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1 Solutions of Equations in One Variable

In this chapter we consider

one of the most basic problems

of numerical approximation

the root-finding problem
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This process mvolves

e

finding a root.
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or solution.
| The Bisection Method

of an equation
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2 Fixed-Point Iterati:ﬁn

of the form f(x) = 0.

The Secant Method
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3  Newton's Methods

The Method o False Posifion
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'] Solutions of Equations in One Variable

EPRY-T)
Newton’s Method  (or the Newton-Raphson) is based on |Taylor pﬂlyﬂﬂnﬂalsl( >
f [ pﬂ)z I . . . . (‘QL?’
F(p) = f(po) + (p — po) f'(po) + f"(&(p)), Since f(p) = 0, this equation gives ol 484,
{p p )’ , =
r 0 fr .
0= f(po)+ (p—po)f(po)+ FUECP)). | (Y
. Iy
Newton’s method is derived by assuming that since | p— pg| is small, the term involving = . ( e
(p — po)* is much smaller, so Jo (Fad
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0=~ f(py)+(p —pﬂ}fr{ﬁlﬂ). Solving for p gives P =~ Po — —; &oue Jo (Flad
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This sets the stage for Newton’s method, which starts with an initial approximation pp ( e
and generates the sequence {p,}™~ . by 345 Jo (B bad
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Pn = Pn-1 — f,{p"_'}, forn=1. ( C
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1 Solutions of Equations in One Variable Newton's Method

Y &

Slope f*(py) y =10

(P1. f(p1)
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1 Solutions of Equations in One Variable

Example 1

Newton's Method

Consider the function f(x) = cosx—x = 0. Approximate a root of f using (a) a fixed-point
method, and (b) Newton’s Method

Solution (a) x = cosx. [0, /2]
Table 2.3 shows the results of fixed-point iteration with py = /4

Table 2.3

" pﬂ

0 0. 7853981635
1 0.7071067810
2 0.7602445972
3 0.7246674808
4 0. 7487198858
3 0.7325608446
6 0.7434642113
T 0.7361282565
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n — Fn—1 — |
z ! 50 oo
COSPn—1 — Pn—1
= Pp—1 — . l Table 2.4 e
— 51N pﬂ—l _ i Pﬂ ‘s.’“ &(GM
0 0.7853981635 oYoleo olws
1 07395361337,  C =)
2 0.7390851781 (5 b
3 07390851332 Ny
4 0.7390851332
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1 Solutions of Equations in One Variable  The Secant Method

LPXY-F)
The Secant Method
: _ C e
Newton's method 1s an extremely powerful technique () b
but 1t has a major weakness ELECY
the need to know the value of the derivative of f ( o e
at each approximation. 4 g sd
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To circumvent the problem /i I o (g
we introduce a slight variation ( Jiss "5“‘6)
’ . . f(x) - f(pn—l) Q”J’ (fJﬁ
F(Pa1) = 1_13;}1‘_1 X — o & ‘fj,.‘s!,éga ol
prn_z < close to Pa_t. then f!(pn—l) ~ f(pn—Z) — f(pn—l)= f(pn—l) — f(pn—ﬂ). ( 6)
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1 Solutions of Equations in One Variable

VA

The Secant Method

y=f)

Pn = Pn—-1 —

F(Pu1)(Paz1 — Pa—2)

f{pﬂ—l) — f(Pn—z) i
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1 Solutions of Equations in One Variable

Example 2

The Secant Method

Use the Secant method to find a solution to x = cosx, and compare the approximations
with those given in Example 1 which applied Newton's method.

Solution
Suppose we use pp = 0.5 and p

F(Paz1)(Pazt — Pa_2)
f(pn—l) — f(Pn—z) ‘

(pn—] — pﬂ_g)(CDS Pan-1 —

Pn = Pn—-1 —

For the Secant method we need two initial approximations
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P =Pt (C«DSPH_] _pn—l) -
the convergence of the Secan

IS much faster tha
funcUon. :

(CDSPH—E

1 =n/4 Table 2.5
Secant

n Pn

pﬂ—l} 1 fDI‘H } 2 ; D 05

— Pn—2) 1 0.7853981635

W‘— 2 0.7363841388
3 0.7390581392
4 0.7390851493
5 0.7390851332
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1 Solutions of Equations in One Variable The Method of False Position

FPRV-FY
The Method of False Position | JEREIEE Clg At duEions
In the same manner as the Secant method C F
Secant Method Method of False Position ;L‘t: 5
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1 Solutions of Equations in One Variable The Method of False Position

Example 3

Use the method of False Position to find a solution to x = cosx, and compare the approx-
imations with those given in Example 1 which applied fixed-point iteration and Newton's

method, and to those found in Example 2 which applied the Secant method.
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False Position Secant Newton
n Pn Pn Pn
0 0.5 0.5 0.7853981635
1 0.7853981635 0.7853981635 0.7395361337
2 0.7363841388 0.7363841388 0.7390851781
3 0.7390581392 0.7390581392 0.7390851332
4 0.7390848638 0.7390851493 0.7390851332 |
5 0.7390851305 0.7390851332
6 0.7390851332
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1 Solutions of Equations in One Variable Newton's Method

The Secant Method

The Method of False Position

EXERCISE SET 3

Use Newton’s method to find solutions accurate to within 10~ for the following problems.
a. e +2"+2cosx—6=0 forl=x<2
bh. Inx—1)4cos(x—1)=0 forl3=x=<=2

(Y b
gy

e

J> (Ydad
IS0 goue

-

Method of False Position

Secant method

a. 3xet=0 forl=x=<2

| Newton’s method b. 2x+3cosx—e'=0 for0=<x=<1I

Use all three methods in this Section to find solutions to within 107 for the following problems.
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