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PREFACE 

This book can serve as a textbook for two to three courses at the advanced under
graduate and the graduate student level . It is also suitable as a basis for continuing 
education of engineers in the nuclear power industry , who wish to expand their knowl
edge of the principles of thermal analysis of nuclear systems. The book, in fact , was 
an outgrowth of the course notes used for teaching several classes at MIT over a 
period of nearly fifteen years . 

The book is meant to cover more than thermal hydraulic design and analysis of 
the core of a nuclear reactor. Thus , in several parts and examples , other components 
of the nuclear power plant , such as the pressurizer, the containment and the entire 
primary coolant system are addressed . In this respect the book reflects the importance 
of such considerations in thermal engineering of a modern nuclear power plant . The 
traditional concentration on the fuel element in earlier textbooks was appropriate when 
the fuel perrormance had a higher share of the cost of electricity than in modern 
plants . The cost and perrormance of nuclear power plants has proven to be more 
influenced by the steam supply system and the containment building than previously 
anticipated . 

The desirability of providing in one book the basic concepts as well as the complex 
formulations for advanced applications has resulted in a more comprehensive textbook 
than those previously authored in the field . The basic ideas of both fluid flow and 
heat transfer as applicable to nuclear reactors are discussed in Volume I. No assump
tion is made about the degree to which the reader is already familiar with the subject. 
Therefore , various reactor types, energy source distribution and fundamental laws of 
conservation of mass, momentum and energy are presented in early chapters . Engi
neering methods for analysis of flow hydraulics and heat transfer in single-phase as 
well as two-phase coolants are presented in later chapters . In Volume II , applications 
of these fundamental ideas to the multi-channel flow conditions in the reactor are 
described as well as specific design considerations such as natural convection and core 

;y 
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thermal reliability. They are presented in a way that renders it possible to use the 
analytical development in simple exercises and as the bases for numerical computa
tions similar to those commonly practiced in the industry . 

A consistent nomenclature is used throughout the text and a table of the nomen
clature is included in the appendix . Each chapter includes problems identified as to 
their topic and the section from which they are drawn . While the SI unit system is 
principally used, British Engineering Units are given in brackets for those results 
commonly still reported in the United States in this system. 
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CHAPTER 

ONE 

THERMAL HYDRAULIC CHARACTERISTICS 

OF POWER REACTORS 

I INTRODUCTION 

The energy source of a power reactor originates from the fission process within the 
fuel elements . Energy deposited in the fuel is transferred to the coolant by conduction , 
convection , and radiation . 

This chapter presents the basic thermal hydraulic characteristics of power reactors . 
Study of these characteristics enables the student to appreciate the applications of the 
specialized techniques presented in the remainder of the text . The thermal hydraulic 
characteristics are presented as part of the description of the power cycle , core design , 
and fuel assembly design of these reactor types . Water- , gas- ,  and liquid-metal-cooled 
reactor types , identified in Table 1 - 1 , include the principal nuclear power reactor 
designs currently employed in the world . Table 1 - 1  and others i n  Chapters 1 and 2 
provide further detailed information useful for application to specific illustrative and 
homework examples . 

II POWER CYCLES 

In these plants a primary coolant is circulated through the reactor core to extract 
energy for ultimate conversion by a turbine process to electricity . Depending on the 
reactor design, the turbine may be driven directly by the primary coolant or by a 
secondary coolant that has received energy from the primary coolant. The number of 
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Table 1-1 Basic features of major power reactor types 

Fuel 

Approximate fissile 

Neutron content (all 
235U 

Reactor type spectrum Moderator Coolant Chemical fonn except LMFBR) 

Water-cooled Thermal 
PWR H2O H2O U02 = 3% Enrichment 

BWR H2O HP U02 = 3% Enrichment 

PHWR D20 D20 U02 Natural 

(CANDU) 
SGHWR °20 H2O U02 = 3% Enrichment 

Gas-cooled Thermal Graphite 
Magnox CO2 U metal Natural 
AGR CO2 U02 = 3% Enrichment 
HTGR Helium UC, Th02 = 7-20% Enrichment" 

Liquid-metal-cooled Fast None Sodium 
LMR U/PU metal; U02/PuO:! = 1 5-20% Pu 
LMFBR U02/PU02 = 1 5-20% Pu 

"Older operating plants have enrichments of more than 90%.  

coolant systems in a plant equals the sum of one primary and one or more secondary 
systems . For the boiling water reactor (BWR) and the high-temperature gas reactor 
(HTGR) systems , which produce steam and hot helium by passage of primary coolant 
through the core , direct use of these primary coolants in the turbine is possible , leading 
to a single-coolant system. The BWR single-coolant system, based on the Rankine 
cycle (Fig . 1 - 1 )  is in common use . The Fort St. Vrain HTGR plant used a secondary 
water system in a Rankine cycle because the technology did not exist to produce a 
large , high-temperature , helium-driven turbine . Although the HTGR direct turbine sys
tem has not been built , it would use the Brayton cycle , as i llustrated in Figure 1 -2 .  

The pressurized water reactor (PWR) and the pressurized heavy water reactor 
(PHWR) are two-coolant systems . This design is necessary to maintain the primary 

Steam Line 

Core 
"�-------,rc:3E::��E:::::= Condenser 

Cooling Water 

Reactor 

Pump 

Figure 1-1 Direct, single-coolant Rankine cycle . (Adapted courtesy of u.s. Department of Energy. )  
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Core 

Cooler 

Turbine 
Generator 

Figure 1 -2 Direct, single-coolant Brayton cycle . (Adapted courtesy of u.s. Department of Energy.) 

coolant conditions at a nominal subcooled liquid state . The turbine is driven by steam 
in the secondary system. Figure 1 -3 illustrates the PWR two-coolant steam cycle . 

The liquid metal fast breeder reactor (LMFBR) system employs three coolant 
systems: a primary sodium coolant system, an intermediate sodium coolant system, 
and a steam-water, turbine-condenser coolant system (Fig .  1 -4) . Three coolant systems 
are specified to isolate the radioactive primary sodium coolant from the steam-water 
circulating through the turbine , condenser, and associated conventional plant com
ponents . The liquid metal reactor (LMR) concept being developed in the United States 

Primary Coolant 

Steam 
Generator 

Pump 

Steam Line 

Pump 

Condenser 
Cooling Water 

Figure 1-3 Two-coolant system steam cycle . (Adapted courtesy of u.s. Department of Energy .) 
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Primary Secondary 
Sodium Coolant Sodium Coolant 

Pump 

Heat 
Exchanger 

Pump 

Steam Line 

Steam 
Generator 

Pump 

Condenser 
Cooling Water 

Figure 1-4 Three-coolant system steam cycle. (Adapted courtesy of u.s. Department of Energy. )  

draws on LMFBR technology and operational experience base , but i t  is not designed 
as a breeder. Liquid-metal-cooled reactor characteristics and examples presented in 
this text are for the LMFBR. 

The significant characteristics of the thermodynamic cycles used in these reactor 
types are summarized in Table 1-2. Thermodynamic analyses for typical Rankine and 
Brayton cycles are presented in Chapter 6. 

III PRIMARY COOLANT SYSTEMS 

The BWR single-loop primary coolant system is illustrated in Figure 1 -5 ,  and Figure 
1-6 highlights the flow paths within the reactor vessel .  The steam-water mixture first 
enters steam separators after exiting the core . After subsequent passage through steam 
dryers located in the upper portion of the reactor vessel , the steam flows directly to 
the turbine . The water, which is separated from the steam, flows downward in the 
periphery of the reactor vessel and mixes with the incoming main feed flow from the 
turbine . This combined flow stream is pumped into the lower plenum through jet 
pumps mounted around the inside periphery of the re?ctor vessel. The jet pumps are 
driven by flow from recirculation pumps located in relatively small-diameter (= 20 
inches) external recirculation loops , which draw flow from the plenum just above the 
jet pump discharge location . 

The primary coolant system of a PWR consists of a multi loop arrangement arrayed 
around the reactor vessel . In a typical four-loop configuration (Fig . 1 -7) , each loop 
has a vertically oriented steam generator and coolant pump. The coolant flows through 
the steam generator within an array of U tubes that connect inlet and outlet plena 
located in the bottom of the steam generator. The system's  single pressurizer is con
nected to the hot leg of one of the loops . The hot and cold (pump discharge) leg 
pipings are typically 31 and 29 inches in diameter, respectively . 

The flow path through the PWR reactor vessel is illustrated in Figure 1 -8 .  The 
inlet nozzles communicate with an annulus formed between the inside of the reactor 
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Driving Flow 
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Main Steam Flow 
to Turbine 

Main Feed Flow 
from Turbine 

Figure 1 -6 Steam and recirculation water flow paths in the BWR. (Courtesy a/General Electric Company.) 

vessel and the outside of the core support barrel . Coolant entering this annulus flows 
downward into the inlet plenum formed by the lower head of the reactor vessel . Here 
it turns upward and flows through the core into the upper plenum which communicates 
with the reactor vessel outlet nozzles. 

The HTGR primary system is composed of several loops , each housed within a 
large cylinder of prestressed concrete . A compact HTGR arrangement as embodied 
in the modular high-temperature gas-cooled reactor (MHTGR) is i l lustrated in Figure 
1-9. In this 588 MWe MHTGR arrangement [2] the flow is directed downward through 
the core by a circulator mounted above the steam generator in the cold leg . The reactor 
vessel and steam generator are connected by a short, horizontal cross duct, which 
channels two oppositely directed coolant streams .  The coolant from the core exit 
plenum is directed laterally through the 47 inch diameter interior of the cross duct 
into the inlet of the steam generator. Coolant from the steam generator and circulator 
is directed laterally through the outer annulus (equivalent pipe diameter of approxi
mately 46 inches) of the cross duct into the core inlet plenum. 

LMFBR primary systems have been of the loop and pool types . The pool type 
configuration of the Superphenix reactor is shown in Figure 1-10, and its character
istics are detailed in Table 1-2. The coolant flow path is upward through the reactor 
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Steam Gullet (to turbine) 

Figure 1·7 Arrangement of the primary system for a PWR. (From WASH-1250.) 

core into the upper sodium pool of the main vessel . Coolant from this pool flows 
downward by gravity through the intermediate heat exchanger and discharges into a 
low-pressure toroidal plenum located on the periphery of the lower portion of the 
main vessel . Vertically oriented primary pumps draw the coolant from this low-pres
sure plenum and discharge it into the core inlet plenum. 

IV REACTOR CORES 

All these reactor cores except that of the HTGR are composed of assemblies of 
cylindrical fuel rods surrounded by coolant which flows along the rod length . The 
U .S .  HTGR core consists of graphite moderator blocks that function as fuel assem
blies .  Within these blocks a hexagonal array of cylindrical columns is filled alternately 
with fuel and flowing helium coolant . The assemblies and blocks are described in 
detail in section V .  

There are two design features that establish the principal thermal hydraulic char
acteristics of reactor cores: the orientation and the degree of hydraulic isolation of an 
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TOTAL FLOW 

Figure 1·8 Flow path through a PWR reactor vessel .  Thick arrows, main flow; thin arrows, bypass flow. 
1, through outlet nozzle clearance; 2, through instrumented center guide tubes; 3, through shroud-barrel 
annulus; 4, through center guide tubes; 5, through outer guide tubes; 6, through alignment key-ways. 
(Courtesy of Combustion Engineering .) 
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Control Rod Drivel 
Refuel ing 
Penetrations 

Reactor 
Vessel 

Reactor 
Core 

Figure 1-9 Modular HTGR primary coolant flow path. (Courtesy of US-DOE. ) 

assembly from its neighbors . It is simplest to adopt a reference case and describe the 
exceptions . Let us take as the reference case a vertical array of assemblies that com
municate only at inlet and exit plena . This reference case describes the BWR, LMFBR,  
and the advanced gas reactor (AGR) systems . The HTGR i s  nominally configured in 
this manner also , although leakage between the graphite blocks which are stacked to 
create the proper core length , creates a substantial degree of communication between 
coolant passages within the core . The PHWR core consists of horizontal pressure 
tubes penetrating a low-pressure tank filled with heavy-water moderator. The fuel 
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Figure 1-10 Primary system sodium flow path i n  the Superphenix reactor (Courtesy of EDF.) 

assemblies housed within the pressure tubes are cooled by high-pressure heavy water, 
which is directed to and from the tubes by an array of inlet and outlet headers . Both 
the PHWR and the AGR are designed for on-line refueling . 

The PWR assemblies are vertical but are not i solated hydraulically by enclosing 
ducts over the core length . In effect, fuel rods are grouped into assemblies only for 
handling and other structural purposes . 

V FUEL ASSEMBLIES 

The principal characteristics of power reactor fuel bundles are the array (geometric 
layout and rod spacing) and the method of fuel pin separation and support along their 
span. The light-water reactors (BWR and PWR), PHWR, AGR, and LMFBR all use 
fuel rods. The HTGR has graphite moderator blocks in which adjacent penetrating 
holes filled with fuel and flowing helium coolant exist. 
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Light-water reactors (LWRs) , where the coolant also serves as the moderator, 
have small fuel-to-water volume ratios (commonly called the metal-to-water ratio) 
and consequently rather large fuel rod centerline-to-centerline spacing (commonly 
called the rod pitch, P) . This moderate packing fraction permits use of a simple square 
array and requires a rod support scheme of moderate frontal area to yield low pressure 
drops . A variety of grid support schemes have evolved for this application . 

Heavy-water reactors and advanced gas reactors are designed for on-line refueling 
and consequently consist of fuel assemblies stacked within circular pressure tubes .  
This circular boundary leads to an  assembly design with an  irregular array of  rods . 
The on-line refuel ing approach has led to short fuel bundles in which the rods are 
supported at the assembly ends and at a center brace rather than by LWR-type grid 
spacers . 

Liquid-metal-cooled fast-breeder reactors require no moderator and achieve high 
power densities by compact hexagonal fuel rod packing . With this tight rod-to-rod 
spacing , a lower pressure drop is obtained using spiral wire wrapping around each 
rod than could be obtained with a grid-type spacer. This wire wrap serves a dual 
function: as a spacer and as a promotor of coolant mixing within the fuel bundle . 
However, some LMFBR assemblies do use grid spacers . 

The principal characteristics of the fuel for the six reference power reactor types 
are summarized in Table 1-3. The HTGR does not consist of an array of fuel rods 
within a coolant continuum. Rather, the HTGR blocks that contain fuel , coolant, and 
moderator can be thought of as inverted fuel assemblies . In these blocks , the 
fuel-moderator combination is the continuum that is penetrated by isolated , cylindri
cally shaped, coolant channels .  

The LWRs (PWR and BWR) , PHWR, AGR, and LMFBR utilize an  array of  fuel 
rods surrounded by coolant. For each of these arrays the useful geometric character
istics are given in Table 1-3 and typical subchannels identified . These subchannels 
are defined as coolant regions between fuel rods and hence are "coolant-centered" 
subchannels . Alternately , a "rod-centered" subchannel has been defined as that cool
ant region surrounding a fuel rod .  This alternate definition is infrequently used. 

A LWR Fuel Bundles: Square Arrays 

A typical PWR fuel assembly for the LWR, including its grid-type spacer, is shown 
in Figure 1-11, along with the spring clips of the spacer, which contact and support 
the fuel rods . It is stressed that this figure represents only one of a variety of spacer 
designs now in use. The principal geometric parameters of the rods , their spacing , 
and the grid are defined in Figure 1-12, and the three types of subchannel commonly 
utilized are identified . Table 1 -4 summarizes the number of subchannels of various
sized square arrays.  Modem boiling water reactors of U. S .  design utilize assemblies 
of 64 rods , whereas pressurized water reactor assemblies are typically composed of 
225 to 289 rods . The formulas for subchannel and bundle dimensions , based on a 
PWR-type ductless assembly , are presented in Appendix J .  
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Portion of Spring Clip Grid 
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Control Rod 
Assembly --�-___ I 

Fuel Rod 

Absorber Rod 
Guide Thimble 

Rod 
Absorber 
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Grid 
Assembly 

Dash Pot 
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Figure 1 ·11  Typical spacer grid for a light-water reactor fuel assembly. (Courtesy of Westinghouse Electric 
Corporation . ) 

Table 1-4 Subchannels for square arrays 

Np N. N2 N) 
Total no. No. of interior No . of edge No. of comer 

Rows of rods of rods subchannels subchannels subchannels 

1 1 0 0 4 
2 4 4 4 
3 9 4 8 4 
4 1 6  9 12 4 
5 25 16 16 4 
6 36 25 20 4 
7 49 36 24 4 
8 64 49 28 4 

Nrows N;ows (Nrows - 1 )2 4(Nrows - 1 )  4 
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Figure 1-12 Typical fuel array for a light-water reactor. Subchannel designation: 1. interior; 2. edge; 
3. comer. 

B PHWR and AGR Fuel Bundles: Mixed Arrays 

The geometry and subchannel types for the PHWR and AGR fuel bundles are shown 
in Figure 1-13. Because these arrays are arranged in a circular sleeve , the geometric 
characteristics are specific to the number of rods in the bundle . Therefore the exact 
number of rods in the PHWR and the AGR bundle is shown. 

C LMFBR Fuel Bundles: Hexagonal Arrays 

A typical hexagonal array for a sodium-cooled reactor assembly with the rods wire
wrapped is shown in Figure 1-14. As with the l ight-water reactor, different numbers 
of rods are used to form bundles for various applications . A typical fuel assembly has 
about 271 rods . However, arrays of 7 to 331 rods have been designed for irradiation 
and out-of-pile simulation experiments of fuel , blanket, and absorber materials . The 
axial distance over which the wire wrap completes a helix of 360 degrees is called 
the lead length or axial pitch.  Therefore axially averaged dimensions are based on 
averaging the wires over one lead length . The number of subchannels of various-sized 
hexagonal arrays are summarized in Table 1-5 and the dimensions for unit subchannels 
and the overall array in Appendix J. 
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5 

4 

�---------

Oft 

1 

• 

Figure 1-13 Fuel array of AGRs and 
PHWRs. Subchannel types: 1 ,  inte
rior first row (triangular); 2, interior 
second row (irregular); 3, interior 
third row (triangular); 4, interior 
third row (rhombus); 5, edge outer 
row . Note: Center pin is fueled in 
PHWR and unfueled in AGR. 

Figure 1-14 Typical fuel array for a liquid-metal-cooled fast breeder reactor. Subchannel designation: 
1, interior; 2, edge; 3, comer. N = 19 in this example. Note: The sectional view of the wire should strictly 
be elliptical . 
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Table 1-5 Subchannels for hexagonal arrays 

Np Nps N, 

Rings Total no. No. of rods No. of interior 
of rods of rods along a side subchannels 

I 7 2 6 
2 19 3 24 
3 37 4 54 
4 61 5 96 
5 91 6 150 
6 127 7 2 16  
7 1 69 8 294 
8 217 9 384 
9 27 1 10 486 

Nnnls 
Nrings L 6n Nrings + 6N;ingS 

n= , 

Additional useful relations between Np' Nps, and N, are as follows. 

Nps = [1 + )1 + j (Np - I) ]/2 

Np = 3Nps(Nps - I) + I 
N, = 6(Nps - 1 )2 

N2 = 6(NpS - I) 
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N2 N3 
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CHAPTER 

TWO 

THERMAL DESIGN PRINCIPLES 

I INTRODUCTION 

The general principles of reactor thennal design are introduced in this chapter, with 
the focus on the parameters , design limits , and figures of merit by which the thermal 
design process is characterized . We do not attempt to present a procedure for thennal 
design because nuclear, thermal , and structural aspects are related in a complicated, 
interactive sequence . Specific design analysis techniques are detailed in Volume II. 

II OVERALL PLANT CHARACTERISTICS INFLUENCED 
BY THERMAL HYDRAULIC CONSIDERATIONS 

Thennal hydraulic considerations are important when selecting overall plant charac
teristics . Primary system temperature and pressure are key characteristics related to 
both the coolant selection and plant thennal performance . This  thennal perfonnance 
is dictated by the bounds of the maximum allowable primary coolant outlet temperature 
and the minimum achievable condenser coolant inlet temperature . Because this at
mospheric heat sink temperature is relatively fixed, improved thermodynamic per
fonnance requires increased reactor coolant outlet temperatures . Figure 2-1 illustrates 
the relation among reactor plant temperatures for a typical PWR. 

Bounds on the achievable primary outlet temperature depend on the coolant type . 
For liquid metals ,  in contrast to water, the saturated vapor pressure for a given tem-
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Figure 2- 1 Relations among reactor plant temperatures for a typical PWR. (Adapted from Tong [4] . )  

perature is low , i . e . , less than atmospheric pressure at outlet temperatures of  interest 
of 500° to 550°C. Thus the outlet temperature for LMFBRs is not limited by the 
boiling point of the sodium coolant but, rather, by the creep lifetime characteristics 
of the stainless steel primary system material . For water-cooled reactors , on the other 
hand, high primary outlet temperatures require correspondingly high system pressures 
(7 to 15 MPa) , which increases the stored energy in the primary coolant and requires 
increased structural piping and component wall thicknesses. Single-phase gas coolants 
offer the potential for high outlet temperatures without such inherently coupled high 
pressures. For these reactors the system pressure is dictated by the desired core heat 
transfer capabilities , as gas properties that enter these heat transfer correlations are 
strongly dependent on pressure . The resulting pressures are moderate , i .e . , 4 to 5 
MPa, whereas achievable outlet temperatures are high , i .e . , 635° to 750°C. The nu
merical value of the plant thermal efficiency depends on the maximum temperature 
in the secondary or power-generation system . This temperature is lower than the 
reactor coolant outlet temperature owing to the temperature difference needed to trans
fer heat between the primary and secondary systems in the steam generator or inter
mediate heat exchanger. In the boiling water reactor a direct cycle is employed. The 
reactor outlet temperature is therefore identical (neglecting losses) to the inlet tem
perature to the turbine . This outlet temperature is also limited to the saturation con
dition , as BWRs do not operate under superheat conditions. In a typical BWR, how
ever, the average outlet enthalpy achieved corresponds to an average quality of 15%. 
The PWR and BWR reactors achieve approximately equal thermal efficiencies , as the 
turbine steam conditions are comparable even though the primary system pressure and 
temperature conditions significantly differ (Table 2-1) . Note that because of detailed 
differences in thermodynamic cycles the example PWR plant achieves a slightly higher 
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Table 2-1 Light-water reactor thermal conditions 

Condition PWR (Sequoyah) BWR/6 

Primary coolant outlet temperature 324°C 288°C 

Primary coolant system pressure 15 .5  MPa 7 .17 MPa 

Turbine steam saturation conditions 
Pressure 5 . 7  MPa 7 . 1 7  MPa 
Temperature 272.3°C 287 .5°C 

Plant thermal efficiency 33 . 5% 32.9% 

Source: Table 1-2. 

plant thermal efficiency than does the BWR plant even though its steam temperature 
is lower. 

Other plant characteristics are strongly coupled with thermal hydraulic consid-
erations .  Some notable examples are as follows . 

1. Primary coolant temperature 
a. Corrosion behavior, though strongly dependent on water chemistry control , is 

also temperature-dependent. 
b. The reactor vessel resistance to brittle fracture degrades with accumulated neu

tron fluence . Vessel behavior under low-temperature, high-pressure transients 
from operating conditions is carefully evaluated to ensure that the vessel has 
retained the required material toughness over its lifetime . 

2. Primary system inventory 
a .  The time response during accidents and less severe transients strongly depends 

on coolant inventories . The reactor vessel inventory above the core is important 
to behavior in primary system rupture accidents . For a PWR,  in particular, the 
pressurizer and steam generator inventories dictate transient response for a large 
class of situations . 

b . During steady-state operation the inlet plenum serves as a mixing chamber to 
homogenize coolant flow into the reactor. The upper plenum serves a similar 
function in multiple-loop plants with regard to the intermediate heat exchang
er/steam generator while at the same time protecting reactor vessel nozzles 
from thermal shock in transients . 

3. System arrangement 
a. The arrangement of reactor core and intermediate heat exchanger/steam gen

erator thermal centers is crucial to the plant 's  capability to remove heat by 
natural circulation . 

b .  Orientation of pump shafts and heat exchanger tubes coupled with support 
designs and impingement velocities is important relative to prevention of trou
blesome vibration problems . 

The system arrangement issues are sometimes little appreciated if the design of 
a reactor type has been established for some years . For example , note that the dominant 
characteristics of the primary coolant system configuration for a typical U. S .  designed 
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PWR (see Fig .  1-7) are cold leg pump placement, vertical orientation of pumps , 
vertical orientation of the steam generators , and elevation of the steam generator 
thermal center of gravity above that of the core . The pumps are located in the cold 
leg to take advantage of the increased subcooling , which increases the margin to onset 
of pump cavitation . Vertical orientation of the pumps provides for convenient accom
modation of loop thermal expansion in a more compact layout and facilitates their 
serviceability ,  and the vertical steam generator orientation eases the difficulty in sup
port design as well as eliminates a possible flow stratification problem . The relative 
vertical arrangements of thermal centers of steam generators above the core is estab
l ished to provide the capability for natural circulation heat removal in the primary 
loop . These characteristics lead to creation of a loop seal of varying size in each 
arrangement between the steam generator exit and the pump inlet. This seal is of 
significance when considering system behavior under natural circulation , loss of cool
ant circumstances ,  or both. 

III ENERGY PRODUCTION AND TRANSFER PARAMETERS 

Energy production in a nuclear reactor core can be expressed by a variety of terms , 
reflecting the multidisciplinary nature of the design process . The terms discussed here 
are the following . 

Volumetric energy (or heat) generation rate: qlll(1) 
Surface heat flux: q"(S) 
Linear heat-generation rate or power rating: q' (z) 
Rate of energy generation per pin: q 
Core power: Q 

The two additional parameters below are also commonly used . Because they are 
figures of merit of core thermal performance , they are discussed later (see section VI) 
after design limits and design margin considerations are presented . 

Core power density :  Q/V=QIII 
Core specific power: Q/mass of heavy atoms 

The relations among these terms must be well understood to ensure communication 
between the reactor physicist, the thermal designer, and the metallurgist or ceramicist. 
The reactor physicist deals with fission reaction rates , which lead to the volumetric 
energy generation rate: qlll(1). The triple-prime notation represents the fact that it is 
an energy-generation rate per unit volume of the fuel material . Normally in this text 
a dot above the symbol is added for a rate , but for simplicity it is deleted here and 
in other energy quantities with primes . Hence the energy-generation rate is expressed 
per unit length cubed , as qlll(1). 

The thermal designer must calculate the fuel element surface heat flux , q"(S) , 
which is related to qlll(t-) as 
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f f q" (5) . n d5 = J f f q"'(f)dV (2- 1 )  
s v 

where 5 is the surface area that bounds the volume (V) within which the heat gen
eration occurs . 

Both the thermal and metallurgical designers express some fuel performance char
acteristics in terms of a linear power rating q' (z) where f q ' (z)dz = J J f q"'(t)dV (2-2) 

L v 

where L is the length of the volume (V) bounded by the surface (5) within which the 
heat generation occurs . 

If the volume V is taken as the entire heat-generating volume of a fuel pin , the 
quantity (q) , unprimed, is the heat-generation rate in a pin ,  i .e . , 

4 = J f J qlll(t)dV (2-3) 
v 

Finally , the core power (Q) is obtained by summing the heat generated per pin over 
all the pins in the core (N) assuming that no heat generation occurs in the nonfueled 
regions . 

N 

L 4n (2-4) 
n=l 

Actually , as discussed in Chapter 3, approximately 8% of the reactor power is gen
erated directly in the moderator and structural materials . 

These general relations take many specific forms ,  depending on the size of the 
region over which an average is desired and the specific shape (plate, cylindrical , 
spherical) of the fuel element . For example , considering a core with N cylindrical fuel 
pins , each having an active fuel length (L), core average values of the thermal param
eters that can be obtained from Eqs . 2- 1 to 2-4 are related as 

Q = N(4) = NL(q'> = NVrrDco(q"co> = NVrrR�o(qlll> (2-5) 
where Dco = outside clad diameter; Rfo = fuel pellet radius; ( > = a core volume 
averaged value . A more detailed examination of the above relations and the various 
factors affecting the heat-generation distribution in the reactor core are discussed in 
Chapter 3. 

IV THERMAL DESIGN LIMITS 

The principal design limits for the power reactors discussed in Chapter 1 are detailed 
here. All reactors except the HTGR employ a metallic clad to hermetically seal the 
cylindrical fuel . The HTGR uses graphite and silicon carbide barriers around the fuel 
particles to reduce the rate of diffusion of fission products out of the fuel .  
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A Fuel Pins with Metallic Cladding 

For hermetically sealed fuel pins , thermal design limits are imposed to maintain the 
integrity of the clad . In theory , these limits should all be expressed in terms of 
structural design parameters , e . g . , strain and fatigue limits for both steady-state and 
transient operation . However, the complete specification of limits in these terms is 
presently impractical because of the complex behavior of materials in radiation and 
thermal environments characteristic of power reactors. For this reason, design limits 
in power reactors have been imposed directly on certain temperatures and heat fluxes , 
although the long-term trend should be to transform these limits into more specific 
structural design terms.  

The design limits for reactors that employ cylindrical , metallic clad , oxide fuel 
pellets are summarized in Table 2-2, which highlights the distinction between con
ditions that would cause damage (loss of clad integrity) and those that would exceed 
design limits . Also both PWRs and BWRs have hydrodynamic stability l imits . Gen
erally , these limits are not restrictive in the design of these reactors currently , so that 
such limits are not noted in Table 2-2 . The inherent characteristics of light-water 
reactors (LWRs) limit clad temperatures to a narrow band above the coolant saturation 
temperature and thus preclude the necessity for a steady-state limit on clad midwall 
temperature . However, a significant limit on clad average temperature does exist in 
transient situations, specifically in the loss of coolant accident (LOCA) .  For this 
accident a number of design criteria are being imposed, key among which is main
tenance of the Zircaloy clad below 2200°F to prevent extensive metal-water reaction 
from occurring . 

Table 2-2 Typical thermal design limits 

Characteristic PWR BWR LMFBR 

Damage limit 1 % Clad strain or I % Clad strain or 0.7% Clad strain 
MDNBR:::: 1 .0 MCPR:::: 1 .0 

Design limits 
Fuel centerline temperature 

Steady state 
Transient No incipient melt No incipient melt No incipient melt 

Clad average temperature 
Steady state 1200-1300°F 
Transient <2200°F (LOCA) <2200°F (LOCA) 1 450°F (788°C) for 

anticipated transients 
1600°F (87 1 °C) for 

unlikely events 
Surface heat flux 

Steady state MCPR � 1 .2" 
Transient MDNBR � 1 .3 at 

112% power 

LOCA = loss of coolant accident; MDNBR = minimum departure from nucleate boiling ratio; 
MCPR = minimum critical power ratio .  

"Corresponding value of  minimum critical heat flux ratio is approximately 1 . 9 .  
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The particular design limit that is governing reactor design varies with the reactor 
type and the continually evolving state of design methods . For example , for LWRs , 
fuel centerline temperature is typically maintained well within its design limit due to 
restrictions imposed by the critical heat flux limit . Furthermore, with the application 
of improved LOCA analysis methods during the mid- 1 980s , the LOCA-imposed l imit 
on clad temperature has not been the dominant limit. Finally , for LWRs , the occur
rence of excessive mechanical interaction between pellet and clad (pellet-clad inter
action) has led to operational restrictions on allowable rates of change of reactor power 
and the extensive development of fuel and clad materials to alleviate these restrictions 
on reactor load fol lowing abi lity . 

The critical heat flux (CHF) phenomenon results from a relatively sudden reduc
tion of the heat transfer capability of the two-phase coolant. The resulting thermal 
design limit is expressed in terms of the departure from nucleate boiling condition for 
PWRs and the critical power condition for BWRs . For fuel rods , where the volumetric 
energy-generation rate q"'(r, z, t) is the independent parameter, reduction in surface 
heat transfer capability for nominally fixed bulk coolant temperature (Tb) and heat flux 
causes the clad temperature to rise , i . e . , 

q" q"'R 2 
T 7' __ fo_ co - 1 b = h = hD co 

(2-6) 

where h = heat transfer coefficient. Physically , this reduction occurs because of a 
change in the l iquid-vapor flow patterns at the heated surface . At low void fractions 
typical of PWR operating conditions ,  the heated surface , which is normally cooled 
by nucleate boiling , becomes vapor-blanketed, resulting in a clad surface temperature 
excursion by departure from nucleate boiling (ONB) .  At high void fractions typical 
of BWR operating conditions ,  the heated surface , which is normally cooled by a liquid 
film, overheats owing to film dryout (ORYOUT) . The dryout phenomenon depends 
significantly on channel thermal hydraulic conditions upstream of the dryout location 
rather than on the local conditions at the dryout location . Because ONB is a local 
condition and OR YOUT depends on channel history , the correlations and graphical 
representations for ONB are in terms of heat flux ratios , whereas for ORYOUT they 
are in terms of power ratios . 

These two mechanisms for the generic critical heat flux phenomenon are shown 
in Figure 2-2. Correlations have been established for both these conditions in terms 
of different operating parameters (see Chapter 12) . Because these parameters change 
over the fuel length , different margins exist between the actual operating heat flux 
and the limiting heat flux for occurrence of ONB or ORYOUT. These differences are 
illustrated in Figure 2-3 for a typical ONB case . The ratio between the predicted 
correlation heat flux and the actual operating heat flux is called the departure from 
nucleate boiling ratio (ONBR) . This ratio changes over the fuel length and reaches a 
minimum value , as shown in Figure 2-3, somewhere downstream of the peak operating 
heat flux location . An alternative representation in terms of bundle average conditions , 
which depend on total power input, exists for BWR dryout conditions .  This 
representation is expressed as the critical power ratio (CPR) and is presented in 
Chapter 1 2 .  
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Figure 2-2 Critical heat flux mechanisms for PWR and BWR operating conditions. (From Tong [4] . )  

Critical condition limits are established for this minimum value of  the appropriate 
ratio ,  i .e . , MDNBR or MCPR (Table 2-2) . Furthermore , prior to Brown ' s  Ferry Unit 
1 ,  the BWR limit was applied to operational transient conditions ,  as is the present 
PWR practice . Subsequently it was applied to the 100% power condition . These l imits 
for a BWR at 1 00% power and a PWR at 1 1 2% power allow for consistent overpower 
margin , as can be demonstrated for any specific case of prescribed axial heat flux 
distribution and coolant channel conditions .  
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Figure 2-3 Critical heat flux ratio definition. 
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For the LMFBR,  present practice is to require a level of subcooling such that the 
sodium temperature does not exceed its boiling temperature for transient conditions. 
Additionally , considerable effort is being applied to ensure that coolant voiding in 
accident situations can be satisfactorily accommodated . Hence the LMFBR limits are 
now placed on fuel and clad temperatures . At present, no incipient fuel melting is 
allowed. However, work is being directed at developing clad strain criteria. These 
criteria will reflect the fact that the stainless steel clad is operating in the creep regimen 
and that some degree of center fuel melting can be accommodated without clad failure . 

B Graphite-Coated Fuel Pellets 

The HTGR fuel is in the form of coated particles deposited in holes symmetrically 
drilled in graphite matrix blocks to provide passages for helium coolant. Two types 
of coated particle are used (Fig .  2-4) . The BISO type has a fuel kernel surrounded 
by a low-density pyrolitic carbon buffer region , which is itself surrounded by a high
density, high-strength pyrolitic carbon layer. The TRISO type sandwiches a layer of 
silicon carbide between the two high-density pyrolitic carbon layers of the BISO type . 
In both fuel types the inner layer and the fuel kernel are designed to accommodate 
expansion of the particle and to trap gaseous fission products . The buffer layer acts 
to attenuate the fission fragment recoils .  The laminations described also help to prevent 
crack propagation . S ilicon carbide is used to supply dimensional stability and low 
diffusion rates. It has a greater thermal expansion rate than the surrounding pyrolitic 
carbon coating and thus is normally in compression . In both kinds of particles the 
total coating thickness is about 1 50JLm.  The TRISO coating is used for uranium fuel 
particles that are enriched to 93% 235U .  The BISO coating is used for thorium particles , 
which comprise the fertile material . 
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81S0 PARTICLE 

Kern e l  o 
TRISO PARTICLE 

Kernel ---HI-

Low Density Pyro l itic 
Carbon Buffer 

High Density Pyro l it ic 
Carbon Layer  

Low Density Pyrolitic 
Carbon B uffe r 

High De nsity I n n e r  
Pyro l itic Carbo n Layer 

Si l icon Carbide Layer 

High De nsity Outer 
Pyrolit ic Carbon Layer 

Figure 2·4 High-temperature gas re
actor fuel particles. Typical dimen
sions: kernel diameters, 1 00 to 300 
pm; total coating thickness , 50 to 
190 f.Lm. 

Because fission gas release occurs in this system by diffusion through the coatings 
and directly from rupture of the coatings, limits are imposed to control these release 
rates such that steady-state fission product levels within the primary circuit do not 
exceed specified levels .  These activity levels are established to ensure that radiation 
doses resulting from accidental release of the primary circuit inventory to the atmos
phere are within regulations . These limits are on fuel particle center temperature . 

100% power = 1 300°C (2372°F) 
Peak transient = 1 600°C (2822°F) for short tenn 

The full power limit minimizes steady-state diffusion , whereas the transient limit, 
based on in-pile tests , is imposed to minimize cracking of the protective coatings .  

V THERMAL DESIGN MARGIN 

A striking characteristic of thennal conditions existing in any core design is the large 
differences among conditions in different spatial regions of the core . The impact of 
the variation in thennal conditions for a typical core is shown in Figure 2-5 . Starting 
with a core average condition such as linear power rating « q ') ,  defined by Eq . 2-5 ) ,  
nuclear power peaking factors , overpower factors , and engineering uncertainty factors 
are sequentially applied , leading to the limiting (q') value . Each condition appearing 
in Figure 2-5 is clearly defined by a combination of the terms average, peak, nominal , 



Margi n  for 
Correlat ion 
and Monitoring 
Uncertainties 

Overpower Factor 

Eng i neeri ng 
Uncertainties 

Appl icable Axial and 
Local Flux Factor 
(for LWR) 

Applicable Radial 
Flux Facto r 

, 

Figure 2·5 Thennal design nomenclature. 
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Fai l u re L IMIT 

LI M IT  for Des ign Transient 

MAXI MUM Peak Steady State 
Condit ion ( i . e . ,  at hot spot with 
eng ineering u ncertai nties)  

NOMI NAL Peak Steady State 
Condit ion ( i . e . ,  at hot spot) 

Axial Average in Radial 
Peak Pin 

Nominal Steady State Core 
Average Condit ion 

and maximum. No consistent set of definitions exists for these terms. However, a 
consensus of usage, which we adopt, is the following . 

Average: Usually a core or pin axially averaged value . The distinction must be made 
or inferred from the application . 

Peak: Sometimes referred to as hot spot; refers exclusively to a physical location at 
which the extreme value occurs; i . e . , peak pin is that pin located where the radial 
power profile is greatest; peak linear power rating in the peak pin is that axial 
location in the peak pin of greatest linear power rating . 

Nominal: Value of a parameter calculated using variables at their design-specified 
values . 

Maximum: Value of a parameter calculated with allowance provided for deviation of 
the variables from their design-specified values .  

Margin i s  provided between the transient operating LIMIT and the failure LIMIT (Fig . 
2-5 ) .  This margin provides for uncertainties in the instrumentation used to monitor 
the operating condition and uncertainties in the correlations for transient limits . 
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It is apparent in Figure 2-5 that core power can be enhanced by flattening the 
shape of the power-generation rate, optimizing the power-to-flow ratio in every radial 
zone of the core, or both . Power flattening is achieved by a combination of steps 
involving reflector regions , enrichment zoning , shuffling of fuel assemblies with bur
nup , and burnable poison and shim control placement. In water reactors , local power 
peaking effects due to water regions comprise an additional factor that has been 
addressed by considerable attention to the detailed layout of the fuel/coolant lattice. 
However, power flattening may not be desirable if neutron leakage from the core is 
to be minimized . 

Optimizing the power-to-flow ratio in the core is important for achieving the 
desired reactor vessel outlet temperature at maximum net reactor power, i .  e . , reactor 
power generation minus pumping power, where pumping power is expressed as : 

Pumping power force through distance per unit time (2-7) 

Pumping power (.1p)AfV (2-8) 

where .1p = pressure drop through the circuit (F I L2); Af cross-sectional area of 
the coolant passage (L2); and V = average coolant velocity (LIT) . 

Flow control involves establishing coolant flow rates across the core at the levels 
necessary to achieve equal coolant exit conditions in all assemblies and minimizing 
the amount of inlet coolant that bypasses the heated core regions . Some bypass flow 
is required, however, to maintain certain regions (e .g . , the inner reactor vessel wall) 
at design conditions .  Variations in energy generation within assemblies with burn up 
do make it difficult to maintain the power-to-flow ratio near unity . The assembly flow 
rates are normally adjusted by orificing . Orificing is accomplished by restricting the 
coolant flow in the assembly , usually at the inlet. Because the orifice devices are not 
typically designed to be changed during operation , deviations in the power-to-flow 
ratio from optimum over a full cycle are inevitable . Alternatively, large spatial vari
ations in flow rate can also be accomplished using multiple inlet plena . This design 
approach, however, is complicated. 

VI FIGURES OF MERIT FOR CORE THERMAL PERFORMANCE 

The design performance of a power reactor can be characterized by two figures of 
merit: the power density (Q"') and the specific power. Table 2-3 tabulates the power 
density for the various power reactor concepts . The specific power can be calculated, 
as is shown from the other reactor parameters given . 

Power density is the measure of the energy generated relative to the core volume . 
Because the size of the reactor vessel and hence the capital cost are nominally related 
to the core size , the power density is an indicator of the capital cost of a concept. For 
propulsion reactors , where weight and hence size are at a premium, power density is 
a relevant figure of merit. 
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o 
p 

p 

Figure 2-6 Square and triangular rod 
arrays .  

The power density can be varied by changing the fuel pin arrangement in the 
core . For an infinite square array , shown in Figure 2-6, the power density (QIII) is 
related to the array pitch (P) as : 

(QIII)square array 
4(1/4 'TT'Rfo 2)qlll dz 

p2 dz 
whereas for an infinite triangular array , the comparable result is : 

(QIII)triangular array = 3( 1 /6 'TT'Rfo 2)qlll dz 

H� p) dz 

-q-
'


V3 p2 
2 

(2-9) 

(2-10) 

Comparing Eq . 2-9 and 2-10, we observe that the power density of a triangular array 
is 15. 5% greater than that of a square array for a given pitch . For this reason , reactor 
concepts such as the LMFBR adopt triangular arrays ,  which are more complicated 
mechanically than square arrays.  For light-water reactors , on the other hand , the 
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simpler square array is more desirable, as the necessary neutron moderation can be 
provided by the looser-packed square array . 

Specific power is the measure of the energy generated per unit mass of fuel mate
rial .  It is usually expressed as watts per gram of heavy atoms . This parameter has direct 
implications on the fuel cycle cost and core inventory requirements . For the fuel pel
let shown in Figure 2-7 , the specific power, (watts per grams of heavy atoms) ,  is: 

·fi Q 
Speci IC power = 

mass of heavy atoms 

where 

q' q ' 
'TT(Rfo + Dg)

2Psmearedf 
(2- 1 1 ) 

Psmeared 
'TTRfo Ppellet 

'TT(Rfo + Dg)
2 (2- 1 2) 

and 

f = mass fraction of heavy atoms in the fuel 

Gap 

Figure 2-7 Typical power reactor fuel .  

grams of  fuel heavy atoms 
grams of fuel 

Ceramic Fuel 
Pel let 

Metal l ic Clad 

(2- 1 3 )  
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This definition of the mass fraction (f) is based on the following definition 

I .  Heavy atoms include all the V, Pu, or Th isotopes and are therefore composed 
of fissionable atoms (Mff) and nonfissionable atoms (Mnf) ,  where M is molecular 
weight. 

2. Fuel is the entire fuel-bearing material , i . e . , V02 but not the clad . 

Thus for oxide fuel: 

(2- 14) 

where N = atomic density . 
The enrichment (r) is the mass ratio of fissionable atoms to total heavy atoms , 

i . e .  , 

(2- 1 5) 

and for later convenience: 

NffMff + NnfMnf 
1 - r = (2- 1 6) 

It is useful to express f in tenns of molecular weight and the enrichment. It follows 
from the observation that, for V02 , 

No� = Nff + Nnf 
and manipulation of Eqs . 2- 1 5  and 2- 16  to yield: [ Mnf] Nnf [ Mff] Nff r - --; Nnf = ( 1  - r) - -

Mff 1 - r Mnf r (2- 1 7a ,b) 

[ Mnf ] Nnf r - + ( 1  - r) -- and equally 
Mff 1 - r [ Mff ] Nff 

(2- I Sa ,b) 

( 1  - r) - + r -
Mnf r 

Division of each tenn of Eq . 2- 14  by No, and substitution of Eqs . 2- 1 7a ,b and 
2- 1 Sa,b yields the desired result, i . e . , 

-

r ( 1 - r) 
/ Mff + / Mnf r + ( 1  - r)(Mff Mnf) r(Mnf Mff) + ( 1  - r) 

r ( 1 - r) -------- Mff + Mnf + Mo, r + ( 1 - r)(MfrlMnf) r(Mnf/Mff) + ( 1 - r) -

which for the case where Mff = Mnf simplifies to: 

(2- 1 9) 
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rMff + ( 1  - r)Mnf fuo� = -----=----------=---rMff + ( 1  - r)Mnf + Mo� (2-20) 

The specific power in Eq. 2- 1 1  has been expressed in terms of both the pellet 
and the smeared densities . The smeared density includes the void that is present as 
the gap between the fuel pellet and the clad inside diameter. The smeared density is 
the cold or hot density , depending on whether the gap (8g) is taken at the cold or hot 
condition . Smeared density is an important parameter associated with accommodation 
of fuel swelling with bumup . 

Example 2-1 Power density and specific power for a PWR 
PROBLEM Confirm the power density listed in Table 2-3 for the PWR case . 
Calculate the specific power of the PWR of Tables 2-3 and 1 -3 .  

SOLUTION The power density i s  given by Eq . 2-9 as: 

q' 
QIII square array = 

p2 

kW 
From Table 2-3 :  (q' )core average = 1 7 . 8 -m 
Take q' = (q ' ) , which yields a result for QIII different from that in Table 2-3 , as 

noted below . 
From Table 1 -3 ,  P = 1 2 . 6  mm. 

1 7 8 kW kW MW 
QIII 

= 
. 

= 0 1 1 2 X 1 06 - = 1 1 2 - or -PWR ( 12 . 6  X 1 0 - 3)2
. 

m3 L m3 

Observe that Table 2-3 lists the average power density as : 

III kW 
QpWR = 105 L 

The difference arises because our calculation is based on the core as an infinite square 
array, whereas in practice a finite number of pins form each assembly so that edge 
effects within assemblies must be considered. The specific power is given by Eq. 
2- 1 1  as: 

Q q' 

Mass heavy atoms 1TR;o Ppellet f 

Evaluating f using Eq. 2-20 for the enrichment of 2 . 6% listed in Table 1 -3 yields: 

0 .026(235 .0439) + 0 .974(238 .0508) 
f = 

0 .026(235 .0439) + 0 .974(238 .0508) + 2( 1 5 .9944) 
= 0 .88 1 5  

For a pellet density of 95% o f  the D02 theoretical density of 10 . 97 g/cm3 and a fuel 
pellet diameter of 8 . 2  mm, the specific power is :  
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W 
1 .78 X 104 m 

Mass heavy atoms (8 . 2  x 1 0 - 3) 2 (0.95 ( 10 .97)) 
0 . 88 1 5 m2 � 7T' 

2 1 0 - 6 m3 

36.70 � 
g fuel 

Alternately , Table 2-3 lists the total core loading of fuel material as 1 0 1  x 103 kg of 
U02 • In this case 

Mass heavy atoms 
core power 
fuel loading 

If Q is evaluated from the PWR dimensions as in Tables 2-3 and 1 - 3 ,  

. MW 
Q = q 'LN = .0 1 78 - [ 3 .66 m] [ 193(264)] = 33 1 9  MWt 

m 

Note: A thenna! power of 34 1 1  MWt is given in Table 1 -2 .  

Then: 

Mass heavy atoms 
33 1 9  MWt 

0 . 88 1 5( 10 1  X 103 kg) 
W 

37 . 28 -
g fuel 

Unlike the case of power density , specific power is closely estimated, as the fuel 
mass, not the core volume, is utilized . 
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PROBLEMS 

Problem 2-1 Relations among fuel element thermal parameters in various power reactors (section 
III) 

Compute the core average values of the volumetric energy-generation rate in the fuel (q"') and outside 
surface heat flux (q") for the reactor types of Table 2-3 . Use the core average linear power levels in Table 
2-3 and the geometric parameters in Table 1-3 .  

Answer (for BWR): q'" = 224 M W  1m 3 

q" = 492 .9 kW 1m2 
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Problem 2-2 Minimum critical heat flux ratio in a PWR for a flow coastdown transient (section IV) 
Describe how you would determine the minimum critical heat flux ratio versus time for a flow 

coastdown transient by drawing the relevant channel operating curves and the CHF limit curves for several 

time values. Draw your sketches in relative proportion and be sure to state all assumptions. 

Problem 2-3 Minimum critical power ratio in a BWR (section IV) 
Calculate the minimum critical power ratio for a typical 1000 MWe BWR operating at 100% power 

using the data in Tables 1 -2 ,  1 -3 ,  and 2-3 . Assume that: 

1 .  The axial linear power shape can be expressed as 

7TZ 
q ' ( z )  = q�cfexp ( - a z/L ) sin L 

kW 
where a = 1 .96. Determine q�cr such that q:nax = 44 -

m 
2. The critical bundle power is 93 1 9kW. 

Answer: MCPR = 1 .54 

Problem 2-4 Pumping power for a PWR reactor coolant system (section V) 
Calculate the pumping power under steady-state operating conditions for a typical PWR reactor coolant 

system. Assume the following operating conditions: 

Core power = 38 1 7  MWt 

.:1Tcore = 3 1°C 
Reactor coolant system pressure drop = 778 kPa ( 1 1 3  psi) 

Answer: Pumping power = 23 . 3  MW 

Problem 2-5 Relations among thermal design conditions in a PWR (section V) 
Compute the margin as defined in Figure 2-5 for a typical PWR having a core average linear power 

rate of 1 7 . 8  kW 1m. Assume that the failure limit is established by centerline melting of the fuel at 70 
kW 1m. Use the following multiplication factors: 

Radial flux = 1 . 55 

Axial and local flux factor = 1 . 70 
Engineering uncertainty factor = 1 .05 
Overpower factor = 1 .  1 5  

Answer: Margin = 1 . 24 





CHAPTER 

THREE 

REACTOR HEAT GENERATION 

I INTRODUCTION 

Determination of the heat-generation distribution throughout the nuclear reactor is 
achieved via a neutronic analysis of the reactor. Accurate knowledge of the heat source 
is a prerequisite for analysis of the temperature field, which in turn is required for 
definition of the nuclear and physical properties of the fuel , coolant , and structural 
materials . Therefore coupling the neutronic and thennal analyses of a nuclear core is 
required for accurate prediction of its steady state as well as its transient conditions. 
For simplicity , the neutronic and thermal analyses during thennal design evaluations 
may not be coupled , in which case the level and distribution of the heat-generation 
rate are assumed fixed, and thermal analysis is carried out to predict the temperature 
field in the reactor core. 

It should be noted that the operational power of the core is limited by thermal , 
not nuclear, considerations. That is ,  in practice , the allowable core power is limited 
by the rate at which heat can be transported from fuel to coolant without reaching , 
either at steady state or during specified transient conditions , excessively high tem
peratures , which would cause degradation of the fuel , structures ,  or both. The design 
limits are discussed in Chapter 2 .  

I I  ENERGY RELEASE AND DEPOSITION 

A Forms of Released Energy 

The energy released in a reactor is produced by exothermic nuclear reactions in which 
part of the nuclear mass is transfonned to energy . Most of the energy is released when 
nUclei of heavy atoms split as they absorb neutrons .  The splitting of these nuclei is 
called fission. A small fraction of the reactor energy comes from non fission neutron 
capture in the fuel , moderator, coolant, and structural materials . 

39 
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The fission energy, which is roughly 200 MeV (or 3 . 2  x 1 0 - 1 1  J) per fission , 
appears as kinetic and decay energy of the fission fragments, kinetic energy of the 
newborn neutrons, and energy of emitted y-rays and neutrinos. Many of the fission 
fragments are radioactive, undergoing l3-decay accompanied by neutrons. The 
f3-emission makes certain isotopes unstable, with resultant delayed neutron and 
y-ray emission. 

Immediately upon capture, the neutron-binding energy , which ranges from 2 .2  
Me V in  hydrogen to 6 to 8 MeV in  heavy materials, is released in  the form of 
y-rays .  Many capture products are unstable and undergo decay by emitting /3-partic1es , 
neutrons ,  and y-rays .  An approximate accounting of the forms of the released energy 
is given in Figure 3- 1 ,  and the energy distribution among these forms is outlined in 
Table 3- 1 .  

The neutrons produced in the fission process have a relatively high kinetic energy 
and are therefore called fast neutrons. Most of these prompt neutrons have energies 
between 1 and 2 Me V, although some may have energies up to l O Me V. The potential 
for a neutron to cause fission is improved if its energy is reduced to levels comparable 
to the surroundings by a slowing process, called neutron moderation . The slow neu
trons , referred to as thermal neutrons, have energies in the range of 0 .0 1  to O. 10 e V . 
The best moderating materials are those of low atomic masses . Hence moderators 
such as carbon , hydrogen , and deuterium have been used in power reactors that reJy 
mostly on fission from slow (thermal) neutrons .  

Table 3-1 Approximate distribution of  energy release 
and deposition in thermal reactors 

Type 

Fission 
I: instantaneous 

energy 

II: delayed energy 

Neutron Capture 
III: instantaneous and 

delayed energy 

Total 

Process 

Kinetic energy of fission 
fragments 

Kinetic energy of newly born fast 
neutrons 

y Energy released at time of 
fission 

Kinetic energy of delayed 
neutrons 

{3-Decay energy of fission 
products 

Neutrinos associated with {3 decay 
y-Decay energy of fission 

products 

Nonfission reactions due to excess 
neutrons plus {3- and y-decay 
energy of (n. y) products 

Source: Adapted from EI-Wakil [2] .  

Percent of 
total released 
energy 

80.5  

2 .5  

2 . 5  

0.02 

3.0 

5.0 

3.0 

3 . 5  

1 00  

Principal position of 
energy deposition 

Fuel material 

Moderator 

Fuel and structures 

Moderator 

Fuel materials 

Nonrecoverable 

Fuel and structures 

Fuel and structures 
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Figure 3-1 Fonns of energy release in a reactor. 
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Prompt 
Fission 
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Splitting a fissile atom produces two smaller atoms and two or more neutrons .  
Uranium 235 is the only fissile material naturally present in extractable amounts , at 
roughly 0 .7% of all uranium. Other fissile materials are generated by neutron capture 
in so-called fertile atoms.  Thus fissile plutonium 239 and plutonium 24 1 are produced 
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by neutron absorption in atoms of uranium 238 and plutonium 240 , respectively .  The 
only other practical fissile material is uranium 233 , which is produced by neutron 
capture in thorium 232 . 

The energy release upon fission (Ef) is slightly dependent on the different fissile 
materials . Lamarsh [5] suggested the following relation for energy release due to 
fission by a thennal neutron: 

Ef e33U) 
Ef e39pu) 

0 .98 Ef e35U) 
1 .04 Ef CZ35U) 

In a typical L WR only about one-half of the neutrons are absorbed in fissile 
isotopes; the other one-half are captured by the fertile isotopes , control , and structural 
materials . The LWR fresh fuel is composed of uranium-based fuel , i . e . , U02 , slightly 
enriched in uranium 235 .  The plutonium produced in the LWR core during operation 
also participates in the energy-release process and may contribute up to 50% of the 
fission energy release . 

B Energy Deposition 

The fission products moving through the core material lose their energy through in
teraction with the surrounding matter. The energy loss rate depends mainly on the 
penetrating ability of the fission products . The neutrino energy is unrecoverable , as it 
does not interact with the surrounding materials .  The fission fragments that carry most 
of the fission energy have a short range « 0 .25 mm) . The ')I-rays '  energy is released 
in structural as well as fuel materials .  A considerable amount of the kinetic energy of 
neutrons is released in the moderator and the structure . 

Let us consider the heat-generation rate per unit volume at any position , q",(t) . 
It should be recognized that q"'(1-) is due to products of reaction events at all neigh
boring positions , as these reaction products pass through position 1- . Let the volumetric 
heat-generation rate at position 1- due to reaction products of type i and energy E be 
q';'(1-,E) .  To obtain the total volumetric heat-generation rate at position 1- we must 
sum over all particle (and photon) types and energy spectrum: 

q"'(1-) = � L:>O q'�'(1-,E)dE I 
(3- 1 )  

Thus to calculate exactly the heat generation at a particular point of the reactor is 
difficult . However, the heat generation can be well approximated in the various parts 
of the reactor by established reactor physics analysis methods . 

Infonnation on the typical distribution of energy deposition in fuel and nonfuel 
materials in an LWR is given in Table 3- 1 .  The amount of energy produced within 
the various parts of the reactor depends on reactor materials and geometry and hence 
on the reactor type . Roughly speaking , 87% of the total energy released per fission 
in an LWR is recovered in the fuel , 3% in the moderator, and 5% in the structure; 
5% is unrecoverable (neutrino energy). Accounting for capture energy, the fraction 
of recoverable energy, i .e . ,  core power, deposited in the fuel becomes about 95 %. 
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III HEAT-GENERATION PARAMETERS 

A Heat Generation and Neutron Flux in Thermal Reactors 

The heat-generation rate in the fuel ,  q"'(t) , is typically computed by assuming that 
the energy released by a fission reaction is recovered at the position of the fission 
event, except for the fraction carried away by neutrinos and the fraction deposited in 
nonfuel materials .  * In other words , the spatial distribution of energy deposition from 
the fission fragments , 1' s and {3's ,  is assumed to follow the spatial distribution of the 
fission reaction rate RRf(f) . Therefore the heat-generation rate q"'(f,E) also becomes 
proportional to RRf(f) . 

We define the energy per fission reaction of isotope j ,  which is deposited in the 
fuel , as x{. For a typical thermal reactor, X;5 is about 1 90 MeV per fission .

. Evaluation of the heat source distribution requires the knowledge of fission re
action rates , RR}, which when summed over all atom types yield the total fission 
reaction rate , RRf (t): 

RRf (f) = 2: RR} (t) 
j 

(3-2) 

Let O"� (E) be the microscopic absorption cross section of i sotope j, which is the 
equivalent projected area of an atom for an absorption reaction . The cross section 
(T� (E) is proportional to the probability that one atom of type j absorbs an incident 
neutron of energy E. Because the absorption of a neutron by an atom can lead to 
either a fission process or a nonfission (or capture) process, the absorption cross section 
is the sum of the fission cross section O"f and the capture cross section O"e' The units 
of the microscopic cross section are normally given by square centimeters or barns 
( 1  bam = 10 - 24 cm2) .  Typical values of the absorption and fission cross sections of 
thermal neutrons are given in Table 3-2 . 

The macroscopic fission cross section is the sum of all microscopic cross sections 
for a fission reaction due to all atoms of type j within a unit volume interacting with 
an incident neutron per unit time . The macroscopic cross section is defined by : 

(3-3) 

where Nj is the atomic density of isotope j. The atomic density (Nj) can be obtained 
from the mass density (Pj) using the relation: 

(3-4) 
where Av = Avogadro' s  number for molecules in 1 gram mole (0 .60225) x 1 024 
molecules/gram mole) ; Mj = molecular mass of the isotope j .  

The fission rate of isotope j at position f due to the neutron flux 4>(t,E) within 
the interval of neutron energy of E to E + dE is obtained from: 

* In addition to  the loss of  the neutrino energy and the energy deposited outside the fuel ,  the magnitude 
of the energy released per reaction , which appears as heat in the fuel ,  should theoretically be reduced by 
Conversion of a small part to potential energy of various metallurgical defects . It is, however, a negligible 
effect. 
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Table 3-2 Thermal (0.0253 e V) 
neutron cross sections 

Cross section (barns) 

Material Fission uf Absorption u. 

Uranium 233 53 1 579 
Uranium 235 582 68 1 
Uranium 238 2.70' 
Uranium, natural 4 .2  7 .6 
Plutonium 239 743 10 12  
Boron 759 
Cadmium 2450 
Carbon 0.0034 
Deuterium 0.0005 
Helium <0.007 
Hydrogen 0.33 
Iron 2.55 
Oxygen 0.00027 
Sodium 0 .53 
Zirconium 0 . 19  

"The effective absorption cross section of  238U in a typical 
LWR is substantially higher owing to the larger cross section at 
epithermal energies. 

The fission reaction rate for isotope j due to neutrons of all energies is: 

RRi(r) = fo<1O RRf(t ,E) dE (3-5 )  

The heat-generation rate per unit volume at r due to  isotope j is : 

q'j'(;) = fox x} RRi (r, E)dE (3-6) 

Summing over all isotopes yields the total volumetric heat-generation rate: 

or 

qlll(r) = � fo<1O X} RRf(t,E)dE 
J 

qlll(t) = � fo"" X} 2:i (r,E) ¢Ct,E)dE 
J 

(3-7) 

In practice , the energy range is subdivided into a few intervals or groups . A multi
energy group model is then used to calculate the neutron fluxes; thus: 

K qlll(r) = L L X} 2:k (r)¢ir) 
j k= J 

(3-8) 
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where K = number of energy groups; .Ilk and � = equivalent macroscopic fission 
cross section and neutron flux , respectively , for the energy group k .  

If  we use a one energy group approximation , which gives good results for 

homogeneous thennal reactors at locations far from the reactor core boundaries , we 
have: 

q"'(;) = L X} !h(t) cPI(t) 
j 

If we also assume uniform fuel material composition , then: 

q",(t) = L X} !hcPlt) j 
where ,I1 is independent of position -;. 

(3-9) 

(3- 10) 

Assuming that X} = Xf for all fissile material , the volumetric heat-generation rate 
may be given by : 

(3- 1 1 )  

where 

(3- 1 2) 

It should be noted that the thermal neutron flux in a typical L WR is only 1 5% of 
the total neutron flux . However, the fission cross section of 235U and 239pU is so large 
at thermal energies that thermal fissions constitute 85 to 90% of all fissions . 

Example 3-1 Determination of the neutron flux at a given power in a thermal 
reactor 

PROBLEM A large PWR designed to produce heat at a rate of 3083 MW has 1 93 
fuel assemblies each loaded with 5 1 7 .4  kg of U02 . If the average isotopic content of 
the fuel is 2 . 78 weight percent 235U, what is the average thermal neutron flux in the 
reactor? 

Assume unifonn fuel composition , and Xf = 1 90 MeV/fission (3 .04 x 1 0 - 1 1 

J/fission) . Also assume that 95% of the reactor energy , i . e . , of the recoverable fission 
energy is from the heat generated in the fuel . The effective thermal fission cross 
section of 235U (aP) for this reactor is 350 barns . Note that this effective value of 
075 is smaller than that appearing in Table 3-2 , as it is the average value of cri5 (E) 
over the energy spectrum of the neutron flux , including the epithermal neutrons . 

SOLUTION Use Eg . 3- 1 1  to find cPI(-;) '  

(3- 1 3a) 

but because .If = $f5 in this reactor, .!i5 is obtained from Eq . 3-3 , yielding: 
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q"'(-;) c!>\(-;) = 25 25 XfO"f N 
(3- 1 3b) 

Consequently , the core-average value of the neutron flux in a reactor with uniform 
density of 235U is obtained from the average heat-generation rate by: 

(q"') ( c!>\) = 25 N25 XfO"f (3- 1 3c) 

Multiplying both the numerator and denominator by the U02 volume (Vuo) we 
get: 

(3- 1 3d) 

To use the above equation only N25 needs to be calculated. All other values are given . 
The value of N25 can be obtained from the uranium atomic density if the 235U atomic 
fraction (a) is known: 

(3- 14) 

The uranium atomic density is equal to the molecular density of U02, as each molecule 
contains one uranium atom (Nu = NUo,) . Thus from Eqs . 3-4 and 3- 14: 

N25 = a Av PUG, 
Muo, 

Multiplying each side of Eq . 3- 1 5a by Vuo, we get: 

a(Av)muo, 

Now 

(3- 1 5a) 

(3- 1 5b) 

muo, = 1 93 (assemblies) x 5 17 .4 [ kg U02 ] x 
1000 g 

9 .9858 X 107 g 
assembly kg 

The molecular mass of U02 is calculated from:  

235U M25 = 235 .0439 [g/mole] 
238U M28 = 238 .0508 
Oxygen Mo = 1 5 . 9994 

Muo, = Mu + 2Mo 
M u = a M 25 + ( 1  - a)M 28 

:. Muo, = a M25 + ( 1  - a)M28 + 2Mo 

(3- 1 6a) 

(3- 1 6b) 
(3- 1 6c) 

To obtain the value of a, we use the known 235U weight fraction , or enrichment (r) :  
r = aM25 = ______ a_M-=25� __ __ 

Mu aM25 + ( 1  - a)M28 
(3- 1 7) 
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Equation 3- 1 7  can be solved for a 

a = 
r 

r + 
M25 ( 1  - r) 
M28 

0 .0278 
---------- = 0.028 146 

235 .0439 
0 2 0 .0278 + 

238 .0508 
( . 972 ) 

From Eq .  3- 1 6c :  

Muo� = 0 .028 146(235 .0439) + (0 .97 1 854)(238 .0508) + 2( 1 5 . 9994) 

= 237 . 9657 + 2( 1 5 . 9994) = 269 .9645 

Then from Eq . 3- 1 5b: 

0 .028 146(0 .60225 x 1024 atoms ) (9.9858 
g . mole 

269 .9645 g/ mole 

= 6 .27 X 1 027 atoms U25 

Now using Eq . 3- 1 3d,  the value for the average flux is calculated: 

(3- 1 8) 

0 .95 (3083 MW)( 106 
M
:) 

(�) =---------------------------------------[3 .04 X 10 - "  _1_. -] [350 x 10 - 24 cm2 ] [6. 270 x 1027 atom] 
fissIOn atom-neutron 

Answer: (¢,) = 4 . 38 x 10 1 3 neutron/cm2 • s 

B Relation Between Heat Flux, Volumetric Heat Generation, 
and Core Power 

1 Single pin parameters. Three thermal parameters , introduced in Chapter 2, are 
related to the volumetric heat generation in the fuel: ( 1 )  the fuel pin power or rate of 
heat generation (i]) ; (2) the heat flux (q") , normal to any heat transfer surface of 
interest that encloses the fuel (e .g . , the heat flux may be defined at the inner and outer 
surfaces of the cladding or the surface of the fuel itself) ;  (3) the power rating per unit 
length (linear heat-generation rate) of the pin (q') .  

At steady state the three quantities are related by Eqs .  2- 1 ,  2-2, and 2-3 ,  which 
can be combined and applied to the nth fuel pin to yield: 

tin = f J J q'" Ct)dV = f f q" . � dS = f q' dz 
Vfn Sn L 

(3- 1 9) 

where Vfn = volume of the energy-generating region of a fuel element; � = outward 
unity vector normal to the surface Sn surrounding Vfn ; L = length of the active fuel 
element. 
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It is also useful to define the mean heat flux through the surface of our interest: 

where { } = a surface averaged quantity. 
The mean linear power rating of the fuel element is obtained from: 

1 J . , , qn qn = L q dz = L L 

(3-20) 

(3-2 1 ) 

Let us apply the relations of Eq. 3- 1 9 to a practical case. For a cylindrical fuel 
rod of pellet radius Rfo , outer clad radius Reo , and length L, the total rod power is 
related to the volumetric heat-generation rate by: 

JLI2 J'Rro J2lT qn = q "' (r, e , z) rdedrdz LI2 0 0 
(3-22a) 

The pin power can be related to the heat flux at the cladding outer surface (q�o ) by: 

(3-22b) 

Here we have neglected axial heat transfer through the ends of the rod and heat 
generation in the cladding and gap. Finally, the rod power can be related to the l inear 
power by: 

JLI2 qn = q' (z )dz = q� L -L12 (3-22c) 

The mean heat flux through the outer surface of the clad is according to Eq. 3-20: 

JLll J2lT I . 
" = " e  R ded? = qn {qco } n  2 R L -L12 0 qco ( , z ) co � 2 R L Jr co Jr co 

(3-23 ) 

It should be recognized that the linear power at any axial position is equal to the 
heat flux integrated over the perimeter: 

(3-24a) 

The linear power can also be related to the volumetric heat generation by : 

JRro J2lT q' (z ) = 0 0 q"' (r, e , z) rdedr ( 3-24b) 

Then, for any fuel rod: 

qn = L q� = L 2JrRco {q�o } n  = L JrRlo (q"' ) n  (3-25 )  
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where the average volumetric generation rate in the pin is :  

(q"') = � = qn 
n 

7TRioL Vfn 
(3-26) 

2 Core power and fuel pin parameters. Consider a core consisting of N fuel pins .  
The overall power generation in the core is then: 

N 

o = L qn + Ononfuel 
n = ! 

Defining 'Y as the fraction of power generated in the fuel :  

. 1 N 
Q = - L qn 

'Y n = ! 

From Eqs .  3-25 and 3-28, for N fuel pins of identical dimensions : 
N N N N . 1 " . 1 "  , 1 "  

{ " } 
1 " 2 ( III) Q = - L.J qn = - L.J L qn = - L.J L 27TRco qco n = - L.J L7TRfo q n 

'Y n = !  'Y n = !  'Y n = !  'Y n = !  

We can define core-wide thermal parameters for an average pin as: 

o 1 
( )  

L 
( ' ) 

L 
( " ) 

L 2 ( III) N = y q = y q = y 2 TTR co q co = y TTR fo q 

(3-27) 

(3-28) 

(3-29) 

(3-30) 

When all the energy release is assumed to occur in the fuel , Eq . 3-30 becomes identical 
to Eq. 2-5 . 

The core-average volumetric heat generation rate in the fuel is given by : 

(q"') = 'YO = 'YO 

Vfue1 NVfn (3-31 ) 

The core-wide average fuel volumetric heat-generation rate (q"') should not be con
fused with the core power density Q"', defined in Chapter 2 as: 

Q'" = OIVcore (3-32) 

which takes into account the volume of all the core constituents: fuel , moderator, and 
structures. 

Example 3-2 Heat transfer parameters in various power reactors 

PROBLEM For the set of reactor parameters given below , calculate for each reactor 
type: 

1 . Equivalent core diameter and core length 
2. Average core power density Q'" (MW 1m3) 
3. Core-wide average linear heat-generation rate of a fuel rod ,  (q ') (kW 1m) 
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4. Core-wide average heat flux at the interface between the rod and the coolant 
(q�o) (MW 1m2) 

PHWR" 
Quantity PWR BWR (CANDU) LMFBRb HTGW 

Core power level (MWt) 38oo 3579 2 140 780 3000 
% of power deposited in fuel rods 96 96 95 98 loo 
Fuel assemblies/core 241 732 12 x 380 198 8 x 493 = 3944 

= 4560 
Assembly lateral spacing (mm) 207 1 52 280 144 361 

(square (square (square (across (across hexagonal 
pitch) pitch) pitch) hexagonal fiats) 

fiats) 
Fuel rods/assembly 236 62 37 2 1 7  72 
Fuel rod length (mm) 3810 3760 480 914 787 
Fuel rod diameter (mm) 9.7 1 2. 5  1 3 . 1 5 . 8  2 1 . 8  

"CANDU, 1 2  fuel assemblies are stacked end t o  end a t  380 locations . CANDU fuel rods are 
oriented horizontally. 

bBianket assemblies are excluded from the LMFBR calculation. 
cHTGR, eight fuel assemblies are stacked end to end at 493 locations. Fuel rod dimensions given 

actually refer to coolant holes. 

SOLUTION Only the PWR case is considered in detail here; the results for the 
other reactors are summarized . 

1 .  Equivalent core diameter and length calculation 

Fuel assembly area = (0 . 207 m)2 = 0 .043 m2 
Core area = (0 .043 m2)(24 1 fuel assemblies) = 1 0 . 36 m2 

7TD2 
Equivalent circular diameter: -- = 10 . 36 m2 

4 
:. D = 3 .64 m 

Core length (L) = 3 . 8 1  m 
7T(3 .64)2 

Total core volume = 3 . 8 1 = 39 .65 m3 
4 

2 .  Average power density in the core from Eq . 3-32: 

III _ � _ � _ 3800 MW _ 
I 3 Q -

R2 - -
3 65 

3 - 95 .85 MW m 
Tr. L Vcore 9 .  m 

3 .  Average linear heat generation rate in a fuel rod can be obtained from Eq . 3-30 
as : 

(q ' )  'YQ 0 .96 (3800 MW) = 1 6 . 8  kW 1m NL (236 rods/assembly)(24 1 assemblies)(3 . 8 1  m/rod) 

4. Average heat flux at the interface between a rod and the coolant: From Eq . 3-30 
we can obtain (q�o) as: 
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Figure 3-2 Hexagonal assembly .  

l'Q l'Q 

NL21TRco NL1TDco 1TDco 
( 1 6. 8  kW /m)( 1 0- 3 MW /kW) 

= 0. 552 MW /m2 
1T(0 .0097 m) 

Calculations for the other reactor types are left as an exercise for the reader . The 
solutions are given below . 

Quantity BWR CANDU LMFBR 

Equivalent core diameter (m) 4.64 6. 1 6  2 . 1 3  
Core length (m) 3 . 76 5 . 76 0 . 9 1 4  
Core power density (MW 1m3) 56.3 1 2 . 5  239 . 5  
Average linear heat generation of  a fuel rod 20. 1  25 . 1  19 .9  

(kW/m) 
Average heat flux at the interface of fuel rod and 0 . 5 1 2  0 .6 1 1 .09 

coolant (MW 1m2) 

Note: Area for hexagon-shaped assembly (Fig .  3-2) is given by : 

where Dft 

12  \/3 2 Area hexagon = 2" (Dft/2)(Dft/2)(tan 30°) 2 Dft 

distance across hexagonal fiats . 

IV POWER PROFILES IN REACTOR CORES 

HTGR 

8 . 42 
6 . 3  
8 . 55 
1 3 .4  

0 . 20 

We shall consider simple cases of reactor cores to fonn an appreciation of the overall 
power distribution in various geometries . The simplest core is one in which the fuel 
is homogeneously mixed with the moderator and unifonnly distributed within the core 
volume. Consideration of such a core is provided here as a means to establish the 
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general tendency of neutron flux behavior. In a neutronically heterogeneous power 
reactor the fuel material is dispersed in lumps within the moderator (see Chapter 1 ) .  

In practice , different strategies may be sought for the fissile material distribution 
in the core . For example , to bum the fuel unifonnly in the core , uniform heat gen
eration is desired . Therefore various enrichment zones may be introduced, with the 
highest enrichment located at the low neutron flux region near the core periphery. 

A Homogeneous Un reflected Core 

In the case of a homogeneous unreflected core , the whole core can be considered as 
one fuel element. Using the one energy group scheme , it is clear from Eq . 3- 1 1  that 
qlll (;) is proportional to cfJI(;) ' 

Solving the appropriate one-group neutron diffusion equation, simple analytical 
expressions for the neutron flux , and hence the volumetric heat-generation rate , have 
been obtained for simple geometries . The general distribution is given by* :  

III(�) = III F(�) q r qrnax r (3-34) 

where q:ax is the heat generation at the center of the homogeneous core . Expressions 
for F(;) are given in Table 3-3 .  Thus for a cylindrical core: 

III III ( r ) (1T'z) 
q (r, z) = qrnax Jo 2 .4048 Re cos Le (3-35) 

where r and z are measured from the center of the core . 
The shape of qlll as a function of r is shown in Figure 3-3 . It is seen that the 

neutron flux becomes zero at a small distance oR from the actual core boundary . The 

Table 3-3 Distribution of heat generation in a homogeneous un reflected core 

Geometry Coordinate 

Infinite slab x 

Rectangular parallelepiped X,Y,Z 

Sphere r 

Finite cylinder r, Z  

q"'(;)/q:ax 
or F(;) 

7rX cos -
Le 

cos (7rX) cos (Try) cos ( 7rZ) 
Lxe Lye Lze 

sin (��) 
7rr/Re 

10 (2 .405 f.) cos (�:) 

q:a.l(q"') 
(ignoring 
extrapolation lengths) 

7r 
2 

� 
8 

2 . 3 2  (f) 
Le = L + 2oL; Re = R + oR; Le . Re = extrapolated dimensions; L, R = fuel physical 

dimensions. Source: Rust [8] . 

* Note that in the homogeneous reactor (q"') and Q'" are identical . 



CII (z) z = 0  

Le 
2" 

L 2" 

- L 2" 

-Le 
T 

REACTOR H EA T GENERATION 53 

r= 0 I R � :  
Re I 

� 

Figure 3-3 Neutron flux and heat-generation rate profiles in a homogeneous cylindrical reactor. 

distances SR and SL are called the extrapolation lengths and are usually small relative 
to L and R, respectively . 

The overall core heat generation rate is given by: 

• III III � Q = qmax F(r)dV 
Vcore 

(3-36) 

In real reactors , the higher burnup of fuel at locations of high neutron ft.uxes leads to 
flattening of radial and axial power profiles. 

B Homogeneous Core with Reflector 

For a homogeneous core with a reft.ector it is also possible to use a one-group scheme 
inside the reactor. For the region near the boundary between the core and the re ft. ector , 
a two-group approximation is usually required. An analytical expression for qlll in this 
case i s  more difficult . The radial shape of the thermal neutron ft.ux is shown in Figure 
3-4. 

C Heterogeneous Core 

In the case of a heterogeneous thermal reactor, heat is produced mainly in the fuel 
elements , and the thermal neutron ft.ux is generated in the moderator. 
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reflected 

1"II1 ..... -----�.�I ..... ----------1�� ..... -----1�� Figure 3-4 Effect of neutron reflec
tor on the thennal neutron flux radial 

Reflector Core Reflector distribution. 

In most power reactors , there are large numbers of rods . Thus with little error 
we can approximate the profile of the heat-generation rate in a fresh core with uniform 
enrichment by the previous expressions for a homogeneous core , provided that now 
q"'(r) is understood to represent the heat-generation rate in a fuel rod that is a distance 
r from the center of the reactor core . However, in practice , a fresh core may have 
zones of variable enrichment, which negates the possibility of using the homogeneous 
core expressions .  With fuel burnup , various amounts of plutonium and fission products 
are introduced . A typical power distribution in a PWR mid-burnup core is shown in 
Figure 3-5 . It is clear that no analytic expression can easily describe the spatial 
distribution. 

D Effect of Control Rods 

The control rods depress the neutron flux radially and axially . Thus the radial power 
profile is also depressed near the rods (Fig .  3-6) . In many reactors , some control 
material is uniformly mixed with the fuel in several fuel pins so that it is burned up 
as the fuel bums , thereby readily compensating for loss of fuel fissile content . In 
addition , soluble poison is routinely used for burnup cycle control in PWRs . 

Example 3-3 Local pin power for a given core power 

PROBLEM For a heavy-water-moderated reactor with uniform distribution of en
riched V02 fuel in a cylindrical reactor core , calculate the power generated in a fuel 
rod located half-way between the centerline and the outer boundary . The important 
parameters for the core are as follows . 

1 .  Core diameter (R) = 8 ft (2.44 m) 
2 .  Core height (L) = 20 ft (6 . 1 0  m) 
3 .  Fuel pellet outside diameter = 0 .6  in .  0 .524 cm) 
4 .  Maximum thermal-neutron flux = 1 0 1 3 neutrons/cm2 • s 
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Figure 3-5 Typical PWR assembly power and bumup distribution , assuming fresh fuel is introduced at 
the outer core locations. (From Benedict et al. [1) . )  

Assume that the extrapolated dimensions can be approximated by the physical 
dimensions and that enrichment and average moderator temperature are such that: 

q"'(Btu/hr ft3) = 6 .99 x 10 - 7 ¢ (neutrons/cm2 • s) at every position 
q"'(W/m3) = 7 . 27 x 10 - 6 ¢ (neutrons/cm2 • s) 

SOLUTION This reactor can be approximated as a homogeneous unreftected core 
in the form of a finite cylinder. From Table 3-3: 
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C o nt ro l  
Rods 

Powe r Distri bution 
i n  U n perturbed Core 

Core Radius  • 

Power 
Distri buti o n  
with Co ntro l  
R o d s  I nserted 

Figure 3-6 Radial power profile in a cylindrical reactor with inserted control rods. 

q"'(r,z) = q�" 10 (2 .4048 ;J cos (z) 
The value of q:ax is readily established as 

q:ax = 6 . 99 x 10 - 7 ¢rnax = 6 .99 X 1 06 Btu/hr ft3 (72 . 68 MW 1m3) 

for rlRe = 0 . 5 .  

For the heat generated from a single fuel rod, Eq . 3-22a yields: 

JL/2 tin = q'� (r, Z) A dz - L/2 'TTD2 
where A = 

4 
fo . Taking Le as L 

JL/2 q:ax A 10( 1 . 202) cos - L/2 
/II L . 'TTZ I L/2 qrnax A 10( 1 . 202) - SIn -

'TT L - L/2 
/1/ 2L qrnax A 10( 1 . 202) -

'TT 

The value of 10( 1 . 202) = 0 .67 1 9  [ 10] . Hence 

(3-37) 



Answer: qn 

<in = (6 .99 X 
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1T(�'�) ' 

106) (0 . 67 19) � (20) 
4 1T 

1 . 1 7 X 1 05 Btu/hr (34 . 5  kW) 

V HEAT GENERATION WITHIN A FUEL PIN 

A Fuel Pins of Thermal Reactors 

Consider a cylindrical fuel pin inside the reactor. The heat-generation rate at a par
ticular point of the rod , q"'(r, e,z) depends on the position of the rod in the reactor 
and the concentration of the various fissionable materials at this point. 

In thermal reactors with uniform fuel enrichment, the profile of the heat-generation 
rate follows approximately the thermal neutron flux . For single-phase cooled reactors , 
in many cases the axial profile of qlll can be approximated by a cosine function , i . e . , 

q"'(z) � cos (Z) (3-38) 

As mentioned before , for fresh fuel this formula gives adequate results for illustrative 
purposes . 

Radially within the fuel element, qlll is expected to be reduced at the center because 
of thennal neutron flux depression . This depression is often neglected for small
diameter low-absorbing fuel rods but should not be ignored for thick, highly absorbing 
rods . 

B Fuel Pins of Fast Reactors 

The dependence of qlll on z is similar to that of thennal reactors . However, the shape 
of qlll as a function of r within a rod is different because in fast reactors energetic 
neutrons , even fission neutrons , contribute to the fission reaction directly without being 
slowed. The radial profile of qlll tends to be flatter than in thennal and epithennal 
systems . Fortunately , in the real cases the diameter of the fuel rod is relatively small 
and the mean free path of the neutrons relatively large. Therefore the assumption that q'" is independent of r and e is a good approximation . 

VI HEAT GENERATION WITHIN THE MODERATOR 

The energy deposition in the moderator mainly comes from ( 1 )  neutron slowing by 
scattering due to collisions with the nuclei of the moderator material ;  and (2) )I-ray 
absorption . The dominant mechanism of heat production is neutron slowing due to 
elastic scattering . Neutrons also lose energy through inelastic coll i sions as a result of 
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excitation of the target nuclei . However, for l ight nuclei , moderation by inelastic 
scattering is less important than by elastic scattering . With heavy nuclei , such as those 
involved in structures , the inelastic scattering is the principal mechanism for neutron 
moderation . 

With elastic scattering the energy lost from the neutrons appears as kinetic energy 
of the struck nucleus . With inelastic scattering the energy lost by the neutrons appears 
as y-rays . 

Let Is,el;,E) be the macroscopic elastic scattering cross section of neutrons of 
energy E at position -;, and let ¢(-;,E) be the neutron flux at this position and energy . 
Hence the elastic scattering reaction rate RRs,eeC-;,E)dE within the energy interval E 
to E + dE is given by: 

� � � � RRs,ee (r ,E)dE = "::'s ,ee (r,E) ¢(r, E)dE (3-39) 

If 11E(E) i s  the mean energy loss per collision at neutron energy E, the heat generation 
� 

due to ¢(r,E) i s :  
III � d 11 I � "J... � qee(r,E) E = E(E) s ,ee (r ,E) o/(r ,E)dE 

Define the mean logarithmic energy decrement per collision (g) by 

(3-40) 

(3-4 1 )  

where E' = neutron energy after one collision (i .e . , 11E = E - E') . B y  expanding 
the logarithm in terms of 11E, we get: 

11E 

en � = 11E + ! (11E) 2 + ! (11E) 3 + (3-42) E' E 2 E 3 E . . . . . .  . 

Assuming E is sufficiently small , we can approximate: 

Then Eq. 3-40 becomes: 

E 11E en - = -
E' E 

q;� (-;,E)dE = �E Is,ee C;,E) ¢(;,E)dE 

(3-43) 

(3-44) 

Usually the moderator can be considered a homogeneous material, so that Is is in
dependent of -; within the moderator. Then:  

11/ � t � � qee(r ,E)dE = sE "::'s ,eeCE) ¢(r,E)dE 
The heat-generation rate from neutron elastic scatterings at all energies is :  

III � � Ix qee(r) = 
Ec 

�E Is,ee (E) ¢(r,E)dE 

(3-45) 

(3-46) 

where Ec = an energy level under which the energy loss by neutrons is negligible 
(e .g . , Ec = 0 . 1 eV) .  
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In order to assess the conditions for the validity of Eq . 3-43 , consider isotropic 
elastic scattering in the center of mass system. Let j be a particular isotope. Then [3] :  

where 

ilE
= E - ajE 

2 

( . ) 2  AJ - 1 a - --
j - Aj + 1 

and Aj is the atomic mass number. Then 

ilE 1 - a· = ___ J 
E 2 

. ilE 

(3-47) 

(3-48) 

(3-49) 

We see that for all possible values of AJ , 0 ::; aj < 1 ,  and E ranges from 0 to 0 . 5 .  

ilE 
Thus because elastic scattering is close to being isotropic , E is small ; therefore it 

can be concluded that Eq . 3-43 is a good approximation to Eq. 3-42 . 

VII HEAT GENERATION IN THE STRUCTURE 

The main sources of heat generation in the structure are ( 1 )  y-ray absorption; (2) 
elastic scattering of neutrons ; and (3) inelastic scattering of neutrons . 

A ')I-Ray Absorption 

The photon "population" at the particular point -; of the structure is mainly due to: 
( 1 ) y-rays born somewhere in the fuel , which arrive without scattering at position -; 
within the structure; (2) y-rays born within the structural materials ,  which arrive 
unscattered at -;; and (3) scattered photons (Compton effect) . 

Consider the quantity Nl;, E)dE, which is the photon density at a particular 
position r within the structure having energy between E and E + dE. The energy flux 
is defined as: 

(3-50) 

The absorption rate is described by application of the linear energy absorption coef
ficient J-La(E) as follows: 

11/ � E)d � qy (r,  E = J-La (E) I lr,E)dE (3-5 1 )  

where q�(;,E) = the absorbed energy density per unit time from the y-ray energy 
flux within the interval E to E + dE; J-La(E) = a function of the material , as can be 
found in Table 3-4 .  The total heat-generation rate then is: 
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Table 3-4 Linear y-ray attenuation 
and absorption coefficients 

y-Ray energy 
Coefficient (m - I ) 

(MeV) Water Iron Lead Concrete 

0 . 5  

/-L 9 . 66 65 . 1  1 64 20 .4  

/-La 3 . 30 23 . 1  92 . 4  7 . 0  

1 .0 

/-L 7 . 06 46. 8  77 . 6  1 4 . 9  

/-La 3 . 1 1  20 .5  37 . 5  6 . 5  

1 . 5 

/-L 5 . 74 38 . 1 58 . 1  1 2 . 1 

/-La 2 . 85 1 9 .0 2 8 . 5  6 . 0  

2 . 0  

/-L 4.93 3 3 . 3  5 1 . 8 1 0 . 5  

/-La 2 .64 1 8 . 2  27 . 3  5 . 6  

3 . 0  

/-L 3 .96 28.4 47 . 7  8 . 53 

/-La 2 . 33 1 7 . 6  28 .4  5 .08 

5 . 0  

/-L 3 . 0 1  24 .6 48 . 3  6 .74 

/-La 1 . 98 1 7 . 8  3 2 . 8  4 .56 

10 .0  

/-L 2 . 1 9  23 . 1  55 .4  5 .38  

/-La 1 . 65 1 9 . 7  4 1 .9 4. 1 6  

Source: Templin [ I I ]  

III � III � � JET- JEx qy (r) = 0 qir ,E)dE = 0 JLiE)1 ir,E)dE 

where Eoo is selected at a sufficiently high value . 

(3-52) 

I./;',E) can be found by solving the appropriate transport equation . However, 
practical calculation of y-ray attenuation is often greatly simplified by the use of so
called buildup factors and the uncollided y-ray flux . With this procedure the simplified 
transport equation is first solved neglecting the scattering process to yield the uncol
lided flux �(;',E) .  For example , for a plane geometry the energy of the uncollided 
y-ray flux is obtained from: 

1* = 1° - J.L(E)x y y e (3-53) 

where JL(E) = linear attenuation coefficient for photons at energy E due to absorption 
and scattering (Table 3-4) ; I� = unattenuated y-ray flux . If Iy (;',E' ) is the real energy 
flux at a point ;' resulting from I�, the buildup factor (B) is defined as : LE<£ JLa(E' )I/;',E' )dE' 

JLa(E)�(;',E) 
(3-54) 
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Note that by definition B(t, E) is greater than unity and depends primarily on the 
boundary conditions ,  and the energy level of the uncollided photons (through the 
linear attenuation coefficient and the scattered photon source distribution) . The values 

for the cases of interest are tabulated elsewhere [4 , 6] . Utilizing this definition of B, 
Eq. 3-5 1 becomes: 

Iff � d * � d qy ( r ,E) E = BJLa(E) I/r ,E) E (3-55) 

The following are mathematical expressions for simplified cases for the evaluation of 
Eq. 3-55 when I�(t,E) can be analytically evaluated. 

1 .  Point isotropic source emitting S photons of energy Eo per second. In this case: 

(3-56) 

where r is the distance from the point source. 
2. Infinite plane source emitting S photons with energy Eo per unit time per unit 

surface in the positive direction of the x-axis .  

(3-57) 

3. Plane isotropic source emitting S photons of energy Eo per unit source area, per 
second in all directions .  

(3-58) 

B Neutron Slowing 

In the structure , the neutrons slow by ( 1 )  elastic scattering and (2) inelastic scattering . 
For elastic scattering we can use the approximation of Eq . 3-46: 

q��, (f) = J� g E!s,e€ (E) cp(t,E)dE 

For inelastic scattering , the approach is more complicated owing to the generation of 
')I-rays . Taking into consideration that ( 1 )  inelastic scattering heating is not large 
compared with ')I-heating , and (2) the ')I-rays due to inelastic scattering are of moderate 
energies and therefore are absorbed in relatively short distances [3] , the heat can be 
assumed to be released at the point of the inelastic scattering event . Then q;'; (f) is  
given by an expression similar to that of Eq . 3-46: 

Iff � � Ix qi€  ( r) = 
Ec Ef(E)!s,i€(E)cp(r ,E)dE (3-59) 

where feE) = the fraction of the neutron energy E lost in the collision . The parameter 
f is a function of E and the material composition . 

Finally , the heat generation within the structure is :  
Iff(�) _ 1/1 (�) + Iff ( �) + 1/1 ( � q r - qy r qe£ r q ie r) (3-60) 



62 NUCLEAR SYSTEMS I 

Thermal 
S h ield 

R = 1 .206 m 

R = 1 .333 m 

Co re 
Barre l 

�. 

Example 3·4 Power deposition in a thermal shield 

Figure 3-7 Thennal shield . 

PROBLEM In a PWR the core is surrounded by a thennal shield (Fig .  3-7) to 
protect the pressure vessel from ')I-ray heating and neutron-induced radiation damage . 
For an iron thermal shield with the radiation values given below, calculate the volu
metric heat generation rate in the shield at its outennost position . 

Assume that the core of the reactor is equivalent to an infinite plane source and 
that the shield can be treated as a slab owing to the small thickness-to-radius ratio .  

Note that at energies well above the inelastic scattering threshold the total cross 
section is due to scattering. For steel , the inelastic scattering rate may be assumed to 
be equal to the elastic scattering rate: 

(3-6 1 ) 

The total neutron cross section can be approximated by the sum of both scatterings: 

(3-62) 

Use the following values for the radiation flux parameters . 
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* i' Radiation 

E == 2 MeV 
SO == 1014 "II cm2 s 

BFc == 4.212 

* Neutron Radiation 

<Pfas! = 1 0 1 4  neutrons/cm2 • s 
Effective neutron energy = 0.6 MeV 
Neutron total cross section = O"T (0 . 1  < E < 1 5) = 3 barns 
f(2 MeV) = 0. 1 

SOLUTION Equation 3-57 may be used to find q� (x) . 

q� (x) = SBJ-La(Eo)Eoe - P- x 

where x is measured from the inner wall :  

x = 1 . 333 m - 1 . 206 m = 0. 1 27 m = 1 2 . 7  cm 

From Table 3-4, J-La for iron at Eo = 2.0 MeV i s  0 . 1 82 cm - I  and /.L for iron at 
Eo = 2.0 MeV i s  0 . 333 cm - I .  

:. q� = ( 1 0  14)(4 .2 1 2)(0 . 1 82)(2)e - 0.333( 1 2 .7) = 2 .23 x 1 0  1 2 MeV fcm3 • s 

To solve for the elastic and inelastic scattering of the neutrons ,  Eqs .  3-46 and 
3-59 must be solved: 

(3-46) 

(3-59) 

Using a one-group approximation for the integral and defining cPfast as the fast neutron 
flux ,  the above equations reduce to : 

q;� (r) g E !s,eCcPfast 
q:� (r) = f(E)E !s, iCcPfast 

where E is the effective energy of the flux . 
Now, from Eqs .  3-42 and 3-49: 

Where a = 

For iron ,  A 

E ilE g = In E' 
= E (A - 1) 2 

A+1 (Eq . 3-48) .  

5 5 . 85 so that a = 0 .9309 and: 

g = ! ( 1 _ (54 . 85) 2) 
2 56 .85 

0 .0346 

(3-63) 

(3-64) 
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The total removal cross section can be obtained from: 

1: = 
PFeAv (j. 

= 
7 . 87 g/cm3 (0 .6022 x 1024 atom/mole) 

(3 x 10 - 24 cm2) 
T MFe T 55 . 85 g/mole 

= 0 .254 cm - I 

Therefore , with the assumption that .Is,el = .Is, i f ' each would equal one-half 
of !T: 

!s, if = !s.ef = 0 . 5  IT = 0 . 1 27 cm - I  

Now the heat-generation rate due to neutron scattering from this monoenergetic 
neutron flux can be calculated: 

g E !s,ef <Pfast 
(0 .0346)(0. 6  MeV)(0 . 1 27 1 /cm)( 10 14 neutron/cm2 . s) (3-63) 
0 .26 x 10 1 2 MeV /cm3 • s 

q;'; = f(E)E !s, if <Pfast = (0 . 1 ) (0 .6  MeV)(0. 1 27 1 /cm)( 10 14 neutron/cm2 . s) 
0 .76 X 10 1 2 MeV /cm3 • s 

11/ /II + III 11/ 
. . .  q = qy qef + q if 

2 .23 X 10 1 2 + 0 .26 X 1 0 1 2 + 0 .76 X 10 1 2 

3 . 25 X 10 1 2 MeV /cm3 • s = 0 .52  W /cm3 

(3-64) 

Note that the heat deposition due to )I-rays is the principal source of heat gen
eration in the structure . In fact, because of the high buildup factor (B) for iron , the 
calculated heat generation due to )I-rays may exceed the incident flux of photons . A 
more refined transport calculation in which the photon energy and scattering properties 
are accounted for in detail is needed if exact prediction of the heat-generation level 
is desired . 

VIII SHUTDOWN HEAT GENERATION 

It is important to evaluate the heat generated in a reactor after shutdown for deter
mining cooling requirements under normal conditions and accident consequences fol
lowing abnormal events . Reactor shutdown heat generation is the sum of heat produced 
from the following: ( I )  fissions from delayed neutron or photoneutron emissions� and 
(2) decay of fission products , fertile materials, and other activation products from 
neutron capture . These two sources initially contribute equal amounts to the shutdown 
heat generation . However, within minutes from shutdown fissions from delayed neu
tron emission are reduced to a negligible amount . 

A Fission Heat After Shutdown 

The heat generated from fissions by delayed neutrons is obtained by solving the 
neutron kinetic equations after a large negative insertion of reactivity . Assuming 
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a single group of delayed neutrons , the time-dependent neutron flux can be given 
by [5] :  [ {3 p (fJ - p)r] 

4>(t) = 4>0 -- e - Y) l  - -- e - -e-
/3 - p  {3 - p  

(3-65) 

where 4>0 = steady-state neutron flux prior to shutdown; {3 = total delayed neutron 
fraction; p = step reactivity change; .e = prompt neutron lifetime; y, = decay constant 
for longest-lived delayed neutron precursor; ( = time after initiation of the transient. 

Substituting typical values for a 235U-fueled, water-moderated reactor of y, = 

0. 0124 S - I ,  {3 = 0. 006, and .e = 10 - 4 S into Eq . 3-65 for a reactivity insertion of 
p = - 0. 09, the fractional power, which is proportional to the flux , is given by: 

Q = 0 . 0625 e - O.o I 24r + 0. 9375 e - 960t 
Qo 

(3-66) 

where ( is in seconds . 
The second term in Eq . 3-66 becomes negligible in less than 0 . 01 second . Con

sequently ,  the reactor power decreases exponentially over a period of approximately 
80 seconds , which is about the half-life of the longest-lived delayed neutron precursor. 

B Heat from Fission Product Decay 

The major source of shutdown heat generation is fission product decay. Simple , em
pirical fonnulas for the rate of energy release due to {3 and y emissions from decaying 
fission products are given by [3] :  

{3 energy release rate = 1.40 ( '  - 1 .2 MeV/fission · s 
y energy release rate = 1 . 26 t' - 1 . 2 MeV/fission · s 

where ( ' = time after the occurrence of fission in seconds . 

(3-67) 

The equations above are accurate within a factor of 2 for 10 s < (' < 100 days. 
Integrating the above equations over the reactor operation time yields the rate of decay 
energy released from fission products after a reactor has shut down.  

Assuming 200 MeV are released for each fission , 3. 1 X 10 10 fissions per second 
would be needed to produce 1 watt of operating power. Thus a fission rate of 3 .1  x 
1010 q'� fissions/ cm3 . s is needed to produce q'� W / cm3 . The decay heat at a time 
T seconds after reactor startup due to fissions occurring during the time interval be
tween T' and T' + dT' is given by the following (see Figure 3-8 for time relations) . 

dPf3 = 1.40(T - T' ) - 1 .2 (3. 1  X 10 1O)q�'dT' MeV/cm3 . s (3-68a) 

dPy = 1. 26(T - T' ) - 1 .2 (3. 1  X 10 1O)q�'dT' MeV/cm3 . s (3-68b) 

For a reactor operating at a constant power level over the period Ts , we integrate Eqs . 
3-68a and 3-68b to get the decay heat from all fissions: 

Pf3 = 2.18 x 10 ' lq:'[(T - TJ - O.2 - T- o.2] MeV/cm3 · s  

Py = 1. 95 x 10 1 1q:'[(T - TJ - O.2 - T - 0. 2] MeV /crn3 . s 

(3-69a) 

(3-69b) 
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Reacto r  Startup Reacto r Sh utdown 

f ission 
p e riod 

dr' 
.... .. .. 

4� 4i 4i 

7 = 0 7 = 7' 7 = 7S t' = - 7' t' = 0 t' = 7 - 7' L T  L t. L ts 
Figure 3-8 Time intervals. r = time after reactor startup; t' = r - r' = time after fission; ts = r - rs 

= time after shutdown. 

The decay heat level may be expressed as a fraction of the constant operating 
power level (Po) -which is associated with the steady-state volumetric heat-generation 
rate (q:') -by multiplying P" and Pf3 in Eqs .  3-69a and 3-69b by 1 . 602 X 1 0 - 1 3 to 
convert the units to W / cm3 -and rearranging to obtain :  

(3-70a) 

P 
---.1 = 0.03 1  [( T - T J -0.2 - T- O.2] 
Po 

(3-70b) 

The total fission power decay heat rate (P) is then given by: 

P 
- = 0.066[( T - Ts) - 0.2 - T- 0.2] 
Po 

(3-70c) 

This equation may also be written as 

P 
- = 0.066[ts- 0 . 2 - (ts + Ts) - 0.2] 
Po 

Although all the energy from the f3-partic1es is deposited in the fuel material , 
depending on the reactor configuration , only a fraction of the l' energy is deposited 
in the fuel material . The rest is deposited within the structural materials of the core 
and the surrounding supporting structures .  

The decay heat rate predicted by  Eq. 3-70c is plotted in Figure 3-9 as a function 
of time after reactor shutdown for various times of reactor operation .  Note that for 
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0.08�-
--------'-----------'----------'---------------------� 

....... . . . .  Eq. 3-70c (fission 
products only) 

0 .01 

0.00 L....-........................................... .......:.... __ ...&...-............ -'-& .......... ..i....-----"'---'-........................ .L..I.O... __ -'----'--............. L..L..LL..:....-----'----'---'-............ L..UJ 
1 1 0  1 02 1 03 1 04 1 05 

Time Atter Shutdown, T - Ts (s) 

Figure 3-9 Decay heat rate from empirical relations as a function of shutdown time. 

operating times (7s) of a few days or longer, the initial decay power is independent 
of reactor operating time . However, the reactor operating time is relatively important 
for determining the long-term decay heat. 

For comparison , another equation that was later experimentally obtained from a 
I -in .  diameter uranium rod is also plotted in Figure 3-9. The resulting equation is 
given by [3] : 

p 
0 . 1 [(7 - 7s + 10) - 0 .2 - (7 + 1 0) -0.2  + 0 . 87 (7 + 2 X 10 7) - 0 .2 

- 0 . 87 (7 - 7s + 2 X 107) - 0 . 2] 
(3-7 1 ) 

This equation , as may be observed in Figure 3-9 , predict higher decay powers due 
to, among other factors , the inclusion of the decay heat of the actinides 239U and 
289Np along with decay of 235U fission products . The effect of neutron capture in 
fission products is to increase the decay heat on the order of a few percent , depending 
on the level of bumup and the operating time . 

C ANS Standard Decay Power 

In 1 96 1  the data from several experiments were combined to provide a more accurate 
method for predicting fission product decay heat power [9] . The results (Figure 3- 10) 
Were adopted in 1 97 1  by the American Nuclear Society (ANS) as the basis for a draft 
standard (ANS-5 . 1 /NI 8 . 6) for reactor shutdown cooling requirements . The curve, 
which spans a time range from 1 second to 109 seconds , refers to reactors initially 



68 NUCLEAR SYSTEMS I 

1 0-1 �--�----------�----�----�----�----�----�----�----� 

CD 
3: 
o 

a.. 

o 
t5 CIj Q) a: 
.9 
CD 
3: 
o 

a.. 
>. 
CIj () Q) o 

1 0-2 

................................. · ........................ ::.' .... ::: ... t ................ ::: .... : .. : ............. r.·: ............... . ······················l·······················�······················f········· 

1 0  1 02 1 03 1 04 1 05 1 06 1 07 1 08 1 09 

Ti me After  Sh utdown (5) 

Figure 3-10 Fission-product decay heat power as a function of time after shutdown. (From ANS-S. l! 
NJ8.6.)  

fueled with uranium and operated at a constant power (Po) for an infinite* period 
before being instantaneously shut down . The value of P / Po for reactors operated for 
a finite period (Ts) may be obtained from Figure 3- 10  by subtracting the value of P / Po 
at the time Ts + ts from the value of P / Po at the time ts ' where ts is the cooling time 
after shutdown . 

Some important observations may be derived from Figure 3- 10 .  Consider the 
values of P / Po for reactor operating times of 20 days, 200 days, and infinity and for 
various cooling times.  These values are given in Table 3-5 . For all three reactor 
operating times , the fractional decay power at 1 hour is approximately 1 . 3% .  For 
cooling times less than 1 day the ratio P / Po is independent of Ts for Ts > 20 days. 
This situation is due to the rapid decay of fission products of short half-lives , which 
reach their saturation values during short periods of operation . The decay heat at 
longer cooling times is due to fission products with longer half-lives . Because the 
amount of these products present at shutdown is dependent on the reactor operation 
time ( Ts) the decay heat after cooling times longer than 1 day is also dependent on 
the operating time. The uncertainty associated with the 1 97 1  proposed ANS standard 
was given as 

ts < 103 seconds 
103 < ts < 107 seconds 

ts > 107 seconds 

+ 20% , - 40% 
+ 10%, - 20% 
+ 25%,  - 50% 

* An infinite period is considered to occur when all fission products have reached saturation levels. 
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Table 3·5 Decay heat power after shutdown 

Fraction of thermal operating power ( P  / Po ) at 

various t imes after shutdown (cool ing period) 

operating t ime 

20 Days 

200 Days 

Infinite 

I Hour 

0.0 1 3  
0.0 1 3  
0.0 1 3  

I Day 

2.5 x 
4. 1 x 
5 . 1  x 

1 00 Days 

1 0-1 3 X 1 0-4 
1 0- 1  5 x I O--l 
1 0- 1  1 2  X 1 0-4 

Investigation of the inaccuracies in the 1 97 1  ANS proposed standard due to the 
assumptions that ( 1 )  decay heats from different fission products are equal and (2) 
neutron capture effects are negligible led to a new standard that was developed in 
1979 and reaffirmed in 1985 . The revised ANS standard [8] , which consists of equa
tions based on summation calculations, explicitly accounts for decay heat from 235U, 
238U, and 239pu fission products. Neutron capture in fission products is included 
through a correction factor multiplier. The new standard is also capable of accounting 
for changes in fissile nuclides with fuel l ife. Accuracy within the first 1 04 seconds 
after shutdown was emphasized in the new standard 's  development for accident con
sequence evaluation . 

The old ANS standard is compared with the data on decay heat associated with 
one fission from 238U, 235U, and 239pu atoms in Figure 3- 1 1 .  As shown, the 238U data 
are higher for the first 20 seconds, whereas the 239pu and 23SU data are lower. For 
decay times less than 103 seconds, the new standard predicts decay powers lower than 
those of the old standard, whereas for decay times of more than 1 04 seconds the 
revised standard may give higher decay powers. This  increase is due to the inclusion 
of neutron capture effects. 

c 1 2  
o 

.'!: ·en 
c C/) => u:  � >  Q) Q) � �  a:s • 
Q) Q) l: Cti  
:::..., (( 
a:s c 

� .Q 
a � u: 2 

O ���-L��' ����������� 1 1 0  1 0 2 10'  
Time After Shutdown(s) 

Figure 3-1 1  Comparison of the  ANS 

1 97 1  revised  standard wi th  the  ANS 

1 978 standard for the  essential ly  infi

n i te irradiation time of 1 0 11 seconds 

[ 8 ] .  Decay power can be obtained by 

mUltiplying the above shown values 

by the fi ssion rate during operation. 



70 NUCLEAR SYSTEMS I 

Table 3-6 Comparison of the 1971 and 1979 ANS decay heat standards 
A. Reactor operating history 

Duration 
Fractional power during interval 

Interval (days) Power 235U 239Pu 238U 

I 300 Full 0 . 8  0 . 1 3  0 .06 
2 60 Zero 
3 300 Full 0 . 6  0 . 29 0 .07 
4 60 Zero 
5 300 Full 0.40 0 . 42 0 .08 

B. Decay heat power based on above history 

24 1pU 

0.0 1 

0 .04 

0 . \ 0  

1 979 Revised standard" 

Time after 

Decay power ratio 
(Revised/ old) 

shutdown Capture Uncertainty lu P 
(s) multiplier (%) Po Nominalb 

1 .005 5 . 1 0 .0577 0 . 925 
\ 0  1 .005 3 . 5  0 .0448 0 . 890 
\ 02 1 .005 3 . 1  0 .0295 0 . 909 
\ 03 1 .006 3 . 1 0 .0 1 78 1 .02 

Source: Schrock [8 ] .  
"Based o n  Ef = 200 MeV/fission. 
b l 979 Revised standard nominal from column 4. Old standard nominal from standard curve. 
cNew standard: ( 1  + 2u) x nominal ; old standard: 1 .2 x nominal . 

Upper 
boundc 

0. 860 
0 . 808 
0 . 802 
0 . 879 

A more meaningful comparison can be made by choosing a specific reactor ap
plication . Such a comparison is presented in Table 3-6, where the new standard upper 
bound was chosen as 1 + 20" times the nominal results , where 0" is the standard 
deviation as prescribed by the ANS standard . This comparison shows that for typical 
end-of-life core composition , the lower-decay heat from 239pU plays an important role 
in reducing the decay heat power predicted by the 1 979 standard and that the capture 
effect is small for a short time after shutdown . Calculated uncertainties in the 1 979 
standard are much lower than in the older standard, giving upper bound decay power 
results that are lower by 1 2  to 1 9% .  A similar comparison made for "younger" fuel 
would show somewhat smaller differences because the change in the 239pU role is the 
major effect . Because of the sharp increase in the capture effect for ts > 104 seconds , 
the revised standard may give higher decay power than did the old standard for long 
time after shutdown . 
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PROBLEMS 

Problem 3-1 Thermal design parameters for a cylindrical fuel pin (section III) 
Consider the PWR reactor of Example 3- 1 .  

1 . Evaluate the average thermal neutron flux if the enrichment of the fuel is 3 . 25% .  
2. Evaluate the average power density o f  the fuel i n  MW I m3. Assume the fuel density i s  90% of  theoretical 

density. 
3. Calculate the average linear power of the fuel ,  assuming there are 207 fuel rods per assembly. Assume 

the fuel rod length to be 38 10  mm. 
4. Calculate the average heat flux at the cladding outer radius, when the cladding diameter is 1 0  mm. 

Answers: 

1 .  (�) = 3 .75 X 10 1 3  neutrons/cm2 • s 2. (qlll) = 289.6 MW 1m3 
3. (q' )  = 19 .24 kW 1m 
4. (q") = 6 12 . 7  kW 1m2 

Problem 3-2 Power profile in a homogeneous reactor (section IV) 

Consider an ideal core with the fol lowing characteristics: The 235U enrichment is uniform throughout 
the core, and the flux distribution is characteristic of an unreflected, uniformly fueled cylindrical reactor, 
with extrapolation distances 5z and SR of 10 cm. How closely do these assumptions allow prediction of 
the following characteristics of a PWR? 

I .  Ratio of peak to average power density and heat flux? 2. Maximum heat flux? 
3 .  Maximum linear heat generation rate of the fuel rod? 
4. Peak-to-average enthalpy rise ratio, assuming equal coolant mass flow rates in every fuel assembly? 
5 . Temperature of water leaving the central fuel assembly? 

Calculate the heat flux on the basis of the area formed by the cladding outside diameter and the active 
fuel length . Use as input only the following values. 

Total power = 34 1 1  MWt (Table 1 -2) 
Equivalent core diameter = 3 . 37 m (Table 2-3) 
Active length = 3 . 66 m (Table 2-3) 
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Fraction of energy released in fuel = 0 .974 
Total number of rods = 50,352 (Tables 2-2, 2-3) 
Rod outside diameter = 9.5 mm (Table 1 -3) 
Total flow rate = 17.4 x 103 kgls (Table 1 -2) 
Inlet temperature = 286°C (Table 1 -2) 
Core average pressure = 1 5 . 5  MPa (Table 1 -2) 

Answers: 

I . cfJJ¢ = 3 . 1 1  
2 .  q�ax = 1 . 88 MW 1m2 
3. q�,ax = 56 . 1  kW 1m 
4. (Llh)maxl Llh = 2 .08 
5. (Toul)max = 344.9°C 

Problem 3-3 Power generation in a thermal shield (section VII) 
Consider the heat-generation rate in the PWR core thennal shield discussed in Example 3-4 . 

I .  Calculate the total power generation in the thennal shield if it is 4.0 m high. 
2 .  How would this total power change if the thickness of the shield is increased from 12 . 7  cm to 15 cm? 

Assume uniform axial power profile. 

Answers: 

1 .  Q = 23 . 85 MW 
2 .  Q = 24.37 MW 

Problem 3-4 Decay heat energy (section VIII) 
Using Eq . 3-70c, evaluate the energy generated in a 3000 MWth LWR after the reactor shuts down .  

The reactor operated for I year at  the equivalent of 75% of total power. 

1 .  Consider the following time periods after shutdown: 
a. 1 Hour 
b. 1 Day 
c. I Month 

2. How would your answers be different if you had used Eq . 3-7 1 ( i .e . ,  would higher or lower values 
be calculated)? 

Answers: 

l a . 0 . 1 1 3 TJ: ITJ 10 1 2 J 
lb .  1 . 24 TJ 
I c .  1 3 . 1 TJ 
2. Higher 

Problem 3-5: Effect of continuous refueling on decay heat (section VIII) 
Using Eq. 3-70c , estimate the decay heat rate in a 3000 MWth reactor in which 3 .2% mU-enriched 

U02 assemblies are being fed into the core. The burned-up fuel stays in the core for 3 years before being 
replaced. Consider two cases: 

I. The core is replaced in two batches every 18 months. 
2. The fuel replacement is so frequent that refueling can be considered a continuous process. (Note: The 

PHWR reactors and some of the water-cooled graphite-moderated reactors in the Soviet Union are 
effectively continuously refueled . )  
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Compare the two situations at 1 minute , 1 hour, 1 day , 1 month, and 1 year. 

Answers: 

1 minute: 

1 hour: 
1 day: 
1 month: 
1 year: 

Case 1 

P = 8 1 . 9 MW 

P = 3 3 . 2  MW 

P = 1 5 .0 MW 

P = 4 . 97 MW 

P = l .28 MW 

Case 2 
P = 8 1 .0 MW 

P = 3 2 . 2  MW 

P = 1 4 . 1 MW 

P = 4 . 26 MW 

P = 0 . 963 MW 
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CHAPTER 

FOUR 

TRANSPORT EQUATIONS F OR SINGLE-PHASE FLOW 

I INTRODUCTION 

Thermal analyses of power conversion systems involve the solution of transport equa
tions of mass , momentum, and energy in forms that are appropriate for the system 
conditions. Engineering analysis often starts with suitably tailored transport equations . 
These equations are achieved by simplifying the general equations ,  depending on the 
necessary level of resolution of spatial distributions , the nature of the fluids involved 
(e.g. , compressibility) , and the numerical accuracy required for the analysis .  The 
general forms of the transport equations for single-phase flow and many of the sim
plifying assumptions are presented in this chapter. 

The basic assumption made here is that the medium can be considered a contin
uum. That is , the smallest volume of concern contains enough molecules to allow 
each point of the medium to be described on the basis of average properties of the 
molecules . Hence unique values for temperature , velocity , density , and pressure (col
lectively referred to as field variables) can be assumed to exist at each point in the 
medium of consideration . Differential equations of conservation of mass, momentum, 
and energy in a continuum can then be developed to describe the average molecular 
values of the field variables . The equations of a continuum do not apply when the 
mean free path of molecules is of a magnitude comparable to the dimension of the 
volume of interest. Under these conditions few molecules would exist in the system, 
and averaging loses its meaning when only a few molecules are involved. In that case 
statistical distribution of the molecular motion should be used for the description of 
the macroscopic behavior of the medium. Because a cube of gas whose side is 1 ,urn 
Contains 2 . 5  x 107 molecules at normal temperature and pressure, the continuum 
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condition is readily met in most practical systems . An example of a situation where 
the continuum equations should not be applied is that of rarefield gases , as in fusion 
vacuum equipment or for space vehicles flying at the edge of the atmosphere . (The 
mean free path of air at atmospheric standard conditions is 6 x 10  - 8 m, whereas at 
100 miles ' elevation it is 50 m . )  

A Equation Forms 

Two approaches are used to develop the transport equations: an integral approach 
and a differential approach . The integral approach can be further subdivided into 
two categories : the lumped parameter approach and the distributed parameter integral 
approach . 

The integral approach addresses the behavior of a system of a specific region or 
mass . With the lumped parameter integral approach, the medium is assumed to 
occupy one or more compartments , and within each compartment the spatial distri
butions of the field variables and transport parameters of the material are ignored when 
setting up the integral equations . Conversely , with the distributed parameter integral 
approach the spatial dependence of the variables within the medium is taken into 
consideration when obtaining the equations . 

The differential approach is naturally a distributed parameter approach but with 
balance equations for each point and not for an entire region . Integrating the differ
ential equations over a volume yields integral distributed parameter equations for the 
volume . However, integral distributed parameter equations for a volume may also be 
formulated on the basis of conveniently assumed spatial behavior of the parameters 
in the volume . In that case the information about the point-by-point values of the 
parameter would not be as accurate as predicted by a differential approach .  

The integral equations can be developed for two types o f  system: a control mass 
or a control volume (Table 4- 1 ) .  With the control mass approach, the boundary of 
the system is the boundary of the mass, and no mass is allowed to cross this boundary 
(a closed system formulation) . With the control volume approach mass is allowed to 
cross the boundaries of the system (an open system formulation) , as illustrated in  
Figure 4- l .  In general , the boundary surface surrounding a control mass or a control 
volume may be deformable , although in practice rigid boundaries are encountered for 
most engineering applications . 

Table 4-1 Classification of 
transport equations 

Integral 

Lumped parameter 
Control mass 
Control volume 

Distributed parameter 
Control mass 
Control volume 

Differential 

Lagrangian equations 
Eulerian equations 
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In itial State 

I ntermediate State 

Final State 

Figure 4-1 Control mass and control volume boundaries . Solid line indicates the control volume. Dotted 

line indicates the control mass. Note that at the intermediate stage the control mass boundary is identical 
to the control volume boundary. 

The system of differential equations used to describe the control mass is called 
Lagrangian . With the Lagrangian system the coordinates move at the flow velocity 
(as if attached to a particular mass) , and thus the spatial coordinates are not inde
pendent of time . Eulerian equations are used to describe transport equations as applied 
to a control volume. The Eulerian system of equations can be derived for a coordinate 
frame moving at any velocity . When the coordinate frame' s  origin is stationary in 
space at a particular position , the resulting equations are the most often used form of 
the Eulerian equations . 

Applications of the integral forms of these equations are found in Chapters 6 and 
7 , and the differential forms are in Chapters 8 ,  9, 10 ,  and 1 3 .  

B Intensive and Extensive Properties 

System properties whose values are obtained by the summation of their values in the 
components of the system are called extensive properties . These properties depend on 
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Table 4-2 Extensive and intensive propertiesa 

Property Total value 

Mass m 

Volume V 
� 

Momentum mv 
Kinetic energy ! m v2 
Potential energy mgz 
Internal energy V = mu 
Stagnation internal energy VO = muo 
Enthalpy H = mh 
Stagnation enthalpy HO = mho 
Total energy E = me 
Entropy S = ms 
Temperature T 
Pressure p 
Velocity 

� 
v 

Specific value 
per unit mass 

V 
v == - == l ip 

m � 
v 

t v2 
gz 
u 

UO == u + t v2 
h = u + pv 

hO = h + t v2 
e == UO + gz 

T 
p � 
v 

Specific value 
per unit volume 

p 

� 
pv 

t pv2 
pgz 
pu 
puc 
ph 
pho 
pe 
ps 
T 
p � 
v 

'Properties that are independent of the size of the system are called intensive properties . Intensive 

properties include �, p, and T, as well as the specific values of the thermodynamic properties . 

the extent of a system. Properties that are independent of the size of the system are 
called intensive properties . Table 4-2 l ists some of the properties appearing in the 
transport equations . 

For a control mass (m) , let C be an extensive property of the medium (e .g . , 
volume , momentum, or internal energy) . Also , denote the specific value per unit mass 
of the extensive property as e. The lumped parameter approach is based on the as
sumption that the medium is of uniform properties ,  and thus C = me . For a distributed 
parameter approach ,  the mass density (p) and e are not necessarily uniform, and 
C = III pedV. 

v 

II MATHEMATICAL RELATIONS 

It is useful to remind the reader of some of the basic mathematics encountered in this 
chapter. 

A Time and Spatial Derivative 

Consider a property e as a function of time and space. The time rate of change of the 
property e as seen by an observer at a fixed position in space is denoted by the partial 
time derivative ael at. 

The time rate of change of a property e as seen by an observer moving at a 
velocity Do within a medium at rest is given by the total time derivative del dt. In 
Cartesian coordinates the total derivative i s  related to the partial derivative by 
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de ae ax ac ay ae az ac ac ac ac ac + + - - + - - - - + Vox - + Voy - + V oz - (4- 1 )  
dt a t  a t  ax a t  ay a t  az a t  ax ay az 

where vox' voy ' and voz are the components of Vo in the x, y, and z directions . The 
general relation between the total and the partial derivatives for a property c is given 

by : 
de ac � - = - + v . Ve 
dt at 

0 (4-2) 

If the frame of reference for the coordinates is moving at the flow velocity V , the 
rate of change of c as observed at the origin (the observer) is given by the substantial 
derivative Del Dt. A better name for this derivative is material derivative, as suggested 
by Whitaker [7] . It is given by: 

Dc ac � - = - + V ·  Ve 
Dt at 

(4-3) 

The right hand side of Eq . 4-3 describes the rate of change of the variable in Eulerian 
coordinates, and the left hand side describes the time rate of change in Lagrangian 
coordinates. 

f 
. .  (ae) 

In a steady-state flow system , the rate of change 0 e at a fixed pOSItlon 
at 

is 

zero. Hence at the fixed position an observer does not see any change in c with time. 
However, the fluid experiences a change in its property e as it moves because of the 

Dc 
nonzero values of u . Ve.  Thus in the Lagrangian system - is nonzero, and the 

Dt 
observer moving with the flow does see a change in c with time . 

Note that: 

Dc de � - = - + (v - v 0) . V c 
Dt dt 

(4-4) 

Thus the total derivative becomes identical to the substantial derivative when 
� � Vo = v .  

For a vector, t,  the substantial derivative is obtained by applying the operator to 
each component so that when they are summed we get: 

Dt Dc· � Dc· � DCk � 
- = -l i + J · + - k 
Dt Dt Dt } Dt 

� � � 
where i , j ,  and k = the unit vectors in the Cartesian directions x, y, and z . 

Example 4-1 :  Various time derivatives 

(4-5)  

. PROBLEM Air bubbles are being injected at  a steady rate into a water channel at 
VarIous positions such that the bubble population along the channel is given by: 
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where L = channel length along the axis z; Nbo = bubble density at the channel inlet 
(z = 0) .  

What is the observed rate of change of the bubble density by 

1 .  A stationary observer at z = 07 2. An observer moving in the channel with a constant speed Vo 7 

SOLUTION The time rate of change of the bubble density as observed by a sta
tionary observer at z = 0 is: 

However, for the observer moving along the channel with a velocity Vo mis ,  the rate 
of change of the bubble density is :  

dNb = aNb + v aNb 
= v N (2Z) 

dt at 0 az 
0 bo L 2 

B Gauss's Divergence Theorem 

If V is a closed region in space , totally bounded by the surface S, the volume integral 
of the divergence of a vector 1: is equal to the total flux of the vector at the sur
face S: J J J (V . 1:)dV = § 1: . h dS 

v s 

where h = unit vector directed nonnally outward from S. 
This theorem has two close corollaries for scalars and tensors: 

and 

J J J V cdV = § c h dS 
v s 

J J J V . c dV = § ( c  . h)dS 
v s 

The last equation is also applicable to a dyadic product of two vectors 1:11:2 , 

C Leibnitz's Rules 

(4-6) 

(4-7) 

(4-8) 

The general Leibnitz rule for differentiation of an integral of a function (f) is  given 
by [3] : 
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d Jb(A) fb(A) af(x, A) db da - f(x, A)dx = -- dx + f(b, A) - - f(a, A) -dA a(A) a(A) aA dA dA (4-9) 

It should be noted that for this rule to be applicable the functions f, a, and b must 

be continuously differentiable with respect to A. Also the function f and 
af 

should aA 
be continuous with respect to x between a(A) and b(A) . 

This rule can be used to yield a general relation between the time differential of 
a volume integral and the surface velocity of the volume as follows. Let x be the 
Cartesian coordinate within a plate of a surface area A and extending from x = a(t) 
to x = b(t) , as seen in Figure 4-2 .  According to Eq . 4-9 , the time derivative of an 
integral of the function f(x, t) over x is given by : 

d fbU) JbU) af(x, t) db da - f(x, t)A dx = -- Adx + f(b, t) A - - f(a , t) A - (4- 10) dt aU) aCt) at dt dt 
The extension of Eq . 4- 1 0  to three-dimensional integration of a function f(;, t) 

over a volume V surrounded by the surface S yields [5] : 

d III 
� 

III 
af(1, t) JC � � � 

dt f(r , t)dV = -a-t - dV + )f f(r , t) V s • n dS 
v v s 

where Vs = local and instantaneous velocity of the surface S. 

(4- 1 1 )  

The velocity Vs may be a function of the spatial coordinate (if the surface is 
deforming) and time (if the volume is accelerating or decelerating) . For a deformable 
volume, whether the center of the volume is stationary or moving , Vs is not equal to 
zero . 

Equation 4- 1 1  is the general transport theorem [6] . A special case of interest is 
when the volume under consideration is a material volume Vrn ( i . e . , a volume encom-

:.---- f(x,t) 

----------��------��----------------�. x 
x = a  x = b  

Figure 4-2 Plate moving in the x direction. 
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passing a certain mass) within the surface Sm. In that case the surface velocity rep
resents the fluid velocity , i .e . ,  Us = U, and the left hand side represents the substantial 
derivative of a volume integral (refer to Eq. 4-4) . In this case Eq . 4- 1 1  becomes: 

D 
IIf � If I 

af(;, t) J! 
� � � Dt f(r, t)dV = -a-t - dV + )f f(r , t)u . n dS 

Vm Vm Sm 

(4- 1 2) 

This equation is the Reynolds transport theorem. Note that the integration in Eq . 
4- 1 2  is performed over a material volume Vm bounded by the surface Sm. The Reynolds 
transport theory is useful for transforming the derivatives of integrals from material
based coordinates (Lagrangian left hand side of Eq. 4- 1 2) into spatial coordinates 
(Eulerian right hand side of Eq . 4- 1 2) .  

Another special case of  Eq. 4- 1 1  is that of  a fixed volume (i . e . , a stationary and 
non deformable volume) where Us = 0,  in which case Eq. 4- 1 1  reduces to: 

d 
III � If I 

af(;, t) a 
III � di f(r, t)dV = -a-t - dV = at f(r , t)dV 

v v v 

(4- 1 3) 

The last equality is obtained because the volume in this case is time-independent . 
The total rate of change of the integral of the function fC;, t) can be related to 

the material derivative at a particular instant when the volume boundaries of V and 
Vm are the same , so that by subtracting Eq . 4- 1 1 from Eq. 4- 12 :  

D 
III � 

d 
III � 

J! 
� � � � Dt 

f(r , t) dV = di f(r , t)dV + )f f(r , t)(u - u J . ndS 
v v S 

(4- 14) 

� � where u - Us = relative velocity of the material with respect to the surface of the 
control volume: 

(4- 1 5) 

The first term on the right hand side of Eq. 4- 1 4  is the "time rate of change" 
term, and the second term is the "flux" term, both referring to the function f(r-, t) 
within the volume V. The time rate of change term may be nonzero for two distinct 
conditions: if the integrand is time-dependent or the volume is not constant. A de
formable control surface is not a sufficient condition to produce a change in the total 
volume , as expansion of one region may be balanced by contraction in another. Note 
also that only the component of Ur normal to the surface S contributes to the flux term . 

The general transport theorem can be applied to a vector as well as to a scalar. 
The extension to vectors is easily obtained if Eq . 4- 1 1  is applied to three scalar 

� � � functions (fx , fy , fz) ,  then multiplied by i ,  j ,  and k, respectively , and summed to 
obtain: 

d 
III � � IIf ajC;, t) J! � � � � di f(r , t)dV = -a-t - dV + )f f(r , t)(u s • n)dS 

v v S 

(4- 16) 
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The reader should consult the basic fluid mechanics textbooks for further discus

sion and detailed derivation of the transport theorems presented here [e .g . , 2, 4, 6] . 

Example 4-2: Difference in total and substantial derivatives 

PROBLEM Consider loss of coolant from a pressure vessel . The process can be 

described by observing the vessel as a control volume or the coolant as a control 

mass . Assume the coolant leaves the vessel at an opening of area A I with velocity V I ' 
Evaluate the rate of change of the mass remaining in the vessel . 

SOLUTION The solid line in Figure 4-3 defines the control volume around the 
vessel , and the dashed line surrounds the coolant mass ( i . e . , material volume) . 

The observed rate of change of mass in the material volume is 
Dm = O. We can Dt 

dm Dm . . obtain - from - by consldenng Eq . 4- 1 4  and the fact that the total mass is the 
dt Dt 

integral of the coolant density (p) over the volume of interest to get: 

dm Dm 
II � � - = - - pV ' n dS dt Dt r 

However Ur = UI - 0 over the opening A I  and zero elsewhere around the surface of 
the vessel . Therefore if the coolant density at the opening is PI '  we get: 

t == 0 t > 0 
Figure 4·3 Boundaries of the vessel control volume (solid line) and the coolant control mass (dashed line) after a loss of coolant accident. 
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III LUMPED PARAMETER INTEGRAL APPROACH 

A Control Mass Formulation 

1 Mass. By definition, the control mass system is formed such that no mass crosses 
the boundaries. Hence the conservation of mass implies that the mass (m) in the system 
volume (Vrn) , is constant, or: 

Dm 
= 

D III pdV = 0 
Dr Dr 

Vm 

(4- 1 7a) 

Because we are treating mass and energy as distinct quantities , this statement ignores 
any relativ istic effects such as those involved in nuclear reactions , where mass is 
transformed into energy . From Eq. 4- 14 ,  taking f(t, r) equal to p(t,f) , we can recast 
Eq . 4- 1 7a into 

(4- 1 7b) 

For a control mass,  the material expands at the rate of change of the volume it 
occupies , so that Dr = 0 and: 

�� = � JJ J (XlV = (��) 
Vrn c . rn .  

where c .m. = control mass. 

o (4- 1 7c) 

2 Momentum. The momentum balance (Newton' s  second law of motion) applied to 
the control mass equates the rate of change of momentum to the net externally applied 
force . Thus when all parts of the mass (m) have the same velocity ( D) : 

� 

DmD _ (dmD) _ � � _ � � - - L.J Fk - L.J mfk Dr dt k k c . rn .  

(4- 1 8) 

The forces Fk may be body forces arising from gravitational , electrical , or magnetic 
effects , or surface forces such as those exerted by pressure . The forces are positive 

� 
if acting in the positive direction of the coordinates . In each case fk is the force per 
unit mass . 

3 Energy. The energy equation, the first law of thermodynamics, states that the rate 
of change of the stored energy in a control mass should equal the difference between 
the rate of energy addition (as heat or as work) to the control mass and the rate of 
energy extraction (as heat or as work) from the control mass .  For systems that do not 
involve nuclear or chemical reactions , stored energy is considered to consist of the 
thermodynamic internal energy and the kinetic energy . Whereas stored energy is a 
state property of the control mass , heat and work are the forms of energy transfer to 
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or from the mass .  By convention , heat added to a system is considered positive , but 
work provided by the system to the surroundings ( i . e . , extracted from the system) is 

considered positive . Thus: 

D::; � (d�1m � 
(��L - (dd�L (4- 1 9,) 

The change in the stored energy associated with internally distributed chemical and 
electromagnetic interactions are not treated in this book . Stored energy changes due 
to nuclear interactions are treated as part of the internal energy in Chapter 6 only . 
However, as the nuclear internal energy changes lead to volumetric heating of the 
fuel , it is more convenient to account for this energy source by an explicit heat source 
term on the right hand side of Eg . 4- 1 9a: (d�O) � (��) + (��) _ (��) 

c . m .  c .m . gen c . m .  
(4- 1 9b) 

where, for the lumped parameter approach ,  the internal energy is assumed uniform in 
the control mass and is given by : 

if' � muo � m (u + � V2) 
We may subdivide the work term into shaft work, expansion work by surface 

forces (which can be normal forces such as those exerted by pressure or tangential 
forces , e .g . , shear forces) , and work associated with the body forces (e . g . , gravitx , 
electrical , or magnetic forces) . Thus if the body forces consist of a single force (f) 
per unit mass , the work term can be decomposed into: (dW) (dW) (dW) (dW) � � 

- = - + - + - + v . mf df df . dt dt c . m .  shalt normal shear 
(4-20) 

The energy effects arising from a body force may be included in Egs . 4- 1 9a and 
4- 19b as part of the stored energy term instead of the work term only when the force . � 
IS associated with a time-independent field , e . g . , gravity . To illustrate , consider f the 
force per unit mass due to spatial change in a force field 1/1 per unit mass such that: 

� 
f = - VI/1 

Using Eg. 4-3 we get: 

� � � DI/1 a 1/1 v . mf = - mv . VI/1 = - m - + m -Dr at 
When the field is time-independent , Eg . 4-22a reduces to: 

v . mf = -m DI/1 = _ D[ml/1] (because 
Dm Dt Dr Dr 

(4-2 1 ) 

(4-22a) 

0) (4-22b) 



86 NUCLEAR SYSTEMS I 

Thus for a control mass: 

For gravity: 
� � !/J = gz and f = g 

(4-22c ) 

(4-23 )  

If  the only body force is gravity , Eqs .  4-22c and 4-23 can be used to  write the energy 
Eq . 4- 1 9b in the form: 

(� [mUOlL = (�7L + (�7L - (dd�Lft 
- (��)no='l - (dd�L" - (d(:�Z) L 

which can be rearranged to give: 

(� [m(uO + gZ)lL 
(4-24a) 

or equivalently in terms of the total energy (E): 

( d ) (dQ) (dQ) (dW) - [E] = - + - - -dt c .m. dt c .m . dt gen dt shaft (4-24b) 

- (dd�Lm'l - (dd�L" 
These forms of the energy equation hold for reversible and irreversible processes . 

For a reversible process, when the only normal force on the surface is due to pressure 

(p) ,  (dd�) can be replaced by p (��) , the work involved in changing the normal c .m . 
volume of this mass .  In this case Eq . 4-24b takes the form: 

(� [ElL (�7L + (dd7L (dd�Lft - P (��L - (dd�L" (4-24c) 

4 Entropy. The entropy equation, an expression of the second law of thermody
namics,  states that the net change of the entropy of a control mass interacting with 
its surroundings and the entropy change of the surroundings of the system should be 
equal to or greater than zero . Because there is no mass flow across the control masS 
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boundary , the entropy exchanges with the surroundings are associated with heat in
teraction with the surroundings . The entropy equation then is: 

DS 
Dt (4-25a) 

where Ts = temperature at the location where the energy (Q) is supplied as heat . 
The equality holds if the control mass undergoes a reversible process , whereas 

the inequality holds for an irreversible process. For a reversible process , the control 
mass temperature (T) would be equal to heat supply temperature (Ts) '  For the in
equality case, the excess entropy is that produced within the control mass by irrever
sible action . Thus we can write an entropy balance equation as: 

(dS) = s  + (�L 
dt gen T c .m . S 

where Sgen rate of entropy generation due to irreversibilities . 

(4-25b) 

For a reversible adiabatic process , Eq . 4-25b indicates that the entropy of the 
control mass is unchanged, i . e . , that the process is isentropic : 

( � ), .m. = 0 reversible adiabatic process (4-26) 

It is also useful to introduce the definition of the availability function (A) .  The 
availability function is a characteristic of the state of the system and the environment 
which acts as a reservoir at constant pressure (Po) and constant temperature (To) ' The 
availability function of the control mass is defined as: 

(4-27) 

The usefulness of this  function derives from the fact that the change in the availability 
function from state to state yields the maximum useful work (Wu.max) , obtainable from 
the specified change in state , i . e . , 

(��L" -
For a change from state 1 to 2 

dA d - - = - - (E + P V - T S) dt dt 0 0 (4-28) 

Wu,max 1 --+2 == A I - A2 = EI - E2 + Po(VI - V2) - To(S I - S� (4-29) 

B Control Volume Formulation 

1 Mass. The conservation of mass in the control volume approach requires that the 
net mass flow rate into the volume equals the rate of change of the mass in the volume . 
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As already illustrated in ExampIe- 4-2 , Eq . 4- 14 can be specified for the mass balance , 
i . e . , fCf., t) = p, in a lumped parameter system to get: 

Dm 
Because - = 0: Dt 

Dm 
= 

dm _ 2: mj 
( )  I 

Dt dt 
c . v .  i =  I 

(4-30a) 

(4-30b) 

where c . v .  = control volume; I = number of the gates i through which flow is 
possible . 

Note that mj is defined positive for mass flow into the volume and is defined 
negative for mass flow out of the volume as follows: 

mj = - f J PUr ' tzdS (4-3 1 a) 
S, 

For unifonn properties at Sj : 

(4-3 1  b) 

2 Momentum. The momentum law , applied to the control volume , accounts for the 
rate of momentum change because of both the accumulation of momentum due to net 
influx and the external forces acting on the control volume . By specifying Eq . 4- 14 
to the linear momentum [f(r, t) = pu] of a lumped parameter system and using Eq . 
4-3 1 ,  we get: (dmD) = DmD 

= 
(dmD) 

dt Dt dt c . m .  c . v .  

Equations 4- 1 8  and 4-32 can be combined to give: (dmu) I . � � 
- = 2: mjvj + 2: m fk dt c . v .  i =  I k 

(4-32) 

(4-33) 

3 Energy. The energy equation (first law of thennodynamics) applied to a control 
volume takes into consideration the rate of change of energy in the control volume 
due to net influx and any sources or sinks within the volume . 

By specifying Eq. 4- 14 to the stagnation energy , i . e . , f(r, t) = puo , and applying 
Eq . 4-3 1a ,  we get the total change in the stagnation energy in the volume due to the 
flow in and out of the volume: 

DUO (dUO) I -- - - - m uo 
Dt - dt .� j i 

c . v .  I I 
(4-34 ) 
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Hence the first law of thennodynamics applied to this system (the system here is 
the control volume) is: (dUO) I . ° (DQ) (DW) 

dr c . v .  
= 1�1 mj u J 

+ Dr Dr (4-35) 

The heat addition term does not have a component that depends on the flow into the 
volume . This fact is emphasized here by dropping the subscript c .  v .  for this tenn: 

DQ = (dQ) = dQ (4-36) 
Dt dt dt c .v .  

The work tenn in Eq . 4-35 should account for the work done by the mass in the 
control volume as well as the work associated with mass flow into and out of the 
volume. Thus: 

DW (dW) I - = - - L rftlpv)j Dt dt ; = 1  c . v .  
(4-37) 

The shaft, nonnal , and shear components of the work must be evaluated independently 
(Fig . 4-4) . For a time-independent force field, as in the case of gravity , the work 
associated with the body force can be added to the stored internal energy . Now , similar 
to Eq. 4-24b, we can write an equation for the total energy change in the volume as : 

m1 � P1 P1 ____ -. 

(dW) (dW) Cit + -
shaft dt shear 

shear force 
.. 

I I I I I I I I I I I 
P 

E 

P I I I j 
.. 

shear  force 

dQ 
dt 

P2 • 
m2 

....--____ P2 

Figure 4-4 Lumped parameter control volume with a moving boundary . 
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� ( 0 Pi 
) 

dQ 
(
dQ) L..J mi Ui + � + gZi + - + -

I = I PI dt dt gen 
- (�Lt - (

d
d�I�'1 - (

d
d�L" 

(4-38) 

When the onl) c��rface nonnal force is that exerted by pressure and for a reversible 

(
dW 

(
dV
) process , ---:it can be replaced by P dt . normal c. v .  

For a stationary control volume , and given that u� + E.i = hO we get Pi I '  

Example 4-3 Determining the pumping power 

( 4-39) 

PROBLEM Obtain an expression for the power requirements of a PWR pump in 
terms of the flow rate . 

SOLUTION The PWR pump is modeled here as an adiabatic ,  steady-state pump 
with no internal heat sources . The control volume is taken as the pump internal volume 
and is thus fixed, i . e . , stationary and nondefonnable . Pump inlet and outlet are at the 
same elevation , and the difference in kinetic energy between inlet and outlet streams 
is negligible . 

With these assumptions , Eq . 4-39 becomes: 

"'shear 
In order to evaluate the pumping work ( i . e . , Wshaft and Wshear) , we need to compute 

the hin - hout term. It is done by determining the thermodynamic behavior of the 
fluid undergoing the process . Pumping is assumed to be isentropic and the fluid to 
be incompressible . Because h(T,p) = u(T,p) + pi P(T,p) , h(T,p) = u(T) + pi peT) ap when - = O. Thus h in - hoUl = uin(T) - uout(T) + (pI P)in - (pI p)out = ( Pin -PouJI p. ap 
Hence: 

Pump power "'shaft 
4 Entropy. The entropy equation (second law of thennodynamics) applied to a con-
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trol volume is obtained from examination of the condition already introduced for a 

control mass (Eq . 4-25b): 

(
dS
) 

= 5  + (�L 
dt gen T 

c . m .  s 

Now by Eq. 4- 14 ,  when !(f, t) is taken as ps, we get: 

(
dS
) (

dS
) 

I 

dt = dt - i�1 mjSj 
c . m .  c . v .  

For a stationary control volume: 

(��L = (��t 
Hence applying Eqs . 4-36 and 4-40a, Eq . 4-25b can be recast in the form 

(4-40a) 

(4-40b) 

(4-4 1 )  

It i s  also desirable to define the maximum useful work and the lost work (or irre
versibility) for a control volume with respect to the environment acting as a reservoir at 
pressure Po and temperature To .  (Useful work may be defined with respectto any reservoir. 
Most often the reservoir is chosen to be the environment . )  The actual work is given by : 

(
d
d�t",l == 

(
d
d�Lr' + (��t='l (4-42) 

Note that a certain amount of the work is required to displace the environment . 
Therefore the useful part of the actual work is given by : 

(��) = (
d
d�) - Po �� (4-43) 

u ,actual actual 

R 1· . . dV av ea lzmg that for a statIonary volume - = - ,  the useful actual work can be ob-dt at 
tained by substituting from Eqs . 4-39 and 4-42 into 4-43 as: (��) = ± mj(h� + gZj) + 

dQ + (dQ) 
u .actual I = I dt dt gen (4-44 ) - erE :/oV)) _ (��) 

c. v .  shear 
Now multiplying Eq. 4-4 1 by To and subtracting from Eq . 4-44, we obtain ,  after 
rearrangement: 
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(dd�t"",l � - [ a(E + p�� - T"s) 1v + it, m,(h" - T", + gz) ; 

+ ( 1 - �:) �; + (�;t - (dd�LM To Sg" 
Th ' (dW) . . b 

. . e maXImum useful work dt IS gIven y Eq . 4-45 when Sgen IS zero: u,max 
[a(E + p�� - T .fl) 1v + ,t, m, (hO - T", + gz) , 

+ ( 1 _ To) dQ + (dQ) _ (dW) Ts dt dt gen dt shear 
The irreversibility (lost work) is then: 

. (dW) 1 == dt ll .max - (dW) . 
dt == To Sgen u.actual 

(4-45) 

(4-46) 

(4-47) 

Evaluating (d:) from Eq . 4-46 and (dd�) from Eq . 4-44 , the irreversibility u,max u,aclUai 
becomes: 

(4-48) 

where as/at involves only the temporal variations in the entropy (zero at steady state) . 

Example 4-4 Setting up the energy equation for a PWR pressurizer 

PROBLEM Consider the pressurizer of a PWR plant that consists of a large steel 
container partially filled with water (l iquid) ; the rest of the volume is filled with steam 
(vapor) (Fig. 4-5) . The pressurizer is connected at the bottom to the hot leg of the 
plant primary system and draws spray water from the cold leg for injection at the top . 
A heater is installed in the lower part to vaporize water, if needed , for pressure 
regulation . 

Consider the energy equations for a control volume and answer the following 
questions : 

l .  If the pressurizer is the control volume , can we apply Eq. 4-39? 
Answer: Yes , because the pressurizer is a stationary volume . 

2. How many "gates" does the pressurizer have for flow into it (or out of it) . 
Answer: Two: the nozzle for the spray and the connection to the primary . 

3 .  What are the contributing factors to the heat input term dQ? dt 



Heater 

Figure 4-5 PWR pressurizer. 
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Spray Nozzle 
(from cold leg) 

Vapor 

Hot Leg 

Answer: Any heat provided by the electric heater; also the heat extracted from or 
conducted into the vessel walls . (aEO) avo 4. Does the value of - equal the value of -- in this case? at at 
Answer: Not necessarily; because eo = vo + mgz, both m and z (the effective 
height of the center of mass) may be changing . 

5 .  Should the work terms (dW) , p(av) and (dW) be included in this dt shaft at e v dt shear 

pressurizer analysis? 
Answer: (��) = 0 ,  as no motor exists . 

shaft 

P (��t,. = 0; the volume considered is nondefonnable and stationary . 

(d:) < 0 ,  because some work has to be consumed to cause motion . This 
shear 

term is small for slow-moving media. 
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IV DISTRIBUTED PARAMETER INTEGRAL APPROACH 

With the distributed parameter integral approach the properties of the fluid are not 
assumed uniform within the control volume. As a general law, the rate of change of 
an extensive property (C) is manifested in changes in the local distribution of the 
mass, the property, or both and is governed by the net effects of the external factors 
contributing to changes in C. 

Recall from Eq . 4- 1 2  that the rate of change of the extensive property C can be 
written as the sum of the volume integral of the local rate of change of the property 
and the net efflux from the surface: 

DC 
III 

a J{ 
� � Dt = at (pc) dV + jf (pc)v . ndS 

Vm Sm 
(4-49) 

where c = specific value of the property per unit mass; p = mass density; U = mass 
velocity at the boundary Sm' which surrounds the material volume Vm . 

The rate of change of the quantity C due to external volumetric effects as well 
as surface effects can be expressed as: 

(4-50) 

where cp = rate of introduction of c per unit mass within the volume Vm (a "body" 
factor) ; J . h = rate of loss of C per unit area of Sm due to surface effects (a "surface" 
factor) . 

Combining Eqs . 4-49 and 4-50 , we get the general form for the integral transport 
equation as: 

(4-5 1 ) 

It is now assumed that this general integral balance is applicable to any arbitrary 
volume . Therefore Eq. 4-5 1 can be written as : 

III 
a(pc) J{ � � 

III 
J{ � � ar dV + jf (pc)v . ndS = pcjJdV + jf ] . ndS 

v S v s 
(4-52) 

Substituting for the first term on the left hand side of Eq. 4-52 from Eq . 4- 1 1  we 
obtain: 

ffr I I I (pc) dV + * (pc)(U - us) . :idS = I I I pcjJV + * j . itdS (4-53) 
v s v S 

When the body force is due only to gravity , the general Eqs . 4-52 and 4-53 can be � 
specified for mass , momentum, and energy by specifying c, ], and cjJ as follows: 

For the mass equation: 

� c = 1 ] = 0 cjJ = o  (4-54) 
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For the momentum equation: 

� � c = v l = T - p / (4-55) 

For the energy equation: 

j = - q" + ( T  - p I ) . t 
qlll 

cP = - + g . t (4-56) 
P 

where T = a stress tensor; I a unity tensor; g gravitational acceleration ; 1j" 
== surface heat flux; qlll = volumetric heat-generation rate. 

Substituting from Eq . 4-54 into Eq. 4-53 , we get the integral mass balance equa-
tion: 

Note that: 

and from Eq. 4-3 1 a: 

� I I I pdV + * p(U - Us) . hdS = 0 
v S 

I I I pdV = (m)c .v . 
v 

(4-57) 

(4-58) 

( 4-59) 

where i identifies a localized opening at the boundary such that (U - US)j #- O. Thus 
Eq. 4-57 can be cast in a rearranged form of Eq . 4-30b: (� m) - � mj = 0 c . v .  

For momentum balance , we substitute from Eq. 4-55 into Eq . 4-53 to get: 
d 
III � J( � � � � J( - = 

� III � di pvdV + jf pvC v - v J . ndS = jf ( T  - p I ) . ndS + pgdV 
v S S v 

(4-60) 

If t is uniform within V, we can recast Eq. 4-60 in a form similar to Eq . 4-33 as: (� mu) - L mjUj = L mfj + mg = L mfk = L Fk (4-6 1 ) c .v . I } k k 

� where fj is the force at the surface portion j and is obtained from: 

� 1 II 
- = 

� fj = -; ( T  - p I ) . ndS 
Sj 

( 4-62) 

� For energy balance , the parameters c, cjJ, and 1 from Eq . 4-56 are substituted in 
Eq. 4-53 to get: 
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� f f f puo dV + * pUo(v - U J . ndS = dt V s § [ - q" + ( r  - p I ) · U] . ndS + I I I (q'" + pg .  U)dV (4-63) 
s V 

If Uo is uniform within V, then Eq . 4-63 can be recast as : (!!.- muo) - L rhu'! = 
dQ _ dW (4-64) dt c. v . i I I dt dt 

where 

and dW dt 

�� = J U q"'dV - f q" . �dS 

+ § [(p I - T ) · U] . ndS - I I I pg . udV 
s V 

(4-65) 

(4-66) 

If the pressure-related energy term is moved to the left hand side of Eq . 4-63 , we get: 

� I I I puo dV + § p(uo + e) (U - UJ . n dS + § pUs · itdS = dt v s 
p s dQ 1£ = 

� � III � � dt + Jf T • V • ndS + pg . v dV 
s v 

(4-67) 

The various forms of the integral transport equations are summarized in Table 
4-3 ,  4-4, and 4-5 . 

V DIFFERENTIAL CONSERVATION EQUATIONS 

It is possible to derive the differential transport equations using the integral transport 
equation (Eq . 4-5 1 )  as follows . Apply Gauss ' s theorem to the material volume (Vm) so that the last term on the right hand side of Eq . 4-5 1 is transformed to a volume 
integral: 

as well as the last term on the left hand side of Eq . 4-5 1 :  

§ peu . n dS = I I I V . (peU) dV 
Sm Vm 

Substituting from Eqs . 4-68 and 4-69 into Eq . 4-5 1 ,  we get: 

f Ii [a<:;) + V . (pc�) ] dV = f Ii [V . ; + P4>j dV 

(4-68) 

(4-69) 

(4-70) 
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Table 4-3 Various forms of integral transport equations of mass 
-
r>efonnable control volume 

� J J J pdV + * P� r • ; dS = 0 
dt v s 

III iJp 
it: -+ -+ it: -+ -+ iii dV + ff p v, . n dS + ff p U r '  n dS = 0 

v s s 
-+ -+

-+ Nondefonnable control volume (us = 0, ur = u) 

Steady flow 

ffr J I J pdV + * p � . ; dS = 0 
v s 

or 

I I I ¥r dV + * p� . ; dS = 0 
v s 

J[ -+ -+ ff p U • n dS = 0 
s 

Steady unifonn flow (single inlet and outlet systems) 

� � PIU I . A l = P2U2 • A2 = m 

� � � 
ur = velocity of fluid relative to control volume surface = U - U � 
ts = velocity of control surface boundary. � U = velocity of fluid in a fixed coordinate system. 

For Eq. 4-70 to be true for any arbitrary volume (Vm) and if p, c, U, and c!> are 
continuous functions of time and space, the integrands of both sides of Eq. 4-70 must 
be equal . Hence for a continuum, the local instantaneous transport equation can be 
written as: 

a � � 
- [pc] + v . [pcu] = v . J + pc!> 
at 

� 
where c, J, and c!> can be specified from Eqs . 4-54, 4-55 , and 4-56 .  

(4-7 1 )  

The differential formulations can also be derived by considering an infinitesimal 
elementary control volume . The shape of this volume should be selected according to 
the system of coordinates . In the derivation here, only Cartesian coordinates are 
considered. In Cartesian coordinates the control volume is an elementary cube (Fig. 4-6) . Also, the control volume is small enough that the variables can be considered 
uniform over the control surfaces that bound it . 

A Conservation of Mass 

Denote uX ' uY ' and Uz the three components of the velocity vector tJ. The mass equation 
can be written as: 
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Table 4-4 Various forms of integral transport equations of momentum 

Defonnable control volume 

d III " JC .. .. 
.. 

-:it pv dV + :1f pV(Vr • n) dS = "IF 
v s 

or 

I I I fr (p�) dV + * p�(�s . ;) dS + * P�(�r ' ;) dS = "IF 
v s s 

Nondefonnable control volume (�s = 0, �r = �) 

Steady flow 

� I I I p� dV + * p�(� . ;) dS = "IF 
v s 

or 

III a ..  JC � .. .. .. iff (pv) dV + :1f pv(v . n) dS = "IF 
v s 

JC � .. � 
.. :1f pv(v . n) dS = IF 

s 

Steady uniform flow (single inlet and outlet systems) 

z 

� � .. Vr' vs' and v are defined in the footnotes to Table 4-3 . 

y 

/: 7 �dY �------+---------� 

---+ . . . . .  � 

� 
• • • 

/ • • • • • • •  ' nU _ U _ • 

dx . V-
�------------------------------------_ x 

Figure 4-6 Components of mass flow in the x direction .  
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Table 4-5 Various forms of integral transport equations of energy 

Defonnable control volume 

dQ _ dW+ = :!.- III puOdV + J[ p[uo + e]; . ; dS + J[ p J . .  ; dS dt dt dt v r p r 
r s 

�� - d:+ � II If, puO dV + f +" + �] �, .  ;; dS + f + + �] � . .  .;' dS 
� � � 

Nondefonnable control volume (vs = 0, vr = v) 

Steady flow 

dQ dW+ d III ° J[ [ 0 p] � � 
- - -- = - pu dV + 11' p u + - V ·  n dS dt dt dt v s p 
dQ dW+ III a ° J[ [ 0  p] � � - - -- = - pu dV + 11' p u + - V ·  n dS dt dt v at s p 

dQ dW+ J[ [ 0 p] � � 

dt - dt = r p u + p V · n dS 
Steady unifonn flow (single inlet and outlet systems)a 

dQ (dW) (dW) [ (v� P2 ) - - - - - = - + - + gZ2 + u� dt dt shaft dt shear 2 pz � 
(V7 P I ) ] - "2 + p; + gz I + u I m 

� � � vp vs' v are defined in the footnotes to Table 4-3 . 

dW+ (dW) (dW) (dW) ---:it = dt shaft 
+ --:it shear 

+ --:it body force
' 

"Gravity is the only body force. 

[Rate of change of mass in control volume] = 
[mass flow rate into control volume] - [mass flow rate out of control volume] 

� (dxdydz) = pv,(dydz) - [PV, + :x (pv,) dx ] (dydz) + 
pv,(dxdz) - [PV, + :y 

(Pv,)dY}dXdZ) + 
pvidxdy) [pv, + :Z (PV,)dZ] (dxdy) 

or, after simplification: 

ap 
at 

a 
ay 

(pu) 

which when rearranged and written in vector-algebra notation becomes: 

ap � - + V . (pu) = 0 
at 

(4-72) 

(4-73) 
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This expression is the Eulerian form of the mass conservation equation . 
Expanding the second term of Eq. 4-73 as : 

V . (pt) = p(V . t) + u ·  V p 

and substituting for V . (pu) in Eq . 4-73 ,  we get: 

where 

Dp � - + P(V . v) = 0 
Dt 

Dp = ap + t .  Vp Dt at 
Equation 4-74 is the Lagrangian form of the mass conservation equation . 

(4-74) 

When the density does not change appreciably in the domain of interest, and 
when small density changes do not affect appreciably the behavior of the system, we 
can assume that the density is constant. 

For such an incompressible fluid the continuity equation (4-74) simplifies to: 
V . t = 0; p = constant 

B Conservation of Momentum 

(4-75) 

The momentum equation expresses mathematically the fact that the rate of change of 
momentum in the control volume equals the momentum flow rate into the control 
volume minus the momentum flow rate out of the control volume plus the net external 
force on the control volume . Both body forces and surface forces are to be included 
(Figs . 4-7 and 4-8) . 

The forces that must be accounted for include, in addition to gravitational , elec
trical, or magnetic forces , three surface forces on each face: one normal and two 
tangential . The nonnal forces are caused by the pressure and internal frictional effects 
that act to elongate the fluid element. The shear (tangential) forces are due to internal 
friction, which attempts to rotate the fluid element. Thus for the momentum in the x 

direction: 

( aCTx ) 
+ CTx + ax dx dydz - CTx dydz 

+ (T" + a;;, dY) dxdz - T" dxdz 
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y 

----+ ... . .  � PVXUx 

.. ; - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - -

/---------------------------------- X 

z 

Figure 4-7 Components of the momentum efflux in the x direction. 

( a'TZX ) + 'Tzx + Tz dz dydx - 'Tzx dydx 

+ pix dxdydz 
which upon simplification and rearrangement leads to: 

a a a a aO"x a'TyX + 
a'Tzx -a (pvJ + - (pvxvx) + - (pvxVy) + - (pvxvJ = - + - + pi x t ax ay az ax ay az 

(4-76) 

The left hand side of Eq . 4-76 represents the rate of momentum change for any 
fluid packet as it flows with the stream in the x direction . The three-dimensional 
change in the momentum can be written as : 

Rate of momentum change � p"t + V . p"t"t at (4-77) 

where ttJ is a dyadic product of all the velocity components and is given in Cartesian 
Coordinates by : 

(4-78) 
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� 'ryx + ay dy 

y 

't'zx • •• • • •  

T 
" " " , " ". - - - - - - - - - - - - - - - - - - - - - - - - - - - - . _ . - - -. . 'ryx ..-. ••• • •  

�------------------------------------� X 

z 

Figure 4-8 Components of stress tensor in the x direction. (The shear stress is positive when pointing in 
a positive direction on a positive surface or in a negative direction on a negative surface . )  

The normal stress (Ix can be expanded into a pressure component and an internal 
friction component so that: 

(4-79) 

Substituting Eq . 4-79 into Eq . 4-76 and utilizing Eq . 4-77 , it is possible to write 
the three-dimensional equation of the momentum in vector form as: 

a � �� - � - - � 
- pu + V . puu = - Vp + V . T + pi = - V . (p I - T') + pi (4-80) 
at 

where the tensor 'T i s given by 

'T (4-8 1 )  
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By taking moments about the axis at the position (x,y, z) ,  it is found that for 
equilibrium conditions: 

That is , the tensor T is symmetric . 
By expanding the left hand side of Eq . 4-80 and utilizing the continuity Eq . 

4-73 , we get: a � + v . pOO = a � � ap 
pO ' Vo + - pv p - v + v - + 

at at at ao 
pO ' Vo 

Do = p - + p 
Dt at 

Equation 4-80 can therefore be written as: 

Do � 
p - = - Vp + V ·  T + pf 

Dt 

tv · pt 
(4-82) 

(4-83) 

This expression is the Lagrangian fonn of the momentum equation. It is easily 
seen that it is a restatement of Newton ' s law of motion , whereby the left hand side 
is the mass times the acceleration , and the right hand side is the sum of the forces 
acting on that mass . To solve the momentum equation and obtain the velocity field � 
O(;, t) , the density p and forces Vp and f must be specified , and the internal stress 
force V . T must be stated in terms of the velocity field, i .e . , the velocity or velocity 
gradients and fluid properties . In other words , a constitutive relation for T is needed 
for mathematic closure . In practice , the mass Eq . 4-74 and a state relation of pressure 
and density are solved together with the momentum equation , thus providing the means 
to specify p(;, t) and Vp(;, t) . This subject is discussed in Chapter 9 .  

Because all fluids are isotropic with respect to stress-strain behavior, the stresses 
in the three directions must be related to material properties that are independent of 
coordinates . Thus if the fluids are assumed to follow the Newtonian laws of viscosity , 
the friction tenns are given by [ 1 ] : (avi) (2 , ) t'7 � Tii = 21L aXi - 3 IL - IL ( v ' v)  

where J.L = ordinary "dynamic viscosity" ;  IL' = "bulk viscosity . "  

(4-84) 

(4-85) 

For dense gases and fluids , IL' is negl igible. It is identically zero for low density 
monoatomic gases . It is only important for acoustic or shock-wave problems in gases 
where it produces viscous decay of the high-frequency waves. Thus in general we 
can take IL' = 0 so that Eq . 4-84 becomes: av· 2 � Tii = 21L _I - - IL V . v aXj 3 ( 4-86) 
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When Eqs . 4-79 , 4-85 , and 4-86 are substituted into Eq . 4-76 , we get: 

(4-87) 

+ pfx 

This expression is the Navier-Stokes equation for the momentum balance in the 
x direction . The momentum equation in the y and z directions can be obtained by 
permutation of x, y, and z in Eq. 4-87 . The resultant equations can be written III 

vector fonn as: 

a � �� � [4 �] � 
- (pu) + V . puu = - Vp - Vx[p,Vxu] + v - p,V . u + pf at 3 

(4-88) 

The momentum equations, the continuity equation , the equations specifying the 
pressure-density and viscosity-density relation , and the initial and boundary conditions 
are sufficient to define the velocity , density , and pressure distributions in the medium . 

For an incompressible fluid (V . v = 0) with a constant viscosity , the Navier
Stokes equation in the x direction simplifies to: 

au � ap 
p at

X + pV . uxu = - ax 
+ p,V 2 ux + pf x; P = constant 

where 

Note that: 
V . puv = pv . Vv + v(V . pv) 

so that for a constant density fluid: 

V ·  puv 

However, 

pV . uxv = pv . Vux + puiV . 0) 
so that for a constant-density fluid: 

pV . uxv = pv . Vux 

p, = constant 
( 4-89) 

In vector fonn, the momentum balance equation for a fluid with constant viscosity 
and density is then given by simplification of Eq . 4-88 : 

au � � � � 
p - + pu . V u = - Vp + ILVZV + pf; P = constant at 

IL = constant 
(4-90a) 
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or 
� � Vp + p,V2V + pf; p = constant p, = constant 

(4-90b) 

For flow that can be considered inviscid ( i .e . , of negl igible viscosity effects) , the 
second tenn on the right hand side in Eqs . 4-90a and 4-90b disappears . Hence Eq. 
4-90b becomes: 

� Vp + pf; inviscid flow 

Equation 4-9 1 is the equation derived by Euler in 1 755 for inviscid flow. 
Note that if the only body force present is the gravity , 

� � f = g 

(4-9 1 ) 

(4-92) 

Example 4-5 Shear stress distribution in one-dimensional, Newtonian fluid 

flow 

PROBLEM Consider uniaxial flow of an incompressible Newtonian fluid in a duct 
of rectangular cross section (Fig. 4-9) . The flow is in the axial direction and is given 
by: 

Evaluate the maximum shear stress in the fluid . 

SOLUTION From Eq. 4-85 the shear stress components are given by 

Txy = I' (��x + 0) - I' Vrn" [ I (:y] [Z] - JL vrn" [ 1 (02] [��] 

z �x 
y 

Figure 4-9 Flow channel for example 4-5 . 
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From Eq . 4-84: 
avx because - = 0 and ax 

:. the maximum values of the shear components are: 

( 'Txy)max ± 2JL vmax =+= Ly at y 
Ly 

V" v = o  

and z 0 

( 'Txz)max ± 2JL vmax at )I 0 and z =+= Lz 

C Conservation of Energy 

L . 
z 

1 Stagnation internal energy equation. The energy equation expresses the fact that 
the rate of change of total internal energy in an infinitesimal volume must be equal to 
the rate at which internal energy is brought into the volume by the mass inflow, minus 
that removed by mass outflow, plus the heat transported diffusively or generated, 
minus the work performed by the medium in the volume and the work needed to put 
the flow through the volume. Again the stagnation energy (UO) refers to the internal 
energy and the kinetic energy (the potential energy is included in the work tenn) . 

Now for the volume dxdydz: (apv UO ) � dy dxdz 

T"V, + T,,v,)dZ) dxdy 

(4-93) 
Dividing both sides of Eq . 4-93 by dxdydz and using the vector notation , we get: 

a ° � o� � �" III � � � ( = :"!\  � 1� - pu = - v • pu v - v • q + q - v • pv + V '  'T '  v) + v . p at (4-94) 

The first term on the left hand side is the local rate of change of the stagnation 
internal energy . The first tenn on the right represents the net change in the internal 
energy per unit time due to convection; the second term is the net heat transport rate 
by conduction and radiation (if present) ; the third term is the internal heat-generation 
rate . The fourth , fifth , and sixth tenns are the work done on the fluid by the pressure , 
viscous forces , and body forces , respectively per unit time . 
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Grouping the first tenn on the right side and that on the left side of Eq . 4-94 and 
expanding both tenns we get: 

a � auo ap � - puc + V . puou = p - + UO - + pu . V UO + uOV . pu at at at 

Now, Eq. 4-94 may be rewritten as : 
DuO t'7 �" 11/ � - � � � 

p - = - v • q + q - V . pu + V . ( T . u) + u . pi Dt 

(4-95) 

(4-96) 

Example 4-6 Energy equation for one-dimensional newtonian fluid flow 

PROBLEM For the velocity profile of Example 4-5 , detennine the rate of the 
volumetric work production in the coolant and compare it to the power density in the 
PWR core at steady state. 

SOLUTION Because: 

the values of the three work tenns in Eq . 4-96 can be detennined as follows : 

*V . pv = � pu = u ap 
ax x x ax _ � (0 Txy 

*v . ( T . u) = V ·  T xy 0 
Txz 0 

� � 
*u . pi = uxpgx 

�xz) . (�x) 
= � (0) 

o 0 ax 

At steady state , Eq . 4-96 specified to our system leads to: 

PIJ, :� = - V . q" + q'" - v, :� + :y (r,!,J + :z (r,pJ + v ,pg, 

The shear stresses Txy and Txz have been evaluated in example 4-5 . Applying them 
here and differentiating , we get: 

auO pux a; = - V q" + 11/ ap . q - U x ax 
!L v;", [ I (�JT :y [� { I  
!L v�" [ I (0'] ' :z [�� { I 

(Z�) '} J 
(:;) '}J 
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Now consider two points within the channel: 

1 . Y Ly and z > 0 
2. y z = 0 
For y = Ly and z > 0, Vx = 0 and Eq. 4-96 becomes: 

(4-96) 

o 
= - V . q' + q'" - 0 - IW�, { [ I UYJ U; - �J 0 } + 0 

For Y = z = 0, Vx = vrnax ' and Eq . 4-96 becomes: 
auo 

V "  11/ ap 2 { 2 2 } PVrnax - = - . q + q - Vrnax - - J.LVrnax "2 + L2z 
+ vrnaxpgx ax ax Ly 

Hence there is internal heat generation and consequent molecular heat diffusion 
due to the shear work term as well as to the other work terms . However, in energy 
conversion systems this work tenn is small . For example if vrnax = 10 mis , J.L = 

100 J.LPa . s (water at 300°C and 1 5 MPa) , and Ly = Lz = 0 .0 1 m (representative of 
subchannels in PWRs) , the largest value of the work tenn is: 

4 J.LV�ax 4 X 1 00 X 10 - 6 X ( 10)2 (Pa . s)(m2/s2) 
I I 3 = = 400 Pa s = 400 W m 

L; (0 . 0 1 )2 (m2) 

This amount is small relative to the power density in a PWR of about 100 MW 1m3 
(see Example 3-2) . It should be mentioned that the numbers given here are for illus
tration only . In a real PWR at the given velocity , the shape of the velocity profile in 
a subchannel does not correspond to the parabolic shape . 

2 Stagnation enthalpy equation. The explicit tenn V . pu can be eliminated if the 
energy equation is cast in terms of the rate of change of enthalpy instead of internal 
energy . If we expand this tenn as: 

V . pU = V . (�) pv = (�) V . pv + pv ·  V (�) 
and apply the continuity equation , Eq. 4-73 : 

ap - + V · pu 0 
at 
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we get: 

Considering that: 

we get: 

� (p) ap � (p) V . pu = - p at + pu . V P 

at 
(e) op + p a (�) p at at 

(4-97) 

(4-98) 

(�) � � � - p � (�) (4-99) 

Substituting from Eq. 4-99 into Eq. 4-97 , we get: 

V . pu = - ap + p � (e) + pu . V (e) = _ ap 
+ p D (e) (4- 100) at at p p at Dt p 

Substituting for V . pu in Eq . 4-96 and rearranging , we get: 

Dho ap - � � � p Dr = - V . q" + q'" + at + V . ( r . u) + u . pi 
where hO == UO + e. p 

(4- 1 0 1 )  

3 Kinetic energy equation. It i s  possible to relate the change i n  kinetic energy to 
the work done on the fluid by multiplying both sides of Eq . 4-83 by U to obtain the 
mechanical energy equation: 

or 

� � � � 
pu . - = - U . Vp + U · (V · r )  + u . pi Dt 

p D (! u2) = - U . V P + U . (V · T )  + t ·  pj Dt 2 
However, for a symmetrical stress tensor: 

T :  VU == ( T . V) . U = V . ( T . t) - t ·  (V · r) 
Therefore Eq. 4- 102 may be written as: 

p �
t 
G v') � - t . V P + V . (7' . t) - ( 7' : V t) + iJ ·  pf 

which can be rearranged as : 

(4- 102) 

(4- 103) 
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p 
D (! U2) = V . [( T - p I )  . v] + pV . V + v '  pj - ( T: viJ) (4- 1 04) Dt 2 

where I is the unity tensor. 

4 Thermodynamic energy equations. By subtracting Eq . 4- 104 from Eq . 4- 10 1 ,  
we get the energy equation in tenns of the enthalpy (h) - not the stagnation enthalpy 
(hO): 

Dh 
p - = Dt V . q" + q'" + Dp + ( T  :Vv) Dt (4- 105) 

By a manipulation similar to that of Eq. 4-95 , it is seen that Eq . 4- 105 may also be 
written in the fonn: 

Dh a � 
p - = - (ph) + V . (phu) Dt at 

D'P 
- V' . q" + q'" + - + ( r :Vv) (4- 106) Dt 

If we define: 

¢ == (7= :V'v) = dissipation function (4- 107) 
then Eq . 4- 106 may be written in a fonn often encountered in thennal analysis text
books: 

Dh a t"7 � t"7 �II 1/1 Dp A,. p - = - (ph) + v • (phu) = - v • q + q + - + 'f' Dt at Dt 
By applying the definition of the enthalpy: 

(4- 1 08) 

and rearranging Eq . 4- 108 ,  we get a similar energy equation for the internal 
energy u: 

or 

a � - (pu) + V . (puu) at - V . q" + q'" - pV . V + ¢ 

Du t"7 �II '" '("7 � ,A,. p - = - v . q + q - p v . U + 'f' Dt 

(4- 109) 

(4- 1 10) 

5 Special forms. To solve Eq. 4-96 , 4- 10 1 , 4- 106, or 4- 109 ,  the viscosity term must 
be explicitly written in tenns of the velocity field and fluid properties . In most cases 
the rate of heat addition due to viscous effects can be neglected compared to the other 
terms , and the energy equation 4- 105 may be given by: 

p �� = - V . q" + q'" + r;;; inviscid flow (4- 1 1 1 ) 
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Furthennore , for incompressible as well as inviscid flow , the energy equation can 
be simplified , as <p and V . U equal O. Thus Eq. 4- 1 10 becomes :  

p Du = qlll _ V . q"; incompressible and inviscid flow 
Dt (4- 1 1 2) 

Note also that the heat flux q" may be due to both conduction and radiation , so 
that in general : 

(4- 1 1 3) 
where q� and q� denote the conduction and radiation heat fluxes , respectively . Within 
dense materials in most engineering analysis q� can be neglected, although the trans
missivity of radiation within a given medium is dependent on the wavelength of the 
radiation. 

Fourier' s law of conduction gives the molecular heat flux as linearly proportional 
to the gradient of temperature . 

q� = - kVT (4- 1 14 ) 

In heat transfer problems it is often convenient to cast Eq . 4- 108 in terms of 
temperature rather than enthalpy . For a pure substance the enthalpy is a function of 
only two thennodynamic properties , e . g . , temperature and pressure: 

dh = ah l dT + ah l dp = crflT + 
ah l dp (4- 1 1 5) aT p ap T ap T 

Also, for a pure substance the first law of thermodynamics as applied to a unit mass 
can be written as: dh = T ds + dp / p 
so that: ah l ap T T as 1 + -ap T p 
Defining f3 as the volumetric thennal expansion coefficient , we have: 

f3 == - � :; I p 
From Maxwell 's  thermodynamic relations we know that: as l = _ a( l /p) I = � ap i ap T aT p2 aT p p 
Substituting from Eq . 4- 1 1 8 into Eq. 4- 1 1 6 , we get: ah l ap T f3T 1 - + -P P 

f3 p 

(4- 1 1 6) 

( 4- 1 1 7) 

(4- 1 1 8) 

(4- 1 1 9) 
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Now we substitute Eq. 4- 1 1 9 into Eq. 4- 1 1 5 to get: 

dp 
dh = C pdT + ( 1  - f3T) -

p 

Note that for an ideal gas , Eq . 4- 1 20a reduces to: 

dh = cpdT 
Applying Eq . 4- 1 20a to a unit mass in the Lagrangian fonnulation we get: 

Dh DT Dp P - = pc - + ( 1  - f3T) -Dt p Dt Dt 

(4- 1 20a) 

(4- 1 20b) 

(4- 1 2 1  ) 

If we introduce Eqs .  4- 1 1 3 ,  4- 1 14 ,  and 4- 1 2 1  into Eq . 4- 108 ,  the energy equation 
takes a fonn often used for solving heat transfer problems: 

or 

DT V �" III Dp A.. 
pc - = - . q + q + f3T - + '¥ p Dt Dt 

DT V V " �" III Dp A.. 
pc - = 

. k T - v • q + q + f3T - + '¥ p Dt r Dt 

(4- 1 22a) 

(4- 1 22b) 

The energy tenn due to thennal expansion of fluids is often small compared to 

the other tenns . An exception is near the front of a shock wave , where 
Dp 

can be of Dr 
a high magnitude . 

For stagnant fluids or solids, neglecting compressibil ity and thermal expansion 
(p is constant) and the dissipation function , the energy equation is given by : 

aT 
pc - = v . kVT + qlll 

P at (4- 1 23) 

Note also that, for incompressible materials ,  cp = Cy • This is the reason behind 
neglecting the difference between cp and Cy when solving heat transfer problems for 
liquids and solids but not for gases . 

D Summary of equations 

Useful differential fonns of the relevant conservation equations are compiled in Tables 
4-6 to 4- 1 2 .  

VI TURBULENT FLOW 

In turbulent flow , it can be assumed that the moving medium properties exhibit fluc
tuations in time , which are the result of random movement of eddies (or pockets) of 
fluid. The local fluid motion can still be described instantaneously by the equations 
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Table 4·6 Differential fluid transport equations in vector form 

Generalized form 

Unsteady term + convection term = diffusion term + source term 

a .. - [pc] + Y' . pcu at 
a .. Dc 

Note: - [pc] + Y' . pcu = P -at Dt 

Equation c 

Continuity 

.. 
Linear momentum u 

Stagnation internal energy UO 
( r 

Energy 

Internal energy U 

.. 
= Y' . J 

J 

0 

T - p I 

- p l ) · � _ qll 

.. " - q  

+ PcjJ 

cjJa 

0 
.. 
g 

q'" .. ..  - + u ·  g 
P 

I ", .. 
- (q - pY' . u + 
P 

cjJ) 

Enthalpy h "II - q  � (q", + 
Dp + cjJ) 

P Dt 
I .. .. � u2 cjJ + pY' . �) Kinetic energy ( T  .. - (u . pg -

2 - p / ) · u  p 
a Assuming gravity is the only body force . 

Table 4·7 Differential equation of continuity 

Vector form 

Cartesian 

Cylindrical 

Spherical 

ap .. - + Y' . (pu) = 0 
at 

or 
Dp .. - + p(Y' . u) = 0 
Dt 

ap a a a - + - (pu.) + - (pu ) + - (pu.;) = 0 
at ax ay Y az 

ap 1 a 1 a 1 a - + - - (pr2u )  + -.- - (puo sin 0) + -- - (pu ) = 0 at r 2 ar r r sm o ao r sin O acjJ <b 

(Eq . 4-7 1 )  

Eq . 

4-73 

4-80 

4-96 

4- 109 

4- 108 

4- 104 

(Eq . 4-73 )  

(Eq . 4-74) 
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Table 4-8 Differential equation of continuity for incompressible materials 

Vector form 

Cartesian 

Cylindrical 

Spherical 

I a I a(vll) a(vz) - - (rv ) + - -- + -- = 0 r ar r r a o  az 

I a I a 1 a - - (r2u )  + -- - (v sin 0) + -- - (u ) = 0 
r2 ar r r sin O aO II r sin O a� <b 

Table 4-9 Differential equation of motionQ 

Vector form 

Note: 

Cartesian 

D� 
p - = - vp + V ·  T + pf Dr 

-. Dv a -. .... 
p - = - pv + V . pvu Dt at 

or 

D a a a a - = - + v - + v - + v -
Dr at x ax Y ay Z az 

Dvx ap a [ aux 2 -.] p - = - - + - 2/L - - - /LV · v + 
Dt ax ax ax 3 

a [ (avx avz) ] + - /L - + - + pfx az az ax 

ap a [ av 2 -.] - - + - 2/L .::...:...l: - - /LV . v + ay ay ay 3 

+ � [/L (avx + �) ] + pf ax ay ax Y 

a [ (av  avz) ]  
+ - /L .::...:...l: + - + pfz ay az ay 

� [/L (� + av
z) ] az az ay 

(Eq . 4-75) 

(Eq . 4-83) 

(Eq . 4-88) 

(Eq . 4-82) 



TRANSPORT EQUATIONS FOR SINGLE-PHASE FLOW 1 15 

Table 4·9 ( Continued) 
Cylindrical 

P [DV' _ �] = 
Dt r 

[
DV9 V,v9] p - + -Dt r 

Spherical 

Dvz 
p- = 
Dt 

D
= � + v i. + � � + �� 

Dt at ' ar r ao r sin 0 a¢ 

P [DV' _ v� + V�] __ ap a 
[ 

av, 2 �] - - + - 2J.L - - - J.LV . v 
Dr r ar ar ar 3 

+ ! � [J.L {r i. (�) + ! av,} ] r ao ar r r ao 

+ 
r Si

l

n 0 a: [J.L t Siln 0 ;� + r t (;) } ] 

;) ] 

+ !!:. [4 av, _ � aV9 _ 4v, _ _ 2_ i!..!:!..!P. _ 2V9 cot 0 
r ar r ao r r sin 0 a¢ r 

a 
(
V9) cot 0 av,] + r cot 0 - - + --- + pI, ar r r ao 

- ! � + ! � [2J.L (av 9 + v,) - '7:. J.L V . t] 
r ao r ao r ao 3 

I a [ {Sin 0 a 
( 
VA. ) + --- J.L -- - ----=-

r sin 0 a¢ r ao sin 0 

+ i. [J.L {r i. (�) + ! av,} ] 
ar ar r r a o 

+ !!:. 
[ 2 
(! aVe _ _  ,_ i!..!:!..!P. _ vl/ cot 0) . cot 0 

r r ao r sin 0 a¢ r 

+ 3 {r i. (�) + ! av,} ] + pI9 ar r r ao 
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Table 4-9 (Continued) 

[0!..!P. � v(pp cot OJ 
p + + 

Dt r r 

Q/J-' = 0 in Eq. 4-84 . 

_ __ ap 
r sin 0 acP 

+ -- - - -- ---% + V + v cot 0 
1 a [2/J- ( 1 av A. ) r sin 0 acP r sin 0 a¢ r 9 

+ 1; [/J- {, s:n 0 �� + r t (�) } J 
+ ! � [/J- {

sin 0 � (�) + _I aV 9} ] 
r ao r ao sin 0 r sin 0 acP 

+ !!:. [3 {_I aVr + r �  (�) } r r sin 0 acP ar r 

{sin O a ( VA. )  1 av9} J + 2 cot 0 -- - --"'- + -- -
r ao sin 0 r sin 0 acP 

Table 4-10 Differential equation of motion for incompressible fluidsa 

Vector form 

Cartesian 

(av, 
p - + 

at 
(
� p at 

+ 

(avz p - + 
at 

Cylindrical 

av, av, av,) v, - + v - + v -
ax Y ay Z az 

� � �) v, + Vy + Vz ax ay az 
avz avz avz) v - + v - + v -x ax Y ay Z az 

[avr aVr V9 aVr aVr p - + vr - + - - + Vz - -
at ar r ao az �J = 

+ pfq, 

(Eq . 4-90b) 
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Table 4·10 (Continued) 
Spherical 

[avr + v aVr + � aVr + � aVr _ v� + v�] = _ ap + JL [.!... � (r 2  avr) P at r ar r ao r sin 0 acjJ r ar r 2 ar ar 

+ _1_ (Sin 0 avr) + __ 1 __ a2v, _ 2v, _ � av(! _ 2v(! cot 0 _ _ 2_�] 
r2 sin 0 ao r 2 sin 2 0 i1cjJ2 r 2 r 2 ao r 2  r 2 sin 0 acjJ 

[av9 + v 
av(! + � av/) + � av(! + vp(! _ v� cot 0] = _ � � + JL [.!... � (r 2  av (!) P at r ar r ao r sin 0 acjJ r r r ao r 2 ar ar 

1 a ( . av/)) 1 a2v (! 2 av, v (! 2 cos 0 �] + 
r2 sin O aO 

sm 0 -ao + 
r 2 sin2 0 acjJ2 

+ � ao - r 2 sin 2 0 - r 2 sin 2 0 acjJ 

aJL' = 0; JL = constant; p = constant. 

Table 4·11 Differential equations of energya 

Vector fonn 

+ pf, 

+ pf(! 

p Dh = _ V . q" + qlll + Dp + cjJ 
Dt Dt 

(Eq . 4-108) 

Cartesian 

Cylindrical 

or 
Du � P - = - V . q" + qlll - pV . (; + cjJ 
Dt 
DT � Dp P c - = V . kVT - V . q" + qlll + f3T - + cjJ 

P Dt r Dr 
cjJ = =:;: :  V� = V . ( �  . ;) - (; . (V ·  T) 

Dh a ( aT) a ( aT) a ( aT) " �II ", Dp 
+ 

A. p - - - k - + - k - + - k - - v · q , + q + 'I-' 
Dr ax ax ay ay az az Dr 

(Eq. 4-1 1O) 

(Eq. 4- 122b) 

(Eq . 4- 103) 

p Dh = ! � (rk aT) + .!... � (k aT) + � (k 
aT) _ V . q" + q'" + Dp 

+ cjJ Dr r ar ar r2 i)O i10 az i)z ' Dr 
Spherical 

p Dh = � � (r2k aT) + _1_ � (k sin 0 aT) + _1_ � (k aT) _ V . if' + q'" + Dp 
+ cjJ _Dr r2 ar ar r2 sin 0 ao ao r2 sin 0 acjJ acjJ , Dt 
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Table 4-12 Differential equations of energy for incompressible materialsa 

Vector form 

Dh p - = _ V · -q" + qlll + ¢ Dr 
Du .. p - = - V · q" + qlll + ¢ Dr 
DT p Cp Dr = - V . q" + qlll + ¢ 

¢ = =:;: :V� = V . ( =:;:  . �) - � . (V · T) 
Special case for k = constant 

Dh 'f"72 'f"7 "11 III A. 
P Dr = kv T - v . q r + q + 'f' 

Cartesian 

¢ = 2J.L [ (avx)
2 
+ (�) 2 

+ (avz) 2 + ! (avx + �) 2 + ! (avx + avz) 2 

ax ay az 2 ay ax 2 az ax 

Spherical 

Dh [ I a ( aT) I a ( aT) p - = k - - r2 - + -- - sin () -Dr r2 ar ar r2 sin () a() a () 

ave) 2 (avr avz) 2 - + - + -
az az ar 

,1.. - [2 { (aVr)
2 

( l ave Vr) 2 
( I � Vr ve cot ()) 2} 

'f' - J.L  
-

+ -- + - + 
--

+ - + ---
ar r a() r r sin () a¢ r r 

+ {_I aVe + sin () � (�)}2 + {_I aVr + r � (�) } 2 
r sin ¢ a¢ r a() sin () r sin () a¢ ar r 

+ 
{r fr (�) + ; :� rJ 

aJ.L' = 0; p = constant. 

of section V; but in fact ,  the practical characteristics of the moving fluid require time
averaging manipulation of these equations .  It is also possible to space-average the 
local equations to obtain volume-average or area-average properties . Such space av
eraging is particularly useful for the two-phase flow condition , described in Chapter 
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5. Furthermore, applications to reactor core analysis by the porous media approach 
(see Volume II) draw on such space averaging. 

For any property c, a time-averaged value can be obtained by : fl+61/2 
c 

== �t 1 - 61/2 C dt (4- 1 24) 

Thus the instantaneous value of the property may be written as: 

c == c + c' (4- 1 25 )  

The period /).t is chosen to  be sufficiently large to  smooth out e but sufficiently small 
with respect to the transient time constants of the flow system under consideration. 

Let us average 4-7 1 over the period /).t to get: 

a [pc] _ --- --- + V' . [pev] = V' . ] + p¢ 
at 

Because /).t is sufficiently small :  

a [pc] 
at 

a [pc] 
at 

(4- 1 26) 

(4- 1 27a) 

For a stationary system of coordinates, time and space are independent variables, so 
that from Eg. 4- 1 1 , because Vs = 0, we get : 

and 

V' . [pcv] = V' . [pcv] 

- -V' o ] = V' o ] 
Applying Egso 4- 1 27a, 4- 1 27b, and 4- 1 27c to Ego 4- 1 26 we get: 

a [pc] --_ -:::;- --- + V' 0 [pc v ] = V' 0 ] + pcp 
at 

(4- 1 27b) 

(4- 1 27c) 

(4- 1 28) 

Assume that the density, velocity, and stagnation internal energy can be repre
sented as a sum of a time-averaged value and a perturbation such that: 

It is clear that: 

p == 75 + p' 
v == V + v' 

U O == U O + Lt °
' 

"2 = ° and c e' = 0 

Therefore Ego 4- 1 28 can be expanded to: 

a [p c] a [p'e' ] _ 
at + -

a
-t 

- + V' 0 Lo c v]+ 

V' 0 [p'e' V + P'v' c + 75 c' v' + p'e/v'] = V' 0 j + 75 ¢ + P'¢' 

(4- 1 29a) 

(4- 1 29b) 

(4- 1 29c) 

(4- 1 30) 

(4- 1 3 1  ) 
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Equation 4- 1 3 1  can be rearranged to collect the fluctuation terms on the right hand 
side : 

a [p  c] V . [p c �] 
� {p' </>' - a [�

t
C ' l - V . ;,} + V · J  + p cp  + (4- 1 32) at 

where 
� -- � p'v' c + p c 'v' + p'c 'v' ]I p'c' v + (4- 1 33) 

If it is assumed that the density fluctuations are small or that the fluid is incompressible , 
p' = 0 and the turbulent transport Eq . 4- 1 32 reduces to: 

a [pC] � � - -�-Bt + V . [pC v] = V . J + pcp - V . [pc '  v ' ] ;  p' = 0 (4- 1 34) 

� 
The mass equation can be obtained by specifying c, J, and cp, from Table 4-6 , 

in Eq. 4- 1 34 to get the turbulent flow equations of an incompressible fluid. 
The mass equation becomes: 

a[p] 
+ V . [p�] 

at 

The momentum equation becomes :  

o 

� a [pv ] 
+ V . [p� �] = V . [ T  - p T ]  + pg - V . [pu' u' ] 

at 
The stagnation energy equation becomes: 

(4- 1 35)  

(4- 1 36) 

(4- 1 37)  

The solution of Eqs . 4- 1 36 and 4- 1 37 requires identification of constitutive re
lations between the terms , including the fluctuating variables and the behavior of the 

average variables . That is ,  it is required that [pu'u' ] ,  ( T - p I )  . v, and [pUO ' v' ] 
be specified in terms of p, �, and lio for the above set of equations to be solvable . 
The constitutive equations are discussed in Chapters 9 and 10 .  
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PROBLEMS 

Problem 4·1 Various time derivatives (section II) 
Air bubbles are being injected at a steady rate into the bottom of a vertical water channel of height 

L. The bubble rise velocity with respect to the water is Vb' The water itself is flowing vertically at a velocity 
Vf' What is the velocity of the bubbles at the channel exit as observed by the following: 

I. A stationary observer 
2. An observer who moves upward with velocity V( 
3. An observer who moves upward with velocity 2v, 

Answers: 

1 .  ve + Vb 
2. Vb 
3 . Vb ve 

Problem 4·2 Conservation of energy in a control volume (section III) 
A mass of 9 kg of gas with an internal energy of 1908 kJ is at rest in a rigid cylinder. A mass of 1 .0 

kg of the same gas with an internal energy of 95 .4 kJ and a velocity of 30 m/ s flows into the cylinder. In 
the absence of heat transfer to the surroundings and with negligible change in the center of gravity , find 
the internal energy of the to kg of gas finally at rest in the cylinder. The absolute pressure of the flowing 
gas crossing the control surface is 0 . 7  MPa. and the specific volume of the gas is 0 .00 1 25 m3/kg . 

Answer: Uf = 2004 . 7  kJ 

Problem 4·3 Process· dependent heat addition to a control mass (section III) 
Two tanks, A and B (Fig. 4- 10) ,  each with a capacity of 20 ft3 (0 . 566 m3) ,  are perfectly insulated 

from the surroundings. A diatomic perfect gas is initially confined in tank A at a pressure of 10 atm abs 
and a temperature of 70°F (2 1 .2°C) . Valve C is initially closed, and tank B is completely evacuated. 

1 .  If valve C is opened and the gas is allowed to reach the same temperature in both tanks, what are the 
final pressure and temperature? 

2. If valve C is opened just until the pressure in the two tanks is equalized and is then closed, what are 
the final temperature and pressure in tanks A and B? Assume no transfer of heat between tank A and 
tank B .  

�igure 4·10 Initial state of  perfectly 
InSulated tanks for problem 4-3 .  

Tan k A 

70 O F  
20 ft3 

P = 1 0  at m 

Tank B 

Valve C 
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Note that for a diatomic gas , elJ = (5/2) R .  
Answers: 

I. P = 5 atm; T = 5300R 
2. p = 5 atm; TA = 434.8°R, Ts = 678 . 3°R 

Problem 4-4 Control mass energy balance (section III) 
A perfectly insulated vessel contains 20 lb (9. 1 kg) of water at an initial temperature of 5000R 

(277 . 8°K) .  An electric immersion heater with a mass of 1 lb (0 .454 kg) is also at an initial temperature of 
5000R (277 . 8°K) . The water is slowly heated by passing an electric current through the heater until both 
water and heater attain a final temperature of 6000R (333 . 3°K) . The specific heat of the water is 1 Btu/lb 
OR (4 . 2  kJ/kg K) and that of the heater i s  0 . 1 2  Btu/lb OR (0 . 504 kJ/kgOK) . Disregard volume changes and 
assume that the temperatures of water and heater are the same at all stages of the process. 

Calculate J di and .1S for: 

1 .  The water as a system 
2. The heater as a system 
3. The water and heater as the system 

Answers: 

1 . .1S = J di = 3 . 646 Btu;oR 

2 . .1S = 0.02 19  Btu;oR 

J di = - 3 .646 Btu;oR 

3 . .1S = 3 .668 Btu;oR 

J di = 0 

Problem 4-5 Qualifying a claim against the first and second laws of thermodynamics (section III) 
An engineer claims to have invented a new compressor that can be used with a small gas-cooled 

reactor. The CO2 used for cooling the reactor enters the compressor at 200 psi ( 1 . 378 MPa) and 1 20°F 
(48 .9°C) and leaves the compressor at 300 psi (2 .067 MPa) and 20°F ( - 6.rC) . The compressor requires 
no input power but operates simply by transferring heat from the gas to a low-temperature reservoir 
surrounding the compressor. The inventor claims that the compressor can handle 2 lb (0 .908 kg) of CO2 
per second if the temperature of the reservoir is - 1 40°F ( - 95 . 6°C) and the rate of heat transfer is 60 
Btu/s (63 .6 kJ/s) .  Assuming that the CO2 enters and leaves the device at very low velocities and that no 
significant elevation changes are involved: 

1 .  Determine if the compressor violates the first or second law of thermodynamics . 
2. Draw a schematic of the process on a T-s diagram. 
3. Determine the change in the availability function (A) of the fluid flowing through the compressor. 
4. Using the data from items 1 through 3, determine if the compressor is theoretically possible . 

Answers: 

1 .  The compressor does not violate either the first or the second law . 
3 . .1A = 7 .28 Btu/lb 

Problem 4-6 Determining rocket acceleration from an energy balance (section III) 
A rocket ship is traveling in a straight line through outer space , beyond the range of all gravitational 

forces . At a certain instant, its velocity is V. its mass is M. the rate of consumption of propellant is p. the 



TRANSPORT EQUATIONS FOR S INGLE-PHASE FLOW 123 

rate of energy liberation by the chemical reaction is QR ' From the first law of thermodynamics alone ( i . e . , 

without using a force balance on the rocket) , derive a general expression for the rate of change of velocity 

with time as a function of the above parameters and the discharged gas velocity Vd and enthalpy hd • 
Answer: 

dV 1 [ .  du ( V2 V�) ] -;;; = MV QR - M dt + u + 2 - hd - 2 p 

Problem 4-7 Momentum balance for a control volume (section III) 
A jet of water is directed at a vane (Fig. 4- 1 1 )  that could be a blade in a turbine. The water leaves 

the nozzle with a speed of 15 m/ s and mass flow of 250 kg/ s; it enters the vane tangent to its surface (in 

the x direction). At the point the water leaves the vane, the angle to the x direction of 1 200• Compute the 
resultant force on the vane if: 

1 .  The vane is held constant. 
2.  The vane moves with a velocity of 5 m/s in the x direction. 

Answers: 

I. Fx = 5625 N, Fy = - 3248 N 
2. Fx = 2500 N, Fy = - 1 443 N 

Problem 4-8 Internal conservation equations for an extensive property (section IV) 
Consider a coolant in laminar flow in a circular tube. The one-dimensional velocity is given by 

where urnax = 2.0 m/s; R = radius of the tube = 0.05 m; i z  = a unit vector in the axial direction. 
Assume the fluid density is uniform within the tube (Po = 300 kg/m3) .  

1 . What is the coolant flow rate in the tube? 
2. What is the coolant average velocity (V) in the tube? 
3 . What is the true kinetic head of this flow? Does the kinetic head equal ! Po V2? 

y 

Lx 
Water Jet "----�---.�� --------________ J� 

Figure 4-1 1  Jet of water directed at a vane. 
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Answers: 

I. Q = 7 . 854 X w - J  m3/s 
2. V = 1 mls 

p V2 
3 Kinetic head = 1 . 33 _D_ . 2 

Problem 4-9 Differential transport equations (section V) 
Can the following sets of velocities belong to possible incompressible flow cases? 

I. Vx = x + y + Z2 
Vy = X - Y + z 
Vz = 2xy + l 

2 . Vx = xYZT 
Vy = - xyzt2 

Z2 Vz = "2 (xt2 - yr) 

Answers: 

l .  Yes 
2. Yes 



CHAPTER 

FIVE 

TRANSPORT EQUATIONS FOR TWO-PHASE FLOW 

I INTRODUCTION 

In principle , transport of mass,  momentum, and energy can be fonnulated by taking 
balances over a control volume or by integrating the point equations over the desired 
region . It has been found that integrating (averaging) the point continuum equations 
over the desired volume is a more accurate and insightful , although more lengthy , 
approach to the formulation . Because of its simplicity , the balance approach has been 
useful in well known one-dimensional applications ,  e . g . , the separate flow model of 
Martinelli and Nelson [4] . However, the averaging approach , which was developed 
later, can better account for the interfacial conditions at the gas-liquid boundaries . 

The fonnulation of appropriate models for two-phase flow in nuclear, chemical , 
and mechanical systems has been an area of substantial interest since the mid- 1 960s. 
However, the proliferation of two-phase modeling efforts has made it difficult for 
newcomers to identify the basic assumptions and the limitations of the abundant 
models .  This chapter provides a framework for defining the relations between the 
more established approach of taking balances to derive control volume equations that 
the reader may find in Wallis [7] or Collier [ I ]  and the more recent approaches of 
averaging the local and instantaneous balance equations in time and/or space as de
scribed by Ishii [3] or Delhaye et al . [2] . 

A Macroscopic Versus Microscopic Information 

The fundamental difficulty of two-phase flow description arises from the multiplicity 
of internal configurations that must be taken into consideration . A sensor at a localized 
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position in the flow channel may feel the presence of one phase continuously , as with 
annular flow , or the two phases intermittently, as with bubbly flow . On the other 
hand , the viewers of an x-ray snapshot of a cross section of a two-phase flow channel 
can observe only the space-averaged behavior of the mixture of two phases and cannot 
identify the local behavior of each point in the field . It is this macroscopic or averaged 
two-phase flow behavior that is of interest in practice . However, the interaction be
tween the two phases or between the fluids and the structures depends to a great extent 
on the microscopic behavior. Therefore the basic question is how to predict the prac
tically needed (and measurable) macroscopic behavior on the basis of whatever micro
scopic behavior may exist-and to the degree of accuracy required for the appl ication . 

With a single-phase flow,  bridging between the microscopic phenomena and 
macroscopic description of the flow is easier . The observer of a point moving within 
the single-phase volume of consideration sees one continuous material . With two
phase flow, the local observer encounters interphase surfaces that lead to jump con
ditions between the two phases. The observer of a large volume may be able to 
consider the two phases as a single fluid but only after the properties of the two phases 
are properly averaged and the jump conditions are accounted for. These jump con
ditions describe mass,  momentum, or energy exchange between the two phases . 

B Multicomponent Versus Multiphase Systems 

It is also beneficial to note that a two-phase system can be classified as a one-com
ponent or a multi component system, where ' 'component" refers to the chemical spe
cies of the substance . Thus steam-water is a one-component, two-phase system, 
whereas nitrogen-water is a two-component, two-phase system . In the latter case mass 
transfer between the two phases can often be ignored, but momentum and energy 
transfer must be accounted for. It is possible that a mixture of various chemical 
components constitutes one of the phases , e . g . , air and steam mixture in a reactor 
containment following a loss of coolant accident (LOCA) . A multicomponent phase 
is often treated as a homogeneous mixture. Obviously , a multi component phase may 
be treated as a multifluid problem at the expense of greater complexity . 

Because chemical reactions between the phases are the exception in nuclear en
gineering applications, they are not considered here . Thus the two-phase flow equa
tions formulated here are still a special case of a more general formulation that may 
consider chemically reactive two phases . 

C Mixture Versus Multifluid Models 

A wide variety of possibilities exist for choosing the two-phase flow model . They 
range from describing the two-phase flow as a pseudo single-phase fluid (mixture) to 
a multi fluid flow (e.g . ,  liquid film , vapor, and droplets) .  Generally , as the two-phase 
flow model becomes more complex , more constitutive equations are required to rep
resent the interactions between the fluids. 

The homogeneous equilibrium model (HEM) is the simplest of the mixture 
models . It assumes that there is no relative velocity between the two phases (i . e . , 
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homogeneous flow) and that the vapor and liquid are in thermodynamic equilibrium. 
In this case the mass, momentum, and energy balance equations of the mixture are 
sufficient to describe the flow . The HEM assumptions are clearly limiting but may be 
adequate for certain flow conditions .  Extensions of this model to include relative 
velocity , or slip, between the two phases and thermal nonequilibrium (e .g . , subcooled 
boiling) effects are possible using externally supplied , usually empirical , constitutive 
relations . The HEM model has the advantage of being useful in analytical studies ,  as 
demonstrated in several chapters in this book . 

Mixture models other than HEM add some complexity to the two-phase flow 
description . By allowing the vapor and liquid phases to have different velocities but 
constraining them to thermal equilibrium, these methods allow for more accurate 
velocity predictions .  Alternatively , by allowing one phase to depart from thermal 
equilibrium, enthalpy prediction can be improved . In this case four or even five 
transport equations may be needed as well as a number of externally supplied relations 
to specify the interaction between the two phases . A well known example for such 
mixture models is the thermal equilibrium drift flux model , which allows the vapor 
velocity to be different from that of the liquid by providing an algebraic relation for 
the velocity differential between the two phases (three-equation drift flux model) . By 
considering two mass equations but using only mixture momentum and energy equa
tions , one of the phases may depart from thermal equilibrium (i . e . , a four-equation 
drift flux model) .  

In the two-fluid model , three conservation equations are written for both the vapor 
and the liquid phases .  Hence the model is often called the six-equation model . This 
model allows a more general description of the two-phase flow . However, it also 
requires a larger number of constitutive equations .  The most important relations are 
those that represent the transfer of mass (r) , transfer of energy (Qs) '  and transfer of 
momentum (Fs) across liquid-vapor interfaces . The advantage of using this model is 
that the two phases are not restricted to prescribed temperature or velocity conditions . 
Extensions of the two-fluid model to multifluid models- in which vapor bubbles , a 
continuous liquid , a continuous vapor, and liquid droplets are described by separate 
sets of conservation equations-are also possible but have not been as widely applied 
as the simpler two-fluid model . 

The combination of a mixture transport equation and one separate phase equation 
can also be used to replace two separate phase equations. Table 5- 1 summarizes a 
variety of possible models to describe the two phase-flow problem . Note that there 
are six conservation equations and imposed restrictions for all models except the three
fluid model . Note also that models requiring a larger number of constitutive relations ,  
though not reducing the number of imposed restrictions, are generally not worth 
exploiting . Thus the four-equation model B is less useful than the four-equation model 
A. For the five-equation models , model C is less useful than model B .  

The choice among the alternative models discussed above depends on the nature 
of the problem to be solved . In LWR applications ,  the three-equation HEM model 
may be adequate for predicting the pressure drop in a flow channel under high-pressure 
steady-state conditions . Calculating the void distribution requires a specified relative 
velocity or a four-equation mixture model because of the tendency of the vapor to 
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mOve faster than the liquid . Fast transients with sudden pressure changes are best 
handled by the six-equation , two-fluid model because of the expected large departure 
from equilibrium conditions .  

II AVERAGING OPERATORS FOR TWO-PHASE FLOW 

Given the nature of two-phase flow,  the field parameters of interest are usually aver
aged quantities in either space or time and often in both . Thus it is important to 
introduce certain averaging mathematical operators here as well as define the more 
basic parameters that appear in the two-phase flow transport equations .  

A Phase Density Function 

If a phase (k) is present at a point (r) , a phase density function (ak) can be defined 
as follows: 

akCr, t) == 1 if point -; is occupied by phase k } 
ak(-;, t) == 0 if point -; is not occupied by phase k (5- 1 )  

B Volume-Averaging Operators 

Any volume (V) can be viewed as divided into two domains (Vk) (where k = v or 
f) , each containing one of the two phases .  We can then define two instantaneous 
volume-averaging operators acting on any parameter (c) ; one over the entire volume: 

(c) == � J f J cdV (5-2) 
v 

and the other over the volume occupied by the phase k: 

(5-3) 

C Area Averaging Operators 

The description of the two-phase flow conditions at the boundary of a control volume 
requires the space- and time-averaged values of a property on the surface area sur
rounding the control volume . Thus we introduce here the definition of such an area 
average for a parameter c: 

{c} == � J J cdA (5-4) 
A 
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It should also be clear that the average of parameter e over the area occupied only by 
the phase k may be obtained from: 

{e}k == � f J e dA == � f f eakdA (5-5) 
k Ak k A 

D Local Time-Averaging Operators 

Because the two phases may intermittently pass through a point -;. , a time-average 
process can be defined as follows: 

1 Jt + .:1t*/2 

C == - edt 
..1t* t - .:1t* /2 

(5-6) 

where L1t* is chosen large enough to provide a meaningful statistical count but short 
enough that the flow conditions are not substantially altered during the observation of 
a transient flow condition . Defining a suitable L1t* can be a practical problem in fast 
transients . 

It is also possible to define a phase time-averaging operator by averaging only 
over that portion of time within L1t* when a single phase occupies the position -;. so 
that: 

ft+ .:1t*/2 ft+ .:1t*/2 

ck 
== eaJllt -:- ak dt 

t - .:1t* /2 t- .:11* /2 
(5-7) 

Note that ..1t* is long compared to a short time period ..1t that may be chosen for 
averaging the turbulent effects ( i . e . , high-frequency fluctuations) within each single 
phase as was done in Chapter 4, Section VI . To filter out the high-frequency single
phase fluctuation , an average value of e has been defined by: 

1 J,t+ .:11
/2 

C == - edt 
L1t 1 - .:1t/2 

E Commutativity of Space- and Time-Averaging Operations 

(4- 1 24) 

Vernier and Delhaye [6] argued that the volumetric average of c must be identical to 
the time average of (c) ,  so that: 

(c) = fc) (5-8) 

Sha et al . [5] suggested that Eq . 5-8 is strictly valid only for one-dimensional flow 
with uniform velocity . Their restriction has not yet been widely evaluated. Here , we 
adopt the view that commutativity of the time and space operators is valid for the 
Eulerian coordinate system where the time and space act as independent variables .  

Similarly , for averaging the turbulent equations of  a single phase: 

(c) = (c) (5-9) 
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III VOLUME-AVERAGED PROPERTIES 

A Void Fraction 

1 Instantaneous space-averaged void fraction. The fraction of the control volume 
(V) that is occupied by the phase k at a given time can be obtained from: 

1 
III 

Vk Vk (ak) = - ak dV = - = V V Vk + Vk ' V 

(5- 10) 

The volume fraction of the gaseous phase is normally called the void fraction and is 
referred to as simply (a) ,  that is: 

(a) == (aJ 
Similarly , ( 1  - a) or (ae) is used to refer to the liquid volume fraction . 

( 1  - a) == (ae) 

(5- 1 1 a) 

(5- 1 1b) 

A spatial void fraction may be defined for an area or a line , as well as for a 
volume. 

2 Local Time-Averaged Void Fraction. Because any point is instantaneously oc
cupied only by one phase , the phase fraction at point -; in a flow channel is present 
only in a time-averaged sense and is defined by: 

1 J,t + .1t"
/2 

a = - a dt k Llt* t - .1t"/2 
k 

where av = a local time-averaged void fraction . 

(5- 1 2) 

3. Space- and time-averaged void fraction. The two-phase flow is sufficiently tur
bulent to make the value of (a) a fluctuating value , even at steady-state flow condi
tions .  It is useful to introduce the time-averaged value as the basis for describing the 
measurable quantities such as pressure gradient and mass fluxes. Thus the time- and 
volume-averaged void fraction is defined as: 

,..........., 1 ft+ .1t*/2 

a = - a dt ( )  L1t* t - .1t* /2 
( ) (5- 1 3) 

From Eq . 5-8 , the time average of (ak) defined by Eq . 5- 1 0  is equal to the volume 
average of ak defined by Eq . 5- 1 2 . Therefore: 

and 

� ,..----' 
(a) = (a) = (av) (5- 14a) 

(5- 14b) 
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B Volumetric Phase Averaging 

1 Instantaneous volumetric phase averaging. It is common to assume that the 
spatial variation of the phase properties can be ignored within a control volume,  so 
that average properties within the phase can be used to derive the balance equations , 
as done later in Sections V and VI . Therefore it is desirable to derive an expression 
for the average value of a property , i . e . , (Ck)k where the phasic property ck has been 
averaged over only that volume occupied by phase k (Vk) . Note that the parameter C 

of Eq . 5-2 is now considered as a property of phase k. We express (Ck)k as : 

(5- 15 )  

However, the average of  a phase property ck over the entire volume is given by : 

(5- 1 6) 

From Eqs . 5- 1 5 ,  5- 1 6  and 5 - 10  it is seen that: 

Vk (ck) = (Ck)k V = (Ck)k (ak) (5- 1 7) 

Thus for any phasic property (ck) the instantaneous phasic-averaged value (Ck)k is 
related to the instantaneous volume-averaged value (ck) by the volumetric phase frac
tion (ak) . For example ,  if the property Ck is the liquid phase or the vapor phase density 

(Pe or pJ, Eq . 5- 1 7  yields: 

(Pc) = (Pe) e ( 1 - a) 

(p) = (pV>v(a) 

(5- 1 Sa) 
(5- 1 Sb) 

Note that (Pe)e and (p)v are merely the thennodynamic state values found in hand
books , whereas (Pe) and (p) depend also on the values of (a) and ( 1 - a) in the 
volume of interest. 

2 Time averaging of volume-averaged quantities. The time average of the product 
of two variables does not equal the product of the time average of the two variables . 
Assuming that the instantaneous values of (Ck)k and (ak) can be given as the sum of 
a time-average component and a fluctuation component, we get, using Eq . 5- 1 7 :  

----
Because (c) = 0: 

(5- 1 9) 

where: 

(5-20) 
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But (C) ' = 0, so: 

(5-2 1 )  
Clearly the tenn !/I ' is the result of the time fluctuations i n (ck) and (ak) and may 
become important in high flows or rapidly varying flow conditions . Therefore exper
imentally obtained values of fcJ should not always be readily assumed to equal 
(cJk (aJ unless fluctuations in (Ck)k or (ak) can be ignored . 

C Static Quality 

An important variable in many two-phase situations is the mass fraction of vapor in 
a fixed volume . This fraction , called the static quality, is typically written without 
the brackets for volume averages as: xst . It is given at any instant by: 

my 
Xst = 

my + me 

(p)V 
Xst = « p) + (Pe»)V 

Note that xst is a volume-average property by definition ; therefore (xst) == xst . 
Using Eq . 5- 1 7 , we can recast Eq . 5-23 as: 

D Mixture Density 

The two-phase mixture density in a volume can be given by: 

and by using Eqs . 5- 1 6 and 5- 1 7 we get: 

(p) = (p)y (a) + (Pe)e( 1 - a) 

(5-22) 

(5-23) 

(5-24) 

(5-25) 

Consequently , the average phasic density may be given by (using Eqs . 5-24 and 
5-25) : 

or 

( ) _ ( 1  - xst)(p) Pe e - ( 1 - a) 

(5-26a) 

(5-26b) 
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IV AREA-AVERAGED PROPERTIES 

A Area-Averaged Phase Fraction 

The instantaneous fraction of an area occupied by phase k is given by: 

(5-27) 

Because the area not occupied by phase k must be occupied by the other phase k' , 
the fraction of area occupied by phase k can also be given as: 

Ak Ak {ak} == A = 
Ak + Ak, (5-28) 

If space- and time-averaging commutativity are applied , the time- and area-averaged 
phase fraction can be given by: 

(5-29) 

Similar to Eq . 5- 1 7 ,  it is possible to relate the phase property average to the total 
area property average by: 

(5-30) 

Similar to Eq . 5 - 1 9 ,  the time- and area-averaged property [cJ may be obtained 
from the following manipulations : 

{ck} = {ckh {ak} = hl {aJ + hl {ak} '  + {Ck} � {aJ + {ckK {ak} ' (5-3 I a) 

However, 

Therefore the last equation becomes: 

TcJ = TcJJaJ + {ckK{ak} ' 
So that when turbulent fluctuations in either of {ak} or {ck} are ignored: 

�{ }  TcJ . .  ck k = �; turbulent fluctuatIOns Ignored . 
{ak}  

Example 5-1  Time average of  area-averaged void fraction 

(5-3 1 b) 

(5-32) 

PROBLEM Consider a series of cylindrical bubbles , each of length f2 and diameter 
db' moving at a velocity Vb in a cylindrical pipe . The pipe diameter is D, and its 
length is L. 
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Figure 5-1 Bubble and pipe char
acteristics for Example 5- 1 . 

If the bubbles are separated by a distance f I = O . 5f 2 '  and the bubble diameter 
db = O.4D, evaluate the area-averaged void fraction at cross sections 1 and 2 at the 
instant illustrated in Figure 5- 1 .  Also, evaluate the time- and area-averaged void 
fraction at positions 1 and 2 .  

SOLUTION The instantaneous area-averaged void fractions at the positions indi
cated in Figure 5- 1 are obtained by applying Eq. 5-28 : 

{aL = 0 
_ TTdV4 _ 2 _ {ah - -2/- - (0 .4) - 0 . 1 6 'lTD 4 

The time- and area-averaged values are equal : W I = {al2 = W and are obtained 
by applying Eq . 5-6: 

1 J,t+ .:lt*/2 f.:lt* W = - {a} dt = -J- {a} dt .1t* t - .:It* /2 i.1t* 0 

O. 1 6 ( 1 ) = O . 1067 0.5 + 1 
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Note that Llt* is chosen such that: 
€ + € 

Llt* > I 2 
Vb 

in order to properly average the two-phase properties . Under transient conditions, it 
is important to select an averaging time less than the characteristic bubble residence 
time in the tube so that: 

L Llt* < -
Vb 

For steady-state conditions this condition is immaterial , as the behavior of the two
phase system is periodic .  

Example 5-2 Equivalence of time-area and area-time sequence of operators 

PROBLEM Consider vertical flow of a gas-liquid mixture between two parallel 
plates with two types of gas bubble with plate geometry as shown in Figure 5-2a. The 
size and spacing of the bubbles are indicated on the figure .  The bubble velocities are 
related by VA = 2Vs . Six probes measure the phase-time relations: rl to r6 • The 
measured signals appear in Figure 5-2b . 

Detennine the area average of the time-averaged local void fractions , at r l to r6 • 

i . e . , {aJ .  Also, detennine the time average of the instantaneous area-averaged void 
fraction at the plane of the probes , i. e . , {aJ. Are they equal for the stated conditions? 

as: 
SOLUTION The local time-averaged void fraction can be written from Eq . 5- 1 2  

(Xk = -J- (�t* akdt; ak = 1 if phase k is present �t* Jo 

where L1t* > > T, the time it takes one bubble to pass by the probe. Therefore 

�I 0 
�2 0 . 5  
�3 0 . 5  
�4 0 
av5 0 . 5  
�6 0 

At the plane of the sensors , the area average of the local time-averaged void fraction 
is :  

1 (6f 1 1 
{�} = 6€ Jo (Xv d€ = 6€ � avj €j = [0 . 5(2£ + e)] 6€ = 0 .25 

J 

Next consider the average of the instantaneous void fraction at the plane of the sensors 
for the time shown (t = 0): 
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2: aJj 
{aJ = -j-- = 

6£ 

If we observe the time behavior of {aJ we get: 

4 

0.5 -

T 

-

T T 

which implies that: 

� I--f- - -

T 

0 .5  

--.. 

{aJ = _1_ ].:1t* {a } dt = 0 . 5T + OT = 0 .25 
L1t* 0 v 2T 

Therefore: 

� 
{aJ = {aJ 

which is what Vernier and Delhaye [6] proved mathematically . 

B Flow Quality 

� The instantaneous mass flow rate of phase k through an area Aj can be obtained from: 

. 
II � � � � mkj = akPkvk . n dAj = {akPkVk}j . Aj 

Aj 

Using Eq. 5-30 ,  the instantaneous mass flow rate can be written as: 
. 

� � mkj = {I\Vk}kj {ak}j . Aj 

(5-33a) 

(5-33b) 

The time-averaged flow rate of phase k i s  then obtained by integrating Eq. 5-33b 
over the time L1t* . Perfonning this integration we get, according to Eq. 5-3 1 b: 

,....--....-' ,...--- ,....--....-' 
� nikj = {Pkvkhj {akh . Aj; turbulent fluctuation in {ak} or {PkUkh is ignored. (5-34) 

The vapor mass flow fraction of the total flow is  called the flow quality (x) . To 
define the flow quality in a one-dimensional flow, e .g . , in the z direction , we write: 

(5-35) 
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Let: 

(5-36) 

If the total flow rate is assumed nonfluctuating , i . e . , 

for the time-averaged value of the quality we get: 

(5-37) 

The flow quality is often used in the analysis of predominantly one-dimensional 
two-phase flow . Many correlations that are extensively used in two-phase flow and 
heat transfer are given in terms of the flow quality . The flow quality becomes partic
ularly useful when thermodynamic equilibrium between the two phases is assumed. 
In that case the flow quality can be obtained from the energy balances of the flow, 
although additional information or correlations are needed to calculate the void frac
tion. With two-dimensional flow the quality at a given plane has two components and 
is not readily defined by a simple energy balance. Therefore for two- or three-dimen
sional flow, the flow quality becomes less useful because of the scarcity of literature 
on the effect of the vectorial nature of the quality on the flow conditions . 

The concept of flow quality breaks down when the net flow rate is zero or when 
there is countercurrent flow of two phases (extensions to these cases are possible but 
not very useful) . 

C Mass Fluxes 

The superficial mass fluxes or mass velocities of the phases are defined as the phase 
flow rates per unit cross-sectional area , e . g . , 

and 

G = mcz _ mzC I - xJ 
Cz - A -z Az 

(5-38a) 

(5-38b) 

The superficial mass velocity can be expressed also in terms of the actual phasic 
velocity by specifying mvz from Eq. 5-33b: 

� � 

G = {J\uk}kz{akL . Az { J { } kz - A = J\uk kz ak z z 
(5-39) 

The mass flux (Gm) i s  defined as the average mass flow rate per unit flow area. 
Thus in the z direction: 
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(5-40a ) 

Uti l izing Eq. 5-39, the mass flux of the mixture can also be given by : 

(5-40b) 

which, using Eq . 5-30, can be written as : 

(5-40c) 

Time-averaging Gmz , using Eq. 5-40b and ignoring time fluctuations in [ad , we obtai n :  

(5-4 1 ) 

D Volumetric Fluxes and Flow Rates 

The instantaneous volumetric flow rate of phase k may be related to the volumetric 
flux (or superficial velocity) over the area Aj by: 

(5-42 ) 

Note that for one-dimensional flow in the z direction, when the spatial variation in p", 
can be neglected over the area A z , we get: 

Similarly: 

and 

. _ Q tg _ I'h Ez _ G ez _ Gmz ( 1 - Xz) 
{ je } z - - - -- - - - ----

Az  Pt Az  P c  Pr 

{ ' } 
_ Q rz + Q vz _ Qz _ G 

[ 1 - Xz + xz ] 
} z - - - In 

Az Az  Pe Pv 

(5-43a) 

(5-43b) 

( 5-44) 

Because the volumetric flow rates Qe and Qv are simply related to the mass flow 
rates and the phasic densities from Eqs. 5-43a and 5-43b, the volumetric fluxes LiI- } 
can be considered known if the mass flow rates of the two phases-or, alternatively, 
the total mass flow rate and the quali ty-are known. 

The local volumetric flux (or superficial velocity) of phase k is obtained from: 

(5-45 ) 

Space- and time-averaged values of the volumetric fluxes can be obtained starting 
with either operation. as space and time commutation can be assumed: 

(5-46) 
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Simi lar to Eq . 5-3 1b , by ignoring time fluctuations in {ak} or {Uk} Eq . 5 -46 can 
be shown to yield: 

(5-47) 

E Velocity (Slip) Ratio 

The time- and space-averaged , or macroscopic , velocity ratio , often referred to as slip 
ratio (5) , is defined as: 

s == {DviL 
I {Ddt 

(5-48) 

Si is a directional value , as it depends on the velocity in the direction i. 
For spatially unifonn liquid and vapor densities and when time fluctuations in 

{ak} or {vkJ are ignored , Eqs . 5-43a, 5-43b, and 5-47 can be used to obtain :  

S = {jvh { I  - ah = _Xi_ Pt { I  - ah 
(5-49) I {Jeh {ali 1 - Xi Pv {ah 

This equation is a commonly used relation between Xi '  {avl i '  and Si . If any two are 
known, the third can be determined . Experimental void fraction data for one-dimen
sional flows have been used in the past to calculate the velocity ratio and then correlate 

.. 
Si in tenns of the relevant parameters . However. 5 cannot be easily related to mean-
ingful parameters in three-dimensional flows. For one-dimensional flows, several 
models can be used to estimate Si ' as discussed in Chapter 1 1 .  

F Mixture Density Over an Area 

Analogous to Eq . 5-25 , we define the mixture average density of an area by : 

Pm == {p} = {a}{pJv + { I  - a}{pt} { (5-50a) 

Note that this density can be called the static density of the mixture because it is not 
affected by the flow velocity. Using Eq. 5-30 and the area averaging analogy to Eq. 
5- 16, we can write Pm as: 

G Volumetric Flow Ratio 

The volumetric flow ratio of vapor to the total mixture is given by : 

H Flow Thermodynamic Quality 

The flow (mixing-cup) enthalpy is defined for flow in the direction " i"  as: 

(h:' )i == Xihv + ( 1  - xi)ht 

(5-50b) 

(5-5 1 ) 

(5-52) 
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Table 5-2 One-dimensional relations between two phase parameters 
��----------------------------------------------------------------� 

{a} Q G 
----------------------------------------------------------------------� 

G 

x 

G = mk 
k A 

{Vk} {apk Xk 

{vd 
= 

{ap}k � 

All entries above the diagonal can be obtained by inverting corresponding existing entries in this table. 

The flow thennodynamic (or equilibrium) quality is given by relating the flow 
enthalpy to the saturation liquid and vapor enthalpies as: 

( )
. 

= 
(h;:; )j - hr 

Xe 1 h - h g r 
(5-53) 

where hr and hg = saturation specific enthalpies of the liquid and vapor, respectively . 
Thus the flow quality can be used to define the equilibrium quality: 

( ) _ xjhv + ( 1  - x)he - hr 
Xe j -

hg - hf 
(5-54 ) 

Under thennal equilibrium conditions: 

he = hr and hv = hg; therefore (xJj = (x) j 

H Summary of Useful Relations for One-Dimensional Flow 

Table 5-2 presents a summary of useful relations between parameters in one-dimen
sional flow . It may be helpful to summarize the relations between the void fraction 



{,8} 

{Vk} {,8k} {ad 

{Vk'} = {,8k'} {ak} 

{v} 

see {XSlk} VS. Q. ,8, or 

j 

see Xk VS . a or XSII< 
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{j} XSI x 

[ (XSIV)k'] - I 
1 + --

(xsIV)k 

{a} and the static quality (xst) at an area (static parameters) , with the volumetric flow 
vapor fraction { f3 } and the flow quality (x)  (i.e., the dynamic parameters). Assuming 
uniform phase densities across an area, Eq. 5-49 leads to: 

{a} = 1 - x P + -- � S 
(5-55) 

x Pe 
and 

x {a} Pv 
1 - x - {a})Pe 

S 
( 1  

(5-56) 

However, the area-averaged static quality (xst) can be defined (see Eq. 5-26a) for 
space-independent density Pv and Pe as: 

{a}pv x = --st Pm 
(5-57) 
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which yields :  

� {a}pv 
1 - XS1 ( 1  - {a})Pe 

Comparing Eqs . 5-56 and 5-58 ,  it is obvious that if S = 1 ,  x = XS1 ' 
Consider also the volumetric flow fraction given by 

{f3} = {
{
J
J
'�
}
} 

= 
_1_ 

+ {je} 
{ivl 

Because for space-independent Pv and Pe: 

we get: 

{ . } 
( 1  - x)Gm 

{ . } xGm Je = and Jv = -

{f3} 

Pe Pv 

1 - x Pv 1 + -- -
x Pe 

By comparing Eqs .  5-55 and 5-60 , we get: 

{a} = {f3} if S = 

(5-58) 

(5-59) 

(5-60) 

The assumption of S = 1 is referred to as the homogeneous flow assumption. 
Generally S ¥= 1 ,  as is discussed in Chapter 1 1 . 

A summary of the relations of x, xsP {a} , and {f3} appear in Figure 5-3 . 

V MIXTURE EQUATIONS FOR ONE-DIMENSIONAL FLOW 

The one-dimensional case is presented first as it is often encountered when describing 
energy equipment, and because it is easier to establish than the multidimensional 
cases. A formal derivation of the one-dimensional equations as a special case of the 
three-dimensional equations is presented in section VII , below . 

A Mass Continuity Equation 

Consider the one-dimensional flow through a plane of an area Az at a position z along 
a channel as illustrated in Figure 5-4. The mass balance equation can be written as : 

or 

fr f J pdAz + :z f J pVz dAz = ° 
Az Az 

(5-6 1 ) 
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Dynamic • Sl ip Ratio 
Properties 

Mass Fraction x .  0 
i 

Density Ratio 0) 
1 

Space Fract ion {,B} • 

CD 

CD 
0) 

CD 

CD 

$ = 

CD 
1 - {a} 1 - x Pv -- = - - $ 

{a} x Pl 

1 - x 1 - x __ st = __ $ 
xst X 

1 - {a} 1 - {,B} 
---w

- = � $ 

1 - {,B} _ 1 - x f!.x. 
{,B} - x p{ 

1 - {a} _ 1 - xst f!.x. 
{a} - xst PI 

1 for Homogeneous flow 

• Static 
P roperties 

• Xst 

G) 
• {a} 

Figure 5-3 Useful relations for one-dimensional fl ow and spatial l y  uniform phase densities. 

where VyZ and Vez = vapor and liquid velocities in the axial direction. Eq. 5-62 can 
also be written as : 

(5-63) 

where Pm and Gm = average mixture density and mass flux over the area Az • defined 
in Eqs. 5-50b and 5-40c, respectively. 

B Momentum Equation 

Consider next the momentum equation, which can be obtained from equating the rate 
of momentum change to the net forces (shown in Figure 5-4 in the axial direction) :  
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/ 
v 9 

Figure 5-4 One-dimensional flow in 
a channel . 

� f f pv,dA, + 
a
7 f f pv;dA, = - f f a: dA, - f TwdP, - f f pg cos lldA, 

at  A 7 a", A z A ,  a", Pl A z  

(5-64) 

where Pz = perimeter of the channel at the location z , and () = angle between the 
axis of the channel and the upward vertical direction. Thus: 

a a 2 2 - {Pvavvz + Pe ( l  - a ) vtz } Az + - {Pvavvz + Pe ( 1 - a ) ve - }  A z  = 
at az � 

( a {p } Az ) f - ----a;- -
p,

Tw dPz - {pva + pe C l - a ) }g COS ()Az 
(5-65 ) 

If it is assumed that the pressure p is uniform within the area Az,  we can write Eq . 
5-65 as: 

a a (G� ) a (pAz) f - (GmAz)  + - � Az = - --- - TwdPz - Pmg cos ()Az 
at az Pm az P, 

(5-66) 

where Pm i s  defined in Eqs. 5-50a and 5-50b and p� = dynamic (or mixing cup) 
density given by: 

1 _ 1 2 2 + = -,., { Pvavvz + Pe e l  - a ) vez } 
Pm Gin 

(5-67) 

Note that because the velocity in a general case has three components, the dynamic 
density is, in effect, a directional quantity. 
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C Energy Equation 

Finally , for the energy balance we get: 

fr J J puc dAz + :z J J phD vzdAz = q' + J J q'" dAz 
Az Az Az 

(5-68) 

where q' = linear heat addition rate from the walls ,  q'" = volumetric heat generation 
rate in the coolant, and the axial heat conduction and the work terms are ignored . 
Note that in this fonnulation there is no expansion work tenn, as the control volume 
is fixed and the surface forces due to pressure and wall shear p and T w are acting on 
a stationary surface . In reality ,  the internal shear leads to conversion of some of the 
mechanical energy into an internal heat source , which is often negligibly small . The 
wall shear stress Tw indirectly affects UO by influencing the pressure in the system. 
Finally , the work due to the gravity force is considered negligible .  A much more 
elaborate derivation is given in section VII . 

Equation 5-68 may be written as: 

� f f ph. dA, + :z f f ph. v,dA, = � f f P(pv) dA,  + q' + f f q'''dA, (5-69) 
Az Az Az Az 

or 

(5-70) 

where p was assumed uniform over Az . Ignoring the kinetic energy of both phases, 
Eq . 5-70 may be written as : 

� (PmhmA,l + :z (G",,:' A,) = (?r) A, + q' + f f q" dA, 
Az 

(5-7 1 )  

where 

1 hm = - {Pvahv + Pe( 1 - a)he} (5-72) 
Pm 

is the static mixture enthalpy averaged over the area A, and: 

(5-73) 

is the dynamic (or mixing cup) average enthalpy of the flowing mixture (similar to 
Eq.  5-52) , which is a directional quantity . 

The balance equations presented above do not impose restrictions on the velocities 
or the temperatures of the two phases . However, various simplifications can be im-
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posed if deemed accurate for the case of interest . For example , if vyZ and vez were 
taken to be equal: 

P� = Pm for equal velocities (5-74) 

and 

h� = hm for equal velocities (5-75) 

Furthermore , when saturated conditions are assumed to apply , Eqs .  5-63 , 5-66 , 
and 5-7 1 in Pm' Gm, hm ' and p can be solved when: ( 1 )  q ' , q"' , and 'Tw are specified 
in relation to the other variables , and (2) the state equation for the fluid Pm(p,hm) is 
used . Note that these equations can be extended to apply to the single-phase liquid , 
saturated mixture , and single-phase vapor flow sections of the channel .  

Various approaches to the specification of 'Tw are discussed in Chapter 1 1 .  
VI CONTROL-VOLUME INTEGRAL TRANSPORT EQUATIONS 

A two-fluid (separate flow) approach is used to derive the instantaneous transport 
equations for l iquid and vapor. Considering each of the phases to be a continuum 
material , we can write the mass , momentum,  and energy equations by applying the 
relations derived for deformable volumes in section IV of Chapter 4 .  

We shall consider two volumes Vy and Ve (Fig .  5-5) , which are joined to obtain 
the two-fluid equations in the total volume , i . e . , 

(5-76) 

A Mass Balance 

1 Mass balance for volume Vko The rate of change of the mass in the control volume 
Vk , depicted in Figure 5-5 , should be equal to the net convection of phase k mass into 
the volume and due to the change of phase . Applying Eq. 4-57 to the control volume 
of the phase k we obtain :  � J J J Pk dV + J J Pk(Uk - Os) . it dS = 0 

Vk Sk 
Let us divide the surface Sk into a fixed surface Akj at the control volume bound
ary (across which convection may occur) and the deformable surface Aks at the 
liquid-vapor interface (across which change of phase occurs) .  Thus we get: � J J J Pk dV + J J Pk (Ok - Os) . Ii dS + J J P�tk - t J . it dS = 0 

Vk AkJ Aks (5-77) 
Rate of mass 
increase in 
the control 
volume 

Rate of mass 
+ loss by 

convection 

Rate of mass 
+ loss by change 

of phase 
= 0 
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-+ 
( AY } 1  

-+ -+ (m) 1 = - (Pyvy"A ) 1 

-+ 
(A e ) 1  

• -+ -+  
(m t ) 1 = - (� vl"A l ) 1 

y 
Vapor Volume V = < a > V y 

• -+ -+ -+ 
'"vs = - { Py ( Vy - vs ) } YS" AY B 

• -+ -+ -+ 
ml s = - { Py ( v ( - vs ) } l s" A { s 

y 

Ay s 

-+ 
A es 

Liquid Volume Vi = ( 1 - < a > }v 

-+ 
(AY } 2  

• -+ -+ 
(my ) 2 = - {PyvyoAy } 2 

h 
z 

-+ 
(A i }2  

• -+ -+  
(mt } 2 = - {Pt v/Af } 2  

Figure 5-5 Mass balance components i n  a two-phase volume. The geometric control volume i s  composed 
of the phasic subvolumes separated by the wavy lines . Single arrows represent vectors, which are positive 
in the direction of the coordinate axes .  Double arrows are scalars, which are positive when adding to the 
control volume content. 

Note that Us = 0 at the Akj surface , as the total control volume is taken as stationary 
and nondeformable. Thus using Eqs . 5- 1 5  and 5-5 , Eq . 5-77 may be written in the 
form: 

d � -+ -+ -+ -+ -+ - [(I\)k Vd + L.J {I\Vk}kj . Akj + {Pk(Vk - Vs)}ks ' Aks = 0 dt j 
(5-78) 

where i\ in the last term = phase k velocity at the vapor-liquid interface , and Us = 
-+ 

velocity of the interface itself. The vector designating an area Ak is normal to the area 
pointing outward of the subvolume containing the phase k .  

Denoting the rate of mass addition due to phase change by mks ' i t  is seen that 

(5-79) 

-+ If (Uk - vshs is positive , its dot product with AkS takes the sign of AkS' The area 
Aks is considered positive if it points in a positive coordinate direction . On a positive 
surface , the right-hand side of Eq . 5-79 renders mks negative , which implies that mass 
is being lost through the surface . 
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2 Mass balance in the entire volume V. Let us now write the mass equation of 
phase k in terms of the total volume and surface area, recal l ing that : 

We can rewrite Eq . 5 -78  as: 

( 5-80) 

Let In k  be the mass of phase k in  the control volume V : 

(5 -8 1 ) 

and liz kj be the mass flow rate of phase k through the area Aj : 
(5-8 2 )  

Note th�t i n  Figure 5 - 5  the vector Ak l  i s  point in� in  a negative directio� , whereas the 
vector Ak2 is in  a positive direction . Hence Uk . Ak I is negative and Uk . A k2 i s  positive. 
The use of the negati ve sign on the right-hand side of Eq . 5-82 makes rn kj posit ive 
for inflow and negative for outflow. We can recast Eq. 5-80 into the form:  

(5-83 ) 

For a mixture we get: 

(5-84 ) 

It should also be remembered that because the frame of reference of the control 
volume is stationary, by usi ng Eq . 4- 1 3 , Eq . 5-83 reduces to 

(5-85a)  

or  

(5-85b ) 

Recognizing that x i s  the flow quali ty, Eq. 5 -85b may be written for a stationary 
control vol ume as: 

For vapor: (5 -86a) 

For l iquid:  (5-86b) 
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3 Interfacial jump condition. Because there is  no mass source or sink at the inter
face, al l the vapor added by change of phase should appear as a loss to the l iquid and 
vice versa. This  describes the interphase "j ump condition." If m I v  is the rate of 

change of phase of liquid into vapor: 

( 5-87)  

It is a lso usefu l  to define the rate of phase addition by a change in state per unit  
volume ( i .e . ,  vaporization or condensation) so that: 

rh ks 
rk = 

V 

From Eq. 5-87, it is c lear that the jump condition can also be written as: 

(5-88 ) 

(5-89) 

4 Simplified form of the mixture equation. The mass balance for the two-phase 
mixture is obtained by combining Eqs. 5 -86a, 5-86b, and 5-87 to obtain an equation 

for the rate of change of the mixture density (p ) : 

or 

where 

a - [ (p)  V ]  = L rizj at  j 

When the phase densities are assumed uniform in the volume, we get : 

(p )  = apv + ( l  - a ) pt 

B Momentum Balance 

( 5-90) 

( 5 -9 1 ) 

(5-25 ) 

(5-92) 

1 Momentum balance for volume Vk• The momentum balance for each phase is an 
appl ication of Newton's  law of motion to the deformable vol umes of the vapor and 

l iquid phases. The forces acting on each volume are i l lustrated in Figure 5-6.  
Applying Eq . 4-60 to the control volume Vk we obtain :  

(5-93 ) 
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---+ 
F j v 

A -----

---+ 
F. 

I t  

• ---+ 
--t--� (meV e ) 2 

Figure 5·6 Control volume momentum balance components. The arrows represent vectors which are 
positive in the direction of the coordinate axes . 

Again, consider the surface Sk to be divided into a number of fixed bounding areas 
(Akj) and a deformable area (Aks) ' Applying the volume- and area-averaging opera
tions , and rearranging the above equation, we get: 

where 

+ L Fjk - L {Pkh;kj + FSk + (Pk)k gVk 
j j 

(5-94) 

(5-95) 

represents the shear forces at all surfaces surrounding the phase except the vapor-liquid 
interface , and: 

FSk = J J ( , \ - Pk I )  . �dS (5-96) 
Aks 

represents the shear and normal forces at the vapor-liquid interface . Equation 5-94 
represents the following balance: 



Rate of 

change of 

momentum 

within 

control 

volume 

= Rate of + Rate of 
momentum momentum 
addition by addition by 
convection change of 

phase 
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+ Net shear + Net pressure + Net shear + Gravity 
forces at forces at and pres- force 
the fixed the fixed sure forces 
boundaries boundaries at the 
Akj Akj vapor-liquid 

interface 

For the stationary control volume Vk , when the velocities Uk are assumed position
independent within the volume and at each area Akj and ASk of the surrounding surface , 
we can reduce Eq . 5 -94 to the lumped parameter form: 

� where uks 

L (n1kUk)j + n1ks ukS + L Fjk 
j j 

L (PkAkhj + FSk + mkg 
j 

(5-97) 

velocity of the vaporized mass at the phase k side of the interface S. 

2 Momentum balance in the entire volume V. When the two volumes Vv and Ve 
are added together to form the volume V, we can recast Eq . 5-94 for the phase k in 
the form: 

L {PkZ\Vk}kj . {ak}jAj - {PkVk(Vk 
j 

(5-98) 
L {Pk}kj{ak}j Aj + FSk + (Pk)k(ak)g V 

where: 

j 

2 

L Vk V 
k = l 

o (because the interface areas are equal but 
have directionally opposite normal vectors) 

Using Eqs . 5-79 and 5-88: 

{ � � � � - PkUk(Uk - UJ}ks . Aks 
then by Eq . 5-82 we get: 

(5-99) 

(5- 100) 

Finally , we can simplify the situation by assuming uniform Pk and Uk within each 
volume , so that the averaging operations are not needed .  Eq. 5-98 can then be written 
for a fixed control volume as: 
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(5- 10 1 )  

The mixture equation i s  obtained by adding the vapor and liquid momentum 
equations (Eq . 5- 1 0 1 ) :  

a � � � [ . � . � ] - [apvvv + ( 1  - a)Pfvf] V = L.J mvvv + meVf j 
at j 

+ r(uvs - U fs) v + 2: (Fjv + Fjf) 
j (5- 102) 

2: [apv + ( 1  - a)Pf]j Aj + Fsv 
j 

3 Interfacial jump condition. If the surface tension force (and hence the surface 
deformation energy) is negligible, no net momentum is accumulated at the interface . 
Thus the net momentum change plus the interface forces can be expected to vanish: 

(5- 103) 

Several assumptions have been used in the literature with regard to uvs and Ufs . 
The most common approaches are as follows . Assume either: 

(5- 1 04a) 

or 

In equation 5- 104a, it is often assumed that 

(5- 1 04c) 

where TJ = 0 if r < 0; or TJ = 1 if r >  O .  
The last formulation avoids penetration of  the interface in a direction not com

patible with r. 

4 Common assumptions. It is common to assume that if the flow area Aj is horizontal 
the pressure would be uniform across the area and hence: 

(5- 105) 

Although this assumption is often extended to all areas irrespective of their inclination , 
it may be a poor approximation for a vertical flow area with stratified flow where 
significant pressure variations due to gravity may exist . 
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The shear forces at the boundary areas Aj are usually assumed to constitute friction 
terms with the wall* that can be considered additive: 

� � � L. (Fjv + Fje) = Fw 
j 

(5- 106) 

5 Simplified forms of the mixture equation. Imposing the conditions of Eqs . 
5- 103 , 5- 105 ,  and 5 - 1 06 on Eq . 5- 102 ,  we get a simplified mixture momentum balance 
equation: 

� [apvUv + ( 1  - a)PeUelV = L. [xUv + ( 1 - x)velilj at j 

+ F w - L. p)j + Pm gV 
j 

� 
where Xj = flow quality in �he direction perpendicular to Aj • 

(5- 107) 

Because the mass flux Gm can be defined for spatially uniform properties as: 

(5 - 108) 
and 

(5- 109) 
� 

It is possible to write Eq . 5- 107 in terms of the mass flux Gm as: 

(5 - 1 10) 

Example 5-3 Modeling of a BWR suppression pool transient 

PROBLEM Consider the simplified diagram of a BWR suppression pool shown in 
Figure 5-7 . The function of the suppression pool is to act as a means of condensing 
the steam emerging from the primary system during a LOCA. In a postulated accident, 
a sudden rupture of a BWR recirculation pipe causes a jet of somewhat high-pressure 
steam-water to enter into the suppression pool from a connecting pipe . This jet is 
preceded by the air initially in the pipe , which is noncondensible . Because of the 
rapid nature of this transient, there is some concern that the water slug impacted by 
the jet may exert a large pressure spike on the bottom of the suppression pool . 

Describe how you would use Eq . 5-94 to obtain an approximate answer for the 
value of the pressure spike . Consider a control volume drawn around the water slug 

* It is assumed that the shear forces due to velocity gradients in the fluid at open portions of the surface 
area are much smaller than those at fluid-solid surfaces .  
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Connecti ng Pipe 

� Su ppressi o n  
Pool 

Figure 5-7 Simplified diagram of the suppression pool in a BWR. 

between the exit of the connecting pipe and the bottom of the suppression pool ,  as 
shown in Figure 5-8 , and make the following assumptions: 

1 .  The nature of this transient is sufficiently fast that a water slug mass does not 
have time to deform from a roughly cylindrical configuration assumed to have 
the same diameter as the connecting pipe . 

2 .  Within the time interval of interest, the momentum of the water within the control 
volume remains fairly constant . 

Air 

..------4, _ _  L _ :� 
Wat e r  , Dp , :� :i 

' ' , ' F , ' 7'  
, ' 
, ' 

� �  '. - - - - - .... 

Figure 5-8 Control volume for analysis of BWR suppres
sion pool pressure spike . 
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3. All the water in the slug is carried to the bottom of the pool , where it is deflected 
to move parallel to the bottom of the pool . 

4. The distance between the connecting pipe outlet and the bottom of the suppression 
pool is on the order of meters . 

SOLUTION Let us consider the terms in Eq . 5-94 for the water slug momentum 
in the vertical direction . 

. d 
< � 

1 .  By assumptIOn 2, - [ Pkvk)Vd = O .  
dt � � 

2. - I.{PkVkVk}kj . Akj = PwV;,.Ap = mVw, where the subscript w = water, and 
j 

mw = downward flow rate of the water. Note here that: 

a. We consider the flow at the pipe outlet because the flow at this part of the control 
volume surface is in the vertical direction . 

b. The sign convention makes the flow positive because it is at an inlet to the control 
volume . 

� � � � 
3 .  - {PkVk(Vk - vs)hs . Aks = 0 because this term represents momentum trans-

fer by change of phase , and there is no phase change between water and air. If the 
air were replaced by steam, this term may become important because of the expected 
condensation . 

4. I. Fjk = 0 = the force exerted on the control volume by shear at the ends 
j 

of the control volume 
� � � D� � � 

5 .  L.J {Pkhj Akj = FR - Pair 1T -4 nz, where FR 
j 

and hz = vertical unity vector. 

force sought at the bottom, 

� � � 6. Fsk = - Fr = - Tkrr Dp LJnz is the shear force at the interface of the water 
slug and the pool . 

7 .  <Pk)k g Vk = 0, as the column is relatively short by assumption 4 .  
Equation 5-94 then becomes 

C Energy Balance 

1 Energy balance for the volume Vko The energy balance for each phase is an 
application of the first law of thermodynamics to the phase subvolume . Equation 
4-63 can be applied to the vapor volume shown in Figure 5-9 to obtain: 
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(rnvu� ) 1 

� � ( q� • Ay )1  

(m.uO( ) t 1 

cJ�' 

. ° mvsuvs 
m UO ( s  (s 

� � 
Pv g · VV 

� --+ ( q� • Av )s 
--+ � ( q( .  A ds 

= - � ( 'r ( - Pt I ) i • �. i 

(myU� )2 
� � ( q� • Ay )2 

Figure 5-9 Forces and heat fluxes at the vapor-l iquid interface. Single arrows represent vectors, which 
are positive in the positive direction of the coordinate axis .  Double arrows represent scalars, which are 
positive when adding to the control volume content. 

(5- 1 1 1 ) 

A heat addition term due to both internal (to the fluid k) and surface heat addition can 
be defined as: 

(5- 1 1 2) 

where q� . iz outward heat flux from the surface . 
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A work tenn due to shear forces can be defined as : (dW) = _ § ( T k . Uk) . � dS dt k , shear Sk 

A work tenn due to the gravity (body) force can be defined as : (dd�) . = - f f f (Pkg . Uk dV) 
k ,gravlty Vk 

(5- 1 1 3) 

(5- 1 14) 

Recalling that the surface S can be divided into a number of fixed bounding surfaces 
Akj and the defonnable interface Aks ' Eq . 5- 1 1 1  can be recast using Eqs . 5- 1 1 2 ,  
5- 1 1 3 ,  and 5- 1 14 in  the fonn: 

Note that 

L {PkUk . �}kj Akj - {PkUk . �} ks Aks 

+ (�;)k (dW) (dW) - - -dt k ,shear dt k .gravity 

(5- 1 1 5) 

The energy balance for Vk (Eq . 5- 1 14) can then be written in tenns of the total 
enthalpy : 

- L {Pk h�(Uk - us) . It}kj Akj - L {pJ)s . it} kj Akj 
j j 

{ 0 � � �} { � �  - Pi< hk(Uk - us) . n ks Aks - Pk Us . n lks A ks (dQ) (dW) (dW) + -- -
- - -dt dt dt . k k .shear k .gravlty 

For a fixed control volume {Z\}kj = 0, then we have 

- L {Pk h�(Uk) . ft}kj Akj 
j 

(5- 1 1 7) 

(5- 1 1 8) 
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For unifonn properties within the volume and at each gate area we can write the 
lumped parameter form of the energy equation (Eq . 5 - 1 1 8) as: 

where: 

� .  0 • 0 (aQ) .LJ(mk hk)j + (m,)zk)s + -
j at k 

- ("a�t ,  - (��)k.g",;" 
(aw) = (aw) + {Pk Us . �hs Aks at k ,c .v .  at k ,shear 

(5- 1 1 9) 

(5- 1 20) 

Note that (aa�) can be written in terms of the work required to change the 
k ,c . v .  

vapor volume given the various forces surrounding the vapor volume. The control 
volume surface and the phase interface area are moving at velocity uj and us ' respec
tively . Thus: 

("a�) = t ("a�) . + ("a�) k ,c .v .  k ,c . v . ,J k ,c . v . ,s 

where for unifonn properties over each area: 

("a�) . k ,c . v . ,J 
and 

Also , the heat addition tenn can be divided into three parts: 

(aQ) . � �" � �" � at 
k 

= Qk - f (qk . nk)jAkj - (qk . nk) s As 

(5- 1 2 1 )  

(5- 1 22) 

(5- 1 23) 

(5- 1 24) 

�n �" 
where qkj and qks = heat transfer rates at the boundary surfaces j and s surrounding 
the phasic volume , respectively ,  in the positive coordinate direction , and Qk = rate 
of volumetric heat generation in the fluid k. 

Let us now substitute from Eqs . 5- 1 22 and 5- 1 24 into 5- 1 1 9 to obtain ,  after 
rearranging the terms: 

(5- 1 25 )  
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Note that the last two terms represent the energy exchange rate between the interior 
of a phase and the vapor-l iquid interface due to change of phase , heat transport, and 
work of surface forces . 

2 Energy equations for the total volume V. The two-phase mixture energy equation 
can be obtained by adding the vapor and liquid equations of 5- 1 25 :  

i (mvu: + meu;) = � [meh; + rilvh:]j at j + Qe + Qv - � (q�ae + (j"Pv)j . lty4j 
j 

� [( T e . ve)ae + ( T v . tv)avlj . It.r4j 

(j dd�) - (d;') + (meh;)s 
v,gravity e ,gravity 

+ (mvh:)s - Hq: + T : '  tv - PvtJ} . Itv� vs 

+ Hq� + T e . Ve - Pets]} . nesAes 
where it has been noted that: 

and 

(5- 1 26) 

3 Jump condition. It should be clear that no energy sources or sinks should exist at 
the interface (when the surface tension is ignored) ,  i . e . , at the interface all energy 
exchange should add up to zero . Applying the conditions: 

we get: 

meih: - h�)s - [(q� - q�)s + ( Tv 0 tv - Te O ve) s - (p v - P e)sVs] 0 ;;v� s = 0 
(5- 1 27) 

Several simplifications can be made . The most common assumption used is that the 
term related to the interfacial forces can be ignored, which reduces Eq. 5- 1 27 to: 

(5- 1 28) 
The terms (q)s and (q�)s have to be externally supplied as constitutive equations . 

Substituting from Eqo 5- 1 27 into Eq o 5- 1 26, the mixture energy equation can be 
written as: 

L [{( 1  - x)h� + xh:}m]j + Q -
j - � � (dW) - � T eff • j . Aj - dt . 

] gravIty 

(5- 1 29) 



162 NUCLEAR SYSTEMS I 

where 

VII ONE-DIMENSIONAL SPACE-AVERAGED 
TRANSPORT EQUATIONS 

In this section the differential form of the space-averaged equations is derived from 
the integral transport equations . No time averagi ng is invoked . 

A Mass Equations 

From Eq . 5-80, when V is considered equal to a small volume AzLlz, we get: 

(5- 1 30) 

In the limit of infinitesimal Liz and for a fixed frame of coordinates , we get: 

(5- 1 3 1 )  

Because Liz has been taken infinitesimally small , the volume average quantities are 
equivalent to the area-averaged ones over the area Az . Note that Tk is then also the 
average over Az - Now, with the application of Eq. 5-30 , Eq . 5- 1 3 1  can be written as : 

a a 
- ({Pkak}Az) + - ({PkVkzak}Az) = TkAz at az 

(5- 1 32) 

By adding the phasic equations (Eq . 5- 1 32) and applying the condition Tv + Te = ° 
we get the mixture equation: 

(5-63) 

where 
(5-50b) 

and 

(5-40b) 

For a constant area channel , Eq . 5- 1 32 leads to the following equations for vapor and 
liquid: 

Vapor (5- 1 33a) 

Liquid (5- 1 33b) 
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B Momentum Equation 

From Eq . 5-98 , when V is considered equal to AzLlz and the limit of infinitesimal 
volume is applied we get for a fixed frame of reference: 

(5- 1 34) 

where: 

(5- 1 35) 

(5- 1 36) 

(5- 1 37) 

If we again apply Eq . 5 -30 we get: 

a a 2 _ � � - ({PkVkzak}AJ + - ({PkVkzlrk}Az) - {rk vks . n z}Az  at dZ 
-:.." � } a } { � '" � } { } � � + {rwk . nz Az - - ({Pkak z Az) + Fsk ' n z  . Az  + PJPk g . n;\z  az 

(5- 1 38) 

By adding Eq . 5- 1 38 as applied to each phase and applying the jump condition 
at the interface: 

(5- 1 39) 

we get: 

where 

a a (G�Az) - (Grrt4J + - -
at dZ P;:; 

d - ({p}AJ - Prr8Az cos () (5- 140) 
dZ 

(5-67) 

.,-.I" �'" � �'" � r wz == - (F wv • nz + F we . nJ (5- 1 4 1 )  

(5- 142) 

and (J is the angle between the flow direction and the vertical direction . 
The assumption of Pv = Pe = P can usually be applied in well mixed one

dimensional two-phase flow . Special relations are developed to relate F:z to the aver
age flow parameters such as Gm and Pm ' It should be noted that F:z is the net force 
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per unit volume due to shear forces at the walls . Thus it can be obtained from: 

(5- 1 43)  

where the shear stress at the walls (Tw) is a function of the flow conditions , as i s  
discussed in Chapter 1 1 .  

C Energy Equations 

Again considering V = Az.dz and the limit of infinitesimal .dz. we can get from Eq . 
5 - 1 1 8  a one-dimensional energy equation. Let us recall that: 

and 

Note that 

(dQ) Iff m j( �" � dt qk dV - Jj' qk . n dS 
k Vk Sk 

* ( T k . Ok) . �k dS 
Sk 

Then for a fixed frame of reference we get: 

a 
{ 

a
} 

a 
{

a 
} {

a { al:tk} - ( PkUkl:tk Az) + - ( PkhkVkzl:tk AJ = r 0kJAz - Pk - Az at az at 

+ {q� l:tk}Az - (q�kl:tWkP w) - (q�k Ps) - :z (q�zl:t0J 

a + - ({(TltzVlt)k + (TyzVY)k + (TzzVJkh{l:tk}AJ - {Pkg Vkz l:tk}Az az 

(5- 1 1 2) 

(5- 1 1 3) 

(5- 144) 

(5- 1 45) 

where q�k = heat flux from phase k to the wall in the Az plane , P w = wall perimeter 
in the Az plane, and Ps = interphase perimeter in the Az plane . 

For one-dimensional flow in a uniform area channel , Az is constant . The axial 
heat conduction and the shear effect are small so that both can be neglected . In 
addition , Pk may be assumed constant in the channel ,  i .  e . , Pv = P e = p. Thus Eq . 
5- 145 can be reduced to: 

(5- 146) 
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where Q:k is given by : 

Q* {�" } � A IV {�J" � p IA s k = - qk s • nks sk = q s · n s z 

and where the jump condition is given by : 
2 

2: (rkh�s + Q:k) = 0 
k = l 

(5- 147) 

(5- 148) 

For the one-dimensional mixture equation we add the phasic equations to obtain 

a { [ 1 2 ] } a { [ + 1 2 + ] } _ at Pm hm + "2 (U )m - p + aZ Gm hm + "2 (U )m -

where 

Pm = {avpv + aePe} 
Gm = {avpvuvz + aePeUeJ 
hm = {Pvhvav + Peheae} I Pm 
h + 

m = {Pvhvuvzav + Peheuezae}/Gm 
(u2)m = {avpvu� + aePeu'i} I Pm 
(U2)� {avpvu� + aePeu�}/Gm '" 

= q: av + q; ac qm 

(5- 149) 

(5-50b) 
(5-40c) 
(5- 1 50) 
(5- 1 5 1 )  
(5- 1 52) 
(5- 1 53) 
(5- 1 54) 

When Ukz is uniform within Az• it is possible to obtain an equation for the kinetic 
energy of each phase by multiplying the one-dimensional momentum equation for the 
phase (Eq. 5- 1 38) by ukz to get: ( aPkak aukz aPkakukzAz aukZ) Vkz ukz -- Az + PkakAz - + ukz + PkakUk�z - = at at az az 

(5- 1 55) 

The left-hand side (LHS) can be simplified using the mixture mass balance equation 
to: 

(5- 1 56) 

Hence by adding to the left-hand side the term: 

V;' (� """'k + :z """'kVk - F'k) A, 



Table 5-3 One-dimensional transport equations for uniform density within 
each phasic region 

Mass equations 

Phase 

JUlIlp cOlJditio/l 

Mixture 

where Pill = [ PI a l  + [ PI ( 1 - a ) } 

G = { PI v" l a }  + { PI vl / (  1 - a ) } 

Momentum equations 

Phase 

Jump conditiolJ 

L ( r, i\, . iiI + F:� . iiI ) = 0 
< = 1  

Mixture 

where: 

{ p I  == PJ·:t. + PI ( I - 0' )  

Energy equation 

Phase 
o il ila 

-;- { Pk ll �ad A I  + -;-- {p, h� v'IO'd A, = rk h�, A ,  - P -. -' A I 
r)t ri .:: 0 ':: 

+ {(le'ad A ,  - q:: , allk P" - { PU ? vk/ak ! A ,  + { Q:, } A ,  

Jump 

L ( r, h �, + Q�J = 0 
k = 1  

Mixtllre 

where 
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If we add the equations of kinetic energy for vapor and liquid we get: 
() () Tt Pm[( I '� )/2]A z  + ()z Gm[( L, 2 )�/2]A z  = - l'vzF:.::vz A z  + LJIzF�>zA z  ( apav apae) Vvz -- + Vez -- Az - (pvavvv� + Peaeve�)Az az az 

.. .. .. ..... .. r "  .. .. ... 
+ vvz ' [rv(vvs - vvz) + FsvlAz + v ez ' [ e<ves - v eJ + FselA z 

(5- 1 57) 

(5- 1 58) 

Let us simplify by assuming that the last two terms can be dropped owing to cancel
lation of each other. Then, by substracting Eq. 5- 1 58 from Eq . 5 - 149 ,  we obtain an 
energy equation for the mixture enthalpy: 

a a + a; (Pmhm - p)Az + az 
(GmhmAz) (rI" apay) + vyZ rwvz + Tz Az (5- 1 59) (I!" apae) + vez wfz + Tz Az 

Equation 5- 1 59 is an approximate one , as a term pertaining to the kinetic energy 
exchange at the liquid-vapor interface was neglected . However, it is interesting to 
note that the gravity term has dropped from the equation . The last two terms are the 
heat addition terms , included because of wall friction and static pressure changes . 
When these terms are small ,  and for models where the vapor and liquid velocities are 
not easily identifiable ,  it is possible to approximate the energy equation as: 

a a + a; [(Pmhm - p)Az] + az (GmhmAJ 
Gm ( rI" ap) 

+ - rwz + - Az Pm az 

(5- 1 60) 

Table 5-3 summarizes the one-dimensional relations for a single-phase situation as 
well as for the two-phase mixture . 

REFERENCES 

1 .  Collier, 1 .  G. Convective Boiling and Condensation (2nd ed . ) .  New York: McGraw-Hill ,  1 980 . 
2. Delhaye, 1. M . ,  Giot , M . ,  and Reithmuller, M. L. Thermodynamics o/ Two-Phase Systems /or Industrial 

Design and Nuclear Engineering. New York: McGraw-Hi l i ,  1 98 1 .  



168 N UC L EA R  SYSTEMS I 

3. Ishi i ,  M .  Thermo-fluid Dynamic Theory of Two-Phase Flow. Eyrolles, Paris: Scientific and Medical 
Publications of France, 1 975 . 

4. Martinell i ,  R. c. , and Nelson, D. B .  Prediction of pressure drop during forced circulation boiling of 
water. Trans . ASME. 49:695-702, 1948 . 

5. Sha, W. T . , Chao, B .  T . , and Soo, S .  L. Time Averaging of Local Volume-Averaged Conservation 
Equations of Multiphase Flow. ANL-83-49, July 1 983 .  

6. Vernier, Ph . ,  and Delhay, J .  M .  General two-phase flow equations applied to  the thermohydraulics of  
boi ling water nuclear reactors . Energie Prima ire 4:5-46, 1 968. 

7 .  Wallis, G .  B. One Dimensional Two-Phase Flow. New York: McGraw-Hil i ,  1 969 . 

PROBLEMS 

Problem 5-1 Area averaged parameters (section IV) 
In a BWR assembly it is estimated that the exit quality is 0 . 1 5  and the mass flow rate is 1 7 . 5  kg/s o  

I f  the pressure is 7 . 2  MPa, and the slip ratio can b e  given a s  S = l . 5 ,  determine {a} , {13}, {JJ , G y  and 
Gc. The flow area of the assembly is 1 . 2 x 1 0- 2 m2. 

Answers: 

{a} = 0 .6968 
{13} = 0 .775 1 
{JJ = 5 . 80 m/s 
Gy = 2 1 8 . 75 kg/m2 s 
Gt = 1 239 .6 kg/m2 s 

Problem 5-2 Momentum balance for a two-phase jet load (section V) 
Calculate the force on a wall subjected to a two-phase jet (Fig . 5- 10) that has the following parameters: 

Mass flux at exit (Gm) = 10 . 75 X 103 kg/m2 s 
Exit diameter (D) = 0 . 3  m 
Upstream pressure (p) = 7 . 2  MPa 
Pressure at throat (Po) = 3 .96 MPa 
Exit quality (xo) = 0 .68 
Slip ratio (So) = 1 .5 PiPe� 

o 

Figure 5-10 Two-phase jet impact
ing a wal l .  
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o 
3 

o 

Figure 5-11 Plan view of a high

pressure tube. 

Problem 5-3 Estimating phase velocity differential (section I V )  
A vert ical tube i s  operating a t  h igh-pressure conditions a s  follows ( Fig.  5- 1 1 ) :  

Operating COllditiolls 

Pressure ( p )  = 7 .4 M Pa 

Mass flux ( G )  = 2000 kg/me s 

Exit quality C'e ) = 0.0693 

Geometry 

D = 1 0.0 mm 

L = 3 .66 m 

Saturated water properties at 7.4 MPa 

hr = 1 33 1 . 3 3  kJ/kg 

hg = 2759.60 kJ/kg 

hrg = 1 448.27 kJ/kg 

Vf = 0.00 1 3 8 1  m'/kg 

Vg = 0.02390 m'/kg 

Vfg = 0.02252 m'/kg 

Assuming that thermal equil ibrium between steam and water has been attained at the tube exit ,  find:  

1 .  The tube exit  cross-sect ional averaged true and superficial vapor velocit ies;  i .e . ,  find I v, L and U } · 

2. The difference between the tube exit  cross-sectional averaged vapor and l iquid velocit ies;  i . e . ,  find 

I vv L - I VI L at the exit .  

3 .  The difference between the tube exi t  cross-sectional averaged vapor and l iquid superficial velocities; 

i .e . ,  find If· } - UI } '  
Answers: 

1 .  I VI L  = 7 .45 mis, {i, } = 3 . 3 1 m/s 
2. 2 .83 m/s 

3 .  0.74 m/s 

Problem 5-4 Torque on vessel due to jet from hot leg break (section V )  

Calculate the torque o n  a pressure vessel when a break develops i n  the hot leg as shown in  Figure 
5- 1 2 . The condit ions  of the two-phase emerging jet are: 

Gcr = 1 0.75 X 1 0' kg/me s 

Xcr = 0.68 
L = 5m 
Angle () = 70° 
S = 1 .5 

Po = 3 .96 M Pa 
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p = 7 . 2  MPa 
Flow area at the rupture "'" 0 .08 m2 

Answer: Torque = 2 .8  MN .m 

L Figure 5-12 Two-phase jet at a pipe 
break. 

Problem 5-5 Interfacial terms in the momentum equation (section VI) 

as: 

In a two-fluid model the momentum equation of the vapor in one-dimensional flow may be written 

a a � 
- (apY.A) = - - (aGY-A) + rA Vvs - - A  - F wv - F sv - aPvg A cos f) at dZ az 

where r = rate of mass exchange between vapor and liquid; F wv = rate of momentum loss at the wall 
due to friction; A = flow area; Vvs = vapor velocity at the l iquid-vapor interface; and Fsv = rate of 
momentum exchange between vapor and liquid. 

Given the following: 

Steady-state flow conditions in a tube 
Tube diameter is D 
Uniform axial heat flux q" 
Annular flow conditions prevail 

l .  Write appropriate mass balance and energy balance equations for vapor to complete the model . State 
any assumptions you made. 

2. Provide an expression for r. Justify your answer. 

4q" 
Answer: 2. r = Dhfg 



CHAPTER 

SIX 

THERMODYNAMICS OF NUCLEAR ENERGY 
CONVERSION SYSTEMS : NONFLOW AND STEADY 

FLOW: FIRST AND SECOND LAW APPLICATIONS 

I INTRODUCTION 

The working forms of the first and second laws for the control mass and control 
volume approaches are summarized in Table 6- 1 .  There are many applications of these 
laws to the analysis of nuclear systems . It is of prime importance that the reader not 
only develop the proficiency to apply these laws to new situations but also recognize 
which approach (control mass or control volume) is more convenient for the formu
lation of the solution of specific problems . 

The elementary application of these laws avoids the time-dependent prediction of 
parameters . Usually processes are either modeled as nontransient by specifying the 
initial and end states or as steady-state processes . This choice is not dictated by 
inherent limitations in the first and second laws but , rather, by the complexity involved 
when describing the heat and work rate terms , Q and lV, which appear in these laws .  
For example , the analytic description of Q requires definition of the heat transfer rates 
which , in many processes , are complex and available in empirical form only . 

Nonflow and steady-flow processes are discussed here. Variable-flow processes 
are discussed in Chapter 7 .  The examples analyzed in this chapter as non flow processes 
are essentially transient processes . However, as for any engineering analysis ,  it is 
important to consider the question posed and then to model the process in the simplest 
form, consistent w�th the required objective and the information available . Therefore 



Table 6-1 Summary of the working forms of the first 
and second laws of thermodynamics 

Parameter 

Control mass 

Control volume 
(stationary ) 

First law 

(Eq . 4- 19a) 

For a process involving finite changes 
between states 1 and 2, Eq. 4- 1 9a 
becomes 

if kinetic energy differences are 
negligible 

(Eq . 6- 1 )  

Convention: Wout and Qin are positive 

Control Mass 

I 
2: mi(h� + gZ i) + Q + Qgen ;; 1 

- "'Shaft - "' nonnal - W shear 
(Eq. 4-39) 

Neglecting shear work and differences in 
kinetic and potential energy, and treating 

Qgen as part of U, Eq . 4-39 becomes 

I 
(jc v. = 2: mihi + Q i= I (Eq . 6-2) 

- "'shaft - "'nonnal 
Convention: Wout and Qin are positive 

Second law 

S· S· + 
Qc.m. c . m .  = gen (Eq . 4-25b) 

where Ts is the temperature at which 
heat is supplied 

I Q 2: nlisi + Sgen + 
;= 1 Ts 

(Eq . 4-4 1 )  
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Table 6-2 Examples covered in Chapters 6 and 7 

Process 

Nonflow 

Steady flow 

Nonsteady flow 

Control mass 

Ch. 6, Sect . II: expansion work 
from a fuel--coolant interaction 
process 

Ch. 7, Sect . II :  reactor containment 
pressurization from loss of coolant 
accident 

Control volume 

Ch . 6, Sect. IV: reactor system 
thermodynamic efficiency and 
irreversibil ity analysis 

Ch . 7, Sect. II: reactor containment 
pressurization from loss of 
coolant accident 

Ch . 7, Sects . III and IV: pressurizer 
response to load change 

when illustrating the control mass and control volume approaches , the examples are 
modeled in different ways to obviate or include the time-dependent description of the 
relevant rate processes . In doing SO , the differences in the results achieved when 
complex processes are modeled in these fundamentally different ways are illustrated . 
Table 6-2 summarizes the approaches and examples covered here and in Chapter 7 .  

II NONFLOW PROCESS 

The essential step in the nonflow approach is to carefully define the control mass and 
the sign convention for the interactions .  A sketch of this control mass, complete with 
the relevant energy flows is useful . Also desirable is a state diagram using suitable 
thennodynamic properties of the initial and final equilibrium states of the process the 
control mass undergoes . Finally , if the control mass undergoes a known reversible 
process , it is useful to represent the process path on the state diagram. 

To determine the energy flows, it is necessary to specify the time base over which 
the analysis is applicable . Usually a fixed time period is not specified; rather, it is 
stated or implicitly assumed that the analysis applies over a period sufficient for a 
desired transition between fixed thermodynamic states for the control mass. In that 
way we do not explicitly involve the rate processes that would require detailed heat 
transfer and fluid mechanics infonnation . The price for this simplification is that we 
do not learn anything of the transient aspects of the process , only the relation between 
the end states and ,  if the process path is defined , the work and heat interactions of 
the control mass . 

The first law (Table 6- 1 )  for a control mass undergoing a process involving finite 
changes between state " I "  and state "2" is 

(6- 1 )  
�here positive W = work done by the control mass, and positive Q = heat transferred 
mto the control mass .  

As an illustration of application of this law to a control mass , let us examine the 
thennal interaction between a hot liquid and a more volatile cold liquid . This phe-



174 NUCLEAR SYSTEMS I 

nomenon , a molten fuel-coolant interaction , is of interest when evaluating the integrity 
of the containment under hypothetical accident conditions . It can be postulated to 
occur in both light-water- and sodium-cooled reactors only in unlikely situations . In 
both reactors , the hot liquid would consist of the molten fuel , cladding , and structural 
materials from the partially melted core; and the volatile, cold liquid would be the 
coolant, water, or sodium. We are interested in evaluating the effect of this interaction 
on the containment by calculating the expansion work resulting from the mixing of 
these hot and cold l iquids . The relevant properties for these materials are presented 
in Table 6-3 . 

To estimate this expansion work, assume that the process occurs in two steps . In 
the first step, an equilibrium temperature is found for the fuel and coolant under the 
condition of no expansion by the more volatile coolant or the fuel . This constant
volume condition is reasonable if the thermal equilibration time is small (:=; 1 ms) , 
which , however, is not the case if film boiling occurs when the fuel mixes with the 
coolant .  In the second step, work occurs when the coolant and fuel are assumed to 
expand reversibly to a prescribed state . This expansion may take place : ( 1 )  without 
heat transfer between the fuel and the coolant; or (2) with heat transfer between the 
fuel and the coolant so that thermal equilibrium is maintained during the expansion .  

With these somewhat artificial prescriptions for the interaction, we  have implicitly 
prescribed time periods for the two steps by defining the intennediate state ( i . e . , that 
corresponding to the equilibrium temperature at the initial volume) and the final state . 
In this manner the truly transient fuel-coolant interaction process has been idealized 
as a non flow process . In fact, these time periods are not real because the processes 
occurring during the two steps are not physically distinct. Furthermore , there are heat 
transfer and expansion work rates that characterize this process . However, for con
venience , our idealization of this process between end states allows us to establish 
conservative bounds on the expansion work . The analysis of this process that follows 
generally adopts the approach of Hicks and Menzies [ 1 ] .  

A Fuel-Coolant Thermal Interaction 

1 Step I: Coolant and fuel equilibration at constant volume. We may define either 
one control mass,  consisting of the combined mass of the fuel and the coolant, or two 
control masses ,  one consisting of the mass of the fuel and the other consisting of the 
mass of the coolant. We choose the second representation because it is easier to define 
the T-s diagrams for a one-component (two-phase) fluid ( i .e . , the coolant or fuel 
alone) then it is to define the T-s diagram for the two-component coolant-fuel mixture . 

The control masses do not provide work to the environment during the constant
volume thennal equilibration process. To analyze the interaction conservatively , we 
assume that all the heat transferred from the fuel during the process is transferred to 
the coolant. Finally, because the thennal equilibration process is so fast , the decay 
heat generation rate is low enough to be neglected during the process . With these 
assumptions , the control mass and the process representation for the coolant alone 
may be sketched as in Figure 6- 1 .  
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The Control Mass 

(Coolant) 

constant 
votume ,
process � 

a 

e 

E ntropy, S 

Process Representation 

Figure 6-1 Coolant control mass behavior in the constant-volume thermal interaction with fuel: step I . 

To evaluate Q, we identify the fuel as another control mass undergoing a constant
volume cooling process to the equil ibrium temperature . Analogous sketches for this 
fuel control mass are shown in Figure 6-2 . 

Expressing the first law for each control mass , undergoing a change of state from 
1 to e ,  neglecting potential and kinetic energy changes we obtain: 

The Control Mass 

(Fuel) 

Coolant LlEe 
Fuel LlEf 

W1 -+e = 0 

°1 -->e 

ilUe = 
ilUf = 

I-
Q) 
:; � 
Q) a. 
E 
Q) 

t-

QI-e (6-3a) 

- Q I->e (6-3b) 

Constant 

;0 
Volume � 
Process , 

a 
e 

Entropy , S 

P rocess Representation 

Figure 6-2 Fuel control mass behavior in the constant-volume thermal interaction with coolant: step 1 .  
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Using the state equation that expresses internal energy as a function of temperature , 
we obtain: 

�UC = mcCVc (Te - T,) 
�Uf = mrCvr (Te - T,) 

The interaction process of the combined coolant-fuel system is adiabatic .  

Hence: 

or: 

(6-4) 

Because this equilibrium state is to the left of the saturated liquid line on a T -s plot 
for each component, the static quality of each fluid is by definition either 1 .0 or 0 
depending on whether Te is above or below the critical temperature . 

Example 6-1 Determination of the equilibrium temperature 

PROBLEM Compute the equilibrium temperature achieved by constant volume 
mixing of ( 1 )  sodium and mixed oxide (U02- 1 5  weight percent Pu02) and (2) water 
and U02 for the parameters of Table 6-3 .  

SOLUTION For the sodium and mixed oxide Eq . 6-4 yields: [40,000 (560)] 
3 100 + 600 

3500 ( 1 300) 

40,000 (560) 
1 + 

3500 ( 1 300) 

Because the critical temperature of sodium is 2733°K,  (xst)e = O .  The quality is 
unsubscripted with regard to coolant versus fuel because the fuel remains a subcooled 
liquid in the examples of the fuel--coolant interaction in this chapter. For simplicity 
the subscript Sf is deleted in the remainder of this section . For the water and U02 
combination :  [40 ,000 (560)] 

3 100 + 400 
400 (4 1 84) 

1 + 40,000 (560) 
4000 (4 1 84) 

1 .0, as Te is above the critical temperature of water, 647°K . 
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2 Step II: Coolant and fuel expanded as two independent systems, isentropically 
and adiabatically. Consider the fuel and the coolant each undergoing an adiabatic , 
isentropic , and hence reversible expansion . Let us first estimate the work done by the 
coolant when expanding to 1 atmosphere . The control mass and the process repre
sentation for the coolant are shown in Figure 6-3 . 

Note that when expanding to the final state (state 2) some coolant remains in 
liquid form. Assume that this l iquid occupies negligible volume and is incompressible . 

From the first law for our control mass neglecting potential and kinetic energy 
changes we obtain: 

(6-5) 

In order to obtain an analytic solution for the We2 ' the internal energy is next expressed 
by an approximate equation of state , which allows for expansion into the two-phase 
region. Thus the change in internal energy is expressed as: 

(6-6) 

where Ufg = ug - uf, hfg = hg - hf' and vfg = Vg - v6 Cv and cp without further 
sUbscript refer to liquid specific heats, whereas vapor specific heats are designated 
cv, and cp, ' Considering the change in specific internal energy (Llu) as defined in Eq . 
6-6 , the work We�2 can be written as: 

- meLlu = - me (u2 - uJ (6-7) 
mJcvCTe - T2) + xe(hfg - PV fg)e - Xihfg - pvfg) zl  

If we neglect the liquid volume at state 2 ,  this equation can be written as : 

We�2 = me{cvCTe - T2) + [(xhfg)e - (xhfgh] - [(xpv fg)e - (xpv g) 2]} (6-9) 

The Contro l Mass 

(Coolant) 

e 
Constant <;> 

Entropy : 
Process I 

E nt ropy . S 

Process Representation 

Figure 6-3 Coolant control mass behavior in the adiabatic .  isentropic expansion: step II .  
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To evaluate We�2 ' we must first determine x2 , which is done as follows . For a pure 
substance the following relation exists between thennodynamic properties for two 
infinitesimally close equilibrium states: 

Tds = dh - vdp (6- 1Oa) 

which for an isentropic process can be rewritten as: 

(6- 1Ob) 

Analogous to the treatment of the internal energy by an approximate equation of state 
(Eq . 6-7) ,  take hfg and cp independent of temperature over the range of interest and 
express the enthalpy change for this isentropic expansion as: 

Neglecting the liquid specific volume and applying the perfect gas result : 

RT 
V = V + xv = xv = x -f � g 

P 
In an isentropic process , the differential of peT, s) is 

dp = (!�), dT 

(6- 1 1 )  

(6- 1 2) 

If we assume state e is almost at the saturation line , so that the expansion is almost 

totally under the saturation dome , we can express (:�), util izing the Clausius-

Clapeyron relation , which links parameters along the saturation line to the enthalpy 
and volume of vaporization . Hence: 

dp = (ap) dT = (ap) dT = hfg dT = phfg dT aT s aT sat TVfg RT2 (6- 1 3 )  

where the last step uti lizes the assumptions of  Eq . 6- 1 2 .  Substituting Eqs . 6- 1 1 ,  
6- 1 2 , and 6- 1 3  into Eq . 6- 1 0  and a rearranging , we obtain :  

which can be written as : 

dx dT dT hfg T + cp T - hfg X T2 = 0 

d (�) = _ :;. d: 
where hfg and cp have been taken constant. 

Integrating this result between the initial equilibrium temperature of the fuel and 
coolant and the final coolant temperature , we obtain the expression defining X2 in 
terms of the fuel/coolant equilibrium temperature and the final coolant temperature . 
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(6- 1 4) 

The work has been calculated for expansion of only the coolant . Next consider 
the work from the fuel as it reversibly changes volume . The fuel cooldown to a partial 
pressure which is negligible consistent with a total pressure of one atmosphere would 
terminate at a temperature different from that achieved in the coolant-only expansion , 
as Figure 6-4 illustrates . However the work associated with fuel cooldown is small 
because the fuel remains a subcooled liquid . Hence , it is not evaluated here . 

Example 6-2 Determination of final quality and work done by sodium coolant 

PROBLEM Evaluate the final quality (x2) and the work done by the coolant for the 
sodium case taking the final state (state 2) as the saturation temperature ( 1 1 54°K) at 
1 atmosphere . Use the properties of Table 6-3 . 

SOLUTION Util izing Eq. 6- 14 and xe = 0 from Example 6- 1 yields: [ 1 300 2678J X2 = 1 1 54 0 + 2 . 9( 106) In 1 1 54 = 0 .435 

Returning to Eq . 6-9 , the expansion work done by the coolant is: 

where: 

and 

W = 3500[ 1 300(2678 - 1 1 54) - 0 .435(2 .9)( 1 06) 
+ 0 .435( 1 .0 1 3)( 105)4. 1 1 ] = 3 1 53 MJ 

361 ( 1 1 54) 
1 .0 1 3  X 1 05 

Xe = o .  
Examination of  the water-fuel case for the properties given in  Table 6-3 using 

Eq . 6- 14  shows that the final state is superheated . Because the equilibrium condition 
has been already shown to be supercritical , use of Eq . 6-7 is inappropriate and Eq . 
6-9 for the expansion work must be rederived. 

3 Step III : Coolant and fuel expanded as one system in thermal equilibrium, 
adiabatically and isentropically. Let us now calculate the work considering that the 
sodium and the fuel remains in thermal equilibrium as the mixture expands adiabati
cally and isentropically to the final pressure . This process furnishes the upper bound 
of the expansion work . In this expansion process the coolant-fuel system expands 
adiabatically and isentropically in thennal equilibrium . Consequently , heat is being 
removed from the fuel and added to the coolant so that the coolant entropy increases 
and the fuel entropy decreases an equal amount. Hence the coolant passes into the 
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Entropy, S 

p = 1 bar 

Saturation 
Line 

Entropy, S 

Figure 6-4 Fuel control mass and coolant control mass behavior in the adiabatic isentropic expansion: 

step II. 

two-phase region and may achieve a superheated vapor state . On the other hand, the 
fuel remains a subcooled liquid throughout the expansion process because the equi
librium temperature is below the fuel boiling point even at 1 atmosphere . The control 
mass and process representations for the coolant and for the fuel as separate control 
masses are shown in Figure 6-5 , which illustrates the entropy increase of the coolant 
and the equal entropy decrease of the fuel . For illustration , the final coolant state is 
shown as superheated vapor. The work (We .. 2) is the expansion work performed by 
the coolant-fuel system. Although the entropy of each component of the mixture 
changes ,  the entropy of the mixture is constant, as Figure 6-5 illustrates . 

In the analysis we assume that the liquid phase of each component occupies 
negligible volume and is incompressible . Eq . 6-5 is the relevant first-law fonnulation 
but now is applied to the mixture . Considering the mixture specific internal energy 
(urn), Eq. 6-5 is written as: 

We .. 2 = - mm.1um = - (mcL1uc + mfL1uf) (6- 1 5) 
To express the coolant internal energy change (L1Ue> , the final state of the coolant 
(i .e . ,  whether it is a two-phase mixture or a superheated vapor) must be known . 
Therefore we must evaluate the final coolant quality (x2) to see if it is less than or 
greater than unity . (Note that there is no need to subscript the quality as xc, , as the 
fuel is always a subcooled liquid . )  To do so, we repeat the procedure of Section 2 ,  
but now consider the mixture expansion as  adiabatic and isentropic . 

Expressing Eq. 6- 1 0a for the mixture in this isentropic process: 

Tmdsm = dhm - vm dPm = 0 
From the definition of mixture enthalpy 

(mccp + mfcp).1T + mcL1 (x hfg) L1hm = --��' ----��------------� 
me + mf 

(6- 1 6) 

(6- 1 7) 



..
. 

QC
 

N
 

Th
e 

C
on

t ro
l  M

as
s 

(C
oo

la
nt

- F
ue

l)  

Qe
�2

 = 
0 w e

�2
 

Co
ol

an
t P

ro
ce

ss
 R

ep
re

se
nt

at
io

n 

T T 

2 I
 _-

---
�

---
---

S 
(= 

mc
sc)

 

e 

Sa
tu

ra
tio

n 
Lin

e 

S 
(= 

mf
sf) 

Fu
e l

 P
ro

ce
ss

 R
ep

re
se

nt
at

io
n  

F
ig

ur
e 

6·
5 

C
oo

la
nt

-
fu

el
 c

o
nt

ro
l 

m
as

s 
an

d 
co

o
la

nt
-

fu
el

 i
nt

er
ac

ti
o

n 
d

ur
in

g
 t

he
 a

d
ia

ba
ti

c
, 

is
en

tr
o

p
ic

 c
o

nt
ro

l 
m

as
s 

ex
p

an
si

o
n

: 
st

ep
 I

I.
 

T 

<p e
 

, 26
 

En
t ro

py
, S

 (=
 m

f5t 
+

 m
csc

) 
M

ixt
ur

e 
P r

oc
es

s 
Re

pr
es

en
ta

tio
n 



THERMODYNAMICS OF NUCLEAR E NERGY CONVERSION SYSTEMS 183 

Differentiating , assuming hfg constant: 

(meCp + mfcp)dT + m�fgcdx 
dhm = __ �c� __ �� ______ -=� 

me + mf 
(6- 1 8) 

Neglecting the fuel volume and the liquid coolant volume: 

xme Vgc xReT ( me ) vm = me + mf 
= p me + mf 

(6- 1 9) 

Utilizing the Clausius-Clapeyron relation in the same manner as previously , reexpress 
Eq. 6- 1 3  for the mixture as follows noting that the fuel remains as a subcooled l iquid: 

dp = 
( ap) dT = 

phfgc dT (6-20) m aT R � sat e 

Substituting the above three relations into the state principle (Eq . 6- 16) and rearrang
ing , we obtain: 

Integrating this result between the initial equilibrium temperature 
coolant and final mixture temperature, we obtain: 

_ [Xe (meCPc + mfcpr) Te] x2 - T2 - + In -
Te mehfgc T2 

(6-2 1 ) 

of the fuel and 

(6-22) 

If evaluation of X2 indicates that the final state is a superheated vapor, i . e . , X2 > 1 ,  
.1ue is written as : 

.1ue = .due (Xe = 0 to X = 1 )  + .due (X = 1 to the actual state 2) 
which can be written as follows utilizing Eq. 6-7 and the numerical values of xe 
and x: 

(6-23) 
where T = temperature corresponding to x equal to unity , and the subscript on Cv in 
the second term explicitly indicates that the coolant is in vapor form. 

The change in fuel internal energy is 

where CVf is the specific heat at constant volume for liquid fuel . 

(6-24) 

To evaluate .due and .duf, the final temperature (T2) must be determined in the 
sUperheat region. It is done again using the state principle (Eq. 6- 1 6) but now con
sidering only that portion of the expansion process in which the coolant state is a 
sUperheated vapor. Therefore Eq. 6- 1 8  is written as : 

(meCp" + m rCp) dT 
dhm = --��----�--

me + my 
(6-25) 
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where again cpvc explicitly indicates that the coolant is in vapor form , and Eq . 6- 1 9  
i s  written for x = 1 as: 

(6-26) 

Substituting Eqs . 6-25 and 6-26 into Eq. 6- 1 6 , we obtain the following relation be
tween mixture temperature and pressure: 

(mccp" + mfcpr) dT = dp 
mflc T p 

Integration of Eq . 6-27 to the unknown final state P2' T2 yields: 

T, = T t,) I /" 

(6-27) 

(6-28) 

where n = the term in brackets in Eq . 6-27 , which can be written in terms of coolant 
vapor properties as : 

(6-29) 

Although T (x = 1 ) can be determined by expressing Eq . 6-22 for x = 1 and this 
corresponding T, the corresponding P is  the coolant partial pressure , not the mixture 
pressure . However, because the fuel is liquid ,  its partial pressure is negligible . There
fore we can evaluate T2 from Eq . 6-28 with negligible error. Finally , returning to 
evaluation of the expansion work, it can be expressed by applying Eqs . 6-23 and 6-24 
to 6- 1 5 ,  yielding: 

W = W(to x = 1 ) + W(x = 1 to T;) = mc[c v(Te - T) - h fg + Rl1 c (6-30) 
+ mfcVf(Te - T) + mccvJT - T2) + mfcvr(T - T:0 

where the coolant vapor is taken as perfect gas allowing (pv) to be replaced by ReT. 

Example 6-3 Determination of final quality, temperature, and expansion 
work for the sodium-mixed oxide combination 

PROBLEM For the sodium-mixed oxide combination , evaluate the final quality 
and temperature (x2 and T2) and the expansion work using the parameters of Table 
6-3 . 

SOLUTION First evaluate X2 from Eq . 6-22, assuming initially that state 2 is a 
two-phase state at 1 atmosphere . For thi s  assumption T2 is the sodium saturation 
temperature corresponding to 1 atmosphere or 1 1 54°K . The quality (x2) is obtained 
from Eq. 6-22 as: [ 40 ,000(560) + 3500( 1 300) 2678] 2 58 x = 1 1 54 ° + In -- = . 2 (3500) 2 .9( 106) 1 1 54 



TH ERMODYNAMICS OF NUCLEAR E NERGY CONVERSION SYSTEMS 185 

Because X2 > 1 ,  this final state is superheated, and our original assumption is false . 
Therefore it becomes necessary to find the state at which x = 1 .  Returning to Eq . 
6-22 but defined for the state x = 1 and the corresponding temperature T, yielding: [ 40 ,000(560) + 3500( 1 300) 2678] 1 = T 0 + In --(3500)2 . 9( 1 06) T 
Solving for T yields 2250oK, which has a corresponding sodium vapor pressure of 
1 58 bars . 

T2 can now be evaluated from Eq. 6-28 utilizing n obtained from Eq. 6-29 . These 
steps yield: 

because: 

( 1 /25 .4) 
T2 = 2250 (_1_) = 1 843°K 1 58 

n -
3 . 5  (2767) + 40(560) 

3 . 5(36 1 ) 25 .4 

Finally , evaluating the expansion work by Eq . 6-30 yields : 

W = 3500[ 1 300(2678 - 2250) - 2 .9 X 1 06 + (36 1 )(2250)] 
+ 40 ,000(560)(2678 - 2250) + 3500(24 10)(2250 - 1 843) 
+ 40 ,000(560)(2250 - 1 843) 
- 5360 + 9587 + 3433 + 9 1 1 7  
1 6 ,777 MJ 

Note that the work evaluated by Example 6-3 is greater than that from Example 
6-2 because work is dependent on the process path and the initial and end states . 
Although both processes have the same initial fuel and coolant states and are revers
ible , the process paths as well as the final states of the fuel and coolant are different . 
Consequently ,  there is no reason to expect that expansion work integrals performed 
to different final states should be the same . For the adiabatic and thermal equilibrium 
cases , the work is evaluated by Eq . 6-9 and 6-30 , respectively .  A comparison of the 
numerical values of the terms of each equation is given in Table 6-4 to illustrate the 
origin of the differences in net work. In the thermal equilibrium case , the terms 
involving coolant properties and those involving fuel properties should not be inter
preted as the work contributions due to the coolant and the fuel separately . 

Table 6-4 Comparison between results of Examples 6-2 and 6-3 

Parameter 

Tenns involving coolant properties 
Tenns involving fuel properties 
Net work 

Fuel and coolant expansion: Fuel-coolant expansion: 
two independent systems one-system 
(Eq . 6-9) (Eq . 6-30) 

+ 3 1 53 MJ - 5360 + 3433 = - 1 927 MJ 
o + 9587 + 9 1 1 7  = + 1 8 ,704 MJ 

+ 3 1 53 MJ + 1 6 ,777 MJ 
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III THERMODYNAMIC ANALYSIS OF NUCLEAR POWER 
PLANTS 

The analysis of nuclear power plants represents a prime application of the methods 
for thennodynamic analysis of steady-flow processes . The results of such analyses 
determine the relation between the mixed mean outlet coolant temperatures (or en
thalpy for BWR) of the core through the primary and secondary systems to the gen
eration of electricity at the turbine . The variety of possible reactor systems , with their 
associated coolants , leads to a corresponding multiplicity of primary and secondary 
system configurations .  In addition , because gaseous reactor coolants can be used 
directly to drive electric turbines , the Brayton cycle can be considered for gas-cooled 
reactor systems , whereas systems that use steam-driven electric turbines employ a 
Rankine cycle . The various cycles employed with the principal reactor types have 
been described in Chapter 1 .  In this section the cycles used for the various reactor 
types and the methods of thennodynamic analysis of these cycles are described. 

The Rankine and Brayton cycles are constant-pressure heat addition and rejection 
cycles for steady-flow operation . They differ regarding the phase changes the working 
fluid undergoes. In the Rankine cycle the working fluid is vaporized and condensed , 
whereas in the Brayton cycle the working fluid remains a single gaseous phase as it 
is heated and cooled . In central station nuclear Rankine cycles , water is employed as 
the working fluid, whereas helium is used in proposed Brayton cycles .  

The PWR and BWR employ the water Rankine cycle . Because the PWR limits 
the reactor coolant to a nominal saturated mixed mean core outlet condition , the vapor 
that drives the turbine must be generated in a steam generator in a secondary system . 
A simplified pressurized water reactor two-coolant system is illustrated in Figure 6-6 . 
A steam generator l inks these primary and secondary systems . Figure 6-7 ill us
trates the temperature distribution within such a recirculating PWR steam generator. 
The mixed mean core outlet condition (state 5) is dictated by the allowable core 
performance , particularly material corrosion limits . 

As the temperature is raised , the primary loop pressure must also be raised to 
maintain state 5 at the nominally saturated condition .  Establishment of the optimum 

5 

6 

Figure 6-6 Simpli fied PWR plant. 

Electric 
Power 

,..-_ ..... ----.:1\--_- Atmospheric 
___ �-----,�_- Flow Stream 
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Figure 6-7 Temperature distribution within the steam generator of the simplified PWR plant of Example 

6-4. 

primary pressure in current PWRs at 2250 psia ( 1 5 . 5  MPa) has involved many con
siderations , among them the piping and reactor vessel wall dimensions and the pressure 
dependence of the critical heat flux limit. The secondary side temperature and hence 
pressure are related to these primary side conditions , as suggested in Figure 6-7 . This 
relation is demonstrated in section IV , below . 

The BWR employs a direct Rankine cycle . The reactor is itself the steam gen
erator, so that the mixed mean core outlet is also nominally saturated . The outlet 
temperature and pressure conditions are thus established by both the allowable core 
and secondary loop design conditions. As Table 2- 1 i l lustrates , the Rankine working 
fluid conditions (at turbine entrance) for both PWRs and BWRs are close , i . e . , 5 .7 
MPa and 7 . 1 7  MPa, respectively . 

The simple Brayton cycle is illustrated in Figure 6-8 .  There are four components , 
as in the secondary system of the PWR plant operating under the Rankine cycle . The 
pictured Brayton cycle compressor and heat exchanger perform functions analogous 
to those of the Rankine cycle condensate pump and condensor. In practice , the max
imum temperature of the Brayton cycle (T3) is set by turbine blade and gas-cooled 
reactor core material limits far higher than those for the Rankine cycle , which is set 
by liquid-cooled reactor core materials l imits . The Brayton cycle in its many possible 
variations is presented in Section VI , below. 

It is useful to assess the thermodynamic performance of components and cycles 
using nondimensional ratios called efficiencies. Three definitions for efficiency are 
considered: 

Thennodynamic efficiency (or effectiveness) (0 
Isentropic efficiency (11s) 
Thennal efficiency (11th) 
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Figure 6·8 Simple Brayton cycle . 
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The thermodynamic efficiency or effectiveness is defined as: 

Electric 
Power 

(6 . 3 1 )  

where Wu.max is defined by Eq . 4-46, which for the useful case of a fixed, nonde
formable control volume with zero shear work and negligible kinetic and potential 
energy differences between the inlet and outlet flow streams takes the form: . [a(u - ToS)] � . ( To) . 

Wu.max = - + � mlh - Tos\ + 1 - - Q at , =  1 Ts 
(6-32) 

where T5 temperature at which heat i s  supplied and (d;) is treated as part of 
d gen 

dU 
dt 

The isentropic efficiency is defined as: 

= 
(Wu.actual) 115 . 

Wu,max Q = O  
(6-33) 

Obviously , for an adiabatic control volume, { = 115 ' The quantity Wu,max!Q = o  i s  the 
useful ,  maximum work associated with a reversible adiabatic (and hence isentropic) 
process for the control volume . It can be expressed from Eq. 6-32 as: 
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J . [au] 
wu,maxIQ = O  = - iii + L mjhjs 

c .v .  i =  1 

which for steady-state conditions becomes: 
J 

Wu,maxIQ =o  = L mjhjs 
i = l 

(6-34) 

(6-35) 

The useful , actual work of an adiabatic nondeformable control volume with zero shear 
and negligible kinetic and potential energy differences between the inlet and outlet 
flow streams for steady-state conditions from Eq. 4-44 (treating Qgen as part of k) is : 

J 

L mjhj 
i = l  

and the isentropic efficiency becomes: 

Finally , the thermal efficiency is defined as : 

Wu,act 
11th = -.-Qjn 

(6-36) 

(6-37) 

(6-38) 

where Qjn rate of heat addition to the control volume . For adiabatic systems the 
thermal efficiency is not a useful measure of system performance . 

These efficiencies are now evaluated for nuclear plants . Typical plants employing 
the Rankine and Brayton cycles have been presented in Figures 6-6 and 6-8 , respec
tively. Such plants have two interactions with their surroundings: a net work output 
as electricity and a flow cooling stream that is in mutual equilibrium with the atmos
phere . Hence the availability of the inlet and the outlet streams are zero , i . e . , 

I 

L mj(h - Tos)j = 0 
i = l 

Note,  however, that the energy and entropy of the stream change as the stream passes 
through the plant condenser or heat exchanger, but the stream remains at pressure Po 
and temperature To' 

In section IV, each component of typical plants is analyzed using a stationary , 
nondefonnable control volume with zero shear work and negligible kinetic and 
potential energy differences between the inlet and the outlet flow streams . These results 
are then util ized for evaluating the entire nuclear plant modeled by one adiabatic 
�ontrol volume, as illustrated in Figure 6-9A . Two other control volume representa
tIons of the complete nuclear plant are i llustrated in Figure 6-9B ,C .  
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Figure 6-9 Alternative control volume representations of a batch-fueled reactor plant. 

Let us now contrast the computed effectiveness and thennal efficiencies for the 
three nuclear plant representations of Figure 6-9 . In section IV , the maximum useful 
work for control volume 1 of Figure 6-9A is shown equal to the fission rate , which 
equals the coolant enthalpy rise across the reactor. Hence: 

(see Eq . 6-53) .  The effectiveness of the nuclear plant is then: 

(6-39) 
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In Figure 6-9B the same nuc lear plant i s  modeled by two control vol umes. Control 
vol ume I encompasses the reactor plant except for the fuel loading, which is segre
gated into the second control volume. The energy l iberated by fi ssi?n is transferred 
from the second control vol ume to the first control vol ume as heat ( Q ) at the temper
ature of the fuel . Because 12 equals the fission rate: 

and 
_ wu.a.:lu;d _ r 17th l c . v . 1 - � - ,> c . v l 

( Fig .  6-( 8 )  ( Fig .  6-9A) 

( 6-40) 

(6-4 1 ) 

Finall y, the same nuclear plant i s  alternatively modeled as shown i n  Figure 6-9C, with 
the reactor ( including the fuel ) and the pri mary side of the steam generator located 
within control vol ume 2. In th i s  case, the same heat transfer rate (12 )  to control volume 

1 occurs across the steam generator but now at the coolant temperature, so that : 

17th l c . v . 1 = 17th l c . v . 1 = (c . v . 1  
( Fig .  6-9C ) ( Fig .  6-98 ) ( Fig .  6-9A ) 

(6-42) 

Figure 6-9A i s  the only control vol ume configuration in  which the entire nuclear 
plant is contained within one control volume. The effectiveness of the portions of 

the reactor plant contained with in  the three control volumes designated c .v. 1 are not 
identical because the maximum, useful work associ ated with each of these control 

volumes i s  different. In section IY.B we show how transfer of the fi ssion energy to 
the reactor coolant may be modeled as a series of three heat i nteractions that bring 
the fission energy from Tliss ion to Tcoolant . Consequently :  

Wu . max lc . v . 1 > Wu . max lc . v . 1 > Wu . max ic . v . 1 
( Fig .  6-9A ) ( Fig .  6-(8) ( Fig .  6-9C) 

(6-43 )  

Hence the effectiveness o f  the portion o f  the plant wi th in  control volume in each 
of the three configurations are related as: 

(lc . v . 1 > (lc . v . 1 > (c. v . 1 
( Fig .  6-9C) ( Fig.  6-( 8 )  ( Fig .  6-9 A )  

(6-44) 

In this text, we often refer to the entire nuclear plant, and therefore the repre
sentation in Figure 6-9A appears and the term thermodynamic efficiency or effective
ness is used. However, by virtue of the equalities in Eq. 6-42 ,  i t  is also possible and 
Useful to alternatively refer to the thermal efficiency of the cycle, which is also done. 

!he previous examples i l lustrate the condit ions under which the computation of var
IOUS efficiencies lead to the same numerical values. 

Finally, it i s  of interest to recall a case in which the effectiveness and the thermal 
efficiency do not coincide: For the case of reversible cycles operating between a heat 
S?urce at Th igh and a reservoi r  at �ow , the thermal efficiency equal s the Carnot effi
CIency. On the other hand, the effectiveness equal s uni ty, as Wu . max = Wu.actual for 
these cycles .  
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IV THERMODYNAMIC ANALYSIS OF A 
SIMPLIFIED PWR SYSTEM 

The steady-state thennodynamic analysis of power plant systems is accomplished by 
considering in tum the components of these systems and applying to each the control 
volume form of the first and second laws.  Let us examine the simplified PWR two
coolant system shown in Figure 6-6 . We wish to develop the procedures for evaluating 
the thennodynamic states and system flow rates so that the overall plant thennody
namic efficiency and sources of lost work or irreversibilities can be computed from a 
combined first and second law analysis .  At the outset assume for simplicity that 
pressure changes occur only in the turbine and condensate pumps. 

A First Law Analysis of a Simplified PWR System 

Consider any one component with multiple inlet and outlet flow streams operating at 
steady state and surround it with a nondefonnable , stationary control volume (Fig. 
6- 10) .  Applying the first law (Eq .  6-2) to this control volume we obtain: 

I I 

2: (mh) in.k - 2: (mh)out.k = "'shaft - Q 
k = i k = i 

(6-45) 

where the notation of the summations has been generalized from that of Eq . 4-30b to 
specifically identify the multiple inlet and outlet flow streams, where for steady state: 

I 

m = 2: min.k 
k = i 

I 

2: mout.k 
k = l 

------t-T-� rtlo1 

- - - - - - - - . _ - - - - - - _ . . .  _ - - - - _ . _ - - - - - - - _ . _ - - - - - - - - - - - - - - - - .  

Figure 6-10 Generalized fixed-volume component with surrounding control volume . 
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Table 6-5 Forms of first law (Eq. 6-2) for PWR plant components 

Component Desired quantity Assumptions 

Turbine "'shaft Q2 = 0 
.::l(t V2) = 0 

Pump "'shaft Q2 = 0 
.::l(t V2) = 0 

Condensor steam 
Q = O 

generator, any ho of one stream, 
Wshaft = 0 

feed water e .g . ,  hO I .::l(t v2) = 0 
heater 

Resultant equation 

w:; = [m(h in - houJh 
= [m1Jlhin - hout.Jh 

",p 
= [m(hin - houJh 

= [ m 
(hin - hout.s> ] 

1Jp p 
hout . 1  = 

I I 
L (mh)in.k - L (mh)out.k k = 1 k = 2  

Consequence of 
sign convention 
on the desired 
parameter 

WT Positive 
(work out) 

W
p Negative 
(work in) 

hout , 1  - hin . 1 
positive (stream 
1 is heated) 

*Because the control volumes are nondeformable, the shaft is dropped on W and replaced by a 
subscript describing the component. 

Equation 6-45 can be further specialized for the components of interest. In particular 
for the components of Figure 6-6, heat addition from an external source can be 
neglected . For all components except the turbine and the pump , no shaft work exists . 
Table 6-5 summarizes the results of specializing Eq. 6-45 to the components of Figure 
6-6 . The adiabatic turbine actual work is related to the ideal work by the component 
isentropic efficiency defined by Eq. 6-33 .  From Equation 6-37 , which is a specialized 
fonn of Eq. 6-33 ,  the turbine efficiency is: 

where 

(6-46) 

hout.s = f [p(hout) , Sin] ' (6-47) 
Because work is supplied to the pump , the isentropic efficiency of the pump is anal
ogously defined as: 

1}p = 
ideal work required 
actual work required hin - hout 

(6-48) 

The primary and secondary flow rates are related by application of the first law 
to the component they both flow through, i . e . , the steam generator. Considering only 
on . e pnmary and one secondary flow stream, the first law can be used to express the 
r t' a 10 of these two flow rates . The first law (Eq. 6-45) for the steam generator yields: 

Where subscripts p and s 

(hoUl - hin)s 
(hin - hout)p 

primary and secondary flow streams, respectively . 

(6-49) 
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It is often useful to apply Eq . 6-49 to several portions of the steam generator. In 
Figure 6-7 temperatures are plotted versus fractional length assuming constant pressure 
for a recirculating-type PWR steam generator producing saturated steam . The mini
mum primary to secondary temperature difference occurs at the axial location of the 
onset of bulk boiling in the secondary side . All temperatures are related to this mini
mum, or pinch point, temperature difference . The steam generator heat transfer area 
is inversely related to this minimum temperature difference for a given heat exchange 
capaci ty .  Also the irreversibi lity of the steam generator is directly related to this 
temperature difference . Therefore the specification of the pinch point temperature 
difference is an important design choice based on tradeoff between cost and irrever
sibility . 

The ratio of flow rates in terms of the pinch point temperature difference (LlTp) 
i s ,  from the first law: 

(6-50) 

where cp = average coolant specific heat over the temperature range of interest. 
For the reactor plant , Wu,actual is the net rate of work generated , i . e . , 

(6-5 1 ) 

(6-52) 

For a pump hin < hout ,s , whereas for a turbine hin > hout ,s '  Hence Wp is negative , 
indicating , per our s ign convention presented in Tables 6- 1 and 6-5 , that work i s  
supplied t o  the pump . Analogously , WT i s  positive , and the turbine del ivers work . 
The familiar expression of the maximum useful work of the nuclear plant that i s  
derived in Section IV.  B i s  

(6-53) 

for Figure 6-6 . It i s  desirable to reexpress Wu,max in terms of secondary side conditions .  
To do it ,  apply the first law (Eq . 6-45) to  the PWR steam generator of  Figure 6-6 , 
yielding: 

(6-54 ) 

From Figure 6-6 observe that the primary pump work is neglected so that (hout)R i s  
identically (hin)sGp and (hin)R is identically (hout)sGp ' Hence from Eqs .  6-53 and 6-54: 

(6-55) 

or 

(6-56) 

for Figure 6-6 . Hence utilizing Eqs . 6-3 1 ,  6-5 1 and 6-55 ,  the overall nuclear plant 
thermodynamic efficiency or effectiveness (() is :  
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Table 6-6 PWR operating conditions for Example 6-4 

State 

1 

2 
3 
4 
5 
6 
7 
8 
a 
b 

Temperature 
oR (OK) 

1 078 .2 (599) 
1 0 1 6 . 9  (565 ) 

Ta + 26 (Ta + 1 4 .4) 

Pressure 
psia (kPa) 

1 (6 . 89) 
1 1 24 (7750) 
1 1 24 (7750) 

I (6 .89)  
2250 ( 1 5 ,500) 
2250 ( 1 5 ,500) 

1 1 24 (7750) 
2250 ( 1 5 ,500) 

l = [nis(hin - �out)h + [ms(h i n - hout)] P 
[ms(hout - h in )] SGs 

Condition 

Saturated l iquid 
Subcooled l iquid 
Saturated vapor 
Two-phase mixture 
Subcooled l iquid 
Subcooled l iquid 
Subcooled l iquid 
Subcooled l iquid 
Saturated liquid 
Subcooled liquid 

(6-57) 

For the plant of Figure 6-6, with the entire secondary flow passing through a single 
turbine , Eq . 6-57 becomes : 

l = h3 - h4 + h I  
h 3  - h2 

Example 6-4 Thermodynamic analysis of a simplified PWR plant 

(6-58) 

PROBLEM The PWR plant of Figure 6-6 operates under the conditions given in 
Table 6-6 . Assume that the turbine and pump have isentropic efficiencies of 85%. 

1 .  Draw the temperature-entropy (T-s) diagram for thi s  cycle . 
2. Compute the ratio ,of the primary to secondary flow rates .  
3 . Compute the nuclear plant thermodynamic efficiency . 
4. Compute the cycle thermal efficiency . 

SOLUTION 
l .  The T -s diagram is sketched in Figure 6- 1 1 .  Note that states 4 and 2 reflect 

the fact that the turbine and the pump are not 100% efficient . Also , states on the 
primary side of the steam generator are shown at higher temperatures than the cor
responding (same xl L position) states on the second side . 

The T versus xl L diagram is the same as Figure 6-7 . 
If a primary system main coolant pump were to be included, the reactor system 

and its representation on a T-s diagram would be as sketched in Figure 6- 1 2 ,  where 
the primary system pressure loss is taken as 0.48 MPa (70 psia) . 

2. From Eq. 6-50: 

nip h3 - ha 
nis cp[Ts - (Ta + LlTp)] 
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Figure 6-1 1  T-s diagram for PWR cycle , Example 6-4 . 

From steam tables: 

h3 = h/sat. at 1 1 24 psia) = 1 1 87 . 29 BTU/Ibm (2 . 77 1  MJ/kg) 
ha = hf(sat .  at 1 1 24 psia) = 560 . 86 BTU/Ibm ( 1 . 309 MJ/kg) 
Ta = sat . liquid at 1 1 24 psia = 1 0 1 8 . 8  R (566.00K) 

Hence: 

in SI: 

1 1 87 . 29 - 560 . 86 
1 3 . 1 8  

1 .424 [ 1 078 . 2  - ( 10 1 8 . 8  + 26)] 

mp = 2 .77 x 106 - 1 . 309 X 106 

ms 5941 [599 - (566 + 14 .4)] 
1 3 . 1 8  

3 .  The nuclear plant thermodynamic efficiency ( 0  for the plant within control 
volume 1 of Figure 6-9A, is given by Eq . 6-39 .  Draw a control volume around the 
PWR plant of interest in Figure 6-6 . The result is an arrangement identical to that of 
Figure 6-9A . For this PWR plant, Eq . 6-39 reduces to : 

h3 - h4 + h i  - h2 ( = --"-----'----=----= h3 - h2 
(6-58) 

Proceed to obtain the required enthalpies . 
From the steam tables: 

hi = hf (sat . at 1 psia) = 69 . 74 BTU/Ibm (0 . 163 MJ/kg) 
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Figure 6-12 Primary system condition of Example 6-4 . 

From the definition of component isentropic efficiencies: 

State 2: 

h2s - h I 
'TJp 

'TJT(h3 - h4s) 
0 . 1 3266 BTU/lbmoR (557 J/kg K) 

P2s = P2 = 1 124 psia (7 .75MP J 
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From the subcooled liquid tables by interpolation: 

h2s = 73 .09 BTU/Ibm (0 . 1 70 MJ/kg) 

73 .09 - 69 .74 
h2 = 69 .74 + = 73 .69 BTU/Ibm 

0 . 85 
0. 1 70 - 0 . 1 63 = O. 1 63 + = O .  1 7 1  MJ /kg 

0 . 85 

Alternately , considering the liquid specific volume constant and the compression 
process isothennal , h2 can be evaluated as: 

State 4: 

h - h + (P2 - PI ) 2 - 1 V I 'TIP 
0 .0 1 6 1 36( 1 1 23 )  144 

/ = 69 .74 + 
0 .85 778 

= 73 .69 BTU Ibm 

7 . 75 - 0 .0069 
/ = 0 . 1 63 + 

0 . 85(993) 
= 0 . 1 7 1  MJ kg 

S4s = S3 = 1 . 3759 BTU/Ibm (5756 J/kgOK) 
1 . 3759 - 0 . 1 3266 ------ = 0 .674 

Sfg 1 . 8453 
h4s = hf + X4)zfg = 69 .74 + 0 .674( 1036 .0) 

= 768 .00 BTU/Ibm ( 1 . 79 MJ/kg) 
h4 = h3 - 'TIT (h3 - h4s) = 1 1 87 . 29 - 0 . 85( 1 1 87 . 29 - 768 .00) 

= 830 .9  BTU/Ibm ( 1 .94 MJ/kg) 

Substituting i nto Eq . 6-58 ,  the thermodynamic efficiency can be evaluated as : 

1 1 87 . 29 - 830 .9  + 69 . 74 - 73 .69 ? = 
1 1 87 . 29 _ 73 . 69 

(English units) = 0 . 3 1 7  

2 . 77 1  - 1 . 94 + 0 . 163 - 0 . 1 7 1  ----------- (SI units) = 0 . 3 1 7  
2 . 77 1  - 0 . 1 7 1  

4 .  The plant thermal efficiency ('TIth) i s  defined by  Eq . 6-38 and may be deter
mined for the portion of the plant within control volumes 1 of Figure 6-9B ,C .  In 
either case , from Eq. 6-40 , Q in these figures equals the enthalpy rise of the coolant 
across the reactor. From Eq . 6-42 , the thennal efficienci es of the portions of the plants 
within control volumes 1 of Figure 6-9B ,C are equal to the thermodynamic efficiency 
of the plant within control volume 1 of Figure 6-9A: 

'TIthle .v. 1 
(Fig . 6-9C) 

= 'TI th le . v . 1 
( Fig . 6-98) 

= ? e . v . 1  (6-42) 
(Fig. 6-9A) 

The thermal efficiencies of these portions of the plant are commonly referred to as 
the cycle thermal efficiency (because they are numerically equal) . Thi s  nomenclature 
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Figure 6-13 Thermal efficiency of Rankine cycle using saturated steam for varying turbine inlet pressure . 

Turbine inlet: saturated vapor. Exhaust pressure: 7kPa. 

is used in the remainder of the chapter for the various reactor plants considered. 
Because the PWR plant of Figure 6-6 is just a specific case of the general plant 
illustrated in Figure 6-9 , we can directly state that the thermal efficiency of the PWR 
cycle equals the therodynamic efficiency of the plant; i .e . , 71th = � for the PWR plant. 

Improvements in thermal efficiency for this simple saturated cycle are achievable 
by ( 1 )  increasing the pressure (and temperature) at which energy is supplied to the 
working fluid in the steam generator (i . e . , path 2-3 , the steam generator inlet and 
turbine inlet conditions) and (2) decreasing the pressure (and temperature) at which 
energy is rejected from the working fluid in the condenser ( i .e . , path 4- 1 ,  the turbine 
outlet and pump inlet conditions) . For the cycle of Figure 6-6 , assuming an ideal 
turbine and condenser, the insets in Figures 6- 1 3  and 6- 14  illustrate cycles in which 
each of these strategies is demonstrated . 

. The effect on cycle thermal efficiency of increasing the pressure at which energy �s �Upplied as heat and of decreasing the pressure at which energy is rejected as heat �s Illustrated in Figures 6- 1 3  and 6- 14 ,  respectively . The cross-hatched areas in the 
Insets represent changes in energy supplied to and rejected from the working fluid . 

Bf Combined First and Second Law or Availability Analysis 
o a Simplified PWR System 
Consider again the stationary , nondeformable control volume of Figure 6- 10  operating at steady state with inlet and outlet flow streams at prescribed states . Neglect shear 
Work and differences between kinetic and potential energies of the inlet and outlet 
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Figure 6-14 Thennal efficiency of Rankine cycle for a saturated turbine inlet state for varying turbine 
outlet pressure. Turbine inlet: 7 . 8  MPa saturated vapor. 

streams . The maximum useful work obtainable from this control volume, which is in  
the fonn of shaft work because the control volume is nondefonnable, can be expressed 
from Eq. 4-46 as follows: 

I ( )  ' .  To . Wu .max = � mj(h - Tos)j + I - - Q 
1 = 1 � (6-59) 

where Ts 
dE 

temperature at which Q is  supplied and (d
d
;) is treated as part of 

gen 
dt 

For the same control volume under the same assumptions , the lost work or the 
irreversibility is given by Eqs . 4-47 and 4-48 as : 

. . � . To . . Wlost == I = - To L.J m js j - - Q = ToSgen 
; = 1 Ts 

(6-60) 

Let us now restrict the above results to adiabatic conditions , i . e . , Q 0 ,  and 
examine two cases: a control volume with shaft work and a control volume with 
no shaft work. Also recall that because the control volume is nondefonnable , (d

d
W) = o .  t normal 

Case I: "'shaft =1= 0 
From the first law , Eq . 4-39,  

"'shaft (6-6 1 a) 
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From Eq . 4-42, 

"'actual "'shaft 
Now the irreversibi lity is given by Eq. 6-60 as: 

I 

i = - To L mjsj = ToSgen 
; = 1 

However, the irreversibility is also equal from Eq. 4-47 to: 
I 

i = "'u.max - "'actual = L mj(h - Tos) j - "'shaft 
; = 1 

where the maximum useful work has been given by Eq. 6-59 with Q 
I 

L mj(h - Tos) j 
; = 1 

Case II: "'shaft == 0 
From the first law , Eq . 4-39 , 

I 

L mjhj = 0 
; = 1  

From Eq. 4-42 , 

"'actual = 0 

(6-62a) 

(6-63a) 

(6-63b) 

o as: 

(6-63c) 

(6-6 1b) 

(6-62b) 

Hence the maximum useful work and the irreversibility , expressed by Eqs .  6-59 and 
6-60, respectively , are equal and given by: 

I 
"'u.max = i = - To L mjsj 

; =  1 

Let us now apply these results to PWR system components . 

(6-64) 

1 Turbine and pump. The turbine and pump have finite shaft work (case I) and 
single inlet and exit streams . Hence the irreversibilities and the maximum useful work 
can be expressed from Eqs .  6-63a and 6-63c, respectively , as: 

(6-65) 

and 

(6-66) 

2 Steam generator and condenser. The steam generator and condenser have zero 
shaft work (case II) and two inlet and exit streams . Hence the irreversibilities and the 
Ill ' axImum useful work can be expressed from Eq . 6-64 as: 
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I. (50)s Figure 6-15 Flow streams for a con
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(6-67) 

It is useful to expand on this result for the condenser. Figure 6- 1 5  illustrates a con
denser cooled by an atmospheric flow stream (mAF) that is drawn from and returns to 
the environment, which acts as a reservoir at Po ' To . For the condenser conditions 
specified in Figure 6- 1 5 ,  the irreversibility of the condenser can be expressed from 
Eq . 6-67 as: 

(6-68) 

For this constant pressure atmospheric flow stream interaction , Eq . 6- 10a can be 
written as: 

Tds = dh 
which can be expressed for the atmospheric coolant stream as: 

m AF ToLls AF = m Apdh AF 
From an energy balance on the condenser: 

mAF LlhAF = - msLlhs 
Substituting Eq. 6-70 into Eq. 6-69 , we obtain the desired result: 

mAFTo LlSAF = - msLlhs 
The irreversibil ity can be rewritten using Eq . 6-70 as : 

. . [ Llhs ] I = To ms - --:r: + Llss 

which , referring to Figure 6-6 , becomes: 

(6- l Ob) 

(6-69) 

(6-70) 

(6-7 1 ) 

(6-72a) 
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(6-72b) 

The condenser irreversibility also can be obtained directly from an availability balance . 
The irreversibility of the condenser is simply the difference between the availability 
of the inlet and exit secondary coolant flow streams because there is no change of 
availabil ity in the atmospheric flow stream. Note that there is ,  however, a change of 
energy and entropy in the atmospheric flow stream . This availability difference is 
evaluated from the definition of the availability function A given by Eq . 4-27 as: 

j = minChin - Tosin) - rhoulhout - Tosout) 

For the state of the secondary coolant flow stream, this result is identical to Eq. 
6-72b . 

3 Reactor irreversibility . To proceed, we first compute the maximum work that 
could be done by the fissioning fuel .  Upon fissioning and with respect to fission 
products, each fission fragment at steady state may be regarded as having a kinetic 
energy of about 100 Me V. If it were a perfect gas in a thermodynamic equilibrium 
state , the fragment would have a temperature Ta such that i kTa = 100 MeV .  Max
imum work is done by the fragment in a reversible process that brings the fragment 
to a state of mutual equilibrium with the environment at To = 298°K or kTo = 0 .025 
eV. At this state , the energy of the fragment is Uo = 0.0375 eV . Thus the maximum 
work per unit mass of fission fragments is : 

which can be approximated as: 

Ta [ kToln(Ta/To) ] Wu,max = Ua - Uo - cToln To 
= (ua - uo) 1 - k(Ta - To) 

For Ta » To, Eq. 6-73 becomes : 

Wu,max = ua 

(6-73) 

The maximum work is thus approximately equal to the fission energy (ua) . In other 
Words ,  all the fission energy may be considered to be available as work. 

We compute the rate of lost work in several steps .  The maximum useful power 
available as a result of fission equals the fission power (ua) and is delivered to the �uel rods considered at a constant fuel temperature (Tfo) ' Because this fuel temperature 
IS far below Ta , for the purpose of this computation the fuel temperature and the clad 
surface temperature are taken to be Tfo ' The transfer of power from the fission frag:e�ts to the fuel rods is highly irreversible , as Tfo « Ta ' The maximum power 

atlable from the fuel rod at fixed surface temperature Tfo is :  

(6-74) 
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and therefore the irreversibility is : 

(6-75) 

From the fuel rods , all the fission power is transferred to the coolant. The max
imum work available from the coolant is : 

(Wu,max)coolant = mp [(hout - hin )R - To(sout - Sin)R] 
so here the irreversibility is :  

(6-76) 

because (Wu, maJfission equals the fission power Va' which in tum equals mp (hoUl -
hin)R ' by application of the first law (Eq . 4-39) to the reactor control volume , which 
is adiabatic ,  is nondefonnable ,  and has no shaft work-and where kinetic energy , 
potential energy , and shear work tenns are neglected. Hence the irreversibility of the 
reactor is: 

Again ,  because (Wu,max)fission equals mp (hout - hin)R , the above result becomes: 

(6-78) 

Eq. 6-78 is a particular fonn of the general control volume entropy generation equation 
as expressed by Eq . 6-60 . Eq . 6-78 states that for a steady-state , adiabatic reactor 
control volume the change of entropy of the coolant stream equals the entropy gen
eration within the reactor. 

4 Plant irreversibility. Finally , consider the entire nuclear plant within one control 
volume as illustrated in Figure 6-9A . For this adiabatic ,  nondefonnable, stationary 
control volume , the maximum useful work, given by Eq. 6-34 , is : [a(u - ToS)] Wu max + mAF[(h1"n - hout) - To(SI"n , reactor a t reactor 

plant plant 
Sout)]AF 

(6-79) 

because Q 0 and differences in kinetic and potential energy as well as shear work 
are neglected. The first term of the right-hand side of Eq . 6-79 involves only the 
fission process within the reactor, because for all other components the time rate of 
change of V - TS is zero . Hence: 
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[
a(u - ToS) ] = _ [

a(u - T rfl] = _ 
(
au
) (6-80a) at reactor at at plant reactor reactor 

because for the reactor iR ToSgen and Q = 0; hence Eq . 6-79 becomes: 

(
as
) 

iR - mp(Sin - Sout)R + 0 at re�m � 
utilizing Eq . 6-78 for i R ' 

Again,  the first law (Eq . 4-39) for the reactor control volume , which is adiabatic , 
is nondefonnable , and has no shaft work, becomes (treating Qgen as part of E) : 

(
a
a�) = minhin - mouthout 

reactor 
(6-80b) 

Hence the change in reactor internal energy can be expressed in tenns of steam 
generator stream enthalpy differences as : 

- (
au
) = mp(hin - hout)sGp = ms(hout - hinhGs (6-8 1 )  at reactor 

Furthennore , from Eq . 6-69 , the second tenn on the right-hand side of Eq . 6-79 is 
zero. Hence applying Eq . 6-8 1 to Eq . 6-79 yields: 

[Wu,max]reactor = mp (hin - houthGp = ms (hout - hin)SGs 
plant 

(6-55) 

which is the result earlier presented in Eqs . 6-53 through 6-55 . The irreversibility 
from Eq. 4-48 is :  

i reactor 
plant 

J 

To L misi 
i = 1 

which by Eqs . 6-69 and 6-70 yields: 

i = - m llh reactor s S 
plant 

Referring to Figure 6-6 , Eq . 6-83 becomes: 

i = ms(h4 - h i) reactor 
plant 

(6-82) 

(6-83) 

(6-84) 

Example 6-5 Second law thermodynamic analysis of a simplified PWR cycle 
PROBLEM Consider the PWR plant of Figure 6-6 , which was analyzed in Example 

6-4. The plant operating conditions from Example 6-4 are summarized in Table 6-7 
together with additional state conditions that can be obtained from the results of 
Example 6-4 . We wish to detennine the magnitude of the irreversibility for each 
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Table 6-7 PWR operating conditions for Example 6-5 

Flow Pressure 
Temperature 

Enthalpy Entropy 
Point rate (psia) of oR (BTU/lb) (BTU/lb OR) 

1 .0 1 1 0 1 . 7  56 1 . 3 69 . 74 0 . 1 3266 
2 1 .0 1 1 24 1 03 .0  562 .6 73 .69 0 . 1 34 1 0  
3 1 .0 1 1 24 559. 1 1 0 1 8 . 7  1 1 87 . 29 1 . 37590 
4 1 .0 1 0 1 . 7 56 1 . 3 830 . 70 1 .48842 
5 1 3 . 1 8  2250 6 1 8 . 5  1 078 . 1 640 . 3 1 0 . 83220 
6 1 3 . 1 8  2250 557 . 2  1 0 1 6 . 8  555 . 80 0 . 75 1 60 

*Flow rate relative to 1 lb of steam through the turbine. 

component. This analysis is a useful step for assessing the incentive for redesigning 
components to reduce the irreversibility . 

SOLUTION First evaluate the irreversibility of each component. These irreversi 
bilities sum to the irreversibility of the reactor plant , which may be independently 
determined by considering the entire plant within one control volume . To is the res
ervoir temperature taken at 539.6°R (298 .4°K) . 

For the steam generator, utilizing Eq . 6-67 and dividing by ms: 

539 .6( 1 3 . 1 8)(0 . 75 16  - 0 . 8322) + (539 .6)( 1 . 3759 - 0 . 1 34 1 )  (6-85)  
- 573 . 22 + 670 .08 
96 .85 BTU/Ibm steam (0 . 226 MJ/kg) 

For the turbine , using Eq . 6-65 and dividing by ms: 
IT = iT/mS = To(s4 - S3) 

= 539 . 6  ( 1 .4884 - 1 . 3759) 
= 60 . 7 1  BTU/Ibm steam (0 . 142 MJ/kg) 

For the condenser, using Eq. 6-72b and dividing by ms: 

iCD (h4 - h I ) leo = - = T + s - s ms 
0 

To I 4 

539 .6  
(830·:

3
�

.
:9 . 74 + 0 . 1 3266 - 1 .48842

) 
29 . 39 BTU/Ibm steam (6 . 86 x 10 - 2 MJ/kg) 

For the pump, using Eq. 6-65 and dividing by ms: 

ip Ip = --:- = To (s2 - S I ) 
ms 

= 539.6 (0 . 1 34 1  - 0 . 1 3266) 
= 0 .78 BTU/ibm steam ( 1 . 8 1  X 10 - 2 MJ/kg) 

(6-86) 

(6-87) 

(6-88) 
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For the reactor, using Eq . 6-78 and dividing by ms: 

1 3 . 1 8(539 .6) (0 . 8322 - 0 .75 1 6) 
573 . 22 BTU/Ibm steam ( 1 . 33 MJ/kg) 

(6-89) 

This reactor irreversibility can be broken into its two nonzero components , ifuel and 
icoolant' i . e . , irreversibility associated with fission power transfer from the fission prod
ucts to the fuel rod and from the fuel rod to the coolant . These irreversibility com
ponents are expressed using Eqs .  6-75 and 6-77 assuming a fuel surface temperature 
of 1 7600R (977. 6°K) as: 

( 1 3 . 1 8) (640 . 3 1  - 555 . 8) ���; 
34 . 1 4 BTU/Ibm steam (7 .97 X 1 0 - 2 MJ/kg) 

I icoolant coolant = . ms 

(Wu,max)fission l [To(Sou� 
- Sin)R] _ To ] 

ms (ho hin)R Tfo 

(::) To [ (So", - S;,)R - (hoot ;'0 h;,)R ] 
( 1 3 . 1 8) 539.6 [0. 8322 - 0.75 1 6 _ (640. 3\ ;�55 .80

) 
] 

539 .08 BTU/Ibm steam ( 1. 25 MJ/kg) 

The sum of the numerical values of the irreversibilities of all components is : 

IR = 573 .22 
ISG == 96 .85 
IT = 60.7 1  
ICD == 29 . 39 
Ip = 0.78 
Total = 760.95 BTU/Ibm steam 

Which equals (considering round-off error) the irreversibility of the reactor plant eval
Uated in Eq. 6-84 as: 

I 
iRP RP = -. = h4 - h i = 830 .70 - 69 .74 = 760 .96 BTU/Ibm steam 
ms 
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The generality of this result may be illustrated by summing the expressions for 
the irreversibility of each component and showing that the sum is identical to the 
irreversibility of the reactor plant. Proceeding in this way we obtain: 

Hence: 

iRP = Wu.max - Wnet 
= ms [h3 - h2 - [h3 - h4 - (h2 - h i)]] 
=ms (h4 - h i ) 

iSG Tomp (S6 - S5) + Toms (S3 - S2) 
iT = Toms (S4 - S3) 
ip = Toms (S2 - S I) 

iCD = Toms(s ) - S4) + ms (h4 - h i) 

(6-84 ) 

(6-89) 
(6-85 )  
(6-86) 
(6-88) 
(6-87 ) 

(6-84) 

V MORE COMPLEX RANKINE CYCLES: SUPERHEAT, REHEAT, 
REGENERATION, AND MOISTURE SEPARATION 

Improvements in overall cycle perfonnance can be accomplished by superheat, reheat , 
and regeneration , as each approach leads to a higher average temperature at which 
heat is received by the working fluid. Furthermore , to minimize erosion of the turbine 
blades, the turbine expansion process can be broken into multiple stages with inter
mediate moisture separation . The superheat and reheat options also allow maintenance 
of higher exit steam quality , thereby decreasing the l iquid fraction in the turbine . 

The superheat, reheat, regeneration , and moisture separation options are illus
trated in subsequent figures for ideal turbines . In actual expansion processes , the 
coolant entropy increases , and the exit steam is dryer, although the shaft work gen
erated per unit mass is decreased. Although each process is discussed independently , 
in practice they are utilized in varying combinations . Superheat is accomplished by 
heating the working fluid into the superheated vapor region. A limited degree of 
superheat is being achieved in PWR systems employing once-through versus recir
culating steam generators . Figure 6- 1 6  illustrates the heat exchanger and turbine 
processes in a superheated power cycle. 

Reheat is a process whereby the working fluid is returned to a heat exchanger 
after partial expansion in the turbine . As shown in Figure 6- 1 7 ,  the fluid can be 
reheated to the maximum temperature and expanded . Actual reheat design conditions 
may differ with application . 

Regeneration is a process by which the colder portion of the working fluid is 
heated by the hotter portion of the working fluid. Because this heat exchange is internal 
to the cycle , for single-phase fluids (e. g . , Brayton cycle) the average temperature of 
external heat rejection is reduced and the average temperature of external heat addition 



2 

THERMODYNAMICS OF NUCLEAR ENERGY CONVERSION SYSTEMS 209 

Secondary Coolant 

a 

.... 
Subcooled Saturated Superheated 

o 1 

E nt ro py , s 

5 

Fractional Length Along the Steam Generator, zlL 

Figure 6-16 Heat exchanger and turbine processes in  a superheated power cycle. 

is increased . For a two-phase fluid (e . g . ,  Rankine cycle) only the average temperature 
of external heat addition is changed, i . e . , increased . In either case the cycle thermal 
efficiency increases .  For the l imiting case of this heat exchange occurring at infini
tesimal temperature differences-an ideal regeneration treatment- it can be shown 
that the cycle thermal efficiency equals the Carnot efficiency of a cycle operating 
between the same two temperature l imits . In practice for a Rankine cycle , this regen
e�ative process is accomplished by extracting steam from various turbine stages and 
dIrecting it to a series of heaters where the condensate or feedwater is preheated . 
These feedwater heaters may be open (OFWH) , in which the streams are directly 
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E ntropy , s 

Figure 6-17 Heat exchanger and turbine processes in a power cycle with superheat and reheat. 

mixed, or closed (CFWH) in which the heat transfer occurs through tube walls .  Figure 
6- 1 8  i llustrates a system and associated T -s diagram for the case of two open feedwater 
heaters . In this case a progressively decreasing flow rate passes through later stages 
of the turbine . Hence the total turbine work is expressed as: 

(6-90) 

The exit enthalpy from each feedwater heater can be expressed by specializing the 
relations of Table 6-5 , i . e . , for heater No . 1 .  

For OFWH No. 1 :  

For OFWH No . 2:  

m3"h3" + m4h I ' 

m3" + m4 
m3"h3" + m4h I ' 

ms - my 
(6-9 1 ) 

(6-92) 

Figures 6- 1 9  and 6-20 i llustrate a system and the associated T-s diagram for the case 
of two closed feedwater heaters . Steam traps at the bottom of each heater allow the 
passage of saturated liquid only .  The condensate from the first heater is returned to 
the main condensate line by a drip pump. For the last heater (No. 2) the condensate 
drip is flashed back to the adjacent upstream heater (No . 1 ) .  Observe on the T-5 
diagram that certain temperature differentials must be maintained . In this case , exit 
enthalpies of each CFWH and the mixing tee can be written: 
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Figure 6-18 Power cycle with open feedwater heaters. 

8 
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Figure 6-19 Portion of Rankine power cycle with closed feedwater heaters. 

For CFWH No. 1 :  

rn3"hy' + m4h I '  + f11yhx ' - ( l11y + m3,,)h z 
m4 

For the mixing tee , at position y ' :  

1 

(6-93) 

(6-94) 
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Figure 6-20 Portion of Rankine power cycle with closed feedwater heaters. Note: Process y' to 2 offset 
from constant pressure line l 'yy 'z ' 2  for clarity . 

For CFWH No . 2 :  

rYt3,(h3 ' - h:» + m/ty' 
ms 

(6-95) 

From these feedwater heater illustrations it can be observed that the OFWH approach 
requires a condensate pump for each heater, whereas the CFWH approach requires 
only one condensate pump plus a smaller drip pump . However, higher heat transfer 
rates are achievable with the OFWH. Additionally , the OFWH pennits deaeration of 
the condensate . For most applications closed heaters are favored, but for purposes of 
feedwater deaeration at least one open heater is provided . 

The final process considered is moisture separation . The steam from the high
pressure turbine is passed through a moisture separator, and the separated liquid is 
diverted to a feedwater heater while the vapor passes to a low-pressure turbine . The 
POrtion of the power cycle with a moistu�e separator and the associated T -s diagram 
are shown in Figure 6-2 l .  The moisture separator is considered ideal , producing two 
streams of fluid , a saturated l iquid flow rate of magnitude ( 1  - x3 ')ms and enthalpy 
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Figure 6-21 Portion of power cycle with ideal moisture separation_ 
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h3" hf (at P3 ' ) ' and a saturated vapor flow rate of magnitude x3 ,ms and enthalpy 
h3", hg (at P3 ') .  In this case the feedwater heater exit enthalpy is given as 

h3,,( l - x3,)ms + h Jxyms (6-96) 
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Example 6-6 Thermodynamic analysis of a PWR cycle with moisture sepa

ration and one stage of feed water heating 
PROBLEM This example demonstrates the advantage in cycle performance gained 

by adding moisture separation and open feedwater heating to the cycle of Example 
6-4 . The cycle , as illustrated in Figure 6-22 , operates under the conditions given i n  
Table 6-8 . Al l  states are identical to those in Example 6-4 except state 2 ,  as states 9 
through 1 3  have been added. The flow rate at state 1 1 ,  which is diverted to the open 
feedwater heater, is sufficient to preheat the condensate stream at state 1 3  to the 
conditions of state 10 .  Assume that all turbines and pumps have isentropic efficiencies 
of 85% .  

1 .  Draw the temperature-entropy ( T  -s) diagram for this cycle, as well as the tem
perature-fractional length (T versus z/ L) diagram for the steam generator. 2. Compute the ratio of primary to secondary flow rates . 

3 .  Compute the cycle thermal efficiency . 

SOLUTION 

1 .  The T -s diagram is sketched in Figure 6-23 . The T versus z/ L diagram is the 
same as that in Figure 6-7 . 

2. mp 
= h3 - ha 

ms cp[Ts - (Ta + L1Tp)] 
1 3 . 1 8 ,  as states 3, 5, a ,  and b were specified 

the same as in Example 6-4 . 

Table 6-8 PWR operating conditions for Example 6-6 

State 
1 
2 
3 

4 
5 
6 
7 
8 
a 
b 
9 

10 
1 1 
12 
13 

Temperature 

OF (OK) 

6 1 8 . 5  (599) 
557 . 2  (565) 

Ta + 26 ( 14 .4) 

Pressure 
psia (MPa) 

I (6 . 89 x 1 0 - 3) 
1 1 24 ( 7 . 75 )  
1 1 24 (7 .75)  

I (6 .89 x 1 0 - 3 ) 
2250 ( 1 5 . 5 )  
2250 ( 1 5 . 5 )  

Condition 

Saturated liquid 
Subcooled liquid 
Saturated vapor 
Two-phase mixture 
Subcooled liquid 
Subcooled liquid 
Subcooled liquid 
Subcooled liquid 

1 1 24 (7 .75 )  Saturated liquid 
2250 ( 1 5 . 5 )  Subcooled liquid 
50 (0 . 345) Two-phase mixture 
50 (0 .345) Saturated liquid 
50 (0 . 345) Saturated vapor 
50 (0. 345) Saturated l iquid 
50 (0 . 345) Subcooled liquid -------------------------------------------------------------------
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Figure 6·23 PWR cycle with moisture separation and one stage of feedwater heating. 

From the problem statement , the following enthalpies can be directly detennined: 

h3 = 1 1 87 . 29 BTU/Ibm or 2 . 77 MJ/kg (Example 6-4) 
hl l  = 1 1 74.40 BTU/Ibm (2 . 74 MJ/kg) 
h12 = h lO = 250 .24 BTU/Ibm (0. 584 MJ/kg) 

The following parameters must be calculated: h9 ' mg , h4' t, and h2 . 
h9 = h3 - TfT(h3 - h9s) 

where 

Hence: ( 1 . 3759 - 0 .4 1 1 29) h9s = 250 . 24 + 
l . 2476 

924.2  

= 964. 8 1  BTU/Ibm (2 .25 MJ/kg) 
h9 = 1 1 87 . 29 - 0 . 85( 1 1 87 . 29 - 964. 8 1 ) = 998 . 1 8  BTU/Ibm (2 . 330 MJ/kg) 

h9 - hf 998 . 1 8  - 250 .24 mg = X9ms = 
hfg 

ms = 
924.2 

ms = 0 .8 1 ms (English units) 

2 . 33 1 - 0 .584 
--2-.

-1 5-6
-- ms = 0 . 8 1  ms (SI units) 
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h4 = h I I - TlT(h I I  - h4s) = 1 174 .4 - 0 .85( 1 1 74.4 - 926.6 1 )  
= 963 .77 BTU/Ibm (2 .25 MJ/kg) 

where: 

h4S = hf + X4ftfg = hf + (S4S - Sf) hfg Sfg ( 1 . 6589 - 0 . 1 3266) 6 = 69 . 74 + 103 .0 
1 . 8453 

= 926 . 6 1  BTU/Ibm (2 . 1 6  MJ/kg) 

h I 3  = h I + V I (P I 3  - PI ) 
'TIp 

= 69 . 9 1  BTU/Ibm (0 . 1 63 MJ/kg) (same as state 2 ,  Example 6-4) 

Applying the first law to the feedwater heater: 

mfh J 2  + fmgh I I  + ( 1  - f)mgh I 3 = msh lO 
msh lO  - mfhI2 - mgh I 3  f = . mg(h I I  - h I 3) 

250 .24 - 69 . 9 1  
------ = 0 . 1 6  
1 1 74.4 - 69. 9 1  

h - h + VW(P2 - P IO) 
2 - W 

Hence: 

'TIth 

'TIp 

2 
0 .0 1 7269( 1 1 24 - 50) ( 1 44 in2/ft2 ) = 50. 24 + ----'-----'--

0 . 85 778 Ibf - ft/BTU 

= 254 .28 BTU/Ibm (0 . 594 MJ/kg) 

[ ( 1 1 87 . 29 - 998 . 1 8) + ] 
( 1  - 0 . 1 6)0 . 8 1 ( 1 1 74.4 - 963 .77) 

0 . . 

1 1 87 .29 _ 254 .28 
1 0 EnglIsh umts 

= [2 . 77 - 2 . 330 + ( 1  - 0 . 1 6) 0 .8 1 (2 . 74 - 2 .25) J 100 SI units 
2 .79 - 0 .594 

= 35 . 6% 

VI SIMPLE BRAYTON CYCLE 

Reactor systems that employ gas coolants offer the potential for operating as direct 
Brayton cycles by passing the heated gas directly into a turbine. This Brayton cycle 
is ideal for single-phase , steady-flow cycles with heat exchange and therefore is the 
basic cycle for modem gas turbine plants as well as proposed nuclear gas-cooled 
reactor plants . As with the Rankine cycle , the remaining processes and componentS 
are , sequentially , a heat exchanger for rejecting heat, a compressor, and a heat source ,  
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Figure 6-24 Temperature--entropy (T-s) plot of the simple Brayton cycle . ® Constant pressure process. 

o Constant entropy process. 

which in our case is the reactor. The ideal cycle is composed of two reversible 
constant-pressure heat-exchange processes and two reversible , adiabatic work 
processes . However, because the working fluid is single phase , no portions of the 
heat-exchange processes are carried out at constant temperature as in the Rankine 
cycle . Additionally , because the volumetric flow rate is higher, the compressor work, 
or "backwork, "  is a larger fraction of the turbine work than is the pump work in a 
Rankine cycle . This large backwork has important ramifications for the Brayton cycle. 

The T-s plot of the simple Brayton cycle of Figure 6-8 is shown in Figure 6-24 . 
The pressure or compression ratio of the cycle is defined as: 

P2 P3 
r == - = - (6-97) P P I  P4 

For isentropic processes with a perfect gas , the thermodynamic states are related in 
the following manner: 

TvY- I constant (6-98) 
� 

Tp 'Y = constant (6-99) 
Where 'Y == cp/ Cv ' For a perfect gas , because enthalpy is a function of temperature 
only and the specific heats are constant: 

ilh = cpLlT (6- 1 00) 
Applying this result for Llh (Eq . 6- 100) and the isentropic relations for a perfect gas 
(Eqs. 6-98 and 6-99) to the specialized forms of the first law of Table 6-5 , the Brayton 
CYcle can be analyzed . The following equations are in terms of the pressure ratio (rp) :d the lowest and highest cycle temperatures (TI and T3) both of which are generally 

OWn quantities .  
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The turbine and compressor works are given as follows .  For a perfect gas: 

' .  . ( T4) 
WT = mCp(T3 - T4) = rr1CpT3 1 - T3 

(6- 1 0 1 a) 

Furthennore , for an isentropic process, application of Eq . 6-99 to Eq. 6- 10 1 a yields : 

WT = mCpT3 
[
1 - ly_ l] 

(rp) y 

Analogously for the compressor: 

Wep = mc/T, - T, l = mepT, [�: - 1 ] = 
� 

rhcpTl [(r� y - 1 ] 

(6- 1 0 1 b) 

(6- 102) 

The heat input from the reactor and the heat rejected by the heat exchanger are: 

[T �J mepTI T: - (r p) y 

me T [_1 _ Tl] 
p 3 � T3 

(rp) Y 

(6- 103 ) 

(6- 104 ) 

As in Eq. 6-56 , the maximum useful work of the reactor plant is equal to the product 
of the system flow rate and the coolant enthalpy rise across the core . Hence: 

The Brayton nuclear plant thennodynamic efficiency is then: 

1 - � 
(rp) Y 

[ 1 ] y - I  [ 1 ] T 1 - -- - T (r ) y 1 - --3 � 1 P � 
(rp) Y (rp) Y 

(6- 105) 

(6- 1 06) 

It can be further shown that the optimum pressure ratio for maximum net work is: 

(6- 107) 
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The existence of an optimum compression ratio can also be seen on a T -5 diagram 
by comparing the enclosed areas for cycles operating between fixed temperature l imits 
of TI and T3 · 

Example 6·7 First law thermodynamic analysis of a simple Brayton cycle 
PROBLEM Compute the cycle efficiency for the simple Brayton cycle of Figures 

6-8 and 6-24 for the fol lowing conditions: 

1 .  Helium as the working fluid taken as a perfect gas with 

Cp = 1 . 25 BTU/Ibm oR (5230 J/kg OK) 
'Y = 1 . 658 
m in lbm/s (English units) or kg/s (SI units) 

2. Pressure ratio of 4.0 
3 . Maximum and minimum temperatures of 1 7500R (972°K) and 5000R (278°K) , 

respectively 

SOLUTION 

CpT3 [ 1 -
1
/,_ 1] = 1 . 25 ( 1 750) [ 1 _ 1 ] 

(4 .0)°·397 
(rp) /' 

925 .9  BTU/Ibm (2 . 1 50 MJ/kg) 

�P = cpT, [(rp)
Y�

' 
- 1 ]  = 1 . 25 (500) [(4 .0)°·397 - 1 ] 

= 458 .67 BTU/Ibm ( 1 .066 MJ/kg) 

"'uP max = C TI [T3 _ (r ) /'� I ] = 1 .25 (500) [ 1 750 _ (4 .0)0.397] 
m p 

TI p 
500 

1 103 . 8  BTU/Ibm (2 . 560 MJ/kg) 

r __ (WT .- Wcp )/m __ (925 .9  - 458 .7) 
� 100 (English units) Wu ,max/m 1 103 . 8  (2 . 1 5  - l .066) = 

2 . 56 
100 (SI units) 

= 42 .3% 

Analogous to  the PWR cycle demonstrated in Example 6-5 , the Brayton cycle 
thermal efficiency equals the Brayton nuclear plant thennodynamic efficiency , i . e  . .  

71th = � 

. For ideal Brayton cycles , as Eq . 6- 106 demonstrates , the thennodynamic effi
CIency increases with the compression ratio .  The thennal efficiency of a Camot cycle 
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Figure 6-25 Thennal efficiency of an ideal Brayton cycle as a function of the compression ratio .  
"y = 1 . 65 8 . 

operating between the maximum and minimum temperatures specified is : 

Tmax - Tmin 'TIcamot = 

Figure 6-25 illustrates the dependence of cycle efficiency on the compression ratio for 
the cycle of Example 6-7 . The pressure ratio corresponding to the maximum net work 
is also identified . This optimum pressure ratio is calculated from Eg . 6- 107 for a 
perfect gas as: 

1 .658 (972) 2(0.658) 

278 
4 . 84 

VII MORE COMPLEX BRAYTON CYCLES 

In this section the various real istic considerations are included in the analysis and are 
illustrated through a number of examples . 

Example 6-8 Brayton cycle with real components 
PROBLEM Compute the thermal efficiency for the cycle depicted in Figure 6-26 

if the isentropic efficiencies of the compressor and the turbine are each 90% . All other 
conditions of Example 6-7 apply . 
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Compressor 

?_q9_!i _ _  
(278 K) 

1 

2 .-----� 

Heat 
Exchanger 

t--__ ...... 3 
Turbine 

4 

E ntropy,  S 

Figure 6·26 Brayton cycle with real components: Example 6-8 _  

SOLUTION 
For W '  T' 

actual work out of turbine 
ideal turbine work WTi rizcp(T3 - T4s) 

'7TWTi = '7Tmcp(T, - T4,) = '7TmcpT, (1 - ;:) 
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'YJTm 925 . 9  = (0 .9)(925 .9) rh 

833 . 3  m BTU/s ( 1 . 935 m MJ/s or MW) 

ideal compressor work W CPi _ mc p(T2s - T}) 
'YJcP = . -

actual compressor work W CP mCp(T2 - T}) 

. m m (T2S ) m 458 .7  
Wcp = - cp(T2s - T } )  = - cpT} -

T 
- 1 = 

0 9 17cp 17cP } . 
= 509 . 7  m BTU/s ( 1 . 1 84 m MW) 

WNET = WT - WcP = m (833 . 3  - 509 .7) = m 323 .6  BTU/s (m 0 .752 MW) 

QR = mc p(T3 - T2) 

To evaluate QR it is necessary to find T2 . 

In Example 6-7 we found WCPi = mCp(T2s -: T} )  = 458 .7  rh BTU/s 
MW, so that from the expressions above for Wcp and 17cp: 

458 .7  = 407 .70R (226 .50K) 
1 . 25(0 . 9) 

T2 = 407 . 7  + T} = 407 . 7  + 500 = 907 .7°R (504 . 3°K) 

QR = ( 1 . 25)(T3 - T2) m = 1 . 25 ( 1 750 - 907 . 7) rh 

17th 

= 1052 . 9  m BTU/s (2 .45 m MW) ( 323 . 6 ) . -- 100 (English umts) 
1052 .9 (0 .752) 

100 (SI units) 
2 .45 

30.7% 

Example 6-9 Brayton cycle considering duct pressure losses 

l .066 In 

PROBLEM Compute the cycle thermal efficiency considering pressure losses in the 
reactor and heat exchanger processes as well as 90% isentropic turbine and compressor 
efficiencies . The cycle is i l lustrated in Figure 6-27 . The pressure losses are charac
terized by the parameter f3 where: 

All other conditions of Example 6-7 apply . 



2 
Compressor 

1 

.... 

� _�!?�t�J�X���9 � 8. 
E � 

SOOOR (2-78�K) - 1 

THERMODYNAMICS OF NUCLEAR ENERGY CONVERSION SYSTEMS 225 

t----......... 

Heat 
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.. 

E nt ro py , s 

Figure 6·27 Brayton cycle considering duct pressure losses: Example 6-9. 
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SOLUTION Because f3 is defined as: 

(P4 . P2)Y
� 1 

\PI P3 
(J?4 P2)Y� 1 :. �4f' - \Pt '  �_ , 3 �:)-Y 

f3 y- I 

:. WT = YJTmepT3 [ 1 f3y_ l] (rp) y 

[ 1 . 05 
] 

= 0 .9  m ( 1 . 25)( 1 750) 1 - (4)0 .397 

= 776 .5  m BTU/s ( 1 . 803 m MW) 

Again as in Example 6-8: 

Wep � �:: (T" - T, ) � m �� (i,' - 1 ) m;;:, [�:r 1 ] 
m ( 1 . 25)(500) = ( 1 . 7338 - 1 .0) 

0 .9  
= 509 .7  m BTU/s ( 1 . 1 84 m MW) 

Now QR = inCpCT3 - T2) 
We know that 

mcpCT2i - TI) WCPi YJcP = . . mCp(T2 - TI ) W CP 
where WCPi was calculated in Example 6-7 . 

458 .7  
(0 . 9)( 1 . 25) = 407 . 7°R (226. 5°K) 

:. T2 = 500 + 407 .7  = 907 .7°R (504 . 3°K) 

:. QR = mep ( 1 750 - 907 .7) = 1 052 .9  rh BTU/s (2 .45 rh MW) WNET = WT - WcP = m (776 . 5  - 509 . 6) = 266 .9  rh BTU/s (0 .620 rh MW) WNET ( 266 .9 ) YJth = QR = 
1 052 .9  

1 00 (English units) (0 .620) 
1 00 (SI units) 

2 .45 
= 25 . 3% 
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Examples 6-8 and 6-9 demonstrate that consideration of real component efficien
cies and pressure losses cause the cycle thennal efficiency to decrease dramatically . 
Employment of regeneration , if the pressure ratio allows,  reverses this trend , as dem
onstrated next in Example 6- 10 , which considers both ideal and real turbines and 
compressors . 

Example 6-10 Brayton cycle with regeneration for ideal and then real 

components 
PROBLEM Compute the cycle thennal efficiency first for ideal turbines and com

pressors but with the addition of a regenerator of effectiveness 0 . 75 . The cycle is 
illustrated in Figure 6-28 . Regenerator effectiveness is defined as the actual preheat 
temperature change over the maximum possible temperature change , i .e . , 

T5 - T2 � =  ----"-----.-:::. T4 - T2 

All other conditions of Example 6-7 apply.  

SOLUTION 

Wep = mCp(T2 - Til = mCpTI [( �: ) y� I - 1 ] 
m 458 . 6 BTU/sec (m 1 .066 MW) 

(as in Example 6-7) . Likewise: 

WT = mCp(T3 - T4) = mcpT3 [1 - ly_ 1] 
(rp) y 

� (effectiveness 
of regenerator) 

m 925 .9 BTU/s (m 2 . 1 50 MW) 
rhciT3 - T5) 
T5 - T2 = 0 .75 T4 - T2 
(T4 - T2)(0 . 75) + T2 = 0 .75 T4 + 0 .25 T2 

Writing T4 in tenns of T3 and rp ' T2 in tenns of Tl and rp ' and noting that processes 
1-2 and 3-4 are isentropic , obtain: 

T5 (0 .75) [ T�_ l] + 0 . 25Tl (rp)

Y� 1 

(rp) y 
(0 . 75 )(0 . 5767)( 1 750) + (0 . 25)(500)( 1 . 7338) 
973 .7°R (540 .9°K) 
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Figure 6-28 Brayton cycle with ideal components and regeneration: Example 6- 10 .  

Hence: 

mcp ( 1 750 - 973 .7) = 970 .4 m BTU/s (2 .254 m MW) 

3 

4 

WT - Wcp = m (925 .9 - 458 . 7) = m 467 .2 BTU/s ( 1 .084 m MW) 



11th 
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"'NET 
QR (467 . 2) 

100 (English units) 
970 .4 ( 1 . 084) 
2 .254 

1 00 (SI units) 

= 48 . 1 %  

Repeating these calculations for real compressors and turbines with component 
isentropic efficiencies of 90% ,  the thermal efficiency is reduced to 36 .4% . Table 6-9 
lists the intermediate calculations under Example 6- 1 OB . 

It is interesting to compare these results with those of Examples 6-7 and 6-8 , 
which are identical except for regeneration . One sees that the use of regeneration has 
increased the efficiency for the cases of ideal components (48 . 1 % versus 42 . 3%) and 
real components (36 .4% versus 30 .7%) . In each situation regeneration has caused the 
thennal efficiency of the cycle to increase by decreasing QR (WNET being the same) , 
a result that is possible only if T4, the turbine exit , is hotter than T2 , the compressor 
exit. 

This condition is not the case for a sufficiently high pressure ratio (e . g . , P2 = 
8 PI ) .  In this case (Example 6- 1 1  in Table 6-9) , the cycle thermal efficiency is reduced 
to 38 .4% .  

A loss of  thermal efficiency has resulted, from the introduction of  a regenerator 
compared to the same cycle operated at a lower compression ratio, i .e . , Example 
6- lOA (38 .4% versus 48 . 1  %) .  An additional comparison is between this case and the 
case of an ideal cycle without regenerator but operated at the same high compression 
ratio of 8. Again the efficiency of this case is less than this ideal cycle without 
regeneration (38 .4% versus 56 .2%-where the value of 56 . 2% can be obtained from 
Equation 6- 106 or, equivalently ,  Figure 6-25) .  Physically both comparisons reflect 
the fact that for this case (Example 6- 1 1 ) rp is so high that T2 is higher than T4; i . e . , 
the exhaust gases are cooler than those after compression . Heat would thus be trans
ferred to the exhaust gases, thereby requiring QR to increase and 11th to decrease . 
Obviously, for this high compression ratio,  inclusion of a regenerator in the cycle is 
not desirable . Major process variations possible for cycles with high compression 
ratios are the intermediate extraction and cooling of gases undergoing compression 
(to reduce compressor work) and the intermediate extraction and heating of gases 
Undergoing expansion (to increase turbine work) . These processes are called inter
Cooling and reheat, respectively , and are analyzed next in Example 6- 14 .  Intermediate 
cases of intercooling only and reheat only are included in Table 6-9 as Examples 
6- 1 2 and 6- 1 3 ,  respectively . 

Example 6-14 Brayton cycle with reheat and intercooling 

Note: Examples 6- 1 1 , 6- 1 2 , and 6- 1 3  appear only in Table 6-9 . 
SOLUTION Calculate the thermal efficiency for the cycle employing both inter

COOling and reheat as characterized below . The cycle is illustrated in Figure 6-29 . All 
other conditions of Example 6-7 3pply .  
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Figure 6·29 Brayton cycle with reheat and intercooling: Example 6- 1 4 .  

SOLUTION 

I 1 · P; ntercoo mg : -
PI 
p ' 

Reheat: -.l 
P4 

WCP = mcpCT� - TI) + me iT� - T';) 

Til I 

Til 
3 

ll' 
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= nicpTI[(r�) l' - 1 ]  + mcpT'a(r� l' - 1 ]  
1' - 1 

= 2nicpTI[(r�)
-
1' - 1 ]  = 2mcpT1[(2)0. 397 - 1 ]  

= 395 .96 ni BTU/s (0 .920 ni MW) 

Again for the isentropic case: 

WT = 2niCpT3 [ 1 -
l
Y- 1] 

(rp) l' 

= 2ni ( 1 . 25 )  1 750 [ 1 -

(2)� 397
] 

= 1052 .5  ni BTU/s (2 .444 ni MW) 
T; 

= __ 
T3 r=-!. 

(r�) l' 

. T' _ � _ 1 750 _ l 750 
. .  3 - r=-!. -

(2)°· 397 - l .  3 1 7  
(r�) l' 

= 1 329.0oR (738 . 3°K) 

r=-!. 
where T; = r; ( r�) l' and T; = TI = 5000R (278°K) . 

:. T; = (5000R) 2°·397 = 658 .4°R (365 . 8°K) 

OR = niCp(T3 - T2) + me p(r� - T�) 

OR = nicp [( 1 750 - 658 .4) + ( 1 750 - 1 329 .0)] 

1 890 . 8  ni BTU/s (4 . 39 1  ni MW) 
WNET = WT - WcP = m ( 1 052 . 5  - 395 .96) = 656 . 5  m BTU/s ( l . 524 MW) 

WNET 
11th = -. -

QR ( 656 .5 ) 100 (English units) 
1 890 . 8  ( l . 524) 100 (SI units) 
4 .39 1  

= 34.7% 



THERMODYNAMICS OF NUCLEAR ENERGY CONVERSION SYSTEMS 233 

Compared with Example 6-7 , both the net work and the maximum useful work 
have increased, but the thermal efficiency has decreased . An increase in the thermal 
efficiency would result if regeneration were employed . These changes are the com
bined result of the intercooling and reheating processes. They can best be understood 
by examining each separately with reference to the results of Examples 6- 1 2  and 
6- 13 , respectively . 

In comparison with Example 6-7 (which is the same except for intercooling) , we 
see that intercooling has decreased the compressor work and hence raised the "'NET' 
However, the cycle efficiency has decreased to 38 . 8% from 42 . 3% ,  as the cycle with 
intercooling has a smaller pressure ratio than the basic cycle. However, by lmvering 
inlet temperature to the reactor, i . e . , T2 to T; , a portion of this added energy can be 
supplied regeneratively , thereby offering the possibility to recoup some of the decrease 
in efficiency . 

As we see in comparison with Example 6-7 , reheat also decreases cycle thermal 
efficiency (36 .4% versus 42 . 3%) because the cycle with reheat has a smaller pressure 
ratio than the basic cycle itself. However, the turbine exit temperature has been raised 
from T4 to T�, offering the possibility of supplying some of the energy addition from 
states 2 to 3 regeneratively with its associated improvement in cycle thermal efficiency . 

REFERENCE 

1 . Hicks, E .  P. , and Menzies, D. C. Theoretical studies on the fast reactor maximum accident . "  In: 
Proceedings of the Conference on Safety, Fuels, and Core Design in Large Fast Power Reactors. 
ANL-7120,  1 965 , pp . 654-670. 

PROBLEMS 

Problem 6-1 Work output of a fuel-water interaction (section II) 

Compute the work done by a fuel-water interaction assuming that the 40,000 kg of mixed oxide fuel 
and 4000 kg of water expand independently and isentropically to 1 atmosphere . Assume that the initial 
fuel and water conditions are such that equilibrium mixture temperature (Te) achieved is 1 945°K .  Other 
water conditions are as follows: Tini,ial = 400oK; Pinilial = 945 kg/m3; cv = 4 1 84 J/kgK.  Caution: Eq . 
6-9 is inappropriate for these conditions,  as the coolant at state e is supercritical .  

Answer: 1 .67 x 1 0 10 J 

Problem 6-2 Evaluation of alternate ideal Rankine cycles (section III) 
Three alternative steam cycles illustrated in Figure 6-30 are proposed for a nuclear power station 

capable of producing either saturated steam or superheated steam at a temperature of 293°C. The condensing 
steam temperature is 33°C .  

1 . Assuming ideal machinery, calculate the cycle thermal efficiency and steam rate (kg steam/kWe-hr) 
for each cycle using the steam tables. 

2. Compare the cycle thermal efficiencie<; calculated with the Carnot efficiencv 
J. For each cycle, compare the amount  ot heat added per uni t  mass of workIng fluid in the legs ) ' ---> 4 

and 4 ---> I . 
4. Briefly compare advantages and disadvantages of each of these cycles.  Which would you use? 

Answers: 17th = 38 .2%, 45 .9%,  36.8% 
Steam rate = 3 . 60 ,  5 . 38 ,  3 . 54 kg steam!(kWe-hr) 
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Figure 6-30 Alternate ideal Rankine cycles . 
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2 

8 

Figure 6-31 BWR plant. 

OFWH 

3 

Moisture Separator 

Problem 6-3 Availability analysis of a simplified BWR (section IV) 

6 

A BWR system with a one-stage moisture separation is shown in Figure 6-3 1 .  The conditions in the 
table may be assumed. 

Points p(kPa) Condition 

I 6890 Saturated vapor 
2 1 380 
3 1 380 Saturated vapor 
4 1 380 Saturated liquid 
5 6 . 89 
6 6 .89 Saturated liquid 
7 1 380 
8 1 380 
9 6890 

Turbine isentropic efficiency = 90% 
Pump isentropic efficiency = 85% 
EnVironmental temperature = 30°C 

I . Calculate the cycle thermal efficiency. 
2. Recalculate the thermal efficiency of the cycle assuming that the pumps and turbines have isentropic 

efficiency of 1 00% . 
3. Calculate the lost work due to the irreversibil ity of each component in the cycle and show numerically 

that the available work equals the sum of the lost work and the net work. 
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Answers: 17th = 34.2 9'c 

17th "\;,, = 3 7 . 7% 
2:1 = 1 .65 MJ/kg 

WNET = 0.86 MJ/kg 

Problem 6-4 Analysis of a steam turbine ( section I V )  

I n  t h e  test of a steam turbine t h e  fol lowing data were observed : 

h i  = 3000 kJ/kg; PI = I O  M Pa; VI = 1 50 m/s 

h �  = 2600 kJ/kg ; V� is negl igible. Pc = 0.5 M Pa 

22 = 21 and Wl . �  = 3 84.45 kJ/kg 

I .  Assume steady fl ow. and determine the heat transferred to the surroundings per k i logram of a steam . 

2. What is the qual i ty of the exit  steam? 

Answers: Q = -26.8 kJ/kg 

x = 92.90/c 

Problem 6-5 Advantages of moisture separation and feedwater heating ( section V)  

A simpl i fi ed BWR system with moisture separation and an open feedwater healer is  descrihed I II 
Problem 6-3.  Compute the improvement in thermal efficiency that results from lhe inclusion of these t wo 
components in the power cycle. Do you think the thermal effic iency improvement from these components 

i s  sufficient to j ust ify the capital investment requ i red? Are there other reasons for having moisture sepa
ration'? 

Allswers: 1 7 th  changes from 36.90/c to 37.YIr 

Problem 6-6 Ideal Brayton cycle (section V I )  

The Brayton cycle shown in  Figure 6-32 operates using COc a s  a worki ng flu id with compresscr allll 
turbine i sentropic effi c iencies of 1 .0.  Calcu late the thermal efficiency of this cycle when the worki ng. ll u i J  
is  modeled as: 

I .  A perfect gas of y = 1 . 30. 

2 .  A real flu id ( see below for extracted values from Keenan and Kay's  gas tables) .  

3 .  A real flu id and the compressor and turbine both have isentropic efficiencies of 0.95 . 

a 

E ntropy . 5 

Figure 6-32 Ideal Brayton cyc le . Stale a: " = 20 ps ia . T = 9W F. S tate c: jJ = 1 00 psia. T = I OOO° F. 
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The parameters needed for a real fluid (from Keenan and Kay ' s  gas tables) are shown in the following 

table. 

-
parameter a b c d 
-
r 90 1000 

P 20 1 00  1 00 20 

Pr 0. 1 6 1 08 0 . 8054 3 1 . 5 6 .3  

ii 4 1 46.0 6239 . 8  14 ,204 10 ,077 

where T = temperature ,OF; Pr = relative pressure*; h = enthalpy per mole, BTU/lb-mole. 
*The ratio of the pressures Pa and Pb corresponding to the temperatures Ta and Tb, respectively , for 

an isentropic process is equal to the ratio of the relative pressures Pra and Prb as tabulated for Ta and Tb, 
respectively . Thus: (Pa) Pra 

;:, 5 = constant = P rb 
Answers: 11th = 3 1 .0%, 25 . 5% ,  and 2 1 .9%, respectively 

Problem 6-7 Complex real Brayton cycle (section VII) 
A gas-cooled reactor is designed to heat helium gas to a maximum temperature of 1000°F. The helium 

flows through a gas turbine, generating work to run the compressors and an electric generator, and then 
through a regenerative heat exchanger and two stages of compression with precooling to 1 00°F before 
entering each compressor. Each compressor and the turbine have an isentropic efficiency of 85%, and the 

pressure drop factor {3 is equal to 1 .05 . Each compression stage has a pressure ratio (r p) of 1 .27.  The heat 
exchanger effectiveness (() is 0 .90 . 

Determine the cycle thermal efficiency. The Brayton cycle system is illustrated in Figure 6-33 .  The 
pressure drop factor {3 is defined as: 

Answer: 11th 

6 .--__ --. 
1 000 F 

1 4 . 1 %  

7 

s ----+-------

Compressor 

�--------------------------------� 

Figure 6-33 Complex Brayton cycle. 
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Eleclric 
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SEVEN 

THERMODYNAMICS OF N UCLEAR ENERGY 

CONVERSION SYSTEMS : NONSTEADY FLOW 

FIRST LAW ANALYSIS 

I INTRODUCTION 

Clear examples of time-varying flow processes relevant to nuclear technology are the 
( 1 )  pressurization of the containment due to postulated rupture of the primary or 
secondary coolant systems , (2) response of a PWR pressurizer to turbine load changes, 
and (3) BWR suppression pool heatup by addition of primary coolant . Unlike the 
steady-flow analysis , the variable-flow analyses can be perfonned with equal ease by 
either the control mass or the control volume approach . These approaches are dem
onstrated for the containment example . The pressurizer example is solved using the 
control volume approach. The suppression pool case is given as Problem 7-5 . 

II CONTAINMENT PRESSURIZATION PROCESS 

The analysis of the rapid mixing of a noncondensible gas and a flashing liquid has �pplication in reactor safety ; e . g . , for the light-water reactor, one postulated accident 
IS the release of primary or secondary coolant within the containment. The magnitude 
o
.f the peak pressure and the time to peak pressure are of interest for structural con

siderations of the containment .  
The fluid released in the containment can be due to the rupture of either the 

Primary or secondary coolant loops. In both cases the assumed pipe rupture begins 
the blowdown . The final state of the water-air mixture depends on several other 
factors: ( 1 ) the initial thennodynamic state and mass of water in the reactor and the 
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Table 7-1 Factors to consider during analysis of coolant system ruptures 

Possible heat sinks 

Primary system rupture 
Containment walls and other 

cool surfaces 
Active containment heat 

removal systems - air 
coolers, sprays, heat 
exchangers 

Steam generator secondary 
side 

Secondary system rupture 
Containment walls and other 

cool surfaces 
Active containment heat 

removal systems - air 
coolers, sprays, heat 
exchangers 

Possible heat sources 

Stored heat 
Decay heat 
Other energy sources in core 

(e .g . , Zr-H20 reactions, 
H2 explosion) 

Steam generator secondary side 

Primary coolant through steam 
generator 

Possible fluid added 
from external sources 

Emergency core cooling water 

Feedwater (BWR) 

Condensate makeup (PWR)  

air in the containment; (2) the rate of release of fluid into the containment and the 
possible heat sources or sinks involved; (3) the likel ihood of exothermic chemical 
reactions ; and (4) the core decay heat. Table 7- 1 l ists the various external factors in 
the blowdown process that could affect the peak pressure . Figure 7- 1 is a general 
pictorial representation of the factors involved in the containment response to the 
loss of primary coolant. We include only heat loss to structure and heat gain from the 
core in our discussion below . Furthermore , potential and kinetic energy effects are 
neglected . 

A Analysis of Transient Conditions 

We perform the analysis of transient conditions using the control mass and control 
volume approaches to illustrate that the two techniques are equally applicable to 
variable-flow processes . 

1 Control mass approach. Let us define the thermodynamic system of interest as 
composed of three subsystems: containment air of mass (ma) , water vapor initially i n  
the air of the containment (mwe) , and water initially in the primary (or secondary) 
system depending on rupture assumption (mwp) .  At any given time , of the mass mwp' 
the portion mwpd has discharged into the containment and the portion mwpr remains in 
the primary system. Hence the total primary system inventory mwp = mwpd + mwpr· 

For calculation purposes,  it can be assumed that each mass in the containment 
exists at the total containment pressure (PT) and therefore at a partial volume as seen 
in Figure 7-2 , where the free containment volume (Ve) is given by : 

(7- 1 ) 
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Sp rays J 

� Heat 
S i n ks 

Floor 
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Flood 
Tan k  

� 

Figure 7-1 Containment features in a loss of primary coolant accident .  

Application of the first law (Eg . 6- 1 ) to each of these subsystems (111 a '  111 wc l , 111 wp ) ,  
neglecting potential and kinetic energy effects, leads to : 

For m . WC I · 

For m . wp . 

d (111 wc I U WC I ) • .  dV we I 

dt = Qwpd-wc l  - Qwc l -a - QWC I - st - PT ---;]I 

( 7-2a) 

(7-2b) 

(7-2c) 
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I STRUCTURE l  

Figure 7-2 Control mass for tran
sient analysis  of containment con(t i 
t ions .  

where Qi-j = rate of heat transfer from subsystem i to subsystem j. PT = total 
containment pressure;  Vwpd = instantaneous partial volume of the portion of 1 I I \\ p 
( i .e . ,  Inwpd ) discharged into the containment; Vwpr = volume of the portion of 1I 1 \\ P  

( i .e . ,  Inwpr ) remaining i n  the primary system. Subscripts a ,  WC I . wpd, wpr, n .  and st 
refer to air, initial containment water, coolant discharged from primary system. coolant 
remaining in primary system, core fuel, and structures, respectively. 

These equations do not explicitly reflect the sign of the time derivative of the 
volume terms, i .e . ,  dVi /dt .  This determination is obtained by applying the volume 
constraint for the total free volume available to the subsystem. i .e . , the free contain
ment and the primary system volumes: 

d( Va + VWC 1  + Vwpd + Vwpr ) --------'-----'-- = 0 (7-3 )  dt 
The time derivative of the volume of the coolant remaining in the primary system is 
zero, although the relative volumes of l iquid and vapor of this  subsystem do change 
with time. 
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d(Vwpr) 
-- = 0 
dt (7-4) 

On the other hand , the sign of the heat transfer rate terms do explicitly indicate whether 
beat flow is into or out of the control mass or system. When Eqs. 7-2a, 7-2b, and 7-2c 
are added together, and the volume constraint of Eq. 7-3 is applied, we obtain: 

(7-5) 

where the 2: represents the three subsystems that comprise the containment atmos-

pbere, i . e ,  a, wc l , and wpd. 
Upon integration of Eq . 7-5 from the time of break occurrence 0 )  to a later time 

(2) during the discharge process , we get: 

V2 - VI = Qn-wpr - 2: Qi - sl i 

where V2 = maua, + (mwc, + mwpd)uwc, + mwpr,Uwp, 
VI = maua, + mwc,uwc, + mwpr,Uwp , 

(7-6) 

because at the time of break occurrence mwpr, , which is identical to mwp' exists at 
internal energy uwp , . If time is taken as an arbitrary later time after the break, VI 
should be expressed as: 

(7-7) 

Equation 7-6 is the desired result for transient analysis of containment conditions . 
Specification of mwpit) and uwp(t) are required. The discharged primary mass , mwpd(t) , 
is obtained by integrating the break flow rate , met) over the interval I to 2 ,  i . e . , 

mwpd, = mwpd , + JI2 m(t)dt (7-8) 

where the break rate is obtained from a critical flow analysis as presented in Chap
ter 1 1 . 

The primary system internal energy uwp(t) is obtained from the integrated dis
charge rate , the primary system volume , and an assumption on how' to calculate the 
state of the coolant remaining in the primary system. For example , if the remaining 
coolant is assumed homogenized and undergoing a reversible , adiabatic expansion , 
the internal energy uwp(t) can be obtained from the initial known entropy swp, and the 
calculable time-dependent specific volume v wp(t) . Finally , Qn _ wpr and 2: Qi - SI are 

obtained by transient thermal analyses . 

2 Control volume approach. Consider now the control volume of Figure 7-3 . Upon 
rupture , the system coolant flows into the control volume at the rate met) . The control 
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Control Volume 
Boundary 

Figure 7-3 Control volume for tran

sient analysis of containment condi
tions. 

volume shape remains constant with time, and there is no shaft work. Therefore the 
first law for a control volume (Eq. 6-2 of Table 6- 1 )  is written as : 

(7-9) 

where the second tenn on the right-hand side represents heat flow into the control 
volume at the system discharge plane , and the third tenn on the right-hand side is 
heat flow from the control volume into structures . 

Integrating between times 1 and 2, Eq . 7-9 becomes: 

V2 - VI = + fl2 hp(t)m(t) dt + Q wpr- c - Qc - st 

where now for the control volume: 

Eq . 7- 10  becomes: 

V2 maua� + (mwc ,  + mwpd)uwc� 

VI maua\ + mwc\uwc\ 

(7- 10) 
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maUa� + (mWC j + mwpd)UwC� = maUaj  + mWC jUWC j  

+ Il2 hp(t)rh(t) dt + Qwpr - c  - Qc - st 

(7- 1 1 ) 

Equation 7-6 should be identical to Eq . 7- 1 1 ,  as both the control mass and the 
control volume approaches should give identical results . To show this equivalence , 
we must show that the following terms are equal , i . e . , 

mwpr�uwp� - mWprjUwp j = - Il2 hp (t)rh(t)dt + Q n - wpr - Qwpr - c  

as L Qi - st is equal to Qc - st by definition . 
i 

(7- 1 2) 

This result follows from applying the first law to a new control volume , the 
primary coolant system volume . This volume remains constant with time. 

For this control volume , the first law (Eq. 6-2) becomes 

(7- 1 3) 

where the signs on the right-hand side of this equation follow from the observations 
that the discharge flow is out of the control volume, and heat flows into this control 
volume from the core fuel and out this control volume into the containment. Integrating 
over the time interval 1 to 2 yields: 

This result is identical to Eq. 7- 1 2 .  
Containment condition histories can be evaluated by Eq . 7- 1 1 i n  the following 

manner. First obtain the break flow rate , met) , from a critical flow analysis and the 
heat transferred from the coolant remaining in the vessel to the containment and the 
heat transferred to containment structures Qwpr- c and Qc - Sl ' respectively, by transient 
thennal analyses . Primary system enthalpy is obtained in a manner analogous to that 
described for primary system internal energy after Eq . 7-8 . 

B Analysis of Final Equilibrium Pressure Conditions 

Detennination of the transient pressure must be based on a variable-flow analysis such 
as that just described. If we wish to simplify the analysis ,  we can ask a simpler 
question and accept a more approximate answer. For example , consider only final 
conditions upon completion of the blowdown process and establishment of pressure 
equilibrium between the contents of the containment vessel and the primary system . 
We retain provision for heat transfer to the containment but only as the total heat 
transferred rather than the rate of heat transfer. 

1 Control mass approach. As in section ILA ,  we define our thermodynamic system 
of interest as the mass of air and water vapor in the containment and all the water 
COOlant in the primary system, as Figure 7-4 illustrates .  
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. . . . . . . . • . • . . . . . . . . . . . . . .  ......-____ .1...-_ 

Contro l  
Mass 

L Air and Water Vapo r in 
F ree Contain ment Space 

Air and Wate r Vapo r 
i n  P rimary System 

Figure 7-4 Control mass for final 
containment conditions. 

Equation 7-6 is still applicable, but now state 2 is the state after completion of 
blowdown and achievement of pressure equilibrium. Hence UWC2 and UWP2 are identical , 
and at state 1 all the primary coolant is in the primary system so that Eq. 7-6 becomes: 

V2 - VI = Qn - wpr - L Q i - st i 

ma ua2 + (mWC I + mwp) UWC2 
ma ua, + mwc, UWC I + mwp UWPI 

(7- 14a) 

2 Control volume approach. For the control volume approach we simply draw the 
control volume around the containment and primary system, as illustrated in Figure 
7-5 . For this control volume there are no entering or exiting flow streams, no shaft 
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Figure 7·5 Control volume for final 
containment conditions. 

Control Vo lume B o u ndary 

Seco ndary Side 
( N ote that the secondary syst e m  is 
excluded from the Co ntrol  Vo lume . )  

work, and n o  expansion work . The first law for control volume (Eq .  6-2 of Table 
6- 1 ) reduces directly to Eq . 7- 14a, where the heat loss to the structures is reexpressed 
as Qc - Sl ' i .e . , 

(7- 14b) 

3 Governing equations for determination of final conditions. Although Eq . 7- 14b 
has been identified as the governing equation , by specifying the example more fully 
We can transfonn this result and introduce subsidiary relations in working forms 
suitable for numerical manipulation . Let us assume that the following initial and final 
conditions are known: 

l .  The initial state (designated " 1 ") for the primary or secondary system fluid: 
For example , for a PWR the primary system water at operating conditions is subcooled 
at a known pressure (Pw) and temperature (Tw) , with a known mass (mw) ' 
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2. The initial mass (ma) and thermodynamic state of the air. The amount of water 

vapor (relative humidity) initially in the air is known and can be included in the 
analysis , although its effect is usually small .  

3 .  The final assumed containment condition , which depends on the reason for 
the analysis . If we are analyzing a preexisting plant , the containment volume is known 
and the peak pressure is sought. If, on the other hand , we are designing a new plant ,  
we can specify the peak pressure as a design limit and seek the containment volume 
needed to limit the pressure to this peak value . 

We can now elaborate on the governing equations . For simplicity , redesignate 
the water initially in the containment air as mwa '  Also note that the ruptured system 
can be either the primary or secondary system, so that for these general equations 
replace the subscript p with sys . Finally treat the internal energy of the air in terms 
of its specific heat-temperature product. 

and 

Reexpressing the energy balance of Eq . 7- 14b in this nomenclature yields : 

mwuw, == mwauwa , + mwsysuwsys , 
mwuw� == (mwa + mwsys) uw� 

(7- 1 5) 

where mw = mass of water, which is composed of water vapor initially in the air and 
water or water and steam initially in the failed system, i . e . , mwa + mwsys; ma = mass 
of air in containment; u = u(T, v) = internal energy per unit mass defined with respect 
to a reference internal energy uo(To, vo) per unit mass; Uw = internal energy of the 
water initially in the containment air and the water initially in the failed system. i . e . ,  
uwa , and uwsys, ;  eva = specific heat of air at constant volume; Ta, = initial air tem
perature; T2 = final temperature for the air-water mixture in the containment. The 
initial air temperature and initial water internal energy are known,  whereas the final 
equilibrium state (T2 ,  u2) is unknown .  

Additional relations are needed that relate the properties of  the fluids being 
mixed-water and air-to the total pressure and volume of the mixture . If the small 
volume occupied by liquid water is neglected, we can assume that the air occupies 
the same total volume (VT) the liquid water plus water vapor occupy , i . e . , VT equals 
the free containment volume ( Ve) plus the system , which is either the secondary system 
(V:�) or the primary system ( Vp) depending on the problem definition . Further assume 
that the water vapor and liquid exist at the partial pressure of the saturated water 
vapor . Actually , whereas the water vapor and air are intermingled gases , each exerting 
its partial pressure , the liquid is agglomerated and at a pressure equal to the total 
pressure . Then from Dalton ' s  law of partial pressures: 

(7- 1 6) 

where P2 = final equilibrium pressure of the mixture; Pw� partial pressure of the 
saturated water vapor corresponding to T2; Pa� = partial pressure of air corresponding 
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to Tz; and from the associated fact that each mixture component occupies the total 
volume: 

VT = mw� vw� (T2 ,sat) = mava(T2' Pa) (7- 1 7) 

Introducing the definition of the steam static quality (xst) in the containment and 
treating air as a perfect gas , Eq. 7- 1 7  becomes: 

maRaT2 
VT = mw� [Vf� + XstVfg, (T2 ,sat)] = ---- Pa� 

Equations 7- 1 5 , 7- 1 6 , and 7- 1 8  are used to find the final equilibrium state . 

(7- 1 8) 

Establishment of the initial air pressure (Pa) in the containment should consider 
the water vapor present. This correction on Pal is minor but illustrates the use of 
Dalton' s  law of partial pressures . The initial conditions are characteristically stated in 
terms of a relative humidity (¢) ,  the dry bulb temperature (Ta) , and the total pressure 
(PI) '  From the definition of relative humidity (¢) , the saturated water vapor pressure 
for the given initial condition (Pwa) is given by: 

(7 - 1 9) 

Figure 7-6 illustrates this relation . Therefore by Dalton ' s  law of partial pressures: 

Pal = P I - Pwal (7-20) 

and by the perfect gas law: 

ma =  
PaYc 
RaTal 

(7-2 1 ) 

Finally , we relate the final partial pressure of air to this initial air pressure by neglecting 
the difference in volume available to the air at the final versus the initial condition . 

e nt ropy , S 
Figure 7-6 Initial water vapor pressure from relative humidity . 
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Hence again from the gas law:  

(7-22) 

4 Individual cases. We can now treat two general cases for the final condition 1 0  

the containment vessel . 

1 .  Saturated water mixture in equilibrium with the air. It is the expected result 
in the containment after a postulated large primary system pipe rupture . Because the 
heat addition from the core is relatively small , we neglect it here for simplicity . The 
process representation for this case is shown in Figure 7-7 . 

2 .  Superheated steam in equilibrium with the air. This case requires that heat be 
added to the thennodynamic system. Such a situation could occur upon rupture of a 

PWR main steam line , as the intact primary system circulates through the steam 
generator and adds significant heat to the secondary coolant, which is blowing down 
into the containment. The process representation for this case is shown in Figure 
7-8 , where the water vapor path is illustrated as one of entropy increase. 

In both cases heat losses to active heat removal systems and to the structure within 
containment are neglected. Therefore the results obtained from this simplified analysis 
should be conservative , i .e . , overprediction of peak pressure or containment volume . 
If heat transfer to structures is included, they need to be input in practice in a manner 
that takes into account their transient character. 

Example 7-1 Containment pressurization: saturated water mixture in equilib
rium with air resulting from a PWR primary system rupture 

PROBLEM A Find the peak pressure given the containment volume . 

system 
i nventory 

WATER 

Entropy , S 

Psystam 

.. - -
1 

AIR 

Entropy, S 

Figure 7-7 Process representation: saturated water mixture in equilibrium with air. 

2 . .... 
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WATER AIR 
Psystem 

2 
PWB, 

2 

. . . .  � . .; ... .  

� 
.... . .......... .................. c .... 

1 

Entropy, S Entropy, S 

Figure 7-8 Process representation: superheated steam in equilibrium with air. 

SOLUTION Equations 7- 1 5  and 7- 1 8  are the governing equations ,  and numerical 
values for containment conditions are drawn from Table 7-2 . There are several ways 
in which the final pressure can be determined . One method is a trial and error solution 
using the steam tables . 

The approach is to assume a final temperature (T2) and from Eq . 7- 1 8  calculate 
the static quality (xst) . This quality-temperature pair is checked in Eq . 7- 1 5 ,  and the 
search is continued until these equations are simultaneously satisfied . A quality greater 
than 1 indicates that the equilibrium water condition is superheated ,  and this search 
technique fails . This result is unlikely for realistic reactor containment conditions .  

Table 7-2 Conditions for containment examples 

Fluid 

Heat 
addition 
during 
blowdown 
(Joules) 

Pressure 
(MPa) 

Temperature 
(OK) 

Quality (XSI) 
or relative 

humidity (c/J) 

Example 7- 1 :  saturated water mixture in equi librium with air as final  state 

Primary coolant 
water (initial) 

Containment vessel 
air (initial) 

Mixture (final) 

Vp = 354 

Vc = 50,970 

Q = O  VT = 5 1 ,324 

1 5 . 5  6 1 7 . 9  Assumed saturated 
liquid 

0 . 1 0 1  300 .0 c/J = 80% 

0 .523 4 1 5 .6 XSI = 50.5% 

Example 7-2 :  superheated steam i n  equilibrium with air as final  state 

Secondary coolant Vs = 89 6 .89 558 Assumed saturated 
Water (initial) liquid 

Containment vessel Vc = 50,970 O. 1 0 1  300 c/J = 80% 
air (initial) �ture (final) Q = 1 0 1 1  VT = 5 1 ,059 0 .446 (64 .7 psia) 478 cP = 1 7% 
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Let us now elaborate this procedure . To start , assume that the final temperature 
(T2) is 4 15°K.  The first value needed is the mass of air in the containment (ma) '  which 
can be found by: 

l .  Using Eq . 7- 1 9  to find the water vapor partial pressure (Pw): 

Pw ,  = 1>Psat(TI )  = 0 . 8(3498 Pa) = 2798 Pa 

2. Using Eq. 7-20 to find the air partial pressure (Pa) :  

Pal = P I  - Pw, = 10  1 ,378 - 2798 = 98 ,580 Pa 

3 .  Using Eq . 7-2 1 to find the air mass (ma) : 

Pa Vc (98 ,580)Pa(50 ,970)m3 4 ma = R�Ta, = (286) J/kgoK (300tK 
= 5.9 ( 10 )kg 

Using Eq . 7- 1 7 ,  we find the mass of water initially in the containment: 

V 50 970 m3 
m = _c = ' = 1 0 1 9  kg wa vwa , 50.02 m3/kg 

because v wa, is the specific volume of superheated water vapor at Pw, and Ta" which 
numerically equals 50 .02 m3/kg . 

Now we can find the quality (xst) at state 2 from Eq . 7- 1 8  as: 

where by the steam tables: 

(5 1 324) m3 

2 . 1 1 ( 105) kg 
- 0 .00 1 08 m3/kg 

------=------::----- = 0.499 
0 .485 m3/kg 

Vf2 = sat . liquid v at 4 1 5°K = 0.00 108 m3/kg 

Vfg2 = volume of vaporization v at 4 1 5°K = 0 .485 m3/kg 

vwp = sat . liquid v at primary system pressure ( 1 5 . 5  MPa) = 0 .00 1 68 m 3/kg 
V 354 m3 

m = ---=...£.. = = 2 . 1 ( 1 05) k wp 
vwp 1 . 68 ( 10 - 3) m3/kg 

g 

mw = mwp + mwa = 2 . 1 ( 105) + 0 .0 1 ( 105) = 2 . 1 1 ( 105) kg 

and where the fai led system is the primary so that the subscript sys is written as p .  
The quality (xst ) i s  checked by  using Eq. 7- 1 5  rewritten to express the water 

conditions separately as primary water and water in air .  

mWp(Uf2 + XStUfg2 - uwp) + mwa(uf, + XstUfg2 - uwa)  + maC va(T 2 - Tal  = 0 

2 . 1 ( 105) [595380 + xst l . 95( 106) - l . 6( 106)] + 1 .02( 103) 
. [595 ,380 + xst 1 . 95( 106) - 2 .4 1 ( 1 06)] + 5 . 9( 104) (7 1 9) [4 1 5  - 300] = 0 

Solving for xst we get: 

Xst = 0 .505 
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where: 

UWPI sat .  liquid U at 1 5 . 5 MPa = l . 6( 1 06) J/kg 

Uf, sat .  liquid U at 4 1 5°K = 595 ,380 J /kg 

ufg, heat of vaporization U at 4 1 5°K = l .  95( 1  O� J /kg 

uWal superheated vapor U at 300oK , 2798 Pa = 2 .4 1 ( 10� J/kg 

Continuing the iteration on XsP the final result is : 

T2 = 4 1 5 .6°K, Pw, = 0 . 386 MPa 

Now the final air partial pressure (Pa) can be calculated using Eq . 7- 1 8  or 7-22 , 
yielding , respectively: 

5 . 9( 1 04)kg(286 J/kgoK)(4 1 5°K) 
5 1 ,324 m3 

(4 1 5 .6) 
Pa

_
, = Pa (Ta /Ta ) = 0.099 -- = 0 . 1 37 MPa I , I 300 

This gives us the total pressure from Eq . 7- 1 6  as: 

P2 = Pw, + Pa, = 0 . 386 + 0 . 1 37 = 0 .523 MPa 

PROBLEM B Find the containment volume given a design limit for the peak pres
sure (P2) .  

SOLUTION For this problem we would know the initial air pressure (Pa) ,  but the 
mass of air is dependent on the containment volume (Eq. 7-2 1 ) .  Therefore we can 
use Pal from Eq . 7-22 directly in Eq . 7- 1 6  as: 

T., 
- (T ) + ----=-P2 - Pw, 2 Pal T ) 

(7-23) 

Now we can simply iterate on Eq . 7-23 by assuming T2 and finding Pw, = Psat (T2) 
and then comparing the right-hand side to P2 . Once T2 is found, water-steam properties 
are available, i . e . , v2 , vfg, ' uf, '  Ufg, . These values can be substituted into Eqs . 7- 1 5  
and 7- 1 8 ,  which can be solved simultaneously for the two unknowns Xst and Vc (when 
VT is expressed as Vc plus Vp) .  

Proceeding numerically for the design condition o f  P2 = 0 . 523 MPa, we find 
that Eq. 7-23 is satisfied when T2 equals 4 1 5 . 6°K , i . e . , 

(T2) (4 1 5 . 6) P2 = Pw (T2) + Pa - = 0 . 386 + 0.099 -- = 0.523 MPa , I T) 300 

Then Eqs . 7- 1 5  and 7- 1 8  in the unknowns Xst and Vc become , respectively: ( Vc ) Vc Vc 0 mwp + --;;-- (uf, + XstUfg) - mwpuwPI - --;;-- uWa l + Pa -- C va (T2 - Ta)  = wal wa l I RaTal 
(7-24) 
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and 

where vwa, has been obtained from superheated steam tables .  
Substituting numerical values into these two relations yields 

[2 . 1 ( 10') + � ] [595 ,380 + x�1 . 95( 10")J - 2 . 1 ( IO')[ 1 .6( 10")J 

V 0 .099( 106)V 
5
� [2 .4 1 ( 106)] + 

286(300) 
C (7 19)(4 1 5  - 300) 

V, + 354 = [2 . 1 ( 10') + � ] [0 .00 108 + x,,0 .485J 

Upon simultaneous solution , xst and Vc are found as: 

xst = 0 .505 , Vc = 5 1 ,593 m3 

(7-25) 

o (7-26) 

(7-27) 

Example 7-2 Containment pressurization: superheated steam in equilibrium 

with air resulting from a PWR secondary system rupture 

A rupture of a main steam line adds water to the containment while the intact 
primary system circulates water through the steam generator, transferring energy to 
the secondary water that is discharging into the containment. The amount of water 
added is primarily depemdent on the size of the steam generator. For this example , 
typical PWR four-loop plant values have been used for the amount of secondary water 
added and energy transferred via the steam generator. These assumed values are listed 
in Table 7-2 . 

PROBLEM A Find the peak pressure given the containment volume.  
If the steam is superheated we have a situation where the relative humidity has 

increased, as has the equilibrium temperature ( T2 ). Eqs. 7-16 and 7-17  are not 
linked by the steam table specific volumes but are equivalently given by: 

mwRwT2 maRaT2 
p" = + ---- VT VT 

(7-28) 

where mw = mwa + mws (i . e . ,  water in containment air and the failed secondary 
system, respectively). E�uation 7-28 treats the superheated steam as a perfect gas 
that deviates from reality by only a few percent. 

There are now three unknowns ( T2 , P2 ' uw) and three equations (Eqs . 7- 15 , 
7-28 , and superheat steam tables) . Assume T2 , use Eq . 7-28 to calculate P2 ' and find 
uw, by the steam tables . Now use Eq. 7- 1 5  to find uw, and compare to the previous 
value and iterate until convergence. As before , the initial water internal energy (uw) 
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is composed of two parts: ( 1 )  the system' s liquid water, and (2) water vapor initially 
in the air. A condition may exist such that the final equilibrium state is above the 
critical temperature of the water. However, it does not affect the analysis , and the 
same procedure is used . 

First we assume a final temperature , T2 = 450oK, and substitute into Eq. 7-28.  

mwRw T2 maRa T2 
P2 = + --

VT VT 

(67 ,223 kg)(462 J/kgOK)(4500K) [5 . 9( 1 04)kg] (286 J/kgOK)(4500K) = �----�----��------- + ------�----��-------
(5 1 ,059 m3) (5 1 ,059 m3) 

= 0 .274 + 0 . 149 = 0 .42 MPa 

where ma and mwa are found in a similar fashion as before using an equation of the 
form of Eq. 7-2 1 for each component . 

From the steam tables for Pw, = 0 .274 MPa and T2 = 450oK, we find uw, = 
2.6 1 ( 106) J/kg . Using Eq . 7- 1 5  with the initial conditions given in Table 7-2 , we

-
can 

solve for UW2 and compare to the steam table value . Expressing Eq . 7- 1 5  for this case 
and substituting numerical values , we have: 

mWsCuw2 - uws , ) + mwa(uw2 - uwa ,) + macva(T2 - Ta) = Q (7-29) 
(66,204 kg) [uw, - 1 .  25( 1  06)J/kg] + 1 0 1 9 .0 kg[uW2 - 2 .4 1 ( l06)J/kg] 

or 

where: 

-
+ 5 .9( 1 04) kg [7 1 9(450 - 300)] = 1 0 1 lJ 

UWS j = sat liquid U at 6 .89 MPa = 1 . 25( l O� J/kg 

uWaj = superheated vapor u at 2798 Pa 

= 2 .4 1 ( 106) J/kg (TJ = 3000K) 

We can iterate on T2 using the calculated Uw, to adjust the guess on T2; the final result 
is: 

-

T2 = 478°K, P2 = 0.4463 MPa 

The final relative humidity is 1 7% ,  i .e . , 

Where: 

(67 ,223 kg)(462 J/kgoK)(478°K) = 0 . 29 1  MPa 
5 1 ,059 m3 
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PROBLEM B Find the containment volume given the peak pressure . 
The same procedure can be used here , except that Eq . 7-28 can be solved in 

terms of Ve ' 
maRaT2 mwRwT2 VT = --- + �---"-� 

P2 P2 

where VT = Ve + Vs and mw = mwa + mws ' 

(7-30) 

The initial air mass (ma) is nonnally not known if the initial volume is unknown 
(Ve) . Therefore we can substitute for ma and mwa by Eq. 7-2 1 written for each com
ponent , yielding: 

V, + V, = [ e:) U:) + (::') U:)] V, + 
mW:'WT2 

(7-3 1 ) 

Now we can assume T2 and solve for Ve and thus ma and mwa ' These values can be 
substituted into Eq . 7- 1 5  to solve for uw, and compare it to uw,(T2 ,pw) from the steam 
tables . Now we simply iterate until uwJrom Eq . 7- 1 5  matches the steam table value . 

We can proceed in this example for the assumed design condition P2 = 0.4463 . 
Eq . 7-3 1 can be used to find Ve , assuming T2 = 478°K . 

3 (0 .0986 478 0 .0027 478) (66 ,204 kg)(462 J/kgoK)478°K V + 89 m = -- - + -- - V + e 
0.4463 300 0 .4463 300 

e 
0 .4463 X 106 Pa 

giving Ve = 5 1 ,093 m3 . 
Using Ve we can find Uw, for Pw, = 0 .29 1 MPa and T2 = 478°K from the 

steam tables :  
- -

uw, = 2 .66( 106) J/kg 

Using Eq. 7- 1 5  and solving for uw, ' we get: 

mws (uw, - uws) + mwa (UW2 - uwa) + macva (T2 - Ta) = Q 

where: 

= 
Ve 

= 
5 1 ,093 m3 

VW1 50 m3/kg 
1022 kg 

and the other properties are known from the steam tables as before . 

(66 ,204 kg) [uw, 

Thus :  

1 . 25( 1 06)] + 1022 [uw ,  - 2 .4 1 ( 1 06)] 
- + 5 . 9( 1 04)(7 1 9)(478 - 300) 

uw, = 2 .643( 106) J/kg 
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III RESPONSE OF A PWR PRESSURIZER TO LOAD CHANGES 

1be pressurizer vessel employed to control system pressure in a PWR provides another 
example of the analysis of a transient process by the control volume approach. The 

pressurizer vessel has an upper steam region and a lower water region . Water surges 
in and out of the lower region as a result of temperature changes in the system 
connected to the pressurizer. The lower pressurizer region is typically connected to a 
bot leg .  

Upon an insurge , a water spray , which is typically taken from a cold leg , i s  
actuated in the upper steam region to condense steam . Heaters are actuated to restore 
the initial saturated condition . In an outsurge , electric heaters in the lower water region 
are actuated to maintain the system pressure , which is otherwise decreased owing to 
the departure of liquid and subsequent expansion of the vapor volume . Figure 7-9 
summarizes the response of the pressurizer to insurge and outsurge . 

A Equilibrium Single-Region Formulation 

We start the analysis of pressurizer behavior with a simple fonnulation in which the 
entire pressurizer is represented as a single region at equi librium conditions . The 

OUTS U R G E  

Heaters provide heat of 
�a�Orization to replace lost 
l iqUid volume with steam. 

I N S U R G E  

Spray o f  subcooled water 
removes steam by condensation 
to make room for the enteri ng 
subcooled l iquid. Heaters return 
liquid to saturated temperature. 

Figure 7-9 Pressurizer operation (without relief valves) . 

cold leg 
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(mh) spray 

(mh) surge 
Figure 7-10 Externally supplied mass flow rate, enthalpy , and heat to the 
one-region pressurizer. 

energy quantities being added to or departing the pressurizer owing to inlet spray at 
the top from the cold leg ; insurge and outsurge through the bottom to the hot leg and 
heater input are illustrated in Figure 7- 1 0 .  The pressurizer wall is assumed to be 
perfectly insulated with negligible heat capacity . 

The general transient mass and energy equations are as follows: 

where 

d 

d 
- m dt 

- (mu) 
dt 

m 
mu 
mv 

mv + me 
mvuv + meUe 
mvvv + meve 

Additionally , a constraint exists on the total volume , which is fixed, i . e . , 

(7-32) 

(7-33) 

(7-34) 

(7-35) 

(7-36) 

(7-37) 
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There are five prescribed input parameters: mspray ' hspray , msurge ' hsurge , and Qh '  
There are seven unknowns , i . e . , p, my ,  Uy , Vy , mf ' Uf ' and Vt .  These unknowns 

are so far related by only three equations , (Eqs. 7-32 ,  7-33 , and 7-37) .  Closure of 
the problem is obtained by use of four equations of state, reflecting the assumption 
that all vapor and liquid conditions are maintained at saturation: 

Uy == ug = f(p) 
Uf == Uf = f(p) 
Vy == Vg = f(p) 
ve == vf = f(p) 

(7-38) 
(7 -39) 
(7-40) 
(7-4 1 ) 

This set of equations and prescribed inputs is sufficient to perform a transient analysis 
to determine the unknowns for this simple one-region equilibrium formulation . 

B Analysis of Final Equilibrium Pressure Conditions 

If we wish to ask simpler questions than the transient nature of pressurizer behavior, 
the analysis can be simplified to consider only the end states of the transient process . 
For example, let us determine the size of the pressurizer necessary to accommodate 
specified insurge and outsurge events based on accommodating the end states only .  
In this idealized illustration , the initial and final pressurizer states are prescribed as 
saturated states at a fixed pressure . 

In this case the unknowns become the liquid and vapor masses and the heater 
power, and the equations are those for continuity , energy conservation, and volume 
constraint. The inputs are spray mass and enthalpy , surge mass and enthalpy , and 
pressure with the associated saturation internal energy and specific volume properties . 

The heaters must always be entirely liquid-covered, which for a fixed pressurizer 
geometry prescribes the minimum required liquid volume . The insurge is to be ac
commodated by providing sufficient initial vapor volume that the final state is a liquid
filled pressurizer. In this case the spray completely condenses the initial vapor, leading 
to a liquid-filled pressurizer, and sufficient heater input is provided to restore the initial 
pressure. In practice , the limiting condition would be the relief valve pressure set 
point. 

The outsurge is to be accommodated by providing sufficient initial liquid volume 
that in the final state the heaters remain submerged after having operated to provide 
enough energy to restore the initial pressure . In practice , the l imiting condition for 
the outsurge could be the minimum allowed primary system pressure . 

Figure 7- 1 1  illustrates the initial state of the pressurizer, and Figure 7- 1 2  shows 
the end states for the insurge and outs urge events . The required total pressurizer 
volume is the sum of the initial vapor volume to accommodate the insurge , 
(Vg)insurge , and the initial liquid volume to keep the heaters submerged in an outsurge, 
(Vf)outsurge ' The sum is required for the pressurizer to operate with sufficient liquid 
level and vapor space to accommodate either the ins urge or the outsurge event. 

(7-42) 
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Spray Head 

Figure 7-1 1  Initial state of pressurizer awaiting in
surge or outsurge. 

This example is handled most easily by taking the interior of the entire pressurizer 
as the control volume . The control volume and process representations for the insurge 
and outs urge are shown in Figure 7- 1 3 .  

(A) (8) 

Figure 7-12 Final states of pressurizer. A .  Insurge. B. Outsurge. 
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I NS U RG E  

.... ..... + . . . . . . ..J w � 0 

mSurgehsurge 

Control Vol ume 

O U TS U RG E  

... . - _  .... . . . .... ... .. .. . .. ..  _ - . 

. . . .. . .. . j ... . .  T 
msurgehsurge 

Control Vol ume 

E ntropy , S 

Process 
Representation 

E nt ropy , S 

Process 
Representation 

Figure 7-13 Thennodynamic representation of an insurge and an outsurge. 

The continuity , energy , and volume constraint equations for the control volume 
are Eqs . 7-32, 7-33 , and 7-37 .  Integrating these equations between the initial ( 1 )  and 
the final (2) state , assuming the flow rates and surge and spray enthalpies are constant 
with time, we obtain : 

m2 - m t 
m2u2 - m tU t 

m2v2 

msurge + mspray 
msurgehsurge + msprayhspray + Qh 
m t V t 

(7-43) 
(7-44) 
(7-45) 
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At this point the insurge and outs urge cases must be treated separately to specialize 
the equations for each case . For the insurge , the final state is taken to be a liquid
filled pressurizer, which, after the water has been completely mixed , is saturated at 
the initial pressure . For this case we can express the governing equations in the 
following form. 

(7-46) 

or 

(7-47) 

where the initial mass m1 is split up into its liquid (mf) and steam (mg) components , 
and f is defined as the ratio of spray to surge flow: 

fmsurge = mspray (7-48 ) 

Note that , in practice , it is not necessary that msurge and mspray are related by a 
time invarient proportionality constant; that is , f in Eq. 7-48 can be a function of 
time. The energy balance likewise becomes: 

(7-49) 

with the volume constraint being: 

(7-50) 

Because states 1 and 2 are saturated at the same pressure, the properties appear in 
subsequent equations without state subscripts . The volume constraint (Eq . 7-50) can 
be substituted into the mass and energy balance (Eqs . 7-47 and 7-49) to eliminate the 
final mass (mf); the resulting equations are: 

(7-5 1 ) 

and 

(7-52) 

Note that the unknown (mf) , the initial liquid mass in the pressurizer, does not appear 
in Eqs .  7-5 1 or 7-52 .  This finding is reasonable, as this liquid does not participate i n  
accommodating the insurge . Combining these equations yields the desired solution 
for Qh as: 

(7-53) 

The steam volume , (Vg)insurge , is obtained as : 

(7-54) 
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To compute the desired total volume, we must now consider the outs urge case 
and compute (Vf)oulsurge ·  This task is accomplished by specialization of Eqs . 7-43 , 
7-44, and 7-45 to the outsurge process . In an outsurge , the final state has a liquid 
level sufficient to cover the pressurizer heaters . The mass balance (Eq. 7-43) becomes: 

(7-55)  

The energy balance equation becomes: 

(7-56) 

The volume constraint is: 

(7-57) 

The volume constraint (Eq . 7-57) can be substituted into the mass and energy 
balances (Eqs . 7-55 and 7-56) to eliminate the final vapor mass (mg); the resulting 
equations are: 

mf, mf� + msurge 
Vg 

Vg - Vf 
(7-58) 

and 
Qh - msurge hsurge 

mf, mf� + Vf 
(7 -59) 

- u  - Uf v g g 
Note that the unknown (mg) , the initial vapor mass in the pressurizer, does not appear 
in Eq. 7-58 or 7-59 .  This omission is reasonable ,  as this vapor does not participate 
in accommodating the outsurge . 

Combining these equations yields the desired solution for Qh as: 

(Qh)oulsurge = msurgehsurge - (Uf - V f 
Ug) (msurge � ) 

Vg Vg vf 
(7-60) 

The initial liquid mass (mf ) can now be obtained from either Eq . 7-58 or Eq . 7-59 .  
Hence: 

' 

(Vf)oulsurge = mf,vf (7-6 1 )  

The total volume (VT) can now be obtained by util izing the results of Eqs .  7-54 and 
7-6 1 · E 7 . III q. -42 , I . e . , 

Example 7-3 Pressurizer sizing example 

(7-42) 

PROBLEM Determine the size of the pressurizer that can accommodate a maximum 
outs urge of 14 ,000 kg and a hot leg insurge of 9500 kg for the conditions of Table 
7-3 . 
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Table 7-3 Conditions for pressurizer design problem 

Saturation pressure 

Saturation temperature 

Saturation properties 
uf 
ug 
vf Vg 

Mass of maximum outsurge 

Mass of maximum ins urge 

Hot leg insurge enthalpy 

Cold leg spray enthalpy 

1 5 . 5  MPa 

6 1 8 . 3°K 

1 .60 X 106 J/kg 
2 .44 x 106 J/kg 
1 .68 x 1 0- 3 m3/kg 
9 . 8 1  x 1 0 - 3 m3/kg 

1 4 ,000 kg 

9 , 500 kg 

1 .43 x 1 06 J/kg 

1 . 27 x 1 06 J/kg 

Cold leg spray expressed as a fraction of hot leg 0 .03 
insurge (f) 

Outsurge enthalpy 

Mass of liquid water necessary to cover the heaters 
(requires an assumption about the pressurizer 
configuration) 

1 .63 X 1 06 J/kg 

1 827 kg 

SOLUTION The value of (Qh)insurge is obtained from Eg . 7-53 as: 

(2250 psia) 

(652 .9°F) 

(689 .9 B/lb) 
( 1 050 .6  B/lb) 
(0.02698 ft3/1b) 
(0. 1 5692 ft3/1b) 

(6 1 2 . 8  B/lb) 
(546 .8  B/lb) 

(70 1 . 1  B/lb) 

9500 ( 1  + 0 .03) [(9 . 8 1  x 10 - 3)( 1 . 60 X 106) 
- ( 1 .68 x 1 0 - 3)(2 .44 x 106)] 

(9 . 8 1  - 1 . 68) x 1 0 - 3 

9500 [ 1 .43 x 1 06 + 0 .03( 1 . 27 x 1 06)] 

1 .06 X 107 J 

The value of mg, is obtained from Eg. 7-5 1 as: 

9500( 1 + 0 .03) 1 . 68 x 10 - 3 
mg, = 

(9 . 8 1  _ 1 .  68) x 1 0  - 3 = 2022 kg 

The steam volume needed for the ins urge from Eg . 7-54 is : 

(Vg)insurge = (2 .022 x 1 03)(9. 8 1  x 1 0 - 3) = 1 9 . 84 m) 

Proceeding similarly for the outsurge , obtain (Qh)oulsurge from Eg . 7-60 as: 

(Qh)oulsurge = 14 ,000( 1 . 63 x 1 06) ( 1 . 68 X 1 0 - 3 ) 
- 1 .60 X 1 06 - :I (2 .44 X 106) 

9 . 8 1  x 1 0 - ·  

. ( 14 ,000 [
(9. 8 1

9�\ :8�0 � 3

1O _ 3 ] ) 
2 . 2820 X 10 10 - ( 1 . 1 82 1  x 1 06)( 1 . 6893 x 1 04) 
2 . 85 1 X 1 09 J 
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The value of mf
l 
from Eq . 7-58 is: [ 9 . 8 1  x 10 - 3 ] 

mr
l = 1 827 + 1 4 ,000 

(9 . 8 1  _ 1 . 68) x 1 0 - 3 

Hence from Eq. 7 -6 1 : 

(Vr)oulsurge = ( 1 . 8720 x 1 04)( 1 .68 x 1 0 - 3) 

Utilizing Eq . 7-42 , the total volume is : 

VT = (Vg)insurge + (Vr)oulsurge = 1 9 . 84 + 3 1 .45 

IV GENERAL ANALYSIS OF TRANSIENT 
PRESSURIZER BEHAVIOR 

1 . 8720 X 1 04 kg 

5 1 . 29 m3 or 5 1 . 3 m3 

Let us next analyze the pressurizer using multiple control volumes and with no re
striction on the thermodynamic state within each volume . In general , the upper portion 
of the pressurizer is a continuous vapor region through which liquid drops fall , and 
the lower portion is a continuous liquid region through which vapor bubbles rise . This 
description leads to the identification of four regions to describe this fluid-vapor 
configuration . With an insurge condition the colder primary fluid that enters the pres
surizer may stratify , suggesting use of two control volumes to describe the lower 
continuous liquid region itself. However, this complexity is not incorporated in the 
formations presented here . 

Section IV . A  treats the general four-region case , and the more limited case in 
which the upper region contains only vapor and the lower region contains only liquid 
is treated in section IV . B .  The latter case reflects the assumption of instantaneous 
addition of spray and condensate to the lower continuous liquid region and of vapor 
bubbles to the upper continuous vapor region . 

A Transient, Nonequilibrium Four-Region Formulation 

The principal characteristics of the general analysis for a transient, nonequilibrium 
four-region formulation are illustrated in Figures 7- 1 4  and 7- 1 5 .  Figure 7- 1 4  identifies 
the liquid-vapor interfaces and the assumed work and heat transfer processes within 
the pressurizer geometry, whereas Figure 7- 1 5  provides this information in a more 
compact fonn. Figure 7- 1 5  also includes the external mass ,  enthalpy , and heat transfer 
exchanges that can occur with each region . 

In the upper portion of the pressurizer (U) the interface (s 'U) is between the 
Continuous vapor phase and discrete liquid, which is in the form of falling liquid drops 
Or wall condensate . In the lower portion of the pressurizer (L) the interface (s 'L) is 
between the continuous liquid phase and the rising vapor bubbles .  The interfaces s" 
and Sill separate the upper and lower volumes and are defined as follows . The interface s" . • IS between the continuous vapor phase of the upper volume and the continuous 
liqUid phase of the lower volume . The interface Sill separates the discontinuous phase 



CW 

Defi nit ion of I nte rfaces 
(a) 

s'L 

Heat and Work Assumptions 
Across the I nterfaces 

(b) 

work transfer 
but 

n o  heat transfer 

n o  heat transfer 
and 

no work transfer 

heat transfer 
and 

work transfer 

Figure 7·14 Definitions of interfaces and related heat and work transfer. 

Lower Vapor 
(bubbles) 

s' 

Upper Vapor 
(conti nuous) 

SOl 

s'" 

s'L 

m interface 

Q interface 

W interface 

Lower Liquid 
(conti nuous) 

Upper Liquid 
(drops) and Wall 

Condensation 

separates different phases with i n  
upper or lower regions 

separates the continuous p hases of  
the uppe r and lower regions 

separates u pper and lower portions 
of the same phase 

Figure 7·15 Four-region model of the pressurizer. 
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in either the upper or lower volume from the same (but continuous) phase in the other 
volume, i .e . , upper region liquid drops from the lower region liquid pool and lower 
region vapor bubbles from the upper region vapor. 

Both figures identify the assumed work and heat transfer processes . Because there 
are numerous drops and bubbles within the upper and lower volumes , respectively , 
their total surface area can be large , so both processes are allowed across the inter
faces s 'U and s 'L .  However, at the interface between the upper and lower volumes 
(s" + Sill) ,  only work transfer is allowed along that portion (s") that separates the 
continuous phases. Heat transfer occurs across the interface between the condensate 
and the wall, labeled CWo 

The continuity equations and energy equations for the two fluids in each volume 
are written next .  The mass transfer terms are illustrated in Figure 7- 16 .  The mass 
balance equations , following Eq . 5-83 , are obtained by summing the vapor and liquid 
terms in each of the four volume regions . 

d 
Upper vapor: - (my)u dt 

1· 'd 
d 

Upper lqUl : - (m e)u dt 
d 

Lower vapor: di (my)L 

d 
Lower liquid: - (me)L dt 

(mv)s'u 
evaporation 

Mass Flowrate at 
Interface s' 

A 

(mv)s"u 
net vapor 

Mass Flowrate at 
Interface soo 

B 

(mv)s"'u 
= rl7bubble 

(7-62) 

(7-63) 

(7-64) 

(7-65) 

Mass Flowrate at 
Interface SOO' 

e 

Figure 7-16 Mass balance at interfaces . Mass flow rates at interface S' (A) , s" (B) , and Sill (C) . 
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The terms appearing in the mass balance equations can be related by introducing 
the mass jump conditions. The jump conditions are balance equations for mass transfer 
rates across the interfaces ,  as discussed in Chapter 5 .  For all interfaces , no mass 
sources or sinks exist . Thus for each interface the jump condition is simply that the 
sum of all mass transfer rates across the interface must be zero . For example , for 
interface s '  in the upper volume: 

(niJs'u + (nie)s'u 0 
or 

(7-66) 

Nonnally in this region vapor condenses to liquid , which appears in the following 
fonns (the symbols to be used in section IV .B  for these condensate forms are noted): 

1 .  As new drops called rainout , i . e . , WRO 
2. As condensate on drops that have been sprayed into this region , i .e . , Wsc 
3 .  As condensate on the pressurizer wall , i . e . , Wwc 

Hence in section IV . B ,  Eq . 7-66 is rewritten as follows: 

(nie)s 'u = WRO + Wsc + Wwc (7-67) 

Jump conditions for the other interfaces are li sted in Table 7-4 . 
The relevant energy equations are simplified forms of Eq . 5- 1 25 .  The relevant 

assumptions are as follows. 

Table 7-4 Mass jump conditions 

Interface 

s ' 

s" 

Sill between 
vapor-vapor 

Sill between 
l iquid-l iquid 

s '  

Volume 
in which 

interface 
is located 

Upper 

Upper-lower 

Upper-lower 

Upper-lower 

Lower 

Jump condition with 
nomenclature of section 
IV.B introduced 

(nit)s'U = - (niJ,u == W RO 
+ Wsc + Wwc 

(Eqs . 7-66 and 7-67) 

(niJs"u = - (nif) s"L 
(Eq . 7-68) 

(niJs"'u = - (nl)s"'L 
(Eq . 7-69) 

(nif)s"'L = - (ni/} s"'u 
(Eq . 7-70) 

(niJs'L = - (nl/ ), 'L == WFL 
(Eqs. 7-7 1 and 7-72) 

Physical significance 

Vapor is condensed into three forms: 
rainout drops, condensate film on 
spray drops, condensate on 
pressurizer wall .  

Liquid from the lower volume flashes 
across interface s" to create vapor 
in the upper volume. 

Vapor bubbles rise from the lower 
volume and enter the upper volume 
across i nterface Sill. 

Liquid drops fall from the upper 
volume and enter the lower volume 
across interface Sill. 

Liquid flashes to form vapor bubbles .  
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1 .  Neglect kinetic energy and gravity: 

U: � UY ' h: � hy , gz � 0 

u� � Uf ' h; � hf 

2. Include volumetric energy generation only in the continuous liquid phase of 
the lower volume, i . e . , 

into the lower liquid region 
3 . Neglect heat transfer across interfaces s" and Sill . 

4. Include heat transfer across interface s ' . In general , then : 

(�" � .d )  - (�" � A ) - Q' 
- qk . nks'�s = - qks' . nks' s' U or L = ks'U or L 

(where k = v or .f) represents heat transfer from the interface s '  into the region kU 
or L, as shown in Figure 7 - 1 7  for the upper vapor region . It follows the sign convention 
that heat transfer into a region is positive and the observation that the vectors 

rvs/u and hys' are oppositely directed. 

5. Include heat transfer to the pressurizer wall from only the condensate on the 
wall in the upper portion of the pressurizer . This heat transfer is :  

" (�" � ) A - (�" � ) A - Q' 
- L.J qk ' nk j j = - qc ' nc w w = - w 

j 

where Aw is the area between the wall condensate and the wall . 

6. Neglect work transfer across interface Sill . 

7. Include work transfer across interface s ' and s" . In general , then , assuming 
that the phase velocity at the interface, (Vk)s , and the interface velocity , VS ' are equal , 
the interfacial force term can be written for any general interface s as: 

�" � - Fsk . vsAs 
== WksU or L 

Figure 7- 1 7  illustrates the work transfer terms WyS 'u  and WyS"u for the upper vapor 
region .  By convention , these terms, which represent work done by the vapor, appear 
as negative signed terms in the energy balance equation . The energy equations become: 

Upper vapor: 
d di (myuJu 

(7-73) 
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�, 
F VS· 

---+" 
q VS' 

• ---+ ---+ 
Heat into Vapor = Q vs'u = (q �s· ·  n vs' A s' ) u 

Work done by vapor on interface s' 
• ---+ ---+ 

= Wvs'u = (F '�s· · us·A s· ) u 

Work done by vapor on interface sit . : : : :  • ---+ ---+ 
= Wvs"u = (F '�s" · us· As· ) u  

Figure 7·17 Sign convention for terms of the upper vapor region energy (Eq . 7-73) . Note: All vectors are 

positive in the positive direction of the coordinate axes . 

Upper liquid: 

Lower vapor: 

Lower liquid: 

msurgehsurge + (mehf)s 'L + (meht)s"L 

+ (mehe)s"'L + Qh + QeS'L - WeS"L 

(7-74) 

(7 -75) 

(7-76) 
Wes'L 
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The jump conditions for energy transfer rates across all interfaces are also re
quired. In general , across any interface energy transfer can occur by ( 1 )  mass transfer, 
(2) heat transfer, and (3) work due to interface motion . Furthermore , each phase can 
contribute to these processes . Therefore for a general interface (s) the jump condition 
is written as follows using the sign convention of Figure 7- 17 :  

o (7-77a) 

or in vector form: 
� � 

[mvhv + niehels - [(q�s - q�) . itvsAsl - [(F'�s + F�) . UsA sl = 0 (7-77b) 

The jump conditions for the interfaces obtained by specializing Eq . 7-77a are listed 
in Table 7-5 . Recall from Figure 7- 14  that no heat transfer is assumed to occur across 
interface S" . It is useful to express the work quantities in terms of the pressure and 
volume change for each volume . Hence for the upper regions: 

and for the lower regions : 

d 
= Pu -:it (meve)u 

. d 
+ Wvs"u = Pu - (mvvJu dt 

d = PL -:it (mvvJ 

. d 
+ Wes"L = PL - (meve)L dt 

(7-83) 

(7-84) 

(7-85) 

(7-86) 

Table 7-5 Energy jump conditions 

Interface 

8' 

8' 

s" 

SH, between 
vapor-vapor 

Volume 
in which 
interface 
is located 

Upper 

Lower 

Upper-lower 

Upper-lower 

Jump condition Physical significance 

(myhy + m/h e)s 'u Mass transfer, heat transfer, and work 

+ (QyS' + Qes')u from interface movement 

- ( WyS' + Wes.)u = 0 
(Eq . 7-78) 

(myhy + meh ()'L Mass transfer, heat transfer. and work 

+ (QyS' + Qts') L  from interface movement 
- (WyS' + W( " h. = 0 

(Eq . 7-79) 

(myhy)s'1J + (meh e) s"L Mass transfer and work from 
- [WYS"u + Wes.J = 0 interface movement 

(Eq . 7-80) 

(myhy)s"'U + (mfiJs'''L = 0 Mass transfer only 
(Eq . 7-8 1 )  

SIll between Upper-lower (mth/)s"'u + (meht)s"'L = 0 Mass transfer only 
liquid-liquid (Eq . 7-82) ---------------------------------------------------------------------
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Although the upper and lower regions may change in size, their sum is constant. This 
volume constraint can be expressed as: 

(7-87) 

The set of Eqs .  7-62 through 7-87 is a general formulation that allows nonequi 
librium conditions to exist in each region . The set can be solved if sufficient consti
tutive relations and state equations are prescribed so that together the number of 
unknowns is balanced . . There are five prescribed input parameters , i . e . , mspray . 
msurge, hspray , hsurge, and Qh' 

Note that the outsurge and insurge enthalpies must be specified . However, the 
outsurge enthalpy can be related to the liquid enthalpy of the lower region of the 
pressurizer. 

There are 45 unknowns for the upper and lower regions .  

Upper regions ( n  = 23) 
(mv)u; (me)u 
(mv)s 'u; (me)s'u 
(mv)s"u 
(mv)s"'u ; (me)s"'u 
(vJu; (ve)u 
(uv)u; (ue)u 
(hJs 'u ; (he)s'u 
(hv)s"u 
(hv)s"'u ; (he)s"'u 
Qvs 'u; Qes'u 
Qw 
Wvs'u ; Wes 'u 
Wvs"u 
Pu 

Lower regions (n = 22) 
(mJL; (me)L 
(mJs 'L; (me)s 'L; 
(me)s"L 
(mJs"'L; (mt\"'L 
(VJL; (Ve)L 
(UJL; (Ue)L 
(hJs'L; (he)s 'L; 
(he)s"L 
(hv)s"'L; (he)s"'L 
Qvs 'L; Qes'L 

Wvs 'L; Wes 'L 
Wvs"L 
PL 

There are 1 4  equations of state . Using the internal energy and pressure , i . e . , (p. 
UV , ue)u and (p, UV ' ue)L' as the independent thermodynamic variables , these relations 
are as follows .  

Upper regions 
(vv)u = vv[Pu, (uJuJ 
(ve)u = ve[Pu, (ue)uJ 
(hv)s 'u = [(hv)s'(Pu , (uv)uJ 
(he)s 'u = [he)s '(Pu , (ue)uJ 
(hv)s"u = (hJs"[Pu , (uv)uJ 
(hJs"'u (hJs"'[Pu, (uv)uJ 
(he)s"'u = (he)s"'[Pu, (ue)uJ 

Lower regions 
(VJL = vv[PL' (uJd 
(Ve)L = Ve[PL' (ue)d 
(hv)s 'L = (hv)ApL' (uJd 
(he)s'L = (he)s' [PL' (ue)d 
(he)s"L = (he)ApL ' (ue)d 
(hJs"'L (hJs"'[PL' (uv)d 
(he)s"'L = (hf)s"'[PL' (uf)d 

(7-88 ,  7-89) 
(7-90 , 7-9 1 )  

(7-92 , 7-93 ) 

(7-94, 7-95) 

(7-96 , 7-97) 

(7-98 , 7-99) 
(7 - 100 , 7 - 10 1 )  
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There are 37 available equations and constraints so far. 

Conservation equations 

Jump conditions 

Work-volume change definitions 
Volume constraint 
Equations of state 
Total 

8 

10  

4 

14  
37 

(Eqs . 7-62 through 7-65 and 
7-73 through 7-76) 

(Eqs . 7-66, and 7-68 
through 7-7 1 and 7-78 
through 7-82) 

(Eqs . 7-83 and 7-86) 
(Eq . 7-87) 
(Eqs . 7-88 through 7- 1 0 1 ) 

Eight constitutive equations are required to achieve closure . 

(mc)s"'u Droplet flow rate 
(my)s"'L Bubble flow rate 
(m)s"u or (mt)s"L 
QyS'U; Qcs 'u 
Qvs'L; Qts 'L 
Qw (heat transfer from condensate to pressurizer wall) 

(Eq . 7- 102) 
(Eq .  7- 103 )  
(Eq . 7- 104) 
(Eqs . 7- 105 , 7- 106) 
(Eqs. 7- 107 ,  7 - 108) 
(Eq . 7- 109) 

The selection of the specific parameters that are to be prescribed by constitutive 
laws (Eqs . 7- 102 through 7- 1 08 )  is arbitrary but constrained by the mass and energy 
jump conditions . From the mass jump equations (Eqs .  7-66, and 7-68 through 7-7 1 ) ,  
observe that at each interface the vapor and liquid mass transfer rates are equal but 
opposite . Hence only five mass transfer rates ,  at most , can be prescribed. This number 
is further reduced to three by virtue of the energy jump equations at interfaces S 'U 
and s'L (Eqs . 7-78 and 7-79) , which would otherwise be overdetermined, as  all the 
interface sensible heat transfer terms Q have been chosen to be prescribed by Eqs . 
7· 105 through 7- 108 .  

This formulation i s  a general four-region formulation. Many specific analyses 
have been published using a range of simplifying assumptions . One such simplified 
case (presented in the next section) is of a two-region nonequilibrium formulation 
with the liquid and vapor present only in separate regions. 

B Nonequilibrium, Two-Region Formulation 
(Vapor-Only, Liquid-Only Regions) 

�e general case for a nonequilibrium, two-region formulation can be considerably 
S!mplified without loss of accuracy in practical reactor cases . Following the principle 
l�nes of the formulation of Kao [2] , consider a two-region pressurizer operating at a �lDgle pressure that has only vapor present in the upper region and only liquid present 
In the lower region. The spray (Wsp) is thus assumed to instantaneously reach the 
lower liquid region together with the condensate from the upper region . The conden
Sate comprises the condensed vapor on both the spray during its descent (Wsc) and 
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on the pressurizer wall (Wwd . Additional vapor and liquid phase transformations are 
allowed owing to pressure changes. Specifically , flashing of liquid into vapor (WFd 
and condensation (also called rainout) of vapor into new l iquid drops (WRO) are 
allowed. The rainout liquid drops and flashed vapor bubbles are assumed to be added 
instantaneously to the liquid-only and vapor-only regions , respectively . These mass 
flow rates together with the surge flow rate (msurge) are illustrated in Figure 7- 1 8 . 
Figure 7- 1 9  compactly provides this information along with the allowed heat and work 
transfer exchanges between regions and the pressurizer wall . 

This two-region model is expressed by the fol lowing set of conservation and jump 
equations where the vapor-liquid interface is labeled s .  

Figure 7-18 Mass flow rates in the tWO

region formulation. 



THERMODY N A M ICS OF N UCLEAR EN ERG Y CONV ERSION SYSTEMS 275 
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Vapor 

S'U 

. I 
� 

' L/ ' s : 
I 

I 
s'RO : { SI8C i s'WC\J: 

:> 
!. 

sit Liquid 

Jl 

FIgure 7-19 Two-region pressurizer model . ---
- - - - - - - - - - - - - - = W interface . (After Kao [2] . )  

Vapor mass: 

Liquid mass: 

Vapor energy: 

Liquid energy: 

Mass jump: 

Energy jump: 

d - (m ) dt t 

d - (mu)v dt 

d - (mJ dt 

-
-

� 
--

-
-

m interface; -------- Q interface; 

(7- 1 10) 

(7- 1 1 1 ) 

(7- 1 1 2) 

(7- 1 1 4) 

o (7- 1 1 5) 
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Work-volume change definitions: 

Volume constraint: 

Equations of state : 

d 

d 
= p - (mv)y 

dt 
d 

= p - (mv)e dt 

- [(mv)y + (mv)e] 
dt 

Vy Vy (p, uJ 
Vt ve (p, ue) 

hys hys (p, uy) 

hes hes (p, ue) 

o 

(7- 1 1 6) 

(7 - 1 1 7) 

(7- 1 1 8) 

(7 - 1 1 9a) 
(7- 1 1 9b) 
(7- 1 1 9c) 
(7- 1 1 9d) 

The system has the same five prescribed input parameters as did the four-region model : 
mspray , msurge , hspray ,  hsurge , and Qh . 

This system has 1 6  unknowns: 

Vapor (n 7) Liquid (n 7)  Others (n = 2) 
my me p 

fnyS mes Qw 
Vy ve 
Uy Ue 
hyS hes 
QyS Qes 
WyS Wes 

There are 1 3  available equations and constraints . 

Conservation equations 
Jump conditions 
Work-volume change definitions 
Volume constraint 
Equations of state 
Total 

4 
2 
2 
1 
4 

1 3  

(Eqs. 7- 1 1 0 through 7- 1 1 3) 
(Eqs.  7- 1 1 4 and 7- 1 1 5) 
(Eqs .  7- 1 1 6 and 7- 1 1 7) 
(Eq . 7- 1 1 8) 
(Eqs . 7- 1 1 9a through 7- 1 1 9d) 

To achieve closure , three constitutive equations are required among: 
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(Eqs .  7- 1 20a and 7- 1 20b) 
(Eqs . 7 - 1 20c through 7 - 1 20e) 

The spec ification of these constitutive equations first requires examination of the spe
cific form of the mass and energy jump equations across the single interface s of this 
model . 

1 Characterization of the interface s. This two-region model has a single interface 
s. However, as illustrated in Figures 7- 1 8  and 7- 1 9 ,  a number of condensing and 
flashing processes are allowed to occur along portions of this interface . Specifically , 
the interface s is composed of the following portions from the four-region model:  

Interface s = s'L + s'U + s" = s'L + s ' RO + s ' SC + s 'WC + s" (7- 1 2 1 )  

where the interface portion Sill is neglected because the liquid condensate and the vapor 
bubbles are assumed to be instantaneously added to the l iquid and vapor regions; s ' RO 

= interface between rainout drops and the upper vapor volume; s ' SC = interface 
between the condensate on the spray drops and the upper vapor volume; and s 'WC 
= interface between the condensate on the pressurizer wall and the upper vapor 
volume. 

The corresponding vapor and l iquid mass transfer rates across these interface 
segments are as follows: 

mvs == WFL - WRO - Wsc - Wwc 
mrs == - WFL + WRO + Wsc + Wwc 

where mass transfer across interface s" has been taken as zero . 

(7- 1 22a) 
(7- 1 22b) 

The parameters Qvs and Qts can simi larly be partitioned along portions s ' U  and 
s'L of the interface and taken zero along s". The heat transfer partitioning can be 
based on a reasonable phys ical assumption , in contrast to the basis that would be 
necessary to partition the parameters Wvs and Wes along interfaces s ' U  and s ' L .  Thus 
work terms are taken as zero along s 'U  and s 'L  and are assumed to occur totally along 
interface s". Although these assumptions affect the values of the individual components 
of work transfer, they do not affect the net value of work transfer across interface s ,  
Which is dictated by  the overall framework of  the two-region model .  

2. Mass and energy jump conditions across all interface segments. Next the re
lations between mass and energy transfer across the interface segments s ' L, s 'RO ,  
s'SC,  and s 'WC are established . 

Q Liquid region. Within the liquid region , mass transfer and energy transfer occur 
Owing to bulk flashing across the interface s 'L  (Fig .  7-20) . The mass transfer across 
the interface utilizing the jump condition Eq . 7-7 1 is :  

(7- 1 23) 
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i n te rface s 'L  

vapor at  hg 

l i q u id at h i  

Figure 7-20 Flashing in the lower liquid region by the model of section IV .B  (work terms neglected) .  

In general , the vapor bubbles aI1e created by flashing of lower region liquid at enthalpy 
he to produce a vapor mass per unit time (niJs'L at enthalpy hy • The latent heat of 
evaporation is extracted at the interface s 'L due to liquid and vapor heat transfer. 

as: 
Rearranging the energy jump condition (Eq .  7-79 in Table 7-5) for this interface 

Net energy from liquid _ net energy from interface 
region into interface - into vapor bubbles 

(nieh()s 'L - Q(s 'L + WeS'L = (niyhJs 'L + QYs'L - W ys'L 0-79) 
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where the notation of the heat transfer and work tenns has been rearranged for sim
plification . 

It is assumed that flashing occurs only at saturation conditions and that the latent 
heat of vaporization is supplied only by the liquid region . Thus:  

and 

QYs'L = 0 

(rizyhJs'L = WFLhg 
(rizehf;)s'L = - W FL hf 

(7- 1 24) 

(7- 1 25)  
(7- 1 26) 

Neglecting work terms , the jump condition for energy at s 'L (Eq . 7-79) becomes: 

(7- 1 27) 

b Vapor region. Within the vapor region , mass and energy transfer occur at three 
condensation locations , i . e . , bulk condensation within the vapor region called rainout 
(WRO) ' on the vessel walls , (WwC> ,  and on the spray droplets (Wsc) . The appropriate 
mass transfer jump condition is Eq. 7-66, which is rewritten as: 

(7- 1 28) 

For energy transfer each of these interface components must be treated separately. 
First, consider the rainout drops, as illustrated in Figure 7-2 1 . In general , these 

drops are created by condensation of upper region vapor at enthalpy hy , which pro
duces a liquid mass per unit time (nie)s'RO at enthalpy he .  The latent heat of conden
sation is released at the interface s 'RO due to vapor and liquid heat transfer. Rearrange 
the jump condition (Eq. 7-78 in Table 8-5) for this interface s 'RO as: 

Net energy from interface _ net energy out of liquid drops 
into vapor region - into interface 

(niyhY)s'RO + QYs'RO - WYs 'RO = - (mehe) s'Ro - Qes 'Ro + "'(s ' RO (7- 1 29) 

Assuming that rainout occurs only at saturation conditions and the latent heat of 
condensation is released only to the vapor region: 

and 

Qfs'RO = 0 
(niehf)s 'RO = WRohf 

(nivhY)S'RO = - W Rdzg 
Neglecting work terms , Eq . 7- 1 29 becomes: 

- W Rohfg + QYs'RO = 0 

(7- 1 30) 
(7- 1 3 1 )  

(7- 1 32) 

(7- 1 33 )  

Next , consider condensation on  the spray drops, which creates the interface s 'SC 
with the vapor region . This process is illustrated in Figure 7-22 , which also depicts 
the interface labeled s 'SP between the spray drop and the surrounding condensate 
shell .  Proceeding as in step 3 ,  the energy jump condition (Eq .  7-78)  for the interface 
s'SC can be written as: 
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Interface s'RO 

Vapor at hv 
Liquid at hf 

Figure '·21 Rainout in the upper vapor region by the model of section IV.B  (work terms neglected ) .  

Net energy from vapor region _ net energy out o f  interface 
into interface - into condensate 

(mvhJs'sc - Qvs'sc + Wvs'sc = (mehe) s 'sc + Qts'sc - WCs'sc (7- 1 34) 

At the interface s 'SP only heat transfer is occurring , no mass transfer. Work at this 

interface is neglected. The energy interface jump condition is simply: 

- Qcs'sp = Qss'sp (7- 1 35) 

where subscripts C and S condensate and spray regions , respectively . 
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• • • • • • • • • • • •  I nterface s'SC 

I nterface s'SP 

:::::�:::::::�:::::{::::{::::{::�:{::� V apo r at h v 

Liqu id at hf 
(condensate) 

Liqu id in it ial ly at hsp 
(spray) 

Figure 7-22 Condensation in the upper vapor region on spray drops by the model of section IV. B  (work 
terms neglected). 

Assuming that condensation occurs only at saturation conditions and that the latent 
heat of condensation is released totally to the spray by conduction through the con
densate shell: 

Qvs 'sc 

(m(h ( )s ' sc 

o (7- 1 36) 

(7- 1 37) 
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and 

(myhJs 'sc = - Wschg (7 - 1 38 )  

where the mass jump conditions (Eq . 7- 1 28) for surface s ' SC has been uti lized to 
obtain (fne)s 'sc ' which equals Wsc ' and: 

Qes'sc == - Qcs'sp = Qss' sp 
Neglecting work terms , Eq. 7- 1 34 becomes: 

(7- 1 39) 

Wschcg = Qss'sp (7- 1 40a) 

Finally , if it is assumed that the rate of condensation is  just sufficient to raise the 
spray enthalpy to saturation: 

(7- 140b) 
so Eq . 7 - 1 40a becomes: 

Wsc = WsP 
(hC - hsp) 

hCg 
(7- 1 4 1 )  

i . e . , the condensate rate i s  just sufficient to raise the enthalpy o f  the spray to saturation 
as it falls through the upper vapor region . This result for Wsc is frequently used in 
pressurizer models .  

Finally, consider condensation on the pressurizer wall. which creates the interface 
s 'WC with the vapor region . This process is i l lustrated in Figure 7-23 , which also 
depicts the interface labeled s 'ew between the condensate and the wal l .  Proceeding 
as before , the jump condition (Eq.  7-78) for the interface s 'WC is :  

(myhJs'wc + QyS 'WC - WyS'wc = - (mehe)s 'we - Qes 'we + "'ts'we (7- 1 42) 

Assuming that condensation occurs only at saturation conditions and that the latent 
heat of condensation is released to the condensate: 

and 

Qvs'we 
(mehe)s'we 

(7- 1 43 )  
(7- 1 44) 

(myhJs'we = - Wwehg (7- 1 45) 

where the mass jump condition (Eq . 7- 1 28) for interface s 'WC has been util ized . 
Furthermore , it is assumed that the latent heat of condensation that is released to 

the condensate is transferred by conduction completely to the pressurizer wal l .  Re
ferring to Figure 7-23 for nomenclature , 

Qes 'we = Qw (7- 146) 

because: 

(7- 1 47) 
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I nteriace s'WC 
. . . . . . ::::::::::::::::::::::::::::::::::::::::::::::::::: Vapo r at hv 

I nteriace s'CW Liquid at hf 
(condensate) 

� wal l  
Figure '·23 Condensation in the upper vapor region on  the pressurizer wall by the model of  section IV.B  
(Work tenns neglected). 

Neglecting work terms , Eq . 7- 1 42 becomes:  

Qw Wwc = -hfg 
(7- 1 48) 

It i s  important to note that the heat transfer to the wall is treated as heat transfer from l iquid (condensate) to the wall even though physically this  condensation process 
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is occurring on the pressurizer wall in the upper vapor region . Hence in this model , 
although Qw == (q{:; . hwA)s 'w is finite and to be prescribed using a trans ient heat 
conduction model  of the wall-condensate interaction . the heat transfer to the wall 
from the bulk vapor or liquid in the pressurizer is assumed negligible . 

From the preceding development. the mass jump and energy jump conditions 
across the segments of interface s are as follows.  

Mass jump: s: myS = - mes WFL - WRO 
- Wsc - Wwc 

(7- 1 22 )  

Energy jump: s 'L: WFLhfg + Qts 'L = 0 (7- 1 27 )  
s 'RO: - WRohfg + QYs'RO = 0 (7- 1 33 )  

s ' SC: Wsc = WsP 
(hr - hsp) 

hfg 
(7- 1 4 1  ) 

s ' WC:  
Qw 

Wwc = - (7- 1 48 )  
hfg 

s": WyS" + ""ts" = 0 (7- 1 1 6  through 7- 1 1 8 ) 
Util izing the jump conditions ,  the conservation equations (Eqs . 7- 1 1 0 through 7- 1 1 3 )  
can b e  rewritten and are displayed in Table 7-6 . The sum o f  the vapor and l iquid 
mass and energy equations equal the single-region results (Eqs .  7-32 and 7-33) when 
the volume constraint and Eq . 7- 148 are applied . 

Table 7-6 Conservation equations for the two-region model 

Parameter 

Vapor mass 

Liquid mass 

Vapor energy 

Liquid energy 

Equation 

d "dt (mJ = wFL - wRO - wsc - wwc 

d d "dt (mu) = ( WFL - wRO - wsc - Wwc) h g + WRoh rg - P "dt (m y vl 
d 

= ( WFL - wsc - wwd hg - wRoh r - P "dt (m y) 
d . "dt (mul) = ( - WFL + wRO + wsc + Wwc) h r  - WFLh rg + Wsch rg + Q w  

d . . - P "dt  (mfvt) + (mh) ,pray + ( rizh) surge + Q h  - Q w  

d 
= ( WRO + wwd hr + ( Wsc - WFL) hg - P "dt (m fv l) 

+ (mh)spray + ( rizh) surge + Q h  
d = WRohr + (Wsc - wFL + Wwdhg - P "dr (mev J  

+ (mh)spray + (rizh)surge + Qh  - Q w  
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3 Constitutive equations for closure. Return now to the closure requirements of 
Eqs .  7- 1 20a through 7- 1 20e . Because Ow is externally supplied in this model , two 
additional relations are required among: 

Qvs'RO ' which replaces 9vs because the other �v components are zero . 
Qfs ' L' which replaces Qes because the other Qe components are zero ( i . e . , Qt s ' RO) 

or known ( i . e . , Qes'sc = WS Chfg) (Eqs .  7- 1 39 and 7- 1 40) and Qes'wc = Ow 
(Eq . 7- 1 46) 

mvs or rites 

This is accomplished following Moeck and Hinds [3] by assuming that neither phase 
can exist in a metastable form; i .e . , the vapor can be either saturated or superheated 
but not subcooled , whereas the liquid can be either saturated or subcooled but not 
superheated . 

Table 7 -7 categorizes the implications of this assumption for the range of possible 
combinations of pressure changes and initial conditions . Figure 7-24 illustrates the 
allowed transitions from the saturated liquid, saturated vapor states eo and vo , re
spectively .  A pressure increases from Po to P2 results in subcooled liquid and super
heated vapor at states e2 and v2 , respectively . As Figure 7-24 i l lustrates , neither rainout 
nor flashing occurs during this transition . Hence WRO = 0 and WFL = 0 so that: 

Table 7-7 Initial conditions and their constraints for the nonequilibrium 
two-region pressurizer model of section IV.B 

Initial liquid conditions 

Liquid Vapor 

Saturated Saturated 

Subcooled Saturated 

Saturated Superheated 

Subcooled Superheated 

Decreasing pressure 

Case 1 
U/ = uf(p) 
Uv = u/p) 
: . WRO =I: 0 

:. WFL =I: 0 

Case 2 
WfL = 0 

Uv = ug(p) 
:. WRO =I: 0 

Case 3 
WRO = 0 

U/ = uf(p) 
:. WfL =I: 0 

Case 4 
WRO = 0 

WfL = 0 

Constraints 

Increasing pressure 

Case 5 
WRO = 0 

WfL = 0 

Case 6 
WRO = 0 

WFL = 0 

Case 7 
WRO = 0 

WfL = 0 

Case 8 
WRO = 0 

WFL = 0 
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f-._ Q) :J I§ Q) 0.. 
E Q) I-

1-
flashing 

Disallowed 
Metastable 

States 

Po 

- ' ,  - � - - - - - -

rainout 

Entropy, s 

Figure 7-24 Pressurizer pressure transients from saturated initial conditions. (Adapted from Moeck and 
Hinds [3] . )  

and 

by Eq . 7- 1 27 , as well as : 

QYS 'RO = 0 
by Eq . 7- 1 33 .  Because Wsc and Wwc are known for a given pressure by Eqs .  7- 14 1  
and 7- 148 ,  all three parameters [myS (or mes) ' QeS'L ' and QYS 'RO] are now established . 
The solution is not overprescribed , however, because the values of these parameters 
are consistent with each other through the jump conditions . 

For a pressure decrease from Po to P I ' the metastable superheated liquid and 
subcooled vapor states -e I s and v I s '  respectively , which result from an i sentropic de
pressurization for each state , are then assumed transfonned to the stable saturated 
states -e I and V I ' Between the l iquid states -eo and -e I some liquid flashes to vapor, 
whereas between vapor states va and V I some vapor condenses or rains out as liquid . 
In thi s  case , however, the two constraints become: 

Ue uf(p) 
Uy ugCp) 

The solution of the equation system yields WFL and WRO, which then through the 
energy jump conditions dictate QeS 'L and QyS 'RO ' respectively . Da S ilva et al . [ 1 ]  used 
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this approach for �team generator transient analysis with a procedure in which con
ditions at the beginning of a time step were used to select the case that would prevail 
throughout the step . They found that the calculation procedure could be designed so 
that changes in the selected case did not occur within a time step with great frequency 
and an inaccurate choice made in one time step was corrected in the next. 
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PROBLEMS 

Problem 7-1 Containment pressure analysis (section II) 

For the plant analyzed in Example 7- 1 ,  problem A, the peak containment pressure resulting from 
primary system blowdown is 0 . 523 MPa. Assume that the primary system fai lure analyzed in that accident 

sends an acoustic wave through the primary system that causes a massive failure of steam generator tubes. 
Although main and auxi liary feedwater to all steam generators are shut off promptly ,  the entire secondary 
system inventory of 89 m) at 6 .89 MPa is also now released to containment by blow down through the 
primary system. Assume for this case that the secondary system inventory is all at saturated liquid condi
tions. 

( 1 )  What is the new containment pressure? (2) Can it be less than that resulting from only primary 
system failure? 

Answers: 1 .  0 .6  MPa. 
2. Yes , if the secondary fluid properties are such that this fluid acts as an effective heat 

sink. 

Problem 7-2 Ice condenser containment analysis (section II) 
Calculate the minimum mass of ice needed to keep the final containment pressure below 0.4 MPa, 

assuming that the total volume consists of a 5 .05 ( 1 04) m) containment volume and a 500 m) primary 
volume. Neglect the initial volume of the ice . Additionally, assume the following initial conditions: 

Containment pressure = 1 .0 l 3 ( 105) Pa ( 1  atm) 
Containment temperature = 3000K 
Ice temperature = 263°K ( - 10°C) 
Ice pressure = 1 .0 1 3( 1 05) Pa (1 atm) 
Primary pressure = 1 5 . 5  MPa (saturated liquid conditions) 

Relevant properties are: 

Cv for air = 7 1 9  J/kgOK 
R for air = 286 J /kgoK 
C for ice = 4.23( 103 ) J/kgOK 
Beat of fusion for water = 3.33( 0 5) J j kg (at  1 a Im)  

Answer: 1 .77( 1 05) kg  of  ice 
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Problem 7-3 Containment pressure increase due to residual core heat (section II) 
Consider the containment system as shown in Figure 7-25 after a loss of coolant accident (LOCA) . 

Assume that the containment is filled with saturated liquid, saturated vapor, and air and nitrogen gas 
released from rupture of one of the accumulators, all at thermal equil ibrium. The containment spray system 
has begun its recirculating mode, during which the sump water is pumped by the residual heat removal 
(RHR) pump through the RHR heat exchanger and sprayed into the containment. 

Assume that after I hour of operation the RHR pump fai ls  and the containment is heated by Core 
decay heat. The decay heat from the core is assumed constant at 1 %  of the rated power of 244 1 MWt. 

Find the time when the containment pressure reaches its design limit, 0 . 827 MPa ( 1 2 1 . 6 psia) . 
Additional necessary information is given below . 

Conditions after 1 hour 
Water mixture mass (mw) = 1 .56( 106) kg 
Water mixture quality (xst) = 0 .0249 
Air mass (ma) = 5 . 9( 1 04) kg 

Nitrogen mass (mN) = 1 .0( 1 03) kg 
Initial temperature (T) = 38 1 . 6°K 

Thermodynamic properties of gases 
Rair = 0 .286 kJ/kgOK 

Cva = 0 .7 1 9  kJ/kgOK 

/ 1 \ 
Co ntai n m e nt 

Spray 

Water Vapor + Ai r + 
N it rogen Gas 

RHR Heat 
Exch a n g e r  

R H R  Heat 
Exchang e r  

Cool i ng Water  

Figure 7-25 Containment. 

Co re 

Gad 
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RN ::::: 0 .296 kJ/kgOK 
, 

/ ° CvN ::::: 0 .742 kJ kg K 

Answer: 7 .05 hours 

Problem 7-4 Loss of heat sink in a sodium-cooled reactor (section II) 

A 1 000 MW(t) sodium-cooled fast reactor has three identical coolant loops. The reactor vessel is 

tilled with sodium to a prescribed leve l ,  with the remainder of the vessel being occupied by an inert cover 

gas, as shown in Figure 7-26 . Under the steady operating condition, the ratio of the volume of cover gas 

to that of sodium in the primary system is 0 . 1 .  At time t = 0, the primary system of this reactor suffers 
a complete loss of heat sink accident, and the reactor power instantly drops to 2% of full power. Using a 
lumped parameter approach, calculate the pressure of the primary system at time t = 60 seconds. At this 

time, check if the sodium is boiling. 

Useful data 
Initial average primary system temperature = 9S0°F 
Initial primary system pressure = 50 psi 

Total primary system coolant mass = I S ,OOO Ibm 
{3 (volumetric coefficient of thermal expansion of sodium) 1 . 6( 10  - 4);oF 
cp for sodium = 0 .3  BTU/Ibm OF (at 9S0°F) 

p for sodium = 5 1 .4 lbm/ft) (at 9S0°F) 
Sodium saturated vapor pressure: 

p = exp [ I S . S32 - ( l 3 1 1 3/T) - 1 .0948 In T + 1 . 9777 ( 10 - � T] 

where p is in atmospheres and T is in OK. 
Answer: p = 87.9 psi  

T = 1 1 90 . 7°F, so no boil ing occurs 

Problem 7-5 Response of a BWR suppression pool to safety/relief valve discharge (section II) 
Compute the suppression pool temperature after 5 minutes for a case in which the reactor is scrammed 

and steam is discharged from the reactor pressure vessel (RPV) into the suppression pool such that the 
temperature of the RPV coolant is reduced at a specific cooldown rate . During this process, makeup water 
is supplied to the RPV. Heat input to the RPV is only from long-term decay energy generation . 

Numerical parameters applicable to this problem are given in Table 7-S . 
Answer: 35 .3°C (95 .5°F) 

Figure 7-26 Reactor assembly in a 
SOdium-cooled reactor. 

r Cover Gas 
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Reactor 
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Table 7-8 Conditions for suppression pool heat-up analysis 

Parameter 

Specified cool-down rate 
Reactor power level prior to scram 
RPV initial pressure 
Saturation properties at 7 MPa 

Discharge period 
Makeup water flow rate 
Makeup water enthalpy 
RPV free volume 
RPV initial liquid mass 
RPV initial steam mass 
Suppression pool initial temperature 
Suppression pool initial pressure 
Suppression pool water mass 

Value 

38°Cjhr (68.4°F jhr) 

3434 MWt 
7 MPa ( 1 0 1 5 . 3  psia) 

T = 285 . 88°C 
vf = 1 . 35 1 3  ( 1 0 - 3) m3/kg 

vfg = 26.0 1 87 ( 1 0 - 3) m3/kg 
Uf = 1 257 .55 kJ/kg 

Ufg = 1 323.0 kJ/kg 
Sf = 3 . 1 2 1 1 kJjkg 

Sfg = 2.6922 kJ j kg 
5 minutes 
32 kg/s (70.64 Ib/s) 
800 kJ /kg (350 BTU/Ibm) 
656 .5  m3 [2 . 3 1 84 ( 104) ft3] 
0 .303 ( 1 06) kg [0 .668 ( 106) Ibm] 

9 .0264 ( 1 03) kg [ 1 9 .9 ( 1 03) Ibm] 
32°C (90°F) 
0 . 1  M Pa 04.5 psia ) 
3 .44 ( 1 06) kg [7 .6 ( 1 06) Ibm] 

RHR heat exchanger is actuated at high suppression pool temperature: 
43 .4°C ( 1  10°F) . 

Problem 7-6 Effect of noncondensable gas on pressurizer response to an insurge (section III) 
Compute the pressurizer pressure and heater input resulting from an insurge of liquid from the primary 

system to a pressurizer containing a mass of air (m.) .  Use the following initial, final , and operat ing 
conditions. 

Initial conditions 
Mass of liquid = mf, 
Mass of steam = mg, 
Mass of air ( in steam space) = ma 
Total pressure = PI 
Equilibrium temperature = TI 

Operating conditions 
Mass of surge = msurge 
Mass of spray = jm,urge 
Enthalpy of surge = h,urge 
Enthalpy of spray = h,pray 
Heater input = Qh 

Final condition 
Equilibrium temperature = T2 = TI 

You may make the following assumptions for the solution: 

I .  Perfect phase separation 
2. Thermal equilibrium throughout the pressurizer 
3. Liquid water properties that are independent of pressure 



Answers: 

Le. ,  same a s  Eg . 7-53 . 
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Problem 7-7 Behavior of a fully contained pressurized pool reactor under decay power conditions 
(section IV) 

A 1 600 MW(t) pressurized pool reactor has been proposed in which the entire primary coolant system 
is submerged in a large pressurized pool of cold water with a high boric acid content. The amount of water 
in the pool is sufficient to provide for core decay heat removal for at least I week following any incident, 
assuming no cooling systems are operating . In this mode, the pool water boils and is vented to the 
atmosphere. The vessel geometry is i l lustrated in Figure 7-27 . The core volume can be neglected. 

Block 
Valve 

�:::::F1 _;:m :: - - - ..... _-----.- - - - - - - - - - - - - - - - - - - - - - - - - - -Steam 

�----------------------------------� 

Liquid Water 

1 4 .5 m 1 3 m 

Core 

- - - _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ ............... �� 
: :  : :E�

_
J 

Figure 7-27 Pressurized pool reactor. 
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Assume that at time t = 0 with an initial vessel pressure of O. 1 0 1 35 MPa ( I  atm), the venting to the 
atmosphere fai ls .  Does water cover the core for all t? Plot the water level measured from the top of the 
vessel versus time . You may assume that the vessel volume can be subdivided into an upper saturated 
vapor volume and a lower saturated liquid volume . Also, assume the decay heat rate is constant for the 
time interval of interest at 25 MW. 

Answer: Water always covers the core. 

Problem 7-8 Depressurization of a primary system (section IV) 
The pressure of the primary system of a PWR is controlled by the pressurizer via the heaters and 

spray. A simplified drawing of the primary system of a PWR is shown in Figure 7-28. If the spray valve 
were to fail in the open position, depressurization of the primary system would result. 

Calculate the time to depressurize from 1 5 . 5 MPa to 1 2 .65 MPa ( 1 835 psia) if the spray rate is 
30.60 kg/s with an enthalpy of 1 252 kJ/kg (constant with time) .  Also calculate the final liquid and vapor 
volumes. You may assume that: 

Spray Li n e  

S p ray L i n e  
Valve 

vapor --

l iquid 

Pressur izer  

Reacto r 
Coolant  P u m p  

Figure 7-28 Simpl ified drawing o f  the primary system o f  a PWR.  
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1 . Heaters do not operate . 
2. Pressurizer wall is adiabatic . 
3 . Pressurizer vapor and liquid are in thermal equilibrium and occupy initial volumes of 20. 39 and 

30.58  m3 , respectively . 
4. Complete phase separation occurs in the pressurizer. 
5. The subcooled liquid in the primary system external to the pressurizer is incompressible so that the 

spray mass flow rate is exactly balanced by the pressurizer outsurge. 

Answers: 227 seconds 
22. 1 4  m) vapor 
28.83 m3 liquid 

Problem 7-9 Three-region pressurizer model (section IV) 

For pressurizer insurge cases, an expansion of the two-region model (section IV .B )  to a three-region 
model is of interest. The additional region is a liquid-only region in the lower region of the pressurizer 
into and out of which liquid surges occur. This additional liquid-only region has the following character
istics. 

1 .  It is labeled " liquid region 2 . "  
2 .  It communicates with the primary piping and i s  bounded from above b y  liquid region I ,  which i n  tum 

is bounded from above by the vapor region. 
3.  The pressurizer heaters are immersed in liquid region 2 .  
4. There is no heat transfer to the wall from liquid region 2 .  
5 . Liquid regions 1 and 2 exchange heat and work only across their common interface . 

Maintaining all characteristics of the model of section IV . B ,  except for those specifically changed by the 
addition of this liquid-only region: 

1. Draw a revision of Figure 7- 19 .  
2 .  Write the mass and energy equations for all three regions. 
3.  Write the jump condition(s) for the boundary between liquid regions 1 and 2 .  
4 .  Write the volume constraint applicable t o  the three-region model . 
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THERMAL ANALYSIS OF F UEL ELEMENTS 

I INTRODUCTION 

An accurate description of the temperature distributions in the fuel elements and the 
reactor structures is essential to the prediction of the lifetime behavior of these com
ponents . The temperature gradients, which control the thermal stress levels in the 
materials, together with the mechanical loads contribute to determination of the po
tential for plastic deformation at high temperatures or cracking at low temperatures . 
The temperature level at coolant-solid surfaces controls the chemical reactions and 
diffusion processes , thus profoundly affecting the corrosion process .  Furthermore , the 
impact of the fuel and coolant temperatures on the neutron reaction rates provides an 
incentive for accurate modeling of the temperature behavior under transient as well 
as steady-state operating conditions . In this chapter the focus is on the steady-state 
temperature field in the fuel elements . Many of the principles applied are also useful 
for describing the temperature field in the structural components . 

The temperature in the fuel material depends on the heat-generation rate , the fuel 
material properties ,  and the coolant and cladding temperature conditions . The rate of 
heat generation in a fuel pin depends on the neutron slowing rates near the fuel pin and the neutron reaction rates within the fuel , as described in Chapter 3. In return, 
the neutron reaction rate depends on the fuel material (both the initial composition 
and bumup level) and the moderator material (if present) and their temperatures . Hence 
an .exact prediction of the fuel material temperature requires simultaneous determi
nation of the neutronic and temperature fields , although for certain conditions it is �ssible to decouple the two fields . Thus it is assumed that the heat-generation rate 
IS fixed as we proceed to obtain the fuel temperature field. 
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Table 8-1 Thermal properties of fuel materials 

Property U U02 UC UN 

Theoretical density at room temp 1 9 .04 x 10 3  10 .97 X 1 03 1 3 .63 X 1 03 14 . 32 X 1 03 
(kg/m3) 

Metal density* (kg/m3) 19 .04 x 1 03 9 .67 X 103  1 2 .97 X 1 03 1 3 .60 X 1 03 
Melting point (OC) 1 1 33 2800 2390 2800 
Stability range Up to 665°Ct Up to m .p .  Up to  m .p .  Up to  m.p .  
Thermal conductivity average 32 3 .6 23 (UCII)  2 1  

200-1000°C (W /mOC) 
Specific heat, at 100°C (J/kg °C) 1 1 6 247 146 
Linear coefficient of expansion 10 . 1 x 1 0 - 6  I L l  X 1 0 . 6 9 .4 X 1 0 - 6  

(rC) (400-1 400°C) (20-1 600°C) ( l000°C) 
Crystal structure Below 655°C: a, Face-centered Face-centered Face-centered 

orthorhombic cubic cubic cubic 
Above 770°C: y, 

body-centered 
cubic 

Tensile strength , (MPa) 344-1 380'" 1 10 62 Not well defined 

*Uranium metal density in the compound at its theoretical density. 
t Addition of a small amount of Mo , Nb , Ti , or Zr extends stability up to the melting point. 
"'The higher values apply to cold-worked metal . 

Uranium dioxide (U02) has been used exclusively as fuel material in l ight-water 
power reactors ever since it was used in the Shippingport PWR in 1 955 . Uran ium 
metal and its alloys have been used in research reactors . Early liquid-metal-cooled 
reactors relied on plutonium as a fuel and more recently on a mixture of U02 
and Pu02 .  The mid- 1 980s saw a resurgence in the interest in the metal as fuel in 

U . S . -designed fast reactors . The properties of these materials are highlighted in this 
chapter. U02 use in L WRs has been marked with sati sfactory chemical and irradiation 
tolerance . This tolerance has overshadowed the disadvantages of low thermal con
ductivity and uranium atol1ll density relative to other materials ,  e . g . , the nitrides and 
carbides or even the metall itself. The carbides and nitrides , if proved not to swell 
excessively under irradiation , may be used in future reactors . 

The general fuel assembly characteristics are given in Chapter 1 .  Tables 8- 1 and 
8-2 compare the thermal properties of the various fuel and cladding materials ,  
respectively . 

Table 8-2 Thermal properties of cladding materials 

Property 

Density (kg/m3) 
Melting point (OC) 
Thermal conductivity (W /mOC) 
Specific heat (J/kgOC) 
Linear thermal expansion coefficient (j0C) 

Zircaloy 2 

6 .5  X 103 
1 850 
1 3  (400°C) 
330 (400°C) 
5 . 9  x 1 0 - 6  

Stainless steel 3 1 6  

7 . 8  X 1 03 
1400 
23 (400°C) 
580 (400°C) 
18 x 1 0 - 6  
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HEAT CONDUCTION IN FUEL ELEMENTS 

�,A General Equation of Heat Conduction 
( 
! The energy transport equation (Eq . 4- 1 23) describes the temperature distribution in a 
'
solid (which is assumed to be an incompressible material with negligible thermal 
expansion as far as the effects on temperature distribution are concerned) .  If Eq . 
4- 123 is written with explicit dependence on the variables t and f, it becomes :  

� aT(t, f) � � � (X·p(r , T) -a-f - = V . k(r , T)VT(r , t) + qllf(r , f) 
Note that for incompressible materials cp Cv • 

At steady state Eq. 8- 1 reduces to: 

V . k(1,T)VT(t) + qllf(1) = 0 

(8- 1 )  

(8-2) 

Because by definition the conduction heat flux is given by q" := - kVT, Eq . 8-2 can 
be written as: 

- V . q"(t, T) + qllf(t) = 0 (8-3) 

B Thermal Conductivity Approximations 

In a medium that is isotropic with regard to heat conduction , k is a scalar quantity 
that depends on the material , temperature , and pressure of the medium . In a noniso
tropic medium, thermal behavior is  different in different directions .  Highly oriented 
crystalline-like materials can be significantly anisotropic . For example , thermally de
posited pyrolytic graphite can have a thermal conductivity ratio as high as 200: I in 
directions parallel and normal to basal planes .  For anisotropic and nonhomogeneous 
materials ,  k is a tensor, which in Cartesian coordinates can be written as: 

_ (kxx kxy kxz) 
k = kyx kyy kyz kzx kzy kzz 

(8-4) 

For anisotropic homogeneous solids the tensor is  symmetric , i . e . ,  kij = kji • In most 
practical cases k can be taken as a scalar quantity . We restrict ourselves to this  
particular case of a scalar k for the remainder of this text. 

As mentioned before , thermal conductivity is different for different media and 
generally depends on the temperature and pressure . The numerical value of k varies 
from practically zero for gases under extremely low pressures to about 4000 W ImoK 
or 7000 BTU 1ft hr OF for a natural copper crystal at very low temperatures .  

The change o f  k with pressure depends o n  the physical state o f  the medium. 
Whereas in gases there is a strong pressure effect on k, in solids this effect is  negli
gible . Therefore the conductivity of solids is mainly a function of temperature , k = 
/c(T), and can be determined experimentally . For most metals the empirical formula 
[ 1 ] :  

(8-5) 
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gives a good fit to the data in a relatively large temperature range . The values of ko 
and f30 are constants for the particular metal . It i s  evident that ko corresponds to the 
reference temperature (To) . The value of f30 can be positive or negative . In general ,  
f30 i s  negative for pure homogeneous metals ,  whereas for metallic alloys f30 becomes 
positive . 

In the case of nuclear fuels ,  the situation is more complicated because k also 
becomes a function of the irradiation as a result of change in the chemical and physical 
composition (porosity changes due to temperature and fission products) .  

Even when k i s  assumed to b e  a scalar, i t  may be difficult to solve Eg . 8-2 

analytically because of its nonlinearity . The simplest way to overcome the difficulties 
is to transform Eg . 8-2 to a linear one , which can be done by four techniques:  

l .  In the case of small changes of k within a given temperature range , assume k 
is constant. In this  case Eq . 8-2 becomes: 

(8-6) 

2 . If the change in k over the temperature range is large , define a mean k as 
follows: 

(8-7) 

and use Eq . 8-6 with k replacing k. 
3. If an empirical fonnula for 'k exists, i t  may be used to obtain a single variable 

differential equation , whidh in mamy cases can be transformed to a relatively simple 
linear differential equation . For example , Eq . 8-5 can be used to write : 

so that 

and 

T - To = 
k - ko 
f3oko 

V 2/2-V '  (kVT) = --2f3oko 
Substituting from Eq. 8-9 i nto Eq. 8-2 , we get: 

which is a l inear differential equation in /2-. 

(8-8) 

(8-9) 

o (8- 1 0) 

4. Finally , the heat conduction equation can be linearized by Kirchoff ' s  trans
formation , as briefly described here: In many cases it is useful to know the integral :  fT2 Tl k(T)dT 
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where T2 - T, is the temperature range of interest. Kirchoff 's  method consists of 
finding such integrals by solving a modified heat conduction equation . Define : 

1 IT () == - k(T)dT 
ko To 

The new variable () can be used to give: 

1 IT 1 [ d JT ] 
V () = - V k(T)dT = - VT - k(T)dT 

ko To ko dT To 
From this equation we find: 

k VT = ko V (}  

and 

v . [kVT] 

Then at steady state Eq . 8-2 becomes: 

ko V2(} + q'" = 0 

(8- 1 1 )  

(8- 1 2) 

(8- 1 3 )  

(8- 14) 

(8- 1 5) 
which is a linear differential equation that can generally be solved more easily than 
Eq. 8-2 . 

In practice , the nuclear industrial computer programs have allowed common use 
of temperature-dependent conductivity in the numerical solutions . Eq . 8-2 can be 
readily solved in one-dimensional geometries, as illustrated later in this chapter. There
fore the above approaches are useful only if one is interested in analytic solutions of 
multidimensional problems . 

m THERMAL PROPERTIES OF U02 

The LWR fuel is composed of V02; hence the focus of this section is on the properties 
of this most widely used fuel material . In particular,  the thermal conductivity , melting 
POint, specific heat , and fractional gas release are discussed . 

A Thermal Conductivity 

Many factors affect the V02 thermal conductivity . The major factors are temperature , 
porosity , oxygen to metal atom ratio, Pu02 content, pellet cracking , and bumup. A 
brief description of the change in k with each of these factors is discussed . 

� Temperature effects. It has been experimentally observed that k(T) decreases with 
Increasing temperature until T = 1 750°C and then starts to increase (Fig. 8- 1 ) .  The 
often-used integral of k(T) is also given in Figure 8- 1 .  The polynomials representing 



300 N UCLEAR SYSTEMS I 

6' 0.08 
·E 
Q � 
� 0.06 :i-·S U � 
-0 

0.04 c 
0 () 
co 
E 
ID 0.02 .c 

t-

0 . 00 
0 

- - - 1 - --,----+ - - -+ ·- ---i- - ··· [············+ ·····' ••• )::::. t - :... 1 : : :  ................................ ....... f······ .. ··· .. r .. · .. · .. · .. :· .. ······ .... ·: .... · ...... · .. : .... ·· .. ···· ··1 

1 00 

80 

60 

40 

20 

o 
400 800 1 200 1 600 2000 2400 2800 

Temperature, T ( "C) 

Figure 8-1 Thennal conductivity of V02 at 95% density from Lyon. (From Hann et al. [9] . )  
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I-� -lr.:: .... '--.0 

k(T) proposed by the reactor vendors are given in Table 8-3 . All these formulas g ive 
the value of the integral: 

as 93 . 5  W /cm .  

(melting 
kdT Jooc 

For an ionic sol id,  thermal conductivity can be derived by assuming that the solid 
is  an ideal gas whose particles are the quantized elastic wave vibrations in a crystal 
(referred to as phonons) . It can be shown that the behavior of the U02 conductivity 
with temperature can be predicted by such a model [20] . 

2 Porosity (density) effects. The oxide fuel i s  generally fabricated by sintering 
pressed powdered U02 or mixed oxide at high temperature . By controlling the sin
tering conditions ,  material of any desired density , usually around 90% of the max imum 
possible or theoretical density of the solid, can be produced. 

Generally , the conductivity of a solid decreases with increasing presence of voids 
(pores) within i ts structure . Hence low porosity is desirable to maximize the condu�
tivity .  However, fission gases produced during operation within the fuel result tn 

internal pressures that may swel l ,  and hence deform , the fuel . Thus a certain degree 
of porosity i s  desirable to accommodate the fission gases and l imit the swell ing po
tential .  It is particularly true for fast reactors where the specific power level is higher, 
and hence the rate at which gases are produced per unit fuel volume is higher. than 
in thermal reactors . 
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fable 8-3 Formulations for V02 thermal conductivity at 95 % theoretical 

... sity (used by reactor vendors) [25] 

;;-perature-dependent thermal conductivity 
1. Derived from Lyon's  f kdT and shown on Figure 8- 1 (used by Combustion Engineering) 

38 .24 
k = + 6 . 1256 x 1O - 1 3 (T + 273) 3  (Eq . 8- 16a) 

402.4 + T 

where: 
k == 002 conductivity (W / cm 0c) 
T == local 002 temperature eC) 

2. composite from a variety of sources (used by Westinghouse) 

where: 
k == W/cm °c 
T = °C 

k = + 8 .775 x 10 - 13 T3 
1 1 . 8  + 0.0238T 

Polynomial representation of Lyon's f kdT (used by Babcock and Wilcox) 

where: 
T = OF 

r kdT = - 1 70 . 9 1 24 + 5 . 597256T - 3 . 368695 x 10 - 3T2 
)32 

+ 1 .962784 X 1O - 6T3 - 8.391 225 X 1O - IOT4 

+ 2 .404 192 X 1O - 1 3T5 - 4.275284 X 1 O - 1 7T6 
+ 4 .249043 X 1 O - 2 1T7 - 1 .7970 1 7  X 1 O- 25T8 

J k4T = Btu/hr ft 

or 

Let us define the porosity (P) as: 

P =  
volumes of pores (Vp) 

total volumes of pores (Vp) and solids (Vs) 

P = 1 - L 
Pro 

Vp 
V 

V - Vs 
V 

(Eq . 8- 16bl 

(Eq . 8- 16c) 

(8- 1 7) 

Where Pro is the theoretical density of the poreless solid . The effect of porosity on J /cdr for mixed oxides is shown in Figure 8-2. 
By considering the linear porosity to be pl/3 and the cross-sectional porosity to be P2/3 , Kampf and Karsten [ 1 3 ]  derived an equation for negligible pore conductance: 

k = ( 1  - p2/3)kTO (8- 1 8) 
. 

Earlier, the analysis of Loeb [ 1 5 ]  was used by Franc1 and Kingery [7] to derive :: equation referred to as the Loeb equation for this condition of negligible pore 
nductance: 

: ';: k = ( 1  - P)kTO �Uation 8- 1 9  was found to underestimate the porosity effect . 

(8- 1 9) 
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A modified Loeb equation is often used to fit the U02 conductivity measurements 

as: 

k = ( I  - O' , P )kTO (8-20) 

where a, i s  between 2 and 5 [20j . 
Biancharia [2j derived the fol lowing formula for the porosity effect, which ac

counts for the shape of the pores: 

k _- ( l  - P)  
k ------ TO 1 + (a2 - I ) P  (8-2 1 ) 

where 0'2 = 1 . 5 for spherical pores. For axisymmetric shapes (e .g . ,  ell ipsoids ) , C{2 i s  
larger. This formula i s  often used in LMFBR appl ications. 

The fol lowing fit for the temperature and porosity effects on conductivity is  used 
i n  the MATPRO fuel analysis package for unirradiated fuel s  [221 : 

( 8-22a) 

For 1 650 :::: T :::: 2940°C :  

( 8-22b)  

where k i s  i n  W/cm DC, T i s  i n  DC,  and rJ = porosity correction factor given by:  

I - .B ( 1  - P / /fro ) 
1} = I - ,B C I  - 0.95) 

( 8 -22c) 
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Table 8-4 Values of the constants in the MATPRO correlation 

for thermal conductivity* 
-

BI B2 B3 B4 
Fuel (W/cm) (0C) (W/cm °C) (OC � I )  

U02 40 .4  464 1 . 2 1 6  x 1 O � 4  1 . 867 X 1 0 - 3 
(U,Pu)02 33 .0 375 1 . 540 x 1 0 - 4  1 . 7 1 0  X 10 - 3  

>l£quations 8-22a through 8-22d. 

where: 

f3 = 2 . 58 - 0 .58 x 1 0 - 3  T 

and the constants B I through B5 are given in Table 8-4. 

8s 
(W/cm °C) 

0 .0 19 1  
0 .0 1 7 1  

(8-22d) 

3 Oxygen-to-metal atomic ratio. The oxygen-to-metal ratio of the uranium and 
plutonium oxides can vary from the theoretical (or stoichiometric) value of 2. This 
variation affects almost all the physical properties of the fuel . The departure from the 
initial stoichiometric condition occurs during bumup of fuel . In general , the effect of 
both the hyper- and hypostoichiometry is to reduce the thennal conductivity , as shown 
in Figure 8-3 . 

4 Plutonium content. Thermal conductivity of the mixed oxide fuel decreases as the 
plutonium oxide content increases , as can be seen in Figure 8-4. 

s. Effects of pellet cracking. Fuel pellet cracking and fragment relocation into the 
pellet-dadding gap during operation alters the fuel thermal conductivity and the gap 
conductance . A series of tests at the Idaho National Engineering Laboratory have led 
to an empirical formula for the decrease in the U02 thermal conductivity due to 
cracking . For a fresh , helium-filled LWR fuel rod with cracked and broken fuel pellets , 
this relation is [ 1 6] :  

ke = kuo: - (0.0002 1 89 - 0.050867 X + 5 . 6578 X2) 

0.08 
I P 0.06 
I 

� 0.04 
� t=::=::::::-
.:tc'" 0.02 

1 .94 1 .98 2.02 
O/M 

2.06 2. 1 0  

(8-23a) 

FigUre 8·3 Thennal conductivity of UOO SPuO.202:!:x  as a function of the O/(U + Pu) ratio. (From Schmidt 
Qnd Richter [24] . )  
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where (0.0545) ( P ) 8 
X = (<\ot - 0.014 - 0. 14 Scold) -S-- --

cold PrD 
(8-23b) 

where k i s  in kW /moK; <\ot = calculated hot gap width (mm) for the uncracked fuel; 
Scold = cold gap width (mm); PrD = theoretical density of U02 . 

The effect of cracking on fuel conductivity is illustrated in Figure 8-5 . 
A semiempirical approach by MacDonald and Weisman [ 1 7] yielded the following 

relation between the effective conductivity and the theoretical one: 

kuo, ke = -[------=---- (W /m OK) 
�ot - A ] 

-D-fo-(B-kg
=
as
O-/-ku-o-, -+-C-) + 

(8-24) 

where A, B, and C = constants; Dfo = hot pellet diameter in meters; kgas = thermal 
conductivity of the gas in the gap; Dhot = hot gap in meters . The constants recom
mended are as follows: 
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Figure 8-5 Representative comparison between MA TPRO fuel thermal conductivity and calculated effective 
fuel thermal conductivity , with estimated uncertainty, for 2 .2% initial gap helium-filled rods at a power of 
39.26 kW/m. (From MacDonald and Smith [16] . )  

A = 6 . 35 X 1 0 - 5 m 
B = 0.077 
C = 0 .0 15  

6 Burnup The irradiation of  fuel induces several changes i n  the porosity , composi
tion, and stoichiometry of the fuel . These changes , however, are generally small in 
LWRs, where the burnup is  only on the order of 3% of the initial uranium atoms . In 
fast reactors , this effect would be larger, as the expected burnup is on the order of 
10% of the initial uranium and plutonium atoms . 

Introduction of fission products into the fuel with burn up leads to a slight decrease 
in the conductivity . Fuel material cracking under thermal cycling also reduces the fuel 
effective conductivity . 

Finally , the oxide material operating at temperatures higher than a certain tem
perature , about 1 400°C , undergoes a sintering process that leads to an increase in the 
fuel density . This increase in density , which occurs in the central region of the fuel , 
affects the conductivity and the fuel temperature distribution , which is discussed in 
detail later. 

B Fission gas release. 

It is important for the design of the fuel pin to calculate the gas released to the fuel 
pin plenum. Some of the fission gases are released from the D02 pellet at low tem-
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perature . Accompanying the change in the structure of the fuel at high temperatures 
is a significant release of fission gases to the fuel boundaries . The accumulated gases 
within the cladding lead to pressurization of the cladding . With engineering analysis, 
a simple scheme is often used in which a certain fraction (f) of the gas is assumed 
to be released depending on the fuel temperature . An empirically based formula is 
given as [ 1 9] :  

f = 0 .05 
f = 0 . 10 
f = 0 . 20 
f = 0 .40 
f = 0 . 60 
f 0 . 80 
f = 0 .98 

T < 1 400°C 
1 500 > T >  1400°C 
1 600 > T >  1 500°C 
1 700 > T >  1 600°C 
1 800 > T >  1 700°C 
2000 > T > 1 800°C 

T >  2000°C (8-25) 
More complicated approaches to fission gas release have been proposed based on 

various physical mechanisms of gas migration . Most designers , however, still prefer 
the simple empirically based models .  

C Melting Point 

The melting point of V02 is in the vicinity of 2840°C (5 144°F) . The melting process 
for the oxide starts at a solidus temperature but is completed at a higher temperature 
called the liquidus point. The melting range is affected by the oxygen-to-metal ratio 

2900 r---�---r--�----r---�--�--��--�--� 

2700 

� 
W II: => 

U0 2 i X  I- 2500 � II: UJ a.. 
� w I-

2300 
U + U 02_x 

2 1 00  
1 .4 1 .6 1 .8 2.0 2.2 

OXYG E N-TO-U R AN I U M  RAT I O  

Figure 8-6 Partial phase diagram for uranium from U01 . 5  t o  U02 23 should coincide for UOz .o. (From 
Latta and Fryxell [14] . )  
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(Fig .  8-6) and by the Pu content. Thus in LWR designs the conservatively low value 
of 2600°C (4700°F) is often used . Olsen and Miller [2 1 ]  fitted the melting point for 
MATPRO as: 

T( solidus) = 3 1 1 3 - 5 .4 14� + 7 .468 x 10 - 3 �2 OK (8-26) 

where � = mole percent of Pu02 in the oxide . The effect of increased Pu02 content 
is shown in Figure 8-7 . 

D Specific Heat 

The specific heat of the fuel plays a significant role in determining the sequence of 
events in many transients . It varies greatly over the temperature range of the fuel (Fig. 
8-8) . 

Example 8-1 Effect of cracking on fuel conductivity 

PROBLEM Evaluate the effective conductivity of the fuel after cracking at l000°C 
for the geometry and operating conditions given below . 

1 . Geometry and materials: BWR fuel rod with U02 solid fuel pellet and zircaloy 
clad. Cold fuel rod dimensions (at 27°C) are: 
a. Clad outside diameter = 1 2 .52 mm 
b. Clad thickness = 0 . 86 mm 
c. Diametral gap width = 230 ILm 

2. Assumptions 
a. Initial fuel density = 0 . 88 Pm 

2300���--��--���--��--���--������--��� o 1 0  20 30 40 50 
PU02' % 

60 70 80 90 

Figure 8-7 Melting points of mixed uranium-plutonium oxides. (Adapted from Zebroski et al .  [27] . )  

1 00 
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Figure 8·8 Temperature dependence of the specific heat capacity of V02 and (V ,PU)02 (From Olsen and 
Miller [21 ] . ) 

b. U02 conductivity is predicted by the Westinghouse correlation in Table 8-3 . 
c .  Porosity correction factor for the conductivity is given by Eq . 8-2 1 assuming 

spherical pores . 
d. Fuel conductivity of the cracked fuel is given by Eq . 8-23a. 

3. Operating condition 
a. Fuel temperature = 1000°C 
b. Clad temperature = 295°C 

SOLUTION Consider first the conductivity of the uncracked fuel pellet. From Eq.  

8- 1 6b (Table 8-3 ) ,  the U02 conductivity at 1 000°C is :  

kO.95 
1 

= 
1 1 . 8 + 0 .0238( 1000) + 8 . 775 x 

= 0 .028 1 + 0.00088 
= 0.02898 W /cmoC 
= 0.002898 kW /moC 

Applying the porosity correction factor of Eq . 8-2 1 :  

I - P P/PTD 

10 - 1 3 ( 1000)3 

1 + a . 5P 1 + 0 . 5( 1  - p/ PTD) 
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Because P/PTD = 0 . 88 and 0 . 95 for the 88% and 95% theoretical density fuels , 
respectively, we get 

ko .88 
ko.95 

0 .88 1 + 0 .5 (0.05) = (0 . 83)( 1 .079) = 0 .896 
1 + 0 . 5(0 . 1 2) 0 .95 

Therefore the conductivity of the 88% theoretical density uncracked fuel pellet is: 

ko . 88 = 0 . 896 (0 .002898) = 2 . 597 x 1 0 - 3  kW /moC 

Consider the cracked fuel effective conductivity . From Eqs . 8-23a and 8-23b: 

keff = kuo, - (0 .0002 1 89 - 0 .050867X + 5 .6578X 2) kW /moC - (0 .0545) ( P ) 8 X = (Ohot - 0 .0 14  - 0 . 140cold ) -0-- --

cold PTD 

(8-23a) 

(8-23b) 

For the cold gap , Scold = 0 .23 mm as given . To evaluate �oP we must evaluate the 
change in the radius of the fuel and the cladding . If the fuel pellet radius is Rfo and 
the cladding inner radius is Rci : 

�ot = (Rc)hot - (Rfo)hot 
= (Rc)cold[ 1 + a/Tc - 27)] - (RfJcold[ 1 + af(Tf - 27)] 

where a = linear thermal expansion coefficient . 
However, 

1 2 . 52 
(Rci )cold = -2- - 0.86 = 5 .40 mm 

and 
1 2 . 52 

(Rfo)cold = -2- - 0.86 - 0 .23 = 5 . 1 7 mm 

From Table 8- 1 ,  af = 10 . 1 X 1 0 - 6 peroC 
From Table 8-2 , ac = 5 . 9  X 1 0- 6 peroC 
Therefore �ot = 5 .40[ 1  + 5 . 9  x 1 0 - 6(295 - 27)] - 5 . 1 7 [ 1  + 10 . 1 x 1 0 - 6( 1 000 
- 27)] = 5 .40854 - 5 . 2208 1 = 0 . 1 8773 mm 

Now we can determine the parameter X from Eq . 8-23b: [0 .0545] X = [0 . 1 8773 - 0 .0 14  - 0 . 14(0 .23)] -- [0 . 88] 8 
0 .23 

= 0 . 1 4 1 53(0 . 23696)(0 . 35963) 
= 0 .0 1 206 

Hence the cracked fuel conductivity for the 88% theoretical density fuel is given by 
Eq. 8-23a as: 

kerr == 0 .896(0 .002898) - [0 .0002 1 89 - 0.050867(0 .0 1 206) + 5 . 6578(0 . 0 1 206) 2] 
== 0.0026 - (0 .0002 1 89 - 0.0006 1 3  + 0.000823) 
== 0.0026 - (0.000439) 
== 0.002 1 6 1  kW /m °c 
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Thus the effect of cracking is to reduce the fuel effective thermal conductivity in 
this fuel from 2 . 60 to 2 . 1 6  W 1m °C . 

IV TEMPERATURE DISTRIBUTION IN �ATE FUEL ELEMENTS 

A General Conduction Equation in Cartesian Coordinates 

Assume a fuel plate is operating with a unifonn heat-generation rate (q"') . The fuel 
is clad in thin metallic sheets , with perfect contact between the fuel and the cladding 
as shown in Figure 8-9 . 

If the fuel plate is thin and extends in the y and z directions considerably more 
than it does in the x direction, the heat conduction equation (Eq . 8-2) :  

a aT a aT a aT ", - k - + - k - + - k - + q = 0  ax ax ay ay az az (8-27) 

can be simplified by assuming the heat conduction in the y and z directions to be 
negligible , i . e . , 

aT aT 
k - = k - = O  ay az 

(8-28) 

Figure 8-9 Plate fuel element. 
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Hence, we need only to solve the one-dimensional equation: 

By integrating once , we get: 

d dT - k - + qlll = O  
dx dx 

dT k - + qlll X = C 1  
dx 

B Application to a Fuel Plate 

(8-29) 

(8-30) 

Because qlll is unifonn, and if the temperatures at both interfaces between cladding 
and fuel are equal , the fuel temperature should be symmetric around the center plane . 
In the absence of any heat source or sink at x = 0, no heat flux should cross the 
plane at x = O . Hence: 

dT j k - = 0 dx x=O 

Applying the condition of Eq. 8-3 1 to Eq. 8-30 leads to: 

and 

C1 = 0 

dT k - + qlllx = 0 dx 

(8-3 1 ) 

(8-32) 

(8-33) 

Integrating Eq . 8-33 between x = 0 and any position x, and applying the condition 
that T = Tmax at x = 0, we get: 

or 

kdT + qlll � = 0 IT 2 j X 
TmaA 2 0 

Three conditions may exist, depending on whether qlll , Tci '  or T max are known . 

(8-34) 

1 .  qlll specified: A relation between T max and Tci can be detennined when qlll is 
specified by substituting x = a in Eq . 8-34 to get: 

If k = constant, 

fTm3A a2 kdt = qlll 
�, 2 

(8-35) 

(8-36) 
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2 . Tei specified: If Tei is known, Eq . 8-34 can be used to specify the relation 
between q'" and T max in the form: 

qlll = 22 fTma> kdT (8-37)  
a Tc, 

3 .  T max specified: Equation 8-37 can be used to specify the relation between q'fI 
and Tei given the value of T max . 

C Heat Conduction in Cladding 

The heat conduction in the cladding can also be assumed to be a one-dimensional 
problem, so that Eq. 8-29 also applies in the cladding . Furthermore, the heat gener
ation in the cladding is negligible (mainly owing to absorption of y rays and inelastic 
scattering of neutrons) . Hence in the cladding the heat conduction equation is given 
by : 

d dT 
- k  - = 0 
dx 

e 
dx 

Integrated once , it leads to the equation: 

dT 
k - = B = constant e 

dx I 

(8-38)  

(8-39) 

which implies that the heat flux is the same at any position in the cladding . Let q" be 
the heat flux in the cladding in the outward x direction . Therefore: 

dT 
" - ke 

dx 
= q 

Integrating Eq . 8-40 between x = a and any position x leads to: 

J� k,!1T = - q"(x - a) 

or 

ke(T - Te) = - q"(x - a) 

where ke = average clad conductivity in the temperature range . 
Thus the external clad surface temperature is given by: 

kc(Teo - Te) = - q"(a + Dc - a) 
or 

where Dc = cladding thickness . 

(8-40) 

(8-4 1 ) 

(8-42) 

(8-43) 

(8-44) 
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D Thermal Resistances 

Note that q" is equal to the heat generated in one-half of the fuel plate . Thus :  

q" = q'" a (8-45) 

Therefore the fuel temperature drop may also be obtained by substituting for q"'a from 
Eq. 8-45 into Eq . 8-36 and rearranging the result: 

Substituting for Tei from Eq . 8-46 into Eq . 8-44, we get: 

" ( a Dc) Teo = T max - q 2k + ke 
By simple manipulation of Eq . 8-47 , the heat flux q" can be given as: 

Tmax - Teo q" = ��_------=..o:. a Dc - + -2k ke 

(8-46) 

(8-47) 

(8-48) 

Thus the temperature difference acts analogously to an electrical potential difference 
that gives rise to a current (q") whose value is dependent on two thermal resistances 
in series (Fig .  8- 1 0) .  This concept of resistances proves useful for simple transient 
fuel temperature calculations . 

Figure 8-10 Electrical current equivalence with the 
heat flux . 

T 
max 

q" 

q" 

.. 
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E Conditions for Symmetric Temperature Distributions 

The temperature field symmetry in the preceding discussion enabled us to solve for 
the temperature by considering only one-half the plate . It is useful to reflect on the 
required conditions to produce such symmetry . 

Consider the general case for a plate fuel element with internal heat generation 
that is cooled on both sides (Fig . 8- 1 1 ) .  In this case some of the heat is removed from 
the right-hand side , and the rest is removed from the left-hand side . Therefore a plane 
exists within the fuel plate through which no heat flux passes . Let the position of this 
plane be xo' Thus: 

o (8-49) 

The value of Xo is zero if symmetry of the temperature distribution exists . This sym
metry can be a priori known under specific conditions , all of which should be present 
simultaneously . These conditions are the following: 

1 .  Symmetric distribution of heat generation in the fuel plate 
2. Equal resistances to heat transfer on both sides of the plate, which translates into 

similar material and geometric configurations on both sides ( i .  e . , uniform fuel , 
fuel�lad gap, and clad material thicknesses) 

3 .  Equal temperatures of the outermost boundary of the plate on both sides , i .e . , 
TeolA = TeolB 

q� q� 

x = O  

Figure 8-1 1  Plate with asymmetric temperature distribution. 
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If the three conditions exist in a fuel element, symmetry of the temperature field can 
be ascertained and the condition of zero heat flux at the midplane can be supplied , 
i .e . ,  Xo = 0 in Eq . 8-49: 

aT I k - = 0 ax 0 
(8-50) 

Two examples can be cited as violating the conditions of symmetry mentioned 
above. 

1 . Nonuniform heat generation due to absorption of an incident flux of y rays, as 
occurs in a core barrel or thermal shield (see Chapter 3 ,  Section VII) 

2. Nonidentical geometry of the region surrounding the fuel as happens in an off
center fuel element 

In a general coordinate system the condition of symmetry is as follows. 

'VT = 0 at x = 0 (plate) 
at r = 0 (cylinder) 
at r = 0 (sphere) 

(8-5 1 ) 

For condition 8-5 1 to be valid, it is implied that the fuel elements are solid. If there 
is a central void, condition 8-5 1 is not useful for solution of the temperature profile 
within the fuel region . When an inner void exists , and if a symmetric condition of 
temperature field applies ,  no heat flux would exist at the void boundary . This situation 
is illustrated for cylindrical pins in the following section . 

V TEMPERATURE DISTRIBUTION IN CYLINDRICAL FUEL PINS 

We derive first the basic relations for cylindrical (solid and annular) fuel pellets . Then 
some conclusions are made with regard to: ( 1 )  the maximum fuel temperature (T max) 
for a given linear heat rate (q ' ) ;  and (2) the maximum possible heat rate (q:naJ for a 
given Tmax'  

Cylindrical fuel pellets are nearly universally used as the fuel form in power 
reactors . Dimensions of the fuel pellet and cladding are given in Table 1 -3 .  

A General Conduction Equation for Cylindrical Geometry 

If the neutron flux is assumed to be uniform within the fuel pellet, the heat-generation 
rate can be assumed uniform. The coolant turbulent flow conditions in a fuel assembly 
of a pin pitch-to-diameter ratio of more than 1 . 2 is such that the azimuthal flow 
conditions can be taken to be essentially the same around the fuel rod. (More infor
mation on the azimuthal heat flux distribution is available in Chapter 7, Vol . II . )  The 
above two conditions lead to the conclusion that no significant azimuthal temperature 
gradients exist in the fuel pellet. Also , for a fuel pin of a length-to-diameter ratio of 
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more than 10 ,  it is safe to neglect the axial heat transfer within the fuel relative to 
the radial heat transfer for most of the pin length . However, near the top and bottom 
ends , axial heat conduction plays a role in determining the temperature field . 

Thus at steady state the heat conduction equation reduces to a one-dimensional 
equation in the radial direction: 

! � (kr dT) + qlll 
r dr dr o 

Integrating Eq . 8-52 once , we get: 

which can be written as : 

dT r2 
kr - + qlll - + C, dr 2 

o 

k dT III r C] -_ 0 - + q - + dr 2 r 

(8-52)  

(8-53 ) 

(8-54) 

For an annular fuel pellet with an internal cavity radius (RJ (Fig. 8- 1 2 ) ,  no heat 
flux exists at Rv . For a solid pellet , Rv = 0, no heat flux exists at r = O. Hence the 
general heat flux condition that can be applied is: 

"I dT I ,q 
r = R  = - k -, dr 

Applying this condition to Eq. 8-54 leads to : 

o (8-55) 
r = R, 

qlll R� C] = -
2 

(8-56) 

Figure 8-12 Cross section of an annular 

pellet. 
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Equation 8-54 can be integrated between r and Rv and r to yield , after rearrangement: 

- kdT = � [r 2 - R�] + C I en .!..-JT III ( ) � 4 � 

B Solid Fuel Pellet 

For a solid fuel pellet, applying Eq . 8-56: 

Hence, Eg. 8-57 becomes: 

Rv = 0 and C) = 0 

fTnI" qlll r2 
kdT = --T 

4 

(8-57) 

(8-58) 

(8-59) 

A relation between T max ' Tfo' and Rfo can be obtained by Eq . 8-59 at r = Rfo to 
get: 

The linear heat rate is given by: 

Therefore: 

q' 

fTnI" q' 
kdT = -Tfo 41T 

(8-60) 

(8-6 1 ) 

(8-62) 

It is interesting to note that the temperature difference across a solid fuel pellet 
is fixed by q ' and is independent of the pellet radius (Rfo) . Thus a limit on q' 

is 
directly implied by a design requirement on the maximum fuel temperature . 

It should also be mentioned , and the student can verify on his or her own , that 
for a constant conductivity the average temperature in a fuel pin is given by: 

C Annular Fuel Pellet 

For an annular pellet, C) from Eq . 8-56 can be substituted for in Eq . 8-57 to get: 

JT III 

- kdT = � [r 2 - R�] T
m
" 

4 

The above equation can be rearranged into: 

qlll R2 � en (r/RJ 

(8-63) 
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Equation 8-63 can be used to provide a relation between Tmax , Tfo ' Rv , and Rfo 
when the condition T = Tfo at r = Rfo is applied. Thus we get: 

fTm
" 

kdT = qlllR;o { [ I _ (Rv ) 2] ( Rv) 2 .en (RfO) 2} (8-64) Tfo 4 Rfo Rfo Rv 
Note that the l inear heat rate is given by: 

q ' = 7T{R;o - R�) qlll 

so that: 
q ' 

Substituting for qlll R;o from Eq. 8-66 into Eq . 8-64 , we get: 

fTm
" q ' [ kdT = - 1 T
ro 47T 

If a void factor is defined as :  

Equation 8-67 can be written as :  

(" kdT � :� [F, (�:, 1 ) ]  

(8-65) 

(8-66) 

(8-67) 

(8-68) 

(8-69) 

The value of {3 = 1 is encountered in fuel elements of unifonn power density . For 
nonuniform power density {3 =;i:. 1 .  If the power density for an inner region is higher 
than that of the outer region, {3 > 1 .  This situation is encountered in restructured fuel 
pellet analysis (section VI) . 

Figure 8- 1 3  provides a plot of Fv in tenns of a and {3. Note that Fv is always 
less than 1 .  Hence when comparing the solid and annular pellets , the following con
clusions can be made by observing Eqs .  8-62 and 8-67 . 

1 .  For the same temperature limit T max: 
(8-70) 

provided that Tfo and k are the same in the annular element as in the solid. Hence :  

(8-7 1 ) 

That i s ,  an annular pellet can operate at a higher l inear heat rate than a solid pellet if 
T max ' Tfo ' and k are the same . 
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, : - ; , • .  : ,l3= 1 0 .0  

Equat ion 8-68 • . . . .. 
Fv (a. /J ) =  1 - � /J 2 (a 2  - 1 )  . . . . . . . 

. . . 
• .......... �= 1 . 0 ....;. 

: . :  . :� 
0 . 1  0 . 2  0 . 3  0 .4  0 . 5  0 . 6  0 . 7  0 .8  0 . 9  1 . 0 1 1  a 

1 0.00 5 .00 3 . 33 2 . 50 2 .00 1 . 67  1 . 43 1 .25 1 . 1 1  1 . 00 a 

Figure 8-13 Void factor function. Note that for an annu lar region a is the ratio of the outer to the inner 

radius, and f3 is a function of the radi i  as well as the heat-generation profile in the pel let .  

2. For the same heat rate (q') the temperature integrals of the conductivity are 
related by: 

(f7m", kannu lar dT) = (fTIl"" ksol id dT) Fv T'tI Tto (8-72) 

so that if the fuel material conditions are the same, i .e . ,  the same k ( T ) ,  and Tfo is  the 
same, we get : 

(8-73 ) 

In this case the maximum operating temperature of the annular fuel is less than that 
of the sol id  fuel pellet. 

Note that the conductivity integral is a function of the fuel pel let density, which 
depends on the ini tial  fuel manufacturi ng conditions and irradiation conditions in the 
reactor. This dependence was discussed in  section III. The conditions of Eqs. 8-7 1 
and 8-73 do not necessari ly  apply if k ( T )  of the annular fuel does not equal k ( T )  of 
the solid fuel .  

Example 8·2 Linear power of a cylindrical fuel pellet 

PROBLEM For the geometry of the BWR pellet described in Example 8- 1 ,  evaluate 
the l inear power of the pin when the fuel outer temperature is 495°C and the centerl ine 
fuel temperature i s  1 400°C .  Assume that the fuel density i s  88% PTo, and ignore the 
effect of cracking on fuel conductivi ty. 
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SOLUTION 

The linear power is related to the temperature difference by Eq . 8-62: 

which can be used to write: 

fTm.. q' kdT = -Tfo 41T 

(fTm" JTfO ) 
q' = 41T 

1 00 
kdT - 100 kdT 

Applying the conditions specified in the problem, we get: 

q' � 47T (II:OOOC kO . 88 dT - II: kO. 88 dT ) 41T(27 . 5  - 8 .5) W /cm 
239 W /cm 
23 .9 kW/m 

VI TEMPERATURE DISTRIBUTION IN RESTRUCTURED 
FUEL ELEMENTS 

(8-62) 

Operation of an oxide fuel material at a high temperature leads to alterations of its 
morphology . The fuel region in which the temperature exceeds a certain sintering 
temperature experiences loss of porosity . In a cylindrical fuel pellet the inner region 
is restructured to form a void at the center, surrounded by a dense fuel region . In fast 
reactors , where the fuel may have a higher temperature near the center, restructuring 
was found to lead to three distinct regions (Fig . 8- 1 4) .  In the outermost ring , where 
no sintering ( i . e . , no densification) occurs , the fuel density remains equal to the 
original (as fabricated) density , whereas the intermediate and inner regions have densi
ties of 95 to 97% and 98 to 99% , respectively . It should be noted that most of the 
restructuring occurs within the first few days of operation , with slow changes after
ward. In LWRs, where the fuel temperature is not as high as in l iquid-metal-cooled 
reactors , two-region pellet restructuring may occur in the core regions operating at 
high powers . The sintering temperatures as well as the density in each fuel structure 
are not universally agreed on , as seen in Table 8-5 . 

Table 8-5 Fuel sintering temperature and densities 

Columnar grains Equiaxed grains 

Recommendation source TI (0C) pJPTD T2 CC) P2/� 
Atomics International 1 800 0 .98 1600 0.95 

General Electric 2 1 50 0 .99 1650 0.97 

Westinghouse 2000 0.99 1600 0.97 

Source.' From MalT and Thompson [ 1 8 ] .  



Figure 8-14 Restructuring of an oxide fuel 
pellet during high-temperature irradiation . 
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As- fabricated 
(T < 1 600 0c) 

Equiaxed Grains 
(1 600 °C < T < 1 800 0c) 

In this section , the heat conduction problem in cylindrical fuel elements that have 
undergone some irradiation , and hence developed sintered (densified) regions , is 
solved . Temperature distributions are obtained on the assumption that the fuel element 
may be represented by three zones (Fig . 8- 1 5) .  The two-zone fuel temperature distri
bution is obtained by inference from the three-zone treatment. 

A Mass Balance 

From conservation of mass across a section in the fuel rod before and after restruc
turing , we conclude that the original mass is equal to the sum of the fuel mass in the 
three rings . Hence when the pellet length is assumed unchanged: 

7T'R�oPo = 7T'(Ri - R�)PI + 7T'(R� - Ri)P2 + 7T'(R�o - R�P3 (8-74) 
However, the initial density Po i s  equal to P3 '  so  that an  explicit expression for Rv 
can be obtained from Eq. 8-74 as : 

R� = (PI � P2) Rl + (P2 � po) Rl (8-75) 

B Power Density Relations 

For a uniform neutron flux the heat-generation density is proportional to the mass 
density : 
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1 

- I  

and 

2 

.. I - I 

3 

.. .  1 -
Figure 8-15 Temperature profile in a three-zone 
restructured fuel pellet. 

q'" PI '" 
I = - q3 P3 

(8-76) 

(8-77) 

However, the linear heat rate is given by the summation of the heat-generation rate 
in the three rings . Therefore the linear heat-generation rate in the restructured fuel 

(q;es) is given by : 

(8-78) 

or 

(8-79) 

Combining Eqs . 8-74 and 8-79 , we obtain: 

(8-80) 

i .e . ,  

(8-8 1 ) 
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That is, the power density in the as-fabricated region can be obtained from the 

assumption that the mass is uniformly distributed in the fuel pellet . It is equivalent to 
expecting the power density in the outer region not to be affected by the redistribution 
of the fuel within the other two zones . 

C Heat Conduction in Zone 3 
The differential equation is : 

By integrating once we get: 

! � (rk dT) r dr 3 dr 

dT k3 - = dr 
and integrating again between the zone boundaries: fTro k dT = _ III Rto - R� + C en (RfO) T� 3 q3 4 3 R2 

(8-82) 

(8-83) 

(8-84) 

Using Eq. 8-8 1 we can evaluate the temperature gradient at Rfo from the heat flux as 
follows: 

(8-85) 

Equation 8-85 provides a boundary condition to be satisfied by Eq . 8-83 . This con
dition leads to: 

Hence Eq. 8-84 reduces to: 

r k3dT = � R�o [ I _ (::) '] 
which, using Eq. 8-8 1 ,  can also be written as: 

- k3dT = q res 1 -fT' , [ Tro 47T 

D Heat Conduction in Zone 2 

(8-86) 

(8-87) 

(8-88) 

The heat conduction equation integration for zone 2 leads to an equation similar to 
Eq. 8-83 but applicable to zone 2: 

dT III r C2 k2 dr = - q 2 2" + r (8-89) 
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At R2 , continuity of heat flux leads to : 

k2 dT I From zone 2 dr R� 
k3 dT I From zone 3 dr R� 

From zone 2 From zone 3 

Substituting from Eqs . 8-83 (with C3 = 0) and 8-89 into Eq. 8-90 leads to : 

+ 

or 

11/ R2 q2 2: 

C2 = 

C2 q'� �2 R2 

�� [q'� - q'�] 
By integrating Eq . 8-89 between r = RI and r = R2 , we obtain : 

- k dT = - q2 (R2 - R2) + ---.1 (q'� - qlll) en ---.1 fTo 11/ R2 (R ) T] 2 4 2 I 2 � 3 R I 
which, using Eqs . 8-76 and 8-8 1 ,  can be written as : 

Hence : 

fT] k2dT = q;es (P2) [ 1 (RI) 2] ( R2 ) 2 T, 47T P3 R2 Rfo 
_ q;es :(P2) (R2) 2 ( 1 _ P3) en (R2) 2 

47T P3 Rfo P2 RI 

(8-90) 

(8-9 1 ) 

fT] k2dT = q;es (P2) (R2) 2 [ 1 (RI) 2 (P2 - P3) en (R2) 2] (8-92a) T� 47T P3 Rfo R2 P2 RI 
U sing the notation of Eq. 8-68 , Eq. 8-92a can be recast in the form: 

E Heat Conduction in Zone 1 
Again the integration of the heat c<Dnduction equation once leads to: 

dT 11/ r CI kl - = - q - + -dr I 2 r 

(8-92b) 

(8-93) 

To obtain the value of C I ' we can either use the zero heat flux condition at Rv or the 
continuity of heat flux at RI • Applying the boundary condition: 

kl dT I ' = 0 (8-94) dr R, 
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leads to 

C /II R� 
1 = q l 2 

By integrating Eq. 8-93 again ,  we get: 

r k ,dT = -/:' (Ri - R�) + C, en (�:) 
(8-95) 

(8-96) 

Substituting from Eqs .  8-77 and 8-8 1 for q'i' and q'� and Eq . 8-95 for C) we get: 

IT, k)dT = 
q;es (PI) (�) 2 [ 1 (RY) 2 (RY) 2 en (R I) 2] (8-97a) T, 47T P3 Rfo R) R) Ry 

Using the notation of Eq. 8-68 , the last equation can be written as : 

(8-97b) 

F Solution of the Pellet Problem 

Equations 8-75 , 8-88 ,  8-92a (or 8-92b) , and 8-97a (or 8-97b) provide a set of four 
equations in R I , R2 , Ry, Tfo , Ty , and q' . Thus if any two are specified , the rest can 
be evaluated . Note that the values of T) and T2 are assumed known from Table 8-5 . 

Generally , two conditions are of interest. 1 . A linear heat rate (q;eJ and the outer surface temperature (Tfo) are specified; 
so that Ty , along with Ry , R ) , and R2 can be evaluated . 

2. The maximum temperatures (Ty and Tfo) are specified; q;es along with Ry , R ) , 
and R2 are to be evaluated. 

G Two-Zone Sintering 

For two-zone representation of the fuel , R ) 
T2 = Ts ; Eq . 8-75 reduces to: 

Equation 8-88 takes the fonn: 

P2 

(8-98) 

(8-99) 
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Equation 8-92a is not needed . Equation 8-97a takes the fonn: 

r k,dT = �;; (;;) (:;J' { I  (�:) 2 [ 1 + en (�:) 'J } (8- 100) 

Example 8-3 Linear power of a two-zone pellet under temperature constraint 

PROBLEM Consider an initially solid LMFBR fuel pellet under fixed maximum 
temperature constraint. Evaluate the linear power (q;es) for the sintered pellet for the 
same temperature constraint . The sintered pellet may be represented by two zones . 
Given: 

Solid pellet: 

Two-zone sintered pellet: 

SOLUTION 

q' = 14 .4 kW /ft = 472 . 8  W /cm 
Po = 88% Pro 
Tfo = 960°C 

Ps = 98% PTO 
Ts = 1 800°C 

Tfo = 960°C 

1 .  Evaluate the maximum temperature of the solid pellet using Eq. 8-62 for k = 

fTmax q' 14 .4  
kO.88 dT = - = - = 1 . 1 5 kW/ft = 37 . 6  W/cm TIo 47T 47T 

Expressing the conductivity integral in  the form represented in Figure 8-2: rTmax fTro = 960°C 
J 1000C kO.88 dT - l OOT 

kO.88 dT = 37 . 6  W /cm 

which yields T max as follows: 

I::c kO.88 dT = 37.6 + 19 = 56.6 W /cm � T max = 2600°C 

2 .  Obtain the relation between q;es and Rs for the restructured pellet. Using Eq . 
8-99 for k3 = kO.88 , we get: 

or 

k dT - q res 1 _ _s fT,= 1800°C , [ ( R  ) 2J Tro= 960°C 0.88 - 47T Rfo 

1 7  W /em q;es [ 1 _ ( Rs ) 2J 
47T Rfo 

(8- 10 1 )  
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3 .  Obtain the relation between q;es ' Rro , Rs , and Rv from Eq. 8- 1 00 for ks = kO.9H : 
fT.,I Il: = 26�OOC kO.9SdT = q;·cs ( Ps ) (�)2 { I _ ( Rv, ) 2 [ I + £11 ( Rs )

2] }  
T, - 1 800 C 4rr Po Rro Rs Rv 

Hence: 

23 .3 = q;es O .98 
(

Rs ) 2 { I _ ( Rv ) 2 [ 1 + £n (
Rs ) 2] } 4rr 0 .88 Rfo Rs Rv (8- 1 02 )  

4 .  Eliminate q;es between Eqs .  8- 1 0 I and 8- 1 02 and rearrange to  obtain :  

(8- 1 03)  

5 .  From the mass balance equation ( Eq.  8-98) i n  the sol id and sintered pel lets : 

P · - P 0 98 - 0 88 
R2 = _s __ o R2 = . . R2 = 0. 1 02 R2 v P s  s 0 .98  s s (8-98) 

Thus 

or 

(8 - 1 04) 

6. Substituting the value of (Rv / Rs )2 from Eq . 8- 1 04 into Eq . 8- 1 03 : 

0 .8 1 25 ( 1 - 0. 1 02[ 1 + £11 (9 .8 ) ] J  = � - I  ( R ) 2 
Rs 

Rs/ Rfo = 0. 806 (8- 1 05 ) 

7. Substituting the value of Rs/ Rro from Eq . 8- 1 05 i nto Eq. 8- 1 0 1 , we get: 

4rr ( l 7) 
q;'es = I _ (0 .806) 2 = 609 W/cm = 1 8 .57 kW/ft 

i.e., q;es > q' . Hence under the same temperature l i mi ts, the l inear power of a sintered 
pellet is higher than that of a solid pel let. 

. Example 8-4 Comparison between three-zone and two-zone fuel pellet max
Unum temperature 

PROBLEM Consider an LMFBR fuel pin operating at a fi xed l inear power q' of 

14.4 kW/ft. Obtain the maximum fuel temperature if the fuel pin is in one of the 
fOllowing restructured conditions . 
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Three-zone condition 
Columnar: PI = 98% Pro, TI = 1 800°C 
Equiaxed: P2 = 95% Pro, T2 = 1 600°C 
Unrestructured: P3 = 88% Pro, Tfo = 1 0OO°C 
Two-zone condition 
Sintered: Ps = 98% PrD' Ts = 1 700°C 
Unrestructured: Pfo = 88% Pro, T[o = 1 000°C 

SOLUTION 

We note that q�es = q' 14 .4 kW /ft = 472 . 8  W /cm. 

Case 1 

1 .  We first obtain the value of (R2/R[o) from Eq . 8-88: 

where k3 = kO.88 TO 
From Figure 8-2 we get: 

IT, 
k
3dT = L [ I _ (

R2) 2

] � 4w Rfu 

fl6000C 

IOOO0c kO.88 dT = 32 - 20 = 1 2  W /cm 

Hence: 

(R2) 2 
= 1 

R[o 

Therefore R2 = 0 . 825 R[o 

4w 
- - 12 = 1 -

q' 
48w -- -

472 . 8  1 - 0 . 32 = 0 .68 

2 .  Obtain a value for R 1/R2 from the equation: 
T, , R R R 

2 
[

2 2

] 
f

r, 
k2 dT = :7T (�) (R�) 1 (R:) ( 1 ::) en (R�) 

where k2 = kO.95 TO · 
From Figure 8-2: 

fl8000C 
k
o 95 dT = 40 . 2  - 35 . 7  = 4 .5  W /cm 

I 600°C . 

Substituting in Eq . 8-92a: 

(8-88) 

(8-92a) 

4 . 5  = 472 . 8  (0 .95
) (0 .68 1 ) [ I  _ (R I) 2 ( 1 4w 0 . 88 R2 

_ 0 .88
) en (

R2) 
2

] 0 .95 R I 

4 . 5  27  . 66 [ 1 - (�:)' - O .074 fn (��) '] 
(

R I
)

2 

(
R2
) 

2 
0 . 837 

R2 
+ 0.074 en R I 
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Solving iteratively, we get: 

( �:) ' = 0. 8226 : and G,:J' = GJ (:,:), = (0. 8226) (0.68 1 )  = 0.560 

or R ,  = 0.907 R2 and R ,  = 0.748 Rfo . 
3 .  Determine Rv from the mass balance equation: 

R� = ( p, ;, p, ) R; + ( p, ;, P3 ) Ri ( 8-75 )  

or 

(�:) '  = 0.9���.95 (0 . 8226) + 0 .95
0
�� · 8 8  

= 0.025 1 8 + 0.07 1 43 = 0.0966 1 

or 
Rv = 0 .3 1 1 R2 = 0.343 R , = 0 .256 Rfo 

4. Determine Tv from the integral of the heat conduction equation over zone 
(Eq. 8-97a) :  ITv 

') 

[ ') '") ?] 
k l d T  = :L (�) (�) - 1 _ ( Rv ) - _ ( Rv ) - en (� ) -TI 4rr P3 Rfo R ,  R , Rv 

472 . 8  ( 0.98 ) = � 0 .88  (0 .56) [ I - (0 .343) '  - (0 .343 ) '  in (
O.�43 ) '] 

= 23 .44 [ 1  - 0. 1 1 76 - 0 .25 1 8] 
= 1 4 .78 W/cm 

Because k l = kO.98 , we now have : ITv 
k0 98 dT = 1 4 .78  W/cm 

1 800 . 

or, using Figure 8-2:  

Case 2 

IT" IT' = 1 8000e 

1 0 e ko 98 dT = 1 4 .78 + k() 98 dT = 1 4 .78  + 42 .5 OD . 
I QQDe ' 

= 57.28 W/cm ---+ Tv = 2340°C 

Consider the two-zone sintered fuel, under the condition q�es = q ' , and k3 = kO.88 . 
1 . Obtain Rs from the integral of the heat conduction equation over the unrestruc

tured zone (Eq. 8-99) :  
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fT,= 1700°C 
k dT -

Tfo = lOO00C 0.88 
-

1 3 . 8  W /cm 

Hence: 

i . e . , 

or 

( Rs ) 2 47T 
- = 1 - -- ( 1 3 . 8) Rfo 472. 8  

: . Rs = 0 .796 Rfo 
1 - 0 .367 = 0 . 633 

2 .  Obtain Rv from the mass balance equation (Eq. 8-98): 

R� = (Ps - Po) R; Ps 

R� = 0. 102 R; 

0 .98 - 0 . 88 R2 
0 . 98 

s 

Rv = 0 . 3 1 9  Rs = 0 .2543 Rfo 
3 .  Obtain Tv from the heat conduction integral (Eq . 8 - 100) when ks k

O.98 : 

J

I

:�

O� 
k
, 
dT = :� (::) (:J [ I (;:)' (;:)' en (::)'J (8- 100) 

JTV J 17000C 472 .8  (0 .98) 
1000C 

k
O.98 dT = k

o 98 dT + -- -- (0.633) 
100°C ' 47T 0 .88 [ 1 - 0 . 102 - 0 . 102 en (_

1
_) ] 

0 . 102 = 40 + 26 . 50 ( 1  - 0 . 1 02 - 0 .232) 

= 40 + 26 . 50 (0 .666) 

= 57 . 65 w/cm 

� Tv = 2360°C 

Although the three region model is a more exact one , there is only a small 
advantage in using the three-zone approach , in that Tv from the three-zone model is 
20°C lower than that from the two-zone approach . 

H Comments on Design Implications of Restructured Fuel 

The result of fuel sintering is to reduce the effective thermal resistance between the 
highest fuel temperature (T max) and the pellet outer temperature (Tfo) ' Thus two op
erational options exist after restructuring . 

1 .  If the fuel maximum temperature is kept constant, the linear power can be in
creased. This condition is applicable to the LMFBRs , as the heat flux to the 
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Figure 8-16 Design and irradiation strategies for initially solid fuel pellets. 

coolant is not a limiting factor. This case is depicted graphically as case A in 
Figure 8- 1 6 . The assumption of a constant Tfo in the figure implies that the coolant 
conditions have been adjusted . 

2 . If the linear power is kept constant, the fuel maximum temperature is reduced. 
This case may be applicable to LWRs , as other considerations limit the operating 
heat flux of a fuel pin . This case is depicted graphically as case B in Figure 
8- 16 .  If the fuel maximum temperature is calculated ignoring the sintering proc
ess , a conservative value is obtained . 

VII THERMAL RESISTANCE BETWEEN FUEL AND COOLANT 

The overall thermal resistance between the fuel and coolant consists of ( 1 )  the resis
tance of the fuel itself, (2) the resistance of the gap between the fuel and the cladding , 
(3) the resistance of the cladding , (4) the resistance of the coolant. 

For typical L WR and LMFBR fuel rods , the resistance of the U02 fuel is by far 
the largest, as can be inferred from the temperature profile of Figure 8- 1 7 .  The next 
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Figure 8·17 Typical PWR fuel rod temperature profile for two LHGRs . (From Jordan [12] . )  

largest resistance is that of the gap. Hence models for the gap conductance with 
increasing sophistication have been developed over the years . In this section , the gap 
resistance models are presented first, and then the overall resistance is discussed . 

A Gap Conductance Models 

It is usually assumed that the gap consists of an annular space occupied by gases . The 
gas composition is initially the fill gas , which should be an inert gas such as helium, 
but is gradually altered with bumup by the addition of gaseous fission product such 
as xenon and krypton . (Sodium-cooled reactors have also considered sodium bonding . )  
However, this simple picture does not reflect the real conditions of the fuel pin after 
some irradiation. The fuel pellets usually crack upon irradiation , as shown in Figure 
8- 1 8 ,  and this situation leads to circumferential variation in the gap . In addition , 
thermal expansions of the fuel and cladding are often different , the result being sub
stantial pellet�ladding contact at the interface . This contact reduces the thermal re
sistance and hence effectively increases the "gap" conductance of the bumup . I t  
occurs despite the lower conductivity of the fission gas products , compared to the 
initial conductivity of helium. A typical change of gap conductance with bumup i s  
shown in Figure 8- 1 9 .  
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Figure 8�18 Example of a cracked fuel cross section. (From Clark et al. [4] . )  

1 As-fabricated gap. The gap conductance at the as-fabricated condition of me fuel 
can be modeled as due to conduction through an annular space as well as to radiation 
from the fuel . Thus the heat flux at an intermediate gap position can be given by: 

(8- 106) 

Where for an open gap: 

hg,open 
kgas 0" Tio T�i + 
Seff + - 1 

Tfo Tci 
(8- 107a) 

€f €c 
Where hg,open = heat transfer coefficient for an open gap;  Tfo = fuel surface temper
ature; Tci = clad inner surface temperature; kg as = thermal conductivity of the gas; 
«Sen = effective gap width; 0" = Stefan-Boltzman constant; €f, €c = surface emissiv
ities of the fuel and cladding , respectively . 

Equation 8- 107a can often be approximated by : 
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Figure 8-19 Variations of gap conductance with bumup for a PWR fuel rod (pressurized with helium) and 
operating at 14 kW/ft (460 W/cm) . (From Fenech [6] . )  

hg,open (8- 107b) 

It should be noted that the effective gap width is larger than the real gap width 
because of the temperature discontinuities at the gas-solid surface .  The temperature 
discontinuities arise near the surface owing to the small number of gas molecules 
present near the surface . Thus it is possible to relate Deff to the real gap width (Dg) , 
as illustrated in Figure 8-20, by: 

(8- 108) 

At atmospheric pressure, Djumpl + Djump2 were found to equal 10  J-Lm in helium 
and 1 J-Lm in xenon [23 ] .  

The gas conductivity of  a mixture of  two gases is given by  [ 1 3 ] :  

(8- 109) 

where x I and X2 are the mole fractions of gases 1 and 2, respecti vel y. For rare gases 
the conductivity dependence on temperature is given by [26] : 

k(pure gas) = .A x 10  - 6 TO.79 W /cm OK (8- 1 10) 

where T is in OK and A = 1 5 . 8 for helium, 1 . 97 for argon, 1 . 1 5 for krypton , and 
0 .72 for xenon. 

2 Gap closure effects. Calza-Bini et al . [3] observed that the model of Eqs . 8 - 106 
to 8- 108 provides a reasonable estimate for the gap conductance on the first rise to 
power. Subsequently , the measured gap conductance increased and was attributed to 
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Fuel 
, 

Figure 8-20 Temperature profile across the fuel-clad gap. 

.. 
': 

Cladding 

a portion of the fuel contacting the cladding and , after fuel cracking , remaining in 
contact . Additionally , cracking has a negative effect on thermal conductivity of the 
fuel (see section III .A .S) .  

When gap closure occurs because o f  fuel swell ing and thermal expansion , the 
contact area with the cladding is proportional to the surface contact pressure between 
the fuel and cladding (Fig . 8-2 1 ) .  Thus the contact-related heat transfer coefficient 
can be given by: 

Gap 

Points of Contact 

Figure 8-21 Close-up view of fuel-clad contact. 
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2krk p. hcontact = C __ c_ .. � (Btu/ft2 hr) kr + kc H v  Dg (8- 1 1 1  ) 

where C = a constant ( = 1 0  ft - 1 /2) ;  Pi = surface contact pressure (psi) (usually 
calculated based on the relative thermal expansion of the fuel and the cladding , but 
ignoring the elastic deformation of the cladding) ; H = Meyer' s hardness number 
of the softer material (typical values are, for steel , 1 3 x 1 04 psi and , for zircaloy , 
14 x 1 04 psi) ;  Dg = mean thickness of the gas space (feet) (calculated based on 
the roughness of the materials in contact); kf and kc = thennal conductivities of fuel 
and cladding (Btu/hr ft OF) . 

The total gap conductance upon contact may be given by: 

(8- 1 1 2) 

Ross and Stoute [23] have shown that the general features of Egs .  8- 1 1 1  and 
8- 1 1 2 can be observed in experiments . From their data they concluded that Djump i s  
1 to 1 0  j.Lm at atmospheric pressure , which is 10  to  30 times the gas molecule mean 
free path . Jacobs and Todreas [ 1 1 ]  used the work of Cooper et al . [5] to fonnulate a 
better model by recognizing the nonunifonn distribution of the surface protrusions .  
Yet even their improved model could not explain all the experimental observations . 
Thus inadequacies in modeling remain to be resolved. The effect of increased swell ing 
at higher linear powers is to increase the gap conductance unless the initial gap 
thickness is so small as to lead to saturation of the contact effect , as can be observed 
in Figure 8-22 . The reader should consult the empirically based relations available in 
the database of MATPRO for additional infonnation [2 1 ] .  

B Overall Resistance 

The linea� power of a cylindrical fuel pin can be related to the temperature drop 
(T max - T m) by considering the series of thennal resistances posed by the fuel , the 
gap, the cladding , and the coola�t .  C�msider, for simplicity, a solid fuel pellet with 
a constant thermal conductivity (kf) . From Eg . 8-62 , we get: 

- T = � T max fo 47Tkf 
Across the gap the temperature drop is predicted from Eg. 8- 106 by: 

q; 27TRgq; q' 
Tfo - T · = - = --- = ---Cl hg 27TRghg 27TRghg 

(8- 1 1 3) 

(8- 1 14) 

where Rg = mean radius in the gap; hg = effective gap conductance . 
For a thin cladding a linear temperature drop across the cladding may be assumed. 

Hence the temperature drop across the cladding is given by: 

q ' 
(8- 1 1 5a) 

where Rc mean radius in the cladding . 
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Figure 8-22 Calculated gap conductance as a function of cold diametral gap in a typical LWR fuel rod. 
(From Horn and Panisko, [10] . )  

The temperature drop across a thick clad can be detennined as : 

The heat flux emerging from the cladding is given by 

q�o = h(Teo - T m) 

(S- 1 l 5b) 

(S- 1 16) 

where T m = mean coolant temperature at the cross section . The heat transfer coef
ficient (h) is dependent on the coolant flow conditions . The linear power is then given 
by: 

q ' = 27TReoq�o = 27TReoh(Teo - T m) (S- 1 1 7) 

Equation S- 1 17 can be recast to give the temperature drop (Teo - T m) :  

q ' 
Teo - Tm = 27TReoh 

(S- I I S) 

Hence the linear power of the pin can be related to an overall thennal resistance and 
the temperature drop Tmax - Tm (from Eqs .  S- 1 1 3 ,  8- 1 1 4 , 8- 1 1 5b ,  and S- I I S) :  

T ' [ 1 1 1 (Reo) 1 ] 
- T = q - + -- + -- en - + -- (8- 1 19) max m 47Tkf 27TRghg 27Tke Rei 27TReoh 
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Figure 8-23 Thennal resistance analogy circuit for a cylindrical fuel pin. 

The linear power is then amalogous to an electrical current driven by the potentia] 
Tmax - Tm across a series of resistances , as depicted in Figure 8-23 . This concept 
can be used to analyze the tate of temperature change in the fuel during a transient, 
provided the transient is suf1iiciently slow to allow the quasi-steady-state treatment of 
the thermal resistance . 
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PROBLEMS 

Problem 8-1 Application of Kirchoff's law to pellet temperature distribution (section II) 
For PWR cylindrical solid fuel pellet operating at a heat flux equal to 1 . 7 MW 1m2 and a surface 

temperature of 400°C,  calculate the maximum temperature in the pellet for two assumed values of con
ductivities .  

1 . k ::::: 3 W 1m °C independent of temperature 
2. k ::::: 1 + 3e - O OOOST where T is in °C 

U02 pellet diameter = 10 .0 mm 
U02 density 95% theoretical density 
Answers: 1 .  T max = 1 8 1 7°C 

2. T max = 1 974°C 
Problem 8-2 Effect of cracking on V02 conductivity (section III) 

For the conditions given in Example 8- 1 ,  evaluate the effective conductivity of the U02 pellet after 
cracking using the empiric relation of Eq . 8-24. Assume the gas is helium at a temperature Tgas = 0 .7  Tel' 
+ 0.3 Tf• Compare the results to those obtained in Example 8- 1 .  

Answer: ken = 1 .67 W / moK 
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Problem 8-3 Comparison of V02 and VC fuel temperature fields (section IV) 
A fuel plate is of half width a = 10 mm and is clad in  a zircaloy sheet of thickness Dc = 2 mm. 

The heat is generated uniformly in the fuel .  
Compare the temperature drop across the fuel plate when the fuel is U02 with that of a UC fuel for 

the same heat-generation rate ( i . e . , calculate the ratio of T max Teo for the UC plate to that of the U02 
plate). 

Answer: ,1Tuo,!,1Tuc = 4 . 1 5  

Problem 8-4 Temperature fields in fresh and irradiated fuel (section V) 
Consider two conditions for heat transfer in  the pellet and the pellet-clad gap of a BWR fuel pin . 

• Initial uncracked pellet with no relocation 
• Cracked and relocated fuel 

I .  For each combination, find the temperatures at the clad inner surface , the pellet outer surface, and the 
pellet centerline . 

2. Find for each case the volume-weighted average temperature of the pellet. 

Geometry and material information 
Clad outside diameter = 1 2 .52 mm 
Clad thickness = 0 . 86 mm 
Fuel-clad diametral gap = 230 p.,m 
Initial solid pellet with density = 88% 

Basis for heat transfer calculations 
Clad conductivity is constant at 1 7  W 1m OK 
Gap conductance 

Without fuel relocation, 4300 W 1m2 OK, 

With fuel relocation , 3 1 ,000 W 1m
2 

OK; 
Fuel conductivity (average) at 95% density 

Uncracked , 2 . 7  W 1m OK , 
Cracked, 2 .4 W 1m OK; 

Volumetric heat deposition rate: uniform in the fuel and zero in  the clad 

Do not adjust the pellet conductivity for restructuring . 
Use Biancharia's porosity correction factor (Eq .  8-2 1 ) .  

Operating conditions 
Clad outside temperature = 295°C 
Linear heat-generation rate = 44 kW 1m 

Answers: 

Uncracked 
I .  Tmax (OC) 2 1 1 2  

Tfo (0C) 664 

Tei (0C) 355 . 9  
2 .  T.ve eC) 1 388 

Cracked 
2027 

398 
355 .9  

1 2 1 3  

Problem 8-5 Temperature field in a restructured fuel pin (section VI) 
Using the conditions of Problem 8-4 for the uncracked fuel ,  calculate the maximum fuel temperature 

for the given operating conditions. Assume two-zone sintering , with T,intering = 1 700°C and Psintered = 98% 
TO. 
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Figure 8-24 Effect of fuel offset. (a) Centered fuel pellet. (b) Effect of fuel pellet offset. 

PrOblem 8-6 Eccentricity effects in a plate-type fuel (section VII) 
A nuclear fuel element is of plate geometry (Fig. 8-24) . It is desired to investigate the effects of fuel 

offset within the clad . For simplicity, assume uniform heat generation in the fuel ,  temperature-independent 
fuel conductivity, and heat conduction only in the gap. Calculate: 

1 . The temperature difference between the offset fuel and the concentric fuel maximum temperatures: 
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2. The temperature difference between the cladding maximum temperatures: 

3. The ratio of heat fluxes to the coolant. 

T7 - T4 

c[ q_" and q'; q� 
Teoolant and heat transfer coefficient to coolant may be assumed constant on both sides and for both cases . 
Neglect interface contact res istance for fuel and clad . 

kf = 3 .0 1 1  W ImoC (Pu02 - V02) 

kg = 0 .289 W ImoC (He) 
kc = 2 1 . 63 W/moC (SS) 
D = 6 .352 mm 
Dg = 6.428 mm 
c = 0 .4054 mm 

qlll = 9 . 3 1 3  X 1 05 kW 1m3 

hcoolant 
= 1 1 3 .6 kW Im20C (Na) 

Answer: 1 .  T MO - T Me = - 23 .�oC 

2. T7 - T4 = - 8 . 83°C 

3. 11. = 1 1 09 and � = 0.8914 q'" q" 
Problem 8-7 Determining the linear power given a constraint on the fuel average temperature (section 

VII) 
For a PWR fuel pin with pellet radius of 4 . 7  mm, clad inner radius of 4 . 89 mm, and outer radius of 

5 .46 mm, calculate the maximum l inear power that can be obtained from the pellet such that the mass 

average temperature in the fuel does not exceed 1 204°C (2200°F) . Take the bulk fluid temperature to be 
307 . 5°C and the coolant heat transfer coefficient to be 28 .4 kW 1m2 °C .  In the gap, consider only conduction 
heat transfer. 

Fuel conductivity (kf) = 3 .0 1 1 W 1m °C 

Clad conductivity (ke) = 1 8 . 69 W 1m °C 

Helium gas conductivity (kg) = 0 .277 W 1m °C 

Answer: q' = 22.9 kW 1m 



CHAPTER 

NINE 

SINGLE-PHASE FLUID MECHANICS 

I APPROACH TO SIMPLIFIED FLOW ANALYSIS 

The objective of the fluid mechanics analysis is to provide the velocity and pressure 
distributions in a given geometry for specified boundary and initial conditions .  The 
transport equations of mass,  momentum,  and energy were derived for both a control 
volume and at a local point in Chapter 4. Theoretically , we need to solve these detailed 
equations simultaneously to obtain the velocity , pressure, and temperature distribu
tions in the flow system of interest . Practically, however, we first simplify the equa
tions to be solved by eliminating insignificant terms for the situation of interest. 

Furthermore, our objective can often be achieved by applying the accumulated 
engineering experience in a manner that empirically relates macroscopic quantities , 
e.g . ,  the pressure drop and the flow rate through a tube , without obtaining the detailed 
distribution of the fluid velocity or density in the tube . This engineering approach can 
be used whenever the flow characteristics fall within the range of previously estab
lished empiric relations . 

The analytic approach and the empiric engineering relations for single-phase flow 
analysis are discussed in this chapter. The heat transport analysis is dealt with in 
Chapter 10 ,  and the fluid mechanics of two-phase flow are considered in Chapter 1 1 .  

A Solution of the Flow Field Problem 

Determination of the velocity field in a moving fluid requires simultaneous solution 
of the mass , momentum, and energy equations: 

a � Mass: - p + V . pv = 0 at (4-73) 
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Linear momentum: � pu + V . put = V . ( T  - p / ) + pg at 
Energy , in one of its various forms , e .g . , 

a ° t"7 o� t"7 �" t"7 = =/ ) � ", � � - pu + v • pu u = - v • q + v . ( T  - P . u + q + pu . g 
at 

or equivalently : 

pc 
DT = _ V . q" + q'" + f3T 

Dp + cp P Dt Dt 

(4-80) 

(4-96) 

(4- 1 22a) 

There are six unknowns in the above equations: p, U, UO (or T) ,  p, T ,  and q" . 
Two additional quantities are a priori given , q'" and g. Therefore the three transport 
equations need to be supplemented with three additional equations: the equation of 
state for the fluid: 

p = p(p, T) (5-6 1 ) 
and two constitutive equations that relate shear stress and heat flux to the unknown 
or given quantities (in magnitude as well as spatial gradients) :  

T T (p,U,T) 
�"( � T) q p,U,  

(5-62) 

(5 -63 ) 

Note that T in Eqs . 5-6 1 through 5-63 can be replaced by UO if the energy equations 
in the form 4-96 is  used . 

Finally , initial and boundary conditions necessary for completely specifying the 
solution of the differential transport equations should be supplied . 

Thus given q'" and g, the above six equations can be solved to obtain the s i x  . bl  � T ( 0) = �" vana es p, u , or u , p, T ,  q . 
Often , however, we tend to use simplified forms that represent acceptable ap

proximations to the physical conditions . Thus the complexity of the problem can be 

reduced, and even analytic forms for all the variables may be obtained. 

B Possible Simplifications 1 .  The most significant of these approximations is the assumption of temperature
independent physical properties , which leads to decoupling of the velocity field so
lution from the energy equation , as both p and T no longer depend on T. Thus Eqs .  
4-73 and 4-80 can then be solved along with the simplified equations : 

p = pep) 

T = T (p,U) 

(5-6 1 ) 

(5-62) 

to obtain the unknowns p, U ,  p, T .  This assumption removes the energy equation 
from the system of equations to be solved , as illustrated in Figure 9- 1 . This assumption 
is good in flow fields that do not span a wide range of temperatures, provided the 
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Boundary and In itial 

Conditions 

Boundary and In itial 
Conditions 

Physical Properties 

Figure 9-1 Fluid mechanics analysis schemes. The region within the dotted l ine is considered separately 

when the physical properties are assumed temperature independent. Note that in  a transient situation the 
initial conditions for each time period (one time step) are the values of the variable at the end of the 
preceding time period. 

selection for p(p) and T (p,u) is made to represent their values at an appropriate 
temperature within the range of interest . 

Other possible simplifying assumptions are: 
2. The density (p) is constant, which is a valid assumption when the effect of 

pressure as well as temperature is small . This is an incompressible flow problem with 
constant-temperature properties . It is a reasonable assumption for nearly all practical 
problems involving l iquids . At high pressure it may also be applied to gases if the 
pressure variation within the system is small . 

3 .  The effects of viscosity are negligible , so that V . T is a negligible term in 
the momentum equation . This  is called an inviscid flow problem and is appropriate 
for flows where the momentum effects dominate , such as the case at high flow ve
lOCities in large compartments or even with open channel flow . In some nuclear reactor 
components , e .g . ,  large pipes , or within a large reactor vessel plenum, the flow may 
be considered inviscid . 4. The problem can be solved in the fewest reasonable number of dimensions . 
For example, a problem can be solved as one-dimensional if the flow in the other 
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dimensions is either nonexistent or very small .  In that case the point equation is to 
be integrated over the directions that are to be eliminated, which results in the one
dimensional problem . 

5 .  Finally , if the information desired is for the endpoint conditions (e .g . , the 
pressure drop across a channel) ,  the momentum integral equation can be solved , rather 
than the local momentum equation .  For steady-state one-dimensional flows, this ap
proach is often used , and the change in momentum flux between the inlet and the exit 
is related to the static pressure change as well as the shear forces and gravity forces . 
The laws representing shear forces depend on the flow velocity and material properties 
in a manner described in the next few sections .  

The relevant categories of  single-flow situations are given in Figure 9-2 . Some 
of the categories that appear are further explained in this chapter. 

II INVISCID FLOW 

A Dynamics of Inviscid Flow 

In the absence of viscosity (or shear forces) , the momentum equation (Eq . 4-80) and 
the mass balance equation (Eq . 4-73) can be combined to yield: 

I nviscid Flow 

General Fluid Flow 

+ 
Temperature Dependent or I ndependent 

+ 
Compressible or Incompressible 

� 
Viscous Flow 

I 
Laminar Flow Turbu lent Flow 

Newtonian Flow Non-Newtonian Flow 

Figure 9-2 Categorization of fluid flow situations. 
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au � 

p - + p u . v t = - vp + pf 
at (4-9 1 ) 

The above equation can be rewritten in the fonn of gradient and curl operations 
with the help of the definition of u . V u as: 

� V � P n ? � � p v '  v = - v v� - [pv x (V x v )] 
2 

so that the inviscid flow momentum equation takes the fonn: 

at (V2) � � 1 � - + V - - [v x (V x v)] = - - V P + f at 2 p 

(9- 1 )  

(9-2a) 

The term V x u represents an angular rotation of the fluid element and is referred 
to as the vorticity of the fluid (�) .  It can be shown [2] that the vorticity is twice the 
angular velocity of any two perpendicular lines intersecting at a point (Fig. 9-3 ) .  Thus 
the inviscid flow momentum equation takes the form: 

at (V2) � � 1 � 
at + V 2 - v x w = - p Vp + f (9-2b) 

B Bernoulli 's Integral 

1 Time-Dependent Flow. The body forces can often be expressed as the gradient of 
a scalar function called the potential function (1jJ) :  

� f = - VIjJ 
For example, in a gravity field IjJ = gz, where g z = the coordinate in the vertical direction: 

Figure 9-3 Rotation of a fluid element about 
a POint. 

( 
/ 

/ 

/ 

� 0) 
2 

(4-2 1 ) 

the gravitational constant, and 

� 
/ , 

, 

/ 

/ 
/ 

/ 

� � 
0) = VX V 
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f = - (:z gz) k = - gk = g (9-3) 

When the body forces are derived from a field potential , they are said to be conserva
tive. For conservative body forces , the inviscid fluid momentum (Eq . 9-2) can be 
written as: 

au 1 ( u2) � � - + - \lp + \I 1/1 + - = u x w 
at p 2 

(9-4) 

Let d1- be an elementary displacement (dx, dy, dz) .  Note that for an arbitrary scalar 
quantity (X) ,  \IX . d1- = dX, as: 

� (� ax � ax � ax) � � � 
\IX . dr = i - + j - + k - . ( idx + jdy + kdz) ax ay az 

ax ax ax 
= - dx + - dy + - dz = dX ax ay az 

Thus when the terms in Eq. 9-4 are multiplied by d1-, we get: 

au � dp ( u2) � � � - . dr + - + d 1/1 + - = (u x w) . dr at p 2 

(9-5) 

(9-6) 

The right-hand side term is zero if � = 0, i . e . , if the flow is irrotational , or if 
d1- = d!, when d1- is  directed along a stream line d1 and hence in the same direction � as u. 

In the second case it is true because of the identity: 

(u x �) . d1- = (� x d1-) . t = (dr x 0) . 6J = 0 (9-7) 

as d1- is parallel to U and d1- x U = o. Thus either when the flow is irrotational or 
when we are considering changes along a stream line: 

au � dp ( u2) 
- . dr + - + d 1/1 + - = 0 
at p 2 

(9-8) 

For a barotropic fluid, where p is only a function of p, we can integrate Eq . 9-8 
along a stream line , or between any two points if the flow is irrotational , to obtain 
the general fonn of the Bernoulli integral equation: J au � J dp ( u2) at . dr + p + 1/1 + 2 = f(t) (9-9) 

Note that f(t) , the constant of integration , is the same for any two points at a given 
time but might change with time . Eq . 9-9 is  generally written as the integral between 
two positions along the stream line: 

� · d1- + � + .1  I/I + � = 0  
J2 a� J2 d ( 2) 

I at I p 2 
(9- 10) 
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where 

2 Steady-state flow. At steady state the Bernoulli equation is given by: 

f d: + Ll (� + �2) = 0 (9- 1 1 ) 

which for an incompressible flow is given by : 

(9- 1 2) 

In most cases the body forces consist only of gravitational forces , '" = gz; and 
a total head (ZO) is usually defined as the actual height (z) plus the static head and the 
velocity head: 

P v2 
ZO = - + - + z pg 2g (9- 1 3) 

Thus the total head of an incompressible and inviscid flow in a channel is constant 
along a stream line or at any location if the flow is also irrotational . 

3 Flow through a nozzle. The flow of an incompressible fluid through a nozzle can 
be predicted by application of Eq. 9- 1 2 .  Consider a nozzle of diameter d2 attached to 
a pipe of diameter d1 (Fig.  9-4) . From Equation 9- 1 2 , when gravity is the only body 
force , we get: 

(9- 14 ) 

For a horizontal nozzle, however, 

(9- 1 5) 

-..i p I '  
Figure 9-4 Nozzle . 
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From the mass balance consideration, we get: 

which leads to: 

rrd? rrdi 
pv ) - = PV2 -4 4 

Thus substituting from Egs. 9- 1 5  and 9- 1 6  into 9- 1 4, we get: 

or 
2(p ) - P2)  

p[ l - (d2 /d ) )4 ]  

(9- 1 6 ) 

(9- 1 7a) 

It  should be stated that under real conditions the velocity in the nozzle i s  less 
than that predicted by Eg. 9- 1 7a. The departure from ideal conditions due to flu id 
shear forces is accounted for by introducing a nozzle coefficient (CD) such that the 
velocity V2 is given by: 

2(P l  - P2)  

p [ l  - (d2/d) )4] 
(9- 1 7b ) 

The values Co are typically 0.7 to 0.95 depending on the nozzle geometry [ 1 3 ] .  
The flow rate is given by . (rrd� ) (rrdi ) 

m = PV2 4" = Co 4 2p (p ) - P2 )  
[ 1 - (d2/dd4] 

Example 9-1 Venturi meter for flow measurement 

(9- 1 8 ) 

PROB LEM A venturi meter is inserted into one flow loop of a PWR as shown in 
Figure 9-5 . The dimensions are d) = 28 in .  (0.7 1 1  m) and d2 = 27 in. (0 .686 m) . 

The venturi meter is mostly filled with stagnant water that is separated from the 
primary flow by an air bubble. This setup enables visual determination of the differ
ence in water elevation levels (h)  and hence the pressure difference between the 
contraction and the loop. Given that the height (h) is 3 ft (0.924 m) and the water 
density is approximately Pw :::::::: 1 000 kg/m3 , what are the velocity and the mass flow 
rate in the loop? 

SOLUTION From Figure 9-5, Ithe loop velocity (v ) )  is related to throat velocity 
(V2) from a mass balance such that: 
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Figure 9-5 Venturi meter. 

Using this equation and Eq. 9- 1 7a, V I can be found from: 

2(P I  - P2) 

Because PI - P2 

2gh 2(9 . 8 1  m/s2)(0 . 9 1 4  m) [ (�)4 _ I ] 
0.686 

The mass flow rate through the loop is : 

m = Pwv ,A ,  = ( l OOO kg/m')( lO . 7 1 m/s) [ � (0 . 7 1 1  m) 2] 

10 . 7 1  mls 

4252 kgls 

C Incompressible Inviscid Flow through a Variable-Geometry Channel 

Consider the time-dependent flow of an incompressible , inviscid fluid created by the 
pressure difference between two ends of a channel . To make this case as general as 
POssible , we consider a channel consisting of several sections of variable geometry . 
Typical transient situations arise during normal reactor operation, such as the startup 
of a hydraulic loop or incidents such as inadvertent closing of a valve . The inviscid
flow assumption in this case must be interpreted as meaning that the frictional pressure 
drop is negligible compared to pressure drops created by temporal and spatial accel
eration of the fluid . Figure 9-6 illustrates the system under consideration . 

We seek to determine the variation of the flow rate, in(t) , through the system of 
N sections for an arbitrary pressure drop between the inlet and the exit, Pin - Pout .  
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I - - - - A N Pout 

I 

A � 
z N 

i1 i N  Zl 4 � 

Figure 9·6 Hydraulic system configuration. 

Assuming that the flow can be considered incompressible and one-dimensional 
(irrotational assumption implied) everywhere in the flow duct, Eq . 9- 10 yields : iN a"'" 2 

� . dt + Pout - Pin + iltjl + il � = 0 , at p 2 

The integral can be performed by recalling that for incompressible flow the flow rate 
(m) is  not space-dependent: 

iN au "'" - .  dr 
, at 

a IN "",  "'" a IN rit - V ·  dr = - - de at , at , pA 
1 drit (N de 1 drit N en 
p dt J 1 A = p dt n�' An 

(9- 1 9) 

The term .L ---.!!. represents an equivalent inertia length - for the system and can N e (e) 
n = ' An A T 

be computed knowing the system dimensions .  Thus after multiplying Eq . 9- 1 9  by p, 
the Bernoulli integral gives: (e) dm rit2 ( 1 1 ) 

A 
T 

dt + (Pout - Pin) + pg(ZN - z ,) + 2p A� - AT 
= 0 (9-20) 

Note that for incompressible flow only the inertia term (first term alone) involves a 
channel integral quantity , whereas all other terms represent conditions at the endpoints . 
If Pin - Pout is prescribed , this equation can be solved to determine the variation of 
the flow rate in time . 
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Example 9-2 Pump start-up in an inviscid flow loop 

PROBLEM Consider a reactor flow loop, shown in Figure 9-7 . We are interested 
in determining the time it takes the coolant, initially at rest, to reach a steady-state 
flow level once the pump is turned on . From a hydraulic standpoint, the loop can be 
modeled as a one-dimensional flow path where a pressure head L1p = Pin - Pout is 
provided by the pump. Assume the pump inlet and outlet are at the same elevation . 

Starting from Eq . 9-20 , derive an expression for met) . Note in particular 
what happens when As = A t .  Does it seem reasonable? What has been neglected in 
deriving Eq . 9-20 that, if included, would give a more reasonable answer for the case 
Al = As? 

Given that the pump provides a pressure head equivalent to 85 . 3  m of water, and 
that the density of water is approximately Pw = 1000 kg/m3 , evaluate the various 
parameters appearing in the expression for met) . What is the expected steady-state 
value of the flow rate? How long does it take the system to reach 90% of this value? 

(Note that in Example 9- 1 we estimated the flow rate through a venturi meter 
located at the pump outlet piping of a PWR system with hydraulic characteristics 
similar to those of this reactor loop. )  

R S.G. 

P Pout 
equivalent equivalent steam 

Component No. 

2 
3 
4 
5 

reactor generator 

piping � !:L 
A 2 

A4 
� 
A3 

Tabl� Qf Qhara��ri�li� Dim�n�iQn� 

Component Name � 
Pump Outlet Piping 8.0 
Reactor 1 4.5 
Reactor Outlet Piping 1 7.0 
Steam Generator 1 6.5 
Pump In let Piping 1 0.0 

Figure 9-7 Simplified reactor loop with a table of characteristic dimensions . 

A(m
2
) 

0.4 
20.9 
0.4 
1 .5 
0.35 

---+ Pout 

� 
A s  
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SOLUTION First, because the pump inlet and outlet are at the same elevation there 
is no net change in the gravity head. Thus the gravity term can be dropped from Eg . 
9-20 . Then , because ilp = Pin - Pout ' we have: 

Then 

where 

Hence 

( f) d ·  · 2 ( 1 1 ) 
A 

T d7 - ilp + �p A; -
Ai 

= ° 

(i) dm 
- L1 - m2 [� (� - �) ] 

A T dt - P 2p A; Ai 

(i) � dm 
A T L1p 

dm _ L1 (�) dt 
( 1  - m C)( 1 + m C) - P f T 

Expanding the left-hand side in partial fractions : 

1 /2 dm 1 /2 dm ----'--- + ----'----
l - m C l + m C 

Integrating the last equation we get: 

-
2
� en ( I  - til C) + 

2
� en ( I  + til C) = 4p (7 \ t + Co 

Because at t = 0 ,  m = 0 ,  we find that Co = 0 ,  and: 

or 

1 + � C = exp [2C ilp (�) tJ 1 - m C f T 

Thus we see that as t � 00, m � l /C. Hence, at steady state there is a balance 
between the pressure driving force and the acceleration pressure drop . 

We can evaluate C using the information given above. 
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tlp = pg tlz 
tlp = ( 1 000 kg/m3)(9 . 8 1  m/s2)(85 . 3 m) 

= 8 . 37 x 105 kg/m . S2 
1 

C2 = --------------
2( 1 000 kg/m3)(8 . 37 x 105 kg/m . S2) 

( 
1 

I ) = 1 . 143 X 10 - 9 s2/kg2 . 
(0 .35 m2)2 

-
(0 .4 m2)2 

1 m at steady state = C = 2 .96 X 104 kg/s 

To obtain the transient time constant we evaluate the term appearing in the exponent: 

(�t nt, (�)" 
(O
S
4) 

+ G�:�) 
102 . 8 m - I  

(
17 .0) + -- + 0.4 

(�) 
+ 
( 10 .0) 

1 . 5 0 .35 

2C 4p (7)T = 2( 1 . 1 43 X 10 - 9) ' /2 s/kg (S . 37 X 105) kg/m . 5 2 CO�.S 
m ) 

= 0 .55 1 S - I  
To find the time it takes for the system to reach 90% of its full flow value , let: 

eO.55 1 t - 1 
0 9 = ----. 

eO.55 1 t  + 1 
0 . 9(eO . 55 I t + 1 )  = eO.55 1 t - 1 

1 .9 = 0 . l eo.55 I t 

t = (_1_ en 1 9) = 5 . 34 s 
0 .55 1 

We note some interesting observations here . First, in Example 9- 1 the flow rate 
through the PWR loop (measured by a venturi meter located at the pump outlet piping) 
was approximately 4250 kg/s o However, the result of this calculation shows that the 
inviscid flow rate would be 29 ,000 kg/s and that the flow rate is sensitive to the 
values of A5 and A I . 

When A5 = A I '  we can no longer use the above expressions for met) because 
C � O. The equation governing the flow rate is still Eq . 9-20 but with both the grav
ity and acceleration terms set to zero (remember the friction tenn does not show up 
because the flow is inviscid): 

or 
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Hence there is no limit to the flow rate , as there is no resistance to the applied force 
in such a system. In reality , form and friction forces are encountered in a flow loop 
with a viscous fluid. This subject is discussed in Example 9-3 . In addition , the pressure 
head of the pump decreases with the flow rate. Thus if d.p = A - B m, the maximum 
achievable flow rate is limited to mmax = AlB even in the absence of friction forces . 
Pump head representation is described in Chapter 3 ,  Vol . II . 

D Real Flow through a Variable-Geometry Channel 

In real fluids , the effects of compressibility and viscosity may have to be considered. 

1 Compressibility. Let us qualitatively discuss the effects of compressibility . If the 
pressure at one end of the system changes abruptly , this effect is not experienced 
immediately at the other end, as pressure waves are transmitted with finite velocities 
in compressible fluids . Thus the flow rate at the other end of the system cannot change 
until the pressure wave arrives there . 

Because the sonic wave propagation velocity is high in liquids (more than 1000 
m/s) , it is generally acceptable to assume that pressure changes propagate instanta
neously and that the flow rate responds instantaneously to pressure transients . Thi s 
assumption is of course equivalent to assuming incompressible flow. The assumption 
of incompressible flow, however, breaks down as the time scale of interest becomes 
comparable to the sonic transit time in the system. (Sonic effects on flow transient 
calculations are discussed in Chapter 2, Vol . II in some detail . ) 

At the other end of the scale , as the transients become slower , the transient (or 
inertia) term in Eq. 9-20 , (el Ah dm/dt, diminishes in magnitude , and for slow enough 
transients it can be completely neglected. The problem can then be solved in a quasi
steady-state fashion, i . e . , by calculating the instantaneous flow rate using the steady
state relation between momentum and the driving pressure difference . 

2 Viscous effects. Let us now consider the effects of viscosity , which introduces 
shear within the fluid (internal friction) as well as friction with the confining wall . A 
difficulty arises because we do not know how the shear stress varies under transient 
conditions , e .g . , due to a change in the velocity profile . For engineering applications 
this difficulty is often ignored, and the "quasi-steady-state" values are assumed to 
hold for the transient conditions . This approximation is strictly valid for relatively 
slow transients for which it can be argued that dynamic effects in the governing 
equations are small . 

The shear effects lead to a loss of the driving pressure, so that a pressure loss 
term must be added to the Bernoulli equation . Eq . 9-20 takes then the form: (e) drh rh2 ( 1 1 ) 

A
T 

dt + Pout - Pin + pg(ZN - Zl) + 2p A� - AT + d.Ploss = 0 (9-2 1 )  

where d.Ploss is to be evaluated either from a viscous flow analysis or empirically . It 
is usually decomposed into the pressure losses due to wall friction (d.Pfriction) and flow 
form losses (d.Pform) . 
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Note that Eq . 9-2 1 can be rearranged into the form: 

Pin - Pout = LlPinertia + LlPacc + LlPgravity + LlPfriction + LlPform (9-22) (f) dm where: LlPinertia = A 
T 

dt 

The pressure loss due to an abrupt change in flow direction and/or geometry is 
usually called a form loss . The pressure head loss due to form losses is , in practice, 
related to the kinetic pressure , so the pressure loss is given by: (PU;ef) LlPform == K 2 (9-23) 

The reference velocity in Eq. 9-23 i s usually the higher of the two velocities on 
both sides of the abrupt flow area change . 

The frictional pressure losses within a pipe can be written in the form of Eq . 
9-23 . The frictional pressure drop coefficient is , however, conveniently taken to be 
proportional to the length of the flow channel and inversely proportional to the channel 
diameter, so the pressure drop is, in practice , given by: 

- L (PU;ef) LlPfriction == f D -2- (9-24) 

The average friction factor f depends on the channel geometry and flow velocity as 
is discussed in sections III and IV for laminar flow and turbulent flow, respectively . 
The reference velocity in Eq . 9-24 is the average velocity in the channel . 

The modified Bernoulli ' s equation (Eq. 9-2 1 )  can be used to obtain the effective 
pressure loss between points 1 and 2 at steady state: (p U2) (p u2) - + gz + - - - + gz + -

P 2 I P 2 2 
K U;ef + f- � U;ef 

T 2 D 2 (9-25) 

Where: 

U;ef � K- (U;ef) i KT - = .LJ 2 i I 2 (9-26) 

and L and D = length and diameter, respectively , of the pipe connecting the two 
points 1 and 2 .  

For incompressible fluids and steady-state flow, the velocity varies inversely to 
the flow area; thus: 

(9-27) 
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Table 9·1 Form loss coefficients for various flow restrictions* 

Parameter 

Pipe entrance from a plenum 

Wel l  rounded entrance to pipe 

S l ight l y  rounded entrance to pipe 

Sharp-edged entrance 

Projecting pipe entrance 

Pipe exi t  to a plenum 

Any pipe exit  

Sudden changes i n  cross-sectional area 

S udden contraction 

Sudden expansion 
small cross-sectional area 

where == ---------
large cross-sectional area 

Parameter ( L / D )eqlli\ 

Fittings ' 

90° Standard elbow 30 
90° Long-radius e lbow 20 
45" Standard elbow 1 6  
S tandard tee ( flow through run )  20 
Standard tee ( flow through branch) 60 

Valves ( various types ) 

Ful ly  open 

Half-closed 

K 

0.04 
0.23 
0.50 
0.78 

1 .0 

0. 1 5  ( I  - f3 )' 1<' 
( I  - f3 ) 2  

K 

0.35-0.9 
0.2 -0.6 
0. 1 7-0.45 
0.2 -0.6 
0.65- 1 .70 

0. 1 5- 1 5 .00 
1 3  -450 

Reference 

velocity 

I n  pipe 

In pipe 

In pipe 

In pipe 

In pipe 

Downstream 

Upstream 

Reference 

velocity 

In pipe 

In pipe 

In pipe 

I n  p ipe 

In pipe 

In pipe 

In pipe 

• Approximate values; consult Idelchik [ 1 3 1 for extensive tabulat ion . Also. section V I I  gives an 

accounting for the theoretical bas is for obtaining K .  
' Values o f  K depend on the pipe d iameter. 

"n = I approximate for Re > 1 O.j ;  n = 0.75 more exact. 

and 

(9-2 8 )  

The relation in  E g .  9-28 al lows a l l  the parti al pressure losses t o  b e  referred t o  the 

veloci ty at some reference cross section (A ref ) .  
Loss coefficients for typical flow geometry changes are given in  Table 9- 1 .  The 

methodology that may be appl ied to theoreti cal ly derive such coefficients is described 
in section VII .  

Example 9·3 Pump start·up for a viscous flow loop 

PRO BLEM Let us return to the problem of Example 9-2 and solve for the t ime
dependent flow rate, taking fri ctional losses i nto account. Eg . 9-2 1 is now specified 
for our horizontal system, so i t  becomes : 



(f) driz A T dt 
' 2 ( 1 1 ) I1p + ;p A� - Ai 
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+ K pV� + K pV�G + L Li pvf R 2 SG 2 i 
f Di 2 = 0 

where KR and KSG form pressure loss coefficients for the reactor and steam gen
erator, respectively , and the friction pressure loss term is a summation over the dif
ferent pipes in the system assuming a constant friction factor (f) .  Writing it in tenns 
of the total mass flow rate , we find: (f) driz riz2 ( 1 1 KR K

S G  � Li 1 ) - - - £1p + - - - - + - + - + LJ f - - = 0  A T 
dt 2p A� A i A� A�G i Di Af 

Taking KR = 1 8 ,  KSG = 52, f = 0.0 1 5 , p = 1000 kg/m3 , and the pump head as 
85 . 3 m, and using the information on lengths and diameters from the previous prob
lem , what is the asymptotic value of the flow rate? 

SOLUTION Note that this differential equation is of the same form as the one 
solved in the previous problems . The solution to the equation is still : 

where now: 

1 
rh ( r )  = c 

2 1 ( 1 C = 2p£1p A� 

ex+cap { � l : ] - 1 

exp [ 2cap { ; Lt] + 1 

Evaluating C, we find: 

I1p = 85 . 3 (m) x 9 . 8 1 (m/s2) x 1 000 (kg/m3) 
8 . 37 x 105 kg/m S2 

liz (steady state) 

1 
2( 1000)(8 .37 X 105) 

. -- - -- + -- + -- + 0.0 1 5 { I I  1 8  52 
(0 . 35)2 (0 .4)2 (20 . 9? ( 1 .5 ) 2 
[ 8 1 17 ( 1 ) 2 10 ( 1 ) 2] } 
. 0 .7 14 (0 .4)2 + 0.7 14 0.4 + 0 . 668 0 . 35 

1 . 803 x 10 - 8 s2/kg2 
1 
C = 7447 kg/s 

which is in more reasonable agreement with the practice in real plants . 
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Example 9-4 Work requirement of a pump 

PROBLEM For the system of Example 9-3 , how much power is required for the 
pump in steady state if the pump efficiency (71) is 85%? Does it constitute a significant 
fraction of the work produced by a power plant? 

SOLUTION The pumping power for a 100% efficient pump was introduced in 
Chapter 2, section V as: 

Pump power = (Llp)(A)(V) = (Llp)(rit/ p) 

For an 85% efficient pump we can estimate the pumping power from: 
(Llp)(rit) (8 . 37 X 105 kg/m . s2)(7447 kg/s) 

Pump power = 
71P (0 . 85)( 1 000 kg/m2) 

7 .33 x 106 W = 7 . 33 MW 

(2-8) 

The typical electrical output of a large PWR power plant is on the order of 1000 
MW, so the work required to run the pump is essentially negligible . 

III VISCOUS FLOW FUNDAMENTALS 

A Viscosity 

The shear stress T in the momentum balance Eq . 4-80 arises from the resistance of 
a fluid to move with a uniform velocity when only a portion of it is subjected to an 
externally imposed velocity . Consider as an example a fluid layer initially at rest 
between two plates . If the upper plate begins to move to the right at a constant veloc ity 
(Vx) ,  the rest of the fluid, with time, acquires a finite velocity . Thus the x momentum 
is said to be transportable in the y direction , as indicated in Figure 9-8 . 

When eventually a steady-state velocity profile is established , a force (Fx) i s  
required to maintain the motion of the upper plate . The value of Fx is generally a 
function of the velocity (Vx) ,  the distance Y between the two plates , and the fluid 
properties , so that: 

(9-29 ) 
For most ordinary fluids , the velocity profile is linear in y , and the force can be 
expressed as : 

F, = Ty,A = JL (i) A (9-30) 

where A = plate area, T = shear force per unit area (i . e . ,  shear stress) , and J1- :=:: 
dynamic viscosity of the fluid . Such fluid behavior is called Newtonian , and the stress 
tensor components can be written as (see Chapter 4 for the convention on direction 
and sign of the shear stresses): 
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t < 0 ! 1 

·1 
Vx 

t = 0 

I 
r:) 

.. : i I Small t 

i 

Large t ���1 
v.(y) I 
y L.x 

� 
� F 

� 
� F 

Fluid initially 
at rest 

Upper plate set 
in motion 

Velocity buildup 
in unsteady flow 

Final velocity 
distribution i� 
steady flow 

Figure 9-8 Laminar velocity profile in a fluid between two plates when the upper plate moves at a constant 
velocity (Vx) ' 

Tij = J-L 
(aVi + avj) 

aXj aXi (4-85) 

Fluids that do not fol low the Newtonian mechanics include slurries and aerosol
carrying gases . 

The kinematic viscosity ( v) i s defined as : 

v = !!:. 
p 
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B Viscosity Changes with Temperature and Pressure 

Molecular movement can be used to predict the dynamic viscosity of gases and liquids 
as well as the dependence of viscosity on the pressure and temperature [2] . The data 
on the dynamic viscosity of ordinary fluids , e .g . , water and air, can be generalized 
as a function of the critical (thermodynamic) pressure (pJ and temperature (Tc) '  In 
Figure 9-9, the reduced viscosity (J-LI J-Lc; where J-Lc = viscosity at the critical point) 
is plotted against the reduced temperature (TITc) and the reduced pressure (plpc) '  It 
is seen from Figure 9-9 that at a given temperature the viscosity of a gas approaches 
a limit as the pressure approaches zero. For ideal gases, the dynamic viscosity is 
independent of pressure (note that gases can be considered ideal at pressures much 
lower than their critical pressures) . Also seen are an increase in gas viscosity and a 
decrease in liquid viscosity with increasing temperature . This picture is also clear in 
the plot of viscosity of various materials given in Figure 9- 10 . In Figure 9- 1 1  the 
trend of dependence of the kinematic viscosity ( v) on temperature is found to be 
similar to that of the dynamic viscosity (J-L) .  

I n the absence of empiric data, J-Lc can be estimated from: 

J-Lc = 7 . 7  MI/2 PZ/3Tc- 1 /6 

where J-Lc is in micropoise , Pc is in atmospheres , and Tc is in OK; M 
weight of the material . 

For a mixture of gases, pseudocritical properties can be used: 

Pc = 2: xnPcn ;  Tc = 2: xnTcn ; J-Lc = 2: xnJ-Lcn 
n n n 

(9-3 1 ) 
molecular 

(9-32) 

where xn = mole fraction of the component n. These pseudocritical properties can be 
used along with Figure 9-9 to determine the mixture viscosity , following the same 
procedure as that for pure fluids . 

C Boundary Layer 

For most practical flow conditions, the effects of viscosity on the flow over a surface 
can be assumed as confined to a "thin" region close to the surface . This region 
is called the boundary layer. The velocity of the fluid at the surface is taken to be 
zero . For external flows, the flow away from the layer can be treated as inviscid 
(Fig . 9- 1 2) .  Thus by definition the boundary layer thickness is taken as the region in 
which the velocity changes from a free stream (inviscid) velocity to zero at the surface . 
In reality, the velocity at the fluid side of the boundary layer is taken to be about 99% 
of the free stream velocity to account for the presence of a weak effect of the viscosity 
even in the bulk of the flow. 

In the case of internal flows, e .g . , flow inside a tube , the boundary layers are 
assumed to start developing at the entrance of the channel and grow from the surface 
until they meet the lines of symmetry in the channel . Thus for a tube the ultimate 
boundary layer thickness is the tube radius (Fig . 9- 1 3) . 
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Figure 9-9 Reduced viscosity as a function of temperature for various values of reduced pressure. (From 
Bird et al. [2] . )  
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Figure 9-10 Dynamic viscosity of fluids. (From Fox and McDonald [ 1OJ . )  
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Figure 9-11  Kinematic viscosity of fluids . (From Fox and McDonald [ 10] . )  
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I nviscid 

� ..)  F'� 2J � Turbulent Core 

----... lJ � � �  _ _ _ _  � Bulle r Layer 

o ./������ __ �_ Viscous Sublayer 

Laminar 
----- Boundary -----I 

Layer 

Figure 9-12 Boundary layer velocity distribution for flow on an external surface . 

The length from the channel entrance required for the boundary layers to grow 
to occupy the entire flow area is called the hydrodynamic entrance or developing 
length . The flow is deemed fully developed once it is past the entrance length . 

When heat is transferred between the flowing fluid , externally or internally , and 
the surface , the temperature gradient can be similarly treated as occurring mostly 
across a thermal boundary layer. The hydrodynamic and thermal layers are not nec
essarily of the same dimensions. 

The boundary layer concept is of great value because it allows for simplification 
of the flow equations , as is shown later in this section . The greatest simplification 
arises from the ability to assume that the flow in the boundary layer is predominantly 
tangential to the surface . Thus the pressure gradient in the perpendicular directions to 
the flow can be taken as zereo . For a flow in a tube , within the boundary layer the 
pressure gradient conditions are: 

r 

I ... 

ap = 0 and ap 
ar raO 

Developing Flow 

Figure 9-13 Boundary layer development in a tube . 

o (9-33 )  

Fu"y Developed Flow 
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The velocity conditions are: 

and 

(9-34) 

The second condition arises because the velocity changes from zero at the wall to the 
free stream value across the boundary . 

D Turbulence 

At low velocities , the flow within a boundary layer proceeds along stream lines and 
hence is of laminar type (Fig . 9- 1 2) .  However, with sufficient length , disturbances 
within the flow appear, leading to variable velocity (in direction as well as magnitude) 
at any position ; thus the flow becomes turbulent . The higher the flow velocity , the 
shorter is the purely laminar flow length . With turbulent flow, eddies are formed that 
have a random velocity , which destroys the laminar flow lines . However, even for 
turbulent flow, the flow near the wall (where the velocity is small) appears to have a 
laminar region or sublayer, as il lustrated in Figure 9- 1 2 . 

The eddies substantially increase the rate at which momentum and energy can be 
transferred across the main (or mean) flow direction . The enhancement, by the eddies , 
of the transport processes above the level possible by molecular effects leads to the 
practical preference for the use of turbulent flow in most heat transfer equipment . The 
turbulent flow equations are more complicated than the laminar flow equations . Ex
perimentally based correlations for the macroscopic turbulent flow characteristics have 
been developed for most applications. 

E Dimensionless Analysis 

It is useful to relate the hydraulic characteristics of flow to the ratio of the various 
forces encountered in the flow. A list of dimensionless groups that have been applied 
to fluid mechanics analysis appears in the Appendix G.  

These groupings originate from the various ways by which the flow equations 
Can be nondimensionalized. As an example, the fluid equations for Newtonian fluids 
of constant density and viscosity can be nondimensionalized as fol lows . 
Let 

� 
� v v* == -

V 

Where V = some characteristic velocity 
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where De = a reference length 

The Navier Stokes equation: 

can then be written as: 

V D � p - - (Vv* ) 
De Dt* 

which can be rearranged as: 

t* == 
tV and p* == L De pV2 

where g = the absolute value of gravity . 

(4-90b) 

(9-35 ) 

Equation 9-35 can be written , using the definitions of the Reynolds number (Re) 
and Froude number (Fr) , as: 

DU* 
Dt* 

1 1 �g 2� - V*p* + - V* v* + - -
Re Fr g 

(9-36) 

Thus when two flow systems with the same Reynolds and Froude numbers and 
initial and boundary conditions are found , they can be described by the same dimen
sionless velocity and pressure . Such systems are said to be dynamically simi lar . This 
similarity is used for identifying flow patterns in large systems by constructing less 
expensive , smaller prototypes . 

IV LAMINAR FLOW INSIDE A CHANNEL 

In this section , we examine the velocity and pressure relations for laminar flow inside 
a channel . The approach to the solution of laminar flow problems is illustrated v ia a 
detailed analysis for a channel of circular geometry . However, results for other geom
etries are also presented . As mentioned before, the analysis can be split into tWO 
regions: 

1 . The developing flow region , where subdivision between an inviscid core flow and 
a laminar boundary layer is needed to determine the velocity variation across the 
entire channel 

2. The fully developed flow region , where the viscous laminar flow analysis can be 
applied over the entire flow region 
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A Fully Developed Laminar Flow in a Circular Tube 

Consider steady-state viscous flow in a circular tube of radius R.  The flow enters the 
tube , at z = 0 , with a unifonn velocity . The boundary layer is zero at the inlet but 
eventually grows to the centerline , and the layer occupies the entire flow channel . 
Because of symmetry in the 0 direction , the velocity (t) and pressure (p) are inde
pendent of O. Fully developed laminar flow implies that the velocity at any point is 
only in the main flow direction (z) . Hence, 

Vr = v(J = 0 

Let the flow be for constant p and J..L . Thus the continuity equation leads to: 

v . t = 
avz = 0 az 

(9-37) 

(9-38) 

Applying the results of Eqs . 9-37 and 9-38 to the momentum equation in the 
z direction, we get: 

or 

!!:. � (r avz) 
= 

ap 
r ar ar az 

(9-39) 

Because from the conditions of Eq . 9-33 ap/ar = 0 and ap/a o = 0, however, 

ap dp 
az dz 

Hence the equation to be solved for Vz as a function of r is: 
!!:. � (r dVz) 

= 
dp 

r dr dr dz 

(9-40) 

(9-4 1 ) 

Note that the total derivatives are used because Vz and p are only functions of r and 
Z, respectively . 

Equation 9-4 1 can be directly integrated twice over r, as the pressure is not a 
function of r and dp/dz is not a function of r. Applying the boundary conditions 
at 

We get: 

r = R Vz = 0 

O 
avz 0 (. . . ) r = - = I . e . , Vz IS maximum ar 

v, � :� ( - :) ( 1 �:) 
lienee, when dp/ dz is negative , the velocity is positive in the axial direction . 

(9-42b) 

(9-42b) 

(9-43) 
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It is useful to obtain the mean (mass weighted) velocity (Vrn): 

loR pui27TT) dr 
V = --R=--------

rn fo P(27TT) dr 

For a constant density: 

or 

v = R2 ( _  dP) rn 81L dz 
From Eqs . 9-43 and 9-44, the local velocity can be written as: 

;: = 2 ( 1 - �:) 
(9-44) 

(9-45) 

The parabolic nature of the velocity profile leads to a linear profile of the shear 
stress (T) ,  as , 

(9-46) 

Note that T is opposite in sign to Vm, which means that it acts opposite to the flow 
direction, as expected. The wall shear stress is given by specifying the value of r = R in Eq. 9-46 to get: 

T. = - 411 Vrn = !i ( + dP) 
w 

r- R 2 dz 
(9-47) 

Note that the wall shear stress could have been obtained from an integral balance over 
an infinitesimal 8z (Fig. 9- 14) in the pipe such that the net pressure force is balanced 
by the wall shear stress force so tllat: 

or 

T. = !!. (dP) 
w 2 dz (9-47) 

Note both Tw and dp/dz have negative values for flow in the positive z direction . 
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r � p + dP 8z 
dZ 

Figure 9-14 Shear stress distribution and velocity profile in a pipe . 

Of great practical importance is the definition of a friction factor (f) such that the 
pressure gradient is related to the kinetic head based on the average velocity and the 
diameter of the pipe . From Eq . 9-44 we can see that: 

_ dp = 8J.L V = 
64J.L (PV�) (9-48) dz R2 rn pD2Vrn 2 

which can be recast in the fonn originally proposed by Darcy as: 

_ dp = L pV� 
dz D 2 

where j, the friction factor, in this case is given by : 

64 
j =

---
pDVrnl J.L 

64 
Re 

(9-49) 

(9-50) 

The result of this analysis leads to a condition usually observed for laminar flow, 
i .e . , that the product jRe is a constant dependent only on the geometry of the flow . 
Experience shows that laminar flow in a tube exists up to a Reynolds number of about 
2100. By combining Eqs . 9-47 and 9-49, we get a relation for the wall shear stress 
and the friction factor f: 

t pV� 
4 2 

(9-5 1 )  

Unfortunately, there i s  another friction factor that appears i n  the literature , the 
Fanning friction factor, which is defined in tenns of the shear stress ('T w) relation to 
the kinetic pressure , such that: 

, pV� 
'Tw = - f 2 

Thus the Darcy (or Moody) factor f is related to the Fanning factor f' as : 

f = 4f' 

(9-52) 

(9-53) 
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The friction pressure drop across a pipe of length L, when the developing flow 
region can be ignored, is given by: 

(loU! ( dP) fL pV� 
.1Pfriction = J:,n - dz 

dz = Pin - Pout = D 2 

B Fully Developed Laminar Flow with Other Geometries 

(9-54 ) 

By following a procedure similar to the one outlined above, solutions for the velocity 
distribution and wall friction factor coefficient have been obtained for a variety of 
flow geometries . The values of f'Re for fully developed flow in rectangular and 
annular channels are given in Figures 9- 1 5  and 9- 1 6 .  In those cases the Reynolds 
number is defined by: 

where De 

where A 
channel . 

24 

Re = pVrnDe 
JL 

the equivalent hydraulic diameter defined by: 

D = e 
4A 

(9-55 ) 

(9-56) 

flow area, and P w wetted perimeter (or surface per unit length) of the 

22 ·.· .•••... ·· t : �l �· l ·� 
20 

1 8  

1 6  

1 4  0.0 0.2 

a".b/a.S.O a".b/a ... 2.0 

0 .4 0 .6 
1 /a '  

a".b/a.1 .0 

0.8 1 .0 

Figure 9·15 Product of laminar friction factor and Reynolds number for fully developed flow with rectan

gular geometry. (From Kays [14] . )  
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Figure 9-16 Product of laminar friction factor and Reynolds number for fully developed flow in an annular 

channel .  (From Kay:; [ 14 ] . )  

Although the values of f'Re for these cases are expressed in terms of the equiv
alent hydraulic diameter, these results are not equivalent to simply transforming the 
circular tube results utilizing the equivalent diameter concept . It can be seen directly 
by noting from Eq . 9-50 that such a transformation would yield: 

f'Re = 16 (or fRe = 64) (9-50) 

where Re is defined in Eq. 9-55 , and f' is used in place of f. Note that the plots in 
Figures 9- 1 5 and 9- 1 6 yield the same value of f'Re = 24 for infinite parallel plates 
(i .e . , for l /a* = 0 and rjro = 1 ) . On the other hand , Figures 9- 1 5  and 9- 1 6 illustrate 
that values of f'Re are not constant. This result is to be expected with laminar flow , 
Where the molecular shear effects are significant throughout the flow cross section so 
that the governing equations have to be solved for each specific geometry . As dis
cussed in Chapter 10 ,  it is also the case for heat transfer in laminar flow . 

For rod bundle analysis the reader is referred to section VI . 

C Laminar Developing Flow Length 

In the developing (or entrance) region of flow, the steady-state velocity distribution and friction factor coefficients can be obtained from the equation : 

� � (r avz) = pv avz + dp (9-57) 
r ar ar z az dz 

because avz/az is not zero in  that region . However, vr remains approximately zero and ap/ar also is approximately zero . Momentum integral solutions to this problem 
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Figure 9-17 Developing laminar flow friction factor. (From Langhaar and No [ 1 7] . )  

lead to detennination of  the dependence of  fRe on  Re/(zID) a s  the nondimensional 
parameter of significance . Langhaar and No [ 1 7] calculated the value of both the local 
value of the friction factor fz (actually f�) as well as the effective value over any 
length for a circular tube . Their results are shown in Figure 9- 1 7 .  It is seen that the 
local value for f�Re approaches 16 as Rei (zl D) approaches 20 . Hence it can be said 
that the flow becomes fully developed at that distance , such that: 

z Re 
D 20 

(9-58) 

Three friction coefficients are indicated in Figure 9- 1 7 :  f ' ,  f� , and f�pp . The local 
friction coefficient is described as f� and is based on the actual local wall shear stresS 
at z. The mean friction coefficient from z = 0 to z is described by f ' .  Part of the 
pressure drop in the entrance region of a tube is attributable to an increase in the total 
fluid momentum flux , which is associated with the development of the velocity profile . 
The combined effects of surface shear and momentum flux have led to identifying an 
apparent friction factor (f�pp) ,  which is the mean friction factor from z = 0 to z . If 
the momentum flux variation is accounted for explicitly in the momentum equations ,  
f' (not f�pp) should be used to calculate the pressure drop due to friction alone . 

It should be noted that the friction factor, or pressure gradient, is higher in the 
developing region than in the fully developed region. Note that for large values of 
zl D, f� and f' have essentially the same value . Thus in channels with multiple floW 
obstructions the pressure drop is higher than that of unobstructed open channels for 
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two reasons: ( 1 )  the form losses imposed by the obstruction; and (2) the destruction 
of the fully developed flow pattern that occurs both upstream and downstream of the 
obstruction. The solution of the entrance region flow for concentric annuli , including 
flow between parallel plates ,  can be found in Heaton et al . [ 1 2] and Fleming and 
Sparrow [9] . 

Example 9-5 Laminar flow characteristics in a steam generator tube 

PROBLEM During a shutdown condition in a PWR, the flow is driven through the 
loop by natural circulation at a rate corresponding to about 1 % of the flow rate provided 
by the pumps . Assuming that the total flow rate is mT = 4686 kg/s in the full flow 
condition and that there are approximately 3800 tubes of 0 .0222 m (� i n . )  inside 
diameter in the steam generator of average length 1 6 . 5  m, determine: 

1 .  Whether the flow is turbulent or laminar 
2. The value of the friction factor 
3 .  The friction pressure loss between the inlet and outlet of one tube 

Use p = 1 000 kg/m3 and J.L = 0.00 1  kg/m . s .  

SOLUTION 
1 .  The value of the Reynolds number is :  

Re = pVrrP = mD = 4m 
= 

4(0 .0 1 )(4686/3800) kg/s = 706 .5  J.L J.LA 7rJ.LD 7T'(0.00 1  kg/m· s)(0 .0222 m) 

Flow in pipes is laminar below an Re of about 2 100,  so the flow is laminar. 
2. For laminar flow , it is appropriate to use Eq . 9-50 to evaluate f. 

64 64 
f = - = -- = 0 .0906 

Re 706. 5  

3 . The pressure drop due to friction in one tube is then: 

ilp = f (�) p�� 

V = m = (0 .0 1 )4686/3800 kg/s m pA 
= 0 .03 1 8  m/s 

.a _ ( 1 6 . 5  m ) ( 1 000 kg/m3)(0.03 1 8  m/s)2 
p - 0 .0906 

22 0 .02 m 2 
34 .0  Pa 
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V TURBULENT FLOW INSIDE A CHANNEL 

A Thrbulent Diffusivity 

As mentioned in section I I I .D ,  at sufficiently long distances or high velocities ( i .e . .  
high R e  values) the smooth flow o f  the fl u i d  is disturbed b y  the irregular appearance 
of eddies . For flow in pipes, the laminar flow becomes unstable at Re values above 
2 1 00. However, the value of Re that is  needed to stabi l ize a ful ly  turbulent flow i \  
about 10,000. For Re values between 2 100 and 1 0.000, the  flow is said to  be i n  
transition from laminar t o  turbulent flow. 

The turbu lent enhancement of the momentum and energy lateral transport above 
the rates possible by molecular effects alone flattens the velocity and temperature 
profiles (Fig.  9- 1 8 ) . 

In Chapter 4 it was shown that the instantaneous veloc ity can be divided into a 

time-averaged component and a fluctuating component:  

(4- 1 29h ) 

The time-averaged mass and momentum equations (Eqs. 4- 1 35 and 4- 1 36) can he 
reduced for negl igible densi ty fluctuations to the form: 

v . [p�] = 0 

opv = - � _ --at + V ·  [p v v ] = - V p  + V ·  [r - pV' v , ]  + pg 
(9-59 ) 
(9-60 )  

From E q .  9-60 i t  is seen that the lateral momentum transport rate can b e  considered 

to be composed of two parts : one due to the molecular effects and the other due to 
the fluctuations of the eddies, i .e . ,  

( 9-6 1 ) 
Thus for flow inside a pipe, the effective shear in the flow direction can be g i ven 

by : 

( 9-62) 

Laminar Turbulent 

External Flow Internal Flow 

Figure 9- 1 8  Velocity profi les of laminar and turbu lent flows. 
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The most common approach to analyzing turbulent flow problems is to relate the 
additional term to the time-averaged behavior by defining a new momentum diffusivity 
(EM) in the plane of interest . For example: 

- v'v ' 
(EM)zr == 

z r (auz aUr) 
- + -ar az 

so that from Eqs . 9-62 and 9-63 the effective shear can be given by: (auz aUr) (Tzr)eff = (JL + pEM) - + -ar az 

(9-63) 

(9-64) 

(Under steady-state flow conditions in a fully developed pipe flow ur = 0 . )  In general , 
the turbulent diffusivity is assumed to be independent of the orientation of flow , so 
that: 

(9-65) 

The quantity pEM is clearly analogous to the molecular viscosity (JL) ; but whereas JL 
is a property of the fluid, pEM depends on the velocity and geometry as well . 

Other approaches have been introduced to determine the effect of turbulence on 
the momentum transport and energy transport. A brief discussion of two common 
approaches is found in Chapter 10 ,  section IV . 

B Turbulent Velocity Distribution 

It has been found useful to express the turbulent velocity profile in a dimensionless 
fann that depends on the wall shear: 

_v_z_ 
v'Tw/p 

(9-66) 

v: is often called the universal turbulent velocity . The term v' Tw/ P is referred to as 
the "shear velocity . "  Also , the distance from the wall (y) can be nondimensionalized 
as: 

v'Tw/p y + = y --
V 

(9-67) 

If a linear shear stress distribution is assumed near the wall where molecular effects dominate , we have: 

Where y 
9-68: 

dvz Tw = pv dy 
distance from the wall (in a pipe , y 

(9-68) 

R - r) . After integrating Eg . 

(9-69) 
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Because at y = 0, Vz = ° 

we get: 

or 

Tw Vz = - V p IJ " 

( 9-70) 

(9-7 1 ) 

Various investigators have developed expressions for the universal velocity. Often 
the boundary layer is subdivided into a laminar sublayer near the wall (where fM = 
pfM ) .  Martinel l i  [ 1 9] described the resulting distribution by: 

5 < y+ < 30 v; = - 3 .05 + 5 .00 eny+ 
y +  > 30 v; = 5 . 5  + 2.5 eny+ 

( 9-72a) 

( 9-72b) 

(9-72 c )  

An i mportant equation for fM (for flow in a pipe) in  the turbulent sublayer i s  that 
reported by Reichart [26] . He proposed that: 

(9-73 ) 

where 

(9-74) 

and k = a constant (�0.4).  This equation leads to the fol lowing expression for the 
velocity in the turbulent sublayer: 

v; = 5 . 5  + 2 .5  en [y+ 1 .5 ( 1  + r/R) ] 
1 + 2 (r/R)2 

( 9-75 ) 

This equation appears to satisfy experiments at al l values of r ,  including at the center 
l ine .  

A ful ly developed turbulent velocity �rofile for a pipe i s  given i n  Figure 9- 1 9 .  
Note that the veloci ty i s  flatter than the  laminar flow. The velocity profile can be 
approximated by : 

�� = (�r7 = ( R ; rr ( 9-76 ) 

Consequently the average velocity is given by: 

Vill = 0 . 1 87 V<i ( 9-77 )  
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Figure 9-19 Calculated turbulent velocity profile in a pipe. 

C Turbulent Friction Factor 

A commonly encountered expression for the friction factor is the Kannan-Nikuradse 
equation: 

1 V1 = - 0. 8  + 0 .87 en (ReV!) (9-78) 

This transcendental equation is difficult to use in practice , and simplified relations are 
often applied. An approximate equation for a smooth tube where 30,000 < Re < 
1 ,000 ,000 is the McAdams relation: 

f = 0 . 1 84 Re -O. 2 (9-79) 
For Re < 30,000, the turbulent friction factor for a smooth tube may be given by the 
Blasius relation: 

f = 0 .3 1 6  Re -O.25 (9-80) 

The tube roughness , characterized by the ratio of depth of surface protrusions to 
the tube diameter (AI D) , may increase the effective friction factor. The most com
monly available factor is that of Moody [20] and is given in Figure 9-20 . In Moody ' s  
chan, the effect of  the roughness depends on  the pipe diameter (D) , as is reasonable 
to expect. The Moody diagram is a graphic representation of the empiric Colebrook 
equation [4] , given by: 

_1_ - _ 2 10 [ AID + �J (9-8 1 )  V! -
g lO 3 . 70 ReV! 
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D Fully Developed Thrbulent Flow with Noncircular Geometries 

The relations developed for the friction factor in circular tubes can similarly be derived 
for other geometries .  However, in the turbulent flow case the velocity gradient is 
principally near the wall . Hence the flow channel geometry does not have as important 
an influence on the friction factor. Therefore the hydraulic diameter concept can be 
more accurate in predicting the friction factor. 

E Thrbulent Developing Flow Length 

The entrance length of laminar flow was found to extend to a maximum axial distance 
z such as: 

� = 0 .05 Re for Re < 2000 D 
(9-58) 

For turbulent flow the boundary layer can develop faster than in the high Re laminar 
region, so that: 

z 

D 25 to 40 

Example 9-6 Turbulent flow in a steam generator tube 

PROBLEM For the condition of full flow through a U-tube steam generator, find 
the same quantities asked for in Example 9-5 : 

1 . Determine whether the flow is turbulent or laminar .  
2 .  Find the value of the friction factor. 
3 . Find the average pressure loss between the inlet and outlet of a tube. 

SOLUTION 

1 . Because all quantities are the same as in Example 9-5 , except the velocity , which 
is now increased 100 times, the Reynolds number is: 

Re = 70 ,650 

which is clearly in the turbulent range (Re > 2 100) .  
2. The appropriate expression for the friction factor is now Eq . 9-79: 

f = 0 . 1 84 Re - 0.2 = 0 . 1 84 (70650) - 0 .2 = 0 .0 197 

3 . The friction pressure drop in one of the tubes is now: 

.1 = f (�) pV� = 0 .0 1 97 (�) 1 000 kg/m3(3 . 1 8  m/s)2 
= 74 kPa p D 2 0 .0222 2 

The friction factor is lower by a factor of 5 ,  but the veloci ty has increased by a 
factor of 1 00 ,  and the pressure drop has therefore increased by a factor of 2000 . 
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VI PRESSURE DROP IN ROD BUNDLES 

The total pressure drop along a reactor core i nc ludes ( I )  entrance and exit pressure 
losses between the vessel plena and the core internals ,  (2 )  the friction pressure drop 
along the fuel rods, and (3 )  the form losses due to the  presence of spacers . The 
entrance and exit  losses are those (described earl ier) due to a sudden change in flow 

area (discussed in sections I I .D .2  and VII) .  Hence attention here is focused on the 
friction along the rod bundles and the effect of the spacers . 

A Friction Along Bare Rod Bundles 

1 Laminar flow. In section IVB it was demonstrated that friction factors for nOI1-
circular geometries in laminar flow could not be obtained by transforming circular 
tube results using the equivalent diameter concept. However, an alternate approximate 
method fol lows from the observation that the coolant region in rod arrays can be 
represented as an array of equivalent annul i  around the rods. As Figure 9-2 1 suggests. 
the equivalent annulus approximation improves as the rod spacing increases. 

The solution of the momentum equations for the exact bare rod array geometry 

and for the equivalent annulus approximation have been obtained for l aminar and 
turbulent flow. The solution procedure and a number of significant special cases are 
presented in Chapter 7, Vol .  II. Here the most commonly encountered cases are 
summarized. 

' "  o 

Figure 9-21 Defi n it ion of an equivalent  annulus  in a triangu lar array. Cro.IS-/llIfci1ed area represents all 

e lemental coo lant flow section.  Circle of rad ius  roll'" represents the equ ivalent annulus  with equal flow area. 
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Figure 9-22 Product of laminar friction factors and Reynolds number for parallel flow in a rod bundle. 
(From Sparrow and Loeffler [28] . )  

In this section we use the superscripted symbol Re' to refer to the Reynolds 
number in a bare (spacerless) rod bundle . In section VI .B  we use Re to refer to the 
Reynolds number in a bundle with spacers . 

Figure 9-22 presents the product fRe�e for fully developed laminar flow in a 
triangular array derived by Sparrow and Loeffler [28] and for the equivalent annulus . 
The equivalent annulus approximation is seen as satisfactory for pitch-to-diameter 
(P / D) ratios greater than about 1 .  3 .  A complete set of laminar results are available 
from Rehme [22] . His results have been fit by Cheng and Todreas [3] with polynomials 
for each subchannel type . The polynomials have the form: 

where: 
_ C�iL fiL = -R I n e i L  

(9-82) 

(9-83) 

where n = 1 for laminar flow . When Eq. 9-82 is used for edge and comer subchannels .  P / D is replaced by  WID, where W = rod diameter plus gap between rod and bundle 
Wall . The effect of PID (or WID) was separated into two regions ; 1 .0 � PID � 1 . 1  
and 1 . 1  � PID � 1 . 5 .  Tables 9-2 and 9-3 present the coefficients a ,  b l •  and b2 for 
the subchannels of hexagonal and square arrays . 

Bundle average friction factors are obtained from the subchannel friction factors 
by assuming that the pressure difference across all subchannels is equal and applying 
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Table 9-2 Coefficients in Eqs. 9-82 and 9-87 for bare rod subchannel friction 
factor constants C�i in hexagonal array 

1 .0 :S P/D :S 1 . 1  l . l  < P/D ::::: 1 . 5 

Subchannel a bl b2 a bl  b2 

Laminar flow 
Interior 26.00 888 .2  - 3334 62 .97 2 16 .9  - 1 90 .2  

Edge 26 . 1 8  554 .5  - 1480 44 .40 256 .7  - 267 .6 

Comer 26 .98 1 636. - 10 ,050 87 .26 38 .59 - 55 . 1 2  

Turbulent flow 
Interior 0 .09378 1 . 398 - 8 . 664 0 . 1 458 0 .03632 - 0 .03333 

Edge 0 .09377 0 . 8732 - 3 . 34 1  0 . 1 430 0 .04 1 99 - 0 .04428 

Comer 0 . 1 004 1 . 625 - 1 1 . 85 0 . 1 499 0.006706 - 0 .009567 

the mass balance condition for total bundle flow in tenns of the subchannel flow . This 
procedure , which is demonstrated in Chapter 4, Vol . II ,  yields :  [ n 1 ] n - 2 C' = D ' � S. ( Dl:� )2 - n (C�i ) n - 2 

bL eb � 1 
D ' D ' / - 1  en e l  

(9-84) 

where Si = the ratio of the total flow area of subchannels of type i to the bundle flow 
area. Figure 9-23 compares Eq . 9-84 to the available data for laminar flow (n = 1 )  
in a 37 -pin triangular array . 

2 Turbulent flow. Early work in the area of turbulent flow includes that of Deissler 
and Taylor [5] , who derived friction factors that depend on a universal velocity profile 
obtained from early measurements . Their approach was compared , along with the 
equivalent diameter concept, to measurements in square and triangular rod bundles 
with P / D = 1 . 1 2 ,  1 . 20 ,  and 1 . 27 . The results show that the circular tube prediction 
of Eq . 9-79 for Re > 100,000 provides an answer that lies within the scatter of the 

Table 9-3 Coefficients in Eqs. 9-82 and 9-87 for bare rod subchannel friction 
factor constants C�i in square array 

1 .0 :S P/D ::::: 1 . 1  1 . 1  < P/D :S  1 . 5 

Subchannel a bl b2 a bl b2 

Laminar flow 
Interior 26 .37 374 .2  - 493 .9 35 .55 263 .7 - 190 . 2  
Edge 26 . 1 8  554.5 - 1480 44 .40 256.7 - 267 .6 
Comer 28 .62 7 1 5 .9  - 2807 58.83 1 60 . 7  - 203 . 5  

Turbulent flow 
Interior 0 .09423 0 . 5806 - 1 . 239 0 . 1 339 0 .09059 - 0 .09926 

Edge 0 .09377 0 . 8732 - 3 .34 1  0 . 1 430 0 .04 1 99 - 0 .04428 

Comer 0 .09755 1 . 1 27 - 6 .304 0 . 1 452 0 .0268 1 - 0 .034 1 1 
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Figure 9-23 Laminar flow results in triangular array bare rod bundles. (From Cheng and Todreas [3] . )  

data. However, the data show a dependence on P / D that cannot be reproduced by 
the equivalent diameter concept and the circular tube correlation . LeTourneau et at . 
[ 18] tested rod bundles of square lattice with P / D ratios of 1 . 1 2 and 1 .  20 and 
of triangular lattice with a P/D ratio of 1 . 1 2 . These data fall within a band between 
the smooth tube prediction and a curve 10% below that for the Re = 3 x 1 03 to 
3 X 105 . 

Later, Trupp and Azad [30] obtained velocity distributions , eddy diffusivities , 
and friction factors with airflow in triangular array bundles .  These data indicated 
friction factors somewhat higher than Deissler and Taylor 's predictions . For Reynolds 
numbers between 1 04 and 105 , their data at P / D = 1 .  2 were about 17% higher than 
the circular tube data. The data at P / D = 1 . 5 were about 27% higher than the circular 
tube data. 

For the turbulent flow situation , solution of both the exact and the equivalent 
annulus geometry require assumptions about the turbulent velocity distribution . For a 
triangular array , Rehme [24] obtained the following equivalent annulus solutions :  

For Rel>e = 104: 

f 
fe.t . 

1 .045 + 0 .07 1 (P/D - 1 )  

L = 1 .036 + 0 .054(P/D - 1 )  
fe.t . 

Where fe.t . circular tube friction factor. 

(9-85) 

(9-86) 
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Rehme [25]  also proposed a method for solving the turbulent flow case in the 
actual geometry. Cheng and Todreas [3 ]  fitted results of this method with the poly
nomial of Eq. 9-82, where now: 

(9-87 ) 

where 
_ C;'iT 

.
fiT = (ReiT) n 

(9-88 ) 

and n = 0. 1 8 . Tables 9-2 and 9-3 l ist these coefficients for subchannels of triangu lar 
and square arrays .  The turbulent bundle friction factor constant (CbT) can be obtained 
from Eq. 9-84. Figure 9-24 compares this bundle friction factor for a 37-pin triangular 
array with avail able data. 

B Pressure Loss at Spacers 

Pressure losses across spacer grids or wires (Fig. 9-25) are form drag-type, pressure 
losses that can be calculated using pressure-loss coefficients. The spacers ' pressure 
drop can be comparable in magnitude to the friction along the bare rod bundle. 

DeStordeur [6] measured the pressure drop characteristics of a variety of spacers 
and grids. He correlated his results in terms of a drag coefficient  (Cs ) '  The pressure 
drop (L1ps)  across the grid or spacer i s  given by: 

(9-89) 

where Av = unrestricted flow area away from the grid or spacer; V s = velocity in 

the spacer region ; and As = projected frontal area of the spacer. 
The grid drag coefficient is a function of the Reynolds number for a given spacer 

or grid type. At  hi�gh Reynolds number (Re ::::::: 1 05 )  honeycomb grids showed drag 

-; 
<l> 

a: 
� 

0. 1 8  

0 . 1 6  

0 . 1 4  / 
0. 1 2  . . . . . . cl 

. j  
0 . 1 0  ./ / 

0 .08 

0 .06 1 .0 

(I) _ ..... 
n ......... --

/ 

1 . 1  

e 
V :(3 0 

� u 

37 - Pin 6undle Data 
o Rehme [24] 
8 Rehme [21 ]  
Q) Reihman [27] 
- Eq . 9-84 for 37 pins : 

1 . 2 1 .3 1 . 4 1 . 5 
Pitch-to-Diameter Ratio , PIO 

Figure 9-24 Turbulent flow resu l ts in triangular array bare rod bundles .  (From Cheng and To(/re(ls [ 3 1 · ! 
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lOOt 

lDD[ 
-'1 \I Ir 

Honeycomb Grid Spacer 

coefficients of ::::::; 1 .65 . The pressure drop across a crossed circu lar wire grid was 
� 10% lower (Fig. 9-26) .  

O n  the basi s  o f  tests of several grids, Rehme [23] found that the effect of the 
ratio Asl Ay is more pronounced than was indicated by deStordeur. Rehme concluded 
that grid pressure drop data are better correlated by: 

(9-90) 

where Cy = modified drag coefficient, and Vy = average bundle  fl uid veloci ty. 
The drag coefficient (Cy) is a function of the average bundle, unrestricted area 

Reynolds number. Rehme's data indicated that for square arrays Cy = 9.5 at Re = 

104 and Cy = 6.5 at Re = 1 05 (Fig. 9-27) .  
Rehme [23] also correlated the total pressure losses i n  wire-wrapped bundles .  

More recently Cheng and Todreas [3] correlated wire-wrapped pressure losses util izing 
the much larger database exi sting in the literature up to 1 984. Their correlations 
covered the laminar, transition, and turbulent flow regimes and reduced smoothly to 
the bare rod correlations presented in  section VLA. Friction factors and flow split  
factors are presented for each subchannel for the hexagonal array. The friction factor 
for the rod bundle is also presented, as given below. It predicts most of the data 
With in lO% except at the extreme ends of the PI D and HID range (where H = axial 
lead of the wire wrap) .  

Turbulent region (ReT::; Re) :  

CtT 
f= -R OIX e· 

Transition region (ReL < Re < ReT): 

f = ( CfT ) 1jJ1/3 + (CtL) (1 _1jJ)l/J 
Reo.lx Re 

(9-91 a) 

(9-91 b )  
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Figure 9-26 Drag coefficients for rod bundle spacers . (From deStordeur [6].) 

Laminar region (ReL 2: Re): 

f 

where 

I/J = loglO(Re/ReL)/loglO(ReT/ReL) 

CfL 
Re 

= [loglO(Re) - (1.7P/D + 0.78)]/(2 . 52 - P/D) 

(9-91c) 

(9-92) 
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Figure 9-27 Modified drag coefficients . (From Rehme [23] .) 

CfT [0.8063 - O. 9022(1og IO(H / D)] (9-93a) 
+ 0.3256[loglO(H/ D)]2(p / D)9.7(H/D) 1.78 -2.0 (P/D) 

CfL = [-974.6 + 1612.0(P/D) - 598.5(P/D)2](H/D)0.06-0.085(P/D) (9-93b) 

and all parameters are bundle average values . 
The range of applicability of the correlation is: 

l.025 :s P / D :s 1.42 
8.0 :S HID :S 50.0 
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Th e flow r egion bo undary d efinitions ar e: 

T urb ul ent (R e 2: R eT) = 10 (o.7P/D+3 .3) 
Laminar (R e < R eL) = 10 (l·7P/D+o. 78) 

C Lateral Flow Resistance Across Bare Rod Arrays 

Lat eral flow (normal to th e f uel rod axis) occ urs to som e ext ent in a cor e wh er e  th er e  
ar e significant pr ess ur e  diff er enc es b etw een ass embli es .  In th e lat eral dir ection , th e 
flow can b e  consi der ed as flow across a larg e t ub e  ban k. A simpl e corr elation is that 
of Zuka us kas [31 ] ,  who corr elat ed laminar and t urb ul ent flow pr ess ur e  drop by eq ua
tions of th e form: 

NG�ax l1p =f -- Z 2p 
(9-94) 

wh er e  f = friction factor, Gmax = maxim um mass fl ux ,  N = n umb er of t ub e  rows 
in th e dir ection of flow, Z = a corr ection factor dep ending on th e array arrang em ent . 

Fig ur es 9-28 and 9-29 provid e th e val ues of f and Z for vario us flow conditions 
as a f unction of R e  = Gmax D/ /-L, wh er e  D = rod diam et er. 

A larg e n umb er of mor e compr eh ensiv e b ut also mor e compl ex corr elations exist . 
Th e vario us typ es of in-lin e and stagg ered arrays that hav e b een inv estigat ed, tog eth er 
with id entification of th eir sali ent g eom etric charact eristics , ar e ill ustrat ed in Fig ur e 
9 -30 . From th e d efining expr ession for th e friction factor: 

f 
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Xr = sr/D 
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Figure 9-28 Friction factor (f) and the correction factor (Z) for use in Eq. 9-94 for in-line tube arrangement. 

(From Zukauskas [31].) 
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Figure 9-29 Friction factor (I) and the correction factor (2) for use in Eq. 9-94 for staggered tube 
arrangement. (From Zukauskas [31].) 

f == 
2 �p (�) (Dref) 

p Vref L (9-95) 

Th e corr elations m ust adopt d efinitions for Vref, Dref, and Dref/ L; and in th e 
lit erat ur e  on cross flow pr ess ur e  drop, a wid e rang e of d efinition s ets hav e b een 
adopt ed. For exampl e, th e v elocity can b e  ta ken as any of th e following v elociti es : 
Vmin, Vavg, or Vrnax. 

Th e r ef er enc e l ength Dref can b e  ta ken as : D (rod diam et er) , De' Dc (gap spacing) , 
or Dv, wh er e: 

4(fr ee vol um e  of rod b undl e) 
friction s urfac e ar ea of rods 

Dy == vol um etric hydra ul ic diam et er 

and th e ratio D / L can b e  ta ken as: N (th e n umb er of major r estrictions enco unt er ed 
by th e flow) or with D or L individ ually id entifi ed with th e s el ect ed charact eristic 
l ength . 

Fig ur e  9- 31 compar es a n umb er of corr elations for th e sp ecific c as e  of an eq ui 
lat eral triang ular array of dim ension ST/D = 1 . 25 .  Th e param et er set Vrnax, Dy, and 
N, of th e G unt er-Shaw corr elation [1 1 ] ,  is utiliz ed to p ut all corr elations on a consist ent 
basis . Th e diff er enc e among th es e  corr elations exhibit ed in Fig ur e  9- 31 is typically 
less than th e scatt er among data from diff er ent exp erim ent ers . Th e Zuka us kas corr e
lation [ 32] , which is a pow er law fit, app ears th e most compr eh ensiv e and also incl ud es 
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Figure 9·30 Regular rod array geometry and coordinate definitions. (Adapted from Ebeling-Koning ef 
al. [8] . )  

a corr ection for entranc e  eff ects. Th e G unt er-Shaw co rrelation [ 1 1 ]  is r easonably 
simpl e and cov ers a vari ety of g eom etri es .  It is f ul ly d etail ed in Chapt er 5 ,  Vol . II 
wh er e  it is utiliz ed to eval uat e th e distrib ut ed r esistanc e for an in-lin e array in cro SS 
flow . 
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Figure 9·31 Friction factor correlations for equilateral-triangular-array bare tube (or rod) bundle with 
STI D = 1.25. 

D Lateral Flow Resistance Across Wire-Wrapped Rod Bundles 

A correlation has been presented by Suh and Todreas [29] based on their experi mental 
data for cross flow over rod arrays with wire separators (also called displacers ) parallel 
to the rod axes. Whereas in the wire-wrapped arrays the wires are arranged in helical 
fashion, numer ical analyses of these arrays treat the wires as parallel to the rod axes 
in each axial control volume. For typical cases of control volumes with axial lengths 
small with respect to the w ire lead length, this assumed paral lel configuration of the 
wire and the rod is satisfactory. Figure 9-32 i l lustrates the geometry of the displacer 
and the rod in terms of the angle (), which defines the position of the displacer with 
respect to the gap through which the cross flow passes. Because the displacer restricts 
the cross flow, the associated pressure drop is expected to be greater than that for a 
bare array and strongly dependent on the value of the angle (). 

The correlation for the friction factor is : 

The Reynolds number is : 

and the parameter E «() is: 

ibare iJisplacer = 
E ( ()) 

VmaxDv 
Rev = ---

v 

8 E/8) = � a18i 
1=0 

(9-96) 

(9-97) 

(9-98) 
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Figure 9-32 Geometry of displacer-rod bundle of equilateral triangular array. 

wh er e  j = laminar, transition , turbul ent for R ev :s 500; 5 00  :s R ev :s 1000; R ev :2: 
1000 r esp ectiv ely . Th e r egr ession co effic ients a1 ar e giv en in Tabl e 9-4 . It sho uld be 
not ed that this r esult has b een evaluat ed for only on e g eom etry , an equilat eral trian -

Table 9-4 Regression coefficients for polynomial 
Eq. 9-98 (for (J in radians) 

aj 

Laminar Transition Turbulent 

0 -0.048629 -0.089567 -0.060247 
1 -0.050047 -0.064236 -0.085772 
2 2.893754 2.948909 2 .534854 
3 0.075660 0.086888 0. 1 40045 
4 -4.245446 -4.263047 -3.604788 
5 -0.0359 1 9  -0.037395 -0.0725 1 7  
6 2.213902 2.2167 1 6  . 1 . 869185 
7 0.005437 0.004490 0.01078 1 
8 -0.368285 -0.367479 -0. 306346 
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Figure 9·33 Parameter £(tJ) as a function of displacer angle. 

� �: 

60 90 

gular array of STID = SLID = l .2 1 . Th e shap e of E(O), shown in Figur e 9- 33, 
i llustrat es that th e displac er bundl e frict ion factor incr eas es as th e displac er angular 
position approach es th e gap . 

Example 9-7 Pressure loss at spacers 

PROBLEM For th e PWR fu el ass embly conditions of Tabl es 1 -2 ,  1 - 3, and 2- 3, 
calculat e th e pr essur e drop across th e spac ers . Us e both d eStord eur's and R ehm e' s 
corr elations for spac er pr essur e drop and compar e th e r esults . 

Assum e th e spac er typ e is hon eycomb, and th er e  ar e eight spac ers along th e fu el 
l ength . Ta ke th e grid thic kn ess (t) as on e-half th e pin-to-pin cl earanc e. Figur e 9- 34 
illustrat es th e unit c ell to b e  consid er ed . R el evant data: 

L= 4 m 
D = 9.5 mm 
p = 12 . 62 mm 
Inl et t emp. = 286°C 
Outl et t emp. = 324°C 
Inl et pr essur e = 1 5 . 5 MPa 
Pin = 7 39 kg l m3 
POUt = 657 kg l m3 
lJavg = 1 . 26 X 1 0- 7 m 2/s 
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Figure 9-34 Unit cell analysis in Example 9-7. 

From Tabl e 2-3: 1 93 ass embli es ,  1 7  x 1 7  rod array , total cor e flow 1 7 ,400 kg /s o 

S OLUTION Using th e d eStord eur mod el of Eg. 9-89, w e  g et: 
CsV;As 

LlPspacers = 8p ---2Av (9-99) 

First d et ermin e th e v elocity in th e spac er r egion . It r eq uir es th e flow ar ea in one 
c ell : Aflow = Av - As. How ev er, Av is th e c ell unobstr uct ed flow ar ea: 

and As is th e spac er proj ect ed ar ea p er unit c ell : 

Th en 

Also 

A, = 2 [p W + (P - I) �] = 2 (PI - �) 
Aflow 5.1 5 x 10 - 5  m2 

P = 
Pin + Pout = 698 kg /m3 

2 

Ass uming th e flow ar ea of th e int erior c ell can b e  us ed as a cor e-wid e c ell ar ea (see 
Chapt er 1 for d etails of edg e  and corn er c ell ar ea form ulas) , w e  d et ermin e th e av erage 
v elocity at th e spac er r egion as : 
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m 1 7 ,400 kg/s 
Vs = pAflow 

= 
(698 kg/m3)(5 . 1 5 x 10 -5) 193( 1 7 x 1 7) m2 = 8 .678 m/s 

Now: 
D esVs Re = --s V 

4Aflow D = -e s p ws 

:. D = 4 
[(p2 - �) - 2 (PI - �) l 

e s 'TT"D + 4(P - t) [ 5 . 1 5 XlO - 5 m2 ] 
= 4 'TT"(0 .0095) + 4(0 .0 1262 - 0.00 156) m 
= 2 .78 x 10 - 3 m 

(2.78 x 1 0 - 3 m)(8 . 678 m/s) Re s = 7 2/ = l .  9 1 5  X 105 l . 26 x 10 - m s 
: . Cs = l .  7 (by extrapolation from Fig . 9-26) 

Because AsiAv = 3 . 69/8 . 84 = 0 .4 1 7 
From Eq. 9-99: 

3 (1.7)(8.678 m/s)2(0.417) 
ilps = 8(698 kg/m ) 

2 
= 0.149 MPa 

Now using Rehme 's model (Eq. 9-90): 

From a mass balance: 

V v  As 2 ( ) 2 ilps = 8C v p 2 Av 

_ (Av - As) _ (5 .  1 5  x 10 - 5) / Vv - Vs - 8 . 678 10 - 5 = 5 m s 
Av 8 . 84 X 

4[p2 - 'TT"D2/4] 4 x 8 . 84 X 10 -5 
De = 3 = 0 .0 1 1 8 m 

'TT"D 'TT" X 9.5 x l O -

Re = 
D eVv 

= 
(0 .0 1 1 8  m)(5 m�s) 

= 4 .68 x 105 
V l .26 X 10 - 7 m -/s 

.". Cv = 6 from Figure 9-27 
(5 m/s)2 .". ilps = 8(6) (698 kg/m 3) (0 .4 1 7) 2 = 0.073 MPa 2 

Rehme 's model leads to a lower spacer pressure drop . 
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VII PRESSURE LOSS COEFFICIENT AT ABRUP T 
AREA CHANGES 

The purpose of this section is to present in some detai l the approach to calculation of 
acceleration, form, and friction pressure drops in single-phase flows. Compressible 
and incompressible flows are considered . The equations that apply under special con
ditions are organized in Table  9-5 . The major pressure drop components for a channel 
with an inlet contraction and an exit expansion are shown in Figure 9-35 . 

To describe the flow variables in a channel , the subscript I denotes an upstream 
value and the subscript 2 a downstream value. Unsubscripted variables are constants 
in the flow. First, a uniform velocity profile across the flow area is assumed for the 
evaluation of the acceleration pressure drop.  Note that thi s  approximation is not made 
when determining the friction pressure drop; in fact, the velocity profile  effect is 
automatical ly inc luded in the well  known treatment, by Kays and London [15], of 
form pressure drop between a large area and a restricted flow area, where velocity 
profi le effects can be important. A more general di scussion is presented later. 

Table 9-5 Pressure changes due to abrupt area changes 

Flow Incompressible 

Constant area channels' 
Frictionless 

Viscous 

6.pacc = 0 

6./Jrmlll = 0 

6.prric = 0 
(section VII.A.I) 

6.pacc = 0 

6.pronn = 0 

L V2 6.1)" - f'-p-Ilil - .  Dc 2 
(section VILA.I) 

Short channels with an abrupt area change: 
Frictionless _ ( V� V� ) 

6.pacc - P 2 - 2 

Viscous 

6.pronn = 0 

6.prric = 0 
(section VII.A.2) 

_ ( V� V� ) 
6.pacc - P 2 - 2 

�p,,,",, = I : 
6.prnc = 0 
(section VII.B.3) 

V·: 
Kp� 

< 2 

* 6.pr<>rtll = 0 by defini tion in this part. 

Compressible 

6.pacc = P2 v� - PI v� 

6.Pr.,rlll = 0 

6.prril· = 0 
(section VII.AA) 

6.pacc = P2 V� - PI V� 

6.Pfonn = 0 II. t(e) 1 

6.IJrric ;::::; -' -pee) V-(f)df () 2De 
(section VILA A) 

( V� V" ) 
6.pacl· ;::::; P 2 - T 
6.pr<>rlll = 0 
6.Pfric = 0 
(section VILA.S) 

6.prric = 0 
(section VII.B.S) 

'f"..Pt.ic· = 0 in this part for viscous flow because the effect of friction is included in f"..prorlll· 
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CONTRACTION EXPANSION 
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Figure 9-35 Flow of a viscous. incompressible fluid (which could be laminar or turbulent) through a sudden 
expansion or contraction. 

A Assumption of Uniform Velocity Profile 

1 Incompressible flow in a constant-area duct. A constant density fluid in a con 
stant area has a constant velocity (because the velocity profile is unifor m) .  Hence 
there are no for m or acceleration pressure drops . Additionally , the frictionless flow 
case has no friction pressure drop, whereas the viscous flow case has the fa miliar 
friction pressure drop . 

. 2 Frictionless, incompressible flow through sudden expansion or contraction. 
The detailed solution of the velocity field of a frictionless fluid can be found in a 
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straightforward way by confonnal mapping . We can find the pressure drop (in the 
expansion case it is a pressure rise or pressure recovery) by integrating Bernoull i 's 
equation (Eq . 9- 1 1 ) along a stream line from some arbitrary point up to station 1 or 
station 2. For steady -state horizontal flow we get: 

PI - P2 = P � 2 
(9- 100) 

Note that stations 1 and 2 need to be just far enough from the abrupt change that v 
is essentially parallel to the wall . This fonnula is valid for ideal contractions or 
expansions . The flow field for this case is far removed from the flow of real fluids . 
Real fluids can exhibit separation , reattachment, and recirculation . 

3 Viscous, incompressible flow through a sudden expansion or contraction. To 
evaluate the pressure drop in these flows , a co rrection is made in the frictionle ss 
pressure drop results; the result is the fonn pressure drop. A static pressure trace is 
given in Figure 9-35 to show explicitly the effect of the fonn pressure drop or recovery . 
Table 9-5 has the applicable equations .  

I t is important to realize that the entire effect of friction in the developing region 
is usually included in the fonn pressure drop coefficients : There is no need to sepa
rately evaluate the familiar friction pressure drop in the entrance length . Values for 
contraction and expansion coe fficients Kc and Ke generally depend on the Reynolds 
number, the ratio of the upstream and downstream areas , and the flow geometry . A 
detailed disc ussion of entrance and exit coefficients for single tubes is found in section 
II .D . From Kays' original pa pers , it can be concluded that the effect of decreasing 
Re is to decrease Ke and increase Kc- There is also a large change in the coefficients 
from turbulent to laminar flow. 

It is possible to have a negative exit ' 'loss " coefficient (Ke) for channels that ma y 
have substantial l y different ve locity profiles . For example , when considering paral lel 
flow in a rod array or through connected channels into a large plenum, it is possible 
to have a negative loss coefficient (Ke). This subject is discussed at length in section 
VII . B .  

4 Compressible flow i n  a constant-area duct. Compressible flow i n  a constant-area 
duct is of interest in a nuclear reactor with a gaseous coolant that is being heated a s  
it flows through the core . For the frictionless flow case , we use Bernoulli 's equation 
(Eq. 9-1 1 ) ,  which when applied to horizontal flow leads to : 

J dp 1 � � . 
- + - (v . v) = constant along a stream l me 
P 2 

(9-10 1) 

The pressure, density , and velocity are all functions of e ,  where e = distance do wn 
the duct in the direction of the flow . In a constant -area duct the stream lines are 
parallel to the walls , so v � Vee). Generally , the gas has a temperature , T( e )  , a 
pressure, p( e ) , and a density , pc  e ) , none of which has to be linear. Integrating fro m 
an arbitrary e = 0 to e = e gives: 
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if d ( e ) 1 -p- = - [V2(0) - v2( e )] o p( £ ) 2 (9- 102) 

which is to be solved for p( e ) . At first glance it looks difficult because p and V depend 
on p. A si mple trick is to differentiate Eq. 9- 102 with respect to e .  The left-hand side 
can be differentiated as: 

.!!... rf d p( e ) _ � rf _1_ d p( e )  
d e  d e  Jo pe e )  d e  Jo pe e )  d e  

_1 _ d p( e )  
pe e )  d e  

Thus we can cast the differential of Eq . 9- 102 as : 

Then : 

_1 _ d p( e )  
= p(e ) d e  e dV( e )  V( ) d e  

d p( e ) e e dV( e ) 
- = - p( )V( ) -d e  d e  

(9 -103) 

(9- 104) 

(9- 105) 

For a constant-area duct, however, p( e )V( e )  = constant, so when we integrate be 
tween station 1 and 2 we obtain : 

(9- 106) 

Note that the factor of 1 /2 has disappeared fro m the result co mpared to Eq . 9- 100 
for the frictionless inco mpressible case in section VII .A .2 .  

For flow with friction , the usual approxi mation is to si mply introduce an integrated 
friction pressure drop . This treatment i mplicitly assu mes that the friction pressure drop 
is small enough not to perturb the frictionless solutions for p( e )  and V( £ ) .  

5 Compressible flow through a sudden expansion or contraction. The proble m of 
compressible flow through a sudden expansion or contraction is co mplicated . Two 
simplifying assumptions can be made: ( 1 )  the flow has a s mall Mach nu mber (so the 
pressure field does not greatly affect the density) , and (2) the expansion or contraction 
region is shor t enough that t here is little heating or cooling of t he gas for the case of 
adiabatic change in pressure (hence the te mperature field does not greatly affect the 
density) .  In this case the results of sections VII .A .2 and VII .A . 3 are applicable without 
modification . 

B Assumption of Nonuniform Velocity Profile 

� 1950 Kays outlined an analytic procedure for calculation of pressure loss coeffi 
CIents for abrupt changes in flow cross section . His results , commonly referenced in 
textbooks dealing with the subject, are applicable to entrance and exit losses between 
a large flow area and a restricted flow area such as the case at the inlet and exit of 
the fuel asse mblies , but they are not applicable to flow between two channels with 
Similar geo metry . Hence , as shown in Figure 9 -36 , the loss coefficients do not ap-
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Figure 9-36 Loss coefficients for multitubular systems connected to headers. (From Kays and Perkins 
[16].) 

proach zero if no area change is involved ( i .e . , an area ratio of 1 ) ,  as should be the 
case at the intersection of identica l geometry channels . 
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The reason for Kays ' resul ts is tha t the veloci ty dis tribu tions in the flow areas are 
no t identical on both sides of the abrupt change and hence indicate a pressure differ
en tial even when the area ratio is unity . For less drastic flow geome try changes , similar 
veloci ty distributions can be assumed on both sides of the geometry change . An outline 
o f the method and illustrative results are given here. 

1 Method of calculation. Consider a sudden expansion in the flow area (Fig . 9-37) . 
The behavior of this flow can be predicted by considering a momen tum-force balance 
i f  the pressure on the downstream end of section 2 in Figure 9-37 is known . The 
pressure on the downstream face may be taken as equal to the s tatic pressure in the 
stream jus t prior to the expansion . Thus if we neglect wall friction , a force balance 
between sections 2 and 3 in Figure 9-37 should yield the momentum change between 
sections 2 and 3 :  

(9- 107) 

The pressure P 2  acts on all of A2 because at the throat there is no change in the jet 
area . No te tha t: 

f pv2dA2 = f pv2dA I (upstream momentu m) 

and 

Fu rthe rmore, let Kd be defined as: 

Figure 9-37 Flow past an expansion 
&rea. 

K = _1_ f v2dA d V� 

(9- 108) 

(9- 109) 

(9- 1 10) 

i+-i I+-
I+-P3 !+-i I+-
l+
i I+-
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where: 

v = � J vdA m A (9- 1 1 1 ) 

Assu ming p is constant, Eqs . 9- 108 to 9- 1 10 can be used to recast Eq . 9- 107 in t he 
for m: 

Now, let: 

Fro m the mass continuity equation: 

Vrn3 = f3 Vrnl 
Equation 9- 1 1 2 can then be written in the for m: 

(9- 1 1 2) 

(9- 1 13) 

(9- 1 1 4) 

(9- 1 15) 

Ideally , for conservation of the mechanical energy in the strea m and unifor m fluid 
velocity , the acceleration part of the pressure drop can be obtained fro m: 

or 

V�l + P2 
2 p 

(P2 - P3) 
P ideal 

acceleration 

The pressure loss is given by: 

V�3 + P3 
2 p 

(Lip)loss = (P2 - P3) - (P2 - P3)ideal acceleration 

Fro m the definition of the loss coe fficient at an expansion : 

K = 
(Lip )loss e pV�I/2 

Thus: 

(9 -1 16) 

(9- 11 7) 

(9 -11 8) 

(9-119) 

(9-120) 

(9-121) 

Equation 9- 1 2 1  was derived by Kays. He further si mplified the expression for Ke bY 
assu ming a unifor m velocity in the larger area (Kd = 1 ) . This assu mption is appro

priate for a large plenu m connected to s mall ch�nnels but is not justified for the 
interactions of two channels with si milar geo metry . 
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Example 9·8 Application of form loss derivation 

PROBLEM For turbulent flow, a se mie mpiric velocity distribution in circular tubes 
'is given by: 

v = V m { v7 [ 2 1 5 log W + 1 .43 ] + I} 
whe re y = distance from the wall of a tube of radius R: 

y = R - r 

(9-1 22) 

Use this velocity distribution to determine Kd and Ke for abrupt expansion of a 
circula r  tube for cases of la minar flow, Re = 104 and Re = 00. 

SOLUTION Substituting fro m Eq . 9- 1 22 in Eq. 9- 1 10 yields: 

Kd = 1 .09068(f) + 0 .05884vJ + 

Equa tion 9- 1 23 together with the equations: 

f = 0 . 1 84 Re -0.2 

Re3 = Re 1vfi 

(9- 1 23) 

(9-79) 
(9- 124) 

can be used to substitute for the respective para meters in Eq . 9- 1 2 1  to obtain the value 
of Ke in turbulent flow . For la minar flow, a parabolic velocity distribution can be 
assumed, and hence: 

Kd = 1 . 333 , independent of Re 

So, fo r la minar flow fro m Eq. 9- 1 2 1 :  

1 - 2.666 f3 + 1 . 666 f32 

':!c • 
0.8 

.: 
c: CD 0.6 

I 0.4 
c: 
.� U) c: 0.2 QS ! 

0.0 

-0.2 
0.0 0 .2 0.4 0.6 0.8 

Area Ratio, f3 

(9- 1 25) 

(9- 1 26) 

1.0 

Ilaure 9-38 Variation of pressure loss coefficient due to sudden expansion (Ke) with the area ratio ({3). 
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Laminar and turbulent cases have been plotted in Figure 9-38 . It is clear that these 
relations accurately predict no pressure loss if no area change is involved between 
channels of similar geometry . Note that because the pressure recovery due to acce l
eration has been accounted for, the negative values of Ke for {3 = 0 .6 to 1 .0 for the 
laminar case implies that there is additional pressure gain due to the velocity profi le 
alone . This was also the case for Kays '  original results , shown in Figure 9-36. Also 
note that the kinetic head (v2/2) is almost completely lost when the flow is discharged 
from a tube into a large area ({3 = 0) . 
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PROBLEMS 

Problem 9-1 Emptying of a liquid task (section II) 
Consider an emergency water tank. shown in Figure 9-.39. that is  supposed LO del iver water to a 

reactor following a loss of coolant event. The tank is prepressurized by the presence of n i trogen at 1.0 
MPa. The water is discharged through an 0. 2  m 0.0.) pipe. What is the maximum flow rate delivered to 
the reactor if the water is considered i nviscid and the reactor pressure is: 

1. 0.8 MPa 
2. 0.2 MPa 

A I/.\H ws: I. I;' = 827.6 kg/s 
2. Iii = IJ67.2 kg/s 

Problem 9-2 Laminar How velocity distribution and pressure drop in parallel plate geometry (section 
IV) 

For flow between paral le l  flat plates: 

o 5m 

1.0 MPa Nitrogen 

Water H 15 m 

0.2 m 

Reactor 

Figure 9-39 Emergency water tank. 



408 NUCLEAR SYSTEMS I 

I. Show that the momentum equation for fully developed . steady-state. constant density and v iscosit:> 
flow takes the form: 

dp {JCv, 
- = 11 -dx d."� 

2. For plate separation of 2."11 show that the velocity profile is g iven by: 

3. Show that: 
dp = 96 . _ . p V �l 
dx 2 

Problem 9-3 Velocity distributions in single-phase flow (section V) 
Consider a smooth circular flow channel of diameter 13.5 mm (for a hydraulic simulat ion of nOlI 

through a PWR assembly). 

Operatillg cOlldiriollS: Assume two flow condi tions. w ith fully developed flow patterns but wi th  no he�l[ 
addi t ion: 

a. High flow (mass flow rate = 0. 5  kg/s) 
b. Low flow (mass flow rate = I g/s). 

Properties (approximately those of pressurized water at 300°C and 15.5 MPa) 
Density = 720 kg/m1 
Vi scosity = 91 flPa . s 

I. For each flow condi t ion draw a quant i tative sketch to show the velocity d is tribution based on Marti 
nell i's formalism (Eqs. 9-72a to 9-72c). 

2. Find the posit ions of i nterfaces between the laminar sublayer. the buffer zone. and the turbulent corl'. 

Answers: 2a. Laminar layer: 0.::: ." s 3. 2 flm 
Buffer zone: 3.2 11m S -" < 19. 2 11m 
Turbulent core: 19.2 11m'::: -" .::: 6.75 mm 

2b. Laminar flow 

Problem 9-4 Sizing of an orificing device 

In a hypothetical reactor an orificing scheme is sought such that the core is d iv ided i nto two 1()1lL'�· 
Each zone produces one-half of the total reactor power. However. zone I con tains 100 assemblies. \\herca' 
zone 2 contains 80 assembl ies. 

It is  desired to obtain  equal average temperature rises in the two zones.  Therefore the flow ill I Ill' 
assemblies of lower power production is to be constricted by the use of orilking blocks. as shown ill Figure 
9-40. 

Determine the appropriate d iameter (D) of the flow channels in the orificing block. Assume ncgligihk 
pressure losses in all  parts of the fuel assemblies other than the fuel rod bundle and the orifice block. The 
flow in a l l  the assemb l ies may be assumed fully turbulent. All coolant channels have smooth surfaces. 

DlIW 
Pressure drop across assembly 
Total core flow rate 
Coolant v i scosity 
Coolant density 

I:!.PA = 7.45 x IO� N/m" 

lilT = 17.5 x lOll kg/hr 
fl = 2 X 10-.1 N s/m" 
p = 0.8 g/cm1 



Assembly 2 
(within Zone 2) 

Figure 9-40 Orificing technique. 

Contraction pressure loss coefficient 

Expansion pressure loss coefficient 

Answer: D = 2.15 cm 

Assembly 1 
(within Zone 1) 

0.5 

1.0 
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Fuel 
Bundle 

Oriticing 
Block • 

Cross Section 
ot the Oriticing Block 

Problem 9·5 Pressure drop features of a PWR core (section VI) 
Consider a PWR core containing 38,000 fuel rods cooled with a total flow rate of 15 Mg/s. Each 

rod has a total length of 3 . 7  m and a smooth outside diameter of 11. 2 mm. The rods are arranged in a 
square array with pitch = 14.7 mm. The lower-end and upper-end fittings are represented as a honeycomb 
grid spacer, with the thickness of individual grid elements being 1.5 mm. There are also five intermediate 
honeycomb grid spacers with thickness of I mm. Consider the upper and lower plenum regions to be 
entirely open. 

1. What is the plenum-to-plenum pressure drop? 
2. What are the components of this pressure drop (entrance, exit, end fixtures, wall friction, elevation, 

grids)? 

Properties 
Water density = 720 kg/m3 
Water viscosity = 91 J-LPa s 

Answers: .:1Pgravity = 26. 11 kPa 

.:1Pfriction = 31.17 kPa 

.:1Pentrance + .:1Pexit = 11.73 kPa 

.:1Pspacer = 13. 68 kPa 

.:1Pfittings = 11.90 kPa 

.:1PT = 94.59 kPa 

Problem 9·6 Comparison of laminar and turbulent friction factors of water and sodium heat ex· 
changers (section VI) 

Consider square arrays of vertical tubes utilized in two applications: a recirculation PWR steam 
generator and an intermediate heat exchanger for LMFBR service. In each case primary system liquid flows 
through the tubes, and secondary system liquid flows outside the tubes within the shell side. 

The operating and geometric conditions of both units are given in the table. Assume the wall heat 
flux is axially constant. 
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PWR LMFBR 
Parameter steam generator intermediate heat exchanger 

System characteristics 
Primary fluid 
Secondary fluid 
P/D 
D (cm) 

Nominal shell-side properties 
Pressure (MPa) 
Temperature (0C) 
Density (kg/m3) 
Thermal conductivity (W /m 0C) 
Viscosity (kg/m s) 
Heat capacity (J /kg OK) 

Water 
Water 

1. 5 
1. 0 

5 . 5  
270 

767.9 
0. 581 

1. 0 X 10-4 
4990.0 

Sodium 
Sodium 

1. 5 
1.0 

0.202 
480 

837.1 
88.93 

2. 92 X 10-4 
1195 . 8  

For the shell side o f  the tube array i n  each application answer the following questions: 

1. Find the friction factor (f) for fully developed laminar flow at ReDe = 103. 
2. Find the friction factor (f) for fully developed turbulent flow at ReDe = 105. 
3. Can either of the above friction factors be found from a circular tube using the equivalent diameter 

concept? Demonstrate and explain. 
4. What length is  needed to achieve fully developed laminar flow? 
5. What length is  needed to achieve fully developed turbulent flow? 



CHAPTER 

TEN 
SINGLE-PHASE HEAT TRANSFER 

I FUNDAMENTALS OF HEAT TRANSFER ANALYSIS 

A Objectives of the Analysis 

The objectives of heat transfer analysis for single-phase flows are generally : (1) de
tennination of the te mperature field in a coolant channel so as to ensure that the 
o perating te mperatures are within the specified li mits ; and (2) deter mination of the 
para meters governing the heat-transport rate at the channel walls . These para meters 
can then be used to choose materials and flow conditions that maxi mize heat transport 
in t he process equip ment . 

Attain ment of the first objective leads directly to the second one , as knowledge 
of the te mperature field in the coolant leads to deter mination of the heat flux , q" (W / m2) ,  at the solid wall via Fourier' s law for heat transfer. At any surface this 
law states that: 

�" 
q = 

aT � k - n  
an 

(10-1) 

where k = thennal conductivity of the coolant (W / m  OK) ,  and h = unit vector 
perpendicular to the surface ,  so that aT/an = te mperature gradient in the direction 
of heat transfer (OK/ m) . However, in engineering analyses , where only the second 
objective is desired , the heat flux is related to the bulk or mean te mperature of the 
flow (Tb) , via Newton 's law for heat transfer: 

q" == h(Tw - Tb) it (10-2) 

W here Tw = wall te mperature (OK) , and h = the heat transfer coefficient (W / m2 OK) .  
Equation 10-2 is applied in the engineering analysis when i t  i s  possible to deter mine 
h for the flow conditions based on prior engineering experience . Often the heat transfer 
coefficient is a se mie mpirical function o f  the coolant properties and velocity as well 
as the flow channel geo metry . 
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B Approximations to the Energy Equation 

The general energy equation for single-phase flow is used in its temperature form: 

DT Dp 
- = - V . q" + q'" + f3T - + cp PCp Dt Dt (4- 1 22a) 

When the velocity v(t, t) , pressure p(t, t) , and heat-generation rate , q''' , are known a 
priori , Eq. 4- 1 22a is used to specify the temperature field T(t, t) . The equations of 
state-p(p, T) ,  cp(p, T) ,  and f3(T)-as well as the constitutive relations for q"(p,v ,T) 
and c/J(p,v ,T) are needed for the solution . Also needed are initial values of T(t,o) and 
p(t, o) as well as the appropriate number of boundary conditions . 

In general , as discussed in Chapter 9 , section I ,  the equation is first simplified to 
a form that is an acceptable approximation of the situation at hand. The common 
approximations are twofold: 

1 .  The pressure term is negligible (in effect considering the phase incompressible ) .  
2 .  The material properties are temperature- and pressure-independent. 

The above two approximations are acceptable in forced convection flow analysis 
but should not be applied indiscriminately in natural-flow and mixed-flow analyses . 
When natural flow is important , the Boussinesq approximation is applied where the 
material properties are assumed to be temperature-independent with the exception of 
the density in the gravity or buoyancy term in the momentum equation , which i s  
assumed to vary l inearly with temperature . 

It is possible to ignore radiation heat transfer within the single-phase l iquids and 
high-density gases so that the heat flux is due to molecular conduction alone . Using 
Eq. 4- 1 14 , we get: 

V . q" = - V . kVT 

Thus for incompressible fluids and purely conductive heat flux , the energy equation 
is written as: 

DT 
pc - = V . kVT + q'" + cP p Dt ( lO-3a) 

For rectangular geometry and a fluid with constant IL and k properties , Eq . 
10-3a takes a form given in Table 4- 1 2  when dh is taken as cpdT. (aT aT  aT  aT) 
pc - + v - + v - + v -p at x ax Y ay Z az (a2T a2T a2T) k - + - + - + q'" 

ax2 ay2 az2 ( 1O-3b) 
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If the dissipation energy (C:P) is also negligible , which is generally true unless the 
velocity gradients are very large , the terms between brackets [ ] are neglected . 

C Dimensional Analysis 

Consider the case of spatially and temporally constant pressure (Dp / Dt = 0) and no 
heat generation (q'" = 0) . Also , let the heat flux be due to conduction alone , and let 
the material properties be temperature-independent. Then Eq . 10-3a takes the form: 

DT 
pc - = kV2T + JL<P 

P Dt 
( 1 0-4) 

where the viscosity has been factored out of the dissipation function c:P (i . e . ,  c:P = 

IL<P); c:P is given in Table 4- 1 2  as an explicit function of the velocity components . 
Using the non dimensional parameters: 

v* = U/V 
x* = x/De 
t* = tV/De 
1'* = (T - To)/(T) - To) 
where V, De ' and T) - To = convenient characteristic velocity , length, and temper
ature differences in the system. Then Eq . 10-4 can be cast in the form: 

PCp [ (T1 - To) ; �:: + (T1 - T,) ; ii' . V'T* ] = ( 10-5 ) 

k(TI 
D
� To) V,2T* + JL (;,) 2 "'. 

or, by rearranging Eq. 10-5 : 
aT* � 1 Br - + v* . V*T* = -- V* 2T* + -- <p* 
at* Re Pr Re Pr 

where V* and V*2 involve differentiation with respect to x* :  
pVDe Re == -- , the Reynolds number 

JL 
JLC Pr == T' the Prandtl number 

JLV2 Br == , the Brinkmann number 
k(T) - To) 

( 1 0-6) 

(9-55) 

( 10-7) 

( 10-8) 

The Prandtl number signifies the ratio of molecular diffusivity of momentum to that 
of heat in a fluid . The Brinkmann number is the ratio of heat production by viscous 
dissipation to heat transfer by conduction . In some analyses the Eckert number (Ec) 
is used instead of the ratio (Br/Pr) . Because : 

Ec = 
Br V2/cp 
Pr T) - To 
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it signifies the ratio of the dynamic temperature due to motion to the static temperature 
difference . The physical significance of several nondimensional groups of importance 
in single-phase heat transfer is given in Appendix G . 

D Thermal Conductivity 

Thermal conductivity is the property relating the heat flux (rate of heat transfer per 
unit area) in a material to the temperature spatial gradient in the absence of radiation 
effects . 

l..L. 
o 

:>: 

:� u :J "0 C a u 

d 
E 

The thermal conductivities of engineering materials vary widely (Fig. 1 0- 1 ) .  The 
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Figure 10-1 Thermal conductivity o f  engineering materials .  (From Ozisik [35] . )  
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highest conductivities belong to the metals and the lowest to the gases . Even for the 
same material , the conductivity is a function of temperature and , in the case of gases , 
also of pressure . Figure 10-2 illustrates the pressure and temperature dependence of 
monoatomic substances. It may also be used to approximate the behavior of polya
tomic substances . 

For gases , an approximate relation for predicting the conductivity is given by the 
Eucken formula [3] : 

" 

10 9 8 7 6 5 
4 

3 

=! 2 oil!! 
II 
� 
� '> � " 
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Figure 10·2 Thennal conductivity of monoatomic substances as a function of pressure and temperature 

Where Pr = E. (From Bird et al. [3] . )  
Pc 
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( 1 0-9) 

where R = the universal gas constant, and M = gas molecular weight. 
For liquids and solids , the conductivity is more difficult to predict theoretically; 

however, for metals ,  thermal conductivity (k) is related to electrical conductivity (ke) 
by : 

rr::'\ 10,000 II \ \ -// \ \ -I��-\�-����- ��� 

\ '  rL\ 
I \ \\--t---I\.--+---+--+-----+---__+__+_--I 
I \ \'� \ 

Tem perature , of 

Figure 10-3 Thermal conductivity of  super cold metals . (From Ozisik [35] . )  
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( 10- 10) 

where L = Lorentz number, and T = absolute temperature (L is about 25 x 10 - 9 
volt2 ;OK 2 for pure metals at O°C and increases only at about 10% per 100°C) . At very 
low temperatures (below - 200°C) , the metals become superconductors of electricity 
and heat , as can be seen in Figure 10-3 . 

E Engineering Approach to Heat Transfer Analysis 

For engineering analyses ,  the difference between the wall temperature and the bulk 
flow temperature is obtained by defining the heat transfer coefficient (h) through the 
nondimensional Nusselt number: 

where: 

hDH Nu =' -k 

( 10- 1 1  ) 

( 10- 1 2) 

and DH = an appropriate length or lateral dimension . (For external flows the length 
dimension is usually used, whereas a lateral dimension is used for internal flows . )  

The general form of Nu i s  obtained by a boundary layer analysis similar to that 
for the momentum equation (see Chapter 9) .  Experiments are often needed , particu
larly for turbulent flow, to define the numerical constants of Eq . 10- 1 1 .  The form of 
the Nu relation depends on the flow regime (laminar versus turbulent, external versus 
internal) and the coolant (metallic versus nonmetallic) . At high values of Re , the heat 
transfer is aided by the presence of turbulent eddies, resulting in an increased heat
transfer rate over the case of purely laminar flow . For metallic liquids , the molecular 
thennal conductivity is so high that the relative effect of turbulence is not as significant 
as in the case of nonmetallic flows . 

Typical values of the heat-transfer parameters associated with various coolants 
and processes are given in Tables 10- 1  and 1 0-2 , respectively . 

Table 10-1 Representative heat transfer parameters 

k Nu in a tube 
T p (W/m OK) 

Material caC) (MPa) (Btu/hr ft°F) Pr Re = 10,000 Re = 100,000 

Water 275 7.0 0.59 0.87 34.8 219.5 
(0.35) 

Gases 

Helium 500 4.0 0.31 0 . 67 31. 9 195 
(0. 18) 

CO2 300 4.0 0.042 0. 76 3 3 . 2  209 
(0.024) 

Sodium 500 0. 3 52 0.004 5.44 7.77 
(3 1 )  
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Table 10-2 Typical values of the heat-transfer coefficient 
for various processes 

Process 

Natural convection 
Low pressure gas 
Liquids 
Boiling water 

Forced convection in pipes 
Low pressure gas 
Liquids 

Water 
Sodium 

Boil ing water 

Condensation of steam 

Heat-transfer coefficient (h) 

Btu/hr ft2 of 

1 -5 
10-100 

100-2000 

1- 100 

50-2000 
500-5000 

500- 10 ,000 

1 ,000-20,000 

W/m2 oK 

6-28 
60-600 
60-12,000 

6-600 

250- 12,000 
2,500-25 ,000 

2 ,500-50 ,000 

5 ,000- 100,000 

Example 10-1 Importance of terms in the energy equation under various 
flow conditions 

PROBLEM Consider the following two flow conditions in a pressurized water 
reactor steam generator on the primary side . 

Flow per tube 
Characteristic temperature difference 

Forced flow 

1 . 184 kg/s 
15°C 

Natural circulation 

0.0 1 1 84 kg/s 
25°C 

For a tube of inner diameter i in . and an average temperature of 305°C, evaluate the 
various dimensionless parameters in Eq. 1 0-6 and determine which terms are important 
under both flow conditions . 

SOLUTION The energy equation (Eq . 10-6) is : 

aT* 
+ v* . V*T* = _1_ V*2T* � cP* + at* RePr RePr 

where: 

Re pVDe 
'J.L 

Pr J-LCp 
k 

Br /-tV2 
k(TI - To) 
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Evaluating p, /-L, cP ' and k for saturated water at 305°C we find: 

p = 70 1 . 9 kg/m3 
J.L = 8 .9 X 10 - 5  kg/m s 
k = 0 .532 W /moC 
cp = 5969 J /kgOC 

For the forced flow condition : 

so that: 

Then: 

m l . 1 84 kg/s V = - = 2 = 4 . 348 m/s 
pA 7T' [ 0 .0254 m] 

(70 1 . 9 kg/m3) - (0 . 875 in . )  -.--4 Ill . 

Re = (70 1 . 9 kg/m3)(4 . 348 m/s)(0 .0222 m) 
= 7 . 6 1 3  8 . 90 x 1 0  - 5  kg/m s 

Pr = 
(8 . 90 x 1 0 - 5  kg/m s)(5969 J/kgOC) 

= 1 . 00 0 .532 W/moC 
(8 .90 X 1 0 - 5  kg/m s)(4 . 348 m/s)2 10 -4 Br = 

(0 . 532 W /mOC)( 1 50C) 
= 2 . 1 1  x 

1 
-- = - = ------- = 1 . 3 14 X 10 - 6  

(7 . 6 1 3  x 105)( 1 .00) RePr Pe 
Br Br 

-- = - = (2 . 1 1  x 10 - 4)( 1 . 3 14 x 10 - 6) = 2 . 773 x 10 - 9  
RePr Pe 

Thus in the forced-flow condition, these parameter values are sufficiently low that the 
conduction term and the dissipative term in the energy equation can often be ignored 
in the energy balance . 

In the natural circulation condition , the velocity is two orders of magnitude lower 
than in the forced flow case , so that: 

Then: 

Re = 7 . 6 1 3  x 103 
Pr = 1 .00 

Br = (2 . 1 1  x 1 0 -4)( 1 x 10 - 4) G�) 
1 

-- = 1 . 3 14 X 10 - 4 Pe Re Pr 

1 . 266 x 10 - 8  

Br Br 
- = -- = ( 1 . 266 x 10 -8)( 1 .  3 14 x 10 - 4) = l . 664 x 10 - 12 
Pe Re Pr 
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Again , neither term on the right-hand side is found to be large. However, the con
duction tenn parameter has increased in value , whereas the dissipation term has de
creased. The dissipation energy tenn can always be ignored, and the conduction term 
can often be ignored . It is not necessarily the case for all working fluids , however. 
In the case of sodium-cooled breeder reactors , for example , the high thennal conduc
tivity of sodium results in a Pr number of the order 0 .004 . In natural circulation 
conditions , l /Pe = 1 ,  and conduction may become important. 

II LAMINAR HEAT TRANSFER IN A PIPE 

The development of the temperature profile in a boundary layer parallels the devel
opment of the velocity profile, as discussed in Chapter 9. For external flows , the 
thermal boundary layer is taken as the distance over which the temperature changes 
from the wall temperature to the stream temperature . For internal flows, the thennal 
boundary developing on the wall merges (at the center for symmetric channels) and 
provides thereafter the thermally developed region of the flow in the pipe . The tem
perature profiles for external and internal flows are illustrated in Figures 1 0-4 and 
10-5 , respectively . 

A Fully Developed Flow in a Circular Thbe 

Let us consider the fully developed flow region in a cylinder of radius R, with azi
muthal symmetry . The applicable equations and boundary conditions in this case are 
shown in Table 1 0-3 . Two surface boundary conditions are of major importance
constant heat flux and constant wall temperature -because the solutions of these cases 
can be used to solve the cases of arbitrary wall temperature and heat flux distributions 
by superposition [48 ] .  

-1-
- -- -- -

- -
-

q" 

Figure 10·4 Thennal boundary layer for external flows. 
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I ..  � I  
Developing Region 

q" 

q" 

Developed Region 

Figure 10-5 Thennal boundary layer for internal flow in pipe . 

r 

L 
z 

In the constant heat flux case the wall and fluid temperatures increase linearly 
with length at the same rate . Because of the symmetry of the circular tube , the wall 
temperature is circumferentially constant at every cross section , though increasing 
axially, and the thennal properties of the wall material do not enter into any circum
ferential considerations . For a geometry that lacks circular symmetry , the analogous 
constant heat flux condition is more complex . Although the axial profile of the heat 
flux at any circumferential position can still be specified as constant, the conditions 
of circumferentially constant heat flux and temperature may be incompatible, as in 
the case of rod bundles . 

The velocity characteristics of the fully developed flow conditions (shown in Table 
10-3) are: 

dUz U = 0 and - = 0 r az 
Let T m be the fluid mean temperature defined by: 

LR 
pUz T 27TTdr 

T m(Z) = -R-;:;------L pUz 27TTdr 
( 10- 1 3) 

The temperature lateral profile in a flow with fully developed heat transfer is inde
pendent of the axial distance , which implies the general condition: 

( l0- 1 4a) 
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or 

( 1 0- 14b) 

Hence: 

aTw _ aT 
= f 

(�) (aTw _ aTm) 
az az R az az 

( l 0- 1 4c )  

If the heat flux is constant, aq;/ a z  = 0 and the radial profile is constant, s o that: 

aTw 
= 

aTm 
= 

aT
; q�(z) = constant 

az az az 

whereas if the wall temperature is axially constant, 

�� = f (�) a�m; Tw(z) = constant 

In this case , aq;/ az � O. 

( 1 0- 1 5 )  

( 1 0- 1 6 ) 

The steady-state temperature profile in the pipe is now derived for the constant 
heat flux case . As shown in Chapter 9, the velocity profile in this case is given by : 

where: 

LR pUz 21TTdr 

LR p 21TTdr 

(9-45 ) 

Neglecting the internal energy generation and the dissipation energy , at steady 
state the cylindrical (r, Z) energy equation for fully developed conditions is given by: 

pc U 
aT 

= 
� k 

aT + � � (kr 
aT) ( 1 0- 1 7 ) 

P z az az az r ar ar 

In most applications , even a small velocity is sufficient to make the axial con
duction heat transfer negligible , as: 

a aT aT  - k - « pc u  -
az az P Z az 

( 10- 1 8 ) 

Substituting for Uz from Eq. 9-45 and applying the condition 10- 1 8 ,  Eq . 10- 1 7  
can be written as : 

2pc Vm [ 1  _ (�) 2] aT = � � (kr aT) 
P R az r ar ar 

( 1 0- 1 9) 

However, because aT/az is not a function of r, Eq . 10- 1 9  can be integrated to yield: 
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2pc V 
aT (r 2  _ �) p rn 
az 2 4R2 

aT 
= kr - + C1 

ar 

Applying the symmetry condition that at: 

we get C1 = O .  

aT  
r = O  - = 0  

ar 

Integrating Eq . 10-20 over r again , we get: 

2pcp Vm :� (� -
1
�:

2
) = kT + C, 

Because at r = R, T = Tw 

and Eq . 10-22 can be rearranged to give : 

2pc aT (r 2 r4 3R2) T = Tw + T Vrn az 4" -
1 6R2 

-
1 6  

The wall heat transfer q �  i s  given by: 

or 

Thus: 

q� = _ k 
aT I = _ 2pc V 

aT (!i _ !i) 
ar R P m aZ 2 4 

aT 2q� 
az P Cp VrnR 

( 10-20) 

( 10-2 1 ) 

( 10-22) 

( 10-23) 

( 10-24) 

( 10-25) 

( 1 0-26) 

( 1 0-27) 

( 10-28) 

Realizing that for the axially constant heat flux case aT/az aTrn/az, Eq . 10-28 
could have been obtained from the energy balance for the cross section: 

pVm1TR' cp ("�m) = ( - q:;')21TR ( 1 0-29) 

Note that the outward heat flux is given by - k (aT / ar) ; hence for a heated 
channel , - q� is a positive number. 

The mean temperature (Tm) can be evaluated using Eq. 1 0- 1 3  and Eq . 9-45 as: 

f (T - Tw) 2Vm [ 1 - (�) 'J 21Trdr 

Tm - Tw = ---------------------------Vrn7TR2 
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= 
8pcp �n (3 T /3z) fR [ r2 

_ � _ 
3 R 2 ] [1 _ (� ) 2] rdr 

R2k 0 4 1 6R2 1 6  R 

= _
� pCp Vm ( 3 T ) 

R2 
48 k 3z 

By combin ing Eqs .  10-29 and 1 0-30, we  get: 

1 1  R 
T. - T. - - -q " m w - 24 k W 

From the definitions of h and Nu, we get: 

24 k 

I I  R 

h D  h (2R) 48 
Nu = - = -- = - = 4.364 

k k I I  

( 1 0-30 ) 

( 1 0-31  ) 

( 10-32 ) 

( 1 0-33 ) 

The Nusselt number (Nu) derived above i s  appl icable to the constant heat flux case 
in a circular tube. The value of Nu depends on the boundary conditions as well as 
the geometry (Table 10-4) .  It can be observed that for the case of a constant wa l l  
temperature heated tube, tme Nusselt number is  a constant o f  a different value, i . e  . .  
3.66. In general , laminar flow conditions lead t o  Nusselt numbers that are constants .  
independent of flow velocity (or Re)  and Pr. 

B Developed Flow in Other Geometries 
In a manner s imilar to the tube flow w ith constant heat flux,  the l aminar flow heat 
transfer coefficient and the Nusselt numbers can be computed for other geometries .  
In  al l cases the l aminar NUl;selt  number is a constant i ndependent of the flow velocity 

or Prandtl number. This case is also true for a constant axial wall temperature. 
For geometries other than the round tube, a Nusselt number is defined using the 

concept of equivalent hydrauli c  diameter where : 

4 x flow area 
De = ------

wetted perimeter 

4A r 
Pw 

Table 1 0-4 provides the Nu values for various geometries. 

(10-34 ) 

For flow paral lel to a bundle of circular tubes Sparrow et al .  [47]  solved the 
laminar problem for axial ly constant q:, and circumferential ly  constant Tw (boundary 

condition A ) .  Dwyer and Berry [15] solved the laminar case for axial ly  and c ircuOl

ferential 1y constant q� (boundary condition B ) .  Their results are given in Fi gure 

10-6. For sufficiently large P / D values, Figure 1 0-6 demonstrates that the equiva

lent annulus approximation i s  good relative to the exact solution. The exact sol ution 
for the azimuthal variation of the temperature when P / D i s  less than 1 .5 as described 
in  Chapter 7, Vol .  I I .  



SINGLE- PHASE HEAT TRANSFER 427 

Table 10-6 Nusselt number for laminar fully developed velocity and 

temperature profiles in tubes of various cross sections 

Nu'  Nu 
q T, = 

constant constant 
Cross-sectional shape h/a 

4.364 3.66 

1.0 3.61 2.98 

1.43 3.73 3.08 

2.0 4.12 3.39 

3.0 4.79 3.96 

5.33 4.44 /I ,-I ----:_--' b 4.0 

8.0 6.49 5.60 

x 8.235 7.54 

1777777777777 ( 1n�u lated )  x 5.385 4.86 

3.00 2.35 

Source: From Kays [22] .  
'The constant-heat-rate solu t ion s  are based on constant axia/ heat  rate but with constant femperallire 

around the tube periphery. Nusselt nu mbers are averages with respect to tube periphery. 

C Developing Laminar Flow Region 

In a pipe entry region, the heat transfer is more involved, as both the velocity and 
temperature profi les may vary axially. When the Prandtl number is higher than 5 [22 ] ,  

the velocity profile develops faster than the temperature profi le. Hence, as in the early 
work of Graetz, reported in 1 886 [ 1 7] ,  the parabolic velocity profile may be assumed 
to exist at the tube entrance with a uniform fluid temperature. When the Prandtl number 
is low, a tube with limited length may ful ly develop a thermal boundary layer while 
the velocity is sti ll developing; hence a slug (flat) velocity profile may be assumed. 

Several solutions exist for simultaneous momentum and thermal laminar boundary 
layer development. Sparrow et al . [46] found the heat-transfer coefficient for various 
Pr numbers and constant heat flux . Kays [23] solved the developing laminar flow 
problem, for Pr = 0.7,  in a tube with uniform heat flux and uniform wall temperature 
(Fig. 1 0-7) . It is seen that in this region the Nu value is higher than the asymptotic 
Value. 

In general , the developing region (or thermal entry region ) may be assumed to 
eXtend to a length �T , such that : 

�T 
- = 0.05 Re Pr 
De 

( 1 0-35)  
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Figure 10-6 Nusselt numbers for fully developed laminar flow parallel to an array of circular tubes . 
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Figure 10·' Local Nusselt number determined by Kays [23]  for simultaneous velocity and temperature 

development for laminar flow in a circular tube (Pr = 0.7 ) .  
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Bhatti and Savery [ 1 ]  found that the thennal laminar developing length may be pre
dicted by: 

�T = 0 . 1 Re Pr 
De 

= 0 .004 Re 
= 0 . 1 5  RePr 

for 0 .7 < Pr < 1 

for Pr = 0 .0 1  
for Pr > 5 

( 10-36) 

ill TURBULENT HEAT TRANSFER: 
MIXING LENGTH APPROACH 

A Equations for Thrbulent Flow in Circular Coordinates 

It was shown in Chapter 4 that the instantaneous values of velocity and temperature 
can be expanded into a time-averaged component and a fluctuating component. The 
steady-state incompressible fluid transport equations for mass, momentum, and energy 
can be given by inspection of Eqs . 4- 1 35 , 4- 1 36 , and 4- 1 37 ,  respectively: 

or 

� V . [pu] = 0 (9-59) 
V . [pi) i)] -Vp + V . [ T  - �] + pg (9-60) 
V . [pUO�] = - V . q" + [q'" - pV . ;) + 4>] - V . puo,v, ( 10-37a) 

- V . q" + q'" + 4> - V . pc p T'V' ( 1O-37b) 

For a fluid with constant properties , the axial momentum equation can be ex
panded for the cylindrical coordinates as : (_ auz u(J auz _ auz) p u - + -- + u - = r ar r a o  z az 

ap 1 a 
- + - - r( Trz)eff az r ar 

+ ! � 
( T )  

+ a( Tzz)eff + � 

r a o  (Jz eff az 
pg 

( 1 0-38) 

For fully developed flow, the r and 0 direction momentum balances reduce to the 
condition of constant pressure in these directions . Also ur = u(J = O .  

The momentum fluxes (T rz)eff' (T (Jz )eff' and (Tzz)eff incorporate contributions due 
to viscous effects and turbulent velocity fluctuations . In general , the effective stresses 
can be given by: 

(Trz)eff = + 

(T(Jz)eff = + 

(Tzz)eff = + 

ev, av,) -, -, 
J.L - + - - pu u  

ar az r z (av. 1 av,) -, -, J.L - + - - - pu u 
az r a o  z (J ( av,) 

J.L 2 a;  - pu�u� 

( 10-39) 

( 10-40) 

( 1 0-4 1 ) 
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where vz, Vr' Vo = time-averaged flow velocities , and v�, v ; ,  v� = fluctuating com
ponents of Vv vp and vo' The turbulent stress terms pv;v� and pv�v� = one-point 
correlations of mutually perpendicular velocity fluctuations and therefore have nega
tive values . These correlation terms are called Reynolds stresses. The fluctuating 
components are typically small in magnitude relative to the time-averaged flow 
velocities . 

For axial flow in axisymmetric geometries under fully developed conditions , the 
time-averaged transverse velocities vr and Vo are zero . However, in nonaxisymmetric 
geometries these components exist even under fully developed conditions . They are 
caused by nonunifonnities in wall turbulence and are called secondary flows of the 
second kind. They are in contrast to secondary flows of the first kind, which are 
produced by turning or skewing the primary flow, e .g . , flow in curved ducts . The 
secondary flow effects are small and much less studied than turbulent effects and are 
usually inferred from the pattern of shear stress distribution [49] . 

Neglecting the dissipation energy and internal heat generation , the energy equation 
(Eq. 1 0-37b) can also be expressed as: ( aT _ 1 aT _ aT) [ 1 ar(q';)eff PCp vr - + Vo - - + v - = - - + 

ar r a fJ z az r ar 

The heat fluxes q'; , q�, and q� can be given by: 

aT 
Pc ex - + PCp T'v �  p ar 

� a(q'�)eff + a(q�)eff] 
r a fJ  az 

( 1 0-42 ) 

( l0-43a) 

1 aT 
Pc ex - - + pCp T' v � p 

r a fJ  ( l 0-43b) 

( 1 0-43c) 

where T = time-averaged tempera�ure , and T' = its fluctuating component. 
The foregoing equations can be developed further only when expressions are 

available relating the turbulent flux tenns to the mean flow properties . Here , however, 
we treat the simpler case of fully developed flow in circular geometry where secondary 
flows do not exist and the velocity fIluctuations can be related to the velocity gradients 
by the turbulent or eddy diffusivity for momentum (EM) and for heat (EH) such that: 

v�v; 

V�V,� 

T' v; 

T'v� = 

avz - E  -M,r ar 
1 avz - E - -

M , O r a fJ  
aT - E -H,r ar 
1 aT - EH, o � a o  

( 1 0-44) 

( 1 0-45 ) 

( 1 0-46) 

( 1 0-47) 
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With the restrictions of fully developed flow: 

Vo = Vr = 0 
avz 

= 0 
az 
Tzz = 0 

For fully developed heat transfer, in general (see Eq . 1 0- 1 4a): 

� (T w - r(r») = 0 
az Tw - Tm 

( 10-48) 

( 10-49) 

( l0-50) 

( 10-5 1 )  

To evaluate ar  / az we need to specify the axial boundary conditions at the wall . 
Applying Eqs . 1 0-48 through 10-50 and neglecting gravity , Eqs . 10-38 and 

10-42 become, respectively: 

! (a( Trzr) + 
aT &z) __ ap 

r ar ae  az 

1 [ a aq"] aq" ar 
- - (q"r) + _0 + _z = - pc v -
r ar r a e  az P z az 

where the subscript eff has been dropped for brevity . 

( 10-52) 

( l 0-53) 

For an axially constant wall heat flux , the fully developed flow features require 
that (see Table 1 0-3) : 

aTw aTm 
az az 

( l0-54) 

With this condition , Eq . 1 0-5 1 reduces to a form similar to Eq . 10- 1 5  for laminar 
flow: 

aT = aTw 
= 

arm 
az az az 

( 10-55) 

independent of r; q�(z) = constant. The magnitude of ar/az can be determined from 
an energy balance as : 

For Eq . 1 0-56 to be true , note that the axial heat conduction is neglected . 
a2r aq" - k - = _z = O  
az2 az 

( l0-56) 

( 1 0-57) 

This condition is acceptable for practically all flows with reasonable velocities , so 
that PCpvz > k (ar/az) . 

On the other hand , for a constant axial wall temperature boundary condition , 
T w(z) = constant: 
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aTw 
= 0 

az 

and Eq . 1 0-5 1 reduces to a form similar to Eq . 1 0- 1 6  for laminar flow: 
aT 

= f (�) aTm 
az R az 

( 10-58) 

( 1 0-59) 

Applying the conditions of Eqs . 1 0-44 through 1 0-47 to Eqs .  10-39 and 1 0-40 , 
we get the shear stress in terms of the kinematic viscosity ( v) and eddy diffusivity of 
momentum (EM ,r) and (EM,e) : 

(Trz)eff = + p( v + 

(Tez)eff = + p( v + 

auz 
EM r) -, ar 

auz 
EM,e) ra e 

( 1 0-60) 

( 10-6 1 ) 

Similarly ,  we get the heat flux in terms of the molecular thermal diffusivity (a) and 
the eddy diffusivity of heat, (EH,r) and (EH ,e) : 

(q';)eff = - pcp[a + 

(q'�)eff = - pcp[a + 

aT 
EH r] -, ar 

aT 
E ] -H,e ra e 

( 10-62) 

( 1 0-63 ) 

Of course , with circular geometry with azimuthal symmetry , the angular depend
ence is eliminated . Thus in round tubes the applicable equations for axial momentum 
(Eq. 1 0-52) and energy (Eq. 1 0-53) are: 

1 a [ auz] - - pre v + EM r) -r ar ' ar 
1 a [ aT] 
- - rea + EH r) -r ar ' ar 

ap 
az 

_ aT v -z 
az 

B Relation between EM' En , and Mixing Lengths 

( 1 0-64) 

( 10-65 ) 

The momentum and energy equations for fully developed flow (Eqs . 10-64 and 10-
65) have the same form . The eddy diffusivity of momentum has the same dimensions 
as the eddy diffusivity of heat (both units are square meters per second or square feet 
per hour) . There are no eddies of momentum and energy as such, but these diffusivities 
are related to the turbulent fluid eddy properties . Thus there is reason to believe that 
these diffusivities are related. Indeed, in laminar flow both are zero, but in high ly 
turbulent flow they may be so much higher than molecular diffusivities so as to control 
the heat transfer. 

For ordinary fluids, with Pr = 1 ,  it was often assumed that EH = EM ' with a 
reasonable measure of success . However, it was noted by Jenkins [20] and Deissler 
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[ 1 1 ]  that in liquid metal flow an eddy may give up or gain heat during its travel owing 
to the high conductivity value . Hence EH < EM' but the exact value depends on the 
flow geometry and Reynold ' s number. 

The mixing length theory has been extensively used to define EH and EM ' The 
basic idea of the mixing length is similar to that of the mean free path of molecules 
in the kinetic theory of gases . Thus a fluid eddy is assumed to travel a certain length 
(eM) perpendicular to the flow stream before losing its momentum .  Thus: 

where y = R - r .  

v '  = e duz z M dy ( 1 0-66) 

Prandtl first suggested that , for the parallel plate situation , v� is of the same order 
as v�, although by continuity consideration they should be of opposite sign. Thus he 
obtained: 

-
,

-
, _ _ e2 l dUz l dUz vzvy - M dy dy 

Hence by inspection of Eq. 10-44 we get: 

_ e2 1 dUz i EM - M dy 

( 1 0-67) 

( 1 0-68) 

Prandtl proposed that the mixing length is proportional to the distance from the wall , 
so that: 

( 1 0-69) 

where K = a universal constant, which was empirically found to be equal to 0 .42 in 
the area adjacent to the wal l . 

Schlichting [40] reviewed the theories advanced for the mixing lengths since the 
original work of Prandtl . He suggested that for fully developed flow in ducts and 
pipes the mixing length is well characterized by the Nikuradse formula: 

; = 0 . 1 4  - 0.08 
(
1 - �) ' - 0 .06 

(
1 - �r ( 1 0-70) 

From Dwyer 's work [ 14] the following relation is recommended for liquid metals 
(Pr « 1 ) : 

:: == � = 1 - __ (
1_�_�2_)-:-1-:-'4 

Pr -v max 

( 1 0-7 1 )  

Where (EM/ v)max = maximum value in channel flow and for each geometry is a unique 
function of the Reynolds number. Various values of (EM/ v)max are given for rod 
bUndles in Figure 10-8 . At low Reynolds numbers , -;j, approaches zero because hot 
eddies lose heat in transit to the surrounding liquid metal . Equation 10-7 1 may produce 
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Figure 10-8 Values of (EM/ II)max for fu lly developed turbulent flow of liquid metals through circular tubes ,  

annuli , and rod bundles with equilateral triangular spacing. (From Dwyer [14 ] . )  

negative value� for '" at very low values of Pr. Negative values are not pennissible 
so in this case '" should be set at zero. The contribution of turbulence to heat transfer 
would then be negligible , a� a laminar heat transfer treatment would be adequate . 
At high Reynolds numbers , '" approaches unity , as the eddies move so fast that they 
lose an insignificant amount of heat in transit. 

The selection of EM and EH was excellently reviewed by Nijsing [34] . The mixing 
length theory was used extensively to define EM and EH and to solve for the temperature 
distribution . The advent of computers, however, has shifted the treatment of turbu
lence to a more involved set of equations , for which more than one turbulent parameter 
(EM or EH) can exist in each transport equation . A brief description is given in section 
IV . 

C Turbulent Temperature Profile 

Analytic predictions of the temperature J!lrofile in turbulent flow date back to the 
simplest treatment of Reynolds ( 1 874) . Many refined treatments followed, notably 
those of Prandtl [36,37] , von Kannan [50] , Martinelli [3 1 ] ,  and Diessler [ 1 0 , 1 1 ] . 
These treatments described , using various approximations, the velocity profile and the 
eddy diffusivities EM and EH for fully developed flow . 

Reynolds assumed the entire flow field to consist of a single zone that is highly 
turbulent so that molecular diffusivities can be neglected, i .e . , EM > > v and EH > > 
a. From Eqs . 1 0-60 and 10-62 we get in circular geometry where there is no azimuthal 
variation: 
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( TrJeff 

(q;)eff 

pEM•r duz 
PCpEH.r dT 

( 1 0-72) 

Reynolds also assumed that EM•r/ EH .r = 1 .0 and that (TrJ q;)eff is constant (i .e . , 
equal to Tw/q:) throughout the field . Therefore integration of Eq . 10-72 between the 
wall and the bulk or mean values gives: 

or 

By definition , the heat transfer coefficient is given by: 

h = 
q: 

and the wall shear stress is related to the friction factor by (see Eq . 9-5 1 ) : 
f V� 

Tw = 4 p 2 
Equations 10-74 and 10-75 , when substituted in Eq. 1 0-73 , lead to: 

St = _h_ = t 
PCp Vm 8 

( 10-73) 

( 10-74) 

( 10-75) 

( 10-76) 

This equation is known as the Reynolds analogy for momentum and heat transfer for 
fully developed turbulent flow and is valid only if Pr = 1 .0 . 

Prandtl assumed the flow consists of two zones: a laminar sublayer where mo
lecular effects dominate (EM < < v and EH < < a) and a turbulent layer where eddy 
diffusivities dominate (EM » v and EH » a) . Again assuming EM/EH 

= 1 and a 
constant ratio of q" / T in the turbulent layer, Prandtl obtained: 

St = t 1 
8 1 + 5 VJ78 (Pr - 1 ) 

Note that for Pr = 1 ,  the Prandtl analogy, reduces to the Reynolds analogy . 

( 1 0-77) 

Von Karman extended earlier treatments by assuming that three zones exist: a 
laminar sublayer, a buffer zone, and the turbulent core . He made assumptions similar 
to those of Prandtl but allowed molecular and eddy contributions in the buffer zone . 

Martinelli [3 1 ]  obtained solutions for the temperature profile in various geometries 
by using the assumption that the momentum and heat fluxes near the wall vary linearly 
with the distance from the wal l ( y) .  Thus: 

q" ( ) 
dT � 1 - l = (a + EH) dy PCp R 

( 1 0-78) 
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Figure 10-9 Martinel l i ' s  solution for the temperature distribution in a unifonnly heated round tube . (From 
Martinelli [31 ] . ) 
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00-79) 

If the velocity profile is empirically known , EM can be obtained from Eq . 10-79 . 
For a given relation of � = EH/ EM ' Eq. 1 0-78 can then be solved to obtain r(r) .  

Martinelli ' s  results [3 1 ]  for the temperature distribution i n  the three sublayers and 
for � = 1 are shown in Figure 10-9 for Re = 10 ,000 and 1 ,000 ,000 for various 
Prandtl numbers . It is interesting to note that for Pr � 1 .0 , most of the temperature 
drop occurs in the laminar sublayer. For Pr < < 1 (e . g . , in liquid metals) the tem
perature drop is more evenly distributed throughout the cross section . The higher 
Reynolds numbers appear to lead to more unifonn temperature in the turbulent core 
sublayer. Kays and Leung ( 1963) used various refinements for their approach and 
obtained numerical results for the Nusselt number dependence on Re in a uniformly 
heated round tube. Their results are shown in Figure 10-10. It is seen that for 
Pr � 0.5 the change of Nu with Re is logarithmically linear. For Pr s 0.3, the 
change of Nu with Re is more gradual, reflecting the influence of the high molecular 
thennal diffusivity. 

Sleicher and Tribus [45] presented results for low Prandtl heat transfer solution 
with a constant wall temperature . Their results were used by Kays [22] to plot the 
ratio of Nu for a constant heat flux, (Nu)H' to Nu for a constant wall temperature , 
(Nuh (Fig . 10- 1 1 ) .  It is seen that the Nusselt number for constant q: is higher than 
that for constant T w but that the difference is significant only for Pr < 0 .7 .  Thus for 
metallic fluids the wall boundary condition significantly affects the turbulent Nu num
ber, but for nonmetallic fluids the Nu number is practically independent of the bound
ary condition . 

1 05 .-------,---�--�--��: �: �: __ --------�--�--_,--���'" 

J: ::l Z 

� 
E ::l Z 
� 1 02 II) II) � 

1 0  ................................. , ................ .) ............ : 
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Pr = 0.001 

P( - o.oo� 
1 05 1 06 

Reynolds N u m be r ,  Re 

Figure 10-10 Nusselt number dependence on Reynolds number as predicted by Kays and Leung [24] for 
a unifonnly heated round tube. 



438 NUCLEAR SYSTEMS I 

1 . 3 

I-:::J Z 
:l: 1 .2 

:::J 
z 

1 . 1 

1 04 105 
Reynolds Nu mber, Re 

106 

Figure 10-11  Ratio of Nusselt number for constant heat rate (NuH) to Nusselt number for constant surface 

temperature (NUT) for ful ly developed conditions in a circular tube . (From Sleicher and Tribus [45] . )  

Example 10-2 Turbulent heat transfer in a steam generator tube 

PROBLEM Consider a typical tube in a steam generator. We are interested i n  
determining the linear heat transfer rate from the primary side (bulk temperature Tp) 
to the single-phase region of the secondary side (bulk temperature Ts) ' The typical 
conditions of this region are described below . The tubes are made of Inconel (k = 

35 W 1m °C) with I .D . = ! in . and O.D . = 1 in . ;  the flow rate is 1 . 1 84 kgls per 
tube . The average reactor coolant temperature is approximately 305°C , and the average 
secondary side temperature in the single-phase region is 280°C . Assume that the heat 
transfer coefficient on the outside of the tube is the same as that on the inside (not 
generally true-used here for simplicity) . 

SOLUTION Using the concept of thermal resistances in series (see section VII . C  
of Chapter 8) i t can be seen that for a cylindrical geometry the heat-transfer rate per 
unit length may be written as: 

27T(Tp - Ts) 
q ' = ----!:.....-----fn(rolr) 

rjhj + k + roho 

From Example 1 0- 1  we found that, under approximately the same conditions , Re = 

7 . 6 1 3  X 1 05 ,  Pr = 1 .  We can therefore find an approximate value for the Nusselt 
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number from Figure 10- 10 . (Note that it is not exactly correct, as there is not uniform 
heat rejection along the length of a tube in a steam generator. )  However, Figure 
10- 10 indicates that, for Re 7 . 6 1 3  x 1 05 and Pr = 1 ,  Nu = 1 200 . 

k 0 . 532 W /m °C :. h = Nu D = 1 200 (0. 875 in . )(0 .0254 m/in . )  
= 2 . 87 x 1 04 W /m2 °C 

Then the linear heat transfer rate is : 

27T(25°C) 
q ' = --

--
--

--
--

--
--

--
--

��

--
--

--------

----
1 en( I /0 . 875) 

q' 

--------------------�---

+ 

--�----

(0 .0 1 1 1  m)(2 . 87 x 1 04 W /m2 DC) 35 W /m °C 
1 

+ --------------------------
(0 . 0 1 27 m)(2 . 87 x 104 W /m2 DC) 

1 57 . 1 
3 . 14 X 10- 3 + 3 . 82 X 10 - 3 + 2 .74 X 10 - 3  1 . 62 X 104 W/m 

IV TURBULENT HEAT TRANSFER: DIFFERENTIAL APPROACH 

A Basic Models 

The discussion in section III focuses on the representation of the fluctuation tenns by 
algebraic relations involving the gradient of the mean velocity and temperature . It is 
the oldest and probably most popular approach to solving the time-averaged transport 
equations . The Prandtl mixing length hypothesis is the best known method for the 
algebraic connection between the turbulent tenns and the mean flow properties . How
ever, this approach implies that the generation and dissipation of turbulence are in 
balance at each point. Therefore it does not allow for flow at a point to be influenced 
by turbulence generated at other points . In channel flow, turbulence is produced mainly 
near the walls and is transported to the bulk flow by diffusion . Turbulence generated 
by an obstruction is transported downstream, where the local velocity gradients are 
much smaller. The mixing length (and turbulent diffusivities) approach neglects the 
transport and diffusion of turbulence. 

The differential approach to modeling turbulence was started during the 1940s 
and became intensive after 1 960 . Many reviews have appeared in this area , and the 
reader is referred to works by Launder and Spaulding [27] , Rodi [39] , and Bradshaw 
et al . [7] for a thorough review of the various possible modeling approaches . Here 
only brief descriptions of two popular models are presented: a one-equation model 
and a two-equation model . The mixing length approach of section III is referred to 
as a zero-equation model , as it does not introduce any new transport equation. 

It should be expected that in complex flow situations, e .g . , rapidly developing 
flow or recirculating flows, the mixing length approach is not suitable . However, it 
remains a useful tool for simple flows where eM can be well specified . 
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Prandtl was first to suggest a one-equation model , which involves a transport 
equation for the turbulent kinetic energy per unit mass (kt) . The turbulent energy is 
defined by: 

( l0-80a) 
or, using the tensor form: 

( l0-80b) 

Other one-equation models are based on the addition of a transport equation for the 
shear stresses or the turbulent viscosity . 

Two-equation models for various parameters have also been introduced. The most 
popular model is the kt Et model , where Et is the dissipation rate of the turbulent 
viscosity given by: (av :) 2 

E = JJ -t 
aXj 

( 10-8 1 ) 

where JJ = kinematic viscosity . In this model , the transport equations of both kt and 
Et are solved to obtain a value for the turbulent viscosity (ILt) , defined by: 

Cpk� 
ILl = -- ( l0-82) 

Et 

where C = a constant with a recommended value of 0 .09 [ 1 8 , 2 1 ] .  It may be important 
to note that the subscripts t are not normally included in the literature on turbulence . 
Hence the model above is referred to as simply the k - E model . 

B Transport Equations for the kt - E't Model 

The time-averaged transpont equations for mass and momentum may be written in 
tensor form as: 

Dkt 
Dt 

ap + apU,i 
= 0 

at aXi (av. av.) 
p _I + u. -I 

= 

at � aXj 

Diffusion term 

Production by shear = Pk 
Production due to buoyancy Gk 
Viscous dissipation = - Et 

( 10-83 ) 

( l0-84) 
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where: 

1 ap {3 = - - -p aT ( 10-85) 

The term Pk represents the transfer of kinetic energy from the mean to the turbulent 
motion , and Gk represents an exchange between the kinetic and potential energies. In 
stable stratification Gk is negative, whereas for unstable stratification it is positive . 
The term Et is always a sink term . 

This energy equation is of l ittle use given the number of new unknowns . To 
overcome this problem, it is assumed that the gradient of kt controls the diffusion 
process: 

( 10-86) 

where O"k = empirical diffusion constant with a recommended value of 1 .0 for high 
Reynolds numbers and Vt = ILti p. 

Recalling that 

v ; vj ev; au;) 2 8· · i = j 
VI - + - 3" Oilt ( 1 0-87a) 

aXj aXi 1J 0 i # j 

v ;T' = 
Vt aT ( 10-87b) 
O"t aXi 

where O"t = a turbulent Prandtl number ( = 1 /1/1) . Eq . 10-85 can now be rewritten 
as :  

( 1 0-88) 

An exact equation can be derived for Et from the Navier-Stokes equation , which again 
has been found to be of l ittle use . A more useful semiempirical relation for Et may 
be given by: 

DEt Et PEt a [ (ILt ) aEt] 
p - = C, - (Pk + Gk) - C2 - + - - + IL -

DXj kt kt aXj O"t aXj 
( 1 0-89) 

Here the values of C, and C2 are determined empirically . For grid turbulence , diffusion 
and Pk + Gk are not important; thus C2 can be determined alone and is usually found 
to be between 1 . 8 and 2 .0 .  Launder et al . [28] recommended that C, = l . 92 . The 
value of the turbulent Prandtl number is O"t = 1 . 3 [8] . Equations 10-82, 1 0-88 , and 
10-89 comprise the full kt - Et model for turbulence . 

C One-Equation Model 

When only the kt equation is used, Et is calculated using the relation: 
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€ = t 
C3/4 �/2 

eM 
( 10-90) 

where eM = 0 042y ; y = distance from the wall ; and C is that of Eq . 10-82 with a 
recommended value of 0.09 . 

D Effect of Thrbulence o n  the Energy Equation 

In the energy equation the transport of enthalpy due to turbulence can be described 
by the addition of a turbulent diffusivity (€H) such that: 

( 1 0-9 1 ) 

where O'h = turbulent Prandtl number for thennal energy transfer of a recommended 
value of 0 .9 [8] . 

V HEAT TRANSFER CORRELATIONS IN TURBULENT FLOW 

A large amount of experimental and theoretical work has been done for the purpose 
of assessing the influence of various parameters on the heat-transfer coefficient in the 
case of relatively simple geometries . These studies have shown the following . 

1 .  The hex) value changes significantly in the entrance region ( i . e . , the regions 
where the velocity and temperature profiles are still developing) . When the entrance 
region is a small percentage of the whole channel (typical of LWR reactor channels) , 
it can be neglected . If the entrance region is a large percentage of a channel (typical 
of LMFBR reactor channels) , proper averaging is required . In any event, we can 
represent the heat-transfer ability of a channel by the overall heat-transfer coeffic ient 
of the channel (averaged for the whole length) . 

2 .  For the nonmetallic fluids , where Pr is 2:: 1 ,  the laminar layer is very thin 
compared with the turbulent region (i .e . , turbulent mechanism of heat transfer pre
dominates) and the heat-transfer coefficient is not very sensitive to boundary condi
tions . In the l iquid metals case (Pr < 0 04) ,  where heat transfer by conduction is 
important, the heat transfer coeffident is sensitive to boundary conditions and channel 
shape . The prediction of heat-transfer coefficients for these two ranges of Pr values 
is different, which makes it necessary to examine them separately .  

A Nonmetallic Fluids 

1 Fully developed turbulent flow. The application of greatest interest is the fully 
developed turbulent flow, mainly in long channels .  In this section we designate the 
asymptotic value (i . e . , that of the fully developed flow) of the Nusselt number by 
Nux;. 
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Both experiment and theory show that for almost all nonmetallic fluids Nux is 
given by the equation : 

Nux = C Re" Pr� ( :} ( 1O-92a) 

where /J-w = fluid viscosity at T = T w; /J- = fluid viscosity at T = T m; C, a, {3, K 

== constants that depend on the fluid and the geometry of the channel . 
When Tw - Tm is not very large , /J-w = /J- and Eq. 10-92a reduces to : 

Nu"", = C Rea Pr13 ( l0-92b) 

Let us now specialize these equations to geometries of interest . 

a. Circular tubes For ordinary fluids , extensive use has been made of three equations . 

Seider and Tate [43] equation The equation is : 

( ) 0. 14 
Nuoo = 0.023 ReO. 8 Pr°.4 :: ( 10-93) 

Whereas /J-w is evaluated at the wall temperature , all other fluid properties are evaluated 
at the arithmetic mean bulk temperature ( i . e . , the average of the bulk inlet and outlet 
temperature) .  This equation is applicable for 0 .7 < Pr < 1 20 and Re > 10 ,000 and 
L/D > 60. 

ii Dittus-Boelter [13] equation For cases when /J- = /J-w the Dittus-Boelter 
equations are the most universally used correlations: 

Nuoo = 0 .023 ReO. 8 Pr° .4 when the fluid is heated 
Nuoo = 0 .023 ReO. 8 PrO . 3 when the fluid is cooled 

( 1O-94a) 
( l0-94b) 

for 0 .7 < Pr < 1 00 , Re > 1 0 ,000 , and L/D > 60 . All fluid properties are evaluated 
at the arithmetic mean bulk temperature. 

iii Colburn [9] equation For fluids with high viscosity , Colburn attempted to 
unify the exponent of Pr for heating and cooling . The result is : 

St Pr2/3 = 0 .023 Re -O. 2 ( l 0-95a) 
Where the Stanton number (St) = Nu/RePr. It is equivalent to: 

Nu = 0.023 ReO.8 Prl/3 ( l 0-95b) 

The validity range is the same as for the Dittus-Boelter equation and all properties 
except for cp in St are used at the mean film temperature . The cp value for St is used at the bulk fluid temperature . 

For the specific case of organic l iquids , Silberberg and Huber [44] recommended: 
Nu", = 0 .0 1 5  ReO.85 PrO . 3 ( 10-96) 
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For gases for which compressibil ity effects can be neglected ( i .e . ,  Mach number 
< < I )  the preceding equations can be used. If the M ach number is  on the order of I 
or higher, the above equations are used, wi th h defined as [2] : 

where : 

h = --q--,--�
Tw - T O  

T O  == (I + Y � 1 M2) 1;" 

( 1 0-97 ) 

( 1 0-98 ) 

is called the stagnation temperature, and M = the Mach number (see Appendix G) .  

b Annuli and noncircular ducts The same relations a s  in the case o f  the circular 
tube are used for annuli and noncircular ducts by employing the concept of the hy
draul ic  diameter: 

for the Reynolds number. 
Of course, use of the previous equations is justi fied only if the sections do not 

vary appreciably from circular. Such channels are square, rectangul ar not too far from 
square, and probably equi lateral or nearly equi lateral triangles.  For geometries rar 
from circular this method may not be satisfactory [ 1 9 ] .  

Rod bundles For ful ly turbulent flow along rod bundles, N u  values may significantly 
deviate from the circular geometry because of the strong geometric nonuniformity o f  
the  subchannels .  For th i s  reason Nu and h are expected to  depend on the position or  
the rod within the  bundle. 

However, it i s  important to point out that, as stated earl ier (section III .e),  the 
value of Nu is insensitive to the boundary conditions for Pr > 0.7. Furthermore, if 
the coolant area per rod is  taken to define an equivalent annulus with zero shear at i t s  
outer boundary, i t  is found that the Nu predictions are accurate to  within ± 1 09( for 
P / D ::: 1 . 1 2 . This point is i l l ustrated for an interior pin in triangular geometry in 
Figure 1 0- 1 2  for Pr > 0.7 and in Figure 1 0- 1 3  for Pr < 0. 1 .  

The usual way to represent the relevant correlation is  to express the Nusse l t  

number for fu lly developed conditions (Nu':xJ as  a product of  (Nux )c . t .  for a circu lar 

tube multipl ied by a correction factor: 

( 1 0-99 ) 

where (Nux )c . t . i s  usually given by the Dittus-Boelter equation unless otherwise stated . 
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2 . 00 

Figure 10-12 Fully developed turbulent flow parallel to a bank of circular tubes or rods. Reynolds number 

influence is small , and Nusselt number behavior is  virtually the same as friction behavior. 
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Figure 10-13 Variation of Nusselt  number for fully developed turbulent flow with rod spacing for PrandtI 
number < 0 .0 1 .  (From Nijsing [34] . )  
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The problem is then formulated as the evaluation of "'. 

Infinite array Presser [38] suggested for this case : 

'" = 0 . 9090 
+ 

0 .0783 P/D - 0 . 1 283 e - 2 .4(P!D - I )  

for triangular array and 1 .05 ::s P / D ::s 2 . 2 . , and 

'" = 0 .92 1 7  + 0 . 1 478 P/D - 0 . 1 1 30 e - 7(P!D - I )  

for square array and 1 .05 ::s P/D ::S 1 . 9 .  
In the particular case of Walter, Weisman [5 1 ]  gave : 

(Nu:<,)c . t . = 0.023 Reo .8 PrO .333 

and 

'" = 1 . 1 30 P/D - 0 .2609 

for triangular array and 1 . 1  < P / D < 1 . 5 and 

'" = 1 . 826 P/D 1 .0430 

for square array and 1 .  1 ::s P / D ::s 1 . 3 

( l0- 100a) 

( l0- 1 00b) 

( l0- 10 1 a) 

( l0- 1 0 1  b) 

ii Finite array Markoczy [30] gave a general expression for '" valid for every 
rod within a finite lattice . The concept is as follows: Consider a fuel rod (R) , as those 
in Figure 10- 14 ,  surrounded by J subchannels . Let the cross section of the flow area 
and the wetted perimeter of the j-th subchannel be Aj and P wj ' respectively . 

The general expression for '" is: 

( 10- 102) 
where: 

1 .  The Reynolds number (Re) is based on the hydraul ic diameter (De) and velocity 
characteristic of the subchannels surrounding the subject fuel rod (R) . The hy
draulic diameter is evaluated as: 

a) Interior Rod b) Edge (or Corner) Rod 

Figure 10-14 Interior rod and edge (or comer) rod. 
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( l0- 1 03a) 

2. The exponent B is given by: 

B ( 1O- 103b) 

where D is the diameter of the rod . 

Note that for an interior rod the surrounding subchannels are those of an infinite array; 
and B, evaluated by Eqs . 10- 103a and 1O- 103b, becomes (Fig . 10- 1 4) : 

20 ') B = - (P/D)- - 1 ( l0- 104a) 
7r 

for triangular arrays, and 

B = 'i (P / D)2 - 1 ( l0- 104b) 
7r 

for square arrays .  The value of '" from Eq . 10- 102 successfully fits the experimental 
data for the following conditions (an average deviation of 12 .7% with a probable error 
of 8 . 58%) . 

3 X 103 ::; Re ::; 106 
0.66 ::; Pr ::; 5 . 0  
1 � P / D ::; 2 . 0 for interior rods i n  triangular arrays 
1 � P / D ::; 1 . 8 for interior rods in square arrays 

2 Entrance region effect. In reality , h is not constant throughout the channel because 
( 1 )  the entrance region where the temperature profile is still developing , and (2) there 
are changes of the properties due to the change in temperature . The effect of the 
changing temperature can be approximated by evaluating the physical constants at a 
representative temperature , which would be the mean value of the inlet and exit 
temperatures in the channel . 

The case of the entrance region is more complicated because the entrance length 
is sensitive to Re , Pr, heat flux shape , and entrance conditions for the fluid. Within 
the entrance region, h decreases dramatically from a theoretical infinite value to the 
asymptotic value (Fig . 10- 1 5) .  In such a case it is always possible to conservatively 
approximate the overall value of Nu by the fully developed value Nux. 

Generally , for circular geometry , at 

for Pr « 1 .0 
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Figure 10-15 Local heat transfer coefficient variation with length to diameter of a tube at Re = 105 .  (From 
Kays [22] . )  

and 

for Pr ;;::: 1 .0 

a Overall heat-transfer coefficient Several correlations have been proposed to include 
the entrance effects, which depend on the type of entrance condition . In general , the 
heat-transfer rate is much higher in the entrance region . 

1 .  For Re > 10 ,000 and 0 .7 < Pr < 1 20 and square-edged entries, McAdams 
[32] recommended 

( 10- 1 05) 

2. For tubes with bell-mouthed entry , McAdams [32] cited the relation of Latzko 
[26] for L/ De < 0 .693 Re l /4: 

Nu = 1 . 1 1  [ Re l/5
/ J

O .275 
Nu 

(L/De)4 5  'YO 

and for L/ De > 0 . 693 Re l /4: 

Nu 

where A a flllnction of Re: 
A 0 . 144 Re 1/4 

( 10- 106) 

( 1 0- 107) 

( 10- 108) 
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Latzko's  prediction was acceptable for 26,000 < Re < 56,000, but with A = 1 .4 

compared with 1 . 83 to 2 .22 predicted by Eq . 1 0- 1 08 .  

Correlations o f  the form o f  Equation 1 0- 1 07 for gases are given for various types 

of entries in Table 1 0-5 .  For the particular case of superheated steam, McAdams et al . 
[33] predicted : 

Nu = 0.02 1 4  ReO.8 Pr I j3 ( 1 + �) LjDe 

Table 10-5 Nusselt number for gas flow in tubes* 

Type of entrance Il lustration 

Bellmouth 

Bellmouth and one screen 

Long calming section 
____ � __ �\\_---4t-� 

Short calming section 

45° Angle-bend entrance 

90° Angle-bend entrance 

Large orifice entrance (ratio of p ipe LO. 
to orifice d iameter = 1 . 1 9) -6-

Small orifice entrance (ratio of p ipe LO. 
to orifice diameter = 1 .789) -& 

Source: From Boelter et al. [4] . 
* Nu = Nu,,- 1 + - ; for - > 5 and -- > 1 7 ,000. ( ADo ) L De G  

L Dc 11 

( 1 0- 1 09) 

A 

0.7 

1 .2 

1 .4 

�7 

� 1 6  
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b Entrance region heat transfer coefficient For short tubes , where the region of fully 
developed flow is a small percentage of the total length , the local value of the Nusselt 
number must be sought . Experimental data for gases have shown that [5] : 

1 .  For uniform velocity and temperature profile in the entrance: 
-0. 1 6  

1 . 5 (�) Nu, Nu(z) 

Nu(z) = Nux z for - > 1 2  
De 

2 . For abrupt entrance : 

Nu(z) ( 1 + /
1 . 2 ) iNux 

z De 

Nu(z) 

B Metallic Fluids 

z for - > 40 
D e 

for 1 < � < 1 2  
De 

z for 1 < - < 40 
De 

The behavior of Nusselt (Nu) for liquid metals follows the relation: 

Nux = A + B (Pe)c 

where Pe = the Peclet number, i .e . , Pe = RePr. 

( l0- 1 1 0a) 

( l 0- 1 1Ob) 

( 1 0- 1 1 1  a) 

( 1 0- 1 1 1  b) 

( 1 0- 1 1 2 ) 

A, B, C, are constants that depend om the geometry and the boundary conditions . 
The constant C is a number close to 0 . 8 .  The constant A reflects the fact that significant 
transfer in liquid metals occurs even as Re goes to zero . 

1 Circular tube. The following relations hold for the boundary conditions cited and 
fully developed flow conditions . 

1 .  Constant heat flux along and around the tube [29] : 

Nux = 7 + 0.025 PeO. 8 ( 10- 1 1 3 ) 

2 .  Uniform axial wall temperature and uniform radial heat flux [42] : 

Nu"" = 5 . 0  
+ 

0.025 PeO. 8 ( 1 0- 1 14 ) 

2 Parallel plates. For fully developed flow [4 1 ] :  

1 .  Constant heat flux through one wall only (the other is adiabatic) : 
Nux = 5 . 8  + 0.02 PeO. 8 ( 1 0- I 1 5 ) 

2 . For constant heat flux through b(i)th walls , a graphic correction factor for the 
heat-transfer coefficient was supplied by Seban [4 1 ] .  
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3 Concentric annuli For fully developed flow and the boundary condition of uniform 
heat flux in the inner wall when D2/ D) > 1 .4: ( ) 0. 3 

Nux = 5 . 25 + 0 .0 1 88 PeO .8 �: ( 10- 1 1 6) 

If D2/ D) is close to unity , the use of Eq . 10- 1 1 5  was recommended by Seban [4 1 ] .  

4 Rod bundles. As noted before , the nonuniformity of the subchannel shape creates 
substantial azimuthal variation of Nu . Also in finite rod bundles the turbulent effects 
in a given subchannel affect adjacent subchannels differently depending on the location 
of the subchannels with respect to the duct boundaries . Therefore the value of Nu is 
a function of position within the bundle. However, we provide here overall heat
transfer correlations and defer the discussion of the variation of heat transfer with 
angle and location to Chapter 7 ,  Vol . II. Again , as shown in Figure 10- 1 3 ,  for 
P / D > 1 . 1  the equivalent annulus concept provides an acceptable answer. 

The correlations considered here are as follows: 
Westinghouse [25] : 

Nu = 4.0 + 0 . 33(P/D)3 .8 (Pe/ 100)0.86 + 0 . 1 6(P/D)5 .0 

for 1 .  1 � P / D � 1 .4 and 1 0 � Pe � 5000 . 
Schad-Modified [25] : 

Nu = [ - 16 . 1 5  + 24 .96(P/D) - 8 . 55(P/D)2] PeO . 3 
for 1 . 1  � P/D � 1 . 5 and 1 50 � Pe � 1000 . 

Nu = 4.496[ - 16 . 1 5 + 24.96(P/D) - 8 . 55(P/D)2] 

for Pe � 1 50 . 
Graber and Rieger [16] :  

( 1 0- 1 1 7) 

( 10- 1 1 8a) 

( l0- 1 1 8b) 

Nu = [0 . 25 + 6.2(P/D) + 0 . 32(P/D) - 0 .007] (Pe)0. 8 -0 .024(P/D) ( 1 0- 1 1 9) 

for 1 . 25 � P/D � 1 . 95 and 1 50 � Pe � 3000 . 
Borishanskii et al. [6] : 

Nu = 24. 1 5 10g[ - 8 . 1 2 + 12 .76(P/D) - 3 .65(P/D)2] 
+ 0.0 1 74[ 1 - exp(6 - 6 P/D)] [Pe - 200] °·9 

for 1 . 1  � P/D � 1 . 5 and 200 � Pe � 2000. 

Nu = 24. 1 5  log[ - 8 . 1 2  + 12 .76(P/D) - 3 .65(P/D)2] 
for 1 . 1  < P/D < 1 . 5 Pe � 200 . 

( l 0- 1 20a) 

( l0- 1 20b) 

Experimental and predicted values of Nu in rod bundles with P/D values of 1 . 3 ,  
and 1 . 1 5 are shown i n Figures 10- 1 6  and 10- 17 , respectively . 

The comparison indicates that the correlations of Borishanskii and Schad-modi
fied yield the best agreement over the entire range of P / D values . The Graber and 
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Figure 10-16 Comparison to predicted and experimental results of Nu for liquid metals in rod bundles for 
PID = 1 . 3. (From Kazimi and Carelli [25] . )  

Rieger correlation appears to significantly overpredict the heat-transfer coefficient if  
extended beyond the published range of applicability PI D $ 1 .  1 5 .  The Westinghouse 
correlation underestimates Nu at high values of P/D .  

Example 10-3 Turbulent heat transfer i n  a steam generator-more exact 
calculation 

PROBLEM In Example 1 0-2 the linear heat-transfer rate of a tube in the single
phase region of the secondary side of the steam generator was based on the assumption 
that the shell side film coefficient was the same as the tube side coefficient . Using the 
information in Example 1 0-2 and the information below, determine the shell side heat
transfer coefficient with one of the empirical relations presented in section V .  

Shell side information 
Lower shell shroud I .D .  = 1 . 8 m 
Secondary flow rate = 480 kg/s 
Flow characteristics = assume saturated water at secondary side temperature of 280°C 
Triangular tube array (not common practice for PWRs) 
Total number of tubes = 3800 
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The average P / D ratio can be f ound by setting the ratio of the tube to the total area 
f or a sin gle trian gular cell as represen tative of the whole steam gen erator. 

H�D2) 

� (� p2) 

P 

D 

11' 
3800 - (0 .02 54 m)2 

4 
11' 4" ( 1 . 8 m)2 

211' 1 ( 1 . 8 
) 

4\13 3800 0 .02 54 
1 . 1  

The velocity on the shell sid e  is :  

m 480 kg/s 
V = - = = 1 .033 m/s 

pA (750 .7 kg/m3)(0 . 6 19 m2) 

R e  = 
pVDe 

= 
(750 . 7  kg/m3)( 1 . 033 m/s)(0 .0080 m) = 6 . 363 X 1 04 

IL 9 .75 X 1 0 -5 kg/m s 

9 . 75 X 1 0-5 (5307) 
Pr = = 0 .9 0 1  

0 . 574 

Using the W eisman correlation ( Eq. 1 0- 10 1 )  f or water in triangular arrays ,  we find: 

(Nu",,)c.t. = 0.02 3(6. 363 X 104 )°.8 ( 0 .9 0 1 )°· 333 = 1 54 .7 
IjJ = 1 . 1 30( 1 . 1 ) - 0 .2 609 = 0.9 82 1 

Theref ore: 

N ux = 1 54.7(0 .92 8 1 )  = 1 5 1 .9 

T he shell side heat-tran sf er coef ficien t  is n ow:  

h = 
N uk = 

1 5 1 .9 (0 . 574) 
W /m2 DC = ... 2 1 0 .63 x 1 0-' W /m DC 

DH 0 .0082 

an d the lin ear heat tran sf er rate is :  

q' 

q' 

217" (305 - 2 80 )  
1 fn( 1 /0 . 875) 1 -------------- + + ---------------

(0 . 0 1 1 1 )(2 . 87 X 1 04 )  35 (0 .0 12 7)( 1 0 . 63 x 1 03) 

1 57 . 1 
3 . 1 4  x 1 0-3 + 3. 82 X 1 0- 3 + 7 .41 X 1 0-3 = 1 . 09 3  x 1 04 W /m 

S o  the refin emen t  in the calculati on of the lin ear heat-tran sf er rate, in th i s  case, 
resulted in a decr ease of ab out 33% .  
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Example 10-4 Typical heat transfer coefficients of water and sodium 

PROBLEM L iquid flow velocit y  along rod bundles i s  limit ed t o  a max imum of 1 0  
m /S t o  avoid cavit at ion at obst ruct ions .  At t hat velocit y ,  compare t he heat-t ran sfer 
coeffi cient of water (at average coolant t emperat ure for a PW R )  t o  t he heat-t ransfer 
coeffi ci ent of sodi um (at average t emperat ures for an L MFBR ) .  U se geomet ric dat a  
for t he PW R and L MFBR i n  Table 1- 3 .  How do t he coefficient s compare at a velocit y 
of 1 m/s? 

Parameter Water (315°C) Sodium (538°C) k 
0 . 5  62 .6  W /m °C 

p 704 8 17 . 7  kg/m3 

J.L 8 .69 x 1 0-5 2 . 28 X 1 0-4 kg/m s 
cp 6270 1 254 J /kg °C 

SOLUTION 
For water at 10 m/ s 

( )0.8 ( )
0.4 

P �� e C "kr-IL (Nux )c.t. Presser = 0 .023 R eo.s Pr°.
4 

= 0 .023
,-

--=--

Pw 'TTD 
1 1 . 78 mm 

[ ]0.8 
(704)( 1 0)( 1 1 .  78 x 1 0  - 3) 

(Nux )c.t. Presser = 0 .023 
8 . 69 x 10-5 

[ ]0.
4 

. (6270) 8 . 69 x 1 0-5 
= 1447 

0 . 5  
(Nu,x,)c.t. W eisman = 0 .023 R eO.8 PrO. 333 = 1438  

(0 .0 1 26) 
rjJ Presser (Eq. 1 0- 100b) = 0 .92 17 + 0 . 1478 

0 .0095 
(0.0126 ) 

_ 0 . 1 1 30 e
-7 0.0095 - 1 = 1 . 1 1  

(0 . 0 1 26) 
rjJ Weisman (Eq . 1 0- 1 OI b) = 1 . 826 -- - 1 .0430 = 1 . 38 

0 .0095 

H owever, 

Nux Presser = 1447 x LII 1 606 

Nux Weisman = 1 438 x 1 . 38 1 984 

Nu = 
hDH k 
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and 

D - 4A
f -D H - Ph - e 

:. h Presser = 
k Nu 

= 
0.5(1606) 

= 68.2 kW /m2 °C 
DH 11.78 X 10-3 

h W eisman = 
0.5(1984) 

= 84 .2 kW /m2 °C 
11.78 X 10-3 

For sodium at 10 m/s 

(PV De
) 
(c JL) 

Pe = R e Pr = -;;- � 
For a triangular arr ay interior channel , 

('7 p2 -1T �
2
) 

De = 4 ------7rD 
2 

from Table 1-3, P = 9.7 mm and D = 8.65 mm: 

. _ [0.433(9.7)2 -7r(8.65)2/8] _ 3 344 .. De -4 -. mm 
1T(8.65) 

2 

Pe = 
[(817.7)(10)(3.344 X 10-3)] [(1254)(2.28 X 10-4)] = 548 

2.28 X 10-4 62.6 

Using Eq . 10.117: 
( )3.8 ( )0.86 ( )5.0 

9.7 548 9.7 
Nu = 4 + 0.33 - - + 0.16 - = 6.49 

8.65 100 8.65 
k Nu 

h= -· D  =D 
D ' H e 

H 

:. h = 
(62.6)(6.49) 

= 121. 5 kW /m2 °C 3.344 X 10-3 

For water at I m/ s 
Note that R e  is still in the turb ulent region . 

For sodium at 1 m/ s 

hPresser = (0.1)°·8 (68.2) = 10.8 
hWeisman = (0.1)°·8 (84.2) = 13.3 
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Pe 

Nu 

0.1 X 548 = 54.8 
(9 .7 )

3.8 (54.8 )°·86 
( 9

.7 ) 5.0 

4 + 0.33 - - + 0.16 -8 .65 100 8.65 

h = kNulD = 
(62.6)(4.59) 

= 85.9 kW 1 m2 °C H 3.344 x 10-3 

4.59 

In summary , at velocities of 1 and 10 mi s ,  the heat- transfer coeffi cients ( kW 1 m2 
°C) are: 

Water 
Velocity 
(m/s) Presser Weisman Sodium 

10 68.2 84.2 121.5 
10.8 13.3 85.9 
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PROBLEMS 

Problem 10-1 Derivation of Nusselt number for laminar flow in rectangular geometry (section II) 
Prove that the asymptotic Nusselt number for flow of a coolant with constant properties between two 

flat plates of infinite width, heated with un iform heat flux on both walls, is 8.235 for laminar flow ( i.e., 
parabolic velocity distribution) and 12 for slug flow (i .e., uniform velocity distribution). 

Problem 10-2 Derivation of Nusselt number for laminar flow in circular geometry (section II) 
Show that for a round tube, un iform wall temperature, and slug velocity conditions the asymptotic 

Nusselt number for a round tube is 5.75, whereas for flow between two flat plates it is 9.87. 

Problem 10-3 Derivation of Nusselt number for laminar flow in an equivalent annulus (section II) 
Derive the Nusselt number for slug flow in the equivalent annulus of an infinite rod array by solving 

the differential energy equation subject to the appropriate boundary conditions, i.e., 

Answer: 

Nu = 2 4 
I 2 2 2 rj[rofn(ro rj) - (ro - rj )(3ro - rt)/4] 

Problem 10-4 Determining the temperature of the primary side of a steam generator (section III) 
Consider the flow of high pressure water through the U-tubes of a PWR steam generator. There are 

5700 tubes with outside diameter 19 mm, wall thickness 1.2 mm, and average length 16.0 m. 
The steady-state operating conditions are: 

Total primary flow through the tubes = 5100 kgl s 
Total heat transfer from primary to secondary = 820 MW 
Secondary pressure = 5.6 MPa (272°C saturation) 

1. What is the primary temperature at the tube inlet? 
2. What is the primary temperature at the tube outlet? 

Use a Dittus-Boelter equation for the primary side heat-transfer coefficient. Assume that the tube 
wall surface temperature on the secondary side is constant at 276°C. 

Properties 
For water at 300°C and 15 MPa 

Density = 726 kgl m3 
Specific heat = 5.7 kJ Ikg OK 
Viscosity = 92 J-LPa . s 
Thermal conductivity 0.56 W 1m OK 

For tube wall 
Thermal conductivity 26 W/m OK 



460 NUCLEAR SYSTEMS I 

Hint: Consideration of the axial variation of the primary coolant bulk temperature is required. 
Answer: 1. Tp.in = 307.2°C 

2. Tp.out = 279.0°C 

Problem 10-5 Comparison of heat transfer characteristics of water and helium (section V) 
Consider a new design of a thennal reactor that requires square arrays of fuel rods. Heat is being 

generated unifonnly along the fuel rods. Water and helium are being considered as single-phase coolants. 
The design condition is that the maximum cladding surface temperature should remain below 6OOoP. 

1. Find the minimum mass flow rate of water to meet the design requirement. 
2. Would the required mass flow rate of helium be higher or lower than that of water? 

Geometry of square array 
P = pitch = 0.55 in. 
D = fuel rod diameter = 0.43 in. 
H = fuel height = 12 ft 

Operating conditions 
Heat flux = 250,000 Btu/hr ft2 
Coolant inlet telT1perature = 5000P 

Coolant properties 

Coolant 

Water 
Helium 

45.9 
0.0540 

Answers: 1. mw•ter = 3610 lbm/hr 
2. mHe = 3950 lbm/hr 

1.270 
1.248 

JL(lb/hr ft) 

0.231 
0.072 

k(Btu/ft hr OF) 

0.326 
0.133 

Problem 10-6 Estimating the effect of turbulence on heat transfer in LMFBR fuel bundles 
Consider the fuel bundle of an LMFBR whose geometry is described in Table 1-3. Using Dwyer's 

recommendations for the values of Em and EH (Eq. 10-71), estimate the ratio of EH/ EM for the sodium 
velocities in the bundles. 

1 .  V = 10 m/s 
2. V = 1 m/s 

Answers: 
1. For V = 10 m/s: 

2. For V = 1 m/s: 

EH (EM) -;- in core = 0.510; -; 
M max 

EH (EM) -;- in blanket = 0.722; -; 
M max 

EH in both core and blanket = 0 
EM 

120 

180 



CHAPTER 

ELEVEN 
TWO-PHASE FLOW DYNAMICS 

I INTRODUCTION 

I n  t he present cha pt er th e focus i s  on th e h ydra uli cs of t wo-ph a se fl ow ,  whi ch i ncludes 
p ha se configura ti on, pressure drop rela ti ons ,  a nd cri ti ca l  fl ow .  Th e di scussi on i n  Ch a p
t er 5 i ndi ca t es th e wi de ra nge of possi bi li ti es for th e selecti on of t he set s of equa ti ons 
t o  b e  solved . T he a ppropri a t e  set of equa ti ons (more commonly ca lle d  t he model) for 
a pa rti cula r t wo- ph a se flow syst em i s  i nfluenced by th e condi ti ons of th e syst em. Th e 
m ore det ai led models ca n be expensi ve t o  solve beca use of th e requi rement for a la rge 
c om puti ng fa ci li t y .  Th e less det ai led models i nt roduce cert ai n si mpli fyi ng a ssumpti ons 
t ha t  ar e not a lwa ys correct but ca n be solved more rea di ly .  Th us, i t  i s  a ppropri a t e  t o  
st art t he process of a na lyzi ng th e t wo- ph a se fl ow syst ems by a ski ng th e following 
q ue sti ons . 

1. Wh a t  i s  t he number of fl ow di mensi ons t ha t  need t o  be r epresent ed? T he 
di ffi cult y of solvi ng a multi di mensi ona l problem grea t ly excee ds th a t  of a one
dim ensiona l fl ow problem . In fa ct , th ere i s  rela ti vely li t t le i nfonnation rega rdi ng th e 
mu lti di mensi ona l  effect s on t he fl ow h ydra uli cs ,  a nd most of t he exi sti ng i nfonna ti on 
is r ela t ed t o  one-di mensi ona l cha nnel fl ow .  

2. W ha t  i s  t he expect ed degree of  mecha ni ca l  equi li bri um be tw een t he pha ses? 
Under condi ti ons of hi gh ma ss fluxes , t he t wo pha ses ca n be expe cted t o  move at t he 
sa m e  veloci t y .  However, th e rela ti ve veloci t y  of one ph a se t o  t he oth er i s  a complex 
fu ncti on of th e fl ow condi ti ons a nd geometry under consi dera ti on. 

3 .  W ha t  i s  th e expect ed degree of t henna l nonequi li bri um i n  th e fl ow? T henna l 
n onequi li bri um i s  genera lly more i mport a nt under t ra nsi ent con di ti ons th a n  under 
s te ad y- st a t e  condi ti ons. Even i n  st ea dy- st a t e  condi ti ons ,  h owever. th e effect s of non
eq ui li bri um oft en must be i ncluded , a s  for subcooled boi li ng of liqu ids . 
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GEOMETRY � MODEL � TYPE OF 

TRANSIENT 

1 D I 2D I 3D 
HEM I SLIP I ��
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STATE 

EQUATIONS 

BOUNDARY 

CONDITIONS 

.. r 

.. 

r 
.. -

... 

INTERFACE 

JUMP 

CONDITIONS 1"-

INTERFACE 

RELATIONS 

INITIAL 

CONDITIONS 

SOLUTION I 

Figure 11-1 Information needs of two-phase flow analysis. 

O nce a model is select ed, const it ut ive rel a t ions a re needed t o  descri be th e ra t e  of 
excha nge of ma ss ,  moment um, a nd energy a mong th e wa ll a nd t he t wo ph a ses. Th ese 
rela t ions depend on t he flow confi gura t ion , or flow regimes. Th e st a t e  equa t ions and 
bou nda ry a nd init i a l condit ions a re a lso needed t o  close th e problem. Th e needed 
informa tion for solving t he t wo- pha se flow equa t ions is depict ed in Figu re 11 -1. 

II FLOW REGIMES 

A Regime Identification 

Th e void dist ribut ion pa t t ern s  of ga s- liquid flows h a ve been ch a ra ct eriz ed by ma ny 
research ers . Th ey did not a lwa ys refer t o  th e flo w F egimes with consist ent t erminology .  
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However , the main flow r egimes,  the only ones addr essed her e ,  ar e sufficiently dis
tinct . The void distr ibution depends on the pr essur e , channel geometry ,  gas and liquid 
fl ow r ates , and the or ientation of the flow with r espect to gr avity. O f  maj or significance 
to the nuclear engineer ar e the cases of ver tical upwar d  co-curr ent flow ( as in a BWR 
fuel assembly) and hor izontal co-curr ent flow ( as in the piping of  an  LWR dur ing 
tr ansients) . 

The flow r egimes identified in ver tical flows ar e the bubbly , slug , chum , and 
annular r egimes (F ig. 11-2). The bubbly r egime is distinguished by the pr esence of 
disper sed vapor bubbles in a continuous liq uid phase . The bubbles can be of var iable 
s ize and shape. B ubbles of 1 mm or less are spher ical , but lar ger bubbles have vari able 
s hapes .  S lug flow is distinguished by the pr esence of gas plugs ( or lar ge bubbles) 
s ep ar ated by liq uid slugs . The liq uid fi lm surrounding the gas plug usually moves 
dow nward .  S ever al small bubbles may also be disper sed within the liquid . The chum 
flow is mor e  chaotic but of the same basic char acter as the slug flow . Annular flow 
is distinguished by the pr esence of a continuous cor e  of gas surr ounded by an annulus 
of the liq uid phase . I f  the gas flow in the cor e  is sufficiently high , it may be carr ying 
liq uid dr oplets. I n  this case an annular -disper sed flow regime is said to ex ist . Hewitt 
and R ober ts [19] also suggested that the dr oplets can gather in clouds for ming an 
a n n ular- wispy r egime . The liquid droplets ar e tom fr om the wavy li quid film, get 
entr ained in the gas core ,  and can be de-entr ained to j oin the film downstr eam of the 
p oint of their or igin. 

W ith hor izontal flow, the flow may str atify, cr eating additional patterns, as shown 
in Figur e  1 1-3. 

B Flooding and Flow Reversal 

Flooding and flow r ever sal ar e basic phenomena encounter ed in sever al conditions in 
nuclear r eactor therm ohydr aulics, including flow r egim e  tr ansitions ( descr ibed in sec-

Figure 11-2 Flow patterns in vertical 
flow. 

f 
Bubbly 
Flow 

f 
Slug 
Flow 

f 
Churn 
Flow 

f 
Annular 
Flow 
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Bubbly Flow 

Plug Flow 

Stratified Flow 

Wavy Flow 

Slug Flow 

Annular Flow Figure 11·3 Flow patterns in hori
zontal flow. 

tion II .C) and the r ewetting of hot sur faces aft er a loss of coolant accident (L O CA) 
in an L W R .  Flooding r efer s  to the stalling of a l iq uid downflow by a sufficient r ate 
of gas upflow, andfiow reversal r efer s to the cln ange in flow dir ection of l iq uid initial ly 
in co-curr ent upflow with a gas as the gas flow r ate is sufficiently decr eased . Her e  we 
r eview infor mation on these phenomena as applied to s imple tube geometr y .  Although 
sever al ex per iments have been carr ied out to pr edict the onset of flooding and flow 
rever sal, no gener al adeq uate theor ies ar e available so far . However , some empir ical 
corr elations have been developed. 

F igur e  1 1 -4 shows a ver tical tube with a l iq uid inj ection device composed of a 
por ous wall . I nitially ther e is no gas flow, and a l iq uid film flows down the tube at a 
constant flow r ate . If gas is flowing upwar d  at a low r ate , a countercurr ent flow takes 
place in the tube ( tube 1) . W hen the gas flo w r ate is incr eased , the film thickness 
r emains constant and eq ual to the thickness o f  a laminar film der ived by Nusselt in 
19 1 6  [20]. The nondimensiona l  thickness is g iven by: 
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Gas Flow Increasing � Gas Flow Decreasi ng 

Liquid 

2 3 4 5 6 7 

Figure 11-4 Flooding and flow reversal experiment. 

[ . 8] 1/3 gsm 
8*=8 --

v� 
1.442 R e�/3 (11-1) 

w here: 

(11-2) 

and where 8 = inclination angle from the horizontal , Ve = liquid kinematic viscosity , 
Qe = liquid volumetric flow rate, D = pipe d iameter, and g = acceleration d ue to 
g ravity . This relation is valid for liquid R eynold s  number ( R ee) up to 2000. For 
tu rbulent films the thickness may be given by [3]: 

8* = 0.304 R e;/1 2 (11-3) 

For a higher gas flow rate, the l iquid film becomes unstable , large- amplitud e  
w aves appear, and the effective film thickness i s  increased . Droplets are tom from 
the crests of the waves and are entrained with the gas flow above the liquid injection 
level. S ome of the d roplets impinge on the wall and give rise to a liquid fi lm ( tube 
2). Meanwhile , the pressure d rop in the tube above the l iquid inj ection level increases 
sharply . W hen the gas flow rate is increased further, the tube section below the liquid 
i nj ection d ries out progressively ( tube 3), until the liquid d ownflow is completely 
p revented at a given gas flow rate . This point is called the flooding condition ( tube 
4). At higher gas flow rates , chum flow or annular flow appears in the upper tube. 

S uppose we d ecrease the gas flow rate. For a given value the liquid film becomes 
u nstable , and large-amplitud e  waves appear on the interface . The pressure d rop in
creases ,  and the liquid film tends to fall below the liquid inj ection port . This point is 
called the flow reversal phenomenon ( tub e 5 ) . W hen the gas flow rate decreases , the 



466 NUCLEAR SYSTEMS I 

Increasing Gas Flow Rate .. 

Dow nw ard 
Liquid Flow 

Transition to 
Flooding Upflow 

Transition to 
Downflow 

Downward and 
Upward 

Decreasing Gas Flow Rate 

Flow 

Reversal 

Figure 11-5 Flooding and flow reversal. 

Upward 
Liquid Flow 

liquid fi lm flow s dow nw ard, and the upper tube d ries o ut fo r a given gas flow rate 
(tube 6) . 

The experiment show n in Figure 1 1 -4 is summariz ed in Figure 1 1 -5 . It is noted 
that the c hange fro m upw ard to dow nw ard liquid flow and vic e  versa is prec ed ed by 
a transitio n period o f  partial flow in both ,d irec tio ns .  

Two no nd imensio nal numbers hav e  been used extensively to c orr elate the tran
sition co nd itio ns fo r two -phase systems : th e W allis number and the K utateladz e num
ber. The fo nner represents the rat io o f  inertial fo rc e to hyd ro static force o n  a bubble 
or d ro p  of d iameter D. The latter r,� plac es the length sc ale D w ith the L aplac e  co nstant 
[O"/g(Pe - Pv)]1/2. 

The Wallis number is d efi ned as: 

w here k = e fo r liquid and v fo r gas. 
The Kutateladze number (K u) is defi ned as: 

KUk == {A} [ Pk 
[g£T(Pe 

( 1 1 -4) 

( 1 1 -5 )  
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W allis [38] had pro po sed co rrelatio ns fo r flood ing in vertical tubes that dep end o n  the 
s iz e  o f  the channel: 

01-6) 

where m and C = co nstants that d epend o n  the d esign of  the channel end s. It is 
o ften fo und that m = 1.0 and C = 0.9 fo r ro und -ed ged tubes and 0.725 fo r sharp
ed ged tubes. 

Po rteo us [31] gave the l imit of flood ing in a semitheo retical treatment as : 

---.UL = 0.105 jpe - Pv 
(11-7) � Pv 

Fo r flow reversal, W allis [38] reco mmend ed : 

{J:} = 0.5 (11-8) 

How ever, later W allis and K uo [39] mod ifi ed this relatio n fo r flow reversal to reco ncile 
it w ith the d ata, w hich show ed less d epend ence o n  the tube d iameter. 

W hen analyz ing their result fo r air-w ater flow in tubes o f  6 to 309 mm d iameter, 
Pushkin and So ro kin [32] pro po sed that flow reversal o ccurs w hen the Kutatel adz e 
n umber is 3.2: 

K uv = 3.2 (11-9) 

T hey argued that this co nd itio n  is also clo se to the flood ing co nd ition .  
The flood ing pheno meno n has been d escri bed analytically by  several autho rs .  The 

o ns et o f  flood ing has been explained by fo ur mechanisms: 

1. O ccurr ence of a stand ing w ave on the l iquid fi lm 
2. Interfacial instabili ties betw een the two phases d ue to their relative velo cities 
3. No net flow in the liquid fi lm 
4. Inceptio n o f  entrainment fro m the liquid fi lm 

The flow reversal pheno meno n  has been show n to be stro ngly co nnected to the 
hyd rod ynamics o f  hanging fi lms . A review o f  the available experimental and analytic 
s tudi es o f  co unt ercurr ent flow pheno mena asso ciated w ith flood ing and flow reversal 
in  vert ical and ho rizo ntal flow has been given by Bankoff and L ee [3]. Because o f  
the vario us d efi nitio ns used fo r the o nset o f  each pheno menon ,  the empirical relatio ns 
s ho uld alw ays be review ed to ascertain their experimental base prio r to applicatio n . 

Experimental info rmatio n o n  the pressure d ro p  characteristics in vertical flow is 
given in Figure 11-6. 

C Flow Regime Maps 

Mo st o f  the flow regimes have been d efi ned in o ne-d imensio nal channels .  The flow 
regime transitio n po ints (o r the flow regime maps) have generally been related to the 
average flow pro perties in the channel, e. g . , the flow quality . In the mo re ad vanced 
reacto r safety analysis cod es, multid imensio nal effects have necessitated the use o f  
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flow r egime maps based on static quantI tI es ,  e .g . , the v oid fr action . The existing 
multidimension al flow maps ar e not as extensiv ely tested as the one- dimensional maps. 

1 Vertical flow. The one- dimensional flow map of Hewitt and R ober ts [ 1 9] (F ig. 
1 1- 7) w as dev eloped on the basis of air- water d ata, obtained in a pipe of 3 1 .2 mm 
diameter and at pr essur es v ar ying fr om 0 . 14 to 0 . 54 MPa. It was found suitable for 
steam- water data in a pipe of 1 2 . 7  mm diameter at pr essur es of 3 .4 5  to 6 .90 MP a. 
It is based on the super ficial liquid and v apor momentum fluxes: 

( 1 1- 10) 

and 

G2 2 
{ ' }2 _ � PvJv - ( 1 1- 1 1) 

Pv 

Taitel an d co-w orkers [36] compar ed sev er al flow r egime maps and found some 
discrepancies among them. They also dev eloped their own map based on a theor etical 
analysis for the mechanisms contr ibuting to the tr ansition between r egimes . 

a Bubbly to slug The tr ansition fr om bubbly to slug or chum flow was r elated to a 
maximum possible v oid fr action of 0 . 25 to pr ev ent bubble coalescence to fonn slugs . 
The liquid and v apor v elocities ar e r elated by: 
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(11-12) 

where Vo = rise velocity of large bubbles (5 mm < d < 20 mm), which was shown 

to be insensitive to bubble size [17] and is given by: 

(11-13) 

where (J = surface tension. 
Using the definition of the volumetric fluxes and assuming uniform velocity dis

tributions, we can obtain from Eqs. 11-12 and 11-13 the relation: 

�= 
{Jv} _1.53 (g(PI�pv)(J )

1/4 

{I - a} {a} P; 
For {a} = 0.25, Eq. 11-14 yields: 

{�d = 3 _ 1.15 [g(Pt - p�:� ]1/4 

{]v} {Jv}Pt-

(11-14 ) 

( 11-15) 

Equation 11-15 is shown as line A in Figure 11-8. It should be noted that in 
an earlier paper by Taitel and Dukler [35] {a} = 0.3 was chosen as the maximum 
permissible packing of bubbles to prevent coalescence, which yielded the transition 
limit of: 

(11-16) 



470 NUCLEAR SYSTEMS I 

(i) -
E. 
,....--, '" '-'-.-' 

10 FINELY DISPERSED 

1.0 

0.1 

0.01 

BUBBLE (TI) 

B---
\ 
o 
\ 
\ 

\ \ \ I ANNULAR pLUG OR CHUR� ('2') 
\ \(N)\ I I 
, \ I I E 

I I I I 
I I I l 
I 100 I 500 A 

/J I I 
.{E/D = 50 I 200 I 

0. 1 1.0 10.0 

{jv} (m/s) 

100 
Figure 11·8 Flow regime map or 
Taite! et al. [36] for air-water at 25°C 
and 0.1 MPa in 50 mm diameter 
tubes. 

For small pipes , the r ising bubbles can catch up to for m a slug . Thus for v ery small 
channels the bubbly r egime may not exist, in which case only slug fl ow would ex ist 
at low l iquid and gas velocities .  This situation is shown in Figure  1 1 -9 for air- water 
flow in a 2S-mm diameter tube under the same pr essur e  and temper atur e  conditions 
as Figur e  1 1 -8 .  

The cri ter ion for eliminating bubbly fl ow is that a defor mable bubble r ising at a 
v elocity Vo appr oaches and coalesces with the slug or Taylor bubble r ising at v elocity 
Vb' i . e . , 

Vo 2': Vb 

wher e  Vb = O . 3SvgD (for Pv « Pe) ( 1 1 -1 7) 

Because Vo is giv en by Eq . 1 1 - 1 3 ,  this  cr iterion yields the following r elation fo r 
a small-diameter (no bubbly r egime) system: 

PegD :::; 4 . 36 
[ 2 2 ] 1/4 

(Pe - pv)a (11-18) 

b Finely dispersed bubbly to bubbly/slug flow For high liquid v olumetr ic fl ux es, 
bubble br eakup would occur due to � ur bulent for ces so that coalesence would also be 
prev ented abov e a l imit on the sum of {je} and {iv1 der iv ed by Taitel et a1 . [36] as: 

. . _ {D0.429( a / Pe)O.089 [g(pe - PJ] O.446} 
Ve} + {JJ - 4 ,Po.072 e Pe ( 1 1 - 1 9) 

wher e Ve = l iquid kinematic v iscosity, and D = tube diameter . Equation 1 1 - 1 9  i s  
shown as line B in  Figures 1 1-8 and 1 1 -9.  
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Figure 11-9 Flow regime map of 
Taitel et al. [36] for air-water at 25°C 
and 0 . 1  MPa in 25 mm diameter 
tube. 
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W hen small bubbles are packed together, the maximum allowable v oid fraction 
(w hich occurs when they touch each other) is equal to 0 . 52 .  A t  high liquid velocities 
(w hen bubble breakup can occur) , however, the relative  velocity is zero , so from 
Ta ble 5- 2 or the one- dimensional relations of Figure 5-3 we get: 

{a} {f3} ve 
{a} 1 - {f3} Vv 

w hich , using Eq. 5- 59,  reduces to 

T hus the line: 

{ } {jJ + a = {'} { . } l or ve = Vv 
Jv + Je 

0 . 52 = 
{jJ 

{jJ + {je} 

( 1 1- 20) 

( 1 1- 2 1 )  

d efi ned as l ine C i n  Figures 1 1- 8  and 1 1- 9 ,  is another limiting line on the ex istence 
of the bubbly regime.  

c Slug to churn flow The slug flow pattern dev elops from a bubbl y  flow pattern if  
enough small bubbles can coalesce to fonn Taylor bubbles . If the liquid slug between 
tw o Taylor bubbles is too small to be stable, the chum regime develops . S everal 
m echanisms hav e  been proposed for the onset of churn flow including flooding, which 
W as suggested by Nicklin and D av idson [30] (see section II .B). 

Taitel et al . [36] presented the alternativ e v iew that the churn regime is essentially 
a dev eloping length region for slug flow . Thus they deriv ed a maxi mum length (fE) 
of the chum regime, given by : 
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CE = 40.6 (----.UL + 0.22) D Vii5 
This equation shows the dev eloping length to be dependent on {j} / Vii5. 

(11-22) 

F or conditions not allowing the existence of bubbly or annular fl ow ,  their cr iter ion 
can be used to detennine the length ov er which a chur n r egime can exist before 
changing to a slug fl ow .  If a position along the tube length is shor ter than the dev el
oping length , chum or slug fl ow may be observ ed . If the dev eloping length is  short 
r elativ e  to the position of inter est along the tube, slug fl ow alone exists . This situation 
is depicted in F igur es 11-8 and 11-9 as lines D for giv en CE/D. 

In an ear lier paper , Taitel and Dukler [35] had suggested that for CE/D > 50 
chum fl ow would exist if: 

{jvl/{j} � 0.85 (11-23) 

It should be noted that Eq. 11-23 implies that chum fl ow exists at {jJ/{je} � 5.5 whenev er CE/D > 50. However, the mor e  r ecent appr oach allows 
chum fl ow to exist ev en at lower v alues of {jJ/{je}. F or example, at {jvl = l.0 mis, 
line D in F igur e  11-9 for C E/ D = 100 implies that chum flow can exist for {j e} = 

0. 5 m/s or up to {jJ/{je} = 2.0. Ther efor e ther e  is a substantial differ ence between 
the two appr oaches for defining the boundar y  between slug fl ow and chum fl ow .  

d Slug/churn to annular flow F or tr ansition fr om slug/chum fl ow to annular fl ow, 
Taitel et al . [36] ar gued that the gas v eloci ty should be sufficient to pr ev ent liquid 
dr oplets fr om falling and br idging between the l iquid film. The minimum gas v elocity 
to suspend a dr op is detennined fr om a balance between the gr av ity and dr ag for ces: 

(11-24) 

or 

(11-25) 

The dr op diameter is detennined fr om the cr iter ia shown by Hinze [21] for max
imum stable dr oplet sizes: 

(11-26) 

wher e  K = the cr itical W eber number , which has a v alue between 20 and 30. Com
bining Eqs .  11-25 and 11-26, we get: 

( 
)1
/4 

4K [ag(Pe - pJ] 

1/4 

3Cd py2 (11-27) 
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I f  K is taken as 30 and Cd as 0.44 (note that Vv is insensitiv e  to the ex act v alues 
because of the 1/4 power ) ,  and it is assumed that in annular flow the l iquid film is 
thin so that jv = Vv ,  Eq . 11-27 yields: 

3.1 (11-28) 

Thus the tr ansition to annular flow is independent of the tube diameter and the liquid 
fl ow r ate (depicted as l ine E in Figur e  11-8). 

The left- hand side gr oup of Eq. 11-28 is the v apor K utateladze number (K u) ,  
w hich r epresents the r atio of the gas kinetic head to the iner tial for ces acting on liquid 
capillar y  wav es with a dimension of: 

I t  is inter esting that a similar cr i ter ion would be obtained for the initiation of 
annular flow if it wer e  r elated to the onset of flow r ev er sal (see section II .B ) .  

2 Horizontal flow. For hor izontal flow, Mandhane e t  al . [26] pr oposed a map on 
t he basis of the gas and l iquid v olumetr ic flux es as shown in Figur e  11-10. The r ange 
of data used to pr oduce their r esults appear s  in Table 11-1. Taitel and D ukler [34] 
found fr om a mechanistic appr oach similar map boundar ies .  

10 

10-1 

10-2 

10-1 1 10 102 

{jy} (m/s) 
Figure 11-10 Flow map of Mandhane et al. [26] for horizontal flow. 
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Table 11-1 Parameter range for the flow map of 

Mandhane et al. [26] 

Property 

Pipe inner diameter 
Liquid density 
Gas density 
Liquid viscosity 
Gas viscosity 
Surface tension 
Liquid superficial velocity 
Gas superficial velocity 

Parameter range 

12.7- 1 65.1 mm 
705-1009 kg/m3 
0.80-50. 5  kg/m3 
3 X 10 -4 to 9 x 10 - 2 kg/ m . s 
10-5 to 2.2 X 10-5 kg/m . s 
24- 103 mN/m 
0.9-7310 mm/s 
0.04- 1 7 1  m/s 

3 Regime maps in multidimensional flow. For three- dimensional flows, there is 
more than a single v elocity component at each location . To use the one- dimensional 
flow maps required new approaches . Two can be considered: ( 1 )  The use of a static 
quantity such as the v oid fraction , to characterize the fl ow .  O ne such fl ow map has 
been used in the R EL A P- 5  [33] analysis code (Fig .  1 1 - 1 1 ) . ( 2) The use of the total 
flow v elocity as the characteristic v elocity in the flow maps . Neither approach is 
without limitations .  For example , the effect of the heat flux from the walls on the 
existence of a l iquid or v apor region near the wall is not included. 

Example 11-1  Flow regime calculations 

PROBLEM Consider a v ertical tube of 1 7  mm I .D .  and 3 . 8  m length . The tube is 
operated at steady state with the foll owing conditions , which approximate the BWR 
fuel bundle condition . 

p == operating pressure = 7.44 M Pa 
Tin == inlet temperature = 275°C 
Tsat == saturation temperature = 290°C 
Gm == mass v elocity = 1 700 kg/m2 • s 
q" == heat flux (constant) = 670 kW /m2 
x == outlet quality = 0 . 1 85 

1 .  Using the Hewitt and R oberts flow map, detennine the flow regime at the exit. 
2 .  Using the approach o f  Ta] tel et at . ,  detennine if there is a transition from 

slug/ chum flow to anm ular flow before the exit. 

SOLUTION U sing Tsat = 290°C, the following fluid properties pertain :  

Pe = 732.33 kg/m3 

Pv = 39 . 1 6  kg/m3 
(T = 0 .0 1 67 N/m 

1 .  The coordinates for the Hewitt and R oberts flow map (Fig .  1 1 -7) are: 
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Using these values with Figure 11-7, we find that the flow at the outlet is on the 
border between annular and wispy-annular. 

2. The transition from slug/churn to annular flow in the approach of Taitel et a1. 
is predicted by Eq. 11-28: 
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Kuv = 3.1 

A t  the outlet, 

[(0.0167)(9.8)(732.33 - 39.16)]1/4 
15.4 > 3.1 

Thus at the exit the flow is alr eady well into the annular r egime . 
The expr ession in :the numer ator of Eq. 11-28 can be wr itten as: 

{'} 1/2 _ GrnX 
lv Pv - 1/2 Pv 

Because the flow quality is l inear ly incr easing fr om 0 at satur ation condition to the 
exit v alue of x = 0.185, we see that K uv takes on v alues fr om 0 to 15.4. Thus the 
tr ansition fr om slug/chum flow to annular flow should take place at the location 
corr esponding to K uv = 3. 1 .  

III FLOW MODELS 

A s  descr ibed in Chapter 5, many appr oaches can be applied to descr ibe two- phase 
flow. The two degr ees of fr eedom that can be either allowed or disallowed by the 
v ar ious models ar e: ( 1 )  thermal nonequilibrium, which allows one or both of the two 
phases to hav e  temper atur es other than the satur ation temper atur e despite the existence  
of  the other phase; and (2) unequal velocities, which allows for not only potentially 
higher v apor v elocity b ut the possibility of counter curr ent flows. The equal v elocity 
assumption is often r eferr ed to as the homogeneous flow assumption or the condition 
of mechanical eq uilibr iu m. 

Table 5- 1 summar izes the possib le models and the implied need for addition al 
constitutiv e  r elations for each case . The main models can be summar ized as follows 

1. The homogeneo us equilibr ium mixtur e  model (HEM) . Her e  the two phases 
move with the same v el ocity. The two phases also exist only at the same temper ature 
(i .e . , they ar e at the satur ation temper atur e for the pr ev ailing pr essur e) .  The mixtur e 
can then be tr eated as a single fluid.  This model is par ticular ly useful for high pr essure 
and high flow r ate conditions .  

2. A ther mal equilibr ium mixtur e  model with an algebr aic r elation between the 
v elocities (or a slip r atio) of the two phases . A widely used such model is the dr ift 
flux model . This mod el is different fr om the HEM model only in allowing the two 
phases to hav e  different v elocities that ar e r elated v ia a predeter mined r elation . This  
model is  useful for low pr essur e  and/or low flow r ate flows under steady state or 
near- steady-state condit ions . 

3. The two- fluid (separ ate flow) model allows the phases to hav e  ther mal non
equilibr ium as well as unequal v elocities . In this case , each phase has thr ee inde-
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pendent conserv ation equations . The two- fluid model is needed for v er y  fast tr ansients 
when nonequilibr ium conditions can be expected to be significant. 

IV VOID-QUALITY-SLIP RELATIONS 

I t  is possible to r elate the ar ea- av er aged v oid fr action at any axial position to the flow 
quality (x) . It is accomplished by defining a r elation between the v apor v elocity and 
the liquid velocity in the form of r elativ e v elocity or slip r atio . Her e  we discuss only 
t he slip r atio appr oach . The slip r atio is the r atio of the time- and ar ea-aver aged phase 
velocities in dir ection i: 

{l\.Jv 
{ve.Je 

A General One-Dimensional Relations 

(5-4 8) 

Wh en time fluctuations in {a} can be ignor ed, for one- dimensional flow Eq. 5-4 8  can 
be used to establish the r elation: 

s = _x _ Pe {I - a} 
1 - x Pv {a} 

A n  explicit v alue of {a} can also be obtained as: 

{a} = -----
1 - x P + -- �S 

x Pe 

(11-29) 

(5-55) 

Fr om Eq . 5- 55 it is seen that the v oid fr action decr eases with a h ig her slip r atio and 
higher pj Pe. For steam- water flow, the v oid fr action at 6.9 MPa (1000 psi) is shown 
for v ari ous slip r atios in Figur e  11-12. It is seen that with S = 1 the void fr action 
appr oaches 50% even when the quality is only 5% , wher eas for h igher v alues of S 
th e  v oid fr action is less. For lower pr essur es the density r atio pj Pc decr eases , and 
the v oid fr action is higher for the same quality and slip r atio .  

The slip r atio is itself affected by the pr essur e  (or density r ati o) as  well as  by the 
pr ofile of the v oid fr action within the cross-sectional ar ea. A s  is shown later , the 
m acr oscopic slip r atio can be obtained from a knowledge of the loc al phase v elocity 
r atio (or micr oscopic slip) and the v oid distr ibution pr ofile . The s li p  can be obtained 
as a specified v alue or on the basis of a flow-r egime- dependent a ppr oach . 

For the homogeneous equilibrium model the slip r atio is take n  as 1.0. Ther efore 
the r elation of the v oid to the quality is independent of the flow reg imen and is simply 
giv en by : 

{a} 
1 

----- (for HEM model) 
1 + �Pg 

x Pf 
(11-30) 
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Figure 11-12 Variation of the void fraction with the quality for steam-water flow at 6.9 MPa (1000 psi). 

N ote that {f3} for saturation com di tions can be give n by Eq . 5-60 as: 

x/Pg {f3} 
X/Pg + (1 - X)/Pf 

It is cle ar that for the H EM mo de l {a} {f3}; S = 1 .  

B Drift Flux Model 

x Pf 

( 1 1 -31) 

A more ge ne ral approach to obtain the slip rati o was sugge sted  by Z ube r and Findlay 
[40] by conside ring the ave rage ve locity of the v apor in the channe l .  First, le t us 
ex pre ss the local v apor ve locity as the sum of the two-phase local v olume tr ic ve locity 
(j) and the local dri ft ve loci ty ;of the v apor (vyj). Thus: 

He nce: 

}y = avy = a} + a(vy - }) 

Whe n  ave raging Eq . 1 1-33 ove r the flow are a, we ge t: 

{jJ = {a}} + {a(vy - i)} 

( 1 1 -32) 

( 1 1 -33) 

( 1 1-34) 

N ote that the se cond te rm on t he r ight-hand si de is defi ne d as the drift flux .  I t  phys
ically re pre se nts the rate at which v apor passe s  thr ough a unit are a  ( nor mal to the 
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channel ax is) that is already trav el ing with the flow at a v el ocity j. The superficial 
v elocity , {jJ, is obtained from:  

(11-35) 

where the concentration parameter Co is defi ned by : 

(11-36) 

and the eff ectiv e  dr ift v elocity is :  

Vvj == {a(vv - j)}/{a} (11-37) 

The v alue of {a} can now be obtained from Eg. 11-35 as : 

{a} = {jJ 
Co{j} + Vvj 

(11-38) 

The v oid fraction can be seen as due to two eff ects if Eg . 11-38 is rewritten as: 

{a} 
{13} 

(11-39) 

The Co terms represents the global effect due to radial nonuniform v oid and velocity 
profi les .  The Vv/{j} tenn repr esents the local rel ativ e velocity eff ect. At high total 
fl ow rate , the local eff ect tenn is negligibl e ,  as the relative  v elocity is negl igible ( i . e., 
VVj = 0). This condition is v alid for a steam- water system, which is implied by the 
relations of Annand and Treschev [1] and Bankoff [2], which are of the fonn: 

{a} = K{I3} (11-40) 

where  the constant K is then defi ned by : 

( 11- 4 1 )  

For homogeneous fl ow ,  neither local slip nor concentr ation profi le eff ects are consid
ered; ther efore Co = 1 and: 

{a} = {13} for HEM. (11-42) 

Wh en the local slip ( or dr ift) is small , Armand and Tr eschev [1] suggested: 

1 
- = K = 0.833 + 0.05en(10p) 
Co 

(11-43) 

where p is in MPa. Bankoff [2] suggested that: 

K = 0.71 + O.OOOlp ( psi) (11-44) 

D ix [9] suggested a general ex pression for Co for al l fl ow regimens, given by: 
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where: 
( )0. 1  

b 
= 

Pv 
Pi 

( 1 1 -45) 

( 1 1 -46) 

It is also useful to express Eq . 1 1 -38 in terms of the mass flow rate and quality :  

{a} = xm/ pyA 

C (� + �) '.!!. + V · o 
Pv Pt A VJ 

( 1 1 -47) 

where {jJ and {j} have been expressed in terms of the mass flow rate and the quality 
as given in Eqs . 5-46a and 5-46b , or: 

1 
{a} = ---------

( 1 - X P ) Co i l + -- �  
x Pt 

Comparing Eqs .  1 1 -48 and 5-55 , we obtain: 

(Co - l )xPt 
S = Co + ------'''-----'---=. + 

(1 - x)Pv 
Due to nonuniform 

void distribution 

Vvj Pv 
+ 

xG 

VvjPi 
( 1  - x)G 

Due to local 
velocity differential 

between vapor and l iquid 

( 1 1 -48) 

( 11-49) 

For uniform void distribution in the flow area , Co = 1 .  Zuber and Findlay [40] 
suggested that Co and Vvj are functions of the flow regime; Co = 1 . 2 for bubbly and 
slug flow , and Co = 0 for near zero void fraction and 1 .0 for a high void fraction . 
The drift velocity (Vvj) for the bubbly and slug flow regimens can be given as: 

Vvj = ( 1  - {a})n vx;; 0 < n < 3  ( 1 1 -50) 

where V<Xj is the bubble rise terminal velocity in the liquid, as given in Table 1 1 -2 .  It 
should be noted that in the bubbly regime the drift velocity is smaller than the terminal 
single bubble veloci ty because of the presence of the other bubbles . In the slug and 
churn flow regimes Vvj and v,x> are equal . 

Ishii [23] extended the drift flux relations to annular flow . However, in annular 
flow there is little difference between the vapor volumetric flow rate and the total 
volumetric flow rate , and Vvj is insignificant. 

Example 11-2 Void-quality-slip calculations 

PROBLEM Consider water flow in a two-phase channel under saturated conditions 
for two cases: 
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Table 1 1·2 Values of n and Vx for various regimes 

Regimen 

Small bubbles (d < 0. 5 em) 

Large bubbles (d < 2 em) 

Chum flow 

Slug flow (in tube of diameter D) 

Tsat = 100aC 

Tsat = 270aC 

n 

3 

1 . 5 

0 

0 

Vx 

g(PI - p) d 2 
1 8J.L1 

[ r 
1 . 53 (Tg(Pl

p;
- Pv) 

[ 

' I' 
1 . 53 (Tg(Pl

p�
- P) ] 

0.35 Jg (PI ; Pv) D 

If the flow quality x 
calculate: 

0 . 1 ,  for two cases of slip ratio (S 

1 .  Void fr action {a} 
2. Vapor flux {j J in tenns of the mass flux G 
3 .  Volumetr ic fr action {13} 
4. Aver age density {p} ( i .  e . , Pm) 

1 and S 

SOLUTION Ther e  ar e four conditions to consider (x = 0 . 1 for all cases): 

Case Tsat (OC) S 
1 100 1 
2 100 2 
3 270 1 
4 270 2 

Fluid properties: 
For Tsat = looac: Psat = 0 . 1 MPa, Pv = 0 .5978 kg/m3 , Pe = 958 . 3  kg/m3 
For Tsat = 270°C: Psat = 5 .5 MPa, Pv = 28 .06 kg/m3 , Pe = 767 .9  kg/m3 

1 .  To find {a} , let us use: 

2) 

{a} = ----

+ _1 _-_x Pv S 
(5-55) 

Case 1 :  {a} 

x Pc 

1 - 0 . 1 0 . 5978 
1 + 0 . 1 958 . 3  

( 1 )  
0 . 9944 
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Case 2: {a} = 

1 + 

1 = 0 .9889 
- 0 . 1 0 . 5978 
0 . 1 958 . 3  

(2) 

Case 3 :  {a} = -------- = 0 . 7525 
- 0 . 1 28 .06 

1 + 

Case 4: {a} = 
1 + 

2. To find {iJ: 

0 . 1 767 . 9
( 1 ) 

1 
= 0 .6032 

- 0 . 1 28 .06 
0 . 1 767 .9

(2) 

{jJ = {aVJ = xGm 
(5-46a) 

Thus: 

Pv 

0 . 1 
Cases 1 and 2: iv = 

0 . 5978 
Gm = 0 . 1 673Gm 

0 . 1 
Cases 3 and 4: iv = 

28 .06 
Gm = 0 .0036Gm 

3 .  To find {f3} , use: 

{f3} = ---
I - x Pv + -- -

x Pe 

(5-60) 

This equation is the same as Eq . 5-55 for a with S = 1 .  Therefore we have , from 
solution 1 :  

4 .  To find {p}, use: 

Cases 1 and 2 {f3} = 0 .9944 
Cases 3 and 4 {f3} = 0 .7525 

{p} = Pm = {apJ + {( 1  - a)Pe} = apv + ( 1  - a)p t (5-50b) 

Case 1 :  {p} = (0 .9944)0 . 5978 + ( 1  - 0 .9944)958 . 3  = 5 .96 1 kg/m3 
Case 2: {p} = (0 .9889)0 . 5978 + ( 1  - 0 .9889)958 . 3  = 1 1 . 23 kg/m3 
Case 3 :  {p} = CO .7525)28 .06 + ( 1  - 0 .7525)767 .9 = 2 1 1 . 1 7 kg/m3 
Case 4: {p} = (10 .6032)28 .06 + ( 1  - 0 . 6032)767 .9  = 32 1 . 63 kg/m3 

Example 11·3 Comparison of void fraction correlations 

PROBLEM Consider vertical upflow of two-phase water in a 20 mm diameter tube . 
Assume thermal equilibrium at 290°C (7 .45 MPa) . Find and plot the void fraction . 
{a}, versus flow quality , {x} , for 0 . 1 ::::; x ::::; 0 .9 .  Use three values of mass velocity : 



G, = 4000 kg/m2 • s 
G2 = 400 kg/m2 • s 
G3 = 40 kg/m2 • s 

Use three correlations for the void fraction : 

Homogeneous , {a} = {f3} 
Martinelli-Nelson (from Fig . 1 1 - 1 7 ,  below) 
Drift-flux (slug flow) 
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How appropriate are these correlations for the flow conditions considered? 

SOLUTION Fluid properties: Vg = 2 .554 X 1 0 - 2 m3/kg 
vf = 1 . 366 X 1 0 - 3 m3/kg 

Homogeneous void fraction correlation 

Use Eq . 1 1 -30: 

{f3} {a} 

Independent of G, we can find the following values for {a} :  

Martinelli-Nelson 

For Tsat = 290°C and p 
Figure 1 1 - 1 7  (below) . 

Independent of G:  

Drift flux 

x {a} 
0 . 1 0 .68 
0 . 3  0 . 89 
0 . 5  0 .949 
0 . 7 0 .978 
0 .9  0 .994 

74 .4  bar, we can read {a} versus x directly from 

x {a} 
0 . 1 0 .58  
0 . 3  0 . 78 
0 . 5  0 . 87 
0 . 7  0 . 93 
0 . 9  0 . 98 

Use Eq . 1 1 -48 expressed for saturated conditions: 
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{a} = 

Co [ 1 
+ � pg] + VvjPg 

x Pf xG 

For slug flow from Eq. 1 1 -50 and for saturated conditions , Co l . 2 .  

0 . 35 
g(Pf - Pg)D 

= 0 .35 
Pf 

0 . 1 5  mls 

Using g = 9 . 8  m/s2 and D = 0 .02 m ,  we find the following values of {a}: 

{a} x = 0. 1 x = 0.3  x = 0. 5 x = 0.7 x = 0.9 

01 0. 56 0.74 0 .79 0. 8 1  0. 83 

O2 0.52 0.71 0.77 0 . 80 0 . 82 
03 0.31 0. 54 0.64 0.70 0.73 

These results are plotted in Figure 1 1 - 1 3 .  
To determine how appropriate these correlations are , we  need to consider the 

flow conditions and the flow regimes associated with G "  G2 , and G3 • 

]: 
C .2 

1 .0 Homogeneous for G1 , G2 and G3 

0.9 

� 0.8 
u. 
" 
� 

0.7 

0.6;--------+------��------+_------�------� 
0.5 0.6 0.7 0 .8 0.9 1 .0 

Quality, x 

Figure 11·13 Variation of the void fraction with quality of Example 1 1 -3. 
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Homogeneous model: This model is good for high-pressure , high-flow-rate con
ditions. Therefore the G1 = 4000 kg/m2 s case is more appropriate for use with this  
model than G2 or G3 , as  this model is best used when G > 2000 kg/m2 s .  

Martinelli-Nelson model: This model is good for 500 < G (kg/m2 s )  < 1000 . 
Therefore the results for G1 = 400 kg/m2 s should be reasonably better than the other 
two models . 

Drift-flux (slug flow) model: From Figure 1 1 -7 , based on the values of the two 
coordinates: 

py{jJ2 = Vy(GX)2, Pe{jeF = ve[G( 1 - X)] 2 

we find that for G1 and G2 most of the calculation region gives annular flow . Hence 
the slug flow assumptions used are not appropriate . However, for G3 the values fall 
in the bubbly and chum flow regions , and therefore the slug flow assumptions are 
more appropriate . It is interesting to note that it is the only model that accounts for 
the effect of the mass flux G on the void fraction . 

V PRESSURE-DROP RELATIONS 

A Pressure Gradient and Drop Components 

Evaluation of the pressure drop in a two-phase flow channel can be accomplished 
using several models . Here we address the pressure drop prediction on the basis of 
the mixture models first HEM then allowing for unequal phase velocities . (This fonnat 
follows the historical development of the insight into this area. )  Furthennore, it should 
not be surprising that a large degree of empiricism is involved , as the flow is inherently 
chaotic .  

The pressure gradient can be calculated using the momentum equation for a two
phase mixture flowing in the z direction of a one-dimensional channel: 

� (G A ) + � (G�z) = - � (pAJ - f T wClP - Pmg cos OAz (5-66) 
at 

m z az P;:' az P, 
z 

where 0 = the flow angle with the upward vertical . 
For steady state in a constant area channel, it is possible to simplify Eq . 5-66 to: 

dp d (G�) 1 r 
- - = - + + - J p T wdPz + Pmg cos 0 

dz dz Pm Az ' 
( 1 1 -5 1 )  

In this  equation the radial variation of p within the cross section i s  assumed negligible . 
Equation 1 1 -5 1 expresses the rate of change of the static pressure in the channel 

as the sum of three components due to acceleration , friction , and gravity: 

where: 

-
: 

= 
(:L 

+ 
(:L + (:Lv" y 

( 1 1 -52) 
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(dP) - = Pmg cos (J 
dz gravity 

( 1 1 -53 )  

( 1 1 -54) 

( 1 1 -55) 

where T is the circumferentially averaged wall shear stress . Note that dp/ dz is negative 
for flow in the positive z direction , and (dp/ dZ)fric is always negative . The other 
two tenns depend on the channel conditions .  For heated channels Pm decreases as z 

increases , and (dp/ dZ)acc is positive . The (dp/ dZ)gravity tenn is positive if cos (J is 
positive . 

To obtain the pressure drop , we integrate the gradient equation : 

or 

where: 

_ 
J

�"ut ( dP) 
IIp = Pin - Pout = :,n -

dz 
dz 

IIp IIp ace + llPfric + IIp gravity 

llPacc 

llPfric 

flout 

llPgravity = :on Pmg cos (J dz 

( 1 1 -56) 

( 1 1 -57) 

( 1 1 -58) 

( 1 1 -59) 

( 1 1 -60) 

The dynamic density p� can be written in terms of the flow quality if we write 
the momentum flux of each phase in tenns of the mass flux . From Eq. 5-67 we have : 

G� { "} { 2} + = pvau� + Pe( 1 - a)u e (5-67) 
Pm 

Because the flow quality can be given by 

xGm = {PvauJ and ( 1  - x)Gm = {Pe ( 1  - a)u e} ( 1 1 -6 I )  
then: 

0 1 -62) 

where: 

( 1  I -63a) 
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and 

( l 1 -63b) 

For radially uniform velocity of each phase in the channel, Cv 
case Eq . 1 1 -62 leads to : 

1 .0 .  In that 

( 1 1 -64) 

for uniform velocities . We ignore the radial distribution of the velocity in the devel
opment of the acceleration term in this section . 

The friction pressure gradient for two-phase flow can be expressed in a general 
form similar to the single-phase flow: 

where: 

(dP) = TwPw == fTP [ G� ] ( 1 1 -65) dz fric Az De 2 P;:; 

D = 
4Az 

e (9-56) 

is the hydraulic equivalent diameter. 
The general approach for formulating the two-phase friction factor or the friction 

TP 

pressure gradient , (dP) , is to relate them to friction factors and multipliers defined dz fric 
for a single phase (either liquid or vapor) flowing at the same mass flux as the total 
two-phase mass flux . If the single phase is liquid , the relevant parameters are f eo and 
CP�o' whereas if the single phase is vapor the parameters are f vo and cjJ�o. These 
parameters are related as: 

so that 

(d) 
TP 

= cjJ�o (d) 
eo 

= cjJ�o (;) vo ( 1 1 -66) 
z fric Z fric Z fric 

cjJ�o 
Pe fTP ( l 1 -67a) 
P;:; feo 

qi = 
�fTP ( l 1 -67b) vo 
P;:; fvo 

Typically , the "l iquid-only" parameters are util ized in boiling channels ,  and the 
"vapor-only" multipliers are utilized for condensing channels . Therefore in a two
phase boiling channel the friction pressure gradient is given by: 

dp _ cfJ2 feo Gm ( )TP [ 2] dz fric 
- to De 2Pe 

(11-68) 
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B HEM Model Pressure Drop 

The HEM model implies that the velocity of the liquid equals that of the vapor, that 
the two velocities are uniform within the area, and that the two phases are in ther
modynamic equilibrium. If: 

Vm == Gm = {Pgavg + Pr(1 - a)vr}/{Pga + Pf ( 1  - a)} Pm ( 1 1 -69) 

we can see that for the HEM model (or any model with equal phase velocities): 

( 1 1 -70) 

Then , substituting from Eqs .  1 1 -60 , 1 1 -6 1 ,  and 1 1 -62 into Eq. 1 1 -64, we get: 

1 x{Pga}Vm ( 1  - X){Pf( 1  
-
a)}Vm 

-- = + ------�-------= 

p� {Pga}Gm {Pf(1 - a)}Gm 
xVm + (1 - x)Vm = Vm = 

Gm Gm Pm 
Equation 1 1 -7 1 indicates that in the HEM model p� = Pm. 

( 1 1 -7 1 )  

It i s  useful to note that we can use the equivalence of p� and Pm in the homoge
neous model to write : 

__ 
= 
Vm = aVm + ( 1  - a)Vm 

p� Gm Gm 
so that using the definition of x in Eq . 11-61 we get: 

and 

__ 1 
= 
xGm/ Pg + (1 - x)Gm/ Pf 

p� 

x 1 - x 
+ -- (HEM flow) Pf 

(11-72) 

( 1 1 -73a) 

(11-73b) 

From Eqs .  1 1 -53 and 1 1 -73b , because Gm is constant for a constant area channel ,  the 
HEM acceleration pressure gradient is given by : 

or 

(dP) 2 d [1 ( 1 1)] 
dz ace = 

G m dz Pr + 
Pg - Pr x 

(dP) 2 [dVf (dVg dVf) dX] 
- = G -- + x - - -- + (v - Vr) -dz ace 

m dz dz dz g dz 

( 1 1 -74a) 

( 1 l -74b) 

If v g and vf are assumed independent of z, i . e . , both the l iquid and the gas are assumed 
incompressible: 
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( dP
) 

') dx ') dx 

d = G;n(vg - vr)-
d 
= G� Vrg d7 

Z acc Z ,. 

When only the liquid compressibility is ignored: 

- =G X--+Vr-
( dP) 

2 ( aVg dp dX
) 

dz acc 
1I1 

a P dz 
g dz 

For HEM, Eq. 11-65 for the friction pressure gradient reduces to: 

(11-75) 

(11-76) 

( 11-77) 

Thus the total pressure drop when the gas compressibility is accounted for is 
obtained by substituting in Eq. II-52 from Eqs. II-55, 11-76, and 11-77 and rear
ranging to get: 

( dP) 
dz HEM 

(11-7S) 

To evaluate the friction multiplier ¢lo given by Eq. 11-67a, two approximations 
are possible for the two-phase friction factor: 

I. JTP is equal to the friction factor for liquid single-phase flow at the same mass 
flux Gm as the total two-phase mass flux: 

JTP = JEo ( 11-79a) 

2. JTP has the same Re dependence as the single-phase !fo, so that: 

(I1-79b) 

Turbulent flow conditions are usually assumed so that C, = 0.316 and n = 0.25; 
or C1 = 0.IS4 and n = 0.2. Several formulas for the two-phase viscosity �TP have 
been proposed in terms of saturation properties: 

McAdams et al. [28]: �TP = [1 + 
x 
(�r _ 1)]-1 

�f �g 

Cichitti et al. [7]: �TP = [I + x 
(�g 

- I)] 
�f �f 

/-1TP [ (/-1" )] Dukler et al. [10]: - = 1 +,B � - I 
/-1f /-1f 

( It-SOa) 

(II-SOb) 

(11-80c) 
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Note that all the above equations reduce to the proper single-phase viscosity in the 
extreme cases of x = f3 = 1 or x = f3 = O . 

The friction pressure drop , (Mo, has been defined by Eq . 1 1 -67a .  For homoge
neous flow, the condition of Eq . 1 1 -79a can now be given as: 

CP�o = Pe fTP = Pe 

Pm feo Pm 

For thermodynamic equilibrium Eq . I I -S 1 reduces to: 

#0 = [ 1 + x (:: - I )] 

( l 1 -S I )  

( 1 1 -S2) 

Alternatively , if Eqs . I I-79b and l l -SOa were used to define fTP/fto' we get: 

¢lo = !!!.- fTP = [ 1 + x ( Pf _ 1)] [ 1 + x (l1-f _ 1 )] -n ( 1 1 -S3) 
Pm ffo Pg I1-g 

Other similar relations can be obtained for the conditions I I -SOb and iI-SOc .  
Table 1 1 -3 gives representative values of CP�o for various pressures and qualities . 

It is seen that cp�o increases with decreasing pressure and higher quality , and the 
inclusion of the viscosity effect is particularly important for high quality conditions . 

C Separate Flow Pressure Drop 

In the general two-fluid case , the velocities and the temperatures of the two phases 
may be different . However, in the separate Iflow model , thermodynamic equilibrium 
conditions (and hence equal temperatures) are assumed . The model is  different from 
the homogeneous equilibrium case only in that the velocities are not equal . Thus 
simple relations for the friction pressure gradient may be derived. 

Table 11-3 Two-phase multiplier (cf>�o) of various models 

cf>�o at various qualities (x) 
p(psia) x = 0.0 x = 0. 1 x = 0 .2  x = 0.5  x = 0.8  x = 1 .0 Source 

1020 2 . 73 4 .27 8 . 30 1 1 . 8 1  1 3 .98 Eq . 1 1 -83 , n = 0 .25 
1020 2 .07 4. 14  10 .35 16 .6  20 .7 Eq. 1 1 -82 
1020 5 . 4  8 . 6  1 7 .0  22 .9 1 5 .0 Martinelli -Nelson [27] , 

Figure 1 1 - 1 5  
738 3 .9  6.4 12 .9  18 . 5  2 1 . 9 Eq. 1 1 -83 , n = 0 . 25 
738 2 .98 5 . 96 14 .9  23 .8  29 . 8  Eq. 1 1 -82 
738 7. 1 1 2 .4 25 .5  35 22 .5  Martinelli-Nelson [27] , 

Figure 1 1 - 1 5  
29 1 8 . 25 14 .4 29 .7 42 .9 5 1 .0 Eq . 1 1 -83 , n = 0 . 25 
29 1 8 . 5  1 7 .0 42 . 5  67 .0 85.0 Eq . 1 1 -82 
29 1 1 8 .4 36 . 2  90 1 32 80 .0 Martinelli-Nelson [27] , 

Figure 1 1 - 1 5  
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Ignoring the liquid compressibility and assuming radially unifonn phasic densities 
and velocities , the acceleration pressure drop for a constant mass flux is  defined by 
substituting from Eq. 1 1 -64 into Eq . 1 1 -53 to get: 

(dP) = G2 � [0 - X)2 vf + x2vg] 
dz aee 

m dz { 1 - ll'} { ll'} 

G� [ _ 2�: = �;f + ��.] (�:) 
+ G� [(�l-_X�}�f - �:;;] (�;) 
+ G2 � aVg (dP) 

m {ll'} ap dz 

( 1 1 -84) 

Thus the total static pressure drop is given by substituting from Eqs .  1 1 -55 , 
1 1-68 , and 1 1 -84 in Eq . 1 1 -52 and rearranging to get: 

(dP) [ 2 X2 av g] - 1 
- dz SEP 

= 1 + G m {ll'} a P 
. {A,.2 feo [G�] + G2 [2XVg _ 2( 1 - X)Vf] dx 

o/eo 
De 2pf m {ll'} {I - ll'} dz ( 1 1 -85) 

2 [ ( 1  - X)2 X2 ] dll' } + Gm {I _ ll'F vf - {ll'F Vg dz 
+ Pmg cos () 

Comparing Eqs . 1 1 -78 and 1 1 -85 , it is seen that, because in the separate flow 
model the change in ll' is  not uniquely related to the change in x, an additional tenn 
for the explicit dependence of the acceleration pressure drop on dll'/dz appears in Eq . 
1 1 -85 . 

i . e . , 
Note that under high pressures the compressibil ity of the gas may also be ignored, 

2 X2 aVg Gm-{ }-« 1 ll' ap 

This adjustment greatly simplifies the integration of Eqs .  1 1 -78  and 1 1 -85 .  

D Evaluation of  Two-Phase Friction Multipliers 

1 Method of Lockhart-Martinelli [25]. There are two basic assumptions here: 

1 .  The familiar single-phase pressure drop relations can be applied to each of the 
phases in the two-phase flow field . 

2. The pressure gradients of the two phases are equal at any axial position . 

In the previous discussion the friction pressure drop was related to that of a single
phase flow at a mass flux equal to the total mixture mass flux . An alternative as-
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sumption is that the friction pressure gradient along the channel may also be predicted 
from the flow of each phase separately in the channel . Thus :  

dp = qi dp = <1>2 dp ( ) T
P ( )

e ()v 
dz fric -

e dz [ric - v dz fric 
( 1 1 -86) 

where (dP) 
e 

and 
(dP) v = pressure drops obtained when the liquid phase and the dz fric dz [ric 

gas phase are assumed to flow alone in the channel at their actual flow rate , respec
tively .  

By definition: 

(dP)
e 

fe [G�(I - X)2] (dP) v fv [G�2] ( 1 1 -87) dz fric 
= De 2Pe ; dz fric = De 2pv 

Hence: 

<I>� 

<I>� 

= f 
T

P .£!s.-
fe p� ( 1  

fTP � � 
fv p� x2 

- X)2 

It is seen from Eqs .  1 1 -67a and 1 1 -88a that: 

but 

<I>�o = f� Pe = <I>� fe � ( 1  - X)2 
P� feo Pe feo 

Reeo = GmDe/ JLe and Ree = Gm(1 - x)DJ JLe 

( 1 1 -88a) 

( 1 1 -88b) 

( 1 1 -89) 

The relation between the friction factor and the respective Re number can be given 
as : 

( JLe ) n ( JLv ) n ( JLe ) n 
fe � DeGe ,fv � DeGv ,feo � DeGm 

( 1 1 -90) 

where n = 0.25 or 0 . 2  depending on the correlation used to define the relation of 
Eq . 1 1 -79 . Substituting from Eq . 1 1 -90 into Eq. 1 1 -89 , we get: 

,#,.2 = ,#,.2 [Gm(1 - x)De/ JLe] -n (I _ X)2 = '#"2( 1 _ x)2-n 'Peo 'Pc (G D / ) -n 'Pe m e JLe 

Lockhart and Martinelli defined the parameter X such that 

X2 == (dp/dz)iric 
(dp / dZ)fric 

( 1 1 -9 1  ) 

( 1 1 -92) 

Note that from Eq . 1 1 -86, X2 = <I>�/cP�. Substituting from Eqs .  1 1 -87 and 1 1 -90 into 
Eq . 1 1 -92 , we obtain X2 under thermal equilibrium condition . When f is taken pro
portional to Re - 0 . 25 : 
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( 1 1 -93) 

for n O. 25 . If f is taken to be proportional to Re - 0.2, we get: 

( 1 1 -94) 

for n = 0 .2 .  
Lockhart and Martinelli (25] suggested that ¢e and ¢v can be  correlated uniquely 

as a function of X. The graphic relation is shown in Figure 1 1 - 14 .  Their results were 
obtained from data on horizontal flow of adiabatic two-component systems at low 
pressure . These curves can be represented by the relations: 

10 

, 
I' 
;1 
Ii 
II (1-a) vV' 1/ 

(1-a) 
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1/ 
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Figure 11-14 Martinelli model for pressure gradient ratios and void fractions (From Martinelli and 
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Table 11-4 Values of 
constant C 
Liquid-gas C 

Turbulent-turbulent (tt) 20 
Viscous-turbulent (vt) 1 2  
Turbulent-viscous (tv) 10  
Viscous-viscous (vv) 5 

X 1 - a = �========== 
VX2 + ex + 

( 1 1 -9Sc) 

where C is given in Table 1 1 -4, dependent on the phase flow being laminar (viscous) 
or turbulent. In practice , the scatter of the experimental results is  as large if not larger 
than the variation in ¢� and ¢� owing to the flow regime assumptions. Hence only 
the value of e = 20 is usually used for all regimes ( i . e . , a turbulent-turbulent regime 
is used) . 

Equations 1 1 -9Sa and 1 1 -9Sc imply that: 

( 1 1 -96) 

which was theoretically derived by Chisholm [S] . 

2 Martinelli-Nelson [27]. Martinelli and Nelson dealt with steam-water data . Their 
basic assumption was that ¢�o can be related to the flow quality at any given pressure .  
Thermodynamic equilibrium and a turbulent-turbulent flow regime were assumed to 
exist. Using XIt (turbulent-turbulent) from Lockhart-Martinelli ' s work, values of ¢Zo 
were established (Fig.  1 1 - 1S) . 

An analytic value of ¢�o for steam-water may be calculated from the expression 
suggested by Jones [24] :  

,1,.2 
= 1 .2 [Pf - 1] XO.824 + 1 .0 "Peo ,Pg 

( 1 1-97) 

Note that this approach assumes , as with the homogeneous approach , that the flow 
rate does not affect ¢�o. 

When calculating total pressure drop over a heated channel ,  the friction pressure 
drop needs to be calculated from an averaged ¢�o of the form: 

1 IX 1 fl x ¢fo = - ¢�odx = - '  ¢� ( 1  - x)1.75dx 
x 0 x 0 
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or 

-:i:2 --- - 1 + --- + - ( 1  --- x) 1 .75 dx 
1 IX ( C 1 ) 

'f'eo ---
x 0 X X2 ( 1 1 -98) 

The Martinelli-Nelson results for ¢fa using Xu (C 20) are shown in Figure 
1 1 - 16 .  

Integrating Eq. 1 1 -85 and ignoring the vapor compressibility leads to: 

L1 = feo G� (L qi 
d + G2 [ ( 1  --- X)2 + 

�]a'X'�L 
p 

De 2Pe Jo eo Z m ( 1  --- a)Pe apv a.x,-n 
+ LL g cos () [pya + Pe ( 1  --- a)] dz 

( 1 1 -99) 

For a = x = 0 at z = 0 and constant heat addition rate over a length L, the vapor 
quality increases at a constant rate with distance z: 

dx Xout - = constant 
dz L 
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Hence Eq. 11-99 can be written as : 

feo G� [ 1 Ixoul 2 ] + G� [0 - xoui + X�utPe _ 1] J.p = - - L -
4>eo dx 

De 2Pe Xout 0 Pe 0 - aout) aoutpv 01-100) 

+ 
LPe g cos (J Lxoul [1 _ (1 Pv) a] dx 

xout Pe 

or 

01-101) 
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0-2 

a 

The parameter r3 is a length-averaged two-phase multiplier based on liquid flow . For 
this case of uniform axial heat addition rate , r3 is equal to �, which is given by Eq . 
11-98 . Values of a are shown as a function of quality in Figure 1 1 - 1 7. Values of r'2 
can be obtained using the values of a given exit quality conditions .  The value of r2 
ranges from nearly 2.3 to 1500 for exit quality between 1 % and 100% at atmospheric 
pressure and from 0 . 2  to 20 for 7.0 MPa pressure . 

The form of Eq. 1 1 - 1 0 1  is useful for representing the pressure drop components 
as predicted under more general heating conditions and using other models .  However , 
the values of r2 , r3 , and r4 are different for nonconstant heating situations and for 
different models for (Mo and a. 

It is important to realize some shortcomings in the Martinelli-Nelson and HEM 
models: 

1. They assume negligible effects for the mass flow rate (Gm) at a given quality ,  
whereas experimentally ¢�o' cp�, and cp� are found to  depend on  Gm. 

2. They do not account for surface tension effects , which are important at high 
pressures (near the critical point) . 

Various investigators have found the Martinell i-Nelson results to be better than 
the homogeneous model for 500 < Gm < 1 000 kg/m2 s ,  whereas the homogeneous 
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model appears to be better for Gm = 2000 kg/m2 s .  This finding may be due to the 
fact that at a given quality higher mass flow rates may lead to a well mixed (dispersed) 
flow pattern instead of the annular (separated) flow assumed in the Martinelli-Nelson 
and Thorn approaches . 



TWO-PH A S E  FLOW DYNAMICS 499 

50 

10 
C') � 

.� 7 a. � "S 
E 
'0 5 
Q) � a; 4 > 

3 

2 

I�OO 0 --:J::!O-=O���-::-5!-0-::-0-1-7=-O�O.I::t: :i:::=::.-=::::t:::::::�2�ObOO"'- .3.00�O 

Operating pressure, p (psia) 

Figure 11-19 Thorn's friction pressure drop rnultiplier (r3). (From Thorn [37].) 

3 Thorn method. Thorn [37] evaluated the friction multiplier using additional results 
but the same representation as Martinelli-Nelson . Values of r2, r3, and r4 are shown 
in Figures 1 1 - 1 8, 1 1 - 1 9, and 1 1 -20, respectively . 

4 Baroczy correlation. Baroczy [4] attempted to correct for the influence of Gm on 
cp�o for fluids other than steam-water. He generated two sets of curves . The first 
defines cp�o at a reference Gm = 1 356 kg/m2 s (or 1 06 Ibm/ft2 hr) as a function of 
fluid property index and at a given quality (Fig . 1 1 -2 1 ). The other set provides a 
multiplier correction factor (D) for various values of G as a function of the same 
property index (Fig .  1 1 -22). 
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Figure 11-20 Thorn's gravitational pressure drop multiplier (r4). (From Thorn [37] . )  

( 1 1 - 102) 

5 Chisholm. Chisholm and Sutherland [6] proposed the following procedure to ac
count for mass flow rate effects for steam-water flow in pressure tubes at pressures 
above 3 MPa (435 psia) . 

For Gm :::; G* (G* is a reference mass flux as specified below): 

where: 

C 1 ,1.2 = 1 + - + -'Pi: X X2 

[ ( )0.5] [ ( )0.5 ( )0.5] C = A + (C, - A) :f: :� + :; 
A = 0 .5  [2(2 -n) - 2] 
n = power coefficient of Re in the friction factor relation 
C2 = G*/Gm 

For Gm > G*: Let: 

(l 1 -103a) 
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Figure 11-21 Baroczy two-phase friction multiplier (¢,2o)' (From Bame." 141.) 

J [ C 1] ¢"t = 1 + X + 
X2 1/1 

( ) 2�" ( )/1/2 ( ) 1/2 X - /J.f Vf 
T= -- - -

1 - X /J.g Vg 

(l1-103b) 

C is obtained from Eq. 11-103a using the same procedure as for Gill S G*. 



S02 NUCLEAR SYSTEMS I 

1·6 ,----;-------,----------:;---,------, 
G = 678 and 4068 kg 'I m2s 

1·4�--+---------+---------;----------¥���--� 

c: oe 
o 
� 0 6�__+-���-=��;=zj��;;:::::::::�#;IJ_- 1 
.� 0.. :p � 0·4 '__'-___ ---l� ___ ___I ____ -<'_ ___ _..I 

� l·er---r---------�--------�------�-r--------_, en ro G", 339 and 2712 ..c::. c.. 
6 1·6�--r---��--+---------�--------�----�--� � 

1 ·4 �-I-----t--�....._--�� 

06r--r----�----�-----���L--� 40 to 60 
05�-�-----�---��----'----� 

10-4 

Figure 11-22 Baroczy mass flux correction factor. (From Baroczy [4] .) 

For rough tubes: 

G* 1 .0, n 0.0 

For smooth tubes: 

G* = 2000 kg/m2s ,  A = 0.75, n = 0.2 

6 Jones. Jones [24] developed an empirical approximation to the Martinelli-Nelson 
</>�o for water. He included a synthesized flow rate effect. His proposed correlation 
is: 
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01-1 04) 

where: !1(p, Gm) 

== 
(1 .36 + 0.OOO5p + 0.1 (��) - 0.OO071 4p (��) for (��) oS 0.7 

(1 06) (1 06) (G ) (1 1 -1 05a) 1 .26 - 0.0004p + 0.1 19 
Gm 

+ 0.00028p 
Gm 

for 1 0� > 
0.7 

(I1 -105b) 

Equation 11-104 is shown graphically in Figure 11-23. In the above Jones' relations , 
Gm is in lb/hr ft2 , and p is in psia. 

7 Armand-Treschev. The model proposed by Armand and Treschev [I] does not 
account for the mass flux effect but attempts to describe the effect of the void fraction 
in a more preci se way . The database of the model is steam-water flowing in rough 
pipes 25.5 to 56 mm in diameter at pressures between 1 .0 and 1 8 MPa. The proposed 
correlation for the void fraction is :  

{a} 
{f3} = 0.833 + 0.05 en (lOp) (1 1 -43) 

where p is in MPa. 

50 r---�--�--�---'--�----�--'---�--�---. 
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Figure 11·23 Jones' mass flux correction to Martinelli-Nelson model. 
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The friction factor is given by: 

1. 

2. 

where n 

3. 

For {f3} < 0.9 and {a} < 0.5, 

For {f3} < 0.9 and {a} > 0.5, 

1.9 + 1.48 x 10-2p (in MPa). 

For {f3} > 0.9, 
0.025p + 0.055 

(Mo = (1 _ {f3}) 1 .75 (1 - x) 1.75 

(11-106a) 

(11-106b) 

(11-106c) 

8 Comparison of various models. Eighteen two-phase friction pressure drop models 
and correlations were tested against about 2220 experimental steam-water pressure 
drop measurements under adiabatic conditions and about 1230 of diabatic flow con
ditions by Idsinga et al. [22]. The data represented several geometries and flow regimes 
and had the following property ranges: 

Pressure 1.7-10.3 MPa (250-1500 psia) 
Mass velocity 270-4340 kg/m2s (0.2 X 106 to 3.2 X 106Ibm/hr-ft2) 
Quality Subcooled to 1.0 
Equivalent diameters 2.3-33.0 mm (0.09-1.30 in.) 
Geometry Tube, annular, rectangular channel, rod array 

The four models and correlations that were found to have the best performance 
were the Baroczy correlation, the Thorn correlation, and the homogeneous model two
phase friction multipliers. 

HEM 1: (Mo = 

HEM 2: cP�o = 

1 + X 
(Vfg) 
vf 

[I + x (�:) ] [I + x 
(:: - I)]"" (with 11 = 0.25) 

(11-82) 

(11-83 ) 

For geometries with equivalent diameter of about 13 mm (0.5 in.) i.e., BWR con
ditions, the Baroczy correlation performed the best for x > 0.6 while the Armand
Treschev correlation performed the best for x < 0.3. Other comparison studies of 
various models are listed in Table 11-5. 

Example 11-4 Pressure drop calculations in condensing units 

PROBLEM To predict the pressure drop in condensing equipment it is possible to 
relate the friction pressure drop to an all-gas (single-phase) pressure drop by defining 
a new two-phase multiplier cP�o from Eqs. 11-76 and 11-77: 



TWO-PHASE FLOW DYNAMICS 505 

Table 11-5 Comparison of two-phase pressure drop correlations 
with steam-water data 

ESDU [II] 
Upftow , Idsinga [22] Harwell 

downflow , and Friedel [16] Upflow and Upflow and 
horizontal flow Upflow only horizontal horizontal 

Model n e a n e a n e a n e 

HEM I 2238 -9. 2  26. 7  
HEM 2 1709 -13. 0  32 . 2  2705 - 19.9  42. 0  2238 -26. 0  22 . 8  4313 -23. 1  
Baroczy [4] 1447 4.2 30.5 2705 -11. 6 36. 7  2238 -8. 8  29. 7  4313 -2. 2 
Chisholm-Sutherland [6] 1536 19. 0  36.0  2705 -3. 8  36.0  2238 0 .5  40 .5  4313 13.9 
Martinelli-Nelson [27] 1422 16.3 36. 6  - 2238 47. 8  43. 7 

Source: Adapted from Collier [8] . 
Correlations: n = number of data points analyzed; e = mean error (%) = (.1Pcal - .::1Pexp) x 

100/ .1Pexp; a = standard deviation of errors about the mean (%) .  

a 

34.6  
30 .8  
34 . 4  

(dP) = fTP G� 
= 4i fvo G� dz friction De 2Pm vo De 2pv 

( 1 1 - 107) 

1 .  Using the HEM model, determine the multiplier in terms of the vapor density . 
Assume that the two-phase mixture viscosity is equal to the vapor viscosity . 

2. Evaluate the pressure drop across a horizontal tube of length L and diameter D 
using the HEM approach.  Assume axially uniform heat flux and the following 
conditions :  

D = 20 mm 
L =2 m 
fTP = fgo = 0 .005 Pin = 1 .0 MPa ( 1 50 psi) 
m = 0 . 1 kg/s 
Inlet equilibrium quality = 0 .05 
Exit equilibrium quality = 0.00 

SOLUTION 1 .  From the problem statement and recognizing that Pv 
write: 

A-,. '!.  = fTP Pg 
'f'go f go Pm 

Using the HEM model ,  Pm = p;:;, so Eq . 1 1 -69 gives :  

Pm 
x 1 - x 

+ 
Pg Pr 

Pg, we can 
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Thus:  

or 

¢2 = fTP [Vf 
+ x 

(1 _ Vf )] 
go fgo Vg Vg 

2. The pressure gradient is found from:  

--
= - + - + -

dp (dP) (dP) (dP) 
dz dz ace dz fric dz gravity 

For a horizontal tube (dp/dz.)gravity = O. 

(11-52) 

The pressure drop equation can be written in a manner simil ar to Eq . 11-100, as : 

2 [( 1 ) ( I )] -? fgoL G� 
/:).P = Pin - POllt = Gm - - - .  + ¢go D -2-Pm Ollt Pm In Pg 

when the gravity term has been neglected . Now: 

ain = ----I - x Pg 1+ --
x PI' 

-----------,,- = 0.901 1 -0.05 1.1274 x 10-3 
1+ 0.05 0.1943 

(11-108) 

ain I - a 0.901 1 - 0.901 
Pin = ainPg + ( l - a)pf = 

Vg + � = 0.1943 + 1.1274 x 10-3 

Pin = 92.45 kg/m3 

1 
P - P - - = 887 kg/m3 aliI - r - Vr - 1.1274 X 1 0-3 

To find ¢�o we integrate the expression for ¢�o' noting that fTP 
0.05 to XOllt = O. 

¢�() = .� rou, ¢;o dx 
X1n XOllt . III 

I [Vf xi� ( Vf )] = - - Xin + - I - -
Xin Vg 2 Vg 

= - + - 1--vI' Xin ( vr ) 
Vg 2 Vg 

= 1.1274 X 10- 3 0.05 (
1 _ 1.1274 x 10-3 ) = 0.031 

0.1943 + 2 0.1943 

m l'h 0.1 
Gm = - = -- = = 318.3 kg/m2 . s A � D2 � (0.02)2 4 4 
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Substituting in Eq. 1 1 - 108 : 

2 

( 
1 1 ) IIp = (3 1 8 .3 )  

887 - 92.45 
(0 .005)(2) (3 1 8 . 3)2 

+ (0 .03 1 )  
(0 .02) 

0 . 1 943 
2 

= - 829 . 1 Pa 

Thus for condensation the pressure at the exit is larger than at the inlet . 

VI CRITICAL FLOW 

A Background 

The critical flow rate is the maximum flow rate that can be attained by a compressible 
fluid as it passes from a h igh-pressure region to a low-pressure region . Although the 
flow rate of an incompressible fluid from the high-pressure region can be increased 
by reducing the receiving end pressure , a compressible fluid flow rate reaches a 
maximum for a certain (critical) receiving end pressure . This situation occurs for both 
single flow of gases as well as two-phase gas-liquid flows . The observed velocity and 
pressure of a compressible fluid through a pipe from an upstream pressure (Po) to a 
downstream (or back) pressure (Pb) for various levels of Pb are illustrated in Figure 
1 1 -24 . Note that the discharge velocity for all values of Pb below the critical pressure 
Per is constant. 

The critical flow phenomenon has been studied extensively in single-phase and 
two-phase systems .  It plays an important role in the design of two-phase bypass 
systems in steam turbine plants and of venting valves in the chemical and power 
industries . The critical flow conditions during a loss of coolant event from a nuclear 
power plant comprised the motivation behind much of the experimental and theoretical 
studies of two-phase flows in recent years . 

B Single-Phase Critical Flow 

It may be useful to illustrate the analysis of critical flow by first considering single
phase flow in a one-dimensional horizontal tube . 

The mass and momentum transport equations can be written as : 

m = pVA 

� �� = - : - (:t,,;oo 
0 1 - 109) 

0 1 - 1 10) 

If no heat is being added and friction is ignored, the flow becomes ideal ( i . e . , re
versible) ,  adiabatic , and hence isentropic .  

The critical flow implies that m i s  maximum, irrespective of change in the pressure 
downstream, i . e . , 

dm 
dp 

o 01-111) 
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Figure 11-24 Critical flow behavior. (From EI-Wakil [ 1 3]) 

However, from the mass equation (Eq . 1 1 - 1 09) : 

drh 
dp 

Therefore at the critical condition : 

VA dp 
+ 

pA dV 
dp dp 

Vdp 
pdp 

(11-112) 

(11-113) 
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From the momentum equation (Eq .  1 1 - 1 1 0) for isentropic flows (no friction) :  

dV 
dp 

A 

Therefore the critical mass flow rate is determined from: 

or 

mer _ G _ e dp 
A - cr - V dp 

G2 = p2 dp 
cr dp 

( 1 1 - 1 14) 

( 1 1 - 1 1 5) 

( 1 1 - 1 1 6) 

The critical mass flux can also be given in terms of the specific volume as follows . 
Because: 

p = -
v 

dp 
dp 

-, dp - v�-

and from Equations 1 1 - 1 1 6  and 1 1 - 1 1 8  we get 

G2 = _ dp 
cr dv 

dv 

( 1 1 - 1 1 7) 

( 1 1 - 1 1 8) 

( 1 1 - 1 1 9) 

Note that for a single phase the speed of sound under isentropic conditions is  
given by: 

c' = (:) ( 1 1 - 1 20) 

Thus the critical flow is identical to the mass flow at the sonic speed for i sentropic 
conditions . This identity does not hold for two-phase flows.  

Equations 1 1 - 1 1 6 and 1 1 - 1 20 are not easily usable for applications because they 
require definition of the local conditions (temperature and pressure) at the throat of a 
nozzle or the exi t of a pipe . An alternative approach relates the velocity at the throat 
(V) to the thermodynamic enthalpy of the fluid at the upstream point of entry into the 
pipe (or the orifice) (ho)' Usually the fluid is stagnant in a tank of known temperature 
and pressure , and hence enthalpy . Then at the entrance of the nozzle or the discharge 
pipe , the stagnation enthalpy (h:) is equal to the thermodynamic enthalpy (ho) ' Along 
the pipe the stagnation enthalpy is constant in the absence of heat addition and friction . 
Thus :  

( 1 1 - 1 2 1 )  

Thus the flow rate i n  the pipe is given by: 
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G = pV = pY2(ho - h) 

For isentropic expansion of an ideal gas , however: 

and 

where y = cp/cy• 
For an ideal gas : 

(;}h p 
Po 

( 1 1 - 1 22) 

( 1 1 - 1 23 ) 

( 1 1 - 1 24) 

(4- 1 20b) 

Therefore , using Eqs .  1 1 - 1 23 ,  1 1 - 1 24, and 4- 120b, Eq . 1 1 - 1 22 can be written as : 

G = Po 2cpTo (I - �) 0:f' 
G = Po 2cpTo [�JY - (::r+ I)h] ( 1 1 - 1 25) 

The mass flux varies with the ratio p/Po' with P = Pb so long as Pb is higher or 
equal to a critical pressure (Per) . For lower values of Pb' the mass flux stays constant . 
The value of the mass flux can be obtained by differentiating G of Eq . 1 1 - 1 25 with 
respect to pressure . 

which leads to: 

C Two-Phase Critical Flow 

dG 
dP 

o ( 1 1 - 1 26a) 

( 1 1 - l 26b) 

The two-phase critical flow condition can be obtained from the requirement that dp/ dZ 
in the momentum equation becomes infinite . Hence for the HEM model , Eq . 1 1 -78 
implies that the denominator should be zero or: 

1 dp 
(G2 ) = - --m er 

X dVg 
0 1 - 1 27) 

Note that Eq . 1 1 - 1 27 reduces to Eq. 1 1 - 1 1 9  for purely gas flow (i . e . , x = 1 .0) . 
For the separate flow model , Eq. 1 1 -85 impl ies that the critical flow condition 

occurs when: 
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Table 11-6 Relaxation length observed in various critical flow 
experiments with flashing liquids 

Source 

Fauske (water) 
Sozzi & Sutherland (water) 
Flinta (water) 
Uchida & Nariai (water) 
Fletcher (freon II) 
Van Den Akker et al . (freon 12) 
Marviken data (water) 

Source: From Fauske [14]. 

D (mm) LID 

6 .35 �I 6 
12.7  �10 
35 �3 

4 �25 
3. 2 �33 
4 �22 

500 >0. 33 

(G2 ) 
= _ {a} dp 

m cr 2 d x Vg 

L (mm) 

�100 
�127 
�100 
�100 
�105 

90 
<166 

( 1 1 - 1 28) 

The difference in the results between the above two models is  due to the slip ratio 
in the separate flow model . 

Nonequilibrium conditions , in terms of both the velocity and the temperature 
differences between the two fluids play a significant role in determining the flow rate 
at the exit. In flashing fluids , a certain length of flow in a valve (or pipe) is needed 
before thermal equilibrium is achieved . In the absence of subcooling and noncon
densable gases the length to achieve equilibrium appears to be on the order of 0 . 1 m ,  
as illustrated in Table 1 1 -6 [ 1 4] . For flow lengths of  less than 0 . 1 m ,  the discharge 
rate increases strongly with decreasing length as the degree of nonequi librium in
creases ,  and more of the fluid remains in a l iquid state . Figure 1 1 -25 provides a 

0.6 

-0 0.5 
� s 
0 0.4 i= c( a: 
w a: :::> 0.3 
en en w a: 0.2 Il. 
..J c( 0 i= 0.1 it: 0 

0 

I 
-----� I §........-<H I 

I §/ : 1/ 

/� DATA INITIAL PRESS.) 
fi I 0 LOW (100 - 5001 

psig 

/ I D INTERMED. (700 -12001 
ll. HIGH (1200 -18001 

Rl I 
I II m I 

2 4 6 8 10 12 14 16 
LENGTH/DIAMETER RATIO, (UO) 

18 20 

Figure 11-25 Critical or choked pressure ratio as a function of LID. I, II, III = the three regions mentioned 
in the text of the nonequilibrium models.  (From Fauske [15].) 
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demonstration of the critical pressure dependence on the length to diameter ratio 
(LID). 

1 Equilibrium models. Following treatment of the s ingle-phase gas in Eq . 1 1 - 1 2 1 ,  
the enthalpy of the two-phase mixture undergoing isentropic expansion under thermal 
equi librium conditions can be related by: 

V2 V2 
ho = xhg + ( 1  - x)hr + x 

2
g 
+ ( 1  - x) --f ( 1 1 - 1 29) 

where x = the flow quality under the assumption of thermodynamic equilibrium . 
The entropy can also be written as : 

( 1 1 - 1 30) 

so that: 

( 1 1 - 1 3 1 ) Sg - sr 

It is straightforward to determine the flow rate by relating the velocities Vg and 
Vr in Eg . 1 1- 1 29 to the mass flux (G) and the quality , to get : 

where: 

11/ {[ X ( 1  - X)S] [ 1 - x] 1/2} - I 

P = -+ x+ --
� � S2 

( 1 1 - 132) 

( 1 1 - 1 33) 

and S = Vg/Vr· Therefore Gcr = G(ho' Po' PCT' S). Thus if the critical pressure is 
known, Pg, Pr, hg, and hr are known . Knowing So and Pcr' x can be determined using 
Eg . 1 1 - 1 3 1 . Hence the only remaining unknown is the slip ratio (S) . 

The more widely used values of S are the: 

HEM model: 
Moody model : 
Fauske model :  

S 1 .0 
S = (Prl Pg) 1/3 

S = (Prl Pg) 1/2 

( 1 1 - 1 34a) 
( 1 1 - 1 34b) 
( 1 1 - 134c) 

The Moody [29] model is based on maximizing the specific kinetic energy of the 
mixture with respect to the slip ratio: 

� [x V� 
+ 

( 1  - x) V�] 
= 0 as 2 2 

( 1 1 - 135) 

The Fauske [ 1 5] model is based on maximizing the flow momentum with respect 
to the slip ratio: 

a 
- [xVg + ( 1 - x) Vr1 = 0 as 0 1 -136) 

The water discharge rate is provided in Figure 1 1-26 at various values of Po and ho' 
with S given by the Fauske model .  
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STAGNATION ENTHALPY, ho, (1 02 Btu/lb) 

Figure 1 1-26 Choked flow mass velocity as a function of stagnation enthalpy and pressure for steam and 
water, with S given by the Fauske model .  

An alternative approach to determining Ger is to require that the throat conditions 
would maximize the flow rate with respect to changes in the throat pressure: 

(aG) - - 0 ap S 

( 1 1 - 1 37) 

This condition has been applied in the single-phase gas flow case (see Eq. 1 1 - 1 26a) . 
The application of the condition in Eq . 1 1 - 1 37 provides a relation that, along with a 
specified slip ratio (any of Eqs .  1 1 - 1 34) , also allows determination of the discharge 
rate for equilibrium conditions knowing only ho and Po . 

A comparison of the predicted flow rate from various models suggests that the 
homogeneous flow prediction is good for pipe lengths greater than 300 mm and at 
pressures higher than 2.0 MPa [ 1 2] . Moody' s model overpredicts the data by a factor 
of 2 ,  whereas Fauske' s  model falls in between. When the length of the tube is such 
that LI D > 40 , the HEM model appears to do better than the other models .  Generally , 
the predictability of critical two-phase flow remains uncertain .  The results of one 
model appear superior for one set of experiments but not others . 

2 Thermal nonequilibrium cases. For orifices (LID O) the experimental data 
show that the discharge rate can be given by: 

Ger = 0 .6 1 Y2Pf(Po - Pb) ( 1 1 - 1 38) 

For 0 < LID < 3 (region I in Fig .  1 1 -25) ,  it is  possible to use the equation: 

Ger = 0 . 6 1  Y2Pf(Po - Per) 0 1 - 1 39) 
Where Per is obtained from Figure 1 1 -25 . 

For 3 < LID < 1 2  (region II) , the flow is less than that predicted by Eq . 1 1 - 1 39 
Using Per of Figure 1 1 -25 . 
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For 40 > L/ D > 1 2  (region III) , the flow can be predicted from Eq . 1 1 - 1 39 and 
Figure 1 1 -25 . 

In the absence of s ignificant frictional losses , Fauske [ 14] proposed the following 
correlations in SI units : 

( 1 1 - 140) 

where hfg = vaporization enthalpy (J /kg) ;  v fg = change in specific volume (m3/kg); 
T = absolute temperature (OK) ; cf = specific heat of the liquid (J /kg OK); and N = 
a nonequilibrium parameter given by : 

h2 
N = 

fg + 1 0L 
2Llp pfK2 v� TCf 

( 1 1 - 1 4 1 )  

where Llp = Po - Pb '  Pa; K = discharge coefficient (0 . 6 1  for sharp edge) ; and L = 
length of tube , ranging from 0 to 0. 1 m .  For large values of L (L 2:: 0 . 1 m) , N 
1 .0 ,  and Eq. 1 1 - 140 becomes:  

( 1 1 - 142) 

When the properties are evaluated at Po ' the value of Gcr predicted by Eq. 1 1 - 142 is 
called the equilibrium rate model (ERM) . The ERM model is  compared to experi
mental data and other models in Figure 1 1 -27 . 

The effect of subcooling on the discharge rate is simply obtained by accounting 
for the increased single-phase pressure drop [Po - p(To)] resulting from the sub
cooling ,  where the subscript 0 refers to stagnation conditions . For example , for flow 
geometries where equilibrium rate conditions prevail for saturated inlet conditions 
(L 2:: 0 . 1 m) , the critical flow rate can be stated as : 

M o 

1 0 0 �------------------------------' 

/::, LID = 0 
o LID = 1 2  
o LID = 1 6  
• LID = 40 

E Q U A T I O N  

LERM _ - _ ... ....... 
... ... 0 a ...

., ,. .,,,. .,,,. 
H E M  

1 0  
Pressure,  Po (MPa) 

Figure 11-27 Typical flashing dis
charge data of initially saturated 

1 5 water and comparison with analytiC 
models. (From Fauske [14] . )  
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Figure 11-28 Comparison of typical Marviken data (D ranging from 200 to 509 mm and L ranging from 
290 to 1809 mm) and calculated values based on Eq . 11-143. (From Fauske [/4 ] . )  

( 1 1 - 143) 

If the subcooling is zero [p(To) = Po] , the critical flow rate is approximated by Eq . 
1 1 - 1 42 .  Good agreement is illustrated between Eq. 1 1 - 143 and various data including 
the large-scale Marviken data (Figs . 1 1 -28 and 1 1 -29) . 
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Figure 11-29 Comparison of Marviken test 4 (D = 509 mm and UD = 3.1) and calculated values based 
on Eq. 1 1 - 143 . (From Fauske [/4] . )  
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Example 11 -5 Critical flow in a tube of L / D = 3 

PROBLEM Find the critical mass flux (Ger) for water discharge from a pressurized 
vessel (5 MPa) through a tube with a diameter (D) = 509 mm, and length (L) = 
1 580 mm. Consider two cases for the water temperature : ( 1 )  saturated and (2) 20°C , 
subcooled . Use Figure 1 1 -26 and the prescriptions of Eqs . 1 1 - 142 and 1 1 - 143 . Com
pare the values obtained to those in Figure 1 1 -27 and comment on the results . 

SOLUTION First, find L/ D: 

L 1 580 
- = - = 3 . 1 
D 509 

Therefore the nonequilibrium case is appFopriate here . 

Saturated condition 

From Figure 1 1 -25:  Per = 0 . 37 Po = 0 . 37 (5 MPa) . 

:. Per = 1 . 85 MPa = 268 . 3  psia 

At P = 5 MPa, the saturated liquid enthalpy: 

hO(5MPa) = 1 1 54 .23 kJ/kg = 496 . 26 Btu/lb 

From Figure 1 1 -26 , we find for hO = 49� Btu/lb and Per = 268 psi : 

Ger = 3 . 5  X 103 Ib/ft2 • s = 1 7 ,070 kg/m2 • s 

Now we try the more recent equations .  For saturated liquid, use Eq . 

hfg fl 
Ger = 

vfg VT0 
hfg = 1 640 . 1 kJ/kg 
vfg = 0.038 1 5  m3/kg 
Tsat = 263 .99°C = 537 . 14°K 
cf = 5 .0 kJ/kg oK 

1 1 - 142: 

1 640 . 1 X 1 03 
� Ger = 

0.038 1 5  
1 

-------,- = 26 233 kg/m2 s 
(537 . 14)(5 .0 X 1 03) 

, 

Subcooled condition 

For 20°C subcooled, use Eq . 1 1 - 143 : 

Gcr = V2 [po - p(To)]Pe + G�RM 
G�RM = (26 ,233 kg/m2 • S)2 

Po = 5 MPa 

From To = 243 . 99 DC , we get p(To) = 3 .585 MPa. 
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Pe = 809 .4 kg/m3 (at To and Po) 
Gcr = Y2[5 X 106 - 3 . 585 x 1 06] 809 .4  + (26 ,233 )2 

Y2290 X 106 + 688 X 1 06 
:. Gcr 54,578 kg/m2 . s 

For L/D = 3 . 1 ,  the value obtained using Figures 1 1 -25 and 1 1 -26 is lower than 
the value obtained using Eq. 1 1 - 1 42 .  The flow rate for the subcooled water is higher 
than that for the saturated water owing to the larger fraction of single phase in the 
flow . The calculated values agree with those in Figure 1 1 -28 . 
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PROBLEMS 

Problem 1 1 - 1  Methods of describing two-phase flow ( section I I )  
Consider vertical flow through a subchannel formed b y  fuel rods ( 1 2 .5  mm O .D . )  arranged in  a square 

array (pitch 1 6.3  mm). Neglect effects of spacers and unheated wal l s  and assume the fol lowing: 

I .  Saturated water at 7.2 MPa (2SWC) :  l iquid density = 740 kg/1111 : vapor density = 38 kg/m1 . 
2. For vapor fraction determination in the slug now regime. use the drift fl ux representation ( substituting 

subchannel hydraul ic d iameter for tube d iameter). 
3. Consider a s impli fied flow regime representation, i nc luding bubbly flow, slug flow, and annu l ar flow. 

The slug-to-buddy transit ion occurs at a vapor fraction of 0. 1 5 .  The s lug-to-annular transit ion occurs 
at a vapor fraction of 0.75 .  
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Calculate and draw on a graph with axes :  the superficial vapor veloci ty, ! .i, ) (ordinate , from () to 
40 m/s ) ;  and the superficial l iqu id  ve locity, ! .i, ) (abscissa, from 0 to 3 m/s ) :  

I .  Flow regime map ( i ndicating transitions of i t em 3 above) 
2 .  Locus of all points with a mass velocity of 1 300 kg/m" . s 

3. Location of a point with mass velocity = 1 300 kg/m" . s and with a flowing qual i ty of 1 40/r 

A nswers: I. Slug-to-bubbly !.i, ) = 0.0235 + 0.22 !.ir ) ;  s lug-to-annular { j, ) = 0.966 + 9 .0 { j, ) 
2. { j, ) = 34.2 - 1 9 . 5  I i, ) 
3. { jr ) = l . 5 1  m/s 

{ j, ) = 4 .78  m/s 

Problem 1 1 -2 Flow regime transitions (section I I )  
Line B of  t he  flow regime map  of Taite l  e t  a ! .  [ 36 ]  is given a s  Eq .  1 1 - 1 9 . Derive t h i s  equation 

assuming that, because of turbu lence, a Taylor bubble cannot exist with a diameter larger than: 

(J _ ' I') 
( ) 1/5 

dill", = k -;;: ( f ) -

where :  k = 1 . 1 4 

f
= I � I  :11 

Use the friction factor en = 0.046 (j [) I Vr ) -1J 2 and the fact that for small  bubbles the critical d iameter 
that can be supported by the surface tension i s  given by: 

((T = [ OA(J J IJ.5 (PI -
p� )g  

Problem 1 1 -3 Regime m a p  for vertical flow (section I I )  
Construct a flow regime map  based on coordinates I f ) and  / .i, ) using the  transition criteria of Taitel  

et a! .  [36] for the secondary s ide of a vertical steam generator. 
Assume that the length of the steam generator is 3.7 m and the characteri stic hydraul ic  d iameter is 

the volumetric hydraul ic  diameter: 

D . = 4(net free volume) = 0 . 1 34 m , 
friction surface 

Operation conditiolls 

Saturated water at 282°C 

Liquid density = 747 kg/m' 
Vapor density = 34 kg/m1 

Surface tension = 1 7 .6 x 1 0- 1  N/m 

Answers: 

Bubbly-to-slug: 
B ubbly-to-dispersed bubbly :  
Disperse bubble-to-slug: 
S lug-to-churn : 
Churn-to-annular: 

{ )r l = 3 .0 U )  - 0 . 1 4  

/ .il ) + I f ) = 5 . 554 

lir ) = 0.923 { ), ) 
{ jl ) + If )  = 0.527 
{ j, )  = 1 . 78  

Problem 1 1 -4 Comparison o f  correlations for flooding (section I I )  

1 .  I t was experimental ly  veri fied that for tubes with a diameter larger than about 2 .5  in .  flooding i s  
independent of d iameter for air-water mixtures a t  low-pressure condit ions. Test th i s  assertion against 
the Wal l i s  [38 1  correlation and the Pushkin and Sorokin [32 ]  correlation (Eq. 1 1 -9)  by finding the 
d iameter at which they are equal at atmospheric pressure. 
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2. Repeat question 1 for a saturated steam-water mixture at 1000 psia. 

Note: For the if = 0 condition, the terms flooding and flow reversal are effectively synonymous. 
Answers: 1 .  D = 1 .25 in. 

2 .  D = 0.8 in. 
The Taylor bubble diameter should be less than the tube diameter if the tube diameter is not to 

influence flooding. At extremely low pressure situations, the limiting value of bubble diameter can reach 
2 .5  in .  Thus the assertion that for D > 2 . 5  in. flooding is independent of diameter is applicable . 

Problem 1 1-5 Impact of slip model on the predicted void fraction (section IV) 
In a water channel ,  the flow conditions are such that: 

Mass flow rate: m = 0 . 29 kg/s 
Flow area: A = 1 . 5 X 1 0 - 4 m2 

Flow quality: x = 0 . 1 5  
Operating pressure: p = 7 . 2  MPa 

Calculate the void fraction using ( 1 )  the HEM model, (2) Bankoff ' s  slip correlation, and (3) the drift 
flux model using Dix 's  correlation for Co and VVj calculated assuming chum flow conditions. 

Answers: I .  {a} = 0 .775 
2 .  {a} = 0.63 1  
3 .  {a} = 0 .703 

Problem 1 1-6 Calculation of a pipe's diameter for a specific pressure drop (section V) 
For the vertical riser shown in Figure 1 1 -30, calculate the steam-generation rate and the riser diameter 

necessary for operation at the flow conditions given below: 
Geometry: downcomer height = riser height = 1 5 .  1 25 ft 

Flow conditions: 
T(steam) = 544.6°F = 284. 8°C 
T(feed) = 440.0°F = 226. rc 

feed • 

Satu rated 
Liquid 

Steam / Separator  

------r 
1 5. 1 25 ft . 

Thermal Center 
of Heater 

'" Q= 856 MW 
Figure 1 1-30 Vertical user schematic for Problem 1 1 -6 .  Closed heater primary side not shown . 
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Steam pressure = 1 000 psia = 6.7 MPa 
Thennal power = 856 MW (from heater primary side to fluid in riser) 

Assumptions 
Homogeneous flow model is applicable. 
Friction losses in the downcomer, upper plenum, lower plenum, and heater are negligible. 
Riser and downcomer are adiabatic . 
Quality at heater exit (xout) is 0. 10 .  

Answers: D = 2.4 ft 
Steam flow = 3 . 8  X 106 lbm/hr = 476 kg/s 

Problem 11-7 Level swell in a vessel due to two-phase conditions 

Compute the level swell in a cylindrical vessel with volumetric heat generation under thennodynamic 
equilibrium and steady-state conditions. The vessel is filled with vertical fuel rods such that De = 0.04 ft 
(0 .0 1 22 m). The collapsed water level is 7 ft (2. 1 34 m) . 

Operating conditions 
No inlet flow to the vessel 
p = 800 psia = 5 . 5 1 6  MPa 
QIII (volumetric heat source) = 4.0 x 105 BTU/hr ft3 = 4. 1 4  x 1 06 W /m3 

Water properties 
u = 0.07 N/m 
hrg = 1 .6 X 106 J/kg 
Pg = 1 . 757 Ibm/ft3 = 28 . 14 kg/m3 

Pr = 47 .9 Ibm/ft3 767 . 5  kg/m3 

Assumptions 

Flow regime 
Bubbly 
Slug flow 
Chum flow 

Selected values from Table 1 1-2 (n,  Yo:;) 
Large bubbles 
Slug bubbles 

Select appropriate transition for flow regimes so that there is a continuous shape for the ex versus z 
curve . For these conditions, the following result for ex versus z is known: 

Answer: Leve l Swell = 3 .02 m 





CHAPTER 

TWELVE 
TWO-PHASE HEAT TRANSFER 

I INTRODUCTION 

Boiling heat transfer is the operating mode of heat transfer in the cores of BWRs and 
is allowable under more restricted conditions in PWR cores .  Furthermore, it is present 
in the steam generators and steam equipment of practically all nuclear plants . There
fore it is of interest to the analysis of normal operating thermal conditions in reactor 
plants . Additionally , the provision of sufficient margin between the anticipated tran
sient heat fluxes and the critical boiling heat fluxes is a major factor in the designs of 
LWR cores,  as are the two-phase coolant thermal conditions under accidental loss of 
coolant events . 

In this chapter the heat transfer characteristics of two-phase flow in heated chan
nels are outlined for a variety of flow conditions , and the mechanisms controlling the 
occurrence of critical heat fluxes are discussed . Where useful ,  boiling heat transfer 
under nonflow conditions, so-called pool boiling , are discussed . 

n NUCLEATION SUPERHEAT 

It is instructive to review some of the thermodynamic limits and basic processes 
involved in boiling prior to discussion of the heat-transfer relations .  The change of 
phase from liquid to vapor can occur via homogeneous or heterogeneous nucleation . 
In the former, no foreign bodies aid in the change of phase, but a number of l iquid 
molecules that attain sufficiently high energy come together to form a nucleus of 
vapor. Therefore homogeneous nucleation takes place only when the l iquid temper
ature is substantially above the saturation temperature . Thus in the pressure-volume 
relation of a material (Fig .  1 2- 1 )  the heating of the substance at a constant pressure 
from a subcooled state (point A) to a highly superheated state (point B ' )  is needed 
before homogeneous nucleation occurs . However, if a foreign surface is available to 
aid in the formation of a vapor nucleus, it is possible to form the vapor at the saturated 
liquid state (point B) .  Obviously , the solid surfaces present in a core or in a steam 
generator become the first s ites for vapor formation within the heated water. 
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� :J 
� Q) a. 
E Q) I- Solid 

Gas 

Liquid and Vapor Vapor 

Solid-Vapor 

Specific Volume, v 

Figure 12-1 Typical temperature-volume relation for a pure substance. A-B-C-D = constant pressure 
line; B = saturated liqu id; C = saturated vapor; and B '  = superheated liquid. 

The existenc.e of a spherical vapor bubble of radius r* in a l iquid at constant 
temperature (Tc) and pressure (Pc) requires that the vapor bubble pressure (Pb) be high 
enough to overcome the surface tension forces . Thus for mechanical equilibrium: 

(Pb - pc) 1Tr* 2 = lT21Tr* 
or 

2lT 
Pb - Pc = 

r* ( 1 2-1 ) 

To relate the vapor pressure to the vapor temperature , we use the Clausius-Clapeyron 
relation between saturation pressure and temperature: 

( 1 2-2) 

Assuming that the vapor exists at saturation within the bubble and that Vg » vf, we 
get: 

d h � _f_g_ 
dTg Tg(vg) 

Applying the perfect gas law, PgVg = RTg, Eq . 12-3 becomes: 

h 
� dT 
R T2 g 

g 

(12-3) 

( 1 2-4) 

Integration between the limits of bubble pressure (Pb) and liquid pressure (Pe)yields :  

en �:) = 
- �g Gb - L) (12-5) 
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where Tb and Tsat saturation temperatures at Pb and Pe, respectively. Hence : 

_ _ RTbTsat {) �b) Tb Tsat - 1, n 
hfg e 

Combining Eqs . 1 2-6 and 1 2- 1 ,  we get: 

Tb - Tsat = RTbTsat en ( 1 + 20' ) 
hfg Per* 

0 2-6) 

0 2-7 ) 

Therefore a certain superheat equal to Tb - Tsat is required to maintain a bubble . 
From Eq. 1 2- 1 ,  when 20' /Per* < < 1 ,  Pb = Pe. Also RTb/Pb = Vb = vfg . Therefore 
the l iquid superheat required to maintain a bubble of radius r* is :  

( 1 2-8) 

Equation 1 2-8 can be used only if the pressure is below the critical thermodynamic 
pressure; Pe < < Pc ' At system pressures near the critical pressure , the dependence of 
the saturation pressure on the temperature cannot be well represented by Eq . 1 2-3 . 

For homogeneous nucleation , r* is on the order of molecular dimensions , so that 
Tb - Tsat must be very high . For water at atmospheric pressure the calculated superheat 
to initiate homogeneous nucleation is on the order of 220°C , a value that is much 
higher than what is measured in practice . A major reduction in the superheat require
ment is realized when dissolved gases are present, which reduces the required vapor 
pressure for bubble mechanical equilibrium . Equation 1 2- 1  can then be generalized 
into the form: 

20' 
Pv + P gas - P e = 

r* 
( 1 2-9) 

Further discussion on homogeneous nucleation can be found in Blander and Katz [9] . 
For nucleation at solid surfaces or on suspended bodies ,  microcavities (size --- 1 0 - 3  mm) at the surfaces act as gas storage volumes . This arrangement allows the 

vapor to exist in contact with subcooled liquid , provided the angular opening of the 
crack is small (microcavity) . A solid surface contains a large number of microcavities 
with a distribution in sizes .  Therefore the boiling process at the surface can begin if 
the coolant temperature near the surface is high enough that the preexisting vapor at 
the cavity site may attain sufficient pressure to initiate the growth of a vapor bubble 
at that site .  

HI HEAT-TRANSFER REGIMES 

A Pool Boiling 

The first determination of the heat-transfer regimes of pool boiling was that of 
NUkiyama in 1 934. The boiling curve (Fig .  1 2-2) , which remains useful for outlining 
the general features of pool boiling , is generally represented on a log-log plot of heat 
flux versus wall superheat (Tw - Tsat) · 
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Figure 12-2 Typical pool boiling curve for water under atmospheric pressure. 

E 

As can be seen stal11ing with point B ,  the formation of bubbles leads to a more 
effective heat transfer , so the nucleate boiling heat flux can be one to two orders of 
magnitude higher than nhat of the single-phase natural convection heat flux. However, 
above a given initial heat flux (point C) the nucleation rate becomes high enough to 
lead to formation of a continuous vapor film at the surface .  Film boiling can also be 
establi shed at lower heat fluxes if the surface temperature is sufficiently high , as in 
the region C-D-C' .  However, at low wall superheat (between C and D) the formation 
of the film is unstable , and the region is often called transition boiling (from nucleate 
to film boiling) . Point C defines the critical heat flux or the departure from nucleate 
boil ing condition .  Point D is called the minimum stable film boiling temperature . 

It may be useful to mention that the critical heat flux (q�r) has been linked to the 
onset of fluidization of the pool (suspension of the liquid by the vapor streams) .  This 
form of hydrodynamic instability has been the basis of numerous correlations since it 
was first suggested by Kutateladze in 1 952 [45 ] .  The vapor velocity leading to the 
onset of fluidization is given by : 

. = C 
U(Pf - Pg)g [ ] 1 /4 

Jg 1 Pi ( 1 2- 10) 

where C1 = 0 . 1 6  [45] , = 0 . 1 3  [64] , or 0 . 1 8  [52] . The critical heat flux for saturated 
boiling is then given by q�r = Pg}g hfg . The critical heat flux values of the three 
correlations are shown in Figure 1 2-3 . As evident from the figure , the water critical 
heat flux seems to have a peak value at a pressure near 800 psi . At low pressure , the 
effect of an increase in pressure is to increase the vapor density , thus reducing the 
velocity of the vapor and leaving the film for a given heat flux. Therefore more 
vaporization is possible before the vapor flux reaches such a magnitude as to prevent 
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Figure 12-3 Effect of pressure on pool boiling CHF. 
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the liquid from reaching the surface . On the other hand , because the heat of vapori
zation of water decreases with pressure, the heat flux associated with this critical vapor 
flux for fluidization starts to decrease at high pressures,  when the relative changes in 
the vapor density with pressure become smaller . 

For minimum stable film boiling , the hydrodynamic stability analysis of Berenson 
[6] leads to: 

( 1 2- 1 1 )  

where C2 = 0 .09 . Berenson went on to derive a formula for the minimum wall 
temperature for a stable film (TM) that depends only on the properties of the fluid, as 
given in Table 1 2- 1 .  Henry [33] later suggested that the interface temperature upon 
sUdden contact between the liquid and the surface equals Berenson 's  minimum stable 
film boiling condition . Henry ' s  correlation is recommended for highly subcooled water 
and for liquid metals . The correlation of Spiegler [57 ] ,  on the other hand, is based 
on the assumption that TM should be related to the thermodynamic critical temperature . 
The Kalinin et al . [40] correlation requires the contact temperature between the solid 
surface and the liquid to reach a certain value relative to the thermodynamic critical 
temperature . 

B Flow Boiling 

The regimes of heat transfer in a flowing system depend on a number of variables: 
mass flow rate , fluids employed, geometry of the system, heat flux magnitude , and 
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Table 12-1 Summary of correlations for prediction of minimum wall 
temperature to sustain film boiling ( TM)*  

Author Correlat ion 

Berenson (6 )  

Spiegler et  al . [57 )  

Kalin in  et a l .  1 40) 

Henry [33 1  

' (  I )  The subscripts given to  T'1  i n  the correlations refer to  the originator( s )  of the correlation. (2)  
The Br i t i sh system of uni ts is to be used in  Berenson 's correlation. Absolute temperatures are to be used 
in the correlation of Spiegler et al. The other correlations include only d i mensionless parameters. ( 3 )  
Properties with the subscript vf  are t o  be evaluated a t  the average temperature in  the vapor fi lm. 

distribution . Figure 1 2-4 gives an example of some flow and heat transfer regimes.  
The example is  for a tube with vertical upflow forced convection subjected to ax i 
al ly uniform heat addition . Here, as the temperature graph indicates, the independent 
variable for the thermal analysis  is the heat fl u x .  In  another situation a fluid cou ld be 
flowing through a tube with a fi xed wal1 temperature. In that case, the heat fl u x  would 
vary along the length of the tube. 

Figure 1 2-5 i l lustrates the effect of the flow rate on the heat flux relation with 
Tw - T�at . Compared with the pool boil i ng heat transfer coefficient, the forced con
vection heat transfer coefficient is  higher, because of the contribution of forced con
vection to heat removal . It should be noted that while  i n  single phase fl ow the heat 
flux i s  proportional to Tw = Tbu1b the nucleate boil i ng heat flux i s  proportional to 
( Tw - T�at )m where 111 :::: 3. The locus of the point of the boi l ing inception i s  approx
i mately  proportional to ( Tw - T�at ) m- J . 

Returning to Fig ure 1 2-4, the fl u id enters the channel in a subcooled state ( Ti ll < 
T�at ) '  and rises in temperature due to heat addition. Then, at a certain height, the 
fl uid near the wal 1 becomes superheated and can nucleate a vapor bubble whi le the 
bulk l iquid temperature may sti l l  be subcooled (the flow thermodynamic quality is 
sti l l  negative) .  When subcooled boi l ing starts ,  the boi l ing process and the turbu lence 
caused by the boi l ing enhance heat transfer and the wal1 temperature ceases to ri se 
as fast as in  the single phase entry region.  The bul k  l iquid temperature continues to 
rise unti l  it reaches T�at ' thus starting a region of saturated nucleate boil i ng .  Here. the 
bubbles become n umerous and as they detach may start to agglomerate into larger 
bubbles thus changing the flow pattern into slug or churn flow. In this regime, the 
wall temperature does not rise because the bulk fluid temperature i s  the saturation 
temperature,  T�at .  In fact, due to the ever increasing turbulence near the wall because of 
nucleation, the wall temperature decreases s l ightly. As boi l ing continues, the bubbles 
may merge total ly into a vapor core in the tube while the l iquid remains partial ly 
in a film on the wal l s  and partial ly as entrained droplets in  the vapor core. Thi " 
annul ar fl ow pattern leads to a convection heat transfer mechanism through the l iquid 
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Figure 12·4 Regions of heat transfer in convective boi l i n g .  (From Collier [ 1 7J . )  
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boi l ing 
i ncept ion 

Figure 1 2-5 Effect of flow rate on  

heat flux .  

film.  The film may become too thin to maintain sufficient wall superheat to form bubbles.  
Evaporation may conti nue only at the l iquid-vapor interface (referred to as the nucleatioll 

suppression phenomenon) .  At some point,  the l iquid fi l m  on the wal l becomes depleted 
owing to vapor entrai nment and evaporation,  and a "dryout" condition occurs . Above 
that point,  the fl ow is  mostly vapor, with di spersed l iquid droplets.  This l iquid-deficient 
heat transfer causes the wal l temperature to rise abruptly, as vapor heat transfer is less 
efficient  than l iquid heat transfer. llhu s  dryout i s  a mechanism for the occurrence of a 
critical heat flux condition . The i mpingement of droplets on the wall  may reduce the 
wal l temperature right after the dryout posi tion . In the post-dryout region, even before 
the thermodynamic equi l ibrium quality approaches unity, superheated vapor exists along 

Subcooled Supe rheated 
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Figure 12-6 Poss i b le variation of the heat-transfer coefficient with qual ity. Pressure and flow rate are ti xeJ . 
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Figure 12-7 Dependence of two-phase forced convective heat-transfer regimes on quality and heat flux .  
A-H = regions associated with axial regions o f  Figure 1 2-4 for conditions leading t o  critical heat flux by 
dryout. (From Collier [ 1 7] . )  

with l iquid droplets . With convective heat transfer mainly to vapor, the wall temper
ature again increases . 

If the imposed heat flux is high, it is possible that the vapor-generation rate in 
the nucleate boiling regimen becomes so high as to establish a gas film that separates 
the liquid from the wall . This situation leads to departure from nucleate boiling (DNB) 
at the wall , similar to the critical heat flux condition in pool boil ing . The maximum 
heat flux that can be tolerated without establishing a vapor film is the critical heat flux 
for these conditions . 

The dependence of the heat transfer coefficient on the vapor quality for both high 
flux and low flux conditions is qualitatively depicted in Figure 1 2-6. The effect of the 
level of the imposed heat flux is shown in Figure 1 2-7 . It is seen that the h igher the 
heat flux, the lower is the thermodynamic quality at which the boiling inception and 
the critical heat flux occur. 

IV SUB COOLED BOILING 

The boundaries and void fraction behavior in the subcooled boiling regions are now 
discussed using the subregions defined in Figure 1 2-8 . The parameters of interest are 
the locations of the transition points (ZNB ' Zo, ZB ' and ZE) as well as predictions of 
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Figure 12-8 Development of area-averaged void fraction in a heated channel . Region I: {a} is small and 
may be neglected. Region II: Bubbles are significant; they are ejected from the wall into the bulk and 
collapse there . Region III: Bubbles do not collapse, as thermal equilibrium exists in the channel .  Region 
IV: Void fraction loses the subcooling history. 

the quality and void fraction . The short summary that follows gives different models 
for the determination of these parameters . 

The subcooled boiling region begins with the onset of nucleate boil ing (at z = 
ZNB) while the mean (or bulk) temperature is below the saturated temperature . How
ever, for nucleation to occur, the fluid temperature near the wall must be somewhat 
higher than Tsat .  Therefore vapor bubbles begin to nucleate at the wall . Because most 
of the liquid is still subcooled , the bubbles do not detach but grow and collapse while 
attached to the wal l ,  giving a small nonzero void fraction (region I in Fig .  1 2-8) that 
may be neglected. As the bulk of the coolant heats up , the bubbles can grow larger, 
and the possibility that they will detach from the wall surface into the flow stream 
increases .  In region II (z > Zo) ,  the bubbles detach regularly and condense slowly as 
they move through the fluid , and the vapor voidage penetrates to the fluid bulk . As 
Figure 1 2-8 indicates ,  the void fraction increases significantly . The next stage, region 
III , is initiated when the bulk liquid becomes saturated at z = ZB . The void fraction 
continues to increase , approaching the thermal equilibrium condition (at z = ZE) · 
This point marks the beginning of region IV , where the thermodynamic nonequili
brium history is completely lost . 

A Boiling Incipience 

A criterion for boiling inception (i .. e . , z = ZNB) in forced flow was developed by 
Bergles and Rc>hsenow [7] based on the suggestion of Hsu and Graham [35] . Their 
analyses were later confinned in a more general derivation by Davis and Anderson 
[2 1 ] .  The basic premise is that the liquid temperature due to the heat flux near the 
wall must be equal to the temperature associated with the required superheat for bubble 
stability (Fig .  1 2-9) . The first possilDle equality occurs when the two temperatures 
tangentially make contact, which assumes that the wall has cavities of various sizes 
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Figure 12-9 Critical cavity size for nucleation at a wall. 

and the bubble grows at the cav ity of radius r * .  The l iquid temperature and the heat 
flux near the wal l are related by: 

" a T aT q" 
q = -kf - or 

a r  ar kt 

This gradient i s  equal to the gradient of the required superheat (given in Eq. 1 2-8)  at 
a cavity radius given by : 

2a T�at Vfgkt 
h fgq"  

To support bubble nucleation, t h e  l iquid superheated boundary layer was assumed to 
extend to a thickness twice the criti cal cavity radius .  This assumption, after some 
manipul ation, l eads to: 

ke h fo ') 
(c() j  = � (Tw - T�at ) i 8a T�at Vfg 

( 1 2- 1 2) 

At the point of incipience the heat fl u x  is also given by the convection l aw, so that: 

(q" ) j = hc ( Tw - Thu1k ) i 

Hence the i ncipient wal l superheat is given by : 

( Tw - T\at ) � (Tw - Thu 1 k ) i  r 

( 1 2- 1 3 ) 

( 1 2- 1 4 ) 
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where: 

At low heat fluxes the point of tangency may be at a radius larger than the available 
size cavities in the wall .  In this case , as in natural convection , Eq . 1 2- 1 2  would 
underpredict the required superheat and (q") j .  Bjorge et al . [ 10] recommended that a 
maximum cavity for most surfaces in contact with water be r max = 10 - 6 m. When 
the liquid has a good surface wetting abil ity , the apparent cavity size is smaller than 
the actual size . 

Rohsenow [5 1 ]  showed that when the single-phase point of tangency occurs at 
the maximum available cavity radius the convective heat-transfer coefficient (hJ is 
given by : 

( 1 2- 1 5 ) 

If he is less than this magnitUde , Eq . 1 2- 1 2  would not be reliable . When the liquid 
temperature Tbu1k is at saturation, the value of he is ke/2r max ' consistent with the 
assumption of a superheat boundary layer thickness equal to twice the cavity radius .  

For water at a pressure between 0 . 1 and 1 3 . 6  MPa, Bergles and Rohsenow [7] 
provided the following .empirical nucleation criterion: 

. (q") . = 15 6 p l . 156  (T - T 
)� .3/po O')' 

I '  W sat I ( 1 2- 1 6) 

where p is in psi ; Tw and Tsat are in of; and q" is in BTU/hr ft2 . This correlation 
assumes the availability of large wall microcavities and ignores the surface finish 
effects . The incipient heat flux from Eq . 1 2- 1 6  i s  relatively low , as this relation was 
based on visual observation of the first nucleation occurrence rather than on obser
vation of wall temperature response , which requires a significant number of nucleation 
bubbles . 

B Net Vapor Generation {Bubble Departure) 

The point at which bubbles can depart from the wall before they suffer condensation 
(Zo) has been proposed to be either hydrodynamically controlled or thermally con
trolled. Among the early prroposals for thermally controlled departure are those 
by Griffith et al . [27] , Bowring [ 1 2] .  Dix [23] , and Levy [47] . Griffith et al . [27] 
proposed: 

q" 
Tsat - Tbu1k = 

5heo 
( l 2- 1 7a) 

where heo = the heat-transfer coefficient of single-phase liquid ft.owing at the same 
total mass ft.ow rate . 

Bowring [ 1 2] proposed: 
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1] q" 
Tsat - Tbulk = 

G/ Pf ( 1 2- 1 7b) 

where 1] = 0 .94 + 0 .00046 p ( 1 56 < P < 2000 psia) ; T is in of , G is in Ibm/hr ft2 , 
Pf i s  in Ibm/ft3 , and q" is in Btu/hr ft2 . 

Dix [23] proposed: 

_ 
q" 1 /2 T�at - Tbu1k - 0.001 35 h (Ree ) 

C o  
( 1 2- 1 7c) 

The above three criteria are based on the assumption that at Zo the wall heat flux 
is  balanced by heat removal due to liquid subcooling . 

Levy [47] introduced a hydrodynamically based model , assuming that the bubble 
detachment is primarily the result of drag (or shear) force overcoming the surface 
tension force .  Staub [58] added the effect of buoyancy to the Levy model . 

More recently , Saha and Zuber [53] postulated that both the hydrodynamic and 
the heat-transfer mechanisms may apply . Thus in the low mass flow region , the heat 
diffusion controls the condensation process and the departure process is heat-transfer
limited , signified by the Nusselt number: 

q" De N u = -----'=------=---

kiTsat - Tbulk) 
( 1 2- 1 8) 

whereas for high flow rates both the heat transfer and the hydrodynamics are con
trolling , signified by the Stanton number: 

( 1 2- 1 9) 

The data from various sources were plotted against the Peelet number (Fig . 1 2- 10) , 
where: 

Nu 
Pe = 

St 
( 1 2-20) 

in rectangular, annular, and circular tubes as well as for some freon data. They 
developed the following criteria: 

For Pe < 7 x 1 04 : 

(Nu)Oep ( "D ) 455 or Tsat - Tbulk = 0 .0022 q 
ke 

e 

(St)Oep = 0 .0065 ( q" ) or Tsat - Tbulk = 1 54 
--G Cpt 

( 1 2-2 1 a) 

( 1 2-2 1b) 

The data used by Saha and Zuber [53] covered the following range of parameters for 
Water: p = 0 . 1 to 1 3 . 8  MPa; G = 95 to 2760 kg/m2 s; and q" = 0 .28 to 1 . 89 
MW/m2 • 



536 NUCLEAR SYSTEMS I 

� -<I ...J a. o eJ 
, � tr 
I I 

U5 

0 . 2 0  

0 . 1 0  
0 . 0 7  

0. 0 4  

0. 0 2  

0. 0 1  
0 . 0 0 7  

, , 

• OIX ( R - 1 1 4 )  

o ROU H ANI ( WAT ER)  

I MAU R E R  ( WAT ER)  

• EGE N ,  et 0 1 .  ( WAT ER)  

� MA R T I N  ( WAT E R ) 

o 0 STA U B ,  el 0 1 .  ( WAT E R )  

, , , 

• S TA U B ,  e t  0 1 .  ( R- 2 2 )  

• BERTO L E M I, e t  0 1 .  ( WAT E R ) 

v EVA N G E LI S T I, e t  0 1 .  ( WAT E R ) 

, 
, , , , 

Figure 12-10 Bubble departure conditions as a function of the Peclet number. (From Saha and Zuber 
[53] . )  

C Subcooled Flow Quality and Void Fraction 

Attempts to mechanistically detennine the flow quality in the subcooled region have 
been reviewed by Lahey and Moody [46] . No completely satisfactory approach has 
been found, although the qualitative aspects of this region are well understood . The 
currently accepted approach for modeling this region is the profile-fit approach.  An 
example of such approaches is the profile suggested by Levy [47] , in which the flow 
quality x(z) = 0 at Zo and approaches the equilibrium quality asymptotically: 

( 1 2-22) 

The void fraction may then be predicted from the void drift model: 



{a(z)} 
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Co { I  + 
1 - x(z) pg} + 

Vgj 
P 

x(z) Pe xG g 

( 1 1 -48) 

where Co can be obtained from the suggestion of Dix [23] :  

Co � {f3} [ 1 + C�} - 1
) "] ( 1 1 -45) 

b 
� (::f ( 1 1 -46) 

and f3 = volumetric flow fraction of vapor. 
Lahey and Moody [46] suggested that a general expression for Vgj may be given 

by: 

Pe - Pg [ ( ) ] 0.25 
Vgj = 2 .9  rle ag ( 1 2-23) 

which is about twice the value of the bubble terminal velocity (V,J in a chum flow 
regime (see Table 1 1 -2) . 

V SATURATED BOILING 

The heat transfer in the early region of saturated boiling depends on the degree of 
bubble formation at the solid wall . So long as nucleation is present , it dominates the 
heat-transfer rate . Hence the correlations developed for estimating the heat flux as
sociated with incipient boiling are stil l  applicable in this region . Thus the heat flux 
associated with subcooled nucleate boiling and low quality saturated nucleate boiling 
are equal . However, when the flow quality is  high , the l iquid film becomes thin owing 
to evaporation and entrainment of droplets . The heat removal from the l iquid film to 
the vapor core becomes efficient so that the nucleation within the film may be sup
pressed . Evaporation occurs mainly at the liquid film-vapor interface . Most correla
tions used for the annular flow heat-transfer coefficient are found empirically . 

The heat-transfer rate in the saturated boiling region is expressed as: 

q" = h24>(Tw - Tsat) ( 1 2-24) 

because the bulk fluid temperature is  at saturation conditions . The two-phase heat
transfer coefficient (h24» is commonly formulated as the sum of a term due to nucleate 
boiling (hNB) and a term due to convection heat transfer (he) :  

( 1 2-25) 

A number of authors have utilized this two-term approach by formulating the two
phase heat transfer coefficient as a multiple of heo ' the s ingle-phase liquid heat-transfer 
coefficient for the same total mass flux , i .e . , 
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Table 12-2 Values of constants for saturated flow boiling 
heat-transfer coefficient in Eq. 12-26 

Author G)  G2 
Dengler and Addoms* [22] 0 3 . 5  
Bennett et al . * [4] 0 2 . 9  
Schrock and Grossman [54] 7400 l . I I  
Collier and Pulling [20] 6700 2 . 34 

*Correlations appropriate only in the annular flow regimen; hence 
G) = O .  

� q" b - a -- + a2 Xt� 
heo 1 G hfg 

b 

0.5 
0 .66 
0 .66 
0 .66 

( 1 2-26) 

where a i ' a2 , b = empirical constants whose values in various correlations are sum
marized in Table 1 2-2 
and 

� 
= 
(--=-)0.9 (Pf) O.S (J.1-g) O. 1 

Xu 1 x Pg J.1-f ( 1 1 -94) 

Two simpler frequently used correlations for the nucleate boiling region (subcooled 
as well as saturated) for water at a pressure between 500 and 1 000 psi are those of 
Jens and Lottes [39] and Thorn et al . [59] . They are, respectively: 

and 

_ex.....!.p_(:........!4p:.....:./_9_00-=..) (T _ T )4 
(60)4 w sat 

q" exp (2p/ 1 260) 2 - - (T T )  
106 - (72)2 w - sat 

( 1 2-27a) 

( 1 2-2Sa) 

where q" is in BTU /hr ft2 , P is in psi , and T is in OF. In SI units the respective 
equations are : 

and 

q" 

q" 
= exp (2p/S . 7) (T _ T ) 2 

(22 .7)2 w sat 

where q" is in MW /m2 , p is in MPa, and T is in DC . 

( 1 2-27b) 

( 1 2-2Sb) 

lt should be noted that the lower slope of Thorn et al . ' s correlation is due to the 
limitation of the data they used to the early part of the boiling curve usually encoun
tered in conventional boilers . 
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A popular composite correlation to cover the entire range of saturated boiling is 
that of Chen [ 14] . His correlation , which i s  widely used , is  expressed in the form of 
Eq. 1 2-25 . 

The convective part, he ' is a modified Dittus-Boelter correlation given by : ( )0.8 G l - x D k 
he = 0 .023 

( ) e (Prf)O.4 --.L F J.L
f De 

( 1 2-29) 

The factor F accounts for the enhanced flow and turbulence due to the presence of 
vapor. F was graphically detennined, as shown in Figure 1 2- 1 1 .  It can be approxi
mated by: 

F = 1 ( 
1 
) 0.736 

F = 2 . 35 0 .2 1 3  + -
Xu 

1 
for - < 0 . 1 

Xu 
1 

for - > 0 . 1 
Xu 

( 1 2-30) 

The nucleation part is  based on the Forster-Zuber [24] equation with a suppression 
factor S: 

[ (kO. 79 CO.4S p0.49) ] 
hNB = S(O .OO I22) aD.s J.L�.2� h�/4 p�.f24 L1T���4 L1pO .75 ( 1 2-3 1 )  

where: L1Tsat = T w - Tsat; L1p = peT w) - p(Tsat) ;  and S i s  a function of the total 
Reynolds number as shown in Figure 1 2- 1 2 .  It can be approximated by : 

l.l. ..: 
� 
� 
Q; .0 1 0  E :J Z 
(/) � 0 c: >. Q) a: 

1 0 1 00 

Figure 12-11 Reynolds number factor (F) used in Chen' s  correlation. (From Chell [14] . )  
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Figure 12-12 Suppression factor (5) used in Chen's correlation. (From Chen [ 14 ] . )  

s = -------------------
1 + 2 . 53 X 1 0 - 6  Re l . 1 7 

where Re = Ree F1 .25 
The range of water conditions of the original data was: 

Pressure = 0 . 1 7  to 3 . 5  MPa 
Liquid inlet velocity = 0.06 to 4 .5  mls 
Heat flux up to 2 .4 MW 1m2 
Quality = 0 to 0 . 7  

Other tested fluids include methanol , cyclohexane, pentane, and benzene . 

1 06 

( 1 2-32) 

Chen' s  correlation has the advantage of being applicable over the entire boiling 
region . It also has a lower deviation error ( 1 1 %) than the earlier correlations of Dengler 
and Addoms (38%) [22] , Bennett et al . (32 . 6%) [5] , and Shrock and Grossman 
(3 1 .  7%)  [54] when tested for the range indicated above [ 1 5 ] .  Subsequent data have 
extended the pressure range of the application to 6 .9 MPa. A comparison of the Chen 
correlation to the Dengler and Addoms correlation is shown in Figure 1 2- 1 3 .  

Collier [ 1 8] discussed the possibility of using the Chen correlation i n  the sub
cooled region by adding a temperature difference weighting to each of its components: 

( 1 2-33) 

For subcooled boil ing , F can be set to unity , and S can be calculated with the quality 
x being set to zero . This method was found acceptable against experimental data of 
water and ammonia. 



Figure 12-13 Comparison of some 
convective boiling heat-transfer cor
relations .  (From Lahey and Moody 
[46] . )  
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Bjorge et al . [ 1 0] also proposed that superposition of nucleate boiling and con
vection heat transfer may be used to produce a heat flux relation in the low quality 
two-phase region as: 

( 1 2-34) 

where q': is subtracted to make q" = q� at the incipience of boiling . Figure 1 2- 1 4  
illustrates this superposition approach .  The fully developed nucleate boiling curve has 
a slope of about 3 ,  i . e . , q�B = L1T�at' so that Eq . 1 2-34 can be rewritten as : 

where (Eq . 1 2- 1 2) :  

and 

"2 = ,,2 + ", 2 {I _ [(Tw - Tsat)i] 3} 2 
( 1 2-35) q q c qNB (T - T ) w sat 

8aTsatv fghc 

kehfg 
( 1 2-36) 
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Figure 1 2-14 Superpos it ion approach of Bjorge et al . 1 1 0] .  

( / ) 1 /'2 }  I /Rk l /2 . 1 7/lI C I 9/R I /ll 
" g gc 1fg t Pt I Pg 3 

qNB = BM 1 / 8  ( Tw - T�at ) (J 9/R ( Pf - pg )5j'r,T�at 
where BM = 1 . 89 x 1 0- 1 4  in SI u nits or 2 . 1 3  x 1 0- 5 in B ri tish units .  

( 1 2-37 ) 

For high qual ity flow (a > 80%) Bjorge et a l .  [ 1 0] recommended a different 
correlation, given by : 

where: 

and 

F ( Xtt ) = 0 . 1 5 - + 2 . 0  - , Ret = 
----

[ 1 ( 1 ) 0.32] ( I  - x ) G D 

Xtt Xu li t 

( 1 2- 3 8 )  
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F2 5Pre + 5 in[ 1  + Pre(0 .0964 Re�·585 - 1 )] ; 60 < Re f < 1 1 25 
{prf + 5 in(1 + 5Pre) + 2 . 5  in(0. 0031 Re�·8 1 2) ;  Re f > 1 1 25 

0 .707 Pr eRe�·5 

Example 12-1 Heat flux calculation for saturated boiling 

PROBLEM Water is boiling at 7. 0 MPa (1 000 psi) in a tube of an LMFBR steam 
generator. Using the Chen correlation ,  determine the heat flux at a position in the 
tube where the quality x = 0 . 2  and the wall temperature is 290°C . 

Tube flow conditions 

Diameter of tube (D) = 25 mm 
Mass flow rate (1n) = 800 kg/hr 

SOLUTION 

Required water properties 

JLf = 96 X 1 0 - 6  N s/m2 
JLg = 1 8 . 95 X 1 0- 6  N s/m2 
Cpf = 5 .4 X 1 03 J/kgOK 
Pf = 740 kg/m3 
Pg = 36.5 kg/m3 
(J' = 1 8. 03 X 1 0 - 3 N/m 
hfg = 1 5 1 3 . 6  X 1 03 J /kg 
Tsat (7 .0 MPa) = 284.64°C 
Tw = 290°C 
L1Tsat = 5 .36°K 
kf = 0 .567 W /m oK 

Pressure and mass flux 

L1Psat = Psat (290°C) - Psat(284.64°C) = 5 .66 X 1 05 (Pa) 

1 
800 -

m 3600 G = -- = = 452 .7 kg/m2 s 

Chen correlation 

7r 7r 4" D2 4" (0 .025)2 

he = 0 .023 [G( l :, X)D]", [ILkC{4 (�) F 

( 1 2-25) 

02-29) 
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= 0 .023 
(452 .7)( 1 - 0 .2 )(0 .025) [ ] 0. 8 

96 x 1 0 - 6  

. [(96 x 10 - 6)(5 .4 X 103) ] °.4 (0 . 567) 
F 

0 .567 0 .025 
0 .736 

F = 2 . 35 
(� + 0 .2 1 3

) 
for � > 0 . 1 

Xu Xu 

x" 
= 
( 1 � x) 0.9 e;) 0.5 (::) 0 1 

1 - 0 .2  36. 54 96  X 1 0 - 6  ( ) 0.9 ( ) 0 .5 ( ) 0. 1 

0 . 2  740.0 1 8 .95 X 10 - 6 
= 0 .9  

:. F = 2 . 87 

:. he = 1 3 , 783 W 1m2 OK 

(0 .567)°·79(5 .4 X 103)° .45(740 .0)°.49 
= 0 .00 1 22 ---------:---:--::--------:-:-

( 1 8 .03 X 10  - 3)0.5(96 X 10 - 6)0.29 . 

( 1 5 1 3 . 6  X 103)°. 24(36. 5)°. 24 

. (5 . 36)° ·24(5 . 66 X 105)°.75 S 

To find S, use Figure 1 2- 12: 

and 

G( 1 - x)D (452 .7) ( 1 - 0 . 2)(0 .025) 
Ree = = = 94 3 1 3 

Mr 96 X 10 - 6 ' 

Re = ReeFI .25 = 9 .43 x 1 04(2 . 87) 1 . 25 = 3 .52 X 105 

: . S = 0 . 1 2  and hNB = 5309 W 1m2 OK 
So h2<t> = 5309 + 1 3 ,783 = 19 ,092 W/m2 oK 

q" = h2<t> LlTsat = ( 19 ,092)(5 . 36) = 102 . 3  kW 1m3 

Example 12-2 B-H-R (Bjorge et al) superposition method 

( 1 2-30) 

( 1 2-3 1 )  

PROBLEM Consider a coolant flowing i n  forced convection boil ing inside a round 
tube . The following relations have been calculated from the liquid and vapor properties 
and flow conditions: 

Forced convection: 

q� = h LlTsat 
h = 1 000 Btu/hr ft2 OF (5 . 68 kW 1m2 OK) 
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Fully developed nucleate boiling 

q�B YB L1T;at 
YB = 1 0  Btu/hr ft2 °F3 (0 . 1 8  kW/m2 °K3) 

Incipient boiling 

q'( = Yi LlT;at . i 
Yi = 1 67 Btu/hr ft2 °F2 ( 1 . 7 1  kW /m2 °K2) 

1 .  Determine the heat flux q" when L1Tsat = Tw - Tsat = 1 2°F (6 . 67°C) . 
2. The above equations apply at the particular value of G) . Keeping the heat flux 

q" the same as above , how much must G be increased in order to stop nucleate 
boiling? What is the ratio of G2/GI ?  Assume the flow is turbulent. 

SOLUTION 

1 .  Detennine the heat flux q" for Tw - Tsat = 1 2°F . Assuming that this superheat 
is sufficient to cause nucleate boiling at low vapor quality , the heat flux is given by : 

q'" = (q';)' + (q�B)2  { I - [(�:::;) rr ( \ 2-35) 

Now we have to find L1Tsat. i to calculate the heat flux . This quantity is the temperature 
difference between the wall and the saturated temperature for incipient boiling . For 
incipient boiling , the nucleate boiling heat flux should equal that by forced convection; 
therefore by considering the energy balance: 

q'j = q; 
Yi(L1Tsat.i = hLlTsat 

L1T 
. = � = 1 000 (Btu/hr ft2 OF) 

sat , 1  Yi 1 67 (Btu/hr ft2 °F2) 
LlTsat, i = 6°F 

The heat flux is therefore given by 

{ 
[ ( 3] 2} 1 /2 

q" = [ \000( 1 2)]' + [ \ 0( 1 2 )3]' I - 1
6
2

) 

q" = 1 9300 Btu/hr ft2 

2 .  The above heat-transfer coefficient (he> is for a particular flow rate . We want 
to look for the flow rate that has a high enough forced convection heat-transfer rate 
such that the wall temperature would be too low to allow incipient boiling for the 
given heat flux . Let the wall temperature in this case be Tw2 '  

To calculate the temperature L1T2 = T w2 - Tsat 
q'j YiLlT�.i 

LlT2,i = Wi V-:r; 
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1
9300 
167 

10 . 75°F 

The heat-transfer coefficient of forced convection corresponding to jjTz is: 

he = q" 
j,Tz 
1 9300 
1 0 . 75 
1 795 Btu/hr ftz of 

From Equation 1 2-26 , the forced convection heat transfer coefficient is expressed as: 

[ ]
0. 8 ( 1  - x)D ke he = 0 .023 GO. 8 Pr�.4 - F = const. GO. 8 

�e D 

So the new flow rate is obtained from: 

heZ 
he l 

Hence: 
Gz Gl 

const . G�·8 
const . G?·8 

( t
O B heZ = 

he l 

(�:) 0
.' 

( t
o , 1 795 2 .08 1 000 

VI POST-CRITICAL-HEAT-FLUX HEAT TRANSFER 

Knowledge of the heat-transfer rate in the l iquid-deficient flow regime beyond the 
critical heat flux (CHF) is important in many reactor applications . In LWRs a loss of 
coolant accident or possibly an overpower accident may result in exposure of at least 
part of the fuel elements to CHF and post-CHF conditions .  Once-through steam gen
erators routinely operate with part of the length of their tubes in this heat-transfer 
region . 

Mechanisms and correlations of CHF are discussed in section VII . 

A Observed Post-CHF Regimens 

It is important to point out that the post-CHF behavior in flow boiling is somewhat 
dependent on the manner in which the wall heat flux and wall temperature are 
controlled . 

For a uniformly applied heat flux in a vertical tube , as in Figure 1 2- 1 5a ,  either 
increasing the heat flux or reducing the flow rate causes CHF to occur first at the exit 
of the tube (condition A) . Further !increasing the heat flux drives the CHF point 
upstream and causes the downstream section to enter the post-CHF region (condition 



(a) 

(b) 
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Figure 12-15 Burnout in a uniformly heated tube. (a) Heat flux increase from condition A to B .  (b) Lack 
of hysteresis for heat flux change at position z. (Adapted from Collier [19] . )  

B) .  Plotting the variation of  surface temperature a t  a given position (z) as  the heat 
flux is first increased and then decreased , one obtains the curve shown in Figure 
1 2- 1 5b without any hysteresis [5] . This finding is in contrast to the situation for pool 
boiling , where the return from film boiling conditions to nucleate boiling occurs at a 
considerably lower heat flux than the CHF (Fig . 1 2- 1 6) [2] . 

Hysteresis has been observed in a tube with a short length over which the heat 
flux can be controlled independently from that in the remainder of the tube (Fig . 
1 2- 1 7b) . CHF is initiated at this downstream location for conditions in which the two 
sections are operated at equal heat fluxes (condition A) . Post-CHF behavior can be 
studied on the downstream section by progressively decreasing the value of the heat 
flux ,  q; (condition B) .  This technique was used by Bailey [ 1 ]  with water. The wall 
temperature decreased smoothly until rewetting occurred and the wall temperature 
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Figure 12-16 CHF in pool boiling. 
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Rewetti ng 

Wall Temperature, Tw 

Figure 12-17 CHF in a two-section heated tube. (a) Heat flux decreases from condition A to 8 .  
(b) Hysteresis for the heat flux change at position z .  (Adapted from Collier [ 19] . ) 
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dropped sharply . Figure 1 2- 1 7b depicts this behavior, which exhibits a similarity to 
the pool boiling situation of Figure 1 2- 1 6 .  This behavior can be induced by initiating 
CHF at a heat flux spike and observing the postdryout response on the downstream 
section at a lower heat flux . Groeneveld [28] utilized this arrangement with freon and 
Plummer et al . [49] and Iloeje et al . [36] with nitrogen. It can be concluded that 
significant hysteresis can occur in situations where rewetting by an advancing liquid 
front is prevented . Collier [ 1 8] suggested that if a surface remains partially wet re
wetting of the areas where CHF previously occurred happens soon after the local 
surface heat flux falls below the CHF value . The time to rewet, however, is limited 
by the conduction-controlled velocity of the "quench" front. On the other hand , if a 
surface has " dried out" completely during a transient , the surface heat flux must fall 
significantly below the CHF value (to 1 0  to 20% of the CHF heat flux) before rewetting 
can be initiated. 

Transition boiling can be established using a test section with a controlled tem
perature rather than controlled heat flux . Consider a section consisting of two parts: 
a long , uniformly heated upstream section and a short, thick-walled (high heat ca
pacity) downstream section (Fig .  1 2- 1 8a) . CHF is established at the downstream end 

(a) z ---------+i 
Tw (b) Tw 

Tsat �-
A 

�--------- �at -------��--I 

(c) 
A 

-- increasing q" 

" - - - decreasing q" 

-

Wall Temperature, Tw 

Figure 12·18 CHF in a temperature-controlled downstream section. (a) Heat flux established at condition 
A. (b) Temperature during quenching at position z. (c) Transition boiling region established at position z. 
(Adapted from Collier [ 19J . )  



550 NUCLEAR SYSTEMS I 

(a) • • • • • • •  , e O  o .  
(b) 

Equ i l i bri um  
1 . 0 1 .0 

Figure 12-19 Post-CHF temperature distribution. (a) Annular flow . (b) Inverted annular flow . 

of the long section as the short section is heated to a high initial temperature . As the 
short section is cooled to the saturation temperature (Fig .  1 2- 1 8b) , a different quench 
curve is seen . The resulting curve of the heat flux versus wall temperature is shown 
in Figure 1 2- 1 8c .  Note that the point of return to efficient flow boiling (X) does not 
coincide with the CHF point because , in general , both the flow in the liquid film and 
the droplet deposition flux contribute to the CHF. Measurements by Hewitt [34] 
showed that point X may normally be about 80% of the CHF value , rising on some 
occasions to as much as 100% , in which case X and the CHF value coincide . 

Thus the post-CHF heat transfer can be affected by two major factors: 
l .  The independent boundary condition is one factor .  Is it the wall heat flux or the 

wall temperatme? In the first case transition boiling is not obtained, whereas in 
the second case transition boilil1lg may be realized. 

2. The type of CMF (DNB versus dryout) affects the post-CHF heat transfer even 
in the controlled heat flux case . Perhaps more accurately , the flow regime of the 
post-DNB region allows for the existence of a vapor film that separates the wall 
from the bulk liquid (inverted annular) . In this case , film boiling occurs , and the 
flow quality could be relatively low . In the postdryout (postannular) case , the 
liquid exists only as droplets carried by the vapor, in which case the vapor receives 
the heat from the wall and only some of the droplets impinge on the wall . Most 
of the droplets receive heat from the vapor core . In this case, the vapor temper
ature may exceed Tsat (Fig . 1 2- 1 9) .  It is seen that in the inverted annular flow 
(i . e . , film boiling) Tw is  high even at low values of the thermodynamic quality . 

B Post-CHF COl1reiations 

Three types of correlation have been identified by Collier [ 1 9] . 

1 .  Empirical correlations which make no assumptions about the mechanism but 
attempt to relate the heat-transfer coefficient (assuming the coolant is at the sat
uration temperature) and the independent variables . 
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2. Mechanistic correlations which recognize that departure from a thennodynamic 
equilibrium condition and attempt to calculate the " true" vapor quality and vapor 
temperature . A conventional single-phase heat-transfer correlation is then used to 
calculate the heated wall temperature . 

3 .  Semitheoretical correlations which attempt to model individual hydrodynamic and 
heat-transfer processes in the heated channel and relate them to the wall temper
ature . 

Groeneveld [29] compiled a bank of selected data from a variety of experimental 
postburnout studies in tubular, annular, and rod bundle geometries for steam-water 
flows.  He recommended the following correlation , which is of type 1 .  

( 1 2-39) 

where Reg CD/ J.Lg 

Y = [ 1 0 . 1 (pr �, p'r ( 1  - X)oJ ( 1 2-40) 

The coefficients a, b, c, and d are given in Table 1 2-3 .  
Slaughterbeck e t  al . [55] improved on  the correlation , particularly a t  low pressure. 

They recommended that the parameter Y be changed to: 

Y = (q,,)e 
( kg) f ( 1 2-4 1 )  kef 

where ker = conductivity at the thermodynamic critical point. Their recommended 
constants are also included in Table 1 2-3 . 

Table 12-3 Empirical post-CHF correlations* 

No. of % nns 
Author a b c d e f points errort 

Groeneveld 
Tubes 1 .09 x 10 - 3 0 .989 1 .4 1  - 1 . 1 5 438 1 1 . 5 
Annuli 5 . 20 x 10 - 2 0 .688 1 . 26 - 1 .06 266 6 .9 

Slaughterback 
Tubes 1 . 1 6 x 1 0 - 4  0 .838 1 . 8 1  0 .278 - 0 .508 12 .0  

*Range of  data: 
Tubes Annuli 

Parameter (vertical and horizontal) (vertical) 
De (mm) 2 . 5-25.0 1 . 5-6 . 3  
p (MPa) 6 .8-2 1 . 5 3 .4-1 0.0 
G (kg/m2s) 700-5300 800-4 100 
q" (kW/m2) 1 20-2 100 450-2250 
X 0 . 1 -0.9 0. 1 -0 .9  

t nns = root mean square. 
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1 Transition boiling. The existence of a transition boiling region in the forced con
vection condition as well as in pool boiling , under controlled wall temperature con
ditions,  has been demonstrated experimentally . 

Attempts have been made to produce correlations for the transition boiling region . 
Groeneveld and Fung [3 1 ]  tabulated those available for forced convective boiling of 
water. In general , the correlations are valid only for the range of conditions of the 
data on which they were based . Figure 1 2-20 provides an examples of the level of 
uncertainty in this  region . 

One of the earliest ex:perimental studies of forced convection transition boiling 
was that by McDonough et al . [48] , who measured heat-transfer coefficients for water 
over the pressure range 5 . 5  to 1 3 . 8 MPa inside a 3 . 8 mm I . D .  tube heated by NaK. 
They proposed the following correlation: 

q�r - q"(z) 3 . 97 4 . 1 5  exp - ( 1 2-42) 
Tw(z) - Tcr P 

where q�r = CHF heat flux (kW 1m2) ; q"(Z) = transition region heat flux (kW 1m2) ; 
Tcr = wall temperature at CHF (OC); Tw(z) = wall temperature in the transition region 
eC) ;  and P = system pressure (MPa) . 

Tong [62] suggested the following equation for combined transition and stable 
film boiling at 6 . 9 MPa . 

N 
E � 
0-
x :J 
u: 
iii Q) :r: 

h,. � 39.75 exp ( - O .O l44L1T) + 2 .3  x 1 0 - 5 � exp (- �;) Re? · '  Pr? .4 

( 1 2-43) 

1 07 r-------------------------------------� 

1 06 

1 05 

1 00 200 300 400 500 

T w -Tsat (0C) 

Figure 12-20 Comparison of various transition boil ing correlations with Ellion ' s  data. (From Groeneveld 

and Fung [31] . )  
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where htb = the heat-transfer coefficient for the transition region (kW Im2°K) ;  �T = 
Tw - Tsat (OC);  De = equivalent diameter (m); kg = vapor conductivity; Prf = liquid 
Pr; and Re = DeGml J.Lf.  

Ramu and Weisman [50] later attempted to produce a single correlation for post
CHF and reflood situations . They proposed the transition boiling heat-transfer coef
ficient: 

htb = 0 .5 S her {exp [ - 0 .0 140(LlT - �Ter)] + exp [ - 0 . 1 25(�T - �Ter) ]} 
( 1 2-44) 

where her (kW 1m2 DC) and �Ter eC) = the heat-transfer coefficient and wall superheat 
(Tw - Tsat) ,  respectively , corresponding to the pool boiling CHF condition; and S = 

the Chen nucleation suppression factor. 
Cheng et al . [ 1 6] suggested a simple correlation of the form: 

q':b = (Tw - Tsat) -n ( 1 2-45) 
q�r �Ter 

Cheng et al . found that n = 1 . 25 fitted their low-pressure data acceptably well . A 
similar approach was adopted by Bjomard and Griffith [ 1 1 ] ,  who proposed: 

( 1 2-46) 

( 1 2-47) 

where q�in and yM = heat flux and wall temperature , respectively , corresponding to 
the minimum heat flux for stable film boiling in the boiling curve; and q�r and Ter = 
heat flux and wall temperature , respectively , at CHF. Some of the correlations for 
wall temperature for stable film boiling are given in Table 1 2- 1 . 

2 Postdryout region. It has been observed experimentally that vapor can become 
substantially superheated in the postdryout region . Thus the thermodynamic quality 
of the flow may exceed unity , whereas the actual quality is substantially less than 
unity . This was modeled by dividing the heat flux into two parts , a vapor heating part 
and a liquid heating part. Because the liquid is at saturation , the l iquid heat flux is 
actually consumed in causing the evaporation of droplets . The correlations in this 
region are somewhat involved and can be found in Collier's work [ 1 8] .  Kumamaru 
et al . [44] have tested several postdryout correlations against data obtained in a 5 x 
5 rod bundle at a pressure of 3 MPa. They found the best wall temperature predictions 
Over the mass flux range of 80 to 220 kg/m2s ,  and heat fluxes from 30 to 260 kW 1m2 
are those by the Varone-Rohsenow [63] correlation . That correlation is semimechan
istic , requiring knowledge of the dryout thermodynamic quality and average liquid 
drop diameter at dryout locations . Earlier versions of this correlation as well as other 
correlations can be found in Rohsenow' s  work [5 1 ] . 

3 Film boiling (post-DNB). Film boiling has been modeled analytically by allowing 
the vapor film to exist continuously on the surface and considering various film layer 
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conditions. For laminar flow of vapor in the film, it results in a correlation for a 
vertical tube given by : 

where: 

Nu = C(Pr* Or) I /4 
C = 0 .943 for zero shear at the vapor-liquid interface ( 1 2-48) 
C = 0 .707 for zero velocity at the interface 

Nu 

Pr* 

hz 
k
g 

J.Lghfg 
k
g 

dT 

Or = pgg(Pe Pg)
Z3 

J.Li 

Z = the distance from the point at which film boiling starts . Thus :  

h = � [pgg(pe - pg)
Z3hfgJ 

1 /4 

Z 4k
g J.Lg 

dT 
( 1 2-49) 

This equation is similar to the Berenson [6] correlation for film boiling on a horizontal 
flat plate given by : 

( 1 2-50) 

where: 

( 1 2-5 1 )  

is the spacing between the bubbles leaving the film, which is the wavelength of a 
Taylor-type instability at the vapor-liquid interface .  

VII CRITICAL HEAT FLUX 

The CHF is used here to denote the conditions at which the heat-transfer coefficient 
of the two-phase flow substantially deteriorates .  For given flow conditions ,  it occurs 
at a sufficiently high heat flux or wall temperature . In a system in which the heat flux 
is independently controlled, the consequences of the CHF occurrence is the rapid rise 
in the wall temperature . For systems in which the wall temperature is independently 
controlled , the occurrence of CHF implies a rapid decrease in the heat flux . 

Many terms have been used to denote the CHF conditions ,  including " boiling 
crisis" (mostly in non-English speaking countries) and "burnout" (preferred in Brit
ain) . Departure from nucleate boiling (DNB) is the term originally used to describe 
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Figure 12-21 CHF mechanisms. (a) DNB . (b) Dryout. 
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the CHF conditions in pool boiling; it can also be encountered in  flow boiling , when 
bubble formation is rapid enough to cause a continuous vapor film to form at the wall 
(Fig. 1 2-2 1 ) .  " Dryout" is the term that is now reserved for liquid film dryout in 
annular flow; "boiling transition" is the term preferred by some to represent the fact 
that the local heat flux condition is not the only factor influencing the deterioration of 
the heat-transfer coefficient. " CHF" is used here because it is more widely used than 
any of the other terms . 

A CHF at Low Quality (Departure from Nucleate Boiling) 

1 Pool boiling. The earliest studies of CHF involved positioning a heating surface 
in a static pool of liquid . The observed heat flux-wall temperature behavior clearly 
showed a CHF condition leading to transition boiling . This pool boiling CHF provides 
lower heat fluxes than does flow boiling , as the critical flux of the DNB-type increases 
with mass flow . This CHF mechanism (DNB) can occur for both saturated and sub
cooled liquid conditions .  

The effect of pressure on the pool boiling heat flux is evident from Figure 1 2-3 ,  
in  which three well known correlations are compared . 

2 Flow boiling. The nucleate boiling regime exists at low-quality flow conditions .  
If the heat flux is very high , vapor blanketing of the surface may occur. It  is possible 
to set two limits to the CHF (q�r)' At the low end , it must be sufficiently high to cause 
the wall temperature to reach saturation (T w = Tsat) whereas the bulk flow is sti ll 
sUbcooled . Hence: 
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(q�r)min = heo(Tw - Tbu1k) 
For axially uniform heat flux: 

( 1 2-52) 

( 12-53) 

where L = tube length . Therefore eliminating Tbu1k from Eqs . 1 2-52 and 1 2-53 yields: 

(Tsat - Tin) 
1 4L - + --

heo GDcp 

( 1 2-54) 

At the h igh end, q�r should be sufficiently high to cause an equilibrium quality (xe) = 1 .0 .  Hence : 

( 1 2-55) 

From Eqs . 1 2-54 and 12-55 , i t  is  clear that the h igher the inlet temperature (or 
thermodynamic quality) the lower is the value of q�r in a uniformly heated tube . 
Generally , it would be expected that: 

>< :::J 
u:::: 
10 Q) I 
co u ".;J 
8 

Quality . x 

Figure 12-22 Effect of heat flux spike on q�r" 
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( 1 2-56) 
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The dependence on the inlet subcooling and the heat flux profile may be replaced by 
a dependence on the local value of the quality at the point of CHF (i .e . , at L): 

( 1 2-57) 

It is  noted that vapor blanketing is  mostly affected by the local vaporization rate; 
hence the effect of length of heating on DNB is smal l .  However, for the dryout form 
of CHF, hydrodynamic effects on the liquid film behavior are pronounced. The de
velopment of a particular form of hydrodynamic behavior is affected by the length of 
the flow, which has been demonstrated by Groeneveld [30] . He observed the effect 
of a heat flux spike at the end of tube on q�r (Fig. 1 2-22) , and found that at low and 
negative exit qualities the spike heat flux did not change the critical heat flux :  
(q;p)cr = (q�)cr ' However, for high quality conditions , the value (q�p)cr was higher 
than (q�)Cf ' but the value of the average heat flux (q")cr was about equal to the uniform 
flux condition (q�)cr ' Hence , unlike DNB , dryout is controlled more by the total heat 
input in a channel than by the local heat flux. 

B CHF at High Quality (Dryout) 

At high quality flow conditions , the vapor mostly exists in the core . Both the shear 
action of the vapor and the local vaporization rate may lead to the liquid film being 
stripped from the wall . In uniformly heated tubes , the value of q�r at high flow qualities 
is , generally speaking, lower than that at low flow qualities . It is also observed that 
q�r is lower for longer tubes.  However, the overall critical power input increases with 
length. Therefore the critical quality (xcr) at the tube exit also increases with length . 

Because of the difference between the DNB and the dryout mechanisms , they 
exhibit a reversed dependence on the mass flux . As shown in Figure 1 2-23 , the higher 
mass flux leads to a higher q�r for low quality flow but decreases the q�r for high 

DNB region Dryout region 

G 

G 

Quality, x 

Figure 12-23 Effect of mass flux on critical heat flux. 
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Figure 12-24 Effect of  flux shape on  critical quality (From Keeys e t  a l .  [42] . )  

4.0 

quality flow . The overall critical (lJower in a uniformly heated tube of fixed length 
(L), however, increases with the [increase in mass flux. 

For high quality CHF, the critical channel power i s  not sensitive to the distribution 
of the heat flux along a fixed length , as demonstrated in Figure 1 2-24 [42] . 

C Correlation of CHF by U.S. Reactor Vendors 

1 DNB. The most widely used oorrelation for evaluation of DNB conditions for 
PWRs i s  the W-3 correlation developed by Tong [60 , 6 1 ] .  The correlation may be 
applied to circular, rectangular, and rod-bundle flow geometries . The correlation has 
been developed for axially unifonn heat flux , with a correcting factor for nonuniform 
flux distribution . Also local spacer effects can be taken into account by specific factors . 

For predicting the DNB condition in a nonunifonn heat flux channel , the following 
two steps are to be followed: 

1 . The unifonn critical heat flux. (q�r) is  computed with the W -3 correlation , using 
the local reactor conditions . 

2 .  The nonuniform DNB heat fIlux (q�r.n) distribution is then obtained (assuming a 
flux shape similar to that of the reactor) by dividing q�r by the F factor. 

For a channel with axially unifonn heat flux in British units: 

q�r/ 106 = {(2 .022 - 0.0004302 p� 
+ (0. 1 722 - 0 .0000984 p) 
exp [( 1 8 . 1 77 - 0.0041 29 p)xJ}[(0 . 1484 - 1 .  596xe 
+ 0 . 1 729xelxe l )G/ l06 + 1 .037]( 1 . 1 57 - 0 . 869xe) [0 . 2664 
+ 0 . 8357 exp ( - 3 . 1 5 1  Dh) ] [0 . 8258 + 0 .OO0794(hr - h in)] 

( 1 2-58) 
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where q:r = DNB flux ( BTU/hr ft2 ) ;  P = pressure ( psia ) ;  Xc = local steam thermo
dynamic quality ; Dh = equivalent heated diameter ( i n . ) ;  h in = in let enthalpy ( BTU/lb) ;  
G = mass flux ( lb/hr ft2 ) ;  hr  = saturated l iquid enthal py (BTU/lb) .  

The correlation is  val id  in  the  ranges : 

P = 800 to 2300 psia 
G / 1 06 = 1 .0 to 5 .0 l b/hr ft2 

Dh = 0.2 to 0.7 i n .  
X e  = -0. 1 5  to 0. 1 5  
L = 1 0  to 1 44 i n .  

The axiall y  nonuniform heat flux (q:r, n )  i s  obtai ned by applying a corrective F factor 
to the uniform critical heat fl u x :  

( 1 2-59) 

where: 

c r q " ( z ' )  cxp [ - C (e - z ' ) ]dz ' 
F = __ �(J __________________ _ 

q " (f ) [ l  - exp ( - C f ) ]  
( 1 2-60) 

where q:r. n = q" l ocal at DNB posit ion ; £ = di stance to ONB as predicted by the 
uniform q:r mode l ;  and: 

0.44[ I - X ( € )f9 
C = c i n . - I 

( G  / 1 06 )  1 .72 0 2-6 1  ) 

In SI un its the cri tical heat fl u x  (kW/m2 ) for uniform l y  heated channels  is given by: 

q�r = { (2 .022 - 0.06238p)  + (0. 1 722 - 0.0 1 427 p )exp[ ( l 8 . 1 77 

- 0.5987 p )xe ] } [ (0 . 1 484 - 1 .596x(, + 0. 1 729xe lxe l )2 .326G 

+ 327 1 ] [ 1 . 1 57 - 0. 869xe ] [0 . 2664 + 0. 8357 

exp ( - 1 24. 1 Dh ) ] [O. 8258 + 0 .00034 1 3 ( h r  - hin ) )  

where p is  in M P a ;  G is  i n  kg/m2 s ;  h i s  in  kJ/kg; a n d  Dh is  in  meters ( m ) .  
T h e  F factor c a n  sti l l  b e  used with : 

( 1 2-62) 

( 1 2-63 ) 

S mi th et al .  [56] suggested that for the l imi ted conditi ons of p = 5 1 5  psi 
(3 .5 MPa), Dh = 0.2285 in. (5.8 mm), and G = 0.5 to 1 . 1  x 1 06 Ib/ft2 hr (750 to 
1 500 kg/m2 s),  the value of C is  given by: 

0. 1 35 . _ I  
C ::::::: -- t n .  

Dh 
( 1 2-64 ) 
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In a reactor channel the minimum DNB ratio occurs downstream of the peak heat 
fl u x .  Hence, the F-factor at the minimum DNB R location is  generally greater than 
unity ;  the axial nonuniformity in the heat fl u x  reduces the CHF. The parameter C 
decreases with increasing quality ;  at high quality C wil l  be small and the effect of the 
heat fl u x  shape w i l l  be less pronounced. 

As discussed in Chapter 2, reactors operate at a safety margi n called the CHF 

ratio (CHFR) (or departure of nucleate boi l ing ratio) ,  which is defined as : 

CHFR = 
q�r. n  

= 

� 
q " (z ) Fq" Cz ) 

( 1 2-65) 

For PWRs using the W-3 correlation, the margin of safety has been to require the 
minimum value of CHFR (called MCHFR) at any location in  the core to be at least 
1 . 3 at ful l  power. The correlations adopted by the reactor vendors have undergone 
several modifications over the years. General ly, the newer correlations have less un
certainty and are therefore associ ated with smaller MCHFR values. 

2 Dryout. I n  the high vapor qual i ty regions of i nterest to B WRs,  two approaches 
have been taken to establ ish the required design margin.  The first approach was to 
develop a l imit  l ine.  That is  a conservative lower envelope to the appropriate CHF 
data, such that virtually no data points fal l  below this l ine. The fi rst set of l i mit l ines 
used by the General Electric Company was based l argel y  on single-rod annular boi l ing 
transition data having uniform axial heat fl u x .  These design l ines were known as the 
Janssen-Levy l imit  lines [38 ] .  They are considered valid for mass fl u xes from 0.4 x 
1 06 to 6 .0 x 1 06 lb/hr ft2 , hydraulic diameters between 0.245 to 1 . 25 in . ,  and system 
pressure from 600 to 1 450 psia. For 1 000 psia and h ydraulic diameter less than 0.60 
i n . ,  these l imit  l i ne heat fluxes in B tu/hr ft2 are expressed in terms of mass fl u x  ( G )  
and equi l ibriu m  quality (xe ) as : 

(q:r / 1 06 ) = 0.705 + 0 .237 (G / 106 ) 

for Xe < 0. 1 97 - 0 . 1 08 (G/ 1 06 ) ;  

(q:r / 1 06 ) = 1 .634 - 0 .270 (G / 1 06 ) - 4.7 1 Xe 

for 0. 1 97 - 0. 1 08 (G/ 1 06 )  < Xe < 0 .254 - 0.026 (G/ l 06 ) ;  and 

(q:r/ 1 06 ) = 0.605 - 0 . 1 64 (G/ I 06 ) - 0.653 xe ] 

for Xe > 0 .254 - 0.026 (G / 1 06 ) .  

( 1 2-66a ) 

( 1 2-66b ) 

( l 2-66c ) 

For hydraul ic  diameters greater than 0.60 i n . ,  these three equations should be modified 
by subtracting: 

2 . 1 9 (D2 - 0 . 36) [x, - 0.07 1 4  C�6 - 0 .22) ] ( 1 2-67 ) 

At system pressures other than 1 000 psia, the fol lowing pressure correction ( in ps i )  
was recommended: 

( 1 2-68 ) 
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An experimental program in four- and nine-rod unifonn axial heat flux bundles 
was conducted later. Some adjustment to the Janssen-Levy limit l ines were found to 
be needed, and thus the Hench-Levy limit l ines were developed [32] . The 
Hench-Levy l imit lines are considered valid for mass fluxes of 0 . 2  x 1 06 to l .6 x 
1 06 lb /hr ft2 , hydraulic diameters of 0 . 324 to 0 .485 in . ,  system pressures of 600 to 
1450 psia, and rod-to-rod and rod-to-wall spacings greater than 0 .060 in .  

The mathematic expressions for the CHF ( in  Btu/hr ft2) predictions by this cor
relation at 1 000 psia are given by: 

(q�J l 06) = l . 9 - 3 . 3  xe - 0 . 7  tanh2 (3G/ I0� 

for (xe) \ < xe < (xeh; and 

(q�r/ 106) 0 .6  - 0 .7  xe - 0.09 tanh2 (2G/ I0� 

for xe 2:: (xeh, where: 

(Xe) \ = 0 .273 - 0 . 2 1 2  tanh2 (3G/ l06) 
(xeh = 0 .5  - 0 . 269 tanh2 (3G/ 106) + 0 .0346 tanh2 (2G/ IO � 

( 1 2-69a) 

( 1 2-69b) 

( 1 2-69c) 

Values at various mass fluxes are shown in Figure 1 2-25 . At system pressures other 
than 1000 psia, the following pressure correction is recommended: 

" "  P 600 
[ ( ) 1 . 25] 

qcr(P) = qcr( 1000) 1 . 1  - 0 . 1 
400 

( 1 2-70) 
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Figure 12-25 Hench-Levy limit lines . 
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These design curves were also constructed such that they fell below virtually all the 
data at each mass flux . As with the W-3 correlation , they have always been applied 
in BWR design with a margin of safety , in tenns of an MCHFR. For the Hench-Levy 
limit lines the MCHFR was 1 . 9 for limiting transients . Obviously , although the limit 
line concept can be used for design purposes , it does not capture the axial heat flux 
effect; thus the axial CHF location is nonnally predicted incorrectly .  It also is  based 
on the assumption of local control of CHF conditions ,  which is invalid for high quality 
flow . 

In order to eliminate the undesirable features inherent in the local CHF hypothesi s ,  
a new correlation , known as  the General Electric critical quality-boiling length 
(GEXL) correlation , was developed [26] . The GEXL correlation is based on a large 
amount of boiling transition data taken in General Electric ' s ATLAS Heat Transfer 
Facility , which includes full-scale 49- and 64-rod data. The generic fonn of the GEXL 
correlation is :  

Xcr = xclLB '  DH, G, L, p ,  R) 

where xcr = bundle average critical quality; La = boiling length (i . e . , downstream 
distance from the position at which the equilibrium quality equals zero); DH = heated 
diameter (i . e . , four times the ratio of total flow area to heated rod perimeter) ; G = 
mass flux; L = total heated length; p = system pressure; and R = a parameter that 
characterizes the local peaking pattern with respect to the most limiting rod .  

Unlike the limit line approach, the GEXL correlation is a "best fi t"  to  the ex
perimental data and is said to be able to predict a wide variety of data with a standard 
deviation of about 3 . 5% [26] . Additionally , the GEXL correlation is a relation between 
parameters that depend on the total heat input from the channel inlet to a position 
within the channel . The correlation line is  plotted in tenns of critical bundle radially 
averaged quality versus boiling length (Fig . 1 2-26) . For a given bundle power (QI or 
(2) '  the locus of bundle conditions can be represented on this figure . The critical 
power of a bundle is the value that leads to a point of tangency between the correlation 

Boil ing Length, L B 
Figure 12-26 Correlation of critical 
conditions under dryout. 
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line and a bundle operating condition (Fig.  1 2-26) .  The critical quality-boiling length 
correlation leads to identification of a new margin of safety in BWR designs, i .e . , the 
critical power ratio (CPR) of a channel: 

critical power 
CPR = --------=--

operating power 

The GEXL correlation has been kept as proprietory infonnation . 

D General CHF Correlations 

The CHF correlations considered here are the round-tube correlations of Biasi et al . 
[8] , Bowring [ 1 3 ] , and CISE-4 [25] , and the annulus correlation of Barnett [3 ] .  The 
databases for all correlations are summarized in Table 1 2-4 . Figure 1 2-27 illustrates 
the pressure and mass flux range of the databases . 

1 Biasi correlation. The Biasi [8] correlation is a function of pressure, mass flux , 
flow quality , and tube diameter. The root-mean-square (nns) error of the correlation 
is 7 . 26% for more than 4500 data points , and 85 . 5% of all points are within ± 10% .  
The correlation is capable o f  predicting both DNB and dryout CHF conditions . The 
correlation is given by the following equations . 

Use Eq. 1 2-7 1b ,  below , for G < 300 kg/m2s ;  for higher G, use the larger of the 
two values . Hence:  

Table 12-4 CHF correlation databases 

Author 

Biasi [8] 

CISE-4 [25] 

Bowring [ 1 3] 

Barnett [3] 

Database 

D = 0 .0030-0.0375 m 
L = 0 .2-6.0 m 
p = 0 .27-14 MPa 
G = 100-6000 kg/m2 • s 
x = I /O + piPg) to 1 

D = 0 .0 102-0 .0 1 98 m 
L = 0 . 76-3 . 66 m 
p = 4.96-6 .89 MPa 
G = 1085-4069 kg/m2 • s 

D = 0.002-0.045 m 
L = 0 . 1 5-3 .7 m 
p = 0 .2-19 .0 MPa 
G = 136- 1 8 ,600 kg/m2 • s 

D( = 0.0095-0.0960 m 
Ds = 0.014-0. 102 m 

L = 0 .6 1-2 .74 m 
p = 6 .9  MPa 
G = 190-8409 kg/m2 • s 
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" QSiasi 
where: 

(2 . 764 x 107)( 1 00D) - nG - 1 /6[ 1 .468F(Pbar)G - 1 /6 - x]  W /m2 

( 1 5 . 048 x 1 07)( l OOD) - n  G -o.6H(Pbar) [ I  - x] W /m2 

F(Pbar) = 0 .7249 + 0 .099Pbar exp( - 0.032Pbar) 
H(Pbar) = - 1 . 1 59 + 0 . 1 49Pbar exp( - 0 .0 1 9Pbar) 

+ 9Pbar ( 10 + P�ar) - 1 

Note: Pbar = l Op, when P is in MPa; and: 

n = {0 .4  D 2: 0 . 0 1  m 
0 .6 D < 0 .01  m 

( 1 2-7 I a) 
( 1 2-7 I b) 

( 1 2-7 I c) 
( 1 2-7 1d) 

( 1 2-7 1e) 

2 Bowring correlation. The Bowring correlation [ 1 3 ] contains four optimized pres
sure parameters . The rms error of the correlation is 7% for its 3800 data points . The 
correlation probably has the widest range of applicability in terms of pressure and 
mass flux (Fig . 1 2-27) . The correlation is described by the following equations in 51  
units: 

where: 

A - Bh ·� 
Q" = fg-- W/m2 cr C 

A 
2 . 3 1 7(htgDG/4)F1 

1 + 0 .0 143FzD 1/2G 

( 1 2-72a) 

( l 2-72b) 
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For PR < 1 MPa: 

B = 
DG 

4 

0 .077F3 DG C = --------�-----

I + 0 .347F4 C�6) 
" 

PR = 0 . 145p (where p is in MPa) 

n = 2 .0-0 .5pR 

F) = {p�8 .942 exp [20 . 89( 1 - PR)] + 0 . 9 1 7}/ 1 . 9 1 7  ) F2 = F)/({p�· 3 ) 6  exp [2 .444( 1  - PR)] + 0. 309}/ 1 . 309) 
F3 = {pr·023 exp [ 16 .658( 1 - PR)] + 0 .667}/ 1 . 667 
F4 = F3P�·649 

For PR > 1 MPa: 

( 1 2-72c) 

( 1 2-72d) 

( 1 2-72e) 

( 1 2-720 

( l 2-72g) 

( l 2-72h) 

3 CISE-4 correlation. The CISE-4 correlation [25] is  a modification of CISE-3 in 
which the critical flow quality (xJ approaches 1 .0 as the mass flux decreases to O .  
Unlike others , this correlation i s  based on  the quality-boiling length concept and i s  
restricted to BWR applications .  The correlation was optimized in  the flow range of 
1000 < G < 4000 kg/m2 s. It has been suggested that the application of the elSE 
correlation in rod bundles is  possible by including the ratio of heated to wetted perim
eters in the correlation. The correlation is expressed by the fol lowing equations :  

where: 

and 

a = ------------------------ if G �  G* 
1 + l .  48 1 X 10 -4( 1  -P / Pc) - 3G 

a = 1 - P / Pc if G � G* (G/ IOOO) ) /3 

( l 2-73a) 

( 1 2-73b) 

( 1 2-73c) 
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where G* = 3375 ( I - pi Pc ) \  Pc = critical pressure ( MPa) ; Lcr = boi l i ng length to 
CHF ( m ) ;  and : 

b = O. 1 99 ( pc l  p - 1 )0.4 GD \ .4 

where G is in kg/m2 s and D is in meters ( m ) .  

( l 2-73e) 

4 Barnett correlation. The B arnett correlation [3 ]  has the same basic form as Mac
B eth's  corre lation .  The correlation i s  capable of predicting both DNB and dryout CHF 
conditions.  The rms error of the correlation is  5 .9% based on 724 data points obtai ned 
in  uniform ly heated annuli  at a pressure of 1 000 psi .  The application of the correl a
tion is extended to rod bundles using the equivalent diameter concept. The correlation 
consists of the fol lowing equations in  SI u nits : 

where : 

" 6 A + 4.3  X 1 O-4 B ( h r  - h i )  
q cr = 3. 1 546 x 1 0  

C + 39.37L 

L = heated length ( m )  

A = 205 D�·6S GO. 1 92 [ 1  - 0 . 744 e x p  ( -0. 1 89De G ) ]  
B = 0.073 1 D� ·26 1 GO.S I 7 

C = 7244D� .4 1 5 GO . 2 1 2 

( l 2-74a ) 

0 2-74b) 

( l 2-74c ) 

( l 2-74d ) 

For annul i ,  the wetted and heated equivalent diameters ( De and Dh ) are given by: 

De = ( Ds - Dj ) 
Dh = ( D; - D: ) I  Di 

where Ds = diameter of the shroud; and Di = diameter of the inner rod. 

Example 12-3 Comparison of critical heat flux correlations 

( l 2-74e ) 

0 2-740 

PROBLEM A vertical test tube in a high pressure water boi l ing  channel has the 
fol lowing characteristics:  

p = 6 . 89 MPa = 68.9 bar 
D = I O .O mm 
L = 3 .66 m 
Tin = 204°C 

Using the B i asi  and CISE-4 correlations, find the critical channel power for uniform 
heating at G = 2000 kg/m2 s. 

SOLUTION 

Biasi correlation 

Because G > 300 kg/m2 s,  check Eqs .  1 2-7 1 a and 1 2-7 1 b. Use the larger qSia, j ' 
In this case Eq . 1 2-7 1 b is the larger. 

qSiasi = 1 5 .048 X 1 07 ( 1 00 D ) -n 0 -0.6 H ( Pbar ) ( 1  - x )  
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- 1 . 1 59 + 0 . 149 Pbar exP ( - 0 .0 19  Pbar) 
+ 9Pbari( lO + P�ar) 
- 1 . 1 59 + 0. 149(68 .9) exp [( - 0 .0 19(68 .9)] 
+ 9 (68 .9)/[ 1 0  + (68 .9)2] 
1 .744 

Because D = 0.01 m, n = 0.4. 

( l 2-7 1 b) 

An expression is needed for x = xCr ' which is obtained from a heat balance: 

qcr = rhx hfg + riz Llhsub 
Hence 

qcr Llhsub 4q�r z Llhsub x(z) = - - -- = -- -
rizhfg hfg CTD hfg hfg 

For uniform heating , we want z = L and q�iasi = q�r. 

Thus: 

LlhsUb = 0 . 389 X 1 06 J/kg 
hfg = 1 . 5 1  X 106 J/kg 

q�r = 1 5 .048 X 1 07 [ 1 00(0 .0 10)] - 0.4 (2000) - 0.6 ( 1 . 744) 

[ ( 4q�r<3 .66) 0 . 386 x 106) ] 
* 1 -

2000(0 .0 1 )( 1 . 5 1  X 106) 
-

1 . 5 1  X 1 06 
q�r = 3 .423 X 1 06 - 1 . 30 1 q�r � q�r = 1 .488 X 106  W /m2 
qcr = q�r TTDL = ( 1 .488 x 106)TT(0.0 1 )(3 . 66) 
qcr = 1 73 . 8  kW 

CISE-4 correlation 

We need expressions for Xcr and Lcr to use in Eq. 1 2-73a. They come from energy 
balance considerations: 

Thus Eq. 1 2-73a becomes: 

_4_q�_r (L _ _CT_D_Llh--=.sU=b) 
CTDhfg 4q�r 

[ ( 
-

CTDLlhsUb) 1 L " 
Dh 4qcr 

De 
a 

_ CTDLlhsub b L ,, + 4qcr 
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4q" D ( a ) er h 
GDh 

= Ii GDl1hsub fg e L - " + b 
4qer 

where Dh = De = D = 0 .0 1  m; P = 68 .9  bar = 6 . 89 MPa; Per = 22 .04 MPa; and 
G* = 33'/5( 1 - 6 . 89/22 .04)3 1096 . 1 7  kg/m2 • s .  

Thus: 

:. G > G* 

:. a 
1 - PiPe 1 - 6 . 89/22 .04 

(G/ 1000) 1 /3 (2000/ 1000) 1 /3 
b = 0 . 1 99 (pJp - 1 )° .4 GD 1 .4 

0 .54558 

= 0 . 1 99(22 .04/6. 89 - 1 )0.4 (2000)(0 . 0 1 ) 1 .4 = 0 .8839 

0 . 54558 
(2000)(0 .0 1 )( 1 . 5 1 X 1 06) (2000)(0 . 0 1 ) (0 . 389 X 106) 

3 . 66 - " + 0 .8839 
4qer 

0 . 54558 
1 . 30365 x 10 - 7 " = ---------qer 4. 544 - 1 . 976 x 106/q�r 
5 .92366 X 1 0 - 7  q�r = 0 .54558 + 0 .2576 

q�r = 1 ,356 kW /m2 

qer = q�r 1TDL = ( 1 , 355 ,890 .0)1T(0 .0 1 )(3 . 66) 
qer = 1 58 .4  kW 

E Special Considerations in Rod Bundles 

The CHF in rod bundles can be predicted by considering the average flow conditions 
in the bundle as well as by considering the flow conditions on a subchannel analysis .  
Kao and Kazimi [4 1 ]  compared four correlations, applied in both approaches , to results 
from the GE nine-rod bundle tests [37] . The cross-sectional view of the GE bundle 
is illustrated in Figure 1 2-28 . The rod diameter and the spacing between rods resemble 
those in a typical BWR rod bundle. The test section was uniformly heated, with a 
heated length of 3 .66 m. The test conditions are also given in Figure 1 2-28 . During 
the test , CHF was approached by holding the pressure , flow, and subcooling constant 
while gradually increasing the power until one or more thermocouples indicated CHF 
conditions (rapid temperature excursion) . It was observed that CHF occurred usually 
in the comer rods, at the end of the heated section or immediately upstream of the 
spacer at the end of the heated section . 

With the subchannel method, the traditional coolant-centered subdivision was 
Used (Fig .  1 2-28) .  The THERMIT code was used to predict the flow distribution [43] . 
Table 1 2-5 shows the predicted minimum critical power ratios (MCPR) and minimum 
CHF ratios (MCHFR) with both the subchannel and bundle-averaged methods . The 
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0:O�0-

Q 

<>3 -+.....;2=---<1--__ Center Subchannel 

� 3 n 3 � _-+--- Side Subchan ne l  

V:;\./ 2�+--- Corner Subchannel  

Geometrical petails (mm) 

Rod diameter 1 4.3 
Rod-rod gap 4.42 
Rod wal l  gap 3.51 
Radius of corner 1 0 .2  
Heated length 1 829 

Test Conditions 

Pressure 
Mass flux 
In let subcool ing 

6 .9 MPa 
339 to 1 695 kg/m2 s 
1 6 .5  to 800 kJ/kg 

Figure 12-28 Cross-sectional view of General Electric nine-rod bundle. 

MCPR is defined on a subchannel basis for the subchannel approach and on a bundle 
basis for the bundle-averaged approach. As seen, the subchannel method consistently 
predicts a lower MCPR than the bundle-averaged approach. Additionally , the Biasi 
and Bowring correlations were found to overestimate the MCHFRs by more than 1 5% 
and to predict CHF to occur first in the center subchannel . Although Barnett' s cor
relation was the most conservative of all , the CHF location was correctly predicted 
to be in the comer subchannel .  

The CISE-4 and Barnett correlations predicted the CHF to occur within the top 
axial node , which was 200 mm in height. It should be noted that CISE-4 includes a 
factor that accounts for the difference between heated and wetted parameters , and 
Barnett allowed for a heated equivalent diameter different from the wetted equivalent 
diameter, which may be the reason that they were able to predict the correct CHF 
location , i . e . , the comer rod . 

Furthennore, the subchannel and bundle-averaged method results for CISE-4 are 
the closest together among the correlations studied , as well as the closest to the 
measured CHF condition . 
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PROBLEMS 

Problem 12-1 Comparison of liquid superheat required for nucleation in water and sodium 

(section II) 

1 .  Calculate the relation between superheat and equilibrium bubble radius for sodium at I atmosphere 
using Eq. 1 2-7 and compare it to Eq . 1 2-8. What are the two relations for water at I atmosphere? Does 
sodium require higher or lower superheat than water? 

2. Consider bubbles of 10 ,urn radius . Evaluate the vapor superheat and the bubble pressure difference for 
the bubbles of question I .  

Answers: 
1 .  For sodium: 

For water: 

2 .  

1 1 541/1 [ 0 .223 x 10 - 5] 
--; 1/1 = 0 . 1 1  en 1 + 
I - 1/1 r* 

3731/1 [ 0 . 1 1 6 x 10 - 5] 
Tv - Tsa, = --; 1/1 = 0.0763 en I + 

I - 1/1 r* 

(Pv - Pl)sodium = 22.6 kN/m2; (P v - P () waler = 1 1 . 8 kN/m 2 

Problem 12-2 Evaluation of pool boiling conditions at high pressures (section III) 

l .  A manufacturer has free access on the weekends to a supply of 8000 amps of 440 V electric power. If 
his boiler operates at 3.35 MPa, how many 2 . 5  cm diameter, 2 m long electric emersion heaters would 
be required to util ize the entire available electric power? He desires to operate at 80% of critical heat 
flux . 

2. At what heat flux would incipient boiling occur? Assume that the water at the saturation temperature 
corresponds to 3 . 35 MPa. The natural convection heat flux is given by: 

q�c = 2 .63 (LlT) 125 kW /m2 
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p = :1.35 M Pa 
T," = 240° C 
h ie = 1 766 kJ/kg 

PI" = 8 1 3  kg/m' 

p, = 1 6 . 8  kg/m ' 

(T = 0.0286 N/m 
k = 0.628 W/m 0C 

Assume that  the maximum cav ity radius is very large. You may use the Rosenhow correlation for 
nucleate pool boi l ing [52 ] :  

where s = for water and C I  = 0.0 1 30. an empirical constant for water and mechan ical ly pol ished steel 
surfaces. 

Answers: 

I .  N = 6 ( based on C1  = 0. 1 8  in Eq . 1 2- 1 0) 
2. qi' = 4. 1 9  kW/m2 

Problem 12-3 Comparison of stable film boiling conditions in  water and sodium (section I I I )  
Compare the value o f  the wal l superheat required t o  sustai n fi l m  boi l ing o n  a horizontal steel wal l  a �  

predicted b y  Berenson 's  correlation t o  that predicted b y  Henry's  correlation (Table 1 2- 1 ) . For s imp l ic i ty .  
calcul ate the properties with subscript vf  as i f  they were for saturated vapor. 

I .  Consider the cases of saturated water at ( I )  atmospheric pressure and (2 )  p = 7 .0 MPa. 
2 .  Consider the case of saturated sodium at atmospheric pressure. 

AIl.nre!".\": 
I .  H20 at 0. 1 M Pa: 

H20 at  7.0 M Pa :  

2 .  N a  a t  O. I MPa: 

TB�' - T,,,t = 1 56°F 
Til - T,,,t = 1 907"F 

(too high i n  physical sense) 
T:' - T,,,t = 8rF 

( too low i n  physical sense) 

T�l - T"II = 368" F 
T,�l - T,,,t = 2629° F 

( too high in physical sellse 
T�' - T,,,t = 77 1 ° F  

Problem 1 2-4 Factors affecting incipient superheat i n  a flowing system ( section IV)  

I .  Saturated l iquid water at atmospheric pressure flows inside a 20 m m  d iameter tube. The mass veloc i ty  i�  
adjusted to produce a s ingle-phase heat-transfer coefficient equal  to 10 kW/m2 '  K .  What i s  the inci piell t  
boi l i ng heat flux? What i s  the corresponding wal l superheat? 

2 .  Prov ide answers to the same questions for saturated l iquid water at 290°C, flowing through a tube of 
the same diameter, and with a mass veloci ty adjusted to produce the same s ingle-phase heat-transfer 
coefficient .  

3 .  Prov ide answers to the same questions i f  the flow rate i n  the 290°C case i s  doubled. 

Alls\oren: 

I .  (Ii" = 1 .9 1  x 10-1 W/m2 

Tv. - T"II = 1 .9 1 °C 
2. q;' = 220.9 W/m2 

T." - T,,,t = O.022°C 
3 .  qi' = 670 W/m2 

Tv. - T,,,t = 0.038°C 

Problem 1 2-5 Critical heat flux correlation ( section VII ) 
Using the data of Example 1 2-3,  calculate the cri t ical heat flux  us ing the Bowring correlat ion . 
AII.\"\o1·er: q�'r = 1 .4 I x 1 06 W 1m2 



CHAPTER 

THIRTEEN 
SINGLE HEATED CHANNEL: 

STEADY-STATE ANALYSIS 

I INTRODUCTION 

Solutions of the mass , momentum, and energy equations of the coolant in a single 
channel are presented in thi s  chapter. The channel is generally taken as a representative 
coolant subchannel within an assembly ,  which is assumed to receive coolant only 
through its bottom inlet. The fuel and clad heat transport equations are also solved 
under steady-state conditions for the case in which they are separable from the coolant 
equations .  

We start with a discussion of  one-dimensional transient transport equations of  the 
coolant with radial heat input from the clad surfaces . It is assumed that the flow area 
is axially uniform, although form pressure losses due to local area changes (e .g . , 
spacers) can sti ll be accounted for. Solutions for the coolant equations are presented 
for steady state in this chapter and for transient conditions in Chapter 2, Vol . II . 

II FORMULATION OF ONE-DIMENSIONAL FLOW EQUATIONS 

Consider the coolant as a mixture of l iquid and vapor flowing upward, as shown in 
Figure 1 3- 1 .  Following the basic concepts discussed in Chapter 5, the radially aver
aged coolant flow equations can be derived by considering the flow area at any axial 
Position as the control area. For simpl icity we consider the mixture equations of a 
two-phase system rather than deal with each fluid separately . 
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- · ---- · ---r- --- -
Figure 13-1 Surface heated flow 
channel. 

z 

J____ __ m___ _ _ _ _ 
t 

Flow Direction 

A Nonuniform Velocities 

The one-dimensional mass, momentum, and energy transport equations have been 
derived in Chapter 5 and can be written as follows. 

Mass: 

where 

o 

{pya} + {PeO - a)} 
{Pvavvz} + {pec 1 - a)vez} 

(5-63) 

(5-50b) 
(5-40c) 
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Momentum: 

(5 -66) 

where : 

(5-67) 

P = pya + Pt ( 1  - a) (5- 1 42 )  

() = angle  of the z direction with the upward vertical 

( 1 1 -54) 

Note that in Chapter 1 1  it  was shown that the friction pressure gradient for two-phase 
flow can be related to the wal l shear stress and the momentum fl u x  by terms analogous 
to the single-phase flow case : 

Energy: 

where : 

From Eq . 1 1 -7 7 :  

h �  = (apv h v vvz + ( I - a )Pe h f Vl'z } / Gm 

F;/Z = -AI f p Tw dPz 
z I 

F'" 
= 
( BP )  

wz B z fric 

( 1 1 -77) 

(5- 1 60) 

(5-72)  

(5-73)  

(5- 1 43 )  

For a vertical constant area c hannel ,  a n d  under t h e  assumption of pv ::::: Pf ::::: p ,  the 
mass, momentum ,  and energy equations take the form : 

( 1 3- 1  ) 

( 1 3 -2a) 

( 1 3-3a) 



578 N UC L E A R  S Y STEMS I 

where the friction factor f i s  not subscripted to allow for both single-phase and two
phase conditions.  

The absolute value notation i s  used with Cm in the momentum equation to account 
for the friction force change i n  direction depending on the flow direction. 

The rearrangement of Eq. 1 3 -3a leads to : 

( J 3-3b)  

In the above equations a l l  parameters are functions of t ime and axi al position. 
Although the specific enthalpy energy equations are used here,  there is no fun

damental difficulty in using the internal energy in stead. However, when the pressure 
( p )  can be assumed to be a constant ( in  both t ime and space), the energy equation 
(Eq. J 3 -3b) can be mathematically manipulated somewhat more easi ly. For numerical 
sol utions, the particular form of the energy equation may have more significance. 

B Uniform and Equal Phase Velocities 

The momentum and energy equations can be simplified by combi ning each with the 
continuity equation. The mass equation can be written as : 

where : 

a 0 
- Pm + - Pm VOl = 0 a t Oz 

VOl == COl /Pm 

( 1 3-4 ) 

0 1 -69 ) 

Note that even the two-phase velocities are uniform and equal (for the homoge
neous two-phase fl ow model ) ;  then :  

For uniform velocity across t h e  channe l ,  Eq . 5 - 6 7  y ields:  

( 1 3 -5 ) 

only for uniform velocity. Thus if .the uniform phase velocities are also equal : 

( 1 3 -6 ) 

The left-hand side of the momentum equation (Eq.  1 3 -2a) can be simplified if it  
is  assumed that the vapor and l iquid veloci ties are equal to the form: 

a a 3 Vm a Pm a (Pm Vm ) a Vm 
-3 (Pm Vm ) + -a (Pm Vm Vol ) = Pm -a + Vill -a- + Vm a 

+ Pm Vm -'.1-t Z t t Z (] z  
( 1 3-7 ) 
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By substituting from Eq . 1 3-7 into the momentum equation I3 -2a, it can be 
written as: 

( l 3-2b) 

By using Eq. 1 1 -69, the momentum equation (Eq . 1 3-2b) can also be written as: 

aVm aVm ap fGmlGml P - + G - = - - - - Prr3 cos () ( l 3-2c) m at m az az 2PmDe 
Simi larly ,  the left-hand side of the energy equation (Eq. 1 3-3a) for the case of 

uniform and equal velocities (where h;:; = hm) can be written as : 

a a ahm ap + h aPm ai (Pmhm - p) + az (Pmhm Vm) = Pm at - at m at 
ap v ah + h � + V m m az Pm m a-;-

( 1 3-8) 

Again, applying the continuity equation to Eq . 1 3-8 and combining the result 
with Eq. 1 3-3b gives: 

P ahm + P V ahm _ ap m at m m az at 
By substituting from Eq . 1 1 -69 into Eq . 1 3-9a: 

P ahm + G ahm = q"Ph + ap + Gm (ap + fGmlGml) m at m az Az at Pm az 2DePm 

III DELINEATION OF BEHAVIOR MODES 

( l 3-9a) 

( l 3-9b) 

Before illustrating solutions of the equations presented in the last section , it is advan
tageous to identify the hydrodynamic characteristics of interest . These characteristics 
tend to influence the applicability of the simplifying assumptions used to reduce the 
complexity of the equations . 

To begin with , it should be mentioned that the underlying assumption of the 
discussion to follow is that the axial variation in the laterally variable local conditions 
may be represented by the axial variation of the bulk conditions .  It is true only when 
the flow is fully developed ( i . e . , the lateral profile is independent of axial location) . 
For single-phase flow, the development of the flow i s  achieved within a length equal 
to 10 to 100 times the channel hydraulic diameter. For two-phase flow in a heated 
channel , the flow does not reach a "developed" state owing to changing vapor quality 
and distribution along the axial length . 

Another important flow feature is the degree to which the pressure field is influ
enced by density variation in the channel and the connecting system . For "forced 
convection" conditions , the flow is meant to be unaffected , or only mildly affected , 
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Table 13-1 Considerations of flow conditions in a single channel 

Inlet boundary condition* 

Pressure 
Flow rate or velocity 

Flow conditions t 

Forced convection 
(buoyancy can be neglected) 

j 
j 

Natural convection 
(buoyancy is dominant) 

j 
This boundary condition 
cannot be applied. 

*Exit pressure is prescribed for both cases. 
tConditions in which buoyancy effects are neither negligible nor dominant lead to "mixed 

convection" in the channel. 

by the density change along the length of the channel . Hence buoyancy effects can 
be neglected . For "natural convection" the pressure gradient is governed by density 
changes with enthalpy , and therefore the buoyancy head should be described accu
rately . When neither the external pressure head nor the buoyancy head govern the 
pressure gradient independently,  the convection is termed "mixed . " Table 1 3- 1  il
lustrates the relation between the convection state and the appropriate boundary con
ditions in a calculation . 

Lastly ,  as discussed in Chapter 1 ,  Vol . I I ,  the conservation equations of coolant 
mass and momentum may be solved for a single channel under boundary conditions 
of ( 1 )  specified inlet pressure and exit pressure , (2) specified inlet flow and exit pres
sure , or (3) specified inlet pressure and outlet velocity . For case 2 and case 3 bound
ary conditions ,  the unspecified boundary pressure is uniquely obtained . However, for 
case 1 boundary conditions ,  more than one inlet flow rate may satisfy the equa
tions . Physically , this is possible because density changes in a heated channel can 
create several flow rates at which the integrated pressure drops are identical , par
ticularly if boiling occurs within the channel . This subject is discussed in section V .  B .  

IV STEADY-STATE SINGLE-PHASE FLOW 
IN A HEATED CHANNEL 

Consider an upward vertical channel , as shown in Figure 1 3- 1 . Under steady-state 
conditions , Eq. 1 3-2a may be written as: 

!!.- (G:) = _ dp _ f GmlGml - Pmg ( 1 3- 1 0) 
dz Pm dz 2D ePm 

Note that the partial derivative terms are changed to the full derivative terms , as z i s  
the only variable in  Eq. 1 3- 10 .  

The exact solution of  the momentum equation requires identifying the axial de
pendence of the properties of the fluid, such as P and f-t (which are indirectly present 
in Eq . 1 3- 10 through the Reynolds number ,dependence of f) . Determining the pressure 
drop is then accomplished by integrating Eq . 1 3- 10,  which can be written after rear
rangement as : 
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( 1 3- 1 1 ) 

Because the acceleration term is an exact differential , it depends on the endpoint 
conditions only , whereas the friction and gravity terms are path-dependent. 

A Single-Phase Pressure Drop 

Under conditions of single-phase liquid flow it is possible to assume that the physical 
property change along the heated channel is negligible , thereby decoupling the mo
mentum equation from the energy equation . If, in addition , the flow area is axially 
constant, the mass flux (Gm) i s  constant; and for P� = Pe = constant, the acceleration 
pressure drop is negl igible . Hence Eq . 1 3- 1 1  can be approximated by : 

f GmlGml Pin - Pout = + (ZOUI - Zin) + LlPform + Peg (Zout - Zin) ( 1 3- 1 2) 
2DePe 

In practice , "average" properties , evaluated at the center of the channel , are 
used . The accuracy of such an evaluation is good for single-phase liquid fluid flow . 
However, for gas flow or two-phase flow, the radial and axial variation in fluid 
properties cannot always be ignored , and a proper average would then have to be 
defined by performing the integration of Eq . 1 3- 1 1 .  

If the flow area varies axially , Gm is not a constant and the first two terms of the 
right-hand side of Eq . 1 3- 1 1 no longer sum to zero but are evaluated in accordance 
with the discussion of Chapter 9 about pressure changes due to flow area changes . 

Furthermore , if Pin and Pout are taken to be the pressures in the plena at the channel 
extremities , the entrance and exit pressure losses (see Chapter 9, section VII) should 
be added to the right-hand side of Eq . 1 3- 1 2 . 

Example 13-1 Calculation of friction pressure drop in a bare rod PWR 
assembly 

PROBLEM For the PWR conditions described below , determine the pressure drop 
across the core . You may neglect spacer, inlet , and exit losses; i . e . , consider a bare 
rod PWR fuel assembly . Assume that the flow is evenly distributed across the core . 
Also ignore subcooled boiling , if it exists . 

Design parameters for a 34 1 1 MWt PWR (see Tables 1 -2 and 2-3) are as follows: 

Pressure = 1 5 . 5 MPa 
Inlet temperature = 286°C 
Exit temperature = 324°C 
Linear heat rate of midplane (averaged radially in the core) 
Number of fuel pins = 50,952 
Core flow rate = 1 7 .4 MgI s 
Fuel rod outside diameter (D) = 9 .5  mm 

3 1 . 1  kW 1m 
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Clad thickness = 0 . 57 mm 
Gap = 0.08 mm 
Pitch = 1 2 . 6  mm 
Fuel rod height = 4.0 m 
Active fuel height = 3 . 66 m 

SOLUTION Equation 1 3- 1 2  is utilized . Fluid properties are evaluated at the center 
of the core , where the average temperature is given by: 

286 + 324 
2 

Pm = 
vf 1 .420 1 X 1 0  - 3 = 704 . 2  kg/m3 

cp = 5.60 kJ /kg oK 

J.L = 91 .7 ,upoise = 9 1 .7 X 10 - 6 kg/m s = 9 1 .7 ,uPa s 

Using the assumption that the flow is evenly distributed across the core, the average 
mass flow rate per fuel rod is :  

l 7 .4 Mg/s 
lit = = 0 .341  kg/s 

50,952 

Consider a coolant-centered subchannel as defined in Figure 1 3-2 .  To obtain the mass 
flow rate per unit area (G m) the flow area (Az) in each subchannel must first be 
obtained . The rod-centered cell illustrated in Figure 1 3-2 produces the same results . 

Thus:  

A = p2 - � D2 z 
4 

TT 
( 12 .6)2 - - (9 .5 )2 = 87 . 88 mm2 

4 

mass flow per subchannel 
flow area 

0 . 34 1  kg/s _ 2 
----=-6 -2 - 3880 .4  kg/m s 
87 . 88 x 1 0 - m 

To determine f, the Reynolds number must first be determined , which is a function 
of the subchannel equivalent diameter (De) :  

Thus:  

D = _4
_
(fl
_

o
_

w_a_re_
a
_
) _ e wetted perimeter 

4(87 . 88 mm2) 
TT(9 . 5  mm) 

1 1 . 8 mm = 0 .0 1 1 8  m 

Re = 
GmDe = (3880.4)(0 .0 1 1 8) = 4 .98 x 1 05 

J.L 9 1 . 7 X 1 0 - 6  

Using the Chapter 9 correlations to obtain the friction factor (f): 
f = 0 . 1 84 (Re) -o .2o = 0 .0 1 334 

Substituting f, De' Gm , Pm '  and z into Eq . 1 3- 1 2 ,  the change in pressure is  then 
obtained: 
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Coolant 
Centered 
Cel l  

Rod 
Centered 
Cel l  

Figure 13-2 Representative interior cells in a PWR fuel assembly. 

Pin - Pout 
(0 . 0 1 334 )(3880 .4)2 
2(0 .0 1 1 8)(704 . 2) 

(4) + (704 . 2)(9 . 8)(4) 

48 ,428 + 27 ,605 = 76 ,033 Pa = 0 .08 MPa 

B Solution of the Energy Equation of Single-Phase 
Coolant and Fuel Rod 

The radial temperature distribution across a fuel rod surrounded by flowing coolant 
was derived in Chapter 8 .  Here the axial distribution of the temperature is derived 
and linked with the radial temperature distribution . 

At steady state the energy equation (Eq . 1 3-9b) in a channel with constant axial 
flow area (i . e . , Gm = constant) reduces to: 

G � h = q"Ph + Gm (dP + f GmlGm l) 
m dz m Az Pm dz 2DePm 

( 1 3- 1 3a) 

Neglecting the energy terms due to the pressure gradient and friction dissipation: 

or 

d ril - h dz m 

( 1 3- 1 3b) 

q' (z) ( 1 3- 1 3c) 
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For a given mass flow rate (m) the coolant enthalpy rise depends on the axial variation 
of the heat-generation rate . In nuclear reactors the local heat generation depends on 
the distribution of both the neutron flux and the fissile material distribution . The 
neutron flux is affected by the moderator density , absorbing materials (e . g . , control 
rods) , and the local concentration of the fissile and fertile nuclear materials .  Thus 
a coupled neutronic-thermal hydraulic analysis is necessary for a complete design 
analysi s .  

For the purpose of illustrating the general solution methods and some essential 
features of the axial distribution , we apply the following simplifying assumptions: 

1 .  The variation of q ' (z) is  sinusoidal : 

7rZ q' (z) = q� cos -Le 
( 1 3- 14)  

where q� = peak linear heat-generation rate , and Le = length over which the neutron 
flux has a nonzero value, as seen in Figure 1 3-3 . Thi s  axial power profile is repre
sentative of what may be the neutron flux shape in a homogeneous reactor core when 
the effects of neutron absorbers within the core or axially varying coolant/moderator 
density due to change of phase are neglected . In real reactors the axial neutron flux 
shape cannot be given by a simple analytic expression but is generally less peaked 
than the sinusoidal distribution . 

Note that whereas the neutron flux extends from z = - Le/2 to Z = + Le/2 , 
the heat-generation rate is confined to the actual heated length between z = - L/2 
to z = + L/2 . 

2 .  The change in the physical properties of the coolant, fuel , or cladding can be 
ignored. Thus the convective heat-transfer coefficient , coolant heat capacity, and fuel 
and clad thermal conductivities are constant , independent of z . In reality , some vari
ation does take place owing to axial variation in temperatures. 

3. The coolant remains in the liquid phase . 

Figure 13-3 Axial profile of the neutron flux ( cp) and the heat addition rate [q' (z)] . 
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1 Coolant temperature. Equation 1 3- 1 3c can be integrated over the axial length: 

( 1 3- 1 5) 

Equation 1 3- 1 5  for single-phase flow may be written as : 

( 1 3- 1 6) 

The subscript ' ' in "  denotes the inlet coolant condition. Given the single-phase nature 
of the flow and the temperature-independent physical properties ,  the result of inte
grating Eq . 1 3- 1 6  may be written in the form: 

q� Le ( 'TTZ 'TTL) Tm(z) - Tin = -.- - sin - + sin -
m cp 'TT Le 2Le 

( 1 3- 1 7) 

This equation specifies the bulk temperature of the coolant as a function of height. 
The exit temperature of the coolant is given by 

(L) ( q� ) (2Le) . 'TTL 
Tout == T m - = Tin + -.- - SIn -

2 m cp 'TT 2Le 
( 1 3- 1 8) 

When the neutronic extrapolation height (Le) can be approximated by the physical 
core height (L) , the equation s implifies to: 

( 1 3- 1 9) 

2 Cladding temperature. The axial variation of the outside cladding temperature 
can be determined by considering the heat flux at the cladding outer surface:  

where Ph = 2'TTRco ' and h = coolant heat-transfer coefficient . 
When combining Eqs . 1 3 - 1 4  and 1 3-20:  

Eliminating T m(z) with Eq . 1 3- 1 7  gives: 

( 1 3-20) 

( 1 3-2 1 )  

Tco(z) = Tin + q� [� (sin 1TZ + sin 
'TTL) + _

1
_ cos 

'TTz] ( 1 3-22) 
'TTmc p L e 2Le 2'TTRcoh Le 

The maximum cladding surface temperature can be evaluated by the condition: 

dTco = 0 
dz 

( 1 3-23) 
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and 

The condition of Eq. 1 3-23 leads to: 

or equivalently:  
_ Le - I  [ 2rrRco Leh ] 

Zc - - tan --. --
rr mn cp 

( 1 3 -24) 

( 1 3 -25a) 

( 1 3-25b) 

Because al l  the quantities in the arc-tangent are posi ti ve,  Ze is  a positive value.  Hence 
the maximum cladding temperature occurs at Ze such that 0 < Ze < L /2 .  

T h e  second derivative is  given by : 

( 1 3-26) 

and yields a negative value when z i s  positive. 

3 Fuel centerline temperature. It is  possible to extrapolate this approach to deter
mine the maximum rod temperature in the fuel rod i tself. First by combining Eqs. 
8- 1 1 9 and 1 3- 1 7  we find that the fuel centerli ne temperature, T(£ (corresponding to 

1'.n<Jx i n  Eq. 8- 1 1 9) is given by : 

' I  Le ( . rrz . rrL ) 
T(£ (z ) = T.n + qo -.- S IO - + S IO --

rrm cp Le 2Le  

+ --- + -- In - + --- + ----=-- cos -
[ I 1 ( Reo ) I 1 ] rr z I 2rrReoh 2rrkc Rei 2rrRghg 4rrkf Le 

( 1 3-27 ) 

where kf and ke = the thermal conductivities of the fue l  and claddi ng, respective l y :  
hg = gap conductance ; and Rco and Rei = outer and i nner c lad radii , respectively. B y  
differentiating the l ast equation, w e  find t h e  position o f  maximum fuel tempe rature 
as: 

Le 

- I  I Le I Zr = - tan 
rr . I I Reo I I 

mn cp ----=-- + -- In - + --- + ---[4rrkf 2rrkc 
( 

Rei ) 2rrRghg 2rrRcoh
] ( \ 3 -2 X )  

The maximum fuel temperature is  found by substituting the pOSI tion Z r  i nto Eg . 
1 3-27.  Note that again Zr is expected to be a positive quantity. An i l l ustration of the 
axial variation of 1'.11 ' Teo ,  and T C£ is given in Figure \ 3 -4. 
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Figure 13-4 Axial variation of the bulk coolant temperature (Tm) .  the clad temperatures (Teo and Tc';>. and 
the fuel center temperature (T CL) ' 

Example 13-2 Determination of fuel maximum temperature 

PROBLEM For the PWR described in Example 1 3- 1 ,  determine the coolant tem
perature as a function of height and the maximum fuel and cladding temperatures . 
Neglect extrapolation heights . Assume that the heat-transfer coefficients and thermal 
conductivities remain constant with the following values : 

Fuel conductivity (kf) = 0 .002 1 63 kW 1m °C 
Clad conductivity (kJ = 0 . 0 1 385 kW 1m °C 
Heat-transfer coefficient (h) = 34.0 kW 1m2 

°C 
Gap conductance (hg) = 5 . 7  kW 1m2 °C 

SOLUTION Given the sinusoidal heat addition over the heated length (L) = 3 . 66 
m, the following values from Example 1 3- 1  may be substituted into Eq. 1 3- 1 7  to 
obtain the coolant temperature , T m(Z): 

Tm(z) = 286 + 
(

0 .3
:

1
\

·(
�

.60)
) e

·
:6) (

sin 3

1T:
6 + I) 

7T' Z  
= 305 .0 + 1 9.0 sin --3 .66 

Equation 1 3-25b may be utilized to determine the position at which the maximum 
cladding temperature occurs: 
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Zc = � tan 
- 1 [h TTD �] 

7T 7T cpm 

= -- tan 1 3 . 66 _ [ (34.0) 7T(9 .5 X 1 0 - 3 ) (3 .66) 1 
7T 7T (5 .60)(0 .341 ) 

= 0.65 m 

Substituting this value into Eq. 1 3-22 gives the cladding surface maximum tem
perature: 

3 .66 sm + 1 cos . 3 .66 3 .66 

[ [ . .  ( 7T (0 .65) 

1 1 
( 7T (0.65 ) 1 ) 

Tc ( zc ) = 286 + 3 1 . 1 7T «(r) .34 1 ) ( 6 . 143) 
+ 

( 7T ) (9.5 X 10- 3 ) (34) 

= 286 + 3 1 . 1 (0.85 1 + 0.836) = 341 .0°C 

To obtain the maximum fuel centerline temperature , Eq . 1 3 -28 is applied to determine 
the position (Zf) where this maximum temperature occurs . First we determine the fuel 
pellet radius and the effective gap radius: 

Rf = 0 . 5(9 . 5) - 0 . 57 - 0 .08 = 4 . 1 mm 
Rg = (4 . 1 8  + 4 . 1 )/2 = 4. 1 4  mm 

3 . 66 - I 
[ 3 . 66/71'\0 . 34 1 )(5 .60) ) Zf = -- tan 

7T [ 1 In(4 . 75/4 . 1 8) 1 03 1 03 ] 
47T(0 .002 1 63) 

+ 27T(0 .0 1 385) + 27T(4 . 1 4)(5 . 7) 
+ 

27T(4.75)(34) 

= 
3 . 66 

tan - I ( 0.6 10  ) = 0.01 5 m 
7T 36 .79 + l .47 + 6 .74 + 0 .985 

Substituting Zf into Eq . 1 3-27 gives the maximum fuel centerline temperature as : 

T(£ (Zf) = 286 + 3 1 . 1  [0.61 0 (Sin 
7T(0.0 15) 

+ 1) + 45 .99 (cos _7T_(O_.0_15_)) ] 
3 . 66 3 . 66 

= 1735.3 °C 

V STEADY-STATE TWO-PHASE FLOW IN A HEATED CHANNEL 
UNDER EQUILIBRIUM CONDITIONS 

A Solution to the Steady-State Two-Phase Energy Equation 

The liquid coolant may undergo boiling as it flows in a heated channel under steady
state conditions,  as it does in BWR assemblies . The coolant state undergoes a tran
sition to a two-phase state at a given axial length . Thus the initial channel length (Fig . 
1 3-5) can be called the nonboiling length and is analyzed by the equations described 
in section IV . The boiling height requires the development of new equations in terms 
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Figure 13-5 Coolant temperature and quality for sinusoidal heat addition in a single channel .  

of enthalpy because phase change occurs at i sothermal conditions . Starting with Eq. 
1 3- 1 3b and integrating from the inlet to any position along the length: 

( 1 3-29) 

If the onset of boiling is determined to occur at a given bulk coolant enthalpy 
(normally a maximum subcooling level can be specified) , Eq . 1 3-29 can be used to 
determine ZB ' the demarcation between the boiling height and the nonboiling height . 
For simplicity we assume thermodynamic equilibrium, in which case h(ZB) = hf (the 
saturated liquid enthalpy) at the local pressure. Subcooled boil ing does occur in BWRs; 
but because the channel is mostly in saturated boiling , the subcooled boil ing impact 
on the pressure drop and the temperature field under steady-state conditions tends to 
be small . 

For the case of sinusoidal heat generation (Eq . 1 3- 14) ,  and Le = L, Eq . 1 3-29 
yields: 

However, because: 

� qllP L 'TT" 0 h 

Eq. 1 3-30a takes the form: 

2 - q� L if and Grrr4z = rh 
'TT" 

q ( 'TT"ZB ) - sin -- + 1 
2m L 

( l 3-30a) 

( l 3-30b) 
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The boiling boundary (2B) is determined from Eq . 1 3-30b as: 

L [ 2 . ] 2B = ;. sin - I - 1 + ; (hf - hin) 

Applying Eq. 1 3-29 from the inlet to the outlet also yields : 
D " JL/2 
'h% 'TTZ 2Phq�L 

hOUl - hin = ---- cos -- dz = 
GmAz - L/2 L GmAz'TT 

which when combined with Eq . 1 3-3 1 yields: 

ZB = � sin - I [ - 1 + 2 ( hr 
-_ 

hi� ) ] 'TT hout hm 

( l 3-3 1 a) 

( 1 3-32) 

( 1 3-3 I b) 

For a two-phase fluid the average density may be written under homogeneous 
equilibrium conditions as (see Eqs .  5-50b and 1 1 -73b): 

Pm = Pr(P) + a Pfg (p) = ( )  + ( ) vr P XeVrg P 
( 1 3-33) 

The mixture enthalpy under these conditions may be obtained from Eqs . 5-52 and 
5-75 as : 

hm = hrCp) + X�fg (p) ( 1 3-34) 

where xe = flow thermodynamic (equil ibrium) quality; Pfg == Pg P6 and hfg == 
hg - hf' 

When the axial variation of pressure is small with respect to the inlet pressure, 
hf and hfg can be asslilmed to be axial ly constant. Therefore the quality at any axial 
position can be predicted from Eqs . 1 3-29 and 1 3-34, which combine to give : 

Xe(Z) = x ein + 

Xe(z) = x em + 

Ph fZ " 
G A h - L/2 

q (z)dz 
m z fg 
q ( - �z ) --- Sin - + 1 

2mhfg L 

( 1 3-35a) 

( 1 3-35b) 

Note that xem is negative under normal conditions because the liquid enters the core 
in a subcooled state. Once the quality axial distribution is known , it is possible to 
predict the axial void fraction distribution , assuming thermal equilibrium, from 
Eq. 5-55 . 

a = -------

1 + � PvVv 

X Pe'Ve 

1 - x P 1 + -- � S  
x Pe 

(5-55 ) 

Example 13-3 Calculation of axial distribution of vapor quality in a BWR 

PROBLEM If in a BWR-6 the exit quality of the core is 1 4 .6% , determine the 
coolant flow rate and the axial profile of the radially averaged enthalpy , hm(z) ,  and 
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quality xe(z) ,  in this core . Assume thermodynamic equilibrium and sinusoidal heat 
generation . Neglect effects of the neutron flux extrapolation heights . 

BWR-6 design parameters (see Tables 1 -2 and 2- 1 )  are as follows: 

Gross thermal output = 3579 MWt 
Inlet temperature = 278°C 
Pressure = 7 . 2  MPa 
Saturation temperature = 288°C 
Fuel height = 3 . 8 1  m 

The saturation enthalpies may be obtained using the following values for the 
water properties at the saturation pressure and temperature of 7 . 2  MPa and 288°C . 

hf = 1 277 .2 kJ/kg 
hfg = 1 492 .2  kJ /kg 
cp = 5 . 307 kJ /kg OK 

SOLUTION The exit and inlet enthalpies (hin and hoUl) may be evaluated as follows: 

hin = hf - cp(Tf - Tin) = 1 277 .2 - (5 . 307)( 10) = 1 224. 1 kJ/kg 
hout = hf + XeoUlhfg = 1 277 .2  + (0 . 1 46) ( 1492 . 2) = 1 495 . 1 kJ/kg 

To obtain ZB ' the location where bulk boiling starts to occur, Eq . 1 3-3 1 b  must be 
applied , yielding: 

Z = 
3 . 8 1  

sin - I [ - 1 + 
2( 1277 .2 - 1 224 . 1 )] = - 0.793 m B 'TT ( 1 495 . 1 - 1 224 . 1 )  

Solving Eq. 1 3-30b for q/in with z = ZB = - 0. 793 m gives: 

!I = _2_(_hf=----------'hic:..:...n )_ = hout - hin (sin "f" + I ) 
= 1 495 . 1 

kW s 
1 224 . 1 = 27 1 -

kg 

Thus in = q/27 1 = 3 ,579 ,000/27 1 1 3 ,207 kg/s o 
In general , one may obtain h(z) by applying Eq. 1 3-29: 

or 

h(z) = h;n + 
2
� (sin �z 

+ I ) 
= 1 224. 1 + 

2� 1 (sin �z 
+ I ) 

h(z) = 1 359 . 6  + 1 35 . 5  sin ( 'TTZ ) 
3 . 8 1  

The quality may then be obtained by applying Eq . 1 3-35b as follows: 
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or 

= X + � (Sin 1T'Z + 1 ) e" 2mhfg L 

1 224 . 1 - 1 277 . 2  1 35 . 5  ( . 1T'Z 1) ------- + --- sm -- + 
1492 . 2  1492 . 2  3 . 8 1  

- 0.0356 + 0.0908 (Sin 1T'Z + 1 ) 
3 . 8 1  

1T'Z xe(z) = 0.0552 + 0.0908 sin -
8
-

3 .  1 

The values of h(z) and xe(z) are plotted on Figures 1 3-6 and 1 3-7 . 

B Two-Phase Pressure Drop Characteristics 

The general equation (Eq . 1 3- 1 1 )  is in principle sufficient for solving the pressure 
drop problem . However, the channel pressure drop-flow rate behavior, when extended 
over the entire flow rate range , is not a simple linearly increasing function . In fact ,  
for a wide range of pressure and heating rates ,  the �p - rh characteristic curve has 
a shape that can lead to multiple solutions and instabilities. Familiarity with these 
characteristics provides the physical basis essential to understanding and analyzing 
complex system behavior. 

We develop here the channel pressure drop-flow rate relation in the friction
dominated regime (rather than a gravity-dominated regime ,  which is  discussed in 

2 r---�--�--��--�--�--�--�--�--�--�-----------' 

N 1 cD c:: !O a. "0 
� 
� 0 
o 
E 
,g 
Q) g - 1  !O t) 
is 

1 220 1 260 1 300 1 340 1 380 1 420 

Average Enthalpy, h (kJ/kg) 

Figure 13-6 Axial distribution of average enthalpy in the core (Example 1 3-3) . 

1 460 1 500 
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CS 
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Figure 13-7 Axial distribution of equilibrium quality in the core (Example 1 3-3 ) .  

Chapters 3 and 4 of Vol . II) . Because heated channels are considered , at sufficiently 
low flows , the channel is  occupied mostly by the gas phase . 

For a constant total power to the channel , the friction-dominated regime char
acteristic is shown in Figure 1 3-8 .  Point A is arbitrarily chosen at a high enough flow 
rate that the channel is in liquid single-phase flow throughout its length , The region 
A-B is characterized principally by a pressure drop that decreases as til2 - n where n = 
the exponent of the flow rate in the governing expression for the friction factor, i .  e . :  

c c 
f = 

Ren = (tilDe)
n 

Azp, 

( 1 3-36) 

Additional factors influencing this curve in the region A-B , but not shown on the 
figure , are through property (p and p,) variations with temperature and perhaps a 
change in f due to transition from turbulent to laminar flow conditions .  

Prior but close to point B,  boiling is initiated in the channel . At point B,  vapor 
generation is sufficient to reverse the trend of decreasing .J.p with decreasing m .  It 
Occurs when the two phase conditions lead to an increase in the friction pressure drop 
that overcomes the decrease in the gravity pressure drop due to boil ing . Therefore 
this increase in total .J.p occurs whenever boiling can be initiated at a relatively large 
flow rate and hence for relatively high power input . At point C ,  where the flow rate 
is sufficiently low , the channel has considerable vapor flow so that the increase in f 
with decreasing m no longer governs the curve. Under these conditions the region 
C-D is also characterized principally by a pressure drop , decreasing as til2- n .  Here , 
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Figure 13-8 Pressure drop-flow rate characteristic for a heated channel. Curve O'-liquid is for a liquid 
flowing adiabatically in the channel . Curve O-gas is for a gas flowing adiabatically in the region . 

however, the flow condition is mainly a single-phase vapor. Beyond point D the 
gravity-dominated region is encountered. 

If the flow rate is extremely low when boiling occurs , the decrease in the gravity 
head may be larger than the increase in the friction pressure drop, leading to a decrease 
in the total pressure drop (Fig. 1 3-9) . This behavior was demonstrated experimentally 
by Rameau et al . [4] . 

Let us assume that an eXiternal pressure drop (L1Pex) boundary condition is im
posed; i . e . , Pin and Pout are held constall1t. Three levels of L1p can be assumed (Fig. 
1 3- 10) . 

fJPex > L1pc 
L1pc > L1Pex > L1PB 
L1Pex < L1PB 

( l 3-37a) 
( 1 3-37b) 
( l 3-37c) 

For the intermediate case only , multiple channel flow rates are possible . In this case , 
however , not all intersections are stable conditions . The criterion for stability can be 
developed by the following perturbation analysis .  The fluid in a heated channel ac
celerates owing to the difference between the imposed external (or boundary) pressure 
drop (L1Pex) and the intrinsic (mostly friction) pressure drop (L1Pf) ' as given by: 

drh 
I dt = L1Pex - L1pf ( 1 3-38)  
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Figure 13-9 Pressure drop characteristics for the gases of high power and low power. 
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Figure 13-10 Stable and unstable operating conditions for prescribed external pressure drop conditions. 
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where f = L/ Az' the geometric inertia of the fluid in the channel . The small pertur
bation equation for a small velocity change .1m i s :  

Expressing .1m as : 

a.1rit 
f at 

Equation 1 3-39 leads to the result that: 

[ a(:�,,) ] 
w = 

( 1 3-39) 

( 1 3-40) 

I 
( 1 3-4 1 ) 

The criterion of stabil ity is that small perturbations should not grow with time . Hence 
w should be zero or a negative value . Equation 1 3 -4 1  thus yields the criterion that: 

( 1 3-42) 

The external I1Pex is represented in Figure 1 3- 10 by a horizontal or zero-sloped l ine . 
Therefore from Eq . 1 3-42 a stable operating condition exists only for the positive
sloped region of the friction loss curve , i . e . , segments A-B and C-D. We conclude 
that point 2 is  not a stable operating point , whereas points 1 ' ,  1 ,  3, and I "  are stable 
operating points . 

The behavior at point 2 can be explained physically by considering slight changes 
in m about that point . Suppose m is slightly decreased (increased) .  The friction pres
sure drop increases (decreases) ,  further decelerating (accelerating) the mass flow rate . 
This decrease (increase) causes the transition to point 3 ( 1 )  where the friction pressure 
drop is once again balanced by the imposed external pressure drop . 

Consequently for the condition of Eq . 1 3-37b , two solutions are admissible (in
tersections 3 and 1 )  for a given flow channel . This perturbation analysis of the wel l
known Leddineg instability was presented by Maulbetsch and Griffith [3] . This in
stabil ity is  pronounced when the system pressure is low and therefore the liquid-to
vapor density ratio is h igh . 

C Two-Phase Pressure Drop Using the Homogeneous 
Equilibrium Boiling Assumption 

The pressure drop across a channel in which boiling takes place at a position z = ZB 
(Fig . 1 3- 1 )  can be obtained through the application of Eq . 1 3 - 1 1 .  Thus :  

Pi n  - Pout = (G:) (G:) + J: p, gdz + Jz�' Pm gdz 
Pm out Pm In 

+ ffoGmlGml (ZB - Zin) + ¢fa ffoGmlGml(Zout - ZB) 
2DePf 
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( 1 3-43) 

where the friction pressure drop multiplier depends on the axial variation of the flow 
quality ,  system pressure, and flow rate. Note that Pt is used in Eq . 1 3-43 for both 
the single-phase and two-phase regions - because the value of Pt is not significantly 
different along the channel . To evaluate the boiling height and the two-phase friction 
multiplier, the energy equation needs to be solved as i l lustrated earlier. (Note that the 
multiplier values plotted in Chapter 1 1  were all for axially uniform heat addition in 
the channels . )  

Equation 1 3-43 i s  commonly written as: 

where 

Jp = LlPacc + JPgravity + LlPfric + LlPfonn 

Jp = Pin - Pout 

LlPacc 

LlPgravity 

[ Z )  -:i:2(Z ZB)] f toGmlGml 
(ZB - in + 'Pto out - 2DePt 

( 1 3-44) 

( 1 3-45a) 

( l 3-45b) 

( l 3-45c) 

( 1 3-45d) 

( l 3-45e) 

Let us now evaluate these components for the sinusoidal heat input case . 

1 Jip acc. From Eq s .  1 3-45b and 1 1 -64, we get: 

[ ( ( 1  - X)2 x2 ) 1 ] 2 LlPacc = + - - - G m 
( 1  - a)pf apg out Pe 

( 1 3-46) 

For high flow rate conditions when boiling does not occur (p; )out = Pe and 
4pacc = O .  For low flow conditions , the term P; decreases ,  approaching Pg when the 
total flow is evaporated . It implies that as Gm decreases , 

increases and the net effect is for a maximum LlPacc to occur at an intermediate flow 
rate . 

Note that, from Eq. l 3-35b, when Xe = x (under homogeneous equilibrium flow 
Conditions): 
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where : 

. . ( )  q q .  nz. X = X· + -- + -- S In  -I n  2ril h fg 21h h fg L 

( XOlit - Xi n ) ( xout - .ti n ) . (nz )  
= Xin + 2 

+ 2 
S In L 

Xin + .tOlit XOllt - Xin . (n-; ) 
= + S In -

2 2 L . ( nz ) 
= Xave + Xrisc SI n  L 

Xin  + Xout Xave == 2 
XOlit - Xin 

Xrise == --2--

Also,  the void fraction is given by: 

X a = -------
per 

X + ( I - X ) � S 
Pi 

( 1 3-47) 

( 1 3 -48a) 

( 1 3 -48b) 

(5-55 ) 

Therefore for homogeneous equil ibrium conditions, S = I ,  and the void fraction IS 
given by : 

or 

where: 

x,,, + Xci" sin (7) 
a = �----�------------��--------( I - ::) (x,,, + Xci" sin (7) ) + :: 

a =  

. ( 7TZ ) Xave + Xrise SI n  L , " .  (nz ) 
X + x SIn L 

, + Pg ( 1  ) x == Xave - - Xave 
Pf 

" ( 1 pg ) x == -
p
: Xrise 

( 1 3-49 ) 

( l 3-50a ) 

( I 3-50h) 
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Note that at low pressure p/ Pc < < 1 ;  therefore x' = xave and x" = xrise . 

2 ..jPgravity . From Eq . 1 3-45c the gravity pressure drop is given by: 

Llp""v;!y = p,g (ZB - Z;o) + f:'- [p, - a(Pe - Pg)]gdz 
x.vo + xri" sin (:z) 

p,g (Zo", - Z;o) - (Pc - Pg)g f:' dz ( 1 3-5 1 )  

x '  + x' sin (;) 
If Ix" l > lx' I ,  which is generally the case at very low pressure: 

L1Pgravity 

x' tan (�) + x' - (x" - X" ) l /' 

In -------------
x' tan (;�) + X' + (X" - X" ) l /' 

( 1 3-52) 
If Ix' i  > Ix" l ,  which is  typically the case at BWR pressure (7 .0  MPa) : 

JPgravity 
J xri,,(Zo", - ZB) ( xrise x') p,gL - (p, - r.)g 
l x' + x.vo - ---;.;-

( 1 3-53) 

3 ..jPrric. Using the homogeneous friction pressure drop coefficients when the effect 
of viscosity is  neglected: 

( 1 1 -82) 
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The friction pressure drop is obtained from Eq . 1 3-45d as: 

( 1 3-54) 

( 1 3-55) 

This approach can also be used for other forms of ¢�o ' as demonstrated by Chen and 
Olson [ 1 ] .  

4 ..1Pcorm. The form losses due to abrupt geometry changes , e .  g . , spacers , can be 
evaluated using the homogeneous multiplication factor, so that: 

" G� Ki [ (Pi ) ] LlPform = L; -- 1 + - - 1 Xi 
I 2pt Pg 

where Ki = the single-phase pressure loss coefficients at location " i . "  

( 1 3-56) 

Example 13-4 Determination of pressure drop in a bare rod BWR bundle 

PROBLEM For the BWR conditions of Example 1 3-3 , calculate the pressure drops 
LlPaee ' LlPgravity , LlPfrie , and LlPtotal for a bare rod bundle for the flow rate range from 
th/4 to 4th where th is the nominal flow rate , and given these operating parameters: 

Gross thermal output = 3579 MWt 
Inlet temperature = 278°C 
Saturation temperature = 288°C 
Pressure = 7 . 2  MPa 
Exit quality = 14 . 6% 
Axial heat flux = sinusoidal 

The 8 x 8 rod array has the following parameters: 

Pitch = 1 6 . 2  mm 
Fuel pin diameter = 1 2 . 27 mm 
Interior channel mass flow rate = 0 .29 kg/s 
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Total fuel pin length = 4 . 1 m 
Active fuel pin length = 3 . 8 1 m 

Assumption: Neglect the unheated channel length and consider that the heated 
length is 3 . 8 1  m.  

SOLUTION 

Channel flow area (A) 
1T 

p2 _ _ D2 
4 

( 1 6 . 2)
2 

_ � ( 1 2 . 27)
2 

103 4 103 1 .442 X 10 - 4 m2 

fl (G ) 
0 . 29 kg/S

4 2 = 2 .0 1 1 X 103 kg/m2 s : . mass ux m = 1 .442 x 1 0 - m 

To determine the friction factor (f) the Reynold ' s  number, which is a function of the 
subchannel equivalent diameter (De) ' must first be determined: 

Thus: 

4(flow area) 4( 1 .442 x 10 -4m2) 
D = = = 0 .0 1496 m e wetted peri meter ( 1 2 . 27 ) 

1T -- m  
103 

Re = Gm De 
p. 

(2 .0 1 1 1  x 103)(0 .0 1496) 
= 3 . 1 05 x 105 

96. 93 X 1 0 - 6  

where p. i s  calculated at Tavg = 283°C and p = 7 . 2  MPa. 

= 
0 . 1 84 

= 
0 . 1 84 

= 0 0 1467 f Reo. 2 (4 . 7039 x 105)° . 2  . 

Assuming homogeneous equilibrium conditions (slip ratio = 1 ) ,  the void fraction is 
given by : 

1 
a = ------------

( 1  - x) Pg 
1 + �--

x Pf 

To calculate Pg and Pf at the exit conditions , i . e . , where p 
Tsat = 288°C: 

and 

Pg = 
26 . 52 X 1 0 - 3 

Pf = 
1 . 3578 X 1 0 - 3 

37 . 7 1 kg/m3 

736 .49 kg/m3 

7 . 2  MPa and 
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then: 

1 
a = --------- = 0 .77 

( 1 - 0 . 146) 37 . 7 1  
+ --

0 . 146 736.49 

At the inlet we have subcooled water, and Pc should be calculated at T = 278°C 
and P = 7 . 2  MPa 

:. Pc at inlet condition = 752 . 56 kg/m3 

The inlet quality can be calculated from Eq . 1 3-35b as in Example 1 3-3 : 

:. xe,n = - 0 .0356 

From Eq . 1 3-46: 

APace = { [ ( 1 - X)2 X2 ] ( 1 ) } G2 
( 1 - a)Pf + apg out 

-
Pc in 

m 

APace = { [ ( 1 - 0 . 146)2 (0 . 1 46)2 ] I } 
( 1  - 0 .77)(736 .49) + 0 .77(37 . 7 1 )  - 752 .56 

(2 .0 1 1 1 

:. APace = 1 5 .0 kPa 

where: 

3 . 8 1  Zout = -2- = l .  905 m 

L = 3 . 8 1  m 
ZB = - 0 .793 m 
Gm = 2 .0 1 1 X 1 03 kg/m2s 

Pg = 37 .7 1 kg/m3; Pc = 736.49 kg/m3 

Xin + Xout - 0.0356 + 0 . 146 
Xave = 2 2 

= 0 .0552 

Xout - Xin 0 . 1 46 - ( - 0.0356) 
Xrise = 

2 = 2 
= 0 .0908 

feo = 0 .10 1467 ; De = 0 .0 1496 m 
(2 .0 1 1 X 103)2 :. LlPfric = 0 .0 1467 2 (0 . 0 1496)(736.49) ( continued) 
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. { 3 . 8 1  + (736 .49 
- 1) 

37 . 7 1  

[ (3 . 8 1) · 0 .0552( 1 . 905 + 0 .793) + 0 .0908 ---:;; 

· (COS 
- 0.793 7T _ cos 

1 .  905 7T) ] } 
3 . 8 1  3 . 8 1  

: .  LlPfric = 2 .69 x 103{3 . 8 1  + 1 8 .53 [0 . 1 489 + 0 . 1 1 0 1 (0.794 - O)]} 
: . LlPfric = 22 .05 kPa 

Let us now calculate the gravity term . First determine x' and x" . 

From Eq . 1 3-53 :  

37 . 7 1  
x ' = 0.0552 + 

736 .49 (
1 - 0.0552) = 0 . 1036 

x" = ( 1 - �:�7
4
�) (0 .0908) = 0 .0862 

:. x ' > x" 

[ I 7TZout " x tan -- + x 
- 1  2L . tan I'" 112 1 /2 (x � - x ) 

7TZ 

]} 

x' tan _B + x" 
- I  2L 

- tan 1 2 "2 1 /2 (x - X ) 

:. LlPgravity = (736 .49)(9 . 8 1 )(3 . 8 1 )  - (736.49 - 37 . 7 1 )(9 . 8 1 )  

{0 .0908( 1 . 905 + 0 .793) + [0 .0552 _ 
0 .0908(0 . 1036)] 

0.0862 0 .0862 

3 . 8 1  2 } 
· ---:;; (0 . 10362 _ 0.08622 ) 1 / 2  

{ [ 
7T( 1

.
905) ] 

0 . 1 036 tan + 0 .0862 
- I  2(3 . 8 1 )  tan 

(0 . 10362 _ 0.08622) 1 /2 ( continued) 
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Table 13-2 Hydraulic parameters for a BWR 

Flow rate (kg/s) 
----------------------------------------------------------� 

Parameter m/4 m/2 m 3/2 m 2 m  3 m  4 m  

Gm (kg/m2 s) 0 .503 x 1 03 1 .005 X 103 2 .0 1 1 X 103 3 .0 1 7  X 1 03 4.022 X 103 6.033 X 103 8 .044 x 1 0 '  
Re 0 . 776 x 105 1 . 552 X 1 05 3 . 105 X 105 4.657 X 1 05 6. 209 X 1 05 9 . 3 1 4  X 1 05 1 . 242 X 1 0' 
f 0.0 1 93 0 .0 168 0.0 1 47 0 .0 1 35 0 .0 128 0 .0 1 1 8  0 .0 1 1 1 

: . .1Pgravi ty 

. ' . ..1Pgravi ty 

[ - 1T(0 .794) ]} 
0 . 1036 tan 

+ 0 .0862 
- 1  2(3 . 8 1 ) 

- tan 
(0 . 10362 _ 0 .08622) 1 /2 

27 .527 X 103 - 6 . 855 x 1 03[2 . 8420 - 1 . 1362 ( 1 . 277 - 0 .7260)] 

1 2 . 3  kPa 

Fol lowing the same procedure for different values of rh, at a fixed inlet enthalpy , 
we get the different values of Gm, Re, and f given in Table 1 3-2 . 

For a constant total thennal output = 3579 MWt and inlet enthalpy of 1224 . ] 
kJ/kg , we can similarly obtain houp ZB ' XouP and aOUl: 

q 

Also: 

XOUl 

aout 

m (houl - hin) 
h + q kJ/s 

III m kg/s 

hOUl - hf hout - 1 277 . 1 
hfg 1 492 . 2  

1 

1 + 
( 1 - xouJ Pg 

1 + 0 .05 1 2  ( 1  
XOUl Pf 

- XOUl) 
XOUl 

Table 13-3 Effed of flow rate on the pressure drop in a BWR 

Parameter 

hoUi (kJ/kg) 
Xout 
aout 
ZB(m) 
..1Pfric (1cPa) 
..1Pacc (1cPa) 
..1Pgravity (1cPa) 

..1Ptotal (1cPa) 

m/4 

2308 .6  
0 .69 
0 .98 

- 1 . 364 
6 .03 
4 .40 
6 .47 

1 6 , 90 

m/2 

1 766. 7  
0 .33 
0 .91  

- 1 . 1 33 
1 1 . 14 
8 . 3� 
9.07 

28 .6 1  

Flow rate (kg/ s )  

m 3/2 m 2 m  3 m  

1495 .7  1 405.4 1 360 . 3  1 3 1 5 . 1  
0 . 1 46 0 .086 0.056 0.025 
0.77 0 .65 0 . 54 0 .34 

- 0. 793 - 0 .5 1 5  - 0. 264 0 .2 14  
22.05 34.45 48 .75  83 . 88 
1 5 .0 1 9 . 84 22 .94 23 .99 
12 . 58  1 5 . 14 1 7 .20 20 . 5 1  

49 . 6 1  69 .43 88 . 89 1 28 . 3  

4 m  

1 292.5 
0 .0 1  
0 . 1 7  
0 . 732 

1 28 .9  
1 7 . 84 
23 . 34 

1 70 . 1 
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Figure 13- 1 1  Pressure drop components in the BWR channel of Example 1 3-4 . The mass flux at the 
nominal condition is Gnom = 2000 kg/m2s .  

and 

ZB � sin - I [- 1 + 2 (hf -_ hin) ] 
7T (haUl hin) 
3 . 8 1  

sin - 1 
[ _ 1 + 2( 1277 . 1  - 1224 . 1 )] 

7T (hout - 1 224. 1 ) 

[ 1 05 .94 � 
:. ZB = 1 . 2 1 26 sin - 1 - 1 + ( h _ 1 224 1 )  out • 

The values resulting for various flow rates are summarized in Table 1 3-3 . The pressure 
drop components are plotted in Figure 1 3- 1 1 .  The corresponding values of Xave , Xrise ' 
x' . and x" are shown in Figure 1 3 - 1 2 . 

VI TWO-PHASE PRESSURE DROP ALLOWING 
FOR NONEQUILIBRIUM 

The calculations of the pressure drop in a heated channel allowing for nonequil ibrium 
conditions (both nonequal velocity and non saturated phases) are discussed in this 
section . Essentially four flow regions may exist over the entire length of the subchannel 
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4 

Figure 13-12 Effect of the mass flux 
on the flow quality for fixed heat flux 
and inlet enthalpy conditions. 

(Fig . 1 3- 1 3) .  The existence of these flow regions depends on the heat flux and the 
inlet conditions . The flow enters as single-phase liquid and may undergo subcooled 
boiling , bulk boi ling , and possibly dryout before exiting the channel . In a BWR fuel 
assembly , the dry out condition is not encountered, whereas it is encountered in the 
tube of a once-through steam generator. 

The total pressure drop can be obtained as the summation of the pressure drops 
over each axial region : 

where: 

£1P l c/>1 = pressure drop in the single-phase l iquid region 
£1PsCB = pressure drop in the subcooled boiling region 
£1PBB = pressure drop in the bulk boil ing region 
£1P lc/>, = pressure drop in the single-phase vapor region 

( 1 3-57) 

The presence of each individual flow region i s  ascertained by evaluating the 
locations of the transition points Zsc' ZB ' and Zv,  as shown on Figure 1 3- 1 3 .  Ob
viously , if any of these points lies outside the subchannel length , the corresponding 
flow region and those that follow are absent . 

A Position of Flow Regime T�ansition 

Let us now evaluate the locations of the transition points . To simplify the evaluation , 
assume that the subchannel can be represented by a tube having a diameter equal to 



L 

s ing le 
phase 
vapor 

Zv 
bu l k  
boi l i ng 

subcooled 
boi l i ng  

Zsc 
sing le 
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l iquid 

o 

q" 

t 
FLOW 
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1 2  ft 
(3.66 m) 

� : 0 : 

Figure 13-13 Subchannel flow region ( left) and cross section (right) . 

De'  the subchannel hydraulic diameter. For a tube , the heated diameter (Dh) is equiv
alent to the hydraulic diameter (De) '  but these diameters are differentiated in the 
analysis below for generality . Also , the axial heat flux is taken as uniform . 

1 Point of transition from single-phase liquid to subcooled flow boiling (Zsd. 
This point is the point of bubble detachment according to Saha and Zuber [5] (see 
Chapter 1 2) .  Let: 

( 1 3-58) 
then: 

( liD )  
0.0022 

q ke e for Pe � 70 ,000 ( 1 2-2 1 a) 

1 5 3 . 8  (L) 
Gmcp 

for Pe > 70 ,000 ( l 2-2 1 b) 
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where: 

Pe == Peelet number = G mD eC / k{ C p and ke = heat capacity and thermal conductivity , respectively , of water T m = mean temperature of water 

From an energy balance written over the s ingle-phase liquid region: 

_ GmD;cp[T m(ZSC) - Tin] ZSC - 4q"Dh 
( 1 3-59) 

2 Point of transition from subcO(�led to bulk boiling (ZB).  At this point the fluid 
is saturated . An energy balance for this region yields: 

m(hf - hin) ZB = 
" 7TDhq 

( 1 3-60) 

3 Point of transition from bulk boiling to a single-phase vapor region (Zv). Again, 
from an energy balance: 

( 1 3-6 1 )  

B Flow Quality at Transition Points 

To calculate the pressure drop over each region , it is required to evaluate steam flow 
quality at each transition point . For this purpose we may use the empirical correlation 
suggested by Levy [2] : 

[ xe(z) ] 
x(z) = xe(z) - xeCZsd exp -- - 1 

xe(Zsc) 
( 1 3-62) 

where xe(z) = steam thermodynamic equil ibrium quality . The (negative) steam flow 
quality , xe(Zsd,  at the bubble detachment point is  given by : 

xe(Zsd = - (Cp/LlTsUb}zsc) ( 1 3-63) 
hfg 

and (LlTsub}zsc is given by Eq. 1 2-2 1 a  or 1 2-2 1b .  
The flow quality at Zsc is zero: 

X(Zsc) = 0 

The steam flow quality at ZB is obtained from Eq . 1 3-62 at Xe = 0: 

X(ZB) = 0 - xeCZsd exp (0 - 1 ) = - xeCZsd exp ( - 1 ) 

( 1 3-64) 

( 1 3-65 ) 

The flow quality at Zv can be predicted only by applying the critical heat flux 
relations discussed in Chapter 1 2 .  

We now proceed to calculate each component of pressure drop, i .e . , elevation , 
acceleration , and friction , over each region . 
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C Gravity Pressure Drop 

By definition , the pressure drop due to gravity for the vertical channel is :  

I1p grav = f Pmgdz ( 1 3-66) 

1 .  I1Pgrav in the single-phase liquid region . The density Pm is evaluated at the local 
temperature ( i .e . , Pm = Pe) ·  

2 .  I1Pgrav in the subcooled region . In this region, Pm may be assumed to be constant 
and calculated at : 

i (Tzsc + TZB) 
3. I1Pgrav in the bulk boil ing region . The density in this region is  given by : 

Pm = ( 1 - ex)Pf + exPg (5-50b) 

The void fraction ex can be calculated from the modified Martinelli void fraction 
(Eq .  1 1 -95c) . 

ex = 1 - XtJ(X� + 20Xtt + 1 ) 1 /2 

where from Eq . 1 1 -94: 

Xtt 
( )0. 1  ( _ )0.9 ( )0.5 

= �f � � 
�g x Pr 

and x = steam flow quality . 

( 1 3-67a) 

( 1 3-67b) 

4. I1Pgrav in the s ingle-phase vapor region . The density (p) i s  evaluated at the local 
temperature . 

D Acceleration Pressure Drop 

The acceleration pressure drop is given by (see Eq . 1 1 - 10 1  for the two-phase region) : 

G� 
J.Pacc = - r2 ( 1 3-68) 

Pf 

where r2 i s  given below for each region . 

1 . I1Pacc in the s ingle-phase liquid region . The pressure drop multiplier in this region 
is :  ( 

1 1 ) 
r2 = - - -- Pf 

where Pz", is evaluated at Tz", . 

Pz" Pz = o  
( 1 3-69) 

2. I1Pacc in the subcooled boiling region . A similar acceleration multiplier can be 
used in this region: 
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( 1 1 ) 
r - - - - P 2 - PZB Pz" r ( 1 3-70) 

3 .  I1Pacc in the bulk boiling region. The acceleration multiplier for bulk boiling is 
more involved, as two-phase flow exists throughout this region: 

r2 = { [ (; 1
_
-��r + a:gL - [ ( ; 1

_
-
��r + a:JJ Pr ( 1 3-7 1 ) 

If the channel ends prior to dryout, the term Zv is evaluated at z = L. 

4.  I1Pacc in the s ingle-phase vapor region . Equation 1 3-68 is again applicable with 
the acceleration multiplier developed at points Zv and L. 

E Friction Pressure Drop 

( 1 1 ) 
r2 = -- - - Pr Pz= L Pzv 

The friction pressure drop may be calculated by the relation: 

11 - r fG� Prric - J 2 D 
dz Pm e 

( 1 3-72) 

( 1 3-73) 

I . I1Pfric in the single-phase liquid region . In this region f may be obtained from the 
Darcy-Weisbach correlation: 

and Pm = Pe· 
f = 0 . 3 1 6  Re - O.25 (9-80) 

2. LlPfric in the subcooled boiling region . The friction factor calculation in the sub
cooled and bulk boiling regions should account for the two-phase friction pressure 
drop. We then proceed to correlate �he unknown friction factor in Eq . 1 3-73 to 
a series of empirical friction-factor ratios . To do it an isothermal friction factor 
(fiso) may first be introduced in Eq. 1 3-73 . 

G� JZS ( f ) 1 
LlPrric = 2 D Z fiso 

f� - dz 
e sc ISO Pm 

_ = I + m - LB - 1 f T T* [( f ) ] 
flso Tsat - TtB fiso sat 

( 1 3-74) 

( 1 3-75a) 

( 1 3-76) 
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L = I - 0 . 00 1  l1Tm = I - 0 . 00 1  q"/ho fiso 
when using Eq . 1 O-94a we get: 

h" = 0 . 023 (�:) Re0 8Pr°4 

where q" is  in  BTU /hr ft2 , P is  in  psia, and T is  in of. 

( 1 3-75b) 

The value of (L) in Eq . 1 3-75a is in fact the value of (Mo at 4 . 2% quality , flS0 sal 
which is the location at which the flow quality is expected to equal the thermo
dynamic quality . (Mo is given by the modified Martinelli friction multiplier: 

"'10 = n(p, Gm) { 1 . 2 [ (::) - I J X� 824} + 1 . 0 ( 1 1 - 1 04) 

n, which is  the Jones' correction factor, depends on the pressure and mass flux 
and is  given by the following . 

For Gm � 7 . 0  X 1 05 Ib/hr-ft2 : 

n = 1 . 36 + 0 . OOO5p + 0 . 1 (��) - 0 . OO07 1 4p (��) ( 1 1 - 1 050) 

For Gm > 7 . 0  X 1 05 Ib/hr-ft2 : 

n = 1 . 26 - O .OOO4p + 0 . 1 1 9 (�J + 0 .OOO28p (�J 
where P is in psi a and G is  in Ibm/hr-ft2 • 

3 .  l1Pfrie in the bulk boiling region . Equation 1 3-73 may be written as: 

l1Pfrie = 
G

2 
�fDt
o f:v (cf>�o) dz 

Pf e B 

( I 1 - 1 05b) 

( 1 3-77) 

The friction multiplying factor of Martinelli and Nelson as modified by Jones can 
be used to define (Mo ' where f to is the appropriate friction factor correlation for 
the single-phase Re and geometry condition in Chapter 9 .  Other terms are already 
defined . For a given P and Gm , when Pf and Pg are assumed constant, we get: 

Ll . = 
{n � [ (pr) - I J XO.824 + I } G� feo(Zv - ZB) ( 1 3-78) Pfne 

1 . 824 Pg z, 2 PrDe 
4. LlPfrie in the single-phase vapor region is similar to that of single-phase liquid 

region .  
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F Total Pressure Drop 

The total pressure drop (without any form pressure losses) is given by: 

3 [fZ" , G2 f�' + ' qi f G2 ] 
.1Ptot = L. . pgdz + � (r2)�:' " + to fo m dz 

; = 0  z, Pr z, 2pfDe 
( 1 3-79) 

where each numerical index corresponds to each transition point , including inlet and 
outlet. 

Example 13-5 Effect of pressure on pressure drop characteristics 

PROBLEM For the interior subchannel of a 7 x 7 BWR fuel bundle , calculate the 
pressure drop components of the single-phase , subcooled boiling , and saturated boiling 
for two cases;  

Case A :  At operating pressure of 6 . 89 MPa 
Case B :  At a low operating pressure of 2 . 0  MPa 

Investigate the effect of varying Gm on .1p, given: 

Geometry 
Heated length = 3 . 66 m 
Rod diameter = 1 4 . 3  mm 
Pitch = 1 8 . 8  mm 
Subchannel flow rate = 0 . 34 kg/ s 
Wall heat flux = 1 . 0 MW /m2 

Heat flux axial distribution = uniform 
Water inlet temperature 

Case A = 27 1 . 3°C 
Case B = 1 07 . 1 °C 

SOLUTION 

Case A 

Using the equations defined in section VI, the various components of .1p can be 
calculated and plotted as shown in Figure 1 3- 1 4 .  It is seen that at nominal flow rate 
the pressure drop is mostly due to saturated boiling , as the saturation condition occurs 
0 . 5  m above the inlet .  In this case the inlet conditions already allow subcooled boi l ing 
(Fig.  1 3- 1 5 ) .  At a much higher flow rate of about 2 . 7  kg/s no boiling occurs in the 
channel .  The total pressure drop does not exhibit the S shape , as already demonstrated 
by the homogeneous flow calculation of Example 1 3-4 . However, as can be seen in 
Figure 1 3- 1 6 , the friction pressure drop is somewhat higher in this case at nominal 
flow conditions than in Example 1 3-4 , probably because of the higher flow rate . 
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Figure 13·14 The regime components of pressure drop in a 7 x 7 BWR channel as a function of flow 
(Example 1 3-5, case A) .  
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Figure 13·15 Boiling inception and saturation lengths in a 7 x 7 BWR channel as a function of flow 
(Example 13-5,  case A) . 
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Figure 13-16 Components of total pressure drop in a 7 x 7 BWR channel as a function of flow (Example 
1 3-5 , case A) .  

Case B 

The components of total pressure drop for case B (at low pressure of 2 . 0  MPa) 
are shown in Figure 1 3- 1 7 .  The total pressure drop exhibits the S shape in this case , 
with maximum pressure drop occurring at 0 . 1 6  kg/s ,  or one-half the nominal flow 
rate . In this channel the flow is probably unstable between m = 0 . 1 6  and 0 . 37 kg/s o  
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Figure 13-17 Components of total pressure drop of a 7 x 7 BWR channel al reduced pressure and in let 
temperature ( Example 1 3-5, case B ) .  

PROBLEMS 

Problem 1 3 - 1  Heated channel power limits 

How much power can be extracted from a PWR wi th the geometry and operating conditions of 
Example 1 3 -2 if: 

1 .  The coolant ex i t  temperature is to remai n subcooled. 
2 .  The max imum clad temperature i s  to remain below saturation conditions. 
3.  The fuel max imum temperature i s  to remain below the melt ing temperature of 240WC ( i gnore s intering 

effects ) .  

Answcrs: 

1 .  Q = 573 1  MW 
2 .  Q = 3954 MW 
3. Q = 5456 MW 
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Problem 13-2 Specification of power profile for a given clad temperature (section IV) 
Consider a nuclear fuel rod whose cladding outer radius i s  a . Heat i s  transferred from the fuel rod to 

coolant with constant heat-transfer coefficient h. The coolant mass flow rate along the rod is m. Coolant 
specific heat c is independent of temperature. 

It is desired that the temperature of the outer surface of the fuel rod t (at radius a) be constant, 
independent of distance z from the coolant inlet end of the fuel rod. 

Derive a formula showing how the l inear power of the fuel rod q '  should vary with z if the temperature 
at the outer surface of the fuel rod is to be constant. 

Answer: 

exp [ - 27Thaz/rizc] = q' (z)/q� 

Problem 13-3 Pressure drop-flow rate characteristic for a fuel channel (section V) 
A designer i s  interested in determining the effect of a 50% channel blockage on the downstream-clad 

temperatures in a BWR core. The engineering department proposes to assess this effect experimentally by 
inserting a prototypical BWR channel containing the requisite blockage in the test loop sketched in Figure 
1 3- 1 8  and running the centrifugal pump to deliver prototypic BWR pressure and single-channel flow 
conditions . 

Is the test plan acceptable to you? If not, what changes would you propose and why? 
Answer: It is not possible to specify both flow and pressure conditions to be identical to BWR 

conditions .  

(a) 

(b) 

Heat 
Exchanger 

T 
Test 
Sect ion  

� 

Centrifugal 
Pump 

Flow Rate, m 
Figure 13-18 Test loop (a) and pump characteristic curve (b) . 
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Problem 1 3-4 Pressure drop in a two-phase flow channel ( section V) 
For the BWR conditi ons g iven bel ow. using the H EM model  determine the accelerat ion. frict iona l .  

gravi tational , and total pressure drop ( i . e . .  ignore the  spacer pressure drop ).  
Compare the frictional pressure drop obtai ned by the HEM model to that obtained from the Marti

nel l i-Nelson approach, where the frict ion multipl ier i s :  

Geometry: Consider a vertical tube of 1 7  mm I . D .  a n d  3 . 8  m length.  

Operating conditiolls: Steady-state conditions at :  

Operati n g  pressure = 7550 k Pa 

In let temperature = 27YC 
Mass velocity = 1 700 kg/m � s  

H e a t  flux ( a x i a l l y  constant)  = 670 kW/mc 

AI/.\ Il 'tT.I: The pressure drops ( H EM model ) are as fol lows: 

i:1p"" = 1 2 . 7  kPa 

i:1Pflll = 20.26 kPa 

i:1P�r'" = 1 5 . 8  kPa 

i:1Plol.d = 42.9 k Pa 

Friction pressure drop ( Martine l l i-Nel son ) :  i:1Pfnc = 20.4 k Pa 

Problem 13-5 Critical heat flux for PWR channel (section I V )  
Using the conditions o f  Examples 1 3 - 1  and 1 3-2 ,  determine the min imum cri tical heat fl u x  ratio 

(MCHFR ) .  Use the W-3 corre lation for PWR s .  

Problem 13-6 

Consider an 8 x 8 BWR assembly of the characteristics given below. 

I. What i s  the friction pressure drop across the assembly when calculated us ing the Marti ne l l i-Nel son 

method? 

2. It  is  des ired to operate the assembly such that the maxi mu m  void fraction does not exceed 60£ff . What 
is the max imum power that can be removed from the assemb l y ?  

Assume uniform power horizontal l y  in  t h e  fuel p ins .  Use t h e  Bankoff corre l ation for esti mating the 

slip ratio. Assume axial ly  l i near power pro fi le in  the bottom half of the assembly. and a constant power 
profile  in the upper hal f. 

Operating conditiolls 

Fue l  p in  di ameter ( D) 

Fuel p i n  length ( L ) 
Saturation temperature ( T'''I ) 
Inlet subcoo l i ng ( T'''I - T,n ) 
Pressure ( p )  

Maximum l i near heat-generation rate (q) 
Mass flow rate per assembly (li1 ) 
Assembly outer di mension 

Allswers: 

I .  i:1pr",· = 26.4 k Pa 
2. Q = 4 .2  MW 

1 2 .27 mll1 

4. 1 m 

287cC 
9 .8°C 
6.89 M Pa 
1 9.0  kW/Il1 

1 7 .5 kg/s 
1 29 .6 mll1 
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APPENDIX 

A 
NOMENCLATURE 

Coordinates 

-+ -+ -+ 
i, j, k -+ n -+ 
r 
x, y, Z 
r, (J, Z 
r, (J, cjJ 
u, v, IV 
VX ' vY '  Vz 
vr' VII' Vz 

Unit vectors along coordinate axes 
Unit normal vector directed outward from control surface 
Unit position vector 
Cartesian 
Cylindrical 
Spherical 
Velocity in Cartesian coordinates 

Velocity in cyl indrical coordinates 

Extensive and specific properties 

Dimensions in two unit systems* 

Symbol 

c, c 
E, e 

H, h 
HO, hO 
M, m  
S, s 
U, u 
UO, UO 
V, v 

Description 

General property 
Total energy (internal + kinetic + potential ) 
Enthalpy 
Stagnation enthalpy 
Total mass 
Entropy 
Internal energy 
Stagnation internal energy 
Volume 

ML (JT 

M 

*M mass ; (J = temperature; F = force; E = energy ; L = length; T = time; 
= dimensionless. 

FE plus ML (JT 

Varies 
E, EM - I 
E, EM - I  
E,  EM - I  

E ,  EM - I  
E, EM - I 
E. EM - I  

619 
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Dimensionless numbers 

Symbol Description 

Br Brinkmann number 
Ec Eckert number 
Fr Froude number 
Gr Grashof number 
Ku Kutateladze number 
L Lorentz number 
M Mach number 
Mij Mixing Stanton number 
Nu Nusselt number 
Pe Peelet number 
Pr Prandtl number 
Re Reynolds number 
St Stanton number 

Location where 
symbol first appears t 

E l O-6 
P 10-41 3  
E 9-36 
E l O- 1 1 
E 1 1 -5 
E l O- lO 
P 1 0-444 
Vol . II 
E l O- 1 1 
P l O-4 1 9  
E 10-6 
E 9-36 
E 10-76 

*M = mass; 8 = temperature; E = energy; - = dimensionless; 
L = length; T = time; F = force . 

1A == appendix; T == table; E == equation; P == page; F == figure. 
For example, E I0-6 = equation lO-6 . 

General notation 

Symbol Description 

Dimension in two 
unit systems* 

ML 8T FE plus ML 8T 

A, Af 
A 

General area or flow area 
Availability function 
Atomic mass number 

General english notation 
L2 

a 

B 
C 

Projected frontal area of spacer 
Avogadro' s  number 
Unobstructed flow area in channels 
Sum of the area of the total 

fluid-solid interface and the area 
of the fluid 

Area of the total fluid-solid 
interface within the volume 

Atomic fraction 
Half thickness of plate fuel 
Buildup factor 
Tracer concentration 
Constant for friction factor 
Nozzle coefficient 
Correction factor in drift flux model 

for nonuniform void distribution 

E 

Location where 
symbol first appears' 

E 2-8 
E 4-27 
E 3-48 
E 9-89 
E 3-4 
E 9-89 
Vol . II 

Vol . II 

E 3 - 14  
F 8-9 
E 3-54 
Vol . II 

E 9- 1 7b 
E 1 1 -4 1  

* M  = mass; 8 = temperature; E = energy; - = dimensionless; L = length; T = time; 
F = force . 

t A == appendix; T == table; E == equation; P == page; F == figure. For example, E l O-6 
equation 1 0-6. 



General notation (continued) 

Symbol 

d 

E 
F 

Fiih 

f 

Description 

Spacer drag coefficient 
Modified drag coefficient 
Isentropic speed of sound in the 
fluid 
Drag coefficient 
Specific heat, constant pressure 
Hydraulic resistance coefficient 
Specific heat, constant volume 
Diameter, rod diameter 
Tube diameter 
Hydraulic or wetted diameter 
Heated diameter 
Wire spacer diameter 
Volumetric hydraulic diameter 
Wall-to-wall distance of hexagonal 

bundle 
Tube diameter 
Diameter of l iquid drop 
Neutron kinetic energy 
Modification factor of Chen' s  

correlation 
Looseness of bundle packing 
Hot spot factor 
Force , force per unit mass 
Heat flux hot channel factor 
Void factor 
Total drag force in the control 

volume i in the x direction 
Subchannel circumferentially 

averaged force for vertical flow 
over the solid surface in the 
control volume i 

Coolant enthalpy rise hot channel 
factor 

Coolant temperature rise hot 
channel factor 

Moody friction factor 
Mass fraction of heavy atom in the 

fuel 
Fanning friction factor 
Friction factor in a circular tube 
Subfactor of Xj 
Subfactor relative to parameter Xj 

affecting the property y 

Dimension in two 
unit systems* 

ML OT FE plus ML (}T 

LT- 1 

EM - 1 O- 1 

EM - 1 O- 1 
L 
L 
L 
L 
L 
L 
L 

L 
L 

E 

F 

F 

NOMENCLATURE 621 

Location where 
symbol first appears t 

E 9-89 
E 9-90 
E 1 1 - 1 20 

E 1 1 -24 
E 4- 1 1 5 
Vol. II 
P 4- 1 2 1  
F 1 - 1 2  
E 9-24 
E 9-55 
E 1 0- 1 2  
F 1 - 14 
P 9-39 1 
F 1 - 1 4  

F 9-4 
E 1 1 -24 
E 3- 1 
E 1 2-29 

Vol . II 
Vol . II 
E 4- 1 8  
Vol .  I I  
E 8-68 
Vol. II 

Vol . II 

Vol . II 

E 9-50 
E 2- 1 3  

E 9-52 
E 9-85 
Vol . II 
Vol . II 

( continued) 
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General notation (continued) 

Symbol 

fTP 
ftr 

G 
g 
.. g or g 
H 

h 

.. 
J 

.. 
j or j 

Dimension in two 
unit systems* 

Description 

Two-phase friction factor 
Friction factor for the transverse 

flow 
Mass flux 
Distance from rod surface to array 

flow boundary 
Acceleration due to gravity 
Axial lead of wire wrap 
Head (pump) 
Wall heat-transfer coefficient 
Dimensionless pump head 
Gap conductance 
Flow mixing-cup enthalpy 
Geometric inertia of the fluid 
Energy flux 
Irreversibility or lost work 
Indicator function 
Total number of neighboring 

subchannels 
Generalized surface source or sink 

for mass,  momentum, and 
energy 

ML ()T 

LT- 2 

L 
L 

Volumetric flux (superficial LT - 1  
velocity) 

Flux of species A diffusing through ML - 2T- 1 
a binary mixture of A and B due 
to the concentration gradient 
of A 

Total form loss coefficient 
Form loss coefficient in transverse 

direction 
Thermal conductivity 
Length 
Boiling length 
Nonboiling length 
Transverse length 
Axial dimension 
Mixing length 
Molecular mass 
Mass flow rate 
Number of subchannels 
Atomic density 
Total number of rods 

L 
L 
L 
L 
L 
L 
M 

MT- 1 

IL - 3  

FE plus ML (JT 

EL - 2 (J- IT- 1 

EL - 2 (J- IT- 1 
EM - 1  

EL - I (J- IT - 1  

Location where 
symbol first appears t 

E 1 1 -77 
Vol .  II 

E 5-38a 
F 1 - 1 2  

E 4-23 
E 9-93a 
Vol . II 
E 2-6 
Vol . II 
E 8- 106 
E 5-52 
E 1 3-38 
E 3-50 
E 4-47 
Vol . II 
Vol . II 

E 4-50 

E 5-42 

Vol . II 

E 9-23 
Vol . II 

E 4- 1 14 
E 2-5 
F l 3- l  
Vol . II 
Vol . II 
Vol . II 
E 10-66 
P 2-34 
E 4-30a 
T 1 -4 
E 2- 14  
T 1 -4 

*M = mass; (J = temperature; E = energy; - = dimensionless; L = length; T = time; 
F = force . 

t A == appendix; T == table; E == equation; P == page; F == figure. For example, E I O-6 
equation 10-6 . 
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General notation (continued) 

Dimension in two 
unit systems* 

Location where 
Symbol Description ML eT FE plus ML ()T symbol first appears t 

NH , Nw, Np Transport coefficient of lumped Vol. II 
subchannel 

Nrings Number of rings in a rod bundle T 1 -5 
Nrows Number of rows of rods T 1 -4 
P Porosity E 8- 17  

Decay power ET - I  E 3-68a,b 
Pitch L F 1 - 1 2  
Perimeter L E 5-64 

PH Heated perimeter L P 10-444 
PR Power peaking factor Vol . II 
Pw Wetted perimeter L E 9-56 
ilP Clearance on a per-pin basis L Vol . IJ 
p Pressure FL -2 E 2-8 
P P = p + pgz FL - 2  Vol .  II 
ilp + !:l. p  

Vol . I I  
p *gL 

Q Heat MUT- 2 E E 4- 19  
Volumetric flow rate L3T- 1 E 5-45 

Q'" Power density EL3 T- I P 2-22 
Q Core power ET- I  P 2-22 

Heat flow ET - I  E 7-2a 
Heat-generation rate ET - I E 5- 1 24 

q Rate of energy generated in a pin ET - I P 2-22 
q' Linear heat-generation rate EL - I T- I P 2-22 
q" Volumetric heat-generation rate EL - 3T- 1 P 2-22 
q", q" Heat flux, surface heat flux EL - 2T- 1 P 2-22 

" qcr Critical heat flux EL - 2T- 1 F 2-3 

q� Peak linear heat-generation rate EL - IT- I E 1 3- 14 
q;b Linear heat generation of EL - IT- I Vol. II 

equivalent, dispersed heat source 
q'" rb  Equivalent dispersed heat source EL -3T- 1 Vol .  II 
q� Heat flux at the wall EL - 2T- 1 E 5- 1 52 
R Proportionality constant for L -4Mn en Vol .  II 

hydraulic resistance 
Gas constant EM - I e- I T 6-3 
Radius L E 2-5 

R Universal gas constant EM - I e- I AP B634 
RR Reaction rate in a unit volume T- IL - ) P 3-43 
-+ 
R Distributed resistance F Vol . II 
r Enrichment E 2- 1 5  

Radius L T 4-7 
r* Vapor bubble radius for nucleation L E 1 2- 1  
rp Pressure ratio E 6-97 

( continued) 



624 NUCLEAR SYSTEMS I 

General notation (continued) 

Dimension in two 
unit systems* 

Location where 
Symbol Description ML ()T FE plus ML ()T symbol first appears t 

S Surface area L2 E 2-1 
Suppression factor of Chen' s  E 1 2-32 

correlation 
Slip ratio E 5-48 

Sij Open flow area in the transverse L2 Vol . II 
direction 

Sgen Rate of entropy generation E ()- I E 4-25b 
ST Pitch L F 9-28 
Sij Gap within the transverse direction L Vol . II 
T Temperature () F 2- 1 

Magnitude of as-fabricated L Vol. II 
clearance or tolerance in an 
assembly 

To Reservoir temperature () E 4-27 
Ts Surroundings temperature () E 4-25a 
t Time T P 2-25 

Spacer thickness L F 1 - 1 2  
t* Peripheral spacer thickness L AT 1 1  
ts Time after shutdown T F 3-8 
V Mean velocity LT- 1 E 2-8 
Vm Mean velocity LT - 1  E 9-44 
Vv A verage bundle fluid vdlocity LT - 1 E 9-90 
V", Bubble rise velocity LT - 1 E l l -50 
VVj,Vvj Local drift velocity of vapor LT - 1  E 1 1 -32 
v Velocity of a point LT - 1 T 4-2 

Velocity in the lateral direction LT - 1  Vol . II .. 
v Velocity vector LT- 1 T 4-2 .. 

Relative velocity of the Ifluid with v"vr LT - 1 E 4- 1 5  
respect to the control 'surface .. 

Vs Velocity of the control volume LT- 1 E 4- 1 1  
surface 

W Work ML2T - 2 FL E 4- 1 9  
Flow rate MT- 1 P 7-273 

Wu Useful work MeT - 2 FL E 4-29 
Wij Crossflow rate per unit length of MT- 1L - I Vol. II 

channel 
W:?, Transverse mass flow rate per unit MT- 1 L - I Vol . II  
W:�, length associated 
WH I J  with turbulent mass, momentum, 

and energy exchange 
W*M I J  Transverse mass flow rate MT- 'L - I Vol. II 

associated with both molecular 
and turbulent momentum 

W,!,H I J  and energy exchange 

*M mass; () = temperature; E = energy; - = dimensionless; L = length; T = time; 
F = force . 

t A == appendix; T == table; E == equation; P == page; F == figure. For example, E lO-6 
equation 1 0-6 . 



General notation (continued) 

Symbol 

X 
X2 

x 
xcr 
X'I 
Ax' 
Yj 

Z, z 
ZB 

Zc 

Zf 

zJ 

zt 

r 
'Y 

Description 

Dimensionless radius 
Lockart-Martinelli parameter 
Flow quality 
Critical quality at CHF 
Static quality 
Transverse length 
Preference for down flow in a 
channel 
Height 
Boil ing boundary 
Axial position 
Position of maximum temperature 
in clad 
Position of maximum temperature 
in fuel 
Turbulent mixing length in COBRA 
Effective mixing length 

Dimension in two 
unit systems* 

ML ()T FE plus ML ()T 

L 

L 
L 
L 
L 

L 

L 
L 

General Greek symbols 
Confidence level 
Local void fraction 
Linear thermal expansion 
coefficient 
Dimensionless angular speed 
(pump) 

()- l 

Thermal diffusivity L2T - I 
Phase density function 
Delayed neutron fraction 
Mixing parameter 
Volumetric fraction of vapor or gas 
Thermal volume expansion ()- I 
coefficient 
Ratio of flow area 
Dimensionless torque (pump) 
Direction angle 
Pressure loss parameter 
Volumetric vaporization rate MT- IL - 3  
Fraction of total power generated in 
the fuel 
Specific heat ratio (c/cV> 
Porosity 
Ratio of axial length of grid spacers 
to axial length of a fuel bundle 

NOMENCLATURE 625 

Location where 
symbol first appears t 

Vol . I I  
E 1 1 -92 
E 5-35 
P 1 2-557  
E 5-22 
Vol . II 
Vol . II 

P 2-22 
E 1 3-30a 
E 2-2 
E 1 3-25a 

E 1 3-28 

Vol .  II 
Vol . II 

Vol . II 
E 5- 1 1 a 
P 8-309 

Vol . II 

E 10-43 
E 5- 1 
E 3-65 
Vol . II 
E 5-5 1 
E 4- 1 1 7 

T 9- 1 
Vol . II 
Vol. I I  
P 6-224 
T 5- 1  
E 3-28 

T 6-3 
Vol . II 
AP J68 1 

(continued) 
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General notation (continued) 

Dimension in two 
unit systems* 

Location where 
Symbol Description ML OT FE plus ML OT symbol first appears t 

D Gap between fuel and clad L E 8-23b 
Thickness of heat-exchanger tube L Vol . II 
Thickness of liquid film in annular L E 1 1 - 1  

flow 
D* Dimensionless film thickness E 1 1 - 1  
Dc Clad thickness L F 8-27 
Dg Gap between fuel and clad L E 2- 1 1  
5r Thickness of temperature boundary L F 10-4 

layer 
E e2dwldy in COBRA code UT - '  Vol . II 

Surface emissivity EL - 20-4T - 1 E 8- 107a 
EH Eddy diffusivity of energy L2T - 1 E 10-46 
EM Momentum diffusivity L2T - 1  E 9-63 
� Thermodynamic efficiency (or E 6-3 1 

effectiveness) 
1J Pump efficiency Vol . II 
1Js Isentropic efficiency E 6-37 
1Jth Thermal efficiency E 6-38 
0 Position angle T 4-7 

Two-phase multiplier for mixing Vol . II 
Film temperature drop 0 Vol . II 

(J* Influence coefficient Vol. II 
A Length along channel until fluid L Vol. II 

reaches saturation 
Ac Taylor instability wavelength L E 1 2-5 1 
/.L Attenuation c0efficient L - I  E 3-53 

Dynamic viscosity ML - IT- I FTL - 2 E 4-84 
/.L Bulk viscosity ML - IT- I FTL - 2 E 4-84 
fl Estimated mean of distribution Vol . II 
/.La Absorption coefficient L - I E 3-5 1 
IJ Kinematic viscosity </.LIp) UT - '  P 9-36 1 

Time it takes fluid packet to lose its T Vol. II 
subcooling 

Dimensionless volumetric flow rate Vol . II 
(pump) 

7T Torque FL Vol. II 
p Density ML - ]  E 2- 1 1  
P:' Two-phase momentum density ML - ] E 5-66 
}; Macroscopic cross section L - I  E 3-3 
a Microscopic CFOSS sect:on L2 E 3-3 

Normal stress component FL - 2  F 4-8 
Standard deviation T 3-9 
Surface tension FL - I E 1 1 -5 

*M = mass; 0 = temperature; E = energy; - = dimensionless; L = length; T = time; 
F = force . 

t A == appendix; T == table; E == equation; P == page; F == figure. For example, E IO-6 = 

equation 10-6. 
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General notation (continued) 

Dimension in two 
unit systems* 

Location where 
Symbol Description ML ()T FE plus ML ()T symbol first appears t 

a Estimated standard deviation of Vol . II 
distribution 

'T Shear stress component FL - 2 F 4-8 
Time after start-up T E 3-68a 
Time constant T Vol . II 

'Ts Operational time T E 3-69a 
4J Dissipation function FL - 2T - 1 E 4- 107 

Neutron flux L - 2T - 1 P 3-43 

cP Generalized volumetric source or E 4-50 
sink for mass, momentum, or 
energy 

Relative humidity E 7- 1 9  
Azimuthal angle T 4-7 

cP�o Two-phase friction multiplier based E 1 1 -66 
on all-liquid-flow pressure 
gradient 

cP� Two-phase frictional multiplier E 1 1 -86 
based on pressure gradient of 
liquid flow 

cP� Two-phase frictional multiplier E 1 1 -86 
based on pressure gradient of gas 
or vapor flow 

� Logarithmic energy decrement E 3-41 

X Energy per fission deposited in the E P 3-44 
fuel 

t/J Force field per unit mass of fluid FLM- 1 E 4-2 1 
Ratio of eddy diffusivity of heat to E 10-7 1 

momentum 
w Angular speed T- 1 E 9-2b 

Subscripts 
A Area Vol .  II 

Annulus Vol .  II 
AF Atmospheric flow E 6-68 
a Air E 7- 1 

Absorption P 3-44 
acc Acceleration E 9-22 
avg Average F 2- 1 
B ,b Boiling E 1 3-30a 
B Buoyancy Vol. II 
b Bulk E 2-6 
C Cold F 2- 1 

Condensate P 7-273 
CD Condensor E 6-87 
CP Compressor E 6- 102 

(continued) 
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General notation (continued) 

Symbol 

c 

ci 
co 
cr 
crit 
c .m.  
c .v . 
c . t .  
d 
EA 
EQUIL 
e 

eff,e 
ex 
exit, ex, e 

ef 
FL 
f 

fg 
fi 
fo 
fric 
fi, 
g 

Description 

Center line 
Capture 
Cladding 
Conduction 
Containment 
Contraction 
Coolant 
Core 
Critical point (thermodynamic) 
Clad inside 
Clad outside 
Critical flow 
Critical 
Control mass 
Control volume 
Circular tube 
Downflow 
Equivalent annulus 
Equilibrium void distribution 
Expansion 
Extrapolated 
Equilibrium 
Electrical 
Effective 
External 
Indicating the position of flowing 

exit 
Elastic 
Flashing 
Friction 
Fluid 
Flow 
Saturated liquid 
Fuel 
Fission 
Difference between fluid anc gas 
Flow without spacers 
Fuel outside surface 
Friction 
flow including spacers 
Gap between fuel and cladding 
Saturated vapor 

Dimension in two 
unit systems* 

ML (}T FE plus ML (}T 

Location where 
symbol first appears t 

F 8-9 
P 3-43 
E 8-38 
E 4- 1 1 3 
E 7- 1 
F 9-35 
E 6-2 
Vol . II 
E 9-3 1 
P 8-309 
E 2-5 
E 1 1 - 1 1 3  
T 6- 1 
E 4- 17c 
E 4-30 
E 10-99 
Vol. II 
Vol . II 
Vol . II 
F 9-35 
E 3-35 
E 5-53 
E 10- 10 
E 5- 1 29 
Vol . II 
Vol . II 

E 3-39 
T 7-4 
E 9-9 1a  
Vol . II 
P 10-444 
E 5-53 
E 3- 19  
P 3-43 
T 6-3 
E 9-82 
E 2-5 
T 9-5 
AT 13 
E 8- 106 
E 5-53 

*M = mass; () = temperature; E = energy; - = dimensionless; L = length; T = time; 
F = force . 

t A == appendix; T == table; E == equation; P == page; F == figure. For example, E I O-6 = 

equation 10-6. 



General notation (continued) 

Symbol Description 

H,  h Heated 
HX Heat exchanger 
h, (heater) Pressurizer heater 

in,IN 

iso 
ie 

k 
L 

e 
fo 
M 

m 

NOM 
n 
o 

out,OUT 
P 
P 

R 

RO 

Denoting the selected subchannel 
control volume 
Index of direction 
Inner surface 
Index of streams into or out of the 
control volume 
Indicating the position of flowing 
in, inlet 
Isothennal 
Inelastic 
Adjacent subchannel control 
volume of the subchannel control 
volume i 
Index of properties 
Index of isotopes 
Index of phase 
Lower 
Laminar 
Liquid phase in a two-phase flow 
Liquid only 
Temperature of a quantity of 

interest 
Temperature difference of a 

quantity of interest 
Mixture 
Nominal 
Nuclear core 
Indicating initial value 
Operating 
Outer surface 
Reservoir conditions 
Outlet 
Pump 
Primary 
Pore 
Rated 
Reactor 
Condensation as rainout 
Radiation 
Enrichment 

Dimension in two 
unit systems* 

ML (}T FE plus ML (}T 

NOMENCLATURE 629 

Location where 
symbol first appears t 

F 2- 1 
E 6- 104 
F 7- 10 
Vol .  II 

E 5-48 
Vol. II 
E 4-30a 

E 6-38 

E 1 3-74 
E 3-59 
Vol. II 

Vol .  II 
P 3-43 
E 5 - 1  
F 7- 1 4  
E 9-82 
T 5- 1 
E 1 1 -66 
Vol. II 

Vol . II 

E 5-38a 
Vol . II 
E 7-2d 
E 3-56 
E 3-68 
Vol . II 
E 4-27 
P 6- 1 89 
E 6-48 
E 6-49 
P 8-30 1 
Vol .  I I  
E 6-53 
E 7- 1 28 
E 4- 1 1 3 
Vol . II 

( continued) 
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General notation (continued) 

Symbol 

rb 

ref 
SC 
SCB 
SG, S .G .  
SP 

sat 
st 

s' 

s" 

SIll 

T,t 
T 
TD 
TP 
tb 
th 
tr 
U 
u 

v 
v 

Description 

Equivalent or dispersed 
Rod bundle 
Reference 
Condensation at spray drops 
Subcooled boiling 
Steam generator 
Single phase 
Spray 
Scattering 
Secondary 
Sintered 
Slug flow 
Solid 
Spacer, wire spacer 
Surface, interface 
Isentropic 
Saturated 
Structures 
Static 
Interface between continuous vapor 

and falling liquid droplets 
Interface between the continuous 

vapor phase of the upper volume 
and the continuous liquid phase 
of the lower volume 

Interface that separates the 
discontinuous phase in either the 
upper or lower volume from the 
continuous same phase in the 
other volume 

Turbine 
Total 
Theoretical density 
Two phase 
Transition boiling 
Thennal 
Transverse flow 
Upper 
Useful 
Upflow 
Volume 
Cavity (void) 
Vapor or gas phase in a two-phase 

flow 

Dimension in two 
unit systems* 

ML OT FE plus ML OT 

Location where 
symbol first appears T 

Vol .  II 
Vol . II 
E 9-23 
E 7- 128 
E 1 3-57 
E 6-54 
Vol. II 
E 7- 1 35 
E 3-39 
E 6-49 
E 8-98 
Vol . II 
P 8-30 1 
F 1 - 14 
E 4- 1 1  
E 6- l Ob 
T 6- 1 
E 7-2a 
E 5-22 
F 7- 14  

F 7- 14  

F 7- 14  

T 6-5 
P7-240 
E 8- 1 7  
E 1 1 -67 
E 1 2-43 
E 6-38 
Vol . II 
F 7 - 14  
E 4-28 
Vol. II 
P 9-386 
E 8-55 
T 5 - 1  

*M = mass; 0 = temperature ; E = energy; - = dimensionless; L = length; T = time; 
F = force. 

t A == appendix; T == table; E == equation; P == page; F == figure. For example, E l O-6 = 

equation 1 0-6 . 



General notation (continued) 

Symbol 

vj 
vo 
WC 
w 

</> 
I </>  
2</> 
p 
00 

D 

j 
S 

-+ 

TP 
* 

0 

4 
V 
5 
< > 
{ } 
5; 
:::::::: :=::::::: � 

Description 

Local vapor drift 
Vapor only 
Condensation at the wall 
Wall 
Water 
Neutron flux 
Single phase 
Two phase 
Fuel density 
Free stream 

Hot spot factor resulting from 
direct contributors 
Index of isotopes 
Hot spot factor resulting from 
statistical contributors 
Turbulent effect 
Vector 
Spatial average 
Per unit length, surface area, 
volume. respectively 
Denoting perturbation 
Two phase 
Reference 

Dimension in two 
unit systems* 

ML ()T FE plus ML ()T 

Superscripts 

Denoting the velocity or enthalpy 
transported by the diversion 
crossflow 
Intrinsic 
Tensor 
Averaging (time) 
Stagnation 
Denoting nominal 

Special symbols 
Change in, denoting increment 
Gradient 
Change in. denoting increment 
Volumetric averaging 
Area averaging 
Defined as 
Approximately equal to 

NOMENCLATURE 631 

Location where 
symbol first appears t 

E 1 1 -32 
E 1 1 -66 
E 7- 1 28 
T 5- 1  
P 7-240 
Vol . II 
F 1 3- 1  
F 12- 1 1 
Vol . II 
F 10-4 

Vol . II 

P 3-43 
Vol . II 

E 4- 1 32 
P 2-22 
E 3-4 1  
P 2-22 

E 4- 1 25 
E 1 1 -77 
Vol . II 
Vol . II 

Vol. II 
E 4-8 
E 4- 1 24, E 5-6 
T 4-2 
Vol. II 

E 2-8 
E 4-2 
T 3-3 
E 2-5 
E 3-20 
P 2-22 
E 3-38 





APPENDIX 

B 
PHYSICAL AND MATHEMATICAL CONSTANTS 

Avogadro' s  number (A) 

Bam 
Boltzmann's constant (k = RIA) 

Curie 
Electron charge 
Faraday' s  constant 
gc Conversion factor 

Gravitational acceleration (standard) 
louie ' s  equivalent 
Mass-energy conversion 

Mathematical constants 

Molecular volume 

Neutron energy 
Planck's constant 
Rest masses 

Electron 

Neutron 

Proton 

0 .602252 X 1024 molecules/gm mole 
2 .73 1769 x 1 026 molecules/Ibm mole 
1O- 24cm2, 1 .0765 x 1 0 - 27 ft2 

1 . 38054 x 1 O - 16ergrK 
8 .6 1747 x 1 O - 3eV/oK 
3 . 70 x 10 10 dis/s 
4. 80298 x I O - Ioesu, 1 .602 10  x 1 0 - 1 9  Coulomb 
9 .648 X 104 coulombs/mole 
1 .0 gm cm2/erg S2, 32 . 1 7  Ibm ftllbr S2 , 4. 1 7  X 108 Ibm ftllbf 

hr, O .9648 x 10 18amu cm2IMeV S2 

32. 1 739 ftls2 , 980 .665 crn/s2 

778 . 16 ft-IbflBtu 
1 amu = 93 1 .478 MeV = 1 .4 1492 x 10 - 1 3 Btu = 4. 1 47 1  

X 1 0 - 1 7 kwhr 
1 gm = 5 . 60984 x 1 026 MeV = 2 .49760 x 107 kwhr = 

1 .04067 Mwd 
1 Ibm = 2 .54458 x 1032 MeV = 3 . 86524 x 10 16 Btu 
e == 2 . 7 1 828 
1T == 3 . 1 4 1 59 
In 10 == 2 . 30259 
224 1 3 .6 cm3/gm mole, 359 .0371  ft3/lbm mole, at I atm and 

O°C 
0.0252977 eV at 2200 mis, 1140 ev at 2 1 87 .0 17  mls 
6.6256 x 1O - 27erg s, 4. 1 3576 x 1 O - 1 5eV s 

5 .48597 X 1 0 - 4 amu, 9. 10909 x 10 - 28 gm, 2.008 1 9  x 
1 0 - 30 Ibm 

1 .0086654 amu , 1 .6748228 x 1 0 - 24 gm, 3 .6923 14  x 
10 - 27 Ibm 

1 .0072766 amu, 1 .672499 x 1 0- 24 gm, 3 . 687 192 x 
10 - 27 Ibm 
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Stephan-Boltzmann cons.!.ant 
Universal gas constant (R) 

Velocity of light 

5 .67 X 1 0 - 12 W/cm2K4 
1 545 .08 ft-lbllbm mole oR 
1 .98545 cal/gm mole oK 
1 . 98545 Btu/Ibm mole oR 
8 . 3 1 434 x 1 07erg/gm mole oK 
2 .997925 x 1 0  IOCm/S , 9 .836 1 9  x 1 08 ftls 

Source: Adapted from EI-Wakil ,  M .  M .  Nuclear Heat Transport Scranton, PA: International 
Textbook Co . ,  1 97 1 . 



APPENDIX 

C 
UNIT SYSTEMS 

Table Unit Reference 

C- l Length El-Wakil ( 1 97 1 )  
C-2 Area EI-Wakil ( 1 97 1 )  
C-3 Volume EI-Wakil ( 1 97 1 )  
C-4 Mass EI-Wakil ( 1 97 1 )  
C-5 Force Bird et al . ( 1 960) 
C-6 Density EI-Wakil ( 1 97 1 )  
C-7 Time El-Wakil ( 1 97 1 )  
C-8 Flow El-Wakil ( 1 97 1 )  
C-9 Pressure, Momentum Flux Bird et al . ( 1 960) 
C- lO Work, Energy, Torque Bird et al .  ( 1 960) 
C- l 1  Power EI-Wakil ( 1 97 1 )  
C- 1 2  Power Density El-Wakil ( 1 97 1 )  
C- 1 3  Heat Flux EI-Wakil ( 1 97 1 )  
C- 1 4  Viscosity , Density x Diffusivity , Concentration x Diffusivity Bird et al .  ( 1 960) 
C- 1 5  Thermal Conductivity Bird et al. ( 1 960) 
C- 1 6  Heat-Transfer Coefficient Bird et al . ( 1 960) 
C- 1 7  Momentum, Thermal or Molecular Diffusivity Bird et al . ( 1 960) 
C- 1 8  Surface Tension 

B ird, R.  B . ,  Stewart, W. E . ,  and Lightfoot, E. N. Transport Phenomena. New York: Wiley, 
1 960 . 

EI-Wakil , M. M. Nuclear Heat Transport. Scranton, PA: International Textbook Company, 1 97 1 .  
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Relevant SI units for conversion tables 

Quantity Name 

SI base units 
Length meter 
Time second 
Mass kilogram 
Temperature kelvin 
Amount of matter mole 
Electric current ampere 

SI derived units 
Force newton 
Energy, work, heat joule 
Power watt 
Frequency hertz 
Electric charge coulomb 
Electric potential volt 

Allowed units (to be used with SI units) 
Time minute 

hour 
day 

Plane angle degree 
minute 
second 

Volume liter 
Mass tone 

atomic mass unit 
Fluid pressure bar 
Temperature degree Celsius 
Energy electron volt 

Symbol 

m 

kg 
oK 
mol 
A 

N = kg m/s2 
1 = N m = kg m21s2 

W = lis 
Hz = S - I  
C = A s  
V = llC 

min 
h 
d 

t = 1000 kg 
u "'" 1 . 660 53 x 10 - 27 kg 
bar = 105 Pa 
°C 
eV "'" 1 . 602 19 x 10 - 19 1 

UTILIZATION OF UNIT CONVERSION TABLES 

The colu mn and row units correspond to each other, as illustrated below. Given a 
quantity in units of a f0W , multiply by the table value to obtain the quantity in units 
of the corresponding column . 

Example How many meters is 10 cm? 
Answer: We desire the quantity in units of meters (the column entry) and have 

been given the quantity in units of centimeters (the row entry) i . e . , 10 cm. Hence 

meters = 0 .0 1  cm = 0 .0 1  ( 10) = 0. 1 

Rows 

a = centimeters 
b = meters 
c 
d 

a 
Centimeters 

Columns 

b 
Meters 

0 . 0 1  

c d 



T
ab

le
 C

-l
 L

en
gt

h
 

cm
 

m
 

in
 

ft m
ile

s 
m

ic
ro

ns
 

A
ng

st
ro

m
s 

C
en

tim
et

er
s 

(c
m

) 100
 

2.
54

0 
30

.4
8 

1.
60

93
 x

 1
05

 
10

-4
 

10
-8

 

*S
I 

un
its

. 
t E

ng
lis

h 
un

its
. 

T
ab

le
 C

-2
 A

re
a 

cm
2 

cm
2 

m
2 

10
4 

in
.2 

6.
45

16
 

ft2
 

92
9 

m
ile

2 
2.

59
 X

 1
0

10
 

ac
re

 
ba

m
 

4.
04

69
 x

 1
07

 
10

-2
4 

*S
I 

un
its

. 
t E

ng
lis

h 
un

its
. 

M
et

er
s*

 
In

ch
es

 
(m

) 
(in

.)
 

0
.0

1 
0

.3
93

7 
1 

39
.3

7 
0

.0
25

4 
0.

30
48

 
12

 
1.

60
93

 X
 1

03
 

6.
33

6 
X 

10
4 

10
-6

 
3.

93
7 

X 
10

-5
 

10
-

10 
3.

93
7 

X 
10

-9
 

m
2*

 
in

.2
 

10
-4

 
0

.1
55

 
1 

1.
55

0 
X 

10
3 

6.
45

16
 x

 1
0

-4
 

1 
0.

09
29

 
14

4 
2.

59
 x

 1
06 

4.
0

14
4 

X 
10

" 

4.
04

69
 X

 1
03

 
6.

27
26

 X
 1

06
 

10
-2

8 
1.

55
 X

 1
0

-2
5 

Fe
et

+ 
M

ic
ro

ns
 

A
ng

st
ro

m
s 

(f
t) 

M
ile

s 
(f-L

) 
(A

) 

0.
03

28
1 

6
.2

14
 x

 1
0-

6 
10

4 
10

8 

3.
28

1 
6

.2
14

 x
 1

0-
4 

10
6 

10
10

 

0.
08

33
3 

1.
57

8 
x 

10
-5

 
2.

54
 X

 1
04

 
2.

54
 X

 1
08

 

1 
1.

89
4 

x 
10

-4
 

0.
30

48
 X

 1
06 

0
.3

04
8 

X 
10

10 

5.
28

0 
X 

10
3 

1 
1.

60
93

 X
 1

09 
1.

60
93

 X
 1

0
13

 
3.

28
1 

X 
10

-6 
6.

2
13

9 
X 

10
-

10
 

1 
10

4 

3.
28

1 
X 

10
-

10
 

6
.2

13
9 

X 
10

-
14 

10
-4

 
1 

ft
zt

 
m

ile
2 

ac
re

 
ba

m
 

1.
07

64
 x

 1
0

-3
 

3.
86

1 
x 

10
-

11
 

2.
47

11
 

x 
10

-8
 

10
24

 

10
.7

64
 

3.
86

1 
X 

10
-7

 
2.

47
11

 
X 

10
-4

 
10

28
 

6.
94

4 
X 

10
-3

 
2.

49
1 

X 
10

-
10 

1.
59

44
 X

 1
0

-7 
6.

45
16

 X
 1

02
4 

1 
3.

58
7 

X 
10

-8
 

2.
29

57
 X

 1
0

-5
 

9.
29

 X
 1

02
6 

2.
78

78
 X

 1
07

 
1 

640
 

2.
59

 X
 1

03
4 

4
.3

56
 X

 1
04

 
1.

56
25

 X
 1

0
-3

 
4.

04
69

 X
 1

03
1 

1.
07

64
 x

 1
0

 -
27

 
3.

86
1 

X 
10

-3
5 

2.
4

 7 
11

 x
 1

0
 -3

2 
I 



T
ab

le
 C

-3
 V

o
lu

m
e 

cm
3 

lit
er

s 
m

3 
. 

� 
m

.-
ft3

 

cu
bi

c 
yd

s 
U

.S
. g

al
s 

Im
p.

 g
al

s 

*S
I 

un
its

. cm
3 

10
3 

10
6 

16
.3

9 
2.

83
2 

x 
10

4 

7.
64

6 
x 

10
5 

3.
78

5 
x 

10
3 

4
.5

46
 x

 1
03

 

t E
ng

lis
h 

un
its

. 

T
ab

le
 C

-4
 

M
as

s 

gm
 

kg
 

Ib
m

 
to

ns
(s

) 
to

ns
(l)

 
to

ns
(m

et
ric

) 
am

u 

gr
am

s 
(g

m
) 

I 
X 

10
3 

45
3.

6 
9.

07
2 

x 
lO

S 
1.

0
16

 X
 1

06 

10
6 

1.
66

04
 x

 
10

 -
24

 

*S
I 

un
its

. 
t E

ng
lis

h 
un

its
. 

lit
er

s 
m

3*
 

in
.3 

10
-3

 
10

-6 
0

.0
6

10
2 

I 
10

-3
 

6
1.

02
 

10
3 

I 
6.

10
2 

X 
10

4 

0
.0

16
39

 
1.

63
9 

x 
10

-5
 

I 
28

.3
2 

0
.0

28
32

 
17

28
 

76
4

.6
 

0.
76

46
 

4.
66

6 
x 

10
4 

3.
78

5 
3.

78
5 

x 
10

-3
 

23
1.

0 
4

.5
46

 
4

.5
46

 x
 1

0
-3

 
27

7
.4

 

ki
lo

gr
am

s 
(k

g)
* 

po
un

ds
 (

Jb
m

)t 

0.
00

1 
I 0.

45
36

 
90

7.
2 

10
16

 
10

00
 

1.
66

04
 x

 1
0

 -
27

 

2.
20

46
 X

 1
0

-3
 

2.
20

46
 

2.
0

 X
 1

03
 

2.
24

0 
X 

10
3 

2.
20

47
 X

 1
03

 

3.
66

06
 X

 1
0

-2
7 

u.
s.

 (J
iq

.)
 

Im
pe

ri
al

 
ft

3t
 

cu
bi

c 
ya

rd
s 

ga
llo

ns
 

ga
llo

ns
 

3.
53

2 
x 

10
-5

 
1.

30
8 

X 
10

-6 
2.

64
2 

X 
10

-4
 

2.
20

 X
 1

0
-4 

0
.0

35
32

 
1.

30
8 

x 
10

-3
 

0.
26

42
 

0
.2

20
 

35
.3

1 
1.

30
8 

26
4

.2
 

22
0

.0
 

5.
78

7 
X 

10
-4 

2.
14

3 
X 

10
-5

 
4.

32
9 

X 
10

-3
 

3.
60

5 
x 

10
 

I 
0

.0
37

04
 

7.
48

1 
6.

22
9 

27
.0

 
20

2.
0 

16
8.

2 
0

.1
33

7 
4

.9
5

1 
x 

10
-3

 
0.

83
27

 
0

.1
60

5 
5.

94
6 

x 
10

-3
 

1.
20

1 

at
om

ic
 m

as
s 

to
ns

 (
sh

ort
) 

to
ns

 (
lo

ng
) 

to
ns

 (
m

et
ri

c)
 

un
its

 (
am

u)
 

11
.1

02
 x

 1
0

-6
 

9.
84

2 
X 

10
-7

 
10

-6 
6.

02
25

 X
 1

02
3 

I I
. 10

2 
x 

10
 -

3 
9.

84
2 

X 
10

-4
 

10
-3

 
6.

02
25

 X
 1

02
6 

5.
0 

X 
10

-4
 

4
.4

64
 X

 1
0

-4
 

4
.5

36
 X

 1
0

-4
 

2.
73

18
 X

 1
02

6 
I 

0
.8

92
9 

0
.9

07
2 

5.
46

36
 x

 1
02

9 
1.

12
 

1.
0

16
 

6.
 1

19
2 

X 
10

29
 

1.
10

23
 

0
.9

84
3 

6.
02

25
 x

 1
02

9 

1.
83

03
 x

 1
0 

-30
 

1.
63

43
 X

 1
0

-3
0 

1.
660

4 
x 

10
 -

30
 



UNIT SYSTEMS 639 

Table C-5 Force 

g em s kg m s 2* Ibm ft S - 2  
(dynes) (newtons) (poundals) Ibf+ 

dynes 
newtons 105 

10  5 7 .2330 x 1 0 - 5 2 . 248 1 X 1 0 - 6 
I 7 . 2330 2 . 248 1 x 1 0 - 1 

poundals 1 . 3826 x 1 04 1 . 3826 X 1 0 - 1 1 3 . 1 08 1  X 1 0 - 2 
Ibf 4 .4482 x 1 05 4.4482 32 . 1 740 

*SI units . 
tEngJish units. 

Table C-6 Density 

gmlem3 kgmlm3* Ibmlin . 3 Ibmlft3 t IbmlU . S .  gal IbmlImp. gal 

gmlem3 103 0.036 1 3  62 .43 8 . 345 10 .02 
kgmlm3 10 - 3 1 3 . 6 1 3  X 10 - 5 0 .06243 8 . 345 x 10 - 3 0 .0 1002 
Ibmlin3 27 .68 2. 768 x 1 04 1 1 .  728 X 1 03 23 1 277 .4 
Ibmlft3 0.0 1 602 1 6 .02 5 . 787 x 10 -4 I 0 . 1 337 0. 1 605 
IbmlU. S .  gals 0. 1 1 98 1 1 9 . 8  4. 329 x 1 0 - 3 7 .48 1 I 1 . 20 1 
Ibm/Imp gals 0 .09978 99 .78 4 .605 x 10 - 3 6. 229 0 . 8327 

*SI units . 
tEnglish units . 



T
ab

le
 C

-7
 

T
im

e 

m
ic

ro
se

co
nd

s 
se

co
nd

s 
m

in
ut

es
 

ho
ur

s 
da

ys
 

ye
ar

s 

(IL
S) 

(s
) 

(m
in

) 
(h

r)
 

(d
) 

(y
r)

 

/-L
s 

10
-6

 
1.

66
7 

X 
10

-8
 

2.
77

8 
X 

10
-

10 
1.

15
7 

X 
10

-
11

 
3.

16
9 

X 
10

-
14 

10
6 

1 
1.

66
7 

X 
10

-2
 

2.
77

8 
X 

10
-4

 
1.

15
7 

X 
10

-5
 

3.
16

9 
X 

10
-8

 

m
in

 
6 

X 
10

7 
60

 
1 

1.
66

7 
X 

10
-2

 
6.

94
4 

X 
10

-4 
1.

90
1 

X 
10

-6
 

hr
 

3.
6 

x 
10

9 
3.

6 
X 

10
3 

60
 

1 
0

.0
4

16
7 

1.
14

1 
x 

10
-4 

d 
8.

64
 X

 1
0

10 
8.

64
 X

 1
04

 
14

40
 

24
 

1 
2.

73
7 

x 
10

-3
 

yr
 

3.
15

57
 X

 1
0

13 
3

.1
55

7 
X 

10
7 

5.
25

9 
X 

10
5 

8.
76

6 
X 

10
3 

36
5.

24
 

T
ab

le
 C

-8
 

F
lo

w
 

cm
3/

s 
ft

3/
m

in
 

u
.s

. g
al

/m
in

 
Im

pe
ri

al
 g

al
/m

in
 

cm
3/s

 
0.

00
2

11
9

 
0

.0
15

85
 

0
.0

13
20

 
ft3

/m
in

 
47

2.
0 

1 
7.

48
1 

6.
22

9 
U

.S
. g

al
/m

in
 

63
.0

9 
0

.1
33

7 
1 

0.
83

27
 

Im
p 

ga
l/m

in
 

75
. 7

7 
0.

16
05

 
1.

20
1 



T
ab

le
 C

-9
 P

re
ss

u
re

, 
m

o
m

en
tu

m
 fl

u
x

 

Pa
sc

al
 

g 
cm

-
ls-

2 
kg

 m
-

I s
-h

 
Ib

m
 f

t-
ls

-2
 

lb
f 

in
. -

3t
 

A
tm

os
ph

er
es

 
(d

yn
e 

cm
-2

) 
(n

ew
to

ns
 m

 -
2) 

(p
ou

nd
al

s 
ft

 -
2 )

 
lb

f 
ft

-3
 

(p
si

a)
 

(a
tm

) 
m

m
H

g 
in

. 
H

g 

dy
ne

 c
m

-2
 

10
-

1 
6

.7
19

7 
X 

10
-2

 
2.

08
86

 X
 1

0
-

3 
1.

45
04

 X
 1

0
-5

 
9.

86
92

 X
 1

0
-7

 
7.

500
6 

X 
10

-4
 

2.
95

30
 X

 1
0

-5
 

ne
w

to
ns

 m
-2

 
10

 
1 

6.
7

19
7 

x 
10

 -
I 

2.
08

86
 x

 1
0 

-2
 

1.
45

04
 X

 1
0

-4
 

9.
86

92
 X

 1
0

-6
 

7.
500

6 
X 

10
-3

 
2.

95
30

 X
 1

0
-4

 
po

un
da

ls 
ft 

-2
 

1.
48

82
 X

 1
0

1 
1.

48
82

 
1 

3.
10

8
1 

x 
10

-2
 

2.
15

84
 X

 
10

-4
 

1.
46

87
 X

 1
0

-5
 

1.
11

62
 X

 1
0

-2
 

4.
39

45
 X

 1
0

-4
 

lb
f 

ft
-2

 
4.

78
80

 x
 1

02
 

4
.7

88
0 

X 
10

1 
32

.1
74

0 
6.

94
44

 x
 1

0
-3

 
4.

72
54

 X
 1

0
-4

 
3.

59
13

 X
 1

0
-

1 
1.

4
13

9 
X 

10
-2

 

ps
ia

 
6.

89
47

 x
 1

04
 

6.
89

47
 X

 1
03

 
4.

63
30

 X
 1

03
 

144
 

1 
6.

80
46

 x
 1

0
-2

 
5.

17
15

 X
 1

0
1 

2.
03

60
 

at
m

 
1.

0
13

3 
x 

10
6 

1.
0

13
3 

X 
10

5 
6.

80
87

 X
 1

04
 

2.
11

62
 X

 1
03

 
14

.6
96

 
1 

760
 

29
.9

2
1 

m
m

H
g 

1.
33

32
 x

 1
03

 
1.

33
32

 X
 1

02
 

8.
95

88
 X

 1
0

1 
2.

78
45

 
1.

93
37

 x
 1

0
-2

 
1.

3
15

8 
X 

10
-3

 
1 

3.
93

70
 X

 1
0

-2
 

in
. 

H
g 

3.
38

64
 x

 1
04

 
3.

38
64

 X
 1

03
 

2.
27

56
 X

 1
03

 
7.

07
27

 X
 1

0
1 

4
.9

11
6

 X
 1

0
-

1 
3.

34
2

1 
X 

10
-2

 
25

.4
00

 

*S
I 

un
its

. 
t E

ng
lis

h 
un

its
. 

T
ab

le
 C

-I
O 

W
o

rk
, 

en
er

g
y

, 
to

rq
u

e 

g 
cm

2 
kg

 m
2 

S-
2*

 
Ib

m
 f

t2
 S

-2
 

(e
rg

s)
 

(a
bs

ol
ut

e 
jo

ul
es

) 
(f

t-
po

un
da

ls
) 

ft
 lb

f 
ca

l 
B

tu
t 

hp
-h

r 
kw

-h
r 

g 
cm

2 
S-

2 
10

-7
 

2.
37

30
 X

 1
0

-6
 

7.
37

56
 X

 1
0

-8
 2

.3
90

1 
X 

10
-8

 
9.

47
83

 X
 1

0
-

11
 3

.7
25

1 
X 

10
-

14
 2

.7
77

8 
X 

10
-

14
 

kg
 m

2 
S-

2 
10

7 
1 

2.
37

30
 X

 1
0

1 
7.

37
56

 X
 1

0
-

1 
2.

39
0

1 
X 

10
-

1 
9.

47
83

 X
 1

0
-4

 
3.

72
5

1 
x 

10
 -7

 
2.

77
78

 X
 1

0
-7

 
Ib

m
 f

t2
 S

-2
 

4
.2

14
0 

x 
10

5 
4

.2
14

0 
X 

10
-2 

3.
10

81
 

X 
10

-2
 

1.
00

72
 X

 1
0

-2
 

3.
99

42
 X

 1
0

-5
 

1.
56

98
 X

 1
0

-8
 

1.
 17

06
 x

 1
0 

-8
 

ft
 Ib

f 
1.

35
58

 x
 1

07
 

1.
35

58
 

32
.1

74
0 

1 
3.

24
05

 x
 1

0
-

1 
1.

28
51

 
X 

10
-

3 
5.

05
05

 X
 1

0
-7

 
3.

76
62

 X
 1

0
-7

 
T

he
rm

oc
he

m
ic

al
 c

al
or

ie
s*

 
4

.1
84

0 
x 

10
7 

4
.1

84
0 

9
.9

28
7 

x 
10

1 
3.

08
60

 
3.

96
57

 x
 1

0
-3

 
1.

55
86

 X
 1

0
-6

 
1.

16
22

 X
 1

0
-6

 
B

rit
is

h 
th

erm
al

 u
ni

ts
 

1.
05

50
 x

 1
0

10
 

1.
05

50
 X

 1
03

 
2.

50
36

 X
 1

04
 

77
8

.1
6

 
2.

52
16

 x
 1

02
 

3.
93

0
1 

X 
10

-4
 

2.
93

07
 X

 1
0

-4
 

H
or

se
po

w
er

-h
ou

rs
 

2.
68

45
 x

 1
0

1 3 
2.

68
45

 X
 1

06
 

6.
37

05
 X

 1
07

 
1.9

80
0 

X 
10

6 
6.

4
16

2 
X 

10
5 

2.
54

45
 X

 1
03

 
1 

7.
45

70
 X

 1
0

-3
 

A
bs

ol
ut

e 
ki

lo
w

at
t-

ho
ur

s 
3.

60
00

 x
 1

0
13 

3.
60

00
 X

 1
06

 
8.

54
29

 X
 1

07
 

2.
65

52
 X

 1
06

 
8.

60
42

 X
 1

05
 

3.
4

12
2 

X 
10

3 
1.

34
10

 
1 

*S
I 

un
its

. 
t E

ng
lis

h 
un

its
. 

* T
hi

s 
un

it
, a

bb
re

vi
at

ed
 c

al
. 

is
 u

se
d 

in
 c

he
m

ic
al

 t
he

nn
od

yn
am

ic
 t

ab
le

s.
 T

o 
co

nv
er

t 
qu

an
tit

ie
s 

ex
pr

es
se

d 
in

 In
te

rn
at

io
na

l S
te

am
 T

ab
le

 c
al

or
ie

s 
(a

bb
re

vi
at

ed
 L

T
. c

al
) t

o 
th

is
 u

ni
t, 

m
ul

tip
ly

 b
y 

1.
00

06
54

. 



T
ab

le
 C

-l
l 

P
ow

er
 

E
rg

s/
s 

Jo
ul

e/
s 

kw
 

B
tu

lh
r 

hp
 

eV
/s

 

E
rg

s/
s 

1 10
7 

10
10 

2.
93

1 
X 

10
6 

7.
45

7 
X 

10
9 

1.
60

2
1 

X 
10

-
12

 

*S
I 

un
its

. 
t E

ng
lis

h 
un

its
. 

Jo
ul

e/
s 

w
at

t*
 10

-7
 

1 
10

3 
0.

29
3

1 
74

5.
7 

1.
60

2
1 

x 
10

-
19 

kw
 

10
-

10 

10
-3

 
1 

2.
93

1 
X 

10
-4

 
0

.7
45

7 
1.

60
21

 
x 

10
-2

2 

B
tu

/h
rt

 

3.
4

12
 x

 1
0

-7
 

3.
4

12
 

34
12

 
1 

2.
54

5 
X 

10
3 

5.
46

64
 X

 1
0

-
19 

hp
 

1.
 34

1 
x 

10
 -

10
 

1.
34

1 
x 

10
-3

 
1.

34
1 

3.
93

 X
 1

0
-4

 
1 

2.
14

83
 X

 1
0

-2
2 

eV
/s

 

6.
24

2
1 

X 
lO

ll
 

6.
24

2
1 

X 
10

18 
6.

24
21

 
x 

10
21

 
1.

82
94

 X
 1

0
18 

4
.6

54
8 

X 
10

21 



UNIT SYSTEMS 643 

Table C-12 Power density 

watt/cm3 , kw/lit* cal/sec cm3 Btu/hr in. 3 Btulhr ft3t MeVIs cm3 

watt/cm3 , kw/lit 
calls cm3 
Btu/hr in3 
Btu/hr ft3 
MeVIs cm3 

4. 1 87 
0.0 1 788 

1 .035 x 1 0 - 5 
1 .602 X 1 0 - 1 3 

*SI units. 
tEnglish units. 

Table C-13 Heat flux 

watt/cm2 

calls cm2 

Btu/hr ft2 

MevIs cm2 

*SI units . 
tEnglish units. 

1 
4 . 1 87 

3 . 1 5 5  x )0 -4 

1 .602 X )0 - 1 3  

0 .2388 

4. 272 X 1 0- 3 

55 .9 1 
234. 1 

9 .662 X 1 04 

4.045 X 1 05 
1 728 

2 .472 X ) 0 - 6 5 .787 X 1 0 -4 1 
3 . 826 X 1 0 - 1 4 8 . 9568 X 1 0 - 1 2 1 .5477 X 1 0 - 8 

calls cm2 Btulhr ft2t 

0.2388 3 1 70 .2  
1 . 3272 X 1 04 

7 . 535 X 1 0 - 5  1 
3 . 826 X 1 0 - 14 5 .0785 X 1 0 - 10 

6.2420 X 1 0 1 2 

2.6 1 3  X 1 0 1 3  
1 . 1 1 64 X )O i l 
6.46 1 0  X )07 

1 

Mevis cm2 

6 .2420 x 1 0 12 
2.6 1 34 X )0 13 

1 . 969 1 X 1 09 



T
ab

le
 C

-1
4

 V
is

co
si

ty
 d

en
si

ty
 

x 
d

ifT
u

si
vi

ty
, 

co
n

ce
n

tr
at

io
n

 
x 

d
ifT

u
si

vi
ty

 

g 
cm

-
I S

-
I 

kg
 m

-I
 S

-
I 

Ib
m

 ft
-

I 
S-

I 

Ib
f 

s 
ft

-2
 

C
en

tip
oi

se
s 

Ib
m

 ft
-

I h
r-

I 

*S
I 

un
its

. 
t E

ng
lis

h 
un

its
. 

g 
cm

-
I S

-
I 

(p
oi

se
s)

 

10
 1.
48

82
 X

 1
0

1 
4.

78
80

 X
 1

02
 

10
-2

 

4.
13

38
 X

 1
0

-
3 

kg
 m

-
I 

S-
I*

 

10
-

1 
1 1.

48
82

 
4.

78
80

 X
 1

0
1 

10
-3

 
4.

13
38

 X
 1

0
-4

 

Ib
m

 ft
-

I 
s-

It 

6.
7

19
7 

X 
10

-2
 

6.
7

19
7 

x 
10

 -
I 

1 32
.1

74
0 

6.
7

19
7 

X 
10

-4
 

2.
77

78
 X

 
10

-4
 

Ib
f 

S 
ft

-2
 

2.
08

86
 X

 1
0

-3
 

2.
08

86
 X

 1
0

-2
 

3. 
10

8
1 

x 
10

 -
2 

2.
08

86
 X

 1
0

-5 

8.
63

36
 X

 1
0

-6 

C
en

tip
oi

se
s 

10
2 

10
3 1.
48

82
 X

 l
O3

 
4.

78
80

 X
 1

04
 

4.
13

38
 X

 1
0

-
1 

t W
he

n 
m

ol
es

 a
pp

ea
r 

in
 t

he
 g

iv
en

 a
nd

 d
es

ire
d 

un
its

, t
he

 c
on

ve
rs

io
n 

fa
ct

or
 i

s 
th

e 
sa

m
e 

as
 f

or
 t

he
 c

orr
es

po
nd

in
g 

m
as

s 
un

its
. 

T
ab

le
 C

-1
5

 T
h

er
m

al
 c

o
n

d
u

ct
iv

it
y 

g 
cm

 S
-3 o

K
-I 

kg
 m

 S
-3

 o
K

-
I 

Ib
m

 f
t 

S-
3 

of
-

I 

Ib
f

s-
lo

F
-

1 
ca

l s
 -

I cm
 -I 

oK
 -I

 
B

tu
 h

r-
I 

ft
-

I o
f

-
I 

*S
I 

un
its

. 
t E

ng
lis

h 
un

its
. 

g 
cm

 S
-3

 o
K

-
I 

(e
rg

s 
s -

I cm
 -

I o
K 

-
I ) 

10
5 2.
48

86
 X

 l
O4

 

8.
00

68
 X

 1
05

 

4.
18

40
 X

 l
O7

 
1.

73
07

 X
 1

05
 

kg
 m

 s
 -

3 
OK

 -
1 *

 
(w

at
ts

 m
-

I O
K

-I
) 

lO
-5

 

1 2.
48

86
 x

 1
0

-
I 

8.
00

68
 

4.
18

40
 X

 l
O2

 

1.
73

07
 

Ib
m

 f
t s

 -
3 

OF
 -

I 

4.
0

18
3 

X 
10

-5 

4.
0

18
3 

1 3.
2

17
4 

x 
10

1 
1.

68
13

 X
 1

03
 

6.
95

46
 

Ib
f

s-
lo

P
-

1 

1.
24

89
 X

 l
O

-6 

1.
24

89
 x

 l
O

-
1 

3.
10

8
1 

X 
10

-2
 

1 5.
22

56
 X

 1
0

1 
2.

16
16

 x
 l

O
-

1 

ca
l 

S-
I c

m
-

I O
K

-I
 

2.
39

0
1 

X 
lO

-8
 

2.
39

0
1 

X 
10

-3
 

5.
94

79
 X

 1
0

-4 

l.
9

13
7 

X 
10

-2
 

4.
13

65
 X

 l
O

-3 

Ib
m

 ft
-I

 hr
-I 

2.
4

19
1 

X 
lO

2 

2.
4

19
1 

X 
10

3 
3.

60
 X

 l
O3

 
1.

15
83

 X
 

10
5 

2.
4

19
1 

B
tu

 h
r-

I f
t-

I O
F

-I
t 

5.
77

80
 X

 l
O

-6
 

5.
77

80
 X

 1
0

-
1 

1.
43

79
 x

 
10

 -
I 

4.
62

63
 

2.
4

17
5 

x 
10

2 



T
ab

le
 C

-1
6

 H
ea

t-
tr

a
n

sf
er

 c
o

effi
ci

en
t 

g 
S-

3 °
K

-I
 

kg
 S

-3 °
K

-I
 

Ib
m

 s
 -

3 
OF

 -. I
 

Ib
f 

ft
-3

 S
-3

 °F
-I

 
ca

l e
m

 -
2 

S -
I O

K 
-I

 
W

at
ts

 e
m

-2
 °K

-I
 

B
tu

 ft
-2

 hr
-I

 °F
-I 

*S
I 

un
its

. 
tE

ng
lis

h 
un

its
. 

g 
S-

3 °
K

-I
 

10
3 8.
16

47
 X

 1
02

 

2.
62

69
 X

 1
04

 
4.

18
40

 X
 1

07
 

10
7 5.
67

82
 X

 1
03

 

kg
 S 

-3
 OK

 -1
* 

(w
at

ts
 m

 -
2 

OK
 -I

) 

10
-3

 
1 8.

16
47

 x
 1

0
-

1 
2.

62
69

 X
 1

0
1 

4.
18

40
 x

 1
04

 
10

4 5.
67

82
 

Ib
m

 S
-3

 °F
-I

 

1.
22

48
 X

 1
0

-3
 

1.
22

48
 

1 
32

.1
74

0 
5

.1
24

5 
X 

10
4 

1.
22

48
 X

 1
04

 
6.

95
46

 

Ib
f 

ft -
I S

 -
I o

f -
I 

3.
80

68
 X

 1
0

-5
 

3.
80

68
 X

 1
0

-2
 

3.
10

8
1 

X 
10

-2
 

1.
59

28
 X

 1
03

 
3.

80
68

 X
 1

02
 

2.
16

16
 X

 
10

-
1 

ca
l 

em
 - 2

 S
 -

1 O
K 

-
I 

2.
39

0
1 

X 
10

-8
 

2.
39

0
1 

X 
10

-5
 

1.
95

14
 X

 1
0

-5
 

6.
27

84
 X

 1
0

-4
 

1 2.
39

0
1 

X 
10

-
1 

1.
35

7
1 

X 
10

-4
 

W
at

ts
 e

m
 -2

 °K
-I 

10
-7

 
10

-4
 

8.
16

47
 X

 1
0

-5
 

2.
62

69
 X

 1
0

-3
 

4.
18

40
 

1 5.
67

82
 X

 1
0

-4
 

B
tu

 ft
 -2

 h
r -

I O
F -

lOt
 

1.
76

11
 

X 
10

-4
 

1.
76

11
 

X 
10

-
1 

1.
43

79
 X

 1
0

-
1 

4.
62

63
 

7.
36

86
 x

 1
03

 
1.

76
11

 
X 

10
3 

1 



646 NUCLEAR SYSTEMS I 

fable C-17 Momentum, thermal or molecular ditTusivity 

:m2 S - I 
n2 S - I 1 04 

12 hr- I 

:entistokes 
2 .5807 X 1 0 - 1 

10 - 2 

*SI units . 
tEnglish units . 

Table C-18 Surface tension 

N/m 
dyne/cm 
Ibflft 

*SI units . 
tEnglish units . 

N/m* 

1 
0.00 1  

14 .594 

1 0 - 4 

1 
2 .5807 X 10 - 5 

10- 6 

dyne/cm 

fe hr - I t  

3 .8750 
3 . 8750 x 
1 
3 . 8750 X 

Ibf/ftt 

104 

10 - 2  

6.852 X 1 0 - 2 

6.852 x 1 0 - 5 
1 

Centistokes 

102 

106 
2 .5807 X W I 



APPENDIX 
D 

MATHEMATICAL TABLES 

BESSEL FUNCTION* 

Some useful derivatives and integrals of Bessel functions are given in Tables D- l and 
D-2 . 

*El-Wakil .  M. M. Nuclear Heat Transport. Scranton, PA: International Textbook Co. ,  1 97 1 .  

Table D-l Derivatives of Bessel functions 

dJo(x) -;;;- = - ll(x) 

dlo(x) --;;;- = II (x) 

dlvCx) v -;;;- = lV - I (x) - � JvCx) 

v = - Jv + I (X) + - lvCx) 
x 

1 = 2 [lv - I (x) - lv +  I(X)] 

dIv(x) v --;;;- = I,, _ I(x) - � IvCx) 

dxVlvCx) --;;;- = xVlv _ l(x) 

dxVYvCx) --;;;- = xVYv _ l(x) 

dxVlvCx) --;;;- = xVlv _ l (x) 

dxVKv(x) ---;;;-- = - xVKv _ , (x) 

dYo(x) 
= _ YI (X) 

dx 
dKo(x) 

= _ K,(x) 
dx 

dYv(x) v 
-- = Yv - I (x) - - Yvcx) 

dx x 

dx - VI ( ) __ v x_ = - VI ( )  
dx 

x v +  I X 

dx- VK ( ) __ �v x--.:.. = _ - uK ( ) 
dx 

X u + I X 
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I-co 
-0.80 2 5 6 7 

Figure D-1 The four Bessel functions of zero order. 

Table D-2 Integrals of Bessel functions 

f fl(x) dx = - fo(x) + C 

f f l (x) dx = lo(x) + C 

f YI(X) dx = - Yo(x) + C 

f KI (x) dx = - Ko(x) + C 

f x" lu _ l(x) dx = x" fv(x) + C f x - v lv + I (X) dx = - x - l'lv(x) + C 

The Bessel and modified Bessel functions of zero and first order are tabulated in 
Table D-3 for positive values of x up to x = 4 . 0 .  Some roots are given below: 

Roots of Jo(x) : x = 2 . 4048 , 5 . 520 1 , 8 . 6537 , 1 1 . 79 1 5 ,  . .  . 
Roots of Jt(x) : x = 3 . 83 1 7 , 7 . 0 1 56 , 1 0 . 1 7 3 5 , 1 3 . 3237 , . .  . 
Roots of Yo(x): x = 0 . 8936, 3 . 9577 , 7 . 086 1 , 1 0 . 2223 , . 
Roots of Y, (x): x = 2 . 1 97 1 , 5 .4297 , 8 . 5960 , 1 1 . 7492 , . . .  



Table D-3 Some Bessel Functions 
x 

o 
0.05 
0. 1 0  
0. 1 5  
0 .20 
0.25 
0.30 
0.35 
0.40 
0.45 
0.50 
0.55 
0.60 
0.65 
0.70 
0.75 
0.80 
0.85 
0.90 
0.95 

1 .0 
1 . 1  
1 .2 
1 . 3 
1 .4 
1 . 5 
1 .6 
1 .7 
1 .8 
1 .9 

2 .0 
2 . 1 
2 .2  
2 .3  
2 .4 
2 .5  
2.6 
2 .7 
2 .8  
2 .9 

3 .0 
3 .2  
3 .4 
3.6 
3.8 

4.0 

1 .0000 
0.9994 
0.9975 
0.9944 
0.9900 
0.9844 
0.9776 
0.9696 
0.9604 
0.9500 
0.9385 
0.9258 
0.9 1 20 
0.897 1 
0.88 1 2  
0.8642 
0.8463 
0.8274 
0. 8075 
0.7868 

0.7652 
0.6957 
0.67 1 1 
0.5937 
0.5669 
0.4838 
0.4554 
0.3690 
0.3400 
0.2528 

0.2239 
0. 1 383 
0. 1 1 04 
0.0288 
0.0025 

-0.0729 
-0.0968 
-0. 1 64 1  
-0. 1 850 
-0.2426 

-0.260 1 
-0.3202 
-0.3643 
-0.39 1 8  
-0.4026 

-0.397 1 

0.0000 
0.0250 
0.0499 
0.0748 
0.0995 
0. 1 240 
0. 1 483 
0. 1 723 
0. 1 960 
0 .2 1 94 
0.2423 
0.2647 
0.2867 
0.308 1 
0 .3290 
0.3492 
0.3688 
0.3878 
0.4059 
0.4234 

0.440 1 
0.4850 
0.4983 
0.5325 
0.54 1 9  
0.5644 
0.5699 
0.5802 
0 .58 1 5  
0.5794 

0.5767 
0.5626 
0.5560 
0.5399 
0.5202 
0.4843 
0.4708 
0.4260 
0.4097 
0.3575 

0 .339 1 
0.26 1 3  
0. 1 792 
0.0955 
o.() ! 28 

-0.0660 

- DC  
- 1 .979 
- 1 .534 
- 1 .27 1 
- 1 .08 1 
-0.93 1 6  
-0. 8073 
-0.7003 
-0.6060 
-0.52 1 4  
-0.4445 
-0.3739 
-0. 3085 
-0.2476 
-0. 1 907 
-0. 1 372 
-0.0868 
-0.0393 
-0.0056 

0.048 1 

0.0883 
0. 1 622 
0.228 1 
0.2865 
0.3379 
0 .3824 
0.4204 
0.4520 
0.4774 
0.4968 

0 .5 1 04 
0.5 1 83 
0 .5208 
0.5 1 8 1  
0.5 1 04 
0.498 1 
0.48 1 3  
0.4605 
0.4359 
0.4079 

0.3769 
0. 307 1 
0.2296 
0. 1 477 
0.0645 

-0.0 1 69 

- 00  
- 1 2 .79 
-6 .459 
-4.364 
-3 .324 
-2 .704 
-2.293 
-2 .000 
- 1 .7 8 1  
- 1 .6 1 0  
- 1 .47 1 
- 1 .357 
- 1 .260 
- 1 . 1 77 
- 1 . 1 03 
- 1 '()38 
-0.978 1 
-0.9236 
-0.873 1 
-0.8258 

-0.78 1 2  
-0.698 1 
-0.62 1 1  
-0.5485 
-0.479 1 
-0.4 1 23 
-0.3476 
-0.2847 
-0.2237 
-0. 1 644 

-0. 1 070 
-0.05 1 7  
-0.00 1 5  

0.0523 
0. 1 005 
0. 1 459 
0. 1 884 
0.2276 
0.2635 
0 .2959 

0. 3247 
0.3707 
0.40 1 0  
0.4 1 54 
0.4 1 4 1  

0.3979 

1 .000 
1 .00 I 
1 .003 
1 .006 
I .O I O  
1 .0 1 6  
1 .023 
1 .03 1 
1 .040 
1 .05 1 
1 .063 
1 .077 
1 .092 
1 . 1 08 
1 . 1 26 
1 . 1 46 
1 . 1 67 
1 . 1 89 
1 .2 1 3  
1 . 239 

1 .266 
1 . 326 
1 . 394 
1 .469 
1 .553  
1 .647 
1 .750 
1 .864 
1 .990 
2 . 1 2R 

2 .280 
2 .446 
2 .629 
2 .830 
3 .049 
3.290 
3 .553  
3 .842 
4. 1 57 
4. 503 

4 .88 1 
5 . 747 
6 .785 
8.028 
9 .5 1 7  

1 1 . 302 
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0.0000 
0.0250 
0.050 1 
0.0752 
0. 1 005 
0. 1 260 
0. 1 5 1 7  
0. 1 777 
0.2040 
0.2307 
0.2579 
0.2855 
0.3 1 37 
0.3425 
0.37 1 9  
0.4020 
0.4329 
0.4646 
0.497 1 
0.5306 

0.5652 
0.6375 
0.7 1 47 
0.7973 
0.886 1 
0.98 1 7  
1 .085 
1 . 1 96 
1 . 3 1 7  
1 .448 

1 .59 1 
1 .745 
1 .9 1 4  
2 .098 
2 .298 
2 .5 1 7  
2 .755 
3 .0 1 6  
3 .30 1 
3 .6 1 3  

3.953 
4.734 
5 .670 
6.793 
8 . 1 40 

9.759 

00 
3 . 1 1 4 
2 .427 
2.030 
1 .753 
1 .542 
1 .372 
1 .233 
1 . 1 1 5  
1 .0 1 3  
0.9244 
0.8466 
0.7775 
0.7 1 59 
0.6605 
0.6 1 06 
0.5653 
0.5242 
0.4867 
0.4524 

0.42 1 0  
0.3656 
0.3 1 85 
0.2782 
0.2437 
0.2 1 38 
0. 1 880 
0. 1 655 
0. 1 459 
0. 1 288 

0. 1 1 39 
0. 1 008 
0.0893 
0.079 1 
0.0702 
0.0623 
0.0554 
()'(l493 
0.0438 
0.0390 

0.0347 
0.0276 
0.0220 
0.6 1 75 
0.0 1 40 

0 .0 1 1 2  

00 
1 9.9 1 
9 .854 
6.477 
4.776 
3 .747 
3 .056 
2 .559 
2 . 1 84 
1 . 892 
1 .656 
1 .464 
1 . 303 
1 . 1 67 
1 .050 
0.9496 
0.86 1 8  
0.7847 
0.7 1 65 
0.6560 

0.60 1 9  
0.5098 
0.4346 
0.3725 
0.3208 
0.2774 
0.2406 
0.2094 
0. 1 826 
0. 1 597 

0. 1 399 
0. 1 227 
0. 1 079 
0.0950 
0.0837 
0.0739 
0.0653 
0.0577 
0.05 1 1  
0.0453 

0.0402 
0.03 1 6  
0.0250 
0.0 1 98 
0.0 1 57 

0.0 1 25 
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DIFFERENTIAL OPERATORS* 

* Bird, R. B . ,  Stewart, W. E . , and Lightfoot, E. N. Transport Phenomena. New York: Wiley, 1 960.  

Table D·4 Summary of differential operations involving the V ·operator 
in rectangular coordinates* (x, y, z) 

(auv au ) 
+ T,\'Z a; + ay

Z 

I as 

[Vs] = -
x 

ax 

as 

[VsL = -
, 

ay 

as 

[Vs] = 
Z 

az 

(D) 

(E) 

(F) 

(au
Z 

aux) 
+ T - + -zx 

ax az 

*Operations involving the tensor T are given for symmetrical T only.  

avv) 
ax 

(A) 

(B) 

(C) 

(G) 

(H) 

(f) 

(J) 

(K) 

(L) 

(M) 

(N) 

(0) 

(P) 

(Q) 

(R) 
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Table D-S Summary of differential operations involving the V -operator 
in cylindrical coordinates* (r, 8, z) 

I as 

[V'S]r = a; 
1 as 

[V's] = - 

IJ r a e  

as 

[V's] = -
, 

az 

(D) 

(E) 

(F) 

aUIJ) (au�  aUr) 
-

+ T  - + -
az 

r� 
ar az 

I [V' x �] = ! au
� - aUIJ 

r 

r a e  az 

� aUr aU_ 

[V' x U] IJ  = - - ----" 
aZ ar 

� 1 a _I a Ur 

[V' x UL = - -

a 

(ru lJ) -

r r r a e  

*Operations involving the tensor T are given for symmetrical T only . 

(A) 

(B) 

(C) 

(G) 

(H) 

(l) 

(J) 

(K) 

(L) 

(M) 

(N) 

(0) 

(P) 

(Q) 

(R) 
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Table D-6 Summary of differential operations involving the V -operator 
in spherical coordinates* (r, 8, cfJ) 

� 1 a 1 a 1 av 

(V · v) = - - (r2v,) + -.- - (v e sin f) + -- � 
r ar r sm f) af)  r s i n  f) a¢> 

(V2s) = � � (r2 i!!.) + _1_ � (Sin f) 

as) 
r ar ar r2 sin f) af) a f)  

( =:;: : 
V�) = T (av,) + T (! aVe + �) rr 

ar 
lie 

r af) r 

! 
( 1 � v, ve cot f)) + T -- + - + ---

q,q, r sin f) a¢> r r (ave 1 av
, 

ve) (� 1 av,. �) + T - + - - - - + T + -- - -
,f! ar r a f) r 

,

q, ar r sin f) a¢> r + T (! � + _1_ aVe _ cot f) 

V ) e

q, r a f) r sin f) a¢> r q, 

as 

[Vs], = -

ar 

1 as 

[Vs] 
= 

- -e 

r af)  

1 as 

[Vs]d> = -- -
r sin f) a¢> 

(D) 

(E) 

(F) 

! . I a 

[V x v], = -.- - (vd> sin f) -

r sm f) a f)  

� I av, 1 a 

[V X v] e = -.- - - - - (rvJ 

r sm f) a¢> r ar 

[V x �] d> = 
1 a I av, 

- - (rv� - - -
r ar r afJ... 

__ ave 

r sin f) a¢> 

[V 
=

] 1 a 

( 2 ) _l_ �
(T sin f) + _1_ � Tee + Tpp 

. 
T , = ? a;. r T

rr 
+ 

r sin f) a f)  

,e 

r sin f) a¢> 

= _ 1 a 

2 

1 a . _l_ � 
[V · T ] e - -::2 - (r T,� + -.- - (Tee sm f) + I ar r sm f) af)  r s i n  f) a¢> 

T,e cot f) + -; - -

r

- Td>

q, 

[

t"l . = 1 a 

2 
1 aTe'" I aT",,,, T,A. 2 cot f) 

v T ] d> = - - (r T, \ + - --"-"" + -- � + -'...::t:. + 
r2 ar d>I r af) r sin f) a¢> r 

-

r

- Te

q, 

! [V2�
] = V

l
v 

_ 2v, _ 3.. aVe _ 2ve cot f) _ _ 2_ aVd> 

, 
' r2 r2 af)  r2 r2 s in  f) a¢> 

t"l2� _ t"l 2.. 2 av, r e 2 cos f) � 
[ v  v ]  - v -v  + - - - --- - ---e e 

r2 af) r2 sin2 f) r2 sin2 
f) a¢> 

[V2�] 
= 

V
l
v 

_ � + _2_ av, + 2 cos f) aVe 

d> q, 
r2 sin2 f) r2 sin f) a¢> r2 sin 2 f) a¢> 

! [� t"l�] av, ve av, v'" av, v� + v� 

v . v V  = V - + - - + -..:to....- - -, , 

ar r af) r sin f) a¢> r 

[
� 

. V
�] 

= 
V 

aVe + � aVe + � aVe + v,ve _ v¢, cot f) 

e 
, 

ar r af) r sin f) a¢> r r 

� � aVA. 

_

ve av", + v'" av", + v"'v, + vev
q, 

cot () 
[v . VV]d> = V, ---'" + ---'" -..:to....- ---'" ---.:t:......:. -"-:t:.... _ _ _ 

ar r ao r sin 0 a<l> r r 

*Operations involving the tensor T are given for symmetrical T only. 

(A) 

(8) 

(C) 

(G) 

(H) 

(ll 

(J) 

(K) 

(L) 

(M) 

(N) 

(0) 

(P) 

(Q) 

(R) 
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Table E·l Saturation state properties of steam and water 

0·01  
10  
20 
30 
40 
50 
60 
70 
80 
90 

100 
1 10 
1 20 
1 30 
140 

1 50 
160 
1 70 
1 80 
1 90 

200 
2 10 
220 
230 
240 

250 
260 
270 
280 
290 

300 
3 1 0  
320 
330 

Pressure 
bar 

0·006 1 1 2 
0·0 1 2  27 1 
0·023 368 
0·042 4 1 8  
0·073 750 

0· 1 23 35 
0· 1 99 1 9  
0 · 3 1 1 6 1  
0·473 58 
0·70 1  09 

1 ·0 1 3  25 
1 ·432 7 
1 ·985 4 
2 ·70 1  1 
3 · 6 1 3 6 

4· 759 7 
6· 1 80 4 
7 ·920 2 

10 ·027 
1 2 · 553 

1 5 ·550 
19 ·080 
23 · 202 
27·979 
33·480 

39·776 
46·94 1 
55 ·052 
64· 1 9 1  
74·449 

85·9 1 7  
98·694 

1 1 2 · 89 
1 28 ·64 

340 1 46·08 

350 1 65 · 37 
360 1 86 ·74 
370 2 10·53 

374· 1 5  22 1 · 2 

Specific volume 
(m3/kg) 

Water Steam 

1 ·000 2 X 1 0 - 3 
1 ·000 4 X 1 0 - 3 
1 ·00 1 8 x 1 0 - 3 
1 ·004 4 x 1 0 - 3 
1 ·007 9 x 1 0 - 3 

1 ·0 1 2 · 1 X 1 0 - 3 
1 ·0 1 7  1 x 1 0 - 3 
1 ·022 8 x 1 0 - 3 
1 ·029 0 x 1 0 - 3 
1 ·035 9 x 1 0 - 3 

1 ·043 5 x 1 0 - 3 
1 ·05 1 5 x 1 0 - 3 
1 ·060 3 x 1 0 - 3 
1 ·069 7 x 10- 3 
1 ·079 8 x 1 0 - 3 

1 ·090 6 x 1 0 - 3 
1 . 102 1 x 10 - 3 
1 · 1 1 4 4  x 1 0 - 3 
1 . 1 27 5 x 10 - 3 
1 · 1 4 1  5 x 1 0 - 3 

1 · 1 56 5  x 1 0 - 3 
1 · 1 72 6 x 10 - 3 
1 · 1 90 0  x 10 - 3 
1 ·  208 7 x 10 - 3 
1 ·229 1 x 1 0 - 3 

1 ·25 1 2 x 1 0 - 3 
1 ·275 5 x 1 0 - 3 
1 · 302 3 x 10 - 3 
1 · 332 1 x 10 - 3 
1 · 365 5 x 10 - 3 

1 ·403 6 x 1 0 - 3 
1 ·447 5 x 1 0 - 3 
1 ·499 2 x 1 0 - 3 
1 ·562 X 1 0 - 3 
1 ·639 X 1 0 - 3 

1 ·74 1 X 1 0 - 3 
1 · 894 X 1 0 - 3 
2 ·22 X 1 0 - 3 

3 · 1 7  X 1 0 - 3 

206· 1 46 
106·422 
57· 836 
32·929 
1 9·546 

1 2·045 
7·677 6 
5 ·045 3 
3 ·408 3 
2 · 360 9 

1 ·673 0 
1 ·2 10 1 
0·89 1 7 1  
0·668 32 
0·508 66 

0· 392 57 
0· 306 85 
0· 242 62 
0· 1 93 85 
0· 1 56 35 

0· 1 27 1 9  
0· 104 265 
0·086 062 
0·07 1 472 
0·059 674 

0·050 056 
0·042 1 49 
0·035 599 
0·030 1 33 
0·025 537 

0·02 1 643 
0·0 1 8 3 1 6  
0·0 1 5 45 1 
0·0 1 2  967 
0·0 1 0  779 

0·008 805 
0·006 943 
0·004 93 

0·003 1 7  

Specific enthalpy 
(kJ/kg) 

Water Steam 
Ps 
(bar) 

0·000 6 1 1 
4 1 ·99 
83 ·86 

1 25 ·66 
1 67·47 

209 ·3 
25 1 · 1  
293 ·0 
334·9 
376·9 

4 19 · 1 
46 1 · 3 
503 ·7  
546 ·3  
589· 1 

632 ·2  
675 · 5  
7 1 9 · 1 
763 · 1 
807·5 

852·4 
897·7 
943 ·7 
990·3  

1 037 ·6 

1 085 ·8  
1 1 35 ·0 
1 1 85 · 2  
1 236·8 
1 290 

1 345 
1402 
1462 
1 526 
1 596 

1 672 
1 762 
1 892 

2095 

250 1 
25 1 9  
2538 
2556 
2574 

2592 
2609 
2626 
2643 
2660 

2676 
269 1 
2706 
2720 
2734 

2747 
2758 
2769 
2778 
2786 

2793 
2798 
2802 
2803 
2803 

280 1 
2796 
2790 
2780 
2766 

2749 
2727 
2700 
2666 

0·006 1 1 
0·01 227 
0·02337 
0·0424 1 
0·07375 

0· 1 2335 
0· 1 9920 
0· 3 1 1 62 
0·47360 
0·70 109 

1 ·0 1 330 
1 ·4327 
1 ·9854 
2·70 1 3  
3 ·6 1 38 

4·7600 
6· 1 806 
7 ·9202 

10·027 
1 2·55 1 

1 5 ·549 
19 ·077 
23· 1 98 
27 ·976 
33 ·478 

39·776 
46·943 
55 ·058 
64·202 
74·861  

85·927 
98 ·700 

1 1 2 · 89 
1 28 ·63 

2623 146·05 

2565 1 65 · 35 
248 1 1 86·75 
233 1 2 10 ·54 

2095 22 1 · 2 

Source: From U.K. Steam Tables in S.I. Units. London: Edward Arnold, 1 970 . 
1 bar = 1 05 N/m2• 



Water 

pf (T x 103 f.Lf X 106 Vr x 106 kf 
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Steam 

Temp. 
kJ/kgOK) (N/m) (N s/m2) (m2/s) (W/mOK) (Pr)r 

Cpg f.Lg X 106 Vg X 1 06 kg X 103 
(kJ/kgOK) (N s/m2) (m2/s) (W/mOK) (Pr)g eC) 

4·2 1 8  75 ·60 1786 
4· 1 94 74·24 1 304 
4· 1 82 72 ·78 1002 
4· 1 79 7 1 · 23 798 ·3 
4· 1 79 69·6 1  653 ·9  

4· 1 8 1  67 ·93 
4· 1 85 66· 1 9  
4· 1 9 1  64·40 
4· 1 98 62·57 
4·207 60· 69 

4·2 1 8  58 ·78 
4·230 56·83 
4·244 54·85 
4·262 52·83 
4·282 50·79 

4·306 48 ·70 
4·334 46·59 
4·366 44·44 
4·403 42 · 26 
4·446 40·05 

4·494 37· 8 1  
4·550 35 ·53 
4·6 1 3  33 ·23 
4·685 30 ·90 
4·769 28·56 

4· 866 26· 1 9  
4·985 23 ·82 
5 ' 1 34 2 1 ·44 
5 · 307 1 9 ·07 
5 ·520 1 6 ·7 1 

5 ·794 14 ·39 
6' 1 43 1 2 · 1 1  
6'604 9 ·89 
7' 24 1  7·75 
8 '225 5 · 7 1  

10 '07 
15 '0 
55 

00 

3 ·79 
2 ·03 
0·47 

o 

547 · 8  
467· 3  
404·8  
355 ·4 
3 1 5 ·6  

283 · 1  
254·8 
23 1 ·0 
2 1 0·9 
1 94· 1 

1 79 ·8  
1 67·7 
157 ·4 
1 48 ·5  
140 ·7  

1 33 ·9 
1 27 ·9  
1 22 ·4  
1 1 7 · 5  
1 1 2 ·9  

108·7 
104·8 
10 1 · 1  
97 ·5  
94· 1  

90·7 
87 · 2  
83 · 5  
79·5 
75 ·4 

69·4 
62 · 1  
5 1 · 8 

4 1 ·4 

1 · 786 
1 · 305 
1 ·004 
0 ·802 
0·659 

0· 554 
0·473 
0·4 1 4  
0· 366 
0 ·327 

0 ·295 
0 · 268 
0 ·245 
0· 226 
0·2 1 0  

0' 1 96 
0· 1 85 
0· 175 
0· 1 67 
0· 1 6 1  

0· 1 55 
0 · 1 50 
0· 146 
0 ' 1 42 
0· 1 39 

0' 1 36 
0 · 1 34 
0' 1 32 
0' 1 30 
0· 1 28 

0 ' 1 27 
0' 1 26 
0 · 1 25 
0· 1 24 
0· 1 23 

0· 1 2 1  
0· 1 1 8 
0 · 1 16 

0· 1 3 1  

0 · 569 13 ·2  
0·587 9·32 
0 ·603 6·95 
0 · 6 1 8  5 ·40 
0·63 1 4·33 

1 · 863 
1 · 870 
1 · 880 
1 · 890 
1 ·900 

0·643 3 · 56 1 ·9 1 2  
0 ·653 2 ·99 1 ·924 
0·662 2 ·56 1 ·946 
0·670 2 ·23 1 ·970 
0 ·676 1 ·96 1 ·999 

0 ·68 1  1 ·75 2 ·034 
0·684 1 · 58 2 ·076 
0 ·687 1 ·43 2 · 1 25 
0 ·688 1 · 3 1  2 · 1 80 
0 ·688 1 ·2 1  2·245 

0 ·687 1 · 1 3 2 · 320 
0·684 1 ·06 2·406 
0·68 1 1 ·0 1  2 · 504 
0 ·677 0·967 2 ·6 1 5  
0 ·67 1 0·932 2 ·741 

0 ·664 0·906 2 · 883 
0 ·657 0·886 3 ·043 
0·648 0 ·871  3 ·223 
0 ·639 0 ·861 3 ·426 
0·628 0·850 3 ·656 

0 · 6 1 6  0 ·859 3 ·9 1 8 
0 ·603 0·866 4·22 1 
0 · 589 0· 882 4· 575 
0·574 0·902 4·996 
0·558 0·932 5 · 509 

0·54 1 0·970 6· 1 48 
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Table E·5 Thermodynamic properties of helium 

Pressure 
Temperature (OF) 

(psia) 100 200 300 400 500 600 

1 4 .696 
v 102 .23 1 20 .487 1 38 .743 1 57.00 1 75 .258 1 93 . 5 1 5  
p 0.0097820 0 .0082997 0.0072076 0.0063694 0 .0057059 0.005 1 676 
h 707.73 827 . 56 952 .38 1077 .20 1 202.02 1 326.83 

6. 842 1 7.0472 7 .2233 7. 3776 7 . 5 1 49 7 .6386 

50 
v 30 .085 35 .45 1 40. 8 1 7  46. 1 83 5 1 . 549 56.9 1 5  
p 0.033239 0.028208 0.024500 0 .02 1653 0 .0 1 9399 0 .0 1 7570 
h 703 .08 827 .90 952.72 1077.54 1 202.36 1 327 . 1 8  

6 . 2342 6.4393 6.6 1 53 6.7697 6 .9070 7.0307 

1 50 
10 .063 1 1 . 8522 1 3 . 6407 1 5 .4293 1 7 . 2 1 83 1 9 .008 

P 0.099372 0.084372 0.0733 1 0  0.0648 1 2  0.058078 0 .0526 10  
h 704.08 828 . 9 1  953 . 73 1078 .55 1 203 . 37 1 328 . 1 9  
s 5 .6886 5 . 8937 6 .0698 6 . 2241 6 . 36 1 4  6.4852 

400 
v 3 . 8062 4.4775 5 . 1487 5 . 8 1 97 6 .4905 7 . 1 6 1 6  
p 0.26273 0 .22334 0. 1 94225 0 . 1 7 1 83 1  0 . 1 54072 0 . 1 39633 
h 706.58 83 1 .42 956.24 108 1 .06 1 205 .88 1 330. 70 

5 .20 1 3  5 .4065 5 . 5827 5 . 737 1 5 . 8744 5 . 998 1 

600 
v 2 .5546 3 .0023 3 .44995 3 . 8973 4 . 3449 4.7923 
P 0.39 1 46 0 . 33308 0. 28986 0 . 25658 0 . 230 1 6  0. 20867 
h 708 .49 833 .33 958 . 1 5  1 082.97 1 207 .79 1 332 .6 1  
s 4.9998 5 . 2050 5 . 38 1 3  5 . 5357 5 . 6730 5 . 7968 

900 
v 1 .7200 2.0 1 87 2 .3 1 73 2 . 6 1 57 2 . 9 1 399 3 . 2 1 24 
p 0.58 1 39 0.49537 0.43 1 54 0 .38230 0 . 343 1 7  0 .3 1 1 29 
h 7 10 .29 835 .38  960.40 1085 .42 1 2 10 .42 1 335 .36 
s 4.798 1 5 .0035 5 . 1 797 5 . 3342 5 .47 1 5  5 . 5953 

1 500 
v 1 .05 1 92 1 .23 1 4  1 .4 108 1 .58994 1 . 7690 1 .9483 
P 0.95064 0 . 8 1 207 0 .70880 0. 62897 0. 56528 0 .5 1 328 
h 7 1 5 .54 840.77 965 .88 1 090.92 1 2 1 5 .93 1 340.97 
s 4. 5437 4. 7475 4.9257 5 .080 1 5 . 2 1 76 5 . 34 14  

2500 
v 0.65044 0 .75847 0. 86635 0 .974 10 1 .08 1 76 1 . 1 8947 
P 1 .5374 1 1 . 3 1 845 1 . 1 5427 1 .02659 0.92442 0 . 8407 1 
h 724.37 849.73 974.95 1 100 . 1 0  1 225 . 22 1 350 . 29 
s 4.2887 4.4928 4 .67 1 2  4 .8258 4 .9634 5 . 0873 

4000 
v 0.42377 0.49 1 6 1  0 .55932 0 .62694 0.69444 0 .76 1 9 1  
p 2. 3598 2.0341 1 .78789 1 . 59503 1 .44000 1 . 3 1 248 
h 736.48 862 .24 987 .70 1 1 1 3 . 1 2  1 238 .46 1 363 .73 

4.053 1 4 .2576 4.4363 4 .59 1 2  4. 7287 4 . 8530 

Units: v in ft3/lbm, h in BTU/Ibm, and s in BTU/Ibm OR 
From Fabric Filter Systems Study. In: Handbook of Fabric Filter Technology (Vol . l ) .PB200-648, 

APTD-0690, National Technical Information Service , December 1 970; wherein reprinted from EI-Wakil ,  
M.  PowerPlant Technology. New York: McGraw-Hill , 1 984. 
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APPENDIX 

F 
THERMOPHYSICAL PROPERTIES OF 

SOME SUB STANCES 

The figure outlining the thermophysical properties of some fluids has been adapted 
from Poppendiek , H .  F . , and S abin , C. M .  Some Heat Transfer Performance Criteria 
for High Temperature Fluid Systems (American Society of Mechanical Engineers , 
75-WA/HT- 1 03 ,  1 975) except for sodium, which is from Liquid Metals Handbook 
(NAV EXOS P-73 3  Rev . ,  June 1 95 2 ,  AEC) . 

Caution: The property values are presented in a comparative manner, which may 
not yield the accuracy needed for detailed assessments . In such cases , recent tabulated 
property listings should be consulted . 

The table listing physical properties of some solids is from Collier, J. G .  Con
vective Boiling and Condensation (2nd ed . ) .  New York: McGraw-Hill , 1 98 1 .  

Note: For dynamic and kinematic fluid viscosities , see Figures 9- 1 0  and 9- 1 1 , 
respectively . For thermal conductivity of engineering material s ,  see Figure 1 0- 1 .  
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Figure F-l Density versus temperature . 
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Figure F-2 Specific heat versus temperature . 
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Figure F-3 Prandtl number versus temperature. 
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Figure F-4 Vapor pressure versus temperature. 
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APPENDIX 

G 
DIMENSIONLESS GROUPS OF FLUID MECHANICS 

AND HEAT TRANSFER 

Name Notation 

Biot number Bo 

Cauchy number Ca 

Eckert number Ec 

Euler number Eu 

Fourier number Fo 

Froude number Fr 

Graetz number Gz 

Grashof number Gr 

Knudsen number Kn 

Lewis number Le 

Mach number M 

Nusselt number Nu 

Formula 

hL 
ks 
V2 

B/p 

V2 
cp J.T 

J.p 
pV2 

kt at 
pc/-2 - L2 

V2 
gL 

Q .  Vpcr!J 
L k 
gf3 J.TL3 

A 
L 

v 
a 
hL 
k 

lI2 

Interpretation in terms of ratio 

Surface conductance + internal conduction of solid 

Inertia force 
number)2 

compressive force (Mach 

Temperature rise due to energy conversion 
temperature difference 

Pressure force + inertia force 

Rate of conduction of heat + rate of storage of 
energy 

Inertia force + gravity force 

Re Pr + (UD); heat transfer by convection in 
entrance region + heat transfer by conduction 

Buoyancy force + viscous force 

Mean free path of molecules + characteristic length 
of an object 

Thermal diffusivity molecular diffusivity 

Macroscopic velocity + speed of sound 

Temperature gradient at wall + overall temperature 
difference 
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(Continued) 

Name Notation Formula Interpretation in terms of ratio 

Peclet number Pe 
VpcpD (Re Pr); heat transfer by convection heat transfer 

k by conduction 

Prandtl number Pr 
IlCp 

= 
v 

Diffusion of momentum diffusion of heat k a 

Reynolds number Re 
pVL VL 

Inertia force viscous force 
/-L v 

� v 
Schmidt number Sc pDc Dc 

Diffusion of momentum diffusion of mass 

Sherwood number Sh 
hDL 

Mass diffusivity molecular diffusivity Dc 
h h 

Stanton number St VPCp cpG Heat transfer at wall -;- energy transported by stream 

Stokes number Sk 
J.pL 

Pressure force viscous force 
/-LV 
L 

Strouhal number Sl Frequency of vibration -;- characteristic frequency 
tV 

Weber number We 
pV2L 

Inertia force --;- surface tension force (T 



APPENDIX 

H 
MULTIPLYING PREFIXES 

tera T 10 1 2 
giga G 1 09 
mega M 1 06 
kilo k 103 
hecto h 102 
dec a (deka) da 1 0 1 
deci d 1 0 - 1 
centi c 1 0 - 2 
milli m 10 - 3  
micro J..L 10 - 6 
nanD n 1 0 - 9 
pico p 1 0 - 12 
femto f 10 - 1 5 
atto a 10 - 1 8 





APPENDIX 

I 
LIST OF ELEMENTS 

Atomic Atomic Atomic Atomic 
number Symbol Name weight* number Symbol Name weight* 

1 H Hydrogen 1 .00794 (7) 30 Zn Zinc 65 . 39 (2) 
2 He Helium 4 .002602 (2) 3 1  Ga Gallium 69 .723 (4) 
3 Li Lithium 6 .94 1  (2) 32 Ge Germanium 72.59 (3) 
4 Be Beryllium 9 .0 1 2 1 8  33 As Arsenic 74 .92 1 6  
5 B Boron 10 . 8 1 1 (5) 34 Se Selenium 78 .96 (3) 
6 C Carbon 1 2 .0 1 1 35 Br Bromine 79.904 
7 N Nitrogen ·14 .0067 36 Kr Krypton 83 .80 
8 0 Oxygen 1 5 .9994 (3) 37 Rb Rubidium 85.4678 (3) 
9 F Fluorine 1 8 . 998403 38 Sr Strontium 87.62 

10  Ne Neon 20. 1 79 39 Y Yttrium 88 .9059 
1 1  Na Sodium 22.98977 40 Zr Zirconium 9 1 . 224 (2) 
1 2  Mg Magnesium 24. 305 4 1  Nb Niobium 92 .9064 
1 3  Al Aluminum 26 .98 1 54 42 Mo Molybdenum 95 .94 
14  Si  Sil icon 28.0855 (3) 43 Tc Technetium [98] 
1 5  P Phosphorus 30. 97376 44 Ru Ruthenium 10 1 .07 (2) 
1 6  S Sulfur 32 .066 (6) 45 Rh Rhodium 102.9055 
1 7  CI Chlorine 35 .453 46 Pd Palladium 106 .42 
1 8  Ar Argon 39 .948 47 Ag Silver 107. 8682 (3) 
1 9  K Potassium 39.0983 48 Cd Cadmium 1 1 2 .4 1 
20 Ca Calcium 40.078 (4) 49 In Indium 1 14 . 82 
2 1  Sc Scandium 44.9559 1 50 Sn Tin 1 1 8 . 7 1 0  (7) 
22 Ti Titanium 47 .88 (3) 5 1  Sb Antimony 1 2 1 . 75 (3) 
23 V Vanadium 50.94 1 5  52 Te Tellurium 1 27 .60 (3) 
24 Cr Chromium 5 1 . 996 1 (6) 53 I Iodine 1 26 .9045 
25 Mn Manganese 54 .9380 54 Xe Xenon 1 3 1 .29 (3)  
26 Fe Iron 55 . 847 (3) 55 Cs Cesium 1 32 .9054 
27 Co Cobalt 58 . 9332 56 Ba Barium 1 37 . 33 
28 Ni Nickel 58 .69 57 La Lanthanum 1 38 .9055 (3) 
29 Cu Copper 63 . 546 (3) 58 Ce Cerium 140 . 1 2  
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Atomic Atomic Atomic Atomic 
number Symbol Name weight* number Symbol Name weight* 

59 Pr Praseodymium 140 .9077 83 Bi Bismuth 208. 9804 
60 Nd Neodymium 144.24 (3) 84 Po Polonium [209] 
6 1  Pm Promethium [ 1 45] 85 Al Astatine [2 1 0] 
62 Sm Samarium 1 50 . 36 (3) 86 Rn Radon [222] 
63 Eu Europium 1 5 1 .96 87 Fr Francium [223] 
64 Gd Gadolinium 1 57 .25 (3) 88 Ra Radium 226.0254 
65 Tb Terbium 1 58 .9254 89 Ac Actinium 227 .0278 
66 Dy Dysprosium 1 62 .50 (3) 90 Th Thorium 232.038 1 
67 Ho Holmium 1 64.9304 9 1  Pa Protactinium 23 1 .0359 
68 Er Erbium 1 67 .26 (3) 92 U Uranium 238 .0289 
69 Tm Thulium 1 68 .9342 93 Np Neptunium 237.0482 
70 Yb Ytterbium 1 73 .04 (3) 94 Pu Plutonium [244] 
7 1  Lu Lutetium 174.967 95 Am Americium [243] 
72 Hf Hafnium 1 78 .49 (3) 96 Cm Curium [247] 
73 Ta Tantalum 1 80.9479 97 Bk Berkelium [247] 
74 W Tungsten 1 83 . 85 (3) 98 CI Californium [25 1 ]  
75 Re Rhenium 1 86 . 207 99 Es Einsteinium [252) 
76 Os Osmium 190 . 2  100 Fm Fermium [257] 
77 Ir Iridium 1 92.22 (3) 1 0 1  Md Mendelevium [258) 
78 PI Platinum 1 95 .08 (3) 102 No Nobelium [259] 
79 Au Gold 1 96 .9665 103 Lr Lawrencium [260] 
80 Hg Mercury 200 .59 (3) 104 Rf Rutherfordium+ [26 1 )  
8 1  TI Thallium 204 . 383 105 Ha Hahniumt [262) 
82 Pb Lead 207 .2  106 Unnamed Unnamed [263] 

Source: From Walker, F.  W . ,  Miller, D .  G . ,  and Feiner, F .  Chart of the Nuclides ( 1 3th ed . ) .  
Revised 1 983 , General Electric Co. 

*Values in parentheses are the uncertainty in the last digit of the stated atomic weights. Values 
without a quoted error in parentheses are considered to be reliable to ± 1 in the last digit except for Ra, 
Ac , Pa, and Np, which were not given by Walker et al . ( 1 983) .  Brackets indicate the most stable or best 
known isotope. 

+Tbe names of these elements have not been accepted because of conflicting claims of discovery. 



APPENDIX 

J 
SQUARE AND HEXAGONAL ROD 

ARRAY DIMENSIONS 

I LWR FUEL BUNDLES: SQUARE ARRAYS 

Tables J- l and J-2 present formulas for determining axi ally averaged unit subchannel 
and overall bundle dimensions , respectively . 

The presentation of these fonnulas as axially averaged values is arbitrary and 
reflects the fact that grid-type spacers occupy a small fraction of the axial length of a 
fuel bundle . Therefore this fraction (8) has been defined as: 

8 
= total axial length of grid spacers 

axial length of the fuel bundle 

Formulas applicable at the axi al grid locations or between grids are easily obtained 
from Tables J- l and J-2 by taking 8 

= 
1 or 8 

= 
0, respectively . 

Determination of precise dimensions for an LWR assembly would require knowl
edge of the specific grid configuration used by the manufacturer . Typically , the grid 
strap thickness at the periphery is slightly enhanced . Here it is taken as thickness t* . 
It should also be carefully noted that these fonnulas are based on the assumptions of 
a rectangular grid,  and no support tabs or fingers . The dimension (g) is the spacing 
from rod surface to the flow boundary of the assembly . In the grid plane , the segment 
along g open for flow is g - t12 .  

II LMFBR FUEL BUNDLES: HEXAGONAL ARRAYS 

Tables J-3 and J-4 summarize the formulas for determining axially averaged unit 
subchannel and overall bundle dimensions , respectively .  Fuel pin spacing is  illustrated 
as being performed by a wire wrap. In practice , both grids and wires are used as 
spacers in LMFBR fuel and blanket bundles .  The axially averaged dimensions in these 
tables are based on averaging the wires over one lead length . 
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Table J-2 Square arrays: axially averaged overall dimensions 
for ductless assembly 

Assuming grid spacer around Np rods of thickness t and that g 

1 .  Total area inside square (AT): 

where Df = length of one side of the square. 

2. Total average cross-sectional area for flow (An.): 

A = D2 - N !!. D2 - N � P40 + N (�) 2 
40 fT e P 4 P 2 

p 2 

P - D  
2 

AfT = D� - [Np � (D2) + 25( v'ii;)(D tt) - N pt 20 ] 
because D t = vN;, P and t* = t 

where: 

D = rod diameter 
Np = number of rods 
t = interior spacer thickness 
t* = peripheral spacer thickness 

3. Total average wetted perimeter (P wT) 
PwT = Np TTD + 4vN;, D/ o - 4Np to 

4. Equivalent hydraulic diameter for overall square (DeT) 

4 AfT 4 D� - [Np 7TD2 + 8 v'ii; Deto - 4Npt 2 0] 
D T = -- = ---'------''------=-�-------'---e PwT Np TTD + 4vN;, De 0 - 4Np t8 
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Table J-3 Hexagonal array with wire wrap spacer: 
axially averaged unit sub channel dimensions 

Area 

An 
(area for flow 

without wire 
wrap spacers) 

Afi, 
(area for flow 

including wire 
wrap spacers) 

PWi, 
(wetted perimeter 

including wire 
wrap spacers) 

i =  1 

INTERIOR 

// \ ..• \ \ / \. Y Ds /�<\ l:'. ........ I ....... : :':\\ 
1 (V3 ) 
- P  - P 2 2 8 

V3 2 nD2 
- P  - -

4 8 

An - (�) � D; = 
1TD2 A _ _ 5 f, 8 

(three spacers traverse 
cell per unit lead; each 
traverse is 60° of 360°) 

rrD + 1TDs 
2 2 

(three spacers traverse 
cell per unit lead; each 
traverse is 60° of 360°) 

i = 2 

EDGE 

D' � � 
--I 1--

g 

i = 3 

CORNER ,'. 
; / '\'\ \� g 

- �  
7TD2] 
24 

Note: g = spacer diameter plus wall-pin clearance. if any (2) rrD; ( 1) rr 2 An - 4 4 An - (; 4' Ds 

(two spacers traverse cell 
per unit lead; each 
traverse is 90° of 360°) 

rrD + P 
+ rrDs 

2 2 

(one spacer traverses cell per 
unit lead; each traverse is 
60° of 360°) 

1T 2 (D ) - (D + D,) + - - + g 
6 . V3 2 

(two spacers traverse cell (one spacer traverses cell per 
per unit lead; each unit lead; each traverse is 
traverse is 90° of 360°) 60° of 360°) 
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Table J-4 Hexagonal array: axially averaged overall dimensions assuming 
wire wrap spacers around each rod 

1 .  Total area inside hexagon (AhT) 

Because: 

where: 

Dc = length of one side of the hexagon 
Dft = distance across flats of the hexagon; for a bundle considering 

clearances or tolerances between rods and duct 

Now: 

2Y3 (D ) 
Df = (Nps - 1 )  (D + D s)  + -3- "2 + g 

Dft = 2[(Y3I2)Nrings (D + D,) + Dl2 + g) 
D = rod diameter 

Ds = wire wrap diameter 

g = rod to duct spacing 
Np = number of rods 

Nps = number of rods along a side 

NRINGS = number of rings 

2. Total cross-sectional area for flow (Arr) 

3 . Total wetted perimeter (P wT) 

P wT = 6D ( + N p 1TD + N p 1TD s = 2 v3 D ft + N p 1T(D + D J 
4. Equivalent diameter for overall hexagonal array (DeT) 

4AfT 2Y3 D?t - Np 1T (D2 + D�) 
D T = -- = e Pwt 2Y3Dft + Np 1T (D + D s) 
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Page numbers in italics indicate figures. 
Page numbers followed by t indicate tables. 

Abbreviations , 620-63 1 
Acceleration 

of rocket, determining rate of, from 
energy balance, 1 22-1 23 

pressure drop, 609-6 1 0  
Advanced gas reactor 

core thermal performance of, 3 l t 
fuel assembly of, 10-12 ,  1 3t, 1 5 ,  16 

thennodynamic cycle characteristics of, 5t 
American Nuclear Society , standard decay 

power of, 67-70 
Annuli 

concentric , fully developed flow in ,  45 1 
equivalent, laminar flow in,  459 
turbulent flow in , 444 

Area 
-averaged parameters of boiling water 

reactor, 1 68 
-averaged phase friction, in transport 

equations for two-phase flow, 
1 34-1 38 

-averaging operators , in transport 
equations for two-phase flow, 
1 29-1 30 

conversion table for, 637t 
Annand-Treschev method for evaluation of 

two-phase friction multiplier, 
503-504, 505t 

Arrays ,  of fuel bundles 
hexagonal , 1 5 ,  16, 1 7t ,  384t , 686t-687t 
lateral flow resistance across ,  390-398 
mixed , 1 5 ,  16 

square, 1 2 ,  14t ,  14-15,  32 , 32, 683 , 
684t-685t 

triangular, 32, 32-33 ,  386t 
Atomic density , calculation of, 43 
Availability analysis 

of boiling water reactor plant, 235-236 
of pressurized water reactor, 199-208 

Availability function , in entropy equation, 
87 

Barnett correlation of critical heat flux , 563t, 
566 . 570 

Baroczy correlation of evaluation of two
phase friction multiplier, 499 , 
501-502, 505t 

Bernoulli ' s  integral for inviscid flow , 
347-35 1 , 356 

Bessel functions , 648-649 
Biasi correlation of critical heat flux , 

563-564,  566-567 
Biot number, 677 
Boiling.  See also Homogeneous equilibrium 

boil ing assumption. 
bulk , 608 
convective 

calculating heat flux in, 544-546 
heat transfer in ,  529 
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Boiling (contd. ) 
crisis, 554 
film, 554-554 

stable, in water and sodium, 574 
flow, 555-557 

pattern of heat transfer in,  528-53 1 
subcooled , transition to , from single

phase l iquid , 607-608 
inception of, 532-534, 613 
nucleate, departure from, 25t, 25-26 . See 

also Heat flux , critical . 
pool 

pattern of heat transfer, 526-528 
pressure effect on , 555 ,  573-574 

saturated , 537-546 
subcooled, heat transfer in ,  53 1-537 
transition, 526, 552-553 
water, heat transfer coefficient for, 

4 1 8t 
Boiling water reactor. See also Light-water 

reactors .  
area-averaged parameters of, 168 
bare rod bundle of, pressure drop in,  

600-605 
core, thermal performance of, 3 1  t 
dryout in, 560-563 
flow pattern in, 463 
flow rate in, effect on pressure drop in , 

604t 
fuel assembly of, 10- 1 2  
fuel pellet of, linear power of, 3 1 9-320 
heat transfer parameters of, 50t-5 1 t 
hydraulic parameters of, 604t 
minimum critical power ratio in, 37 
outlet temperature limitations of. factors 

influencing, 20-2 1 
plant, availability analysis of, 235-236 
power cycle of, 1 -2 ,  5t 
pressure drop in , 600-605 , 613-614 
primary coolant system of, 4,  6-7 

Rankine cycle of, 1 87-1 89 
suppression pool of 

response of, to safetylrel ief valve 
discharge, 289-290 

transient, 1 55- 157 
thermal design l imits of, 24t , 24-26, 26 

vapor quality of, axial distribution of, 
590-592 

Boundary layer 
flow velocity and , 362-367 
of flow region, 390 
hydrodynamic 

for external flow, 366 
for internal flow, 366 

thermal 
for external flow , 420 

for internal flow, 422 

Bowring correlation of critical heat flux, 
563t, 564-565 , 574 

Brayton cycle , 3 
complex, 222-233 
complex real , 237 
components of, 1 86-1 89 
considering duct pressure losses, 224-227 , 

230t 
ideal , 236-237 
simple , 2 1 8-222, 230t 
with real components, 222-224, 230t 
with regeneration for ideal and then real 

components , 227-229 
with reheat and intercooling , 229-233 

Bubble , departure of, 534-536 
Bulk boiling ,  608 
Burnout, 554. See also Heat flux , critical . 
Burnup 

effect of, on thermal conductivity, 305 
of fuel rod, gap conductance variation 

with, 334 

Carbon dioxide , thermodynamic properties 
of, 666t-669t 

Cauchy number, 677 
Changes in area, abrupt, pressure loss at , 

398-406 
Channel 

laminar flow in , 368-375 
single heated, steady-state analysis of flow 

in, 575-6 1 7  
turbulent flow in , 376-3 8 1  
variable geometry , flow through , 35 1-360 

Chen' s  saturated boiling heat transfer 
correlation , 539-540 , 543 

Chisholm method for evaluation of two
phase friction multiplier, 500-502 , 
505t 

Circular geometries , laminar flow in, 459 
Circulation, natural , in pressurized water 

reactor steam generator, energy 
equation in,  4 1 8-4 1 9  

CISE-4 correlation o f  critical heat flux , 563t , 
565-567 , 569-570 

Cladding 
heat conduction in, 3 1 2 
temperature of, 585-586, 587, 6 1 6  
thermal properties of, 296t, 336-337 

Clausius-Clapeyron relation, 1 79 ,  1 83 
Colburn equation , 443-444 



Compressibi lity , effect of, on real flow 
through variable geometry channels , 
356 

Condensation , of steam , heat transfer 
coefficient of, 4 1 8t 

Condenser 
of pressurized water reactor, 

thennodynamic analysis of. 20 1 -203 , 
205-206 

pressure drop in, calculation of, 
504-507 

Conductance gap, models of, 332-336 
Conduction, Fourier' s law of, 1 1 1 . See also 

Heat conduction; Thennal 
conductivity . 

Conservation equations 
differential , 96-1 20 
for two-phase region pressurizer, 284t, 

385t 
internal , for extensive property , 1 23- 124 
of mass , 84 , 87-88 ,  94-95, 98- 1 00 ,  

1 48- 15 1 , 32 1 , 350, 397 , 404 
Constants , physical and mathematical , 

633-634 
Containment pressurization 

analysis of, 287 
increase in, due to residual core heat, 

288-289 
of saturated water in equilibrium with air, 

250-254 
of superheated water in equilibrium with 

air, 25 l t , 254-256 
process of, 239-256 

Containment vessel , final condition of, in 
coolant system rupture , 247-256 

Continuity, equations of, 1 1 3t- 1 14t, 
1 44-1 45 ,  267 

Contraction , sudden, flow through, 399-40 1 
Control mass,  1 73t .  See also Mass . 

application of first law of thennodynamics 
to, 1 73- 185 

approach 
to analysis of coolant system rupture , 

240-243 , 245-246 
to development of transport equations , 

76-77 , 84-87 
energy conservation in, 1 22 

Control rod, effect on neutron flux , 54-57 
Control volume, 1 73t .  See also Volume. 

alternative representation of, in batch
fueled reactor plant , 1 90, 1 9 1  

approach 
to analysis of coolant system rupture , 

243-247 
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to development of transport equations , 
76-77, 87-93 

energy conservation in, 1 2 1  
integral transport equations ,  for two-phase 

flow, 1 48- 1 62 
momentum balance for, 1 23 

Convection , heat transfer coefficient of, 4 1 8t 
Convective boiling 

forced , calculating heat flux in, 544-546 
heat transfer in, 529, 541 

Conversion tables , 636-646 
Coolant. See also Loss of coolant acrident. 

detennination of final quality and work 
done by , 1 80 ,  1 84- 1 85 

expansion of 
independent of fuel expansion, 1 78-1 80 
with fuel expansion , as one system in 

thennal equilibrium, 1 80-1 85 
fuel-thermal interaction , 1 74 ,  1 75t, 

1 76- 1 85 
loss of, from pressure vessel , 83 
primary 

inventories of, time response and , 2 1  
temperature of, plant characteri stics 

and , 2 1  
single-phase, and fuel rod , energy 

equation of, 583-588 
temperature of, 2 1 ,  585 , 587 

thennal resistance of, 3 3 1 -338 
type, achievable primary outlet 

temperature and ,  1 9-2 1 
Coolant system, primary, 4-8 , 9-1 1 .  See 

also Flow. 
of boi ling water reactor, 4, 6-7 

of high temperature gas reactor, 7, 10 

of liquid metal fast breeder reactor, 7-8, 
1 1  

of pressurized water reactor, 4 ,  7 ,  8-9, 

37 
rupture of, analysis of, 240-256 

Cooling requirements, for reactor shutdown, 
67-70 

Coordinates ,  6 1 9  
Core. See Reactor core. 
Cracking, of fuel , 303-305 , 307-3 10 ,  333, 

339 
Critical flow . See Flow, critical . 
Critical heat flux . See Heat flux , critical . 
Critical power ratio, 25t, 25-26 

Decay 
of fission products, heat generation from, 

after shutdown , 65-70 , 72 
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Decay (contd. ) 
power conditions , behavior of fully 

contained pressurized pool reactor 
under, 29 1 -292 

Density 
atomic ,  calculation of, 43 
conversion table for, 639t 
effect of, on thermal conductivity of 

uranium dioxide , 300-303 
versus temperature , 672 

Departure from nucleate boiling , 25t, 25-26. 
See also Heat flux , critical . 

Differential approach to development of 
transport equations, 76-77 

Differential conservation equations, 96- 1 20 
Differential operators , 650t-654t 
Diffusivity 

conversion table for, 643t 
turbulent, 376-377 

Dimensionless numbers, 620 , 677-678 
Dittus-Boelter equation, 443 
Drift flux model of flow , 478-485 
Dryout, 554 

in boiling water reactor, 560-563 
of film, 25 

Duct 
constant area, flow through, 399-40 1 
noncircular, turbulent flow through , 444 
pressure losses of, thermal efficiency of 

Brayton cycle with , 224-227 , 230t 

Eccentricity , effects of, in fuel plate, 
34 1 -342 

Eckert number, 677 
Efficiency , definitions of, 1 87-1 89 .  See also 

Thermal efficiency. 
Elastic scattering , heat generation from, 

6 1 -64 
Electrical current, equivalence of, with heat 

flux, 313 

Elements , l ist of, 68 1 -682 
Energy. See also Equations ,  for energy; 

Heat; Nuclear energy conversion 
system . 

balance 
determining rocket acceleration from, 

1 22-1 23 
in two-phase flow, 1 57- 1 62 

conservation of 
in control volume, 1 2 1  
i n  transport equations , 1 06- 1 1 2  

deposition of, 40t , 42 
distribution of release of, 40t 

in one-dimensional space-averaged 
transport equations, 164- 1 65 ,  1 66t, 
1 67 

jump conditions ,  27 1 ,  275-287 
production , transfer parameters and , 

22-23 
released, forms of, 39-42 
work, torque , and , conversion table for, 

64 I t  
Engineering, approach of, to heat transfer 

analysis , 4 1 7-420 
Enthalpy 

energy equations, 1 1 3t 
exit, from feedwater heaters , 2 1 0-2 1 2  

Entrance region, effect on heat transfer, 
447-450 

Entropy equations 
in control mass formulation, 86-87 
in control volume formulation, 88-90 
qualifying claim against, 1 22 

Equilibrium 
models of critical flow, 5 1 2-5 1 3  
pressure , analysis of 

in coolant system ruptures, 245-256 
in response of pressurizer to load 

changes, 259-265 
rate model, 5 1 4 
steady-state two-phase flow in heated 

channels under, 588-605 
thermal , expansion of fuel and coolant as 

one system in, 1 80-1 85 
Euler number, 677 
Eulerian equations, 77, 82, 99 
Expansion 

of fuel and coolant 
as independent systems, 1 78- 1 80 
as one system in thermal equilibrium, 

1 80-1 85 
sudden , flow through, 399-40 1 , 403-404 

Extensive properties of thermodynamics , 
77-78,  1 23 - 1 24, 6 19 

Fauske model of critical flow, 5 1 2  
Feedwater heaters 

advantages of, 236 
open and closed, 209-2 1 8  
power cycles with, 2 1 1  

thermodynamic analysis of, 2 1 5-2 1 8  
Film 

boiling 
post-critical heat flux, 553-554 
stable , in water and sodium, 574 

dryout of, 23 



Fission 
definition of, 39-40 
gas release, 305-306 
heat from 

after shutdown ,  64-65 
in product decay, 65-70 , 72 

reaction rate , calculation of, 43-45 
Flooding 

comparison of correlations for, 5 1 9-520 
flow pattern in, 463-467 

Flow. See also Coolant system. 
across abrupt area changes , 398-406 
analysis of, simplified , 343-346 
boiling , 555-557 

as pattern of heat transfer, 528-53 1 
subcooled, transition to , from single-

phase liquid , 607-608 
components of, 99 

compressible, 400-40 1 
control of, 30 
conversion table for, 639t-64Ot 
critical , 507-5 1 7  

background of, 507 
behavior of, 508 

in tube, 5 1 6-5 1 7  
single-phase, 507-5 1 0  
two-phase, 5 10-5 1 7  

developing 
laminar, 373-375 , 427 , 429 
turbulent, 38 1 

dimensionless analysis of, 367-368 
drift flux model of, 478-485 
equilibrium models of, 5 1 2-5 1 3  
external, thermal boundary layer for, 

420 

Fauske model of critical , 5 1 2 ,  513 

field , problem, solution, 343-344 
forced , in pressurized water reactor steam 

generator, energy equation in, 
4 1 8-4 1 9  

frictionless , incompressible , through 
sudden expansion or contraction , 
399-400 

fully developed 
in circular tube, 420-426 , 428, 450 
in concentric annul i ,  45 1 
in other geometries , 426-428 
in parallel plates,  450 
in rod bundles, 45 1 
laminar, 369-373 
turbulent, 38 1 ,  442-447 

homogeneous equilibrium mixture model 
of, 483-485 , 488-490 , 5051, 
5 1 0-5 1 1 

horizontal 
flow patterns in , 464, 5 1 9  
maps of, 473-474 
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in circular tubes, 420-426, 428, 450 
in concentric annuli , 45 1 
in parallel plates,  450 
in rod bundles , 384-386, 444-446, 45 1 
in single channel , 579-580 
in steam generator, 452-454 
incompressible , 399-400 
internal , in pipe, thermal boundary layer 

for, 422 

inviscid, 346-360 
Bernoulli 's integral for, 347-35 1 ,  356 
dynamics of, 346-347 
incompressible, through variable 

geometry channel , 35 1-356 
pump start-up in, 353-356 

laminar 
along bare rod bundles , 382-384 
developing, 373-375 , 427 , 429 
fully developed, 369-373 
in channel , 368-375 
in pipe , heat transfer in,  420-429 
in various geometries,  459 
velocity of, and pressure drop, in 

parallel plate geometry, 407-408 
lateral, resistance to, across bare rod 

arrays ,  390-393 
maps of 

in horizontal flow , 473 
in multidimensional flow, 474-476 
in vertical flow, 468-473,  47 

Martinelli-Nelson model of, 483-485 
measurement of, Venturi meter for, 

350-35 1 
models of, 476-485 , 488-49 1 ,  505t, 

5 1 0-5 1 7  
Moody model of, 5 1 2 
multidimensional , flow maps in,  474-476 
of gas , in tubes, Nusselt number for, 449t 
of metallic fluids , heat transfer in ,  

450-457 
of nonmetallic fluids , heat transfer in , 

442-450 
one-dimensional 

equations for, 1 07- 1 08 ,  142- 148 , 
575-579 

shear stress distribution in, 105- 106 
space-averaged , transport equations for, 

1 62- 1 67 
summary of useful relations for, 

1 42- 144 
void-quality-slip relations in ,  477-478 
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Flow (contd.) 
patterns of, 462-476 

calculation of, 474-476 
identification of, 462-463 
in flooding and flow reversal , 463-467 
in horizontal flow, 464 

in vertical flow, 463-473 , 475 

transitions in , 5 19 ,  607-609 
pressure drop and , 485-507 
quality of 

at transition points, 608 
in transport equations, 1 38- 1 39 
subcooled , void fraction and , 536-537 

rates of 
in transport equations , 140-14 1  
pressure drop and , in  boiling water 

reactor, 604t 
pressure drop and , in fuel channel , 6 1 6  

regimes of. See Flow , patterns of. 
region, boundary definitions of, 390 
resistance to , across rod arrays, 390-398 
restrictions to , loss coefficients for, 

356-359 
reversal of, flow pattern in, 463-467 
separate flow model of, 490-49 1 ,  

5 10-5 1 1 
single-phase 

critical , 507-5 10 
fluid mechanics of, 343-4 10 
steady-state, in heated channel , 

580-588 
transition from, to subcooled flow 

boiling , 607-608 
transport equations for, 75-124 
velocity distributions in ,  408 

steady, thermodynamics of, 1 7 1-1 72, 
1 86-237 

steady-state, 349 , 377 
in single heated channel, 575-6 1 7  
two-phase, i n  heated channel , under 

equilibrium conditions , 588-605 
stream, for pressurized water reactor 

condenser, 202 

subcooled, transition from,  to bulk 
boiling , 608 

thennal nonequilibrium models of, 
5 1 3-5 1 5  

thennodynamic quality of, equation for, 
1 4 1 - 1 42 

through a nozzle, 349-350 
time-dependent, 347-349 , 35 1 -353 
turbulent, 367 

along rod bundles, 384-386, 444-446 , 
45 1 

developing length, 38 1  
equations for, 1 1 2 ,  1 1 8- 1 20 , 429-432 
fully developed, 38 1 , 442-447 
heat transfer in ,  429-457 
in channel, 376-38 1 
in steam generator, 438-439 , 452-454 
pressure drop and , 489-490 
temperature profile of, 434-439 
velocity and, 367 

two-phase 
averaging operators for, 1 29-1 30 
control volume integral transport 

equations for, 148-1 62 
critical , 5 10-5 1 7  
dynamics of, 46 1-52 1 
methods of describing, 5 1 8-5 1 9  
models of, 1 26-1 28 ,  476-477 
one-dimensional relations between 

parameters of, 1 42t- 1 43t 
patterns of, 462-476 
pressure drop and, 485-507 ,  6 1 7  
static quality of, 1 33 
steady-state, in heated channel under 

equilibrium conditions , 588-605 
transport equations of, 1 25-270 
void-qual ity-slip relations in, 477-485 
volume-averaged properties of, 

1 3 1 - 1 33 
various conditions of, energy equation in, 

4 1 8-420 
velocity of, at boundary layer, 362-367 
vertical 

flow patterns in ,  463 
maps of, 468-473 , 475 

pressure drop in, 468 

viscous 
fundamentals of, 360-368 
pump start-up for, 358-359 
through sudden expansion or 

contraction , 400 
void-quality-slip relations in,  477-485 

Fluids 
metallic ,  turbulent heat transfer in,  

450-457 
nonmetallic, heat transfer in , 442-447 
transport equations for, in vector fonn, 

1 1 3t 
Flux . See Heat flux ; Neutron flux . 
Fonn loss 

coefficients of, for various flow 
restrictions , 356-359 

derivation of, 405-406 
Fourier number, 677 
Fourier's law of conduction, I I I  



Friction 
along bare rod bundles , 382-386 
factor 

for fuel bundle square and hexagonal 
arrays ,  384t 

laminar, 409-4 1 0  
turbulent, 379-380 , 409-4 1 0  

multipliers , two-phase, evaluation of, 
49 1 -507 

pressure drop, 5 8 1 -583 , 6 10-6 1 1 
Froude number, 677 
Fuel 

-coolant thermal interaction, 1 74 ,  1 75t, 
1 76-1 85 

cracked, 303-305 , 307-3 10 ,  333, 339. 
See also Gap conductance. 

density ,  320t 
elements 

heat conduction in ,  297-299 
restructured , temperature distribution in,  

320-33 1 
thermal analysis of, 295-342 

expansion of 
independent of coolant expansion , 

1 78-1 80 
with coolant expansion , as one system 

in thermal equilibrium, 1 80- 185 
irradiated, temperature field in ,  340 
materials ,  thermal properties of, 295-296 
restructured 

design implications of, 330-33 1 
temperature distribution in ,  320-33 1 
temperature field in ,  340 

sintered, 320t , 330-33 1 
specific heat of, 307-3 1 1  
temperature fields in,  340 
temperature, maximum, determination of, 

587-588 
thermal resistance of, 33 1-338 
-water interaction , work output of, 233 

Fuel assembly 
of advanced gas reactor, 10- 1 2 , 1 3t ,  1 5 ,  16 

of boiling water reactor, 10- 1 2  
of light-water reactors , 1 2 ,  1 3t- 1 4t ,  14-15 

of liquid metal fast breeder reactor, 
10- 12 ,  1 5 , 16,  1 7t 

of pressurized heavy water reactor, 10- 12 ,  
14t ,  1 5 ,  1 6  

of pressurized water reactor, 1 1 - 1 2 ,  1 3t, 
14-15 

Fuel bundle 
arrays of 

hexagonal , 1 5 ,  1 6, 1 7t ,  384t , 686t-687t 
mixed , 1 5 ,  16 
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square, 1 2 , 1 4t, 14-15, 32,  32, 683 , 
684t-685t 

triangular, 32, 32-33 ,  386t 
critical heat flux in, 569-570 
fully developed flow in, 45 1 
laminar flow along, 382-384 
lateral flow resistance across, 390-398 
pressure drop in, 382-397 , 600-605 
turbulent flow across ,  384-386, 444-45 1 
turbulent heat transfer in ,  460 

Fuel centerline temperature, 586, 587 

Fuel pellet 
annular, temperature distribution in ,  

3 1 7-320 
cracking of, effect on thermal 

conductivity , 303-305 , 339 
cylindrical , linear power of, 3 1 9-320 
graphite-coated, thermal design l imits of, 

27-28 
maximum temperature of, 327-330 
temperature distribution in, 3 1 7 ,  339 
two-zone, linear power of, under 

temperature constraint, 326-327 
Fuel pin 

core power and , 49-5 1 
cylindrical 

temperature distribution in, 3 1 5-320 
thermal resistance in ,  analogy circuit 

for, 338 

heat generation in, 57 
local , power for given core, 54-57 
single , parameters of, 47-49 
with metallic cladding , thermal design 

limits of, 24-27 
Fuel plate 

eccentricity effects on , 34 1-342 
parallel , laminar flow velocity and 

pressure drop in ,  407-408 
temperature distribution in ,  3 1 0-3 1 5  

Fuel rod 
and single-phase coolant, energy equation 

of, 583-588 
bumup, gap conductance variations with , 

334 

cracked , effect of, on thermal 
conductivity ,  303 

Gamma ray absorption, heat generation 
from,  59-6 1 

Gap conductance,  models of, 332-336 
Gas 

flow of 
in vertical tube, 464-467 
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Gas (contd.) 
Nusselt number for, 449t 

heat transfer in,  460 
noncondensable , effect on pressurizer 

response to insurge, 290-29 1 
thermal conductivity of, 4 1 5-4 1 6  

Gauss ' s  divergence theorem, 80 , 96 
General Electric critical quality-boiling 

length correlation , 562-563 
General Electric nine-rod bundle data, 

critical heat flux predictions of, 568t, 
570 

General transport theorem, in transport 
equations , 8 1-82 

Generator. See Steam generator. 
Graetz number, 677 
Grashof number, 677 
Gravity pressure drop, 609 

Heat. See also Energy . 
addition of, to central mass , process

dependent, 1 2 1 - 1 22 
deposition of, in power shield of 

pressurized water reactor, 62-64 
residual , of reactor core, containment 

pressure increase due to , 288-289 
specific 

of fuel ,  307-3 1 1  
versus temperature , 672 

Heat conduction . See also Thermal 
conductivity; Temperature , 
distribution of. 

approximations of, 297-299 
equation for, 297-299 
in cladding , 3 1 2  
in fuel elements, 297-299 
in three-zone restructured fuel pellet, 

322-325 
Heat exchanger 

friction factors of, 4 1 0  
i n  superheat power cycle , 209-21 0  

Heat flux 
calculation of 

for forced convection boiling , 544-546 
for saturated boiling , 543 

conversion table for, 642t 
critical 

at high quality , 557-558 
at low quality, 555-557 
causes of, 25 , 26,  27 
correlations of, 546-554, 558-563 , 

570 
in pressurized water reactor, 6 1 7  

i n  rod bundles , 569-570 
mass flux effect on, 557 

electrical current equivalence with , 313 

equation for, 4 1 1 
relation to volumetric heat generation and 

core power, 47-5 1 
surface , 22-23 

Heat generation 
after shutdown ,  64-70, 72-73 
computing rate of, 42-47 
from decay of fission products , 64-70, 72 
from gamma-ray absorption , 59-6 1 
from neutron slowing, 6 1-64 
in fuel pin , 57 
in heterogeneous core, 53-54, 55 

in homogeneous core with reflector, 53 ,  
54 

in homogeneous unreflected core, 52-53 
in moderator, 57-59 
in reactor, 39-73 
in thermal shield , 72 
neutron flux and , 43-47 
parameters of, 43-5 1 
rate of, linear, 22-23 
volumetric , relation to heat flux and core 

power, 47-5 1 
Heat sink , loss of, in sodium-cooled reactor, 

289 
Heat transfer 

analysis of 
dimensional , 4 1 3-4 1 4  
engineering approach to , 4 1 7-420 
fundamentals of, 4 1 1-420 
objectives of, 4 1 1 

coefficient of, 4 1 7 ,  4 1 8t 
conversion table for, 643t 
for boiling water, 4 1 8t 
for convection, 4 1 8t 
for water and sodium, 455-457 
overall , 448-450 
typical values of, for various processes,  

4 1 8t 
convective boiling correlations of, 541 

correlations of, in turbulent flow , 442-457 
dimensionless groups of fluid mechanics 

and , 677-678 
energy equation in, 4 1 2-4 1 3  
entrance region effect on , 447-450 
flow boiling pattern of, 528-53 1 
in helium, 460 
in nonmetallic fluids , 442-447 
in post-dryout region, 553 
in saturated boiling region, 537-546 
in transition boil ing , 552-553 



Heat transfer (contd. ) 
in water, 460 
laminar, in pipe , 420-429 
parameters of, in various power reactors , 

49-5 1 
patterns of, 526-53 1 

pool boiling , 526-528 
post-critical heat flux, 546-554 

representative parameters of, 4 1 7t 
single-phase, 4 1 1 -460 

fundamentals of analysis of, 4 1 1-420 
laminar, in pipe , 420-429 
turbulent, 429-457 

subcooled boiling and, 53 1-537 
turbulent, 429-457 

differential approach to , 439-442 
in fuel bundles ,  384-386, 444-446, 

45 1 , 460 
in steam generator tubes, 438-439 
mixing length approach to , 429-439 

two-phase, 523-574 
Heater, feedwater 

open and closed, 209-2 1 8  
power cycle with , 2 1 1  

Heating 
elastic and inelastic scattering , 6 1-64 
feedwater 

advantages of, 236 
thennodynamic analysis of, 2 1 5-2 1 8  

Helium 
heat transfer in, 460 
thennodynamic properties of, 665t 

Hench-Levy limit lines, 56 1 
High temperature gas reactor 

coolant systems of, primary, 7 ,  10 

core of, blocks of, 8 
core thennal perfonnance of, 3 1  t 
fuel assembly of, 1 0- 1 2 ,  1 3t 
fuel pellets in ,  27-28 
heat transfer parameters of, 50t-5 1 t 
power cycle of, 2 ,  5t 
thennal design of, 23 

Homogeneous equilibrium boiling 
assumption, two-phase drop using, 
596-605 

Homogeneous equilibrium model 
of pressure drop, 488-490 , 505t, 

505-507 
of flow , 1 26-1 27 ,  483-485 , 

5 10 ,  5 1 2  
Hydrodynamic entrance, 366. See also 

Length, developing. 
Hysteresis , for rewetting heat flux , 547 , 

548 
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Ice condenser, containment analysis of, 287 
Inelastic scattering heating, 6 1-64 
Integral approach to development of 

transport equations ,  76, 94-96, 97t 
Intensive properties, 77-78,  1 23- 124 
Interaction . See Thermal interaction . 
Intercooling, reheat and , thennal efficiency 

of Brayton cycle with, 229-233 
Interface 

definition of, and related heat and work 
transfer, 266 

jump condition, 1 5 1 ,  1 54 ,  1 6 1 - 1 62 ,  1 66t , 
268 , 27 1 ,  274-287 

mass balance at , 267 , 275-287 
Interfacial tenns in momentum equation, 1 70 
Irreversibility ,  equations for, 200-20 1 ,  

203-208 
Isentropic efficiency 

definition of, 1 88 
of pressurized water reactor, 193 ,  

1 97-1 98 

Jet , two-phase, momentum balance for, 1 68 
Jones, method of, for evaluation of two

phase friction multiplier, 502-503 ,  
505t 

Jump condition, interfacial ,  1 5 1 ,  1 54,  
1 6 1 - 1 62 ,  1 66t , 268 , 27 1 ,  274-287 

Kannan-Nikuradse equation, 379 
Kinetic energy equation , 1 09-1 10 ,  1 1 3t .  See 

also Equation, for energy. 
Kirchoff' s law , application of, to pellet 

temperature distribution, 339 
Knudsen number, 677 
Kutateladze number, 466 

Lagrangian system of differential equations ,  
77 , 79,  82 ,  1 00 ,  1 03 

Leibnitz 's  rules in transport equations , 
80-8 1 

Length 
conversion table for, 637t 
developing. See also Hydrodynamic 

entrance. 
of laminar flow, 373-375 
of turbulent flow, 38 1 

mixing , approach, to turbulent heat 
transfer, 429-439 

relaxation, in critical flow , experiments 
with flashing liquids, 5 1 1 t 



698 INDEX 

Level swell , due to two-phase conditions, 
52 1 

Lewis number, 677 
Light-water reactors . See also Boiling water 

reactor; Pressurized water reactor. 
burnup in, 305 
design of 

effect of uranium dioxide melting point 
on , 307 

limits of, 24-26 
energy deposition distribution in, 40t, 42 
energy release in, 42 
flow pattern in ,  463 
fuel assembly of, 1 2 , 1 3t-1 4t, 14-15 

fuel bundle arrays in ,  32-33 ,  683 
fuel composition of, 42 
gap conductance in, 237 

helium-filled fuel rod of, effect of cracks 
in on thermal conductivity of, 303 

homogeneous equilibrium model for, 
1 27-1 28 

thermal conditions of, 2 1  t 
thermal resistance between fuel and 

coolant in ,  33 1 -332 
Linear heat-generation rate, 22-23 
Liquid metal fast breeder reactor 

core thermal performance of, 3 1  t 
friction factors of, 4 10  
fuel assembly of, 1 0- 1 2 ,  1 5 ,  1 6 ,  1 7t 
fuel bundles of, hexagonal arrays of, 

683 
fuel pellet of, l inear power of, under 

temperature constraint, 326-327 
heat transfer parameters of, 50t-5 1 t 
outlet temperature limitations of, factors 

influencing , 20 
power cycle of, 3-4 ,  5t 
primary coolant system of, 7-8 ,  1 1  

restructured fuel i n ,  330-3 3 1  
temperature-dependent, thermal 

conductivity in,  302 
thermal design limits of, 24, 26-27 
thermal resistance between fuel and 

coolant in ,  33 1 -332 
turbulent heat transfer in  fuel bundles of, 

460 
Liquid tank, emptying of, 407 
Liquidus point, 306 
Lockhart-Martinell i ,  method of, for 

evaluating two-phase friction 
multipliers, 49 1-494 

Loss of coolant accident, 24, 83 ,  1 26 
containment of, 240-256 

Lost work. See Irreversibility . 

Lumped parameter approach to development 
of transport equations, 76, 84-93 

Mach number, 677 
Macroscopic fission cross-section, definition 

of, 43 
Maps,  of flow patterns , 467-476, 5 1 9  
Martinelli -Nelson 

method of evaluating two-phase friction 
multipliers , 494-498 , 505t 

model of flow, 483-485 
Marviken critical flow test, 5 14-5 1 5  
Mass.  See also Control mass. 

balance of, at interface , 267 , 275-287 
conservation of, 350, 397 

equations for, 98-100 ,  148-1 5 1 , 404 
in restructured fuel elements, 32 1  

continuity of, in one-dimensional flow, 
144-145 

conversion table for, 638t 
equations for, 97t, 343 , 376, 44 1-442 , 

507-5 10 ,  576 
flux 

effect on critical heat flux , 557 

in transport equations for two-phase 
flow, 1 39-1 40 

fraction, definition of, 34 
in control mass formulation, 84 
in control volume formulation, 87-88 
in distributed parameter integral approach , 

94 
in one-dimensional space-averaged 

transport equations, 1 62 ,  1 66t 
jump conditions ,  268 , 275-287 

Material derivatives , in  transport equations , 
79 

Maximum useful work, equations for, 
200-20 1 ,  203 

Melting point, of uranium dioxide , 306-307 
Metal-to-water ratio, definition of, 1 2  
Metallic fluids , turbulent heat transfer in, 

450-457 
Metals ,  thermal properties of, 414-416,  

674t-675t 
Minimum critical power ratio, 25t, 26 , 

569-570 
in boiling water reactor, 37 
in pressurized water reactor, 36 

Minimum departure from nucleate boiling 
ratio, 25t ,  26 

Mixture density 
in two-phase flow, 1 33 
over an area, in transport equation, 1 4 1  



Moderator, heat generation in, 57-59 
Moisture separation 

advantages of, 236 
cycles of, 208 ,  2 1 3-2 1 8  

Molecular diffusivity ,  conversion table for, 
643t 

Momentum 
balance of 

equation for, 1 04 ,  1 5 1 - 1 57 
for control mass , 84 
for control volume, 88,  1 23 
for two-phase jet load, 1 68 

components of, 1 00 

conservation of, in transport equations , 
100-106 

conversion table for, 64 1 t, 643t 
equations for, 1 1 3t ,  1 20 ,  1 70 , 344 , 376, 

404-405 , 422t , 429-430 , 432-433 ,  
435 ,  44 1-442 , 507-5 1 0 ,  577 

in distributed parameter integral approach , 
95 

in one-dimensional flow,  1 45 - 1 47 
in one-dimensional space-averaged 

transport equations, 1 63- 164 ,  
1 66t 

integral transport equations of, 97t 
Moody model of critical flow , 5 1 2  
Motion, equations of, 1 14t- l 1 7t 

Navier-Stokes equation for momentum 
balance, 1 04 

Nozzle, flow through, 349-350 
Neutron flux 

at given power, determination of, 45-47 
effect of control rods on , 54-57 
heat generation and , 43-47 

Neutron slowing, heat generation from , 
6 1-64 

Nonequilibrium , two-phase pressure drop 
allowing for, 605-6 1 5  

Nonflow process,  thermodynamics of, 
1 73- 185 

Nuclear energy conversion systems , 
thermodynamics of, 1 7 1 -237 , 
239-293 

Nuclear power plant 
availability analysis of, 235 -236 
batch-fueled , control volume in, 1 90, 

1 9 1  
characteristics of, influence of thermal 

hydraulic considerations on, 1 9-22 
effectiveness of, equation for, 1 90 
irreversibil ity of, 204-208 
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temperature of, impact on pressurized 
water reactor, 1 9 ,  20 

thermodynamic analysis of, 1 86- 1 9 1  
Nucleate boi ling , departure from. 25t, 

25-26. See also Heat flux , critical . 
Nucleation 

in water and sodium, l iquid superheat 
required for, 573 

superheat. 523-525 
suppression phenomenon , 528 

Numbers, dimensionless , 620 
and heat transfer, 677-678 

Nusselt number, 677 
dependence on Reynolds number, in 

uniformly heated round tube, 437 

derivation of, in various geometries , 459 
for gas flow, in tubes, 449t 
for laminar flow,  fully developed. 427t, 

428 

for metallic fluid flow, 450-457 
for turbulent flow, fully developed, 445 

Orificing device , sizing of, 408-409 
Oxygen-to-metal ratio, effect of. on thermal 

conductivity , 303 

Peclet number, 678 
Pin .  See Fuel pin . 
Pipe 

diameter, calculation of, for specific 
pressure drop, 520-52 1 

forced convection in, heat transfer 
coefficient for, 4 1 8t 

laminar heat transfer in ,  420-429 
Phase density function , in transport 

equations for two-phase flow, 1 29 
Phase velocity differential , estimation of, 

1 68-1 69 
Plant. See Nuclear power plant. 
Plates , parallel , fully developed flow in, 450 
Plutonium content of oxide fuel ,  effect of. 

on thermal conductivity , 303 
Pool boiling pattern of heat transfer. 

526-528 
pressure effect on , 555 ,  573-574 

Porosity (density) . effect of, on thermal 
conductivity of uranium dioxide , 
300-303 

Post-dryout region, heat transfer in , 553 
Power 

density 
conversion table for, 642t 
definition of, 30-33 
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Power (contd. ) 
relations ,  in restructured fuel elements , 

32 1-323 
limits of, in heated channel , 6 1 5  
linear 

of cylindrical fuel pellet, 3 19-320 
with constraint on fuel average 

temperature , 326-327 , 342 
rating of, 22-23 

Power conversion systems, thennal analysis 
of, basic assumptions in, 75-76 

Power cycles , 1 -4, 21 1-2 1 3 .  See also 
Brayton cycle; Rankine cycle; 
Thermodynamic cycles . 

Power reactors . See Reactors. 
Prandtl number, 6 73, 678 
Prefixes, multiplying, 679 
Pressure 

final equil ibrium, analysis of, in coolant 
loop rupture, 245-256 

high , pool boiling at , 573-574 
momentum flux , conversion table for, 

64 1 t  
of dry saturated steam, thermodynamic 

properties of, 658t-659t 
of vapor, versus temperature , 673 

thermal conductivity and , 415 

transient, analysis of, in coolant loop 
rupture , 240-245 

viscosity changes with , 360-363 
Pressure drop 

acceleration , 609-6 1 0  
components of, 485-487 
flow rates and, 485-507 

in boiling water reactor, 604t 
in fuel channel , 6 1 6  

friction , 58 1 -583 , 6 10-6 1 1 
gravity, 609 
homogeneous equil ibrium mixture model 

of, 488-490 , 505t 
impact of, on flow, 485-507 
in boiling water reactor bundle , 382-397 , 

605 , 613-614 

in condensing equipment, calculation of, 
504-507 

in fuel bundles, 382-397 , 600-605 , 
613-614 

in pressurized water reactor, 409 
in two-phase flow channel , 485-507 , 6 1 7  
i n  vertical flow, 468 

laminar flow velocity and , in parallel plate 
geometry, 407-408 

separate flow model of, 490-49 1 
single-phase, 58 1-583 

specific calculation of pipe diameter for, 
520-52 1 

total, 6 1 2-6 1 5  
two-phase 

allowing for nonequilibrium, 605-6 1 5  
i n  heated channel , 592-596 
multiplier of various models of, 490t 
using homogeneous equilibrium boiling 

assumption , 596-605 
Pressure gradient ratios, Martinell i model 

for, 493 

Pressure loss 
at abrupt area changes, 398-406 
at spacers, 386-390 , 395-397 
of duct , thennal efficiency of Brayton 

cycle with , 224-227 , 230t 
Pressurization of containment 

analysis of, 287 
increase in, due to residual core heat, 

288-289 
of ice condenser, 287 
of saturated water in equilibrium with air, 

250-254 
of superheated water in equilibrium with 

air, 25 1 t ,  254-256 
process of, 239-256 

Pressurized heavy water reaactor 
core thermal performance of, 3 1  t 
effect of continuous refueling on heat 

decay in,  72-73 
fuel assembly of, 1 0- 1 2 ,  1 3t, 1 5 ,  16 

power cycle of, 2-3 , 5t 
Pressurized water reactor. See also Light

water reactors . 
availability analysis of, 1 99-208 
bumup, gap conductance variations with , 

334 

components of, 1 93t, 20 1-203 , 205-206 
coolant system of, 4, 7, 8-9, 37 
core of 

power density in , at steady-state, 
1 07-1 08 

thennal performance of, 3 1  t 
critical heat flux in,  558-560 , 6 1 7  
cycle of, second law o f  thermodynamic 

analysis of, 205-208 
depressurization of primary system, 

292-293 
detennination of neutron flux at given 

power in, 45-47 
diagram of, 1 86 

energy equation for, 92-93 
friction factors of, 4 1 0  
friction pressure drop in, 58 1-583 



Pressurized water reactor (colltd.) 
fuel assembly of, 1 1 - 12 ,  1 3t, 14-15 

fuel rod of, variations of gap conductance 
with bumup, 334 

fully contained, behavior of, under decay 
power conditions, 29 1-293 

heat transfer parameters of, 50 , 50t-5 I t  
heated channel power limits of, 6 1 5  
minimum critical heat flux ratio i n ,  36 
moisture separation cycle in, 2 1 5  

outlet temperature limitations, factors 
influencing , 7, 20-22 

plant temperature and , 1 9 ,  20 

power cycle of, 2-3 , 5t 
power density for ,  35-36 
power deposition in thermal shield of, 

62-64 
power profile in,  7 1-72 
pressure drop in, 409 
pressurizer of, response of, to load 

changes, 257-265 
pump start-up in, in inviscid liquid flow , 

353-356 
specific power for, 35-36 
steam generator of 

energy equation in various flow 
conditions of, 4 1 8-420 

temperature distribution of, 1 86 ,  187 

system arrangement of, 2 1 -22 
thermal design in ,  24t , 24-26, 37,  7 1  
thermodynamic analysis of, 1 92-208,  

2 1 5-2 1 8  
typical assembly power and burnup 

distribution of, 55 
Pressurizer 

behavior, transient , general analysis of, 
265-287 

design problems of, 264t 
four-region, nonequilibrium, 264-273 
of pressurized water reactor, response of, 

to load changes , 257-265 
pressure transients from saturated initial 

conditions , 286 

response of, to insurge, effect of 
noncondensable gas on , 290-29 1 

sizing of, 263-265 
three-region, 293 
two-region , nonequilibrium, 273-287 

Pump 
of pressurized water reactor, 

thermodynamic analysis of, 20 1 ,  
205-206 

start-up 
for inviscid flow loop, 353-356 
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for viscous flow loop , 358-359 
work requirement of, 360 

Quality, void and slip impact on, 477-485 

Rankine cycle , 2, 1 86 ,  1 89 ,  1 99-200 

complex,  208-2 1 8  
ideal, 233-234 
moisture separation in, 208,  2 1 3-2 1 8  
reheat, 208-209 
superheat, 208 ,  209, 2 1 0  

Rate of energy generation per pin, 22-23 
Reactors . See also Advanced gas reactor; 

Boiling water reactor; Fuel assembly; 
Fuel bundle; Fuel pin; Fuel rod; 
High-temperature gas reactor; Light
water reactors; Liquid metal fast 
breeder reactor; Moderator; 
Pressurized heavy water reactor; 
Pressurized water reactor; Thermal 
shield . 

components of, 235 
Brayton cycle with , 2 1 8 , 224 , 227-229, 

230t 
in superheat and reheat cycles , 209-2 1 7  

coolant systems of, primary, 4-8 , 9-1 1 ,  

37 
core of 

enhancing power of, 30 
fuel assemblies of, 1 1 - 17  
heterogeneous, heat generation in, 

53-54 , 55 
homogeneous,  heat generation in ,  

52-5 3 ,  54, 7 1 -72 
in high temperature gas reactor, 8 
power density of, at steady-state, 

1 07- 1 08 
power of, 22-23 , 49-57,  7 1-72 
relation of power of, to heat flux and 

heat generation , 47-5 1 
residual heat of, containment pressure 

increase due to , 288-289 
thermal hydraulic characteristics of, 8 ,  

1 0- 1 1 
thermal performance of, figures of merit 

for, 30-37 
cylindrical , radial power profile in,  

56 

energy production of, transfer parameters 
and , 22-23 

fast, fuel pins of, 57 
fuel assembly of, 1 0- 17  
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Reactors (contd. ) 
fuel element thennal parameters in, 

relations among, 36 
heat generation of, 39-73 
irreversibility of, 203-204 
major types of, 2t 
power cycles of, 1-4 
pressurized pool , behavior of, under decay 

power conditions , 29 1 -293 
shutdown of, heat generation after, 64-70 
sodium-cooled, loss of heat sink in, 289 
Superphenix ,  pool type configuration of, 

7 , 1 1  
system arrangement, impact on plant 

capacity to remove heat, 2 1 -22 
thennal design margins of, 23-30 , 7 1  
thennal , fuel pins of, 57 
thennal hydraulic characteristics of, 1 - 1 7  
vendors of, correlation o f  critical heat flux 

by , 558-563 
Rectangular geometries, laminar flow in, 

459 
Refueling,  continuous, effect of, on heat 

decay , 72-73 
Regeneration, for ideal and then real 

components ,  Brayton cycle with ,  
227-229 

Regime. See Flow, patterns of. 
Reheat 

and intercooling , thermal efficiency of 
Brayton cycle with, 229-233 

cycle , 208-209 
Resistance, thermal , 3 1 3 ,  33 1 -338 
Reversal . See Flow reversal . 
Reynolds number, 678 

in fully developed turbulent flow, 445 

Nusselt number dependence on, in 
unifonnly heated round tube, 437 

Reynolds transport theorem, in transport 
equations , 82 

Rod , control , effect on neutron flux , 54-57.  
See also Fuel bundle; Fuel rod. 

Rod pitch, definition of, 1 2  
Rupture, of coolant loop , analysis of, 

240-256 

Saturated boiling , 537-546 
Saturation lengths , as function of flow, 

613 
Saturation state properties of steam and 

water, 656t-657t 
Schmidt number, 678 
Seider and Tate equation, 443 

Separate flow model 
of pressure drop, 490-49 1 
of two-phase critical flow, 5 10-5 1 1  

Shear stress distribution, in one-dimensional , 
Newtonian fluid flow, 1 05-106 

Sherwood number, 678 
Shutdown, heat generation after, 64-70, 

72-73 
SI units for conversion tables, 636 
Sintering, of fuel ,  320t, 325-33 1 
Slip , impact on void fraction , 477-485 , 520 
Smeared density , definition of, 35 
Sodium,  thermodynamic properties of, 

662t-664t 
Space-averaged one-dimensional transport 

equations ,  1 62-1 67 
Space-averaged void fraction , in transport 

equations for two-phase flow, 1 3 1  
Space-averaging operations , commutativity 

with time-averaging operations , in 
transport equations for two-phase 
flow, 1 30 

Spacers, pressure loss at , 386-390 , 395-397 
Spatial derivatives ,  in transport equations, 

78-80 
Specific power, definition of, 33 
Stagnation energy equation, 1 20 
Stagnation enthalpy equation, 108-109 
Stagnation internal energy equation, 

1 06-107 , 1 1 3t 
Stanton number, 678 
Static quality , in two-phase flow , 1 33 
Steady-state flow 

analysis of, in single heated channel , 
575-6 1 7  

two-phase, i n  heated channel , under 
equilibrium conditions , 588-605 

Steam 
and water, saturation state properties of, 

656t-657t 
condensation of, heat transfer coefficient 

for, 4 1 8t 
dry saturated pressure of, thennodynamic 

properties of, 658t-659t 
dry saturated temperature of, 

thennodynamic properties of, 
660t-66 1 t  

exit, quality of, from steam turbine , 236 
Steam generator 

detennining temperature of primary side 
of, 459-460 

energy equation in various flow conditions 
of, 4 1 8-420 

friction factors of, 4 10  



Steam generator (contd. ) 
laminar flow in, 375 
of pressurized water reactor, 

thermodynamic analysis of, 1 94, 
20 1-203 , 205-206 

turbulent flow in ,  38 1 ,  452-454 
turbulent heat transfer in, 438-439 

Stokes number, 678 
Stress 

shear, distribution of, in one-dimensional 
Newtonian fluid flow, 1 05-106 

tensor, components of, 101 , 102 
Strouhal number, 678 
Subcooled flow boiling 

heat transfer in,  53 1-537 
quality of, void fraction and , 536-537 
transition from, to bulk boil ing , 608 
transition to , from single-phase liquid,  

607-608 
Subcooling, effect on discharge rate, 

5 14-5 16 
Superheat 

cycle, 208 , 209, 2 1 0 
incipient , in flowing system, 574 
liquid, required for nucleation in water 

and sodium, 573 
nucleation, 523-525 

Superphenix reactor 
characteristics of, 5t 
pool type configuration of, 7 ,  1 1  

Suppression pool, o f  boiling water reactor, 
response of, to safety/rel ief valve 
discharge , 289-290 

Surface heat flux , 22-23 
Surface tension, conversion table for, 643t 
Swell , of level , due to two-phase conditions, 

52 1 
Temperature 

average, of fuel ,  linear power with 
constraint on , 342 

determination of, in primary side of steam 
generator, 459-460 

distribution of. See also Heat conduction; 
Thermal conductivity . 

in cylindrical fuel pins,  3 1 5-320 
in fuel pellet , 339 
in plate fuel elements , 3 10-3 1 5  
i n  restructured fuel elements, 320-33 1 
in round tube, 436-438 

symmetric ,  conditions for, 3 14-3 1 5  
effects of, o n  thermal conductivity of 

uranium dioxide , 299-300 
fields, of fuel , 340 
of cladding, 585-586, 587, 6 1 6  
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of coolant, 585 , 587 

of dry saturated steam, thermodynamic 
properties of, 660t-66 l t  

of fuel ,  327-330, 586-588 
of laminar fully developed flow, Nusselt 

number for, 427t, 428 

outlet, factors influencing, 1 9-22 
profile, in turbulent flow, 434-439 
steady-state, in pipe ,  422t-423t, 424 
thermal conductivity and ,  415 

versus density , 672 

versus Prandtl number, 673 

versus specific heat, 672 

versus vapor pressure , 673 

viscosity changes with , 360-363 
Thermal analysis 

of fuel elements, 295-342 
of power conversion systems, basic 

assumptions of, 75-76 
Thermal boundary layer. See Boundary 

layer. 
Thermal conductivity . See also Heat 

conduction. 
conversion table for, 643t 
of engineering materials ,  414-416, 

4 1 7t 
of gases, 415-41 6, 4 1 7t 
of metals ,  4 15-416, 4 1 7t 
pressure and , 415 

temperature and , 415 

Thermal design 
in pressurized water reactor, 37 
margins of, 28-30 
nomenclature of, 29 

of reactor, limits of, 23-28 
overall plant characteristics influenced by , 

1 9-22 
parameters of, for cyl indrical fuel pin , 7 1  
principles of, 1 9-37 

Thermal efficiency 
definition of, 1 89 
of Brayton cycle 

complex real , 237 
considering duct pressure losses ,  

224-227 , 230t 
ideal , 236-237 
simple,  22 1 -222 , 230t 
with real components , 222-224, 230t 
with regeneration, for ideal and then 

real components , 227-229 
with reheat and intercooling ,  229-233 

of pressurized water reactor, 1 98- 1 99 
Thermal equilibrium, coolant and fuel 

expanded as one system in, 1 80-1 85 
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Thermal hydraulic characteristics 
of power reactors , 1- 17  
of reactor core, 8 ,  10- 1 1 

Thermal interaction , of fuel and coolant, 
1 74- 1 85 

Thermal neutrons , 40 , 43 , 44t 
Thermal nonequilibrium models of flow , 

5 1 3-5 15 
Thermal performance, figures of merit for, 

30-37 
Thermal properties , of metals ,  674t-675t 
Thermal resistance, 3 1 3  

between fuel and coolant, 3 3 1-338 
overall , 336-338 

Thermal shield 
heat generation in, 72 
power deposition in, 62-64 

THERMIT code , 569 
Thermodynamic analysis 

of nuclear power plants , 1 86-1 9 1  
of pressurized water reactor, 1 92-208 ,  

2 1 5-2 1 8  
Thermodynamic cycles,  of reactors , 1 -4, 5t.  

See also Power cycles . 
Thermodynamic efficiency 

definition of, 1 88 
of pressurized water reactor, 1 96-1 99 

Thermodynamic energy equations, 1 10-1 1 2 .  
See also Equations ,  for energy. 

Thermodynamic properties , 656t-659t 
intensive and extensive , 77-78 
of carbon dioxide, 666t-669t 
of dry saturated steam pressure, 658t-659t 
of dry saturated steam temperature, 

66Ot-66 l t  
of helium, 665t 
of sodium, 662t-664t 
of steam and water, 656t-657t 

Thermodynamics 
first law of, 1 72t . See also Equations ,  of 

energy . .  
in  analysis of pressurized water reactor, 

1 92-199 ,  200 

in control mass,  1 73- 185 
in nonsteady flow nuclear energy 

conversion systems, 239-293 
in simple Brayton cycle , 22 1-222, 

230t 
of nuclear energy conversion systems 

in nonflow process , 1 73-185 
in nonsteady flow, 239-293 
in steady flow, 1 7 1- 172 ,  1 86-237 

second law of, 1 72t. See also Equations , 
of entropy .  

Thorn method o f  evaluating two-phase 
friction multipliers, 498, 499 , 500 

Time 
average, of area-averaged void fraction, 

1 34-1 36 
- averaged void fraction, local, in 

transport equations for two-phase 
flow, 1 3 1  

- averaging operators , local, i n  transport 
equations for two-phase flow, 1 30 

conversion table for, 640t 
-dependent flow, 347-349, 35 1-353 
derivatives , in  transport equations ,  78-80 , 

1 2 1  
Torque 

energy, work, and , conversion table for, 
64l t  

on  vessel due to  jet from hot leg break, 
calculation of, 1 69-1 70 

Tube 
circular 

fully developed flow in ,  369-372, 
420-426, 428, 443-444, 450 

temperature distribution in ,  436-438 

critical flow in ,  5 16-5 1 7  
gas flow i n ,  Nusselt number for, 449t 
heat flux calculations for saturated boiling 

in , 543-546 
uniformly heated, burnout in, 547 

Transfer. See Heat transfer; Thermal 
conductivity . 

Turbine 
in pressurized water reactor, 

thermodynamic analysis of, 20 1 ,  
205-206 

in superheat power cycle , 209-2 1 0  

steam, quality of  exit steam of, 236 
Turbulence, effect on heat transfer in fuel 

bundles , 460 . See also Flow, 
turbulent. 

Unit conversion tables, 636-646 
Unit systems, 635 
Uranium dioxide 

conductivity of, cracking effect on , 
339 

melting point of, 306-307 
thermal properties of, 299-3 10  

Valve , safety/relief, discharge of, response 
of boiling water reactor suppression 
pool to , 289-290 



Vapor 
generation of, 534-536 
pressure, versus temperature, 6 73 

quality , axial distribution of, in boiling 
water reactor, 590-592 

single-phase, transition to , from bulk 
boiling, 608 

Velocity 
characteristics of, in fully developed flow 

conditions , 42 1-424, 428 

distributions, in s ingle-phase flow, 408 
laminar, fully developed, Nusselt number 

for, 427t, 428 

nonuniform 
assumption of, 40 1-406 
transport equation for, 576-578 

of choked flow mass , 513 

of laminar flow , pressure drop and , in 
parallel plate geometry , 407-408 

phase, differential , estimation of, 1 68- 1 69 
turbulent, distribution of, 377-379 
uniform and equal phase , transport 

equations for, 578-579 
uniform, assumption of, 399-40 1 

Velocity (slip) ratio, in transport equations, 
14 1  

Venturi meter, 350-35 1 ,  353 
Viscosity . See also Flow, inviscid; Flow, 

viscous . 
and flow velocity at boundary layer, 

362-367 
changing , with temperature and pressure, 

360-363 
density of, conversion table for, 643t 
effect of, on real flow , through variable 

geometry channel , 356 
Void fraction 

area-averaged , time average of, 1 34- 1 36 
in transport equations for two-phase flow , 

1 3 1  
of Martinelli-Nelson, 497, 505t 
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slip impact on, 520 
subcooled flow quality and , 536-537 

Void-quality-slip relations of flow ,  477-485 
Volume. See also Control volume . 

- averaged properties , of two-phase flow , 
1 29 ,  1 3 1 - 1 33 

constant, coolant and fuel equilibration at , 
1 74- 1 77 

conversion table for, 638t 
Volumetric energy (or heat) generation rate , 

22-23 
Volumetric flow ratio, equation for, 1 4 1  
Volumetric fluxes , in transport equations for 

two-phase flow ,  1 40-14 1  
Volumetric heat generation , relation to  heat 

flux and core power, 47-5 1 
Volumetric phase averaging of two-phase 

flow, equation for, 1 32 

Wallis number, 466 
Water 

and sodium , heat transfer coefficients of, 
455-457 

friction factors of, 409-4 10 
-fuel interaction ,  work output of, 233 
heat transfer in, 460 
saturated, in equil ibrium with air, 

containment pressurization of, 
250-254 

superheated , in equi librium with air, 
containment pressurization of, 25 1 t, 
254-256 

Weber number, 678 
Work 

energy, torque, and , conversion table for, 
64 1 t  

lost . See Irreversibility . 
maximum useful , 200-20 1 ,  203 
output, of fuel-water interaction, 233 
requirement, of pump, 360 



Also of Interest . . .  
INTRODUCTION TO NUCLEAR POWER 
John G. Collier, UK Atomic Energy Authority and G. F. Hewitt, UK Atomic 
Energy Authority and Imperial College of Science and Technology, London 

"This authoritative scientific book does not join the interminable debate over nuclear power 
. . .  A thorough description of heat transfer in reactors under a range of operation states is 
followed by a technical review of some loss-of-cooling incidents and postulated severe 
accidents. Each chapter includes example calculations and numerical problems; there are 
many excellent graphs, charts, and diagrams . . . .  Recommended strongly. " -Choice 
1 987, 231 pages, ISBN 0-891 1 6-269-0 

Now in paperback! 

NUCLEAR ENERGY TECHNOLOGY: 
Theory and Practice of Commercial Nuclear Power, Second Edition 
Ronald Allen Knief, Three Mile Island, Middletown, Pennsylvania 

"The text is pedagogically unique in that every section and chapter is preceded by a list of 
educational goals and objectives pertinent to the material that follows. . . . The text is also 
distinguished by an excellent set of sample problems, completely solved and annotated, 
and a fine collection of exercises at the end of each chapter. " -Power 
1 992, 770 pages, paperback, ISBN 1 -56032-089-3 

NUCLEAR SYSTEMS, VOLUME 2: 
Elements of Thermal Hydraulic Design 
Neil E. Todreas and Mujid S. Kazimi, both of Massachusetts Institute of 
Technology, USA 

Here is a textbook more comprehensive than any previously authored in  the field. Continu
ing the coverage begun in Volume 1: Thermal Hydraulic Fundamentals, this volume 
examines elements of thermal hydraulic design and analysis of the core of a nuclear 
reactor. Moreover, in several parts and examples, it covers other components of the 
nuclear power plant, such as the pressurizer, the containment and the entire primary 
coolant system, reflecting the importance of such considerations in thermal engineering of 
a modern nuclear power plant. The set provides a major nuclear engineering resource that 
is indispensable to professors and students alike. 
1 990, 5 12  pages, ISBN 1 -56032-936-9 (case), ISBN 1 -56032-079-6 (paper) 

For information and ordering, 
please contact: 

Taylor & Francis 
47 Runway Road, Su ite G 
Levittown , P A 1 9057-4700 
1 -800-82 1 -83 1 2  

ISBN 1-56032 -051 -6 

9 7 8 1 5 6 0 3 2 0 5 1 7  

9 0 0 0 0  
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