r  + F 4 4 ~ 2 r  = l, 

--F4G4r + F 4 4 ~ : r  = l, 
with ~4r and -~4r  being the shear stress. From this: 
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1 F,=O, F~ ~, 

In an analogous manner we obtain the values of F 5, F55 , F  6 and F66. 

- The coupling term Fl2 can be obtained from a biaxial test but this is very 
difficult to perform and in the absence of experimental results the following 
expression for Fl2 can be used: 

l 

/712= 2 4 ~ l r t ~ l r c ~ 2 r t ~ : r c  

The expressions for F23 and /731 are analogous to that for F12. 

- The other coupling terms F14, Fi5 . . . .  are taken to be zero. 

The non-zero coefficients in the Tsai-Wu criterion are therefore: 
1 1 1 1 1 1 

F I = _  + ~ ,  F 2 = _ _  + ~ ,  F 3 = _ _  +------,_ 
O'lr t O'lr c 0"2r t 0"2r c Or3r t 0"3r c 

l I l 
F I I = - - ~ - - ~ - , _  _ F22 = - _  _ , F33 = - _  _ , 

O" I rt ~ I rc 0"2 rt O" 2 rc 0"3 rt O'3 rc 
l l l r44 e,, e?, 

1 

2~/~ 

F23 = -  24~2rt~2rc~3rt~3rc 
F 3 | = -  

and the criterion is written in the form" 

F l~  , + F20" 2 + F3~" 3 + Fl,ffl 2 +/722 ~2 + F33~ 2 + 2 F12 0"10"2 ... 

�9 .. + 2F23~'2ff 3 + 2F3,~3~ I + F ~ 4 2  + F551Y52 + F66~ 2 < 1. 

If the stress field is defined by a multiplying constant we introduce the Tsai-Wu 
loading coefficient Frw expressing the stresses leading to failure in the form: 

crq = F r w ~  �9 
Introducing this into the Tsai-Wu criterion we obtain the expression: 

F,~, F,~,  + F ~  F , j~ ,~ j  - l ,  
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which enables Frw to be calculated. 
The first composite failure occurs in the layer with the smallest Tsai-Wu loading 

coefficient. 

For a plane stress state the criterion is written as" 

FI~  1 + F2~ 2 + FII~I 2 + F22 ~2 + 2F12~1~" 2 + F66~62 <1.  

For a transversely isotropic material with the isotropic plane (X2,X3),  the 
coefficients are: 

1 1 l 1 
r l = _ _  + ~ ,  F2=F3 = _ _ _ _  + ' : - - " ,  

O'l r t O'l  r c 0"2 r t Or 2 r c 
1 1 

F I I = - ~ , _  _ F22=F33 = - _  __ , 
a l rt O'l  r c Or 2 rt O'2 r c 
1 1 

" - - "  r - ~  9 

F44 ~ 2  r F55=F66 ~ 2  r 

1 1 
F23 = 2 _ _ n _ . r c , O . 2  0" 2 El2 = F 3 1  = 2 - - - - r t - - r c - - r t - - r c ~ l  &l d2 ~-2 

The Tsai-Wu criterion is written as: 

Ft~Yl + F2 (~Y2 +~3)  + F,,~l 2 + F22 (~22 + ff32)+ 2F,2~, (~2 + ~3).-. 

+ + + + 1 

and for the plane stress state this reduces to: 

F l~  I + F 2 ~  2 + Fl l~  2 + F22 ~'2 + 2F120"10" 2 + F66~',~ <1 .  

4.4.3. Hof fman criterion 

The Hoffman criterion has the form: 

with the non-zero coefficients: 

1 1 
E l  --  n "t" ~ 

Or l r t Or l r c 

1 
F|l ' - - ~  

O'l  rt O'l  r c 

1 1 1 1 
, F 2 =  + ~ , F 3 = _  + ~  

0 " 2 r  t O '2 r  c 0"3r  t t 7 3 r  c 

l 1 
, F22 = - ~  . . . .  , F33 = - ~ ,  

0"2rt  O'2  r c 0"3rt  tY  3r c 
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l 1 1 
F44 ~.2r, F55 e2r'F66e26r 

0"3rtO'3r c O ' l r t a l r  c 0"2r tO'2r  c 

, l )  
F23 -- - ~lrt-~lrc-O..-2rtO.2-----~rc-O.--3rtO.3---'~r c , 

, , 9 F31 - - -  ~ - ~ Z - ~ -  _ _ ~ _ _  �9 
0"2r tO'2r  c 0"3rtO'3r c O ' l r t tY l r  c 

It may be noted that the coefficients F 1 , F 2, F 3, F l l ,  F22, /733, F44, F55 and 
F66 are identical to those in the Tsai-Wu criterion, but the coupling coefficients 

El2, F23 and F31 are different. 

Replacing ty~.rc by -N~. in these coefficients, we obtain the coefficients of the 
Tsai-Hill criterion for the tensile stresses. 

The Hoffman criterion has the same form as the Tsai-Wu criterion: 

FIN , + F2~" 2 + F3~ 3 + Fl,ff 2 + F22tT22 + F33~ ~ + 2F12~'1~2... 

... + 2F23~'2~ 3 + 2F.~,N3~" , + F44N42 + F55N 2 + Ft~'62 < 1. 

In the case where the stress field leading to failure can be written as: 

~i = F H ~ i ,  
the Hoffman loading coefficient F H is given by the expression" 

F H FiN i + F 2 Fijcr~cr" ~ = 1. 

The composite layer where the first failure occurs is that with the smallest 
Hoffman loading coefficient. 

For plane stress the Hoffman criterion is written as: 

FI~" l + F2~ 2 + F l l~  2 + F22~ ~ + 2F i2~ '~  2 + F66~62 < l .  
For a transversely isotropic material with the isotropic plane (X 2,X 3), we have the 
coefficients: 

1 1 1 1 
F I = _  + ~ , F 2 = F 3 =  - -  +_-~----, 

tTIrt Orlr c O'2r  t O'2r c 

1 1 
E l l  = - ~ _  _ F22  = F 3 3  = - _  _ , 

tY l rt O'l rc tY 2 rt tY 2 r c 
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1 1 
F44 = _--T-,  e55 = F6~ = , 

O'4r ~'2 r 

1_ _ 2 FI 2 = F31 _ 2~,.t7,~c F 2 3 = -  ty---2rtty---2r c ' - - '  

and the criterion: 

FI~" ' + V2(~ 2 + ~ '3)+ F I ,~ ' :  + F22(~ "2 + ~ ~ ) +  2F12~, ( ~  2 + ~3)-..  

�9 .. + 2F230"2rY31 + F44~': + F ~ ( ~ ;  + ~ ' : ) <  1, 

which, for the special case of plane stress is written as: 

FI~" 1 + F2~" 2 + Fll~l 2 + F22 ~ 2  + 2Fl20"lOr 2 + F66~ ~ <1 .  

4.5. Tensile and shear strength of a unidirectional layer 

4.5.1. Tensile strength 

The unidirectional layer shown below with 0 < cr < ~-, is subjected to a tensile 

load in the xl direction, in an off-axis direction with respect to the orthotropic axes. 

XI 

X I 

-0"1 0% 

Figure 4.1. Off-axis tension 

The co-ordinate change matrix and its transposed form are: 

I i''il Ii ,il a = c , a  T =  c , 

0 0 

the change of axes matrix N being written as: 
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c 2 s2 - cs  

s 2 c 2 c s  , 

2cs  - 2cs  c 2  _ s 2  

with the membrane stresses in the orthotropic axes given by: 

~=Nr~, 
or:  

~2 = s2 c2 - 2cs  

~ 6  -- c $  c s  c 2 - s 2 

that is: 
- -  2O. l 0.1 = C  , 

0-'- 2 = S20.1, 

0.6 = -csO ' l "  

Introducing these values in the maximum stress criterion" 

O'lrc < 0.1 < 0.1rt, 

0.2rc  < 0"2 < 0"2rt, 

--0.6r < 0"6 < a 6 r ,  

we obtain the following expressions: 

O'l rc 0.1rt 
- T  < trl < - T '  

r r 

0 . 2 r c  a2r t  
- T  < crl < - - F - '  

s s 

0.6r 0.6r 
- - - - - < 0 . 1  < ~ '  

CS CS 

The values of 0.1 for which there is no failure are located between the curves 
shown as continuous lines on figure 4.2. It may be noted that, in this case, failure 
occurs gradually as the angle a increases by tensile or compression failure of the 
fibres, then by composite shear failure, and finally by matrix failure in tension or 
compression. 
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Figure 4.2. Maximum stress criterion, simple tension 

The Tsai-Hill criterion for a transversely isotropic layer with the isotropic plane 

( ~l/~ +f ~_/~_ ~, ~___~ +f ~/~<l. 
elr) te2rJ ~?r te6,J 

may be written for this case as: 

IC~~r $4 C2$____~ 2 C252 / 
Using this criterion the tensile and compression failure stresses are equal to: 

1 1 

O"rt= CI~I2 "1~7rt$4 C25__~2C2$2 q ~2r I.C 4G?rcq~TrcS4 C2$2a?rc+~2rC2$_22 
Failure does not occur as long as the tensile-compression stress or I is located, 

for a given value of c~, between the two curves shown on the following figure: 
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Figure 4.3. Tsai-Hill criterion, simple tension 

4.5.2. Shear strength 

The fibre orientation is chosen such that: 0 < ct < tr 2" 

X2 ~ x2 
\ 2 0.6 Xl 

.... iiiiiiiiiiiiii .................. 

4----- 
--0.6 

Figure 4.4. Off-axis shear 

The membrane stresses in the orthotropic axes: 

c2 2 2cs i01 ~2 = s2 c2 - 2cs 0 , 

~6 - cs cs c 2 - s 2  0. 6 

are equal to: 
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0"-1 = 2cs0"6, 
0"--2 = -2cs0"6,  

Introducing these values in the maximum stress criterion we obtain" 

0.1rc < 0.6 < 
2cs 

0"2rt 
- ~  < 0.6 < 

2cs 
m 

0"6r 
~ < 0 " 6  < ~  

i c2 _ s21 

0"1~ 
9 

2r 
0"2rr 
2cs 
0"6r 

ic _s  I 
For a positive shear stress 0"6, there is tension in the X l direction and 

compression in the X2 direction. 

Applying the maximum stress criterion there is no failure for values of 0" 6 

located in the grey zone represented in the figure below. 

Figure 4.5. Maximum stress criterion for pure shear 

When the shear stress is positive the Tsai-HiU criterion, for a transversely 
isotropic later with isotropic plane (X2,X 3), may be written, taking into account 
the signs of~l  and 5 2 as" 
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4c2s 4c2s 2 

~12~ -+ ~-22 

4c2s 2 (c 2 
+ ~ . ~ +  

The shear stress, which leads to failure in the unidirectional layer, is: 

l 

O6r 14 ( i i  c2s2 2 1 2 

~--~rt + + 

_s2)2 ' 

When the shear stress is negative, there is compression in the Xl direction and 
tension in the X 2 direction and the failure stress is then given by: 

a6r = -  

As long as the shear stress is in the grey zone in the figure below there is no 
failure. 

Figure 4.6. Tsai-Hill criterion for pure shear 
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4.6. Determination of failure stresses from three tension tests 

The failure stress of a transversely isotropic layer, shown below, is obtained by a 
tensile test in the xl direction. 

Xm 

Xl 

--0" I O" 1 

Figure 4.7. Tensile test off-axis 

The tensile stress resulting in failure is, according to the Tsai-Hill criterion, 
given by: 

C4 $4 C252 C252~0.2  

For ct = 0 and for ct = i f ,  we obtain the tensile failure stresses in the X 1 and 

X 2 directions: 

a i r  t = G  0 ,  Or2r t =O ' e r .  
2 

st the failure stress in shear is given by the For an angle ct between 0 and T ,  

expression: 

C 4 S 4 C2$ 2 C $ ~ 2 

0,2 + 2 O,6r J tr ff tr ~ + .2  I tr ~ 1, 

and equal to: 
c$ 

I 1 c2 2 s2 sg 
. . . . .  

2 2 O" a O" G~ 
2 
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Chapter 5 

Multi-layer Kirchhoff-Love thin plates 

5.1. Introduction 

The Kirchhoff-Love theory, presented in the Appendices, which does not take 
transverse shear strains into account, is used in the study of thin plates for which the 
ratio of the thickness h to a characteristic dimension a of the mean surface is less 
than 1/20. 

In this chapter the general expressions for multi-layer plates which conform to 
the Kirchhoff-Love theory will be presented. 

The expressions for displacements and strains will first be recalled. 
Then the plate equations will be presented for a specific case described below, 

for equilibrium and vibrations. 
The strains and global loads will be introduced, with the global stiffness matrix 

of the composite and the classic decoupling. 
Finally, the transverse shear stresses and composite strain energy will be 

determined. 

5.2. Kirchhoff-Love hypotheses for thin plates 

The rectangular plate represented below has thickness h and transverse 
dimensions a! and a 2 . It is termed thin if h is small compared to a I and a 2 . The 

mean plane of the plate is in the plane (Olxl,x2) of the galileen reference 

The plate is made up of N elastic, linear, homogeneous, orthotropic layers of 
constant thickness. For all these layers x 3 is the direction of orthotropy. The 
interface between two successive layers is assumed to be perfect. 

It should be noted that this plate is studied for small disturbances, i.e. small 
transformations and small displacements. 
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al 

/" 

Xl 

J 

x,, h2 
O 

. .  - - - ~  

....'-" 2 

Figure 5.1. Thin plate  

a2 

x 2 

In the study of flexure and vibrations we assume that the displacements are small 
compared to the plate thickness. 

The normal transverse stress o" 3 is ignored. 

According to Kirchhoff-Love theory, the transverse shear strains e 5 , e 4 and the 
rotational inertia are ignored. 

5.3. Strain-displacement relationships 

According to Kirchhoff-Love theory, the displacement field is given by the 
expressions: 

a~~ I'), 

. ,  _- .~  I, ), 
and the strains by: 

i)u ~ i)2u ~ ____ _____2_3 el = - x 3  ~ , ax| ox[ 
an ~ a2uo 

e 2 = ~)x2 - x 3 ~)x'--T2, 

. 02u ~ 
a~~ a"~ -2~3 

e6 = i)x 2 + i)x ~ igx ~ Ox 2 
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E 3 =E 4 --'E 5 --0. 

The strain field can then be written as" 
e, = e 0 + x3x  i (i = 1, 2, 6), 

with the membrane strains: 

,o a.p ,o an ~ ,o a. ~ au ~ 
= - ~ x l  ' = a-~2 ' = a-~2 + a x i  ' 

and the curvatures: 
o a2.o ,)2.0 02U3 

El = a t?  ' 1r = aX:~ '  K 6 = - 2 ~  
ax Iax 2 

5.4. Global plate equations 

In the absence of buckling, the global plate equations are written in the following 
form for the three sum equations: 

ON l aN 6 o~2u 0 
~ +  + l o - - - & l  C)Xl ~ P l =  at 2 ' 

ON 6 aN 2 t)2u~ 
+ + =I0  ax, 

aN 5 aN 4 
~ +  + + = I 0 ~  OX I OX 2 q3 P3 

a2.~ 
c~t2 ' 

and for the two moment equations: 

aM 6 aMl + - N  5 =0, 
aXl Ox2 

aM 2 tgM6 + N 4 = 0. . _ _ . _ _ _ . . .  _ _ _  

axl ax2 
From these latter relationships we obtain the global equation: 

o32M1 ~92M 6 (92M 2 ()2u~) 
+ 2 ~)xiax 2 + Ox~"" + q3 + P3 = Io -at ~ �9 Ox~ 

Recalling the following expressions: 
h 

Ni = f 2h ~ 
2 

h 
Pi = f 2_h_ f idx3,  

2 

h 
M i = j~2h_ O'ix3dx3, 

2 
h 

I0 = j'~h ~ 3 "  
2 
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5.5. Calculat ion of  I 0 

The plate being studied is made up of N orthotropic layers limited by planes 
parallel to the mid-plane of the plate. For all the layers x 3 is the direction of 
orthotropy, the positions of the layers in the plate thickness are shown below" 

X3 

h 

layer 1 

Figure 5.2. Distribution of layers in the composite 

The layer k is limited by the two planes of the equations x 3 = Z k _  1 a n d  x 3 = z k . 

The expression which defines Io is: 
h 

I 0 = J ~ h / 3 ~ 3  , 
_ m  

2 
or may be written, when applying layer by layer integration" 

N ,0-2I   
k =1 -I 

where ,o k is the density of the layer k, which is independent of x 3 . 
We thus obtain: 

N 

lo = E p k  (zk -Zk_l). 
k=l 

In the particular cases of single layer plates or multi-layer plates with layers of 
the same density we have: 

I0  = .oh. 
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5.6. Stress field 

We now examine the distribution of layers presented in the previous section. 
Designating by Qi~ the reduced stiffness matrix of the layer k, the components 

of the stress matrix are given by the expression: 

cri k : Q~ej  ( i , j : 1 , 2 , 6 ) ,  
which may be written as: 

cr: =Q~(e ~ + x3x/) , with z,_, < x 3 < z , .  

5.7. Global cohesive forces 

The global cohesive loads are made up of global forces N i and the global 
moments M i which are defined as" 

h h 
N i f,~ o'idx 3 M =f_~ o'ix3dx 3 ( i , j = 1 , 2 6 )  = h_ i h ' 

2 2 
The global force component N i of the cohesion force is given by" 

h 
N i = ~ o ' i d x  3 (i = 1, 2, 6), 

~ m  

2 
which, by layer-by-layer integration, is written as: 

N 

212' N i = o'kd.x3. 
k=l t-i 

Introducing into the expression the constitutive relation: 
0 ), 

we obtain" 
N 

N i = E ~ ~  k Qk(EO+x3Kj)dx3 , 
k=l k-I 

then' 

or :  

N [ ]ii N i = E Q k  x3E0 + - ~ K j  
k=l -i 
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g i  = ~ a k  (z k _ Zk_l )EO "1"-~ Qij 
k=l k=l 

For the global moment M i analogous calculation leads to the following 
expressions: 

h N 

M i = O" i x 3 d x  3 = or k x 3 d x  3 , 
2 k=l k-i 

or: 

Putting: 

" f:, , ( :  ) M i = ~ Qij + x3x  j x3dx3 = 
k=l k-I k=l Zk-I 

N k N k 

k=l k=l 

N 

~j  : Aji : ~ Q ~  (zk - z k - , ) ,  
k=l 

Bq = By i = -~ Qij 
k=l 

= = Q/~ D o Dji 3 k=l 

the global cohesive forces N i and M i may be expressed as a function of the global 

strains e ~ and xi by the expressions: 
0 N~ = AijE j + Bq•j ,  

and: 
0 (i, j 2 ,6) .  M i = BijE j + DijK j = 1, 

From the definition of the global stiffnesses of the cohesive forces, the global 

stiffnesses Aij, Bij and Dq are expressed respectively in N.m - l ,  N and N.m. 

5.8. Composite global stiffness matrix 

The six expressions giving the global cohesive forces N i and M i , as a function 

of the global strains e ~ and x i , are written in the following matrix form: 
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-Nl 

N2 
N6 = 
Ml 

.M6 

"All AI2 AI6 Bil BI2 
AI2 A22 A26 BI2 B22 
AI6 A26 A66 BI6 B26 
BII BI2 BI6 DII D12 
BI2 B22 B26 DI2 D22 

_BI6 B26 B66 DI6 D26 

or in condensed form: 

DJL, ]' 
or: 

N = Ae~ + B~, 

M = Be~ + DK. 

BI6- e 0 
B26 E ~ 
B66 c o 

DI6 tr 1 
D26 l(2 
D66 _~6. 

The sub-matrix A is the sub-matrix of the global membrane stiffness matrix 
which relates the global membrane forces N to the global membrane strains c~ 

The sub-matrix D is the sub-matrix of the global flexure stiffness matrix which 
relates the global flexural moments M to the global flexural strains ~. 

The sub-matrix B is the sub-matrix of global stiffness of membrane-flexure 
coupling which relates the global membrane forces N to the global flexural strains 

and the global flexural moments M to the global membrane strains e0. 

5.9. Decoupltng 

5.9.1. Membrane-flexion decoupling 

The terms of the sub-matrix of global stiffness for membrane-flexion coupling" 
N k l ~_aQij(z2-Z2_l) Bq = -~ k=l 

indicate that the membrane forces cause flexural strains. In a similar way, flexural 
forces cause membrane strains. 

This coupling does not exist when the Biy are zero. If the plate shows mirror 

symmetry with respect to its mean plane the Bq terms are zero. 
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As it may be noted from the figure below showing a multi-layer plate with 
mirror symmetry, for each layer k there is an associated symmetrical k' layer, with 
respect to the mean plane. 

i 

layer k (a) 

mean plane 

layer k' (a) 

x3 

O 
- a  

-b  

Figure 5.3. Mirror symmetry 

The k and k' layers have the same reduced stiffnesses Q~. 

The contribution of the layer k to the global membrane-flexure coupling stiffness 
is: 

k 1 k(b2 2) 
n ij = -~ Q ij - a , 

whereas the contribution of the layer k' is" 
k ' =  1 k 2 . ) 

By summation, the terms thus obtained cancel each other out in pairs. 

The global coupling stiffnesses of membrane-flexure coupling of a symmetrical 
composite are zero: 

Bij = 0 .  

5.9.2. Tension-shear decoupling 

The terms of the global membrane rigidity sub-matrix: 
N N 

A,6 = ZQ~6(zk  - z k - , ) ,  A26 = Z Q ~ 6 ( z k  - z t - , ) ,  
k=l k=l 
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imply that the tension or shear loads respectively cause angular distortions or 
dilatations. 

This coupling does not exist when the terms AI6 and A26 are zero. These cases 
are known as tension-shear decoupling or plane decoupling. If the plate is made of 
layers with opposite reduced rigidities Qlk6 and Q2k6, and their thicknesses are the 

same, the terms Qik6 (zk - zk-I ) and Qk 6 (zk - zk-I ) cancel each other out in pairs. 
In a balanced laminate, with each layer k of orientation ct is associated a layer k' 

of orientation -ct.  The stiffnesses a~6 and Q~6 are respectively the opposite of the 

reduced stiffnesses Q~6 and Q~6. 
& x 3  

layer k (~) I Q~ ek 

mean plane o 

layerk' ( - ~ )  I - Q ~  ek 

Figure 5.4. Balanced laminate 

From the expressions: 
Qlk6 = c3sQ-l k _ r -r 2 -s2)Q'I k -2cs(c 2 - s2)Ok66 , 

for opposite angles the reduced stiffnesses Q~6 and Q~6, and the reduced stiffnesses 

Q~6 and Q~6 are opposites. 
The contribution of the layer k, of orientation o~ to the tension-shear coupling is 

A~6 = Q:6ek with e k = zk - Zk-l, 
whereas the contribution of the layer k' of orientation -ct is: 

akl6 = -Qkl6e k . 

By summation, the terms thus obtained cancel out in pairs. The position of the layers 
k and k' in the composite has no influence on the values of the global membrane 
stiffnesses. 
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The global tension-shear coupling stiffnesses in a balanced composite are zero: 
AI6 =A26 =0 .  

5.9.3. Membrane-flexion and tension.shear decoupling 

In the case of four identical layers with the stacking sequence (ot,-ot,-ct, ot) 
represented on the figure below, there is both membrane-flexure decoupling and 
tension-shear decoupling. The laminate is termed balanced symmetrical. 

a ]}tension-shear 
mirror symmetry - a  decoupling 

membrane - flexion -a, } tension - shear 
decoupling ct decoupling 

, , 

Figure 5.5. Balanced symmetrical laminate 

In this case we have" 

Bij =0, AI6=A26=0.  

The global stiffness matrix of the composite is written as: 

All  Ai2 0 0 0 0 
Al2 A22 0 0 0 0 

0 0 A66 0 0 0 
0 0 0 Dll Dl2 DI6 
0 0 0 Dl2 D22 D26 
0 0 0 Dl6 D26 D66 

5.10. Global stiffnesses of a symmetrical composite 

5.10.1. Symmetrical laminate (~, fl )Ns 

The 4N orthotropic layers are identical and distributed in the composite by 
repeating N times the angular sequence (ct,/~) then N times the sequence (fl, ot). 
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The sequences are: 
-(~,/~,/~,c~) 
-(a,p,a,p,~,a,p,a) 
- ( a ,  fl, a, fl, ct, fl, fl, a, fl, a, fl, a) 

and so on. 

for N = I ,  
for N = 2 ,  
for N = 3 ,  

The global membrane stiffnesses are equal to: 
4N 

Aij = Z Qi~ (Zk - Zk_ I ), 
k=l 

with: 
zk = -2Ne + ke = (k - 2N )e , 

we obtain: 
4N 4N 2N 

Aq = eZQi~ [(k - 2 N ) - ( k  - 2N -1)] = e Z Q  ~ =e Z (Q~) + QiBj ), 
k=l k=l k=l 

o r :  

Aij = 2 Ne (Q i~ + Q : ) . 

The composite being symmetrical, the global membrane-flexure coupling terms 
are zero: 

Bij = 0 .  

The global flexural stiffnesses are given by' 

Dij = -3 k=! 

or, with the preceding notation" 
e 3 ~ )3 = oi~[(k-2~ -(k-2N-~)'] .  DO ~ k=l 

By calling the ct and fl layers located on the x 3 side negative and the fl and ct 
layers on the x 3 side positive we obtain: 

=-.~e3( a )3 (k 2 N - I  ]+ Q g [ ( k -  2 N + I  ( k -  2N ]}... 2 { Q , [ I ~ - ~  - - )3 )3_ )3 D o 
k=l,3 ..... 2N-I  

...+ ,:,,+,.~,, 2{o,f [/~_ ~)~_ (~_ ~_,)~1+ o,;k~_, ~ ..... ,~_, +,)~_(~_,~)31}). 
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Then putting k = 2 p -  1, Dij is written as: 

e3 (  N - 
o. 

2N 
. . . +  2 { Q g  _ 

p=N+l 

�9 . .+ Q q  [ ( 2 p - 2 N )  3 -  (2p-2N-1) 3 ]}/" 

With q = N - p + 1 for the first summation, and q = p - N for the second, we 
obtain: 

e3(q~__ N Dij=---~- {Q~j[(l-2q)3-(-2q)3]+Qi:[(2-2q)3-(l-2q)3]}... 

"'" + Z {Qi~ B [(2q-1) 3 - ( 2 q -  2) 3 ]+ Q~ [(2q) 3 - ( 2 q - 1 )  3 . 
q=l 

Introducing (1- 2q) 3 = - ( 2 q -  1) 3 , (- 2q) 3 = -(2q) 3 , (2 - 2q) 3 = - ( 2 q -  2) 3 , 
the previous expression is written as" 

Dq-2e3~{Q~j[(2q)3-(2q  1) 3 ] Qff[(2q 1) 3 (2q 2)3]}. _ + - _ _ 
q=! 

The coefficients of Q/'] and Q~ are respectively equal to: 

(2q) 3 - ( 2 q - 1 )  3 = (2q) 3 - [(2q) 3 - 3(2q) 2 + 6 q - 1 ] =  12q 2 - 6 q  + 1, 

(2q-  1) 3 - ( 2 q -  2) 3 = (2q-  1) 3 - [ ( 2 q -  1) 3 - 3(2q- 1) 2 + 3(2q-  1)-1]... 

... = 12q 2 - 18q+7, 
from which we obtain the expression: 

Dij= 2e3 ~ [Q~ (12q 2 - 6 q +  1)+ Qff (12q 2 - 1 8 q +  7)] 
3 q=l 

Introducing: 
N q2= N(N+IX2N+I) and q 

q=l 6 q=l 2 
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we obtain: 

D q = - ~  2e3 {Q~[2N(N + 1X2N + 1)-3N(N + 1)+ N]... 

... + Qir + IX2N + 1)- 9N(N + 1)+ 7N]}, 

or: 
2 N 2 e3 [(4N + 3)Qi~ + (4N - 3)Qi~ ] Dij =- ~ 

Designating by h = 4Ne the composite thickness, we have' 
h a Aij "- "-~ (Qij + Qff ), 

h3 [(4N + 3)Qi) r + (4N - 3)Qff]. 
D~ = 96N 

The membrane stiffnesses are independent of the number of layers, the flexural 
stiffnesses depend on the number of layers and when the number becomes very large 
they tend towards the value: 

= h  3 
o,,  + 

which is independent of N. 

5.10.2. Symmetrical cross-ply laminate 0,-~ us 

By introducing the expressions: 

x ~ ~ 02 

~6 0 Q~6 006 0, Ql =016 = = = 

we obtain the global membrane stiffnesses: 

All = A22 = 2 N e ~ l  + Q~2), 
A12 = 4NeQ~ A66 = 4NeQ ~  
AI6 =A26 =0, 

and the global flexural stiffnesses" 

R 
=e6%, 
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2 N2e3 [(4N + 3)Q~ + (4N - 3)Q~2 ], DII =-~ 

2 N 2e3 [(4N + 3)Q~ + (4N - 3)Q~ ], D22 = -~- 

DI 2 ="~16 N3e3QO 2' D66 = -~16 N3e3QO ' 

DI6 =D26 =0. 

The global stiffness matrix is written: 

-All AI2 0 0 0 0 
Al2 All 0 0 0 0 
0 0 A66 0 0 0 
0 0 0 D~! Di2 0 
0 0 0 DI2 D22 0 
0 0 0 0 0 D66 

5.10.3. Symmetrical balanced laminate (ot,-a)N s 

Since: 

a l l  a = Q~l, 012 a = 0~2, 016 a = -016 ,  
e ~  = e ~ ,  066 ~ = e &,  e ~ g  = -e~6,  

we obtain the global membrane stiffnesses: 

All = 4NeQ~ , 
Al2 = 4NeQ~2, 
AI6 =A26 =0, 

A22 = 4NeQ~2, 
A66 = 4 NeQ~ , 

and the global flexural stiffnesses: 

16 --:--16 N3e3Q~ , D22 = ~ N 3 e 3 Q ~  2 Dll = 3  3 ' 
Dl 2 = __163 N3e30~2 , 066 =~163 N3e3Q~' 

DI6 = 4N2e3Q~6, D26 = 4N2e3Q~6 . 

The global stiffness matrix is then: 



. . 

All Al2 0 0 0 0 
Al2 A22 0 0 0 0 
0 0 A66 0 0 0 
0 0 0 Dll Dl2 DI6 
0 0 0 Dl2 D22 D26 

. 0 0 0 DI6 D26 D66 - 
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5.11. Global  stiffnesses for an asymmetr ica l  laminate  

5.11.1. Asymmetrical laminate (or, fl )N 

The 2N orthotropic layers are identical, of thickness e and with the stacking 
sequence (a',,fl) repeated N times. 

The sequences are: 
- (ct, fl) for N=I, 
- (a, fl, ct, fl) for N=2, 
- (Ot, fl, ot, fl, ot, fl) for N=3, 

and so on. 

The global membrane stiffnesses are: 
2N 

A,, = ~ Q,~ (z~ - z~_,), 
k - I  

Zk = ( k - N ) e , w e  with obtain: 
2N N 

Aq = e Z O~ [(k - U) - (k  - N -I)] = e Z (Q/~ + Qg),  
k=l k=l 

o r :  

Aij = N e ~ j  +Qg). 

or"  

The global membrane-flexion coupling stiffnesses are equal to: 

e 2 ~  _ )2 = Q,~[(k N - ( k - N - ~ )  ~] gq -2- k=l 
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By dissociating the layers of orientation ct and fl, we obtain" 
e 2 

" . = T  Z{~ ~)~ -/~- ~-')=1+ Qek'- ~ +')' -/~- ~)~]} �9 
k=l,3 ..... 2N-I 

Posing k = 2 p -  1, the previous expression becomes: 

= e2 a )2 )2]+Qff[(2p-N (2p N 1)2]}. Bij ~ ~ { Q i j [ ( 2 p - N - 1 - ( 2 p - N - 2  ) 2  _ _ 
p=l 

The coefficients of Q~j et Qg being respectively equal to: 

( 2 p - N - l )  2 - ( 2 p - N - 2 )  2 = ( 2 p - N - l )  2 - [ ( 2 p - N - l )  2 - 2 ( 2 p - N - l ) + l ] ,  

(2p-  N -1) 2 - ( 2 p -  N - 2) 2 = 4p - 2N - 3, 
and: 

we find: 

(2p-  N) 2 - ( 2 p - N - l )  2 = (2p-  N) 2 - [ ( 2 p -  N) 2 - 2 ( 2 p - N ) +  1], 

( 2 p - N )  2 - ( 2 p - N - 1 )  2 = 4 p - 2 N - l ,  

Bij= --~ {Q~j (4p-  2 N -  3)+ Qff (4p-  2N-1)}. 
p=l 

Introducing: 
N 

p=l 

we obtain: 

N(N + 1) p = ----------~----, 

or: 

e 2 
Bij = -g--[Q~j [2N(N + 1)- N(2N + 3)]+ Qff [2N(N + 1)- N(2N + l)]~,"l 

[ 

e 2 . .  = -QC) 
2 

The global flexural rigidities: 

= Qij Do -3 k=l 
are, with the previous notation, given by: 

= e 3 ~  a )3 (2p - - Oij T {QiJ [(2p-S-I - -N-2)3]'FQ~[(2p-N)3 (2p-S 1)31}. 
p=l 
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The coefficients of Q~t and Qflj being equal to: 

(2p - N -1)  3 - ( 2 p  - N - 2) 3 = ( 2 p -  N - I )  3 - [(2p - N - I )  3 - 3 ( 2 p -  N -1)2... 
... + 3 ( 2 p -  N -  1)- 1], 

( 2 p - N - 1 )  3 - ( 2 p - N - 2 ) 3  = 12p 2 - 6p(ZU + 3)+ 3N 2 +9N +7, 

and: 
(2p - N) 3 - ( 2 p  - N -1)  3 = (2p - N) 3 - [(2p - N) 3 - 3(2p - N) 2 + 3(2p - N ) - 1 ] ,  

( 2 p - N )  3 - ( 2 p - N - l )  3 = 12p 2 - 6 p ( 2 N + I ) + 3 N  2 + 3 N + I ,  

we have: 

Dq = ~ {Q~[12p 2 -6p(2N + 3)+ 3N 2 + 9 N +  71... 
p=l 

... + Qg [1202 - 6p(2N + 1)+ 3N 2 + 3N + 1]}. 

With: 
N Zp2=N(N+IX2N+I), 

p=l 6 
we obtain: 

e 3 ~  Dij= -~ {QiT[2N(N+ IX2N+ 1 ) - 3 N ( N +  IX2N+ 3)+ N(3N 2 
p=l 

... + Qg[2N(N + IX2N + 1)- 3N(N + IX2N + 1)+ N(3N 2 

+9N +7)]... 

+3N +,)]}, 
or: 

e 3 o,_ N +Qg) 
3 

Designating by h = 2Ne the composite thickness we obtain" 

Aij = -~- 

Bi) = h2 a -QC), 
= h  3 o, +og) 

For a given thickness h, the global membrane and flexural stiffnesses do not 
depend on the number of layers. When the number of layers 2N becomes very large 
the global membrane-flexure coupling terms B/j tend to zero. 
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5.11.2. Asymmetrical cross-ply laminate (0, ~-)~, 

Given the expressions: 
R x x 

o/ ,  = o~ oi2 = o ~  o �9 = o ~ o ~  o ~ 12 12, = , 
R 

e ~  =o~ = e  ~ =Q~ 26 = 0 ,  

we obtain: 

- the global membrane stiffnesses: 

All =A22 = Ne(Q O' +Q~ 

AI2 = 2NeQ~ 
A66 = 2 Ne Q ~ , 
Al6 = A 2 6  = 0 ,  

- the global membrane-flexure coupling stiffnesses: 
e 2 

2 
BI2 = B66 = BI6 = B26 = 0, 

- t h e  global flexural stiffnesses: 
e 3 ~ +Qo), 
3 

e 3 n o  
Di2 = 2 N 3 - ~ E I 2 ,  

e 3 t~o D66 = 2N 3 - ~ 6 6 ,  

DI6 = D26 = 0. 

The global stiffness matrix is of the form : 

All Al2 0 Bit 0 
Az2 All 0 0 - BII 
0 0 A66 o o 

Bll 0 0 Dll Dl2 
0 - B I I  0 Dl2 D l l  

0 0 0 0 0 

0 
0 
0 
0 
0 

D66_ 
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5.11.3.Asymmetrical balanced laminate (Ot,-Ot)N 

Using the expressions: 

= - o i - 6  

leads to: 

- global membrane stiffnesses' 
All = 2NeQ~ 1, A66 = 2NeQ~ 6, 
A22 =2NeQ~ 2, AI6=0, 
AI2 = 2NeQ~2, A26 = 0, 

- global membrane-flexure coupling stiffnesses: 
2 ct = ct BI6 =-Ne QI6, B26 -Ne2Q26, 

Bll = B22 = Bl2 = B66 =0, 

- g l o b a l  flexural stiffnesses : 

DII = 2N 3 e 3 e 3 -3-Q~ ' 066 = 2N3 ~Q~6'3 
e 3 

D22 = 2 N 3 ~ Q ~ ,  DI 6=0 ,  
3 

Dl2 = 2N3 e3 --~-Q[~, 026 : 0. 

The global stiffness matrix is therefore written as: 

All AI2 0 0 0 BI6 
AI2 A22 0 0 0 B26 
0 0 A66 B16 B26 0 
0 0 B16 DII DI2 0 
0 0 B26 DI2 D22 0 

BI6 B26 0 0 0 D66 

5.12. Examples  of  global stiffness matr ices  

5.12.1. Two layer plate 

For the laminate as shown in figure 5.6: 
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layer 2, a 2 

layer 1, ct~ 

Figure 5.6. Two layer laminate 

-e 

The components of the global stiffness matrix are: 

A,j = e(Q/~ +Q,~), 
e 2 

Oi j = y ~ l  +Q2). 

5.12.2. Three layer plate 

The components of the global stiffness matrix for the plate shown below" 

' '  3 e  

layer 3, ct 3 2 

.... layer 2, a 2 ........................................... 0 

3e 
2 

layer 1, ct I 

e 

2 

e 
2 

Figure 5.7. Three layer plate 

are equal to: 

A/j =e(Q~ +Q2 +Q3),  

Bi j = _e2~2~. _Q3), 

e 3 1 3 ( Q I +  3 2]. no = 0.o)+o.o 
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5.12.3. Four layer plate 

For the plate shown below: 

layer 4, ct 4 
. . . .  

layer 3, a 3 
. . . .  

layer 2, a 2 

layer 1, a I 

Figure 5.8. Four layer plate 

2e 

-e  

-2e  

the global stiffnesses are: 

Ai j = e(QI + Q,~ + Q,~ + Q4 ), 

Bq = T - Qq Qiy - Qo 

e317(QI + 4)+ 2 3]. 
OiJ = T Qij Qij + Qi) 

5.12.4. Examples of decoupling 

The stiffness matrices of a multi-layer plate made up of identical layers takes 
particular forms for some special cases considered here. 

- For membrane-flexure decoupling: 

I 
AII AI2 AI6 0 0 0 
AI2 A22 A26 0 0 0 
Ai6 A26 ,466 0 0 0 

i 0 0 DII DI2 DI6 
0 0 DI2 D22 D26 
0 0 DI6 D26 D66 

with the stacking sequence (a,-ot, ot) �9 a symmetrical laminate. 

- For membrane-flexure and tension-shear decoupling: 
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All Al2 0 0 0 0 
Al2 A22 0 0 0 0 
0 0 A66 0 0 0 
0 0 0 Dll Dl2 Dl6 ' 
0 0 0 Dl2 D22 D26 
0 0 0 Dl6 D26 D66 

with the stacking sequence (a , -a , -a ,a)  �9 a balanced, symmetrical laminate. 

- For tension-shear and flexure-torsion decoupling: 

-AI! AI2 0 BII 0 
Al2 A22 0 0 - Bll 
0 0 366 0 0 

Bll 0 0 Dll Dl2 
0 - Bll 0 DI2 D22 
0 0 0 0 0 

0 
0 
0 
0 ' 
0 

D66 

withthesO kin s quen e "cros.  ,l o.  mme,ricol, 

-Air Ai2 0 0 0 
AI2 A22 0 0 0 
0 0 A66 B16 B26 
0 0 BI6 Dl~ DI2 
0 0 B26 DI2 D22 

_BI6 B26 0 0 0 

BI6 
B26 
0 
0 ' 
0 

D66 
with the stacking sequence (a,,-ct) or (ct,-~,t:t,-ct) "balanced asymmetrical. 

- For membrane-flexure, tension-shear and flexure-torsion decoupling: 

-All Al2 0 0 0 
Ai2 A22 0 0 0 
0 0 366 0 0 
0 0 0 Dll Dl2 
0 0 0 DI2 D22 
0 0 0 0 0 

0 
0 
0 
0 ' 
0 

D66_ 

zr ~ O) �9 symmetrical cross-ply. with the stacking sequence 0,-~-, 2 ' 
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- For the unbalanced composite of stacking sequence (a, a,-o'): 

"All AI2 AI6 0 0 BI6 
AI2 A22 A26 0 0 B26 
AI6 A26 A66 BI6 B26 0 
0 0 BI6 DII DI2 DI6 
0 0 B26 DI2 D22 D26 

BI6 B26 0 DI6 D26 D66 - 

5.13. Boundary conditions 

5.13.1. Definition of boundary conditions 

It should be recalled that the so-called Kirchhoff boundary conditions for the 
edge x I = a I of a rectangular plate, in the most usual cases are: 

I x3 

, ,. a 2 

x I N I  

Figure 5.9. Loading bounda~, conditions 
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- simply supported edge: 
u 0 - 0 ,  

N l = N 6 = 0, 

M 1 = 0 ,  

- free edge in xl  direction" 

u ~ = u ~ = 0 ,  

N l = 0 ,  

M l = 0 ,  

- free edge in xz direction: 

u ~ = u ~ =0 ,  

N 6 =0 ,  

M l =0 ,  

- built-in edge: 
. o  = u o = = 0 ,  

0 
Ou3 - O, 
Oxl 

- free edge: 
N l = N 6 = 0, 

OM 6 N s +  = 0 ,  
Ox2 

M 1 = 0 .  

5.13.2. Effective global transverse shear load 

The global cohesive forces provoke the five loadings N l , N 5 , N 6 , M 1 and 

M 6 on the edge x I = a I . The zero condition for these five terms leads to a greater 

number  of  conditions than those required by Kirchhoff-Love theory, which is four as 
in the case of  a simply supported or a built-in edge. 

For the edge considered we will calculate the global moment  associated with the 

acting surface forces. On this edge we consider the point M 0 to belong to the mean 
plane, and the point M is defined by: 

M ~ M = x 3 x j .  
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by' 
The global moment in M ~ of the cohesion forces on the edge x I = a I is defined 

h h 

2 2 
h h h 

2 2 2 
MMo - - M 6 x l  + Mix 2. 

Considering the rotation due to the global torsion moment - M  6 measured on 

x I , Kirchhoff proposed replacing the moment - M 6 d x 2 x l ,  acting on the element of 

the edge of length d,c 2 , by the two forces M6x s and - M 6 x  s acting on the ends of 

the element considered. 

For the following element, of the same length dx 2, taken in the sense of 

increasing x 2 , we replace the moment - M~ + ax 2 dx 2 dx2x I by the two forces 

OM'6dx 2 xs and - M 6  + c?x2-dx2 x s , a n d s o o n .  M6 + 0x---~- 

As shown in the following three figures, we can substitute from one to the next 
OM6 the global torsion moment - M 6 x  I by the linear force density equal to Ox i x 3 . 

0 

"J " 

- : : : : : : : :  : : : _ : : : : : -  : : : : : : : : : : : : : : : : : : : : : : : :  : : : : : _ : : :  e, , . , , _ : :  : - : : : : .  : :  

-M6dx2x l  tb,- 2 

x2 

Figure 5.10. Couples  act ing on two elements  next  to the edge x I = a I 
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Figure 5.11. Equivalent forces acting on two elements next to the edge x! = a I 

Figure 5.12. Linear equivalent force density acting on two half-elements 
next to the edge x I = a I 

The edge element shaded grey made up of the two preceding contiguous half 

elements is subjected to the force tgM6 dx2x to which is added the force N5dx2x3 

caused by transverse shear. 

Following the Kirchhoff-Love theory, we replace the global forces N 5 and M 6 
by the effective global transverse shear force defined by: 

~)M 6 
N~f f  = N 5 +  tgx----~' 

which leads, for the free edge case, to the condition: 
tgM 6 

N5+ Ox----~=O. 

For the edge x 2 = a2,  we have the same: 
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h h 

2 2 
h h It 

2 2 2 

MMO = - M 2 x  I + M6x 2 . 

An analogous study to the preceding one leads, as shown in the following three 
figures, to the effective global transverse shear force: 

/)M6 
N ~ff = N 4  + cgx--l- " 

Figure 5.13. Couples acting on two contiguous edge elements x 2 = a 2 

Figure 5.14. Equivalent forces acting on two contiguous edge elements x 2 = a 2 
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Figure 5.15. Equivalent linear force density acting on two 
contiguous edge half elements x 2 = a 2 

5.14. Determination of transverse shear stresses 

The transverse shear stresses o'4 k and o'5 ~c in the layer k can be obtained after 

determination of u I , u 2 and u 3 , from the two local equations of movement: 

t~ O'l 2 /)0.13 _ t)2Ul t)0.11 + ~ +  - / 9  
Ox-~ o~x 2 Ox 3 t~t 2 ' 

00"22 00"23 _ 02u 2 /)0"12 + ~ +  - / 9  
Ox I Ox 2 t)x 3 ~)t 2 ' 

which may be put in the form: 

00. 5 00.1 00" 6 02Ul ~ =  + p------- 
OX 3 OX I OX 2 Ot 2 ' 

00" 4 00" 6 00. 2 02U2 
Ox 3 Ox~ bx2 Ot 2 " 

The transverse shear stress o'4 k , in the layer k, is given by the definite integral: 

~x~__(00 " 6 00"2 -- 02/12 / 
0 . k 4 : -  i)Xl +~x2 P ~ t  2 d f ' w i t h z k - ' < - x 3 < z k "  

2 

Layer-by-layer integration leads to the expression: 

The introduction of the displacements" 
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Ou~ (i = I, 2) ., =.o_ x~ _gTx ' 

and the stresses: 

o'/~ =Qg(e  ~ + x3trj) (i,j=1,2,6), 
enables us to write: 

I=I i-l 

0,2 -(~x~0, ~ ~ -~;-x, " 

After integration, we obtain the following expression for the transverse shear 
stress o'4 k �9 

k_.dl F( 0e o ~e o 02uO'~ ,.,~ ~+~,~- ~l(z,-z,-,)... 

1 �9 . .  + e'~ ~ + e~j ~x~ ~,~  ' 

�9 . . -  o~ ~ + Q~ ~x~ - ~ , ,  - '  " 

. . . -  Q~, ~ + Q~, ~ + (x~ - z~_, ). 
igx2igt 2 

In a similar way from the expression: 

o'~ = -  2 ~ + ~ p ~)t2. d~ ' ,with zk_ , -  < x 3 -  < z k ,  

we obtain: 

then: 
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/=1 

�9 . .  + el ,  ~x, + e l ,  ~x~ + (z~ - z~i_, 
~)Xl~)t 2 "'" 

. . .- e~,-~x +e '~5~-7-  a, ~ " 

l(  ,a,~, a,,-, p, a~,O)(x~ zL,). 
" - i  o,~ a-~+o~; a-U+ tgx l tgt 2 

The transverse shear stresses thus obtained, o'~ and Or~, vary according to a 
parabolic law with the thickness of each layer. 

X 3 

layer N 

layer k + 1 
mean 

........... piane .................. layer k .............................. 

layer k 1 
. . . . .  

layer 1 
J 

J 
F i g u r e  5.16. Transverse  s h e a r  s tress  d is t r ibu t ion  

o" 4 

These transverse shear stresses satisfy the boundary conditions on the two outer 
faces of the plate and the continuity conditions at each of the N - 1 interfaces: 

h fo~ x~ - ~ o,~ x,.x~.~ . I~ --0, 

fo r  x 3 = - - -  Or x l , x 2 , -  t = o r  x l , x 2 , -  t = 0 ,  
2 

x~ = z, og(x,.x=.z,l,)=o~4+l(x,.x~.z,l~), for 

o~ (x,. x~. z, I,)-,~" (~,. x~. z, Ir 
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5.15. Strain energy 

The strain energy of the plate: 
1 w~ = 7~~~ocrue'Jda 

can be written in the form: 
1 

with the usual notation. 

(i, j = 1, 2, 3), 

(i =1 ,2  ..... 6), 

By calculating the triple integral as the superposition of the single integral in the 
thickness and a double integral following the mean plane, we obtain: 

Wd -- 7 O'iEid~3 dxldX2" 
2 

According to Kirchhoff-Love theory, the strains e 3, e 4 and e 5 are ignored and the 
strain energy reduces to: 

Wd : 7  trieidx 3 dridx 2 (i : 1, 2, 6). 

Introducing the strains" 
E i = C O + X3K i , 

and the stresses: 
,,: _ _  + x,,:,), 

in the strain energy w e  obtain: 

w. - 7 e,~ ( :  + x~,r 
t - I  

then: 

x3r~ )ax3 ] ax,ax2, 

= Qo i g j  + Wd -i L k-I " x3e~ + x3ejx~ + 

Given the symmetry of the reduced stiffnesses Qi~, we have" 

k 0 kEOiK j QikjETKi = Qj iE jKi  = Oij $ 

from which" 

Wa ~ Lk-I '-' 
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After integration through the thickness, we obtain: lSS [ Wd :7  ~-'i~(Zk - Zk-I)E?EO "t'ZQk(z2- Z2k-l)EOi #(J"" 
/ -1  

"'" +3k=l 

The introduction of the global membrane Aq, flexural Dij and coupling Bij 
stiffnesses leads to the expression: 

lIIz(Aij O ~ Bije~ ~tx (i , j  1,2,6) Wd = 7 g i ej + 2 Dijwil( j l d X  2 = . 

In the case of a composite without membrane-flexure coupling, the strain energy 
expression reduces to: 

1  ff lA, OO = e i ej + Dijtcilr j )dxldX 2 (i, j = 1, 2, 6). 



Chapter 6 

Symmetrical orthotropic 
Kirchhoff-Love plates, 

6.1. Introduction 

Since multi-layer plate calculations are complex we will limit ourselves, in the 
present chapter, to symmetrical orthotropic plates which conform to the Kirchhoff- 
Love theory. 

In a symmetrical laminate the global coupling stiffnesses Bij are zero. 

In a cross-ply laminate the x t and x2 directions are the directions of orthotropy 
of the different layers. The reduced stiffnesses QI6 and Q26 are zero, which results 
in the global tension-shear coupling stiffnesses Al6 and A26 being zero, as well as 
the global flexure-torsion coupling terms Dl6 and D26. 

For a cross-ply laminate we always have" 

Bij =0, Al6 =A26 =0, DI6=D26 =0. 

It is for this particular case of symmetrical orthotropic plates that the analytical 
methods of resolution are the easiest to apply. As indicated above, for a laminate 
with mirror symmetry there is decoupling between membrane and flexure so that the 
global constitutive relation for the composite: 

LN]:I: 0t,. ]' 
can be decomposed into the two expressions: 

N = A c  ~ 
M=DK. 

It is therefore possible to study separately the plate loaded in its mean plane 
(membrane load) and the plate loaded transversely (flexural loading). 
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6.2. Global plate equations 

The global plate equations according to Kirchhoff-Love theory are written as: 
~N l tgN 6 t)2u0 

+ - - - - +  Pl = Io 
OXl bx2 
ON 6 ON 2 02u 0 
~ + ~ +  P2 = I 0 ~  i)x I Ox 2 Ot 2 ' 

~x? + 2 ~x.~x~ + ~x~ + ~ N. ~x. + N, ~x~ )"" 

( ~u~ Ou ~ O~u~ 
""+~x 2 N6~xI +N2 Ox 2 )+q3 + p 3 : l O  -~tt~ �9 

6.3. Plate loaded in the mean plane 

The global equations of motion of the plate are reduced when the volume effects 
are zero for the two equations: 

~N6 ~2u0 
/)Nl + ~ =  1 o - - -  , 
bx I bx 2 Ot 2 

~)N 6 t)N 2 02u~ 
~ + ~ = 1 0 ~  
0x I t)x 2 bt 2 ' 

and the compatibility equations: 
t)2s +02E20 02EO =0" 
~x~ ~x? ~x.~x~ 

The global constitutive relation for the composite is written, in this case, in the 

IN, I ia,, a,2 N 2 = AI2 A22 0 / s , 
N 6 0 0 A661E 0 

form: 

the global membrane stiffnesses being equal to: 
N 

k=l 
The global compliance matrix of the composite is found by inversion of the 

constitutive relation: 
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A22 

I e~ AliA22 - A~2 
E~ = - AI2 
E60 ALIA22 -A?2 

0 

Putting this expression in the form: 

e ~ = 

1 V21 

El E2 
V12 1 
El E2 

0 0 

q At2 - 0 / 
ALIA22 - A?2 " N~ "] 

All 0 N2 1 ' 
All A22 - A22 

0 _1 N6 
A66 

l _ 

GI2 

reveals the equivalent characteristics: 
AliA22 - A22 AliA22 - A22 

E I = E 2 = 
A22h Alth 

Al2 At2 
VI2 - - - - - ~ ,  VI2 =-----.,  

A22 All 

A66 
GI2 = ~ ,  h 

which correspond to the Young's moduli and shear and to Poisson's coefficients of a 
single layer, orthotropic plate which has the same membrane behaviour as the multi- 
layer plate considered here. 

6.4. Plate  loaded  t ransverse ly  

The global equation of the motion of plates loaded transversely is: 
()2MI I- 2 02M6 t)EM2 t)2u~ 
Ox-T" o ,Ox2 + 

The constitutive relation of the composite" 

I lIo ~ 1 M2 = Dl2 D22 0 K 2 , 

M 6 0 0 D66 x" 6 

involves the global flexural stiffnesses: 
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k=l 
Introducing the expressions" 

M ! = DIIK'I + D~2K 2, 
M 2 = DI2Ki + D22K 2, 

M 6 = D66K6 , 
and the curvatures by: 

02u o 3 
K'I -- 0X? ' ' 2  "~" 

0 2 u  0 
3 

we obtain the global cohesive moments: 
O u0 O u__3 0 

g l  = - 0 1 1  OX? --012 ~X22 ' 

02u 0 

OXl C~X 2 

/92u o O2u o 
M2:-012  "x ? -D22 Ox2 2 ' 

M 6 = -2D66 ~ 
(92u 0 

OXl C~X 2 
Introducing these in the plate global motion equation we obtain: 

04~x 4u~ 2(D12 + 2D66,Ox20x 2 + D22 /)x~ - q + I0 0 0 7  = 0. D l l  

In the following section we will consider the case of a single layer, elastic, linear, 
homogeneous, isotropic plate. When the transverse normal stress is zero the 
constitutive relation may be written as: 

io, l IV 0 
0"2 = 2 1 0 E2 �9 

1 - v  l - v  or 6 0 2 e6 

The stiffness matrix of the material being 

E I v  

the global flexural stiffnesses are: 
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D ij = s Q ij - - = " ~  Q ij " 

Introducing the flexural stiffness modulus of the plate: 
Eh 3 

the global flexural stiffness matrix of the plate may be written as: 

1 v 0 
D - D  o v 1 0 . 

0 0 l - v  
2 

The equation of motion of plates loaded transversely becomes: 
4,, ' 2 "3~ 04"~ 2[vO o + (1 v ... + D O + I o = 0 D~ ~3x - - ' S -  + - )O~ ] tgx t tgx ~ i)x ; - q "'Ot 2 ' 

or :  

where: 

I t9 4 u t9 4 u y t) 4 u ~ ) c3 2 u ~ 
D 0 tgxt +2)x?.Ox22 + .... .Ox 4 - q + l o .  t. 2 = 0 ,  

Do lap(lapu~ ) -  q + lo ~ 
 2uO 

3-3-7 = 0 .  

We find, with I 0 = ,oh, the classical equation for isotropic plates. 

6.5. Flexure of a rectangular plate simply supported around its edge 

The rectangular plate represented in figure 6.1, with dimensions a I and a 2, is 
simply supported around its edge. It is only subjected to the surface force density 
q(Xl,X2)X3. 

The global equilibrium equation is written: 
 4.0  4.,0 

The edge conditions of displacement and load are: 
- f o r  x I = 0  and x I = a l :  

0 
u 3 = 0 ,  
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02U 0 O2uO 
M , = - O i l  Ox? - 012 Ox 2 - '0 '  

i t  &r 

- for  x 2 =0  and x 2 =a2:  
u 0 =0, 

02u o O2u o 
M2 = - D I E  ()x 2 -D22 t)x:  =0 .  

x3 

T q(x I , x 2 )x3 

al 

Figure 6.1. Transversely loaded plate 

a2 

The load acting on the plate can be written using a double Fourier series" 
o o  o o  

q(x,.x2)= ~a ~.aqm,m2 sinm'~r'sinm2~x2 " 
al  a2 ml=l m2=l 

Multiplying the two parts of this expression by: 

sin nl~Xl sin n2RX2 dxldX 2 , 
al a2 

and integrating over the mean plane of the plate we obtain: 

Io' q/x,.x /s,n 
al a2 

o o  o o  

""-  E E ~0'2 ~0 '' sin s i n  sin dxtdx 2 . -- qmlm 2 sin mlTtXl m 2 ] t X 2  /1170171 tl 2 :/l~t:2 
ml=l m2=l al a2 al a2 

Given the expression: 

fa U'sin sin sin sin dxldX2 = z ml/l:x I m27tx 2 nl~C 1 n 2 ~  2 ala 2 
~mlnl (~m2n2 , ao ao a I a 2 a I a 2 4 

the preceding equation becomes: 
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fO 2 f / i  q ( X l , X  2 )sin nln:X'l sin n2m2 dxldX 2 ala2 = T qnln2 " al a2 

The coefficients qmltn2 of the double Fourier series are equal to: 

qmlm 2 "- __.___ jo,.lo , 4 q(xi,x 2 )sin min:xi sin m2 .'~.2 dridx 2 . 
ala2  al a2 

For fixed values of ni I and m 2 , that is for a given double-sinusoidal loading, the 
solution to the global equilibrium equation: 

t94,17 ~4,17 /9411~ m /1~ 1 m2/~c 2 
DII {)x--'T +2(012 +2D66)tgx21tgx2 + 022 'tgx'~ :qmlm2 sin 1 sin 

a l  a2 

which satisfies the edge conditions for displacement and force is of the form: 
0 = U 3 sin ml'lXl sin m2/l:x2 

ll 3mlm2 mira2 O I a 2 

Writing in the equilibrium equation and simplifying by the sine product we obtain: 

ml/r DII + ~ (DI2 + 2D66)+ D22 7","'2 = qm,,,2" 
Lt ~, t ~, t ~ ~ 

where: 

with: 

U 3 1 t t l  - - "  

qmim2 
4 i ' 

Dmt,n 2 

( ) 4 2 ~ m l / 2 f n , 2 / .  (m2/,l  �9 m I DI I + ~ ___ (DI2 + 2D66 ) + D22. o.,,,,,~ = <,-7 t, a, ) t, "~ ) "~ ) 

The transverse displacement is then: 
uO = qm~m2 sin ml/l~l sin m2/1~2 

3mare2 71.4 * . 
O mlm 2 a l a2 

For any loading it is given by' 

o 1 ,,~, ~ q,,,,,.2 min:x, u s = ~ ; sin sin-------  
= m 2 =l Onltm2 a I a 2 

The non-transverse displacements given by: 

Ul "---X3 ~)XI ' 

m2/l~ 2 
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Ou ~ 
U 2 =- -X  3 ax  2 ' 

are equal to: 
o o  o o  

X3 Z Z qmlm2 mlZDfl m27Df2 U 1 = 3a m I . c o s  s i n  
7/' 1 ml=l m2=l Om~m 2 al a2 

u 2 = 
x3XX 

m2 _Z-Z---- sin .. c o s ~  
7/'3a2 ml= 1 m2=l Omtm 2 al 

m 2 ~  2 

a 2 

or: 

The strains are equal to: 
a2u~ a2u~ 

El = - X 3  0X? ' 6.2 = - X 3  Ox 2 . 6"6 = - 2 X 3 ~  
a2uO 

OXlOX 2 

x 3 ~  ~ qmlm 2 m1:713; 1 m e~ = 2 m~ 2 _-Tx-----sin sin 2nx2 
:r/'2al mr= 1 m2=l Om,m 2 al a 2 

_ X 3 ~ ~  qmtm2 m I m2~z~ 2 
e2 - ~.2a~ z_~ z_~m~ -s-z---sin ~:XLsin 

ml =l m2 =l Dmtm2 a l a 2 

E 6 = 
o o  o o  

qmtm2 mlTLt I m2/tx 2 2x3 Z E m I m 2  . ........ cos  cos - - - - - - - -  
7/ '2ala2 mr= 1 m2=l Din,m2 al a 2 

or: 

The stresses are given by: 

O2uO 
,,l ~ - - x ~  e,  ~, 0~? 

a2u0 

0 2 " 0 )  

a2u0 / 

,,6 ~ - -2x~0~6 ~ , , 0 .  
OXlOX 2 

from which: 

- x3 ' ~  ml ,,3, m2 ,or qm,m2 sin m,n:x, sin m2~x2 
O'kl - "~m,=t a, J ~ a2 ) D',,,,~ a, a 2 
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x3 Z mi m2 q,,,tm: sin mittri sin m2n:x2 O'~ 
~'i',,, _, ,,2=,L~. a, ) ~. a 2 ) D~,,m2 a, a 2 

I 

o o  c o  

2x, QI66Z Z m l m 2  qmim , mz~l:x 2 -- ~ COS ml  U I  c o s  . 
0"6 k = / g 2 a l a 2  mi= I m2=l Omim2 tll  a 2 

The transverse shear stresses obtained by integration through the thickness of the 
first two local equilibrium equations are given by: 

0"4k = _f;,h { Oq~ 6 2  Oqxl ~03~2) _ t,x, ( (~13r 1 . \  OqX' ~~6) + dr, .~ : J -~ /  + d r ,  

w i t h  Zk_ 1 <_ x 3 _< Z k , from which: 

O'4k =---~a 21 m~lm~,= = m2 ml/2(Qla, ) 2 + 2Q66)+( m2t,-a2 Q22 ~'d~'... 

qm,,,: ml ~x I m2~f 2 ... •162 . c o s ~ ,  
Din, m2 a I a 2 

qmlm 2 ml/l~r I m 2 ~  2 ... x .  , c o s  s in  
Dml m a i a 2 

so after integration: 

' = - - ~  m 2 
at_ 2~r'a2 m,=l m2:l { t=l 

[( nil/2 (Q~2 + 2Q/66 )+( mE/2Q~2 l(z 2 -  z2_, )... 
t al)  a27 

[(/'. ., ( / ] ni I (Ok +2QI ]+ m2 qm,.,, m 
... + m 2 0 ' )  ~ O~2 (x32 -z ; - '  O.,,.,," sin mtttxi C ~  2nX2a2 

( )2m2 2 I - ' - -  Z ~, m, 0:,+ (0:+~0 a (~,~-z,~_,) 
<q = 2= ,  ._ , . ._ , t ,=,  ~' : 

l i  

(el*2 + eos~ sin ... + m, m, Qtl + - -  2Qk66 (x 2 _ z2_, qm,,n, mini m2ttX 2 
at ) ~. a2 ) Dm,,,2 al a2 

The moments of the global cohesion loads are equal to: 
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or: 

M l =Dtt lc l+Dt2K 2 = Dll i)x 2 +Dr2 ~)x 2 ' 

at# ~ 

32u o 
M 6 = D661(6 =-2D66 

OXl OX 2 

qm~m 2 m l ~ f  I m 2 ~ t :  2 1 ml D l + m2 Dl2 , sin. s i n ~  
Ml =-~m,--i  m2=l[.~ al l ~. a2 ) Dm,m 2 al a2 

 Ill I! 1 1 00 qmtm 2 m I)~X" l m 2 ~  2 M2 = - - ~ X  ml Dl2 + m2 D22 sin sin 
m,-, ,,,2_-tL ~, a, ) ~. a2 ) D~,.~ al a 2 

~_a ~ qm,m2 //11/'Lt" 1 m 2 ~  2 M 6 =-2------~D66 mlm 2 , c o s  c o s ~  
R ' 2 a l a 2  ml= I m2=l Dmtm2 al a2 

In the particular case of a square orthotropic single layer plate subjected to a 
double sinusoidal loading: 

q(xl ,x  2) = - ros in  nxl sin n:x2 with to' > 0 
a a 

the previous results become" 

- for the displacements: 

cos sin 
ul = x 3 ~ ' J  Dll + 2(D12 + 2D66)+ D22 a a 

u 2 x 3 sin nxl nx2 = COS 
Dtt + 2(Dr2 + 2D66)+ 322 a a 

u 3 = - ~ - )  s i n - - s i n  
Dtt + 2(Dr2 + 2D66)+ D22 a a 

- for the strains: 

o 
El ~ X  3 Dl~ + 2(D~2 + 2D~)+ D22 

/o )  o 
e2 =-x3 ~- D~ + 2(D~2 + 2066)+ D22 

sin n:r~ sin m2 
a a 

mf  I Rx 2 sin sin 
a a 
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a)  to" 
e 6 = 2x 3 "~" DI l + 2(D12 + 2D66)+ D22 

~ 1  ]Dr'2 COS ,,,COS 
a a 

- for the stresses: 

0., = -x3 (Q,, + Q,2 )D, ,  + 2(D,2 + 2066)+  022 

( 0 )  2 tO' _sin n:x, sin ~ 
o'2 = -x3 ~- (Q,2 +Q21) D,, + 2(D,2 + 2D66)+ D22 

COS COS ~ ,  
0"6 = 2x3 Q66 D, 1 + 2(3,  2 + 2366)+  022 a a 

a ( - ~ /  m" 
0" 4 = ~ x~ - (Or2 + 2Q66 + 022 ) Dr, + 2(0,2 + 2066)+  022 

a 2 (Q,2 + 2Q66 + Q , , ) D , ,  + 2(D,2 + 2D66)+ D22 0" 5 = " ~  X3 - 

The maximum deflection at the centre of the plate is: 

u ~ ,  ~ D,I +2(D,  2 +2D66)+  D22 

sin m~ sin/Dr 
a a 

m2.. 
o a 

s i n m t  ~f2 COS " 
a a 

~fl /Dr2 cos sin 
a a 

It may be noted that u t, u 2, e I, e 2, e 6, 0.1' 0"2 and 0" 6 vary linearly through the 
plate thickness, whereas u 3 is constant and o" 4 and o" 5 vary in a parabolic manner 

with the thickness. 
Also, u 3, e,, e 2, 0., and 0' 2 are zero around the edge, whereas u 2 and o" 4 are 

a We note that u I and o" 5 are zero for zero for x t = 0 ,  x l = a a n d x  2 = ~ .  

x 2 =0 ,  x 2 = a a n d  x I =~- and that e 6 and o" 6 are zero for x I = ~ - a n d  x 2 = a  

These conditions are illustrated in the following figures. 

- For the displacements: 
~k 

x3 

~ M 0 

ul 

."-d 
U 2  , , 

k 
x3 

M o 

k 
x3 

M 0 

u3 

Figure 6.2. Variations in displacements 
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x 2  

a 

2 

u 2 = u 3 = 0 

O 

U 1 = U 3 = 0 
. . . . . . .  

: U 2 =  0 
. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .  ~ .  . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .  

a u I = 0  
2 

u I = u 3 = 0 a 

Figu re  6.3. Zero displacement 

U 2 = U 3 = 0 

x I 

- Fo r  the  s t ra ins :  

"//] 
El M ~ E2 M ~ 

i 

Figure  6.4. Strain variations 

E6 

\ 
x3 

M o 

x z l  

a 

2 

El = E 2  = 0  

O 

E l = E 2 = 0 

E 6 = 0  
. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .  

a ~e 6 = 0  

2 
, ! 

E" 1 = E 2 = 0 a 

El = E 2  = 0  

x I 

F igu re  6.5. Zero strain 
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- For the stresses: 

0 
0.1_ 

Figure 6.6. Stress variations 

0"6 ..... 

k 
x3 

M o 

x2 

a 
2 

0.1 =0.2 =0  

0.1 =0"2 = 0  

1 
! 

,i 0"6 = 0  
. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .  I .  . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .  

a i0.6 = 0  
5 i  

0.1 =0"2 =0  

h ~  

O v 
0.1 =0"2 = 0  a Xl 

Figure 6.7. Zero stresses 

- For the transverse shear stresses" 

t x3 x3 

~4 ! ....... ~'~--------4Z~ 
Figure 6.8. Transverse shear stress variations 
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x2~ 

a 

2 

0" 4 = 0  

0" 5 = 0  

a 

2 

0' 4 = 0  

0" 5 = 0  
o" 4 = 0  

0 v 
0.5 = 0  a x I 

Figure 6.9. Zero transverse shear stresses 

6.6. Free vibrations of a rectangular plate freely supported at its edge 

The free vibrations of a symmetrical orthotropic plate are governed by the 
equation: 

a,,,o 2(o~ ~x?~x~ + o ~  ~x~ + ~o ~ :  o 0, ,  ~i' + +2o66) a'u~ a~u o a~.o 
at 2 " 

The solution to this equation, which satisfies the boundary conditions around the 
edge in displacement and load: 

- f o r  x I = 0  and x I = a l :  

u 0 =0 ,  

a2~ a2~ 
M 1 = - O i l  aXl2 -O12 ax 2 =0,  

-for x 2 = 0 and x 2 = a 2 �9 

u 0 =0 ,  

t~ 2 U..~30 - 
M2 = - D l 2  ax 2 D22 

l 

is of the form: 

~2uO =0,  

~x~ 

uO = 3 m l ~ l  m2~'2 
Um,m2 sin sin sin(O)m,m2t + (Pm,m2 ). 

al a2 
By introducing into the global vibration equation and after simplification by: 
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sin m'~x' sin m2~2 sin(tOm,m2 t + (Pmlm2 ), 
al a2 

we obtain the equation: 

21mlitl  (m  2It 2 miit Di + (D,2+2D66)... 
I t ,  al ) t .  az 

or: 
4 * U 3 it  Dmim2 2 - [o(.Om,m2 ) mim2 = O, 

with: 

---- ml m2 (012 + 2066)+ * ml DI I + " - "  O'nim2 = al ~ al ) ~ a2 ) 

which provides the natural frequencies: 

or'.  

m2 / 4 D2 2 , 
a2 ) 

o) = I t  mira2 

4 (m'l 
2 -~l Dll + 

2 2 4 
m_l m2 (DI2 + 2D66 )+ ~ 
al . . . .  a 2 ) .... 

Io 

i ,, , 
It2 Dmtm~ 

COmlm2 = ] 0 

The natural frequencies of a square plate of side a are given by' 

I m 

O)mlm2 = io 
For a symmetrical orthotropic plate such that: 

DI 1 = 9D22, 
DI2 + 2 D ~  = 3D22, 

the natural frequencies are equal to: 

21 ..... ' t O)m l m 2 I0 

with: 

k= ~/9m'~ +6m21 m2 + m 4 = 3m 2 + m 2 . 



120 Analysis of composite structures 

For an isotropic plate, we have: 

( / ) 'mlm2 = k' 
Io 

with: 
k '= m 2 + m 2 " 

The influence of orthotropy on the order of appearance of the first four modes of 
vibration is shown in the table below: 

Mode 

1 
2 
3 

_ .  

4 

ml 
l 
1 
1 
2 

Orthotropic 
m2 

plate 
ml 

Isotr0pic plate 
m2 k 9 

1 4 1 1 2 
2 7 1 2 5 
3 12 2 1 5 
1 13 2 2 8 

. ,  

Figure 6.10. Order of appearance of natural modes 

Its influence on the representation of the modes, and in particular the nodal lines 
(lines of zero transverse displacement), appears in the figure below: 

Orthotropic plate Mode 

+ 

+ 

+ - 

lsotropic plate 

+ 

i 

+ i -  

i + [ - 

- i +  

Figure 6.11. Nodal lines 
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In the case of a symmetrical, orthotropic plate, it may be noted that the mode 
m I = l, m 2 = 3 appears before the mode m! = 2, m 2 = 2,  the opposite order to that 
for an isotropic plate. 

6.7. Buckling of a rectangular plate simply supported at its edge 

6.7.1. General case 

The rectangular plate of transverse dimensions a I and a 2 is simply supported at 

its edge. It is loaded in compression - N O and - N O , with N~ > 0 and N O > 0 .  

Ax3 N ~  

a2 x 2 

N~x2 

al 

- N ~  

x I II  
- N t ' x  t 

Figure 6.12. Buckling loads 

The global buckling equation: 

tJ2M 1 t)2M 6 t)2M 2 oO2U 0 
igx~ +2oxlOxi ~ ~gx~ N, ~x~ - 

in which we have: 

M, - - o , ,  ax? - o,: ax---T' 
a2.o a2.o 

2 -O22--~x2 ' M 2 = - D r 2 0 x  I 

0a2u~ 
N 2 - )x  2 = 0,  
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M 6 = - 2 D 6 6  a2u~ , 
axl ax2 

is written as: 

a~u~ 2(o,, + a'~~ a4~~ a~u~ No a'-u~ Dll .ax41. + 2D66)ax?ax 2. .  +D2 2 ax 4 +N 0-,ax 2 + ax-.- ~ = 0 .  
i 

The boundary conditions for a simply supported plate are: 
- f o r  x I = 0  and x I = a l :  

u 0 =0 ,  

a2~O a2~O 
M I = - D I I  ax 2 -D iE .ax  2 = 0, 

- f o r x  2 = 0 a n d  x 2 = a 2 :  
u 0 =0, 

a2~O a2.O 
M 2 = -D I2  ax,2. -D22 ax22 =0. 

These conditions are satisfied by: 

u ~ = U 3 sin ml/tXl sin m2/tx2 , 
mim2 a I a 2  

which, after introduction into the global buckling equation and simplification, gives: 

2~ml~rl rm2~r mi~r ml~  Dl I + ~ (Di2 +2D66)+ . D22... 
LL a, I t  ai J It ̀ a 2 a 2 

/ _ N o _  m , ~  N o  ~ = 0  
� 9  m i r a 2  

al J a2 

The critical buckling loads, corresponding to U 3 non-zero, are given by the mira2 
expression: 

m/2.o 
a, j a~ j Lt a, ) 

m, m2] (D12+206~)+ m2 
...+ m-, ta~ ~ ~ D ~ ,  

which in the particular case where N O = I N  0 , gives: 
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' 1 ' 
ml m2 fm2/  D22 Oil+ ~ ~ (O12+2066)+ 

Np =~2 a lJ  al a2 , I I-~2 ) ,  
(mll2+k(m212 
t, al J a2 J 

If, in addition the plate is square a I =a 2 = a, we have: 

(_~)2 2m21m~(Dl2 + 2D66)+ m4D22 
No = m~Dl, + m? +km~ 

We will now examine different special cases. 

6 . 7 . 2 .  Case of k=O 

The plate is subjected to a compression load - N O in the x I direction. 
T X NI~ 

l l l l l / l a ,  ,, 

a l  , , , 

x I - -  x I 

Figure 6.13. Compression loading in one direction 

or: 

The critical buckling load is given by the expression: 

(/2[fmlnll/ral L [, a l  )/4 2~ ml/2/m 2 12 (m 2 )4 1 Np = ~ _~ Oil+ (DII+2D66)+ D22 , 
[,  al ) [, a2 [,'~2 ) (=)2[( 

mla2 
NO = -~2 ~ al ' 
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For m 2 = l ,  this expression gives the series of curves plotted on the figure 

below. 

For a given width a 2 and fixed values of m I and m 2 the value of the ratio a--L 
a2 

which cancels the derivative of the critical buckling load: 

= [ m ralo] 
is" 

l 

a__Ll = ml ( D I I ) 4  

a: N t s - ~ )  �9 
For this value, the critical buckling load is: 

2 

The critical buckling load thus obtained is independent of m I and its minimum 

value is found for m 2 = 1. 

Np m I = 1 
m I = 2  

= 3  

O .... ,"- al 
a 2 

Filure 6.14. Critical buckling loads 

The buckling of a plate loaded in compression in the x I direction occurs in such 

a way that there can be several half-waves in the compression direction and only one 
in the perpendicular direction ( m E = 1 ). 

The critical buckling load is then given by the expression: 

_ DII + 2(D12 + 2D66)+ D22 , Np : ~ a, ) m,a~ ) 

and the minimum obtained for: 
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1 

o, r o,,/~ ~ = m  l 

is equal to: ,, 
NO : E (~/DIID22 + D, 2 + 2D66). 

The intersection of the two plots of critical buckling load, relative to the two 
successive values m I and m I + 1, is found by equating: 

[( ) ( 1 
2 o ,  

N O = mla2 DI 1 +2(D12 + 2 D 6 6 ) +  mla2 D22 , 
l,,,I a I 

al N O = (ml + l)a 2 DI 1 + 2(D12 + 2D66)+ 
l,,,t+t a I (ml + l)a 2 

which gives successively: 

mla2 Di I + = D22 = Di I + 0 2 2 ,  
al rata2 al (ml + l)a 2 

[(m I + 1)2 _ m  2 a__ L Dl l  = 2 D 2 2 '  
al ) m 2 (m I + 1) 

( )4 2 m 2 D  1 a ~  = (m I + 1) - , , 
~a  2 ) 1 1 D22 

tn~ (m I + 1) 2 

2 D22 ], 

or: 

~, a2 ) ~ D22 
This expression enables the length a I to be calculated for a given value of a 2, 

for which the critical buckling load is identical for the modes m I and m I + 1. 

When a plate is subjected to a compression load - N  o in the x I direction, the 
buckling of the plate occurs such that there exists: 

- in the x I direction: a single half-wave (m 2 = 1), 
- in the x2 direction: 

1 
~ 

- a half-wave for: 0 < < 4 , 
a2 D22 
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1 1 am (36011   - two half-waves for: 4_-=--_ < - - - <  
a2 1)22 ) 

1 1 

- m I half-waves for: (m 2 . DII / ~" < - - <  al (m2(m 2 +1) 2 DII ) 4 .  
D22 a2 j 

The critical load corresponding to this intersection is given by: 

m l + l  
NO = n .. m I 4DIID22 +2(DI  + 2 D 6 6 ) +  SDIID22 , 

) Lml + i  2 ml 

N O = (ml + 
m I (m! + 1) 

For the special case of a plate for which: 
Dl I = 9D22, 
Dl2 + 2D66 = 3D22, 

we have" 

N O = 3mla2al + m 2 m i a 2  D 2 2 ,  

the critical buckling load, obtained for m 2 = 1, is equal to: 

N O I ~tr 3 mla2 al = + D22 . 
I,,a2 J [, al mla2 

The minimum critical load: 

N O = 1 D22 , 

is obtained for: 

al = ,4"3m 
a2 

or, for the first two modes: 

al - ~ and al = 2,4"3. 
a2 a2 

The intersection of the plots m I = 1 and m I = 2 is obtained for: 

al = ,q/~ 
_ . . . . _  

a2 
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and the corresponding critical load equal to' 

27( ff_~._) 2 
NO= 2 [ , a  2 D 2 2 '  

If the plate is square (a  I =a 2 = a  ), the critical buckling load obtained for 

m I = 1, is: 2 

6.7.3. Case of k=l 

The plate is subjected to the same compression load - N  O in the x I and x 2 
directions. 

X3 N 

a2 X2 

NI~ 

- N ~  

al 

Xt J~ ' N~x I 

Figure 6.15. Identical compression loads in two directions 

The critical buckling load is then given by the smallest value of: ( )4 2(12(/2 (]4 ml m2 m2 
m--L D I I +  ~ ~ (DI2+2D66)+  ~ D22 

N O = n 2 al ,] al a2 .... a2 

2 i2 
In the case where: 

Dll - 9D22, 

Dl2 + 2D66 -3D22 , 
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we have" 
~ / 4 ~('-~1/2/ / 2 ( / 4  ml m I m 2 m 2 + - -  + 

N O = ~2 al ] / a2 ] a2 
( a ~ / 2  +Ira2 ) 2 

t,a  ) 
I 3 ~ m l / 2 + / m 2 / 2 ]  

N ~ = ~.2 L l~ al J ~, a2 J 

+(m2 / 2 

and for a square plate: 
(_~)2 (3m2 + m2) 2 

N 0 =  ml 2+m22 022 �9 

D22, 

022, 

The critical buckling load, obtained for m I = m 2 = 1, is equal to: 

N o = D22 . 

6.7.4. Case of  k= -1/2 

The plate is subjected in the x I direction to the compression load - N ~  and in 
the x 2 direction to the tensile load �89 N O . 

x3 ,'~ ,, ,, N~ s 1 Is , , , 

N O 

2 
- ~ x 2  

a2 

N O 

2 

x 2 

x2 

x I - I v  I A I  

Figure 6.16. Compression and tension loads 
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The critical buckling load is equal to the smallest value of:  rm, / I- /4 
t-~-i ) DI '  + - -  (D,2 + 2D66)+ D22 ,t, at) ~ . . . . . .  a 2 )  N O 7/. 2 

_ m2 / 2 Imli 2 2( 
I t, al ) a2 ) 

For the particular case already described we have: 

[3(-~1/2ml + ( ~ 2 ) 2  ] 2 m 2  

Np = t/'2 D22, 
ml  m_~ 2 ]2 

and for a square plate: 

Nl)= s 
a 2m? -m~ 

D22 �9 

The critical buckling load, obtained for m I = m 2 = 1, is: 
2 . 0  32( ) ~ 

The tensile load in the x 2 direction increases the critical buckling load; with 
k = - 1 / 2  it is twice as high as in the case of k =0 and four times as high as the 
case of k = I. 
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Chapter 7 

Thermo-elastic behaviour of composites 

7.1. Introduction 

The important roles played by a temperature variation AT and by the absorption 
of humidity At/were noted previously in the presentation of the laws of the 
behaviour of an orthotropic material. Both effects work in the same way, so the 
discussion here will be limited to a temperature variation AT. 

In composites cured above room temperature there appear, on return to their 
normal temperature of use, residual stresses which may be large. These originate 
from the different values of the thermal expansion coefficients for the fibres and 
matrix. 

After having presented the constitutive relations of an orthotropic material in its 
orthotropic axes and off-axis we examine the definition of these expressions in 
matrix form in plate theory for which the transverse normal stress is zero. 

Then we introduce the global constitutive relation of the composite in thermo- 
elasticity which allows the study of the behaviour of a multi-layer plate in tension, 
flexure, vibration and buckling. 

7.2. Constitutive relation for an orthotropic material 

7.2.1. Constitutive relation in orthotropic axes 

The thermal strains, resulting from the change in temperature AT and noted e"i 
in the orthotropic axes (~), are: 

~"i=~/AT (i=1,2 ..... 6) o r ~ " = ~ A T ,  

with a'4 = a'5 = a'6 = 0. 
The strains e'i due to the stresses ~i and to the thermal dilatation ei '  are given 

by: 
e-i = S-ij~j + e"i (i, j = 1,2 ..... 6) or ~ = S~ + ~'. 

These may be expressed as a function of the variation in temperature AT using the 
expressions: 

E'~ =S'~j~j +'~iAT ( i , j = l , 2  ..... 6) or ~ '=g~+f i 'AT.  
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In an explicit manner we have: 

~2 
~ 3 =  
~4 
C5 

.E6 _ 

- n  w n 

SII S12 S13 0 0 0 
S12 S22 S23 0 0 0 
S13 $23 $33 0 0 0 
0 0 0 $44 0 0 
0 0 0 0 S55 0 
0 0 0 0 0 S-66 - 

? - m  

10.1 

~0.2 
0" 3 
B 

O" 4 
O" 5 

.0' 6 

~2 ] + ~ 3  
0 
0 

0 

The stresses ~i are given as a function of e'i and of e i '  by: 

0."i =C--ij(ej - e ' j )  (i,j= 1,2 ..... 6) or ~ = e ( ~ - ~ " ) ,  

and as a function of the variation in temperature AT by: 

~T.  

~" : "Cq(~'j - f f jAT) (i, j : 1,2 ..... 6) or ~ : e (~ ' -~ 'AT) .  

These two latter expressions can be written in the form: 

0.2 : C--ijgj -C-i '  AT (i, j = 1,2 ..... 6), with C--'i=Cqffj, 
or: 

= C [ - C ' A T ,  with C ' =  C ~ .  
m m 

The matrix C ' =  C ~  is equal to: 

C~= 

Cll CI2 CI3 0 0 
Ci2 C22 C23 0 0 
Cl3 C23 C33 0 0 
0 0 0 C44 0 
0 0 0 0 Css 
0 0 0 0 0 

or: 

C'  1 

C '2 

C '3 
0 

0 

0 

Cl~~ + C12~2 + C~3~3 
C~2~ + C2292 + C23~3 
C,3g~ + C23~2 + c3393 . 

0 

0 

0 

0 'ct 2 
0 ~3 
0 0 ' 
0 0 

C66 _ O_ 

The constitutive relation may be written in the form: 
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- m  - 

0.1 
n 

0" 2 

O" 3 

0.4 

0"  5 

_~ 

CII 

C12 

C13 
0 
0 
0 

m 

Cl2 Cl3 0 0 0 

C22 C23 0 0 0 

C23 C33 0 0 0 
0 0 C44 0 0 

0 0 0 C55 0 
0 0 0 0 C66 _ 

m 

El 

t~ 2 

r 
E' 4 
t~ 5 

_E6. 

- C_.--, 1 " 

C '2 
C"3 

m 

0 

0 
0 

A T .  

7.2.2. Constitutive relation in orthotropic off-axes 

By introducing the conventional matrices for changing the axes M and N,  the 
strains in the base (e) off-axis of orthotropy are" 

~= NE = N(S~" + E')= N(S~" + ~'AT), 
or: 

c = NSNTo + N~AT. 
The strains can be written as: 

= Soy + S 'AT,  
with: 

S'= N~.  
The matrix S' is given by' 

or: 

S ~  

c 2 
s2 

0 

0 
0 

2cs 

$2 0 0 
C 2 0 0 

0 1 0 
0 0 C 
0 0 --S 

-- 2CS 0 0 

S'I c2~I + s2~2 
S"2 S2~l + c2~2 
--s 
S 3 53 
0 0 
0 0 

_s'6 _2c (e, -e2) 
in an explicit form we have" 

9 

- -  r  

cs 
0 

0 
0 

C2 _$2 

0 ' 
0 

. 0  
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or: 

with: 

tel 
" 

's 
E 3 

E4 

E5 
_E6 _ 

SII S12 S13 0 0 S16 

S12 $22 $23 0 0 $26 

S13 $23 $33 0 0 $36 
O 0 0 S44 S45 0 

0 0 0 $45 $55 0 
_S16 $26 S36 0 0 $66 - 

The stresses are given by: 

Orl" "S"I" 
0"2 S-'2 

:tY 3 , S '  3 + AT. 
o'4 0 

0" 5 
_0"6 _ 

0 

.S '6 _ 

a =  M~'= M(E~- ~'ar)= M C M T t : -  M C ' A T ,  

a = C c - C ' A T ,  

C'= M C ' .  
The matrix C'  given by the product: 

w 

M C ' =  

is equal to: 

C ,  I - 

C '  2 

C'3 = 
k 0 

0 I 
[C'6 _ 

c 2 s2 0 0 0 - 2 c s  

s 2 c 2 0 0 0 2cs 

0 0 1 0 0 0 

0 0 0 c s 0 

0 0 0 - s  c 0 

cs - c s  0 0 0 c 2 - s  2 

- - m  N 

Cll~l  + C12~ 2 + C13~ 3 
C~2g~ + C22~2 + C23~3 
C~3~ + C23~2 + C.~3 

0 
0 
0 

Ci3~ i + C23~ 2 + C33~ 
0 
0 

The constitutive relation is written as: 

o'~ -I 
I 

0"3 = 

Cll Cl2 C13 0 0 C16 
Cl2 C22 C23 0 0 C26 
C13 C23 C33 0 0 C36 
0 0 0 C44 C45 0 
0 0 0 C45 C55 0 

_C16 C26 C36 0 0 C66 

E l 

E 2 
E 3 
E4 

E 5 

_E6 _ 

F C' l - 

C' 2 
_ C'3 

0 
0 

C , 6 _  

AT. 
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7.3. Constitutive relation when the normal transverse stress is zero 

7.3.1. Constitutive relation in orthotropic axes 

Given the notations introduced above we have the expression: 
= 

or: 
= Q g - Q ' A T ,  with Q'= Q ~ ,  

which is written as '  

or: 

m Q,= 

Oil QI2 0 0 0 
QI2 Q22 0 0 0 

0 0 066 0 0 
0 0 0 Q~4 0 
0 0 0 0 Q55 

- ' ~ 1  

0 
0 

_ 0  

, - ~  - 

, Q I  

i 0 - "  ~ 

0 
0 

The constitutive relation is written in the form: 

Q_I 1~! + Q.__l 2ff2 

QI2~I + Q22ff2 
0 
0 
0 

~2 
~'6 = 
~4 
~5 

Qtt Q12 0 0 0 
QI2 Q22 0 0 0 

0 0 Q66 0 0 
0 0 0 Q44 0 
0 0 0 0 Q55 

" ~ ,  -01 , 

~ 6 -  o a r .  
~4 0 

Lo 

7.3.2. Constitutive relation in orthotropic off-axes 

The conventional formulae for changing axes and the preceding expressions 
allow us to write: 

r = M~ = M(Q~-  Q'AT) = MQMTt: - MQ'AT.  
The constitutive relation is now in the form" 

r = Q c -  Q'AT,  
where the matrix: 
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Q'= M Q ' ,  
is equal to: 

2 
C 

S2 

CS 

0 

0 

s 2 - 2cs  0 

c 2 2cs 0 

- cs c 2 - s 2 0 

0 0 c 

0 0 - s  

0 Qll~'l + Q12~2 
0 Q~2ffl + Q22~2 
0 0 
s 0 
c 0 

or: 
r Q'I 

Q'2 
Q'6 
0 
0 

0 
0 

9 

The constitutive relation is written as: 

-~ O" 2 

0" 6 = 

.::J 
"Qlt QI2 QI6 0 0 r-el- -Q'l-I 
Ql2 Q22 Q26 0 0 !E 2 Q'2 ! 
QI6 Q26 Q66 0 0 6 6 -  Q'6 AT. 

0 0 0 Q44 Q45 E4 0 
0 0 0 Q45 Q55 _es_ _ 0_  

7.4. Global cohesion forces 

or"  

The resultants of the global cohesion forces are equal to: 
h 

Ni  = f:h__ 0-/dx3, (i = 1, 2, 6), 
2 

N 

k=l k-t 

N _ 

u, - Z,_, o,~ Iz, z,_, ),o + ~ ~-, 

N 

. . . -  ~]o'~ (z, - z~_,)ar. 
k=l 
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Introducing: 
N 

A', = 2Q'ki  (Zk - Zk-I ), 
k=l 

the resultant of the global cohesion forces is written as: 
0 N i=Aue  j + B q t c J - A i A T  ( i , j=1,2 ,6) .  

The moments of the global cohesion loads are given by: 
h 

M i = ~__h O'ix3dx3 , 
2 

from which: 
N 

,,, = Y .  ~' [o.0 - , , 
k=l ~-I 

, ' ~  ,(z:-z:_,)~,... 'Zo,(z~-z:_,)~ ~ Q,, g i = "~" 
k=l k-I 

...-'-~;~,~ (z~- z~_,)~. 
2 k-I 

By putting: 

, ' ~~,: (z~-z:_,), B i  = ' 2 k = l  

the moments of the global cohesion loads may be written in the form" 

o+ -B ' iAT  (i j=1 ,2 ,6) .  M i = BijF" j DijK j 

7.5. Global composite constitutive relation 
The global composite constitutive relation is written in explicit matrix form as' 

-N 1 7 All 
N2 I AI2 
N6 = Al6 
Ml [Bli 
M2 [B~2 

_M6 LBI6 

AI2 AI6 Bll BI2 BI6 
A22 A26 BI2 B22 B26 
A26 A66 B16 B26 B66 
BI2 BI6 DII DI2 DI6 
B22 B26 DI2 D22 D26 
B26 B66 DI6 D26 D66 

and in conventional form as" 

-e07 "A, 1 - 

~~ I ,a'~ 
E '0 [_, A'6 

x'l I B'l tc 2 B '2 
_K" 6 _B'6. 

AT, 
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or: 

with: 

[Z]_[A DIE,] -[A']AT LB, j ' 

N = Ag~ + B g  - A' AT, 

M = Be~ + DK - B'AT, 

N 

A'i= EQ'ki ( zk - zk - , ) ,  
k=l 

B i='~ 
k=l 

Q,/k (z~ -z~_, ) (i = 1,2,6). 

7.6. D e c o u p l i n g  

7.6.1. Composite with mirror symmetry 

In the case of mirror symmetry the terms: 

= Qq B i= 7 Bij 2 k=l 
k=l 

of the global composite constitutive relation are zero. 
This, which may then be written as" 

or: 

- Nl  [ Al I Al 2 AI 6 0 0 0 - 

N 2 /A~2 A22 A26 0 0 0 
N6 =/Al6 A26 A66 0 0 0 
M I / [ ~ 0 0 0 Dl I DI 2 DI 6 
M: 0 0 DI2 D22 D26 

LMe 0 0 Dl6 D26 D66 

N = Ac ~  A'AT, 

M = DK, 

eo A '  1 
s A'2 

e~ - A'6 AT 

~ l l  o ' 
p K- 2 0 

L t C 6 j  _ 0 

shows that a plate, which is not loaded by external forces, will only show membrane 
strains. 

7.6.2. Balanced composite 

In the case of a balanced composite we have seen previously that the global 
stiffnesses AI6 and A26 are zero. 
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For two layers of the same thickness and with opposite angles the values of: 

are opposite and the term: 
N 

A'6 : Z Q'k6 (Zk - Zk-I ), 
k=l 

of the global composite constitutive relation is zero. 
This is written as' 

INI7  
IN 2 

N6 _ 
MI 
M2 

_M~ j 

-All AI2 0 Bil Bl2 
Al2 A22 0 Bl2 B22 
0 0 A66 Bl6 B26 

B11 Bl2 Bl6 Dlt Di2 
Bl2 B22 B26 Dl2 D22 

_Bl6 B26 B66 Dl6 D26 

BI 6" s 
B26 ~.0 
B66 e 0 
Dl6 ~"1 
D26 h," 2 
D66 _K6 _ 

- I 

A'I i 
A' 2 

0 AT. 
B' 1 
B' 2 

_B'6. 

7.6.3. Balanced symmetrical composite 

Given that AI6 = A26 = 0 ,  Bq =0 and A'6=0,  B ' i=0 ,  the constitutive 

relation is written as" 

N 1 
N2 
N6 = 

M2 
_M6 

AIM A12 0 0 0 
AI2 A22 0 0 0 
o o A66 o o 
0 0 0 D~I D12 
0 0 0 D12 D22 
0 0 0 D16 D26 

0 - e ~ 
o 
o e o 

DI6 K' 1 
D26 K" 2 
D66 _ _K6. 

A' I 
A'2 : 

i o  
m 

0 
I 

0 
i 0 
. 

AT. 

7.7. Balanced symmetrical composite loaded in the mean plane 

For such a composite the global constitutive relation which is written as: 

Lo j:IA oTr o A' 
gives: 
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Ir = 0 ,  

N = Ac ~ - A 'AT,  

or: 

INII/V2 I All AI 2 A22 AI2 0 lr,l (] .. r[A:A~I 
= o / / , ~  - ~r .  

, ,6 o o 

The membrane strains are written as: 
c o = A - I N  + A - I A ' A T .  

Designating by Aq the term of  row i and column j of  A -l 

expression is written as: 

I~o A;, A;~ o 
~o : a~: Ah o 
~o o 

NI [AIIA'I+AI2A 2 
N 2 + AI2A'l+A22A' 2 T .  
N 6 0 

or: 

The global constitutive relation for the composite is written as: 

~o = hA q N -IA , - - +  A 'AT 
h 

c o = h A - l o  + A - I A ' A T .  
This expression can be written in the form: 

I 
~o 

e~ = 
~o 

" I ~o o ] ,liOllr[ooo3 _v02 1 
~o E o o o2 + ~r ,  

1 ~ 
0 o a o ]  

with the equivalent characteristics: 

Eo_ 1 E o  l 

I,,0 = -----_AI2 vOl = AI2 
Al l '  A;2 " 

~o2= I 

a 0 = ALIA' l +AI2A' 2 , a 0 = AI2A' l +A22A' 2. 

, the preceding 



Chapter 8 

Symmetrical orthotropic 
Reissner-Mindlin plates 

8.1. Introduction 

Exact theories for a multi-layer rectangular plate, simply supported around its 
edge, loaded in flexure, vibration and buckling, were developed by N. J. Pagano and 
S. Srinivas. They enable the areas of application of plate theories to be defined. The 
Kirchhoff-Love theory only provides acceptable deflections, natural frequencies and 
critical buckling loads for thin plates whose ratio of thickness to the characteristic 
dimension of the mean surface is less than 1/20. ReissneroMindlin theory, in which 
the transverse shear strains are constant through the plate thickness, gives 
satisfactory results for flexure, vibration and buckling of moderately thick plates 
whose ratio of thickness to the characteristic dimension of the mean surface is 
between 1/5 and 1/20. 

8.2. Moderately thick plate, Reissner-Mindlin assumptions 

As indicated in the Appendix, in Reissner-Mindlin theory the hypotheses of 
Kirchhoff-Love theory are used without ignoring the transverse shear strains. 

8.3. Displacements, strains and stresses 

The displacement field: 

1/3 3 ' 

leads to the strain field: 
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E6 = OX--'~'-+-~XI +X3 + ' ~ X  I ' E'4 =~//2 + ~ ' ~ '  E5 =u 

which given the notations introduced above can be written in the form: 
e i -- e~ + x31 (  i (i = 1, 2, 6), 

0u ~ 
Ox2 
~u~ 
axl 

The stresses in the k layer are given by the expression: 
o'/k =O~ej  ( i , j = 1 , 2 , 4 , 5 , 6 ) .  

8.4. Global plate equations 

The global plate equations according to Reissner-Mindlin theory are written as" 
aN, tgN 6 a2u ~ o-)2W~ 

+ + =I0 +I  -------- ax, ~ P' ~ ' at 2 ' 

aN6 aN2 a2u ~ a 2 
- - - - - -+  + P2 = l0 + I~ lff'2 axl ax2 at 2 at 2 ' 

( + I +  , 0uol ON 5 0N4 a o)u~ (gu~) a au 0 
ax--T- + aX 2 + ax, N| ~ + N 6 ~ )  ~ N 6 ax--T ~x 2 )" o 0  

a2u o 
�9 . . + q 3  + p 3  = I 0  ~tt~ , 

aM 6 t)2u~ a 2 
~)MI + . . . . .  N5 = I1 + I2" ~1 
~x--? ~x~ ~-~ o,~' 

a M  2 021/0 a2u 
0M6 + - N  4 = l  I + I  - - - - -  ax---~- ax2 ~ 2 at2 �9 

8.5. Calculation of Ii and 12 

For these calculations, we retain the layer distribution in the plate thickness 
adopted previously. With this distribution we obtained: 

N 
Io = ~ p ' ( z , - ~ , _ , ) .  

k=l 
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In addition, we have the rotational inertias: 
h 

II = f 2_h Px3dx3 ' 
2 

or: 
N =' 

Ii = P 
k=l k-I 

from which: 

Iz =~.- P 
k=l 

and" 

then: 

or: 

kx3dx 3 = "2" k=l t-| 

h 
2 

12 = px3 dx3 , 
2 

12 = 1 'o k k 
k I "zk-I k=l 

12 = ' ~  -1 " 
k=l 

In the case where the plate is a single layer or multi-layer with layers of the same 
density, the preceding expressions are equal to: 

/o /gh, I! O, / 2 ph3 h2 = = = = l 0 . 
12 12 

8.6. Global cohesive forces 

As with Kirchhoff-Love theory we have the expressions" 
o N i = Aqs + BijK j, 

o (i, 1 ,2 ,6  / , M i = BqE'j + Dqlcy j = 

to which we add: 
h 

Ni = ~_2h__ o' idx3 (i = 4, 5). 
2 

The transverse shear stresses in the k layer are given by: 
cr~ k (i, j =4 ,  5) = O 0 e j  
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where e j is constant throughout the plate, and the transverse shear stresses are 

therefore constant through the thickness of the k layer. 
In order to take account of the variation in transverse shear stresses throughout 

the thickness the global transverse shear force is taken to be equal to: 
N N 

= k 

k=l -l k=l 
the summation convention does not apply to the underlined indices i and j, they have 
the same values as the indices i and j not underlined. 

The global transverse shear loads are written as: 
N i - -  Kij4jE j (i, j = 4, 5), 

with" 
N 

Aij = Aji = E Q  k (Zk - Zk-I  ), 
k=l 

where the K/] are correction coefficients for the transverse shear, the effective 

calculation of which will be described in a later paragraph. 

8.7. Global stiffness matrix of the composite 

The global constitutive relation for the composite is written in the following 
matrix form: 

"N I JAil m12 AI6 BII BI2 BI6 0 0 l [ : l  
N 2 /AI2 A22 A26 BI2 B22 B26 0 0 / i ~ /  
N 6 [AI6 A26 A66 BI6 B26 B66 0 0 //~o/ 
M~ =[Bll  Bi2 BI6 Dll Dl2 Dl6 0 0 K I 
M2 [BI2 B22 B26 022 D22 D26 0 0 K 2 ' 
M6 ibm6 B26 B66 D06 D26 066 0 0 ~6 
N 4 i O  0 0 0 O K 4 4 A 4 4 K 4 5 A 4 5 E 4  

_N 5 L 0 o o o o o K45A45 KssAs~ e 5 
where: 

Nl 
N2 
N6 
Ml 
M2 

_M6. 

All 
AI2 
AI6 
BII 
BI2 

BI6 

Al2 Al6 Bll Bl2 
A22 A26 Bl2 B22 
A26 A66 Bl6 B26 
BI2 Bl6 DII Dl2 
B22 B26 Dl2 D22 
B26 B66 Dl6 D26 

BI 6 s 
B26 e ~ 
B66 e 0 

DI6 K 1 
D26 K" 2 
D66 x" 6 
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 oao 
K45 A45 K55A55 

in the case where K44 = K45 = K55 = K,  this latter expression becomes: 

I N : ]  = KI A44LA45 A45][ : : ]  ' A 5 5  

8.8. Transverse  shear  correct ion coeff icient  

In the case of an orthotropic monolayer plate Uflyand, Reissner and Mindlin 
respectively proposed for K the values ~ ~ and -~ ' 12' 

8.8.1. Uflyand coefficient 
The transverse shear stress 0"4 from the global equilibrium equation: 

~0- 6 00" 2 t~0. 4 - - +  ~ + - 0 ,  
Oxl 

is equal to 

o" 4 = -  axl + d ( .  

In the case of a single layer orthotropic plate, loaded in flexure, the expression: 

gives: 
0.i = Qijx3x j , 

0.1 = (QIIKI + Q12K2)x3 , 
0- 2 = (QI2KI + Q22K2)x3, 
0.6 = Q66~6x3. 

Included in the expression for 0'4, we have: 

0"4=-[0~1 (Q66tt"6)+ 0x~(Ql2K' , +Q22K2)]fx_.3h__(d(, 
J 2 
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since: 

=[~ '2  ] x3 = l ( - ~ /  h214x2 I ;~_~; d; L-7-j h__ x~ - = V t  , ~ - 1  , 
2 

we obtain: 

a4=-ff-L~--~l(Q66K'6 ~x2(QI2'q+Q22x2 1-hE )- 
From the global constitutive relation of the orthotropic plate we have: 

M 1 = Dlltr 1 + Dl2tr 2, 
M 2 = Dl2 KI + D22 tr 
M 6 =D66K" 6, 

with: 

, h3 
D ij = -~ Q ij - - = --(-f Q ij , 

we obtain: 
h 3 

M 1 = -~(QllKl + Qt2x2 ), 
h 3 

M, = ~(Q,,~, + ~~), 
h 3 

M6 = ~Q~K6.  
The stress 0" 4 is written as: 

0"4 : ' ~ "  ~)Xl + ~X 2 - h2 j .  

Given the global equilibrium equation: 
tgM 2 tgM6 + N 4 = 0, 

/)xi bx2 
the transverse shear stress 0"4 is equal to: 

3N4( 4x~] 

similarly: 

3NS( l_4X2 ) 
<" h J" 
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The maximum transverse shear stresses, obtained for x 3 = 0 ,  are equal to: 

3N 4 3N5 
0.4max = 2 h '  O"Smax = 2---~" 

From the global composite constitutive relation we have' 
N 4 = KA44e 4 = KhQ44s 4 , 

and from the material constitutive relation we have: 
0" 4 = Q44e4 �9 

The transverse shear stresses are thus given by: 
N4 N5 

0.4 = " ~ '  0.5 = -'---" Kh 
By identification with the maximum transverse shear stress calculated above we 

obtain the Uflyand transverse shear correction coefficient: 
2 

K = - .  
3 

8.8.2. Reissner coefficient 

The transverse shear strain energy is equal to: 
h 

l al 

2 
introducing: 

o" 4 o" 5 
E4 = id~44 E5 

Q55 
we have: 

�9 . --  Io' Io'  44 - ~ ,  
+ - - - - - -  d, x3d, x2d,  x I . 

Q55 

With the values of the transverse shear stresses already obtained: 

0" 4 = | I -  ] and 0"5 = l -  
2h " 7  ' 

we obtain: h /( 
1 Wd ~~O,~O,f_ ~ 9 (N24 + N 2 l 4x32/2 
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with: 

we find: 

h h{ 16x4   [ 8x316x ]  j'~'_2h 1_2. ._~__) dx3:2 1--7 +-h'-4--J ''13 : x 3 - ~  + ; h  4 h '  

2 
~_2h2( 4x32/2 Ih 8(~)3 + 16(-~)51 8h 

1--~r) ax3:22 ~3h 2 5h' ]:-B" 

[ '/ l f,,, 9 8h N42 + N 5  dx2dXl " 
Wd =2J0  I ;  24h2 15 Q44 ~55J 

Introducing A44 = hQ44 and A55 = hQ55 , the transverse shear strain energy is 
equal to: 

Wd = 5.t0 ~ + dx 2 dx ~ " A44 A55 

The global constitutive relation of the composite supplies the transverse shear 
strains: 

N 4  N 5  e 4 = and e 5 = ~ .  
KA44 KA55 

Putting this into the general formula for the transverse shear strain energy we 
obtain: 

h 

= + 0" 5 ~ d.x-3dx2dx I . Wd - ~  0"4 344 355 

The global transverse shear forces being equal to: 
h h 

N 4 =f_2h 0.4dx 3 and N 5 = J~_2h_0.sdx 3 , 
2 2 

the transverse shear strain energy is written as: 

Wd =-i-~jo ~0 ~ A44 + A55 
The transverse shear correction Reissner coefficient, obtained by equating the 

two strain energies calculated above, is equal to: 
5 K = - .  
6 
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8.9. Boundary conditions 

The Kirchhoff boundary conditions, for the edge x I = a I of a rectangular plate, 

a re :  

Figure 8.1. x I = a I edge 

- for a simply supported edge: 

N I = N  6 = 0 ,  M 1 =0 ,  ~2 =0 ,  u ~ = 0 ,  

- for a simply supported edge in x I direction: 

0 N I - 0 ,  M I =0 ,  r 2 =0 ,  u ~  3 =0 ,  

- for a simply supported edge in x 2 direction: 

I' 0 N 6 = 0 ,  M 1 = 0 ,  r 2 =0 ,  u = u  3 =0 ,  

- for a built-in edge" 

r =r =0 ,  ,,o =,,o =o, 

- for a free edge: 

N l = N 5 = N 6 = 0, MI = M 6  =0 .  

8.10. Symmetrical orthotropic plate 

The global constitutive relation of a symmetrical orthotropic plate is written as: 
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N2 
N6 
Ml 
M2 

.M6_ 

-All 
AI2 

0 
0 
0 
0 

Al2 0 0 0 0 
A22 0 0 0 0 

0 A66 0 0 0 

0 0 Dll Dl2 0 
0 0 Dl2 D22 0 
0 0 0 0 D66 .~ 

For such a plate we therefore have: 
N l = A l l e  ~ + a12 s 

N 2 = AI2I~ 0 + A22 ~'0, 
N 6 = A~E 0, 

M l = DllK" I + DI2A"2, 
M 2 = D121 q + D22tr 
M 6 =D66K 6. 

, , o  
e o 

4 
K 1 
if2 

K'6 _ 

N 4 = KA44E4, 
N~ = KA55es, 

8.11. Flexure of a rectangular orthotropic symmetrical plate simply supported 
around its edge 

The multi-layer plate studied here, of dimensions a I and a 2 is subjected to the 
surface force density of q(x  I , x 2 )x 3. 

T 
al 

x I 

a2 

T q ( x l , x 2 ) x a  

b 

Figure 8.2. Transversely loaded plate 

The equilibrium equations are: 

(gM l oqM 6 
~ +  - N  5 =0,  
/)xl 0x2 

()M6 0M2 - N 4 = 0, 
/)x~ +/)x2 
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0N 5 0N 4 + + 0, 
Ox~ ox2 q= 

with the global cohesion forces" 

M i = Di l -'~'xl + D,2 -O~ , 

0V/l 0u 
M 2 = D I 2 "~X l + D 2 2 -0"-~2 , 

(0r  /)r o x 2 0 x ,  M~ - 066 : - - §  

N4 =KA44 ~2 +~)x2 ) 

For a double sinusoidal loading: 

q ( x l , x  2)= qmlm 2 sin ,ml ,~,. l sin mEz/X2 , 
al a2 

the solution which satisfies the equilibrium equations: 

t)2l//ltgx2 l OXlOX2t)2~~2 + D66 . . . . .  + - KA55 ] 0, 

~ +ox, ~ + ~ + ~A + q :  o, 

and the boundary conditions: 

- fo r  xl = 0 a n d  Xl = a l :  

u ~ = 0 ,  q/2 = 0, 

Otgi /)~2 = 0, 
M l = D l l ~ + D l 2  0x 2 

- for x 2 = 0 and x 2 = a 2 : 

u~=0,  r =0, 

M 2 = O l 2 ~ +  022 ~ =0, 
i i  

is of the form: 
1 ml~Xl m2~lP2 IV I "- Wmlm2 COS sin 

al a 2 
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2 ml~ l  m2~2 ~//2 = XPmtm2 sin c o s - - - - - ,  
a I a2 

u O 3 ml/l:Xl m2/lx2 = Umtm2 sin sin . ,5 
a I a2 

Including this in the equilibrium equations and changing the sign, we obtain: 

.,, " " ~  II /  /2 / / 2 a2 ]t~ mlTrm2~ ~2  l + '" (312 + 366) mmm2 "'" mtn" D~ l + m2~" 366 + KA55 mtm 2 al a2 
I,L  " : L ) 

ml~ 3 1 ml~l m2~I~2 ... + KAssUmen2 cos--------sin - 0, 
al 1 al Q2 

{ _ _-'S'--[( m2" 12 ( ml. 12 ]W 2 2 WI _ D22 ml/t mE//" (Dl + 066) mtm 2 + + 066 + KA44 mtm2 "'" 
al  : 

m2~" 3 [ mlRXl  m27/:x2 ... +------ KA44U,n:, 2 sin c o s ~  - O, 
a2 1 al a2 

{ _ ~_ (( 2 (m2~)2  ~ 
mlff 1 m2ff 2 mlT/" ) KA55 + KA44 mtm2 ... KA55 ~iXmtm 2 + Ka44~iJmtm 2 + ,, 3 
at a2 Lt, Ul ) ~. a2 

. . .-  qmtm 2 
, , m2~r sin mlZtXl sin - 0. 
a I a2 

The three coefficients q'l , ~p2 and U 3 mlm 2 mlm2 mlm2 

~2  _ HI2 H22 H23 mlm 2 
HI3 H23 H33]|LUmlm23 qmlm2 

with' 

are solutions to the system: 

2(/2 
( I m2~ ml~m2rt  = ml~r Dl l+ ,, D66+KA55, Hi2= (D12+D66), 

H11 ~, at ) a2 al a2 

m2~. D22 + ml/r D66 + KA44, Hi3 = _ KAss , H22= a2 ) ~, al ) al 
_ 2 

H33 ~, al ) ~, a2 a2 

For the loading: 
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o o  o o  

q(xl'x2)= E Eqm,m: sinml~xlsinm2ztr2"----- 
al a2 ml=lm2=l 

we obtain the solutions: 
o o  o o  Z Z  m2 2 

~1 = q, 1 cos sin 
mira2 

ml=lm2= 1 al a2 
o o  o o  

I//'2 Z Z W2 sin ml~cl m2~t'2 = - COS - - - - - - - - -  
ml=lm2=l mira2 a I a2  

with: 

u~ = Z Z U3 s inmlnX l '  sinm2~x2 
ml=l m2=l mlm2 a I a2  

~pI = HI2H23 - H13H22 
mira2 D qmlm2 ' 

~2  _ HI2HI3 - HIIH23 
mira2 -- D qmlm2 ' 

2 HIIH22 -HI2  U 3 = qmlm2, mira2 D 

D = 11H22 - H?2 33 + 2HI2HI3H23 - HI IH223 - H22HI3. 

8.12. Transverse vibration of a rectangular orthotropic symmetrical plate 
simply supported around its edge 

The rectangular plate of dimensions a t and a 2 is simply supported around its 
edge and not subjected to any given force. 

In the case of a symmetrical plate, we have I I = 0.  The equations of global 
vibration are written as' 

aM 6 a2tgl aM t + ~ _ N 5 = 12 , 
axl ax2 at 2 

a M  6 a M  2 + ,  - N 4 = 12 . - - . - - -  
axl ax2 

tgN 5 tgN 4 t92u O 
+ = I 0 , 

aX 1 t~X2 ~ / 2  

at 2 ' 

with the global cohesion forces: 



154 Analysis of composite structures 

M l = D11 ~Xl + Dl2 
0u 
ax2 

O lff" l -I- D22 O I/r 2 
M2 =Dl2 Ox I Ox 2 

n 6 = D66~--~--2 + 0x I " 

N4 =KA44 q/2 +c3x2 j ,  

/ N 5 = KA55 r + OX 1 ) 

Including the latter in the global equations we obtain the three expressions: 

O 21~r O 211~r 
Dll-Ox2 + D'2 oxli)x 2 + ~ + Ox, Ox: + Ox, ) i)t 2 

066 ~XlOX 2 + ~X? "~ O12 ~Xl()X; "1" 022 ()X22 --KA44 ~r d- Ox2 ) 12 -------- ~)t 2 

t9r + + KA44 + = lo-- - - - - .  

The solution which satisfies these conditions at the edges: 

- for x I = 0 and x I = a I : 

u ~  ~ 2 = 0 ,  
ig~l i9u 

M, =D, , -~Xl  +D,2 0-~2 =0, 

- f o r  x 2 = 0 a n d x  2 = a 2 :  

u ~  ~ t = 0 ,  

M 2 =DI2 a--~- 1 +D22 0x 2 =0, 

is of the form: 
l m2ltx2 . [ ~tlr I = ~lmlm2 COS mlT/~l sin-------s lnla)m, m2 t + (Pmtm 2 ), 

al a 2 

2 ml~Xl m2YDr sin(tOmtn~ t + tPmlm 2 ), ~ll" 2 = ~mlm2 sin cos 
al a2 

3 U 0 -- Umlm2 sin ml~Xl sin m2~tx------~2 sin(tOm,m2 t + q3m,m2 ). 
al a 2 
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Putting these values into the global vibration equations and after simplifying we 
obtain the system: 

with: 

- 1F~176 o HII  - 12tomlm2 HI2 13 

2 ] [ m t m 2 _ .  , Hi2 H22 "- 12tomlm2 H23 ~I ~2 
/ /  

2 U 3 H,3 H23 H33-lotomtm~J[ mtm 2 

II = = Dlt  + m2f f12D66 + KA55, 
a~ ). a 2 J 

( m2.____~n ml~" 
H22 = a2 D22 + Dt~ + KA44, 

2 ( )2 =(m.,r) 
H33 ~, al ~, a2 ) 

ml~r m2~ (O l + D66) HI2 = = 2 , 
al  a2 

ml/t' 
Hi3 = KA55, 

al 
m2/t 

H 23 = KA44. 
a2 

1 2 3 This homogeneous algebraic system in ~m,m~, ~m,m2 and Urn,m2 has a solution 

other than the trivial solution for the to mira 2 
2 tO mira2 

with. 

solution of the third degree equation in 

A =  12210, 
2 

B = (H l l  + H22)1210 + H3312 , 

= 23 2, (- ) D = ttH22 - H22 H33 +2Ht2HI3H23 - H I t H ~ 3  - H 2 2 H I 3 .  

For the fixed values of m ! and m 2, we obtain three antisymmetric modes of 
vibration. 

8.13. Buckling of a rectangular orthotropic symmetrical plate simply supported 
around its edge 

The rectangular plate of dimensions a I and a 2 is simply supported around its 

edge. It is subjected to the membrane loads - N o and - N o . 



156 Analysis of composite structures 

X 3 N~ 

N~ 
X 2 

- N ~  

x I 

Figure 8.3. Buckling loading 

N~ 

with: 

The global buckling equations: 

oqM 1 ()M 6 ~ +  - N  5 =0, 
()X 1 ()X 2 

t~M 2 OM6 + N 4 = O, 
Oxt ax2 

ON 5 ON4 0 2. O2U 0 
+ ~ _  No  u~ _ No  = O, 

Ox~ Ox2 Ox~ Ox~ 

(~1//1 0/if' 2 
Mi = D l ~ ~  +Dl2 0X 2 

01#" l 0tp" 2 
M2 = Dl2 ~ + D22 O~X2 N5 = KAs~ g~ + 0Xl )' 

01~r / 
M6 = D66 Ox 2 0x l 

are written: 

Dll Ox 2 + Dt2 oxiBx2 +D66 ..... Ox 2 + OxlOx2 -KA55 ///I + ~  =0, 

o6~ OxlOx~ + Ox? § O,~ Ox,Ox2 § 0 ~  Ox~ - ra , ,  V,~ + Ox~ ) O, 

o~,. + + ~ .  -+ _No _ N o  u ~ KA,, ~x, 0x? 0x, 0x~ a? Ox~ =o. 
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The boundary conditions, for a simply supported plate are: 

- f o r  x I = O a n d  x I = a l :  

u ~ = 0 ,  ~ 2 = 0 ,  

M I = Dt , -~xl + D,2 ~ x  2 O, 

- for x 2 = 0 and x 2 = a 2 : 

u ~ =0,  r =0,  

/)~l i9r 

These conditions are satisfied by: 

~1 = ~Izl COS m l ~ l  sin m2/tx2 
m l m 2  a I a2 

m2/l:x 2 ~2 = W2 sin mlnat c o s ~  
mira2 a I a 2 

u 0 = U 3 sin rain:t---------Z1 sin m2/tx~2. 
mira2 a I a2 

Putting these into the global buckling equations and changing the sign we obtain: 

/ / / ] m 2 ~  V I + m l ~  m 2 ~  (Dl2 + D~) re,m2 mln" Dl I + ,., D66 + ~A55 m~m 2 . . .  

[ L~-~-t a2 al a2 

ml~ 3 [ ml/l~l m ~ 2  ... + KA~sUm,m2 cos sin 2 = 0, 
a! J a I a 2 

f i /2 r ] m2~" mtn" LF2 ml"  m2/t (012 4- 066)Vim, m2 + 022 4- 066 4- KA44 ... mlm 2 

m2/T 3 1 ml/D~l m 2 ~ 2  
... + - - - - - - -  fA44Umlm2 sin cos ~ - O, 

a2 / al a2 

ml ~'. 1 m2~r 2 ml/t m2~ al KA55~mlm2 +--'-'--KA44~m,m2 + KA55 + �9 KA44... 
a2 al a2 

� 9  mlm 2 ~, ~l ) a2 al a2 
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The algebraic system in W l W 2 and U 3 thus obtained is written in the 
mira 2 ' m i r a  2 m | m  2 

form: 

with: 

tF2 HI2 H22 :23 II mlm2 = , [:] (ml" 1 Np /m2/r /2  J[ U3 . . . . . .  N o mlm 2 HI3 H23 H33- al ~, a2 ,} 

mlff m2ff Hll =~,ml~ra~ j Dll + m2~" D66 +KAss' HI2 = a I a 2 (Dl2 + D66 )' 

( ~ 9 1  ~( ~a2~llri 2D mla" H22 = D22 66 + KA44, Hi3 = ~ KA55, 
al 

(ml~r) (m2~) m2~r 
H33 = ~ KAs5 + KA44 , H23 = KA44. ~, al ~, a2 a 2 

In the particular case where N O = kN ~ , this system has a solution other than the 
trivial solution for the N O solution of the equation: 

or: 

HII HI2 
Hi2 H22 

Hi3 H23 H33 - 

HI3 H23 
( mlT/'/2 +k(_m2'n'121NO 
L al ) L a2 

= 0 ,  

n , ,  (n,~ n ~ ,  - n~ n,, )- ",3 (n,, n~, - ",, n,, )... 

""+{H33-[(m'~12+kIm2-'-~ff12]N~ a, ) , a2 ) 

The critical global buckling force is given by: 

l [ 
N o =  2 2 H33"'" 

(rata" / (mEn" / 
+ k  ,. 

al ) a2 ..3(..2.23-.22..,) .23(....23-..2..,.,)] 
HlIH22 - H~2 



Chapter 9 

Asymmetrical multi-layer 
Kirchhoff-Love plates 

9.1. Introduction 

In a previous chapter we studied symmetric multi-layer plates using the 
Kirchhoff-Love theory. In this chapter we will look at the behaviour of asymmetric 
plates in flexure, vibration and buckling. We will limit the discussion to cross-ply or 
balanced antisymmetric plates. 

9.2. Flexure of a cross.ply asymmetrical plate 

The rectangular plate of dimensions a I and a 2 is freely supported in the 
direction orthogonal to its perimeter. It is only subjected to the distributed surface 
force q(x t,x 2 )x 3 on its upper face. 

T 

al 

X 3 

T q(x,  , x~ )~ ~ 

r 

a2 

Figure 9.1. Cross-ply asymmetrical plate in flexure 
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Figure 9.2. Schematic diagram of edge of a cross-ply asymmetrical plate 

The global stiffnesses of the composite satisfy the expressions: 
AI6 =A26 =0, DI6 =D26 =0, 
BI2 = B66 = BI6 = B26 = 0, 
A22 =All, D22 =DII, B22 =-Bl l .  

The global constitutive relation for the composite: 

-NI ] All 
N2 AI2 
N 6 = 0 
MI Bll 

_M6 

AI2 0 BI! 0 0 
All 0 0 - Bll 0 
0 A66 0 0 0 
0 0 DII DI2 0 

- BI 1 0 DI2 D 1 ! 0 

0 0 0 0 D66 

with, according to Kirchhoff-Love theory: 
,o au ~ ,o au~ ,o ~.o au o 

- - -  . ~ - "  " - ' - - - - - - ,  - - -  ~ . . ~  , 

OXl Ox2 Ox2 Ox~ 
~ . o  ~ u o ~ u o 

KI = OX?' K2= 0X 2 ' K 6 = - 2  ' 
t)X 10X 2 

provides the global membrane cohesion forces: 
o 0ut ~ 0u~ 02u3 

Nl=all-~xt +al2~x2 -BII OX21 ' 

~o 
~o 
~o 

KI 
K2 

/ ( 6  
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Ou ~ i)u~ 
N 2 = A12 "~Xl + All 0"~2 + BII 

0 ()2U 3 
i)x~ ' 

A (O. o 1~o: tOx+~x,), 
and flexure: 

MI-'BII-~xl-DII ~)X? -DI2 ~X~ ' 

~,,~ o~,, o ~ ,~  
1~ ~ - - ~, , ~ - o ,  ~ ~x ? - o , , - ~ x T '  

M 6 =-2D66 ()2U7 
Ox~c?x2 

which, introduced into the global equilibrium equations: 
ON 1 i)N 6 + =0, 

ON6 ON 2 - - - - +  =0, ~x~ 
()2M l ()2M 6 ()2M 2 

i)x2 +2 . + - - - - - - +  =0  Oxli)x2 i)x~ q ' 
gives the expressions" 

O2Ul o ~3uo 

v 3 =0 ,  
~x~ 
(03,,~ a3.~) 

~ - B I I  ~x~ Ox~ =q" 
~ ~ [ 04"7 O~4/'~7 2(D, + 2066)~)x?c~x22 

The boundary conditions for a freely supported plate in the direction at fight 
angles to the edge are written: 

- fo r  x I = O a n d x  l = a l :  
~..0 ~.o ~.~ 

.~ = o, M, = , , ,  ~xi  - o , ,  ~x~ - o , :  ~ x - T -  o, 
| 4 ~  

uO:o, N,-A,,~+A,~~-B,, ~x--T-O, 
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- for x 2 = 0 and x 2 = a 2 : 
~u o ~ o  ~,u o 

1/30"-0, M2=-BII~x2-DI2 ~x-"-'~l -Dll i~x~2 :0, 
~o 0,,7 O'u7 

Up=0, N2=AI2~xl +All.x2 +BII c~x2 =0. 

The displacement  field, which satisfies both the boundary  condit ions and the 
global equil ibr ium equations of  the plate, subjected to the double sinusoidal loading: 

qmlm 2 sin m l ~ l  sin m 2 ~ 2  , 
al  a2 

is of  the form: 
0 1 m l ~ l  m2~x 2 u f  = U cos ~ s i n  

mim2 a I a2 

u 7 U 2 sin mlRXl m2Rx2 = -------- COS ~ 
mira2 a I a 2 

0 3 mlRx I m2Rx 2 u5 = U sin s i n ~  
mlm2 a I a 2 

Introducing these into the global equi l ibr ium equations we obtain, after 
l 2 3 simplification, the fol lowing system for U,.,m 2, Umtm2 and Urn, m2 

Aii+f m2"l A66 mlml U I m,. m2. (AI2 + A66)Umlm2 .. . 2  
al ) t. a2 ) al a2 

( ]' 
. . . -  m l ~  B llU31m2 = O, 

t " ~ J  
m l l t  m21t U 2 rain" m2n" (A12 + A66)Ulm,m2 + A66 + AII mira2 "'" 

O l a 2 a I a 2 

m2~ 3 
... + B l iU,.tm~ = 0, 

a2 (m2.)32 Irrm= 4+ m2. '] -(m'"13",,".m2+ B,,".m2+ - - - - - -  0 , ,  

t a '  j <,~ [ I ra '  : ta~ j 

m ~  m :  (DI2 + 2D~,) Um,~ - qm,m~, . . .+ , 3 

al a2 
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which may be written in the form: 

with. 

I i  1 HI2 HI3 
12 H22 H23 
13 H23 H33 

U 2 = II o,o  JLu3m2 qm,m2 

Hll = al ,] All +~,-a2 _A66' 

H22 = 

H33 = [(~1~ ) 4 (m/:)4JD 2~ 12( ml~ m2R" 
+ I1 + . . . . .  

~. al ) a2 
re.Jr ..2~r (A.2 + ~)  

HI2 = 
al a2 

3 
HI3 ~, al ,J 

(m~tr]' 
H23 = ~ BII. 

a2 ) 

2 

(DI2 + 2D66), 

The determinant of the system and the determinants associated with the three 
unknowns are equal to: 

Amlm 2 
A I 

.,,m2 

A 2 
men2 

A 3 
mira2 

= IIH22 - H?2 H33 + 2HI2HI3H23 - HIIH23 - H22HI3, 

= ( H I 2  H23 - HI3H22 )qm,m2, 

= (HI2HI3 - H IlH23)qmlm 2, 
= (HIIH22-H?2)qm,m:, 

or:  

II[I Am,m z = ~8 m__Ll + 
al ,) 

Im214]a  6,1m )2rm-- 12 a  a2,a2 
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' I t S ;  t ~ ;  

[ rm--Ll)81 al ) +/m2/8]A~6iB?I/'lka2) 
A l 

mlm2 

A 2 
mtn~z 

mlm 2 

(m_.LI21m__~.212FImi l4+lm._.~.214]A ' 
a, j t a~ J LL~J t a2 ) 

l... 

=~'5mlFIm2)4(A12+A66)+lm-J-l14A66+lm-Ll121m--~2)2All] B l l q m ' m ~ ' a l  I I '~-2L,__ ) ~. al ) ~. al ) ~ a2 ,) 

=-;'Z'5 m_.LFim!a~_ Lt Z;]'(A'~ + A66)+C m2~ a2 )14A66 +lm-.-kl l2(m--~2 al ,) ~, a2 ,) 

~-ll] 4 (m2/4a2)  m---L]2(m'--~212A2l"" 

"''--a'21a'2 +2a l] 'q'," " 
We therefore obtain: 

A l A 2 
U I - mtm2 U 2 mira2 

mira 2 mira2 Amlm2 A mlm 2 

For a loading of the form: 

U 3 
mira2 

A 3 
mira 2 

Amlm 2 

o o  o o  

q(xl 'x2 ) = ~ ~ qmim2 sin mlTtXl sin m27tx2 
mt=lm2= 1 a l  a2  

we obtain the displacements: 
g I mlYtXl m 2 ~ :  2 

ml=l m2-1 a l  a 2 
o o  o o  

uO= E E U2 sin ml~rl c~ 
m l m  2 

ml=l m.z=l al  (12 
o o  o o  u~ m,m~ sinmi~qsinm2~2 

a I t/2 ml =1 m. z =1 

from which we can determine the strains and stresses. 
When the number of layers is large, we can take BII = 0. The previous 

expressions become: 
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u ~ = u~ =0, 

1 qm,,,,2 sin-mJmt sin m2nx2 s o, 

[( )4 ( ) 4 ]  ( m 2  ]2 c )2 
m,=,..2=, m ,  + - -  0 , , + 2  m ,  m 2 (0t2+2D66) 

a, ,J a 2 t, ai J t, a2 ) 
In the case of a square plate of edge a subjected to the loading: 

qtl sin n:x, sin -n:x2 
a a 

we obtain: 

u p =  

/ZX 1 7Lr 2 a 3BI I ql I cos- - sin a a 

I } 2it "3 (All - A,2 )(DII + D12 + 2D66)- B21 

u~ 
a 3 B l l q l l  sin ttxl ~x2 - - COS a a [( ]' 2it 3 AI I -AI2XDII+DI2+2D66) -B?I  

a 4 ( A l l  _ Ai 2 )qll sin ttx---LI sin/iX2 
tz t/ [ } 2~ 4 (All - AI2 XDll + D12 + 2D66)- B121 

When we take BII = 0, we have: 
u ~ = ,,~ =0, 

0 
u 3 = 

a 4 ql I sin n:r-~l sin nx2 
a a 

2~ "4 (DII + D12 + 2D66)' 

9.3. Vibration of a cross-ply asymmetrical plate 

The rectangular plate of dimensions a t and a 2 is freely supported in the 
direction orthogonal to its perimeter. It is not subjected to any given volume or 
surface loading. 

Introducing the global membrane loads: 
~o ~u~ ~ 

N| : AII'~xl + AI2 ~x2 -Bl l  -Ox2" ' 
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~u ~ ~u ~ ~ u ~  
N2 =Al2~Xl + A l l . x 2  +B'I ~)x-~2 ' 

[ u O  uOl, 
1% = As6 ~x, + ~x~ ) 

and the flexural moments: 
0uO a~u~ a ~u o 

M, =B,,-K-o,, ~x~ -o,~ ~x-7' 
~u ~ ~ u ~  ~ u  ~ 

M~ = -B,, ~ -  o,~ ~x-T- v , ,  -Ox~ ' 

M6 = -2D66 ~92 u o 
9 

~gx~i)x2 
into the equations for global vibration: 

tgN 1 oqN 6 o32u 0 
+ ~ =  I 0 ~  , 

OX l OX 2 ~t 2 

tgN 6 ON E Oq2U 0 
, + = l o - - - - - -  

~gx~ Ox2 ~t 2 ' 

~92M~ + 2 ~92M 02M '92u~ 6 +_____L = I0 __.___ 
tgx ~ C3X l tgX 2 tgx ~ Ot 2 ' 

gives the three equations: 
~93uO 02 o ~ u ~  ~176 ~ ~176 - B,, ~ ~ , 

A,, ~x-~l + A66 ~9x2 + (A,2 + A66. ~gx,~gx2 ~)x3 = 10 u, 
O~u o a~u o a~u o ~ u  o ~ u o 

(at2 + A66)tgx,tgx2 + '466 ~9x2 + a, ,  r + B,, ~x23 = I 0 ~ .  0t 2 

3t 2 

The boundary conditions for a supported plate free to move in the direction 
normal to the edges are: 

- f o r x  l = 0 a n d x  l = a  I: 
~u o ~ u  o ~ u  o 

u ~ - o, ~, ,  - B,, ~ -  o , ,  ~ ?  - o,~ ~x~ - o, 

~u ~ ~u~ ~Zu~ 
u 0 = 0 '  NI = AI I -~xl + AI2 ~x2 - BI ' i)x~ =0,  
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- f o r  x 2 = 0 and x 2 = a2:  

4 = o, M~ = - B , ,  a-Z~- ~''~ 0 4  - ~''' a 4  - o, 
0 /)u~ /)u~ a2u3 ~o = o, N~ = A,~-~Z ' -  + A,, a-g- ' -  + B,, a ~  = 0 

The displacement field defined by: 
m l ~ l  m2~x2 (to ) Ul 0 = U 1 cos - s i n - - - - - s i n  m~m2t + tPm~m2 , mlm2 a I a2 

u 0 U 2 sin m l ~ l  m2~:~2 (to t+tPm~m2) = cos sin mlm2 , mlm2 a I a 2 

U 0 = U  3 sin ml~Xl sin m2~2 sin(tomlm2t+tPmlm2) , 
mtm2 a I a2 

satisfies the boundary conditions at the edges and the global vibration equations 
which, after simplification, lead to the system: 

[ ( ) 2  ( ) 2  ~ ml~m2 It 
m2~ 2 1 + (AI2 + A~)U2m,m... ml/l" Ai I + - A66 - [OO)mlm2 mlm 2 

L [, al J a2 al a2 

I I _ ml~ BIIU3 - 0 ,  ... mira 2 

U ! ml~r m2 ~ 2 U 2  m.,~" m2,~" (AI2 + A~) re.m2 + A ~  + A I .  - lotOm.,. 2 re.m2 "'" 

3 
... + BllUmlm2 = O, 

a2 

m2n, mlff)3 3 4 I m2ff 2 rn i ;'/" / 
- BIiUmlm2 + BiiOmlm2 + DII... 

al ) a2 al ) a2 

+ ml/r m2~" (DI2 + 2D66) 2 3 ... -- lOtomlm2 Umtm2 "-0, 
al ) a2 

which can be written in the following matrix form: 

HI 1 - loto21m 2 HI2 HI3 

H ! 2 H 22 - 10fO,,.tm2 H 23 mtm2 , 
U 3 HI3 H23 H33 - l~ .Ju mim2 
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with: 

U 1 
mlm2 mlm2 

determinant: 

HI (" "~|ml~|2A|l + ,466, 
k al )_ i a2 ) 

H22 = A66 + m2.....~ ~ All , 
~,a2J 

If h'+f /41 = rain' m2n" Dl I + 
H33 [[, al ) [, a2 ) (DI2 + 2D66), 

ml/t  m2/t (AI2 + = ' 

a I a 2 

HI3 = Bll, 
al ,) 

( m 2 ~ )  3 
H23 = BII. 

a2 ,} 
This algebraic system has a solution other than the trivial solution 

= U 2  =U3 = 0  for the values of o9 which cancel the 
mira2 mira 2 

HII - I0O9 2 HI2 HI3 mlm2 

HI2 H22 - 10o9 2 mira2 H 23 
HI3 H23 H33 - l o o 9 2 1 m  2 

= 0 ,  

(HII 2 )(H22 2 )(H33 2 ) + 2 H  H H l oo9mlm2 loo9mt,n2 12 13 23 "'" _ _ loo9mlm2 

o . . . -  _ _ _ loo9mlm2 -- _ loo9mlm2 

which is written in the form: 
- A o 9  6 + B o 9  4 

mira2 mira2 

with: 

or: 

- Co9 2 + D = 0,  
mira 2 

A=I~, 
B -  (HII + H22 + H33)/2, 

D = I IH22 - H22 H 3 3  + 2 H I 2 H I 3 H 2 3  - H I I H 2 3  - H 2 2 H I 3  , 
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I[(nll~'q2+I-m:2'~']2 (All+A66)+ mt~r/'l+ m2~ DI,... 
B=I, LL-77-,; L<,~ ; a, ; <,~ 

2(mztt]2(m2ni2 } ...+ ----- (D,2 + 2066 ) Io 2, 
L, ~' )L  a~ 

C ml~ ]2 (At A66 + D l l  . 
at a2 ) [L~ at ) a2 

m ~  m2ff (Dr2 + 2D66) + + AriA66 
t al ,,)t. a2 ) at a2 

""+l m,~a, )]2(m2--~12[A21-A'2~, a 2 j (A'2 + 2A66)]-[( ml'-'~'~ ] 6 a '  ) +(1,, m2~a 2 )/6] B21 / I~ 

1[( /4( /4] c /'( )' 1} D m,~ m2tr mlYr m2tr [,412 ' AI 2 (A,2 + 2A66) ... = ~ + . . A ttA66 + ~ 
at a2 ~. al ) a2 

lit /'] /'( ) } m2R' mlR" m2ff ... x mttr + - Dit + . . . .  (DI2 + 2D66) ... 
/B ~' ) a2 at a2 

-I21mttr14(tt'2trl(A12+A66)+lm"---'R'-trlIn'2tri2.--d~-, m ' ~ / 4 +  m2~ Art'" 
o o o  

"'" [~, at ) + \  a 2 J 
For each couple (m I ,m 2 ), we obtain three natural frequencies. 

a2,p a2. ~ 
In the case when the membrane inertias I 0 0 t  2 and I 0 0 t  2 are neglected, 

the previous system can be written, with the same notation, in the form: 

IOol HII HI2 HI3 mlm 2 0 
l/~ 12 H22 H23 mlm2 = , 

13 H23 H 33 - Io~ J[U 3 
mira2 

and the determinant becomes: 
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I HII  Hi2 HI3 
HI2 H22 H23 = 0 ,  
Hi3 H23 H33-10to21m 2 

(-,,-12:2--~)(-~.,-,0<..,,.2,,,,~,)+ 2..,,:,,,.3,.2.3-,, l ,~ -,,.~,,,-~ : o .  

For each couple (m I ,m 2 ), we obtain the natural frequency: 

o r "  

with: 

o2 
mira2 = H33 + 

2HI2HI3H23 - HllH223 - H22H?3 / 
2 HI 1H22 - H I 2  

o2 _.4( 
" l ' " l -  I 0 P l - P ~  ' 

. . :  L~a. f(~ j +/~- ~a~ ~/4 ]O" + ~o. ~ ~ ~ / ~- __ ~ ~~ - -  ~ ~O'~+ ~O~. 

[ t - a ' J t ,  a2) t, a lJt ,  a2 Lt, a'7 + ~ 4, 

...+rr,,,, +r,,,= ,, 
~ 7 ~ ; 0, ; t ~ ;  [A?,-A,~(A,~ +2,~)]. 

When BII is negligible, we have: 

o~ _ .  ~ 1 7 6  . 
ml"12 #0 ~ + + - -  - -  2D66) t a2 ) a~ ) t, a2 j 

l " '" 

9.4. Buckling of a cross.ply asymmetrical plate 

The rectangular plate of dimensions a i and a 2 is supported freely in the 
direction orthogonal to its perimeter. The edges x I =0, x! = a  1, x 2 = 0  and 

x 2 = a 2 are respectively subjected to the loads N 0, - N 0, N O and - N 0, with 

N O and N O being positive. 



Asymmetrical multi-layer Kirchhoff-Love plates 171 

No 

o Nl 

a2 

X2 

_No 

al 

J~x I - J  1 

Figure 9.3. Buckling asymmetrical cross-ply plate 

By introducing the global membrane loads" 
= ~)Up t)u 7 0 2 U.____~_~ 

2 ' NI All 0--~1 + AI2 ~-~2-  BII /)x 1 

N 2 = AI2 ~--~1 + All ~-~2 + BII /)x 2 ' (o.o / 
N 6 =A66 ~-~'-2 + O~Xl J' 

and the flexural loads: 

Ou~ - ~-02u~ ol 02u~ 
M2 : - ~ , ,  ~x~ o,,_ Ox~, , ~ 2 , 

~2, 7 
M 6 = -2D66 Oxltgx 2 , 

into the global buckling equations: 

tgN 1 tgN 6 
Ox--7- + ~-77-: o, 
t3N 6 t3N2 
/)x----~- + 0--~--2 = 0, 
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()2M l 02M6 02M2 
Ox---~, +2ox,~x~ + Ox--7--~ - 

we obtain: 

NO O2U 0 _NO2 t)2u 0 ~-T axl =o, 
~.o ~=u o ~ u  o O~u~ 

A,, "0x? + A66 0x 2 +(Al2 + A66)gl-~X 2 -BI' o3x-~ =0' 
a2Ul 0 r O2uO .a3u 0 

(A,2 + A66)Ox, Ox i_ + A66 0x,2. + A,, 0x22 + B,, 3x 3 = 0, 

( ,uO o4:/+ ( ,uO o,uO I 
0,,~ 0-~  + Oxl ) 2(0,, + 2066)Ox~,Ox----T~ - B,, Ox~, - ~xl ) 

...+NO~2U 0 ~2uO 
0x2. +N O 0x22 = 0 .  

The boundary conditions for a plate freely supported in the direction normal to 
its edges are: 

- f o r x  l = 0 a n d x  t = a  t: 

c~2uO 3 ~ 2u_~~ 
~ u ~  - D~z 2 - D~2 ~x22 --- o, u ~ = 0, Mj = Bll ()Xl OXl 

u ~ = 0 ,  NI = AII ~xl + AI2 ~x2 - BII Ox 2 =0.  

- for x 2 = 0 and x 2 = a 2 : 

u~ =0, 
~u o O~u o ~ u  o 

M2 = -Bl l  ~x2 - DI2 ()X? -DII Ox-~ =0' 

u ~ =0 ,  
~u o ~u o ~ . o  

N2=AI2-~xl + A l l ' x 2  +BII Ox~ =0 .  

The displacement field, which satisfies the boundary conditions and the global 
equations, has the form" 

mlltXl m2Rx 2 u = U 1 cos s i n - - - - - - ,  
mlm2 a I a2 

u 0 U 2 sin ml~rl  m2~c2 = cos --------- 
m~m2 a I a2 

u ~ = U 3 sin m l ~ l  sin m271!x2. 
mlm2 a I a 2 

By introducing this into the global buckling equations we obtain, after 
simplification, the system: 
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{( m.m . m l ~ ) 2  2 
Ai I + m2~ A66 UIm,m2 + (Al2 +A66)U2m... 

. . . -  ml~ B llU~,~ =0, 
t a , )  rc c2 / j2 U t ml~ m2~ 2 mlff m2~" (AI2 + A~) mira2 + A66 + ~ All Umim2"'" 

a, a 2 Lt a, ) t ~ 
3 / . . . +  1 Bl lUmmm~ = O, 

a 2  

mirt]4]Dll... 

of the form: 

with: 

HII  HI2 HI3 
HI2 H22 H23 

(mitt) 2 (m2~r) 2 
HI3 H23 H33- N O- N~ ) 

r.:. I!l 
U 2 

mira2 --" [.;,~ 

... a. : +l " 
:(m,"l~ ~ +r 

rI2~ t " '  J t, a2 j 

mitt' m2ff mlff m2ff 
= ~ + -----  DII + . . . .  (Dl2 + 2D66), H33 it ̀ al ) ~ a2 a I a 2 

HI2 = ml~ m2rr (AI2 +/[66), 
Ol a2 

Hi3 = mi/r Bii, 
t , a , )  

 m.12(m2.12 rm. 2 rm2. 2 }3 ... + - -  (D,2 + 2 D ~  ) -  N o - - - - -  N ?  U~,.,~ = O, 
~, <'2 J t a' : t ~2 J 
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[ ,,m27/ ] 3 
H23 = BII. 

a2 .) 

The critical buckling loads are the values of N O and N O for which 
1 2 3 Um:,~, U,,,,m and Um~ ~ are not simultaneously zero, i.e. the values which cancel 

the determinant of the system: 

or: 

HII HI2 HI3 
Hi2 H22 H23 

_fml~/~.l 0_ m :  .~ HI3 H23 H33 t, al ) a2 

= 0 ,  

(HIIH22 -H?2 H33 - I m l " ] 2 N ~  - m2It N O + 2HI2HI3H23... 
t, al ) a2 

. . . -  HIIH23 - H22H213 = O, 
from which: 

m2~" m:_~).o+ .... a~ "~-"'~+ 2HI2HI3H23 - HIIH~3 - H22H?3 
HllH22 - Hi22 

The critical buckling loads are given by: 

( ( / ., mlz Np+ m2z N 7 = H 3 3 - ~ ,  
al ) a2 R 2 

with: 

[ (14( / 4 ] 2~ /2( / 2 mlz mE z m~Z m2z 
H33 = + DII + (DI2 + 2D66 ), 

al a2 al .) ~. a2 

R l =I2(mI~]4(m2~)4(AI2+A~)... 
{ t , a '  ) t a2 ) 

t a '  : a~ a, a~ it, a' ) 
( } m :  ~ B?,, 

a 2 
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( m2" AllA66+lmi"lt, al ,) m2"a2 [A211-AI2(AI2+2A66)]" 

In the case when N O = k N  0 , we obtain the critical buckling loads: 

o Pl P2 
NI /m,/2 ( 2 -~-2 ' 

+k m---L2 ) 
t al J t a2 J 

with" 

Pl 
L t t  _ l a '  ) a= j t a, ) t<'= ; 

,2 m,/' ' ~ m~ / m, m~/a,,.." = m~ (A, + ) +  - -  + 

...+ ~ + B2~, 

a, t "~ ) 

m~ ,., m, ] [,,,~,_A,~(A,~+~A~)i. .3-.-..+ A, A,~ + - -  
t ~, ) ~ ' ~, ~ ) 

When the number of layers is large, Bll is negligible and the critical buckling 
loads are given by: 

m i 
al 

Np =/l  .2 

/ ) ~ m-z D I I +  ~ -  ~ ( D I 2 + 2 D 6 6 )  
a2 al a2 

9.5. Flexure of a balanced asymmetrical  plate 

The rectangular plate of dimensions a I and a 2 is freely supported in the 
direction of its perimeter. It is only subjected on its upper face to the surface force 
q(xl  , x2 )x 3 �9 
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T q(xl,x2)x3 
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Figure 9.4. Asymmetrically balanced plate in flexure 

Figure 9.5. Schematic representation of edges of a balanced asymmetrical plate 

The global stiffnesses of the composite are such that: 
AI6=A26=Or DI6=D26 =Or 
BII = B22 = Bl2 = B66 =0. 

The constitutive relation of the composite is written: 

-Nl 
N2 
N6 = 

~M l 

M2] 
LM6 

All  Al2 0 0 0 Bl6 
AI2 A22 0 0 0 B26 
0 0 A66 BI6 B26 0 
0 0 Bl6 Dll Dl2 0 
0 0 B26 DI2 D22 0 

_BI6 B26 0 0 0 D66 

!iol / 
r 

K2 

L,~6 
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with. 
o aup au ~,,P ~o ~,,~ ~ o :  .... + ~ ,  

ep = -Ox, , = "Ox2 ' Ox~ Ox, 

KI= ax? ' K2= tgx 2 ' tc6=-2--~"oXlOX 2 

By introducing the global cohesion loads: 
~,,o 0~o 0 ~  

N i = All ~ + AI 2 ~ - 2B16 i)xiigx2' 

N 2 = Ai2 ~ + A22 ~ -  2B26 OxlOx2 

and: 

0,,7/ o:,,~ O:u~' M I =BI6 } DI - DI ~ ' 
/ 

M 2 = 826 o3x2 O3Xl 

~,,o ~,,o ~,,o 
M6 = BI6 __-~x~ + B26 __~x9 2D66 t)XltgX 2 ' 

into the global equilibrium equations: 
/)N6 /)NI + =0, 

axl ~ 
tgN 6 tgN 2 

c32M, o~2M O2M 2 
Ox 2 +2tgxi0x26.+ /)x~. + q = 0 ,  

we obtain: 

a2u7 a2Ul0 (AI2 + a 6 6 ) ~ x  2 - 3B,o ax2ax2 Aii /)x2 +A66 ax 2 + ~ a3u~ 

(A,2 + a66)i)~riax-2 + A 6 6 / ' a x  "---'7- + A22 i)x 2 - B'6 ox~"~ - 3B26 ax,ax 2 

aSu o 
~ - B 2 6  t~x3 =0, 

=0, 
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()4u~ 2(O12+ ~ ~94uO ()4u~ ~)3uO () 3Ul~ 
D,, i)x~ + 2D66" ax2i)x2 +022 ()x--~ -3B16 ~)x?~)x2 - B26 (~x23 "'" 

a3u ~ a3uO 
"'"- B16 ( )x-~-  3B26 aXlC~X 2 = q" 

The boundary conditions for an edge freely supported in the edge direction are: 
- for x I = 0 are x I = a I �9 

t'~uO ~uO]_ ~uO ~uO 
U 0 =0,  M,  = B,6|-q--+[.  Ox2 ~)Xl ) Oil ~x-- T -  012 Ox...~ =0,  

/~u o ~u o 
U 0 =0,  g 6 =A66 ~ +  a X l  

- f o r  x 2 = O and x 2 = a  2. 
0u o ~.o 

U 0 =0,  M 2 =026  a-~2 + aXl 

u ~ =0,  

a2u~ a2u 0 
- B16 t�x--~- B26 -t�x 2 = 0, 

a 2 U~ t9 2 U 0 

 x_T-o 
( t)uO c~uO)_B, c~2u 0 c~2u 0 

N6 =A66 ~x 2 + C~X l 6 0 X ~ l  - B 2 6 t�x 2 =0.  

The displacement field for the plate subjected to a double sinusoidai load: 
mlIl:x I m qmlm 2 sin sin 2/tr2 , 

al a 2 
which satisfies the global equilibrium equations and the boundary conditions is of 
the form: 

u 0 U 1 sin mlmrl m2~x2 = COS ~ ,  
mira2 a I a2 

ml~rtX 1 m21t~r 2 u ~ = U 2 cos s i n ~ ,  
mtm2 a I a 2 

u ~ = U 3 sin mlm------Ll sin m2~x2. 
mira2 a I a 2 

Introducing these expressions in the global equilibrium equations we obtain, 
1 2 3 after simplification, the system for Urn,m2, U=,,,,~ and Urn,m2 " 

If / / ] m2 :r/" 1 ml~ m2~ rain Al I + A66 U + ( a l 2 + A66 ) U 2m, m2 
m i r a  2 � 9  

L~ al J a2 al a2 



Asymmetrical multi-layer Kirchhoff,-Love plates 179 [2  } m2" 3(mi" I ( " 2 "  2 U 3 =0, ... ------ BI6 + B26 mira 2 
a2 [ ,  al ) [, a2 

U ~ ml~ m2~ U 2 m ~  m2~ ('%2 + a ~ )  ~,~ + ~ + , A~ m,~"" 
al a2 al a2 

I/  ml" ] ~ )2 l m 2 "  _2 U 3 -- 0, ml- 
... BI6 + B26 mira l 

al L t` al ) a2 

Im *l - I ' 
) BI6 + . . . .  B26 U m l m  2 .. 

m2ff 
02 L t ~ , )  ~,_ ~, a, j 

m2" 2 mlff ...+ . . . .  B26 U m i m  2 + - - - - -  Oil... 
a2 al 

' } ""+ ( m l " /  (DI2+2D66)+ ' D22 Umlml =qmlml' 
I t a i  J It a2 J a2 

which can be written as: 

with: 

I HI! HI2 HI3 
HI2 H22 H23 
HI3 H23 H33 

U 2 = l/ m,-: ~ 

HII = 

H22 = 

H33 = 

2 2 Imp*/ / ml----~-~ / All + - A~, 

4 \ 4 k ~ ' ) -  2 ,_ 

ml" m2" (A, + A66 ), Hi2 = 2 
al a 2 

_ m2" m 2 -  m l -  BI 6 + , B26 , 
n , 3 =  a2 c a '  j a2 

D22, 
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H23 = -  al Lt al ) a2 J B26" 

The determinant of the system and the determinants associated with the three 
unknowns are: 

= 2 ~m,m~ (",l"22 - " ~  )",3 + ~"12"13"2~ - "11"~3 - " ~ " , 3 ,  
A 1 

mira2 

A 2 
mlm2 

A 3 
mira2 

= ( H I 2 H 2 3  - H I 3 H 2 2  )qmim 2 , 

= (HI2HI3 - HIIH23 ) q m l m  2 , 

= (HI IH22-H?2)qmim 2 , 

or" 

+(m2  m2/2 J t a' ) a~ J Z 366 + A~ ... 
t a ~ J  

_/m,/~ m~/~im,~.~/~ m,)40,,+ m,/~ m~ /~,+20~/. 
"'" t a ' )  <,~j a,) a , j  ~ ~ "" 

...+/m2/4D22] 2(-- (AI2 +A66)[~a~ ) BI6 B26J... 
rr ~ <)} 2 2 

... m 2  x m~ I B~6 + Lta,) ~ B26 "'" 

- m2  2r m'  2.+rm2  2A22]{ m'  2",6 r m2  2.26 }2 
t ~ J It a, j t a~ J t a, j +t a--7-j "'" 

l l l l l  

�9 "" 1 + m2 

a l )  Lta, : a~)  a,) ~ ' 

A 1 R. 5 m2  ml  m2 ml  m2 
mira2 = - -  A 6 6  + ~ A l l  ~ 2  B26 "'" 

rr < )2 ]} 
... + m2  
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A2m,m2 --_ ~ r5 ml ml 2 All + _ _  A66 BI6 B26 
a, a~ : a, : 

..._(m__g.2)2(A12+A66)[~(ml)2B16+(m2)2B261}qmim2 a2 ) L t, al J t, a2 ) 

A3im 2 =lt4{[(m-~II2AII+(m----~2)2A66][(m--LI)2A66+[m212A22]...[. al ) [, a2 ) al ) ~, a2 ,} 

"'"-/m-'"Ll ]2(a~) 2(A'2 [,a, } +'466)2} qmlml" 
The displacements are given by: 

A l A 2 A 3 
U 1 - mlm2 U 2 = mlm2 U 3 = mlm2 

' ' mira2 A " mira2 mlm2 A mlm2 Amlm 2 mlm 2 
For a load of the type: 

o o  o o  q(xl,x2)= ~ ~_~qm,m2 sinmlTa:l sinm2:r~2 '" 

ml=l m2-. 1 al a2 
we have the displacements: 

o o  o o  

,,o:,y., sin,,,,,<,, m i l l  ~ C O S  - - - - - - - - - - - - -  al m! =1 m;l -'1 

m 2 ~  2 

a2 
oo oo , , o : E  ,,,,,<<, 

m i l l  C O S '  ' s i n  

~I a2 ni I - - I  m l = 1  

,,7 EE "'<'<' = Urn,m, sin sin m 2 / l ~ ' 2  , 

mi=l ml=l al a2 
from which we obtain the strains and stresses. 

When the number of layers is large, we can take Bl6 = B26 = 0 .  The previous 
expressions then give: 

~0__~7__0, 
qmim 2 sin-mtn~,! sin m2;1~2 

= 1 ~ ~  a I a 2 117 

"~m,-im2-1 ml Di i + 2  m___L m___7__2 (Dl2 + 2 D 6 6 ) +  m2 D22 
<,, j a, a2 t, ~2 J 
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The previous results for a square plate of side a and for a load: 

qll sin ~..1 sin ~.__L, a a 
become: 

All = {[(All + A66 XA66 + A22 )-(AI2 + A66 )2 ][DI I + 2(D, 2 + 2D66 )+ D22 ]... 

... + 2(A12 + A~ )(3B16 + B26 )(B16 + 3B26 )_ (A66 + A22 )(3B16 + B26 )2 ... 

AIII = [(A66 + A22)(3B16 + B26)- (AI2 + A66)(816 + 3B26)]ql,, 

N ,  -- [(A,, + + +  )(3B,6 + 

A]! = [(All + A66)(A66 + A22)- (AI2 + A~)2]ql,, 
and: 

u ~ = Alll sin n:xl cosnX2 , 
All a a 

cos sin , 
All a a 

u ~ =-All sin naq sin ~x2. 
All a a 

When Bl6 and B26 are very small we have: 
u ~ = u 0 =0,  

a4ql I sin nxl sin ~ 2  
u 0 = a a 

//'4101, + 2(O12 + 2066)+ 0221" 

9.6. Vibrat ion  of  a ba lanced  a s y m m e t r i c a l  plate  

The rectangular plate of dimensions a I and a 2 is freely supported in the 
direction of its perimeter. It is not subjected to any given external loading. 

By introducing the global membrane loads" 
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N I = All ~ + At2 ~ -  2B16 i)xlOx 2 ' 

N 2 = a l2"~x I + A22 0 - ' ~ -  2B26 
i 

x, / 

and flexural loads: 

g l = 016 t~x 2 + 0 x ( /  011 t)x? - OI2 t ) x ~ '  

M2 = B 2 6 L ~ 2  + t)x 1 ' j - O 1 2  ()x? - D 2 2  t)'-X~ ' 

M6 = BI6 -~xi  + 026 ~ x  9 2D66 ~)xi t)x 2 ' 
into the global vibration equations: 

r 1 t)N 6 t)2tt~ 
+ , , = l 0 ~ ,  

t)X 1 t)X 2 t)t 2 

t)N 6 ~N 2 /)2u~ 
~ - b  = I 0 
~X I t)X 2 ~/2 ' 

t)2MI + 2 ~ t~2M6 t)2M 2 _ 10 i)2u____Lo 
Ox 2 /)xttgx2 -I /)x2 2 Ot 2 , 

we obtain the three equations: 

o .I ' a .o a .o 
AIr Ox 2' + A66 Ox 2 + (At2 + A t ~ ) ~ x 2 3 B t 6 0 ~ 2 - ~ x 2  - B260x32 = I o tll ~)t 2 ' 

(AI2 + A66)0x10X; -+  A66 t)x--~ + A22 /)x 2 - BI6 Or) - 3B26 = 1~ 2 Ox,Ox 2 Ot 2 ' 
o a3~o 

l D,, ()4u~ + 2(Dt2 + 2D66)i)x20x2/)4u~ + D22 c~4u~ - 3BI6 i)x2i)x2i)3u - B26 0x23 "" 

O3u o a3uO 0~u~ 
2 _ 3 B 2 ~  . , + I  o - 0 .  "'"- Bt6 i)x~ i)xtOx ~ Ot ~ - 

The boundary conditions for a plate freely supported in the direction of the 
perimeter are: 
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- f o r  x I = 0 and x I = al :  ( ) 02uo o~u 0 tgu 0 _ D I  1 - 

u ~ =0 ,  ~t~ = B,6 ax2 + aJ~ ax ? 

i~u~+ , _ B l  a ~ -  
U 0 = 0 '  N 6 = A 6 6  Ox2 (~Xl t)X? 

- for x 2 = 0 and x 2 -- a 2 �9 

U 0 =0,  M2 =B26 ~ + ~)Xl - Dl2 

a2u o 
- DI2 0x~ = 0 ,  

a2u o 
B26 0X'~ =0, 

~)2U0 ~)2U 0 

ax? -o= ax~ =0,  

/Ou o Ou o] ~u o ~o  
U 0 : 0 ,  N 6 =A66 ~ +  aXl - B I 6  O x - - ~ -  B26 a x  2 : ~  

, I k  

The displacement fields defined by: 

u ~ U 1 sin mlmcl m 2 ~ 2  (0) ) = - cos sin mlm2t + (Pmlm 2 , mira2 a I a2 

U20 = U  2 
mira2 

m l ~ l  sin-m2Rx2 (to ), cos sinx_mlm2t + (Pmlm 2 
al a2 

u 0 = U  3 sin ml~ZXl sinm27tx2 sin(tOm,m2t+(Pm,m2) ' 
mira2 a I a2 

satisfy the boundary conditions and the equations of motion. 

Introducing these expressions in the global vibration equations, we obtain, after 
I 2 3 . simplification, the following system in Um,,, 2 , U,,,= 2 and U=,,~ 

rr/  r ] m2~ 2 U ~ ml~r m2R" rain" A l , +  A66 + (al2 + A66)Um2,m2 ... _ lor mira 2 
L [, al J ~ a2 .J al a 2 

II ] m2~ ml~ m2/t U 3 = 0, 
. . . - ~  ~ BI6 + . B26 m|m 2 

a2 [ .  al ) a2 

U~ m ~  m2R" 2 2 m,~ m2~ (A,2 + "466) m|m2 + A66 + A22 - lo(Om, m2 Um, m 2 ... 
al a2 L~ al ~ a2 ) 

3 (m2~12  U3m2 = 

a, Lk a, j Ik a 2 j 
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m ( ] m.rrm. 2, 2 n" 3~ml ~ BI6+ m2R')B26 Ulim2 
a2 ~, al a2 ) al L~ " al ) 

~ m2/~') 2 ]U 2 +I(mI'~I4DII... 
...+ B26 mira 2 

a2 It  al ) 

...+ = ~ (DI2 + 2D66)+ D22 - loCOm.m: Umtm2 = O, 
al a2 J a2 

which are written as: 

HII - 10c021m2 HI2 HI3 

HI2 H22 - 10(~ m H23 
I 2 

HI3 H23 H33 -/0COm21m2 

it,.. I:l~ 
U 2 / / ~ 1 7 6  - 
U 3 JL m,,.~ 

with: 

r ( / 2 = m 2 ~  ml~" Ai I + , , A66 , 
H I I  it a l  ) a2 

m ~  , % +  m2~ ,422 ' 
/'/22 = al ~, a2 J 

=/mi~r/4 Dl I +2(rnl~r12Im2"12(Di2"+2D66).i-Cm2__..~.~l t̀ 
H33 t ai J al a2 J ~, a2 D22' 

HI2 = mln" m2n" (AI2 + A66), 
al a2 

_ m2~" m 1____~_~ m2~" 
HI3 = a2 ~, al ) BI6 + a2 B26 , 

.[(~mtR. 2 3(m2~./2 ] H23 = - roll/' / BI6 + B26 ' 
a, Lt~,) t a2 ) 

This algebraic system has a solution other than the trivial solution 
U 1 = U 2 =U 3 = 0 for the values of (Omlm2 which cancel the determinant: mira2 mira2 mira2 
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_ 2 Hi mlm2 

HI3 H23 H33 - I0(02m2,,. 

1 loto HI2 HI3 
HI2 H22 - I0 to2 mlm 2 H23 = 0 ,  

(HI I i00)2,m2 )(/./22 2 )(/./33 2 )+ 2H12 -- lo(Omim2 _ _ lO0)mlm2 HI3H23... 

�9 . . -  ( H l l -  IotO2m, m2 )H~3 - (/'/22 - Iomm2,,, )H123 - (/-/33 -- 100)m21m.z )H122 = O, 
which is written in the form: 

with: 

- A t o  6 + B ~  4 - C t o  2 + D = O ,  
mira2 mlm 2 mlm2 

A=I3o, 
B = (HII + H22 + H33)/02, 
C=(HIIH22 ++ H22H33 + H33Hl l -H22 - H 2 3 -  H23)/0, 
D=(HIlH22-H22)H33+2HI2H13H23-HIIH223-H22H23, 

or: 

B=  m,~" ( A I I + ~ ) +  m2~ , 
It al ,} a2 

)2 (m,.14 (A~ + A~)+ D,,... 
ai j 

12 ( I  4 } , m2n" 12 . . .+  m,~ men (D~2 + 1 0 ~ ) +  D22 , 
al ) ~, a2 a2 

C= ml~" / (All + ,~:~i)++ (A22 + ~ )  ml~" / Dll... 
/t a, ; a~ l i t  a, ) 

...+ m,~ l {m:  Io,~+~o.l+ o ~ +  

a, ) ka~  a~ ca '  j 

. . .  + A~ A~  + ~ [A,, A~ - A,~ (A,~ + 2A~)] . . .  

2 
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(m*) rrm*  11 "" al L t , ~ j  BI6 ~, a 2 j B26 I~  

m2~" D -  / 4A~+ , �9 A22 ~ . . .  
al J a2 

""+(ml---~)21m2---'~) J It, a2 J +2A66)]} "'" 

Ir ' / / 4 ) 
...• m'~]2[ m2~ (DI +2D66)+ m2~ / Dli + 2 ' D22 ... 

[ t a ,  J a, ) t a~ a~ 

[ J ....~~,*/~f~ ~ / ~ ~ , ' / ~  Imp") ~ 2 + Bi6 + ~ B26 "'" 

rr i~,l;l, ] 2 31 ( m2;l',/2 ] X Bl6 + ~, B26 l t l  t o #  

L~, al ,) a2 J 

..i r "~ ~ m2//' ml ;rt' m2~ - ,~l~,  ~ m'".~A.. + a~ ..~+ .~0 
~, al J al J a2 al a2 

_(m27/.)2[/ml~ 2 2 i3~ml 2 m2~) 2 ]2 
.. ~ + B26 

For each value of the couple (m I ,m 2 ), we obtain the three natural frequencies. 

In the case where the membrane inertias l o .--~-- and Io--~--- are negligible, 

the previous system is written as: 

HI 1 HI2 HI3 mira 2 0 
U 2 HI2 H22 H23 / /  m,m2 = ' 
U 3 Hi3 H23 H33-loW2m21| mira 2 

with the previous values of H ij. The determinant becomes: 
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I Hll HI2 HI3 
HI2 H22 H23 = 0 ,  
HI3 H23 H33-10CO2m: 

(I'll IH22 - H?2 )(H33-10~ )+ 2HI2HI3H23- HI 1H223 - H22H?3 = O �9 
For each couple (m I ,m 2 ), we obtain the natural frequency" 

mi~ = H33 + , 
HIIH22 - H122 

or: 

with: 

r 2 - ~  Pl + , mira2 I 0 

( ~  ml m 2 m 2 PI = ml Dll + (DIE + 2D66)+ D22' al ~ ka2 ) 02) 

P2 = Z ~2 (a12 +aft) ml ] el6+ m2/ B26 "'" 

X:/ml/2B16 ~( ?r12 )2 B26 ] 
" - - L t a , )  + ~ "" 

' t ~ , ) L t  ~,)  ' t a~ ) i t = , )  ~ ' 

_(m2/2rr mi/2 All +(m2/2 A6613(ml )1 +(m_..3._2/2 ]2 
"'" t , a : j [ t a ' J  t, a2J ~ B,6 ka2jB26 , 

+ ] +( ]2(m2 ] 2 P3=pf ml I4Ail (m214A22 A~ ml [AiiA22_Ai2(Ai2+2A66)]" 
Eta,) ta~ ) -~ ) k--a~ ) 

When BI6 and B26 are negligible, the previous expression reduces to: 

ml m2 (D 1 + 2D66)+ ml DI 1 + ~ ~ 2 D22 
0)2 = R.4 ~, al ) al .a2 ,J .. . ~2  

mtm2 l 0 



Asymmetrical multi-layer Kirchhoff-Love plates 189 

9.7. Buckling of a balanced asymmetrical plate 

The rectangular plate of dimensions a I and a 2 is freely supported in the 
direction of its perimeter. The edges x I = 0, x I = a I , x 2 = 0 and x 2 = a 2 are 

0 respectively subjected to the loads N 0, - N  0, N O a n d - N  0, with N O and N 2 
positive. 

A v_ . ,0 

a2 

X2 

U /f----:_No 
al 

l i  xt  . . . .  :vi 

Figure 9.6. Buckling of balanced, asymmetrical plate 

By introducing the global membrane loads: 
o Oup Ou~ 02u 3 

Ni = AII-~xl + Ai2~x2 -2BI6 oxii)x 2 ' 

N2 = A12 ~ x l  + A22 ~-~2- 2B26 Oxlt)x2 ' 

N6=A66 ~~2 + C)Xl J BI6-Ox? -/126 ~x-'~ ' 

and flexural loads: 
(gup C)U~)_ 021/7 Oq2U~ 

M , : B , ,  - o , ,  ' 

0U7 0"7]_ 02"7 02U7 
M 2 =B26 ~ ' 4 "  0Xl J DI2 0x? - D22 ~x~ ' 

0 O2u 0 t)up ()U 2 3 
M 6 = Bl6 ~ x  l + B26 0"~2-  2D66 OXlOX2' 

into the global buckling equations: 
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OqNl tgN 6 I- =0,  
,gxl Ox2 
tkN 6 ON 2 = 
~x-7+ o-~ o, 
02MI oq2M6 
Ox? + 2 O x - - ~ + ~ -  

we obtain: 

02M2 
~x~ 

o0~uO 2.o 
N, O x ? - - N  O0 Ox~ =o, 

02,u ~ 02u_____~l ~ (A,2 + A66, Ox, i)x 2 Ox20x2 All tgx 2 +A66 tgx 2 + ) 02u~ _3B16 03u~ 

O~uO 0~.o o~.o O~u o 
(AI2 + A66)()Xlt)X2 + A66 c~x? + A22 (gx 2 - BI6 bxq 3B26 

04u3 ~ 2(D, 2 + ) 0 4u~ 04u o 03u o 
O,, /)x~ + 2 0 6 6 ' ~  + 022 "'0x~ - 3B'6 i)x?Ox 2 

03u o 
~ - B 2 6  0X 3 =0, 

O3u~ = 0 ,  

OxlOx 2 
03u o 

~ - B ~  - ~  ... 

O~u o O~u o O~uO O~u o 
-B I  6 C3Xl 3 -3B26~)xli)x2 + N~ ' ox 2 + N O 0x22 =0. 

The boundary conditions for an edge freely supported in the direction of the 
perimeter are: 

- for x I = 0 and x I = a I : 

B ( o.o a.,Oox. ] -  D, o~~x:"~ O~u o u30 =0,  M I = 1 6 / ' ~ 2  + ' --012 t~x-~ =0' 
\ ,/ 

u, ~ - o, N~ - ~ 0x~ + ~ ,  - B,~ ~l~ - B~ ,22 - o, 
- f o r  x 2 = 0 a n d  x 2 = a  2: 

) 0 o2uO 02u3 
Ou~ ~ 1 7 6  - 0~2 ~ -  022  = o, u~ M ~ = ~ 6 0 x  § ~x 2 ~x~ 

o. ou~ o~.~ O~u o 
U 0 =0, N 6 =A66 ~x'~ + t)x I ) BI6 ()x? - B26 ()x 2 =0" 

The displacement fields which satisfy the boundary conditions and the global 
equations are of the form: 
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u ~ U 1 sin m1'r162 m211:x2 = - COS 
mim2 a I a2 

mlRx I m2fl:X 2 u ~ = U 2 cos .-. sin 
mira2 a I a2 

u ~ = U 3 sin min:r~i sin m2~c-------~2 
mira2 a I a2 

By introducing these into the global buckling equations, we obtain after 
simplification, the system: 

m2R" UI + (AI2 + & 6 )  mlm2"'" AI 1 + . . . .  A66 mira 2 Lt al ) a2 ) ai a2 

m2~r ml~r m2~  U 3 - O, 

m27/' 2 miff m2ff (Ai2 + A66)U I + mlff A6 6 + , All Umlm 2 nlll~l,12 ... 
al a2 al ) a2 

_ __ml~ m2ff 3 
Bi6 + . B26 U = 0, "" mira 2 

('/i / /  ~1 ~2 

..___. 2 / m2~" 2 U t mln" miR' Bl6... m211" 
/ BI6 + B26 mira 2 

a 2 al ) It, a2 al al 

j Ir 2 4 

...+ B26 Umlm2 "t" 

2 2 /' r // / / . . .+2  ml/r m2/r (DI2 +2D66)+  D22... 
t al Q2 a2 

-~  
�9 mlnl2 

t ~1 (/2 

which is written in the form: 
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with: 

HII HI2 Hi3 
HI2 H22 H23 

HI3 H23 H33 It a I J a2 

r"mm I:10 
/"m~ m, : 

/2(/2 
= r m27Z" HII / ml-----~ All+ ,466, 

t, al a2 
m2~- H22 = Af~ + i A22, 
a2 

(-~l ) 2~ml"121m2"12(D12+2D66)+( ~ H33 = Dll + ~ m2~_4D22,) 
t a l  ) t --~--2 ) a2 ) 

HII = ml~ ml~" (All + A66), 
al a2 

- m2~" I3(ml~"/2 02 a I (m2~r/2 ] 
n,~ : L t ~  BI6 + a2 Bz6 ' 

[( / 31~ / J 2  m2= 2 H23 = _  mlff ml~ BI 6 + B26 �9 
~, It a, ) a~ 

The critical buckling loads are the values of N O and N O for which 

U l U 2 and U 3 are not simultaneously zero, i.e. for values which cancel 
mlll, l~ ~ mira2 mira 2 

the determinant of the system: 

or: 

HII Hi2 Hi3 
HI2 H22 H23 

( )  ( / rain N p -  m 2 J'/" N20 HI3 H23 H33-  al a2 

=0, 

[ l [  ~1~~2 NO--[ ~ 2 ~ ~2 N ~ ] * 2HI2HI3H23111 
(....,~-.~).,, t a, ; t a" : 

. . . -  n , , n ~  - n ~ n , ~  - o ,  
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from which" 

m2;/. ml~r N o+ - N 0=H33+ 2Hi2HI3H23  - HI IH223 - H22 H123 
HIIH22 - H22 

The critical buckling loads are given by" 
~m,-~ ~ ro~-~~ +RI N~ ) +~ N~ ) : H~  
It. al ,) It. a2 J R2 ' 

with" 
4 2( /2( /2 ( / 4  ( ) 'n 1 ~  m2~ DI, +__ ml~r m2~r_ (Di2 +2D66)+ - D22, 

H33 = al I t al ) a2 ,) a2 

R 1 2~ml"12(m2"12(A, +A66 Bi6 4 B26 ... 
It al ) t  al ) L t al ) al 7 

[ J , ('"'"/~ +~m~"/'",6 
t-~-, 7 t a~ 7 

-( m'"/2rf m'"/2 A , a '  ) Lt " a, } i + it( m2;r/l A661f m i " ) 2 a  l jl_l t a, ) B16 + ~ m2;r/l"a2 B26 ]2... 

m27/' m l f f  + - m2/l" ml_._.~ All + ,~ A66 BI6 B26 , 

rr ( } J ) 
4 2 2 

R l mi;r/4 ml" (ml~r / ( m2;r (A, +2A66)]. = A l l  + " AI2 A66 + [A l iA22  - AI2 l 
Lt a, ,) a 2 t a, ) t ,  a2 

In the particular case where N O = kN ~ , we obtain the critical buckling loads: .2 2-;( /2. .+ + __m2o2 
with: 

I~ai ) al ) I~a2 I~a2 j 
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...xrCm,~,,,+~m,~,o].. ~ ,a, 

' t a, ) LL a, j t a~ ) _It a, ) ~ B~6 . . .  

t,a~ } LL a, ) t,a~ ) I t  a, ) " ta~ ) 

.3: Jim'/4",,L~a, j +/m~~a, j/4",,]~ +In'/'r "~~0, J ~~ ~/,i,,,,,,,~- a,~/a,~ + ~/l- 

When BI6 and B26 are very small, the critical buckling loads are given by the 
expression" 

m~ D I I +  ~ ~ ( 0 ~ 2 + : 2 0 6 6 ) +  mE 922 
No  = ~2 

| 2 

(I I 1 ml m 2 - ~  + k ~  
a2 



Chapter  10 

Cylindrical flexure of 
multi-layer Kirchhoff-Love plates 

I0.I. Introduction 

An infinitely wide plate is said to be in cylindrical flexure when the 
displacements, strains and stresses are independent of the cartesian co-ordinate x 2 . 

In this chapter we will study, based on the Kirchhoff-Love theory for which 
transverse shear strains are neglected, the static, vibration and buckling behaviour of 
an infinitely wide plate. 

10.2. Strain-displacement relationship 

In cylindrical flexure the displacement field is of the form: 

and the strain field is written: 
~),,o ~)~'l a ,,~ 

el =/)xl + x3-~xl, e 6 -  /)xl' 
e 2 =0,  e 4 =0,  

o 
/)u 3 e 3 = O, e5 = ~l + 

In Kirchhoff-Love theory the transverse shear strain e 5 is zero, which gives" 
0 

Ou 3 ~" =- o~i-' 
The displacements are given by the expressions: 
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0 
Ou 3 

,~ - . o  (x, i,). 

the strains" 
E 1 = El 0 + X3K 1, 

E 6 = E~, 

E 2 = E  3 = E  4 = E  5 = 0 ,  
involve, as non-zero terms, the membrane strains: 

0 
e o _ Oul 

0xl 
o 

e~ - Ouz ~ " 

Ox I 
and the curvature: 

a2u~ 
o tel = Ox~ 

10.3. Global constitutive relation 

This is written: 
~u ~ 

-NI- -Al I AI2 AI6 Bil BI2 BI6- 0x 1 
u 

N2 AI2 A22 A26 BI2 B22 B26 7~u 0 

N6 = AI6 A26 A66 BI6 B26 B66 
v - -  1 

MI BII BI2 BI6 DII DI2 DI6 0 2t~ 
M2 BI2 B22 B26 DI2 D22 D26 - igx 

_M6 _BI6 B26 B66 DI6 D26 D66 0 

0 
and gives the global membrane loads: 

~u o ~u o ~ o  
NI = All-~xl + Al6"~Xl -B l l  "~x--~l , 
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~o ~.,~ ~.~ 
N2 : AI2"~'xl + A26"~Xl - BI2 0x? ' 

~o ~o ~:~ 
N6 : AI6"-~xl + A66-~xI - BI6 -Ox"-~l ' 

and flexure: 

M I : B I I ~ + B I 6 ~ - D I I  tgx? ' 

o,o o,o ~,o 

o,o o,o o~,~ 
M6 : B I 6  ~'~1 +B66 ~'~1 - O16 ~ ?  " 

10.4. Global  plate equat ions  

In the case of cylindrical flexure the global equations: 
0N| + Pl = Io at)Eu_..~ ~ 
/)x I i)t 2 ' 

0 igN 6 t)2u 2 
+ P2 = I0 , Ox I Ot 2 

02MI c) ( c)u 0 ] 02u 0 
igx'-'~'l'~Xl Nl 0x I ) + q 3  + P3 = l o ~ , o t  2 

give the following expressions: 
- static: 

dNl + 
Pl = 0 ,  

dx l 
dN 6 
" - - -  + P2 =0, dxl 

d2Ml +q3 + P3 = 0, 
2 dxl 

-vibration: 

0Nl = I 0 02u~ ._...._. 1 
OX I tgt 2 ' 
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~92u ~ ~)N6 = l 0 ~x-T 
02Mr ~92u~ 
/)x 2 - 1 0 ~ '  at 2 

- buckling: 
dNl = O, 
dx I 

dN6 =0, 
dx~ 
d2M 2uO l N o d  
rig? rig? -0. 

10.5. F lexure  

In the particular case where the volume loads are zero, by putting into the global 
equilibrium equations: 

dNl = 0, 
dxl 

dN6 =0, 
dx l 
d2M 

I + q = 0 ,  
ax? 

the global cohesion loads: 
~,o d,O 

NI = All ~ 1  + a16"~!  - B I I ~  
d2u 0 3 

du o du o 
N6 = AI6~-I  + A66 ~ l  ~ - B I 6 ~  

d,o duO 
Ml = BII ~ 1  -I- BI6 "~1  - Dll 

dx?' 
d2u~ 

dx? '  
d2u o 

dx 2 '  
we obtain the three equations: 

All dx--~ + a16 dx? 1 dx~ =0, 
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d2u~ d2u ~ d3u~ 
A!6 dx 2 +A66 dx 2 -B!6 dx----F- 1 =0, 

d4U~_Bl d3u 0 d3u 0 

10.5.1. Elimination of u ~ 1 and u~ 

o 
The first two equations, which have just been written, enable dx"---~ and ,,dXl2 - 

d3u 0 
to be expressed as a function of d x ~  ' with the help of the two expressions: 

d2u 0 

d2u~ 

A66BII - AI6BI6 d3u ~ 
. _ . . _ . . . _ . _  - -  

ALIA66 - AI26 dx 3 ' 

ALIBI6 - AI6BI! d3u~ 
A,,A66 - A26 dx 3 " 

Putting these into the third equation, we obtain the expression: 

A66BII - At6Bt6 _ B I AttBt6 - At6Btt Oil BII 
A, tA66 _ A? 6 6 At,A66 _ A? 6 

which has the form: 
d4u 0 

D d x  ~ =q,  
with: 

D =  D l l -  
A66B?I + AI IB?6 - 2AI6BIIBI6 

A, IA66 - A?6 

- ~ t 4  = q '  

The integration of this equation and taking into account the boundary conditions 

allows us to determine u 0 . u D and u~ are then found by integration of: 
d2u o 

d2u ~ 

A66Btl - At6Bl6 d3u ~ 
3 AttA66 - A26 dx I 

AttBt6 - Al6Bll d3u~ 
3 ~ A~A66 - 32  axt 
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10 .5 .2 .  Simply supported plate subjected to a sinusoidal load 

10.5.2.1. Genera l  case  

The plate is simply supported on two edges x I = 0 and  x~ = a~, and is 
subjected to the loading: 

q(Xl) = qm I sin mltt:rl 
al  

X3 ~ X2 q(xl )x 3 

/ / o  ; 
2/ z /  

Figure 10.1. Plate under cylindrical flexure 

The boundary conditions at the edges x I = 0 and X 1 = a I are" 
u 0 "-0, 

d~ du~ d~ ~ 
NI = AII'~I + a16-~l -BII dx? ' ' = 0 ,  

duO au~ d~u~ =o 
N6 : al6 "~1  + A66 " ~ 1 -  BI6 dx?"  ' 

au~ d~~ d~u~ :o.  
MI = BII-~I + B16-~l -Dl! dx?- 

The displacement field defined by: 
U 0 = U I ml/Dfl ml cos --------, 

al 

u 0 = U2 ml/lXl mt cos -----------, 
al 

ml:tDI71 u ~ = U 3 sin 
ml  9 

al 
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satisfies the previous conditions as well as the global equilibrium equations. By 
introducing these into the latter we obtain the system: 

'I 
~, al ) m, [, al ,J AIoUm, + - - - -  BIIUm, cosml~xl =0,  

al 3 al 

- AI6UI,,-{ " I ~ ]  AesU~i + ~ BI6U~I cos . . . .  =0,  
al J t, al ) t, al al 

_ ml:rr B, ' _ (m,~ ]  BI6U:, + (m,~ ]  DllU~t_qm, s i n m ' ~ l  =0, 
IUml t, al ,) t, al ,) al 

which, after simplification, can be written in matrix form: 
" 2 2 3 

The determinant of this system: 

A = ml/r (AIIAesD,! + 2AI6BIIBI6 - AesB21l - AIIB?6 - A216Dll), 
al ) 

as well as the determinants: 

= - - -  ( , % 6 B ~  - A ~ 6 B ~ 6 ) q ~ , .  al ) 

A2 = t, ml~al ) (AlIBi6 - At6BIt)qm,, 

I )  4 A 3 -- ,a l ,  

give the values of the constants U ~ �9 m! 

U 1 = (  al ]3 (A,~i6BI l _ AI6Bl6)qm, 
m, ~--~1 ~) (AIIA66_A?6)DII +2AI6BIIB16_A66B?I_AIIB?6, 
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U 2 = al 
mt (A 1 

U 3 = al 
m| (A 1 

(AI 1BI6 - AI6BI 1 )qm~ 

1A66 - A?6)DII + 2AI6BIIBI6 - A66B?I - AI IB?6 

(AI IA66-  a?6)qm, 

IA66 - A?6)DI 1 + 2AI6BIIBI6 -A66B?I - AIIB?6 

the maximum deflection, obtained at x I = _ai is equal to: 2 '  

u 0 = al 

ml~ (AIIA66-A?6)DII+2AI6BIIBI6_A66B?I_AIIB?6 

l O.5.2.2. Asymmetrical cross-ply composite (0,~-)N , 

The following global stiffnesses being zero: 
Al6 =A26 =0, Dl6 =D26 =0, 
BI6 = B26 = BI2 = B66 = 0, 

we obtain: 

I 13 BI qm I U I = a____Ll l 
ml ~ml~ ~ AIiDll-B211 ' 

U 2 =0, 
m I 

U 3 = al ,. Allqml 
m, m i "  A, , O, , - B?, " 

10.5.2.3. Asymmetrical balanced composite (a,-a)N,  

The following global stiffnesses being zero: 
Ai6 =A26 =0,  Dl6 =D26 =0, 
BII = BI2 = B22 = B66 = 0, 

we have: 
U l =0, 

ml 

i i U2 = Blbqm, 
m| ~ mlJr ) A ~ D , ,  - B~6 ' 
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4 

m, ml ~ A66DII _ B26 �9 

10.5.2.4. Symmetrical composite 

As the membrane-flexure global coupling stiffnesses are zero: 
Bij = 0 ,  

we obtain: 
U l =0, 

m I 

U 2 = 0 ,  
m I /' v3 =( a! .qm, 
m, ~ m l / t  Ol I �9 

10.5.2.5. Displacement field 

I ,  U 2 and U 3 obtained previously we have the Given the values of Uml m, mi 
following expressions for the displacements' 

/ ) m l ~  3 cos  . -, u I = U I  _ x 3  ..... U m  I 
ml a I a l  

m l ~ l  u2 = U 2 c o s ~ ,  
m~ a l  

u 3 = U3 sin ml/tXl 
m~ a l  

10.5.2.6. Strain field 

The non-zero strains are then given by the following expressions: 

mlff  ( U  I mlR' U 3 )sin ml/DCl El = - - '  m~ --X3 : m~ , 
a! [, a I ) a I 

m~" U2 sin m ~  E 6 = - ~  ml 
a l  a I 
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10.5.2.7. Stress f ie ld 

The stresses in layer k are given by: 
cr/k k = Q i j e j  ( i , j = 1 , 2 , 6 ) ,  

where the Qi~ are the reduced stiffnesses of layer k. We then obtain: 

~~_~[ ~/ m,~ ~/  ~ 2 1  ml~l 0"~ = - Q U 1 - x 3 U + ai6Uml sin ....... 
m I al ml al 

(i = 1, 2, 6). 

10.6. Vibrations 

10.6.1. Genera l  case  

The plate studied is supported on two supports separated by a I . 
Putting into the global vibration equations: 

aNI = I o (92u ~ 

aN 6 ()2 uO 
ax----~ = 1 ~  at 2 
a2Ml a2u~ 

ax2 = I o at 2 

the global cohesion loads: au ~ ~u~ a2u o 
NI = All "~xl + Al6-~xl - BII "~X--~l ' 

au o ~o ~ 
N6 = A,6~+ A~~x -,,6 ~x? 

t~U 0 ~U~ O2U~ 
MI = Bll'~xl + Bl6-~Xl -O i l  ~--X7 ' 

we have three equations of motion: 
a2U 0 O321/20 a3U 0 

A,, ~2  + A,~,a:~ - B,, a~  = ~o 
~2uO 

AI6 oqx?- 
a2uO a3uO 

+ A66 Ox? -BI6 Ox? -- I0 0t 2 

a2u o 

at 2 ' 

()2U0 
9 



Cylindrical flexure of multi-layer Kirchhoff-Love plates 205 

nil  0x? + BI6 (~X'-"-~-- DII '~X': = I~ 3 Ot 2 ' 

The solution, which satisfies the boundary conditions at x~ = 0 and x I = a I �9 

u~ =0,  
du O du o d2u 0 

N I =AII--~I +AI6--~I -Bll,dx2 =0, 
du O du o d2u~ 

N 6=A16~I + A 6 6 ~ 1  -B16 dx'-'T :0, 
d. o d.O d~.O 

M, :.,,-~+.,~-~l -o,, dx~ :o. 
is of the form: 

u o U I mlTDClsin(O)mlt+ ), ---- mt COS--'--'-'-'- ~m! 
al 

u 0 U 2 ml;rtXlsin(mm, t+tPm,), = m, COS' 
al 

u~ = U  3 sin m~nx~ sin(fOmt+~m,).  ml 
al 

Putting these expressions into the global equations of motion and after 
simplification, we obtain the system: 

2 
m l ~  Bl 3 IocO~ U I O, - ~ t  ) A r t m , - a, j A ' 6 U 2m ' + --~t 'Urn'+ m ' = 

_ ml:z__ 2 mtTr 3 lom2m!U 2 ml~r AI6Ull - ~ A66Umt + BI6U + = O, 
n l  I I~11 al J ~ al [, al J / 3 / / 3 

mlR" B11 m~ - ~ BI6U + _ U I m l ~ "  2 
ml 

L '~, ) a, 
which is written in the following matrix form: 

_._._ _ ~ AI6 

~, al ,) i I ( m i n i 2  (ml= AI6 . . . .  A66 - 10a)m 2, 
~. al ) al 

_ _ B 1 6  
a l  ,] ~, a t  ,) 

( ml;r 14DIiU3m, - I o o ~ U  3 = O, 
al ) ml 

-/ml"-'~/3 BI 1 1 

3 ml 0 
/ m l ; l ' /  BI6 mi �9 - U 2 = 

F I' j" ml;rt' DI l -/oO)2 
L a l  ) 
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This system has a solution other than the trivial solution U l = U2 = U3 = 0 
m I m I m l 

for the values of tOm~ which cancel its determinant, that is for the total solution to 
the equation: 

ml~ All - I0r 2, mini" ,466 - 10tO21 DII - I0t0m, . .  

al al ) dl 2( mid'lit (ml=/4 [( ml~'/4 ] 
... + ~ AI6BIIBI6 - A216 DII - 100)21 ... 

t ,  ~, t, a, ) ~l 

... 2 rol l /"  mlY/" 2 -(mlTl ' l  B21 ml~ I A66 -10tOm, - B26 All-lotOm, =0, 
[, al ) L~ al ) al al 

of the form: 
-Aco 6 m~m2 

with" 

+ Bo)  4 - C o )  2 + D = 0 ,  
mira2 mira 2 

A=I~ ,  

=(  ml~')2[ ( m l ~ / 2  ] 
B [,--~-I J All+A66+ ai ) DII I~ 

{ ( ) l} m';5 [(AI +A~)D,I C = mr1/ All A66 - A26 + - n 21 8 2  10 

t ~ , )  ~ , - , 

t , a , )  
For each value of m I , we obtain three natural frequencies. 

lO.6.2.Asymmetricalcross-plycomposite (O,~)N, 

We have" 
Al6 = A26 = 0, DI6 = D26 = 0, 
Bi6 = B26 = BI2 = B66 = 0. 

The coefficients A, B, C and D are equal to: 
A=I~), 
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B =(ml~')2[All +A66 +/ml~i'q2Dli]/o2, 
t a, ) t ~, ) 

'{ ( l} c:{m.-) "'"/ 'o. 
QI al ) )' .:(',~ (a,,o,, -,,~,)~6~. 

t, ai 
In this particular case, the equation for the natural frequencies is' 

2 ( ) ,  2 o ... ml:tt' Al I - lOtOmt al  

0 (ml-----~ff ]2 A66-lora 2' 0 
t , " l J  

ml"]4 D,I-/0r_om2 I 
ai J 

role )3 BI 
- (  "l ) l 

or: [( }{24 r~ ] ml~r 12 A66 - loc02m, lot~ - - - - "  Ai i  + ~ Dl l  lot~ t 
a, ) t ~' ) t ~' 

rnl• - B2i l = O. ... + - . ----  A i i D i i  
Ol 

The discriminant of the equation in loto2 t ' 

(.. . .  / 4 ~,,+ o,, /~..o....~.) 
t,~, ) t,a' J ", 

t[ ]'7 t A = ( I I ' ~ "  4 A l l -  DII + _ _  B?I , 
t ~, t, ~, ) ", 

is always positive. 
So we obtain, for each value of m I , the followin t three natural frequencies: 

=0, 
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2 
CO 2 1 (ml~/2  (ml~'/2Dl 11 (ml'n'/2Dl +4(mln'/2 

= A l l  + 1 - - 1 mi,l "270"0t, al  J t, a l  J t, al  ) t a l  J BI21 ' 

aj2 _.LCml~'/2 Iml~rl2DlIIAl DI] B?i 1 (ml~'] 2 2 4(m1~'/2 
= AI + 1 + 1-  1 + , 

ml'2 210 t al ) ~, al J ~, al J [ ,  al J 

0) 2 l__( ml~ ] 2 
m l ' 3 : 1 0 t  a l J A66. 

10.6.3. Balanced asymmetrical composite (~,-Cr)N, 

We have: 
Ai6=A26=0, DI6=D26=0,  
Bi I =Bi2 =822 =866=0.  

The coefficients A, B, C and D are equal to: 
A=I  3, 

B =lm'stl2[all  +A66 +lmlltl2Dll]12 , 
t, ai J t, al J 

l} ml~ c = m,~r 3 , ,366  + - A,~ + 366)D , ,  - tl?6 #o, 
al a 1 

D= ml~r (A66DII-Bi26)AII. 
a 1 

In this case the determinant is written" 

( !  2 
mlff AI 1 - 10t~ t 
al (/2 

ml~l" 2 
al A66 - 10'~ 

(m,~/~ 
- BI6 

t, al ) 

(/3 
ml~ 

_ ., BI6 
Im,.I :l 

---'-- Dl I - lOt02 t 
ta l  ) 

=0,  
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from which: ]{,oo., 'I ' ] -#o~O~, t a, j t " '  J 
a l  2 4 _(mllg)A66+(ml/z'] D I  l /o(O2n.." 

...+ ( ~ o , , - , , ~ )  -o. / a , )  

For each value of m I , we obtain the following three natural frequencies: 

2 
(02m,,, = ~ 1  (/mt~" A~ 

(O2m,.2 = ~ 1  (/mitr Ao~ 
zt(,[, a, ) 

m 1.3 = - -  A l l '  
a l  

I[ . . . .  ]2 . . . .  
, , " ,~  ]2 B~6 ~o,j(~'~l~o, - ~ - [o , j  

10.6.4. Symmetrical composite 

We have: 
Bij =0.  

The coefficients A, B, C and D have the values: 
A = I  3, 

c -  m,__~ a , , a ~  - a?~ + - - - -  (a,, + a~)O, ,  1o, 
a l  o 1 

o-  (m'~ i" (a,, ~6- a~o)O,, 
and the equation for the natural frequencies is written ' 
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or: 

and: 

Iml 12 21ml 12 AI 1 - lO(Omt 
~" al 2 21 ) AI6 

m 1~ AI6 A66 - 10co 
al al m~ 

0 0 ( I  4ml~r DI 1 - 10~ 
al 

2 2 4 ( m l ~  (All + ml~z ]4D, 1 - 10a~m, Io COrn, -- A66 )]'0o) 2' ... 
L~, al ) [, a t 

. . . ' F  

)4 )} 
( ml--'-~ (AIIA66-A26 =0.  

For fixed m I , the three natural frequencies are: 

(.02 _- ~ 1  ml/z' Al ! + A66 + Al I _ /[66 )2 + 4A76 , 
ml,l 210 ~. al J 

COral'2 = 2-T0"-0 / 7 1  All + A66 - i ( A ' l  A66 )2 + 4A76 

4 / o11. mr.3 - al 

If the composite shows tension-shear decoupling we have" 
AI6 =A26 = 0 ,  

( / 2 
2 m ~  All 

O)m1,1 = ~ , a l )  to 

2 mlg 
(Din| ,2 = 

al ) 

f /' 2 = mlJ~" D I I  . 
COrn,.3 t, al ) t0 

For an isotropic mono-layer plate we have the following particular values: 
Eh 

All =Qllh = 2 ' l - v  

= 0 ,  
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Eh 
'466 = Q66h = 2(1 + v ) '  

Eh 3 
DII = 2(I v 2 ' I , . -  ) 
to = p h .  

The natural frequencies are written: 

. . . . . .  ) 

O)mt,l = al _ V 2 

= rill/l" J E 
tom"2 a I . 2 p ( l  + v) '  

2 . . . . . .  

( m i t t )  I i E ) 
tOml'3=h a i  1 2 / 9 - V  2 ' 

10.7. B u c k l i n g  

10.7.1. Genera l  case 

The plate studied lies on two simple supports x I = 0 and x I = a 1, and is only 

subjected to compression loading - N O , with N O > 0. 

x2 
x3 

N O ) ..... .~: ........................................................................ 
" .":" - - ' - -  0 

, / "  a I - - -  _- N 1 

m 
...." 

O 
X I 

Figure 10.2. Plate subjected to buckling 

Introducing into the global buckling equations: 
dNl  O, 
dxt 
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dN 6 ~ ~ ' 0 ~  
drl 

a~M, No d~u ~ 
ex~ ex-T =~ 

the global cohesion loads: 
e.o du o 

N I = All " ~ 1  + a16 "~1 ~ - B I I ~  
a2u o 

du o a.o 
N6 = AI6 ~ 1  + A66 ~ 1  ~ -  B I 6 ~  

du ~ ~uo 
M I = n l l - ~ l  + n16 - ~ l  - O l l ~ 

we arrive at the three equations: 

dx?'  
d2u  0 

d2u  0 

d 2 u 0 d 2 u 0 d 3u 0 _ 
All dx? + AI6 dr? BII dx 3 - 

d3u~ d2u  0 d2u.____~ _ Bl = 
a16 dr? +A66 dr? 6 dx 3 

d3u 0 d3u 0 d 4 u 0 
BI' dXl 3 + BI6 dx 3 DII dx---~-- 

=0,  

- 0, 

Noa2u ~ 
dx? 

The displacement field: 
u 0 = U 1 mlYs ml c o s ~  

al 
/ ' i  2 u~ = U ml c o s ~  

al 

u~ = U3 sin mp~rl 
m~ al 

satisfies the previous equations as well as 
x I = 0 and x I = a I �9 

u 0 =0,  

NI = All ~ 1  + AI6 " ~ 1  - BII 

du o e.o 
N6 = A I 6 " ~ -  1 + A66 ~ 1 -  BI6 

d2u o 
dx~  = O, 

d2u~  = 0 ,  

=0.  

the boundary conditions at 
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MI : BII'~I + BI6"~I -oI l  dx--~l 
Introducing this into the global buckling equations we obtain the set of 

equations" 
[ (m,~./2 ( ]2 U 2 [ /3 ] U  3 
- - - - -  AI6 ml + B 1 cos �9 =0, AllUml- al 1 m I ~, al ) ~ al ) al 

[ (mllt]2al6 UI, (mini2 U 2 [ml~)3Bl U3 ] mlc/:rl - "-'-- - + - " - -  6 ml cos = 0, [, al ) [, al ) A66 m, [, al j al 

I/ml~z ") 1 [ 13 Cml~) 4 + ml ~r 2 U 3 13BllUml al BI6Uml - DII ... al ) ~, al J ml 

0 3 si ml~Xl ... N I Um~ n ~ = O, 

which, after simplification, can be presented in matrix form: 

- ml---~~ B I I  1 

a a Iil AI6 A66 ml~ U 2 = ------BI6 ml 
ai 3 2 

_ ml~ ( m l ~ ]  D I - N  O ml ml----'~ BII - ~ BI6 i 
_ al al ~, - a l  ) 

The critical buckling loads, which correspond to the out-of-plane equilibrium 
configuration, are the values of N O which cancel the determinant of the previous 
system: 

- (  mI'~)2(A66B'' - a l  ,) At6Bt6)B'I +(ml~rq2(A'6B't-I,, al J AI'B'6)B'6"'" 

... + [f m,~ ]2 D, l - L [  at ) N~] (A'IA66- a~6):0" 

by: 

For each value of m I , the critical buckling load N~ of the mode m I is given 

Nl,, = at Air,466 - A26 
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The critical buckling load for the first mode 1 is: 

N~ = ~ D11- A66B?I + AIIB?6 -2AI6BIIBI6 
AI 1A66 -A26 

10.7.2. Cross-ply asymmetricalcomposite (O,~)lV . 

We have: 
AI6=A26=0 ,  D I 6 = D 2 6 = 0 ,  
BI6 = B26 = Bl2 = B66 = 0. 

The critical buckling load is: 

N O mln Dl I - . 

10.7.3. Balanced asymmetrical composite (t~,-Ct ) N . 

We have: 
Al6 =A26 =0, DI6 =D26 =0, 
Bll = Bi2 = B 2 2  = B66 = 0. 

The critical buckling load is given by: 

/ 
10.7.4. Symmetrical composite 

We have: 
B/j = 0 .  

In this case the critical buckling load value is: 
2 

N01m I = (  ml;/r' ) a l  DII" 

For a single layer isotropic plate we have: 

N O = l m , n ]  2 Eh 3 
1., ~ al ) 12 (1_v2 )  �9 



Chapter 11 

C y l i n d r i c a l  f l e x u r e  o f  m u l t i - l a y e r  
R e i s s n e r - M i n d l i n  p l a t e s  

11.1. Introduction 

After having studied one-dimensional cylindrical flexure according to the 
Kirchhoff-Love theory, we will now examine the use of Reissner-Mindlin theory, in 
which the transverse shear strains are taken into account, for the study of the 
cylindrical flexure of an infinitely wide plate in flexure, vibration and buckling. 

11.2. Strain-displacement relationship 

In cylindrical flexure we have a displacement field of the form: 

. ,  - .0(x, I,)+ x~., (x~l,). 

.~ - .~(x,I,), 

which leads to the strains: 

E l = 
r ~ r3r 

+ X 3 Oxt i)xl 
~.o 

E 6 = ~Xl 

C5 = r + ~  

~u ~ 

E 2 =E" 3 = 6 '  4 = 0 .  

11.3. Global constitutive relation 

From the expressions: 
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- 1 
NI 
N2 
N6 = 
Mx 
M2 
.M6 

AI 1 AI2 AI6 BI l Bl2 Bl6 ] 
AI2 A22 A26 BI2 B22 B26/ 
Al6 A26 A66 BI6 B26 B66 
Bll BI2 BI6 DII DI2 Dl6[ 
BI2 B22 B26 DI2 D22 D26 
BI6 B26 B66 DI6 D26 D66J~ 

[ : ] [ o  o4][ Ouol 
KA45 KA55 ~l Oxl|  

we obtain the global membrane loads: 
On ~ On ~ o~,z 

N 1 = All __0"~1 + AI6 __0"~1 + Bll 0x I ' 

o ,  ~ Ou ~ O~,l 
N2 = AI2 __~ + A26 __07v + BI2 Ox 1 

~176 On ~ ~ , l  
N 6 = AI6 _ _  ~ + A66 _ _  ~ + BI6 0x I ' 

with flexure: 
~u ~ o,  ~ o ~  

g I = BII __0~1 + BI6 __'~Xl + DII 0x I ' 

OqUl 0 ~U 0 0~1 
M2 = BI2 ~ +  B26 ~ +  DI2 ~x; ' 

tgUl 0 OqU2 0 C3u 
M 6 = BI6 __~xn + B66 __~~l + DI6 ~x I ' 

and transverse shear: ( ( ~ 

~gx 1 
0 

au~ 

0Xl 

0xl 
0 

11.4. Global plate equations 

In the case considered here for cylindrical flexure the global equations 
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i)N t a2u ~ 
~-+Pl = I o  + I  Ox I "Or 2 ' I 

tgN 6 02u~ 
Ox--~ + P2 = Io b-t$ , 

OMt N5 = I t 02u~ i)2~/l 
OX 1 "~t 2 + 12 -----,Ot 2 

i)M 6 

02~1 

c]t 2 ' 

a2u o 
Ox~ N4 II ' i)t 2 

- + N q3 P3 ~ , Ox I Ox , 10x  I ) + + = Io 

lead to the following expressions: 
- static: 

dN 1 dM 1 
+ P l  = 0 ,  ~ - N  5 = 0 ,  

dx I d,cj 
dN 6 dM 6 
- - - - +  P2 =0,  ~ - N  4 =0 ,  
dx I dx 1 
dN5 + 
. . . .  q3 + P3 = O, dxl 

- vibration: 

0N! = i0 02u ~ 02///1 0M 1 
Ox I ~ t  2 + I I Ot 2 ' Ox 1 

0 02u2 aM 6 
Ot 2 ' i)Xl 

i92u o 

Ot 2 ' 

dM I 
dxl 

dM 6 
dx~ 

~ _ N  0 d2u__~3~ = 0. 
2 dxl 

~ - N  5 =1102u~ ) + 1 2 - - - -  
0t 2 

02u~ 
~ -  N 4 = I l - - - - - ,  

~)t 2 

- - - - -  - N s =0,  

~ - N  4 =0,  

ON 6 
- - ' - -  = I0 ------- ~x~ 
~gN 5 
~ = I o  - - ' - - - -  

- buckling: 
dN l =0,  
dxt 
dN6 =0,  
dxl 
dN 5 
dxl 

/)2~1 
Ot 2 ' 

In this chapter we will limit ourselves to the case of an asymmetric cross-ply 
I V  

laminate IO,~)N, for which the following global stiffnesses are zero: 

Al6 = A26 = A45 = 0 ,  D i 6  = D 2 6  = 0, Bl6 = B26 = BI2 = B66 = 0. 
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11.5.  F l e x u r e  

The plate rests on two simple supports  at x n = 0 and x n = a I , the vo lume  forces 

are zero and the loading is defined by: 

q(xl )= qml sin ml~Xl . 
al  

: : /  ............................................................................. 

~0" ................................................................... X~'~"I 

2 /  ' - Z T /  
Figure 11.1. Plate in cylindrical flexure 

Introducing: 

du o dot l 
NI = All ~ l  + Bll dXl 

N 2 = AI2 
o dul 

dx I 

du o 
N 6 = A66 dx 1 

as well as: 
du o dcq 

M, = B l , - ~ +  Dx, dx----~ 

dYx 
M 2 = DI2 - - ' - -  

dXl 

M 6 = 0 ,  
and: 

N 4 = 0 ,  

Ns = KAs5 g/l + ) 
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in the global equations: 
dN--L = O, 
dXl 
dN6 =0, 
dxl 

dMI N s =0, 
dxl 

dM6 N 4 = O, 
dxt 

dN5 + q = 0 ,  
dxl 

we obtain the four equations: 
d 2u~ d 2 ~  = O, 

All dx2 +Bt"dxl2 

A6 6 d2u~ 

d2u~ 
Bll �9 dx~.,~ + Dtt dxt2 - KAss ~'t + ---dx~ ,J = 0, 

d~"~ ) d q / 1 +  , + q --- O. 
KA55 dx---~ dx 2 

The boundary conditions at x I = 0 and x i = a I are: 

du o dgfl =0, N6 =A66 duo 
NI = A I I ' ~ I  + B l l ' d x  1' ~ l  = 0 ,  

d .  ~ d~, ,  _ 0, ~ - 0. = , + D I I  Ml Bll dx t dx t 
The displacement field: 

ml~t" 1 N l U~' = U mt C O S ~  
0 I 

2 ml/lXl o U 2 = Uml COS -------- 
al 

U 0 = U 3  sin mlttxt 
ml 

a I 

q/l = tljl ml/13~l 
mt COS - - - - - - -  

01 
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satisfies the boundary conditions and the global equilibrium equations. Introducing 
the displacements in the global equilibrium equations, we obtain the system: 

[-r162 I ml~l~l:l 
t. al ,} t. a! ) mi COS al . =0, 

_ m l ~ l  ml~r A66Um 2, cos... = 0, 
[, a I ) al 

ml~" U 3 min i  _ _ ti~ 1 K A 5 5  rid I -t- COS 0 r  ml~ HI IU lmi ml~" D I I  m! - -  m I m I " = 

al ) ~ al J al a 1 

~ . .  U 3 miTs 
L a l  ml ml "l" q m  I s in----- -  = 0. 

t a, ) a, 

The second equation immediately gives U 2 = 0 from which u 0 = 0 
m I ~ 

After simplification, the three remaining equations lead to a matrix set: 

[/m'"/'A.. 0 1 
t al j C a, j r / ., o 

0 ml~ KA55 ml~ 2 C al ) al rA55 V 3, = , . 

( ) mill" fml;i ']  1 mlT/" BI 1 ~ KA55 KA55 + Dll 

The determinant of the set: 

a , ,  , a, 

-/m'~/~All~A~:/m,~/~ 
and the determinants: 

A l = m l ~  BIIKA55qm~ ' 

A2= re.l" l(,.A55+(rnl"] Dli All _ B2i, qmi, 
a~ t, a, : a, 
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A 3 = ml;~ AllKAssqml ' 

provide the solution: 

U I al Bllqml 
- 

m, = ml ~ al  IDI 1 _ B? 1 

U3 (a|) L 'al j 
m' = -m,//. KA55(AIIDI I_B? , )  

, _{a,) 
tPm' = m----~j A I I D l l _  BI21 " 

We then obtain: 
- for the displacements: 

u, = (Ulm, + x3~PIm, )cos m'za:' 
a 1 

u 2 =0 ,  

/13 = U 3  sin m~nxt 
m I 

al 
- for the strains" 

l ) ml~Cl rata" U t + x3LP t s i n - - - - - - -  E'I ~"- ' mj m I , fll a 1 

ml//' U 3 ) ml/l:Xl = tl jl + ms c o s - - - - - - ,  ~'5 ml al al 

E 2 = E  3 = E  4 =E  6 = 0 ,  
- for the stresses in layer k: 

ml~ o'/k : Q/~e, = - QA (Viral + X3Wm l ' )sin m,n:x, 
al a I 

k ( I ml~  U3 / ml/13:l 
crk5 = Q5kse5 = Q55 Win, + : m, COS-------, 

al a 1 
=o.  

(i = 1,2), 
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11.6. Vibrations 

The plate studied, subjected to no loads, is resting on two simple supports 
separated by a I . 

Introducing the global loads: 
Ou ~ i )~ l  

N~ = All-g---+ Bll ax, OXl 

igut ~ 
N 2 = AI2 't~Xl ' 

~u ~ 
N 6 = Af~ /)Xl 

Ou ~ ~9r 
M 1 =Bll  ~ '~l  +Dl l  ~x I 

M2 = Dl2 tgxl 

M 6 = 0 ,  
N 4 =0,  

N5 =KAs5 Yt'l + / 

into the global equations of motion: 
i92u 0 02 

ONI = io + it ~l 
~x~ ot 2 igt 2 ' 

ON 6 t~2u 0 
Ox--T = I ~  c~t 2 

OMI Ns  = I t i92u0 
Ox I "~t 2 + 12 t~t2 ' 

a2u o 
3M6 N4 = ii _...._2_2 
igx~ igt 2 ' 

/)N5 = I o/)2u~ 

we obtain the five equations: 
~2UO ~2{V" l ~2ulO 

All OX? + BII OX? = I~ Ot '~ + II --'----- 
0 2///'1 
~t 2 ' 
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a2u~ 02~ ~ 
A66 ax~ = #o : 0t 2 ' 

~ ~ l//, + = , t3t 2 t9t2 Bi, ax 2 +Di ,  ax ? a x i )  # +12 , 

0 = I I ~2u~ 
Ot 2 ' 

j ,o 

The boundary conditions at x i = 0 and x I = a i are: 
au ~ aCq = NI=AII-~xl +Bli-~x I O, 

i)u~ 
N6 = A66 ~ = O, 

~)u~ 8~1 =0, 
M ! = B, l ~Xl + D, , ~ x  I 

u ~ =0. 

The displacement field: 
u ~ U'  m,~oc, ) 

ml COS sin(tOtal = t + ( P m  t , 
d I 

U2 ~ U 2 ml/DCl (tO t +(Pm, ) = mt COS sin  ml , 
fi[l 

uO =U3m, sin ml/zXl sin(co,ait + tPml ), 
a l  

r I ~1 mlRXl (tO t + qTml ) = ml COS s in  mi , 
a 1 

satisfies the boundary conditions and the global equations of motion. Introducing the 
displacements into the global equations and after simplification, we obtain: 

I + m ! ~ ]  2 to2 ~pI 0, m l~' All 10tO2m, m, = - B l l  - I1 ml m i 
Lt a, ) 

m|,~ A~ - loCOm 2' mi 
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~,al  ) mt ml 
mllt 3 + KA55Um, a! 

1103 2 U 2 = 0, 
ml ml 

[( mlff/2Oll +gA55-12tO2 ~ m  =0, 
~ ,a ,  j 

2 
ml~ 1 mlJ/' KA55 _ lOtOm 2' 3 +----_ KA55tl/m t = O. mt al ~. a, ) 

From the fourth equation, we have U 2 = 0 from which u ~ = 0 
m I ' 

The three other equations can be put in the following matrix form" 

I( mllFI2Al l - I0o)  2, 0 
[, al ) 

0 ml 2 KA55 - lotOmt ... 

/ml--~/2 Bl, lltOm2t mlff - KAs5 
t " l )  al 

( m ]2Bl,  _ I,o, 2 
al ) mt 

mt 0 
ml~ U 3 KA55 m t = . 
al WI 

ml ( ml~r / 2 o,~ KA55 - 2o, 2, + 1 
al J 

This set has a solution other than the trivial solution U ! = U  3 =0 ,  ~F I = 0  ml ml m I 
for the values of tOm, which cancel its determinant, from which the equation for the 

natural frequencies in tOm~" 

][/ml/t ' /2 12(.O21 [(ml~r]2all-Ioto2,n,][(ml~Z]2KAs5- Ioto:, Oil + K A55 - ... 
L ~, al ) JL ~, at ) JL ~, Ol J 

. . . -  ~ KAs5 - lotom2 Bll - I l ... 
L ~, at J[.~, at m, 

] ... - KA55 All - 10tOm2t = 0, 
al al J 

of the form: 
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m i r a  2 m m 1 2  1 2  

with: 
A=Io(1012-I2), 

f l l  I l l  B = DII + KA55 102 + [(All + KA55)1012 - 2 B I I I o l  l 
Lt a, ) It a I ,) 

2 2 2 
/ ] m,a" 

C =  mln" mln" (AIr +KA55)DIII o +AllKA55 ~ 12 + I  o ... 

6 o-(m,"//o I IAI I  55 , 
a !  

are derived. 
For each value of m I we obtain three natural frequencies. 

11.7. Buckling 

The plate studied, resting on two simple supports at x I = 0 and x t = a t , is only 

loaded in compression - N O , with N O > 0. 

X3 
Xl 

" "" 0 

O Z ....." Xl 

Figure 11.2. Plate in buckling situation 

By introducing the global loads: 
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du o dq/l 
N I =All__-~t +BII dx I ' 

aU~ 
N 2 = Al2 dx I ' 

au o 
N6 = A 6 6 ~ ,  

dxl 
du o d~l  

M l = B , , - ~ +  D , ,  
dx----~ 

a t  

dip" 1 
M2 = Dl2 ~ ,  

dx l 
M 6 =0,  

N 4 =0,  

N5 = KA55 ~1 + | 

into the equations for global buckling: 
dNl =0, 
dXl 
dN6 - 0, 
dxl 

dMl N 5 =0, 
dxl 

dM6 N 4 =0, 
dx l 

dN5 N O d2u~ 
dx 2- = O, dXl | 

we obtain the four equations: 

d2u~ d2~t =0, 
All dx? +Bll dx~ 

d 2 u ~  _ O, 

BII dx? + DII dx? - KA55 e l  + dx I j = 0, 
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d2u7 ) d 2 
d ~ , !  + = - N O ~ - O. KA,,<~, <~, dx~, 

The boundary conditions at x I = 0 and x I = a i are written" 

du o dip' l 
N ! - - a i i - ~ t  + B I , - - ~ - I  =0 ,  

au~ 
N 6 = A 6 6 - - ~ 1  = 0 ,  

dup dip' l 
MI =Bli-~-i +Dll-~l =0, 
u~=0. 

The displacement field: 

/17 = U 1 ml~'Ifl ml  C O S  ~ ,  

a l  

2 ml~I : l  ii = U mi COS-" ' -" - - - ,  
al 

u~ I = U 3 sin-minxi 
till i 

a l  

l//' 1 = W I ml,rl:xi 
mi C O S  ~ ,  

a l  
satisfies the boundary conditions and the global buckling equations. By introducing 
the values of u~176 ~ and r into the equations of global buckling, we obtain the 
set: 

U I _ Bl ~pI ml~zX I 
- ~ All  ml -- ~ 1 ml COS = O, 

a l  ) a l  ) a l  

( / 2 
m l ~  U 2 mlT~'l - ~ A~ re, COS ... . . .  =0 ,  

t a~ ) al 
_ ~ i _ _ . _ _  m l ' r t ' U 3  (ml" I BllUml (ml'ff I D l l t l S / l - K A 5 5  tl/I + ml m I 

t, ai ) t. al ) al 

i [  } -KAs5 ~l Wire, (ml:CJ2U 3 +N['( U 3 
t, al ) ml al ) ml 

2 The second equation gives U = 0 ,  then u~ = 0 .  m I 

COS - - - - - - - -  

sin mln~c-------~l = O. 
a l  

ml#l~l = O, 

a l  
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After simplification, the three remaining equations provide the following matrix 
set: 

Im,"12a,, 
t, ai ) 

o ~ - : )  
( / ~ m: ml# Bi I KA55 
~, al ) al 

( ml__~ ]2Bll 
al ) 

mlff KA55 
al 

mln)2 DII + KA55 
ai ) 

1 
m I 0 

U 3 = . 
m! 

q,l 
ml 

The critical buckling loads are the values of N O which cancel the determinant of 
the homogeneous system, hence the equation" 

(miTl'14a I (KAs5 N~ KA55 ] Bl21 (KA55 - N~ 1 - I + - ( m l ~ )  6 .. 
t, al ) Lt ai ) t, a, ) 

...-(mi~r]4AiI(KA55) 2 =0, 
ta ,  J 

which is written as" 

t, ai J 
and for which the solution is: 

A,,(rA~) ~ N O = KA55- ( m:/~ (a..o..- ..2.)+ a . .  
al ) 

The critical buckling loads are given by: 

No=  _ 

al 
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Chapter 12 

Symmetrical multi-layer beams 
in tension-compression 

12.1. Introduction 

In this and the two following chapters we will study multi-layer symmetric 
beams, which are composites for which the ratio of width over length is small. 

The determination of equivalent stiffnesses allows us to use the formulae and 
methods currently used in strength of materials studies. 

The present chapter is devoted to the longitudinal behaviour of multi-layer 
symmetric beams in static and vibration loading. 

12.2. Strains, stresses, global equation of tension-compression 

The global constitutive relation for a symmetrical plate subjected to membrane 
loads may be written as: 

N = A e  0 or 

or, after inversion: 

e 0 = A -IN or 

i ,l it,, a,o r,~ N 2 = A,2 A22 ~=~/ /~~  . 
N6 Ale A26 A66 J[E 'O 

�9 "II re 0 A11 AI2 A,6 NI 
[e 0 =[al, 2 A22 A26 N2 . 
[E'~ L a16 A26 A~6 N6 

In the case of tension loading in the x I direction, we have: 
N 2 = N 6 = 0 ,  

and the global strains are equal to: 
0 * 

Cj = A I j N  1 , 

or :  

e ~ = A I I N  I , 
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with: 

and: 

E 0 = AI2NI ,  

eg = A l6Nl ,  

A;l = A22A66 - A~6 
A 

A.*~ = - Al 2 A66 - Al6 A26 
.,.1 z 

A 
A*,. = AI2A26 - A22AI6 
"-1o 9 

A 

A - (~l i a ~  - a,~)~ + ~ a l ~ a , 6 a ~ 6  - A, i A ~  - a~,_ A,~6, 

o r :  

1 Ou ~ 
N 1 = , 

All /)xl 
into the global equation: 

r ! c32u 0 
i)xl + Pi = I0 ~-~ , 

we obtain the equation: 

or: 
( * * k * )  O'1 k = Qlklall + QIk2AI2 + QI6AI6 N I ,  
( . , .  , . )  

0'2 k = QIk2AII + Q22AI2 + Q26AI6 NI ,  

0"~ = .Q~tAll  + Q26A,2 + Q~AI6  N , .  
e) 

From these calculations, the boundary conditions at the free edges of each layer 
tr2 k = tr6 k = 0 are not satisfied. However, globally they are satisfied. The stresses 
obtained from the theory developed above are not correct near the free edges where 
the stress state is three-dimensional. To minimize the influence of the free edges, the 
ratio of width over height of the section should be sufficiently large. 

By introducing the expression: 
~gu ~ , 

= A l l N  l , 
i)xl 

The stresses in layer k are determined from the expressions: 
o.k k 0 k * = Q q e j  = Qi jAl jNl  , 

~u o ~u o § ~_4_0 
~o_ ~u ~ ~o _ 4 - 

~ '  ~x2' ~ ~xl  
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with: 

l a2.p a2.p 
A11 0x 2 + P l : 1 0  ~ , 

N 

k=l 
N 

r ,  : ~ s ? ( z ,  - z,_,). 
k--I 

12 .3 .  S i n g l e  l a y e r  o r t h o t r o p i c  b e a m  

In this particular case, the global membrane stiffnesses may be written" 
Aj = hQij , 

with" 
-- El -- 
QII = , Q22 = 

l-v12V21 
E2 

1-  v12v21 
Vl2E2 v21El 

Ql2 = = 
l -  Vl2V21 l-Vl2V21 

The global compliances are given by: 

m 

Al I = A22 1 Q22 
ALIA22 - A22 h QtmQ22 -Q'I 2 

�9 l 
All = 

Eih 

l 
h 

E2 
1 - Vl2V21 

ErE2 
_ ) 2  (1 VI2V21 

v21EIVI2E2 ' 

O-v,2v~l) ~ 

�9 AI2 1 QI2 Ai2 = -  = 
Al l  A22 - A22 h QI IQ22 - QI~ 

l 
h 

Vl2E2 
1 - -  V 1 2 V 2 1  

EIE2 
_ )~ (1 VI2V21 

v 2 1 E i V l 2 E 2  ' 

O-v, ,v~ , )  ~ 
�9 1/12 

AI2 = 
Elh 

AI6 =0.  
The membrane strains are equal to: 

o e = AIIN l, 

E 7 = AI2N I, 
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e ~ =0, 
and the stresses to: 

trl = IAII +Q12Al2 NI = h 

m A *  ~ * - "  

0" 6 =0 .  
Also, we have: 

I 0 = ,oh. 

Multiplying by b the two members of the following equations: 

1 0 u  0 = El h Ou 0 
NI -  A11 ~X l OX'---~' 

/)N l 02u ~ 
~ + P l  =/oh 
Oxl 0"~ ' 

I ~2u ~ ~2u~ 
A~ l Oxl2 + P l : , o h  Ot" ~ , 

and putting N = Nlb , qo = Pl b and S = bh , we derive the classic equations: 

N = EI SOuO 

ON 02u ~ 
~ + q o  =pS 
()Xl ~'~ ' 

02.o o2.0 
E,S  i)x~ +q~ ='~ Ot ~ " 

12.4. General equations for beams in tension-compression 

By introducing, for multi-layer symmetric beams, the equivalent characteristics: 

(ES)o -- b 
A; 1 ' 

(PS)0 = lob, 
as well as: 

qo = Pl b, 
we obtain, in tension-compression, the following global equations: 
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a,,O 
N - ( e S ) o ~ x  ' , 

aN a2u ~ 
�9 + q o  = ( l S ) o  , ax~ 

a2u ~ 02u ~ 
(ES)o ax? +q~176 

If we assume, as we do in the classical approach for beam theory in tension- 
compression, that the displacement u I only depends on x t and on t, we have: 

u, = u~ lt), 
a,, o 

E l  "- ~ X  1 " 

For an orthotropic beam we have: 

or, k = e ~e ,  - e k a,,_~? . 
cgxl ' 

where E k is Young's modulus in the direction of orthotropy ~l of layer k. 

The axial load is then given by: 

or" 

with: 

N = a I d x 3 d x  2 = E 3 d x 2 ,  

2 2 2 2 

N=j~_2/, N z~ Ek ~ 3d~2 , 
2 t-I 

N -- (ES)o ~" o 

N 

(ES)o : b ~  e '  (z, - ~,_, ). 
k=l 

12.5. Built-in beam under its own weight and subjected to a force 

The beam OA of length l, mean plane (O[x 1, x 2), built-in at O is subjected at A 

to the force Fx I and to the action of its weight, x~ is descending vertical. 
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X2 

/ 
................................................................ i ............................................. i F ' ~  

/ I 
/ 0 ,4 

Figure 12.1. Beam in tension 

V 

Xl 

The integration of the equation of equilibrium: 
d2u~ _ qo 
dx? (eS )o ' 

gives, in the case where q0 is constant, the displacement u ~ 

duo qo C), 
- -  (eS)o  (x, + dxl 

u~ = - q(~s)o(~+Cx,+D), 
and the axial force: 

N-(eS)o eu~ dx:- = -q0 (11 + C). 
l 

The two integration constants C and D are obtained from the two conditions: 

~~ 
N(I)=F, 

from the system: 
D = 0 ,  

F = - q o ( l + C  ), 
the second equation of which gives" 

+ l  . 

The displacement u ~ and the axial load N are therefore equal to: x,[ / 
u~ (ES) ~ F+qo l -  , 
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N = F + qo ( l -  x l ). 
The elongation of the beam is equal to: 

uO(/)= l F + q 0 ~ -  �9 

We can find the expression for up by integrating the expression: 
du O, = N 

dx, (ES)o" 
The expression for the axial force is: 

N = F + q0( l -  x 1), 
so we obtain: 

u~ = (ES)o Fxl + qo lXl - + C . 

The built-in condition u~ 0, gives C = 0. 

12.6. Vibration of a built-in beam 

X2 A 

The beam OA, of length l, mean plane (Olx,,x 2) and subjected to no external 
load, is built-in at O and at A. 

L 

o ' I I  ..... ........ :~ ............................................ :: .......... ~ .... ....... a .... 
XI 

Figure 12.2. Beam under longitudinal vibrations 

The longitudinal vibrations of the beam are governed by the equation: 
02.0 ~2.o 

(eS)o 0x~ - ( , s )0  T,~ �9 
i t  

The solution to this equation, which satisfies the displacement boundary 
conditions: 
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.~ 

.~ 
is of the form: 

u~ = Un 1 sin nll:Xl sin((Ont + qln )" 
1 

Introducing this into the equations of motion we obtain the expression: 

(_~)2(ES)oUlsi n n~l sin(cont+~pn , -to2(PS)oUI sin nlz~l sin(wnt+qn ) 1 1 ' 
which, after simplification provides the natural frequencies: 

,,,~l(Esb 
~" =T~l(.S)o " 



Chapter 13 

Symmetrical multi-layer beams in flexure 
without transverse shear strain 

13.1. Introduction 

In this chapter we will develop the theory of beams in flexure neglecting 
transverse shear strains. We will examine flexure, vibration and buckling. 

Bernoulli's theory, used in the strength of materials approach, will be applied 
here. 

13.2. Strains, stresses, equations of motion 

The global constitutive relation of a symmetric plate subjected to flexural loads 
is written as: 

i ll io ~ o61i 1 M = Dx" or M2 = DI2 D22 D26 K'2 , 

M6 DI6 D26 D66 g'6 
after inversion it is written as: 

~c= D - I M  or 

/(6 [ DI6 D26 D66 M6 

In the case of flexure in-plane (Olx l, x 3 ), we have" 

M E = M 6 = 0 ,  
as well as the curvatures: 

Kj = D I j M  1 , 

o r :  

E l = D t I M  l , 
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with: 

K 2 = DI2M t , 

K 6 = D I 6 M  l , 

o;, = o2~o~ - o h ,  
D 

O:- = - D~ 2 O66 - D,  6 O26 
IL D 
* D12D26 - D22DI6 

Dl6 = 
D 

D = (DIID22 - D?2 )D66 + 2DI2DI6D26 - DIlD226 - D22DI26 , 

/)2u~ /)2uO 
K 2 =  ~)X 2 '  K6=-2~)XI~)X-"" ~ "  

and: 
0 O2U 3 

KI = ~)x 2 ' 

The expressions: 
b 2 u  o - . �9 ~ I .  

ax 2 -DI IMI. ax22 -O~2M~. aXlaX2 -~Ol6Ul .  

show that u~ depends on the two variables x! and x 2 . 

The term Dl2 is at the origin of a curvature of the mean surface of the beam in 
the transverse plane which is orthogonal to the axis of the beam. The contact of a 
beam resting on two simple parallel supports is not a line contact. 

When DI6 is not zero, bending-twisting appears which is superposed on the 
previous phenomenon. This bending-twisting is zero for symmetric cross-ply beams. 

These two actions mean that rectilinear contact cannot be maintained across the 
whole width of the beam when it is loaded. 

These phenomena can be neglected when the ratio of width over length is small. 

In this case we can assume that u ~ only depends on x I and t. 

or :  

The stresses in layer k are calculated from the expression: 

k * k * * )  
ty~ = x 3 Q l l D l l  +QI2DI2 +Q~6DI6 M l, 

( , �9 �9 , . )  
O'~ = X 3 Ql2Dil +Q~2DI2 +Q26DI6 M 1, 

( , �9 �9 , )  
0"~ = x 3 Q l 6 D l ,  +Q~6DI2 +Q~6DI6 M,.  
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These expressions show that the free edge boundary conditions are not satisfied; 
they are only globally satisfied. To minimize the influence of the free edges the ratio 
of height over width must be sufficiently small. 

The transverse shear stress tr~, in layer k, is obtained by integration of the first 
equation of local motion. 

In the case of flexure, the first equilibrium equation: 

0a l2  0al3 /)trl I + + 0,  
i)x~ Ox2 bx3 

is written, if we assume that u ~ only depends on x I �9 

b a  I O~r 5 - - - +  = 0 ,  ~x~ ~x3 
for o" 6 is independent of x 2 , hence: 

or~ = -  ~ d ~ ,  with Zk-! -~x3 -~ Zk. 
~ ' ~ 1  2 

The layer by layer treatment enables the stress o'~ to be written in the form" 

j=l )-t OXl - t ' ~ X l  " 

From the expression: 

( . .  ~0.) or: =x 3 Q:IDtI +Q:2D,2 +Q Din6 Ml ,  
and the global equilibrium equation: 

dM I 
- - - - - -  N 5 = 0 ,  
dx t 

we obtain: 
~,, . . , .)~ ()X"'-~'-x3(Q~IDI' + QIJ2Ol2 +QI6D'6 5. 

The transverse shear stress o'5 k can therefore be written as: 

�9 �9 ' ) ,r~ = -N5 Qi, O~ + Q:2O~2 + Q,~o~ (d(... 
j=l 1-1 

�9 .. + QIIDII + QI2DI2 + Qlk6Di6 ( d (  , 
t - I  
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or: 

" " ) 
~ __N, e?,o,, +e/~o,~ +Ql6o,~ -z~_, ... 

2 i.j= l 

, .  �9 )} �9 ..+(Q, lO,, +Q,~Ol~ + ~ o , 6 ) ( ~ - z ~ - i  �9 

The global plate equation: 
o~2M 02M6 ~92 , M= a=,, ~ a~u ~ a'-u ~ a =.~ 

ax? +2  + ~ - N  O - 2 N  ~  O ..... + = I  o , ax,ax~ ax~ ax? axlax2 ax~ q -at "~ 
reduces, for beams, to the following: 

a2M a2,, 0 a2u o 
1 N o + i0 

ax? ax? q- ~i ~ '  
with: 

N 
1o :Ep'(z , - z ,_ , ) ,  

k=l 
N 

q : q3 + E f~ (Z, - Z,_l ). 
k=l 

By introducing the global flexural moment: 
1 / ) 2 u ~  

M I = - ~  " a x ? '  DII 
we obtain the equation: 

- D,,*/)x----~- NO "/)x 2 + q = I0 ~ ' a t  2 
/ 

which in the following particular cases becomes: 

- flexure: 
1 d 4u ~ _ 

Dll dx~ q 
- vibration" 

1 O4u~ 02 0 
DII aXl4 + i  0 u 3 - 0  

- buckling: 
l d4u_____~_~ + No d2u 0 

o;, dx~ dx? - 0 .  
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13 .3 .  M o n o l a y e r  o r t h o t r o p l c  b e a m  

The global flexural stiffnesses are equal to: 
h 3 

Oij = "i'~" ~ j ,  

with' 
- -  E l - -  E 2 
QII = , Q22 = , 

1 -  v12v21 1-v12v21 

QI2 = 
Vl2E2 _ v21El 

m 

l-Vl2V21 1-VI2V21 
The corresponding global compliances are equal to: 

, D22 _ 12 Q22 _ 12 
D,, = D,,O22 - D22 - h 3 Q,,Q22 - ~ - 2  - E, h 3 '  

DI2 = _ Dl2 12 Qt2 
D,, D22 - D22 h3 Q, ,Q22 - 0l  2 

III 

DI6 = O. 
The strains are given by: 

I:; 1 = x3DIIMI  , 

e 2 = x3DI2M 1, 

E 6 = O, 
and the stresses by: 

( " " )  12x3M, 
o" t = x 3 Q-IIDII +Q-12DI2 M I = h3 

�9 .) 
0"2 = X3 2Dlt +Q'22DI2 M l =0 ,  

12v12 
Elh3 ' 

0' 6 =0 ,  

N5 (0"IIDII +0"12012 x 2 6N5 - x ~  0" 5 = - 7 -  --~--  = "h3 ... 

. . . -  

Multiplying by b the two parts of the following equations: 

OMl N 5 = 0 ,  
0x I 

1 ~92u ~ Elh 3 02u 0 
M I =  

Dll 0x 2 12 0x 2 
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~M, No a:u~ a:u ~ 
~)x-'--T - ~)x ~ + q = I~ ~)t 2 ' 

~:u o ~,u o Elh 3 ~4U 0 N o + ph 
12 ax 4 ~)x 2 q =  Ot "i ' 

and putting: 

M A =MIb ,  T3=Nsb ,  N ~ 1 7 6  qo =qb, 

we obtain the following well-known expressions: 
/)M f2 

T3 "~ ~ ,  /)xl 
O2uO 

Mf2 =-E1122 ~x'~ ' 

a2M a2,,~ ;)2,,~ 
f 2  0 . 

~x? - N  ~ ?  +qo = ,os ~ , 

~.o _No~2.o 02.0 
- E'122 "i)x"~ ~)x 2 + qo = pS -Ot ~ . 

bh 3 
S = b h ,  122= , ,  

12 

13.4. General beam equations 

In this section, we will write the global equations for beams in flexure with the 
notations used for isotropic beams. We will detail these equations in the case of 
flexure in the plane --(Olxl,x a) and in the plane --(Olxl,x 2). It will be assumed, as for 
the classic flexural theory of beams, that the transverse displacement only depends 
on x 2 and t. 

13.4.1. Flexure in the p lane (O[x t , x 3 ) 

Introducing, for symmetrical monolayer beams, the equivalent characteristics: 

(El)0= b 
D l l '  

(,OS )o = lob '  
as well as: 

qo = qb, 
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we obtain, in flexure, the global equations: 

n =-(E~)o ~ 
t~2U~ 

M f2 =-(EI)o ~X i ' 

~2Mf2 _NO~2U 0 ~2u~ 
/)x? ~gx? + q ~ 1 7 6 1 7 6  Ot 2 

041/0 
- (e~)o 04 

~ _ N O O 2 U  ~ 02u ~ ~x-T+qo-(~)o ~-,~. 
This case corresponds to that we used in the general composite theory. 

o l i ; ;~i i  ..................... -:::::":""' 

'-x 3 OI; 
Xl 

Figure 13.1. Beam element deformed in the plane (O]xt.x 3 ) 

In addition, starting from the displacement field defined by: 
u(MI,)-- u(o~l,)+ a(,)• 

with: 
u(o~l,)-.~ a(,)--~x~ a.d O~M--~:x~+x,x~, 

we obtain the displacements: 
U I = X3Ot2(Xllt), 

u 3 = u~ lt). 
The strain tensor therefore has the components: 

0a2 
E I = X 3 (~Xl ' 

E5 =2E13 = ~ + ~ 2 "  

Ou~ from which' The hypothesis that e 5 = 0 gives a 2 =-t0x----' 
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~u ~ 
U 1 =--X 30~XI ' 

02U 0 

~'l = -x3 0x 2 �9 

The axial stress in layer k of an orthotropic beam: 
O2u o 

tY ~ = - E k x 3 -Ox--~l , 

where E k is Young' s modulus in the direction of orthotropy xl of layer k. 
By definition, the flexural moment is equal to: 

b h 

M f 2  = x2 "~bJ~_2h_ (x2X2 +x3x3)xO' lXldx3dx2 , 
2 2 

or:  
b h 

Mf2 =f_-2bfSh O'lX3dx3dx2, 
2 2 

from which: 
02U 0 

M f~ = -(e~)o ~ i ' 

with" 

(EI)o : e '  x2dx,dx2 = -~ 
2 2 k=l 

A positive flexural moment results in a negative curvature. 

The global beam equations are written: 
0M/2 

0x 1 

~2M A 

~ - T 3  =0, 

~ _ N O  ~2u 0 ~2u~ 
~--T+qo = (pS)o ~,~ 

The shear force is given by: 
O3u~ 

OM f2 _(El)  0 - - - -  , 

T 3 :  0x-----~- : 0x? 

and the flexural moment by: 
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0 
= 3 M/~ -(el)o ~)2~ 

2 " Oxl 
The global beam equation can be presented in the form: 

~~ o~o ~o  
-(E~)o ~ ,  - N ~ + qo = (~)0 ~ 

13.4.2. Flexure in the plane (O[x!, x 2 ) 

This is the case generally used to present beam theory in strength of materials 
studies. 

X2 

X! 
0~: 

F i g u r e  13.2. Beam element deformed in the plane (Olx I , x 2 ) 

The displacement field is expressed" 
~(MI~)- u(o~l,)+ a(,)• o~M, 

where: 
U(O~:it):u~x 2, a ( t ) = c t ,  x a and O x M = x 2 x  2+x3x a. 

The displacement vector has the components: 
Ul = -X26t3(Xllt ), 

u 2 = u~ lt), 
and the corresponding strains are equal to: 

0or 3 
e, = - x  2 03xi, 

e6 =2el2 /)U~ 
= ~)Xl -- 6t 3. 

The assumption e 6 = 0 leads to: 
au~ 

a3 = ~ x ~ '  as well as: 
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0u O 
U 1 ----X3 ~X 1 ' 

02u~ 
E, =-x2 axe" 

The axial stress in layer k, of an orthotropic beam is equal to: 
02u o 

'~=-e~x' ax?  ' 

and the flexural moment to: 
b h 

Mr3 = x3 "~_2b~_2h (x2x2 + / 3 x 3 ) x o ' l X l d x 2 d x 3  , 
2 2 

b h 

M f3 =- f2b f2h  O'lX2dx2dr  3, 

2 2 
or: 

with. 

u:, = (el)o ~:u~ ~x? 

(EI)o = E*x~dx2dx3 = ~ E(y3-y~_,). 
2 2 k=l 

Contrary to the previous case, here the flexural moment and the curvature have 
the same signs. 

Since: 
b h 

~__bfjhO'lX2dx2dx3=-Mf3, 
2 2 

the global beam equations are given by the following expressions" 

()Mr3 T 2 = 0 ,  
/)x I 

a2Mf3 _NO o~2u 0 o~2u 0 
~)x 2 ~)x 2 + q o : ( P S ) o  0t 2 

where the flexural moment and the shear force are given by the expressions: 

u:3 : (E1)o ~ o  
~x~' 
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i .  = - - .  = , , . .  

3 " T2 OX 1 aX 1 

The global equation is written therefore: 

- (et)o O4u~ a~. ~ a~u ~ 
a x ~ - N ~  Ox--7 -+q~176  P " 

13.5. Simply supported beam subjected to sinusoldal loads 

The beam OA of length I rests at O and A on two simple supports. The beam, of 
mean plane (Olx 1, x 2) is subjected to a sinusoidal load: 

qo = qn sin tl//:Xl 
l 

X3 ~k '~ qOX3 

O 
A / \  xl 

Figure 13.3. Beam subjected to a sinusoidal load 

The global equilibrium equation is written: 
d4u~ 

- ( E I ) ~  dx~ + q ~  

and the boundary conditions are: 
u~176 
M f2 (O)= M f2 (l) =0, 

with: 
0 

= 3 M :2 -(el)o a 2~, 

The transverse displacement: 

u ~  U3 sin nnx' ' 
l 

satisfies the boundary conditions and the global equilibrium equation. By 
introducing it into the latter we obtain the expression: 
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[ = 0 
which has as solution: 

U3 h = 1 4 

hence: 
( l )  4 

u~ n-~-n (Eqln)0 sin n ~ '  1 

13.6. Vibrations of a simply supported beam 

The beam OA, of length land  mean plane (Olx~,x 2), rests at O and A on two 
simple supports. 

The transverse vibrations of the beam are governed by the equation: 
()4U~ ~)2U0 

(e~)o ax~ + (pS)o a, 2 = o. 

The boundary conditions are: 
u~ .~ o, 
MA (~t)= M f2 (I~ )=O, 

with: 

Mf~ =-(E1)o ~ 
The boundary conditions and the global equation of vibration are satisfied by: 

uO(x[t)= U 3 sin n~!. sin(w nt + ~on ). 
l 

The equation of motion which becomes: 

[ / / /   ] 3sin = 0 4 (El)0 - (/3S)0 o)n l 

provides the natural frequencies: 

co n = - -  / . , ' ,  w i t h ' n  =1,2,3 ..... 
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13.7. Buckling of a simply supported beam 

The beam OA of length l, has the mean plane "'l,Olxl,x 2). It is articulated at O 
and rests at A on a simple support without friction. The beam is only subjected at A 
to the compression force - F x l ,  with F > 0.  

, , ,  , |  

. . . . . . .  ~ , ,  , | ~  

o . . . . .  / / / / /  
Xl 

Figure 13.4. Beam buckling 

The differential equation of global buckling is' 
4 0 2U~) d u 3 d 

(E1)o dx--T+ p ~ =o, dxt 
and the boundary conditions are written as: 

,,~ ~~ 0, 
M f2 (O)= M f2 (l)=O, 

with: 

M f~ = -(El  )0 d2 u 
axe" 

The transverse displacement: 
n/ix! 3 s in--- - -  

1 
satisfies the differential equation of global buckling and the boundary conditions. 

The buckling equation which becomes: 

4(El)0_ n_.__ F U2sinnm-----L=o 
l 

leads to the critical buckling forces: 

F~- ~ (E~)0. 
For the first buckling mode the critical force is: 

F l =  . 
12 
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Chapter 14 

Symmetrical multi-layer beams in flexure 
with transverse shear strain 

14.1. Introduction 

Having considered beams neglecting the transverse shear strains, we will now 
examine the influence of these strains on the transverse displacements, the natural 
frequencies and the critical buckling load. 

The theory presented in this chapter corresponds in strength of materials to the 
Timoshenko beam theory for flexure. 

14.2. Strains, stresses, global equations 

The global constitutive relation for a symmetric plate in flexure is written: 

iol ~ O61I IL l tN, ra~ M2 = Dr2 D22 D26 K2 , = N5 A45 
M6 DI6 D26 D66 K6 

A55 e5 ' 

and after inversion: 

with: 

and: 

'~'l [0;, 0,'2 
,r Lo,'~ D26 

DI6 Mt , 
D~6 M2,  e4 I A~ A45 N4 

�9 e5 ='K" A~ 5 '455 N5 ' 
D66 M6 

i)r i)r i9r /)r 
KI = ' -~X 1 , lr = '~x 2 , K6 = ~  + 19X'--"~ 

6' 4 = ~'~2 + 1//2 , 6.5 = ~ x  1 + 1//1. 
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In the case of flexure in the x2 direction, we have: 

M 2 = M  6 = 0  and N 4 = 0 ,  
hence: 

a n d :  

with: 

and: 

~ 1  * 
= DI I M I ,  

c3x l 

c3~," 2 , = D I 2 M  1, 
c3x 2 

3u 2 * J..~l + = DI 6 MI, i9x2 ~x~ 

~ 

~ + r = N5, 
/)x 2 K 

/)u 0 A55 
~ + q / l  = L N5 ' 
tgx I K 

DII = 
D22 D66 - D e  

D 

* . . . .  DIE = DI2D66 - DI6D26 
D 

�9 D12 D26 - D22 Dl6 
D16 = 

D 

D = (011022 - 022 )066 + 2 0 1 2 0 1 6 0 2 6  - 011026  - 0 2 2 0 ? 6  , 

A ~  "--" 
A44 

A44 Ass - A425 ' 

A45 = -  A45 
A44 A55 - A25 

From these expressions ~l ,  I//'2 and u ~ depend on x n and x 2 . 
As in the previous chapter, when the ratio of length over width is large, we can 

assume that ~'l and u ~ only depend on x I and on t. 

The stresses in layer k, determined with the help of: 

tr~ = x3Q ~ x j = x3Qi~ D IjM! (i, j : 1, 2, 6),  

aj5 (i,j 4,5) 
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are written: 
( �9 . .) ~,~ -x~ Q,~,o,, + Q~o,, + Q,~o,~ M,, 
( . , .  . )  

O'~ = X 3 Olk2Dll +Q22DI2 +Qk6Ol6 M I, 
, .  

r = xs Q D~ +Q26Dt2 +Q Dr6 M~, 
and: 

1 (  �9 , . )  
0"4 k = "~" Q~ A45 + Q,15 A55 Ns, 

l ( , .  Q, .) ~ = ~  Q45A45 + 55A55 Us. 

The boundary conditions for stress at the free edges of the beam are not satisfied. 
Their influence is minimized when the ratio of height to width is sufficiently small. 

The global plate equations in flexure reduce to two equations: 
a2~t 

tgMI N5 = 12 ~'i~ , 
igx I 

c~21,. 0 ~2uO 
t3N5 NO_____+ Io ______ 
O~X 1 0X? q = t~t 2 ' 

which, after the introduction of: 
1 i)l//1 

M I =  , 
Dll i)xt 

N5 = -5-A,~,~ + llr l 

are written 

O?, ~)x 2 A;5~/)x, +1/I'1 =12 0t 2 , 

K [~,, ~ ~"3 ~"~ ~,,o 
A55 Ox 2 + ~ - N o tgx----T + q = Io -----L * ~ t  2 " 

In the following particular cases we have: 

- flexure: 

o;, ~? a;, -~, +~" -o, 
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K ( d2u ~ dyq ] 
A , 5 ~ d x  2 .  + dx, ) + q = 0 '  

- vibration: 

DIll 02q/10x 2 a55K ( Ox, ] 02q/l I + l//l = 12 , �9 t~t  2 

Ai_,_,_55 L Ox +-~x l = l o ~ , 0 t  2 

- buckling: 
1 d2~,  K (du~+~,) 

-'0~ 
D;, dx 2 A5"5 ~ dx, 

K[~u ~ d~,)_No~U~ 
A; 5 dr2 +'--~-I dr 2 =0. 

1 4 . 3 .  M o n o l a y e r  o r t h o t r o p l c  b e a m  

In addition to the global stiffnesses: 
�9 12 �9 12v12 

DII - 3 ' DI2 = 3 ' Elh EIh 
we have: 

�9 1 1 
A55 = ~ = ~  

A55 Gl3h 

The strains are equal to: 
c I = x3DliM t, 
E 2 = x3Di2Mi, 
e 5 = A55_ Ns, 

K 
E 3 = E 4 = E 6 = 0,  

and the stresses to: (~, . . )  12x~ 
tr I = x 3 i Dll + ~ : D l 2  M l = - - ~ M l ,  

�9 _ .) 
0" 2 = X 3 2 D l !  + Q 2 2 D I 2  M I = 0, 
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lit 

- -  A55 
0'5 = Q55 - - ~  NS, 

0" 3 =O" 4 =O' 6 =0. 

Multiplying by b the two members of: 
1 a~l El h3 a~l 

M I = , - _ _ ,  
Dll ax~ 12 ax l 

N5 = . - - ; - ' - 7 - -+ r  = KGI3 +r , 
A55 

O2~l 
~ N5 = 12 , 
ax, ~t ] 

aN5 N O a2u~ ) a2u ~ 
ax I ax 2 + q =  I o - - - L  oqt 2 ' 

EIh12 3 021//,1 KG h(1-37"_au~ ) _ ptz 3 ~)2r 
at 2 '  

((~2uO (~///1) O2uO ~ - -  8X? O21l~ at 2 
KGI3 h ax'--7--+'~xl - N  o + q =  p/, , 

and introducing: 

M A =Mib ,  

we obtain the following expressions: 

M I'2 = El 122 (gxt , 

T -- KGIsS ~ + Nl , 

() 2u l aM A T = 122 - - - - - ,  
8xt at 2 

aT N O a2u ~ 
ax~ ~ x ?  ' + qo = p s - - - -  

T = Nsb, N~ = N[ )b, qo =qb, S =bh, 

~2uO 
Ot 2 ' 

a'-~'-----L' - S( a.~ ) a~,. E,I~ a~ K~., L-gTx ' +~,. =/~ a' ~ . 

KG'3S oX~ + W - NO ax---'~l + qo = ,oS -at 2 . 

bh 3 
122 = - - - - - ,  

12 
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14.4. General beam equations 

As in the previous chapter, we will detail the equations for flexure in the planes 
(O}x 1, x 3) and (O[x I , x z). 

14.4.1. Flexure in the plane (Olx I , X 3 ) 

Introducing, for multi-layer, symmetric beams, the equivalent characteristics: 
b 

(E1)o = - -T"  , (PS )o = l o b '  (KGS )o - Kb , 
Dll A55 

as well as: 
qo = qb , 

with: 

and: 

�9 A44 
A55 = 

A~ A55 - A~5 ' 
N 

Aij = 2 Q ~ ( z ,  - Z , _ , ) ,  
k=l 

(pt)o = 12b, 
we obtain, in flexure, the following global equations: 

M I~ = (E1)o ar 
~gx I ' 

r~ = (KOS )o + ~, , 

OM:~ T3=(Pl)oa2CVl 
Oxl ~ i  ' 

aT3 N o a2u~ I ~  a2u~ ____2_3 . . . ,  + qo = tt-~lo , Oxl ot 2 dx~ 

a~,, _(KOS)o[~U~ / ~ ' ,  (el)o,~x? ~-~, + ~, = CO/)o ~,~ , 

(KGS)~ ~9x21 +-~xl - No qgx? + qo = (PS)o - ~  �9 
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With the following expressions for the displacements' 
U l = X 3 a 2 ( X I I t ) ,  

u 3 = u 3 ( x l l t ) ,  

we obtain: 
- the strains" 

Oa2 
e I = X 3 0 X  1 ' 

Ou 3 
e 5 = OX 1 + Ot 2 , 

- t h e  stresses in layer k of an orthotropic beam: 
Oct 2 

- t h e  flexural moment: 
b h 

~_~ ~_~ tYlX3dx3dx2, M f 2 =  b h . 

2 2 

~ ~~~;(z3_z: ,), M f2 = (El)o W '  with (El)o = ~ ,=t 

- the shear force: 

r~ - (A:~S)ot ~ + , ~  , 

with: 
b h N 

~S/o  = I~ I~ ~ , . , ~ 3 ~  -- ~ 2 ~ : ~ z , -  ~._, ~. 
2 2 k=l 

The global beam equations: 
0M r3 = (pt )o ~ f2 

OX 1 Ot 2 

aT 3 _NO a2u 0 a2u 0 
bx2 1+ qo = (PS)o ~i $ , Ox| 

I I  

are written, after introduction of the expressions for M f2 and T 3 , in the following 

form: 
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(EI)oO2t~2_(KGS)o( Ou~ ) 020~'2 ax 2 ~ + ct2 = (Pl )o 79,2 , 

~? + qo - ( ~ ) o  5~ �9 

14.4.2. Flexure  in the p lane  (Olxl, x 2 ) 

From the expressions:  

u I = -X2~3(Xllt), 
u 2 = u~ 

we obtain: 
Oct 3 

E' l = - x  2 0x I ' 

Ou o 
e 6 - 0x I - 0:3, 

as well as: 
053  o'~ =-Ekx2 0x, ' 

or: 

The flexural m o m e n t  is equal to" 
b h 

Mr3= -~__b~_h ~ 
2 2 

00  3 b 
M f3 = (E1)o "~x l , with (E1)o = 

and the shear  force to: 
b h 

/'2 = J~_2b J~_2h C76 dx 2 dx3, 
2 2 

or" 

k=l 

~ (au2_ ) N ~ --(K~S,ot, ~ ,~ .wit~ (K~S)o - - , ~ Z ~ 2 ( y ~  - y , l ) .  
k=l 

The global beam equat ions can be written: 
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or." 

OM f3 ~2 
+T~ = (pl)o a3 igx~ Ot 2 ' 

aT2 N O i92u~ ~92u~ 
�9 , + qo  = ( p S ) o  8x~ ax~ Ot 2 

a 2 a 3 ( O u ~ ) O 2 a a  
(e;)o~ x ? +(KCS)o -~-,~ =(P~)o ~,: ,  

(KGS)o(O2u~ aa'3 ) _  NO ~ c~2u~ 
~gx? ax, .... ~gx? '+ qo = (j06')o ~t ~" ' 

14.5. Simply supported beam subjected to a sinusoidai load 

The multi-layer beam OA, with mean plane (Olx I , x 2) and of length l, rests at O 
and A on two simple supports. It is subjected to a sinusoidal load: 

qo = qn sin nml - _ . _ . _ . _ _  

l 

x3 l 
O !i 

!1 

__ T q~ 
! 
i 

x I 

F i g u r e  14.1. Beam subjected to a sinusoidal load 

The global equilibrium equations are written" 

(El)od2~'-(KGS)oIdU~ ] ~? -k-7 + ~,, -o, 

(KCS). ~?,, + + qo - o, 

and the boundary conditions are' 
0 ,,~(o)-,~(;)- o, 

My2(O)=Mf,(1)=O, 
with: 
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M A = (E1)o d fftl" 
dxl 

The displacements field defined by: 

u 0 = U3 sin mCXl , 
l 

n ~  1 u = "In cos-------, 
l 

satisfies the equilibrium equations and the boundary 
equilibrium equations provide the system: 

[ ( 7 ) 2  (El)0 ~Fn l +(KGS)o(n~ru3 1)] nn:xl --~ . + % ;  c o s  - = o ,  
l 

{ }no, (KGS )o U 3n + T n - qn s i n ~ = O ,  l 

which can be presented in the form: 

(7)~(~,to +(,,os,o 

"l" (KOS)o 

n~r (KGS)o --7 L~:]-[o.]" 
Given the values of the determinant of the system: (//4 

A = n___ (E1)o (KGS)o, 

and of the determinants relative to the two unknowns Wn l and U3" 

] At =----~nff (KGS)o qn, A 2 = (E1)o + (KGS)o q,,, 

the solution to the system is: 
~ 1 =  l 3 

(e~)o ' 

- - ( e t ) o  + (KOS)o 
q,,= ~ 1+ (~)',~,lo,,,os,o 

Finally, the displacement field is defined by: 

conditions. The two 

///2 ,o,0 ] qn 
(KOS)o (U)o 
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( l )3 qn nztxl 
~',- ~ ~~0c~ --' 

n~r (KGS )o El )o sin-----.l 

The maximum deflection, obtained at x I = ~ ,  is equal to: 

u2 -- ~ l + ( KCS )o (El)o" 
If we ignore the transverse shear strains, it is equal to" 

~-3 = - ~  ( eI  )o ' 
and the relative variation of the deflection is: 

--3 = - -  (KGS)o Un 

14.6. Vibration of a simply supported beam 

The beam OA of l e n g t h / a n d  mean plane (Olxl,x2), rests on two simple 
supports at O and at A. It is not subjected to any given load. 

The transverse vibrations of the beam are governed by the two equations: 

021g-I - (KGS)~ igu~ ) 021//1 
( U ) o  ~x~ ~ + ~'' = (pt)o ~,~ , 

~2,,o = (pS)o (K~S)o ox? +-~x, ~3~" 
The boundary conditions are written: 

~ o, - 

(o l , ) -  = o, 
with: 

M:~ -(U)o ~'~. Oxl 
The following expressions for u~ and q/l" 
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u~ = u~ sin nml sin(to n' + Cn), 
l 

nn:xl sin(a~nt + (Pn), ~,(x, lt)='V~cos t 
satisfy the boundary conditions and the global equations of motion which become: 

2 1 ] nn:ql sin(rant + q~n )= 0, �9 - (O~)o o,~ ~,~ ~os  o o 

{, ] t n/l" i 2 3 n;lPr 
- -  O)n U n  l KGS)o U~ + T L F ,  (PS)o sin sin(m,,t +q~n)=O. 

After simplification, we obtain the system: 

( 7) '  (~,)o + (,<~S)o - (,,,)oO,, n___ 2 

n~r (KGS)o 
l 

]'~ (,,,~S)o ]Iv.' 

which has a solution other than the trivial solution W2 = 0 and U~ = 0 for the values 
of co n which cancels the determinant of the system. The equation for the natural 
frequencies: 

(U)o + (KCS)o -(a)oO,~ (KCS)o -(PS)oo,~ . . .  

-I/~,OS,o]~ :o, 
is written: 

or :  

] (Pl)o(PS)ocO 4 - (EI)o + (KGS)o (PS) O + 

... + ~-~ ( E 1 ) o ( K C S ) o  - o,  

(KCS)o(RI)o 2 
~ (1) n . . .  
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~. /~,l~ +/,,/---7 + (~,/----7 (_~_I4 (EI)o(KGS)o 
+ (p~)o(pS)o =o. 

or: 

The discriminant of this equation: 

__1 ~ I,,~os,o], (,,,~)'[(U)o (KCS)o + 
a =t-T) L(P~)o + (pS)o (p~)o " 

"'" + --i- (Pl )o L (pl )o + (ps )----~ - (pl )o (pS )o 

, :(/)4[,,,,o ~~o ,,o,,o ], ~o  + r ,,os,o ], (--fly; ... 
+2(~) ~r I o + (p,)o [(u ( )o], "'" (pl m (pS),, 

is positive. 

The natural frequencies are equal to: 

2 1 n~r 
o, . . ,=~ 7 -  (p~ + (~)o 

(KCS)o 
(pt)o '" 

I{( "'" (pll~" + ~  ,,os,o] ,,os,o} 
(pS)o + (p,,)'---~ - (ol)0 (pS)o 

...+ ):2 (El (KOS).__..__~o 
(p' l: + (~ )o 

(KCS )o ] (KCS )o 
(~)o + (V~)-----7"" 

//, i ,,o, osio t -4( (p~)o(~)o 
For each value of n, there are two natural frequencies. 

If we neglect the inertia of rotation, the two global vibration equations may be 
written" 

(U)o ~ ,o1~~+~, =o, 
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(a2. ~ a~.) a2., ~ 
(KGS)o ax? + ~ = (IOS)o ~9t:z 

With" 

.~  v .  ~ sin nnxi sin(w.t + (0.), 
1 

i',.I~ I " ~ '  si.(~o.t+ ), ~ , , , ~ , , , , - v .  ~o~ , ,  ~. 
l 

we obtain the system: 

,.,(,os,o ]r 
i [" l ) (?)2 JLu~ = ~"" (KaS)o (KaS)o - (pS)o ~o. ~ 

l 
and the equation for the natural frequencies: 

~(Et)o(KaS)o (e~)o + (KCS)o (PS)oo,. = 0.  

for which the solution is" 

~ 0 7 1  " - -  , . .  . 

1+ (KaS)o 
The values of natural frequencies thus obtained are lower than those calculated 

neglecting the transverse shear strains: 

~"~ - COS)o ' 
the corresponding relative error is equal to: 

2 CO n - ~ n  2 1 

w--~ 1 + (KGS )o 

14.7. Buckling of a simply supported beam 

The beam OA, of length/and mean plane (OIx l ,x  z), is subjected at A, as shown 

in figure 14.2, to the force - F x l ,  with F > 0 .  
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,= i ,,, ' t d  

~lAo . . . . . . . . . . . .  " w ,  / / / / /  A T ~  

Figure 14.2. Beam buckling 

Xl 

The differential equations for global buckling are written: 

d 2c/t - (KGS )~ _ _  I (e,,)o - ~  + ~,, =o, 

and the boundary conditions: 
. ~  (o) = . ~  (l ) = o, 

MA(O)=MA(I)=O, 
with: 

M/~ = (El)0 d~,,. 
dxt 

The buckling equations and the boundary conditions are satisfied by: 

u 0 _- U3sin nml  , 
l 

1 ntt:~ 1 
~gl = ~n cos 

l 
Introduction into the buckling equations leads to the two expressions: 

tt3+'vl  cos, ~=o, ~(ei )o v~' + (,:CS)o -7- l 

(KGS)o U3 +-i- tFl - FU 3 sin n.n:x! = O, l 
and the system: 

+,,os,o 

"'~ (KCS)o 
l 

[+, 
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which has a solution other than the trivial solution for the values of F which cancel 
its determinant, that is for the F solution of the equation" 

The critical force of the buckling mode n is equal to: ( )2 
/ (El)o 

/ / )  2 
r~ - (e~)o .  

The corresponding relative error is: 

F n_-  F n = 1 - 1 .  

F~ ~+ (k-6~)o 
The first buckling mode is characterized by the critical force: 

~2(EI)o 
F I =  12 . 

1+ l~(,:CS)o 

These values are lower than those obtained when we neglect the transverse shear 
strains: 
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Chapter 15 

Global plate equations 
neglecting large transverse displacements 

15.1. Introduction 

In this appendix, we present the plate analysis equations, integrating the local 
equations when the three absolute values of displacements are low in comparison 
with the plate thickness, and when the absolute values of the components of 
displacement vector gradient are much lower than one. 

We will limit this study to the resultant forces and moments and the inertia 
forces in the Reissner-Mindlin and Kirchhoff-Love type analyses. 

15.2. Hypothesis relating to plates 

A plate is a continuum limited by two parallel planes corresponding to the lower 
and top surfaces of the plate, and by a cylindrical surface (edge of the plate) 
orthogonal to the faces of the plate. 

The middle plane of the plate is equidistant from the lower and upper surfaces 
and these are separated by a distance h. 

The middle plane of the plate is located in the plane (Olx,,x 2) of the reference 

axes (Olxi,x2,x3). 
The rectangular plate as shown below has the middle surface represented by a 

rectangle, the dimensions of which are a I and a 2 respectively. 
The plate is specified as "thin" if the thickness is small in comparison with the 

middle surface dimensions, which is the case when the thickness to characteristic 
dimension of the middle surface ratio is lower than 1/20. The term "moderately 
thick" is used when the ratio is between 1/5 and 1/20. 
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a2 
O . . . . .  _ A  

y../| ....... "~ .................................................................. 

i , 

x2 

Figure 15.1. Thin plate 

In this appendix, we assume that the absolute values of displacements u i are 

small in comparison with h and that the absolute values of the partially derived 

functions - ~  are less than 1. oxj 

15.3. Reissner-Mindlin and Kirchhoff-Love plate theories 

In these two plate analyses, we are assuming that u I and u 2 depend on x I , x 2 , 
x 3 , and t, and u 3 depends on x i , x 2 and t only. The chosen displacement field is 
written as: 

. ,  - .0(x, ,  x.I,)+ x,~,(x,,x~l,), 

.~_- .o (x l .x~ l , )+  (x,.x~j,). 

.3 - .0(x, .  x~l,), 
The strain field is then defined by: 

Ou ~ O~ 1 2e ! ~)u~176 (()1]/'1 t)lff'2 ) 

\ / 

O. ~ 0~2 Ou~ 
~'22 = tgX2 + X3 bX 2 2E'13 ~1 + OqXl 

0.0 
E33 = 0, 2E23 = ~2 + ..... �9 

0X2 
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We consider the set of particles M placed on a line segment AB, which is 
orthogonal to the middle surface of the plate and goes through particle M 0 placed 
in the centre. 

With the chosen displacement field, the particles placed on the line segment AB 
are placed on the line segment A 'B' after deformation of the plate as shown below: 

B '  ' 
B 

,4 ,4' 

Figure 15.2. Displacement field 

The particles placed on the line segment AB are defined by: 

M~ = x3x 3, with ---h < x3 < _h and OM ~ = x i x  I + x 2 x  2 . 
2 2 

Starting from the relation: 
M~ ' = M~ ~ + M ~  + M M ' ,  

and introducing the displacement vectors of particles M o and M, we obtain: 

SO." 

Mo'M' MoM + u(MI,) u(M~ 

+,,Ox,), 
MO'M' = X3(q/IX 1 + r +x3) .  

This last equation shows that the particles placed on a line segment AB remain 
aligned after deformation of the plate and are placed on the line segment A 'B'. 

This displacement field chosen corresponds to the moment field: 
U(MIt)= U(M~ X]x MOM , 

with: 

we obtain the relation: 
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which, identifying the chosen displacement field, gives the two relations: 
f2~ = -r 2 , f22 = u 

which represent the two infinitesimal rotations of the line segment AB measured 
respectively on -~l and ~2. These two rotations are shown in the figure below" 

X3 X 3 

Xl ~ X2 Xl X 2 

Figure 15.3. Infinitesimal rotations 

The middle surface of the plate is defined by the vectorial equation: 
f (xl ,x21t)=OM O' = O M  0 + U(M~ 

f (x , ,x2l t )= x,x,  + x2x2 + ROxI + U~X 2 4-U~X3, 

f ( x , , x 2 [ t ) = ( x  , 4-Ul~ + (x  2 4- l l~ + t/~ . 

The two partially derived functions of f with respect to xl and x 2 : 

8x~ 1 + ~  x~ + x2 + ~ x  = c3x I ~ i)x~ 3, 

o.o (o.o) 
-" ~ X  1 + 1 + 2 Ox2 i)x2 8x2 )x x 3, 

correspond to the tangential plane of the middle surface of the plate which goes 
through M 0'. 

The principal parts, i.e. the first order terms, of the scalar products of the two 
previous vectors with the vector M~ ' are respectively equal to: ( M~ "~xl =x3 r +/)x, ~'  

MO'M ' ~ ( 8u~ 
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The hypothesis in the Kirchhoff-Love analysis is to say that the transverse shear 
strains el3 and e23 are zero, so the infinitesimal rotations are expressed in terms of 

u ~ with the two following relations: 
0 

Ou 3 
I//1 -- 

Oxl 

11/2 - 
ax2 

Putting these values into the two previous scalar products, we obtain the following 
equations: 

M O , M  , 0 f  , 0 f  "~xl =MO'M '0-~2 = 0 ,  

which show that the line A 'B' is orthogonal to the middle surface of the plate. 
B 

M 

M o 

A 

B , 

M '  

A' 

F i g u r e  15.4.  Displacements in Kirchhoff-Love type analysis 

In Reissner-Mindlin type analysis, we have the displacement field: 
u I = u 0 + X3r , 

u 2 = u ~  + X3q/2 ,  

u 3 = u 0 , 

separated into the membrane displacement field: 
~ m  = ~ 0  

I ,  
o 

14 = U 2 

u~ n - 0 ,  

and the bending displacement field: 
Ul f = X3~,t I , 

U2 f = X31]J'2, 
o u f = U 3 . 
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In a similar manner, the strain field: 
~u ~ ~ , ,  ~u ~ ~u o 

Ell  = ~ X l  + X 3 - ~ ' X l  ' 2E12 = ~ 2  "1" OX 1 

_ C)U 0 Oqq/" 2 2EI3 I]/1 + C)U~ 
E22 -- ~ + X 3 ~ ~ X  2 ' = ------r ' 

~u~ 
E33 = 0, 2E23 = I]1" 2 + ~  

Ox 2 ' 
is separated into a membrane displacement field: 

o 3u o 3u o 
Oul 2e~2 = + , 

~ = - ~ x , '  ~x~ ~x, 

~7~ = ou~ 
3x 2 ' 

E'~ =0, 
and bending: 

3r 
~ = X ~ ~ x  ' , 

3r 
,f= = x~ Ox~' 

E3/3 = 0 ,  

2e~ = 0, 

2e~  = 0, 

[ 3 r  

+ x 3 "~x 2 + 3x I ' 

3 ~  2 ) 3r + 
2e f = x 3 3x 2 3xl 

o cgu 3 2e~ = r + ~ ,  
3xt 
3u ~ 

2ed3 = r + __3__. 
3x2 

In Reissner-Mindlin type analysis, the membrane displacements and strains 
depend only on the two functions u~ and u~ while the bending 

displacements and strains depend only on the three functions ~l(x l ,x21t ) ,  

~z (Xl, x21 t) and u 0 (x I , x 2 It). 
But in Kirchhoff-Love type analysis, we have the displacement field: 

u I = u  O _ x  3 ~)Xl ' 

0 3u3 
u 2 = U 0 _ x 3 ~X 2 ' 

U 3 = U O, 

separated into a membrane displacement field: 
u~ =u  ~ 

. o 
U 2 = U  , 

m U 3 = 0 ,  
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and bending: 

o.3 ~ 
Ul f = - x  3 0x I ' 

U f = - X  3 0 X  2 ' 

u f = u O. 

Similarly, the non-zero components of the strain tensor: 
Ou~ 02u ~ 

_ _ _ _ L  
el l  = ~x I - Xs Ox~ ' 

= + _ 2x 3 , 
Ox2 Oxl axlax2 

are separated into the membrane strains: 
m au o I 

CII = C~Xl ' 

2 ~  Oul' o .  ~ 
Ox2 Oxl 

and bending: 
a2u o 

~ - - x 3  0x~' 
0 2 u ~  

e~2 = - x 3  0x22, 
a2u~ 

2e~ = - 2 x  3 0~0.--~2 . 

These last expressions present the curvature of the middle surface: 
O2u~ 

K ' I I =  ~X? ' 

a2u~ ) 

/ (22 = 0X2 ' 
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2K12 =--2 ()2U----~30. 
OXI~X 2 

In Kirchhoff-Love type analysis, the membrane displacements and strains 
depend only on u~ and u~(x,,x21t ), but the bending displacements and 

strains depend only on u~ 

15.4.  G l o b a l  p la te  e q u a t i o n s  

15.4.1. Force equations 

The resultant forces are defined as: 
h 

N ij = I-2h o'ijdx 3 , 
2 

and they satisfy the symmetry condition N o = Nji. 
Multiplying the two members of the motion equations: 

O0"ij 0 2Ui 
~ + f i  = P ~  Oxj Ot 2 ' 

by dx 3, and integrating through the thickness from h to h --~_ ~-, the three force 
equations are obtained: 

h h 
Oorij ~ 2 0 2 U i d x 3  ~__h Oxj dx3+ ~ -  2h fidx3 = __POt  2 " 

2 2 2 

- For i - l ,  the equation is: 
h h h h h ~92u 1 

~-2h__ 00"II0x i dX3 + ~ h  00"12 t~3+ ~_2h ~ ' ~ X 3  + ~-2h fl d~3= f2h p 012 d~3"- 
--- 0X 2 -- 0X 3 . . . .  2 2 2 2 2 

The first term of this equation is equal to: 
h h 

f-~ 00"11 0 ~2h 0NIl 

2 2 
in a similar manner, the second term is equal to: 

h h 
ONI2 j'~h OOrl2 0 ~~hty I -------. 

_ _ - 

2 2 
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The third term becomes" 
h h 

-[" 312 '7  3 , ' - 7  Ox3 _h2 =O'13 Xl'X2 I t xl x2 It 

The boundary conditions applied on the upper and lower surfaces give the two 
relations: ( ' )  0"13 X, ,X2,~I, - Z'~" 3 (X l,x2]t ), 

( '/ 
in which r~3 and ri- 3 are the surface forces applying on the two faces respectively. 
From this: 

h 
J~_2h 00"13 ~ 3 = f~'3 - f l3.  

- ax3 
2 

For the body forces: 
h 

h_ ' ' 
2 

the following equation is obtained: 

aNl2 : h  a2Ul "J" 0NIl + --- - - -  + Z'~'3 - z'13 + Pl = 2 P ~ 3 '  
aXl ax2 2 

- For i = 2, the following equation: 
h h h h h t~2u 2 

~2h 00.2 f2" - ~ ~ / X 3 +  dX3 __ t~Xl I d'x3 + j'_2h 00"22 d r 3 +  ~2h f2dx3 = J"_2h p ' 
_ a x  2 j _ _ n  ax 3 __ _ at 2 

2 2 2 2 2 
which with the previously introduced notation will be written as: 

h 
aN22 = f_~- a2u2 ON2_.LI + _ _ _ _  + r~. 3 _ r~. 3 + P2 P dx3" 

ax I ax 2 h a t 2  
2 

- For i = 3, in a similar manner: 
h h h h h 

-ax; l dx3 + f'2h t~tY32dx3 + f_2h t~tY33 .,.. a 2u 3 _ _ 0-"~'~3 ' +~'2h f3dx3 =~_2h p dx3 ax 2 _ _ _ at 2 ' 
2 2 2 2 2 

and: 

~)N32 : h  ()N31 + + t~" 3 - Z.j" 3 + 2 t)2U3dx3. 
i)Xl ~ x  2 P3 = _ P '  ot 2 

2 
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15.4.2. M o m e n t  equa t ions  

The resultant moments are equal to: 
h 

M 0 = J~2 h_ cr/jx3dx3 ' 
2 

and satisfy the condition M ij = M yi . 

Multiplying the two members of the motion equations by x3dx 3 and integrating 
through the thickness of the plate, we obtain the moment equation: 

h h h O -2U i O a q  

2 2 2 

- For i = l ,  the equation is written as: 
h h h h 

2 2 2 2 
h O2Ul 

"'" = f?h/9 0312 x3dx3, 
2 

from the first term: 

h ~)O.llx3dx 3 0 : h  __ 0Xl = ~ X  l 2 or llx3dx3 0MII 
_ t )x  1 2 2 

and the second term: 
h h 

J~_2h t)tYl2 - 0 (~M 12 0 " ~ 2  x3d3173 -- 0~2 ~ h  O'12 x3dx3 -- ~)x-'~ " 
2 2 

The third term is equal to: 
h 

t<, <, , 0x~ ~dx~= ~ 3x3 - ~ax~, 
2 2 

so, using the previous notation" 

j~_~h r 0.13 h )22 ~X; x3dx3 = b13X3 ]2h__ - NI3 = (l";3 + l"13 h - N I3. 
2 2 

Let, for the relative integral of the body forces: 
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h 

h__ ' ' 
2 

we then obtain the equation: 
h 

OMII I- NI3 + ~3 + "t'/3 + fll = /9 at 2 x3ax 3 
Ox I Ox2 - -  2 

- For i = 2,  in a similar way we obtain the equation: 
h h h h 

J~_2h 00"21 x3dx3 +S2h/)0"22-x3dx3 +f2h/)0.23 x3dx3 +f'2h_.. f2x3dx3" '"  
_ a x ,  - _  O x 2  - -  ax----7 
2 2 2 2 

h 02u2 
""= I ' ~  '~ O t 2 x3dx3' 

2 
which can be written as: 

h 
0M 2.__._~1 + _______ N23 + ~'3 + r23 + f12 = h/9 0t 2 x 3 d r  3 , 

0X I 0X 2 2 
using the previous notation. 

The equation written with i = 3 has no physical application. 

15.5. Plate equations In Relssner.Mtndlin analysis 

15.5.1. Calculation of second members 

The Reissner-Mindlin displacement field is: 
- ( x , ,  

By introducing: 
h 

l0 ~[ Pdx3, 
2 

and: 
h 

l I = h_ ,ox3dx3, 
2 



282 Analysis of composite structures 

the second members of the three force equations are equal to: 

h i32u I _ =J "7h 02uO 021V l 02uO 021u l 
hp tgt 2 dx3 tgt 2 Ot 2 ~)t 2 . . . .  0 - ~  - -+  x3 .. dx 3 = I 0 + I l ~ ,  
2 2 

h t~  ~2uO 0321//2/ t92U 7 t~ 2r 
h 02u2"z" = J~_2h,-- t ~ " ~  + x3 dx3 = I0 ' +11 j~_2_h,O Ot 2 ~ 3  Ot 2 "ot 2 /)t2 
2 2 

uO 
2 p 0t 2 dx 3 7 o32u 0 dx 3 = i0 0_______ 

__ = h p Ot 2 ~)t 2 " 
2 2 

By introducing: 
h 

12 = S_ [h '~ 23 dx 3 ' 
2 

the second members of the two moment equations are equal to: 

: h  ~ 2up h 02Ulx3dx 3=  2 
hp Ot 2 _ Ot 2 
2 2 

h (92U 2 x3dx3 = ~_ 2h 02U7 f 2h P _ Ot 2"' 
2 2 

+ x 3 ~ )x3dx3 = I 1 
~)t 2 J 

c~2~2/x3dx3 = I l + x 3 Ot 2 ) 

~ + 12 02~-------L l 
cOt 2 c3t 2 

O~2U7 021//2 
at 2 + 1 2 - - - - - - -  Ot 2 

15.5.2.  Global plate equations 

In the case where the lz i are equal to 0, and also ri3 and ~/'i3 a r e  zero except 

r~3 = q3, the plate equations are written as: 

0/VII 
0xi 

0Nl2 
0xi 

0NI3 
0xl 

0Mll 
0Xl 

c3N12 02up 
~ +  Ox---~ + pl = I 0 0 t  2 + ll 

a2~l  
at 2 

c~N22 c~2u7 c~2~2 
" - - - - - +  c3x2 + P2 = I0 0t 2 + I1 ~c~t2 

~)N23 
~ +  ~9x2 

02u 0 
+ q3 + P3 = lO ~ , 

c~Ml2 NI3 = 11 02up + /2  ~ 
0x 2 3t 2 Ot 2 
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t)M22 OMI2 F ~  
Oxl Ox2 

02u ~ /92u 
N23 = I l --2-q- + 12 - - - - -  igt 2 t i t "  

15.5.3. Boundary conditions 

n and s are respectively the local normal and tangential co-ordinates on the plate 
edge, and the conditions around the perimeter of the middle surface of the plate, for 
an edge in the following case: 

- simply supported" 
Nn = Ns =O, Mn =O, Ip's =O, u~ =O, 

-hinged free in the normal direction: 
O=u~ =0, Nn =O, Mn =O, Ip's=0, u s 

-hinged free in the tangential direction: 
0 0 N s = 0 ,  M n = 0 ,  Ip's=0, un =u 3 =0, 

-clamped:  
o = u 0  = 0 us n u =0, r =r =0, 

- free: 
N n = N s = N 3 = O ,  M n = M s = O .  

15.6. Plate equations in Klrchhoff-Love analysis 

15.6.1. Calculation o f  second members 

With the Kirchhoff-Love displacement field: 

o 
Ou3 o/ I~ 
0x 2 ' 

u 3 = u~(xt,x2lt ), 
the second members are obtained: I  2uo 

/9 ~ t 2 ~ 3  = - - ~ -  X 30XlOt2' dx 3 = l 0 Of 2 - I 1 OXl~t2 , 
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and: 

I ~ h  p o t  2 d x 3 =  f2h ~ ~3uO ~2uO ~3uO -~ -~ at---i-- x30x2Ot2 ax3 = I 0 .... at 2 - I 1 ax2Ot2 , 

h t~2u 3 _ h :~2u 0 t~2u 0 

2 2 

h 02Ul ~h 5 0 2 U  0 03 0 "~ 02u o c]3 u 0 
- -  ~ - - - - - - -  x 3 u3_-|x3dxa = I 1 - 12 

--2 Ot2 2 Ot2 OXlOt2 ) ~ Ot2 ~XlOt2 ' 

o uO O uO 
2 ff 0t 2 __ 0t 2 x3 x3dx 3 = iI _ 1 2 ~  " 
-2 2 ~x2cgt2 " tgt2 tgx2tgt2 

As in Kirchhoff-Love type analysis, the rotation inertia where I l and 12 appear 

h ~2u2 02u0 
f 2h ff dx 3 = [ 0 - - -  - _  ~)t 2 ~)t 2 

are neglected and the second members are written as: 

J~h t)2Ul d'x3 = I0 ~)2u 0 
2 19 Ot 2 Ot 2 , 

D _ _  

2 2 

h 02u3 dx3 = Io 02uO 
~_P at ~ ~ , 

2 
and: 

~ h  ~ h  ~2u2 h 02Ul x3dx 3 = 0  p 0t 2 x3dx 3 = 0  P "~t 2 , 
2 2 

15.6.2. Global plate equations 

In the particular case where ,//i = 0 ,  ri3 = 0 ,  r/~ = 0 except for r~3 = q3, we 
have: 

tgNl 1 
0xl 

0Nl2 
0xl 

()NI3 
Oxt 

a2uO 
ONI2 + Pl = 10 
ax2 

ON 22 ~ 2 u 0 
+ P2 = l0  

~x 2 0 t  ~" , 

0N23 02u 0 
+ Ox 2 + q3 + P3 = I0 " ~  , 
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~)MII 0MI2 
- - - - - -  + - - - - - -  - NI3 = 0 ,  

0X 1 0X 2 
~)Ml2 0M22 
- - - - -  + - - - - - -  - N23 = 0 .  

Ox I Ox 2 
Differentiating the two members of the last two equations respectively with 

respect to x I and x 2 , we obtain the two equations: 

02MII + 02M12 ~)NI3 
Ox 2 OxlOx 2 Oxl 

= 0 ,  

02M12 + 02M22 0N23 
OXlOX 2 t)x 2 t~x 2 

= 0 ,  

leading to the following relation: 
t)2Mll t)2M12 02M 

+ 20x,Ox2 + t~X.~ 2,2:~ + q3 + p3 = Io-- - - - -  Oxl 2 

02uO 
Ot 2 

15.6.3. B o u n d a r y  edge  c o n d ~ ' o n s  

In the particular case previously considered, we have for an edge: 

- simply supported: 
Nn =Ns  =0, Mn =0, U0=0,  

-hinged free in the normal direction" 
o =  o N n =0,  M.  =0,  u s u 3 =0,  

-hinged free in the tangential direction: 
o N s =0,  M n =0, U n =U~ =0,  

- clamped: 

o o ~ 1 7 6  Un = Us = --~n = O, 

- free: 

N n = N  s =0,  - - '~ - -+N 3 =0,  
o$ 

MPl -'0. 
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Chapter 16 

Global plate equations 
for large transverse displacements 

16.1. Introduction 

We will now derive the global plate equations by integrating the non-linear 
equations of motion that the Kirchhoff stress tensor satisfies, for the case where the 
absolute value of u 3 is not small in comparison with the plate thickness. 

This configuration allows the buckling of plates to be studied. In addition, the 
absolute values of u I and u 2 are small in comparison with the plate thickness, and 
the absolute values of partially derived functions of u I and u 2 with respect to xl ,  
x 2 and x 3 are less than 1. 

We will clarify these relations in both Reissner-Mindlin and Kirchhoff-Love 
type analyses. 

16.2. Local plate equations 

The components cr~ of the Kirchhoff stress tensor are written in this appendix 

o'q and satisfy the local relations" 

~9 ~ik + + f i  = P "  

In the present plate analysis, we consider the displacement field to be written as: 

u, = Ul(Xl,X2,X3lt) ,  

u 2 = u2(x i , x2 ,x31 t ) ,  

"3 = u3(x, ,x21t) ,  

and in the local plate equations, we only conserve as non-linear terms those 
containing the partially derived functions of u 3 with respect to x I and x 2 . 

Under these conditions, the local equations of movement are written as' 
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- fo r  i=1"  

a 8a + 

02Ul aO'l--"'~J + fl = P T '  
axj  

(~2U 1 

acrl2 atYl3 a2Ul aaii t- + + ~x--T ~x2 ~x3 I ' -Pa-7 '  
- fo r  i = 2 "  

' ~  + a-if ,  `~ ~' + A = p at ~ , 

~ .  a2u2 acr2j ~ f 2 = p ~  
Oxj at 2 ' 

00"12 
aXl 

00"22 00"23 192u2 
+ " + f 2  = P ~  

ax 2 ()x 3 at 2 ' 

- for  i = 3 "  

oq t~3k + + f3 = P ax j  ax~ ) drkj at 2 ' 

a ( _ _  au3/  a2u3 at 2 axj tr3j + tr,j ~xk + f a = p , 

o~, <"~ + <'" . + <"~ Ox, )+ ~ < "  + <"~ ~ + <'" ~ ' 

. . .+  ~ ,  + o , ~ - - + o , ~ - -  + :3 - p ~i2 �9 

16.3. Global plate equations 

16.3.1. Global plate summation equations 

Multiplying the two members of the local equation of movement i = 1 by dx 3 

and integrating through the thickness of the plate from h to h - ~  ~ ,  we obtain the 
relation: 
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h h f h  0Or13 n.. O2Uldx 3 f2h c30"1 ldx3 + f_2h " ~ ~ h ~ 3  + + f h fldX3 = f _ h p  2 ' 
- -  0Xl - c}x2 - -  0x3 u'~3 - - ~0t 

2 2 2 2 2 
including the following integrals: 

h h 
j'_~ ,-~-!-~ 3 = O~ f2-O' I dx 3 ONII 

Dx I ~ _ !  i = ax I , 
2 2 

-0X2 dx3 = h O'12dx3 = ~x'-"~' 
2 2 

let" 

h ( h )  ( h / 
h c3Crl3dx 3 =[0"13] 2 =Crl x x 2, It -O'1 x I x 2 It __  0x 3 _h  3 1, "~" 3 , ,"  "~" " 
2 2 

From the edge boundary conditions on the top and lower surfaces, we have" 

f h  ~O.i 3 d x 3 =  ~'~'3 - ~'13 , 
- _  Ox 3 

2 

h 
, ,  Ix,, 

2 
obtain the we now equauon" 

h 
0NI2 f_~ 02Uldx3 . c3NII + ' �9 '+'/ ' /v3-~'/3 + p l  = h19 0t 2 

0x I t)X 2 _.. 
2 

An analogous transformation of the local equation i = 2 gives: 

then: 

__ 0x I - -  0x 2 - -  c~x 3 _ __  
2 2 2 2 2 

h h 
L i  _ ~ . d x 3  ~NI2 f_~ ~cr22 ~N22 

2 2 

h 00.23 

2 2 
from which the second equation: 
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~ ~ + J~_~h 02U2 + + r23 - Z'23 + P2 = /9 at 2 dx 3 . OX l ax 2 2 

From the local equation i = 3, we obtain by integrating through the thickness of 
the plate the following relation: 

f 2 h - - r  + ~l l  + dx3 + + + dx3... -2 OXl t ~ O"12 ~ ~ 0.23 0"12 ~ G22 

"'" + -7  0"33 + 0"13 ~ + 0"23 0 ~  2 dx3 + -7  f3dx3 = 27 p I I I t ) t2  dx3' 

in which the following terms appear: 

s>i ( ' '  
Jl = ~ +Gll OI~-i +0.12 dx3, 

Jl = ~ x  1 __ ~ + f i l l ~ x l  + 0 . 1 2 ~  dx3, 

J 1 = NI 3 + NI 1 ~ + NI2 ~ , because u3 does not depend on x3, 

- ()NI3 + N i l  + N 
J l - Ox--- ~ OX l ~ 12 0"~-~" 2 ' 

or" 

J2 = Ox2 <,-23 + o-12 --g~Txi + 0-22 ~--772 j ~ 3 ,  

J 2 -  0N23 + 0 (NI Ou 3 + 0u3] 

h / = h ~  0"33 + 0.13 ~-~1 + 0"23 ~-~2 )u~3, 
2 

h 

J3 = 0"33 + 0"13 ~ + 0"23 ~---~2 j_ h , 
2 
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or: 

let: 

o,,/ ,,,,3 J~ = ~ - ~;~ + ~ o~, ~,~" x~,7 ~ x,, x~ , -7  ' 

au3f hit ) + o . , (  1' I, - ~ ,  x..x~ , 
"'" + ~~ Ox~ ~x,,x~,-~ Ox~ I ' - 7  

h 

f \I, x, 

2 
we thus obtain the third summation equation: 

+ + �9 iv,, ,  N : 2 0 x 2 )  Yx2 :20x: "'" 

�9 .. + ~ ,  - ~5 + ; + ~ ' o ~ ,  I ~'' ~ ' 7  I' "" 

)o,,~( '-' t,) ~ 0~,,3 
2 

16.3.2.  Global plate moment equations 

Multiplying the two members of the local equation of movement i = 1 by x3dx 3 
h and integrating through the thickness of the plate f r o m - ~  to h ~,  we obtain the 

relation: 

f_h Otrl I x dr  h h h h OX 1 3 3+j '_2h_t~O'12x3d'r3+~ ~)O'13 t)X 2 t)x 3 '" x3dx 3 + f2_hflX3d3c3... 
2 2 2 

h 02U, x3dxa 
�9 ..=f~_h__P Ot ~ , 

2 
in which the following terms appear: 

h h 
__ ~ j ' _  ~_ ~ , , x ~  - 

ox 1 
2 2 

h h 
f2h~)O'12x3dx3 = 0 I~hO" x3dx 3 __ 0x 2 . ~ __ 12 = 

2 2 

0MII 
Oxl 

c~Ml2 
Ox 2 
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2 0x3 'x3d'x3 = 2 0....~..(0-13x 3 )d,x 3 _ 0-13dx3... 
OX3 2 

h h _  
"'" = [0-13X3 ]'~h__ -NI3 :(T~ +'l'~) 7 NI3. 

2 
In other respects, we let: 

h 

f_2h flX3dx3 = ]'ll(Xl'X2it)" 
w 

2 
The first moment equation is written as: 

h ~h h t~2Ul 
~,M,2 ("; +"-3)7 " P o, ~' OMl---------!l -O N I + + = x3dx 3 

OX 1 ~)X2 3 
2 

The second moment equation is obtained in the same manner by multiplying the 
two members of the local equation i = 2 by x3dx 3 and by integrating through the 
thickness of the plate, which gives: 

h 00.12 x3dx3 + x3dx3 + x3dx3 + OX 1 OX 2 ~ ; ;  f2x3dx3"'" 
2 2 2 2 

h 02U2 
" ' "  = f~! p 0t2 x3dx3, 

2 
with: 

h 
~h Oa12 OM 12 

2 

~h t)Or22 x3dx 3 ~)M 22 
2 ~)X2 0x2 

+ h 
0X; x3dx3 : 0~3 (0-23x3)dx3 - 0-23dx3 = 23 + =23 7 - -  N23' 

2 2 2 
h 

f~hf2x3dx3 =lt2(Xl,X2it), 
2 

from which the second moment equation: 
h + = ~h ~92U 2 OM 12 OM 22 V(~23 + X3"4"3 

" ~  lv~':'+ + "~:')7 .,,2 p o,2 Oxi Ox2 - -  2 
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16.4. Global plate equations for static, vibration and buckling cases 

16.4.1. Global plate equations 

In the particular case where: 
+ + 

1"~3 = '/'/3 = 2"23 = ~'23 = 2"33 = O, 2"33 = q 3 '  

,//1 = ,/'/2 = 0 ,  

the five equations of the plate analysis involve: 

- the three summation expressions: 
h ~ 02Ul . 0NI2 0NI"--'--LI +-'-"---+ Pl = h P /)t 2 dx3' 

Oxl Ox2 
2 
h (92u2 0N22 = "|~ ONl2 +: +P2 j h/9 dx 3, 

c3x I tgx 2 __ tgt 2 2 

t~NI30xl + 0N23t~x2 + ~)Xlt~ ( N l , -~x  101'3 +N12~-~20u39 

~2 h 02U3 . 
�9 " . + q 3  + p 3  = / 9 0 t  2 d x  3, 

2 
- t h e  two moment equations: 

OMI2 0MII ~ . ~  
0x~ 0x2 

0M22 0MI2 + ~ _  
0xt 0x2 

h 
f_~ t92Ul x3dx3, . . . - - . . - - . .  NI3 = h p 0t 2 

2 
h 

f_~ 32u2 x3dr3. N23 = h p /)t 2 
2 

O( Ou a Ou3 ) 

16.4.2. Global plate equilibrium equations 

The non-linear terms are neglected and the five global equations of equilibrium 
are written as: 

0NI2 0 /)N11 e- + Pi , ~gxl Ox2 
t~Nl2 t~N22 + + P 2 = 0 ,  
tgx I ()x 2 
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0NI 3 tgN23 
~ +  +q3 + P3 =0 ,  Ox~ 0x2 
OM 11 /)Ml2 - - - - -  +---- - - - -  NI3 = 0 ,  
~)x I t)x 2 

0MI 2 t)M22 
-I N23 =0 .  bxl bx2 

The elimination of NI3 and N23 in the last three equations gives: 

/)2M22 t)2Mll 02M12 + ~ +  + =0 
+2 4 ~/)x20Xl tgX2 q3 P3 " bXl 2 

16.4.3. Global plate vibration equations 

Neglecting the non-linear terms, we thus obtain the global plate vibration 
equations: 

/)Nl2 = J~~h ~)2Ul tgNII I- 2 p 
t~x-'-'~'c]x2 _ ~t 2 " - ~  3' 

2 
~)N22 h ~)2u 2 

0 N I 2  4 - ~  = J~h p dx3 
OX 1 OX 2 ---  Ol 2 ' 

2 

0N23 _ f h  02u3 c3N13 + - _ p ~2--~tx3, 
C~Xl c~x2 ---  Ot 

2 

J~h ~)2Ul OM 1___.~2 _NI 3 = 2 p x3d, x3 ' 
-------- + Ox 2 - -  tgt 2 

2 

0M2----'!2- J~_~h 02 u2 x3dx3" + t)x2 N23 = 2_p ,)t2 
2 

~)MII 
0xl 

tgMI2 
/)xl 

Eliminating NI3 and N23 in the three last equations, we have: 

~ 2 M t) 2 M ~) 2 M 2 2 ~_ h f h  h I I 12 t)2t/3 t) t)Eul 
~x ~, +:~x,~x~ + ~ = ~ 4  ~~ ~,~-;~~+~ o-,~ ~a~... 

a_O_ ~~ a2u2 
/9 x3dx 3 

' + ~x~ ~? " 
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16.4.4. Global plate buckling equations 

The global plate buckling equations which involve the non-linear terms of the 
equations of plate analysis, are written as: 

~)Nl2 0Nil + 0 ,  
0xl 0x2 

3N12 3N22 
- - - - -+  , = 0 ,  Ox~ 0x2 
t)Nl3 (9N23 32u3 (92u 3 t)2u 3 

+ Ox2 + N.. Ox-T + 2N.~ Ox.Ox~ + N,~ Ox~ = o. 
3 M  l l 3 M  12 ------- + - - - - -  - Nl3 = 0 ,  

Ox~ Ox2 
0M 22 0MI2 + ~ _ N 2 3  = 0 ,  

Oxl Ox2 
where the first two equations have been used to write the third one. The elimination 
of NI3 and N23 in the last equations gives the following relation: 

. . . .  c)2M22 02u3 02u3 (92u3 02MII t)2M12 + ~ +  N l ...... + 2N l + N22 = 0 .  
0x 2 + 2 3x10x2 o_)x22 I 0x12 2 0xl0x2 3x22 

16.5. Retssner-Mindlln global plate equations 

Taking account of the calculations of the second member developed in the 
previous chapter, the global plate equations are written as: 

0Nt2 02u ~ 
0N~+0x) P~ 0i2- t Ox,+ =to- +t 

J l )  

0Nt2 tgN22 02u 0 
+ + = I  . + Ii -------- 0x, ~ p~ 0 ~ - ~  

t92~i 
(9t2 ' 

02~/t'2 
0t 2 ' 

oN,, o I o. ~ o. ~ 
Ox~ Ox2 + Iv~ + Iv~ ... 

' " + N  N . :~+N~ ,  0~ )+o, +p~ =to 5~ ' 

0M)2 (92u ~ 02~t (gMtt + ~ - N )  = I  t +12 , 
Ox~ Ox2 s -Or2 Or2 
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t)Ml2 ~)M22 t)2uO t)2~2 
+ - - - - - - - N 2 3  = I l + 12 - - - - -  

OqX 1 t)X 2 t)t 2 t)t 2 " 

16.6. Kirchhoff-Love global plate equations 

The simplifying hypothesis of Kirchhoff-Love type analysis and the previous 
calculations enable us to write the global equations of the plate analysis in the 
following form: 

0NI2 02u 0 t)Nll + ' + Pl = I0 , 
Ox~ i)x2 - ~  

___.--- t~N22 0 2u 0 c9N12 + ..... + P2 = 1o 
~)X l t)X 2 ~)t 2 ' 

i)Nla +~ + N~ + .. 
Ox--? ' .  N' Ox ) 

+ NI2 + N22 1+  q3 + P3 = to ~)2u0 1 1 o o  

Ot 2 ' 

/)M~2 ~)Mll t - ~ -  Nt3 = 0, 
Oxl Ox2 

t)M22 ~)MI2 + ~ - N 2 3  = 0 .  
Oxl Ox2 

Alternatively, we have the equation: 

+2 + + ,  )... 

�9 " + 3 x  2 NI2"~xl + N 2 2 ~ x 2 ) + q 3 + P 3 = I o  5t ~ �9 



Chapter 17 

Global plate equations: 
Kirchhoff-Love theory 
variational formulation 

17.1. Introduction 

The object of this appendix is to present the Kirchhoff-Love plate theory, in 
which the transverse shear is not taken into account. 

From the Kirchhoff-Love displacements u I, u 2 and u 3, we calculate the Von 
Karman strains used when the transverse displacement u 3 is higher than u l 

and u 2 . 

The plate equations are obtained from variational formulation. From these 
equations, we write the relations for bending, vibration and buckling of plates. 

17.2. Von Karman strains 

The components of the Green-Lagrange strain tensor: 

= ~ +- - - - -4  , 
i)x j Ox i O.r ~ Ox i 

provide a linear part: 

and a non-linear part: 

l Ou k Ou k = l ( O U l  Out 0,, 2 tgu 2 0 u  30u3"  ] 
2 0x, 0~ ~L o~-T. ~x-S + 0x---? ~x~ + 0x--? 0x-S'J 

When the transverse displacement u 3 is higher than u I and u 2 , the non-linear 
term: 
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igx i ilx j ~)x i igx j 

can be neglected with respect to: 
1 ctu 3 tiu 3 
2 i9x i {)xj 

Under these conditions, the Green-Lagrange strains are reduced to Von Karman 
strains: 

VK l ( Oui t)uj ]+ l ~)u3 Ou3 
=o : ~ t ~  + ~x, j ~ ~x-7~x-7. 

The displacement field of Kirchhoff-Love theory: 

~u~ I'). ~. --.~ 

0u~ I'). u~ =u~ 
u, =.~ 

leads to the Von Karman strain field: 

= ox,-~' ~ x - T + S t ~ / '  
~ 0uO 0~uO l(0u~ 

~,~ =d'f =d'f =o. 
We can introduce in the strain relations: 

+ 2 t ) x  i ~)xj -~t% ~x'J + 
the expression: 

Ouk _ 
3X l - Ekt + (X)kl , 

which leads to: 

= ~0 + 7 (~ ,  +'~ ~(~j + <o~j), 

l c3u ~ c3u ~ 

2 Ox I t~x 2 
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SO: 

' (~,,~,: + + + ) e iL = e ij + ~ E k i 0) kj E kj 0) k i 0) k i 0) kj " 

For the case: 

o < le ,J l < io,,j l < l , 
we have: 

and" 

0 < i~,,<<,~,1 < io,,,<o~,l < i<,,,, i. 
Taki.g into accou.t these inoqua,i,y ro,ations, we ca. neg,oct I~'~"1' I~ki<~ 

an<, I<<,~,~.1 compared to I<<,k,<,,,I . 
The KirchhoffoLove displacement  field gives the partial derivat ives 

~, ~o_ ~ o  O~l ~,,o ~ o  O~l_ 
C~Xl = OXl X3 OX? ' OX2 = OX2 - x3 C]XIOX2 OX3 

_ - ~2U7 OU 2 

()X, - OX'-" T - x30XIOX 2 ' ()X 2 - ()X 2 ~)X 2 OX 3 

()U 3 _ OU 7 O, U 3 = ()ll_~ 0"3  - O ,  
Ox I Ox I ' OX 2 OX 2 ' OX 3 

~u~ 
0x I ' 
~u o 

Ox 2 ' 

from which we can calculate" 
~o ~ o  ~(~o ~uo]_ ~,o 

Ell = OX(- x30x---~' C12 = ~ + ~ J  x3 C)XlOX2 
o _ c~2U7 

/)u_ - x 3  . . . .  , O, e22 = ~)x2 7)x2 ~'23 = 

6'33 = O, ~'31 = O, 
and: 

O)12 = t~X2 

0)23 = 
Ox2 

Ox I ' 

~u7 
0)31 = Ox I �9 

If the transverse d isplacements  are significant, the 0 )12  componen t  of  

infinitesimal rotation is neglected compared  to 0)23 and 0)31. 
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Thus the Von Karman strains are obtained: 

1 2  aUl 0 02u 0 l ( a u  0 / 2 
~"M K : ~ll + 7(-031 : ~ - x3 Ox 2 + 7 L ~  , 

O uO ,_r ]'- 
I 2 Ou~ x 3 ~ +  , 

, o , .o  
~TVK = ~'12 + 7031032 = 7 t  0X 2 + 0X l ) X 30XIOX2 
~,~'< = 4 :  =4~ < =o. 

The Von Karman strains e 0 are as follows: 

Ou 0 02u0 1 (0u~) ] 2 

Ell-" OX--~--X30X21 +Tt J' 

= 1 a2u~ 
_,(o..o 

El2 2taX2 + " 0 X l -  DXlOX2 
El3 = E23 = E33 = 0. 

i o .  o o . o  

2 /)x ! t)X 2 ' 

The Kirchhoff-Love virtual displacement field: 

is associated with the Von Karman virtual strains" 
0 02&~ Ou ~ 0&3 _ O& ~ _ x 3 ,  + - - ~ ,  

8r  ax--~ axi 2 ax I ax I 

(~'~e12 =2(~)(~7 ~)&0) ~)2(~ 7 l(OuO Oty)u o 
OX 2 + OX; -- X30XIOX 2 +7 t ~x 2 OX l 

& i 3  = 6e23 = 6e33 = O. 

i o. ~ o.o +-- 
2 0x I 0x 2 ' 

~ o ~176 1 
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17.3. Variational formulation 

The variational formulation of a problem with fixed surface efforts is written: ]I~ t)2Ui 
:o, 

Iwhere u, satisfies the relation V&i i. 

17.3.1. Virtual work of internal forces 

The virtual work of the internal forces O'W i is given by' 

- 03v~ = fn tY ij t~E ij d ~  . 

Decomposing the volume integral into a simple integral and a double integral, 
we obtain the following relation: 

- O'W i = _[,, ((7" l ItSel I + tY22t~e22 + 20"12(~e12 )dx 3 d S .  
I , o  

L - 2  
Replacing the virtual strains with this expression, we obtain: 

h 08up x 3 ~ + ~ ~  ... 
- t~V i -- O'll t~Xl t~X 2 t~X I tgX I 

"'" + cr22 0x2 x3 0x---~- + 0x2 0x2 "'" 

/)Su~) /)&o _ 2x3 / ) 2 ~  + 
�9 ..  + a ~ 2  Ox2 Oxt ' Ox)Ox2 Ox2 0x) 

By introducing the resultant forces and moments: 
h h 

we have: 

+ (~Xl (~X 2 
,dS. 

= h_ ~ _ _ a u  , 
2 2 

Is[ ~ 1 7 6  o'a,~ o,7 o~  ~ o~,__L~ ~ -ow, = H,, Ox, -M,, .... 0x? + H,, Ox, Ox, + N,, 0x, '" 

" 0x~ + N " E  Ox, ,N,, Ox; -+ -~ ,  j... 
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( uo  o uo  ol] 
. . . -  2M,2 0x,0x2 + N,2 0x---T 0x---T -4 Or, 0x 2 dS. 

Using the derivative formula uv'= (uv)'-.u'v, we obtain the following relations: 

o ~  ~ o oN,, ~o ,  Nil ~x, =Ox, (N,,~o)_ Ox, 
/)2&0 /) MI 0No 0 M l l 0 8 U ~ = ~  M ... 

Mll o~x--~-"(~Xl l-o~xi O~Xl O~Xl II O~Xl 

( ) O~2MII r /) 0Mll &0  + ........ 
"'" 0Xl 0xl 0x 2 

0u0 08u 0 0 Ni l .  - N! 

t~t~0 t~ (N228uO)_ t~N22 
N22 t~x 2 =t~x---2- OX2 -Su0, 

0 (0M22 ) 02M22 

,.o,.o ,( ,., o) 'I 
N22 0x 2 0x 2 0x 2 N22 0-~2 Oit3 -0--~2 N22 0x 2 ) 

0 3, 

N,2 (~Oox2 + ~~ loxi : ~  ~ (~,2~~ ~ ~0+~ ~ (~,2~2~ -~N'20x, ~0 

I 
0MI2 t~& 0 
0X 2 0X 1 

2M,2  i)x,Ox----~ - i)x---~ , 2 0 x  2 - ~x  2 i)x, Ox,Ox 2 "'" 

�9 ..+ MI2 0x I 0x 2 OXlOX 2 
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~"~ Ox~ Ox, Ox, a,<~ E ~E<~' E 0,2 Ox~) 

allowing us to write the virtual work of body forces as below: 

0u~ 0u~ tgM 11 + 
- ~ w ,  : o N,,c>,,p +N,~,r>,, ~ + N,, a,<, + N,~ ~ - ~ +  Ox, o.,<~ 

{ o 
~ - ~ 1 7 6  M,~ 0,~7 + N , ~  ~ + u ~o  + N, ~176 0,,~ ... 

""-MII t)Xl Ox2 ox2 L 22 2--~Xl + N22 t~x2 

0M 12 0M22 &i7- M 12 M 22 dS . . . .  + t~u 
...+ tgx--~+ t~x2 Ox I t~x2 t~Xl ~ l... 

( t)N22 ) [  192M..  (92M'2 (92M22 ~~l[ tgu7 c3N!.2. + trtu 7 + ~ +  2 + ~ +  N ... 
"'" + Oxl Ox2 tgx? tgXl~)X2 t9x2 11 0x I 

�9 . .+" ,~~ + ~  ",~ ~x, + ' - ~ j l  ~ ,,s. 
Taking into account the formula" 

Is g j , jdS = Ii. g jn jds , 
the virtual work of the internal forces is also written: 

- o w ,  : j" (u.. , . .  + N.~.~)a,l'  + (N.~..  + + + N.~,.~) ~ ... 0x l / },,o 
. . . + ( N , ~ , , ,  + N~, .~  + 0x----7-+ ,.. + + , , ,  ... 

Mi2n2) ~g&'~ - ( M l 2 n  I + M22n2) ,as... + 
Ox~ " "  ~ X  I 

ONe!, + ~ o  + ~ +  ~ + ~ ~i2... 
...- 0xi Ox2 Oxl Ox2 Ox 2 + 2 OxlOx2 

"+ Ox~ +K N"~+u'~Ox~)+~ N,~ o--?+N,~~ 
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17.3.2. Virtual work of transverse surface forces 

The virtual work developed by the transverse forces q3 (Xl,X2[t)x3 applied on 
the top surface of the plate is equal to: 

t ~ r F '  = fS qiSuidS' 
t 

o r :  
1 '  

b'Wr, = JS q3tSu3dS" 
in fact, the integration applied on the top surface of the plate is reduced to an 
integration applied to the middle plane of the plate. 

17.3.3. Virtual work of external lateral surface forces 

The virtual work of the external lateral surface forces applied to the perimeter of 
the plate is given by the following relation: 

O'Wr~ = ~~ Fi& idS " 

Decomposing the surface integral to a simple integral applied on the thickness of 
the plate and to a simple integral applied to the outline of the middle surface of the 
plate, the previous relation is written: 

b'WF~ = Fit~uidx 3 ds. 

On introducing the virtual displacement 8u i , this relation becomes: 

6W'~'c = ~r Ft ty)u~ - x3 + F2 ty)u~ - x3 + F38u~ dx3 

Let: 
h 

Qi(Xl,X2lt)=?hFi(xl,x2,x3lt)dx3_ (i = 1,2,3), 
2 

h 
Ci (Xl'X2l t) = f 2h Fi ( xl'x2'x3lt)x3dx3 (i = 1,2), 

2 
the virtual work developed by the surface forces applied on the outline of the plate is 
written: 

b~/'F~ = ~r(Q,tYu~ + Q2tSu~ + Q3t~u~ - Cl ~)tSu~ - C2 ~)tY~~ )ds 
OXl i)x2 " 
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17.3.4. Virtual work of body forces 
The virtual work developed by the body forces is obtained using the relation: 

= ~ f~&~d~, ~ u  f 
which, decomposing the triple integral to a simple integral applied to the thickness 
of the plate and to a double integral applied to the middle surface, is written: 

2 

The introduction of virtual displacements leads to: 

~:, =I, I ~,, :' s ,o_~ Ox," +:~ s,O_x~ ~ +:.,s,, 

Let: 
h 

2 
h 

,,., (x,,x~l,)- j_~,_/, (x,,x~,x31,)x,,~, (;- ~,2), 
2 

the virtual work developed by the body forces is written: 

b~Vf = pl t~ ,  0 + P28U~ + p3t~/~ ) - m! _ - m 2 dS .  
Ox I Ox~ 

The differentiation formula Ill"= (UV)'--U'V allows us to write" 

[ 0 (mlt~uO)+OmlS,~. 

0 (m,:~o)+ 0m, s.O],s 
"'" ~)X2 t~X" 2 

With' 

~s g j , jdS = ~F g j n jd s  , 

the virtual work developed by the body forces is as written below: 

W f = fS pISu~ + p28uO + P3 + ~ + Ox 2 8u~ dS... 

"'"- f r  (mInI + m2n2 )t~u~ds. 
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17.3.5. Virtual work done by inertial forces 

The virtual work done by inertial forces is written as: 

fs 0 2Ui 8uid['~ 
t~/a = p Ot 2 

which, on decomposing the volume integral to a simple integral and a double 
integral, becomes" 

SSl~_h ~2Ui - I t~tVa = 2 P ~ t  2 t~u i dx 3 dS . 

On introducing the virtual displacement, we obtain: 

Let: 

a~u~ x3 a ,  ~ - x3 t~Wa = fs 19 tgt 2 OxlOt 2 ' Ox I "'" 

. . .+  ~'u~ x3 O _ x~ + ~ o  d ~  dS . 
Ot 2 OX20t 2 OX 2 Ot 2 

h h h 
I0=  pdx 3, I1 = Px3dx 3, 12= Px3dx 3, 

2 2 2 
thus we obtain: 

~t 2 - I  I~xlOt 2 ~uOl + I 0 ~t 2 

...+I0 '02uOSu O- 11 "-12 
~)t 2 ~)t 2 OX l ~)t 2 t)x 1 

( t)2uO t)3uO ] tgt~O ] 
. . . -  I l Ot 2 - I  2 dS. 

Ox ~ O, ~ Ox ~ 

~u~ )c~o 
Ox20t 2 "'" 

Kirchhoff-Love analysis neglects the terms I 1 and 12 compared with 10 . The 
virtual work developed by the inertia forces is reduced to the following relation" ( 20 

f O u 3  - o  t~ u2 ~. 0 2 0 
a2u~ ~,o + + ~  dS 6Wa =$S I0 ~)t 2 t)t 2 tin2 Ot 2 " 
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17.3.6. Variational formulation 
Taking into account the previous relations, the variational formulation of plates 

in Kirchhoff-Love type analysis is written as: 

{ l (N..,.. + u.~,.~)8. ~ + (N.~,.. + u~, . , )8 .7  + (/v..,.. + N.~,.~) Ox. "" 

)OU OOx2 ",.(OMII t~M 12 )t~x2. ( t~M l 2t)Xl t)M 22 ] , ! ()x2/  ~ 0  ...+(N,~,,, + u ~ , ~  +t-g l -x,  + ,,, + .+ ~j ~ ,3... 
o-),~7 0s, ~ } 

. . . - (M, , , ,  + M , , , , )  Ox; .... (M,, , ,  + M , , , , )  0~, ds... 

"" - f s  ONll + ' 0 -~2  & '  + + T)u0 + +2 i2 Ox, ox, o~. j Ox? Ox,Ox~"" 

'"+ o,x:~ + K  . ,v , , ,+ . ,v , ,  Ox, . ) + ~  N , . , ,+ , , v , ,  Ox2)j ' ' 

j.( 
- fs q3t~u3dS - Q'&P + Q26u7 + O3&~ - c, 0&,~ _ c2 ds... "'" 0xl 0x2 

Omi + 8u ~ dS + (min i + mzn 2 )~u~)ds... �9 . . -  P I & ~ + P 2  & ~  P3 + 0x i 0x 2 

( 02u~ a2u~ ) o ~.7 a.,.o + 8.7 + s,7 dS : o. "'" + fS tO " Ol 2 Ot 2 Ol 2 

oc),,7 0 s ,7  
where u ~ u ~ and u 7 satisfy the relation V ~  7 , V ~  7 , v ~  7,V 0xi and V 0x2 . 

Or:  .22 / /)NIl + + Pl - I0 &to + '" + + P2 - 10 &t~ 
- ~)Xl t)x 2 0t ~ ()x I t)x 2 0t 2 "'" 

[/)2MII 02MI2 02M 0 ( O u ~  i)u~l 2 2  ... 
�9 + Ox ~, +2Ox,Ox; + Ox~ + ~  N, ,~+N,~ Ox~) 

. . . + ~  N,~ Ox, +N~ o~)+o~+p~+-~x + ~x; " 
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(N l l n  I + Nl2n 2 - Ql)C~Ul 0 + ( N l l n  I + N22n 2 - Q l ) t~2 . . .  

..o "1" 

c3M 12 /)M 22 ) 
�9 " + tgXl ~)x2 n2 -Q3 + mini + m2n2 

(M.~.. + M~.~ C')~a'~ }ds = 0  

[ ) ) (/)MII ~)MI2 ) (Nlln ' + Nl2n 2_ ~)uO + (NI2n I + N22n 2 - 0u0 + +. n,... 
t~X 1 ~)X 2 ~)X 1 t)X 2 

+ - - ( M I I . I  q. M12712 - Cl )~1~0 
l o~xl 

where u ~ u ~ and u ~ satisfy the relation VSu~176176176 08u~ and V ~98u~ 
bxl Ox2 

17.4. Global plate equations, boundary edge conditions 

17.4.1. Global plate equations 

The relation just obtained is satisfied, whatever the values of 8u~176176 

~ and aSuO 
ax, ~x2 ; it is still true if these values are imposed as zero on the perimeter 

F of the middle surface S of the plate. 
From the variational formulation: 

-gSx, + ~x~ + p , - t o ~  a,, +[ ~x, + ~x, +p~-~o ~,2 
[ ~M~ ~[ ~u o ~.o] t)2Mll ~92M12 + + N 1 + . 

... + i)x2 + 20x,~)x 2 Ox 2 ~ ,-~x l N,2 Ox2 ).. 

( Ou~ i)"~ On, On 2 0 2u~ ] 
~ NI2 + N22 ax 2 )+ q3 + P3 + ~ + - 10 t~u 0 .as = O, 

" ' "  + ax--T ax~ ax2 at2 

where u~ ~ and u3 ~ satisfy the relation VJu~  ~ andV&~ 
. . . /~o  = & o  = ~ o  =0  on F, 

we obtain, for all the middle surface, the following equations" 
ONt2 t92u 0 

i)Nl l + + Pl = I0 , 
Ox-'--~ i)x 2 0 7  
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tgNI2 t)N22 t92u 0 
+ +P2  =Io ()X l ()X 2 ~/2 ' 

t)2Mll 02M t)2M ~-~./  ~,2 + 22 
Ox~ + 2 0xlOx2 Ox2 + ""' kNll 

0 ( Ou~ Ou~) Om, Om 1 
"'" +~x 2 NIl -~xl + NIl ~x2 j  + 03 + PS +-~xl + OX 2 = Io - - - - -  

~ + N , ~ ~  ... 

02u~ 
Ot 2 " 

17.4.2. Boundary edge conditions 

Taking the three equations in the variational formulation, we obtain the 
following formulation: 

f 

~~ t(N,,., + N,~.~- Q , )~  + (N,~, + N ~ -  e~)~~ 
k 

.. + , , ,  N,~,.  ~ + N~.,~ ) ~176 + + .,... Ox2 Oxl 

( OMI2'c)x, + OM22]Ox 2 ] ~  n , + M  - C , )  OJu~Ox, "" + in2 -Q3 + rain) + m2n2 t~u3 I1 12n2 

0s,3 ~ } 
�9 . . - (Mi2nl+M22n2-C2)  0x 2 ds=O, 

where u ~ u ~ and u ~ satisfy the relation Vt~u ~ 'v't~u~,VSu ~ V i)6u~ and V 0&,~ 
' ' ' 0 x l  0x---~ 

from which we deduce the edge boundary conditions: 
Qi = Nllni + Nl2n2, 
Q2 = Nl2nl + N22n2, 

( 0M'' 0M'2 ) o~ - (N,,~, + N,,,,) o , ~  + (N,,,, + N,,, ,  ) o . ~  + + , , , . . .  

()X 1 ()X 2 ()X I 0X 2 

OM~2-+ , n23 + m~n~ + m2n 2, 
... + ~)Xl OX 2 

C I = MItn ~ + Mi2Pl 2, 
C 2 = M 22/'/1 + M 22t/2 . 

Subsequently in this appendix, the particular case is applied where" 
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m I = m  2 = 0 .  
On introducing for all M points of  the per imeter  F the direct local co-ordinates:  

(b) = (n, lr, x 3 ) ,  

where n is orthogonal and external to the edge, and where ~r is tangential to it and: 

n = tllX 1 + ?12x2, 

T = x 3 x n = - v / 2 x  I + •IX2 . 

The components  of  the virtual displacement  vector: 

= & ~  I + & ~  2 + & ~ x  3 = &On + & ~  + & ~ x  3 , 

are linked by: 
&o =&o..- &o.~. 
&o 0 &o,,, 

= t~unn 2 + 

X2 n 

T 61.7 

x I 

Figure 17.1. Local axes associated with the edge 

The partial differential functions of 8u ~ , with respect to x I and x 2 , and in 
relation to n and s ,  are linked by: 

0x) On n) -  a s  n2, 

Ox-~ = o - -~  ~2 + o ,  "" 

The simple integral in the virtual work of  internal forces: 

""+(N""' + N'~"')O"~ +( Ox, ()MI2 n + + /12 0... 
t~x2 I ~)Xl ~)x2 
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o8.7 -(M + ) a~. 
... - (M l ini + M i2n~ ) . Ox ' ,2 n '  M 2~n~ Ox l 

is written as: 
o 

...+ Nl2(tl?-Pl2)](~s~ + {[/17111)I?+ N22PI2 + 2Nl2Pllt'12 ~)~]=~n3~ =l= [-(NIl - N22)tll#12... 

�9 + N" ("; - "" , . w  + t ox, +ox2 " '+ ~x, + Ox~ j,~)<~o... 

[~ i ~ -[-(~,,- M~),,,~... '"-- ll/'l~ + M22n2 + 2M12nln2 On 

...+ M (,;-,22)1 ~ '~ )  12 OS ds. 

The resultant forces and moments do not have the following components in the 
local axes (b)' 

N n = N l l n  ? + N22 n2 + 2 N i 2 n l n  2 , 

N, - - (N. .  - N~  ),...~ + N.~ (.2. - .~ ). 

M,, = M ltn 2 + M22n22 + 2Mi2tl l t l2 , 

M s = -(Mll - M22)nln2 + MI2 (n? - n 2). 
By introducing: 

= ~ +  N s + + n 1 o,. - ~  t Ox. Ox : 
The virtual work of internal forces is as written below" 

�9 . . -  Ss ox, 

. . . +  

OM 22 ] /)MI2 + . n2 , 
+ "~)Xl ~)x 2 

o~o ~ )d~... N , ~  ~ § N~,  ~ + N3~, ~  M, ~ M, 0~ 

(9N12 (:F)u 7 + - + 8u ~ + + 2 Mi----'----L2... 
Ox2 Ox, Ox2 Ox 2 OxlOx: 

The virtual work developed by the surface forces applied on the edge of the plate 
is given by" 
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By introducing the virtual displacements: 

&~ = &~ - x 3 
On 

& ,  = &so - x 3 ~ ,  
Os 

&3 = &o,  

we obtain: 

gWFc = ~r /7. (~t/n 0 --  X 3 

...+ F38u~ ]dx3}ds.  

Let: 

+ F s tSu 0 - x 3 .. 
On Ox, )" 

h h 

2 2 
h h 

Cn = I~h FnX3dx3 Cs = I ~  Fsx3dx 3, 
2 2 

h 
Q3 : f2h F3dx3 , 

2 

thus the virtual work developed by the surface forces applied on the outline of the 
plate is written as: 

b~u F c = ~r I Q n t~u ~ + Q s t~u ~ + Q 3 tSu ~ - C n c) t~ ~ C s O (~u ~ ) 'Os 
The boundary edge conditions are written as: 

Q. = N n, 
Q, = N~, 

Q3 =N3,  
C, = M , ,  

C s = M  s. 
In Kirchoff-Love type analysis, the third and fifth conditions are combined into a 

single condition that includes the transverse shear effort that we obtain when we 
transform the following term: 

0 
~F t)~u 3 ds , - M s  "Os 
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which is present in the virtual work of the internal forces. Using the differentiation 
formula for a product, we obtain: 

bSu ~ ~)M s 
~s~ 

The last term between the brackets is zero when the edge F has no angular points, 
otherwise there is a transverse force acting at the point being considered. 

The virtual work of internal forces is written as: 

-- t ~ i  = N n Sli on + N s SH Os + N 3  + - ~ S-- =- ~ #'t - - ) 

II s,o+ 

02M22 i) ( Ou ~ Ou ~ ) 0 ( Ou~ bu~ ) k ,  o 
�9 N 

and the virtual work of effort applied at the edge is written as below: 

~4I F = On&le + Os&Ir + e~iJu~ - c n ig-----~|as + 2 Fit~uOi" 
i 

The edge boundary conditions are written as: 
O,, = N, ,  
O, " N~, 

Q; ff =N3+ ~)--'~'-, 
C n = M  n , 

~, =-IMp, ]= M;7, - M+ .  
The last condition only applies for the rough points. 

17.5. Global plate equations In static, vibration and buckling cases 

The global plate equations: 
tgNll + i9NI2 02Up 

~x, § p, = l o -~t ~ , 0xl 
q m l  

bNI 2 tgN22 t~2u~ 
+~:~-~ +P2 =I0  , Oxt ox2 ~ ?  



314 Analysis of composite structures 

~ 2...~M O2MI 2 ~2 ( 11 M22 ~ r176 Ou~ / 
C)Xl 2 4"2tgxi~)x2 4- ~)X--'~4"~Xl Nll-----~l-Xl 4,N12 c)x2 j... ~{ ~o  ~,,o] ~u o 
""+ N I 2 ~ x  1 +N220x  2 j+  q3 + p3 = lO bt ~ , 

are written as: 
- static: 

~)Nl2 0NIl + + 0, 
~)x-~ ~ P l =  

o3N12 oqN22 ------- + + O, 
~X 1 ~X 2 P2 = 

t~2Mll + 2 t92Ml2 + M2~2 
04 ~x,Ox~ ~x~ 

- vibration: 

+ q3 + P3 = 0, 

ONI2 O2u 7 t}NII 4, : l 0 
~x I OX 2 Ot 2 ' 

t~Nl 2 tgN22 t92u7 
4 = I 0 - .- 

t~x I 0x 2 dt 2 ' 

O2MII +2 t92M , ~2 ,  + ~  
OX? ()Xlt)X2 

- buckling: 
_____ /)NI2 C3Nll + =0,  

i)xl i)x2 
0Nl2 t~N22 ~ + ~ = 0 ,  t)x I t)x 2 

t~2M22 
ax~ 

a2uO 
= I 0  O-- ~ , 

t)2Mll 4- 2 ~92M 02M 1 2  4 ,  2 . . . . _ . _ 2 2  
~2uo ~2 u~ 

+ N i l  ~x~ 4,2N12 ~xl~x2 

...+N~ ~x---~--+t. ~x, + a-~-7-~ ja-~?, + ~x, + ~ j~x~ :o, 
taking into account the first two relations, the third equation is reduced to: 

, 12 + ~ + N l  +2Nt2 + =0. 



C h a p t e r  18 

Global plate equations: 
Reissner-Mindlin theory 
variational formulation 

18.1. Introduction 

This appendix, which refers to different subjects to the previous one, presents the 
Reissner-Mindlin theory of plates taking into account transverse shear. 

18.2. Von Karman strains 

Including the Reissner-Mindlin displacement field: 
., =.P(~..x~l,)+ x,~,.(~..~l,). 

in Von Karman strains" 

eVijK 2( Oui OUJ.] 10u 30u 3 
= ~+Oxj Ox i )  20x i Oxj 

leads to: 

aut o a ~ +  
~,, = ~ + x~ ax, ax, ) 

~ , , = ~ §  ox, st, N , 
E33 =0, 

el2 = ~ aXE + axl + x3 aXE + axl 2 Ox I i)x 2 
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'[ ~176 
~,3:~ ~, +-~-?x, )' 

e23 = 1I/2 + | .  

With the virtual displacements of Reissner-Mindlin plate theory: 

&, :&~ x:~,,(x,,x~l,), 
&2 =&~ x38r 
&3 : &~ 

are associated the virtual strains: 

t~Ell = t)X 1 +X3 0X 1 + t)X----~ t)X-----~' 

= + X 3 ~ +  , 
t)x 2 Ox 2 t~x 2 t~x 2 

t~E33 = 0 ,  

t~Stt 7 08tt 0 + x 3 ~x I " 

t~El2 = OX 2 + ~)Xl OX 2 + .. 

" "+  Ox 2 t)x I + ~)x---l" t)x 2 ' 

8e13 = 8u  + Ox I , 

t~'23 = t~g 2 + tgx2 " 

18.3. Variational formulation 

The variational formulation of the elasto-dynamic problem with surface forces 
applied is written as: 

[ft, l~ lP ~2u--~'d~=O,~)t2 z 
Iwhere ui satisfies the relation VSu i. 
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1 8 . 3 . 1 .  Virtual work of internal forces 

The virtual work of internal forces b'W i is presented by the relationship: 

- b~u i = ~f~ ~  
which can be written as: 

- ~ i  = f_.,.~ (0"1 l&ll + 0"22&22 + 20"12&12 +20"i3&13"" 

...+ 20"23r )dx 3 ]dS. 

Including the virtual strains within the virtual work of the internal forces gives: 

: I s  §  x-V ' 

�9 .. + 0"22 clx2 + x3 tlx2 c3x20x2  

and the introduction of the resultant forces and moments allows the following 
expression to be written' 

Q I $ O  

...+N22-~)x2 +M22 c~x2 +N22 ~)x2 ~)x 2 "" 

... + NI2 / + + M I2 + ' 0 x  I "'" 

�9 .. + N~2 + + N~3 d~'t + |... 

... + N ~  ~ , ~  + aX~ dS. 
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With the following relationships: 

_ 0 ~ ~  ~ (NII(~I0) ()NI,(~I, Nil Ox---~=-Ox I OXl" 
OMll 06~= 0 (M ~8~q)- a~'l, Mll t~X"~ OX 1 1 ~)xi 

~ o  ~ (N,~)_ ~ ~  ~.o 
N22 t~x'--~ = t~x 2 t)x 2 uu 2 ' 

0 8 ~ 2 -  () (M ) 0M22. 
M22 Ox 2 Ox 2 228~//2- Ox 2 (~2,  

Ou3 ~ 0--3 o 0 ( Ou3~ 0 [ Ou~ 
g22t~x 20x 2 =0x~ N22~~2 ~ N22 ~~2 J 3' 

NI2( ~)t~uOOx 2 + ~)t~u0 ] =t~xl ) ~ 0  (NI28U 0 )_ "0x2t)Nl28u 0 +~Xlt) (N128u 0)_ 0NI20xl 8u0, 

MI2 Ox 2 + ~)XI = ~ 12t~u OX 2 (~I//I + ~X 1 128~//2 "" 
OM 12 6 ~  2 

�9 . .  ) Oxl 
/ / N'2 ~2x2 ~Xl + ~ E = ~ NI2 ~-~2 -~Xl N'2 0-~2~ 3"- 

/ ~~ ~ (N'3~~ ~'3 ~~ NI3 ~ 1  +-0x I = Nl3(~lfl +-~-Xl "0x 1 

N23 ~lf2 + Ox 2 = N238~2 +0-~2 Ox2"" 8u3, 

we obtain: 
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ouO + NI2 _ b ~ ,  i = 0 NttT~u o + NiESffo + MltC~ly I + M128r + Nt t 0xl 0x2 

a N22& ~ + M1261y t 22t~2 + ... . . .  + N,3 ,~,~ + ~ JV,2~ ~ + + M JV,2 0x~ 

. . .  + N22 Ox2 + N 23 &~ aS... 

OJv,2 S,o + + &~ + ONll + . ~ -  
"'" - Oxl oX2 Oxl Ox2 Oxl Ox2 

( 0M t2 0M 22 0 q (~tt~ + NI 2 Nt 3 
""+I k O~Xl -+  OX-----~ -N23 (~1]'/2 + K NIt ()Xt (~X; + '" 

a /  a,,~ a,, ~ ]] o}~s 
" + ~  ~'~ Ox, + ~ Ox~ + ~,3 ~,., 

NI3 )6r 

The relation: 

~s g j,jdS = ~r g jn jds , 
allows the virtual work of the internal forces to be written as" 

I,.{(N,,., + N , , , , ) ~  + (N,,,, + N, , , , , )~  ) + (M,,,, + M,,,,)8~,... 

+ (M,~,,, + M ~ . , ) ~  +/(N,,,, + N,~., )~,O0x, + (N,~., + N~,,~) ~ . . .  

"'" 0x 2 

...+(NI3nt +N2sn2 &s ds... 

Sstl I (  ) (  ) C)Nl2 tgNI2 0N22 t:Flu~ + + NI3 . 0Ntt + r ~ + + ~ _  ~ly I. 
"" -  Oxl Ox2 0xt 0x2 ~ Ox2 

OM~2 + ~ - N 2 s  6~2 + N~t Ox~ Nt2 072 + N~3 "'" ""+ Ox~ Ox 2 

t9 t~U~ + N22. , + N23 
�9 ..+ NI2 ~)Xl t)x 2 
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18.3.2. Virtual work of transverse surface forces 

The virtual work developed by the surface forces q3 (Xl,X21t)s operating on the 
top surface of the plate is equal to: 

r = ~S t qi~uidS ' 
or" 

r = fs q3c~uOdS . 

18.3.3. Virtual work of external lateral surface forces 

or: 

or: 

With: 

This virtual work is given by the expression: 

~F~ = ~x Fi~idS ' 
F 

6Wer = F~&~dx 3 ds, 

~VFc = ~F [Fl(~~ +X3C~t'l)+ F2(c~(~ +x3~c2)+ F3~~ Ms. 

h 
Ci(x,,x2lt)= ~h Fi(Xl,X2,X31t)x3dx3 

n _  

2 
we obtain the relation: 

(i = 1,2,3), 

(i = 1,2), 

18.3.4. Virtual work of body forces 

The virtual work is obtained from: 

r f = ~~ f i Su i d['2 , 
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or: 

or: 

Let: 

~ f = fS 2 f ic~idx3 dS , 

~ , - f ,  [r,(~ o +x,,~,)+:,(~o +x , ,~ , )+ : ,~ ]~ ,  . 

h 

f_~ :,(x, x , , , , I , ) ~ ,  p , (~ , ,x , I , ) -  ~_ , 
2 

h 
mi(x,, x2 I,) - ~_h ~,(x, , x2 , x31t)x3~3 

2 
thus we obtain" 

(i = ] ,2 ,3) ,  

(i = 1,2), 

6Wf = ~s (pl&,O + p2(~u~ + p3(~u~ + m,8~, + m2811/2 )dS . 

18.3.5.  Virtual work done by inertial forces 

or: 

With: 

The virtual work done by inertial forces is: 

a2ui  1 '  
b~u = r P ~t 2 : 8u id~ , 

b~Wa = _ _ P O t  2 
2 

+x, 
at 2 .. 

. . .+ + x  3 "'at 2 at 2 : + ~3a~'~)+ 0~'~ ~ 1 a t  2 (~u3 d-x 3 

h h h 

= h , 1 h Px3dx3' h 
2 2 2 

dS. 
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we obtain: 

~Va = ['~ I0 ~ t  2 + I10 t  2 8uO + I0 7 + II Ot 2 I l l  o 

...+ I l ~ t  2 + I 20 t  2 l -ot2 -+ lz ot 2 "'" 

~u~ -0] �9 ..+ #o ~ t ~ ~ 3  jdS. 

18.3.6. Variational formulation 

The variational formulation of the Reissner-Mindlin theory of plates is given by: 

IF] (Nllnl + Nl2n2)c~uP + (Nl2nl + N22n2)Su7 + (Mllnl + M12n2)~'~l"" 
t -  

t 

... + (Ml2nl + M22n2 )~lp' 2 + [(NI lnl + Ni2n2)OuO+(Nl2nlDx I + N22n2) 0uT0x 2 "'" 

...+ (Nl3rl, +N23n2)]~O}ds... 

-.ott~-~-, + [  a~ ~x; +_~_ja, o t ~x, ~x---7-- 
0M,~ + ~ -  N,~ 8~  + N, , -~+ N,~ ~x;-+ N,~ . . .  

""+ OX 1 OX 2 

" + N  ~v,~ Ox--7+ N~ Ox-~+N, ~ es... 

" " -  ~ qsSu~ fr ~lSul~ + Q28u~ + QsSu~ + CiSq/l + C28u )ds... 

- f (plSui 0 + p28u 0 + p38u30 + mlSq/1 + m2811i 2 )dS... l l l l  

as 

. . .+  

[( ) ( 2.o  2.2/o ~2117 O2/ffl ~p  + I ~2  
fs I0 c)t 2 + II I0 + c)t 2 Ot ~ l o t 2  "'" 

I Ot i +12 ~ei + li +I2 ~12 +I0 8u ~ dS=O, 1 0 t  2 Ot 2 Ot 2 Ot 2 
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where u~ ~ u ~ r and r satisfy the relation V&,~, V&,~ ), VSu~, V8r and VJr 

Therefore: 

[[J( ~(gNII (gN12oqx2 t92U0tgt2. _ 02///'I ) - ~, + , ,  - ~o ~, ~,o... a t  2 

(3N,2 0N22 02u~ 02~/21 0 + + P2 - Io - I 6u 
" +  Ox, Ox~ o, 2 ' O, ~ ~"" 

'3t ~ ... . . . +  Ox i + 0x-=--~-Ol3 + m , - I  l - I 2 ~  6q/1 

""+ (gxl ''+ (9x2 N2s + m2 -1'  ~t2 -12 0',2 "'" 

o 0U~ ~ N,~ , ~ ~  ~ ~  N~ 
. . . +  N,, a--?+ o-~-+ + U +N + . . .  

32 07 } 
...+q3+P3 - i,,-~~ J~' dS... 

�9 + I,. {(N, , , ,  + ~,~,~ - o , ) a , ~  + (N,~., + / ~ , , ~  - Q ~ ) a , ~ '  

... + (M,, . ,  + M,~,~ - c, 18~,, + (M, , . ,  + M~, , ,  - c ,  18~,~... 
O. ~ 0,,~' 

... + (N, In! + N|2n 2 )~xl + (Nlln I + N21n 2 ) c)x---2'" 

...+ N,~,,, + N ~ , , ~ -  Q~]a,~ }d~ = ,). 

whereu~,u~ qt, and 1//2 satisfy the relation VSu~ and V~l/t 2. 

18.4. Global equations, boundary edge conditions 

18.4.1. Global plate equations 

Taking the variational formulation previously presented: 
&~O=0and 8r F, 

we obtain: 
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IfONII 0NI2 a2up a21119-i ~ 
fs {t TXl .4- ~x2 -4- P l -  I0 Dt ~ - I I  at 2 )~10' '-  

( aN22 a2/d7 a2~/2)  0 t)Nl2 + ~ + P2 - Io - I1 t~2 
... + "i)Xl i)x 2 at 2 ot 2 .-. 

. . .  "~- 

. , .+  

aMl2 a2u ~ a2~l] 
aM,, + ~ -  NI 3 + ml _ i1 _ 12 6///l 

ax, ax 2 at 2 at ~ "'" 

i)M12 01t4 22 0 2U0 2 
+ ~ _  N23 + m 2 - I l - 12 ------- 81]/2 

t)X 1 ()X 2 at E 

""+ -~x I Nll-~xl*Nl2~x2 +NI3 +~x 2 Nl2~xl +N22~x2 +N23 . . .  

l 1 �9 "+q3  + P3-1o  a-- -~jSu~ dS =0, 

where u ~ and ~i satisfy the relation V6u ~ and V 6 ~ i / ~ o  = 0  and 6~i = 0  on F. 

Thus, the global equations of plates can be written: 
aNI2 a2u 0 /)2 

ONll + ,  .L + Pl = Io + ii I/q 
OX""- T- OX2 0t 2 0t 2 ' 

/9N22 02u ~ /)21//2 0Nl2 + + P2 = Io + ll 
Ox--S o, 

a M , ,  t)Ml2 
~X l OX 2 

0MI2 0M22 
axl ax2 

()NI3 t)N23 O ~ +  + 
axl Ox2 Ox, 

NI3 + ml = II 02u~ + / 2  
0t 2 

N23 + m 2 = I l 02u~ + 12 

o~2W~ 
~)t 2 ' 

/)2~2 

o.o o o) 
Nll~=Xl + N,2 Ox 2 J"" 

at 2 

ouo / 

In the f o l l o w i n g  part o f  this appendix ,  w e  take m I = m 2 = 0 .  
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18.4.2. Boundary edge conditions 

Substituting the five global equations of plate analysis in the variational 
formulation, we obtain: 

f~ {IN.... § N.~.~ - Q.)8.~ § (N.~.. § N~,.~ - Q, ),~,0... 

... + (MiI ,  I +Mi2n  2 - C , ) ~ ,  + (Ml2n I + M22n 2 - C2)8~2...  

+/<~,  + ~=,~ >o,~ox + <~,  + , >o,o 
p -  

,2 I N22 2 Ox--~"" 0 1 1 1  

I -  

, , , ,  , , ,3, .  o , ]~o}~ ,=o  
From which we get the boundary edge conditions: 

Q~ = N l ~nl + N~2n 2, 

Q2 = NI2n!  + N22n2 , 

Q3 =Nl3nl +N23n2 +(Nllnl +Nl2n 2)0tt~0xl +(Nl2nl +N22n2),,0tl 0 Ox2 
C I = M i l r l l  + M 1 2 " 2 ,  

C 2 = M 12hi + M 22n2 . 
Introducing the local axes ( b ) = ( n , x , x , ) ,  where n and 'r are respectively 
orthogonal and tangential to F ,  enables us to write: 

~,o_~,0 ~,0, 
n t ! l  - -  , 2 ,  

n 

M " q  v 
" ~ F  xi 

Figure 18.1. Local axes attached to an edge 

In addition" 

~gxl 0 .  h i -  0s "2, 
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and: 

~ ~ 

i)x 2 On n2 +-  i)s 

t~ lY 1 =6lYnn I - t~ lY s n 2 , 
~ly I = t~lYnn 2 + t~lYsn I . 

- n l  ' 

The following integral in the virtual work of the internal forces" 

...+(Ml2n I + M22n2)r165 +[(NI,/II +Nl2n2)Ou~ +(Nl2n . + N22/12) 0u0 OX 1 OX 2 "'" 

�9 -.+ Nl3nl +N23n21t~u~ 

becomes" 

-b'Wi r =~F([NIIn? +N22 n2+2Nl2nln2]~0n +I-(Nll-N22)nln2... 

...+ NI2~ 2 -n2)]~Us 0 + [Mlln? + M22n2 + 2Ml2nln2]~ly n + [ - ( M I , -  M22)nln2... 

�9 ..+MI2~?-/12 )?~s +{[Nil/12 +N22 n2 + 2 N I 2 n I I 1 2 ~ + I - ( N I , - N 2 2 ) n l n 2 . . .  

�9 "" ~ + Nl3n I + N23n 2 

The introduction of: 

N n = N l l n  ? + N22 n2 + 2Nl2nln  2 , 

Ns =-(NlI-N22)+NI2~?-n2),  
M n = M l l n  ? + M22n22 + 2Ml2n ln  2 , 

M s =-(Mll-M22)nln2+M12~?-n~), 
allows us to write: 
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f r [  0 + M 8r n + M sStP's - 6Wi = U n & O + N st~U s n "'" 

... + N  s + N  + & o  ds. On - ~ s  13nl N23n2 

The virtual work developed by the surface forces, which are applied to the plate 
edge, is: 

O'W G = (Vn Su n + Fst~u s + F3& ~ ds, 

with: 
o + x38r t ~  n = t ~  n 

&~ = & o  + x36~s  , 
o &3 =&3,  

from which" {f!E ~ -  I~ __ ~ (~o+ x3~,)+ ~ (~o+ x,~)... 

Let: 
h h 

2 2 
h h 

Cn = ~ ~" Cs = ~' ; 
2 2 

thus we obtain: 

h 
Q3 = f, ih_ F3dx3' 

2 

The boundary conditions are written as: 
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with: 

Q . = N . ,  

Qs =Ns, 
au o 

03 = N3 + Nn -~n + N s 

6". =M,,, 
Cs =M s, 

N 3 = Nl3n I + N23n 2 . 

Os ' 

18.5. Global static, vibration and buckling equations 

The global plate theory equations: 
o~NI2 o~2u 0 02///1 t~Nll I- , , , + Pl = lo + Ii 

~X 1 ~)X 2 tgt 2 t)l 2 ' 

oqNI2 oqN22 oq2u~ t~ 2///2 
~ +  + P2 = lo + II 

t)X I t)X 2 t)l 2 ~)l 2 ' 

0MI2 02/40 021//'1 0Mll  + ~ _ N  l = I  I +12 , 
~)X"-'~ ~)X 2 3 ~ ' ~  ~)t2 

0Ml2  0M22 t)2u~ 021//'2 
I - ~  N = I  + 1 2 ~  OX 1 OX 2 23 1 Oi 2 Ol 2 , 

t~Ni3 
/)xl 

are written as: 

+ ax2 + ~x, ' ~ + N,2 ax2 )"" 

"'" + 0X----~ NI2 0X 1 + N22 0X 2 ) + q3 + P3 = I0 ~t  [ , 

- static: 
/)NI2 /)Nil + + Pl = 0, 

~)X I ~)X 2 

i)N~2 0N22 
~ +  + P 2  = 0 ,  

49x I c3x 2 



Reissner-Mindlin theory variational formulation 329 

0MI2 =0,  OMII +_______ Nl3 
tgX I t)X 2 

t~MI2 0M22 
~ ~  N23 =0 ,  

0x I t~x 2 
t)N23 c3N13 + . . . .  + q3 + P3 = 0, 

Oxl 0x2 

- vibration" 
~)Nl 2 ~2u0 ~)2 

~)NII I- = io + 11 ~//1 
Ox t ~ x  2 ~ t  2 Ot 2 '  

0NI2 0N22 = I 0 02U0 0211/'2 
Txx, +0x2 - +  I ' - - - '  /)t 2 

a2u o 
0M 12 = I t + I OMIt + - - - - - - -  NI3 2 

OX 1 19X 2 ~l 2 

~ = 1 02110 tgM12 + ~ -  N23 1' + 12 
0x I 0x2 �9 8t ~ 

c3N13 0N23 t)2u~ 
~ +  = 1 o 

c~ 2 Yt 
c3t 2 ' 

02~2 
Ot 2 

- buckling: 
.____. /)Nl2 /)Nit + =0,  
t3x~ /)x 2 

0Nl2 0N22 + ~ = 0 ,  
0Xl i)x2 

0Ml2 =0,  0Mlt + ~ _  NI3 
Oxl Ox2 

t)M 22 /)M 12 + __.___. _ N23 = 0, 
igxt 0x 2 

ONI3 aN23 C)2U0 C)2U~ 
+ ~ + N t  - +2 C~Xl OX 2 1 C~X? NI2 c~xic~x 2 

a2u~ 
- ~ - - + N 2 2  t~x~ =0.  
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