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مقدمه:
 کتاب حاضر مشتمل بر دو بخش استاتکی )فصل های 1 تا 6( و مقاومت مصالح مقدماتی 

)فصل های 7 تا 9( است که تحت عنوان ایستایی به رشته تحریر درآمده است.
با توجه به این که هنرجویان رشتة ساختمان دروس استاتکی و مقاومت مصالح را در سه 
مقطع متوسطه، کاردانی و کارشناسی ناپیوسته می گذرانند، لذا در این مقطع سعی شده است 
مبانی مقدماتی دروس فوق الذکر با تأکید بیشتر بر روی استاتکی مد نظر قرار گیرد و در 

بخش مقاومت مصالح مقدماتی صرفاً به آشنایی با مبانی مقاومت مصالح اکتفا شده است.
با توجه به این که اغلب آیین نامه های ساختمانی از دستگاه آحاد اندازه گیری بین المللی )SI( استفاده 

می کنند، در این کتاب نیز از این دستگاه به عنوان دستگاه آحاد اندازه گیری استفاده شده است.
در فصل اول کتاب به مفاهیم عمومی و تعاریف پایه در مکانکی نیوتنی اشاره شده است. و در 

فصل دوم، هنرجویان با بردارها و جمع و تفریق بردارها به صورت ترسیمی آشنا می شوند.
در فصل سوم به محاسبة برآیند نیروها و گشتاور نیروها حول یک نقطه در حالت دوبعدی 

پرداخته می شود.
در فصل چهارم تعادل نقطة مادی و تعادل اجسام صلب مورد بررسی قرار می گیرد.

در فصل پنجم تحلیل سازه های ساختمانی شامل خرپا و تیر بیان می گردد.
فصل ششم خواص هندسی سطوح را مطرح می نماید.

در فصل هفتم و هشتم تنش های محوری و برشی مورد بررسی واقع شده اند.
در فصل نهم برای ایجاد انگیزه در هنرجویان تعیین شماره مقطع تیر به صورت ساده و صرفاً 

به منظور آشنایی با نحوة طراحی مطرح گردیده است.
از آن جایی که آموزش بصری )استفاده از تصاویر و فیلم( در یادگیری تأثیر بیشتری دارد، به 
همراه کتاب، لوح فشرده ای شامل فایل pdf کتاب به همراه فیلم های آموزشی ارائه می گردد 

که با کل کیکردن روی آیکون فیلم، فیلم آموزشی آن بخش نمایش داده می شود.

توصیه به همکاران گرامی:
1- استفاده و آموزش ماشین حساب غیربرنامه پذیر آزاد است و بهتر است در هر کلاس از 

یک نوع تهیه گردد.
2- استفاده از راه حل های مختلف توسط هنرجویان آزاد می باشد.

3- استفاده همکاران محترم از کتاب کار باعث افزایش توانمندی هنرجویان می گردد.



بخش،  هر  موضوع  با  متناسب  استاتکیی  مسائل  بهتر  تفهیم  به منظور  می شود  توصیه   -4
دست سازه های لازم توسط هنرجویان تهیه و مورد استفاده قرار گیرد. به عنوان مثال: انواع 

تیکه گاه ها - خرپاها و . . . می توانند به عنوان موضوع دست سازه ها قرار گیرند.
5- دقت محاسبات تا دو رقم اعشار کفایت می نماید و تنها در مورد نسبت های مثلثاتی تا 

سه رقم اعشار در نظر گرفته شود.
6- در حل مسائل آخر هر فصل نحوة تحلیل مسائل دارای اشکال پیچیده، با ترسیمات ساده 

برای هنرجویان تشریح گردد.
6- در ارائة مسائل کتاب سعی شده است اجزای ساختمانی به صورت واقعی نمایش داده 
شود تا از این طریق هنرجویان تجسم بهتری از سازه های ساختمانی پیدا کنند، بنابراین لازم 
است همکاران محترم در زمان مناسب، نحوة مدل کردن این اشکال را به منظور حل مسأله 

برای هنرجویان تشریح نمایند.

توصیه به هنرجویان عزیز:
برای درک و فهم بهتر مسائل ایستایی توصیه می شود ابتدا مطالب تئوری را به دقت مطالعه 
نمائید و سپس مثال های حل شده را بدون توجه به راه حل آن ها تحلیل نموده و در نهایت 
با جواب های کتاب مقایسه نمائید و موارد و علت اختلاف احتمالی  جواب های خود را 
جواب ها را بررسی نمائید. تنها به این شیوه می توانید از این کتاب که سعی شده است بسیار 

ساده و روان در اختیار شما قرار گیرد بهره مند شوید.
به منظور حل مسائل آخر هر فصل توصیه می گردد:

1- مسئله را به دقت مطالعه کرده و معلومات و مجهولات آن را یادداشت نمائید.
2- در صورت نیاز تبدیل واحدهای لازم را انجام دهید.

3- شکل مسئله را به صورت ساده ترسیم نموده و اطلاعات لازم را روی آن نشان دهید.
4- روابط مورد نیاز را بنویسید. داده های مسئله را در آن ها قرار داده و مجهولات را به دست آورید.

5- سعی کنید جواب مسئله را از دید فنی بررسی و از منطقی بودن آن ها اطمینان حاصل کنید.

و در انتها:
از کلیه بزرگواران و صاحب نظران درخواست می شود، نظرات و پیشنهادات خود را به این 

دفتر ارسال کرده تا در چاپ های بعدی مورد استفاده قرار گیرد.
با تشکر - مؤلفین
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Article 1/9 Problems 21

1/8 Suppose that two nondimensional quantities are ex-
actly A � 6.67 and B � 1.726. Using the rules for sig-
nificant figures as stated in this chapter, express the
four quantities (A � B), (A � B), (AB), and (A/B).

1/9 Compute the magnitude F of the force which the
earth exerts on the moon. Perform the calculation
first in newtons and then convert your result to
pounds. Refer to Table D/2 for necessary physical
quantities.

Problem 1/9

1/10 The uniform steel and titanium spheres are posi-
tioned as shown. Determine the magnitude of the
small gravitational force of mutual attraction if r �
50 mm.

Problem 1/10

1/11 Determine the percent error n in replacing the sine
and the tangent of an angle by the value of the
angle in radians for angle values of 5°, 10°, and 20°.
Explain the qualitative difference between the sine
and tangent results.

Steel

Titanium

4r

r

r–
2

F F

PROBLEMS
1/1 Determine the angles made by the vector V � 40i �

30j with the positive x- and y-axes. Write the unit
vector n in the direction of V.

1/2 Determine the magnitude of the vector sum V �

V1 � V2 and the angle �x which V makes with the
positive x-axis. Complete both graphical and alge-
braic solutions.

Problem 1/2

1/3 For the given vectors V1 and V2 of Prob. 1/2, deter-
mine the magnitude of the vector difference V� �

V2 � V1 and the angle �x which V� makes with the
positive x-axis. Complete both graphical and alge-
braic solutions.

1/4 A force is specified by the vector F � 120i � 160j �

80k lb. Calculate the angles made by F with the posi-
tive x-, y-, and z-axes.

1/5 What is the mass in both slugs and kilograms of a
3000-lb car?

1/6 From the gravitational law calculate the weight W
(gravitational force with respect to the earth) of a 
90-kg man in a spacecraft traveling in a circular orbit
250 km above the earth’s surface. Express W in both
newtons and pounds.

1/7 Determine the weight in newtons of a woman whose
weight in pounds is 130. Also, find her mass in slugs
and in kilograms. Determine your own weight in
newtons.

y

x
60° 4

3

V1 = 10 units

V2 = 12 units
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مقدمه: 
1-1             تعریف علم مکانیک:

علم مکانیک علمی است که شرایط سکون و حرکت اجسام تحت تاثیر نیرو را بررسی 
می کند.

حوزه های علم مکانیک

1- مکانیک اجسام صلب

2- مکانیک اجسام تغییرشکل پذیر )مقاومت مصالح(
3- مکانیک سیالات )مایعات و گازها(

- استاتیک: اجسام صلب ساکن
را مورد بررسی قرار می دهد.

- دینامیک: اجسام صلب متحرک
را مورد بررسی قرار می دهد.

در این کتاب از حوزه های فوق، در بخش اول با مکانیک اجسام صلب ساکن )استاتیک( 
و در بخش دوم تا حدودی با مکانیک اجسام تغییر شکل پذیر )مقاومت مصالح(آشنا می شویم.

{{

هدف های رفتاری

پس از آموزش این فصل از فراگیر انتظار می رود بتواند:
1- علم مکانیک را تعریف نماید.

2- حوزه های علم مکانیک را بشناسد.
3- مفاهیم اصلی در علم مکانیک را بشناسد و تعریف نماید.

4- فرضیات علم مکانیک را توضیح دهد.
5- قوانین نیوتن را تعریف کند.

6- کاربرد پیشوندهای واحدهای اندازه گیری را بداند.

تاریخ مهندسی )مطالعه آزاد(
محمد کرجی از نوابغ مهندسی ایران در بیش از هزار سال پیش بوده است.

کرجی در کتاب »استخراج آب های زیرزمینی« به وضوح از کرویتّ زمین و قوة جاذبه 
و قوانین تعادل و حرکت، که برخی از آن ها چندین قرن بعد توسط دانشمندان اروپایی 

مطرح شد سخن می گوید.



3

P
R
O

B
L
E
M

S

2
3

8

 
6

.1
th

r
o
u
g
h
 
6

.1
8

 
U

sin
g
 th

e
 m

e
th

o
d

 o
f jo

in
ts, d

e
te

rm
in

e
 th

e
 fo

rc
e
 

in
 e

a
c
h

 m
e
m

b
e
r o

f th
e
 tru

ss sh
o

w
n

. S
ta

te
 w

h
e
th

e
r e

a
c
h

 m
e
m

b
e
r 

is in
 te

n
sio

n
 o

r c
o

m
p

re
ssio

n
.

1
8
0
0
 lb

4
 ft

8
 ft

3
 ft

A
B

C

F
ig

. 
P
6

.1

A

B

C

8
4
 k

N

3
 m

1
.2

5
 m

4
 m

F
ig

. 
P
6

.2

A
B

4
5
0
 lb

C

2
4
 in

.
7
.5

 in
.

1
0
 in

.

F
ig

. 
P
6

.3

D

C

A

B
0
.7

 m

2
.4

 m
2
.4

 m

4
8
 k

N

3
5
 k

N

F
ig

. 
P
6

.4

4
0
 in

.

3
2
 in

.

3
0
 in

.
C B

A
6
0
0
 lb

F
ig

. 
P
6
.5

4
0
0
 m

m
5
0
0
 m

m

3
7
5
 m

m

B
C

A 1
2
0
0
 N

F
ig

. 
P
6

.6

A

C
D

B

3
 m

3
 m

1
.2

5
 m

2
 k

N
2
 k

N

F
ig

. 
P
6
.7

A
B

C

D
E

F

2
0
 k

N

1
2
 k

N

5
 k

N
5
 k

N

1
.6

 m

3
 m

3
 m

F
ig

. 
P
6

.8

A
B

C

D

E
F

1
2
 k

ip
s

1
8

 k
ip

s

5
 ft

5
 ft

1
2
 ft

F
ig

. 
P
6

.9

b
e
e
8
0
1
5
6
_
c
h
0
6
_
2
2
6
-
2
7
5
.
i
n
d
d
 
P
a
g
e
 
2
3
8
 
 
1
0
/
1
6
/
0
9
 
 
1
1
:
5
0
:
4
6
 
A
M
 
u
s
e
r
-
s
1
7
3

/
V
o
l
u
m
e
s
/
M
H
D
Q
-
N
e
w
/
M
H
D
Q
1
5
2
/
M
H
D
Q
1
5
2
-
0
6

P
R
O

B
L
E
M

S

2
3

8

 
6

.1
th

r
o
u
g
h
 
6

.1
8

 
U

sin
g
 th

e
 m

e
th

o
d

 o
f jo

in
ts, d

e
te

rm
in

e
 th

e
 fo

rc
e
 

in
 e

a
c
h

 m
e
m

b
e
r o

f th
e
 tru

ss sh
o

w
n

. S
ta

te
 w

h
e
th

e
r e

a
c
h

 m
e
m

b
e
r 

is in
 te

n
sio

n
 o

r c
o

m
p

re
ssio

n
.

1
8
0
0
 lb

4
 ft

8
 ft

3
 ft

A
B

C

F
ig

. 
P
6

.1

A

B

C

8
4
 k

N

3
 m

1
.2

5
 m

4
 m

F
ig

. 
P
6

.2

A
B

4
5
0
 lb

C

2
4
 in

.
7
.5

 in
.

1
0
 in

.

F
ig

. 
P
6

.3

D

C

A

B
0
.7

 m

2
.4

 m
2
.4

 m

4
8
 k

N

3
5
 k

N

F
ig

. 
P
6

.4

4
0
 in

.

3
2
 in

.

3
0
 in

.
C B

A
6
0
0
 lb

F
ig

. 
P
6
.5

4
0
0
 m

m
5
0
0
 m

m

3
7
5
 m

m

B
C

A 1
2
0
0
 N

F
ig

. 
P
6

.6

A

C
D

B

3
 m

3
 m

1
.2

5
 m

2
 k

N
2
 k

N

F
ig

. 
P
6
.7

A
B

C

D
E

F

2
0
 k

N

1
2
 k

N

5
 k

N
5
 k

N

1
.6

 m

3
 m

3
 m

F
ig

. 
P
6

.8

A
B

C

D

E
F

1
2
 k

ip
s

1
8

 k
ip

s

5
 ft

5
 ft

1
2
 ft

F
ig

. 
P
6

.9

b
e
e
8
0
1
5
6
_
c
h
0
6
_
2
2
6
-
2
7
5
.
i
n
d
d
 
P
a
g
e
 
2
3
8
 
 
1
0
/
1
6
/
0
9
 
 
1
1
:
5
0
:
4
6
 
A
M
 
u
s
e
r
-
s
1
7
3

/
V
o
l
u
m
e
s
/
M
H
D
Q
-
N
e
w
/
M
H
D
Q
1
5
2
/
M
H
D
Q
1
5
2
-
0
6

   

 

{

1-2	        مفاهیم اصلی در علم مکانیک: 
مفاهیم اصلی و مورد استفاده در علم مکانیک و معرفی یکاهای اندازه گیری آن ها در 

سامانة بین المللی یکاها )SI( به شرح زیر می باشد.
 :)Space( 1-2-1- فضا

ناحیه هندسی است که رویدادهای فیزیکی در آن رخ می دهد. موقعیت هر نقطه در فضا را مکان می نامیم 
که نسبت به یک نقطة مرجع تعیین می شود و واحد اندازه گیری آن در سامانة SI ، متر )m( می باشد.

 :)Time( 1-2-2- زمان
فاصلة بین وقوع دو رویداد فیزیکی زمان نام دارد و واحد اندازه گیری آن ثانیه )s( می باشد.

 :)Mass( 1-2-3- جرم
هر چیزی که فضا را اشغال نماید ماده نام دارد و جسم ماده ای است که به وسیلة یک سطح 
بسته محدود شده است. مقدار مادة تشکیل دهندة هر جسم را جرم آن جسم می نامیم و واحد 

اندازه گیری آن کیلوگرم )kg( است.
 :)Force( 1-2-4- نیرو

تأثیر یک جسم بر جسم دیگر را نیرو می نامیم و واحد اندازه گیری آن نیوتن )N( است.

1-3	        فرضیات:
در علم مکانیک به منظور ساده تر شدن حل مسائل، فرضیاتی به شرح زیر در نظر گرفته می شود.

 :)Rigid Body( جسم صلب )1
جسمی است که در اثر اعِمال نیرو تغییر شکل ندهد.

 :)Particle( نقطه مادی )2
جسمی است که از ابعاد آن صرف نظر می شود؛ به عنوان مثال می توان کره زمین را در فضا به 

صورت یک نقطه مادی در نظر گرفت.

1-4	        قوانین نیوتن:
مکانیک اجسام صلب بر اساس قوانین نیوتن به شرح زیر استوار است:

1-4-1- قانون اول نیوتن: 
هرگاه مجموع نیروهای وارد بر یک جسم صفر باشد:

اگر جسم ساکن باشد تا ابد ساکن باقی می ماند.
اگر در حال حرکت باشد به حرکت یکنواخت و مستقیم الخط خود ادامه می دهد.
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یک مورد خاص و بسیار مهم این قانون وزن اجسام است که به صورت زیر تعریف 
می شود:

 :)Weight( تعریف وزن
وزن نیرویی است که از طرف زمین به اجسام وارد می شود و با رابطه )1-2( بیان می گردد که 

شباهت زیادی با رابطه F=m.a دارد.
)2-1(                   

1-4-3- قانون سوم نیوتن: 
هر عملی را عکس العملی است مساوی با آن و در جهت خلاف آن.

w : وزن جسم بر حسب نیوتن
kg جرم جسم بر حسب : m

( می باشد. mg /
s29 81 10=  g : شتاب جاذبه زمین معادل )

تذکر: 
واحد دیگر وزن، کیلوگرم نیرو )kgf( می باشد که معادل 10 نیوتن است یعنی:

1-4-2- قانون دوم نیوتن: 
هرگاه مجموع نیروهای وارد بر یک جسم صفر نباشد، آن جسم شتابی متناسب با مجموع نیروها 

و در راستای آن می گیرد. قانون دوم نیوتن با رابطة زیر تعریف می شود:
)1-1(                    

در این رابطه:
N مجموع نیروهای وارد بر جسم بر حسب F

kg جرم جسم بر حسب m
m می باشد.

s2
a شتاب ایجاد شده در جسم بر حسب 

w m.g=

kgf N1 10

F m.a=

شکل 1-1

67   2.   The  internal forces  are the forces which hold together the par-
ticles forming the rigid body. If the rigid body is structurally 
composed of several parts, the forces holding the component 
parts together are also defined as internal forces. Internal forces 
will be considered in Chaps. 6 and 7.   

    As an example of external forces, let us consider the forces 
acting on a disabled truck that three people are pulling forward by 
means of a rope attached to the front bumper ( Fig. 3.1 ). The external 
forces acting on the truck are shown in a  free-body diagram  ( Fig. 3.2 ). 
Let us first consider the  weight  of the truck. Although it embodies 
the effect of the earth’s pull on each of the particles forming the 
truck, the weight can be represented by the single force  W . The 
 point of application  of this force, i.e., the point at which the force 
acts, is defined as the  center of gravity  of the truck. It will be seen 
in Chap. 5 how centers of gravity can be determined. The weight  W  
tends to make the truck move vertically downward. In fact, it would 
actually cause the truck to move downward, i.e., to fall, if it were not 
for the presence of the ground. The ground opposes the downward 
motion of the truck by means of the reactions  R  1  and  R  2 . These 
forces are exerted  by  the ground  on  the truck and must therefore 
be included among the external forces acting on the truck. 
    The people pulling on the rope exert the force  F . The point of 
application of  F  is on the front bumper. The force  F  tends to make 
the truck move forward in a straight line and does actually make it 
move, since no external force opposes this motion. (Rolling resistance 
has been neglected here for simplicity.) This forward motion of the 
truck, during which each straight line keeps its original orientation 
(the floor of the truck remains horizontal, and the walls remain verti-
cal), is known as a  translation . Other forces might cause the truck to 
move differently. For example, the force exerted by a jack placed 
under the front axle would cause the truck to pivot about its rear axle. 
Such a motion is a  rotation . It can be concluded, therefore, that each 
of the  external forces  acting on a  rigid body  can, if unopposed, impart 
to the rigid body a motion of translation or rotation, or both.    

 3.3    PRINCIPLE OF TRANSMISSIBILITY. 
EQUIVALENT FORCES  

 The  principle of transmissibility  states that the conditions of equi-
librium or motion of a rigid body will remain unchanged if a force 
 F  acting at a given point of the rigid body is replaced by a force  F 9 of 
the same magnitude and same direction, but acting at a different point, 
 provided that the two forces have the same line of action  ( Fig. 3.3 ). 
The two forces  F  and  F 9 have the same effect on the rigid body and 
are said to be  equivalent . This principle, which states that the action 
of a force may be  transmitted  along its line of action, is based on 
experimental evidence. It  cannot  be derived from the properties 
established so far in this text and must therefore be accepted as an 
experimental law. However, as you will see in Sec. 16.5, the principle 
of transmissibility can be derived from the study of the dynamics of 
rigid bodies, but this study requires the introduction of Newton’s 
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The two forces  F  and  F 9 have the same effect on the rigid body and 
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of a force may be  transmitted  along its line of action, is based on 
experimental evidence. It  cannot  be derived from the properties 
established so far in this text and must therefore be accepted as an 
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یادآوری: 
اکثر  استفاده می کنیم که در   )SI( اندازه گیری  بین المللی واحدهای  از سامانه  این کتاب  در 

کشورها نیز پذیرفته شده است.
واحدهای اندازه گیری کمیت ها در کتاب محاسبات فنی ساختمان بیان گردیده و در این جا 
به منظور تکمیل آن پیشوندهای واحدهای اندازه گیری را یادآوری می نمائیم و مزیت آن در 
این است که با استفاده از این پیشوندها از نوشتن اعداد خیلی بزرگ و خیلی کوچک اجتناب 
می شود. به عنوان مثال می توان N 247500 را به صورت kN 247/5 و یا m 0/00546 را             

mm 5/46 نوشت.
تذکر: 

بین پیشوند و واحد اندازه گیری مورد نظر از هیچ علامتی استفاده نمی شود اما بین دو واحد 
اندازه گیری مختلف هر علامتی نظیر × و / می تواند وجود داشته باشد به طور مثال:

)10-9 m( یعنی نانومتر nm یعنی نیوتن متر و N.m

جدول )1-1( پیشوندهای آحاد اندازه گیری

نام پیشوند علامت اختصاری مقدار عددی شکل توانی

پیکو p 0/000000000001 10-12

نانو n 0/000000001 10-9

میکرو μ 0/000001 10-6

میلی m 0/001 10-3

کیلو K 1,000 103

مگا M 1,000,000 106

گیگا G 1,000,000,000 109

ترا T 1,000,000,000,000 1012
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)ه   )و  

)ز  

خودآزمایی

1- اصطلاحات زیر را تعریف کنید:
علم مکانیک - استاتیک - دینامیک - جسم صلب - نقطة مادی

2- علم مکانیک به چند حوزه تقسیم می شود؛ نام ببرید.
3- مفاهیم اصلی در علم مکانیک را نام برده و هر یک را توضیح دهید.

4- قوانین نیوتن را نام برده و هر یک را توضیح دهید.
5- جرم جسمی kg 60 است. وزن آن را بر حسب N و kgf محاسبه کنید.

6- به واحدهای خواسته شده تبدیل کنید:

    تاریخ مهندسی )مطالعه آزاد(
اخوان الصفا گروهی از متفکران و فیلسوفان بودند که در سال 373 هجری در بصره به صورت انجمنی 
مخفی گرد آمدند. نام افراد این انجمن تماماً مشخص نیست ولی بعضی از افراد این گروه، ایرانی 
بوده اند: ابوسلیمان محمدبن مشیر بستی مقدسی و ابوالحسن علی بن هارون زنجانی و محمدبن احمد 

نهرجوری از جمله ایرانیان اخوان الصفا بوده اند.
گزیده ای از نظرات اخوان الصفا دربارة پدیدارهای طبیعی که در بخشی از رسایل آن ها موسوم به »حدود 

و رسوم« آمده است تعاریف بنیادی استاتیک و مقاومت مصالح است که در زیر نقل گردیده اند.
مکان: هر موضوعی که شیء متمکن را در بر گیرد، و آن نهایات جسم است.

زمان: شمارة حرکت های سپهر، و تکرار شب و روز است.
جسم: هر چیزی که طول و عرض و عمق داشته باشد.
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body, we may consider the force to be concentrated at a point with neg-
ligible loss of accuracy. Force can be distributed over an area, as in the
case of mechanical contact, over a volume when a body force such as
weight is acting, or over a line, as in the case of the weight of a sus-
pended cable.

The weight of a body is the force of gravitational attraction distrib-
uted over its volume and may be taken as a concentrated force acting
through the center of gravity. The position of the center of gravity is fre-
quently obvious if the body is symmetric. If the position is not obvious,
then a separate calculation, explained in Chapter 5, will be necessary to
locate the center of gravity.

We can measure a force either by comparison with other known
forces, using a mechanical balance, or by the calibrated movement of an
elastic element. All such comparisons or calibrations have as their basis
a primary standard. The standard unit of force in SI units is the newton
(N) and in the U.S. customary system is the pound (lb), as defined in
Art. 1/5.

Action and Reaction
According to Newton’s third law, the action of a force is always ac-

companied by an equal and opposite reaction. It is essential to distin-
guish between the action and the reaction in a pair of forces. To do so,
we first isolate the body in question and then identify the force exerted
on that body (not the force exerted by the body). It is very easy to mis-
takenly use the wrong force of the pair unless we distinguish carefully
between action and reaction.

Concurrent Forces
Two or more forces are said to be concurrent at a point if their lines

of action intersect at that point. The forces F1 and F2 shown in Fig. 2/3a
have a common point of application and are concurrent at the point A.
Thus, they can be added using the parallelogram law in their common
plane to obtain their sum or resultant R, as shown in Fig. 2/3a. The re-
sultant lies in the same plane as F1 and F2.

Suppose the two concurrent forces lie in the same plane but are ap-
plied at two different points as in Fig. 2/3b. By the principle of transmis-
sibility, we may move them along their lines of action and complete
their vector sum R at the point of concurrency A, as shown in Fig. 2/3b.
We can replace F1 and F2 with the resultant R without altering the ex-
ternal effects on the body upon which they act.

We can also use the triangle law to obtain R, but we need to move
the line of action of one of the forces, as shown in Fig. 2/3c. If we add the
same two forces as shown in Fig. 2/3d, we correctly preserve the magni-
tude and direction of R, but we lose the correct line of action, because R
obtained in this way does not pass through A. Therefore this type of
combination should be avoided.

We can express the sum of the two forces mathematically by the
vector equation

R � F1 � F2 Figure 2/3

Article 2/2 Force 25

R

F1

F2

A

(a)

R

F1

F1

F2

F2

A

(b)

R
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F2
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(c)

R

F1

F2

A

(d)

R
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Fb

A
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2-1	        کمیت های فیزیکی 
2-1-1- کمیت های عددی یا اسکالر 

کمیت هایی هستند که فقط دارای اندازه یا مقدار می باشند؛ مانند جرم، زمان، طول جسم و 
کار و انرژی.

2-1-2- کمیت های برداری 
کمیت هایی هستند که علاوه بر مقدار دارای جهت و راستا نیز می باشند. مانند: بردارهای نیرو، 

گشتاور، سرعت، شتاب و جابجایی.

 )Vector( بردارها        	2-2
هر بردار به صورت یک پیکان با طولی متناسب با مقدار آن ترسیم می شود

( با مقدار N 80 و با زاویه °30 نسبت به  F


به عنوان مثال در شکل )2-1(، بردار نیروی )
محور x و در جهت و راستای نشان داده شده ترسیم شده است.

نکته: 
زاویه امتداد هر بردار باید با یک امتداد مبنا که معمولًا امتدادهای x یا y است، مشخص 

شود.

شکل 1-2

هدف های رفتاری

پس از آموزش این فصل از فراگیر انتظار می رود بتواند:
1- کمیت های فیزیکی را بشناسد.
2- انواع بردارها را تعریف نماید.

3- جمع و تفریق بردارها را به روش ترسیمی انجام دهد.
4- یک بردار را به مؤلفه های آن تجزیه نماید.

5- نمایش برداری بردارها را بداند.
6- مقدار بردار را با استفاده از مؤلفه های متعامد آن محاسبه نماید.

F
N80=

x30°

راستای بردار

جهت بردار
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2-3	        انواع بردارها 
2-3-1- بردار لغزان 

برداری است که اگر در راستای خود جابه جا شود، اثر آن بر جسم تغییر ننماید. همانند نیروی 
F در شکل )2-2(

یا

68 Rigid Bodies: Equivalent Systems of Forces second and third laws and of a number of other concepts as well. 
Therefore, our study of the statics of rigid bodies will be based on 
the three principles introduced so far, i.e., the parallelogram law of 
addition, Newton’s first law, and the principle of transmissibility. 
    It was indicated in Chap. 2 that the forces acting on a particle 
could be represented by vectors. These vectors had a well-defined 
point of application, namely, the particle itself, and were therefore 
fixed, or bound, vectors. In the case of forces acting on a rigid body, 
however, the point of application of the force does not matter, as 
long as the line of action remains unchanged. Thus, forces acting on 
a rigid body must be represented by a different kind of vector, known 
as a  sliding vector , since forces may be allowed to slide along their 
lines of action. We should note that all the properties which will be 
derived in the following sections for the forces acting on a rigid body 
will be valid more generally for any system of sliding vectors. In 
order to keep our presentation more intuitive, however, we will carry 
it out in terms of physical forces rather than in terms of mathematical 
sliding vectors. 
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    Returning to the example of the truck, we first observe that the 
line of action of the force  F  is a horizontal line passing through both 
the front and the rear bumpers of the truck ( Fig. 3.4 ). Using the 
principle of transmissibility, we can therefore replace  F  by an  equiva-
lent force   F 9 acting on the rear bumper. In other words, the condi-
tions of motion are unaffected, and all the other external forces 
acting on the truck ( W ,  R  1 ,  R  2 ) remain unchanged if the people push 
on the rear bumper instead of pulling on the front bumper. 
    The principle of transmissibility and the concept of equivalent 
forces have limitations, however. Consider, for example, a short bar 
 AB  acted upon by equal and opposite axial forces  P  1  and  P  2 , as shown 
in  Fig. 3.5  a . According to the principle of transmissibility, the force 
 P  2  can be replaced by a force  P 9 2  having the same magnitude, the 
same direction, and the same line of action but acting at  A  instead 
of  B  (Fig. 3.5 b ). The forces  P  1  and  P 9 2  acting on the same particle 
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شکل 2-2

2-3-2- بردار ثابت 
مثلًا  نمود.  آن را جابجا  نمی توان  و  می کند  اشغال  فضا  در  را  معینی  مکان  که  است  برداری 
ضربه ای که به سر انسان وارد می شود با ضربه ای که با همان مقدار و همان جهت به پای او 

وارد می آید متفاوت است.
2-3-3- بردارهای هم سنگ

دو بردار مساوی، موازی و هم جهت را بردارهای هم سنگ می نامیم. شکل )3-2(

P


F


شکل 3-2

شکل 4-2

2-3-4- بردارهای زوج 
دو بردار مساوی، موازی و مختلف الجهت را بردارهای زوج می نامیم. شکل )4-2(
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2-3-6- بردار یکه )واحد( 
برداری که مقدار )اندازه( آن برابر واحد است را بردار یکه یا واحد می نامیم.

2-3-7- بردار نیرو 
برداری است که علاوه بر مقدار، جهت و راستا دارای نقطه اثر نیز می باشد 

نیوتن به صورت زیر تعریف  قانون دوم  نیوتن )N( است و مطابق  اندازه گیری آن  و واحد 
می شود:

2-3-5- بردارهای مخالف 
دو بردار مساوی، هم راستا و مختلف الجهت را بردارهای مخالف گویند. شکل )5-2(

F


شکل 5-2

شکل 6-2

SAMPLE PROBLEM 1/1

Determine the weight in newtons of a car whose mass is 1400 kg. Convert
the mass of the car to slugs and then determine its weight in pounds.

Solution. From relationship 1/3, we have

Ans.

From the table of conversion factors inside the front cover of the textbook, we
see that 1 slug is equal to 14.594 kg. Thus, the mass of the car in slugs is

Ans.

Finally, its weight in pounds is

Ans.

As another route to the last result, we can convert from kg to lbm. Again using
the table inside the front cover, we have

The weight in pounds associated with the mass of 3090 lbm is 3090 lb, as calcu-
lated above. We recall that 1 lbm is the amount of mass which under standard
conditions has a weight of 1 lb of force. We rarely refer to the U.S. mass unit lbm
in this textbook series, but rather use the slug for mass. The sole use of slug,
rather than the unnecessary use of two units for mass, will prove to be powerful
and simple—especially in dynamics.

m � 1400 kg� 1 lbm
0.45359 kg� � 3090 lbm

W � mg � (95.9)(32.2) � 3090 lb

m � 1400 kg� 1 slug

14.594 kg� � 95.9 slugs

W � mg � 1400(9.81) � 13 730 N

Article 1/9 Chapter Review 19

m = 1400 kg

Helpful Hints

� Our calculator indicates a result of
13 734 N. Using the rules of signifi-
cant-figure display used in this text-
book, we round the written result to
four significant figures, or 13 730 N.
Had the number begun with any
digit other than 1, we would have
rounded to three significant figures.

� A good practice with unit conversion
is to multiply by a factor such as 

which has a value of 1,

because the numerator and the de-
nominator are equivalent. Make sure
that cancellation of the units leaves
the units desired; here the units of
kg cancel, leaving the desired units
of slug.

� 1 slug

14.594 kg�,

�

�

�

� Note that we are using a previously calculated result (95.9 slugs). We must be sure that when a calculated number is
needed in subsequent calculations, it is retained in the calculator to its full accuracy, (95.929834 . . .) until it is needed.
This may require storing it in a register upon its initial calculation and recalling it later. We must not merely punch 95.9
into our calculator and proceed to multiply by 32.2—this practice will result in loss of numerical accuracy. Some
individuals like to place a small indication of the storage register used in the right margin of the work paper, directly
beside the number stored.

SAMPLE PROBLEM 1/2

Use Newton’s law of universal gravitation to calculate the weight of a 70-kg
person standing on the surface of the earth. Then repeat the calculation by using
W � mg and compare your two results. Use Table D/2 as needed.

Solution. The two results are

Ans.

Ans.

The discrepancy is due to the fact that Newton’s universal gravitational law does
not take into account the rotation of the earth. On the other hand, the value g �

9.81 m/s2 used in the second equation does account for the earth’s rotation. Note
that had we used the more accurate value g � 9.80665 m/s2 (which likewise ac-
counts for the earth’s rotation) in the second equation, the discrepancy would
have been larger (686 N would have been the result).

W � mg � 70(9.81) � 687 N

W �
Gmem

R2
�

(6.673 � 10�11)(5.976 � 1024)(70)

[6371 � 103]2
� 688 N

R me

m = 70 kg

�

Helpful Hint

� The effective distance between the
mass centers of the two bodies in-
volved is the radius of the earth.

67   2.   The  internal forces  are the forces which hold together the par-
ticles forming the rigid body. If the rigid body is structurally 
composed of several parts, the forces holding the component 
parts together are also defined as internal forces. Internal forces 
will be considered in Chaps. 6 and 7.   

    As an example of external forces, let us consider the forces 
acting on a disabled truck that three people are pulling forward by 
means of a rope attached to the front bumper ( Fig. 3.1 ). The external 
forces acting on the truck are shown in a  free-body diagram  ( Fig. 3.2 ). 
Let us first consider the  weight  of the truck. Although it embodies 
the effect of the earth’s pull on each of the particles forming the 
truck, the weight can be represented by the single force  W . The 
 point of application  of this force, i.e., the point at which the force 
acts, is defined as the  center of gravity  of the truck. It will be seen 
in Chap. 5 how centers of gravity can be determined. The weight  W  
tends to make the truck move vertically downward. In fact, it would 
actually cause the truck to move downward, i.e., to fall, if it were not 
for the presence of the ground. The ground opposes the downward 
motion of the truck by means of the reactions  R  1  and  R  2 . These 
forces are exerted  by  the ground  on  the truck and must therefore 
be included among the external forces acting on the truck. 
    The people pulling on the rope exert the force  F . The point of 
application of  F  is on the front bumper. The force  F  tends to make 
the truck move forward in a straight line and does actually make it 
move, since no external force opposes this motion. (Rolling resistance 
has been neglected here for simplicity.) This forward motion of the 
truck, during which each straight line keeps its original orientation 
(the floor of the truck remains horizontal, and the walls remain verti-
cal), is known as a  translation . Other forces might cause the truck to 
move differently. For example, the force exerted by a jack placed 
under the front axle would cause the truck to pivot about its rear axle. 
Such a motion is a  rotation . It can be concluded, therefore, that each 
of the  external forces  acting on a  rigid body  can, if unopposed, impart 
to the rigid body a motion of translation or rotation, or both.    

 3.3    PRINCIPLE OF TRANSMISSIBILITY. 
EQUIVALENT FORCES  

 The  principle of transmissibility  states that the conditions of equi-
librium or motion of a rigid body will remain unchanged if a force 
 F  acting at a given point of the rigid body is replaced by a force  F 9 of 
the same magnitude and same direction, but acting at a different point, 
 provided that the two forces have the same line of action  ( Fig. 3.3 ). 
The two forces  F  and  F 9 have the same effect on the rigid body and 
are said to be  equivalent . This principle, which states that the action 
of a force may be  transmitted  along its line of action, is based on 
experimental evidence. It  cannot  be derived from the properties 
established so far in this text and must therefore be accepted as an 
experimental law. However, as you will see in Sec. 16.5, the principle 
of transmissibility can be derived from the study of the dynamics of 
rigid bodies, but this study requires the introduction of Newton’s 

  Fig. 3.1    
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3.3 Principle of Transmissibility. 
Equivalent Forces
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تعریف نیوتن با استفاده از قانون دوم نیوتن
یک نیوتن مقدار نیرویی است که اگر به جرم یک کیلوگرم وارد شود، در آن شتابی معادل یک 

متر بر مجذور ثانیه و در جهت اعِمال نیرو ایجاد نماید.

and mass. Vector quantities, on the other hand, possess direction as well
as magnitude, and must obey the parallelogram law of addition as de-
scribed later in this article. Examples of vector quantities are displace-
ment, velocity, acceleration, force, moment, and momentum. Speed is a
scalar. It is the magnitude of velocity, which is a vector. Thus velocity is
specified by a direction as well as a speed.

Vectors representing physical quantities can be classified as free,
sliding, or fixed.

A free vector is one whose action is not confined to or associated
with a unique line in space. For example, if a body moves without rota-
tion, then the movement or displacement of any point in the body may
be taken as a vector. This vector describes equally well the direction and
magnitude of the displacement of every point in the body. Thus, we may
represent the displacement of such a body by a free vector.

A sliding vector has a unique line of action in space but not a
unique point of application. For example, when an external force acts on
a rigid body, the force can be applied at any point along its line of action
without changing its effect on the body as a whole,* and thus it is a slid-
ing vector.

A fixed vector is one for which a unique point of application is
specified. The action of a force on a deformable or nonrigid body must be
specified by a fixed vector at the point of application of the force. In this
instance the forces and deformations within the body depend on the
point of application of the force, as well as on its magnitude and line of
action.

Conventions for Equations and Diagrams
A vector quantity V is represented by a line segment, Fig. 1/1, hav-

ing the direction of the vector and having an arrowhead to indicate the
sense. The length of the directed line segment represents to some conve-
nient scale the magnitude �V� of the vector, which is printed with light-
face italic type V. For example, we may choose a scale such that an
arrow one inch long represents a force of twenty pounds.

In scalar equations, and frequently on diagrams where only the
magnitude of a vector is labeled, the symbol will appear in lightface
italic type. Boldface type is used for vector quantities whenever the di-
rectional aspect of the vector is a part of its mathematical representa-
tion. When writing vector equations, always be certain to preserve the
mathematical distinction between vectors and scalars. In handwritten
work, use a distinguishing mark for each vector quantity, such as an un-
derline, V, or an arrow over the symbol, , to take the place of boldface
type in print.

Working with Vectors
The direction of the vector V may be measured by an angle � from

some known reference direction as shown in Fig. 1/1. The negative of V
is a vector �V having the same magnitude as V but directed in the
sense opposite to V, as shown in Fig. 1/1.

V
l

Article 1/3 Scalars and Vectors 5

θ
–V

V

Figure 1/1

*This is the principle of transmissibility, which is discussed in Art. 2/2.
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2-4	        جمع و تفریق بردارها 
عملیات جمع و تفریق کمیت های برداری با جمع و تفریق کمیت های عددی )اسکالر( 
( در بالای  V  از علامت )



متفاوت است. در این کتاب برای نشان دادن یک بردار مانند
( بالای آن برداشته  آن استفاده می شود و برای نشان دادن مقدار )اندازه( آن بردار علامت )

می شود.

2-4-1- روش های جمع و تفریق بردارها
جمع و تفریق بردارها به دو روش 1- ترسیمی 2- محاسباتی انجام می شود که در این 

فصل با روش ترسیمی و در فصل بعد با روش های محاسباتی آشنا خواهید شد.
2-4-1-1- روش ترسیمی

در این روش با استفاده از وسایل ترسیم و مقیاس مناسب جمع و تفریق بردارها انجام 
می شود. روش های ترسیمی جمع و تفریق بردارها شامل سه روش زیر می باشد:

الف( روش مثلث
ب( روش متوازی الاضلاع

ج( روش چندضلعی
لازم به ذکر است که روش های مثلث و متوازی الاضلاع برای مجموع یا تفاضل دو 

بردار و روش چندضلعی برای مجموع یا تفاضل بیش از دو بردار مناسب می باشند.
الف( روش مثلث

Q مطابق شکل )2-7( مفروض است. برای به دست آوردن مجموع 


P و 


دو بردار 

P به صورت زیر عمل می کنیم: Q+
 

آن ها یعنی 

V


V


: V اندازه یا مقدار بردار

:                   V بردار

شکل 7-2

17that line; through the use of an appropriate scale, the length of this 
segment may be chosen to represent the magnitude of the force. 
Finally, the sense of the force should be indicated by an arrowhead. 
It is important in defining a force to indicate its sense. Two forces 
having the same magnitude and the same line of action but different 
sense, such as the forces shown in  Fig. 2.1  a  and  b , will have directly 
opposite effects on a particle. 
    Experimental evidence shows that two forces  P  and  Q  acting 
on a particle  A  ( Fig. 2.2  a ) can be replaced by a single force  R  which 
has the same effect on the particle ( Fig. 2.2  c ). This force is called 
the  resultant  of the forces  P  and  Q  and can be obtained, as shown 
in  Fig. 2.2  b , by constructing a parallelogram, using  P  and  Q  as two 
adjacent sides of the parallelogram.  The diagonal that passes through 
A represents the resultant.  This method for finding the resultant is 
known as the  parallelogram law  for the addition of two forces. This 
law is based on experimental evidence; it cannot be proved or derived 
mathematically.    

 2.3   VECTORS  
 It appears from the above that forces do not obey the rules of addi-
tion defined in ordinary arithmetic or algebra. For example, two 
forces  acting at a right angle to each other, one of 4 lb and the other 
of 3 lb, add up to a force of 5 lb,  not  to a force of 7 lb. Forces are 
not the only quantities which follow the parallelogram law of addi-
tion. As you will see later,  displacements, velocities, accelerations , and 
 momenta  are other examples of physical quantities possessing mag-
nitude and direction that are added according to the parallelogram 
law. All these quantities can be represented mathematically by  vec-
tors , while those physical quantities which have magnitude but not 
direction, such as  volume, mass , or  energy , are represented by plain 
numbers or  scalars.  
    Vectors are defined as  mathematical expressions possessing 
magnitude and direction, which add according to the parallelo-
gram law.  Vectors are represented by arrows in the illustrations 
and will be distinguished from scalar quantities in this text through 
the use of boldface type ( P ). In longhand writing, a vector may be 
denoted by drawing a short arrow above the letter used to repre-
sent it (    P

S
) or by underlining the letter (P ). The last method may 

be preferred since underlining can also be used on a computer. 
The magnitude of a vector defines the length of the arrow used 
to represent the vector. In this text, italic type will be used to 
denote the magnitude of a vector. Thus, the magnitude of the vec-
tor  P  will be denoted by  P.  
    A vector used to represent a force acting on a given particle 
has a well-defined point of application, namely, the particle itself. 
Such a vector is said to be a  fixed , or  bound , vector and cannot be 
moved without modifying the conditions of the problem. Other 
physical quantities, however, such as couples (see Chap. 3), are 
represented by vectors that may be freely moved in space; these 
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Q

(a)
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P
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(b)

A

R

(c)

Fig. 2.2

2.3   Vectors
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ب( روش متوازی الاضلاع
 )9-2( شکل  مطابق   Q



و   P


بردار  دو 
 R P Q= +
  

یعنی  آن ها  مجموع  و  است  مفروض 
به شرح  متوازی الاضلاع  قانون  مدنظر می باشد. طبق 

زیر عمل می نمائیم: شکل )10-2(
P و


1( از نقطه دلخواه مانند O هم سنگ بردارهای 
Q ترسیم می نمائیم



خطی   Q


بردار موازات  به   P


بردار انتهای  از   )2
)d1 ترسیم می شود )خط

خطی   P


بردار موازات  به   Q


بردار انتهای  از   )3
 ´́O ترسیم می شود )خط d2( تا خط d1 را در نقطه́ 

قطع نماید.
R خواهد 



Q یعنی


P و


4( برداری که از O به 'O ترسیم می شود همان مجموع دو بردار
بود که مقدار آن به وسیله خط کش مقیاس برداشت می شود.

1( از نقطه دلخواه مانند A هم سنگ یکی از بردارها ترسیم می شود
2( از انتهای بردار اول هم سنگ بردار دوم ترسیم می شود

بردار  بردار دوم وصل می شود مجموع دو  انتهای  به  اول  بردار  ابتدای  از  برداری که   )3
خواهد بود که مقدار آن به وسیلة خط کش مقیاس اندازه گیری می شود: شکل )8-2(

R P Q= +
  

                                    )1-2(
19    From the parallelogram law, we can derive an alternative 

method for determining the sum of two vectors. This method, known 
as the  triangle rule , is derived as follows. Consider  Fig. 2.6 , where 
the sum of the vectors  P  and  Q  has been determined by the paral-
lelogram law. Since the side of the parallelogram opposite  Q  is equal 
to  Q  in magnitude and direction, we could draw only half of the 
parallelogram ( Fig. 2.7  a ). The sum of the two vectors can thus be 
found by  arranging   P   and   Q   in tip-to-tail fashion and then connect-
ing the tail of   P   with the tip of   Q . In  Fig. 2.7  b , the other half of the 
parallelogram is considered, and the same result is obtained. This 
confirms the fact that vector addition is commutative. 
    The  subtraction  of a vector is defined as the addition of the 
corresponding negative vector. Thus, the vector  P 2 Q  representing 
the difference between the vectors  P  and  Q  is obtained by adding 
to  P  the negative vector  2Q  ( Fig. 2.8 ). We write

   P 2 Q 5 P 1 (2Q)    (2.2)

         Here again we should observe that, while the same sign is used to 
denote both vector and scalar subtraction, confusion will be avoided 
if care is taken to distinguish between vector and scalar quantities. 
    We will now consider the  sum of three or more vectors.  The 
sum of three vectors  P, Q , and  S  will,  by definition , be obtained by 
first adding the vectors  P  and  Q  and then adding the vector  S  to the 
vector  P 1 Q . We thus write

   P 1 Q 1 S 5 (P 1 Q) 1 S   (2.3)

Similarly, the sum of four vectors will be obtained by adding the 
fourth vector to the sum of the first three. It follows that the sum 
of any number of vectors can be obtained by applying repeatedly the 
parallelogram law to successive pairs of vectors until all the given 
vectors are replaced by a single vector. 
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it now through 180° about a horizontal axis perpendicular to the binding (Fig. 2.3b); this 
second rotation may be represented by an arrow 180 units long and oriented as shown. 
But the book could have been placed in this final position through a single 180° rotation 
about a vertical axis (Fig. 2.3c). We conclude that the sum of the two 180° rotations repre-
sented by arrows directed respectively along the z and x axes is a 180° rotation represented 
by an arrow directed along the y axis (Fig. 2.3d). Clearly, the finite rotations of a rigid 
body do not obey the parallelogram law of addition; therefore, they cannot be represented 
by vectors.
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17that line; through the use of an appropriate scale, the length of this 
segment may be chosen to represent the magnitude of the force. 
Finally, the sense of the force should be indicated by an arrowhead. 
It is important in defining a force to indicate its sense. Two forces 
having the same magnitude and the same line of action but different 
sense, such as the forces shown in  Fig. 2.1  a  and  b , will have directly 
opposite effects on a particle. 
    Experimental evidence shows that two forces  P  and  Q  acting 
on a particle  A  ( Fig. 2.2  a ) can be replaced by a single force  R  which 
has the same effect on the particle ( Fig. 2.2  c ). This force is called 
the  resultant  of the forces  P  and  Q  and can be obtained, as shown 
in  Fig. 2.2  b , by constructing a parallelogram, using  P  and  Q  as two 
adjacent sides of the parallelogram.  The diagonal that passes through 
A represents the resultant.  This method for finding the resultant is 
known as the  parallelogram law  for the addition of two forces. This 
law is based on experimental evidence; it cannot be proved or derived 
mathematically.    

 2.3   VECTORS  
 It appears from the above that forces do not obey the rules of addi-
tion defined in ordinary arithmetic or algebra. For example, two 
forces  acting at a right angle to each other, one of 4 lb and the other 
of 3 lb, add up to a force of 5 lb,  not  to a force of 7 lb. Forces are 
not the only quantities which follow the parallelogram law of addi-
tion. As you will see later,  displacements, velocities, accelerations , and 
 momenta  are other examples of physical quantities possessing mag-
nitude and direction that are added according to the parallelogram 
law. All these quantities can be represented mathematically by  vec-
tors , while those physical quantities which have magnitude but not 
direction, such as  volume, mass , or  energy , are represented by plain 
numbers or  scalars.  
    Vectors are defined as  mathematical expressions possessing 
magnitude and direction, which add according to the parallelo-
gram law.  Vectors are represented by arrows in the illustrations 
and will be distinguished from scalar quantities in this text through 
the use of boldface type ( P ). In longhand writing, a vector may be 
denoted by drawing a short arrow above the letter used to repre-
sent it (    P

S
) or by underlining the letter (P ). The last method may 

be preferred since underlining can also be used on a computer. 
The magnitude of a vector defines the length of the arrow used 
to represent the vector. In this text, italic type will be used to 
denote the magnitude of a vector. Thus, the magnitude of the vec-
tor  P  will be denoted by  P.  
    A vector used to represent a force acting on a given particle 
has a well-defined point of application, namely, the particle itself. 
Such a vector is said to be a  fixed , or  bound , vector and cannot be 
moved without modifying the conditions of the problem. Other 
physical quantities, however, such as couples (see Chap. 3), are 
represented by vectors that may be freely moved in space; these 
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17that line; through the use of an appropriate scale, the length of this 
segment may be chosen to represent the magnitude of the force. 
Finally, the sense of the force should be indicated by an arrowhead. 
It is important in defining a force to indicate its sense. Two forces 
having the same magnitude and the same line of action but different 
sense, such as the forces shown in  Fig. 2.1  a  and  b , will have directly 
opposite effects on a particle. 
    Experimental evidence shows that two forces  P  and  Q  acting 
on a particle  A  ( Fig. 2.2  a ) can be replaced by a single force  R  which 
has the same effect on the particle ( Fig. 2.2  c ). This force is called 
the  resultant  of the forces  P  and  Q  and can be obtained, as shown 
in  Fig. 2.2  b , by constructing a parallelogram, using  P  and  Q  as two 
adjacent sides of the parallelogram.  The diagonal that passes through 
A represents the resultant.  This method for finding the resultant is 
known as the  parallelogram law  for the addition of two forces. This 
law is based on experimental evidence; it cannot be proved or derived 
mathematically.    

 2.3   VECTORS  
 It appears from the above that forces do not obey the rules of addi-
tion defined in ordinary arithmetic or algebra. For example, two 
forces  acting at a right angle to each other, one of 4 lb and the other 
of 3 lb, add up to a force of 5 lb,  not  to a force of 7 lb. Forces are 
not the only quantities which follow the parallelogram law of addi-
tion. As you will see later,  displacements, velocities, accelerations , and 
 momenta  are other examples of physical quantities possessing mag-
nitude and direction that are added according to the parallelogram 
law. All these quantities can be represented mathematically by  vec-
tors , while those physical quantities which have magnitude but not 
direction, such as  volume, mass , or  energy , are represented by plain 
numbers or  scalars.  
    Vectors are defined as  mathematical expressions possessing 
magnitude and direction, which add according to the parallelo-
gram law.  Vectors are represented by arrows in the illustrations 
and will be distinguished from scalar quantities in this text through 
the use of boldface type ( P ). In longhand writing, a vector may be 
denoted by drawing a short arrow above the letter used to repre-
sent it (    P

S
) or by underlining the letter (P ). The last method may 

be preferred since underlining can also be used on a computer. 
The magnitude of a vector defines the length of the arrow used 
to represent the vector. In this text, italic type will be used to 
denote the magnitude of a vector. Thus, the magnitude of the vec-
tor  P  will be denoted by  P.  
    A vector used to represent a force acting on a given particle 
has a well-defined point of application, namely, the particle itself. 
Such a vector is said to be a  fixed , or  bound , vector and cannot be 
moved without modifying the conditions of the problem. Other 
physical quantities, however, such as couples (see Chap. 3), are 
represented by vectors that may be freely moved in space; these 
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17that line; through the use of an appropriate scale, the length of this 
segment may be chosen to represent the magnitude of the force. 
Finally, the sense of the force should be indicated by an arrowhead. 
It is important in defining a force to indicate its sense. Two forces 
having the same magnitude and the same line of action but different 
sense, such as the forces shown in  Fig. 2.1  a  and  b , will have directly 
opposite effects on a particle. 
    Experimental evidence shows that two forces  P  and  Q  acting 
on a particle  A  ( Fig. 2.2  a ) can be replaced by a single force  R  which 
has the same effect on the particle ( Fig. 2.2  c ). This force is called 
the  resultant  of the forces  P  and  Q  and can be obtained, as shown 
in  Fig. 2.2  b , by constructing a parallelogram, using  P  and  Q  as two 
adjacent sides of the parallelogram.  The diagonal that passes through 
A represents the resultant.  This method for finding the resultant is 
known as the  parallelogram law  for the addition of two forces. This 
law is based on experimental evidence; it cannot be proved or derived 
mathematically.    

 2.3   VECTORS  
 It appears from the above that forces do not obey the rules of addi-
tion defined in ordinary arithmetic or algebra. For example, two 
forces  acting at a right angle to each other, one of 4 lb and the other 
of 3 lb, add up to a force of 5 lb,  not  to a force of 7 lb. Forces are 
not the only quantities which follow the parallelogram law of addi-
tion. As you will see later,  displacements, velocities, accelerations , and 
 momenta  are other examples of physical quantities possessing mag-
nitude and direction that are added according to the parallelogram 
law. All these quantities can be represented mathematically by  vec-
tors , while those physical quantities which have magnitude but not 
direction, such as  volume, mass , or  energy , are represented by plain 
numbers or  scalars.  
    Vectors are defined as  mathematical expressions possessing 
magnitude and direction, which add according to the parallelo-
gram law.  Vectors are represented by arrows in the illustrations 
and will be distinguished from scalar quantities in this text through 
the use of boldface type ( P ). In longhand writing, a vector may be 
denoted by drawing a short arrow above the letter used to repre-
sent it (    P

S
) or by underlining the letter (P ). The last method may 

be preferred since underlining can also be used on a computer. 
The magnitude of a vector defines the length of the arrow used 
to represent the vector. In this text, italic type will be used to 
denote the magnitude of a vector. Thus, the magnitude of the vec-
tor  P  will be denoted by  P.  
    A vector used to represent a force acting on a given particle 
has a well-defined point of application, namely, the particle itself. 
Such a vector is said to be a  fixed , or  bound , vector and cannot be 
moved without modifying the conditions of the problem. Other 
physical quantities, however, such as couples (see Chap. 3), are 
represented by vectors that may be freely moved in space; these 
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segment may be chosen to represent the magnitude of the force. 
Finally, the sense of the force should be indicated by an arrowhead. 
It is important in defining a force to indicate its sense. Two forces 
having the same magnitude and the same line of action but different 
sense, such as the forces shown in  Fig. 2.1  a  and  b , will have directly 
opposite effects on a particle. 
    Experimental evidence shows that two forces  P  and  Q  acting 
on a particle  A  ( Fig. 2.2  a ) can be replaced by a single force  R  which 
has the same effect on the particle ( Fig. 2.2  c ). This force is called 
the  resultant  of the forces  P  and  Q  and can be obtained, as shown 
in  Fig. 2.2  b , by constructing a parallelogram, using  P  and  Q  as two 
adjacent sides of the parallelogram.  The diagonal that passes through 
A represents the resultant.  This method for finding the resultant is 
known as the  parallelogram law  for the addition of two forces. This 
law is based on experimental evidence; it cannot be proved or derived 
mathematically.    

 2.3   VECTORS  
 It appears from the above that forces do not obey the rules of addi-
tion defined in ordinary arithmetic or algebra. For example, two 
forces  acting at a right angle to each other, one of 4 lb and the other 
of 3 lb, add up to a force of 5 lb,  not  to a force of 7 lb. Forces are 
not the only quantities which follow the parallelogram law of addi-
tion. As you will see later,  displacements, velocities, accelerations , and 
 momenta  are other examples of physical quantities possessing mag-
nitude and direction that are added according to the parallelogram 
law. All these quantities can be represented mathematically by  vec-
tors , while those physical quantities which have magnitude but not 
direction, such as  volume, mass , or  energy , are represented by plain 
numbers or  scalars.  
    Vectors are defined as  mathematical expressions possessing 
magnitude and direction, which add according to the parallelo-
gram law.  Vectors are represented by arrows in the illustrations 
and will be distinguished from scalar quantities in this text through 
the use of boldface type ( P ). In longhand writing, a vector may be 
denoted by drawing a short arrow above the letter used to repre-
sent it (    P

S
) or by underlining the letter (P ). The last method may 

be preferred since underlining can also be used on a computer. 
The magnitude of a vector defines the length of the arrow used 
to represent the vector. In this text, italic type will be used to 
denote the magnitude of a vector. Thus, the magnitude of the vec-
tor  P  will be denoted by  P.  
    A vector used to represent a force acting on a given particle 
has a well-defined point of application, namely, the particle itself. 
Such a vector is said to be a  fixed , or  bound , vector and cannot be 
moved without modifying the conditions of the problem. Other 
physical quantities, however, such as couples (see Chap. 3), are 
represented by vectors that may be freely moved in space; these 
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17that line; through the use of an appropriate scale, the length of this 
segment may be chosen to represent the magnitude of the force. 
Finally, the sense of the force should be indicated by an arrowhead. 
It is important in defining a force to indicate its sense. Two forces 
having the same magnitude and the same line of action but different 
sense, such as the forces shown in  Fig. 2.1  a  and  b , will have directly 
opposite effects on a particle. 
    Experimental evidence shows that two forces  P  and  Q  acting 
on a particle  A  ( Fig. 2.2  a ) can be replaced by a single force  R  which 
has the same effect on the particle ( Fig. 2.2  c ). This force is called 
the  resultant  of the forces  P  and  Q  and can be obtained, as shown 
in  Fig. 2.2  b , by constructing a parallelogram, using  P  and  Q  as two 
adjacent sides of the parallelogram.  The diagonal that passes through 
A represents the resultant.  This method for finding the resultant is 
known as the  parallelogram law  for the addition of two forces. This 
law is based on experimental evidence; it cannot be proved or derived 
mathematically.    

 2.3   VECTORS  
 It appears from the above that forces do not obey the rules of addi-
tion defined in ordinary arithmetic or algebra. For example, two 
forces  acting at a right angle to each other, one of 4 lb and the other 
of 3 lb, add up to a force of 5 lb,  not  to a force of 7 lb. Forces are 
not the only quantities which follow the parallelogram law of addi-
tion. As you will see later,  displacements, velocities, accelerations , and 
 momenta  are other examples of physical quantities possessing mag-
nitude and direction that are added according to the parallelogram 
law. All these quantities can be represented mathematically by  vec-
tors , while those physical quantities which have magnitude but not 
direction, such as  volume, mass , or  energy , are represented by plain 
numbers or  scalars.  
    Vectors are defined as  mathematical expressions possessing 
magnitude and direction, which add according to the parallelo-
gram law.  Vectors are represented by arrows in the illustrations 
and will be distinguished from scalar quantities in this text through 
the use of boldface type ( P ). In longhand writing, a vector may be 
denoted by drawing a short arrow above the letter used to repre-
sent it (    P

S
) or by underlining the letter (P ). The last method may 

be preferred since underlining can also be used on a computer. 
The magnitude of a vector defines the length of the arrow used 
to represent the vector. In this text, italic type will be used to 
denote the magnitude of a vector. Thus, the magnitude of the vec-
tor  P  will be denoted by  P.  
    A vector used to represent a force acting on a given particle 
has a well-defined point of application, namely, the particle itself. 
Such a vector is said to be a  fixed , or  bound , vector and cannot be 
moved without modifying the conditions of the problem. Other 
physical quantities, however, such as couples (see Chap. 3), are 
represented by vectors that may be freely moved in space; these 
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segment may be chosen to represent the magnitude of the force. 
Finally, the sense of the force should be indicated by an arrowhead. 
It is important in defining a force to indicate its sense. Two forces 
having the same magnitude and the same line of action but different 
sense, such as the forces shown in  Fig. 2.1  a  and  b , will have directly 
opposite effects on a particle. 
    Experimental evidence shows that two forces  P  and  Q  acting 
on a particle  A  ( Fig. 2.2  a ) can be replaced by a single force  R  which 
has the same effect on the particle ( Fig. 2.2  c ). This force is called 
the  resultant  of the forces  P  and  Q  and can be obtained, as shown 
in  Fig. 2.2  b , by constructing a parallelogram, using  P  and  Q  as two 
adjacent sides of the parallelogram.  The diagonal that passes through 
A represents the resultant.  This method for finding the resultant is 
known as the  parallelogram law  for the addition of two forces. This 
law is based on experimental evidence; it cannot be proved or derived 
mathematically.    

 2.3   VECTORS  
 It appears from the above that forces do not obey the rules of addi-
tion defined in ordinary arithmetic or algebra. For example, two 
forces  acting at a right angle to each other, one of 4 lb and the other 
of 3 lb, add up to a force of 5 lb,  not  to a force of 7 lb. Forces are 
not the only quantities which follow the parallelogram law of addi-
tion. As you will see later,  displacements, velocities, accelerations , and 
 momenta  are other examples of physical quantities possessing mag-
nitude and direction that are added according to the parallelogram 
law. All these quantities can be represented mathematically by  vec-
tors , while those physical quantities which have magnitude but not 
direction, such as  volume, mass , or  energy , are represented by plain 
numbers or  scalars.  
    Vectors are defined as  mathematical expressions possessing 
magnitude and direction, which add according to the parallelo-
gram law.  Vectors are represented by arrows in the illustrations 
and will be distinguished from scalar quantities in this text through 
the use of boldface type ( P ). In longhand writing, a vector may be 
denoted by drawing a short arrow above the letter used to repre-
sent it (    P

S
) or by underlining the letter (P ). The last method may 

be preferred since underlining can also be used on a computer. 
The magnitude of a vector defines the length of the arrow used 
to represent the vector. In this text, italic type will be used to 
denote the magnitude of a vector. Thus, the magnitude of the vec-
tor  P  will be denoted by  P.  
    A vector used to represent a force acting on a given particle 
has a well-defined point of application, namely, the particle itself. 
Such a vector is said to be a  fixed , or  bound , vector and cannot be 
moved without modifying the conditions of the problem. Other 
physical quantities, however, such as couples (see Chap. 3), are 
represented by vectors that may be freely moved in space; these 
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17that line; through the use of an appropriate scale, the length of this 
segment may be chosen to represent the magnitude of the force. 
Finally, the sense of the force should be indicated by an arrowhead. 
It is important in defining a force to indicate its sense. Two forces 
having the same magnitude and the same line of action but different 
sense, such as the forces shown in  Fig. 2.1  a  and  b , will have directly 
opposite effects on a particle. 
    Experimental evidence shows that two forces  P  and  Q  acting 
on a particle  A  ( Fig. 2.2  a ) can be replaced by a single force  R  which 
has the same effect on the particle ( Fig. 2.2  c ). This force is called 
the  resultant  of the forces  P  and  Q  and can be obtained, as shown 
in  Fig. 2.2  b , by constructing a parallelogram, using  P  and  Q  as two 
adjacent sides of the parallelogram.  The diagonal that passes through 
A represents the resultant.  This method for finding the resultant is 
known as the  parallelogram law  for the addition of two forces. This 
law is based on experimental evidence; it cannot be proved or derived 
mathematically.    

 2.3   VECTORS  
 It appears from the above that forces do not obey the rules of addi-
tion defined in ordinary arithmetic or algebra. For example, two 
forces  acting at a right angle to each other, one of 4 lb and the other 
of 3 lb, add up to a force of 5 lb,  not  to a force of 7 lb. Forces are 
not the only quantities which follow the parallelogram law of addi-
tion. As you will see later,  displacements, velocities, accelerations , and 
 momenta  are other examples of physical quantities possessing mag-
nitude and direction that are added according to the parallelogram 
law. All these quantities can be represented mathematically by  vec-
tors , while those physical quantities which have magnitude but not 
direction, such as  volume, mass , or  energy , are represented by plain 
numbers or  scalars.  
    Vectors are defined as  mathematical expressions possessing 
magnitude and direction, which add according to the parallelo-
gram law.  Vectors are represented by arrows in the illustrations 
and will be distinguished from scalar quantities in this text through 
the use of boldface type ( P ). In longhand writing, a vector may be 
denoted by drawing a short arrow above the letter used to repre-
sent it (    P

S
) or by underlining the letter (P ). The last method may 

be preferred since underlining can also be used on a computer. 
The magnitude of a vector defines the length of the arrow used 
to represent the vector. In this text, italic type will be used to 
denote the magnitude of a vector. Thus, the magnitude of the vec-
tor  P  will be denoted by  P.  
    A vector used to represent a force acting on a given particle 
has a well-defined point of application, namely, the particle itself. 
Such a vector is said to be a  fixed , or  bound , vector and cannot be 
moved without modifying the conditions of the problem. Other 
physical quantities, however, such as couples (see Chap. 3), are 
represented by vectors that may be freely moved in space; these 
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It is important in defining a force to indicate its sense. Two forces 
having the same magnitude and the same line of action but different 
sense, such as the forces shown in  Fig. 2.1  a  and  b , will have directly 
opposite effects on a particle. 
    Experimental evidence shows that two forces  P  and  Q  acting 
on a particle  A  ( Fig. 2.2  a ) can be replaced by a single force  R  which 
has the same effect on the particle ( Fig. 2.2  c ). This force is called 
the  resultant  of the forces  P  and  Q  and can be obtained, as shown 
in  Fig. 2.2  b , by constructing a parallelogram, using  P  and  Q  as two 
adjacent sides of the parallelogram.  The diagonal that passes through 
A represents the resultant.  This method for finding the resultant is 
known as the  parallelogram law  for the addition of two forces. This 
law is based on experimental evidence; it cannot be proved or derived 
mathematically.    

 2.3   VECTORS  
 It appears from the above that forces do not obey the rules of addi-
tion defined in ordinary arithmetic or algebra. For example, two 
forces  acting at a right angle to each other, one of 4 lb and the other 
of 3 lb, add up to a force of 5 lb,  not  to a force of 7 lb. Forces are 
not the only quantities which follow the parallelogram law of addi-
tion. As you will see later,  displacements, velocities, accelerations , and 
 momenta  are other examples of physical quantities possessing mag-
nitude and direction that are added according to the parallelogram 
law. All these quantities can be represented mathematically by  vec-
tors , while those physical quantities which have magnitude but not 
direction, such as  volume, mass , or  energy , are represented by plain 
numbers or  scalars.  
    Vectors are defined as  mathematical expressions possessing 
magnitude and direction, which add according to the parallelo-
gram law.  Vectors are represented by arrows in the illustrations 
and will be distinguished from scalar quantities in this text through 
the use of boldface type ( P ). In longhand writing, a vector may be 
denoted by drawing a short arrow above the letter used to repre-
sent it (    P

S
) or by underlining the letter (P ). The last method may 

be preferred since underlining can also be used on a computer. 
The magnitude of a vector defines the length of the arrow used 
to represent the vector. In this text, italic type will be used to 
denote the magnitude of a vector. Thus, the magnitude of the vec-
tor  P  will be denoted by  P.  
    A vector used to represent a force acting on a given particle 
has a well-defined point of application, namely, the particle itself. 
Such a vector is said to be a  fixed , or  bound , vector and cannot be 
moved without modifying the conditions of the problem. Other 
physical quantities, however, such as couples (see Chap. 3), are 
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Fig. 2.2

2.3   Vectors
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بردار مانند شکل )2-11( از یک نقطه دلخواه مانند 
O هم سنگ بردار اول را رسم می کنیم و از انتهای 
بردار رسم شده هم سنگ بردار دوم ترسیم می شود. 
می یابد؛  ادامه  بردارها  تمامی  ترسیم  تا  روند  این 
برداری که از ابتدای بردار اول به انتهای بردار آخر 
شکل  بود.  خواهد  بردارها  مجموع  می شود،  رسم 

)12-2(

تذکر: 
با استفاده از تعریف  عملیات تفریق دو یا چند بردار به روش های فوق 

بردار مخالف مطابق شکل )2-13( امکان پذیر است. یعنی:

  A B A ( B)− = + −
   

                              )2-2(
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A B C+ +

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B−
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A و


تفاضل بردارهای
به روش مثلث

 B


A و


تفاضل بردارهای
به روش متوازی الاضلاع

شکل 11-2

شکل 12-2

شکل 13-2

نکته 1( 
هر گاه انتهای آخرین بردار بر ابتدای بردار اول منطبق گردد )یک چندضلعی بسته تشکیل 

شود(، مجموع بردارها صفر خواهد بود.
نکته 2( 

در حالتی که بردارها موازی یا هم راستا باشند، برای جمع و تفریق آن ها کافی است با در 
نظر گرفتن جهت بردارها، آن ها را روی یک محور ترسیم نمود.

B


A


A
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B−
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A  را به روش ترسیمی نشان داده و B−
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A و  B+
 

در شکل زیر بردارهای 
اندازة تقریبی آن را با خط کش مقیاس برداشت نمایید. 

)ابعاد شبکه برابر 10 واحد است(

مجموع دو بردار به روش مثلث
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2-5	        تجزیة یک بردار به مؤلفه های آن به روش ترسیمی 
همان گونه که در قسمت قبل دیدیم دو بردار با امتداد و مقادیر مشخص را می توان با استفاده 
از روش های مثلث یا متوازی الاضلاع با یکدیگر جمع نمود و مجموع آن ها را به دست آورد؛ 
که این بردارِ مجموع را برآیند دو بردار اولیه نیز می نامند. حال چنان چه دو امتداد دلخواه در 
F نیز داده شده باشد می توان آن را بر روی دو امتداد 



صفحه داشته باشیم و برداری به نام 
مورد نظر به شرح ذیل تجزیه نمود که عکس عمل جمع دو بردار می باشد. شکل های )14-2( 

و )15-2(
F دو خط به موازات محورهای a و b ترسیم نموده )خطوط'a و'b( تا 



1( از انتهای بردار 
آن ها را در نقاط O1 و O2 قطع نماید.

aF نشان داده می شود.


F روی امتداد a خواهد بود که با 


OO1 مؤلفة 



2( بردار 

bF نشان داده می شود.


F روی امتداد b خواهد بود که با نماد 


OO2 مؤلفة 



3( بردار 
روش فوق، روش کلی برای تجزیة یک بردار است. حالت خاصی از آن تجزیة یک بردار روی 

دو محور متعامد )عمود بر هم( است که کاربرد زیای در حل مسائل ایستایی دارد.

شکل 14-2

شکل 15-2

o

o1

o2

o
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شکل 16-2

2-6             تجزیة یک بردار به مؤلفه های متعامد آن در دستگاه مختصات دکارتی 
R با زاویه θ نسبت به محور x مفروض است. می خواهیم 



مطابق شکل )2-16( بردار 
آن را روی محورهای متعامد x و y تجزیه نمائیم. چنان چه مطابق مراحل سه گانه در بخش 

)2-5( عمل کنیم، به شکل )2-17( خواهیم رسید.

R

θ
o x

y

مثال 2

روی  را   F بردار  روبه رو  شکل  در 
امتدادهای a و b تجزیه کنید.

حل: 
b'

a'

b

a
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مثال 3

وارد  میخی  بر  شکل  مطابق   F نیروی 
می شود. مطلوب است تجزیه این نیرو روی 
محورهای x و y و محاسبه مقادیر مؤلفه ها.

حل: 
تجزیه  متعامد  مؤلفه های  به  را   F نیروی 

می کنیم.

x x

y y

F Fcos cos F / N

F Fsin sin F N

1000 30 866 02

1000 30 500

= θ = × ⇒ =

= θ = × ⇒ =





F N1000=

30
Fy

Fx

با   Ry و   Rx مؤلفه های  مقدار  یا  اندازه 
شدة  رنگ  مثلث  در  مثلثاتی  روابط  از  استفاده 

شکل )2-17( به شکل زیر محاسبه می شوند:

x
x

y
y

Rcos R R.cos
R

R
sin R R.sin

R

θ = ⇒ = θ

θ = ⇒ = θ

x

R

θ

Ry

Rx o1
o

o2

y

شکل 17-2
)3-2(

F N1000=

30

م مربوط به اين موضوع را ببينيد.
فيل
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مثال 4

2-6-1- نمایش برداری یک بردار در دستگاه مختصات دکارتی
در دستگاه مختصات دکارتی محورهای ox و oy بر یکدیگر عمود بوده و بردارهای واحد 
R در این 



j نمایش داده می شوند و برداری مانند بردار 


i و 


)یکه( روی آن ها به ترتیب با 
دستگاه با رابطة زیر تعریف می شود:

R روی محور y می باشد.


R روی محور x و Ry مؤلفة 


که در رابطة بالا Rx مؤلفة 

فرم برداری بردار F در شکل )مثال 3( را بنویسید.
حل:

 می باشد.
x yF F i F j= +

  

F به صورت 


فرم برداری بردار 
با توجه به نتایج مثال 3 داریم:

بنابراین:

2-7             تعیین اندازة یک بردار با استفاده از مؤلفه های متعامد آن 
امتدادهای مختلف تجزیه کرد  به دو مؤلفه روی  همان طور که یک بردار را می توان 
می توان به کمک مؤلفه های یک بردار، اندازة بردار و زاویة آن را به کمک رابطة فیثاغورث و 

نسبت های مثلثاتی تعیین کرد.
x داشته باشیم، می توان اندازه R و زاویه آ ن را  yR R i R j= +

  

هر گاه برداری مانند 
با امتداد x به صورت زیر تعیین نمود:

)5-2(                  R بردار )مقدار )اندازه

زاویه بردار R نسبت به محور x ها   )6-2(

x y

y

x

R R R

R
tan

R

2 2

1−

= +

θ =
x y

y

x

R R R

R
tan

R

2 2

1−

= +

θ =

x yR R i R j= +
  

F / i j866 02 500= +
  

x

y

F / N
F N

866 02
500

=
=

)4-2(

م مربوط به اين موضوع را ببينيد.
فيل
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خلاصه فصل
• کمیت های فیزیکی به دو دستة کلی تقسیم می شوند: 

الف- کمیت های اسکالر )عددی(  ب-    کمیت های برداری
• بردارهای یکه )واحد( روی محورهای x و y در دستگاه مختصات دکارتی به ترتیب با      

j نمایش داده می شوند.


i و 


• جمع و تفریق کمیت های برداری با جمع و تفریق کمیت های عددی متفاوت می باشد.
• جمع و تفریق دو یا چند بردار به صورت ترسیمی با روش های مثلث و متوازی الاضلاع 

و چندضلعی، انجام می شود.
• هر بردار را می توان روی دو محور دلخواه به مؤلفه های آن تجزیه نمود.

• مؤلفه های متعامد یک بردار در صفحه مختصات دکارتی با روابط زیر محاسبه می شوند:

از مؤلفه های متعامد آن در صفحة مختصات دکارتی  استفاده  با  بردار  برداری یک  • فرم 

x yR R i R j= +
  

عبارت است از:                     
• برای جمع و تفریق بردارهای هم راستا و یا موازی کافی است اندازة آن ها را با یکدیگر 

به صورت جبری جمع و یا تفریق نمود.
x و زاویة آن با محور x ها از روابط زیر تعیین می شوند: yR R i R j= +

  

• اندازه برداری مانند 
R اندازه بردار

x با محور R زاویه بردار

x y

y

x

R R R

R
tan ( )

R

2 2

1−

= +

θ =

x

y

R R.cos
R R.sin

= θ
= θ

مثال 5
نموده،  ترسیم  را   F ( i j)30 40= +

  

بردار 
مقدار و زاویة آن را با محور x ها به دست آورید.

x y

y

x

F F F F F

F
tan tan /

F

2 2 2 2

1 1

30 40 50

40 53 13
30

− −

= + ⇒ = + ⇒ =

θ = ⇒ θ = ⇒ θ = 

x

F=50

θ=53/13°

Fx=30

Fy=40

o

y
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F1=300N
F2=250N

F3=100N
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=2N

F
2 =1/5N

خودآزمایی

1- کمیت های فیزیکی را نام برده و هر یک را تعریف کنید و مثال بزنید.
2- از کمیت های زیر کدام یک اسکالر و کدام یک برداری می باشند؟

شتاب - وزن - سطح - حجم - جابه جایی
3- انواع بردارها را نام برده و هر کدام را تعریف کنید.

4- در هر شکل جمع بردارهای داده شده را به روش ترسیمی نشان دهید و اندازه و زاویة 
بردار برآیند با امتداد افق را با استفاده از خط کش و نقاله اندازه گیری نمائید.
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8- بردارهای زیر را ترسیم نموده و اندازه و زاویه هر یک را نسبت به محور x و y تعیین 
کنید.
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 SAMPLE PROBLEM 2.2 

     A barge is pulled by two tugboats. If the resultant of the forces exerted by 
the tugboats is a 5000-lb force directed along the axis of the barge, determine 
( a ) the tension in each of the ropes knowing that a 5 45°, ( b ) the value of a 
for which the tension in rope 2 is minimum. 

30�
1

2
a

A

C

B

  SOLUTION  

 a.   Tension for a 5 45°.  Graphical Solution.    The parallelogram law is 
used; the diagonal (resultant) is known to be equal to 5000 lb and to be 
directed to the right. The sides are drawn parallel to the ropes. If the draw-
ing is done to scale, we measure

  T1 5 3700 lb  T2 5 2600 lb ◀   

  Trigonometric Solution.   The triangle rule can be used. We note that the 
triangle shown represents half of the parallelogram shown above. Using the 
law of sines, we write

  
T1

 sin 45°
5

T2

 sin 30°
5

5000 lb
 sin 105°  

 With a calculator, we first compute and store the value of the last quo-
tient. Multiplying this value successively by sin 45° and sin 30°, we obtain

  T1 5 3660 lb  T2 5 2590 lb ◀  

     b.   Value of a for Minimum  T  2 .   To determine the value of a for which the 
tension in rope 2 is minimum, the triangle rule is again used. In the sketch 
shown, line  1-1 9 is the known direction of  T  1 . Several possible directions of  T  2  
are shown by the lines 2-29. We note that the minimum value of  T  2  occurs 
when  T  1  and  T  2  are perpendicular. The minimum value of  T  2  is

  T2 5 (5000 lb) sin 30° 5 2500 lb  

Corresponding values of  T  1  and a are

  T1 5 (5000 lb) cos 30° 5 4330 lb  
   a 5 90° 2 30° a 5 60° ◀        

30� 45�

30�45�

5000 lb

T1

T2

B

45� 30�

5000 lb

105�
T1

T2

B

1

2
2

2

5000 lb
1'

2'

2'

2'

30�

5000 lb

T1
T2 90�

a
B
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2/4 Moment
In addition to the tendency to move a body in the direction of its ap-

plication, a force can also tend to rotate a body about an axis. The axis
may be any line which neither intersects nor is parallel to the line of ac-
tion of the force. This rotational tendency is known as the moment M of
the force. Moment is also referred to as torque.

As a familiar example of the concept of moment, consider the pipe
wrench of Fig. 2/8a. One effect of the force applied perpendicular to
the handle of the wrench is the tendency to rotate the pipe about its
vertical axis. The magnitude of this tendency depends on both the
magnitude F of the force and the effective length d of the wrench
handle. Common experience shows that a pull which is not perpendic-
ular to the wrench handle is less effective than the right-angle pull
shown.

Moment about a Point
Figure 2/8b shows a two-dimensional body acted on by a force F in

its plane. The magnitude of the moment or tendency of the force to ro-
tate the body about the axis O-O perpendicular to the plane of the
body is proportional both to the magnitude of the force and to the mo-
ment arm d, which is the perpendicular distance from the axis to the
line of action of the force. Therefore, the magnitude of the moment is
defined as

(2/5)

The moment is a vector M perpendicular to the plane of the body. The
sense of M depends on the direction in which F tends to rotate the
body. The right-hand rule, Fig. 2/8c, is used to identify this sense. We
represent the moment of F about O-O as a vector pointing in the direc-
tion of the thumb, with the fingers curled in the direction of the rota-
tional tendency.

The moment M obeys all the rules of vector combination and may
be considered a sliding vector with a line of action coinciding with the
moment axis. The basic units of moment in SI units are newton-meters

and in the U.S. customary system are pound-feet (lb-ft).
When dealing with forces which all act in a given plane, we custom-

arily speak of the moment about a point. By this we mean the moment
with respect to an axis normal to the plane and passing through the
point. Thus, the moment of force F about point A in Fig. 2/8d has the
magnitude M � Fd and is counterclockwise.

Moment directions may be accounted for by using a stated sign con-
vention, such as a plus sign (�) for counterclockwise moments and a
minus sign (�) for clockwise moments, or vice versa. Sign consistency
within a given problem is essential. For the sign convention of Fig. 2/8d,
the moment of F about point A (or about the z-axis passing through
point A) is positive. The curved arrow of the figure is a convenient way
to represent moments in two-dimensional analysis.

(N � m),

M � Fd
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هدف های رفتاری

نیرو
نیرو کمیتی است برداری که می تواند باعث ایجاد حرکت، تغییرِ شکل یا چرخش در 

اجسام گردد. 

3-1	        انواع نیرو 
3-1-1- نیروهای خارجی

نیروهایی هستند که از محیط اطراف و در خارج از وجود جسم به آن وارد می شوند. 
نیروهای خارجی توجه دارد؛ مانند: وزن گوی در  به  مکانیک اجسام صُلب )استاتیک( فقط 

شکل )3-1( که به کف وارد می شود.

پس از آموزش این فصل از فراگیر انتظار می رود بتواند:
1- انواع نیروها را بشناسد.

2- مقدار و امتداد برآیند نیروهای وارد بر یک نقطة مادی را محاسبه کند.
3- گشتاور یا لنگر را تعریف نماید و مقدار آن را نسبت به یک نقطه محاسبه نموده 

و جهت آن را تشخیص دهد.
4- قضیه وارینون را تعریف کند و برای محاسبة گشتاور آن را به کار گیرد.

5- زوج نیرو را تعریف نماید و خصوصیات آن را بشناسد.
6- گشتاور زوج نیرو را محاسبه کند.

شکل 1-3

If, on the other hand, we want to find the distribution of internal
forces in the material of the body near the contact location, where the
internal stresses and strains may be appreciable, then we must not
treat the load as concentrated but must consider the actual distribution.
This problem will not be discussed here because it requires a knowledge
of the properties of the material and belongs in more advanced treat-
ments of the mechanics of materials and the theories of elasticity and
plasticity.

When forces are applied over a region whose dimensions are not
negligible compared with other pertinent dimensions, then we must ac-
count for the actual manner in which the force is distributed. We do
this by summing the effects of the distributed force over the entire re-
gion using mathematical integration. This requires that we know the
intensity of the force at any location. There are three categories of such
problems.

(1) Line Distribution. When a force is distributed along a line, as in
the continuous vertical load supported by a suspended cable, Fig. 5/2a,
the intensity w of the loading is expressed as force per unit length of
line, newtons per meter (N/m) or pounds per foot (lb/ft).

(2) Area Distribution. When a force is distributed over an area, as
with the hydraulic pressure of water against the inner face of a section
of dam, Fig. 5/2b, the intensity is expressed as force per unit area. This
intensity is called pressure for the action of fluid forces and stress for the
internal distribution of forces in solids. The basic unit for pressure or
stress in SI is the newton per square meter (N/m2), which is also called
the pascal (Pa). This unit, however, is too small for most applications
(6895 Pa � 1 lb/in.2). The kilopascal (kPa), which equals 103 Pa, is more
commonly used for fluid pressure, and the megapascal, which equals 106

Pa, is used for stress. In the U.S. customary system of units, both fluid
pressure and mechanical stress are commonly expressed in pounds per
square inch (lb/in.2).

(3) Volume Distribution. A force which is distributed over the vol-
ume of a body is called a body force. The most common body force is the
force of gravitational attraction, which acts on all elements of mass in a
body. The determination of the forces on the supports of the heavy can-
tilevered structure in Fig. 5/2c, for example, would require accounting
for the distribution of gravitational force throughout the structure. The
intensity of gravitational force is the specific weight �g, where � is the
density (mass per unit volume) and g is the acceleration due to gravity.
The units for �g are (kg/m3)(m/s2) � N/m3 in SI units and lb/ft3 or lb/in.3

in the U.S. customary system.
The body force due to the gravitational attraction of the earth

(weight) is by far the most commonly encountered distributed force.
Section A of this chapter treats the determination of the point in a body
through which the resultant gravitational force acts, and discusses the
associated geometric properties of lines, areas, and volumes. Section B
treats distributed forces which act on and in beams and flexible cables
and distributed forces which fluids exert on exposed surfaces.
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Pa, is used for stress. In the U.S. customary system of units, both fluid
pressure and mechanical stress are commonly expressed in pounds per
square inch (lb/in.2).

(3) Volume Distribution. A force which is distributed over the vol-
ume of a body is called a body force. The most common body force is the
force of gravitational attraction, which acts on all elements of mass in a
body. The determination of the forces on the supports of the heavy can-
tilevered structure in Fig. 5/2c, for example, would require accounting
for the distribution of gravitational force throughout the structure. The
intensity of gravitational force is the specific weight �g, where � is the
density (mass per unit volume) and g is the acceleration due to gravity.
The units for �g are (kg/m3)(m/s2) � N/m3 in SI units and lb/ft3 or lb/in.3

in the U.S. customary system.
The body force due to the gravitational attraction of the earth

(weight) is by far the most commonly encountered distributed force.
Section A of this chapter treats the determination of the point in a body
through which the resultant gravitational force acts, and discusses the
associated geometric properties of lines, areas, and volumes. Section B
treats distributed forces which act on and in beams and flexible cables
and distributed forces which fluids exert on exposed surfaces.
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If, on the other hand, we want to find the distribution of internal
forces in the material of the body near the contact location, where the
internal stresses and strains may be appreciable, then we must not
treat the load as concentrated but must consider the actual distribution.
This problem will not be discussed here because it requires a knowledge
of the properties of the material and belongs in more advanced treat-
ments of the mechanics of materials and the theories of elasticity and
plasticity.

When forces are applied over a region whose dimensions are not
negligible compared with other pertinent dimensions, then we must ac-
count for the actual manner in which the force is distributed. We do
this by summing the effects of the distributed force over the entire re-
gion using mathematical integration. This requires that we know the
intensity of the force at any location. There are three categories of such
problems.

(1) Line Distribution. When a force is distributed along a line, as in
the continuous vertical load supported by a suspended cable, Fig. 5/2a,
the intensity w of the loading is expressed as force per unit length of
line, newtons per meter (N/m) or pounds per foot (lb/ft).

(2) Area Distribution. When a force is distributed over an area, as
with the hydraulic pressure of water against the inner face of a section
of dam, Fig. 5/2b, the intensity is expressed as force per unit area. This
intensity is called pressure for the action of fluid forces and stress for the
internal distribution of forces in solids. The basic unit for pressure or
stress in SI is the newton per square meter (N/m2), which is also called
the pascal (Pa). This unit, however, is too small for most applications
(6895 Pa � 1 lb/in.2). The kilopascal (kPa), which equals 103 Pa, is more
commonly used for fluid pressure, and the megapascal, which equals 106

Pa, is used for stress. In the U.S. customary system of units, both fluid
pressure and mechanical stress are commonly expressed in pounds per
square inch (lb/in.2).

(3) Volume Distribution. A force which is distributed over the vol-
ume of a body is called a body force. The most common body force is the
force of gravitational attraction, which acts on all elements of mass in a
body. The determination of the forces on the supports of the heavy can-
tilevered structure in Fig. 5/2c, for example, would require accounting
for the distribution of gravitational force throughout the structure. The
intensity of gravitational force is the specific weight �g, where � is the
density (mass per unit volume) and g is the acceleration due to gravity.
The units for �g are (kg/m3)(m/s2) � N/m3 in SI units and lb/ft3 or lb/in.3

in the U.S. customary system.
The body force due to the gravitational attraction of the earth

(weight) is by far the most commonly encountered distributed force.
Section A of this chapter treats the determination of the point in a body
through which the resultant gravitational force acts, and discusses the
associated geometric properties of lines, areas, and volumes. Section B
treats distributed forces which act on and in beams and flexible cables
and distributed forces which fluids exert on exposed surfaces.
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If, on the other hand, we want to find the distribution of internal
forces in the material of the body near the contact location, where the
internal stresses and strains may be appreciable, then we must not
treat the load as concentrated but must consider the actual distribution.
This problem will not be discussed here because it requires a knowledge
of the properties of the material and belongs in more advanced treat-
ments of the mechanics of materials and the theories of elasticity and
plasticity.

When forces are applied over a region whose dimensions are not
negligible compared with other pertinent dimensions, then we must ac-
count for the actual manner in which the force is distributed. We do
this by summing the effects of the distributed force over the entire re-
gion using mathematical integration. This requires that we know the
intensity of the force at any location. There are three categories of such
problems.

(1) Line Distribution. When a force is distributed along a line, as in
the continuous vertical load supported by a suspended cable, Fig. 5/2a,
the intensity w of the loading is expressed as force per unit length of
line, newtons per meter (N/m) or pounds per foot (lb/ft).

(2) Area Distribution. When a force is distributed over an area, as
with the hydraulic pressure of water against the inner face of a section
of dam, Fig. 5/2b, the intensity is expressed as force per unit area. This
intensity is called pressure for the action of fluid forces and stress for the
internal distribution of forces in solids. The basic unit for pressure or
stress in SI is the newton per square meter (N/m2), which is also called
the pascal (Pa). This unit, however, is too small for most applications
(6895 Pa � 1 lb/in.2). The kilopascal (kPa), which equals 103 Pa, is more
commonly used for fluid pressure, and the megapascal, which equals 106

Pa, is used for stress. In the U.S. customary system of units, both fluid
pressure and mechanical stress are commonly expressed in pounds per
square inch (lb/in.2).

(3) Volume Distribution. A force which is distributed over the vol-
ume of a body is called a body force. The most common body force is the
force of gravitational attraction, which acts on all elements of mass in a
body. The determination of the forces on the supports of the heavy can-
tilevered structure in Fig. 5/2c, for example, would require accounting
for the distribution of gravitational force throughout the structure. The
intensity of gravitational force is the specific weight �g, where � is the
density (mass per unit volume) and g is the acceleration due to gravity.
The units for �g are (kg/m3)(m/s2) � N/m3 in SI units and lb/ft3 or lb/in.3

in the U.S. customary system.
The body force due to the gravitational attraction of the earth

(weight) is by far the most commonly encountered distributed force.
Section A of this chapter treats the determination of the point in a body
through which the resultant gravitational force acts, and discusses the
associated geometric properties of lines, areas, and volumes. Section B
treats distributed forces which act on and in beams and flexible cables
and distributed forces which fluids exert on exposed surfaces.
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If, on the other hand, we want to find the distribution of internal
forces in the material of the body near the contact location, where the
internal stresses and strains may be appreciable, then we must not
treat the load as concentrated but must consider the actual distribution.
This problem will not be discussed here because it requires a knowledge
of the properties of the material and belongs in more advanced treat-
ments of the mechanics of materials and the theories of elasticity and
plasticity.

When forces are applied over a region whose dimensions are not
negligible compared with other pertinent dimensions, then we must ac-
count for the actual manner in which the force is distributed. We do
this by summing the effects of the distributed force over the entire re-
gion using mathematical integration. This requires that we know the
intensity of the force at any location. There are three categories of such
problems.

(1) Line Distribution. When a force is distributed along a line, as in
the continuous vertical load supported by a suspended cable, Fig. 5/2a,
the intensity w of the loading is expressed as force per unit length of
line, newtons per meter (N/m) or pounds per foot (lb/ft).

(2) Area Distribution. When a force is distributed over an area, as
with the hydraulic pressure of water against the inner face of a section
of dam, Fig. 5/2b, the intensity is expressed as force per unit area. This
intensity is called pressure for the action of fluid forces and stress for the
internal distribution of forces in solids. The basic unit for pressure or
stress in SI is the newton per square meter (N/m2), which is also called
the pascal (Pa). This unit, however, is too small for most applications
(6895 Pa � 1 lb/in.2). The kilopascal (kPa), which equals 103 Pa, is more
commonly used for fluid pressure, and the megapascal, which equals 106

Pa, is used for stress. In the U.S. customary system of units, both fluid
pressure and mechanical stress are commonly expressed in pounds per
square inch (lb/in.2).

(3) Volume Distribution. A force which is distributed over the vol-
ume of a body is called a body force. The most common body force is the
force of gravitational attraction, which acts on all elements of mass in a
body. The determination of the forces on the supports of the heavy can-
tilevered structure in Fig. 5/2c, for example, would require accounting
for the distribution of gravitational force throughout the structure. The
intensity of gravitational force is the specific weight �g, where � is the
density (mass per unit volume) and g is the acceleration due to gravity.
The units for �g are (kg/m3)(m/s2) � N/m3 in SI units and lb/ft3 or lb/in.3

in the U.S. customary system.
The body force due to the gravitational attraction of the earth

(weight) is by far the most commonly encountered distributed force.
Section A of this chapter treats the determination of the point in a body
through which the resultant gravitational force acts, and discusses the
associated geometric properties of lines, areas, and volumes. Section B
treats distributed forces which act on and in beams and flexible cables
and distributed forces which fluids exert on exposed surfaces.
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If, on the other hand, we want to find the distribution of internal
forces in the material of the body near the contact location, where the
internal stresses and strains may be appreciable, then we must not
treat the load as concentrated but must consider the actual distribution.
This problem will not be discussed here because it requires a knowledge
of the properties of the material and belongs in more advanced treat-
ments of the mechanics of materials and the theories of elasticity and
plasticity.

When forces are applied over a region whose dimensions are not
negligible compared with other pertinent dimensions, then we must ac-
count for the actual manner in which the force is distributed. We do
this by summing the effects of the distributed force over the entire re-
gion using mathematical integration. This requires that we know the
intensity of the force at any location. There are three categories of such
problems.

(1) Line Distribution. When a force is distributed along a line, as in
the continuous vertical load supported by a suspended cable, Fig. 5/2a,
the intensity w of the loading is expressed as force per unit length of
line, newtons per meter (N/m) or pounds per foot (lb/ft).

(2) Area Distribution. When a force is distributed over an area, as
with the hydraulic pressure of water against the inner face of a section
of dam, Fig. 5/2b, the intensity is expressed as force per unit area. This
intensity is called pressure for the action of fluid forces and stress for the
internal distribution of forces in solids. The basic unit for pressure or
stress in SI is the newton per square meter (N/m2), which is also called
the pascal (Pa). This unit, however, is too small for most applications
(6895 Pa � 1 lb/in.2). The kilopascal (kPa), which equals 103 Pa, is more
commonly used for fluid pressure, and the megapascal, which equals 106

Pa, is used for stress. In the U.S. customary system of units, both fluid
pressure and mechanical stress are commonly expressed in pounds per
square inch (lb/in.2).

(3) Volume Distribution. A force which is distributed over the vol-
ume of a body is called a body force. The most common body force is the
force of gravitational attraction, which acts on all elements of mass in a
body. The determination of the forces on the supports of the heavy can-
tilevered structure in Fig. 5/2c, for example, would require accounting
for the distribution of gravitational force throughout the structure. The
intensity of gravitational force is the specific weight �g, where � is the
density (mass per unit volume) and g is the acceleration due to gravity.
The units for �g are (kg/m3)(m/s2) � N/m3 in SI units and lb/ft3 or lb/in.3

in the U.S. customary system.
The body force due to the gravitational attraction of the earth

(weight) is by far the most commonly encountered distributed force.
Section A of this chapter treats the determination of the point in a body
through which the resultant gravitational force acts, and discusses the
associated geometric properties of lines, areas, and volumes. Section B
treats distributed forces which act on and in beams and flexible cables
and distributed forces which fluids exert on exposed surfaces.
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If, on the other hand, we want to find the distribution of internal
forces in the material of the body near the contact location, where the
internal stresses and strains may be appreciable, then we must not
treat the load as concentrated but must consider the actual distribution.
This problem will not be discussed here because it requires a knowledge
of the properties of the material and belongs in more advanced treat-
ments of the mechanics of materials and the theories of elasticity and
plasticity.

When forces are applied over a region whose dimensions are not
negligible compared with other pertinent dimensions, then we must ac-
count for the actual manner in which the force is distributed. We do
this by summing the effects of the distributed force over the entire re-
gion using mathematical integration. This requires that we know the
intensity of the force at any location. There are three categories of such
problems.

(1) Line Distribution. When a force is distributed along a line, as in
the continuous vertical load supported by a suspended cable, Fig. 5/2a,
the intensity w of the loading is expressed as force per unit length of
line, newtons per meter (N/m) or pounds per foot (lb/ft).

(2) Area Distribution. When a force is distributed over an area, as
with the hydraulic pressure of water against the inner face of a section
of dam, Fig. 5/2b, the intensity is expressed as force per unit area. This
intensity is called pressure for the action of fluid forces and stress for the
internal distribution of forces in solids. The basic unit for pressure or
stress in SI is the newton per square meter (N/m2), which is also called
the pascal (Pa). This unit, however, is too small for most applications
(6895 Pa � 1 lb/in.2). The kilopascal (kPa), which equals 103 Pa, is more
commonly used for fluid pressure, and the megapascal, which equals 106

Pa, is used for stress. In the U.S. customary system of units, both fluid
pressure and mechanical stress are commonly expressed in pounds per
square inch (lb/in.2).

(3) Volume Distribution. A force which is distributed over the vol-
ume of a body is called a body force. The most common body force is the
force of gravitational attraction, which acts on all elements of mass in a
body. The determination of the forces on the supports of the heavy can-
tilevered structure in Fig. 5/2c, for example, would require accounting
for the distribution of gravitational force throughout the structure. The
intensity of gravitational force is the specific weight �g, where � is the
density (mass per unit volume) and g is the acceleration due to gravity.
The units for �g are (kg/m3)(m/s2) � N/m3 in SI units and lb/ft3 or lb/in.3

in the U.S. customary system.
The body force due to the gravitational attraction of the earth

(weight) is by far the most commonly encountered distributed force.
Section A of this chapter treats the determination of the point in a body
through which the resultant gravitational force acts, and discusses the
associated geometric properties of lines, areas, and volumes. Section B
treats distributed forces which act on and in beams and flexible cables
and distributed forces which fluids exert on exposed surfaces.
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3-1-2- نیروهای داخلی 
نیروهایی هستند که در داخل جسم و بین ذرات تشکیل دهندة آن ایجاد می شوند؛ مانند 
نیرویی که شخص هنگام اجرای بارفیکس در دستان خود احساس می کند؛ در مکانیک اجسام 

تغییرشکل پذیر )مقاومت مصالح( به نیروهای داخلی توجه می شود.

نیروی  آن را  گردد  وارد  از جسم  کوچکی  طول  به  نیرو  اگر  متمرکز:  نیروهای  الف( 
متمرکز می نامند. شکل )2-3(

شکل 2-3

شکل 3-3

ب( نیروهای گسترده: اگر نیرو در طول قابل توجهی از جسم پخش گردد آن را نیروی 
گسترده گویند. شکل )3-3(

If, on the other hand, we want to find the distribution of internal
forces in the material of the body near the contact location, where the
internal stresses and strains may be appreciable, then we must not
treat the load as concentrated but must consider the actual distribution.
This problem will not be discussed here because it requires a knowledge
of the properties of the material and belongs in more advanced treat-
ments of the mechanics of materials and the theories of elasticity and
plasticity.

When forces are applied over a region whose dimensions are not
negligible compared with other pertinent dimensions, then we must ac-
count for the actual manner in which the force is distributed. We do
this by summing the effects of the distributed force over the entire re-
gion using mathematical integration. This requires that we know the
intensity of the force at any location. There are three categories of such
problems.

(1) Line Distribution. When a force is distributed along a line, as in
the continuous vertical load supported by a suspended cable, Fig. 5/2a,
the intensity w of the loading is expressed as force per unit length of
line, newtons per meter (N/m) or pounds per foot (lb/ft).

(2) Area Distribution. When a force is distributed over an area, as
with the hydraulic pressure of water against the inner face of a section
of dam, Fig. 5/2b, the intensity is expressed as force per unit area. This
intensity is called pressure for the action of fluid forces and stress for the
internal distribution of forces in solids. The basic unit for pressure or
stress in SI is the newton per square meter (N/m2), which is also called
the pascal (Pa). This unit, however, is too small for most applications
(6895 Pa � 1 lb/in.2). The kilopascal (kPa), which equals 103 Pa, is more
commonly used for fluid pressure, and the megapascal, which equals 106

Pa, is used for stress. In the U.S. customary system of units, both fluid
pressure and mechanical stress are commonly expressed in pounds per
square inch (lb/in.2).

(3) Volume Distribution. A force which is distributed over the vol-
ume of a body is called a body force. The most common body force is the
force of gravitational attraction, which acts on all elements of mass in a
body. The determination of the forces on the supports of the heavy can-
tilevered structure in Fig. 5/2c, for example, would require accounting
for the distribution of gravitational force throughout the structure. The
intensity of gravitational force is the specific weight �g, where � is the
density (mass per unit volume) and g is the acceleration due to gravity.
The units for �g are (kg/m3)(m/s2) � N/m3 in SI units and lb/ft3 or lb/in.3

in the U.S. customary system.
The body force due to the gravitational attraction of the earth

(weight) is by far the most commonly encountered distributed force.
Section A of this chapter treats the determination of the point in a body
through which the resultant gravitational force acts, and discusses the
associated geometric properties of lines, areas, and volumes. Section B
treats distributed forces which act on and in beams and flexible cables
and distributed forces which fluids exert on exposed surfaces.
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3-2	        برآیند دو یا چند نیرو 
برآیند  بردار  بنابراین   آن ها،  برداری  جمع  از  عبارت است  نیرو  چند  یا  دو  برآیند  از  منظور 

به تنهایی اثر همة نیروهای وارد به جسم را دارد.
به عنوان مثال در شکل )3-4( شناور B در مسیری به حرکت در می آید که در واقع امتداد بردار 
برآیند دو نیروی وارده از طرف قایق های A و C خواهد بود. این بدان معناست که می توان به 
جای دو نیروی مذکور نیروی برآیند آن ها را در امتداد مسیر حرکت شناور قرار داده و آن را 

به حرکت درآورد.
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 SAMPLE PROBLEM 2.2 

     A barge is pulled by two tugboats. If the resultant of the forces exerted by 
the tugboats is a 5000-lb force directed along the axis of the barge, determine 
( a ) the tension in each of the ropes knowing that a 5 45°, ( b ) the value of a 
for which the tension in rope 2 is minimum. 

30�
1

2
a

A

C

B

  SOLUTION  

 a.   Tension for a 5 45°.  Graphical Solution.    The parallelogram law is 
used; the diagonal (resultant) is known to be equal to 5000 lb and to be 
directed to the right. The sides are drawn parallel to the ropes. If the draw-
ing is done to scale, we measure

  T1 5 3700 lb  T2 5 2600 lb ◀   

  Trigonometric Solution.   The triangle rule can be used. We note that the 
triangle shown represents half of the parallelogram shown above. Using the 
law of sines, we write

  
T1

 sin 45°
5

T2

 sin 30°
5

5000 lb
 sin 105°  

 With a calculator, we first compute and store the value of the last quo-
tient. Multiplying this value successively by sin 45° and sin 30°, we obtain

  T1 5 3660 lb  T2 5 2590 lb ◀  

     b.   Value of a for Minimum  T  2 .   To determine the value of a for which the 
tension in rope 2 is minimum, the triangle rule is again used. In the sketch 
shown, line  1-1 9 is the known direction of  T  1 . Several possible directions of  T  2  
are shown by the lines 2-29. We note that the minimum value of  T  2  occurs 
when  T  1  and  T  2  are perpendicular. The minimum value of  T  2  is

  T2 5 (5000 lb) sin 30° 5 2500 lb  

Corresponding values of  T  1  and a are

  T1 5 (5000 lb) cos 30° 5 4330 lb  
   a 5 90° 2 30° a 5 60° ◀        

30� 45�

30�45�

5000 lb

T1

T2

B

45� 30�

5000 lb

105�
T1

T2

B

1

2
2

2

5000 lb
1'

2'

2'

2'

30�

5000 lb

T1
T2 90�

a
B
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شکل 4-3

3-2-1- محاسبة برآیند سامانة چندنیرویی وارد به نقطة مادی
 F3 و F2 و F1 مطابق شکل )3-5- الف( نیروهای P هر گاه بر یک نقطة مادی مانند
وارد شود، به کمک تجزیه به شرح زیر می توان اندازة برآیند این نیروها )R( و راستای برآیند 

با محور x یعنی )θ( را تعیین نمود. شکل )3-5- ب(

شکل 5-3
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گام چهارم: نمایش برداری بردار برآیند )R( مطابق رابطة )6-3( 

X YR ( F i F j)= ∑ + ∑
 



   )6-3(

x مجموع مؤلفه های هم راستا با محور
y مجموع مؤلفه های هم راستا با محور

برآیند  بردار  ترسیمی  نمایش  پنجم:  گام 
مطابق شکل )7-3(

شکل 7-3

شکل 6-3

x x y yR F , R F= ∑ = ∑
 

F1

y

x

F2

P

F3

F3xF2xF1x

F3y

F1y

F2y

y

x

R

P

Ry

θ
Rx

گام اول: تجزیه هر یک از نیروها روی محورهای x و y؛ شکل )6-3(

؛ j


i و 


گام دوم: نمایش برداری تمامی نیروها بر حسب بردارهای یکة 
y و x گام سوم: محاسبة مجموع نیروهای هم راستا روی محورهای

)5-3(                 

 :ΣFx

:ΣFy

گام ششم: محاسبة اندازه )مقدار( برآیند با استفاده از رابطة فیثاغورث

x yR R R2 2= +                                    )7-3(
 )θ( ها x گام هفتم: محاسبة زاویه برآیند با امتداد محور

با استفاده از رابطة تانژانت و با توجه به شکل ترسیم شده 

yدر گام پنجم        )8-3(

x

R
tan

R
1−θ م مربوط به اين موضوع را ببينيد.=

فيل
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الف(

گام اول:
- تجزیة نیروها با توجه به اندازه و زاویة هر نیرو

مثال 1
دو نیرو مطابق شکل توسط دو کابل بر یک سنگ معدنی وارد می شود. مطلوب است:

الف( نمایش برداری برآیند
ب( نمایش ترسیمی بردار برآیند

ج( محاسبة اندازة بردار برآیند
د( محاسبة زاویة برآیند با افق

ه( ترسیم مسیر جابه جایی سنگ

F1=4000N

F2=2500N
45°

15°

F / i / j

F / i / j
1

2

3863 70 1035 28
1767 77 1767 77

= −

= +

 


 


F2y

F1y

F2x F1x

گام دوم:
- فرم برداری هر بردار با توجه به شکل مقابل و جهت هر یک از مؤلفه ها

F2y

F1y

F2x

F1x
45°

15°

x x

y y

x x

y y

F F cos cos F / N

F F sin sin F / N

F F cos cos F / N

F F sin sin F / N

1 1 1 1

1 1 1 1

2 2 2 2

2 2 2 2

4000 15 3863 70
4000 15 1035 28

2500 45 1767 77
2500 45 1767 77

 = θ = × ⇒ =


= θ = × ⇒ =

 = θ = × ⇒ =


= θ = × ⇒ =









F1 مؤلفه های

F2 مؤلفه های
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ه( مسیر جابه جایی سنگ در راستای بردار برآیند مطابق شکل زیر خواهد بود.

مسیر جابه جایی سنگ

F
1=4000N

F 2
=25

00N

7/41°

x x x

y y y

R F / / R / N
R F / / R / N

1767 77 3863 70 5631 47
1767 77 1035 28 732 49

= Σ = + ⇒ =
= Σ = − ⇒ =

x yR R i R j

R / i / j5631 47 732 49

= +

= +

 


 


x yR R R R / /

R / N

2 2 2 25631 47 732 49

5678 91

= + ⇒ = +

⇒ =

y

x

R /tan tan /
R /

1 1 732 49 7 41
5631 70

− −θ = ⇒ θ = ⇒ θ = 

گام سوم:
) yFΣ  و 

xFΣ ( y و x تعیین مجموع نیروهای هم راستا با محورهای -

گام چهارم:
- نمایش برداری بردار برآیند

ج(
گام ششم:

- محاسبة اندازة برآیند به کمک رابطة )7-3(

د(
گام هفتم:

- محاسبة زاویة برآیند با محور x ها به کمک رابطة )8-3(

y yR F / N732 49= Σ =
θ

x xR F / N5631 70= Σ =

R

ب(
گام پنجم:

- نمایش ترسیمی بردار برآیند با توجه به فرم برداری 
بردار برآیند 

و روش متوازی الاضلاع
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مثال 2
در شکل روبه رو مطلوب است:

الف - محاسبة مقدار برآیند نیروها
ب - محاسبة زاویة برآیند با افق

ج - ترسیم بردار برآیند
د - نمایش برداری بردار برآیند

y

x

F1=200N

F3=400N

F2=100N 60°

30°

حل:
الف( تجزیة هر یک از نیروها با توجه به روابط Fy=F sinθ , Fx=F cosθو زاویة هر  نیرو 

با محور x ها:

ب(

x x x x x

x x x

y y y y y

y y y

x y

F cos i sin j i / j

F i

F cos i sin j i / j

R F F F F

R F R N

R F F F F

R F / / R / N

R R R

1

2

3

1 2 3

1 2 3

2 2

200 60 200 60 100 173 2
100

400 60 400 60 200 346 4

100 100 200 200

173 2 0 346 4 173 2

= + = +

= −

= − = −

= Σ = + +

= Σ = − + ⇒ =

= Σ = + +

= Σ = + − ⇒ = −

= +

 

 

   





   




 



 

( / ) R / N2 2200 173 2 264 57= + − ⇒ =

y

x

R /tan tan /
R

1 1 173 2 40 89
200

− − −θ = = ⇒ θ = 

R i / j200 173 2= −
  

ج(

د(

y

x
40/89°

R / N264 57=


xR N200=


yR / N173 2=

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3-3	        گشتاور، لنگر )مُمان( 
یکی از اثرات نیرو بر اجسام تمایل به ایجاد چرخش در آن ها می باشد که به این پدیده 

گشتاور گفته می شود.
مطابق شکل های )3-10( و )3-11( نیرو باعث چرخش در اجسام می گردد.

مقدار گشتاور حول یک محور عبارت است از حاصل ضرب نیرو )F( در کوتاه ترین 
فاصله نیرو یا امتداد آن تا محور مورد نظر )d(. گشتاور را با M نمایش می دهند و رابطة 

آن  به صورت زیر نوشته می شود:
M =F.d

شکل 10-3

شکل 11-3

2/67 Each propeller of the twin-screw ship develops a
full-speed thrust of 300 kN. In maneuvering the
ship, one propeller is turning full speed ahead and
the other full speed in reverse. What thrust P must
each tug exert on the ship to counteract the effect of
the ship’s propellers?

Problem 2/67

Representative Problems

2/68 The force–couple system at A is to be replaced by
a single equivalent force acting at a point B on
the vertical edge (or its extension) of the triangular
plate. Determine the distance d between A and B.

Problem 2/68
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Article 2/5 Problems 55

2/69 A lug wrench is used to tighten a square-head bolt.
If 50-lb forces are applied to the wrench as shown,
determine the magnitude F of the equal forces
exerted on the four contact points on the 1-in. bolt
head so that their external effect on the bolt is
equivalent to that of the two 50-lb forces. Assume
that the forces are perpendicular to the flats of the
bolt head.

Problem 2/69

2/70 A force–couple system acts at O on the circular
sector. Determine the magnitude of the force F if
the given system can be replaced by a stand-alone
force at corner A of the sector.

Problem 2/70
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2/73 The tie-rod AB exerts the 250-N force on the steer-

ing knuckle AO as shown. Replace this force by an

equivalent force–couple system at O.

Problem 2/73

2/74 The 250-N tension is applied to a cord which is se-

curely wrapped around the periphery of the disk.

Determine the equivalent force–couple system at

point C. Begin by finding the equivalent force–

couple system at A.

Problem 2/74
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2/71 During a steady right turn, a person exerts the forces

shown on the steering wheel. Note that each force

consists of a tangential component and a radially-

inward component. Determine the moment exerted

about the steering column at O.

Problem 2/71

2/72 A force F of magnitude 50 N is exerted on the

automobile parking-brake lever at the position

Replace the force by an equivalent

force–couple system at the pivot point O.

Problem 2/72
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2/73 The tie-rod AB exerts the 250-N force on the steer-
ing knuckle AO as shown. Replace this force by an
equivalent force–couple system at O.

Problem 2/73

2/74 The 250-N tension is applied to a cord which is se-
curely wrapped around the periphery of the disk.
Determine the equivalent force–couple system at
point C. Begin by finding the equivalent force–
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2/71 During a steady right turn, a person exerts the forces
shown on the steering wheel. Note that each force
consists of a tangential component and a radially-
inward component. Determine the moment exerted
about the steering column at O.

Problem 2/71

2/72 A force F of magnitude 50 N is exerted on the
automobile parking-brake lever at the position

Replace the force by an equivalent
force–couple system at the pivot point O.
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با توجه به شکل )3-12( نیروی F حول محور 'OO ایجاد گشتاور می نماید.در این 
شکل d کوتاه ترین فاصله امتداد نیروی F تا محور 'OO می باشد که بازوی لنگر نیز خوانده 

می شود بنابراین خواهیم داشت:
)10-3(            

گشتاور نیز کمیتی برداری است که آن را با نماد   نمایش می دهند و جهت آن مطابق 
ضرب بردارها خواهد بود که در مقاطع بالاتر با آن آشنا خواهید شد.

گرفته  نظر  در  نقطه  حول  گشتاور  صفحه،  در  نیروها  بررسی  دلیل  به  کتاب  این  در 
می شود لذا جهت چرخش آن در جهت عقربه ساعت  و یا خلاف عقربه ساعت  
خواهد بود. بنابراین با توجه به شکل )b-12-3( گشتاور نیروی F حول نقطة A واقع بر محور 

´OO به صورت رابطة )3-11( خواهد بود.

)11-3(                 

MOO ́= F.d

2/4 Moment
In addition to the tendency to move a body in the direction of its ap-

plication, a force can also tend to rotate a body about an axis. The axis
may be any line which neither intersects nor is parallel to the line of ac-
tion of the force. This rotational tendency is known as the moment M of
the force. Moment is also referred to as torque.

As a familiar example of the concept of moment, consider the pipe
wrench of Fig. 2/8a. One effect of the force applied perpendicular to
the handle of the wrench is the tendency to rotate the pipe about its
vertical axis. The magnitude of this tendency depends on both the
magnitude F of the force and the effective length d of the wrench
handle. Common experience shows that a pull which is not perpendic-
ular to the wrench handle is less effective than the right-angle pull
shown.

Moment about a Point
Figure 2/8b shows a two-dimensional body acted on by a force F in

its plane. The magnitude of the moment or tendency of the force to ro-
tate the body about the axis O-O perpendicular to the plane of the
body is proportional both to the magnitude of the force and to the mo-
ment arm d, which is the perpendicular distance from the axis to the
line of action of the force. Therefore, the magnitude of the moment is
defined as

(2/5)

The moment is a vector M perpendicular to the plane of the body. The
sense of M depends on the direction in which F tends to rotate the
body. The right-hand rule, Fig. 2/8c, is used to identify this sense. We
represent the moment of F about O-O as a vector pointing in the direc-
tion of the thumb, with the fingers curled in the direction of the rota-
tional tendency.

The moment M obeys all the rules of vector combination and may
be considered a sliding vector with a line of action coinciding with the
moment axis. The basic units of moment in SI units are newton-meters

and in the U.S. customary system are pound-feet (lb-ft).
When dealing with forces which all act in a given plane, we custom-

arily speak of the moment about a point. By this we mean the moment
with respect to an axis normal to the plane and passing through the
point. Thus, the moment of force F about point A in Fig. 2/8d has the
magnitude M � Fd and is counterclockwise.

Moment directions may be accounted for by using a stated sign con-
vention, such as a plus sign (�) for counterclockwise moments and a
minus sign (�) for clockwise moments, or vice versa. Sign consistency
within a given problem is essential. For the sign convention of Fig. 2/8d,
the moment of F about point A (or about the z-axis passing through
point A) is positive. The curved arrow of the figure is a convenient way
to represent moments in two-dimensional analysis.

(N � m),

M � Fd
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within a given problem is essential. For the sign convention of Fig. 2/8d,
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مثال 3
گشتاور نیروی F حول نقطة O را محاسبه و جهت چرخش آن را بنویسید.

SAMPLE PROBLEM 2/5

Calculate the magnitude of the moment about the base point O of the 600-N
force in five different ways.

Solution. (I) The moment arm to the 600-N force is

By M � Fd the moment is clockwise and has the magnitude

Ans.

(II) Replace the force by its rectangular components at A,

By Varignon’s theorem, the moment becomes

Ans.

(III) By the principle of transmissibility, move the 600-N force along its
line of action to point B, which eliminates the moment of the component F2. The
moment arm of F1 becomes

and the moment is

Ans.

(IV) Moving the force to point C eliminates the moment of the component
F1. The moment arm of F2 becomes

and the moment is

Ans.

(V) By the vector expression for a moment, and by using the coordinate
system indicated on the figure together with the procedures for evaluating cross
products, we have

The minus sign indicates that the vector is in the negative z-direction. The mag-
nitude of the vector expression is

Ans.MO � 2610 N � m

� �2610k N � m

MO � r � F � (2i � 4j) � 600(i cos 40� � j sin 40�)

MO � 386(6.77) � 2610 N � m

d2 � 2 � 4 cot 40� � 6.77 m

MO � 460(5.68) � 2610 N � m

d1 � 4 � 2 tan 40� � 5.68 m

MO � 460(4) � 386(2) � 2610 N � m

F1 � 600 cos 40� � 460 N,   F2 � 600 sin 40� � 386 N

MO � 600(4.35) � 2610 N � m

d � 4 cos 40� � 2 sin 40� � 4.35 m

Article 2/4 Moment 41
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Helpful Hints

� The required geometry here and in
similar problems should not cause dif-
ficulty if the sketch is carefully drawn.

� This procedure is frequently the
shortest approach.

� The fact that points B and C are not
on the body proper should not cause
concern, as the mathematical calcula-
tion of the moment of a force does not
require that the force be on the body.

� Alternative choices for the position
vector r are r � d1 j � 5.68j m and 
r � d2i � 6.77i m.

�

�

�

�
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حل:

ساعت گرد

3-4	        گشتاور چند نیرو 
اگر به یک جسم چند نیرو اعِمال شود گشتاور آن ها نسبت به یک نقطه برابر است با 

مجموع جبری گشتاور هر نیرو نسبت به آن نقطه یعنی:

)12-3(

o o o
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600 2 1200

=
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= ⇒ = × ⇒ =

 قرارداد: 
در این کتاب جهت چرخش عقربه های ساعت مثبت فرض می شود.
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3-5	        قضیه وارینون 
گشتاور برآیند چند نیرو حول یک نقطة معین برابر است با مجموع گشتاورهای آن ها 
گشتاورهای  مجموع  با  است  برابر  نقطه  هر  حول  نیرو  یک  گشتاور  یا  و  نقطه  همان  حول 

مؤلفه های آن نیرو حول همان نقطه.
کاربرد این قضیه در مثال 5 نشان داده شده است.

حل:

o

o

o

F N
d m
F N
d m
M Fd F d
M

M N.m

1

1

2

2

1 1 2 2

500
4
600
2

500 4 600 2

800

=
=
=
=
= +
= × − ×

= +

o

o

o

F N
d m
F N
d m
M Fd F d
M

M N.m

1

1

2

2

1 1 2 2

500
4
600
2

500 4 600 2

800

=
=
=
=
= +
= × − ×

= + ساعت گرد

مثال 4
در شکل زیر گشتاور نیروهای نشان داده شده را حول نقطة O محاسبه کنید و جهت آن را 

بنویسید.

SAMPLE PROBLEM 2/5

Calculate the magnitude of the moment about the base point O of the 600-N
force in five different ways.

Solution. (I) The moment arm to the 600-N force is

By M � Fd the moment is clockwise and has the magnitude

Ans.

(II) Replace the force by its rectangular components at A,

By Varignon’s theorem, the moment becomes

Ans.

(III) By the principle of transmissibility, move the 600-N force along its
line of action to point B, which eliminates the moment of the component F2. The
moment arm of F1 becomes

and the moment is

Ans.

(IV) Moving the force to point C eliminates the moment of the component
F1. The moment arm of F2 becomes

and the moment is

Ans.

(V) By the vector expression for a moment, and by using the coordinate
system indicated on the figure together with the procedures for evaluating cross
products, we have

The minus sign indicates that the vector is in the negative z-direction. The mag-
nitude of the vector expression is

Ans.MO � 2610 N � m

� �2610k N � m

MO � r � F � (2i � 4j) � 600(i cos 40� � j sin 40�)

MO � 386(6.77) � 2610 N � m

d2 � 2 � 4 cot 40� � 6.77 m

MO � 460(5.68) � 2610 N � m

d1 � 4 � 2 tan 40� � 5.68 m

MO � 460(4) � 386(2) � 2610 N � m

F1 � 600 cos 40� � 460 N,   F2 � 600 sin 40� � 386 N

MO � 600(4.35) � 2610 N � m

d � 4 cos 40� � 2 sin 40� � 4.35 m

Article 2/4 Moment 41

2 m

4 m

A

O

40°

600 N

2 m

4 m
600 N

40°

40°

O

d

2 m

4 m

O

F2 = 600 sin 40°

F1 = 600 cos 40°

O

C

B

F

A
x

y

d1

d2

F2

F2

F1

F1

r

Helpful Hints

� The required geometry here and in
similar problems should not cause dif-
ficulty if the sketch is carefully drawn.

� This procedure is frequently the
shortest approach.

� The fact that points B and C are not
on the body proper should not cause
concern, as the mathematical calcula-
tion of the moment of a force does not
require that the force be on the body.

� Alternative choices for the position
vector r are r � d1 j � 5.68j m and 
r � d2i � 6.77i m.

�

�

�

�

SAMPLE PROBLEM 2/5

Calculate the magnitude of the moment about the base point O of the 600-N

force in five different ways.

Solution. (I) The moment arm to the 600-N force is

By M � Fd the moment is clockwise and has the magnitude

Ans.

(II) Replace the force by its rectangular components at A,

By Varignon’s theorem, the moment becomes

Ans.

(III) By the principle of transmissibility, move the 600-N force along its

line of action to point B, which eliminates the moment of the component F2. The

moment arm of F1 becomes

and the moment is
Ans.

(IV) Moving the force to point C eliminates the moment of the component

F1. The moment arm of F2 becomes

and the moment is
Ans.

(V) By the vector expression for a moment, and by using the coordinate

system indicated on the figure together with the procedures for evaluating cross

products, we have

The minus sign indicates that the vector is in the negative z-direction. The mag-

nitude of the vector expression is

Ans.
MO � 2610 N � m

� �2610k N � m

MO � r � F � (2i � 4j) � 600(i cos 40� � j sin 40�)

MO � 386(6.77) � 2610 N � m

d2 � 2 � 4 cot 40� � 6.77 m

MO � 460(5.68) � 2610 N � m

d1 � 4 � 2 tan 40� � 5.68 m
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F1 � 600 cos 40� � 460 N,   F2 � 600 sin 40� � 386 N

MO � 600(4.35) � 2610 N � m

d � 4 cos 40� � 2 sin 40� � 4.35 m
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Helpful Hints

� The required geometry here and in

similar problems should not cause dif-

ficulty if the sketch is carefully drawn.

� This procedure is frequently the

shortest approach.

� The fact that points B and C are not

on the body proper should not cause

concern, as the mathematical calcula-

tion of the moment of a force does not

require that the force be on the body.

� Alternative choices for the position

vector r are r � d1j � 5.68j m and 

r � d2i � 6.77i m.
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مثال 5
گشتاور نیروی F را در شکل زیر به دو روش 

حساب کنید:
الف( با استفاده از تعریف گشتاور

ب( به کمک قضیه وارینون

حل:
الف( با استفاده از تعریف:

محاسبه  را   )d( یعنی  لنگر  بازوی  قائم الزاویه  مثلث  در  مثلثاتی  روابط  از  استفاده  با  ابتدا 
می نمائیم؛ داریم:

o o o

cos

dcos d cos d / m

M F.d M / M / N.m

30 4 30 3 46
4

600 3 464 2078 4

α =

= ⇒ = × ⇒ =

= ⇒ = × ⇒ =

 

ضلع مجاور
وتر

SAMPLE PROBLEM 2/5

Calculate the magnitude of the moment about the base point O of the 600-N
force in five different ways.

Solution. (I) The moment arm to the 600-N force is

By M � Fd the moment is clockwise and has the magnitude

Ans.

(II) Replace the force by its rectangular components at A,

By Varignon’s theorem, the moment becomes

Ans.

(III) By the principle of transmissibility, move the 600-N force along its
line of action to point B, which eliminates the moment of the component F2. The
moment arm of F1 becomes

and the moment is

Ans.

(IV) Moving the force to point C eliminates the moment of the component
F1. The moment arm of F2 becomes

and the moment is

Ans.

(V) By the vector expression for a moment, and by using the coordinate
system indicated on the figure together with the procedures for evaluating cross
products, we have

The minus sign indicates that the vector is in the negative z-direction. The mag-
nitude of the vector expression is

Ans.MO � 2610 N � m

� �2610k N � m

MO � r � F � (2i � 4j) � 600(i cos 40� � j sin 40�)

MO � 386(6.77) � 2610 N � m

d2 � 2 � 4 cot 40� � 6.77 m

MO � 460(5.68) � 2610 N � m

d1 � 4 � 2 tan 40� � 5.68 m

MO � 460(4) � 386(2) � 2610 N � m

F1 � 600 cos 40� � 460 N,   F2 � 600 sin 40� � 386 N

MO � 600(4.35) � 2610 N � m

d � 4 cos 40� � 2 sin 40� � 4.35 m

Article 2/4 Moment 41

2 m

4 m

A

O

40°

600 N

2 m

4 m
600 N

40°

40°

O

d

2 m

4 m

O

F2 = 600 sin 40°

F1 = 600 cos 40°

O

C

B

F

A
x

y

d1

d2

F2

F2

F1

F1

r

Helpful Hints

� The required geometry here and in
similar problems should not cause dif-
ficulty if the sketch is carefully drawn.

� This procedure is frequently the
shortest approach.

� The fact that points B and C are not
on the body proper should not cause
concern, as the mathematical calcula-
tion of the moment of a force does not
require that the force be on the body.

� Alternative choices for the position
vector r are r � d1 j � 5.68j m and 
r � d2i � 6.77i m.

�

�

�

�

F = 600N

θ = 30°

SAMPLE PROBLEM 2/5

Calculate the magnitude of the moment about the base point O of the 600-N
force in five different ways.

Solution. (I) The moment arm to the 600-N force is

By M � Fd the moment is clockwise and has the magnitude

Ans.

(II) Replace the force by its rectangular components at A,

By Varignon’s theorem, the moment becomes

Ans.

(III) By the principle of transmissibility, move the 600-N force along its
line of action to point B, which eliminates the moment of the component F2. The
moment arm of F1 becomes

and the moment is

Ans.

(IV) Moving the force to point C eliminates the moment of the component
F1. The moment arm of F2 becomes

and the moment is

Ans.

(V) By the vector expression for a moment, and by using the coordinate
system indicated on the figure together with the procedures for evaluating cross
products, we have

The minus sign indicates that the vector is in the negative z-direction. The mag-
nitude of the vector expression is

Ans.MO � 2610 N � m
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Helpful Hints

� The required geometry here and in
similar problems should not cause dif-
ficulty if the sketch is carefully drawn.

� This procedure is frequently the
shortest approach.

� The fact that points B and C are not
on the body proper should not cause
concern, as the mathematical calcula-
tion of the moment of a force does not
require that the force be on the body.

� Alternative choices for the position
vector r are r � d1 j � 5.68j m and 
r � d2i � 6.77i m.
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ب( با استفاده از قضیة وارینون
در این روش ابتدا نیروی F را به دو مؤلفة متعامد تجزیه نموده و گشتاور آن ها را نسبت به 

نقطة O محاسبه و با یکدیگر جمع می نمائیم.

x x x

y y y

F F.cos F cos F / N

F F.sin F sin F N

600 30 519 61
600 30 300

= θ ⇒ = × ⇒ =

= θ ⇒ = × ⇒ =





با توجه به شکل بازوی لنگر Fx برابر 4 متر و چون امتداد مؤلفة Fy از نقطة O می گذرد، 
بازوی لنگر آن صفر است.

خواهیم داشت:

  نکته:
نقطه                 همان  به  نسبت  نیرو  آن  گشتاور  نماید  عبور  نقطه ای  از  نیرو  یک  امتداد  هرگاه 

برابر صفر است.

n

o i i o
i

o x y

o

M Fd M Fd F d

M F F /

M / N.m

1 1 2 2
1

4 0 519 61 4

2078 44

=

= ⇒ = +

= × + × = ×

=

∑

SAMPLE PROBLEM 2/5

Calculate the magnitude of the moment about the base point O of the 600-N
force in five different ways.

Solution. (I) The moment arm to the 600-N force is

By M � Fd the moment is clockwise and has the magnitude

Ans.

(II) Replace the force by its rectangular components at A,

By Varignon’s theorem, the moment becomes

Ans.

(III) By the principle of transmissibility, move the 600-N force along its
line of action to point B, which eliminates the moment of the component F2. The
moment arm of F1 becomes

and the moment is

Ans.

(IV) Moving the force to point C eliminates the moment of the component
F1. The moment arm of F2 becomes

and the moment is

Ans.

(V) By the vector expression for a moment, and by using the coordinate
system indicated on the figure together with the procedures for evaluating cross
products, we have

The minus sign indicates that the vector is in the negative z-direction. The mag-
nitude of the vector expression is

Ans.MO � 2610 N � m

� �2610k N � m

MO � r � F � (2i � 4j) � 600(i cos 40� � j sin 40�)

MO � 386(6.77) � 2610 N � m

d2 � 2 � 4 cot 40� � 6.77 m

MO � 460(5.68) � 2610 N � m

d1 � 4 � 2 tan 40� � 5.68 m

MO � 460(4) � 386(2) � 2610 N � m

F1 � 600 cos 40� � 460 N,   F2 � 600 sin 40� � 386 N

MO � 600(4.35) � 2610 N � m

d � 4 cos 40� � 2 sin 40� � 4.35 m

Article 2/4 Moment 41

2 m

4 m

A

O

40°

600 N

2 m

4 m
600 N

40°

40°

O

d

2 m

4 m

O

F2 = 600 sin 40°

F1 = 600 cos 40°

O

C

B

F

A
x

y

d1

d2

F2

F2

F1

F1

r

Helpful Hints

� The required geometry here and in
similar problems should not cause dif-
ficulty if the sketch is carefully drawn.

� This procedure is frequently the
shortest approach.

� The fact that points B and C are not
on the body proper should not cause
concern, as the mathematical calcula-
tion of the moment of a force does not
require that the force be on the body.

� Alternative choices for the position
vector r are r � d1 j � 5.68j m and 
r � d2i � 6.77i m.

�

�

�

�

 600N

θ = 30°

Fy

Fx

4m
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3-6	        زوج نیرو: 
به دو نیروی مساوی - موازی و مختلف الجهت زوج نیرو گفته می شود.

3-6-1- خصوصیات زوج نیرو:
1- برآیند زوج نیرو صفر است؛

2- در اجسام ایجاد گشتاور )چرخش( می نماید؛
با  است  برابر  و  ثابت  است  مقداری  دلخواه  نقطه  هر  به  نسبت  زوج نیرو  گشتاور   -3

حاصل ضرب اندازة یک نیرو در فاصلة بین آن ها. شکل )13-3( 
M=F.d

شکل 13-3 تحقیق کنید:
چگونه می توان به کمک گشتاورگیری نسبت به یک نقطة دلخواه مانند O در شکل )13-3( 

خصوصیت سوم زوج نیرو را اثبات کرد.

MO

مثال 6

PROBLEMS
Introductory Problems

2/59 Compute the combined moment of the two 90-lb
forces about (a) point O and (b) point A.

Problem 2/59

2/60 Replace the 12-kN force acting at point A by a
force–couple system at (a) point O and (b) point B.

Problem 2/60

O

B

A
30°

12 kN

4 m

5 m

y

x

A O

y

x

4″4″8″

90 lb

90 lb

Article 2/5 Problems 53

2/61 Replace the force–couple system at point O by a
single force. Specify the coordinate of the point
on the y-axis through which the line of action of this
resultant force passes.

Problem 2/61

2/62 The top view of a revolving entrance door is shown.
Two persons simultaneously approach the door and
exert force of equal magnitudes as shown. If the
resulting moment about the door pivot axis at O is

determine the force magnitude F.

Problem 2/62

15°

15°

0.8 m

0.8 m

O

– F

F

25 N � m,

O
80 N·m

200 N

y

x

yA

PROBLEMS
Introductory Problems

2/59 Compute the combined moment of the two 90-lb
forces about (a) point O and (b) point A.

Problem 2/59

2/60 Replace the 12-kN force acting at point A by a
force–couple system at (a) point O and (b) point B.

Problem 2/60

O

B

A
30°

12 kN

4 m

5 m

y

x

A O

y

x

4″4″8″

90 lb

90 lb

Article 2/5 Problems 53

2/61 Replace the force–couple system at point O by a
single force. Specify the coordinate of the point
on the y-axis through which the line of action of this
resultant force passes.

Problem 2/61

2/62 The top view of a revolving entrance door is shown.
Two persons simultaneously approach the door and
exert force of equal magnitudes as shown. If the
resulting moment about the door pivot axis at O is

determine the force magnitude F.

Problem 2/62

15°

15°

0.8 m

0.8 m

O

– F

F

25 N � m,

O
80 N·m

200 N

y

x

yA

90N

90N

8m 3m 3m

A الف( حول نقطة
O ب( حول نقطة

ج( با استفاده از خاصیت زوج نیرو

A

O

M N.m

M N.m

M F.d N.m

90 8 90 6 1260
90 11 90 3 1260

90 14 1260

= × + × =

= × + × =

= = × =

A

O

M N.m

M N.m

M F.d N.m

90 8 90 6 1260
90 11 90 3 1260

90 14 1260

= × + × =

= × + × =

= = × =

A

O

M N.m

M N.m

M F.d N.m

90 8 90 6 1260
90 11 90 3 1260

90 14 1260

= × + × =

= × + × =

= = × =

محاسبة  مطلوب است  روبه رو  شکل  در 
گشتاور دو نیروی 90 نیوتنی:

حل:

الف(

ب(

ج(
م مربوط به اين موضوع را ببينيد.

فيل
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خلاصه فصل
• نیرو کمیتی است برداری که باعث حرکت، تغییر شکل و یا چرخش اجسام می گردد.

• انواع نیرو عبارتند از: نیروهای خارجی، نیروهای داخلی.
• منظور از برآیند دو یا چند نیرو عبارت است از نیرویی که به تنهایی اثر همة نیروها را در 

خود داشته باشد.
• برای تعیین برآیند چند نیرو از روش تجزیه به مؤلفه های متعامد استفاده می شود و مقدار 

x yR ( F ) ( F )2 2= Σ + Σ برآیند از رابطة 

y به دست می آید.

x

F
tan

F
1− Σ

θ =
Σ و زاویة برآیند با محور x ها از رابطة 

• گشتاور یک نیرو نسبت به یک محور عبارت است از حاصل ضرب نیرو )F( در کوتاه ترین 
M به دست می آید. F.d= فاصلة نیرو تا آن محور )d(. و از رابطة 

مجموع  با  است  برابر  معین  نقطة  یک  حول  نیرو  چند  برآیند  گشتاور  وارینون:  قضیه   •
گشتاورهای آن ها حول همان نقطه.

• به دو نیروی مساوی، موازی و مختلف الجهت زوج نیرو گفته می شود.
• گشتاور زوج نیرو برابر است با حاصل ضرب یکی از نیروها در فاصلة بین آن ها.
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2/26 The cable AB prevents bar OA from rotating clock-
wise about the pivot O. If the cable tension is 750 N,
determine the n- and t-components of this force act-
ing on point A of the bar.

Problem 2/26

2/27 At what angle must the 400-lb force be applied in
order that the resultant R of the two forces have a
magnitude of 1000 lb? For this condition what will
be the angle between R and the horizontal?
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2/23 Determine the resultant R of the two forces shown
by (a) applying the parallelogram rule for vector
addition and (b) summing scalar components.

Problem 2/23

2/24 It is desired to remove the spike from the timber by
applying force along its horizontal axis. An obstruc-
tion A prevents direct access, so that two forces, one
400 lb and the other P, are applied by cables as
shown. Compute the magnitude of P necessary to
ensure a resultant T directed along the spike. Also
find T.

Problem 2/24

2/25 At what angle must the 800-lb force be applied in
order that the resultant R of the two forces have a
magnitude of 2000 lb? For this condition, determine
the angle between R and the vertical.
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2/26 The cable AB prevents bar OA from rotating clock-
wise about the pivot O. If the cable tension is 750 N,
determine the n- and t-components of this force act-
ing on point A of the bar.

Problem 2/26

2/27 At what angle must the 400-lb force be applied in
order that the resultant R of the two forces have a
magnitude of 1000 lb? For this condition what will
be the angle between R and the horizontal?
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2/23 Determine the resultant R of the two forces shown
by (a) applying the parallelogram rule for vector
addition and (b) summing scalar components.

Problem 2/23

2/24 It is desired to remove the spike from the timber by
applying force along its horizontal axis. An obstruc-
tion A prevents direct access, so that two forces, one
400 lb and the other P, are applied by cables as
shown. Compute the magnitude of P necessary to
ensure a resultant T directed along the spike. Also
find T.

Problem 2/24

2/25 At what angle must the 800-lb force be applied in
order that the resultant R of the two forces have a
magnitude of 2000 lb? For this condition, determine
the angle between R and the vertical.

Problem 2/25
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2/26 The cable AB prevents bar OA from rotating clock-
wise about the pivot O. If the cable tension is 750 N,
determine the n- and t-components of this force act-
ing on point A of the bar.

Problem 2/26

2/27 At what angle must the 400-lb force be applied in
order that the resultant R of the two forces have a
magnitude of 1000 lb? For this condition what will
be the angle between R and the horizontal?

Problem 2/27
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2/23 Determine the resultant R of the two forces shown
by (a) applying the parallelogram rule for vector
addition and (b) summing scalar components.

Problem 2/23

2/24 It is desired to remove the spike from the timber by
applying force along its horizontal axis. An obstruc-
tion A prevents direct access, so that two forces, one
400 lb and the other P, are applied by cables as
shown. Compute the magnitude of P necessary to
ensure a resultant T directed along the spike. Also
find T.

Problem 2/24

2/25 At what angle must the 800-lb force be applied in
order that the resultant R of the two forces have a
magnitude of 2000 lb? For this condition, determine
the angle between R and the vertical.

Problem 2/25
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2/17 Refer to the mechanism of the previous problem.

Develop general expressions for the n- and t-compo-

nents of the tension T applied to point A. Then eval-

uate your expressions for 

and 

2/18 The ratio of the lift 
force L to the drag force D for

the simple airfoil is 

If th
e lift 

force on a

short section of the airfoil is 50 lb, compute the

magnitude of the resultant force R and the angle 

which it m
akes with the horizontal.

Problem 2/18

2/19 Determine the resultant R
of the two forces applied

to the bracket. Write R in terms of unit vectors

along the x- and y-axes shown.

Problem 2/19

2/20 Determine the scalar components 
and 

of the

force R along the nonrectangular axes a and b. Also

determine the orthogonal projection 
of R onto

axis a.
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Problem 2/20

2/21 Determine the components of the 800-lb force F

along the oblique axes a and b. Also, determine the

projections of F onto the a- and b-axes.

Problem 2/21

2/22 Determine the components 
and 

of the 4-kN

force along the oblique axes a and b. Determine the

projections and of F onto the a- and b-axes.

Problem 2/22
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2/17 Refer to the mechanism of the previous problem.

Develop general expressions for the n- and t-compo-

nents of the tension T applied to point A. Then eval-

uate your expressions for 

and 
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force L to the drag force D for

the simple airfoil is 

If th
e lift 

force on a

short section of the airfoil is 50 lb, compute the

magnitude of the resultant force R and the angle 

which it m
akes with the horizontal.

Problem 2/18

2/19 Determine the resultant R
of the two forces applied

to the bracket. Write R in terms of unit vectors

along the x- and y-axes shown.

Problem 2/19

2/20 Determine the scalar components 
and 

of the

force R along the nonrectangular axes a and b. Also

determine the orthogonal projection 
of R onto
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Problem 2/20

2/21 Determine the components of the 800-lb force F

along the oblique axes a and b. Also, determine the

projections of F onto the a- and b-axes.
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2/22 Determine the components 
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2- در شکل زیر مقدار زاویه θ را چنان تعیین نمایید که برآیند دو نیرو بر محور y ها منطبق 
گردد. سپس در این حالت مقدار برآیند را محاسبه کنید.
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3- در شکل روبه رو مطلوب است:
الف( محاسبة مقدار برآیند نیروها

ب( محاسبة زاویة برآیند با افق
ج( ترسیم بردار برآیند

د( نمایش برداری بردار برآیند

4- در شکل زیر نیروی F و زاویه θ  را طوری تعیین نمایید که برآیند روی محور افق قرار 
گیرد و مقدار آن برابر N 876/6 باشد.

و جهت  نموده  محاسبه  پیچ  مرکز  را حول  نیوتنی  نیروی 250  زیر گشتاور  در شکل   -5
گشتاور را تعیین نمائید.

PROBLEMS
Introductory Problems

2/31 The 4-kN force F is applied at point A. Compute the
moment of F about point O, expressing it both as
a scalar and as a vector quantity. Determine the
coordinates of the points on the x- and y-axes
about which the moment of F is zero.

Problem 2/31

2/32 The rectangular plate is made up of 1-ft squares as
shown. A 30-lb force is applied at point A in the di-
rection shown. Calculate the moment of the force
about point B by at least two different methods.

Problem 2/32

2/33 The throttle-control sector pivots freely at O. If an
internal torsional spring exerts a return moment

on the sector when in the position
shown, for design purposes determine the necessary
throttle-cable tension T so that the net moment
about O is zero. Note that when T is zero, the sector
rests against the idle-control adjustment screw at R.

M � 1.8 N � m

x

A

B

y

1 ft

30 lb

1 ft

MB

y, m

x, m

5

3

F = 4 kN

A (1.2, 1.5)

O

Article 2/4 Problems 43

Problem 2/33

2/34 The force of magnitude F acts along the edge of the
triangular plate. Determine the moment of F about
point O.

Problem 2/34

2/35 Calculate the moment of the 250-N force on the
handle of the monkey wrench about the center of
the bolt.

Problem 2/35

200 mm

30 mm

15°

250 N

b

F

A

B

O

h

M

Q

R

P

T

50 mm

O

200 mm

250 N
15°

30 mm

PROBLEMS
Introductory Problems

2/79 Two rods and one cable are attached to the support
at O. If two of the forces are as shown, determine
the magnitude F and direction of the third force so
that the resultant of the three forces is vertically
downward with a magnitude of 1200 lb.

Problem 2/79

2/80 Determine the resultant R of the three tension
forces acting on the eye bolt. Find the magnitude of
R and the angle which R makes with the positive
x-axis.

Problem 2/80

20 kN

30°

45°

y

x

8 kN

4 kN

�x

45° 30°
O

1000 lb
F

500 lb

θ

x

y

�

Article 2/6 Problems 61

2/81 Determine the equivalent force–couple system at
the center O for each of the three cases of forces
being applied along the edges of a square plate of
side d.

Problem 2/81

2/82 Determine the equivalent force–couple system at
the origin O for each of the three cases of forces
being applied along the edges of a regular hexagon
of width d. If the resultant can be so expressed, re-
place this force–couple system with a single force.

Problem 2/82

2/83 Where does the resultant of the two forces act?

Problem 2/83

500
mm

300
mm

680 N

660 N

A

F

F

F
F

x

y

d

d

O

(a)

F F
F

x

y

O

(b)

d
FF

F

x

y

O

(c)

FF

x

y

d

d O

(a)

F

F

x

y

d

O

(b)

F

F

x

y

d

O

(c)

45°

30°

4 kN

8 kN

20 kN
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Introductory Problems

2/79 Two rods and one cable are attached to the support
at O. If two of the forces are as shown, determine
the magnitude F and direction of the third force so
that the resultant of the three forces is vertically
downward with a magnitude of 1200 lb.

Problem 2/79

2/80 Determine the resultant R of the three tension
forces acting on the eye bolt. Find the magnitude of
R and the angle which R makes with the positive
x-axis.

Problem 2/80
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45°

y

x
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45° 30°
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1000 lb
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500 lb

θ

x

y
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2/81 Determine the equivalent force–couple system at
the center O for each of the three cases of forces
being applied along the edges of a square plate of
side d.

Problem 2/81

2/82 Determine the equivalent force–couple system at
the origin O for each of the three cases of forces
being applied along the edges of a regular hexagon
of width d. If the resultant can be so expressed, re-
place this force–couple system with a single force.

Problem 2/82

2/83 Where does the resultant of the two forces act?

Problem 2/83

500
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300
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680 N

660 N
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F
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F F
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F
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F

F
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N
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30 mm

1000 N

45° 30°

500 N
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6- در شکل های زیر گشتاور نیرو را حول نقطه A محاسبه نمائید.
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2/65 The 7-lb force is applied by the control rod on the
sector as shown. Determine the equivalent force–
couple system at O.

Problem 2/65

2/66 Replace the 10-kN force acting on the steel column
by an equivalent force–couple system at point O.
This replacement is frequently done in the design of
structures.

Problem 2/66

1 m

10 kN

O

75 mm

A

T = 7 lb

15°

30°

15°O

3"

54 Chapter 2 Force Systems

2/63 Determine the moment associated with the couple
applied to the rectangular plate. Reconcile the
results with those for the individual special cases of

and

Problem 2/63

2/64 As part of a test, the two aircraft engines are revved
up and the propeller pitches are adjusted so as to re-
sult in the fore and aft thrusts shown. What force F
must be exerted by the ground on each of the main
braked wheels at A and B to counteract the turning
effect of the two propeller thrusts? Neglect any ef-
fects of the nose wheel C, which is turned and
unbraked.

Problem 2/64

500 lb

C

A

B
500 lb

8′ 14′

90�

b

h

F

F

θ

θ

h � 0.� � 0, b � 0,

2/65 The 7-lb force is applied by the control rod on the
sector as shown. Determine the equivalent force–
couple system at O.

Problem 2/65

2/66 Replace the 10-kN force acting on the steel column
by an equivalent force–couple system at point O.
This replacement is frequently done in the design of
structures.

Problem 2/66

1 m

10 kN

O

75 mm

A

T = 7 lb

15°

30°

15°O

3"

54 Chapter 2 Force Systems

2/63 Determine the moment associated with the couple
applied to the rectangular plate. Reconcile the
results with those for the individual special cases of

and

Problem 2/63

2/64 As part of a test, the two aircraft engines are revved
up and the propeller pitches are adjusted so as to re-
sult in the fore and aft thrusts shown. What force F
must be exerted by the ground on each of the main
braked wheels at A and B to counteract the turning
effect of the two propeller thrusts? Neglect any ef-
fects of the nose wheel C, which is turned and
unbraked.

Problem 2/64

500 lb

C

A

B
500 lb

8′ 14′

90�

b

h

F

F

θ

θ

h � 0.� � 0, b � 0,

A

10 kN

1 m

75 mm

)ج(

Problem 2/175

2/176 Reduce the given loading system to a force–couple
system at point A. Then determine the distance x
to the right of point A at which the resultant of the
three forces acts.

Problem 2/176

2/177 Represent the resultant of the three forces and
couple by a force–couple system located at point A.

Problem 2/177

2 m

3.5 m
1.5 m

2.5 m

3 kN

4 kN

10 kN·m

5 kN
160°

A

20″8″

18″

200 lb

300 lb

180 lb

A

100 N

160 N

240 N

600 mm

600 mm

A

600 mm

102 Chapter 2 Force Systems

2/173 The control lever is subjected to a clockwise couple
of exerted by its shaft at A and is designed
to operate with a 200-N pull as shown. If the resul-
tant of the couple and the force passes through A,
determine the proper dimension x of the lever.

Problem 2/173

2/174 Calculate the moment of the 250-N force about
the base point O of the robot.

Problem 2/174

2/175 Replace the three forces shown by an equivalent
force–couple system at point A. If the forces are
replaced by a single resultant force, determine the
distance d below point A to its line of action.

A

B

C

400 mm

300 mm

250 N

20°

60°

O

500 mm

MO

150 mm

200 N

x

20°

A

80 N � m

200N 180N

300N
1m 1/20m 1m

)ب(

5/128 Draw the shear and moment diagrams for the
loaded beam and determine the distance d to the
right of A where the moment is zero.

Problem 5/128

5/129 Draw the shear and moment diagrams for the
beam loaded at its center by the couple C. State
the value of the shear force at midbeam.

Problem 5/129

5/130 Draw the shear and moment diagrams for the
loaded beam. What are the values of the shear and
moment at midbeam?

Problem 5/130

5/131 Draw the shear and moment diagrams for the
beam shown and find the bending moment M at
section C.

Problem 5/131

A

3′

C B

3′

12′′800 lb 1000 lb

3′ 3′
600 lb

A B
M0

l––
3

l––
3

l––
3

A

C

B

l/2 l/2

A

B

4 kN

2 kN

2 m 2 m 2 m

286 Chapter 5 Distributed Forces

PROBLEMS
Introductory Problems

5/125 Determine the shear-force and bending-moment
distributions produced in the beam by the concen-
trated load. What are the values of the shear and
moment when 

Problem 5/125

5/126 Draw the shear and moment diagrams for the loaded
cantilever beam. State the value of the bending mo-
ment at midbeam.

Problem 5/126

5/127 Draw the shear and moment diagrams for the div-
ing board, which supports the 175-lb man poised to
dive. Specify the bending moment with the maxi-
mum magnitude.

Problem 5/127

BA

42′′

12′

l––
2

l––
2

PP

A

x

A B

P
2l–––
3

l––
3

x � l /2?

L
2

L
2
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Problem 2/38

Representative Problems

2/39 The slender quarter-circular member of mass m is
built-in at its support O. Determine the moment of
its weight about point O. Use Table D/3 as neces-
sary to determine the location of the mass center of
the body.

Problem 2/39

2/40 The 30-N force P is applied perpendicular to the
portion BC of the bent bar. Determine the moment
of P about point B and about point A.

Problem 2/40

C

B

A

P  =  30 N

45°

1.6 m

1.6 m

b

O

m

20°

F = 60 N

r = 100 mm

O

44 Chapter 2 Force Systems

2/36 The tension in cable AB is 100 N. Determine the
moment about O of this tension as applied to point
A of the T-shaped bar. The dimension b is 600 mm.

Problem 2/36

2/37 A prybar is used to remove a nail as shown. Deter-
mine the moment of the 60-lb force about the point
O of contact between the prybar and the small sup-
port block.

Problem 2/37

2/38 A force F of magnitude 60 N is applied to the gear.
Determine the moment of F about point O.
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Problem 2/38

Representative Problems

2/39 The slender quarter-circular member of mass m is
built-in at its support O. Determine the moment of
its weight about point O. Use Table D/3 as neces-
sary to determine the location of the mass center of
the body.

Problem 2/39

2/40 The 30-N force P is applied perpendicular to the
portion BC of the bent bar. Determine the moment
of P about point B and about point A.
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mine the moment of the 60-lb force about the point
O of contact between the prybar and the small sup-
port block.

Problem 2/37

2/38 A force F of magnitude 60 N is applied to the gear.
Determine the moment of F about point O.
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7- گشتاور نیروی P حول نقطة A و B را به دست آورید.
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4-1             تعادل 
نداشته  یا چرخشی  یا جسم مادی هیچ گونه حرکت و  تعادل آن است که ذره  مفهوم 

باشد.
به منظور بررسی تعادل اجسام، آن ها را به دو حالت در نظر می گیریم.

1- نقطه مادی
2- جسم صلب                        .

هدف های رفتاری

پس از آموزش این فصل از فراگیر انتظار می رود بتواند:
1- مفهوم تعادل را توضیح دهد.

2- شرط تعادل نقطة مادی را بیان کند.
3- پیکر آزاد ذرة مادی را ترسیم کند.

4- شرط تعادل نقطة مادی را در مسائل به کار گیرد.
5- شروط لازم برای تعادل جسم صلب را توضیح دهد.

6- انواع تکیه گاه ها را بشناسد.
7- پیکر آزاد اجسام تحت تأثیر نیروهای مختلف را ترسیم کند.

8- عکس العمل های تکیه گاهی را در اجسام محاسبه کند.
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4-1-1- تعادل نقطة مادی
با توجه به تعریف نقطة مادی در فصل اول، نیروهای وارد به جسم در یک نقطه متقارب 

خواهند بود و شرط تعادل در این حالت آن است که برآیند نیروهای وارده صفر باشد یعنی:

 F 0∑ =


  
        )1-4(

در صفحه مختصات دکارتی رابطة )4-1( را می توان به صورت زیر نوشت:

x

y

F
F

F

0
0

0

∑ =∑ = ⇒ 
∑ =







               
  )2-4(   

              

در شکل )4-1- الف( چنان چه 
از ابعاد قطعات اتصال صرف نظر شود، 
وضعیت نیروها به صورت شکل )1-4- 

ب( خواهند بود.

شکل 1-4

for all sections. We assume here that the weight of the member is small
compared with the force it supports. If it is not, or if we must account
for the small effect of the weight, we can replace the weight W of the
member by two forces, each W/2 if the member is uniform, with one
force acting at each end of the member. These forces, in effect, are
treated as loads externally applied to the pin connections. Accounting
for the weight of a member in this way gives the correct result for the
average tension or compression along the member but will not account
for the effect of bending of the member.

Truss Connections and Supports
When welded or riveted connections are used to join structural

members, we may usually assume that the connection is a pin joint if
the centerlines of the members are concurrent at the joint as in Fig. 4/5.

We also assume in the analysis of simple trusses that all external
forces are applied at the pin connections. This condition is satisfied in
most trusses. In bridge trusses the deck is usually laid on cross beams
which are supported at the joints, as shown in Fig. 4/1.

For large trusses, a roller, rocker, or some kind of slip joint is used
at one of the supports to provide for expansion and contraction due to
temperature changes and for deformation from applied loads. Trusses
and frames in which no such provision is made are statically indetermi-
nate, as explained in Art. 3/3. Figure 3/1 shows examples of such joints.

Two methods for the force analysis of simple trusses will be given.
Each method will be explained for the simple truss shown in Fig. 4/6a.
The free-body diagram of the truss as a whole is shown in Fig. 4/6b. The
external reactions are usually determined first, by applying the equilib-
rium equations to the truss as a whole. Then the force analysis of the re-
mainder of the truss is performed.

4/3 Method of Joints
This method for finding the forces in the members of a truss con-

sists of satisfying the conditions of equilibrium for the forces acting on
the connecting pin of each joint. The method therefore deals with the
equilibrium of concurrent forces, and only two independent equilibrium
equations are involved.

We begin the analysis with any joint where at least one known load
exists and where not more than two unknown forces are present. The
solution may be started with the pin at the left end. Its free-body dia-
gram is shown in Fig. 4/7. With the joints indicated by letters, we usu-
ally designate the force in each member by the two letters defining the
ends of the member. The proper directions of the forces should be evi-
dent by inspection for this simple case. The free-body diagrams of por-
tions of members AF and AB are also shown to clearly indicate the
mechanism of the action and reaction. The member AB actually makes
contact on the left side of the pin, although the force AB is drawn from
the right side and is shown acting away from the pin. Thus, if we consis-
tently draw the force arrows on the same side of the pin as the member,
then tension (such as AB) will always be indicated by an arrow away

176 Chapter 4 Structures

Figure 4/5

Figure 4/6
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4-1-1-2- پیکر آزاد جسم 
به منظور بررسی تعادل اجسام، لازم است ابتدا جسم را از محیط اطراف خود جدا نموده و 
نیروهای وارد بر آن را در راستاهای موجود نمایش دهیم که به این عمل، ترسیم پیکر آزادجسم1 

گفته می شود.

در شکل )4-2( وزنة 20N توسط سه رشته کابل AB و BC و BD نگهداری شده 
است. چون کابل ها فقط نیروی کششی را تحمل می نمایند بنابراین نیروهای وارد به نقطه B به 

صورت کششی بوده و پیکر آزاد آن مطابق شکل )4-3( خواهد بود.

نکته:
کمک  به  سپس  و  نموده  ترسیم  آن را  آزاد  پیکر  ابتدا  مادی،  نقطة  تعادل  مسائل  حل  در 

معادلات تعادل )4-2( مجهولات مسئله را محاسبه می نمائیم.

1- FBD (Free Body Diagram)

شکل 2-4

شکل 3-4

20N

45°

45°

20 N
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حل:
گام اول( با توجه به این موضوع که تمامی نیروها به نقطه A وارد می شوند بنابراین پیکر 

که  می دانیم  می گردد.  ترسیم   A مادی  نقطه  آزاد 
بنابراین نیروی  کابل ها همیشه رفتار کششی دارند 
 TAC و TAB را به ترتیب با AC و AB کابل های
نمایش  را  کدام  هر  زوایای  و  کششی  صورت  به 

می دهیم.

مثال 1
کشش کابل های AB و AC را در سامانة در حال تعادل زیر به دست آورید.

 y و x گام دوم( تعیین محورهای مختصات
روی نقطه A و تجزیه نیروها در این دستگاه 

مختصات

60°30°

50kN

TABsin60

TACsin30TAC

TAB

A

y

x
TACcos30 TABcos60

60°30°

50kN

A

TAB
TAC

60°

30°

w=50kN

A

B

C
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4-1-2- تعادل جسم صلب
در قسمت قبل بنا به فرض، اجسام را به عنوان یک نقطه مادی در نظر گرفتیم. در حالی که چنین 
فرضی همیشه امکان پذیر نخواهد بود و نمی توان از ابعاد جسم صرف نظر نمود بنابراین در این حالت 
نیروها در یک نقطه متقارب نخواهند بود و علاوه بر حرکت، امکان دَوَران )گشتاور( جسم تحت تأثیر 

نیروهای وارده نیز وجود دارد. لذا شرط تعادل در مورد اجسام صلب به صورت زیر خواهد بود:
1- برای این که جسم در راستای محور x جابه جایی نداشته باشد باید:
2- برای این که جسم در راستای محور y جابه جایی نداشته باشد باید:

3- برای این که جسم چرخش نداشته باشد باید:

X

Y

F
F
M

0
0
0

Σ = ←
Σ = ←
Σ = ←

گام سوم( تشکیل معادلات تعادل )4-2( و حل آن ها تا رسیدن به خواسته های مسئله

Ιرابطه

ΙΙ رابطه

چون حل هر یک از معادلات فوق با وجود دو مجهول امکان پذیر نیست بنابراین آن ها را 
در یک دستگاه دو معادله دو مجهولی قرار داده که با استفاده از روش های مختلف قابل 

حل است.
در این جا از معادله اول یکی از مجهولات را بر حسب دیگری محاسبه و در معادله دوم قرار 

می دهیم تا یکی از مجهولات حذف شود:
از رابطه Ι نتیجه می شود

مقدار TAB را در رابطه ΙΙ قرار داده خواهیم داشت:

x AB AC

y AB AC

F T cos T cos

F T sin T sin

0 60 30 0

0 60 30 50 0+

+

∑ = ⇒ − =

↑ ∑ = ⇒ + − =

→

 

 

x AB AC

y AB AC

F T cos T cos

F T sin T sin

0 60 30 0

0 60 30 50 0+

+

∑ = ⇒ − =

↑ ∑ = ⇒ + − =

→

 

 

x AB AC

y AB AC

F T cos T cos

F T sin T sin

0 60 30 0

0 60 30 50 0+

+

∑ = ⇒ − =

↑ ∑ = ⇒ + − =

→

 

 

AC
AB AB AC

T cosT T / T
cos

30 1 73
60

⇒ = ⇒ = ΙΙΙ رابطه

ΙΙΙ از رابطة

AC AC AC

AC

AC

AB

AB

/ T sin T sin T

T

T kN

T /

T / kN

1 73 60 30 50 0 2 50 0
50
2

25

1 73 25

43 25

× + − = ⇒ − =

=

⇒ =

⇒ = ×

⇒ =

 

حال مقدار TAC را در رابطة ΙΙΙ قرار می دهیم:

)3-4(

م مربوط به اين موضوع را ببينيد.
فيل
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4-2             انواع تکیه گاه ها و عکس العمل های آن ها 
برای بررسی تعادل اجسام صلب، همانند نقاط مادی باید ابتدا پیکر آزاد آن ها را ترسیم 
نمود. برای این منظور، باید جسم را از محیط اطراف آن جدا نمائیم و چون اجسام بر روی 
تکیه گاه هایی قرار دارند که با توجه به نوع آن ها مانع از حرکت )جابه جایی( و یا چرخش 

جسم می گردند، لازم است ابتدا تکیه گاه ها و عکس العمل های آن ها را معرفی نمائیم.
تعریف عکس العمل تکیه گاهی 

حفظ  جهت  در  تکیه گاه  که  است  واکنشی  اجسام  تکیه گاهی  عکس العمل  از  منظور 
تعادل آن ها از خود نشان می دهد و مانع از حرکت و یا دوران جسم مورد نظر می شود.

4-2-1- انواع تکیه گاه ها 
الف( تکیه گاه غلطکی )یک مجهولی( 

عبارت است  از تکیه گاهی که تنها یک عکس العمل آن هم عمود بر سطح اتکای خود 
دارد؛ همانند چرخ اتومبیل روی سطح بدون اصطکاک.

ب( تکیه گاه مفصلی )دومجهولی( 
به تکیه گاهی گفته می شود که دارای دو عکس العمل می باشد؛ یکی مماس بر سطح اتکا 

و دیگری عمود بر آن خواهد بود.
ج( تکیه گاه گیردار )سه مجهولی( 

تکیه گاهی است که دارای سه عکس العمل به شرح زیر
 می باشد:

1- مماس بر سطح تکیه گاه
2- عمود بر سطح تکیه گاه

3- عکس العمل دورانی
د( تکیه گاه میله ای

منظور از میله عضوی کوتاه است که در دو انتهای خود به صورت لولا یا مفصل متصل شده 
باشد. عکس العمل تکیه گاه میله ای در راستای میله و به صورت کششی یا فشاری خواهد بود.

ه( تکیه گاه کابلی:
هر گاه جسم توسط کابل به تکیه گاه متصل شود، عکس العمل کابل به صورت کششی 

و در راستای آن خواهد بود.
در جدول )4-1( انواع تکیه گاه ها و عکس العمل های آن ها معرفی شده اند.

م مربوط به اين موضوع را ببينيد.
فيل
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جدول )4-1( انواع تکیه گاه
ف

ردی

گاه
کیه 

ع ت
نو

شکل واقعی شکل شماتیک عکس العمل های 
تکیه گاهی

1

کی
لط

غ

2

لی
ص

مف

3

دار
گیر

4

ای
له 

می

5 لی
کاب

3/4 The uniform beam has a mass of 50 kg per meter of
length. Determine the reactions at the supports.

Problem 3/4

3/5 The 500-kg uniform beam is subjected to the three
external loads shown. Compute the reactions at the
support point O. The x-y plane is vertical.

Problem 3/5

3/6 Calculate the force and moment reactions at the bolted
base O of the overhead traffic-signal assembly. Each
traffic signal has a mass of 36 kg, while the masses of
members OC and AC are 50 kg and 55 kg, respectively.
The mass center of member AC is at G.

Problem 3/6
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PROBLEMS
Introductory Problems

3/1 The 50-kg homogeneous smooth sphere rests on the
incline A and bears against the smooth vertical

wall B. Calculate the contact forces at A and B.

Problem 3/1

3/2 A carpenter holds a 12-lb 2-in. by 4-in. board as shown.
If he exerts vertical forces on the board, determine
the forces at A and B.

Problem 3/2

3/3 The weight of the bicycle is 29 lb with center of grav-
ity at G. Determine the normal forces at A and B
when the bicycle is in equilibrium.

Problem 3/3

G

18.5″ 22.5″
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A
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write the appropriate equations of equilibrium, which can then be
analyzed.

Modeling the Action of Forces
Figure 3/1 shows the common types of force application on mechani-

cal systems for analysis in two dimensions. Each example shows the
force exerted on the body to be isolated, by the body to be removed. New-
ton’s third law, which notes the existence of an equal and opposite reac-
tion to every action, must be carefully observed. The force exerted on
the body in question by a contacting or supporting member is always in
the sense to oppose the movement of the isolated body which would
occur if the contacting or supporting body were removed.

Article 3/2 System Isolation and the Free-Body Diagram 111

θ

θ

MODELING THE ACTION OF FORCES IN TWO-DIMENSIONAL ANALYSIS
Type of Contact and Force Origin

1. Flexible cable, belt,
chain, or rope

2. Smooth surfaces

3. Rough surfaces

4. Roller support

5. Freely sliding guide

Action on Body to Be Isolated

Force exerted by 
a flexible cable is 
always a tension away 
from the body in the 
direction of the cable.

Contact force is 
compressive and is 
normal to the surface.

Rough surfaces are 
capable of supporting 
a tangential compo-
nent F (frictional 
force) as well as a 
normal component 
N of the resultant 
contact force R.

Roller, rocker, or ball 
support transmits a 
compressive force 
normal to the 
supporting surface.

Collar or slider free to 
move along smooth 
guides; can support 
force normal to guide 
only.

θ

θ

Weight of cable
negligible

Weight of cable
not negligible

T

T

N

N

N

N

F

R

N N

Figure 3/1

write the appropriate equations of equilibrium, which can then be
analyzed.

Modeling the Action of Forces
Figure 3/1 shows the common types of force application on mechani-

cal systems for analysis in two dimensions. Each example shows the
force exerted on the body to be isolated, by the body to be removed. New-
ton’s third law, which notes the existence of an equal and opposite reac-
tion to every action, must be carefully observed. The force exerted on
the body in question by a contacting or supporting member is always in
the sense to oppose the movement of the isolated body which would
occur if the contacting or supporting body were removed.
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MODELING THE ACTION OF FORCES IN TWO-DIMENSIONAL ANALYSIS
Type of Contact and Force Origin

1. Flexible cable, belt,
chain, or rope

2. Smooth surfaces

3. Rough surfaces

4. Roller support

5. Freely sliding guide

Action on Body to Be Isolated

Force exerted by 
a flexible cable is 
always a tension away 
from the body in the 
direction of the cable.

Contact force is 
compressive and is 
normal to the surface.

Rough surfaces are 
capable of supporting 
a tangential compo-
nent F (frictional 
force) as well as a 
normal component 
N of the resultant 
contact force R.

Roller, rocker, or ball 
support transmits a 
compressive force 
normal to the 
supporting surface.

Collar or slider free to 
move along smooth 
guides; can support 
force normal to guide 
only.

θ
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Weight of cable
negligible

Weight of cable
not negligible
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Figure 3/1
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In Fig. 3/1, Example 1 depicts the action of a flexible cable, belt, rope,
or chain on the body to which it is attached. Because of its flexibility, a
rope or cable is unable to offer any resistance to bending, shear, or com-
pression and therefore exerts only a tension force in a direction tangent to
the cable at its point of attachment. The force exerted by the cable on the
body to which it is attached is always away from the body. When the ten-
sion T is large compared with the weight of the cable, we may assume that
the cable forms a straight line. When the cable weight is not negligible
compared with its tension, the sag of the cable becomes important, and
the tension in the cable changes direction and magnitude along its length.

When the smooth surfaces of two bodies are in contact, as in Exam-
ple 2, the force exerted by one on the other is normal to the tangent to
the surfaces and is compressive. Although no actual surfaces are per-
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MODELING THE ACTION OF FORCES IN TWO-DIMENSIONAL ANALYSIS (cont.)
Type of Contact and Force Origin

6. Pin connection

7. Built-in or fixed support

8. Gravitational attraction

9. Spring action

Action on Body to Be Isolated

A freely hinged pin 
connection is capable 
of supporting a force 
in any direction in the 
plane normal to the 
pin axis. We may 
either show two 
components Rx and
Ry or a magnitude R
and direction   . A pin 
not free to turn also 
supports a couple M.

A built-in or fixed 
support is capable of 
supporting an axial 
force F, a transverse 
force V (shear force), 
and a couple M
(bending moment) to 
prevent rotation.

The resultant of 
gravitational
attraction on all 
elements of a body of 
mass m is the weight 
W = mg and acts 
toward the center of 
the earth through the 
center mass G.

Spring force is tensile 
if spring is stretched 
and compressive if 
compressed. For a 
linearly elastic spring 
the stiffness k is the 
force required to 
deform the spring a 
unit distance.

Pin free to turn

Pin not free to turn

Ry

Rx

Ry

Rx

R

Weld

A

M

F

V

or
AA

W = mg

F

Gm

F
x

F = kx
Hardening

NonlinearLinear
Neutral
position

Softening

F

x

F

x

θ

θ

M

Figure 3/1, continuedIn Fig. 3/1, Example 1 depicts the action of a flexible cable, belt, rope,
or chain on the body to which it is attached. Because of its flexibility, a
rope or cable is unable to offer any resistance to bending, shear, or com-
pression and therefore exerts only a tension force in a direction tangent to
the cable at its point of attachment. The force exerted by the cable on the
body to which it is attached is always away from the body. When the ten-
sion T is large compared with the weight of the cable, we may assume that
the cable forms a straight line. When the cable weight is not negligible
compared with its tension, the sag of the cable becomes important, and
the tension in the cable changes direction and magnitude along its length.

When the smooth surfaces of two bodies are in contact, as in Exam-
ple 2, the force exerted by one on the other is normal to the tangent to
the surfaces and is compressive. Although no actual surfaces are per-
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MODELING THE ACTION OF FORCES IN TWO-DIMENSIONAL ANALYSIS (cont.)
Type of Contact and Force Origin

6. Pin connection

7. Built-in or fixed support

8. Gravitational attraction

9. Spring action

Action on Body to Be Isolated

A freely hinged pin 
connection is capable 
of supporting a force 
in any direction in the 
plane normal to the 
pin axis. We may 
either show two 
components Rx and
Ry or a magnitude R
and direction   . A pin 
not free to turn also 
supports a couple M.

A built-in or fixed 
support is capable of 
supporting an axial 
force F, a transverse 
force V (shear force), 
and a couple M
(bending moment) to 
prevent rotation.

The resultant of 
gravitational
attraction on all 
elements of a body of 
mass m is the weight 
W = mg and acts 
toward the center of 
the earth through the 
center mass G.

Spring force is tensile 
if spring is stretched 
and compressive if 
compressed. For a 
linearly elastic spring 
the stiffness k is the 
force required to 
deform the spring a 
unit distance.
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Figure 3/1, continued

3/4 The uniform beam has a mass of 50 kg per meter of
length. Determine the reactions at the supports.

Problem 3/4

3/5 The 500-kg uniform beam is subjected to the three
external loads shown. Compute the reactions at the
support point O. The x-y plane is vertical.

Problem 3/5

3/6 Calculate the force and moment reactions at the bolted
base O of the overhead traffic-signal assembly. Each
traffic signal has a mass of 36 kg, while the masses of
members OC and AC are 50 kg and 55 kg, respectively.
The mass center of member AC is at G.

Problem 3/6

36 kg 36 kg

55 kg

50 kg

7 m

4 m5 m 1
m

BA
G C

O

1.2 m 1.8 m

1.4 kN

15 kN·m
3 kN

x
C

AO B

1.8 m

30°

y

A

y

B

300 kg

2.4 m 1.2 m
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PROBLEMS
Introductory Problems

3/1 The 50-kg homogeneous smooth sphere rests on the
incline A and bears against the smooth vertical

wall B. Calculate the contact forces at A and B.

Problem 3/1

3/2 A carpenter holds a 12-lb 2-in. by 4-in. board as shown.
If he exerts vertical forces on the board, determine
the forces at A and B.

Problem 3/2

3/3 The weight of the bicycle is 29 lb with center of grav-
ity at G. Determine the normal forces at A and B
when the bicycle is in equilibrium.

Problem 3/3

G

18.5″ 22.5″
A B

A
B

6′2′

30°
A

B

30�
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5/199 A fresh-water channel 10 ft wide (normal to the
plane of the paper) is blocked at its end by a rec-
tangular barrier, shown in section ABD. Support-
ing struts BC are spaced every 2 ft along the 10-ft
width. Determine the compression C in each strut.
Neglect the weights of the members.

Problem 5/199

5/200 A channel-marker buoy consists of an 8-ft hollow
steel cylinder 12 in. in diameter weighing 180 lb
and anchored to the bottom with a cable as shown.
If at high tide, calculate the tension T in
the cable. Also find the value of h when the cable
goes slack as the tide drops. The specific weight of
sea water is . Assume the buoy is weighted
at its base so that it remains vertical.

Problem 5/200
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5/197 The solid concrete cylinder 6 ft long and 4 ft in 
diameter is supported in a half-submerged position
in fresh water by a cable which passes over a fixed
pulley at A. Compute the tension T in the cable.
The cylinder is waterproofed by a plastic coating.
(Consult Table D/1, Appendix D, as needed.)

Problem 5/197

5/198 A block of wood in the form of a waterproofed 16-in.
cube is floating in a tank of salt water with a 6-in.
layer of oil floating on the water. Assume that the
cube floats in the attitude shown, and calculate the
height h of the block above the surface of the oil.
The specific weights of oil, salt water, and wood are
56, 64, and , respectively.
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51Problems 2.74 The angle between each of the springs AB and AC and the post 
DA is 30°. Knowing that the tension is 50 lb in spring AB and 40 lb 
in spring AC, determine the magnitude and direction of the resul-
tant of the forces exerted by the springs on the post at A.

 2.75 Determine the two possible values of uy for a force F, (a) if the 
force forms equal angles with the positive x, y, and z axes, (b) if 
the force forms equal angles with the positive y and z axes and an 
angle of 45° with the positive x axis.

 2.76 Knowing that the tension in AB is 39 kN, determine the required 
values of the tension in AC and AD so that the resultant of the 
three forces applied at A is vertical.
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T1

T2
T3

FBC

In Fig. 3/1, Example 1 depicts the action of a flexible cable, belt, rope,
or chain on the body to which it is attached. Because of its flexibility, a
rope or cable is unable to offer any resistance to bending, shear, or com-
pression and therefore exerts only a tension force in a direction tangent to
the cable at its point of attachment. The force exerted by the cable on the
body to which it is attached is always away from the body. When the ten-
sion T is large compared with the weight of the cable, we may assume that
the cable forms a straight line. When the cable weight is not negligible
compared with its tension, the sag of the cable becomes important, and
the tension in the cable changes direction and magnitude along its length.

When the smooth surfaces of two bodies are in contact, as in Exam-
ple 2, the force exerted by one on the other is normal to the tangent to
the surfaces and is compressive. Although no actual surfaces are per-
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MODELING THE ACTION OF FORCES IN TWO-DIMENSIONAL ANALYSIS (cont.)
Type of Contact and Force Origin

6. Pin connection

7. Built-in or fixed support

8. Gravitational attraction

9. Spring action

Action on Body to Be Isolated

A freely hinged pin 
connection is capable 
of supporting a force 
in any direction in the 
plane normal to the 
pin axis. We may 
either show two 
components Rx and
Ry or a magnitude R
and direction   . A pin 
not free to turn also 
supports a couple M.

A built-in or fixed 
support is capable of 
supporting an axial 
force F, a transverse 
force V (shear force), 
and a couple M
(bending moment) to 
prevent rotation.

The resultant of 
gravitational
attraction on all 
elements of a body of 
mass m is the weight 
W = mg and acts 
toward the center of 
the earth through the 
center mass G.

Spring force is tensile 
if spring is stretched 
and compressive if 
compressed. For a 
linearly elastic spring 
the stiffness k is the 
force required to 
deform the spring a 
unit distance.

Pin free to turn

Pin not free to turn

Ry

Rx

Ry

Rx

R

Weld

A

M

F

V

or
AA

W = mg

F

Gm

F
x

F = kx
Hardening

NonlinearLinear
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Figure 3/1, continued
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4-3             محاسبه عکس العمل های تکیه گاهی اجسام صلب  
 )3-4( معادلات  شدن  آورده  بر  صلب  اجسام  تعادل  شرط  شد  گفته  که  همان طور 

می باشد و برای نیل به این هدف به صورت زیر عمل می نمائیم.
گام اول - ترسیم پیکر آزاد جسم 

ابتدا جسم را از تکیه گاه ها جدا نموده و با توجه به نوع تکیه گاه، عکس العمل های 
مربوطه را در محل تکیه گاه و در جهت دلخواه قرار می دهیم. به عنوان مثال پیکر آزاد تیر شکل 

)4-4-الف( به صورت شکل )4-4-ب( خواهد بود.

گام دوم - تجزیة نیروها 
تجزیه  آن  مؤلفه های  به  وجود  صورت  در  آزاد  پیکر  روی  را  مورب  نیروهای  همة 

می نمائیم. به عنوان مثال در شکل )4-4-ب( نیروی P به دو مؤلفة متعامد تجزیه شده است.
گام سوم - تشکیل معادلات و حل آن ها 

تعیین  )عکس العمل ها(  مسئله  مجهولات  آن ها  حل  و  تعادل  معادلات  تشکیل  با 
می شوند.
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SECTION B SPECIAL TOPICS

5/6 Beams—External Effects
Beams are structural members which offer resistance to bending

due to applied loads. Most beams are long prismatic bars, and the loads
are usually applied normal to the axes of the bars.

Beams are undoubtedly the most important of all structural mem-
bers, so it is important to understand the basic theory underlying
their design. To analyze the load-carrying capacities of a beam we
must first establish the equilibrium requirements of the beam as a
whole and any portion of it considered separately. Second, we must es-
tablish the relations between the resulting forces and the accompany-
ing internal resistance of the beam to support these forces. The first
part of this analysis requires the application of the principles of stat-
ics. The second part involves the strength characteristics of the mater-
ial and is usually treated in studies of the mechanics of solids or the
mechanics of materials.

This article is concerned with the external loading and reactions act-
ing on a beam. In Art. 5/7 we calculate the distribution along the beam
of the internal force and moment.

Types of Beams
Beams supported so that their external support reactions can be cal-

culated by the methods of statics alone are called statically determinate
beams. A beam which has more supports than needed to provide equilib-
rium is statically indeterminate. To determine the support reactions for
such a beam we must consider its load-deformation properties in addi-
tion to the equations of static equilibrium. Figure 5/18 shows examples

Simple

Cantilever

Continuous

Combination

Statically determinate beams Statically indeterminate beams

End-supported cantilever
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عکس العمل های تکیه گاهی تیر زیر را به دست آورید .
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SECTION BSPECIAL TOPICS

5/6Beams—External Effects
Beamsare structural members which offer resistance to bending

due to applied loads. Most beams are long prismatic bars, and the loads
are usually applied normal to the axes of the bars.

Beams are undoubtedly the most important of all structural mem-
bers, so it is important to understand the basic theory underlying
their design. To analyze the load-carrying capacities of a beam we
must first establish the equilibrium requirements of the beam as a
whole and any portion of it considered separately. Second, we must es-
tablish the relations between the resulting forces and the accompany-
ing internal resistance of the beam to support these forces. The first
part of this analysis requires the application of the principles of stat-
ics. The second part involves the strength characteristics of the mater-
ial and is usually treated in studies of the mechanics of solids or the
mechanics of materials.

This article is concerned with the externalloading and reactions act-
ing on a beam. In Art. 5/7 we calculate the distribution along the beam
of the internalforce and moment.

Types of Beams
Beams supported so that their external support reactions can be cal-

culated by the methods of statics alone are called statically determinate
beams. A beam which has more supports than needed to provide equilib-
rium is statically indeterminate. To determine the support reactions for
such a beam we must consider its load-deformation properties in addi-
tion to the equations of static equilibrium. Figure 5/18 shows examples

Simple

Cantilever

Continuous

Combination

Statically determinate beamsStatically indeterminate beams

End-supported cantilever

Fixed ⎫ ⎪ ⎪ ⎪ ⎪ ⎪ ⎬ ⎪ ⎪ ⎪ ⎪ ⎪ ⎭⎫ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎬ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎭

Figure 5/18

272Chapter 5Distributed Forces

SECTION BSPECIAL TOPICS

5/6Beams—External Effects
Beamsare structural members which offer resistance to bending

due to applied loads. Most beams are long prismatic bars, and the loads
are usually applied normal to the axes of the bars.

Beams are undoubtedly the most important of all structural mem-
bers, so it is important to understand the basic theory underlying
their design. To analyze the load-carrying capacities of a beam we
must first establish the equilibrium requirements of the beam as a
whole and any portion of it considered separately. Second, we must es-
tablish the relations between the resulting forces and the accompany-
ing internal resistance of the beam to support these forces. The first
part of this analysis requires the application of the principles of stat-
ics. The second part involves the strength characteristics of the mater-
ial and is usually treated in studies of the mechanics of solids or the
mechanics of materials.

This article is concerned with the externalloading and reactions act-
ing on a beam. In Art. 5/7 we calculate the distribution along the beam
of the internalforce and moment.

Types of Beams
Beams supported so that their external support reactions can be cal-

culated by the methods of statics alone are called statically determinate
beams. A beam which has more supports than needed to provide equilib-
rium is statically indeterminate. To determine the support reactions for
such a beam we must consider its load-deformation properties in addi-
tion to the equations of static equilibrium. Figure 5/18 shows examples

Simple

Cantilever

Continuous

Combination

Statically determinate beamsStatically indeterminate beams

End-supported cantilever

Fixed ⎫ ⎪ ⎪ ⎪ ⎪ ⎪ ⎬ ⎪ ⎪ ⎪ ⎪ ⎪ ⎭⎫ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎬ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎭

Figure 5/18
A B

Py

ByAy

Px Bx

272Chapter 5Distributed Forces

SECTION BSPECIAL TOPICS

5/6Beams—External Effects
Beamsare structural members which offer resistance to bending

due to applied loads. Most beams are long prismatic bars, and the loads
are usually applied normal to the axes of the bars.

Beams are undoubtedly the most important of all structural mem-
bers, so it is important to understand the basic theory underlying
their design. To analyze the load-carrying capacities of a beam we
must first establish the equilibrium requirements of the beam as a
whole and any portion of it considered separately. Second, we must es-
tablish the relations between the resulting forces and the accompany-
ing internal resistance of the beam to support these forces. The first
part of this analysis requires the application of the principles of stat-
ics. The second part involves the strength characteristics of the mater-
ial and is usually treated in studies of the mechanics of solids or the
mechanics of materials.

This article is concerned with the externalloading and reactions act-
ing on a beam. In Art. 5/7 we calculate the distribution along the beam
of the internalforce and moment.

Types of Beams
Beams supported so that their external support reactions can be cal-

culated by the methods of statics alone are called statically determinate
beams. A beam which has more supports than needed to provide equilib-
rium is statically indeterminate. To determine the support reactions for
such a beam we must consider its load-deformation properties in addi-
tion to the equations of static equilibrium. Figure 5/18 shows examples

Simple

Cantilever

Continuous

Combination

Statically determinate beamsStatically indeterminate beams

End-supported cantilever

Fixed ⎫ ⎪ ⎪ ⎪ ⎪ ⎪ ⎬ ⎪ ⎪ ⎪ ⎪ ⎪ ⎭⎫ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎬ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎭

Figure 5/18

272Chapter 5Distributed Forces

SECTION BSPECIAL TOPICS

5/6Beams—External Effects
Beamsare structural members which offer resistance to bending

due to applied loads. Most beams are long prismatic bars, and the loads
are usually applied normal to the axes of the bars.

Beams are undoubtedly the most important of all structural mem-
bers, so it is important to understand the basic theory underlying
their design. To analyze the load-carrying capacities of a beam we
must first establish the equilibrium requirements of the beam as a
whole and any portion of it considered separately. Second, we must es-
tablish the relations between the resulting forces and the accompany-
ing internal resistance of the beam to support these forces. The first
part of this analysis requires the application of the principles of stat-
ics. The second part involves the strength characteristics of the mater-
ial and is usually treated in studies of the mechanics of solids or the
mechanics of materials.

This article is concerned with the externalloading and reactions act-
ing on a beam. In Art. 5/7 we calculate the distribution along the beam
of the internalforce and moment.

Types of Beams
Beams supported so that their external support reactions can be cal-

culated by the methods of statics alone are called statically determinate
beams. A beam which has more supports than needed to provide equilib-
rium is statically indeterminate. To determine the support reactions for
such a beam we must consider its load-deformation properties in addi-
tion to the equations of static equilibrium. Figure 5/18 shows examples

Simple

Cantilever

Continuous

Combination

Statically determinate beamsStatically indeterminate beams

End-supported cantilever

Fixed ⎫ ⎪ ⎪ ⎪ ⎪ ⎪ ⎬ ⎪ ⎪ ⎪ ⎪ ⎪ ⎭⎫ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎬ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎭

Figure 5/18

4m 2m



55

P
R
O

B
L
E
M

S

2
3

8

 
6

.1
th

r
o
u
g
h
 
6

.1
8

 
U

sin
g
 th

e
 m

e
th

o
d

 o
f jo

in
ts, d

e
te

rm
in

e
 th

e
 fo

rc
e
 

in
 e

a
c
h

 m
e
m

b
e
r o

f th
e
 tru

ss sh
o

w
n

. S
ta

te
 w

h
e
th

e
r e

a
c
h

 m
e
m

b
e
r 

is in
 te

n
sio

n
 o

r c
o

m
p

re
ssio

n
.

1
8
0
0
 lb

4
 ft

8
 ft

3
 ft

A
B

C

F
ig

. 
P
6

.1

A

B

C

8
4
 k

N

3
 m

1
.2

5
 m

4
 m

F
ig

. 
P
6

.2

A
B

4
5
0
 lb

C

2
4
 in

.
7
.5

 in
.

1
0
 in

.

F
ig

. 
P
6

.3

D

C

A

B
0
.7

 m

2
.4

 m
2
.4

 m

4
8
 k

N

3
5
 k

N

F
ig

. 
P
6

.4

4
0
 in

.

3
2
 in

.

3
0
 in

.
C B

A
6
0
0
 lb

F
ig

. 
P
6
.5

4
0
0
 m

m
5
0
0
 m

m

3
7
5
 m

m

B
C

A 1
2
0
0
 N

F
ig

. 
P
6

.6

A

C
D

B

3
 m

3
 m

1
.2

5
 m

2
 k

N
2
 k

N

F
ig

. 
P
6
.7

A
B

C

D
E

F

2
0
 k

N

1
2
 k

N

5
 k

N
5
 k

N

1
.6

 m

3
 m

3
 m

F
ig

. 
P
6

.8

A
B

C

D

E
F

1
2
 k

ip
s

1
8

 k
ip

s

5
 ft

5
 ft

1
2
 ft

F
ig

. 
P
6

.9

b
e
e
8
0
1
5
6
_
c
h
0
6
_
2
2
6
-
2
7
5
.
i
n
d
d
 
P
a
g
e
 
2
3
8
 
 
1
0
/
1
6
/
0
9
 
 
1
1
:
5
0
:
4
6
 
A
M
 
u
s
e
r
-
s
1
7
3

/
V
o
l
u
m
e
s
/
M
H
D
Q
-
N
e
w
/
M
H
D
Q
1
5
2
/
M
H
D
Q
1
5
2
-
0
6

P
R
O

B
L
E
M

S

2
3

8

 
6

.1
th

r
o
u
g
h
 
6

.1
8

 
U

sin
g
 th

e
 m

e
th

o
d

 o
f jo

in
ts, d

e
te

rm
in

e
 th

e
 fo

rc
e
 

in
 e

a
c
h

 m
e
m

b
e
r o

f th
e
 tru

ss sh
o

w
n

. S
ta

te
 w

h
e
th

e
r e

a
c
h

 m
e
m

b
e
r 

is in
 te

n
sio

n
 o

r c
o

m
p

re
ssio

n
.

1
8
0
0
 lb

4
 ft

8
 ft

3
 ft

A
B

C

F
ig

. 
P
6

.1

A

B

C

8
4
 k

N

3
 m

1
.2

5
 m

4
 m

F
ig

. 
P
6

.2

A
B

4
5
0
 lb

C

2
4
 in

.
7
.5

 in
.

1
0
 in

.

F
ig

. 
P
6

.3

D

C

A

B
0
.7

 m

2
.4

 m
2
.4

 m

4
8
 k

N

3
5
 k

N

F
ig

. 
P
6

.4

4
0
 in

.

3
2
 in

.

3
0
 in

.
C B

A
6
0
0
 lb

F
ig

. 
P
6
.5

4
0
0
 m

m
5
0
0
 m

m

3
7
5
 m

m

B
C

A 1
2
0
0
 N

F
ig

. 
P
6

.6

A

C
D

B

3
 m

3
 m

1
.2

5
 m

2
 k

N
2
 k

N

F
ig

. 
P
6
.7

A
B

C

D
E

F

2
0
 k

N

1
2
 k

N

5
 k

N
5
 k

N

1
.6

 m

3
 m

3
 m

F
ig

. 
P
6

.8

A
B

C

D

E
F

1
2
 k

ip
s

1
8

 k
ip

s

5
 ft

5
 ft

1
2
 ft

F
ig

. 
P
6

.9

b
e
e
8
0
1
5
6
_
c
h
0
6
_
2
2
6
-
2
7
5
.
i
n
d
d
 
P
a
g
e
 
2
3
8
 
 
1
0
/
1
6
/
0
9
 
 
1
1
:
5
0
:
4
6
 
A
M
 
u
s
e
r
-
s
1
7
3

/
V
o
l
u
m
e
s
/
M
H
D
Q
-
N
e
w
/
M
H
D
Q
1
5
2
/
M
H
D
Q
1
5
2
-
0
6

مثال 3
عکس العمل های تکیه گاهی را در خرپای شکل زیر به دست آورید. 
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4/7 Determine the force in each member of the loaded
truss. Make use of the symmetry of the truss and of
the loading.
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4/8 Determine the force in each member of the loaded
truss.
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4/9 Determine the force in each member of the loaded
truss.
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4/10 Calculate the force in each member of the loaded
truss.
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4/11 Determine the forces in members AB, BC, and BD
of the loaded truss.
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Representative Problems

4/12 Determine the force in each member of the loaded
truss. All triangles are isosceles.
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نکته: 

هرگاه بارگذاری و هندسه سازه ای متقارن باشند کل بارهای وارده به صورت مساوی بین 
دو تکیه گاه تقسیم می شود. 

بنابراین  با توجه به تقارن در سازة فوق داریم :  
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محور تقارن

Case 3—Both elements have yielded. In this case both elements have yielded, and
the appropriate material behavior equations (replacing Eqs. 3.34 and 3.36) are:

(3.37)

Combining these with the equilibrium equation, Eq. 3.32, we get the value of the
plastic load PP.

Plastic Load (3.38)

This plastic load is reached when member 1 also yields, so equating the strain in
member 1 to �Y/E, we get

(e)

or

(f)

Note that

(g,h)

The above elastic-plastic analysis is summarized on the load-displacement diagram
in Fig. 3.29, with the ranges of applicability of the three cases indicated on the plot.
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The two support rods in Fig. 1 are made of structural steel that may be
assumed to have a stress-strain diagram like Fig. 3.28b, with E � 30(103)
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Case 3—Both elements have yielded. In this case both elements have yielded, and
the appropriate material behavior equations (replacing Eqs. 3.34 and 3.36) are:

(3.37)

Combining these with the equilibrium equation, Eq. 3.32, we get the value of the
plastic load PP.

Plastic Load (3.38)

This plastic load is reached when member 1 also yields, so equating the strain in
member 1 to �Y/E, we get

(e)

or

(f)

Note that

(g,h)

The above elastic-plastic analysis is summarized on the load-displacement diagram
in Fig. 3.29, with the ranges of applicability of the three cases indicated on the plot.
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The two support rods in Fig. 1 are made of structural steel that may be
assumed to have a stress-strain diagram like Fig. 3.28b, with E � 30(103)
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گام اول: 
 ABC ترسیم پیکر آزاد تیر

چون عضو BD میله است و با توجه به این که در تکیه گاه میله ای عکس العمل تکیه گاهی، 
در راستای میله می باشد، خواهیم داشت:

گام دوم: 
تشکیل معادلات تعادل

عکس العمل  جهت   ،Ay مقدار  در  منفی  علامت  به  توجه  با 

(خواهد بود. تکیه گاهی Ay به طرف پایین)

ABC پیکر آزاد تیر

م مربوط به اين موضوع را ببينيد.
فيل
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خودآزمایی

1- پیکر آزاد هر کدام از شکل های زیر را رسم نمائید.

)الف(

3/B In each of the five following examples, the body to be
isolated is shown in the left-hand diagram, and either
a wrong or an incomplete free-body diagram (FBD) is
shown on the right. Make whatever changes or addi-
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tions are necessary in each case to form a correct and
complete free-body diagram. The weights of the bod-
ies are negligible unless otherwise indicated. Dimen-
sions and numerical values are omitted for simplicity.
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mass m being
pushed up 
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5. Bent rod welded to
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subjected to two 
forces and couple.

4. Supporting angle
bracket for frame;
pin joints.

3. Uniform pole of 
mass m being
hoisted into posi-
tion by winch.
Horizontal sup-
porting surface
notched to prevent
slipping of pole.

2. Prybar lifting
body A having
smooth horizontal 
surface. Bar rests 
on horizontal 
rough surface.
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Notch
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A y
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necessary in each case to form a complete free-body
diagram. The weights of the bodies are negligible un-
less otherwise indicated. Dimensions and numerical
values are omitted for simplicity.
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3/A In each of the five following examples, the body to be
isolated is shown in the left-hand diagram, and an in-
complete free-body diagram (FBD) of the isolated
body is shown on the right. Add whatever forces are
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1. Bell crank
    supporting mass
    m with pin support
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2. Control lever
    applying torque

to shaft at O.

3. Boom OA, of
    negligible mass

compared with
    mass m. Boom
    hinged at O and
    supported by
    hoisting cable at B.
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    fixed pin in smooth
    slot at B.
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necessary in each case to form a complete free-body
diagram. The weights of the bodies are negligible un-
less otherwise indicated. Dimensions and numerical
values are omitted for simplicity.
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خلاصة فصل
• مفهوم تعادل آن است که ذره یا جسم مادی هیچ گونه حرکت و یا چرخشی نداشته باشد.

• شرط تعادل نقطه مادی آن است که برآیند نیروهای وارد بر آن صفر باشد یعنی:

x

y

F
F

F

0
0

0

∑ =∑ = ⇒ 
∑ =







X

Y

F
F
M

0
0
0

Σ = ←
Σ = ←
Σ = ←

• هرگاه جسم یا نقطه مادی را از محیط اطراف خود جدا و نیروهای وارد بر آن ها را در 
راستاهای موجود نمایش دهیم، پیکر آزاد جسم و یا نقطه مادی را ترسیم نموده ایم.

• شرایط تعادل جسم صلب عبارت است از:

• برای تعیین عکس العمل های تکیه گاهی از معادلات تعادل جسم صلب و یا نقطة مادی 
استفاده می شود.
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2- کشش کابل ها را در شکل زیر به دست آورید.
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SECTION B SPECIAL TOPICS

5/6 Beams—External Effects
Beams are structural members which offer resistance to bending

due to applied loads. Most beams are long prismatic bars, and the loads
are usually applied normal to the axes of the bars.

Beams are undoubtedly the most important of all structural mem-
bers, so it is important to understand the basic theory underlying
their design. To analyze the load-carrying capacities of a beam we
must first establish the equilibrium requirements of the beam as a
whole and any portion of it considered separately. Second, we must es-
tablish the relations between the resulting forces and the accompany-
ing internal resistance of the beam to support these forces. The first
part of this analysis requires the application of the principles of stat-
ics. The second part involves the strength characteristics of the mater-
ial and is usually treated in studies of the mechanics of solids or the
mechanics of materials.

This article is concerned with the external loading and reactions act-
ing on a beam. In Art. 5/7 we calculate the distribution along the beam
of the internal force and moment.

Types of Beams
Beams supported so that their external support reactions can be cal-

culated by the methods of statics alone are called statically determinate
beams. A beam which has more supports than needed to provide equilib-
rium is statically indeterminate. To determine the support reactions for
such a beam we must consider its load-deformation properties in addi-
tion to the equations of static equilibrium. Figure 5/18 shows examples

Simple

Cantilever

Continuous

Combination

Statically determinate beams Statically indeterminate beams

End-supported cantilever

Fixed⎫⎪⎪⎪⎪⎪⎬⎪⎪⎪⎪⎪⎭ ⎫⎪⎪⎪⎪⎪⎪⎬⎪⎪⎪⎪⎪⎪⎭

Figure 5/18
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 2.32 through 2.35 Two cables are tied together at C and loaded 
as shown. Determine the tension in AC and BC.

 2.36 Two cables are tied together at C and loaded as shown. Knowing 
that P 5 500 N and a 5 60°, determine the tension in AC
and BC.
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necessary in each case to form a complete free-body
diagram. The weights of the bodies are negligible un-
less otherwise indicated. Dimensions and numerical
values are omitted for simplicity.
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3/A In each of the five following examples, the body to be
isolated is shown in the left-hand diagram, and an in-
complete free-body diagram (FBD) of the isolated
body is shown on the right. Add whatever forces are
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1. Bell crank
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    at A.

2. Control lever
    applying torque

to shaft at O.

3. Boom OA, of
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compared with
    mass m. Boom
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4. Uniform crate of
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    supported on a 
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connection at A and
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4- مقدار TA و TB را طوری تعیین کنید که تعادل در اتصال شکل زیر برقرار باشد.

39Problems 2.37 Two forces of magnitude TA 5 8 kips and TB 5 15 kips are applied 
as shown to a welded connection. Knowing that the connection is in 
equilibrium, determine the magnitudes of the forces TC and TD.

 2.38 Two forces of magnitude TA 5 6 kips and TC 5 9 kips are applied 
as shown to a welded connection. Knowing that the connection is in 
equilibrium, determine the magnitudes of the forces TB and TD.

 2.39 Two forces of magnitude TA 5 5000 N and TB 5 2500 N are 
applied as shown to the connection shown. Knowing that the con-
nection is in equilibrium, determine the magnitudes of the forces 
TC and TD.

 2.40 Determine the range of values of P for which both cables remain 
taut.

 2.41 For the cables of Prob. 2.36, it is known that the maximum allow-
able tension is 600 N in cable AC and 750 N in cable BC. Deter-
mine (a) the maximum force P that can be applied at C, (b) the 
corresponding value of a.

 2.42 Two ropes are tied together at C. If the maximum permissible 
tension in each rope is 2.5 kN, what is the maximum force F that 
can be applied? In what direction must this maximum force act?

40° TB

TD

TC

TA

Fig. P2.37 and P2.38
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Fig. P2.39
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B C
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Fig. P2.40

F
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C

A B20º
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Fig. P2.42
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3- مقدار نیروی F  و زاویة θ را طوری تعیین کنید که ذرة مادی P در حال تعادل باشد.

y

3
4

150kN

F

P
x

250kN

θ



61

P
R
O

B
L
E
M

S

2
3

8

 
6

.1
th

r
o
u
g
h
 
6

.1
8

 
U

sin
g
 th

e
 m

e
th

o
d

 o
f jo

in
ts, d

e
te

rm
in

e
 th

e
 fo

rc
e
 

in
 e

a
c
h

 m
e
m

b
e
r o

f th
e
 tru

ss sh
o

w
n

. S
ta

te
 w

h
e
th

e
r e

a
c
h

 m
e
m

b
e
r 

is in
 te

n
sio

n
 o

r c
o

m
p

re
ssio

n
.

1
8
0
0
 lb

4
 ft

8
 ft

3
 ft

A
B

C

F
ig

. 
P
6

.1

A

B

C

8
4
 k

N

3
 m

1
.2

5
 m

4
 m

F
ig

. 
P
6

.2

A
B

4
5
0
 lb

C

2
4
 in

.
7
.5

 in
.

1
0
 in

.

F
ig

. 
P
6

.3

D

C

A

B
0
.7

 m

2
.4

 m
2
.4

 m

4
8
 k

N

3
5
 k

N

F
ig

. 
P
6

.4

4
0
 in

.

3
2
 in

.

3
0
 in

.
C B

A
6
0
0
 lb

F
ig

. 
P
6
.5

4
0
0
 m

m
5
0
0
 m

m

3
7
5
 m

m

B
C

A 1
2
0
0
 N

F
ig

. 
P
6

.6

A

C
D

B

3
 m

3
 m

1
.2

5
 m

2
 k

N
2
 k

N

F
ig

. 
P
6
.7

A
B

C

D
E

F

2
0
 k

N

1
2
 k

N

5
 k

N
5
 k

N

1
.6

 m

3
 m

3
 m

F
ig

. 
P
6

.8

A
B

C

D

E
F

1
2
 k

ip
s

1
8

 k
ip

s

5
 ft

5
 ft

1
2
 ft

F
ig

. 
P
6

.9

b
e
e
8
0
1
5
6
_
c
h
0
6
_
2
2
6
-
2
7
5
.
i
n
d
d
 
P
a
g
e
 
2
3
8
 
 
1
0
/
1
6
/
0
9
 
 
1
1
:
5
0
:
4
6
 
A
M
 
u
s
e
r
-
s
1
7
3

/
V
o
l
u
m
e
s
/
M
H
D
Q
-
N
e
w
/
M
H
D
Q
1
5
2
/
M
H
D
Q
1
5
2
-
0
6

P
R
O

B
L
E
M

S

2
3

8

 
6

.1
th

r
o
u
g
h
 
6

.1
8

 
U

sin
g
 th

e
 m

e
th

o
d

 o
f jo

in
ts, d

e
te

rm
in

e
 th

e
 fo

rc
e
 

in
 e

a
c
h

 m
e
m

b
e
r o

f th
e
 tru

ss sh
o

w
n

. S
ta

te
 w

h
e
th

e
r e

a
c
h

 m
e
m

b
e
r 

is in
 te

n
sio

n
 o

r c
o

m
p

re
ssio

n
.

1
8
0
0
 lb

4
 ft

8
 ft

3
 ft

A
B

C

F
ig

. 
P
6

.1

A

B

C

8
4
 k

N

3
 m

1
.2

5
 m

4
 m

F
ig

. 
P
6

.2

A
B

4
5
0
 lb

C

2
4
 in

.
7
.5

 in
.

1
0
 in

.

F
ig

. 
P
6

.3

D

C

A

B
0
.7

 m

2
.4

 m
2
.4

 m

4
8
 k

N

3
5
 k

N

F
ig

. 
P
6

.4

4
0
 in

.

3
2
 in

.

3
0
 in

.
C B

A
6
0
0
 lb

F
ig

. 
P
6
.5

4
0
0
 m

m
5
0
0
 m

m

3
7
5
 m

m

B
C

A 1
2
0
0
 N

F
ig

. 
P
6

.6

A

C
D

B

3
 m

3
 m

1
.2

5
 m

2
 k

N
2
 k

N

F
ig

. 
P
6
.7

A
B

C

D
E

F

2
0
 k

N

1
2
 k

N

5
 k

N
5
 k

N

1
.6

 m

3
 m

3
 m

F
ig

. 
P
6

.8

A
B

C

D

E
F

1
2
 k

ip
s

1
8

 k
ip

s

5
 ft

5
 ft

1
2
 ft

F
ig

. 
P
6

.9

b
e
e
8
0
1
5
6
_
c
h
0
6
_
2
2
6
-
2
7
5
.
i
n
d
d
 
P
a
g
e
 
2
3
8
 
 
1
0
/
1
6
/
0
9
 
 
1
1
:
5
0
:
4
6
 
A
M
 
u
s
e
r
-
s
1
7
3

/
V
o
l
u
m
e
s
/
M
H
D
Q
-
N
e
w
/
M
H
D
Q
1
5
2
/
M
H
D
Q
1
5
2
-
0
6

)الف(

)ب(

)ج(

3
4

8m

4 m4 m

4 m

45° 45°

600 N 400 N

4 m

80 kN 40 kN

4 m4 m

40 kN

2m

1/5
m

3m

70kg

5- عکس العمل های تکیه گاهی را در شکل های زیر به دست آورید. 
) mg

s210= (
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146 Equilibrium of Rigid Bodies  4.12 The lever AB is hinged at C and attached to a control cable at A. 
If the lever is subjected at B to a 500-N horizontal force, determine 
(a) the tension in the cable, (b) the reaction at C.

 4.13 Determine the reactions at A and B when a 5 608.

250 mm

250 mm

200 mm

C

B

D

A

500 N

30º

 Fig. P4.12

250 mm

A

B

300 mm

250 mm

400 N

α

 Fig. P4.13

 4.14 The required tension in cable AB is 300 lb. Determine (a) the 
vertical force P that must be applied to the pedal, (b) the corre-
sponding reaction at C.

12 in.3 in.

5 in. P

A B

C

D

 Fig. P4.14 and P4.15

 4.15 Determine the maximum tension that can be developed in cable 
AB if the maximum allowable magnitude of the reaction at C is 
650 lb.

 4.16 A truss may be supported in three different ways as shown. In each 
one, determine the reactions at the supports.

2 kN

3 kN

2 kN

1.5 m

1.5 m

2 m

(a)

BA

2 kN

3 kN

2 kN

(b)

BA

(c)

30�

2 kN

3 kN

2 kN

BA

 Fig. P4.16
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= 60°

3m

2/5 m 2/5 m

400 N

SOLUTION

Free-Body Diagram. A free-body diagram of the crane is drawn. By mul-
tiplying the masses of the crane and of the crate by g 5 9.81 m/s2, we obtain 
the corresponding weights, that is, 9810 N or 9.81 kN, and 23 500 N or 
23.5 kN. The reaction at pin A is a force of unknown direction; it is repre-
sented by its components Ax and Ay. The reaction at the rocker B is per-
pendicular to the rocker surface; thus, it is horizontal. We assume that Ax, 
Ay, and B act in the directions shown.

Determination of B. We express that the sum of the moments of all external 
forces about point A is zero. The equation obtained will contain neither Ax 
nor Ay, since the moments of Ax and Ay about A are zero. Multiplying the 
magnitude of each force by its perpendicular distance from A, we write

1loMA 5 0:  1B(1.5 m) 2 (9.81 kN)(2 m) 2 (23.5 kN)(6 m) 5 0
 B 5 1107.1 kN B 5 107.1 kN n ◀

Since the result is positive, the reaction is directed as assumed.

Determination of Ax. The magnitude of Ax is determined by expressing 
that the sum of the horizontal components of all external forces is zero.

n1 oFx 5 0:  Ax 1 B 5 0
 Ax 1 107.1 kN 5 0
 Ax 5 2107.1 kN  Ax 5 107.1 kN m ◀

Since the result is negative, the sense of Ax is opposite to that assumed 
originally.

Determination of Ay. The sum of the vertical components must also equal 
zero.

1hoFy 5 0:   Ay 2 9.81 kN 2 23.5 kN 5 0
 Ay 5 133.3 kN Ay 5 33.3 kN h ◀

 Adding vectorially the components Ax and Ay, we find that the reac-
tion at A is 112.2 kN b17.3°.

Check. The values obtained for the reactions can be checked by recalling 
that the sum of the moments of all of the external forces about any point 
must be zero. For example, considering point B, we write

1loMB 5 2(9.81 kN)(2 m) 2 (23.5 kN)(6 m) 1 (107.1 kN)(1.5 m) 5 0

SAMPLE PROBLEM 4.1

A fixed crane has a mass of 1000 kg and is used to lift a 2400-kg crate. It 
is held in place by a pin at A and a rocker at B. The center of gravity of 
the crane is located at G. Determine the components of the reactions at A 
and B.

2400 kg
A

B

G

4 m2 m

1.5 m

A

BB

23.5 kN

Ay

Ax

9.81 kN

1.5 m

4 m2 m

33.3 kN

107.1 kN

107.1 kN

A

B

23.5 kN

9.81 kN

4 m2 m

1.5 m
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SOLUTION

Free-Body Diagram. A free-body diagram of the crane is drawn. By mul-
tiplying the masses of the crane and of the crate by g 5 9.81 m/s2, we obtain 
the corresponding weights, that is, 9810 N or 9.81 kN, and 23 500 N or 
23.5 kN. The reaction at pin A is a force of unknown direction; it is repre-
sented by its components Ax and Ay. The reaction at the rocker B is per-
pendicular to the rocker surface; thus, it is horizontal. We assume that Ax, 
Ay, and B act in the directions shown.

Determination of B. We express that the sum of the moments of all external 
forces about point A is zero. The equation obtained will contain neither Ax 
nor Ay, since the moments of Ax and Ay about A are zero. Multiplying the 
magnitude of each force by its perpendicular distance from A, we write

1loMA 5 0:  1B(1.5 m) 2 (9.81 kN)(2 m) 2 (23.5 kN)(6 m) 5 0
 B 5 1107.1 kN B 5 107.1 kN n ◀

Since the result is positive, the reaction is directed as assumed.

Determination of Ax. The magnitude of Ax is determined by expressing 
that the sum of the horizontal components of all external forces is zero.

n1 oFx 5 0:  Ax 1 B 5 0
 Ax 1 107.1 kN 5 0
 Ax 5 2107.1 kN  Ax 5 107.1 kN m ◀

Since the result is negative, the sense of Ax is opposite to that assumed 
originally.

Determination of Ay. The sum of the vertical components must also equal 
zero.

1hoFy 5 0:   Ay 2 9.81 kN 2 23.5 kN 5 0
 Ay 5 133.3 kN Ay 5 33.3 kN h ◀

 Adding vectorially the components Ax and Ay, we find that the reac-
tion at A is 112.2 kN b17.3°.

Check. The values obtained for the reactions can be checked by recalling 
that the sum of the moments of all of the external forces about any point 
must be zero. For example, considering point B, we write

1loMB 5 2(9.81 kN)(2 m) 2 (23.5 kN)(6 m) 1 (107.1 kN)(1.5 m) 5 0

SAMPLE PROBLEM 4.1

A fixed crane has a mass of 1000 kg and is used to lift a 2400-kg crate. It 
is held in place by a pin at A and a rocker at B. The center of gravity of 
the crane is located at G. Determine the components of the reactions at A 
and B.
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SOLUTION

Free-Body Diagram. A free-body diagram of the crane is drawn. By mul-
tiplying the masses of the crane and of the crate by g 5 9.81 m/s2, we obtain 
the corresponding weights, that is, 9810 N or 9.81 kN, and 23 500 N or 
23.5 kN. The reaction at pin A is a force of unknown direction; it is repre-
sented by its components Ax and Ay. The reaction at the rocker B is per-
pendicular to the rocker surface; thus, it is horizontal. We assume that Ax, 
Ay, and B act in the directions shown.

Determination of B. We express that the sum of the moments of all external 
forces about point A is zero. The equation obtained will contain neither Ax 
nor Ay, since the moments of Ax and Ay about A are zero. Multiplying the 
magnitude of each force by its perpendicular distance from A, we write

1loMA 5 0:  1B(1.5 m) 2 (9.81 kN)(2 m) 2 (23.5 kN)(6 m) 5 0
 B 5 1107.1 kN B 5 107.1 kN n ◀

Since the result is positive, the reaction is directed as assumed.

Determination of Ax. The magnitude of Ax is determined by expressing 
that the sum of the horizontal components of all external forces is zero.

n1 oFx 5 0:  Ax 1 B 5 0
 Ax 1 107.1 kN 5 0
 Ax 5 2107.1 kN  Ax 5 107.1 kN m ◀

Since the result is negative, the sense of Ax is opposite to that assumed 
originally.

Determination of Ay. The sum of the vertical components must also equal 
zero.

1hoFy 5 0:   Ay 2 9.81 kN 2 23.5 kN 5 0
 Ay 5 133.3 kN Ay 5 33.3 kN h ◀

 Adding vectorially the components Ax and Ay, we find that the reac-
tion at A is 112.2 kN b17.3°.

Check. The values obtained for the reactions can be checked by recalling 
that the sum of the moments of all of the external forces about any point 
must be zero. For example, considering point B, we write

1loMB 5 2(9.81 kN)(2 m) 2 (23.5 kN)(6 m) 1 (107.1 kN)(1.5 m) 5 0
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A fixed crane has a mass of 1000 kg and is used to lift a 2400-kg crate. It 
is held in place by a pin at A and a rocker at B. The center of gravity of 
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Since the result is positive, the reaction is directed as assum
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Since the result is positive, the reaction is directed as assum
ed.
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SOLUTION

Free-Body Diagram. A free-body diagram of the crane is drawn. By mul-
tiplying the masses of the crane and of the crate by g 5 9.81 m/s2, we obtain 
the corresponding weights, that is, 9810 N or 9.81 kN, and 23 500 N or 
23.5 kN. The reaction at pin A is a force of unknown direction; it is repre-
sented by its components Ax and Ay. The reaction at the rocker B is per-
pendicular to the rocker surface; thus, it is horizontal. We assume that Ax, 
Ay, and B act in the directions shown.

Determination of B. We express that the sum of the moments of all external 
forces about point A is zero. The equation obtained will contain neither Ax 
nor Ay, since the moments of Ax and Ay about A are zero. Multiplying the 
magnitude of each force by its perpendicular distance from A, we write

1loMA 5 0:  1B(1.5 m) 2 (9.81 kN)(2 m) 2 (23.5 kN)(6 m) 5 0
 B 5 1107.1 kN B 5 107.1 kN n ◀

Since the result is positive, the reaction is directed as assumed.

Determination of Ax. The magnitude of Ax is determined by expressing 
that the sum of the horizontal components of all external forces is zero.

n1 oFx 5 0:  Ax 1 B 5 0
 Ax 1 107.1 kN 5 0
 Ax 5 2107.1 kN  Ax 5 107.1 kN m ◀

Since the result is negative, the sense of Ax is opposite to that assumed 
originally.

Determination of Ay. The sum of the vertical components must also equal 
zero.

1hoFy 5 0:   Ay 2 9.81 kN 2 23.5 kN 5 0
 Ay 5 133.3 kN Ay 5 33.3 kN h ◀

 Adding vectorially the components Ax and Ay, we find that the reac-
tion at A is 112.2 kN b17.3°.

Check. The values obtained for the reactions can be checked by recalling 
that the sum of the moments of all of the external forces about any point 
must be zero. For example, considering point B, we write

1loMB 5 2(9.81 kN)(2 m) 2 (23.5 kN)(6 m) 1 (107.1 kN)(1.5 m) 5 0

SAMPLE PROBLEM 4.1

A fixed crane has a mass of 1000 kg and is used to lift a 2400-kg crate. It 
is held in place by a pin at A and a rocker at B. The center of gravity of 
the crane is located at G. Determine the components of the reactions at A 
and B.
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Since the result is positive, the reaction is directed as assum
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pendicular to the rocker surface; thus, it is horizontal. W
e assum

e that A
x , 

A
y , and B

 act in the directions show
n.

D
eterm

ination of B. 
W

e express that the sum
 of the m

om
ents of all external 

forces about point A
 is zero. T

he equation obtained w
ill contain neither A

x  
nor A

y , since the m
om

ents of A
x  and A

y  about A
 are zero. M

ultiplying the 
m

agnitude of each force by its perpendicular distance from
 A

, w
e w

rite
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M
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1
B
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) 2

 (9.81 kN
)(2 m

) 2
 (23.5 kN

)(6 m
) 5

 0
 

B
 5
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107.1 kN

 
B

 5
 107.1 kN

 n
 

◀

Since the result is positive, the reaction is directed as assum
ed.

D
eterm

ination of A
x . 

T
he m

agnitude of A
x  is determ

ined by expressing 
that the sum

 of the horizontal com
ponents of all external forces is zero.

n 1
 o

F
x  5

 0: 
 

A
x  1

 B
 5

 0
 

A
x  1

 107.1 kN
 5

 0
 

A
x  5

 2
107.1 kN

 
 

A
x  5

 107.1 kN
 m

 
◀

Since the result is negative, the sense of A
x  is opposite to that assum

ed 
originally.

D
eterm

ination of A
y . 

T
he sum

 of the vertical com
ponents m

ust also equal 
zero.

1
ho

F
y  5

 0: 
 

 
A

y  2
 9.81 kN

 2
 23.5 kN

 5
 0

 
A

y  5
 1

33.3 kN
 

A
y  5

 33.3 kN
 h 

◀

 
A

dding vectorially the com
ponents A

x  and A
y , w

e find that the reac-
tion at A

 is 112.2 kN
 b

17.3°.

C
heck. 

T
he values obtained for the reactions can be checked by recalling 

that the sum
 of the m

om
ents of all of the external forces about any point 

m
ust be zero. F

or exam
ple, considering point B

, w
e w

rite

1
lo

M
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 2
(9.81 kN

)(2 m
) 2

 (23.5 kN
)(6 m

) 1
 (107.1 kN

)(1.5 m
) 5

 0
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P
LE P

R
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B
LEM

 4
.1

A
 fixed crane has a m

ass of 1000 kg and is used to lift a 2400-kg crate. It 
is held in place by a pin at A

 and a rocker at B
. T

he center of gravity of 
the crane is located at G

. D
eterm

ine the com
ponents of the reactions at A

 
and B

.

2400 kg
AB

G

4 m
2 m

1.5 m

AB
B

23.5 kN

A
y
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x

9.81 kN

1.5 m

4 m
2 m
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AB
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9.81 kN
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1.5 m

140

b
e
e
8
0
1
5
6
_
c
h
0
4
_
1
3
0
-
1
8
5
.
i
n
d
d
 
P
a
g
e
 
1
4
0
 
 
9
/
3
0
/
0
9
 
 
2
:
5
2
:
2
3
 
P
M
 
u
s
e
r
-
s
1
7
3

/
V
o
l
u
m
e
s
/
M
H
D
Q
-
N
e
w
/
M
H
D
Q
1
5
2
/
M
H
D
Q
1
5
2
-
0
4

1/5 m

2400 kg

)د(

146 Equilibrium of Rigid Bodies  4.12 The lever AB is hinged at C and attached to a control cable at A. 
If the lever is subjected at B to a 500-N horizontal force, determine 
(a) the tension in the cable, (b) the reaction at C.

 4.13 Determine the reactions at A and B when a 5 608.

250 mm

250 mm

200 mm

C

B

D

A

500 N

30º

 Fig. P4.12

250 mm

A

B

300 mm

250 mm

400 N

α

 Fig. P4.13

 4.14 The required tension in cable AB is 300 lb. Determine (a) the 
vertical force P that must be applied to the pedal, (b) the corre-
sponding reaction at C.

12 in.3 in.

5 in. P

A B

C

D

 Fig. P4.14 and P4.15

 4.15 Determine the maximum tension that can be developed in cable 
AB if the maximum allowable magnitude of the reaction at C is 
650 lb.

 4.16 A truss may be supported in three different ways as shown. In each 
one, determine the reactions at the supports.

2 kN

3 kN

2 kN

1.5 m

1.5 m

2 m

(a)

BA

2 kN

3 kN

2 kN

(b)

BA

(c)

30�

2 kN

3 kN

2 kN

BA

 Fig. P4.16
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مقدمه:
سازه های ساختمانی شامل انواع سازه های قابی، سازه های پوسته ای، سازه های کابلی 

وسازه های خرپایی می باشد.
به هر عضو یا مجموعه ای از اعضا که نیروی وارد شده را تحمل نموده و منتقل نماید، 

سازه گفته می شود.
بنابراین تیرها ، ستون ها، بادبندها و ... نیز نوعی سازه می باشند.

تکیه گاهی،  عکس العمل های  تعیین  سازه،  پایداری  بررسی  سازه،  تحلیل  از  منظور 
نیروهای داخلی و تغییر شکل سازه تحت تاثیر نیروهای خارجی وارد به آن می باشد که در 
فصل چهارم راجع به تعیین عکس العمل ها بحث شد و در این فصل تنها به تعیین نیروهای 

داخلی در اجزای خرپاهای صفحه ای و تیرها بسنده می شود.

هدف های رفتاری

پس از آموزش این فصل از فراگیر انتظار می رود بتواند:
1- تحلیل سازه را تعریف نماید.

2- خرپا را بشناسد و انواع آن را نام ببرد.
3- فرضیات تحلیل خرپا را بداند.

4- روش مفاصل )گره ها( را در تحلیل خرپا به کار گیرد.
5- اعضای صفر نیرویی را در خرپاها تعیین نماید.

6- تیر را تعریف کرده و بارهای وارد بر آن را بشناسد.
7- رفتار تیر تحت تأثیر بارهای خارجی را بشناسد.

8- عکس العمل های تکیه گاهی تیرها با بار گسترده یکنواخت را به دست آورد.
9- نیروهای داخلی تیرها با بار متمرکز را محاسبه نماید.

ترسیم  را  متمرکز  بار  با  تیرهای  در  لنگر خمشی  و  برشی  نیروی  نمودارهای   -10
نماید.

به دست  را  متمرکز  بار  با  تیرها  لنگر خمشی  و  برشی  نیروی  مقادیر حداکثر   -11
آورد.
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 )Truss( 5- 1             خرپا
خرپاها سازه هایی هستند متشکل از اعضا )میله هایی( که در دو انتهای خود به صورت 

مفصل )پین( به یکدیگر متصل شده و عموماً تشکیل شبکه های مثلثی می دهند.
5–1–1- انواع خرپا 

خرپاها به طور کلی به دو گروه تقسیم می شوند.
1- خرپاهای صفحه ای: خرپاهایی هستند که فرم پایه آن ها تشکیل شده از سه عضو 
)میله( و سه گره )پین یا مفصل( که در یک صفحه واقع شده و با افزودن دو عضو و یک گره 

جدید گسترش می یابد.

2- خرپاهای فضایی: به خرپاهایی گفته می شود که فرم پایه آن ها تشکیل شده از 
شش عضو و چهار گره که یک شبکه فضایی ساخته و با افزودن سه عضو و  یک گره جدید 

گسترش می یابد.

شکل 1-5

شکل 2-5

4/5 Space Trusses
A space truss is the three-dimensional counterpart of the plane

truss described in the three previous articles. The idealized space truss
consists of rigid links connected at their ends by ball-and-socket joints
(such a joint is illustrated in Fig. 3/8 in Art. 3/4). Whereas a triangle of
pin-connected bars forms the basic noncollapsible unit for the plane
truss, a space truss, on the other hand, requires six bars joined at their
ends to form the edges of a tetrahedron as the basic noncollapsible unit.
In Fig. 4/13a the two bars AD and BD joined at D require a third sup-
port CD to keep the triangle ADB from rotating about AB. In Fig. 4/13b
the supporting base is replaced by three more bars AB, BC, and AC to
form a tetrahedron not dependent on the foundation for its own rigidity.

We may form a new rigid unit to extend the structure with three ad-
ditional concurrent bars whose ends are attached to three fixed joints on
the existing structure. Thus, in Fig. 4/13c the bars AF, BF, and CF are
attached to the foundation and therefore fix point F in space. Likewise
point H is fixed in space by the bars AH, DH, and CH. The three addi-
tional bars CG, FG, and HG are attached to the three fixed points C, F,
and H and therefore fix G in space. The fixed point E is similarly cre-
ated. We see now that the structure is entirely rigid. The two applied
loads shown will result in forces in all of the members. A space truss
formed in this way is called a simple space truss.

Ideally there must be point support, such as that given by a ball-
and-socket joint, at the connections of a space truss to prevent bend-
ing in the members. As in riveted and welded connections for plane
trusses, if the centerlines of joined members intersect at a point, we
can justify the assumption of two-force members under simple tension
and compression.

Statically Determinate Space Trusses
When a space truss is supported externally so that it is statically de-

terminate as an entire unit, a relationship exists between the number of
its joints and the number of its members necessary for internal stability
without redundancy. Because the equilibrium of each joint is specified by
three scalar force equations, there are in all 3j such equations for a space
truss with j joints. For the entire truss composed of m members there are
m unknowns (the tensile or compressive forces in the members) plus six
unknown support reactions in the general case of a statically determinate
space structure. Thus, for any space truss, the equation m � 6 � 3j will be
satisfied if the truss is statically determinate internally. A simple space
truss satisfies this relation automatically. Starting with the initial tetra-
hedron, for which the equation holds, the structure is extended by adding
three members and one joint at a time, thus preserving the equality.

As in the case of the plane truss, this relation is a necessary condi-
tion for stability, but it is not a sufficient condition, since one or more
of the m members can be arranged in such a way as not to contribute
to a stable configuration of the entire truss. If m � 6 � 3j, there are
more members than there are independent equations, and the truss is
statically indeterminate internally with redundant members present.
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4/5
Space Trusses

A
space truss

is the three-dim
ensional counterpart of the plane

truss described in the three previous articles. The idealized space truss

consists of rigid links connected at their ends by ball-and-socket joints

(such a joint is illustrated in Fig. 3/8 in Art. 3/4). W
hereas a triangle of

pin-connected bars form
s the basic noncollapsible unit for the plane

truss, a space truss, on the other hand, requires six bars joined at their

ends to form
 the edges of a tetrahedron as the basic noncollapsible unit.

In Fig. 4/13a
the tw

o bars AD
and

BD
joined at D

require a third sup-

port CD
to keep the triangle AD

B
from

 rotating about AB. In Fig. 4/13b

the supporting base is replaced by three m
ore bars AB, BC, and AC

to

form
 a tetrahedron not dependent on the foundation for its ow

n rigidity.

W
e m

ay form
 a new

 rigid unit to extend the structure w
ith three ad-

ditional concurrent bars w
hose ends are attached to three fixed joints on

the existing structure. Thus, in Fig. 4/13c
the bars AF, BF, and CF

are

attached to the foundation and therefore fix point F
in space. Likew

ise

point
H

is fixed in space by the bars AH
, D

H
, and CH

. The three addi-

tional bars CG
, FG

, and H
G

are attached to the three fixed points C, F,

and
H

and therefore fix G
in space. The fixed point E

is sim
ilarly cre-

ated. W
e see now

 that the structure is entirely rigid. The tw
o applied

loads show
n w

ill result in forces in all of the m
em

bers. A space truss

form
ed in this w

ay is called a sim
ple space truss.

Ideally there m
ust be point support, such as that given by a ball-

and-socket joint, at the connections of a space truss to prevent bend-

ing in the m
em

bers. As in riveted and w
elded connections for plane

trusses, if the centerlines of joined m
em

bers intersect at a point, w
e

can justify the assum
ption of tw

o-force m
em

bers under sim
ple tension

and com
pression.

Statically Determ
inate Space Trusses

W
hen a space truss is supported externally so that it is statically de-

term
inate as an entire unit, a relationship exists betw

een the num
ber of

its joints and the num
ber of its m

em
bers necessary for internal stability

w
ithout redundancy. Because the equilibrium

 of each joint is specified by

three scalar force equations, there are in all 3j such equations for a space

truss w
ith j joints. For the entire truss com

posed of m
m
em

bers there are

m
unknow

ns (the tensile or com
pressive forces in the m

em
bers) plus six

unknow
n support reactions in the general case of a statically determ

inate

space structure. Thus, for any space truss, the equation m
�

6
�

3j w
ill be

satisfied if the truss is statically determ
inate internally. A sim

ple
space

truss satisfies this relation autom
atically. Starting w

ith the initial tetra-

hedron, for w
hich the equation holds, the structure is extended by adding

three m
em

bers and one joint at a tim
e, thus preserving the equality.

As in the case of the plane truss, this relation is a necessary condi-

tion for stability, but it is not a sufficient condition, since one or m
ore

of the m
m
em

bers can be arranged in such a w
ay as not to contribute

to a stable configuration of the entire truss. If m
�

6
�

3j, there are

m
ore m

em
bers than there are independent equations, and the truss is

statically indeterm
inate internally w

ith redundant m
em

bers present.
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با توجه به شکل )5-3( دیده می شود که در چهارضلعی ABCD که اضلاع آن به 
صورت مفصل یا پین به هم متصل شده اند با وارد آوردن نیروی نه چندان بزرگ F به راحتی 
C منتقل می شود بنابراین سازه ناپایدار بوده  B و C به ́  دچار تغییرشکل شده و نقطه B به́ 

و این مسئله نامطلوب است.

5–1-2- شکل خرپاها
همان طور که گفته شد خرپاهای ساده از تعدادی شبکه مثلثی تشکیل می یابند و دلیل استفاده 
از هندسة مثلثی در خرپاها، پایداری هندسی مثلث نسبت به سایر اشکال هندسی می باشد. چرا 
که در مثلث تغییر زاویه مشروط به تغییر طول اضلاع آن می باشد و این تغییر در هندسة مثلثی 
خرپاها به سادگی اتفاق نمی افتد درحالی که در یک هندسة چهارضلعی بدون تغییر طول اضلاع 

آن ها تغییر شکل به راحتی صورت می پذیرد.

2316.3 SIMPLE TRUSSES
Consider the truss of Fig. 6.6a, which is made of four members con-
nected by pins at A, B, C, and D. If a load is applied at B, the truss 
will greatly deform, completely losing its original shape. In contrast, 
the truss of Fig. 6.6b, which is made of three members connected 
by pins at A, B, and C, will deform only slightly under a load applied 
at B. The only possible deformation for this truss is one involving 
small changes in the length of its members. The truss of Fig. 6.6b 
is said to be a rigid truss, the term rigid being used here to indicate 
that the truss will not collapse.

†The three joints must not be in a straight line.
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 As shown in Fig. 6.6c, a larger rigid truss can be obtained by 
adding two members BD and CD to the basic triangular truss of 
Fig. 6.6b. This procedure can be repeated as many times as desired, 
and the resulting truss will be rigid if each time two new members 
are added, they are attached to two existing joints and connected at 
a new joint.† A truss which can be constructed in this manner is 
called a simple truss.
 It should be noted that a simple truss is not necessarily made 
only of triangles. The truss of Fig. 6.6d, for example, is a simple truss 
which was constructed from triangle ABC by adding successively the 
joints D, E, F, and G. On the other hand, rigid trusses are not always 
simple trusses, even when they appear to be made of triangles. The 
Fink and Baltimore trusses shown in Fig. 6.5, for instance, are not 
simple trusses, since they cannot be constructed from a single trian-
gle in the manner described above. All the other trusses shown in 
Fig. 6.5 are simple trusses, as may be easily checked. (For the K 
truss, start with one of the central triangles.)
 Returning to Fig. 6.6, we note that the basic triangular truss of 
Fig. 6.6b has three members and three joints. The truss of Fig. 6.6c 
has two more members and one more joint, i.e., five members and 
four joints altogether. Observing that every time two new members 
are added, the number of joints is increased by one, we find that in 
a simple truss the total number of members is m 5 2n 2 3, where 
n is the total number of joints.

6.3 Simple Trusses

Photo 6.2 Two K-trusses were used as the 
main components of the movable bridge shown 
which moved above a large stockpile of ore. 
The bucket below the trusses picked up ore and 
redeposited it until the ore was thoroughly mixed.
The ore was then sent to the mill for processing 
into steel.
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شکل 3-5

شکل 4-5

برای تأمین پایداری سازه فوق کافی است عضو قطری BC را به آن بیافزاییم و چهار 
ضلعی را به دو مثلث تبدیل نماییم. )شکل 4-5(

کارعملی: شکل های )5-3( و )5-4( را با قطعات چوبی و اتصال مفصلی بسازید و 
با اعمال نیروی متناسب، عملکرد آن ها را با یکدیگر مقایسه نمایید.

2316.3 SIMPLE TRUSSES
Consider the truss of Fig. 6.6a, which is made of four members con-
nected by pins at A, B, C, and D. If a load is applied at B, the truss 
will greatly deform, completely losing its original shape. In contrast, 
the truss of Fig. 6.6b, which is made of three members connected 
by pins at A, B, and C, will deform only slightly under a load applied 
at B. The only possible deformation for this truss is one involving 
small changes in the length of its members. The truss of Fig. 6.6b 
is said to be a rigid truss, the term rigid being used here to indicate 
that the truss will not collapse.

†The three joints must not be in a straight line.

Fig. 6.6
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 As shown in Fig. 6.6c, a larger rigid truss can be obtained by 
adding two members BD and CD to the basic triangular truss of 
Fig. 6.6b. This procedure can be repeated as many times as desired, 
and the resulting truss will be rigid if each time two new members 
are added, they are attached to two existing joints and connected at 
a new joint.† A truss which can be constructed in this manner is 
called a simple truss.
 It should be noted that a simple truss is not necessarily made 
only of triangles. The truss of Fig. 6.6d, for example, is a simple truss 
which was constructed from triangle ABC by adding successively the 
joints D, E, F, and G. On the other hand, rigid trusses are not always 
simple trusses, even when they appear to be made of triangles. The 
Fink and Baltimore trusses shown in Fig. 6.5, for instance, are not 
simple trusses, since they cannot be constructed from a single trian-
gle in the manner described above. All the other trusses shown in 
Fig. 6.5 are simple trusses, as may be easily checked. (For the K 
truss, start with one of the central triangles.)
 Returning to Fig. 6.6, we note that the basic triangular truss of 
Fig. 6.6b has three members and three joints. The truss of Fig. 6.6c 
has two more members and one more joint, i.e., five members and 
four joints altogether. Observing that every time two new members 
are added, the number of joints is increased by one, we find that in 
a simple truss the total number of members is m 5 2n 2 3, where 
n is the total number of joints.

6.3 Simple Trusses

Photo 6.2 Two K-trusses were used as the 
main components of the movable bridge shown 
which moved above a large stockpile of ore. 
The bucket below the trusses picked up ore and 
redeposited it until the ore was thoroughly mixed.
The ore was then sent to the mill for processing 
into steel.

bee80156_ch06_226-275.indd Page 231  10/16/09  11:50:29 AM user-s173 /Volumes/MHDQ-New/MHDQ152/MHDQ152-06

F



67

P
R
O

B
L
E
M

S

2
3

8

 
6

.1
th

r
o
u
g
h
 
6

.1
8

 
U

sin
g
 th

e
 m

e
th

o
d

 o
f jo

in
ts, d

e
te

rm
in

e
 th

e
 fo

rc
e
 

in
 e

a
c
h

 m
e
m

b
e
r o

f th
e
 tru

ss sh
o

w
n

. S
ta

te
 w

h
e
th

e
r e

a
c
h

 m
e
m

b
e
r 

is in
 te

n
sio

n
 o

r c
o

m
p

re
ssio

n
.

1
8
0
0
 lb

4
 ft

8
 ft

3
 ft

A
B

C

F
ig

. 
P
6

.1

A

B

C

8
4
 k

N

3
 m

1
.2

5
 m

4
 m

F
ig

. 
P
6

.2

A
B

4
5
0
 lb

C

2
4
 in

.
7
.5

 in
.

1
0
 in

.

F
ig

. 
P
6

.3

D

C

A

B
0
.7

 m

2
.4

 m
2
.4

 m

4
8
 k

N

3
5
 k

N

F
ig

. 
P
6

.4

4
0
 in

.

3
2
 in

.

3
0
 in

.
C B

A
6
0
0
 lb

F
ig

. 
P
6
.5

4
0
0
 m

m
5
0
0
 m

m

3
7
5
 m

m

B
C

A 1
2
0
0
 N

F
ig

. 
P
6

.6

A

C
D

B

3
 m

3
 m

1
.2

5
 m

2
 k

N
2
 k

N

F
ig

. 
P
6
.7

A
B

C

D
E

F

2
0
 k

N

1
2
 k

N

5
 k

N
5
 k

N

1
.6

 m

3
 m

3
 m

F
ig

. 
P
6

.8

A
B

C

D

E
F

1
2
 k

ip
s

1
8

 k
ip

s

5
 ft

5
 ft

1
2
 ft

F
ig

. 
P
6

.9

b
e
e
8
0
1
5
6
_
c
h
0
6
_
2
2
6
-
2
7
5
.
i
n
d
d
 
P
a
g
e
 
2
3
8
 
 
1
0
/
1
6
/
0
9
 
 
1
1
:
5
0
:
4
6
 
A
M
 
u
s
e
r
-
s
1
7
3

/
V
o
l
u
m
e
s
/
M
H
D
Q
-
N
e
w
/
M
H
D
Q
1
5
2
/
M
H
D
Q
1
5
2
-
0
6

P
R
O

B
L
E
M

S

2
3

8

 
6

.1
th

r
o
u
g
h
 
6

.1
8

 
U

sin
g
 th

e
 m

e
th

o
d

 o
f jo

in
ts, d

e
te

rm
in

e
 th

e
 fo

rc
e
 

in
 e

a
c
h

 m
e
m

b
e
r o

f th
e
 tru

ss sh
o

w
n

. S
ta

te
 w

h
e
th

e
r e

a
c
h

 m
e
m

b
e
r 

is in
 te

n
sio

n
 o

r c
o

m
p

re
ssio

n
.

1
8
0
0
 lb

4
 ft

8
 ft

3
 ft

A
B

C

F
ig

. 
P
6

.1

A

B

C

8
4
 k

N

3
 m

1
.2

5
 m

4
 m

F
ig

. 
P
6

.2

A
B

4
5
0
 lb

C

2
4
 in

.
7
.5

 in
.

1
0
 in

.

F
ig

. 
P
6

.3

D

C

A

B
0
.7

 m

2
.4

 m
2
.4

 m

4
8
 k

N

3
5
 k

N

F
ig

. 
P
6

.4

4
0
 in

.

3
2
 in

.

3
0
 in

.
C B

A
6
0
0
 lb

F
ig

. 
P
6
.5

4
0
0
 m

m
5
0
0
 m

m

3
7
5
 m

m

B
C

A 1
2
0
0
 N

F
ig

. 
P
6

.6

A

C
D

B

3
 m

3
 m

1
.2

5
 m

2
 k

N
2
 k

N

F
ig

. 
P
6
.7

A
B

C

D
E

F

2
0
 k

N

1
2
 k

N

5
 k

N
5
 k

N

1
.6

 m

3
 m

3
 m

F
ig

. 
P
6

.8

A
B

C

D

E
F

1
2
 k

ip
s

1
8

 k
ip

s

5
 ft

5
 ft

1
2
 ft

F
ig

. 
P
6

.9

b
e
e
8
0
1
5
6
_
c
h
0
6
_
2
2
6
-
2
7
5
.
i
n
d
d
 
P
a
g
e
 
2
3
8
 
 
1
0
/
1
6
/
0
9
 
 
1
1
:
5
0
:
4
6
 
A
M
 
u
s
e
r
-
s
1
7
3

/
V
o
l
u
m
e
s
/
M
H
D
Q
-
N
e
w
/
M
H
D
Q
1
5
2
/
M
H
D
Q
1
5
2
-
0
6

5–1–3- فرضیات تحلیل خرپاها:
منظور از تحلیل خرپا، تعیین نیروی داخلی هر عضو خرپا و محاسبة عکس العمل های 

تکیه گاهی آن می باشد و مبتنی بر فرضیاتی به شرح ذیل است: 
اعمال  آن  به  گره ها  محل  در  و  در صفحه خرپا  بر خرپا  وارد  نیروهای خارجی   -1

می شود. شکل )5-5(

شکل 5-5

شکل 6-5

174 Chapter 4 Structures

Figure 4/2
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Figure 4/2
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Fink
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Pratt
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Commonly Used Bridge Trusses

2: اعضای خرپا )میله ها( به صورت مفصلی به یکدیگر متصل می شوند.
با توجه به فرضیات فوق، نیروهای داخلی و خارجی در محل گره به صورت متقارب 
خواهند بود. بنابراین نیروهای داخلی اعضا در راستای آن ها و به صورت کششی یا فشاری 

عمل می نمایند.
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Fig. 6.5
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Baltimore
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Cantilever portion
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Other Types of Trusses

Floor beams

Stringers

Fig. 6.3

force at each end of the member. Each member can then be treated 
as a two-force member, and the entire truss can be considered as a 
group of pins and two-force members (Fig. 6.2b). An individual 
member can be acted upon as shown in either of the two sketches 
of Fig. 6.4. In Fig. 6.4a, the forces tend to pull the member apart, 
and the member is in tension; in Fig. 6.4b, the forces tend to com-
press the member, and the member is in compression. A number 
of typical trusses are shown in Fig. 6.5.

(a) (b)

Fig. 6.4
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5–1-4- روش تحیل خرپا 
برای تحلیل خرپاها روش های مختلفی وجود دارد که در این قسمت به روش تحلیل مفاصل 

)گره ها( اشاره می شود و در مقاطع بالاتر با سایر روش های تحلیل خرپا آشنا خواهید شد.
5–1–5- روش مفاصل )گره ها( در تحلیل خرپاها: 

تعادل است  استوار است که چون کل خرپا در حال  این اصل  بر  این روش  فلسفه 
پس هر گرة آن نیز باید در حال تعادل باشد، بنابراین عموماً مراحل تحلیل خرپا در این روش 

عبارت است از:
 ← ← 2( ترسیم پیکر آزاد هر گره  1( محاسبه عکس العمل های تکیه گاهی 

← 4( حل معادلات   x

y

F
F

0
0

Σ =
Σ =

3( اعمال شرایط تعادل هر گره )نقطة مادی( یعنی: 
تشکیل شده و محاسبة مجهولات مورد نظر

شکل 7-5

Ax A FAD

FAC
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FBD
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FCD
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PROBLEMS

238

 6.1through 6.18 Using the method of joints, determine the force 
in each member of the truss shown. State whether each member 
is in tension or compression.
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و . . .

شروع  گره ای  از  گره ها،  آزاد  پیکر  ترسیم  در   -1 نکته 
می نمائیم که بیش از دو مجهول نداشته باشد.

نکته 2- بهتر است نیروی داخلی اعضا را ابتدا به صورت 
کششی فرض نموده و با رسیدن به جواب مثبت این فرض 
صحیح بوده و در غیر این صورت عضو مورد نظر فشاری 

خواهد بود.
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شکل 8-5

و جهت  شده  دور  گره  از  کششی  نیروهای  هرگره جهت  آزاد  پیکر  ترسیم  در   -3 نکته 
نیروهای فشاری به گره نزدیک می شود. 

نتیجه نهایی تحلیل خرپای شکل )5-7( در شکل )5-8( نشان داده شده است.

فشاریفشاری

کششیکششی
شی

کش

    تاریخ مهندسی )مطالعه آزاد(
خرپایی،  ساختمان های  نوع  اولین  که  است  آمده  چنین  غرب،  فنی  تاریخ  کتاب های  در 
خرپای  نوع  اولین  که  شده  گفته  همچنین  است.  شده  ساخته  میلادی  شانزدهم  قرون  در 
واقعی ثبت شده در تاریخ در قرن شانزدهم میلادی توسط یک مهندس رومی به نام پالادیو 
)Paladio( )1580 - 1518 م( ابداع و ساخته شده است. اما سندهای تاریخی نشان دهندة 
آن است که ساختمان خرپایی در ایران باستان از هزارة سوم قبل از میلاد ساخته می شده 
است. مورد استناد در این بررسی لوحه ای است که در حفاری های باستان شناسی شوش 

به دست آمده و تاریخ آن به هزارة سوم قبل از میلاد )پنج هزار سال پیش( می رسد.
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 6.1through 6.18 Using the method of joints, determine the force 
in each member of the truss shown. State whether each member 
is in tension or compression.
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3 – تحلیل گره ها:
 B و A برای تحلیل گره ها با توجه وجود دو عضو )دو مجهول( در هر یک از گره های 

می توانیم از هریک از آن ها شروع نماییم که در این مثال گرة A انتخاب می گردد.

FAC

FAD

A α
Ax=5

Ay=11/87

FBC

FDC

C
FAC=10/82

: C پیکر آزاد  گرة

: B پیکر آزاد  گرة

: A پیکر آزاد  گرة

باتوجه به مشخص شدن نیروی داخلی عضو AC می بینیم که گره C  نیز دارای دو مجهول 
BC و CD می باشد و اکنون می توان تحلیل این گره را آغاز کرد.

+
→+
→x AD AC AD AC

y AD AD

AD

AC

AC

sin /
tan ( ) /

cos /
F F cos F / F F

F / F sin / F /

F / kN
/ ( / ) F

F / kN

1 0 63 36 86
0 84

0 5 0 5 0 8 0
0 11 87 0 0 6 11 87

19 78
5 0 8 19 78 0

10 82

−

+

α =
α = = ⇒  α =
Σ = ⇒ + α + = ⇒ + + =

↑ Σ = ⇒ + α = ⇒ = −

⇒ = −
⇒ + − + =
⇒ =



x AD AC AD AC

y AD AD

AD

AC

AC

sin /
tan ( ) /

cos /
F F cos F / F F

F / F sin / F /

F / kN
/ ( / ) F

F / kN

1 0 63 36 86
0 84

0 5 0 5 0 8 0
0 11 87 0 0 6 11 87

19 78
5 0 8 19 78 0

10 82

−

+

α =
α = = ⇒  α =
Σ = ⇒ + α + = ⇒ + + =

↑ Σ = ⇒ + α = ⇒ = −

⇒ = −
⇒ + − + =
⇒ =



II معادله

II از معادله

کششی

فشاری

By=8/13

FBD

Bα

FBC=10/82

فشاری

y BD

BD BD

F F sin /

/F F / kN
/

0 8 13 0
8 13 13 55
0 6

+
↑ Σ = ⇒ α + =

−⇒ = ⇒ = −

+
→+
→ xکششی BC BC

y CD

F F / F / kN

F F

0 10 82 0 10 82

0 0
+

Σ = ⇒ − = ⇒ =

↑ Σ = ⇒ =
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الف( هرگاه در گره ای دو عضو غیر هم راستا وجود داشته باشد و به آن گره نیروی 
خارجی و یا عکس العمل تکیه گاهی اعمال نشود، هر دو عضو صفر نیرویی خواهند بود. برای 
نمونه در شکل )5-9(، اعضای AB و AD دارای چنین شرایطی هستند بنابراین عضو صفر 

نیرویی خواهند بود. یعنی:
      FAB = FAD = 0
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 6.1through 6.18 Using the method of joints, determine the force 
in each member of the truss shown. State whether each member 
is in tension or compression.
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آیا این خرپا دارای عضو صفر نیرویی دیگری می باشد؟ چرا؟ نام ببرید.

باشند،        هم راستا  آن  دو عضو  که  باشد  داشته  گره ای سه عضو وجود  در  هرگاه  ب( 
در صورتی که نیروی خارجی روی گرة مذکور نباشد، عضو سوم صفر نیرویی خواهد بود. در 

خرپای شکل )5-10( اعضای BC و KJ و IJ صفر نیرویی می باشند.

شکل 9-5

5–1–6- اعضای صفر نیرویی
درمثال فوق ملاحظه گردید که نیروی داخلی عضو CD برابر صفر است که اصطلاحاً 

به آن عضو صفر نیرویی گفته می شود.
در موارد زیر اعضای صفر نیرویی بدون تحلیل قابل تشخیص هستند.
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5-2             تحلیل تیرها 
نیروهای  تیر در این فصل تعیین عکس العمل های تکیه گاهی و  از تحلیل       هدف 

داخلی در هر مقطع از تیر می باشد.
)Beam( 5-2-1- تعریف تیر

 تیر عضوی است که بارهای عمود بر محور خود را تحمل و منتقل می نماید و در اکثر 
سازه های ساختمانی به کار می رود.

235 Consider now a joint connecting two members only. From 
Sec. 2.9, we know that a particle which is acted upon by two forces will 
be in equilibrium if the two forces have the same magnitude, same line 
of action, and opposite sense. In the case of the joint of Fig. 6.13a, 
which connects two members AB and AD lying in the same line, the 
forces in the two members must be equal for pin A to be in equilibrium. 
In the case of the joint of Fig. 6.13b, pin A cannot be in equilibrium 
unless the forces in both members are zero. Members connected as 
shown in Fig. 6.13b, therefore, must be zero-force members.
 Spotting the joints which are under the special loading condi-
tions listed above will expedite the analysis of a truss. Consider, for 
example, a Howe truss loaded as shown in Fig. 6.14. All of the mem-
bers represented by green lines will be recognized as zero-force 
members. Joint C connects three members, two of which lie in the 
same line and is not subjected to any external load; member BC is 
thus a zero-force member. Applying the same reasoning to joint K, 
we find that member JK is also a zero-force member. But joint J is 
now in the same situation as joints C and K, and member IJ must be 
a zero-force member. The examination of joints C, J, and K also shows 
that the forces in members AC and CE are equal, that the forces in 
members HJ and JL are equal, and that the forces in members IK 
and KL are equal. Turning our attention to joint I, where the 20-kN 
load and member HI are collinear, we note that the force in member 
HI is 20 kN (tension) and that the forces in members GI and IK are 
equal. Hence, the forces in members GI, IK, and KL are equal.
 Note that the conditions described above do not apply to joints B 
and D in Fig. 6.14, and it would be wrong to assume that the force in 
member DE is 25 kN or that the forces in members AB and BD are 
equal. The forces in these members and in all the remaining members 
should be found by carrying out the analysis of joints A, B, D, E, F, G, 
H, and L in the usual manner. Thus, until you have become thoroughly 
familiar with the conditions under which the rules established in this 
section can be applied, you should draw the free-body diagrams of all the 
pins and write the corresponding equilibrium equations (or draw the 
corresponding force polygons) whether or not the joints being consid-
ered are under one of the special loading conditions described above.
 A final remark concerning zero-force members: These mem-
bers are not useless. For example, although the zero-force members 
of Fig. 6.14 do not carry any loads under the loading conditions 
shown, the same members would probably carry loads if the loading 
conditions were changed. Besides, even in the case considered, these 
members are needed to support the weight of the truss and to main-
tain the truss in the desired shape.

6.5 Joints under Special Loading Conditions

Fig. 6.12
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SECTION B SPECIAL TOPICS

5/6 Beams—External Effects
Beams are structural members which offer resistance to bending

due to applied loads. Most beams are long prismatic bars, and the loads
are usually applied normal to the axes of the bars.

Beams are undoubtedly the most important of all structural mem-
bers, so it is important to understand the basic theory underlying
their design. To analyze the load-carrying capacities of a beam we
must first establish the equilibrium requirements of the beam as a
whole and any portion of it considered separately. Second, we must es-
tablish the relations between the resulting forces and the accompany-
ing internal resistance of the beam to support these forces. The first
part of this analysis requires the application of the principles of stat-
ics. The second part involves the strength characteristics of the mater-
ial and is usually treated in studies of the mechanics of solids or the
mechanics of materials.

This article is concerned with the external loading and reactions act-
ing on a beam. In Art. 5/7 we calculate the distribution along the beam
of the internal force and moment.

Types of Beams
Beams supported so that their external support reactions can be cal-

culated by the methods of statics alone are called statically determinate
beams. A beam which has more supports than needed to provide equilib-
rium is statically indeterminate. To determine the support reactions for
such a beam we must consider its load-deformation properties in addi-
tion to the equations of static equilibrium. Figure 5/18 shows examples

Simple

Cantilever

Continuous

Combination

Statically determinate beams Statically indeterminate beams

End-supported cantilever

Fixed⎫⎪⎪⎪⎪⎪⎬⎪⎪⎪⎪⎪⎭ ⎫⎪⎪⎪⎪⎪⎪⎬⎪⎪⎪⎪⎪⎪⎭

Figure 5/18
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شکل 16-5

5/7 Beams—Internal Effects

The previous article treated the reduction of a distributed force to

one or more equivalent concentrated forces and the subsequent determi-

nation of the external reactions acting on the beam. In this article we in-

troduce internal beam effects and apply principles of statics to calculate

the internal shear force and bending moment as functions of location

along the beam.

Shear, Bending, and Torsion

In addition to supporting tension or compression, a beam can resist

shear, bending, and torsion. These three effects are illustrated in Fig.

5/22. The force V is called the shear force, the couple M is called the

bending moment, and the couple T is called a torsional moment. These

effects represent the vector components of the resultant of the forces

acting on a transverse section of the beam as shown in the lower part of

the figure.
Consider the shear force V and bending moment M caused by forces

applied to the beam in a single plane. The conventions for positive val-

ues of shear V and bending moment M shown in Fig. 5/23 are the ones

generally used. From the principle of action and reaction we can see

that the directions of V and M are reversed on the two sections. It is fre-

quently impossible to tell without calculation whether the shear and

moment at a particular section are positive or negative. For this reason

it is advisable to represent V and M in their positive directions on the

free-body diagrams and let the algebraic signs of the calculated values

indicate the proper directions.

As an aid to the physical interpretation of the bending couple M,

consider the beam shown in Fig. 5/24 bent by the two equal and opposite

positive moments applied at the ends. The cross section of the beam is

treated as an H-section with a very narrow center web and heavy top

and bottom flanges. For this beam we may neglect the load carried by

the small web compared with that carried by the two flanges. The upper

flange of the beam clearly is shortened and is under compression,

whereas the lower flange is lengthened and is under tension. The resul-

tant of the two forces, one tensile and the other compressive, acting on

any section is a couple and has the value of the bending moment on the

section. If a beam having some other cross-sectional shape were loaded
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پدیده برش، رفتاری از تیر است که تمایل دارد تیر را در مقاطع مختلف آن قطع نماید. 
این رفتار، شبیه رفتار یک قیچی می باشد. شکل )17-5(

5/7 Beams—Internal Effects
The previous article treated the reduction of a distributed force to

one or more equivalent concentrated forces and the subsequent determi-
nation of the external reactions acting on the beam. In this article we in-
troduce internal beam effects and apply principles of statics to calculate
the internal shear force and bending moment as functions of location
along the beam.

Shear, Bending, and Torsion
In addition to supporting tension or compression, a beam can resist

shear, bending, and torsion. These three effects are illustrated in Fig.
5/22. The force V is called the shear force, the couple M is called the
bending moment, and the couple T is called a torsional moment. These
effects represent the vector components of the resultant of the forces
acting on a transverse section of the beam as shown in the lower part of
the figure.

Consider the shear force V and bending moment M caused by forces
applied to the beam in a single plane. The conventions for positive val-
ues of shear V and bending moment M shown in Fig. 5/23 are the ones
generally used. From the principle of action and reaction we can see
that the directions of V and M are reversed on the two sections. It is fre-
quently impossible to tell without calculation whether the shear and
moment at a particular section are positive or negative. For this reason
it is advisable to represent V and M in their positive directions on the
free-body diagrams and let the algebraic signs of the calculated values
indicate the proper directions.

As an aid to the physical interpretation of the bending couple M,
consider the beam shown in Fig. 5/24 bent by the two equal and opposite
positive moments applied at the ends. The cross section of the beam is
treated as an H-section with a very narrow center web and heavy top
and bottom flanges. For this beam we may neglect the load carried by
the small web compared with that carried by the two flanges. The upper
flange of the beam clearly is shortened and is under compression,
whereas the lower flange is lengthened and is under tension. The resul-
tant of the two forces, one tensile and the other compressive, acting on
any section is a couple and has the value of the bending moment on the
section. If a beam having some other cross-sectional shape were loaded

Article 5/7 Beams—Internal Effects 279

V

V

M

T

T

M
V

T

M

Shear

Bending

Torsion

Combined loading

Figure 5/22

+M +M

+V

+V

Figure 5/23

+M +M

Figure 5/24

برش

5-2-5- تعیین عکس العمل های تکیه گاهی تیرها با بار گسترده یکنواخت
برای محاسبه عکس العمل های تکیه گاهی تیرها تحت بار گستردة یکنواخت ابتدا باید مقدار 

و محل اثر برآیند بارهای گسترده یکنواخت وارد به تیر را تعیین نمود. مطابق شکل )18-5(
مقدار برآیند بار گسترده برابر مساحت مستطیل بار وارده و محل اثر آن نقطة تلاقی دو قطر 

مستطیل )نصف طول آن( خواهد بود.
با توجه به موارد فوق الذکر پیکر آزاد تیر را ترسیم نموده و عکس العمل های تکیه گاهی را 

محاسبه می نماییم.



50512.2  SHEAR AND BENDING-MOMENT DIAGRAMS
As indicated in Sec. 12.1, the determination of the maximum abso-
lute values of the shear and of the bending moment in a beam are 
greatly facilitated if V and M are plotted against the distance x mea-
sured from one end of the beam. Besides, as you will see in Chap. 15, 
the knowledge of M as a function of x is essential to the determina-
tion of the deflection of a beam.
 In the examples and sample problems of this section, the shear 
and bending-moment diagrams will be obtained by determining the 
values of V and M at selected points of the beam. These values will 
be found in the usual way, i.e., by passing a section through the point 
where they are to be determined (Fig. 12.5a) and considering the 
equilibrium of the portion of beam located on either side of the sec-
tion (Fig. 12.5b). Since the shear forces V and V9 have opposite 
senses, recording the shear at point C with an up or down arrow 
would be meaningless, unless we indicated at the same time which 
of the free bodies AC and CB we are considering. For this reason, 
the shear V will be recorded with a sign: a plus sign if the shearing 
forces are directed as shown in Fig. 12.5b, and a minus sign other-
wise. A similar convention will apply for the bending moment M. It 
will be considered as positive if the bending couples are directed as 
shown in that figure, and negative otherwise.† Summarizing the sign 
conventions we have presented, we state:
 The shear V and the bending moment M at a given point of a 
beam are said to be positive when the internal forces and couples act-
ing on each portion of the beam are directed as shown in Fig. 12.6a.
 These conventions can be more easily remembered if we 
note that

 1.  The shear at any given point of a beam is positive when the 
external forces (loads and reactions) acting on the beam tend 
to shear off the beam at that point as indicated in Fig. 12.6b.

 2.  The bending moment at any given point of a beam is positive 
when the external forces acting on the beam tend to bend the 
beam at that point as indicated in Fig. 12.6c.

 It is also of help to note that the situation described in Fig. 12.6, 
in which the values of the shear and of the bending moment are 
positive, is precisely the situation that occurs in the left half of a 
simply supported beam carrying a single concentrated load at its mid-
point. This particular case is fully discussed in the next example.
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†Note that this convention is the same that we used earlier in Sec. 11.2.
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 It is also of help to note that the situation described in Fig. 12.6, 
in which the values of the shear and of the bending moment are 
positive, is precisely the situation that occurs in the left half of a 
simply supported beam carrying a single concentrated load at its mid-
point. This particular case is fully discussed in the next example.
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مثال 2
عکس العمل های تکیه گاهی تیر شکل زیر رامحاسبه نمایید.

kNq m20=

50512.2  SHEAR AND BENDING-MOMENT DIAGRAMS
As indicated in Sec. 12.1, the determination of the maximum abso-
lute values of the shear and of the bending moment in a beam are 
greatly facilitated if V and M are plotted against the distance x mea-
sured from one end of the beam. Besides, as you will see in Chap. 15, 
the knowledge of M as a function of x is essential to the determina-
tion of the deflection of a beam.
 In the examples and sample problems of this section, the shear 
and bending-moment diagrams will be obtained by determining the 
values of V and M at selected points of the beam. These values will 
be found in the usual way, i.e., by passing a section through the point 
where they are to be determined (Fig. 12.5a) and considering the 
equilibrium of the portion of beam located on either side of the sec-
tion (Fig. 12.5b). Since the shear forces V and V9 have opposite 
senses, recording the shear at point C with an up or down arrow 
would be meaningless, unless we indicated at the same time which 
of the free bodies AC and CB we are considering. For this reason, 
the shear V will be recorded with a sign: a plus sign if the shearing 
forces are directed as shown in Fig. 12.5b, and a minus sign other-
wise. A similar convention will apply for the bending moment M. It 
will be considered as positive if the bending couples are directed as 
shown in that figure, and negative otherwise.† Summarizing the sign 
conventions we have presented, we state:
 The shear V and the bending moment M at a given point of a 
beam are said to be positive when the internal forces and couples act-
ing on each portion of the beam are directed as shown in Fig. 12.6a.
 These conventions can be more easily remembered if we 
note that

 1.  The shear at any given point of a beam is positive when the 
external forces (loads and reactions) acting on the beam tend 
to shear off the beam at that point as indicated in Fig. 12.6b.

 2.  The bending moment at any given point of a beam is positive 
when the external forces acting on the beam tend to bend the 
beam at that point as indicated in Fig. 12.6c.

 It is also of help to note that the situation described in Fig. 12.6, 
in which the values of the shear and of the bending moment are 
positive, is precisely the situation that occurs in the left half of a 
simply supported beam carrying a single concentrated load at its mid-
point. This particular case is fully discussed in the next example.
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50512.2  SHEAR AND BENDING-MOMENT DIAGRAMS
As indicated in Sec. 12.1, the determination of the maximum abso-
lute values of the shear and of the bending moment in a beam are 
greatly facilitated if V and M are plotted against the distance x mea-
sured from one end of the beam. Besides, as you will see in Chap. 15, 
the knowledge of M as a function of x is essential to the determina-
tion of the deflection of a beam.
 In the examples and sample problems of this section, the shear 
and bending-moment diagrams will be obtained by determining the 
values of V and M at selected points of the beam. These values will 
be found in the usual way, i.e., by passing a section through the point 
where they are to be determined (Fig. 12.5a) and considering the 
equilibrium of the portion of beam located on either side of the sec-
tion (Fig. 12.5b). Since the shear forces V and V9 have opposite 
senses, recording the shear at point C with an up or down arrow 
would be meaningless, unless we indicated at the same time which 
of the free bodies AC and CB we are considering. For this reason, 
the shear V will be recorded with a sign: a plus sign if the shearing 
forces are directed as shown in Fig. 12.5b, and a minus sign other-
wise. A similar convention will apply for the bending moment M. It 
will be considered as positive if the bending couples are directed as 
shown in that figure, and negative otherwise.† Summarizing the sign 
conventions we have presented, we state:
 The shear V and the bending moment M at a given point of a 
beam are said to be positive when the internal forces and couples act-
ing on each portion of the beam are directed as shown in Fig. 12.6a.
 These conventions can be more easily remembered if we 
note that

 1.  The shear at any given point of a beam is positive when the 
external forces (loads and reactions) acting on the beam tend 
to shear off the beam at that point as indicated in Fig. 12.6b.

 2.  The bending moment at any given point of a beam is positive 
when the external forces acting on the beam tend to bend the 
beam at that point as indicated in Fig. 12.6c.

 It is also of help to note that the situation described in Fig. 12.6, 
in which the values of the shear and of the bending moment are 
positive, is precisely the situation that occurs in the left half of a 
simply supported beam carrying a single concentrated load at its mid-
point. This particular case is fully discussed in the next example.
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50512.2  SHEAR AND BENDING-MOMENT DIAGRAMS
As indicated in Sec. 12.1, the determination of the maximum abso-
lute values of the shear and of the bending moment in a beam are 
greatly facilitated if V and M are plotted against the distance x mea-
sured from one end of the beam. Besides, as you will see in Chap. 15, 
the knowledge of M as a function of x is essential to the determina-
tion of the deflection of a beam.
 In the examples and sample problems of this section, the shear 
and bending-moment diagrams will be obtained by determining the 
values of V and M at selected points of the beam. These values will 
be found in the usual way, i.e., by passing a section through the point 
where they are to be determined (Fig. 12.5a) and considering the 
equilibrium of the portion of beam located on either side of the sec-
tion (Fig. 12.5b). Since the shear forces V and V9 have opposite 
senses, recording the shear at point C with an up or down arrow 
would be meaningless, unless we indicated at the same time which 
of the free bodies AC and CB we are considering. For this reason, 
the shear V will be recorded with a sign: a plus sign if the shearing 
forces are directed as shown in Fig. 12.5b, and a minus sign other-
wise. A similar convention will apply for the bending moment M. It 
will be considered as positive if the bending couples are directed as 
shown in that figure, and negative otherwise.† Summarizing the sign 
conventions we have presented, we state:
 The shear V and the bending moment M at a given point of a 
beam are said to be positive when the internal forces and couples act-
ing on each portion of the beam are directed as shown in Fig. 12.6a.
 These conventions can be more easily remembered if we 
note that

 1.  The shear at any given point of a beam is positive when the 
external forces (loads and reactions) acting on the beam tend 
to shear off the beam at that point as indicated in Fig. 12.6b.

 2.  The bending moment at any given point of a beam is positive 
when the external forces acting on the beam tend to bend the 
beam at that point as indicated in Fig. 12.6c.

 It is also of help to note that the situation described in Fig. 12.6, 
in which the values of the shear and of the bending moment are 
positive, is precisely the situation that occurs in the left half of a 
simply supported beam carrying a single concentrated load at its mid-
point. This particular case is fully discussed in the next example.
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†Note that this convention is the same that we used earlier in Sec. 11.2.
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5-2-6-1- علائم قرار دادی نیرو های داخلی تیرها
برای ایجاد یکنواختی در محاسبات نیروهای داخلی در مقاطع تیرها بهتر است جهت های 

مثبت نیروی برشی و لنگر خمشی را به صورت شکل )5-20( در نظر بگیریم.

و مطابق قانون سوم نیوتن همین اثر روی قطعه سمت راست و در جهت مخالف وجود 
دارد. شکل )19-5(

بنابراین نیروهای داخلی در هر مقطع از تیرها عبارتند از:

50512.2  SHEAR AND BENDING-MOMENT DIAGRAMS
As indicated in Sec. 12.1, the determination of the maximum abso-
lute values of the shear and of the bending moment in a beam are 
greatly facilitated if V and M are plotted against the distance x mea-
sured from one end of the beam. Besides, as you will see in Chap. 15, 
the knowledge of M as a function of x is essential to the determina-
tion of the deflection of a beam.
 In the examples and sample problems of this section, the shear 
and bending-moment diagrams will be obtained by determining the 
values of V and M at selected points of the beam. These values will 
be found in the usual way, i.e., by passing a section through the point 
where they are to be determined (Fig. 12.5a) and considering the 
equilibrium of the portion of beam located on either side of the sec-
tion (Fig. 12.5b). Since the shear forces V and V9 have opposite 
senses, recording the shear at point C with an up or down arrow 
would be meaningless, unless we indicated at the same time which 
of the free bodies AC and CB we are considering. For this reason, 
the shear V will be recorded with a sign: a plus sign if the shearing 
forces are directed as shown in Fig. 12.5b, and a minus sign other-
wise. A similar convention will apply for the bending moment M. It 
will be considered as positive if the bending couples are directed as 
shown in that figure, and negative otherwise.† Summarizing the sign 
conventions we have presented, we state:
 The shear V and the bending moment M at a given point of a 
beam are said to be positive when the internal forces and couples act-
ing on each portion of the beam are directed as shown in Fig. 12.6a.
 These conventions can be more easily remembered if we 
note that

 1.  The shear at any given point of a beam is positive when the 
external forces (loads and reactions) acting on the beam tend 
to shear off the beam at that point as indicated in Fig. 12.6b.

 2.  The bending moment at any given point of a beam is positive 
when the external forces acting on the beam tend to bend the 
beam at that point as indicated in Fig. 12.6c.

 It is also of help to note that the situation described in Fig. 12.6, 
in which the values of the shear and of the bending moment are 
positive, is precisely the situation that occurs in the left half of a 
simply supported beam carrying a single concentrated load at its mid-
point. This particular case is fully discussed in the next example.
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(a)  Internal forces
(positive shear and positive bending moment)

(b)  Effect of external forces
(positive shear)

(c)  Effect of external forces
(positive bending moment)

Fig. 12.6

†Note that this convention is the same that we used earlier in Sec. 11.2.
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50512.2  SHEAR AND BENDING-MOMENT DIAGRAMS
As indicated in Sec. 12.1, the determination of the maximum abso-
lute values of the shear and of the bending moment in a beam are 
greatly facilitated if V and M are plotted against the distance x mea-
sured from one end of the beam. Besides, as you will see in Chap. 15, 
the knowledge of M as a function of x is essential to the determina-
tion of the deflection of a beam.
 In the examples and sample problems of this section, the shear 
and bending-moment diagrams will be obtained by determining the 
values of V and M at selected points of the beam. These values will 
be found in the usual way, i.e., by passing a section through the point 
where they are to be determined (Fig. 12.5a) and considering the 
equilibrium of the portion of beam located on either side of the sec-
tion (Fig. 12.5b). Since the shear forces V and V9 have opposite 
senses, recording the shear at point C with an up or down arrow 
would be meaningless, unless we indicated at the same time which 
of the free bodies AC and CB we are considering. For this reason, 
the shear V will be recorded with a sign: a plus sign if the shearing 
forces are directed as shown in Fig. 12.5b, and a minus sign other-
wise. A similar convention will apply for the bending moment M. It 
will be considered as positive if the bending couples are directed as 
shown in that figure, and negative otherwise.† Summarizing the sign 
conventions we have presented, we state:
 The shear V and the bending moment M at a given point of a 
beam are said to be positive when the internal forces and couples act-
ing on each portion of the beam are directed as shown in Fig. 12.6a.
 These conventions can be more easily remembered if we 
note that

 1.  The shear at any given point of a beam is positive when the 
external forces (loads and reactions) acting on the beam tend 
to shear off the beam at that point as indicated in Fig. 12.6b.

 2.  The bending moment at any given point of a beam is positive 
when the external forces acting on the beam tend to bend the 
beam at that point as indicated in Fig. 12.6c.

 It is also of help to note that the situation described in Fig. 12.6, 
in which the values of the shear and of the bending moment are 
positive, is precisely the situation that occurs in the left half of a 
simply supported beam carrying a single concentrated load at its mid-
point. This particular case is fully discussed in the next example.
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شکل 19-5

شکل 20-5

5-2-6-2- محاسبة نیروهای داخلی تیرها با بار متمرکز
برای محاسبة نیروهای داخلی در هر مقطع، پس از ترسیم پیکر آزاد یکی از قطعات 
سمت چپ یا راست آن مقطع و قرار دادن نیروی برشی V و لنگر خمشی M مطابق قرارداد 
فوق کافی است معادلات تعادل را برای مقطع مورد نظر تشکیل داده و اقدام به حل آن ها نماییم.

)V( 1- نیروی برشی
)M( 2- لنگر خمشی{

50512.2  SHEAR AND BENDING-MOMENT DIAGRAMS
As indicated in Sec. 12.1, the determination of the maximum abso-
lute values of the shear and of the bending moment in a beam are 
greatly facilitated if V and M are plotted against the distance x mea-
sured from one end of the beam. Besides, as you will see in Chap. 15, 
the knowledge of M as a function of x is essential to the determina-
tion of the deflection of a beam.
 In the examples and sample problems of this section, the shear 
and bending-moment diagrams will be obtained by determining the 
values of V and M at selected points of the beam. These values will 
be found in the usual way, i.e., by passing a section through the point 
where they are to be determined (Fig. 12.5a) and considering the 
equilibrium of the portion of beam located on either side of the sec-
tion (Fig. 12.5b). Since the shear forces V and V9 have opposite 
senses, recording the shear at point C with an up or down arrow 
would be meaningless, unless we indicated at the same time which 
of the free bodies AC and CB we are considering. For this reason, 
the shear V will be recorded with a sign: a plus sign if the shearing 
forces are directed as shown in Fig. 12.5b, and a minus sign other-
wise. A similar convention will apply for the bending moment M. It 
will be considered as positive if the bending couples are directed as 
shown in that figure, and negative otherwise.† Summarizing the sign 
conventions we have presented, we state:
 The shear V and the bending moment M at a given point of a 
beam are said to be positive when the internal forces and couples act-
ing on each portion of the beam are directed as shown in Fig. 12.6a.
 These conventions can be more easily remembered if we 
note that

 1.  The shear at any given point of a beam is positive when the 
external forces (loads and reactions) acting on the beam tend 
to shear off the beam at that point as indicated in Fig. 12.6b.

 2.  The bending moment at any given point of a beam is positive 
when the external forces acting on the beam tend to bend the 
beam at that point as indicated in Fig. 12.6c.

 It is also of help to note that the situation described in Fig. 12.6, 
in which the values of the shear and of the bending moment are 
positive, is precisely the situation that occurs in the left half of a 
simply supported beam carrying a single concentrated load at its mid-
point. This particular case is fully discussed in the next example.
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†Note that this convention is the same that we used earlier in Sec. 11.2.
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50512.2  SHEAR AND BENDING-MOMENT DIAGRAMS
As indicated in Sec. 12.1, the determination of the maximum abso-
lute values of the shear and of the bending moment in a beam are 
greatly facilitated if V and M are plotted against the distance x mea-
sured from one end of the beam. Besides, as you will see in Chap. 15, 
the knowledge of M as a function of x is essential to the determina-
tion of the deflection of a beam.
 In the examples and sample problems of this section, the shear 
and bending-moment diagrams will be obtained by determining the 
values of V and M at selected points of the beam. These values will 
be found in the usual way, i.e., by passing a section through the point 
where they are to be determined (Fig. 12.5a) and considering the 
equilibrium of the portion of beam located on either side of the sec-
tion (Fig. 12.5b). Since the shear forces V and V9 have opposite 
senses, recording the shear at point C with an up or down arrow 
would be meaningless, unless we indicated at the same time which 
of the free bodies AC and CB we are considering. For this reason, 
the shear V will be recorded with a sign: a plus sign if the shearing 
forces are directed as shown in Fig. 12.5b, and a minus sign other-
wise. A similar convention will apply for the bending moment M. It 
will be considered as positive if the bending couples are directed as 
shown in that figure, and negative otherwise.† Summarizing the sign 
conventions we have presented, we state:
 The shear V and the bending moment M at a given point of a 
beam are said to be positive when the internal forces and couples act-
ing on each portion of the beam are directed as shown in Fig. 12.6a.
 These conventions can be more easily remembered if we 
note that

 1.  The shear at any given point of a beam is positive when the 
external forces (loads and reactions) acting on the beam tend 
to shear off the beam at that point as indicated in Fig. 12.6b.

 2.  The bending moment at any given point of a beam is positive 
when the external forces acting on the beam tend to bend the 
beam at that point as indicated in Fig. 12.6c.

 It is also of help to note that the situation described in Fig. 12.6, 
in which the values of the shear and of the bending moment are 
positive, is precisely the situation that occurs in the left half of a 
simply supported beam carrying a single concentrated load at its mid-
point. This particular case is fully discussed in the next example.
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†Note that this convention is the same that we used earlier in Sec. 11.2.
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مثال 2
در تیر شکل مقابل مطلوب است:

الف( محاسبه عکس العمل های تکیه گاهی 
 C 50512.2ب( محاسبه نیروی برشی و لنگر خمشی در مقطع  SHEAR AND BENDING-MOMENT DIAGRAMS

As indicated in Sec. 12.1, the determination of the maximum abso-
lute values of the shear and of the bending moment in a beam are 
greatly facilitated if V and M are plotted against the distance x mea-
sured from one end of the beam. Besides, as you will see in Chap. 15, 
the knowledge of M as a function of x is essential to the determina-
tion of the deflection of a beam.
 In the examples and sample problems of this section, the shear 
and bending-moment diagrams will be obtained by determining the 
values of V and M at selected points of the beam. These values will 
be found in the usual way, i.e., by passing a section through the point 
where they are to be determined (Fig. 12.5a) and considering the 
equilibrium of the portion of beam located on either side of the sec-
tion (Fig. 12.5b). Since the shear forces V and V9 have opposite 
senses, recording the shear at point C with an up or down arrow 
would be meaningless, unless we indicated at the same time which 
of the free bodies AC and CB we are considering. For this reason, 
the shear V will be recorded with a sign: a plus sign if the shearing 
forces are directed as shown in Fig. 12.5b, and a minus sign other-
wise. A similar convention will apply for the bending moment M. It 
will be considered as positive if the bending couples are directed as 
shown in that figure, and negative otherwise.† Summarizing the sign 
conventions we have presented, we state:
 The shear V and the bending moment M at a given point of a 
beam are said to be positive when the internal forces and couples act-
ing on each portion of the beam are directed as shown in Fig. 12.6a.
 These conventions can be more easily remembered if we 
note that

 1.  The shear at any given point of a beam is positive when the 
external forces (loads and reactions) acting on the beam tend 
to shear off the beam at that point as indicated in Fig. 12.6b.

 2.  The bending moment at any given point of a beam is positive 
when the external forces acting on the beam tend to bend the 
beam at that point as indicated in Fig. 12.6c.

 It is also of help to note that the situation described in Fig. 12.6, 
in which the values of the shear and of the bending moment are 
positive, is precisely the situation that occurs in the left half of a 
simply supported beam carrying a single concentrated load at its mid-
point. This particular case is fully discussed in the next example.
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to shear off the beam at that point as indicated in Fig. 12.6b.

 2.  The bending moment at any given point of a beam is positive 
when the external forces acting on the beam tend to bend the 
beam at that point as indicated in Fig. 12.6c.

 It is also of help to note that the situation described in Fig. 12.6, 
in which the values of the shear and of the bending moment are 
positive, is precisely the situation that occurs in the left half of a 
simply supported beam carrying a single concentrated load at its mid-
point. This particular case is fully discussed in the next example.

B
C

A

w

x

P1 P2

(a)

C

B

C

A

wP1

RA

(b)V

M

P2

RB

M'

V'

Fig. 12.5

V

M

M'

V'

(a)  Internal forces
(positive shear and positive bending moment)

(b)  Effect of external forces
(positive shear)

(c)  Effect of external forces
(positive bending moment)

Fig. 12.6

†Note that this convention is the same that we used earlier in Sec. 11.2.

12.2 Shear and Bending-Moment Diagrams

bee80156_ch12_500-535.indd Page 505  10/8/09  4:35:19 AM user-s173 /Volumes/MHDQ-New/MHDQ152/MHDQ152-12

CA B

P2=20kN

P1=40kN

2m 1m 1m 1m

C

ByAy

Ax

P2=20kN

P1=40kN

2m 1m 1m 1m

گام1( ترسیم پیکر آزاد تیر:

گام2( محاسبه عکس العمل های تکیه گاهی:

x x

y y y

y y

A y

y

y y

F A

F A B

A B kN

M B

B kN

A A kN

0 0

0 40 20 0

60

0 40 2 20 4 5 0

32

32 60 28

+

+

Σ = ⇒ =

↑ Σ = ⇒ + − − =

+ =

Σ = ⇒ × + × − =

=

⇒ + = ⇒ =

+
→+
→

I رابطة

I از رابطة



80

P
R
O
B
L
E
M
S

2
3
8

 

6
.1

th
r
o
u
g
h
 
6
.1
8
 

U
sin
g
 th
e
 m
e
th
o
d
 o
f jo
in
ts, d
e
te
rm
in
e
 th
e
 fo
rc
e
 

in
 e
a
c
h
 m
e
m
b
e
r o
f th
e
 tru
ss sh
o
w
n
. S
ta
te
 w
h
e
th
e
r e
a
c
h
 m
e
m
b
e
r 

is in
 te
n
sio
n
 o
r c
o
m
p
re
ssio
n
.

1
8
0
0
 lb

4
 ft

8
 ft

3
 ft

A

B

C

F
ig
. 
P
6
.1

A

B

C

8
4
 k
N

3
 m

1
.2
5
 m

4
 m

F
ig
. 
P
6
.2

A

B

4
5
0
 lb

C

2
4
 in
.

7
.5
 in
.

1
0
 in
.

F
ig
. 
P
6
.3

D

C
A

B

0
.7
 m

2
.4
 m

2
.4
 m

4
8
 k
N

3
5
 k
N

F
ig
. 
P
6
.4

4
0
 in
.

3
2
 in
.

3
0
 in
.

CB

A

6
0
0
 lb

F
ig
. 
P
6
.5

4
0
0
 m
m

5
0
0
 m
m

3
7
5
 m
m

B

C

A1
2
0
0
 N

F
ig
. 
P
6
.6

A

C

D

B

3
 m

3
 m

1
.2
5
 m

2
 k
N

2
 k
N

F
ig
. 
P
6
.7

A

B

C

D

E

F

2
0
 k
N

1
2
 k
N

5
 k
N

5
 k
N

1
.6
 m

3
 m

3
 m

F
ig
. 
P
6
.8

A

B

C

D

E

F
1
2
 k
ip
s

1
8
 k
ip
s

5
 ft

5
 ft

1
2
 ft

F
ig
. 
P
6
.9

b
e
e
8
0
1
5
6
_
c
h
0
6
_
2
2
6
-
2
7
5
.
i
n
d
d
 
P
a
g
e
 
2
3
8
 
 
1
0
/
1
6
/
0
9
 
 
1
1
:
5
0
:
4
6
 
A
M
 
u
s
e
r
-
s
1
7
3

/
V
o
l
u
m
e
s
/
M
H
D
Q
-
N
e
w
/
M
H
D
Q
1
5
2
/
M
H
D
Q
1
5
2
-
0
6

P
R
O
B
L
E
M
S

2
3
8

 

6
.1

th
r
o
u
g
h
 
6
.1
8
 

U
sin
g
 th
e
 m
e
th
o
d
 o
f jo
in
ts, d
e
te
rm
in
e
 th
e
 fo
rc
e
 

in
 e
a
c
h
 m
e
m
b
e
r o
f th
e
 tru
ss sh
o
w
n
. S
ta
te
 w
h
e
th
e
r e
a
c
h
 m
e
m
b
e
r 

is in
 te
n
sio
n
 o
r c
o
m
p
re
ssio
n
.

1
8
0
0
 lb

4
 ft

8
 ft

3
 ft

A

B

C

F
ig
. 
P
6
.1

A

B

C

8
4
 k
N

3
 m

1
.2
5
 m

4
 m

F
ig
. 
P
6
.2

A

B

4
5
0
 lb

C

2
4
 in
.

7
.5
 in
.

1
0
 in
.

F
ig
. 
P
6
.3

D

C
A

B

0
.7
 m

2
.4
 m

2
.4
 m

4
8
 k
N

3
5
 k
N

F
ig
. 
P
6
.4

4
0
 in
.

3
2
 in
.

3
0
 in
.

CB

A

6
0
0
 lb

F
ig
. 
P
6
.5

4
0
0
 m
m

5
0
0
 m
m

3
7
5
 m
m

B

C

A1
2
0
0
 N

F
ig
. 
P
6
.6

A

C

D

B

3
 m

3
 m

1
.2
5
 m

2
 k
N

2
 k
N

F
ig
. 
P
6
.7

A

B

C

D

E

F

2
0
 k
N

1
2
 k
N

5
 k
N

5
 k
N

1
.6
 m

3
 m

3
 m

F
ig
. 
P
6
.8

A

B

C

D

E

F
1
2
 k
ip
s

1
8
 k
ip
s

5
 ft

5
 ft

1
2
 ft

F
ig
. 
P
6
.9

b
e
e
8
0
1
5
6
_
c
h
0
6
_
2
2
6
-
2
7
5
.
i
n
d
d
 
P
a
g
e
 
2
3
8
 
 
1
0
/
1
6
/
0
9
 
 
1
1
:
5
0
:
4
6
 
A
M
 
u
s
e
r
-
s
1
7
3

/
V
o
l
u
m
e
s
/
M
H
D
Q
-
N
e
w
/
M
H
D
Q
1
5
2
/
M
H
D
Q
1
5
2
-
0
6

5-2-7- مقادیر حداکثر نیروهای برشی و لنگر خمشی در تیرها با بار متمرکز
را   C دلخواه  نقطه  در  خمشی  لنگر  و  برشی  نیروی  محاسبه  چگونگی  قبل  مثال  در 
مشاهده نمودیم. برای مهندسین معمولًا مقدار ماکزیمم نیروهای داخلی و محل آن ها مهم است.

حال این سوال مطرح می شود که مقادیر نیروی برشی و لنگر خمشی حداکثر در کدام 
نقطه از طول تیر به وجود می آید؟

برای پاسخ به این سوال باید مقادیر نیروی برشی و لنگر خمشی را در تمام نقاط طول 
تیر همانند مثال قبل محاسبه نموده تا مقادیر حداکثر مورد نظر و محل آن ها مشخص شود که 
این روش، کاری است طاقت فرسا. لذا بهتر است که مقادیر نیروی برشی و لنگر خمشی در 
طول تیر را به صورت نمودار نشان داده و از روی نمودار مقادیر حداکثر نیروی برشی و لنگر 

خمشی و محل آن ها را تعیین نمود.

گام3( برای تعیین نیروهای داخلی در مقطع C، تیر را در این نقطه به دو قسمت تقسیم نموده 
و قطعة سمت چپ را مورد بررسی قرار می دهیم.
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5-2-8- ترسیم نمودارهای نیروی برشی و لنگر خمشی تیرها با بار متمرکز
نمودار نیروی برشی و یا لنگر خمشی عبارت است از نموداری که مقادیر نیروی برشی 
و لنگر خمشی را در هر نقطه از تیر مشخص نماید. هدف از ترسیم چنین نمودارهایی تعیین 
نقاطی است که حداکثر نیروی برشی و لنگر خمشی در آن ها به وجود می آید .برای رسیدن به 
این هدف تیر را در محل هایی که بارگذاری آن تغییر می نماید به چند ناحیه تقسیم نموده و 
در هر ناحیه معادلات نیروی برشی و لنگر خمشی را بر حسب طول تیر تعیین و سپس نمودار 

معادلات مذکور ترسیم می گردد.                                                            
مراحل ترسیم نمودارهای نیروی برشی و لنگر خمشی در تیر با بار متمرکز به شرح 

ذیل خواهد بود: 
1- محاسبه عکس العمل های تکیه گاهی تیر

2- مابین هر دو بار متمرکز یک مقطع به فاصله X از تکیه گاه در نظر گرفته و محدوده 
X را تعیین می نماییم. عکس العمل های تکیه گاهی نیز، بار متمرکز محسوب می شوند.

ترسیم  را  نظر  مورد  مقطع  راست  یا  و  چپ  سمت  قطعات  از  یکی  آزاد  پیکر   -3
می کنیم.

4- با تشکیل معادلات تعادل برای این قطعه به معادلات نیروی برشی و لنگر خمشی 
بر حسب X خواهیم رسید.

5- با ترسیم نمودارهای نیروی برشی و لنگر خمشی در محدوده های مختلف تیر به 
نمودارهای موردنظر دست می یابیم.
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مثال 3
و  برشی  نیروی  نمودارهای 
را  مقابل  تیر  خمشی  لنگر 

ترسیم نمائید.

50512.2  SHEAR AND BENDING-MOMENT DIAGRAMS
As indicated in Sec. 12.1, the determination of the maximum abso-
lute values of the shear and of the bending moment in a beam are 
greatly facilitated if V and M are plotted against the distance x mea-
sured from one end of the beam. Besides, as you will see in Chap. 15, 
the knowledge of M as a function of x is essential to the determina-
tion of the deflection of a beam.
 In the examples and sample problems of this section, the shear 
and bending-moment diagrams will be obtained by determining the 
values of V and M at selected points of the beam. These values will 
be found in the usual way, i.e., by passing a section through the point 
where they are to be determined (Fig. 12.5a) and considering the 
equilibrium of the portion of beam located on either side of the sec-
tion (Fig. 12.5b). Since the shear forces V and V9 have opposite 
senses, recording the shear at point C with an up or down arrow 
would be meaningless, unless we indicated at the same time which 
of the free bodies AC and CB we are considering. For this reason, 
the shear V will be recorded with a sign: a plus sign if the shearing 
forces are directed as shown in Fig. 12.5b, and a minus sign other-
wise. A similar convention will apply for the bending moment M. It 
will be considered as positive if the bending couples are directed as 
shown in that figure, and negative otherwise.† Summarizing the sign 
conventions we have presented, we state:
 The shear V and the bending moment M at a given point of a 
beam are said to be positive when the internal forces and couples act-
ing on each portion of the beam are directed as shown in Fig. 12.6a.
 These conventions can be more easily remembered if we 
note that

 1.  The shear at any given point of a beam is positive when the 
external forces (loads and reactions) acting on the beam tend 
to shear off the beam at that point as indicated in Fig. 12.6b.

 2.  The bending moment at any given point of a beam is positive 
when the external forces acting on the beam tend to bend the 
beam at that point as indicated in Fig. 12.6c.

 It is also of help to note that the situation described in Fig. 12.6, 
in which the values of the shear and of the bending moment are 
positive, is precisely the situation that occurs in the left half of a 
simply supported beam carrying a single concentrated load at its mid-
point. This particular case is fully discussed in the next example.
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(a)  Internal forces
(positive shear and positive bending moment)

(b)  Effect of external forces
(positive shear)

(c)  Effect of external forces
(positive bending moment)

Fig. 12.6

†Note that this convention is the same that we used earlier in Sec. 11.2.
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1- محاسبه عکس العمل های تکیه گاهی با توجه به تقارن تیر داریم: 
+
→+
→x x

y y

F B

A B kN

0 0

20 10
2

Σ = ⇒ =

= = =

2- مقطع  a-a به فاصله x از تکیه گاه A را در نظر گرفته و محدودة x را مشخص می نمائیم.

a-a 3- ترسیم پیکر آزاد قطعة سمت چپ مقطع

x m0 3≤ ≤
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4- با تشکیل معادلات تعادل برای قطعه فوق خواهیم داشت:

y a aF V V kN0 10 0 10+ ↑ Σ = ⇒ − = ⇒ =

y a aF V V kN0 10 0 10+ ↑ Σ = ⇒ − = ⇒ =

a a aM x M M x0 10 0 10
+

Σ = ⇒ × − = ⇒ =

a a aM x M M x0 10 0 10
+

Σ = ⇒ × − = ⇒ =

x m0 3≤ ≤ معادله نیروی برشی در محدودة 

x m0 3≤ ≤ معادله لنگر خمشی در محدودة 

m x m3 6≤ ≤ معادله نیروی برشی در محدودة 

m x m3 6≤ ≤ معادله لنگر خمشی در محدودة 

)I(

)II(

)III(

x مشخص  m0 3≤ ≤ این معادلات مقادیر نیروی برشی و لنگر خمشی را در محدودة 
می نمایند. 

m تکرار می نمائیم. خواهیم  x m3 6≤ ≤ عملیات فوق را برای مقطع b-b در محدودة 
داشت:

y b bF V V kN0 10 20 0 10+ ↑ Σ = ⇒ − − = ⇒ = −

y b bF V V kN0 10 20 0 10+ ↑ Σ = ⇒ − − = ⇒ = −

)IV(

b b

b

b

M x (x ) M

M x (x )

M x

0 10 20 3 0
10 20 3

60 10

+
Σ = ⇒ × − − − =
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50512.2  SHEAR AND BENDING-MOMENT DIAGRAMS
As indicated in Sec. 12.1, the determination of the maximum abso-
lute values of the shear and of the bending moment in a beam are 
greatly facilitated if V and M are plotted against the distance x mea-
sured from one end of the beam. Besides, as you will see in Chap. 15, 
the knowledge of M as a function of x is essential to the determina-
tion of the deflection of a beam.
 In the examples and sample problems of this section, the shear 
and bending-moment diagrams will be obtained by determining the 
values of V and M at selected points of the beam. These values will 
be found in the usual way, i.e., by passing a section through the point 
where they are to be determined (Fig. 12.5a) and considering the 
equilibrium of the portion of beam located on either side of the sec-
tion (Fig. 12.5b). Since the shear forces V and V9 have opposite 
senses, recording the shear at point C with an up or down arrow 
would be meaningless, unless we indicated at the same time which 
of the free bodies AC and CB we are considering. For this reason, 
the shear V will be recorded with a sign: a plus sign if the shearing 
forces are directed as shown in Fig. 12.5b, and a minus sign other-
wise. A similar convention will apply for the bending moment M. It 
will be considered as positive if the bending couples are directed as 
shown in that figure, and negative otherwise.† Summarizing the sign 
conventions we have presented, we state:
 The shear V and the bending moment M at a given point of a 
beam are said to be positive when the internal forces and couples act-
ing on each portion of the beam are directed as shown in Fig. 12.6a.
 These conventions can be more easily remembered if we 
note that

 1.  The shear at any given point of a beam is positive when the 
external forces (loads and reactions) acting on the beam tend 
to shear off the beam at that point as indicated in Fig. 12.6b.

 2.  The bending moment at any given point of a beam is positive 
when the external forces acting on the beam tend to bend the 
beam at that point as indicated in Fig. 12.6c.

 It is also of help to note that the situation described in Fig. 12.6, 
in which the values of the shear and of the bending moment are 
positive, is precisely the situation that occurs in the left half of a 
simply supported beam carrying a single concentrated load at its mid-
point. This particular case is fully discussed in the next example.
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(a)  Internal forces
(positive shear and positive bending moment)

(b)  Effect of external forces
(positive shear)

(c)  Effect of external forces
(positive bending moment)

Fig. 12.6

†Note that this convention is the same that we used earlier in Sec. 11.2.
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+

-

6- نمودار لنگر خمشی را با استفاده از معادلات II و IV و به روش نقطه یابی در نقاط ابتدا 
و انتهای هر ناحیه ترسیم می کنیم.

I نمودار معادله

II نمودار معادله
III نمودار معادله

IV نمودار معادله
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مثال 4
در تیر شکل مقابل مطلوب است:

الف- ترسیم دیاگرام نیروی برشی تیر
ب- ترسیم دیاگرام لنگر خمشی تیر

ج- تعیین نیروی برشی و لنگر خمشی حداکثر تیر.
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 12.1 through 12.4 For the beam and loading shown, (a) draw the 
shear and bending-moment diagrams, (b) determine the equations 
of the shear and bending-moment curves.

12.5 and 12.6 Draw the shear and bending-moment diagrams for 
the beam and loading shown, and determine the maximum abso-
lute value (a) of the shear, (b) of the bending moment.

12.7 and 12.8 Draw the shear and bending-moment diagrams for 
the beam and loading shown, and determine the maximum abso-
lute value (a) of the shear, (b) of the bending moment.
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lute value (a) of the shear, (b) of the bending moment.
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 12.1 through 12.4 For the beam and loading shown, (a) draw the 
shear and bending-moment diagrams, (b) determine the equations 
of the shear and bending-moment curves.

12.5 and 12.6 Draw the shear and bending-moment diagrams for 
the beam and loading shown, and determine the maximum abso-
lute value (a) of the shear, (b) of the bending moment.

12.7 and 12.8 Draw the shear and bending-moment diagrams for 
the beam and loading shown, and determine the maximum abso-
lute value (a) of the shear, (b) of the bending moment.
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 12.1 through 12.4 For the beam and loading shown, (a) draw the 
shear and bending-moment diagrams, (b) determine the equations 
of the shear and bending-moment curves.

12.5 and 12.6 Draw the shear and bending-moment diagrams for 
the beam and loading shown, and determine the maximum abso-
lute value (a) of the shear, (b) of the bending moment.

12.7 and 12.8 Draw the shear and bending-moment diagrams for 
the beam and loading shown, and determine the maximum abso-
lute value (a) of the shear, (b) of the bending moment.
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 12.1through 12.4 For the beam and loading shown, (a) draw the 
shear and bending-moment diagrams, (b) determine the equations 
of the shear and bending-moment curves.

12.5and 12.6 Draw the shear and bending-moment diagrams for 
the beam and loading shown, and determine the maximum abso-
lute value (a) of the shear, (b) of the bending moment.
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 12.1 through 12.4 For the beam and loading shown, (a) draw the 
shear and bending-moment diagrams, (b) determine the equations 
of the shear and bending-moment curves.

12.5 and 12.6 Draw the shear and bending-moment diagrams for 
the beam and loading shown, and determine the maximum abso-
lute value (a) of the shear, (b) of the bending moment.
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 12.1 through 12.4 For the beam and loading shown, (a) draw the 
shear and bending-moment diagrams, (b) determine the equations 
of the shear and bending-moment curves.

12.5 and 12.6 Draw the shear and bending-moment diagrams for 
the beam and loading shown, and determine the maximum abso-
lute value (a) of the shear, (b) of the bending moment.

12.7 and 12.8 Draw the shear and bending-moment diagrams for 
the beam and loading shown, and determine the maximum abso-
lute value (a) of the shear, (b) of the bending moment.
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 12.1through 12.4 For the beam and loading shown, (a) draw the 
shear and bending-moment diagrams, (b) determine the equations 
of the shear and bending-moment curves.

12.5and 12.6 Draw the shear and bending-moment diagrams for 
the beam and loading shown, and determine the maximum abso-
lute value (a) of the shear, (b) of the bending moment.
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 12.1 through 12.4 For the beam and loading shown, (a) draw the 
shear and bending-moment diagrams, (b) determine the equations 
of the shear and bending-moment curves.

12.5 and 12.6 Draw the shear and bending-moment diagrams for 
the beam and loading shown, and determine the maximum abso-
lute value (a) of the shear, (b) of the bending moment.

12.7 and 12.8 Draw the shear and bending-moment diagrams for 
the beam and loading shown, and determine the maximum abso-
lute value (a) of the shear, (b) of the bending moment.

B

P

CA

L

ba

Fig. P12.1

B

w

A

L

Fig. P12.2

B

w0

A

L

Fig. P12.3

D

w

A
B

a a

C

L

Fig. P12.4

48 kN 60 kN 60 kN

0.6 m 0.9 m

A
C D E

B

1.5 m 1.5 m

Fig. P12.5

BA C D E

200 N 200 N 200 N500 N

300 300225 225

Dimensions in mm

Fig. P12.6

BA
C

3 kips/ft 30 kips

3 ft6 ft

Fig. P12.7

B
A

C D

4 ft 4 ft 4 ft

2 kips/ft 15 kips

Fig. P12.8

bee80156_ch12_500-535.indd Page 510  10/8/09  4:35:33 AM user-s173 /Volumes/MHDQ-New/MHDQ152/MHDQ152-12

24 kN

b-b مقطع

:) x /0 0 5≤ ≤ ( AB معادلات نیروی برشی و لنگر خمشی در ناحیه

x /0 0 5≤ ≤

/ x /0 5 1 2≤ ≤

/ x /0 5 1 2≤ ≤

:) / x /0 5 1 2≤ ≤ ( BC معادلات نیروی برشی و لنگر خمشی در ناحیه

A



87

P
R
O

B
L
E
M

S

2
3

8

 
6

.1
th

r
o
u
g
h
 
6

.1
8

 
U

sin
g
 th

e
 m

e
th

o
d

 o
f jo

in
ts, d

e
te

rm
in

e
 th

e
 fo

rc
e
 

in
 e

a
c
h

 m
e
m

b
e
r o

f th
e
 tru

ss sh
o

w
n

. S
ta

te
 w

h
e
th

e
r e

a
c
h

 m
e
m

b
e
r 

is in
 te

n
sio

n
 o

r c
o

m
p

re
ssio

n
.

1
8
0
0
 lb

4
 ft

8
 ft

3
 ft

A
B

C

F
ig

. 
P
6

.1

A

B

C

8
4
 k

N

3
 m

1
.2

5
 m

4
 m

F
ig

. 
P
6

.2

A
B

4
5
0
 lb

C

2
4
 in

.
7
.5

 in
.

1
0
 in

.

F
ig

. 
P
6

.3

D

C

A

B
0
.7

 m

2
.4

 m
2
.4

 m

4
8
 k

N

3
5
 k

N

F
ig

. 
P
6

.4

4
0
 in

.

3
2
 in

.

3
0
 in

.
C B

A
6
0
0
 lb

F
ig

. 
P
6
.5

4
0
0
 m

m
5
0
0
 m

m

3
7
5
 m

m

B
C

A 1
2
0
0
 N

F
ig

. 
P
6

.6

A

C
D

B

3
 m

3
 m

1
.2

5
 m

2
 k

N
2
 k

N

F
ig

. 
P
6
.7

A
B

C

D
E

F

2
0
 k

N

1
2
 k

N

5
 k

N
5
 k

N

1
.6

 m

3
 m

3
 m

F
ig

. 
P
6

.8

A
B

C

D

E
F

1
2
 k

ip
s

1
8

 k
ip

s

5
 ft

5
 ft

1
2
 ft

F
ig

. 
P
6

.9

b
e
e
8
0
1
5
6
_
c
h
0
6
_
2
2
6
-
2
7
5
.
i
n
d
d
 
P
a
g
e
 
2
3
8
 
 
1
0
/
1
6
/
0
9
 
 
1
1
:
5
0
:
4
6
 
A
M
 
u
s
e
r
-
s
1
7
3

/
V
o
l
u
m
e
s
/
M
H
D
Q
-
N
e
w
/
M
H
D
Q
1
5
2
/
M
H
D
Q
1
5
2
-
0
6

P
R
O

B
L
E
M

S

2
3

8

 
6

.1
th

r
o
u
g
h
 
6

.1
8

 
U

sin
g
 th

e
 m

e
th

o
d

 o
f jo

in
ts, d

e
te

rm
in

e
 th

e
 fo

rc
e
 

in
 e

a
c
h

 m
e
m

b
e
r o

f th
e
 tru

ss sh
o

w
n

. S
ta

te
 w

h
e
th

e
r e

a
c
h

 m
e
m

b
e
r 

is in
 te

n
sio

n
 o

r c
o

m
p

re
ssio

n
.

1
8
0
0
 lb

4
 ft

8
 ft

3
 ft

A
B

C

F
ig

. 
P
6

.1

A

B

C

8
4
 k

N

3
 m

1
.2

5
 m

4
 m

F
ig

. 
P
6

.2

A
B

4
5
0
 lb

C

2
4
 in

.
7
.5

 in
.

1
0
 in

.

F
ig

. 
P
6

.3

D

C

A

B
0
.7

 m

2
.4

 m
2
.4

 m

4
8
 k

N

3
5
 k

N

F
ig

. 
P
6

.4

4
0
 in

.

3
2
 in

.

3
0
 in

.
C B

A
6
0
0
 lb

F
ig

. 
P
6
.5

4
0
0
 m

m
5
0
0
 m

m

3
7
5
 m

m

B
C

A 1
2
0
0
 N

F
ig

. 
P
6

.6

A

C
D

B

3
 m

3
 m

1
.2

5
 m

2
 k

N
2
 k

N

F
ig

. 
P
6
.7

A
B

C

D
E

F

2
0
 k

N

1
2
 k

N

5
 k

N
5
 k

N

1
.6

 m

3
 m

3
 m

F
ig

. 
P
6

.8

A
B

C

D

E
F

1
2
 k

ip
s

1
8

 k
ip

s

5
 ft

5
 ft

1
2
 ft

F
ig

. 
P
6

.9

b
e
e
8
0
1
5
6
_
c
h
0
6
_
2
2
6
-
2
7
5
.
i
n
d
d
 
P
a
g
e
 
2
3
8
 
 
1
0
/
1
6
/
0
9
 
 
1
1
:
5
0
:
4
6
 
A
M
 
u
s
e
r
-
s
1
7
3

/
V
o
l
u
m
e
s
/
M
H
D
Q
-
N
e
w
/
M
H
D
Q
1
5
2
/
M
H
D
Q
1
5
2
-
0
6

max

max

V kN

M kN.m

64
60

=

=

ترسیم معادلات برش و خمش:

ج( با توجه به نمودار، حداکثر نیروی برشی و لنگر خمشی در تکیه گاه قرار دارد و مقدار 
آن برابر است با:

به وجود  تکیه گاه  در  خمشی  لنگر  و  برشی  نیروی  حداکثر  کنسولی  تیرهای  در  نتیجه: 
می آید.

0/70/5

64

 60
 28

40

PROBLEMS
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 12.1 through 12.4 For the beam and loading shown, (a) draw the 
shear and bending-moment diagrams, (b) determine the equations 
of the shear and bending-moment curves.

12.5 and 12.6 Draw the shear and bending-moment diagrams for 
the beam and loading shown, and determine the maximum abso-
lute value (a) of the shear, (b) of the bending moment.

12.7 and 12.8 Draw the shear and bending-moment diagrams for 
the beam and loading shown, and determine the maximum abso-
lute value (a) of the shear, (b) of the bending moment.
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خلاصة فصل
• خرپاها به دو گروه کلی صفحه ای و فضایی تقسیم می شوند.

• خرپاها تشکیل شبکة مثلثی می دهند.
• نیروهای خارجی وارد بر خرپاها در صفحه خرپا و در محل گره ها به آن ها اعمال می شود.

• اعضای خرپاها به صورت مفصلی به یکدیگر متصل می شوند.
نیروی داخلی هر عضو خرپا و محاسبة عکس العمل های  تعیین  از تحلیل خرپا،  • منظور 

تکیه گاهی آن می باشد.
• برای تحلیل خرپاها از روش مفصل )گره( استفاده می شود.

• در گره های دارای دو عضو غیر هم راستا در صورتی که نیروی خارجی وجود نداشته 
باشد هر دو عضو صفر نیرویی خواهند بود.

• در گره های دارای سه عضو که دو عضو آن ها هم راستا باشند، در صورت عدم وجود 
نیروی خارجی در آن گره، عضو سوم، صفر نیرویی خواهد بود.

• هدف از تحلیل تیر، تعیین عکس العمل های تکیه گاهی و نیروهای داخلی در هر مقطع از 
تیر می باشد.

• تیرها در اثر اعمال بارهای خارجی دارای رفتارهای خمشی و برشی می باشند.
• نیروهای داخلی در هر مقطع از تیر عبارتند از : نیروی برشی و لنگر خمشی.

• مقدار برآیند بارهای گسترده یکنواخت برابر است با مساحت بار گسترده.
وارده  بار  مستطیل  قطر  دو  تلاقی  محل  در  یکنواخت  گسترده  بارهای  برآیند  اثر  محل   •

می باشد.
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خودآزمایی

1- در خرپای شکل زیر مطلوب است:
الف( محاسبه عکس العمل های تکیه گاهی

ب( محاسبه نیروهای داخلی اعضا و تعیین کششی یا فشاری بودن آن ها

229 In this chapter, three broad categories of engineering structures 
will be considered:

 1. Trusses, which are designed to support loads and are usually 
stationary, fully constrained structures. Trusses consist exclu-
sively of straight members connected at joints located at the 
ends of each member. Members of a truss, therefore, are two-
force members, i.e., members acted upon by two equal and 
opposite forces directed along the member.

 2. Frames, which are also designed to support loads and are also 
usually stationary, fully constrained structures. However, like 
the crane of Fig. 6.1, frames always contain at least one mul-
tiforce member, i.e., a member acted upon by three or more 
forces which, in general, are not directed along the 
member.

 3. Machines, which are designed to transmit and modify forces 
and are structures containing moving parts. Machines, like 
frames, always contain at least one multiforce member.

TRUSSES

6.2 DEFINITION OF A TRUSS
The truss is one of the major types of engineering structures. It 
provides both a practical and an economical solution to many engi-
neering situations, especially in the design of bridges and buildings. 
A typical truss is shown in Fig. 6.2a. A truss consists of straight 
members connected at joints. Truss members are connected at their 
extremities only; thus no member is continuous through a joint. In 
Fig. 6.2a, for example, there is no member AB; there are instead two 
distinct members AD and DB. Most actual structures are made of 
several trusses joined together to form a space framework. Each truss 
is designed to carry those loads which act in its plane and thus may 
be treated as a two-dimensional structure.
 In general, the members of a truss are slender and can sup-
port little lateral load; all loads, therefore, must be applied to the 
various joints, and not to the members themselves. When a con-
centrated load is to be applied between two joints, or when a dis-
tributed load is to be supported by the truss, as in the case of a 
bridge truss, a floor system must be provided which, through the 
use of stringers and floor beams, transmits the load to the joints 
(Fig. 6.3).
 The weights of the members of the truss are also assumed to 
be applied to the joints, half of the weight of each member being 
applied to each of the two joints the member connects. Although 
the members are actually joined together by means of welded, 
bolted, or riveted connections, it is customary to assume that the 
members are pinned together; therefore, the forces acting at each 
end of a member reduce to a single force and no couple. Thus, the 
only forces assumed to be applied to a truss member are a single 

A B

C

D

(a)

(b)

P

A B

C

D

P

Fig. 6.2

6.2 Defi nition of a Truss

Photo 6.1 Shown is a pin-jointed connection 
on the approach span to the San Francisco–
Oakland Bay Bridge.
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2- در خرپاهای زیر نیروهای داخلی اعضا را محاسبه نمایید.

PROBLEMS

238

 6.1 through 6.18 Using the method of joints, determine the force 
in each member of the truss shown. State whether each member 
is in tension or compression.
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 6.1 through 6.18 Using the method of joints, determine the force 
in each member of the truss shown. State whether each member 
is in tension or compression.
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PROBLEMS

238

 6.1 through 6.18 Using the method of joints, determine the force 
in each member of the truss shown. State whether each member 
is in tension or compression.
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3- در خرپای شکل زیر
اولًا: اعضای صفر نیرویی را تعیین کنید.

ثانیاً: نیروی داخلی سایر اعضا را محاسبه کنید.
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 6.1 through 6.18 Using the method of joints, determine the force 
in each member of the truss shown. State whether each member 
is in tension or compression.
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4- در خرپاهای زیر اعضای صفر نیرویی را مشخص نمایید.

239Problems

 6.19 Determine whether the trusses given as Probs. 6.17, 6.21, and 6.23 
are simple trusses.

 6.20 Determine whether the trusses given as Probs. 6.12, 6.14, 6.22, 
and 6.24 are simple trusses.
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239Problems

 6.19 Determine whether the trusses given as Probs. 6.17, 6.21, and 6.23 
are simple trusses.

 6.20 Determine whether the trusses given as Probs. 6.12, 6.14, 6.22, 
and 6.24 are simple trusses.
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 6.19 Determine whether the trusses given as Probs. 6.17, 6.21, and 6.23 
are simple trusses.

 6.20 Determine whether the trusses given as Probs. 6.12, 6.14, 6.22, 
and 6.24 are simple trusses.
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5- عکس العمل های تکیه گاهی تیرهای زیر را به دست آورید.
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239Problems

 6.19 Determine whether the trusses given as Probs. 6.17, 6.21, and 6.23 
are simple trusses.

 6.20 Determine whether the trusses given as Probs. 6.12, 6.14, 6.22, 
and 6.24 are simple trusses.
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 6.19 Determine whether the trusses given as Probs. 6.17, 6.21, and 6.23 
are simple trusses.

 6.20 Determine whether the trusses given as Probs. 6.12, 6.14, 6.22, 
and 6.24 are simple trusses.
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 6.19 Determine whether the trusses given as Probs. 6.17, 6.21, and 6.23 
are simple trusses.

 6.20 Determine whether the trusses given as Probs. 6.12, 6.14, 6.22, 
and 6.24 are simple trusses.
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5/132 Draw the shear and moment diagrams for the beam
subjected to the two point loads. Determine the
maximum bending moment and its location.

Problem 5/132

Representative Problems

5/133 Draw the shear and moment diagrams for the
loaded beam and find the maximum magnitude M
of the bending moment.

Problem 5/133

5/134 Construct the shear and moment diagrams for the
beam loaded by the 2-kN force and the 1.6-kN m
couple. State the value of the bending moment at
point B.

Problem 5/134
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5/135 Draw the shear and moment diagrams for the uni-
formly loaded beam and find the maximum bend-
ing moment .

Problem 5/135

5/136 Draw the shear and moment diagrams for the
loaded beam and determine the maximum value

of the moment.

Problem 5/136

5/137 Draw the shear and moment diagrams for the
loaded cantilever beam where the end couple is
adjusted so as to produce zero moment at the fixed
end of the beam. Find the bending moment M at

.

Problem 5/137
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5/132 Draw the shear and moment diagrams for the beam
subjected to the two point loads. Determine the
maximum bending moment and its location.
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Representative Problems

5/133 Draw the shear and moment diagrams for the
loaded beam and find the maximum magnitude M
of the bending moment.

Problem 5/133

5/134 Construct the shear and moment diagrams for the
beam loaded by the 2-kN force and the 1.6-kN m
couple. State the value of the bending moment at
point B.
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A

B

2 kN

0.5 m 0.5 m 0.5 m

1.6 kN·m

�

l

P/l  N/m P

ll

A

x

B

2P

 P

l––
4

l––
2

l––
4

Mmax

Article 5/7 Problems 287

5/135 Draw the shear and moment diagrams for the uni-
formly loaded beam and find the maximum bend-
ing moment .
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5/136 Draw the shear and moment diagrams for the
loaded beam and determine the maximum value

of the moment.

Problem 5/136

5/137 Draw the shear and moment diagrams for the
loaded cantilever beam where the end couple is
adjusted so as to produce zero moment at the fixed
end of the beam. Find the bending moment M at

.
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5/132 Draw the shear and moment diagrams for the beam
subjected to the two point loads. Determine the
maximum bending moment and its location.
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Representative Problems

5/133 Draw the shear and moment diagrams for the
loaded beam and find the maximum magnitude M
of the bending moment.
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5/134 Construct the shear and moment diagrams for the
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couple. State the value of the bending moment at
point B.
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5/135 Draw the shear and moment diagrams for the uni-
formly loaded beam and find the maximum bend-
ing moment .

Problem 5/135

5/136 Draw the shear and moment diagrams for the
loaded beam and determine the maximum value

of the moment.

Problem 5/136

5/137 Draw the shear and moment diagrams for the
loaded cantilever beam where the end couple is
adjusted so as to produce zero moment at the fixed
end of the beam. Find the bending moment M at

.
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5/142 Draw the shear and moment diagrams for the beam
loaded as shown. Specify the maximum moment

.

Problem 5/142

5/143 Determine the maximum bending moment M and
the corresponding value of x in the crane beam and
indicate the section where this moment acts.

Problem 5/143

5/144 Draw the shear and moment diagrams for the
beam loaded by the force F applied to the strut
welded to the beam as shown. Specify the bending
moment at point B.

Problem 5/144
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5/138 Determine the shear and moment diagrams for the
loaded cantilever beam. Specify the shear V and
moment M at the middle section of the beam.

Problem 5/138

5/139 The shear force in pounds in a certain beam is
given by where x is the distance
in feet measured along the beam. Determine the
corresponding variation with x of the normal load-
ing w in pounds per foot of length. Also determine
the bending moment M at if the bending
moment at is .

5/140 Draw the shear and moment diagrams for the lin-
early loaded cantilever beam and specify the bend-
ing moment at the support A.

Problem 5/140

5/141 Draw the shear and moment diagrams for the lin-
early loaded simple beam shown. Determine the
maximum magnitude of the bending moment M.

Problem 5/141
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5/128 Draw the shear and moment diagrams for the
loaded beam and determine the distance d to the
right of A where the moment is zero.

Problem 5/128

5/129 Draw the shear and moment diagrams for the
beam loaded at its center by the couple C. State
the value of the shear force at midbeam.

Problem 5/129

5/130 Draw the shear and moment diagrams for the
loaded beam. What are the values of the shear and
moment at midbeam?

Problem 5/130

5/131 Draw the shear and moment diagrams for the
beam shown and find the bending moment M at
section C.

Problem 5/131
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PROBLEMS
Introductory Problems

5/125 Determine the shear-force and bending-moment
distributions produced in the beam by the concen-
trated load. What are the values of the shear and
moment when 

Problem 5/125

5/126 Draw the shear and moment diagrams for the loaded
cantilever beam. State the value of the bending mo-
ment at midbeam.

Problem 5/126

5/127 Draw the shear and moment diagrams for the div-
ing board, which supports the 175-lb man poised to
dive. Specify the bending moment with the maxi-
mum magnitude.

Problem 5/127
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5/128 Draw the shear and moment diagrams for the
loaded beam and determine the distance d to the
right of A where the moment is zero.

Problem 5/128

5/129 Draw the shear and moment diagrams for the
beam loaded at its center by the couple C. State
the value of the shear force at midbeam.

Problem 5/129
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moment at midbeam?

Problem 5/130
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beam shown and find the bending moment M at
section C.
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moment when 
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5/126 Draw the shear and moment diagrams for the loaded
cantilever beam. State the value of the bending mo-
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5/128 Draw the shear and moment diagrams for the
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مقدمه:
اجسام  می روند.  به شمار  اجسام  هندسی  اصلی  و حجم سه خصوصیت  طول، سطح 
یک بعدی مانند طناب با طولشان، اجسام دو بعدی مانند یک قطعه زمین با مساحتشان و اجسام 

سه بعدی مثل یک ساختمان با حجمی که دارند مشخص می شوند.
این خصوصیات تمام ویژگی های اجسام را بیان نمی کنند؛ مثلًا دو قطعه زمین هم مساحت 
ممکن است دارای شکل های هندسی متفاوت باشند. بنابراین اجسام دارای خصوصیات دیگری 
نیز می باشند که در این فصل به بررسی بعضی از خصوصیات سطوح شامل گشتاور اول سطح، 

مرکز سطح، گشتاور دوم سطح و مدول مقطع یا اساس مقطع آن ها می پردازیم.

6- 1            گشتاور اول سطح )ممان استاتیک( 
در فصل دوم با گشتاور نیرو آشنا شدیم که عبارت بود از حاصل ضرب نیرو در فاصلة آن 

نیرو تا یک محور. گشتاور اول سطح نیز تعریفی مشابه گشتاور نیرو داشته و عبارت است از:
حاصل ضرب مساحت در فاصلة مرکز آن تا محور مورد نظر. 

گشتاور اول سطح با نماد Q نمایش داده می شود و واحد آن طول به توان 3 می باشد 
یعنی m3 و یا cm3 و . . .

هدف های رفتاری

پس از آموزش این فصل از فراگیر انتظار می رود بتواند:
1- خواص هندسی سطوح را بشناسد و نام ببرد.

2- گشتاور اول سطح را تعریف نماید.
3- مرکز سطح سطوح مختلف هندسی را به دست آورد.
4- مختصات مرکز سطح سطوح متقارن را تعیین نماید.

5- روابط مربوط به گشتاور دوم سطح را بشناسد و به کار گیرد.
6- ممان اینرسی سطوح مرکب را محاسبه نماید.
7- اساس مقطع سطوح مختلف را به دست آورد.

استخراج  آن ها  استاندارد  جدول  از  را  شده  نورد  مقاطع  هندسی  مشخصات   -8
نماید.
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جدول )1-6(

نام سطح شکل هندسی X Y توضیحات

مستطیل
(مربع)

b
2

h
2

مرکز سطح مستطیل محل 
تلاقی دو قطر آن می باشد

 مثلث
قائم الزاویه

b
3

h
3

مرکز سطح مثلث 
 1
3

قائم الزاویه در فاصلة 
از قاعدة آن می باشد

دایره r r مرکز سطح دایره 
مرکز دایره می باشد

x نسبت به محور A گشتاور اول سطح
)1-6(

y نسبت به محور A گشتاور اول سطح

Y مختصات مرکز سطح A می باشند. X و  در روابط فوق 
در جدول )6-1( مختصات مرکز سطح بعضی از سطوح هندسی نسبت به محورهای 

x و y آمده است.

x

y

Q A.Y

Q A.X

=

=

A

y

x

مرکز سطح

X

Y

در شکل زیر با توجه به تعریف داریم:

شکل 1-6

G
y

x
b

h
y

x←→

←
→

G
y

x
b

h

y

x

Gy

x

r
y
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مثال 1
گشتاور اول سطح )ممان استاتیک( مستطیل را نسبت به محورهای x و y محاسبه کنید.

y

x

b=2cm

h=
4c
m

3cm

1

X

Y

با توجه به شکل فاصله مرکز سطح از محورهای x و y عبارتند از:

مساحت مستطیل برابر است با

x ممان استاتیک نسبت به محور

y ممان استاتیک نسبت به محور
x x

y y

bX X cm

hY Y cm

A b.h cm

Q A.Y Q cm

Q A.X Q cm

2

3

3

23 3 4
2 2

41 1 3
2 2

2 4 8
8 3 24
8 4 32

= + ⇒ = + =

= + ⇒ = + =

= = × =

= ⇒ = × =

= ⇒ = × =
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6-2            گشتاور اول )ممان استاتیک( سطوح مرکب 
به منظور محاسبه گشتاور اول سطوح مرکب، آن ها را به سطوح هندسی ساده تجزیه 
نموده و ممان استاتیک هر یک از آن ها را نسبت به محورهای مورد نظر محاسبه و با یکدیگر 

جمع جبری می نمائیم. یعنی:

شکل 2-6

n

x i xi
i
n

y i y
i

i

Q A y Q A y A y A y

Q A x Q A x A x A x

1 2 31 2 3
1

1 2 3
1

1 2 3

=

=

= ⇒ = + +

= ⇒ = + +

∑

∑

n

x i i
i
n

iy i
i

Q A y

Q A x

1

1

=

=

=

=

∑

∑
)2-6(

به عنوان نمونه در شکل )6-2( خواهیم داشت:
y

x

A1

A2

A3

x 1

x 2

y1

y2

y3
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حل:
تجزیه  مثلثی  و  مستطیلی  ساده  سطح  دو  به  زیر  شکل  مطابق  را  شده  داده  مرکب  سطح 

می کنیم.  

به کمک جدول )6-2( حل مسئله را ادامه می دهیم

مثال 2
گشتاور اول سطح داده شده را نسبت به محورهای x و y محاسبه کنید.
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جدول )2-6(

سطوح )Ai( مساحت x y x iQ Ay= y i
Q Ax=

A1 8 9 72× = 8 9/5 72×9/5=684 72×8=576

A2
6 9 27

2
× = 14 8 27×8=716 27×14=376

Σ 1400 954

cm3cm3cmcmcm2

بنابراین:

x

y

Q cm

Q cm

3

3

1400

954

=

=

6-3             مرکز سطح سطوح مرکب 
با  با توجه به این که گشتاور اول کل سطح  برای محاسبه مرکز سطح سطوح مرکب 

مجموع گشتاورهای اول اجزای سطح مرکب با هم برابرند می توان نوشت:

Y مختصات مرکز سطح مرکب مورد نظر می باشند که نسبت به  X و  در روابط فوق 
محورهای مختصات دلخواه تعیین می شوند.
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مثال 3
مختصات مرکز سطح شکل زیر را محاسبه نمائید. 

)ابعاد شکل بر حسب cm است(

20

5
25

10 20

y

xo

A2

A1

به منظور سادگی حل مسئله محورهای مختصات x و y را  طوری در نظر می گیریم که شکل 
در ربع اول دستگاه مختصات قرار گرفته و تمام طول ها مثبت باشند.

با  به سطوح ساده جدول مشخصات آن ها را تشکیل داده و  از تجزیه شکل مرکب  پس 
استفاده از روابط )6-3( مختصات مرکز سطح را محاسبه می نمائیم. )جدول 3-6(
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6-4             استفاده از تقارن در تعیین مرکز سطح سطوح متقارن 
محور تقارن: خطی است که سطح را به دو قسمت مساوی و قرینه تقسیم می کند.

6-4-1- سطوح با یک محور تقارن 
اگر سطح دارای یک محور تقارن باشد، مرکز سطح روی آن محور خواهد بود. 

شکل )3-6(

6-4-2- سطوح با دو محور تقارن:
هرگاه سطح دارای دو محور تقارن باشد مرکز سطح در محل تلاقی آن دو محور خواهد 

بود. شکل )4-6( 

محور تقارن

محور تقارن

شکل 3-6

شکل 4-6

محور تقارن

G

G

G

G
GGG

محور تقارن
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مثال 4
در شکل زیر با استفاده از تقارن مختصات مرکز سطح را به دست آورید.

)ابعاد بر حسب سانتی متر می باشد(

4 41
9

y

x

1/5
18 21

1/5

باتوجه به این که شکل دارای دومحور تقارن می باشد لذا مرکز سطح محل تلاقی آن ها 
خواهد بود. بنابراین داریم:

x / cm

y / cm

9 4 5
2
21 10 5
2

= =

= =
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واحد ممان اینرسی، طول به توان 4 یعنی cm4  یا mm4 و ... می باشد.
درجدول )6-4( روابط ممان اینرسی بعضی از سطوح هندسی ساده نسبت به محورهای 

مرکزی آن ها آمده است.

باتوجه به مثال فوق درمی یابیم علی رغم آن که سطح مقطع خط کش در هر دو حالت 
یکسان است در حالت )الف( خط کش راحت تر خم می شود. یعنی مقاومت آن در مقابل خم 
شدن )خمش( کمتر از حالت )ب( می باشد. علت آن ممان اینرسی سطح مقطع خط کش است 

که درحالت )الف( کمتر از حالت )ب( می باشد.
به عنوان یک تعریف ساده از ممان اینرسی، می توان گفت: 

گشتاور دوم سطح یا ممان اینرسی عامل مقاوم در مقابل خمش می باشد و به توزیع ذرات 
تشکیل دهندة جسم حول محور خمش بستگی دارد.

ممان اینرسی را با نماد I نشان داده و نسبت به محورهای مختلف با اندیس آن محور 
.x یعنی ممان اینرسی نسبت به محور Ix ،نام گذاری می شود. به عنوان مثال

 )Moment of Inertia( )6 – 5           گشتاور دوم سطح )ممان اینرسی
خط کشی را مطابق شکل )6-5( در نظر می گیریم اگر بخواهیم آن را در دو حالت 

نشان داده شده خم کنیم به نظر شما درکدام حالت راحت تر خم می شود؟ چرا؟

شکل 5-6

0 1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17 18 19 20

0 1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17 18 19 20

)الف(

)ب(
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مثال 5
ممان اینرسی سطح مقطع مقابل را نسبت به محورهای 

مرکزی آن محاسبه نمایید.
حل: 

مرکز سطح مستطیل محل تلاقی دو قطر آن می باشد 
بنابراین: 

را  مقطع  سطح  مرکزی  محورهای  موقعیت  ابتدا 
مشخص نموده سپس با استفاده از روابط جدول )6-

IxG )4  و IyG را تعیین می نمائیم.

8cm

10cm

G

y

x
xG

yG

bhI / cm

hbI / cm

3 3
4

3 3
4

8 10 666 67
12 12

10 8 426 67
12 12

×= = =

×= = =

جدول )4-6(

نام سطح شکل هندسی GIx GIy

مستطیل bh3

12
hb3

12

مربع a4

12
a4

12

دایره r4

4
π r4

4
π

Gh

b

yG

xG

Ga

a

yG

xG

G

r

yG

xG



106

P
R
O
B
L
E
M
S

2
3
8

 

6
.1

th
r
o
u
g
h
 
6
.1
8
 

U
sin
g
 th
e
 m
e
th
o
d
 o
f jo
in
ts, d
e
te
rm
in
e
 th
e
 fo
rc
e
 

in
 e
a
c
h
 m
e
m
b
e
r o
f th
e
 tru
ss sh
o
w
n
. S
ta
te
 w
h
e
th
e
r e
a
c
h
 m
e
m
b
e
r 

is in
 te
n
sio
n
 o
r c
o
m
p
re
ssio
n
.

1
8
0
0
 lb

4
 ft

8
 ft

3
 ft

A

B

C

F
ig
. 
P
6
.1

A

B

C

8
4
 k
N

3
 m

1
.2
5
 m

4
 m

F
ig
. 
P
6
.2

A

B

4
5
0
 lb

C

2
4
 in
.

7
.5
 in
.

1
0
 in
.

F
ig
. 
P
6
.3

D

C
A

B

0
.7
 m

2
.4
 m

2
.4
 m

4
8
 k
N

3
5
 k
N

F
ig
. 
P
6
.4

4
0
 in
.

3
2
 in
.

3
0
 in
.

CB

A

6
0
0
 lb

F
ig
. 
P
6
.5

4
0
0
 m
m

5
0
0
 m
m

3
7
5
 m
m

B

C

A1
2
0
0
 N

F
ig
. 
P
6
.6

A

C

D

B

3
 m

3
 m

1
.2
5
 m

2
 k
N

2
 k
N

F
ig
. 
P
6
.7

A

B

C

D

E

F

2
0
 k
N

1
2
 k
N

5
 k
N

5
 k
N

1
.6
 m

3
 m

3
 m

F
ig
. 
P
6
.8

A

B

C

D

E

F
1
2
 k
ip
s

1
8
 k
ip
s

5
 ft

5
 ft

1
2
 ft

F
ig
. 
P
6
.9

b
e
e
8
0
1
5
6
_
c
h
0
6
_
2
2
6
-
2
7
5
.
i
n
d
d
 
P
a
g
e
 
2
3
8
 
 
1
0
/
1
6
/
0
9
 
 
1
1
:
5
0
:
4
6
 
A
M
 
u
s
e
r
-
s
1
7
3

/
V
o
l
u
m
e
s
/
M
H
D
Q
-
N
e
w
/
M
H
D
Q
1
5
2
/
M
H
D
Q
1
5
2
-
0
6

P
R
O
B
L
E
M
S

2
3
8

 

6
.1

th
r
o
u
g
h
 
6
.1
8
 

U
sin
g
 th
e
 m
e
th
o
d
 o
f jo
in
ts, d
e
te
rm
in
e
 th
e
 fo
rc
e
 

in
 e
a
c
h
 m
e
m
b
e
r o
f th
e
 tru
ss sh
o
w
n
. S
ta
te
 w
h
e
th
e
r e
a
c
h
 m
e
m
b
e
r 

is in
 te
n
sio
n
 o
r c
o
m
p
re
ssio
n
.

1
8
0
0
 lb

4
 ft

8
 ft

3
 ft

A

B

C

F
ig
. 
P
6
.1

A

B

C

8
4
 k
N

3
 m

1
.2
5
 m

4
 m

F
ig
. 
P
6
.2

A

B

4
5
0
 lb

C

2
4
 in
.

7
.5
 in
.

1
0
 in
.

F
ig
. 
P
6
.3

D

C
A

B

0
.7
 m

2
.4
 m

2
.4
 m

4
8
 k
N

3
5
 k
N

F
ig
. 
P
6
.4

4
0
 in
.

3
2
 in
.

3
0
 in
.

CB

A

6
0
0
 lb

F
ig
. 
P
6
.5

4
0
0
 m
m

5
0
0
 m
m

3
7
5
 m
m

B

C

A1
2
0
0
 N

F
ig
. 
P
6
.6

A

C

D

B

3
 m

3
 m

1
.2
5
 m

2
 k
N

2
 k
N

F
ig
. 
P
6
.7

A

B

C

D

E

F

2
0
 k
N

1
2
 k
N

5
 k
N

5
 k
N

1
.6
 m

3
 m

3
 m

F
ig
. 
P
6
.8

A

B

C

D

E

F
1
2
 k
ip
s

1
8
 k
ip
s

5
 ft

5
 ft

1
2
 ft

F
ig
. 
P
6
.9

b
e
e
8
0
1
5
6
_
c
h
0
6
_
2
2
6
-
2
7
5
.
i
n
d
d
 
P
a
g
e
 
2
3
8
 
 
1
0
/
1
6
/
0
9
 
 
1
1
:
5
0
:
4
6
 
A
M
 
u
s
e
r
-
s
1
7
3

/
V
o
l
u
m
e
s
/
M
H
D
Q
-
N
e
w
/
M
H
D
Q
1
5
2
/
M
H
D
Q
1
5
2
-
0
6

6-6             قضیه محورهای موازی  
درقسمت قبل روش تعیین ممان اینرسی یک سطح نسبت به محور هایی که از مرکز 

آن سطح می گذرد ، را دیدیم.
حال می خواهیم ممان اینرسی یک سطح را نسبت به محورهایی که موازی محورهای 

مرکزی آن می باشند، به دست آوریم.
به محورهای  نسبت  آن  اینرسی  ممان  اینکه  فرض  با   )5-6( در شکل  مثال  عنوان  به 
مرکزی ) xG و yG ( معلوم باشد، می خواهیم ممان اینرسی مقطع را نسبت به محورهای X و 

Y که با فاصله d1 و d2 از محورهای مرکزی قرار دارند، محاسبه کنیم. 

G

G

X x

Y y

I I Ad

I I Ad

2
1

2
2

= +

= +

یعنی:

شکل 5-6

)4-6(

این موضوع با قضیه محورهای موازی که به صورت زیر بیان می شود قابل محاسبه 
خواهد بود.

سطح  آن  مرکزی  محورهای  با  موازی  که  محورهایی  به  نسبت  سطح  یک  اینرسی  ممان 
می باشند، برابر است با ممان اینرسی آن سطح نسبت به محورهای مرکزی به اضافه حاصل 

ضرب مساحت در مجذور فاصله محور مورد نظر تا مرکز سطح.

d1

d2

G

yGY

xG

A

X
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مثال 6
در شکل روبه رو مطلوب است:

 Iy و Ix محاسبه

X

h

b

Y

h G

b

Y

yG
xG

X

d 1

d2

حل:
الف( ابتدا ممان اینرسی را نسبت به محورهای مرکزی آن یعنی xG و yG تعیین می کنیم.

xG

yG

bhI

hbI

3

3
12

12

=

=

xG X

X

X

X

X X

hd

A b.h
bh hI Ad I (b.h)( )

bh bh bh bhI

bh bh

I

I

I I

1

3
2 2

1

3 3 3 3

3 3

2

12 2
3

12 4 12
4
12 3

=

=

= + ⇒ = +

+⇒ = + ⇒ =

= ⇒ =

 xG بر طول مستطیل مماس می باشد، فاصله آن از محور X ب( با توجه به این که محور
یعنی d1 برابر  است با:
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6– 7           محاسبه ممان اینرسی سطوح مرکب  
برای محاسبه ممان اینرسی سطوح مرکب، آن ها را به اشکال هندسی ساده تجزیه نموده 
و ممان اینرسی هر یک را نسبت به محور مورد نظر محاسبه و با یکدیگر جمع جبری می نماییم. 

شکل )6-6(
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ج( برای محور Y نیز خواهیم داشت:

و به طور کلی خواهیم داشت:

شکل 6-6

Y

X

Y

X

1

2

3

م مربوط به اين موضوع را ببينيد.(5-6)
فيل
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اساس مقطع یا مدول مقطع نیز خاصیتی از سطح است که همانند ممان اینرسی عامل 

مقاوم در مقابل خمش می باشد که در فصل نهم با کاربرد آن آشنا خواهید شد.

مدول مقطع یک سطح مطابق شکل )6-7( با رابطه زیر تعریف می شود.

مثال 7
.y و x در شکل زیر مطلوب است محاسبة ممان اینرسی نسبت به محورهای
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xG مدول مقطع یا اساس مقطع نسبت به محور : GxS

xG ممان اینرسی سطح نسبت به محور : GxI

C1 : فاصلة دورترین تار تحتانی یا فوقانی سطح نسبت به محور مرکزی )xG( می باشد 

که در مقاطع متقارن برابر نصف کل ارتفاع مقطع می باشد. یعنی: 

hc1 2
=

                                         
و برای محور y نیز رابطه ای مشابه رابطة )6-6( خواهیم داشت بنابراین:

yG مدول مقطع یا اساس مقطع نسبت به محور : GyS

yG ممان اینرسی سطح نسبت به محور : 
GyI

 )yG( مرکزی  به محور  نسبت  مقطع  راست  یا  تار سمت چپ  دورترین  فاصله   :  C2

می باشد که در مقاطع متقارن برابر نصف پهنای مقطع است. یعنی:

(7-6)



111

P
R
O

B
L
E
M

S

2
3

8

 
6

.1
th

r
o
u
g
h
 
6

.1
8

 
U

sin
g
 th

e
 m

e
th

o
d

 o
f jo

in
ts, d

e
te

rm
in

e
 th

e
 fo

rc
e
 

in
 e

a
c
h

 m
e
m

b
e
r o

f th
e
 tru

ss sh
o

w
n

. S
ta

te
 w

h
e
th

e
r e

a
c
h

 m
e
m

b
e
r 

is in
 te

n
sio

n
 o

r c
o

m
p

re
ssio

n
.

1
8
0
0
 lb

4
 ft

8
 ft

3
 ft

A
B

C

F
ig

. 
P
6

.1

A

B

C

8
4
 k

N

3
 m

1
.2

5
 m

4
 m

F
ig

. 
P
6

.2

A
B

4
5
0
 lb

C

2
4
 in

.
7
.5

 in
.

1
0
 in

.

F
ig

. 
P
6

.3

D

C

A

B
0
.7

 m

2
.4

 m
2
.4

 m

4
8
 k

N

3
5
 k

N

F
ig

. 
P
6

.4

4
0
 in

.

3
2
 in

.

3
0
 in

.
C B

A
6
0
0
 lb

F
ig

. 
P
6
.5

4
0
0
 m

m
5
0
0
 m

m

3
7
5
 m

m

B
C

A 1
2
0
0
 N

F
ig

. 
P
6

.6

A

C
D

B

3
 m

3
 m

1
.2

5
 m

2
 k

N
2
 k

N

F
ig

. 
P
6
.7

A
B

C

D
E

F

2
0
 k

N

1
2
 k

N

5
 k

N
5
 k

N

1
.6

 m

3
 m

3
 m

F
ig

. 
P
6

.8

A
B

C

D

E
F

1
2
 k

ip
s

1
8

 k
ip

s

5
 ft

5
 ft

1
2
 ft

F
ig

. 
P
6

.9

b
e
e
8
0
1
5
6
_
c
h
0
6
_
2
2
6
-
2
7
5
.
i
n
d
d
 
P
a
g
e
 
2
3
8
 
 
1
0
/
1
6
/
0
9
 
 
1
1
:
5
0
:
4
6
 
A
M
 
u
s
e
r
-
s
1
7
3

/
V
o
l
u
m
e
s
/
M
H
D
Q
-
N
e
w
/
M
H
D
Q
1
5
2
/
M
H
D
Q
1
5
2
-
0
6

P
R
O

B
L
E
M

S

2
3

8

 
6

.1
th

r
o
u
g
h
 
6

.1
8

 
U

sin
g
 th

e
 m

e
th

o
d

 o
f jo

in
ts, d

e
te

rm
in

e
 th

e
 fo

rc
e
 

in
 e

a
c
h

 m
e
m

b
e
r o

f th
e
 tru

ss sh
o

w
n

. S
ta

te
 w

h
e
th

e
r e

a
c
h

 m
e
m

b
e
r 

is in
 te

n
sio

n
 o

r c
o

m
p

re
ssio

n
.

1
8
0
0
 lb

4
 ft

8
 ft

3
 ft

A
B

C

F
ig

. 
P
6

.1

A

B

C

8
4
 k

N

3
 m

1
.2

5
 m

4
 m

F
ig

. 
P
6

.2

A
B

4
5
0
 lb

C

2
4
 in

.
7
.5

 in
.

1
0
 in

.

F
ig

. 
P
6

.3

D

C

A

B
0
.7

 m

2
.4

 m
2
.4

 m

4
8
 k

N

3
5
 k

N

F
ig

. 
P
6

.4

4
0
 in

.

3
2
 in

.

3
0
 in

.
C B

A
6
0
0
 lb

F
ig

. 
P
6
.5

4
0
0
 m

m
5
0
0
 m

m

3
7
5
 m

m

B
C

A 1
2
0
0
 N

F
ig

. 
P
6

.6

A

C
D

B

3
 m

3
 m

1
.2

5
 m

2
 k

N
2
 k

N

F
ig

. 
P
6
.7

A
B

C

D
E

F

2
0
 k

N

1
2
 k

N

5
 k

N
5
 k

N

1
.6

 m

3
 m

3
 m

F
ig

. 
P
6

.8

A
B

C

D

E
F

1
2
 k

ip
s

1
8

 k
ip

s

5
 ft

5
 ft

1
2
 ft

F
ig

. 
P
6

.9

b
e
e
8
0
1
5
6
_
c
h
0
6
_
2
2
6
-
2
7
5
.
i
n
d
d
 
P
a
g
e
 
2
3
8
 
 
1
0
/
1
6
/
0
9
 
 
1
1
:
5
0
:
4
6
 
A
M
 
u
s
e
r
-
s
1
7
3

/
V
o
l
u
m
e
s
/
M
H
D
Q
-
N
e
w
/
M
H
D
Q
1
5
2
/
M
H
D
Q
1
5
2
-
0
6

مثال 8
درشکل روبه رو مطلوب است:

 Ix الف( محاسبه
Sx ب( محاسبه
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الف(
- ابتدا سطح مقطع را به سه سطح 1، 2 و 3 

تجزیه می کنیم.

 x به محور  از سطوح را نسبت  اینرسی هریک  به کمک قضیه محورهای موازی ممان   -
محاسبه می کنیم. 
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xG2

y

x

A3

xG3

y

x

d3=9

: Ix2 محاسبه

: Ix3 محاسبه

ممان اینرسی کل مقطع برابر است با:

x xG

x

x

I I A d

I ( )( )

I / cm

2 2

2

2

2
2 2

3
2

4

2 16 2 16 0
12

682 67

= +

×= + ×

=

x xI I cm
3 1

41952= =

ix x x x x
i

x

x

I I I I I

I /

I / cm

1 2 3

3

1

4

1952 682 67 1952
4586 67

=

= = + +

= + +

=

∑

x
x x

x

hc c cm

I /S S
c

S / cm

1 1

1
3

20 10
2 2

4586 67
10

458 67

= ⇒ = =

= ⇒ =

=

به دلیل تقارن A1 و A3 نسبت به محور x داریم:

ب( از رابطه )6–6( مدول مقطع نسبت به محور x را به دست می آوریم.
به دلیل تقارن، مقطع C1 برابر است با نصف کل ارتفاع مقطع یعنی:
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6– 9           مشخصات هندسی مقاطع نورد شده 
با توجه به این که مقاطع نورد شده با استانداردهای کارخانة سازنده تولید می شوند، 
لذا برای هریک از مقاطع تولیدی شامل تیر آهن ها، ناودانی ها، نبشی ها و ... جداول مشخصات 
هندسی هر مقطع نیز ارائه می شود که با استفاده از این جداول مشخصات هندسی مقاطع نظیر 
ابعاد، سطح مقطع، ممان اینرسی و ... استخراج می شوند، به عنوان مثال شکل )6-7( قسمتی از 
جدول مشخصات مقاطع نیم پهن )IPE( را نشان می دهد که برای نمونه مشخصات هندسی 

IPE 200 را از آن استخراج نموده ایم.

مساحت مقطع
x ممان اینرسی حول محور
x اساس مقطع حول محور
y ممان اینرسی حول محور
y اساس مقطع حول محور

A=28/5 cm2h =200 mm=20 cm
b =100 mm=10 cm
S =5/6 mm=0/56 cm
t =8/5 mm=0/85 cm

Ix=1940 cm4

Sx=194 cm3

Iy=142 cm4

Sy=28/5 cm3

ارتفاع مقطع
عرض بال

ضخامت جان
ضخامت بال

:IPE200 مشخصات

IPE    نيمرخ نيم پهن

سطح مقطع A=
وزن واحد طول G=
ممان اينرسي I=ممان اينرسي I

اساس مقطع S=
شعاع ژيراسيون i=

h b s t r c h-2c A G Ix Sx ix Iy Sy iy a1 rT
2 4 3 4 3IPE mm mm mm mm mm mm mm cm2 kg/m cm4 cm3 cm cm4 cm3 cm mm mm

80 80 46 3.8 5.2 5 10.2 59 7.64 6 80.1 20 3.24 8.49 3.69 1.05 63 12.2
100 100 55 4.1 5.7 7 12.7 74 10.3 8.1 171 34.2 4.07 15.9 5.79 1.24 79 14.6
120 120 64 4.4 6.3 7 13.3 93 13.2 10.4 318 53 4.9 27.7 8.65 1.45 96 16.9
140 140 73 4.7 6.9 7 13.9 112 16.4 12.9 541 77.3 5.74 44.9 12.3 1.65 112 19.3
160 160 82 5 7.4 9 16.4 127 20.1 15.8 869 109 6.58 68.3 16.7 1.84 129 21.7
180 180 91 5.3 8 9 17 146 23.9 18.8 1320 146 7.42 101 22.2 2.06 145 24
200 200 100 5.6 8.5 12 20.5 159 28.5 22.4 1940 194 8.26 142 28.5 2.24 162 26.4

IPE

200 200 100 5.6 8.5 12 20.5 159 28.5 22.4 1940 194 8.26 142 28.5 2.24 162 26.4
220 220 110 5.9 9.2 12 21.2 177 33.4 26.2 2770 252 9.11 205 37.3 2.48 179 29.1
240 240 120 6.2 9.8 15 24.8 190 39.1 30.7 3890 324 9.97 284 47.3 2.6 196 31.8
270 270 135 6.6 10.2 15 25.2 219 45.9 36.1 5790 429 11.2 420 62.2 3.02 220 35.6
300 300 150 7.1 10.7 15 25.7 248 53.8 42.2 8360 557 12.5 604 80.5 3.35 245 39.5
330 330 160 7.5 11.5 18 29.5 271 62.6 49.1 11770 713 13.7 788 98.5 3.55 270 42.1
360 360 170 8 12.7 18 30.7 298 72.7 57.1 16270 904 15 1040 123 3.79 294 44.7
400 400 180 8.6 13.5 21 34.5 331 84.5 66.3 23130 1160 16.5 1320 146 3.95 326 47.1
450 450 190 9 4 14 6 21 35 6 378 98 8 77 6 33740 1500 18 5 1680 176 4 12 365 49 4450 450 190 9.4 14.6 21 35.6 378 98.8 77.6 33740 1500 18.5 1680 176 4.12 365 49.4
500 500 200 10.2 16 21 37 426 116 90.7 48200 1930 20.4 2140 214 4.31 404 51.8
550 550 210 11.1 17.2 24 41.2 467 134 106 67120 2440 22.3 2670 254 4.45 442 54
600 600 220 12 19 24 43 514 156 122 92080 3070 24.3 3390 308 4.66 481 56.5



114

P
R
O
B
L
E
M
S

2
3
8

 

6
.1

th
r
o
u
g
h
 
6
.1
8
 

U
sin
g
 th
e
 m
e
th
o
d
 o
f jo
in
ts, d
e
te
rm
in
e
 th
e
 fo
rc
e
 

in
 e
a
c
h
 m
e
m
b
e
r o
f th
e
 tru
ss sh
o
w
n
. S
ta
te
 w
h
e
th
e
r e
a
c
h
 m
e
m
b
e
r 

is in
 te
n
sio
n
 o
r c
o
m
p
re
ssio
n
.

1
8
0
0
 lb

4
 ft

8
 ft

3
 ft

A

B

C

F
ig
. 
P
6
.1

A

B

C

8
4
 k
N

3
 m

1
.2
5
 m

4
 m

F
ig
. 
P
6
.2

A

B

4
5
0
 lb

C

2
4
 in
.

7
.5
 in
.

1
0
 in
.

F
ig
. 
P
6
.3

D

C
A

B

0
.7
 m

2
.4
 m

2
.4
 m

4
8
 k
N

3
5
 k
N

F
ig
. 
P
6
.4

4
0
 in
.

3
2
 in
.

3
0
 in
.

CB

A

6
0
0
 lb

F
ig
. 
P
6
.5

4
0
0
 m
m

5
0
0
 m
m

3
7
5
 m
m

B

C

A1
2
0
0
 N

F
ig
. 
P
6
.6

A

C

D

B

3
 m

3
 m

1
.2
5
 m

2
 k
N

2
 k
N

F
ig
. 
P
6
.7

A

B

C

D

E

F

2
0
 k
N

1
2
 k
N

5
 k
N

5
 k
N

1
.6
 m

3
 m

3
 m

F
ig
. 
P
6
.8

A

B

C

D

E

F
1
2
 k
ip
s

1
8
 k
ip
s

5
 ft

5
 ft

1
2
 ft

F
ig
. 
P
6
.9

b
e
e
8
0
1
5
6
_
c
h
0
6
_
2
2
6
-
2
7
5
.
i
n
d
d
 
P
a
g
e
 
2
3
8
 
 
1
0
/
1
6
/
0
9
 
 
1
1
:
5
0
:
4
6
 
A
M
 
u
s
e
r
-
s
1
7
3

/
V
o
l
u
m
e
s
/
M
H
D
Q
-
N
e
w
/
M
H
D
Q
1
5
2
/
M
H
D
Q
1
5
2
-
0
6

P
R
O
B
L
E
M
S

2
3
8

 

6
.1

th
r
o
u
g
h
 
6
.1
8
 

U
sin
g
 th
e
 m
e
th
o
d
 o
f jo
in
ts, d
e
te
rm
in
e
 th
e
 fo
rc
e
 

in
 e
a
c
h
 m
e
m
b
e
r o
f th
e
 tru
ss sh
o
w
n
. S
ta
te
 w
h
e
th
e
r e
a
c
h
 m
e
m
b
e
r 

is in
 te
n
sio
n
 o
r c
o
m
p
re
ssio
n
.

1
8
0
0
 lb

4
 ft

8
 ft

3
 ft

A

B

C

F
ig
. 
P
6
.1

A

B

C

8
4
 k
N

3
 m

1
.2
5
 m

4
 m

F
ig
. 
P
6
.2

A

B

4
5
0
 lb

C

2
4
 in
.

7
.5
 in
.

1
0
 in
.

F
ig
. 
P
6
.3

D

C
A

B

0
.7
 m

2
.4
 m

2
.4
 m

4
8
 k
N

3
5
 k
N

F
ig
. 
P
6
.4

4
0
 in
.

3
2
 in
.

3
0
 in
.

CB

A

6
0
0
 lb

F
ig
. 
P
6
.5

4
0
0
 m
m

5
0
0
 m
m

3
7
5
 m
m

B

C

A1
2
0
0
 N

F
ig
. 
P
6
.6

A

C

D

B

3
 m

3
 m

1
.2
5
 m

2
 k
N

2
 k
N

F
ig
. 
P
6
.7

A

B

C

D

E

F

2
0
 k
N

1
2
 k
N

5
 k
N

5
 k
N

1
.6
 m

3
 m

3
 m

F
ig
. 
P
6
.8

A

B

C

D

E

F
1
2
 k
ip
s

1
8
 k
ip
s

5
 ft

5
 ft

1
2
 ft

F
ig
. 
P
6
.9

b
e
e
8
0
1
5
6
_
c
h
0
6
_
2
2
6
-
2
7
5
.
i
n
d
d
 
P
a
g
e
 
2
3
8
 
 
1
0
/
1
6
/
0
9
 
 
1
1
:
5
0
:
4
6
 
A
M
 
u
s
e
r
-
s
1
7
3

/
V
o
l
u
m
e
s
/
M
H
D
Q
-
N
e
w
/
M
H
D
Q
1
5
2
/
M
H
D
Q
1
5
2
-
0
6

مثال 9
در شکل زیر دوتیر آهن IPE 16  به صورت به هم چسبیده به عنوان یک مقطع مرکب ساخته 

شده است مطلوب است محاسبة:
.y و x الف( ممان اینرسی مقطع مرکب حول

.y و x ب( مدول مقطع حول دو محور

درصورتی که مقطع مورد نظر ترکیبی از دو یا چند مقطع نورد شده باشد می توان ابتدا 
مشخصات هندسی مقطع نورد شدة ساده )تکی( را از جدول استخراج نموده و سپس با استفاده 

از قضیه محورهای موازی مشخصات هندسی مقطع مرکب را به دست آورد.

ابتدا مشخصات هندسی مورد نیاز تیر آهن IPE 16 را از جدول استخراج می نماییم.

 IPE 16 : (h=160mm=16cm , b=82 mm=8/2 cm , A=20/1 cm2 , Ix=869 cm4 ,
Iy=68/3 cm4)

الف( محاسبه Ix و Iy مقطع مرکب:
می باشد  متقارن   y و   x های  محور  به  نسبت  شده  ساخته  مرکب  مقطع  اینکه  به  باتوجه 
کافی است که ممان اینرسی یک پروفیل نسبت به محورهای مورد نظر را محاسبه نموده و 

دو برابر نماییم. بنابراین با استفاده از قضیه محورهای موازی خواهیم داشت:

G

G

x x

y y

I (I Ad )

I (I Ad )

2
1

2
2

2

2

= +

= +

Gx x x xI I I I cm42 2 869 1738= ⇒ = × ⇒ =

باتوجه به شکل )الف( مقدار d1 نسبت به محور x به دلیل انطباق محورهای xG در پروفیل 
تک و x در پروفیل مرکب برابر صفر است لذا:

xxG

yG

y

2 IPE 16
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نکته:
 با توجه به نتایج مثال 9 و مقایسة آن با مشخصات هندسی IPE 16 مشاهده می شود که:
ممان اینرسی مقطع مرکب حول محور x دو برابر ممان اینرسی مقطع ساده )تکی( می باشد، 
به همین ترتیب اگر تعداد مقاطع n برابر شود و مرکز سطح آن ها بر محور x منطبق باشد، 

ممان اینرسی مقطع مرکب حول محور x نیز n برابر خواهد شد.
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و مقدار d2 نسبت به محور y برابر نصف عرض بال IPE 16 می باشد یعنی: 

bd2 2
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خلاصة فصل
• گشتاور اول سطح نسبت به یک محور عبارت است از: حاصل ضرب مساحت، در فاصله 
مرکز آن تا آن محور مورد نظر و نسبت به محور های x و y به صورت زیر تعریف می شود:

x

y

Q A.Y

Q A.X

=

=

n

x i i
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n

y i
i

i

Q A .y

Q A .x

1
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∑
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i i
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i i
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A x
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A y
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=
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∑
∑

∑
∑

G

G

x x

y y

I I Ad

I I Ad

2
1

2
2

= +

= +

• گشتاور اول سطوح مرکب با تجزیه آن ها به سطوح ساده هندسی و محاسبه گشتاور اول 
سطح هرکدام نسبت به محورهای مورد نظر و جمع جبری آن ها محاسبه می شود. یعنی:

• مختصات مرکز سطح یک سطح هندسی با استفاده از گشتاور اول سطح و رابطة زیر تعیین 
می شود:

• اگر سطحی دارای یک محور تقارن باشد، مرکز سطح روی آن محور خواهد بود. 
• اگر سطحی دارای دو محور تقارن باشد، مرکز سطح، محل تلاقی آن دو محور خواهد بود.

• ممان اینرسی عامل مقاوم در مقابل خمش است.
• اگر تعداد مقاطع روی یک محور n برابر شود درصورتی که مرکز سطح آن ها روی آن 

محور قرار گیرد در این حالت ممان اینرسی کل نیز n برابر خواهد شد.
• ممان اینرسی یک سطح نسبت به محورهای موازی محور مرکزی آن با رابطة زیر تعیین 

می شود:
d1 : فاصله دو محور xG و X می باشد.

d2 : فاصله دو محور yG و Y می باشد.
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خودآزمایی

1- در شکل های زیر مختصات مرکز سطح را محاسبه کنید.

x
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5/49 Determine the coordinates of the centroid of the trap-
ezoidal area shown.

Problem 5/49

5/50 Determine the y-coordinate of the centroid of the
shaded area.

Problem 5/50

5/51 Determine the coordinates of the centroid of the
shaded area.
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PROBLEMS
Introductory Problems

5/47 Determine the x- and y-coordinates of the centroid
of the shaded area.
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5/48 Determine the coordinates of the centroid of the
shaded area.
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• اساس مقطع نیز همانند ممان اینرسی عامل مقاوم در مقابل خمش است و از رابطة زیر 
به دست می آید:

x فاصله دورترین تار مقطع تا محور : C1

y فاصله دورترین تار مقطع تا محور : C2

• مشخصات هندسی مقاطع نورد شده از جداول استاندارد آن ها استخراج می شود.
• ممان اینرسی مقاطع مرکب با استفاده از قضیة محورهای موازی محاسبه می شود.
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5/52 Calculate the y-coordinate of the centroid of the
shaded area.

Problem 5/52

5/53 Determine the x-, y-, and z-coordinates of the mass
center of the body constructed of uniform slender rod.

Problem 5/53

5/54 Calculate the x- and y-coordinates of the centroid 
of the shaded area.
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5/55 Determine the x- and y-coordinates of the centroid of
the shaded area.

Problem 5/55

Representative Problems

5/56 Determine the y-coordinate of the centroid of the
shaded area.

Problem 5/56

5/57 Determine the distance from the bottom of the
base plate to the centroid of the built-up structural
section shown.
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5/49 Determine the coordinates of the centroid of the trap-
ezoidal area shown.

Problem 5/49

5/50 Determine the y-coordinate of the centroid of the
shaded area.
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5/51 Determine the coordinates of the centroid of the
shaded area.
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5/47 Determine the x- and y-coordinates of the centroid
of the shaded area.
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5/48 Determine the coordinates of the centroid of the
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293Problems 7.35 and 7.36 Determine the moments of inertia Ix and Iy of the 
area shown with respect to centroidal axes that are respectively 
parallel and perpendicular to the side AB.

 7.37 Determine the moments of inertia Ix and Iy of the area shown with 
respect to centroidal axes that are respectively parallel and perpen-
dicular to the side AB.

 7.38 Determine the centroidal polar moment of inertia of the area 
shown.

 7.39 and 7.40 Determine the polar moment of inertia of the area 
shown with respect to (a) point O, (b) the centroid of the area.

 7.41 Two W8 3 31 rolled sections can be welded at A and B in either 
of the two ways shown. For each arrangement, determine the 
moment of inertia of the section with respect to the horizontal 
centroidal axis.

A B
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2- با استفاده از تقارن، مختصات مرکز سطح را به دست آورید.

.Sy و Sx و Iy و Ix 3- در هر مقطع مطلوب است محاسبة

294  Distributed Forces: Moments of Inertia of Areas  7.42 Two 6 3 4 3 1
2-in. angles are welded together to form the section 

shown. Determine the moments of inertia and the radii of gyration 
of the section with respect to the centroidal axes shown.

 7.43 Two channels and two plates are used to form the column section 
shown. For b 5 200 mm, determine the moments of inertia and 
the radii of gyration of the combined section with respect to the 
centroidal axes.

 7.44 In Prob. 7.43, determine the distance b for which the centroidal 
moments of inertia Ix and Iy of the column section are equal.

 7.45 The strength of the rolled S section shown is increased by welding 
a channel to its upper flange. Determine the moments of inertia of 
the combined section with respect to its centroidal x and y axes.

 7.46 A channel and a plate are welded together as shown to form a 
section that is symmetrical with respect to the y axis. Determine 
the moments of inertia of the section with respect to its centroidal 
x and y axes.

 7.47 Two L102 3 102 3 12.7-mm angles are welded to a 12-mm steel 
plate as shown. For b 5 250 mm, determine the moments of iner-
tia of the combined section with respect to centroidal axes that are 
respectively parallel and perpendicular to the plate.

 7.48 Solve Prob. 7.47 assuming that b 5 300 mm.

10 mm
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y
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Fig. P7.43

C

y
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294  Distributed Forces: Moments of Inertia of Areas  7.42 Two 6 3 4 3 1
2-in. angles are welded together to form the section 

shown. Determine the moments of inertia and the radii of gyration 
of the section with respect to the centroidal axes shown.

 7.43 Two channels and two plates are used to form the column section 
shown. For b 5 200 mm, determine the moments of inertia and 
the radii of gyration of the combined section with respect to the 
centroidal axes.

 7.44 In Prob. 7.43, determine the distance b for which the centroidal 
moments of inertia Ix and Iy of the column section are equal.

 7.45 The strength of the rolled S section shown is increased by welding 
a channel to its upper flange. Determine the moments of inertia of 
the combined section with respect to its centroidal x and y axes.

 7.46 A channel and a plate are welded together as shown to form a 
section that is symmetrical with respect to the y axis. Determine 
the moments of inertia of the section with respect to its centroidal 
x and y axes.

 7.47 Two L102 3 102 3 12.7-mm angles are welded to a 12-mm steel 
plate as shown. For b 5 250 mm, determine the moments of iner-
tia of the combined section with respect to centroidal axes that are 
respectively parallel and perpendicular to the plate.

 7.48 Solve Prob. 7.47 assuming that b 5 300 mm.

10 mm

C250 × 22.8

C

b

y

x

375 mm

Fig. P7.43

C

y

x
6 in.

4 in.in.1
2

Fig. P7.42

12 in.

0.5 in.

y

x

C8 × 11.5

C

Fig. P7.46

b12 mm

102 mm

L102 × 102 × 12.7

Fig. P7.47

S12 × 31.8

C8 × 11.5

C

y

x

Fig. P7.45
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4cm

293Problems 7.35 and 7.36 Determine the moments of inertia Ix and Iy of the 
area shown with respect to centroidal axes that are respectively 
parallel and perpendicular to the side AB.

 7.37 Determine the moments of inertia Ix and Iy of the area shown with 
respect to centroidal axes that are respectively parallel and perpen-
dicular to the side AB.

 7.38 Determine the centroidal polar moment of inertia of the area 
shown.

 7.39 and 7.40 Determine the polar moment of inertia of the area 
shown with respect to (a) point O, (b) the centroid of the area.

 7.41 Two W8 3 31 rolled sections can be welded at A and B in either 
of the two ways shown. For each arrangement, determine the 
moment of inertia of the section with respect to the horizontal 
centroidal axis.

A B

2 in.

3 in.

6 in.

3 in. 3 in.

Fig. P7.35

A B

60 mm
20 mm20 mm

20 mm

20 mm

60 mm

Fig. P7.36

1.5 in.

1.5 in.

2 in.

A B
6 in.

9 in.

Fig. P7.37 and P7.38

O

40

Dimensions in mm

4040 40

60
80

Fig. P7.39

3 in.
4.5 in.

O

Fig. P7.40

A AB B

(a) (b)

Fig. P7.41
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5- مطلوب است محاسبة Ix و Iy و Sx و Sy در مقاطع مرکب زیر.
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4- در هر کدام از مقاطع مطلوب است محاسبة:

PROBLEMS

292

 7.25 through 7.28 Determine the moment of inertia and the radius 
of gyration of the shaded area with respect to the x axis.

7.29 through 7.32 Determine the moment of inertia and the radius 
of gyration of the shaded area with respect to the y axis.

7.33 Determine the shaded area and its moment of inertia with respect 
to a centroidal axis parallel to AA9, knowing that its moments 
of inertia with respect to AA9 and BB9 are, respectively, 2.2 3
106 mm4 and 4 3 106 mm4, and that d1 5 25 mm and d2 5 10 mm.

7.34 Knowing that the shaded area is equal to 6000 mm2 and that its 
moment of inertia with respect to AA9 is 18 3 106 mm4, deter-
mine its moment of inertia with respect to BB9 for d1 5 50 mm 
and d2 5 10 mm.

10 mm

90 mm

10 mm

50 mm

50 mm

10 mm

y

xC

Fig. P7.25 and P7.29
y

x

125 mm

250 mm

125 mm

75 mm

Fig. P7.27 and P7.31

6 in.

4 in.

6 in.

y

x

Fig. P7.28 and P7.32

x

y

6 in.

3 in.

C

3 in.

1
2

in.

1
2

in.

1
2

in.

3 in.

Fig. P7.26 and P7.30

C

A'

d1

d2
A

B'B

Fig. P7.33 and P7.34
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y

x
C D

BA

d

60 mm

Fig. P7.57

 7.56 Determine the moment of inertia of the shaded area shown with 
respect to the y axis.

 7.57 The shaded area is equal to 5000 mm2. Determine its centroi-
dal moments of inertia Ix and Iy, knowing that Iy 5 2Ix and that 
the polar moment of inertia of the area about point A is JA 5 
22.5 3 106 mm4.

12 in.

b
O
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x
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Fig. P7.55

 7.54 Determine the moments of inertia of the shaded area shown with 
respect to the x and y axes when a 5 20 mm.
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a

Fig. P7.54
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x

120 mm

r = 120 mm

O

Fig. P7.56

 7.55 (a) Determine Ix and Iy if b 5 10 in. (b) Determine the dimension 
b for which Ix 5 Iy.

bee80156_ch07_276-299.indd Page 298  10/16/09  12:03:55 PM user-s173 /Volumes/MHDQ-New/MHDQ152/MHDQ152-07

29
8 

 Dis
tri

bu
te

d 
Fo

rc
es

: 
M

om
en

ts 
of

 I
ne

rti
a 

of
 A

re
as

y

x
C

D B
A

d

60
 m

m

Fi
g

. 
P7
.5
7

 
7.

5
6

 
D

et
er

m
in

e 
th

e 
m

om
en

t 
of

 i
ne

rt
ia

 o
f 

th
e 

sh
ad

ed
 a

re
a 

sh
ow

n 
w

ith
 

re
sp

ec
t 

to
 t

he
 y

 a
xi

s.

 
7.
57

 
T

he
 s

ha
de

d 
ar

ea
 i

s 
eq

ua
l 

to
 5

00
0 

m
m

2 . 
D

et
er

m
in

e 
it

s 
ce

nt
ro

i-
da

l m
om

en
ts

 o
f 

in
er

ti
a 

I x
 a

nd
 I

y,
 k

no
w

in
g 

th
at

 I
y 

5
 2

I x
 a

nd
 t

ha
t 

th
e 

po
la

r 
m

om
en

t 
of

 i
ne

rt
ia

 o
f 

th
e 

ar
ea

 a
bo

ut
 p

oi
nt

 A
 i

s 
J A

 5
 

22
.5

 3
 1

06  m
m

4 .

12
 in

.

b
O

2 
in

.

y

x
1 

in
.

1 
in

.

Fi
g

. 
P
7.

5
5

 
7.

5
4

 
D

et
er

m
in

e 
th

e 
m

om
en

ts
 o

f 
in

er
tia

 o
f 

th
e 

sh
ad

ed
 a

re
a 

sh
ow

n 
w

ith
 

re
sp

ec
t 

to
 t

he
 x

 a
nd

 y
 a

xe
s 

w
he

n 
a 

5
 2

0 
m

m
.

y

x
aa

C

a a

Fi
g

. 
P
7.

5
4

y

x

12
0 

m
m

r 
= 

12
0 

m
m

O Fi
g

. 
P
7.

5
6

 
7.

5
5

 
(a

) 
D

et
er

m
in

e 
I x

 a
nd

 I
y 

if 
b 

5
 1

0 
in

. (
b)

 D
et

er
m

in
e 

th
e 

di
m

en
si

on
 

b 
fo

r 
w

hi
ch

 I
x 

5
 I

y.

b
e
e
8
0
1
5
6
_
c
h
0
7
_
2
7
6
-
2
9
9
.
i
n
d
d
 
P
a
g
e
 
2
9
8
 
 
1
0
/
1
6
/
0
9
 
 
1
2
:
0
3
:
5
5
 
P
M
 
u
s
e
r
-
s
1
7
3

/
V
o
l
u
m
e
s
/
M
H
D
Q
-
N
e
w
/
M
H
D
Q
1
5
2
/
M
H
D
Q
1
5
2
-
0
7

298  Distributed Forces: Moments of Inertia of Areas

y

x
C D

BA

d

60 mm

Fig. P7.57

 7.56 Determine the moment of inertia of the shaded area shown with 
respect to the y axis.

 7.57 The shaded area is equal to 5000 mm
2
. Determine its centroi-

dal moments of inertia Ix and Iy, knowing that Iy 5 2Ix and that 
the polar moment of inertia of the area about point A is JA 5 
22.5 3 10

6
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4
.

12 in.

b
O
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1 in.

Fig. P7.55

 7.54 Determine the moments of inertia of the shaded area shown with 
respect to the x and y axes when a 5 20 mm.
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C
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Fig. P7.54
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x

120 mm

r = 120 mm

O

Fig. P7.56

 7.55 (a) Determine Ix and Iy if b 5 10 in. (b) Determine the dimension 
b for which Ix 5 Iy.
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 7.56 Determine the moment of inertia of the shaded area shown with 
respect to the y axis.

 7.57 The shaded area is equal to 5000 mm2. Determine its centroi-
dal moments of inertia Ix and Iy, knowing that Iy 5 2Ix and that 
the polar moment of inertia of the area about point A is JA 5 
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 7.54 Determine the moments of inertia of the shaded area shown with 
respect to the x and y axes when a 5 20 mm.
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Fig. P7.56

 7.55 (a) Determine Ix and Iy if b 5 10 in. (b) Determine the dimension 
b for which Ix 5 Iy.
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مقدمه:
نیروهای وارد بر اجسام پرداختیم و اجسام را صلب  به بررسی  در بخش اول کتاب 
در نظر گرفتیم بدین مفهوم که جسم در اثر اعمال نیرو تغییر شکل نمی دهد که موضوع بحث 

استاتیک بود.
دراین بخش می خواهیم اثر نیروها را بر اجسام، بیشتر مورد بررسی قرار داده و رفتار 
آن ها را تحت تاثیر نیروهای مختلف تجزیه و تحلیل نماییم، که با این فرض که جسم صلب 
نباشد، یعنی تغییر شکل اجسام نیز مد نظر می باشد، که موضوع بحث مقاومت مصالح است. 
تحت  را  جامد  اجسام  رفتار  که  است  مکانیک  علم  از  ای  شاخه  مصالح  مقاومت  بنابراین 

بارگذاری های مختلف بررسی می نماید.
رفتار اجسام تحت بار های مختلف عبارتند از : 

1- رفتار کششی و فشاری

هدف های رفتاری

پس از آموزش این فصل از فراگیر انتظار می رود بتواند:
1-انواع رفتار اجسام را تحت تأثیر بارهای مختلف نام ببرد.

2-نیروهای محوری را شرح دهد.
3-اثر نیروهای محوری را بر اجسام توضیح دهد.

4-تنش را تعریف نماید.
5-تنش محوری را تعریف نماید.

6-رابطۀ تنش محوری را به کار گیرد.
7-تغییر طول اجسام تحت تأثیر بارهای محوری را محاسبه نماید.

P
= P

=
شکل 1-7
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7-1             نیروهای محوری  
)Axial Load(       

که  هستند  نیروهایی  محوری،  نیروهای 
در امتداد محور طولی اجسام و عمود بر سطح 

مقطع آنها وارد می شوند. شکل )5-7(
صورت  به  می توانند  محوری  نیروهای 
در  و  شوند  وارد  اجسام  به  فشاری  یا  کششی 

آن ها افزایش یا کاهش طول ایجاد نمایند.
دیده   )6-7( شکل  در  که  همان طور 
می شود، بارهای محوری ضمن افزایش یا کاهش 
طول، سبب کاهش یا افزایش ابعاد دیگر جسم 
بررسی  به  تنها  فصل  این  در  که  می شوند  نیز 

رفتار طولی آنها می پردازیم.

2- رفتار برشی

41110.3  DEFORMATIONS IN A CIRCULAR SHAFT
Consider a circular shaft that is attached to a fixed support at one 
end (Fig. 10.7a). If a torque T is applied to the other end, the shaft 
will twist, with its free end rotating through an angle f called the 
angle of twist (Fig. 10.7b). Observation shows that, within a certain 
range of values of T, the angle of twist f is proportional to T. It 
also shows that f is proportional to the length L of the shaft. In 
other words, the angle of twist for a shaft of the same material and 
same cross section, but twice as long, will be twice as large under 
the same torque T. One purpose of our analysis will be to find the 
specific relation existing among f, L, and T; another purpose will 
be to determine the distribution of shearing stresses in the shaft, 
which we were unable to obtain in the preceding section on the 
basis of statics alone.
 At this point, an important property of circular shafts should 
be noted: When a circular shaft is subjected to torsion, every cross 
section remains plane and undistorted. In other words, while the 
various cross sections along the shaft rotate through different 
amounts, each cross section rotates as a solid rigid slab. This is illus-
trated in Fig. 10.8a, which shows the deformations in a rubber model 
subjected to torsion. The property we are discussing is characteristic 
of circular shafts, whether solid or hollow; it is not enjoyed by mem-
bers of noncircular cross section. For example, when a bar of square 
cross section is subjected to torsion, its various cross sections 
warp and do not remain plane (Fig. 10.8b).
 The cross sections of a circular shaft remain plane and undis-
torted because a circular shaft is axisymmetric, i.e., its appearance 
remains the same when it is viewed from a fixed position and rotated 
about its axis through an arbitrary angle. (Square bars, on the other 
hand, retain the same appearance only if they are rotated through 
90° or 180°.) As we will see presently, the axisymmetry of circular 
shafts may be used to prove theoretically that their cross sections 
remain plane and undistorted.
 Consider the points C and D located on the circumference of 
a given cross section of the shaft, and let C9 and D9 be the positions 
they will occupy after the shaft has been twisted (Fig. 10.9a). The 
axisymmetry of the shaft and of the loading requires that the rotation 
which would have brought D into C should now bring D9 into C9. 
Thus C9 and D9 must lie on the circumference of a circle, and the 
arc C9D9 must be equal to the arc CD (Fig. 10.9b). We will now 
examine whether the circle on which C9 and D9 lie is different from 
the original circle. Let us assume that C9 and D9 do lie on a different 
circle and that the new circle is located to the left of the original 
circle, as shown in Fig. 10.9b. The same situation will prevail for any 
other cross section, since all the cross sections of the shaft are sub-
jected to the same internal torque T, and an observer looking at the 
shaft from its end A will conclude that the loading causes any given 
circle drawn on the shaft to move away. But an observer located at 
B, to whom the given loading looks the same (a clockwise couple in 
the foreground and a counterclockwise couple in the background) 
will reach the opposite conclusion, i.e., that the circle moves toward 
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examine whether the circle on which C9 and D9 lie is different from 
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P applied at the centroid of the section and a couple M of moment 
M 5 Pd. The distribution of forces-—-and, thus, the corresponding 
distribution of stresses-—-cannot be uniform. Nor can the distribution 
of stresses be symmetric as shown in Fig. 8.3. This point will be dis-
cussed in detail in Chap. 11.

8.4 SHEARING STRESS
The internal forces and the corresponding stresses discussed in Secs. 
8.2 and 8.3 were normal to the section considered. A very different 
type of stress is obtained when transverse forces P and P9 are applied 
to a member AB (Fig. 8.7). Passing a section at C between the points 
of application of the two forces (Fig. 8.8a), we obtain the diagram 
of portion AC shown in Fig. 8.8b. We conclude that internal forces 
must exist in the plane of the section, and that their resultant is equal 
to P. These elementary internal forces are called shearing forces, and 
the magnitude P of their resultant is the shear in the section. Divid-
ing the shear P by the area A of the cross section, we obtain the 
average shearing stress in the section. Denoting the shearing stress 
by the Greek letter t (tau), we write

 
tave 5

P
A

 (8.4)

 It should be emphasized that the value obtained is an average 
value of the shearing stress over the entire section. Contrary to what 
we said earlier for normal stresses, the distribution of shearing 
stresses across the section cannot be assumed uniform. As you will 
see in Chap. 13, the actual value t of the shearing stress varies from 
zero at the surface of the member to a maximum value tmax that may 
be much larger than the average value tave.
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3038.3 Axial Loading. Normal Stress When U.S. customary units are used, the force P is usually 
expressed in pounds (lb) or kilopounds (kip), and the cross-sectional 
area A in square inches (in2). The stress s will then be expressed in 
pounds per square inch (psi) or kilopounds per square inch (ksi).†

8.3 AXIAL LOADING. NORMAL STRESS
The member shown in Fig. 8.1 in the preceding section is subject 
to forces P and P9 applied at the ends. The forces are directed along 
the axis of the member, and we say that the member is under axial 
loading. An actual example of structural members under axial loading 
is provided by the members of the bridge truss shown in Photo 8.1.

†The principal SI and U.S. customary units used in mechanics for stresses are listed in 
tables inside the front cover of this book. From this table, we note that 1 psi is approxi-
mately equal to 7 kPa, and 1 ksi is approximately equal to 7 MPa.

Photo 8.1 This bridge truss consists of two-force members that may be in 
tension or in compression.

 As shown in Fig. 8.1b, the internal force and the corresponding 
stress are perpendicular to the axis of the member; the correspond-
ing stress is described as a normal stress. Thus, formula (8.1) gives 
us the normal stress in a member under axial loading:

 
s 5

P
A

 (8.1)

 We should also note that, in formula (8.1), s is obtained by 
dividing the magnitude P of the resultant of the internal forces dis-
tributed over the cross section by the area A of the cross section; it 
represents, therefore, the average value of the stress over the cross 
section, rather than the stress at a specific point of the cross section.
 To define the stress at a given point Q of the cross section, we 
should consider a small area DA (Fig. 8.2). Dividing the magnitude 

P'

Q

�A

�F

Fig. 8.2

bee80156_ch08_300-341.indd Page 303  10/16/09  12:16:52 PM user-s173 /Volumes/MHDQ-New/MHDQ152/MHDQ152-08

305

P applied at the centroid of the section and a couple M of moment 
M 5 Pd. The distribution of forces-—-and, thus, the corresponding 
distribution of stresses-—-cannot be uniform. Nor can the distribution 
of stresses be symmetric as shown in Fig. 8.3. This point will be dis-
cussed in detail in Chap. 11.

8.4 SHEARING STRESS
The internal forces and the corresponding stresses discussed in Secs. 
8.2 and 8.3 were normal to the section considered. A very different 
type of stress is obtained when transverse forces P and P9 are applied 
to a member AB (Fig. 8.7). Passing a section at C between the points 
of application of the two forces (Fig. 8.8a), we obtain the diagram 
of portion AC shown in Fig. 8.8b. We conclude that internal forces 
must exist in the plane of the section, and that their resultant is equal 
to P. These elementary internal forces are called shearing forces, and 
the magnitude P of their resultant is the shear in the section. Divid-
ing the shear P by the area A of the cross section, we obtain the 
average shearing stress in the section. Denoting the shearing stress 
by the Greek letter t (tau), we write

 
tave 5

P
A

 (8.4)

 It should be emphasized that the value obtained is an average 
value of the shearing stress over the entire section. Contrary to what 
we said earlier for normal stresses, the distribution of shearing 
stresses across the section cannot be assumed uniform. As you will 
see in Chap. 13, the actual value t of the shearing stress varies from 
zero at the surface of the member to a maximum value tmax that may 
be much larger than the average value tave.

8.4 Shearing Stress

MC
d

d

(a) (b)

P'P'

P

P

Fig. 8.6

C

P

P'

Fig. 8.5

A B

P'

P

Fig. 8.7

A C

A C

B

(a)

(b)

P

P

P�

P'

Fig. 8.8

bee80156_ch08_300-341.indd Page 305  10/16/09  12:16:58 PM user-s173 /Volumes/MHDQ-New/MHDQ152/MHDQ152-08

303 8.3 Axial Loading. Normal Stress  When U.S. customary units are used, the force P is usually 
expressed in pounds (lb) or kilopounds (kip), and the cross-sectional 
area A in square inches (in

2
). The stress s will then be expressed in 

pounds per square inch (psi) or kilopounds per square inch (ksi).†

8.3 AXIAL LOADING. NORMAL STRESS
The member shown in Fig. 8.1 in the preceding section is subject 
to forces P and P9 applied at the ends. The forces are directed along 
the axis of the member, and we say that the member is under axial 
loading. An actual example of structural members under axial loading 
is provided by the members of the bridge truss shown in Photo 8.1.

†The principal SI and U.S. customary units used in mechanics for stresses are listed in 
tables inside the front cover of this book. From this table, we note that 1 psi is approxi-
mately equal to 7 kPa, and 1 ksi is approximately equal to 7 MPa.

Photo 8.1 This bridge truss consists of two-force members that may be in 
tension or in compression.

 As shown in Fig. 8.1b, the internal force and the corresponding 
stress are perpendicular to the axis of the member; the correspond-
ing stress is described as a normal stress. Thus, formula (8.1) gives 
us the normal stress in a member under axial loading:

 
s5

P
A

 (8.1)

 We should also note that, in formula (8.1), s is obtained by 
dividing the magnitude P of the resultant of the internal forces dis-
tributed over the cross section by the area A of the cross section; it 
represents, therefore, the average value of the stress over the cross 
section, rather than the stress at a specific point of the cross section.
 To define the stress at a given point Q of the cross section, we 
should consider a small area DA (Fig. 8.2). Dividing the magnitude 

P'

Q

�A

�F

Fig. 8.2
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P applied at the centroid of the section and a couple M of moment 
M 5 Pd. The distribution of forces-—-and, thus, the corresponding 
distribution of stresses-—-cannot be uniform. Nor can the distribution 
of stresses be symmetric as shown in Fig. 8.3. This point will be dis-
cussed in detail in Chap. 11.

8.4 SHEARING STRESS
The internal forces and the corresponding stresses discussed in Secs. 
8.2 and 8.3 were normal to the section considered. A very different 
type of stress is obtained when transverse forces P and P9 are applied 
to a member AB (Fig. 8.7). Passing a section at C between the points 
of application of the two forces (Fig. 8.8a), we obtain the diagram 
of portion AC shown in Fig. 8.8b. We conclude that internal forces 
must exist in the plane of the section, and that their resultant is equal 
to P. These elementary internal forces are called shearing forces, and 
the magnitude P of their resultant is the shear in the section. Divid-
ing the shear P by the area A of the cross section, we obtain the 
average shearing stress in the section. Denoting the shearing stress 
by the Greek letter t (tau), we write

 
tave 5

P
A

 (8.4)

 It should be emphasized that the value obtained is an average 
value of the shearing stress over the entire section. Contrary to what 
we said earlier for normal stresses, the distribution of shearing 
stresses across the section cannot be assumed uniform. As you will 
see in Chap. 13, the actual value t of the shearing stress varies from 
zero at the surface of the member to a maximum value tmax that may 
be much larger than the average value tave.

8.4 Shearing Stress
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3799.10 POISSON’S RATIO
We saw in the earlier part of this chapter that, when a homogeneous 
slender bar is axially loaded, the resulting stress and strain satisfy 
Hooke’s law as long as the elastic limit of the material is not exceeded. 
Assuming that the load P is directed along the x axis (Fig. 9.33a), 
we have sx 5 PyA, where A is the cross-sectional area of the bar, 
and, from Hooke’s law,

 Px 5 sxyE (9.23)

where E is the modulus of elasticity of the material.
 We also note that the normal stresses on faces respectively 
perpendicular to the y and z axes are zero: sy 5 sz 5 0 (Fig. 9.33b). 
It would be tempting to conclude that the corresponding strains Py 
and Pz are also zero. This, however, is not the case. In all engineer-
ing materials, the elongation produced by an axial tensile force P in 
the direction of the force is accompanied by a contraction in any 
transverse direction (Fig. 9.34). In this section and the following 
sections (Secs. 9.11 through 9.13), all materials considered will be 
assumed to be both homogeneous and isotropic, i.e., their mechani-
cal properties will be assumed independent of both position and 
direction. It follows that the strain must have the same value for any 
transverse direction. Therefore, for the loading shown in Fig. 9.33 
we must have Py 5 Pz. This common value is referred to as the 
 lateral strain. An important constant for a given material is its Pois-
son’s ratio, named after the French mathematician Siméon Denis 
Poisson (1781-–-1840) and denoted by the Greek letter n (nu). It is 
defined as

 
 n 5 2

lateral strain
axial strain

 (9.24)

or

 
 n 5 2

Py

Px
5 2

Pz

Px
 (9.25)

for the loading condition represented in Fig. 9.33. Note the use 
of a minus sign in the above equations to obtain a positive value 
for v, the axial and lateral strains having opposite signs for all 
engineering materials.† Solving Eq. (9.25) for Py and Pz, and recall-
ing (9.23), we write the following relations, which fully describe 
the condition of strain under an axial load applied in a direction 
parallel to the x axis:

 
Px 5

sx

E
      Py 5 Pz 5 2

nsx

E
 (9.26)

†However, some experimental materials, such as polymer foams, expand laterally when 
stretched. Since the axial and lateral strains have then the same sign, the Poisson’s ratio 
of these materials is negative. (See Roderic Lakes, “Foam Structures with a Negative 
Poisson’s Ratio,” Science, 27 February 1987, Volume 235, pp. 1038–1040.)
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449Suppose that the member is divided into a large number of 
small cubic elements with faces respectively parallel to the three 
coordinate planes. The property we have established requires that 
these elements be transformed as shown in Fig. 11.9 when the 
 member is subjected to the couples M and M9. Since all the faces 
represented in the two projections of Fig. 11.9 are at 908 to each 
other, we conclude that gxy 5 gzx 5 0 and, thus, that txy 5 txz 5 0. 
Regarding the three stress components that we have not yet dis-
cussed, namely, sy, sz, and tyz, we note that they must be zero on 
the surface of the member. Since, on the other hand, the deforma-
tions involved do not require any interaction between the elements 
of a given transverse cross section, we can assume that these three 
stress components are equal to zero throughout the member. This 
assumption is verified, both from experimental evidence and from 
the theory of elasticity, for slender members undergoing small defor-
mations. We conclude that the only nonzero stress component 
exerted on any of the small cubic elements considered here is the 
normal component sx. Thus, at any point of a slender member in 
pure bending, we have a state of uniaxial stress. Recalling that, for 
M . 0, lines AB and A9B9 are observed, respectively, to decrease 
and increase in length, we note that the strain Px and the stress sx 
are negative in the upper portion of the member (compression) and 
positive in the lower portion (tension).

It follows from the above that there must exist a surface paral-
lel to the upper and lower faces of the member, where Px and sx 
are zero. This surface is called the neutral surface. The neutral 
surface intersects the plane of symmetry along an arc of circle DE 
(Fig. 11.10a), and it intersects a transverse section along a straight 
line called the neutral axis of the section (Fig. 11.10b). The origin 
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of coordinates will now be selected on the neutral surface, rather 
than on the lower face of the member as done earlier, so that the 
distance from any point to the neutral surface will be measured by 
its coordinate y.

11.3 Deformations in a Symmetric Member 
in Pure Bending
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its coordinate y.
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 )Axial Stress( 7-2             تنش محوری
 P میله منشوری مطابق شکل )7 –7( را در نظر بگیرید که تحت تاثیر نیروی کششی

واقع شده است.
به نظر شما اثر نیروی P در یک مقطع دلخواه مانند )a-a( به چه صورت خواهد بود؟

P
A
±σ = )1-7( 

 )a-a( مقطع  در  ذرة جسم  هر  که  نمود  تصور  این طور  باید  این سوال  به  پاسخ  در 
مقداری از نیروی P را تحمل می نماید و اثر این نیرو در مقطع )a-a(، مطابق شکل )7-8(، به 

صورت نیروهای گسترده دیده می شود.

بنابراین  می شود.  گفته  تنش   )a-a( مقطع  در سطح  موجود  گسترده  نیروهای  این  به 
می توان گفت: 

»نیروی وارد به واحد سطح، تنش نامیده می شود« 
چنان چه نیروی وارده نیروی محوری باشد، تنش ایجاد شده را تنش محوری نامیده و 

با رابطه زیر تعریف می شود.

شکل 7-7

شکل 8-7

σ : تنش محوری )فشاری یا کششی(
 P : نیروی محوری )کششی با علامت + و فشاری با علامت - (

 A : سطح مقطع

So long as the resultant force at each end of the bar is applied at the centroid of the
end cross section, the last assumption—that the loads are applied as uniform nor-
mal stress distributions on the end cross sections—can be relaxed. As illustrated in
Fig. 2.2 a–d, the stress is uniform on every cross section, except on cross sections that
are very near the points of application of load. This is an application of Saint-
Venant’s Principle, which is discussed further in Section 2.10.

The uniform, prismatic bar in Fig. 2.4a is labeled as member ‘‘i’’ and is subjected
to equal and opposite axial forces Fi acting through the centroids at its ends. Its
cross-sectional area is Ai.

The normal stress on cross sections of an axially loaded member, like the one in
Fig. 2.4, is called the axial stress. Since, from the free-body diagram in Fig. 2.4b, the
resultant force, F(x), on every cross section of the bar is equal to the applied load
Fi, and since the cross-sectional area is constant, from Eq. 2.4 we get the following
formula for the uniform axial stress:

(2.5)

Example 2.3 shows one application of the axial-stress equation. You will find
several other examples in the computer program, MDSolids, which accompanies
this book.

Axial-
Stress
Equation

si �  
Fi

Ai
� const

29
Normal Stress

E X A M P L E  2 . 3

Two solid circular rods are welded to a plate at B to form a single rod, as
shown in Fig. 1. Consider the 30-kN force at B to be uniformly distrib-
uted around the circumference of the collar at B and the 10 kN load at
C to be applied at the centroid of the end cross section. Determine the
axial stress in each portion of the rod.

d1 = 20 mm

d2 = 15 mm

30 kN 10 kN(2)

(1)

A
B

C

Fig. 1

C

xi

Fi

F(x) = Fi

σ

(a) (b)

Fi

Fi

FIGURE 2.4 Uniform
stress in an axially loaded
prismatic bar.
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Venant’s Principle, which is discussed further in Section 2.10.

The uniform, prismatic bar in Fig. 2.4a is labeled as member ‘‘i’’ and is subjected
to equal and opposite axial forces Fi acting through the centroids at its ends. Its
cross-sectional area is Ai.

The normal stress on cross sections of an axially loaded member, like the one in
Fig. 2.4, is called the axial stress. Since, from the free-body diagram in Fig. 2.4b, the
resultant force, F(x), on every cross section of the bar is equal to the applied load
Fi, and since the cross-sectional area is constant, from Eq. 2.4 we get the following
formula for the uniform axial stress:

(2.5)

Example 2.3 shows one application of the axial-stress equation. You will find
several other examples in the computer program, MDSolids, which accompanies
this book.

Axial-
Stress
Equation

si �  
Fi

Ai
� const

29
Normal Stress

E X A M P L E  2 . 3

Two solid circular rods are welded to a plate at B to form a single rod, as
shown in Fig. 1. Consider the 30-kN force at B to be uniformly distrib-
uted around the circumference of the collar at B and the 10 kN load at
C to be applied at the centroid of the end cross section. Determine the
axial stress in each portion of the rod.

d1 = 20 mm

d2 = 15 mm

30 kN 10 kN(2)

(1)

A
B

C

Fig. 1

C

xi

Fi

F(x) = Fi

σ

(a) (b)

Fi

Fi

FIGURE 2.4 Uniform
stress in an axially loaded
prismatic bar.
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شکل 9-7

مثال 1
ستونی کوتاه مطابق شکل روبه رو تحت تاثیر نیروی 

قرار دارد. P=250KN محوری
وزن  )از  ستون  پای  در  تنش  محاسبه  مطلوب است 

ستون صرف نظر شود(.

P KN N
dA mm

P N/ MPa
A mm

2 2
2

2

250 250 1000 250000
200 31400

4 4
250000 7 96
31400

= − = − × = −
π π×= = =

−σ = = ⇒ σ = − یا

PROBLEMS

374

9.25 An axial force of 60 kN is applied to the assembly shown by means 
of rigid end plates. Determine (a) the normal stress in the brass 
shell, (b) the corresponding deformation of the assembly.

250 mm

5 mm5 mm

5 mm5 mm
20 mm20 mm

Steel core
E � 200 GPa

Brass shell
E � 105 GPa

Fig. P9.25 and P9.26

9.26 The length of the assembly decreases by 0.15 mm when an axial 
force is applied by means of rigid end plates. Determine (a) the 
magnitude of the applied force, (b) the corresponding stress in the 
steel core.

9.27 The 4.5-ft concrete post is reinforced with six steel bars, each 
with a 11

8-in. diameter. Knowing that Es 5 29 3 106 psi and Ec 5 
4.2 3 106 psi, determine the normal stresses in the steel and in 
the concrete when a 350-kip axial centric force P is applied to 
the post.

4    ft

18 in.

1
2

P

Fig. P9.27
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P=250 KN

200 mm

حل:

نیروی P فشاری است:

علامت منفی نشانگر آن است که تنش محوری ایجاد شده فشاری می باشد.
در صورتی که جسم دارای مقطع متفاوت باشد )شکل 7-9- الف( و یا بارگذاری در نقاط 
مختلف آن انجام شود )شکل  7-9- ب( تنش در هر قسمت از جسم متفاوت بوده و باید 
نیرو و مساحت هر قسمت را جداگانه تعیین و از رابطة )7-1( تنش را در هر قسمت محاسبه 

نمود.

)پاسکالPa( می باشد و بهتر است به منظور  N
m2 واحد تنش در سیستم SI با توجه به رابطۀ آن،

)مگاپاسکالMPa( استفاده شود. N
mm2 هماهنگی با آئین نامه ها در محاسبات از واحد

نکته: 
σ  مثبت می باشد. اگر نیروی محوری )P( کششی باشد تنش ایجادشده تنش کششی خواهد بود و

σ منفی می باشد. اگر نیروی محوری )P( فشاری باشد تنش ایجادشده تنش فشاری خواهد بود و
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P
rob.2.2-8.
A
 colum
n in a tw
o-story building is fabricated

from
 square structural tubing having the cross-sectional di-

m
ensions show
n in Fig.P
2.2-8b.A
xial loads P
A
�

200 kN

and P
B
�
350 kN
 are applied to the colum
n at levels A
 and

B
,as show
n in Fig.P
2.2-8a.D
eterm
ine the axial stress �
1
in

segm
ent A
B
 of the colum
n and the axial stress �
2in segm
ent

B
C
 of the colum
n.N
eglect the w
eight of the colum
n itself.

P
rob.
2.2-6.
T
he three-part axially loaded m
em
ber in Fig.

P
2.2-6 consists of a tubular segm
ent (1) w
ith outer diam
eter

(d
o)
1
�
1.00 in.and inner diam
eter (d
i)
1
�
0.75 in.,a solid

circular rod segm
ent (2) w
ith diam
eter d
2
�

1.00 in.,
and

another solid circular rod segm
ent (3) w
ith diam
eter d
3
�

0.75 in.T
he line of action of each of the three applied loads

is along the centroidal axis of the m
em
ber.D
eterm
ine the

axial stresses �
1,
�
2,and �
3
in each of the three respective

segm
ents.

50 kN

150 kN

A

d
1

d
2

B

C

(1)

(2)

P2.2-5

2 kips

(1)

(2)

(3)

2 kips

3 kips

0.75 in

0.75 in.

1.00 in.

P2.2-6

P
rob.
2.2-7.
A
t a local m
arina the dock is supported on

w
ood piling in the m
anner show
n in Fig.
P
2.2-7a.
T
he top

part,A
B
,of one pile is above the norm
al w
aterline;the m
id-

dle part,B
C
,is in direct contact w
ith the w
ater;and the part

below
 C
 is underground.T
he original diam
eter of the pile is

d
0
�
12 in.,but action of the w
ater and insects has reduced

the diam
eter of the pile over the part B
C
.(a) If the axial

force that the deck exerts on this pile is P
 �
200 kips,w
hat

is the axial stress in A
B
?
N
eglect the w
eight of the pile itself.

(b) A
n inspector estim
ates that the diam
eter of the pile in

segm
ent B
C
 has been eroded by 5%
.W
hat axial stress does

the deck load of P
 �
200 kips produce in this dam
aged part

of the pile? (c) If the m
axim
um
 axial stress allow
ed in the

w
ood piles is 7.5 ksi (in com
pression),w
hat is the m
axim
um

deck load that this dam
aged pile can support?

(a)

(b)
d
1 =

 d
0

d
2

(1)

A
P

B C

(2)

P2.2-7

(1)
(2)

A B C

P
B =
 350 kN

P
A =
 200 kN

200 m
m

200 m
m

150 m
m

150 m
m

t 1 =
 12 m
m

t 2 =
 15 m
m

(b)

(a)

P2.2-8

P
rob.
2.2-9.
A
 rigid beam
 A
B
 of total length 3 m
 is sup-

ported by vertical rods at its ends,and it supports a dow
n-

w
ard load at C
 of P
 �
60 kN
,as show
n in Fig.P
2.2-9.T
he

diam
eters of the steel hanger rods are d
1
�
25 m
m
 and d
2
�

20 m
m
.N
eglect the w
eight of beam
 A
B
 and the rods.(a) If

the load is located at x �
1 m
,w
hat are the stresses �
1a
and

�
2ain the respective hanger rods.(b) A
t w
hat distance x from

A
 m
ust the load be placed such that �
2
�
�
1,and w
hat is the

corresponding axial stress,�
1b
�
�
2b,in the rods?

A

B

C
P
 =
 60 kN

(1)

2 m

3 m

3 m

x

"R
igid"(2)

P2.2-9

P
rob.2.2-10.
A
 12-ft beam
 A
B
 that w
eighs W
b
�
180 lb sup-

ports an air conditioner that w
eighs W
a
�
1000 lb.T
he beam
,

in turn,is supported by hanger rods (1) and (2),as show
n in

Fig.P
2.2-10.(a) If the diam
eter of rod (1) is 
in.,w
hat is the

3 8
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P
rob.2.2-8.
A
 colum
n in a tw
o-story building is fabricated

from
 square structural tubing having the cross-sectional di-

m
ensions show
n in Fig.P
2.2-8b.A
xial loads P
A
�

200 kN

and P
B
�
350 kN
 are applied to the colum
n at levels A
 and

B
,as show
n in Fig.P
2.2-8a.D
eterm
ine the axial stress �
1
in

segm
ent A
B
 of the colum
n and the axial stress �
2in segm
ent

B
C
 of the colum
n.N
eglect the w
eight of the colum
n itself.

P
rob.
2.2-6.
T
he three-part axially loaded m
em
ber in Fig.

P
2.2-6 consists of a tubular segm
ent (1) w
ith outer diam
eter

(d
o)
1
�
1.00 in.and inner diam
eter (d
i)
1
�
0.75 in.,a solid

circular rod segm
ent (2) w
ith diam
eter d
2
�

1.00 in.,
and

another solid circular rod segm
ent (3) w
ith diam
eter d
3
�

0.75 in.T
he line of action of each of the three applied loads

is along the centroidal axis of the m
em
ber.D
eterm
ine the

axial stresses �
1,
�
2,and �
3
in each of the three respective

segm
ents.
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150 kN

A

d
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d
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P2.2-5

2 kips

(1)

(2)

(3)
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0.75 in

0.75 in.

1.00 in.

P2.2-6

P
rob.
2.2-7.
A
t a local m
arina the dock is supported on

w
ood piling in the m
anner show
n in Fig.
P
2.2-7a.
T
he top

part,A
B
,of one pile is above the norm
al w
aterline;the m
id-

dle part,B
C
,is in direct contact w
ith the w
ater;and the part

below
 C
 is underground.T
he original diam
eter of the pile is

d
0
�
12 in.,but action of the w
ater and insects has reduced

the diam
eter of the pile over the part B
C
.(a) If the axial

force that the deck exerts on this pile is P
 �
200 kips,w
hat

is the axial stress in A
B
?
N
eglect the w
eight of the pile itself.

(b) A
n inspector estim
ates that the diam
eter of the pile in

segm
ent B
C
 has been eroded by 5%
.W
hat axial stress does

the deck load of P
 �
200 kips produce in this dam
aged part

of the pile? (c) If the m
axim
um
 axial stress allow
ed in the

w
ood piles is 7.5 ksi (in com
pression),w
hat is the m
axim
um

deck load that this dam
aged pile can support?

(a)

(b)
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d
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B C
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m
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m

t 1 =
 12 m
m

t 2 =
 15 m
m

(b)

(a)

P2.2-8

P
rob.
2.2-9.
A
 rigid beam
 A
B
 of total length 3 m
 is sup-

ported by vertical rods at its ends,and it supports a dow
n-

w
ard load at C
 of P
 �
60 kN
,as show
n in Fig.P
2.2-9.T
he

diam
eters of the steel hanger rods are d
1
�
25 m
m
 and d
2
�

20 m
m
.N
eglect the w
eight of beam
 A
B
 and the rods.(a) If

the load is located at x �
1 m
,w
hat are the stresses �
1a
and

�
2ain the respective hanger rods.(b) A
t w
hat distance x from

A
 m
ust the load be placed such that �
2
�
�
1,and w
hat is the

corresponding axial stress,�
1b
�
�
2b,in the rods?

A

B

C
P
 =
 60 kN

(1)

2 m

3 m

3 m

x

"R
igid"(2)

P2.2-9

P
rob.2.2-10.
A
 12-ft beam
 A
B
 that w
eighs W
b
�
180 lb sup-

ports an air conditioner that w
eighs W
a
�
1000 lb.T
he beam
,

in turn,is supported by hanger rods (1) and (2),as show
n in

Fig.P
2.2-10.(a) If the diam
eter of rod (1) is 
in.,w
hat is the
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below
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 is underground.T
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12 in.,but action of the w
ater and insects has reduced
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C
.(a) If the axial

force that the deck exerts on this pile is P
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is the axial stress in A
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(b) A
n inspector estim
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n in Fig.P
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he
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eters of the steel hanger rods are d
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 and d
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eglect the w
eight of beam
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 and the rods.(a) If

the load is located at x �
1 m
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hat are the stresses �
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and
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2ain the respective hanger rods.(b) A
t w
hat distance x from
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ust the load be placed such that �
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2b,in the rods?
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 that w
eighs W
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180 lb sup-

ports an air conditioner that w
eighs W
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n in

Fig.P
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o-story building is fabricated

from
 square structural tubing having the cross-sectional di-

m
ensions show
n in Fig.P
2.2-8b.A
xial loads P
A
�

200 kN

and P
B
�
350 kN
 are applied to the colum
n at levels A
 and

B
,as show
n in Fig.P
2.2-8a.D
eterm
ine the axial stress �
1
in

segm
ent A
B
 of the colum
n and the axial stress �
2in segm
ent

B
C
 of the colum
n.N
eglect the w
eight of the colum
n itself.

P
rob.
2.2-6.
T
he three-part axially loaded m
em
ber in Fig.

P
2.2-6 consists of a tubular segm
ent (1) w
ith outer diam
eter

(d
o)
1
�
1.00 in.and inner diam
eter (d
i)
1
�
0.75 in.,a solid

circular rod segm
ent (2) w
ith diam
eter d
2
�

1.00 in.,
and

another solid circular rod segm
ent (3) w
ith diam
eter d
3
�

0.75 in.T
he line of action of each of the three applied loads

is along the centroidal axis of the m
em
ber.D
eterm
ine the

axial stresses �
1,
�
2,and �
3
in each of the three respective

segm
ents.

50 kN

150 kN

A

d
1

d
2

B

C

(1)

(2)

P2.2-5

2 kips

(1)

(2)

(3)

2 kips

3 kips

0.75 in

0.75 in.

1.00 in.

P2.2-6

P
rob.
2.2-7.
A
t a local m
arina the dock is supported on

w
ood piling in the m
anner show
n in Fig.
P
2.2-7a.
T
he top

part,A
B
,of one pile is above the norm
al w
aterline;the m
id-

dle part,B
C
,is in direct contact w
ith the w
ater;and the part

below
 C
 is underground.T
he original diam
eter of the pile is

d
0
�
12 in.,but action of the w
ater and insects has reduced

the diam
eter of the pile over the part B
C
.(a) If the axial

force that the deck exerts on this pile is P
 �
200 kips,w
hat

is the axial stress in A
B
?
N
eglect the w
eight of the pile itself.

(b) A
n inspector estim
ates that the diam
eter of the pile in

segm
ent B
C
 has been eroded by 5%
.W
hat axial stress does

the deck load of P
 �
200 kips produce in this dam
aged part

of the pile? (c) If the m
axim
um
 axial stress allow
ed in the

w
ood piles is 7.5 ksi (in com
pression),w
hat is the m
axim
um

deck load that this dam
aged pile can support?

(a)

(b)
d
1 =

 d
0

d
2

(1)

A
P

B C

(2)

P2.2-7

(1)
(2)

A B C

P
B =
 350 kN

P
A =
 200 kN

200 m
m

200 m
m

150 m
m

150 m
m

t 1 =
 12 m
m

t 2 =
 15 m
m

(b)

(a)

P2.2-8

P
rob.
2.2-9.
A
 rigid beam
 A
B
 of total length 3 m
 is sup-

ported by vertical rods at its ends,and it supports a dow
n-

w
ard load at C
 of P
 �
60 kN
,as show
n in Fig.P
2.2-9.T
he

diam
eters of the steel hanger rods are d
1
�
25 m
m
 and d
2
�

20 m
m
.N
eglect the w
eight of beam
 A
B
 and the rods.(a) If

the load is located at x �
1 m
,w
hat are the stresses �
1a
and

�
2ain the respective hanger rods.(b) A
t w
hat distance x from

A
 m
ust the load be placed such that �
2
�
�
1,and w
hat is the

corresponding axial stress,�
1b
�
�
2b,in the rods?

A

B

C
P
 =
 60 kN

(1)

2 m

3 m

3 m

x

"R
igid"(2)

P2.2-9

P
rob.2.2-10.
A
 12-ft beam
 A
B
 that w
eighs W
b
�
180 lb sup-

ports an air conditioner that w
eighs W
a
�
1000 lb.T
he beam
,

in turn,is supported by hanger rods (1) and (2),as show
n in

Fig.P
2.2-10.(a) If the diam
eter of rod (1) is 
in.,w
hat is the

3 8
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P
rob.2.2-8.

A
 colum

n in a tw
o-story building is fabricated

from
 square structural tubing having the cross-sectional di-

m
ensions show

n in Fig.P
2.2-8b.A

xial loads P
A

�
200 kN

and P
B

�
350 kN

 are applied to the colum
n at levels A

 and
B

,as show
n in Fig.P

2.2-8a.D
eterm

ine the axial stress �
1

in
segm

ent A
B

 of the colum
n and the axial stress �

2 in segm
ent

B
C

 of the colum
n.N

eglect the w
eight of the colum

n itself.

P
rob.

2.2-6.
T

he three-part axially loaded m
em

ber in Fig.
P

2.2-6 consists of a tubular segm
ent (1) w

ith outer diam
eter

(d
o )

1
�

1.00 in.and inner diam
eter (d

i )
1

�
0.75 in.,a solid

circular rod segm
ent (2) w

ith diam
eter d

2
�

1.00 in.,
and

another solid circular rod segm
ent (3) w

ith diam
eter d

3
�

0.75 in.T
he line of action of each of the three applied loads

is along the centroidal axis of the m
em

ber.D
eterm

ine the
axial stresses �

1 ,
�

2 ,and �
3

in each of the three respective
segm

ents.

50 kN

150 kN
A

d
1

d
2

B
C

(1)
(2)

P2.2-5

2 kips

(1)
(2)

(3)

2 kips

3 kips
0.75 in

0.75 in.
1.00 in.

P2.2-6

P
rob.

2.2-7.
A

t a local m
arina the dock is supported on

w
ood piling in the m

anner show
n in Fig.

P
2.2-7a.

T
he top

part,A
B

,of one pile is above the norm
al w

aterline;the m
id-

dle part,B
C

,is in direct contact w
ith the w

ater;and the part
below

 C
 is underground.T

he original diam
eter of the pile is

d
0

�
12 in.,but action of the w

ater and insects has reduced
the diam

eter of the pile over the part B
C

.(a) If the axial
force that the deck exerts on this pile is P

 �
200 kips,w

hat
is the axial stress in A

B
?

N
eglect the w

eight of the pile itself.
(b) A

n inspector estim
ates that the diam

eter of the pile in
segm

ent B
C

 has been eroded by 5%
.W

hat axial stress does
the deck load of P

 �
200 kips produce in this dam

aged part
of the pile? (c) If the m

axim
um

 axial stress allow
ed in the

w
ood piles is 7.5 ksi (in com

pression),w
hat is the m

axim
um

deck load that this dam
aged pile can support?

(a)
(b)

d
1  =

 d
0

d
2

(1)

A

P

BC

(2)

P2.2-7

(1)

(2)

ABC

P
B  =

 350 kN

P
A  =

 200 kN

200 m
m

200 m
m

150 m
m

150 m
m

t1  =
 12 m

m

t2  =
 15 m

m

(b)
(a)

P2.2-8

P
rob.

2.2-9.
A

 rigid beam
 A

B
 of total length 3 m

 is sup-
ported by vertical rods at its ends,and it supports a dow

n-
w

ard load at C
 of P

 �
60 kN

,as show
n in Fig.P

2.2-9.T
he

diam
eters of the steel hanger rods are d

1
�

25 m
m

 and d
2

�
20 m

m
.N

eglect the w
eight of beam

 A
B

 and the rods.(a) If
the load is located at x �

1 m
,w

hat are the stresses �
1a

and
�

2a in the respective hanger rods.(b) A
t w

hat distance x from
A

 m
ust the load be placed such that �

2
�

�
1 ,and w

hat is the
corresponding axial stress,�

1b
�

�
2b ,in the rods?

A
B

C

P
 =

 60 kN

(1)

2 m

3 m

3 m

x
"R

igid" (2)

P2.2-9

P
rob.2.2-10.

A
 12-ft beam

 A
B

 that w
eighs W

b
�

180 lb sup-
ports an air conditioner that w

eighs W
a

�
1000 lb.T

he beam
,

in turn,is supported by hanger rods (1) and (2),as show
n in

Fig.P
2.2-10.(a) If the diam

eter of rod (1) is 
in.,w

hat is the
38
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P
rob.2.2-8.

A
 colum

n in a tw
o-story building is fabricated

from
 square structural tubing having the cross-sectional di-

m
ensions show

n in Fig.P
2.2-8b.A

xial loads P
A

�
200 kN

and P
B

�
350 kN

 are applied to the colum
n at levels A

 and
B

,as show
n in Fig.P

2.2-8a.D
eterm

ine the axial stress �
1

in
segm

ent A
B

 of the colum
n and the axial stress �

2 in segm
ent

B
C

 of the colum
n.N

eglect the w
eight of the colum

n itself.

P
rob.

2.2-6.
T

he three-part axially loaded m
em

ber in Fig.
P

2.2-6 consists of a tubular segm
ent (1) w

ith outer diam
eter

(d
o )

1
�

1.00 in.and inner diam
eter (d

i )
1

�
0.75 in.,a solid

circular rod segm
ent (2) w

ith diam
eter d

2
�

1.00 in.,
and

another solid circular rod segm
ent (3) w

ith diam
eter d

3
�

0.75 in.T
he line of action of each of the three applied loads

is along the centroidal axis of the m
em

ber.D
eterm

ine the
axial stresses �

1 ,
�

2 ,and �
3

in each of the three respective
segm

ents.
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P
rob.

2.2-7.
A

t a local m
arina the dock is supported on

w
ood piling in the m

anner show
n in Fig.

P
2.2-7a.

T
he top

part,A
B

,of one pile is above the norm
al w

aterline;the m
id-

dle part,B
C

,is in direct contact w
ith the w

ater;and the part
below

 C
 is underground.T

he original diam
eter of the pile is

d
0

�
12 in.,but action of the w

ater and insects has reduced
the diam

eter of the pile over the part B
C

.(a) If the axial
force that the deck exerts on this pile is P

 �
200 kips,w

hat
is the axial stress in A

B
?

N
eglect the w

eight of the pile itself.
(b) A

n inspector estim
ates that the diam

eter of the pile in
segm

ent B
C

 has been eroded by 5%
.W

hat axial stress does
the deck load of P

 �
200 kips produce in this dam

aged part
of the pile? (c) If the m

axim
um

 axial stress allow
ed in the

w
ood piles is 7.5 ksi (in com

pression),w
hat is the m

axim
um

deck load that this dam
aged pile can support?

(a)
(b)

d
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0
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(1)

A

P

BC

(2)
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(2)

ABC
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 350 kN
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 200 kN
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m
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t1  =
 12 m
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 15 m

m

(b)
(a)

P2.2-8

P
rob.

2.2-9.
A

 rigid beam
 A

B
 of total length 3 m

 is sup-
ported by vertical rods at its ends,and it supports a dow

n-
w

ard load at C
 of P

 �
60 kN

,as show
n in Fig.P

2.2-9.T
he

diam
eters of the steel hanger rods are d

1
�

25 m
m

 and d
2

�
20 m

m
.N

eglect the w
eight of beam

 A
B

 and the rods.(a) If
the load is located at x �

1 m
,w

hat are the stresses �
1a

and
�

2a in the respective hanger rods.(b) A
t w

hat distance x from
A

 m
ust the load be placed such that �

2
�

�
1 ,and w

hat is the
corresponding axial stress,�

1b
�

�
2b ,in the rods?

A
B

C

P
 =

 60 kN

(1)

2 m

3 m

3 m

x
"R

igid" (2)

P2.2-9

P
rob.2.2-10.

A
 12-ft beam

 A
B

 that w
eighs W

b
�

180 lb sup-
ports an air conditioner that w

eighs W
a

�
1000 lb.T

he beam
,

in turn,is supported by hanger rods (1) and (2),as show
n in

Fig.P
2.2-10.(a) If the diam

eter of rod (1) is 
in.,w

hat is the
38

90

 
 
c
0
2
S
t
r
e
s
s
A
n
d
S
t
r
a
i
n
I
n
t
r
o
d
u
c
t
i
o
n
T
o
D
e
s
i
g
n
.
q
x
d
 
 
9
/
3
0
/
1
0
 
 
3
:
2
2
 
P
M
 
 
P
a
g
e
 
9
0

P KN N
D /A / mm

P / MPa
A /

2 2
2

1 1

20 20000
3 14 50 1962 5

4 4
20000 10 19

1962 5

 = =

 π ×= = =

σ = = ⇒ σ =

مثال 2
نیروهای نشان داده شده قرار دارد. مطلوب است محاسبۀ  تأثیر  جسمی مطابق شکل تحت 

تنش در هر قسمت از جسم.

N
O

R
M

A
L

 ST
R

E
SS;A

X
IA

L
 

ST
R

E
SS

m
em

ber.
(a) D

eterm
ine the coordinates y

R
and z

R
of the

point w
here the tensile load P

 m
ust act in order to produce

uniform
 tensile stress in the cross section of the structural

angle,and (b) determ
ine the m

agnitude of that tensile stress
if P

 �
18 kips.

2.15
PRO

BLEM
S

For all problem
s in Section 2.2,

assum
e unknow

n axial
forces to be positive in tension.A

s in E
xam

ples 2.1 and
2.2,label tensile-stress answ

ers w
ith (T

) and com
pressive-

stress answ
ers w

ith (C
).

P
rob.

2.2-1.
A

 1-in.-diam
eter solid bar (1),

a square solid
bar (2),

and a circular tubular m
em

ber w
ith 0.2-in.

w
all

thickness (3),each supports an axial tensile load of 5 kips.
(a) D

eterm
ine the axial stress in bar (1).

(b) If the axial
stress in each of the other bars is 6 ksi,w

hat is the dim
ension,

b,of the square bar,and w
hat is the outer diam

eter,c,of the
tubular m

em
ber?

M
D

S 2.1–2.4
▼

1 in.

(1)
(2)

(3)

b
c

t  =
 0.2 in.

bP2.2-1

P
rob.2.2-2.

T
he structural tee show

n in Fig.P
2.2-2 supports

a com
pressive load P

 �
200 kN

.(a) D
eterm

ine the coordi-
nate y

R
of the point R

 in the cross section w
here the load

m
ust act in order to produce uniform

 com
pressive axial

stress in the m
em

ber,and (b) determ
ine the m

agnitude of
that com

pressive stress.

10 m
m

z

P

P

75m
m

75m
m

y

y
R

120 m
m

15 m
m

(a)

(b) R

P
rob.

2.2-3.
A

 steel plate is w
elded onto each end of the

structural angle in Fig.P
2.2-3 so that a load can be applied

at point R
,w

here it w
ill produce uniform

 axial stress in the

P2.2-2

P
P

y

z

(b) R
4 in.

3 in.

0.5 in.

0.5 in.

E
nd plate

P2.2-3

P
rob.

2.2-4.
C

onsider 
the 

free-hanging 
rod 

show
n 

in 
Fig.P

2.2-4.T
he rod has the shape of a conical frustum

,w
ith

radius R
0 at its top and radius R

L
at its bottom

,and it is m
ade

of m
aterial w

ith m
ass density �.T

he length of the rod is L
.

D
eterm

ine an expression for the norm
al stress,

�
(x),at an

arbitrary cross section x
(0 �

x
�

L
),w

here x
is m

easured
dow

nw
ard from

 the top of the rod.

P
rob.2.2-5.

A
 solid brass rod A

B
 and a solid alum

inum
 rod

B
C

 are connected together by a coupler at B
,

as show
n in

Fig.P
2.2-5.T

he diam
eters of the tw

o segm
ents are d

1
�

60 m
m

and d
2

�
50 m

m
,respectively.D

eterm
ine the axial stresses �

1

(in rod A
B

)
and �

2
(in rod B

C
).
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مقطع 1-1

N
O

R
M

A
L

 ST
R

E
SS;A

X
IA

L
 

ST
R

E
SS

m
em

ber.
(a) D

eterm
ine the coordinates y

R
and z

R
of the

point w
here the tensile load P

 m
ust act in order to produce

uniform
 tensile stress in the cross section of the structural

angle,and (b) determ
ine the m

agnitude of that tensile stress
if P

 �
18 kips.

2.15
PRO

BLEM
S

For all problem
s in Section 2.2,

assum
e unknow

n axial
forces to be positive in tension.A

s in E
xam

ples 2.1 and
2.2,label tensile-stress answ

ers w
ith (T

) and com
pressive-

stress answ
ers w

ith (C
).

P
rob.

2.2-1.
A

 1-in.-diam
eter solid bar (1),

a square solid
bar (2),

and a circular tubular m
em

ber w
ith 0.2-in.

w
all

thickness (3),each supports an axial tensile load of 5 kips.
(a) D

eterm
ine the axial stress in bar (1).

(b) If the axial
stress in each of the other bars is 6 ksi,w

hat is the dim
ension,

b,of the square bar,and w
hat is the outer diam

eter,c,of the
tubular m

em
ber?

M
D

S 2.1–2.4
▼

1 in.

(1)
(2)

(3)

b
c

t =
 0.2 in.

bP2.2-1

P
rob.2.2-2.

T
he structural tee show

n in Fig.P
2.2-2 supports

a com
pressive load P

 �
200 kN

.(a) D
eterm

ine the coordi-
nate y

R
of the point R

 in the cross section w
here the load

m
ust act in order to produce uniform

 com
pressive axial

stress in the m
em

ber,and (b) determ
ine the m

agnitude of
that com

pressive stress.

10 m
m

z

P

P

75m
m

75m
m

y

y
R

120 m
m

15 m
m

(a)

(b) R

P
rob.

2.2-3.
A

 steel plate is w
elded onto each end of the

structural angle in Fig.P
2.2-3 so that a load can be applied

at point R
,w

here it w
ill produce uniform

 axial stress in the

P2.2-2

P
P

y

z

(b) R
4 in.

3 in.

0.5 in.

0.5 in.

E
nd plate

P2.2-3

P
rob.

2.2-4.
C

onsider 
the 

free-hanging 
rod 

show
n 

in 
Fig.P

2.2-4.T
he rod has the shape of a conical frustum

,w
ith

radius R
0 at its top and radius R

L
at its bottom

,and it is m
ade

of m
aterial w

ith m
ass density �.T

he length of the rod is L
.

D
eterm

ine an expression for the norm
al stress,

�
(x),at an

arbitrary cross section x
(0 �

x
�

L
),w

here x
is m

easured
dow

nw
ard from

 the top of the rod.

P
rob.2.2-5.

A
 solid brass rod A

B
 and a solid alum

inum
 rod

B
C

 are connected together by a coupler at B
,

as show
n in

Fig.P
2.2-5.T

he diam
eters of the tw

o segm
ents are d

1
�

60 m
m

and d
2

�
50 m

m
,respectively.D

eterm
ine the axial stresses �

1

(in rod A
B

)
and �

2
(in rod B

C
).
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NORM
AL STRESS; AXIAL 

STRESS

m
em

ber. (a) D
eterm

ine the coordinates y
R and z

R of the

point where the tensile load P m
ust act in order to produce

uniform
 tensile stress in the cross section of the structural

angle, and (b) determ
ine the m

agnitude of that tensile stress

if P �
18 kips.

2.15
PROBLEM

S
For all problems in Section 2.2, assume unknown axial

forces to be positive in tension. As in Examples 2.1 and

2.2, label tensile-stress answers with (T) and compressive-

stress answers with (C).

Prob. 2.2-1. A
 1-in.-diam

eter solid bar (1), a square solid

bar (2), and a circular tubular m
em

ber with 0.2-in. wall

thickness (3), each supports an axial tensile load of 5 kips.

(a) D
eterm

ine the axial stress in bar (1). (b) If the axial

stress in each of the other bars is 6 ksi, what is the dim
ension,

b, of the square bar, and what is the outer diam
eter, c, of the

tubular m
em

ber?

M
DS 2.1–2.4

▼

1 in.

(1)

(2)

(3)

b

c

t = 0.2 in.

b

P2.2-1

Prob. 2.2-2. The structural tee shown in Fig. P2.2-2 supports

a com
pressive load P �

200 kN. (a) D
eterm

ine the coordi-

nate y
R of the point R in the cross section where the load

m
ust act in order to produce uniform

 com
pressive axial

stress in the m
em

ber, and (b) determ
ine the m

agnitude of

that com
pressive stress.

10 mm
z

P

P

75mm

75mm

y

y
R

120 mm

15 mm

(a)

(b)

R

Prob. 2.2-3. A
 steel plate is welded onto each end of the

structural angle in Fig. P2.2-3 so that a load can be applied

at point R, where it will produce uniform
 axial stress in the

P2.2-2

P

P

y

z

(b)

R

4 in.

3 in.
0.5 in.

0.5 in.

End plate

P2.2-3

Prob.
2.2-4. Consider the free-hanging rod shown in 

Fig. P2.2-4. The rod has the shape of a conical frustum
, with

radius R
0 at its top and radius R

L at its bottom
, and it is m

ade

of m
aterial with m

ass density �. The length of the rod is L.

D
eterm

ine an expression for the norm
al stress, �(x), at an

arbitrary cross section x
(0 �

x
�

L), where x
is m

easured

downward from
 the top of the rod.

Prob. 2.2-5. A
 solid brass rod AB and a solid alum

inum
 rod

BC are connected together by a coupler at B, as shown in

Fig.P2.2-5.The diameters of the two segments are d
1 �

60 m
m

and d
2 �

50 m
m

, respectively.D
eterm

ine the axial stresses �
1

(in rod AB) and �
2 (in rod BC).

P2.2-4 and P2.3-6

89

(a)

L R
0

R
L

r

x

g

  c02StressAndStrainIntroductionToDesign.qxd  9/30/10  3:22 PM  Page 89

80mm

15mm
مقطع 2-2

حل:
الف( تنش در مقطع 1-1

ب( تنش در مقطع 2-2
با توجه به شکل برآیند نیروهای وارد به مقطع )2-2( برابر است با:

P KN N
D /A / mm

P / MPa
A /

2 2
2

1 1

20 20000
3 14 50 1962 5

4 4
20000 10 19

1962 5

 = =

 π ×= = =

σ = = ⇒ σ = کششی

P KN N
D d / /A / mm

P / MPa
A /

2 2 2 2
2

2 2

15 15 20 10 10000
3 14 80 3 14 50 3061 5

4 4 4 4
10000 3 27

3061 5

 = − − + = − = −

 π π × ×= − = − =

−σ = = ⇒ σ = − فشاری

م مربوط به اين موضوع را ببينيد.
فيل
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مثال 3
قطعه پیوسته ای مطابق شکل تحت تاثیر نیروی کششی P قرار گرفته است، هرگاه نیروی 
P را به آرامی افزایش دهیم، احتمال گسیختگی در کدام یک از نواحی a وb وc بیشتر 

است؟ چرا؟

جواب: 

با توجه به این که مقدار P در هر سه ناحیه ثابت است، با افزایش تدریجی نیروی P مطابق 

P مقدار تنش در ناحیه c به دلیل سطح مقطع کوچک تر آن نسبت به نواحی 
A
±σ = رابطه 

a و b زودتر به تنشی می رسد که جسم دیگر قادر به تحمل آن نمی باشد.

P

P
rob.2.2-8.
A
 colum
n in a tw
o-story building is fabricated

from
 square structural tubing having the cross-sectional di-

m
ensions show
n in Fig.P
2.2-8b.A
xial loads P
A
�

200 kN

and P
B
�
350 kN
 are applied to the colum
n at levels A
 and

B
,as show
n in Fig.P
2.2-8a.D
eterm
ine the axial stress �
1
in

segm
ent A
B
 of the colum
n and the axial stress �
2in segm
ent

B
C
 of the colum
n.N
eglect the w
eight of the colum
n itself.

P
rob.
2.2-6.
T
he three-part axially loaded m
em
ber in Fig.

P
2.2-6 consists of a tubular segm
ent (1) w
ith outer diam
eter

(d
o)
1
�
1.00 in.and inner diam
eter (d
i)
1
�
0.75 in.,a solid

circular rod segm
ent (2) w
ith diam
eter d
2
�

1.00 in.,
and

another solid circular rod segm
ent (3) w
ith diam
eter d
3
�

0.75 in.T
he line of action of each of the three applied loads

is along the centroidal axis of the m
em
ber.D
eterm
ine the

axial stresses �
1,
�
2,and �
3
in each of the three respective

segm
ents.

50 kN

150 kN

A

d
1

d
2

B

C

(1)

(2)

P2.2-5

2 kips

(1)

(2)

(3)

2 kips

3 kips

0.75 in

0.75 in.

1.00 in.

P2.2-6

P
rob.
2.2-7.
A
t a local m
arina the dock is supported on

w
ood piling in the m
anner show
n in Fig.
P
2.2-7a.
T
he top

part,A
B
,of one pile is above the norm
al w
aterline;the m
id-

dle part,B
C
,is in direct contact w
ith the w
ater;and the part

below
 C
 is underground.T
he original diam
eter of the pile is

d
0
�
12 in.,but action of the w
ater and insects has reduced

the diam
eter of the pile over the part B
C
.(a) If the axial

force that the deck exerts on this pile is P
 �
200 kips,w
hat

is the axial stress in A
B
?
N
eglect the w
eight of the pile itself.

(b) A
n inspector estim
ates that the diam
eter of the pile in

segm
ent B
C
 has been eroded by 5%
.W
hat axial stress does

the deck load of P
 �
200 kips produce in this dam
aged part

of the pile? (c) If the m
axim
um
 axial stress allow
ed in the

w
ood piles is 7.5 ksi (in com
pression),w
hat is the m
axim
um

deck load that this dam
aged pile can support?

(a)

(b)
d
1 =

 d
0

d
2

(1)

A
P

B C

(2)

P2.2-7

(1)
(2)

A B C

P
B =
 350 kN

P
A =
 200 kN

200 m
m

200 m
m

150 m
m

150 m
m

t 1 =
 12 m
m

t 2 =
 15 m
m

(b)

(a)

P2.2-8

P
rob.
2.2-9.
A
 rigid beam
 A
B
 of total length 3 m
 is sup-

ported by vertical rods at its ends,and it supports a dow
n-

w
ard load at C
 of P
 �
60 kN
,as show
n in Fig.P
2.2-9.T
he

diam
eters of the steel hanger rods are d
1
�
25 m
m
 and d
2
�

20 m
m
.N
eglect the w
eight of beam
 A
B
 and the rods.(a) If

the load is located at x �
1 m
,w
hat are the stresses �
1a
and

�
2ain the respective hanger rods.(b) A
t w
hat distance x from

A
 m
ust the load be placed such that �
2
�
�
1,and w
hat is the

corresponding axial stress,�
1b
�
�
2b,in the rods?

A

B

C
P
 =
 60 kN

(1)

2 m

3 m

3 m

x

"R
igid"(2)

P2.2-9

P
rob.2.2-10.
A
 12-ft beam
 A
B
 that w
eighs W
b
�
180 lb sup-

ports an air conditioner that w
eighs W
a
�
1000 lb.T
he beam
,

in turn,is supported by hanger rods (1) and (2),as show
n in

Fig.P
2.2-10.(a) If the diam
eter of rod (1) is 
in.,w
hat is the

3 8

90

 
 
c
0
2
S
t
r
e
s
s
A
n
d
S
t
r
a
i
n
I
n
t
r
o
d
u
c
t
i
o
n
T
o
D
e
s
i
g
n
.
q
x
d
 
 
9
/
3
0
/
1
0
 
 
3
:
2
2
 
P
M
 
 
P
a
g
e
 
9
0

P
rob.2.2-8.
A
 colum
n in a tw
o-story building is fabricated

from
 square structural tubing having the cross-sectional di-

m
ensions show
n in Fig.P
2.2-8b.A
xial loads P
A
�

200 kN

and P
B
�
350 kN
 are applied to the colum
n at levels A
 and

B
,as show
n in Fig.P
2.2-8a.D
eterm
ine the axial stress �
1
in

segm
ent A
B
 of the colum
n and the axial stress �
2in segm
ent

B
C
 of the colum
n.N
eglect the w
eight of the colum
n itself.

P
rob.
2.2-6.
T
he three-part axially loaded m
em
ber in Fig.

P
2.2-6 consists of a tubular segm
ent (1) w
ith outer diam
eter

(d
o)
1
�
1.00 in.and inner diam
eter (d
i)
1
�
0.75 in.,a solid

circular rod segm
ent (2) w
ith diam
eter d
2
�

1.00 in.,
and

another solid circular rod segm
ent (3) w
ith diam
eter d
3
�

0.75 in.T
he line of action of each of the three applied loads

is along the centroidal axis of the m
em
ber.D
eterm
ine the

axial stresses �
1,
�
2,and �
3
in each of the three respective

segm
ents.

50 kN

150 kN

A

d
1

d
2

B

C

(1)

(2)

P2.2-5

2 kips

(1)

(2)

(3)

2 kips

3 kips

0.75 in

0.75 in.

1.00 in.

P2.2-6

P
rob.
2.2-7.
A
t a local m
arina the dock is supported on

w
ood piling in the m
anner show
n in Fig.
P
2.2-7a.
T
he top

part,A
B
,of one pile is above the norm
al w
aterline;the m
id-

dle part,B
C
,is in direct contact w
ith the w
ater;and the part

below
 C
 is underground.T
he original diam
eter of the pile is

d
0
�
12 in.,but action of the w
ater and insects has reduced

the diam
eter of the pile over the part B
C
.(a) If the axial

force that the deck exerts on this pile is P
 �
200 kips,w
hat

is the axial stress in A
B
?
N
eglect the w
eight of the pile itself.

(b) A
n inspector estim
ates that the diam
eter of the pile in

segm
ent B
C
 has been eroded by 5%
.W
hat axial stress does

the deck load of P
 �
200 kips produce in this dam
aged part

of the pile? (c) If the m
axim
um
 axial stress allow
ed in the

w
ood piles is 7.5 ksi (in com
pression),w
hat is the m
axim
um

deck load that this dam
aged pile can support?

(a)

(b)
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m
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t 2 =
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m

(b)
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P
rob.
2.2-9.
A
 rigid beam
 A
B
 of total length 3 m
 is sup-

ported by vertical rods at its ends,and it supports a dow
n-

w
ard load at C
 of P
 �
60 kN
,as show
n in Fig.P
2.2-9.T
he

diam
eters of the steel hanger rods are d
1
�
25 m
m
 and d
2
�

20 m
m
.N
eglect the w
eight of beam
 A
B
 and the rods.(a) If

the load is located at x �
1 m
,w
hat are the stresses �
1a
and

�
2ain the respective hanger rods.(b) A
t w
hat distance x from

A
 m
ust the load be placed such that �
2
�
�
1,and w
hat is the

corresponding axial stress,�
1b
�
�
2b,in the rods?

A

B

C
P
 =
 60 kN

(1)

2 m

3 m

3 m

x

"R
igid"(2)

P2.2-9

P
rob.2.2-10.
A
 12-ft beam
 A
B
 that w
eighs W
b
�
180 lb sup-

ports an air conditioner that w
eighs W
a
�
1000 lb.T
he beam
,

in turn,is supported by hanger rods (1) and (2),as show
n in

Fig.P
2.2-10.(a) If the diam
eter of rod (1) is 
in.,w
hat is the
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P
rob.2.2-8.
A
 colum
n in a tw
o-story building is fabricated

from
 square structural tubing having the cross-sectional di-

m
ensions show
n in Fig.P
2.2-8b.A
xial loads P
A
�

200 kN

and P
B
�
350 kN
 are applied to the colum
n at levels A
 and

B
,as show
n in Fig.P
2.2-8a.D
eterm
ine the axial stress �
1
in

segm
ent A
B
 of the colum
n and the axial stress �
2in segm
ent

B
C
 of the colum
n.N
eglect the w
eight of the colum
n itself.

P
rob.
2.2-6.
T
he three-part axially loaded m
em
ber in Fig.

P
2.2-6 consists of a tubular segm
ent (1) w
ith outer diam
eter

(d
o)
1
�
1.00 in.and inner diam
eter (d
i)
1
�
0.75 in.,a solid

circular rod segm
ent (2) w
ith diam
eter d
2
�

1.00 in.,
and

another solid circular rod segm
ent (3) w
ith diam
eter d
3
�

0.75 in.T
he line of action of each of the three applied loads

is along the centroidal axis of the m
em
ber.D
eterm
ine the

axial stresses �
1,
�
2,and �
3
in each of the three respective

segm
ents.

50 kN

150 kN
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d
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d
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(1)

(2)
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0.75 in
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1.00 in.

P2.2-6

P
rob.
2.2-7.
A
t a local m
arina the dock is supported on

w
ood piling in the m
anner show
n in Fig.
P
2.2-7a.
T
he top

part,A
B
,of one pile is above the norm
al w
aterline;the m
id-

dle part,B
C
,is in direct contact w
ith the w
ater;and the part

below
 C
 is underground.T
he original diam
eter of the pile is

d
0
�
12 in.,but action of the w
ater and insects has reduced

the diam
eter of the pile over the part B
C
.(a) If the axial

force that the deck exerts on this pile is P
 �
200 kips,w
hat

is the axial stress in A
B
?
N
eglect the w
eight of the pile itself.

(b) A
n inspector estim
ates that the diam
eter of the pile in

segm
ent B
C
 has been eroded by 5%
.W
hat axial stress does

the deck load of P
 �
200 kips produce in this dam
aged part

of the pile? (c) If the m
axim
um
 axial stress allow
ed in the

w
ood piles is 7.5 ksi (in com
pression),w
hat is the m
axim
um

deck load that this dam
aged pile can support?
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t 2 =
 15 m
m

(b)

(a)

P2.2-8

P
rob.
2.2-9.
A
 rigid beam
 A
B
 of total length 3 m
 is sup-

ported by vertical rods at its ends,and it supports a dow
n-

w
ard load at C
 of P
 �
60 kN
,as show
n in Fig.P
2.2-9.T
he

diam
eters of the steel hanger rods are d
1
�
25 m
m
 and d
2
�

20 m
m
.N
eglect the w
eight of beam
 A
B
 and the rods.(a) If

the load is located at x �
1 m
,w
hat are the stresses �
1a
and

�
2ain the respective hanger rods.(b) A
t w
hat distance x from

A
 m
ust the load be placed such that �
2
�
�
1,and w
hat is the

corresponding axial stress,�
1b
�
�
2b,in the rods?

A

B

C
P
 =
 60 kN

(1)

2 m

3 m

3 m

x

"R
igid"(2)

P2.2-9

P
rob.2.2-10.
A
 12-ft beam
 A
B
 that w
eighs W
b
�
180 lb sup-

ports an air conditioner that w
eighs W
a
�
1000 lb.T
he beam
,

in turn,is supported by hanger rods (1) and (2),as show
n in

Fig.P
2.2-10.(a) If the diam
eter of rod (1) is 
in.,w
hat is the
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P
rob.2.2-8.
A
 colum
n in a tw
o-story building is fabricated

from
 square structural tubing having the cross-sectional di-

m
ensions show
n in Fig.P
2.2-8b.A
xial loads P
A
�

200 kN

and P
B
�
350 kN
 are applied to the colum
n at levels A
 and

B
,as show
n in Fig.P
2.2-8a.D
eterm
ine the axial stress �
1
in

segm
ent A
B
 of the colum
n and the axial stress �
2in segm
ent

B
C
 of the colum
n.N
eglect the w
eight of the colum
n itself.

P
rob.
2.2-6.
T
he three-part axially loaded m
em
ber in Fig.

P
2.2-6 consists of a tubular segm
ent (1) w
ith outer diam
eter

(d
o)
1
�
1.00 in.and inner diam
eter (d
i)
1
�
0.75 in.,a solid

circular rod segm
ent (2) w
ith diam
eter d
2
�

1.00 in.,
and

another solid circular rod segm
ent (3) w
ith diam
eter d
3
�

0.75 in.T
he line of action of each of the three applied loads

is along the centroidal axis of the m
em
ber.D
eterm
ine the

axial stresses �
1,
�
2,and �
3
in each of the three respective

segm
ents.

50 kN

150 kN
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d
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d
2
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C

(1)

(2)

P2.2-5

2 kips

(1)

(2)

(3)
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3 kips

0.75 in

0.75 in.

1.00 in.

P2.2-6

P
rob.
2.2-7.
A
t a local m
arina the dock is supported on

w
ood piling in the m
anner show
n in Fig.
P
2.2-7a.
T
he top

part,A
B
,of one pile is above the norm
al w
aterline;the m
id-

dle part,B
C
,is in direct contact w
ith the w
ater;and the part

below
 C
 is underground.T
he original diam
eter of the pile is

d
0
�
12 in.,but action of the w
ater and insects has reduced

the diam
eter of the pile over the part B
C
.(a) If the axial

force that the deck exerts on this pile is P
 �
200 kips,w
hat

is the axial stress in A
B
?
N
eglect the w
eight of the pile itself.

(b) A
n inspector estim
ates that the diam
eter of the pile in

segm
ent B
C
 has been eroded by 5%
.W
hat axial stress does

the deck load of P
 �
200 kips produce in this dam
aged part

of the pile? (c) If the m
axim
um
 axial stress allow
ed in the

w
ood piles is 7.5 ksi (in com
pression),w
hat is the m
axim
um

deck load that this dam
aged pile can support?
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(b)
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(2)
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B =

 350 kN

P
A =

 200 kN

200 m
m
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m

150 m
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m

t 1 =
 12 m
m

t 2 =
 15 m
m

(b)

(a)

P2.2-8

P
rob.
2.2-9.
A
 rigid beam
 A
B
 of total length 3 m
 is sup-

ported by vertical rods at its ends,and it supports a dow
n-

w
ard load at C
 of P
 �
60 kN
,as show
n in Fig.P
2.2-9.T
he

diam
eters of the steel hanger rods are d
1
�
25 m
m
 and d
2
�

20 m
m
.N
eglect the w
eight of beam
 A
B
 and the rods.(a) If

the load is located at x �
1 m
,w
hat are the stresses �
1a
and

�
2ain the respective hanger rods.(b) A
t w
hat distance x from

A
 m
ust the load be placed such that �
2
�
�
1,and w
hat is the

corresponding axial stress,�
1b
�
�
2b,in the rods?

A

B

C
P
 =
 60 kN

(1)

2 m

3 m

3 m

x

"R
igid"(2)

P2.2-9

P
rob.2.2-10.
A
 12-ft beam
 A
B
 that w
eighs W
b
�
180 lb sup-

ports an air conditioner that w
eighs W
a
�
1000 lb.T
he beam
,

in turn,is supported by hanger rods (1) and (2),as show
n in

Fig.P
2.2-10.(a) If the diam
eter of rod (1) is 
in.,w
hat is the
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b

c

P
rob.2.2-8.
A
 colum
n in a tw
o-story building is fabricated

from
 square structural tubing having the cross-sectional di-

m
ensions show
n in Fig.P
2.2-8b.A
xial loads P
A
�

200 kN

and P
B
�
350 kN
 are applied to the colum
n at levels A
 and

B
,as show
n in Fig.P
2.2-8a.D
eterm
ine the axial stress �
1
in

segm
ent A
B
 of the colum
n and the axial stress �
2in segm
ent

B
C
 of the colum
n.N
eglect the w
eight of the colum
n itself.

P
rob.
2.2-6.
T
he three-part axially loaded m
em
ber in Fig.

P
2.2-6 consists of a tubular segm
ent (1) w
ith outer diam
eter

(d
o)
1
�
1.00 in.and inner diam
eter (d
i)
1
�
0.75 in.,a solid

circular rod segm
ent (2) w
ith diam
eter d
2
�

1.00 in.,
and

another solid circular rod segm
ent (3) w
ith diam
eter d
3
�

0.75 in.T
he line of action of each of the three applied loads

is along the centroidal axis of the m
em
ber.D
eterm
ine the

axial stresses �
1,
�
2,and �
3
in each of the three respective

segm
ents.
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150 kN
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d
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d
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C

(1)

(2)
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2 kips

(1)

(2)

(3)

2 kips

3 kips

0.75 in

0.75 in.

1.00 in.

P2.2-6

P
rob.
2.2-7.
A
t a local m
arina the dock is supported on

w
ood piling in the m
anner show
n in Fig.
P
2.2-7a.
T
he top

part,A
B
,of one pile is above the norm
al w
aterline;the m
id-

dle part,B
C
,is in direct contact w
ith the w
ater;and the part

below
 C
 is underground.T
he original diam
eter of the pile is

d
0
�
12 in.,but action of the w
ater and insects has reduced

the diam
eter of the pile over the part B
C
.(a) If the axial

force that the deck exerts on this pile is P
 �
200 kips,w
hat

is the axial stress in A
B
?
N
eglect the w
eight of the pile itself.

(b) A
n inspector estim
ates that the diam
eter of the pile in

segm
ent B
C
 has been eroded by 5%
.W
hat axial stress does

the deck load of P
 �
200 kips produce in this dam
aged part

of the pile? (c) If the m
axim
um
 axial stress allow
ed in the

w
ood piles is 7.5 ksi (in com
pression),w
hat is the m
axim
um

deck load that this dam
aged pile can support?
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(b)
d
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 d
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A
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B C
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(1)
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P
B =
 350 kN

P
A =
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200 m
m
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m

150 m
m

150 m
m

t 1 =
 12 m
m

t 2 =
 15 m
m

(b)

(a)

P2.2-8

P
rob.
2.2-9.
A
 rigid beam
 A
B
 of total length 3 m
 is sup-

ported by vertical rods at its ends,and it supports a dow
n-

w
ard load at C
 of P
 �
60 kN
,as show
n in Fig.P
2.2-9.T
he

diam
eters of the steel hanger rods are d
1
�
25 m
m
 and d
2
�

20 m
m
.N
eglect the w
eight of beam
 A
B
 and the rods.(a) If

the load is located at x �
1 m
,w
hat are the stresses �
1a
and

�
2ain the respective hanger rods.(b) A
t w
hat distance x from

A
 m
ust the load be placed such that �
2
�
�
1,and w
hat is the

corresponding axial stress,�
1b
�
�
2b,in the rods?

A

B

C
P
 =
 60 kN

(1)

2 m

3 m

3 m

x

"R
igid"(2)

P2.2-9

P
rob.2.2-10.
A
 12-ft beam
 A
B
 that w
eighs W
b
�
180 lb sup-

ports an air conditioner that w
eighs W
a
�
1000 lb.T
he beam
,

in turn,is supported by hanger rods (1) and (2),as show
n in

Fig.P
2.2-10.(a) If the diam
eter of rod (1) is 
in.,w
hat is the
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P
rob.2.2-8.
A
 colum
n in a tw
o-story building is fabricated

from
 square structural tubing having the cross-sectional di-

m
ensions show
n in Fig.P
2.2-8b.A
xial loads P
A
�

200 kN

and P
B
�
350 kN
 are applied to the colum
n at levels A
 and

B
,as show
n in Fig.P
2.2-8a.D
eterm
ine the axial stress �
1
in

segm
ent A
B
 of the colum
n and the axial stress �
2in segm
ent

B
C
 of the colum
n.N
eglect the w
eight of the colum
n itself.

P
rob.
2.2-6.
T
he three-part axially loaded m
em
ber in Fig.

P
2.2-6 consists of a tubular segm
ent (1) w
ith outer diam
eter

(d
o)
1
�
1.00 in.and inner diam
eter (d
i)
1
�
0.75 in.,a solid

circular rod segm
ent (2) w
ith diam
eter d
2
�

1.00 in.,
and

another solid circular rod segm
ent (3) w
ith diam
eter d
3
�

0.75 in.T
he line of action of each of the three applied loads

is along the centroidal axis of the m
em
ber.D
eterm
ine the

axial stresses �
1,
�
2,and �
3
in each of the three respective

segm
ents.
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150 kN
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(1)
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0.75 in
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P2.2-6

P
rob.
2.2-7.
A
t a local m
arina the dock is supported on

w
ood piling in the m
anner show
n in Fig.
P
2.2-7a.
T
he top

part,A
B
,of one pile is above the norm
al w
aterline;the m
id-

dle part,B
C
,is in direct contact w
ith the w
ater;and the part

below
 C
 is underground.T
he original diam
eter of the pile is

d
0
�
12 in.,but action of the w
ater and insects has reduced

the diam
eter of the pile over the part B
C
.(a) If the axial

force that the deck exerts on this pile is P
 �
200 kips,w
hat

is the axial stress in A
B
?
N
eglect the w
eight of the pile itself.

(b) A
n inspector estim
ates that the diam
eter of the pile in

segm
ent B
C
 has been eroded by 5%
.W
hat axial stress does

the deck load of P
 �
200 kips produce in this dam
aged part

of the pile? (c) If the m
axim
um
 axial stress allow
ed in the

w
ood piles is 7.5 ksi (in com
pression),w
hat is the m
axim
um

deck load that this dam
aged pile can support?
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B =
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A =
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m

t 1 =
 12 m
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t 2 =
 15 m
m

(b)

(a)
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P
rob.
2.2-9.
A
 rigid beam
 A
B
 of total length 3 m
 is sup-

ported by vertical rods at its ends,and it supports a dow
n-

w
ard load at C
 of P
 �
60 kN
,as show
n in Fig.P
2.2-9.T
he

diam
eters of the steel hanger rods are d
1
�
25 m
m
 and d
2
�

20 m
m
.N
eglect the w
eight of beam
 A
B
 and the rods.(a) If

the load is located at x �
1 m
,w
hat are the stresses �
1a
and

�
2ain the respective hanger rods.(b) A
t w
hat distance x from

A
 m
ust the load be placed such that �
2
�
�
1,and w
hat is the

corresponding axial stress,�
1b
�
�
2b,in the rods?

A

B

C
P
 =
 60 kN

(1)

2 m

3 m

3 m

x

"R
igid"(2)

P2.2-9

P
rob.2.2-10.
A
 12-ft beam
 A
B
 that w
eighs W
b
�
180 lb sup-

ports an air conditioner that w
eighs W
a
�
1000 lb.T
he beam
,

in turn,is supported by hanger rods (1) and (2),as show
n in

Fig.P
2.2-10.(a) If the diam
eter of rod (1) is 
in.,w
hat is the
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P
rob.2.2-8.
A
 colum
n in a tw
o-story building is fabricated

from
 square structural tubing having the cross-sectional di-

m
ensions show
n in Fig.P
2.2-8b.A
xial loads P
A
�

200 kN

and P
B
�
350 kN
 are applied to the colum
n at levels A
 and

B
,as show
n in Fig.P
2.2-8a.D
eterm
ine the axial stress �
1
in

segm
ent A
B
 of the colum
n and the axial stress �
2in segm
ent

B
C
 of the colum
n.N
eglect the w
eight of the colum
n itself.

P
rob.
2.2-6.
T
he three-part axially loaded m
em
ber in Fig.

P
2.2-6 consists of a tubular segm
ent (1) w
ith outer diam
eter

(d
o)
1
�
1.00 in.and inner diam
eter (d
i)
1
�
0.75 in.,a solid

circular rod segm
ent (2) w
ith diam
eter d
2
�

1.00 in.,
and

another solid circular rod segm
ent (3) w
ith diam
eter d
3
�

0.75 in.T
he line of action of each of the three applied loads

is along the centroidal axis of the m
em
ber.D
eterm
ine the

axial stresses �
1,
�
2,and �
3
in each of the three respective

segm
ents.
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150 kN
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C
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(2)
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2 kips

(1)

(2)

(3)
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3 kips

0.75 in

0.75 in.

1.00 in.

P2.2-6

P
rob.
2.2-7.
A
t a local m
arina the dock is supported on

w
ood piling in the m
anner show
n in Fig.
P
2.2-7a.
T
he top

part,A
B
,of one pile is above the norm
al w
aterline;the m
id-

dle part,B
C
,is in direct contact w
ith the w
ater;and the part

below
 C
 is underground.T
he original diam
eter of the pile is
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Fig.P
2.2-10.(a) If the diam
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درجدول )7-1( ضریب ارتجاعی بعضی از مصالح آورده شده است.

جدول )7-1( ضریب ارتجاعی مصالح

ضریب ارتجاعی
N

mm2  
MPa یا

مصالح

2 ×105 فولاد

1/2 ×105 چدن

0/7 ×105 آلومینیوم

1 ×105 مس
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REVIEW AND SUMMARY

This chapter was devoted to the introduction of the concept of strain,
to the discussion of the relationship between stress and strain in 
various types of materials, and to the determination of the deforma-
tions of structural components under axial loading.

Considering a rod of length L and uniform cross section and  denot-
ing by d its deformation under an axial load P (Fig. 9.56), we defined 
the normal strain P in the rod as the deformation per unit length
[Sec. 9.2]:

P 5
d

L
  (9.1)

In the case of a rod of variable cross section, the normal strain was 
defined at any given point Q by considering a small element of rod 
at Q. Denoting by Dx the length of the element and by Dd its defor-
mation under the given load, we wrote

P 5 lim
¢xy0

 
¢d
¢x

5
dd
dx

 (9.2)

Plotting the stress s versus the strain P as the load increased, we 
obtained a stress-strain diagram for the material used [Sec. 9.3]. 
From such a diagram, we were able to distinguish between brittle
and ductile materials: A specimen made of a brittle material  rup-
tures without any noticeable prior change in the rate of elongation 
(Fig. 9.58), while a specimen made of a ductile material yields after 
a critical stress sY, called the yield strength, has been reached, i.e., 
the specimen undergoes a large deformation before rupturing, with 
a relatively small increase in the applied load (Fig. 9.57). An example 
of brittle material with different properties in tension and in com-
pression was provided by concrete.
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7-3             تغییر طول اجسام تحت تاثیر بارهای محوری

)2-7(

میلة BC به طول L و سطح مقطع A مطابق 
نیروی  اگر  است.  مفروض  الف(   -10-7( شکل 
کششی P به آن وارد شود، سبب افزایش طول میله 
( خواهد شد که مقدار آن از رابطة  L∆ به اندازة )

زیر تعیین می شود. شکل )7-10- ب(

در این رابطه E ضریب ارتجاعی )مدول الاستیسیته( جسم می باشد که به جنس آن  
بستگی دارد و در آزمایشگاه مقاومت مصالح مقدار آن تعیین می شود و واحد آن نیز همان 

و يا )MPa( است.
 

N
mm2

واحد تنش یعنی

L∆

)الف( )ب(
شکل 10-7
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نکته: 
اگر در شکل )7-2( نیروی P فشاری باشد، این نیرو سبب کاهش طول میلة می گردد 

که مقدار آن از همان رابطة )7-2( محاسبه می شود.
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REVIEW AND SUMMARY

This chapter was devoted to the introduction of the concept of strain,
to the discussion of the relationship between stress and strain in 
various types of materials, and to the determination of the deforma-
tions of structural components under axial loading.

Considering a rod of length L and uniform cross section and  denot-
ing by d its deformation under an axial load P (Fig. 9.56), we defined 
the normal strain P in the rod as the deformation per unit length
[Sec. 9.2]:

P 5
d

L
  (9.1)

In the case of a rod of variable cross section, the normal strain was 
defined at any given point Q by considering a small element of rod 
at Q. Denoting by Dx the length of the element and by Dd its defor-
mation under the given load, we wrote

P 5 lim
¢xy0

 
¢d
¢x

5
dd
dx

 (9.2)

Plotting the stress s versus the strain P as the load increased, we 
obtained a stress-strain diagram for the material used [Sec. 9.3]. 
From such a diagram, we were able to distinguish between brittle
and ductile materials: A specimen made of a brittle material  rup-
tures without any noticeable prior change in the rate of elongation 
(Fig. 9.58), while a specimen made of a ductile material yields after 
a critical stress sY, called the yield strength, has been reached, i.e., 
the specimen undergoes a large deformation before rupturing, with 
a relatively small increase in the applied load (Fig. 9.57). An example 
of brittle material with different properties in tension and in com-
pression was provided by concrete.
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(a) D

eterm
ine the coordinates y

R
and z

R
of the

point w
here the tensile load P

 m
ust act in order to produce

uniform
 tensile stress in the cross section of the structural

angle,and (b) determ
ine the m

agnitude of that tensile stress
if P

 �
18 kips.
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S

For all problem
s in Section 2.2,

assum
e unknow

n axial
forces to be positive in tension.A

s in E
xam

ples 2.1 and
2.2,label tensile-stress answ

ers w
ith (T

) and com
pressive-

stress answ
ers w

ith (C
).

P
rob.

2.2-1.
A

 1-in.-diam
eter solid bar (1),

a square solid
bar (2),

and a circular tubular m
em

ber w
ith 0.2-in.

w
all

thickness (3),each supports an axial tensile load of 5 kips.
(a) D

eterm
ine the axial stress in bar (1).

(b) If the axial
stress in each of the other bars is 6 ksi,w

hat is the dim
ension,

b,of the square bar,and w
hat is the outer diam

eter,c,of the
tubular m

em
ber?

M
D

S 2.1–2.4
▼

1 in.

(1)
(2)

(3)

b
c

t  =
 0.2 in.

bP2.2-1

P
rob.2.2-2.

T
he structural tee show

n in Fig.P
2.2-2 supports

a com
pressive load P

 �
200 kN

.(a) D
eterm

ine the coordi-
nate y

R
of the point R

 in the cross section w
here the load

m
ust act in order to produce uniform

 com
pressive axial

stress in the m
em

ber,and (b) determ
ine the m

agnitude of
that com

pressive stress.

10 m
m
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P
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75m
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y

y
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15 m
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(b) R

P
rob.

2.2-3.
A

 steel plate is w
elded onto each end of the

structural angle in Fig.P
2.2-3 so that a load can be applied

at point R
,w

here it w
ill produce uniform

 axial stress in the

P2.2-2

P
P

y

z

(b) R
4 in.

3 in.

0.5 in.

0.5 in.

E
nd plate

P2.2-3

P
rob.

2.2-4.
C

onsider 
the 

free-hanging 
rod 

show
n 

in 
Fig.P

2.2-4.T
he rod has the shape of a conical frustum

,w
ith

radius R
0 at its top and radius R

L
at its bottom

,and it is m
ade

of m
aterial w

ith m
ass density �.T

he length of the rod is L
.

D
eterm

ine an expression for the norm
al stress,

�
(x),at an

arbitrary cross section x
(0 �

x
�

L
),w

here x
is m

easured
dow

nw
ard from

 the top of the rod.

P
rob.2.2-5.

A
 solid brass rod A

B
 and a solid alum

inum
 rod

B
C

 are connected together by a coupler at B
,

as show
n in

Fig.P
2.2-5.T

he diam
eters of the tw

o segm
ents are d

1
�

60 m
m

and d
2

�
50 m

m
,respectively.D

eterm
ine the axial stresses �

1

(in rod A
B

)
and �

2
(in rod B

C
).
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P
rob.2.2-8.

A
 colum

n in a tw
o-story building is fabricated

from
 square structural tubing having the cross-sectional di-

m
ensions show

n in Fig.P
2.2-8b.A

xial loads P
A

�
200 kN

and P
B

�
350 kN

 are applied to the colum
n at levels A

 and
B

,as show
n in Fig.P

2.2-8a.D
eterm

ine the axial stress �
1

in
segm

ent A
B

 of the colum
n and the axial stress �

2 in segm
ent

B
C

 of the colum
n.N

eglect the w
eight of the colum

n itself.

P
rob.

2.2-6.
T

he three-part axially loaded m
em

ber in Fig.
P

2.2-6 consists of a tubular segm
ent (1) w

ith outer diam
eter

(d
o )

1
�

1.00 in.and inner diam
eter (d

i )
1

�
0.75 in.,a solid

circular rod segm
ent (2) w

ith diam
eter d

2
�

1.00 in.,
and

another solid circular rod segm
ent (3) w

ith diam
eter d

3
�

0.75 in.T
he line of action of each of the three applied loads

is along the centroidal axis of the m
em

ber.D
eterm

ine the
axial stresses �

1 ,
�

2 ,and �
3

in each of the three respective
segm

ents.
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A

t a local m
arina the dock is supported on

w
ood piling in the m

anner show
n in Fig.

P
2.2-7a.

T
he top

part,A
B

,of one pile is above the norm
al w

aterline;the m
id-

dle part,B
C

,is in direct contact w
ith the w

ater;and the part
below

 C
 is underground.T

he original diam
eter of the pile is

d
0

�
12 in.,but action of the w

ater and insects has reduced
the diam

eter of the pile over the part B
C

.(a) If the axial
force that the deck exerts on this pile is P

 �
200 kips,w

hat
is the axial stress in A

B
?

N
eglect the w

eight of the pile itself.
(b) A

n inspector estim
ates that the diam

eter of the pile in
segm

ent B
C

 has been eroded by 5%
.W

hat axial stress does
the deck load of P
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200 kips produce in this dam

aged part
of the pile? (c) If the m

axim
um

 axial stress allow
ed in the

w
ood piles is 7.5 ksi (in com

pression),w
hat is the m

axim
um

deck load that this dam
aged pile can support?
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A

 rigid beam
 A

B
 of total length 3 m

 is sup-
ported by vertical rods at its ends,and it supports a dow

n-
w

ard load at C
 of P
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60 kN

,as show
n in Fig.P

2.2-9.T
he

diam
eters of the steel hanger rods are d

1
�

25 m
m

 and d
2

�
20 m

m
.N

eglect the w
eight of beam

 A
B

 and the rods.(a) If
the load is located at x �

1 m
,w

hat are the stresses �
1a

and
�

2a in the respective hanger rods.(b) A
t w

hat distance x from
A

 m
ust the load be placed such that �

2
�

�
1 ,and w

hat is the
corresponding axial stress,�

1b
�

�
2b ,in the rods?
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 =
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x
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A
 12-ft beam

 A
B

 that w
eighs W

b
�

180 lb sup-
ports an air conditioner that w

eighs W
a

�
1000 lb.T

he beam
,

in turn,is supported by hanger rods (1) and (2),as show
n in

Fig.P
2.2-10.(a) If the diam

eter of rod (1) is 
in.,w

hat is the
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(a) D

eterm
ine the coordinates y

R
and z

R
of the

point w
here the tensile load P

 m
ust act in order to produce

uniform
 tensile stress in the cross section of the structural

angle,and (b) determ
ine the m

agnitude of that tensile stress
if P

 �
18 kips.
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For all problem
s in Section 2.2,

assum
e unknow

n axial
forces to be positive in tension.A

s in E
xam

ples 2.1 and
2.2,label tensile-stress answ

ers w
ith (T

) and com
pressive-

stress answ
ers w

ith (C
).

P
rob.

2.2-1.
A

 1-in.-diam
eter solid bar (1),

a square solid
bar (2),

and a circular tubular m
em

ber w
ith 0.2-in.

w
all

thickness (3),each supports an axial tensile load of 5 kips.
(a) D

eterm
ine the axial stress in bar (1).

(b) If the axial
stress in each of the other bars is 6 ksi,w

hat is the dim
ension,

b,of the square bar,and w
hat is the outer diam

eter,c,of the
tubular m

em
ber?
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▼
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t  =
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rob.2.2-2.

T
he structural tee show

n in Fig.P
2.2-2 supports

a com
pressive load P

 �
200 kN

.(a) D
eterm

ine the coordi-
nate y

R
of the point R

 in the cross section w
here the load
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ust act in order to produce uniform

 com
pressive axial

stress in the m
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ber,and (b) determ
ine the m

agnitude of
that com

pressive stress.
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at point R
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the 

free-hanging 
rod 

show
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in 
Fig.P

2.2-4.T
he rod has the shape of a conical frustum
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ith

radius R
0 at its top and radius R

L
at its bottom

,and it is m
ade

of m
aterial w

ith m
ass density �.T

he length of the rod is L
.
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(x),at an

arbitrary cross section x
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dow
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ard from
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as show
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(a) D

eterm
ine the coordinates y

R
and z

R
of the

point w
here the tensile load P

 m
ust act in order to produce

uniform
 tensile stress in the cross section of the structural

angle,and (b) determ
ine the m

agnitude of that tensile stress
if P

 �
18 kips.

2.15
PRO

BLEM
S

For all problem
s in Section 2.2,

assum
e unknow

n axial
forces to be positive in tension.A

s in E
xam

ples 2.1 and
2.2,label tensile-stress answ

ers w
ith (T

) and com
pressive-

stress answ
ers w

ith (C
).

P
rob.

2.2-1.
A

 1-in.-diam
eter solid bar (1),

a square solid
bar (2),

and a circular tubular m
em

ber w
ith 0.2-in.

w
all

thickness (3),each supports an axial tensile load of 5 kips.
(a) D

eterm
ine the axial stress in bar (1).

(b) If the axial
stress in each of the other bars is 6 ksi,w

hat is the dim
ension,

b,of the square bar,and w
hat is the outer diam

eter,c,of the
tubular m

em
ber?

M
D

S 2.1–2.4
▼

1 in.

(1)
(2)

(3)

b
c

t  =
 0.2 in.

bP2.2-1

P
rob.2.2-2.

T
he structural tee show

n in Fig.P
2.2-2 supports

a com
pressive load P

 �
200 kN

.(a) D
eterm

ine the coordi-
nate y

R
of the point R

 in the cross section w
here the load

m
ust act in order to produce uniform

 com
pressive axial

stress in the m
em

ber,and (b) determ
ine the m

agnitude of
that com

pressive stress.

10 m
m

z

P

P

75m
m

75m
m

y

y
R

120 m
m

15 m
m

(a)

(b) R

P
rob.

2.2-3.
A

 steel plate is w
elded onto each end of the

structural angle in Fig.P
2.2-3 so that a load can be applied

at point R
,w

here it w
ill produce uniform

 axial stress in the

P2.2-2

P
P

y

z

(b) R
4 in.

3 in.

0.5 in.

0.5 in.

E
nd plate

P2.2-3

P
rob.

2.2-4.
C

onsider 
the 

free-hanging 
rod 

show
n 

in 
Fig.P

2.2-4.T
he rod has the shape of a conical frustum

,w
ith

radius R
0 at its top and radius R

L
at its bottom

,and it is m
ade

of m
aterial w

ith m
ass density �.T

he length of the rod is L
.

D
eterm

ine an expression for the norm
al stress,

�
(x),at an

arbitrary cross section x
(0 �

x
�

L
),w

here x
is m

easured
dow

nw
ard from

 the top of the rod.

P
rob.2.2-5.

A
 solid brass rod A

B
 and a solid alum

inum
 rod

B
C

 are connected together by a coupler at B
,

as show
n in

Fig.P
2.2-5.T

he diam
eters of the tw

o segm
ents are d

1
�

60 m
m

and d
2

�
50 m

m
,respectively.D

eterm
ine the axial stresses �

1

(in rod A
B

)
and �

2
(in rod B

C
).

P2.2-4 and P2.3-6
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مقطع 2-2

حل:
 2 1 و  تغییر طول کلی جسم برابر است با جمع جبری تغییر طول هر یک از قطعات 

یعنی:

الف( تغییر طول قطعه شماره 1:
tL L L1 2∆ = ∆ + ∆

1 کاهش می یابد. با توجه به علامت منفی، طول قطعة 

نیروی P فشاری می باشد.

P
rob.2.2-8.

A
 colum

n in a tw
o-story building is fabricated

from
 square structural tubing having the cross-sectional di-

m
ensions show

n in Fig.P
2.2-8b.A

xial loads P
A

�
200 kN

and P
B

�
350 kN

 are applied to the colum
n at levels A

 and
B

,as show
n in Fig.P

2.2-8a.D
eterm

ine the axial stress �
1

in
segm

ent A
B

 of the colum
n and the axial stress �

2 in segm
ent

B
C

 of the colum
n.N

eglect the w
eight of the colum

n itself.

P
rob.

2.2-6.
T

he three-part axially loaded m
em

ber in Fig.
P

2.2-6 consists of a tubular segm
ent (1) w

ith outer diam
eter

(d
o )

1
�

1.00 in.and inner diam
eter (d

i )
1

�
0.75 in.,a solid

circular rod segm
ent (2) w

ith diam
eter d

2
�

1.00 in.,
and

another solid circular rod segm
ent (3) w

ith diam
eter d

3
�

0.75 in.T
he line of action of each of the three applied loads

is along the centroidal axis of the m
em

ber.D
eterm

ine the
axial stresses �

1 ,
�

2 ,and �
3

in each of the three respective
segm

ents.

50 kN

150 kN
A

d
1

d
2

B
C

(1)
(2)

P2.2-5

2 kips

(1)
(2)

(3)

2 kips

3 kips
0.75 in

0.75 in.
1.00 in.

P2.2-6

P
rob.

2.2-7.
A

t a local m
arina the dock is supported on

w
ood piling in the m

anner show
n in Fig.

P
2.2-7a.T

he top
part,A

B
,of one pile is above the norm

al w
aterline;the m

id-
dle part,B

C
,is in direct contact w

ith the w
ater;and the part

below
 C

 is underground.T
he original diam

eter of the pile is
d

0
�

12 in.,but action of the w
ater and insects has reduced

the diam
eter of the pile over the part B

C
.(a) If the axial

force that the deck exerts on this pile is P
 �

200 kips,w
hat

is the axial stress in A
B

?
N

eglect the w
eight of the pile itself.

(b) A
n inspector estim

ates that the diam
eter of the pile in

segm
ent B

C
 has been eroded by 5%

.W
hat axial stress does

the deck load of P
 �

200 kips produce in this dam
aged part

of the pile? (c) If the m
axim

um
 axial stress allow

ed in the
w

ood piles is 7.5 ksi (in com
pression),w

hat is the m
axim

um
deck load that this dam

aged pile can support?

(a)
(b)

d
1  =

 d
0

d
2

(1)

A

P

BC

(2)

P2.2-7

(1)

(2)

ABC

P
B  =

 350 kN

P
A  =

 200 kN

200 m
m

200 m
m

150 m
m

150 m
m

t1  =
 12 m

m

t2  =
 15 m

m

(b)
(a)

P2.2-8

P
rob.

2.2-9.
A

 rigid beam
 A

B
 of total length 3 m

 is sup-
ported by vertical rods at its ends,and it supports a dow

n-
w

ard load at C
 of P

 �
60 kN

,as show
n in Fig.P

2.2-9.T
he

diam
eters of the steel hanger rods are d

1
�

25 m
m

 and d
2

�
20 m

m
.N

eglect the w
eight of beam

 A
B

 and the rods.(a) If
the load is located at x �

1 m
,w

hat are the stresses �
1a

and
�

2a in the respective hanger rods.(b) A
t w

hat distance x from
A

 m
ust the load be placed such that �

2
�

�
1 ,and w

hat is the
corresponding axial stress,�

1b
�

�
2b ,in the rods?

A
B

C

P
 =

 60 kN

(1)

2 m

3 m

3 m

x
"R

igid" (2)

P2.2-9

P
rob.2.2-10.

A
 12-ft beam

 A
B

 that w
eighs W

b
�

180 lb sup-
ports an air conditioner that w

eighs W
a

�
1000 lb.T

he beam
,

in turn,is supported by hanger rods (1) and (2),as show
n in

Fig.P
2.2-10.(a) If the diam

eter of rod (1) is 
in.,w

hat is the
38
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P
rob.2.2-8.

A
 colum

n in a tw
o-story building is fabricated

from
 square structural tubing having the cross-sectional di-

m
ensions show

n in Fig.P
2.2-8b.A

xial loads P
A

�
200 kN

and P
B

�
350 kN

 are applied to the colum
n at levels A

 and
B

,as show
n in Fig.P

2.2-8a.D
eterm

ine the axial stress �
1

in
segm

ent A
B

 of the colum
n and the axial stress �

2 in segm
ent

B
C

 of the colum
n.N

eglect the w
eight of the colum

n itself.

P
rob.

2.2-6.
T

he three-part axially loaded m
em

ber in Fig.
P

2.2-6 consists of a tubular segm
ent (1) w

ith outer diam
eter

(d
o )

1
�

1.00 in.and inner diam
eter (d

i )
1

�
0.75 in.,a solid

circular rod segm
ent (2) w

ith diam
eter d

2
�

1.00 in.,
and

another solid circular rod segm
ent (3) w

ith diam
eter d

3
�

0.75 in.T
he line of action of each of the three applied loads

is along the centroidal axis of the m
em

ber.D
eterm

ine the
axial stresses �

1 ,
�

2 ,and �
3

in each of the three respective
segm

ents.

50 kN

150 kN
A

d
1

d
2

B
C

(1)
(2)

P2.2-5

2 kips

(1)
(2)

(3)

2 kips

3 kips
0.75 in

0.75 in.
1.00 in.

P2.2-6

P
rob.

2.2-7.
A

t a local m
arina the dock is supported on

w
ood piling in the m

anner show
n in Fig.

P
2.2-7a.T

he top
part,A

B
,of one pile is above the norm

al w
aterline;the m

id-
dle part,B

C
,is in direct contact w

ith the w
ater;and the part

below
 C

 is underground.T
he original diam

eter of the pile is
d

0
�

12 in.,but action of the w
ater and insects has reduced

the diam
eter of the pile over the part B

C
.(a) If the axial

force that the deck exerts on this pile is P
 �

200 kips,w
hat

is the axial stress in A
B

?
N

eglect the w
eight of the pile itself.

(b) A
n inspector estim

ates that the diam
eter of the pile in

segm
ent B

C
 has been eroded by 5%

.W
hat axial stress does

the deck load of P
 �

200 kips produce in this dam
aged part

of the pile? (c) If the m
axim

um
 axial stress allow

ed in the
w

ood piles is 7.5 ksi (in com
pression),w

hat is the m
axim

um
deck load that this dam

aged pile can support?

(a)
(b)

d
1  =

 d
0

d
2

(1)

A

P

BC

(2)

P2.2-7

(1)

(2)

ABC

P
B  =

 350 kN

P
A  =

 200 kN

200 m
m

200 m
m

150 m
m

150 m
m

t1  =
 12 m

m

t2  =
 15 m

m

(b)
(a)

P2.2-8

P
rob.

2.2-9.
A

 rigid beam
 A

B
 of total length 3 m

 is sup-
ported by vertical rods at its ends,and it supports a dow

n-
w

ard load at C
 of P

 �
60 kN

,as show
n in Fig.P

2.2-9.T
he

diam
eters of the steel hanger rods are d

1
�

25 m
m

 and d
2

�
20 m

m
.N

eglect the w
eight of beam

 A
B

 and the rods.(a) If
the load is located at x �

1 m
,w

hat are the stresses �
1a

and
�

2a in the respective hanger rods.(b) A
t w

hat distance x from
A

 m
ust the load be placed such that �

2
�

�
1 ,and w

hat is the
corresponding axial stress,�

1b
�

�
2b ,in the rods?

A
B

C

P
 =

 60 kN

(1)

2 m

3 m

3 m

x
"R

igid" (2)

P2.2-9

P
rob.2.2-10.

A
 12-ft beam

 A
B

 that w
eighs W

b
�

180 lb sup-
ports an air conditioner that w

eighs W
a

�
1000 lb.T

he beam
,

in turn,is supported by hanger rods (1) and (2),as show
n in

Fig.P
2.2-10.(a) If the diam

eter of rod (1) is 
in.,w

hat is the
38
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P
rob.2.2-8.

A
 colum

n in a tw
o-story building is fabricated

from
 square structural tubing having the cross-sectional di-

m
ensions show

n in Fig.P
2.2-8b.A

xial loads P
A

�
200 kN

and P
B

�
350 kN

 are applied to the colum
n at levels A

 and
B

,as show
n in Fig.P

2.2-8a.D
eterm

ine the axial stress �
1

in
segm

ent A
B

 of the colum
n and the axial stress �

2 in segm
ent

B
C

 of the colum
n.N

eglect the w
eight of the colum

n itself.

P
rob.

2.2-6.
T

he three-part axially loaded m
em

ber in Fig.
P

2.2-6 consists of a tubular segm
ent (1) w

ith outer diam
eter

(d
o )

1
�

1.00 in.and inner diam
eter (d

i )
1

�
0.75 in.,a solid

circular rod segm
ent (2) w

ith diam
eter d

2
�

1.00 in.,
and

another solid circular rod segm
ent (3) w

ith diam
eter d

3
�

0.75 in.T
he line of action of each of the three applied loads

is along the centroidal axis of the m
em

ber.D
eterm

ine the
axial stresses �

1 ,
�

2 ,and �
3

in each of the three respective
segm

ents.

50 kN

150 kN
A

d
1

d
2

B
C

(1)
(2)

P2.2-5

2 kips

(1)
(2)

(3)

2 kips

3 kips
0.75 in

0.75 in.
1.00 in.

P2.2-6

P
rob.

2.2-7.
A

t a local m
arina the dock is supported on

w
ood piling in the m

anner show
n in Fig.

P
2.2-7a.T

he top
part,A

B
,of one pile is above the norm

al w
aterline;the m

id-
dle part,B

C
,is in direct contact w

ith the w
ater;and the part

below
 C

 is underground.T
he original diam

eter of the pile is
d

0
�

12 in.,but action of the w
ater and insects has reduced

the diam
eter of the pile over the part B

C
.(a) If the axial

force that the deck exerts on this pile is P
 �

200 kips,w
hat

is the axial stress in A
B

?
N

eglect the w
eight of the pile itself.

(b) A
n inspector estim

ates that the diam
eter of the pile in

segm
ent B

C
 has been eroded by 5%

.W
hat axial stress does

the deck load of P
 �

200 kips produce in this dam
aged part

of the pile? (c) If the m
axim

um
 axial stress allow

ed in the
w

ood piles is 7.5 ksi (in com
pression),w

hat is the m
axim

um
deck load that this dam

aged pile can support?

(a)
(b)

d
1  =

 d
0

d
2

(1)

A

P

BC

(2)

P2.2-7

(1)

(2)

ABC

P
B  =

 350 kN

P
A  =

 200 kN

200 m
m

200 m
m

150 m
m

150 m
m

t1  =
 12 m

m

t2  =
 15 m

m

(b)
(a)

P2.2-8

P
rob.

2.2-9.
A

 rigid beam
 A

B
 of total length 3 m

 is sup-
ported by vertical rods at its ends,and it supports a dow

n-
w

ard load at C
 of P

 �
60 kN

,as show
n in Fig.P

2.2-9.T
he

diam
eters of the steel hanger rods are d

1
�

25 m
m

 and d
2

�
20 m

m
.N

eglect the w
eight of beam

 A
B

 and the rods.(a) If
the load is located at x �

1 m
,w

hat are the stresses �
1a

and
�

2a in the respective hanger rods.(b) A
t w

hat distance x from
A

 m
ust the load be placed such that �

2
�

�
1 ,and w

hat is the
corresponding axial stress,�

1b
�

�
2b ,in the rods?

A
B

C

P
 =

 60 kN

(1)

2 m

3 m

3 m

x
"R

igid" (2)

P2.2-9

P
rob.2.2-10.

A
 12-ft beam

 A
B

 that w
eighs W

b
�

180 lb sup-
ports an air conditioner that w

eighs W
a

�
1000 lb.T

he beam
,

in turn,is supported by hanger rods (1) and (2),as show
n in

Fig.P
2.2-10.(a) If the diam

eter of rod (1) is 
in.,w

hat is the
38
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P
rob.2.2-8.

A
 colum

n in a tw
o-story building is fabricated

from
 square structural tubing having the cross-sectional di-

m
ensions show

n in Fig.P
2.2-8b.A

xial loads P
A

�
200 kN

and P
B

�
350 kN

 are applied to the colum
n at levels A

 and
B

,as show
n in Fig.P

2.2-8a.D
eterm

ine the axial stress �
1

in
segm

ent A
B

 of the colum
n and the axial stress �

2 in segm
ent

B
C

 of the colum
n.N

eglect the w
eight of the colum

n itself.

P
rob.

2.2-6.
T

he three-part axially loaded m
em

ber in Fig.
P

2.2-6 consists of a tubular segm
ent (1) w

ith outer diam
eter

(d
o )

1
�

1.00 in.and inner diam
eter (d

i )
1

�
0.75 in.,a solid

circular rod segm
ent (2) w

ith diam
eter d

2
�

1.00 in.,
and

another solid circular rod segm
ent (3) w

ith diam
eter d

3
�

0.75 in.T
he line of action of each of the three applied loads

is along the centroidal axis of the m
em

ber.D
eterm

ine the
axial stresses �

1 ,
�

2 ,and �
3

in each of the three respective
segm

ents.

50 kN

150 kN
A

d
1

d
2

B
C

(1)
(2)

P2.2-5

2 kips

(1)
(2)

(3)

2 kips

3 kips
0.75 in

0.75 in.
1.00 in.

P2.2-6

P
rob.

2.2-7.
A

t a local m
arina the dock is supported on

w
ood piling in the m

anner show
n in Fig.

P
2.2-7a.T

he top
part,A

B
,of one pile is above the norm

al w
aterline;the m

id-
dle part,B

C
,is in direct contact w

ith the w
ater;and the part

below
 C

 is underground.T
he original diam

eter of the pile is
d

0
�

12 in.,but action of the w
ater and insects has reduced

the diam
eter of the pile over the part B

C
.(a) If the axial

force that the deck exerts on this pile is P
 �

200 kips,w
hat

is the axial stress in A
B

?
N

eglect the w
eight of the pile itself.

(b) A
n inspector estim

ates that the diam
eter of the pile in

segm
ent B

C
 has been eroded by 5%

.W
hat axial stress does

the deck load of P
 �

200 kips produce in this dam
aged part

of the pile? (c) If the m
axim

um
 axial stress allow

ed in the
w

ood piles is 7.5 ksi (in com
pression),w

hat is the m
axim

um
deck load that this dam

aged pile can support?

(a)
(b)

d
1  =

 d
0

d
2

(1)

A

P

BC

(2)

P2.2-7

(1)

(2)

ABC

P
B  =

 350 kN

P
A  =

 200 kN

200 m
m

200 m
m

150 m
m

150 m
m

t1  =
 12 m

m

t2  =
 15 m

m

(b)
(a)

P2.2-8

P
rob.

2.2-9.
A

 rigid beam
 A

B
 of total length 3 m

 is sup-
ported by vertical rods at its ends,and it supports a dow

n-
w

ard load at C
 of P

 �
60 kN

,as show
n in Fig.P

2.2-9.T
he

diam
eters of the steel hanger rods are d

1
�

25 m
m

 and d
2

�
20 m

m
.N

eglect the w
eight of beam

 A
B

 and the rods.(a) If
the load is located at x �

1 m
,w

hat are the stresses �
1a

and
�

2a in the respective hanger rods.(b) A
t w

hat distance x from
A

 m
ust the load be placed such that �

2
�

�
1 ,and w

hat is the
corresponding axial stress,�

1b
�

�
2b ,in the rods?

A
B

C

P
 =

 60 kN

(1)

2 m

3 m

3 m

x
"R

igid" (2)

P2.2-9

P
rob.2.2-10.

A
 12-ft beam

 A
B

 that w
eighs W

b
�

180 lb sup-
ports an air conditioner that w

eighs W
a

�
1000 lb.T

he beam
,

in turn,is supported by hanger rods (1) and (2),as show
n in

Fig.P
2.2-10.(a) If the diam

eter of rod (1) is 
in.,w

hat is the
38
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P
rob.2.2-8.
A
 colum
n in a tw
o-story building is fabricated

from
 square structural tubing having the cross-sectional di-

m
ensions show
n in Fig.P
2.2-8b.A
xial loads P
A
�

200 kN

and P
B
�
350 kN
 are applied to the colum
n at levels A
 and

B
,as show
n in Fig.P
2.2-8a.D
eterm
ine the axial stress �
1
in

segm
ent A
B
 of the colum
n and the axial stress �
2in segm
ent

B
C
 of the colum
n.N
eglect the w
eight of the colum
n itself.

P
rob.
2.2-6.
T
he three-part axially loaded m
em
ber in Fig.

P
2.2-6 consists of a tubular segm
ent (1) w
ith outer diam
eter

(d
o)
1
�
1.00 in.and inner diam
eter (d
i)
1
�
0.75 in.,a solid

circular rod segm
ent (2) w
ith diam
eter d
2
�

1.00 in.,
and

another solid circular rod segm
ent (3) w
ith diam
eter d
3
�

0.75 in.T
he line of action of each of the three applied loads

is along the centroidal axis of the m
em
ber.D
eterm
ine the

axial stresses �
1,
�
2,and �
3
in each of the three respective

segm
ents.

50 kN

150 kN

A

d
1

d
2

B

C

(1)

(2)

P2.2-5

2 kips

(1)

(2)

(3)

2 kips

3 kips

0.75 in

0.75 in.

1.00 in.

P2.2-6

P
rob.
2.2-7.
A
t a local m
arina the dock is supported on

w
ood piling in the m
anner show
n in Fig.
P
2.2-7a.T
he top

part,A
B
,of one pile is above the norm
al w
aterline;the m
id-

dle part,B
C
,is in direct contact w
ith the w
ater;and the part

below
 C
 is underground.T
he original diam
eter of the pile is

d
0
�
12 in.,but action of the w
ater and insects has reduced

the diam
eter of the pile over the part B
C
.(a) If the axial

force that the deck exerts on this pile is P
 �
200 kips,w
hat

is the axial stress in A
B
?
N
eglect the w
eight of the pile itself.

(b) A
n inspector estim
ates that the diam
eter of the pile in

segm
ent B
C
 has been eroded by 5%
.W
hat axial stress does

the deck load of P
 �
200 kips produce in this dam
aged part

of the pile? (c) If the m
axim
um
 axial stress allow
ed in the

w
ood piles is 7.5 ksi (in com
pression),w
hat is the m
axim
um

deck load that this dam
aged pile can support?

(a)

(b)
d
1 =
 d
0

d
2

(1)

A
P

B C

(2)

P2.2-7

(1)
(2)

A B C

P
B =
 350 kN

P
A =
 200 kN

200 m
m

200 m
m

150 m
m

150 m
m

t 1 =
 12 m
m

t 2 =
 15 m
m

(b)

(a)

P2.2-8

P
rob.
2.2-9.
A
 rigid beam
 A
B
 of total length 3 m
 is sup-

ported by vertical rods at its ends,and it supports a dow
n-

w
ard load at C
 of P
 �
60 kN
,as show
n in Fig.P
2.2-9.T
he

diam
eters of the steel hanger rods are d
1
�
25 m
m
 and d
2
�

20 m
m
.N
eglect the w
eight of beam
 A
B
 and the rods.(a) If

the load is located at x �
1 m
,w
hat are the stresses �
1a
and

�
2ain the respective hanger rods.(b) A
t w
hat distance x from

A
 m
ust the load be placed such that �
2
�
�
1,and w
hat is the

corresponding axial stress,�
1b
�
�
2b,in the rods?

A

B

C
P
 =
 60 kN

(1)

2 m

3 m

3 m

x

"R
igid"(2)

P2.2-9

P
rob.2.2-10.
A
 12-ft beam
 A
B
 that w
eighs W
b
�
180 lb sup-

ports an air conditioner that w
eighs W
a
�
1000 lb.T
he beam
,

in turn,is supported by hanger rods (1) and (2),as show
n in

Fig.P
2.2-10.(a) If the diam
eter of rod (1) is 
in.,w
hat is the
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P
rob.2.2-8.
A
 colum
n in a tw
o-story building is fabricated

from
 square structural tubing having the cross-sectional di-

m
ensions show
n in Fig.P
2.2-8b.A
xial loads P
A
�

200 kN

and P
B
�
350 kN
 are applied to the colum
n at levels A
 and

B
,as show
n in Fig.P
2.2-8a.D
eterm
ine the axial stress �
1
in

segm
ent A
B
 of the colum
n and the axial stress �
2in segm
ent

B
C
 of the colum
n.N
eglect the w
eight of the colum
n itself.

P
rob.
2.2-6.
T
he three-part axially loaded m
em
ber in Fig.

P
2.2-6 consists of a tubular segm
ent (1) w
ith outer diam
eter

(d
o)
1
�
1.00 in.and inner diam
eter (d
i)
1
�
0.75 in.,a solid

circular rod segm
ent (2) w
ith diam
eter d
2
�

1.00 in.,
and

another solid circular rod segm
ent (3) w
ith diam
eter d
3
�

0.75 in.T
he line of action of each of the three applied loads

is along the centroidal axis of the m
em
ber.D
eterm
ine the

axial stresses �
1,
�
2,and �
3
in each of the three respective

segm
ents.

50 kN

150 kN

A

d
1

d
2
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(1)

(2)

P2.2-5

2 kips

(1)

(2)

(3)

2 kips

3 kips

0.75 in

0.75 in.

1.00 in.

P2.2-6

P
rob.
2.2-7.
A
t a local m
arina the dock is supported on

w
ood piling in the m
anner show
n in Fig.
P
2.2-7a.T
he top

part,A
B
,of one pile is above the norm
al w
aterline;the m
id-

dle part,B
C
,is in direct contact w
ith the w
ater;and the part

below
 C
 is underground.T
he original diam
eter of the pile is

d
0
�
12 in.,but action of the w
ater and insects has reduced

the diam
eter of the pile over the part B
C
.(a) If the axial

force that the deck exerts on this pile is P
 �
200 kips,w
hat

is the axial stress in A
B
?
N
eglect the w
eight of the pile itself.

(b) A
n inspector estim
ates that the diam
eter of the pile in

segm
ent B
C
 has been eroded by 5%
.W
hat axial stress does

the deck load of P
 �
200 kips produce in this dam
aged part

of the pile? (c) If the m
axim
um
 axial stress allow
ed in the

w
ood piles is 7.5 ksi (in com
pression),w
hat is the m
axim
um

deck load that this dam
aged pile can support?

(a)

(b)
d
1 =

 d
0

d
2

(1)

A
P

B C

(2)

P2.2-7

(1)
(2)

A B C

P
B =
 350 kN

P
A =
 200 kN

200 m
m

200 m
m

150 m
m

150 m
m

t 1 =
 12 m
m

t 2 =
 15 m
m

(b)

(a)

P2.2-8

P
rob.
2.2-9.
A
 rigid beam
 A
B
 of total length 3 m
 is sup-

ported by vertical rods at its ends,and it supports a dow
n-

w
ard load at C
 of P
 �
60 kN
,as show
n in Fig.P
2.2-9.T
he

diam
eters of the steel hanger rods are d
1
�
25 m
m
 and d
2
�

20 m
m
.N
eglect the w
eight of beam
 A
B
 and the rods.(a) If

the load is located at x �
1 m
,w
hat are the stresses �
1a
and

�
2ain the respective hanger rods.(b) A
t w
hat distance x from

A
 m
ust the load be placed such that �
2
�
�
1,and w
hat is the

corresponding axial stress,�
1b
�
�
2b,in the rods?

A

B

C
P
 =
 60 kN

(1)

2 m

3 m

3 m

x

"R
igid"(2)

P2.2-9

P
rob.2.2-10.
A
 12-ft beam
 A
B
 that w
eighs W
b
�
180 lb sup-

ports an air conditioner that w
eighs W
a
�
1000 lb.T
he beam
,

in turn,is supported by hanger rods (1) and (2),as show
n in

Fig.P
2.2-10.(a) If the diam
eter of rod (1) is 
in.,w
hat is the
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ب( تغییر طول قطعه شماره 2:

خلاصة فصل
• اجسام تحت تأثير نيروهاي مختلف، رفتارهاي متفاوتي مانند رفتار كششي، فشاري، برشي 

و ... از خود نشان مي دهند.
• نيروي محوري نيرويي است كه در امتداد محور طولی اجسام و عمود بر سطح مقطع آن ها 

وارد مي شود.
• نيروي وارد به واحد سطح را تنش مي نامند.

تعريف مي شود و بر سطح مقطع جسم عمود است.
 

P
A
±σ = • تنش محوري با رابطة 

. N
m2

• واحد تنش در سیستم SI عبارت است از 

• نيروهاي محوري در اجسام، كاهش يا افزايش طول ايجاد مي نمايند كه از رابطة زير به 
دست می آید:

• تغيير طول كلي اجسام از رابطة زير به دست مي آيد:

 E نماد  با  بستگي داشته و  به جنس آن ها  يا مدول الاستيسيته اجسام  ارتجاعي  • ضريب 

يا MPa مي باشد. N
mm2

نمايش داده مي شود و واحد آن، واحد تنش يعني

2 افزایش طول قطعة 
تغییر طول کلی جسم برابر است با:

با توجه به علامت منفی، طول کل جسم کاهش می یابد.
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مطلوب است  است.  آویزان  میلی متر   30 قطر  به  کابلی  از   50  kN وزن  به  لوستری   -1
محاسبة تنش محوری کابل.

2- ستونی مطابق شکل زیر تحت تأثیر بار محوری 500 کیلونیوتن قرار دارد. مطلوب است 
محاسبة تنش در پای ستون )از وزن ستون صرف نظر شود(.

181/5 kN

105/5 kN105/5 kN

مطابق  دایره  مقطع  با  بتن  جنس  از  ستونی   -3
شکل تحت تأثیر سه نیرو قرار دارد. مطلوب است 
محاسبة قطر هر یک از دو عضو فوقانی و تحتانی، 
در صورتی که خواسته باشیم تنش در هر عضو 
از MPa 8 تجاوز نکند )از وزن اعضا صرف نظر 

شود(.

P=500kN
400

 m
m

200 mm

4- باری محوری برابر kN 600 بر ستونی فلزی از لوله با ضخامت جداره 10 میلی متر و 
قطر داخلی mm 200 اثر می کند. مطلوب است محاسبة تنش فشاری در ستون.

10 mm100 mm
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5- نیرویی برابر kN 1000 بر یک صفحة کف ستون )Base Plate( وارد می شود. اگر 
تنش زیر صفحه MPa 5 باشد، مطلوب است محاسبة ابعاد کف ستون در صورتی که، صفحة 

کف ستون:
الف( مربع باشد

ب( نسبت طول به عرض آن 1/5 باشد
ج( دایره باشد.

به وسیلة  را مطابق شکل   80  kN برابر  نیرویی   100  mm به قطر  فلزی  6- یک ستونک 
صفحه کف ستون بر روی دیواری به ضخامت 200 میلی متر وارد می کند. در صورتی که 

در نظر باشد تنش در زیر صفحه، حداکثر به MPa 1 محدود شود، مطلوب است محاسبة:
الف( ابعاد صفحه کف ستون؛

ب( تنش در مقطع ستونک؛
ج( تنش در زیر دیوار در صورتی که طول دیوار m 1 باشد )از وزن دیوار صرف نظر شود(.

80 kN

7- در شکل زیر اگر مقطع میله دایره ای به قطر d و جنس آن از فولاد باشد و خواسته باشیم  
(E MPa)52 10= × .)d( باشد، مطلوب است محاسبة قطر میله L / cm1 592∆ =

200kN200kN

500 cm
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of the reactions at the supports from the condition that the elongation 
of the rod is zero. Using the superposition method described in Sec. 
9.8, we detach the rod from its support B (Fig. 9.30a) and let it elongate 
freely as it undergoes the temperature change ¢T (Fig. 9.30b). Accord-
ing to formula (9.20), the corresponding elongation is

dT 5 a 1¢T 2L
Applying now to end B the force P representing the redundant reac-
tion, and recalling formula (9.6), we obtain a second deformation 
(Fig. 9.30c)

dP 5
PL
AE

Expressing that the total deformation d must be zero, we have

d 5 dT 1 dP 5 a 1¢T 2L 1
PL
AE

5 0

from which we conclude that

P 5 2AEa 1¢T 2
and that the stress in the rod due to the temperature change ¢T is

 
s 5

P
A

5 2Ea 1¢T 2
  

(9.22)

 It should be kept in mind that the result we have obtained 
here and our earlier remark regarding the absence of any strain in 
the rod apply only in the case of a homogeneous rod of uniform 
cross section. Any other problem involving a restrained structure 
undergoing a change in temperature must be analyzed on its own 
merits. However, the same general approach can be used, i.e., we 
can consider separately the deformation due to the temperature 
change and the deformation due to the redundant reaction and 
superpose the solutions obtained.

L

(b)

(c)

L

A

A B

B

P

(a)
T�

A B

P�

Fig. 9.30
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from which we conclude that

P52AEa1¢T2
and that the stress in the rod due to the temperature change ¢T is
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 It should be kept in mind that the result we have obtained 
here and our earlier remark regarding the absence of any strain in 
the rod apply only in the case of a homogeneous rod of uniform 
cross section. Any other problem involving a restrained structure 
undergoing a change in temperature must be analyzed on its own 
merits. However, the same general approach can be used, i.e., we 
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As another example of single shear, consider the lap joint, or lap splice, in
Fig. 2.29 a, where two rectangular bars are glued together to form a tension
member. (Assume that, because the bars are very thin, the moment Pt caused by
misalignment of the tensile forces, P , may be neglected.) Applying 
to the free- body diagram in Fig. 2.29 b, we get V P. The area on which the shear
V acts is A s L sw. Therefore, from Eq. 2.19, the average shear stress on the splice
area is

Although the transfer of load from one member to another through a riveted
or bolted joint is not easily analyzed when there are several rows of bolts or rivets
at the joint, the case of load transfer through a single bolt or a single pin can be
treated as direct shear. The following example illustrates the calculation of direct
shear stress in single-shear and double-shear joints. 21

t avg
V
A s

P
L sw

g F 0

P PP

(a)  A lap splice. (b) The free-body diagram. (c) The average-shear-stress distribution.

t

P V

B

L B L

21The book Structures, or Why Things Don’t Fall Down, by J. E. Gordon [Ref. 2-7] contains an interesting
discussion of joints. Composites [Ref. 2-5] contains a chapter on joints that discusses adhesively bonded
lap joints.

FIGURE 2 .29 An illustration of direct shear—a lap splice.

E X A M P L E  2 . 8

In Fig. 1 a, a bolted lap joint connects together two rectangular bars. In
Fig. 1 b, a pin passes through an eye at the end of a rod to connect the rod
to a U-shaped support bracket. The diameter of the bolt is db and of the
pin is dp. If an axial load P is applied in each case, determine expressions
for the average shear stress in the bolt on surface S1 and the average
shear stress in the pin on surfaces S2 and S3.

Plan the Solution By drawing appropriate free-body diagrams, we can
determine the shear force transmitted across S1 from the upper rectan-
gular bar to the bolt in Fig. 1 a and the shear forces transmitted across
surfaces S2 and S3 from the rod to the pin in Fig. 1 b. Then we can apply
Eq. 2.19, the formula for average shear stress.
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In Fig. 1a, a bolted lap joint connects together two rectangular bars. In
Fig. 1b, a pin passes through an eye at the end of a rod to connect the rod
to a U-shaped support bracket. The diameter of the bolt is db and of the
pin is dp. If an axial load P is applied in each case, determine expressions
for the average shear stress in the bolt on surface S1 and the average
shear stress in the pin on surfaces S2 and S3.

Plan the Solution By drawing appropriate free-body diagrams, we can
determine the shear force transmitted across S1 from the upper rectan-
gular bar to the bolt in Fig. 1a and the shear forces transmitted across
surfaces S2 and S3 from the rod to the pin in Fig. 1b. Then we can apply
Eq. 2.19, the formula for average shear stress.
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member. (Assume that, because the bars are very thin, the moment Pt caused by
misalignment of the tensile forces, P , may be neglected.) Applying 
to the free- body diagram in Fig. 2.29 b, we get V P. The area on which the shear
V acts is A s L sw. Therefore, from Eq. 2.19, the average shear stress on the splice
area is

Although the transfer of load from one member to another through a riveted
or bolted joint is not easily analyzed when there are several rows of bolts or rivets
at the joint, the case of load transfer through a single bolt or a single pin can be
treated as direct shear. The following example illustrates the calculation of direct
shear stress in single-shear and double-shear joints. 21
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In Fig. 1 a, a bolted lap joint connects together two rectangular bars. In
Fig. 1 b, a pin passes through an eye at the end of a rod to connect the rod
to a U-shaped support bracket. The diameter of the bolt is db and of the
pin is dp. If an axial load P is applied in each case, determine expressions
for the average shear stress in the bolt on surface S1 and the average
shear stress in the pin on surfaces S2 and S3.

Plan the Solution By drawing appropriate free-body diagrams, we can
determine the shear force transmitted across S1 from the upper rectan-
gular bar to the bolt in Fig. 1 a and the shear forces transmitted across
surfaces S2 and S3 from the rod to the pin in Fig. 1 b. Then we can apply
Eq. 2.19, the formula for average shear stress.
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8-1             نیروی برشی )مماسی( 
مقطع  سطح  بر  مماس  نیروی 
)مماسی(  برشی  نیروی  را  اجسام 

می نامیم. 
به   F نیروی   )1-8( شکل  در 

سطح مقطع A وارد می شود.
مؤلفة  دو  به  را   F نیروی  اگر 
 )V( متعامد تجزیه نمائیم، مؤلفة افقی آن
بنابراین  بر سطح مقطع مماس می باشد. 
نیروی برشی محسوب می شود و مؤلفة 
قائم )P( بر سطح مقطع عمود بوده و لذا 

نیروی محوری محسوب می گردد.

هدف های رفتاری

پس از آموزش این فصل از فراگیر انتظار می رود بتواند:
1- نیروی برشی )مماسی( را تعریف کند.

2- تنش برشی را تعریف نماید و رابطة آن را به کار گیرد.
3- رفتار اتصالات برشی ساده با پیچ یا پرچ را بررسی نماید .

4- تنش کششی ماکزیمم در اتصالات برشی ساده را محاسبه نماید.
5- تنش لهیدگی را در اتصالات برشی ساده محاسبه کند.

6- تنش برشی در پیچ ها و یا پرچ ها را به دست آورد.
7- گسیختگی برشی ورق ها را کنترل نماید.

شکل 1-8
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 )Shear Stress( )8-2             تنش های برشی )مماسی
نیروی برشی سبب ایجاد تنش برشی در سطح مقطع اجسام می گردد. شکل )8-2-الف( 
دو صفحه را نشان می دهد که به وسیلة چسب به یکدیگر متصل شده اند و نیروی P تنش برشی 

در محل اتصال دو صفحه مطابق شکل )8-2-ب( ایجاد می نماید.
تنش برشی )مماسی( 

نیروی برشی )مماسی( وارد به واحدِ سطح را تنشِ برشی گویند 
( نمایش داده می شود و رابطة آن به صورت زیر است: τ و با نماد )

V : نیروی برشی که در شکل )8-2( همان نیروی P می باشد.
)A=L.Bسطح مقطع جسم )که در این جا سطح تماس بین دو صفحه می باشد : A

τ : تنش برشی

شکل 2-8

شکل 3-8

نیروی برشی در اکثر سازه های ساختمانی به صورت های مختلف وجود دارد و به دلیل 
گستردگی و پیچیدگی موضوع در اینجا تنها جهت آشنایی با رفتار برشی اعضای ساختمانی به 

بررسی اتصالات برشی ساده با پیچ یا پرچ می پردازیم.
در شکل )8-3( دو ورق با مشخصات نشان داده شده توسط یک پیچ به 
قطر d به یکدیگر متصل شده اند و تحت تاثیر نیروی کششی P قرار دارند.
در   P نیروی  که  می شود  ملاحظه   )3-8( شکل  به  باتوجه 
لذا  نماید.  برش می  ایجاد  پیچ ها  در  نموده و  ایجاد کشش  ورق ها 

نیروی P برای پیچ، نیروی برشی محسوب می گردد.

V
A

τ =

As another example of single shear, consider the lap joint, or lap splice, in
Fig. 2.29a, where two rectangular bars are glued together to form a tension
member. (Assume that, because the bars are very thin, the moment Pt caused by
misalignment of the tensile forces, P, may be neglected.) Applying 
to the free-body diagram in Fig. 2.29b, we get V � P. The area on which the shear
V acts is As � Lsw. Therefore, from Eq. 2.19, the average shear stress on the splice
area is

Although the transfer of load from one member to another through a riveted
or bolted joint is not easily analyzed when there are several rows of bolts or rivets
at the joint, the case of load transfer through a single bolt or a single pin can be
treated as direct shear. The following example illustrates the calculation of direct
shear stress in single-shear and double-shear joints.21

tavg �
V
As

�
P

Lsw

gF � 0

P
PP

(a)  A lap splice.

τavg

(b) The free-body diagram. (c) The average-shear-stress distribution.

t

P V

w

Ls w Ls

21The book Structures, or Why Things Don’t Fall Down, by J. E. Gordon [Ref. 2-7] contains an interesting
discussion of joints. Composites [Ref. 2-5] contains a chapter on joints that discusses adhesively bonded
lap joints.

FIGURE 2.29 An illustration of direct shear—a lap splice.

E X A M P L E  2 . 8

In Fig. 1a, a bolted lap joint connects together two rectangular bars. In
Fig. 1b, a pin passes through an eye at the end of a rod to connect the rod
to a U-shaped support bracket. The diameter of the bolt is db and of the
pin is dp. If an axial load P is applied in each case, determine expressions
for the average shear stress in the bolt on surface S1 and the average
shear stress in the pin on surfaces S2 and S3.

Plan the Solution By drawing appropriate free-body diagrams, we can
determine the shear force transmitted across S1 from the upper rectan-
gular bar to the bolt in Fig. 1a and the shear forces transmitted across
surfaces S2 and S3 from the rod to the pin in Fig. 1b. Then we can apply
Eq. 2.19, the formula for average shear stress.
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)الف( )ب(

)1-8(

برش پیچ یا پرچ
V=PP

P
V=P

B

t

L

As another example of single shear, consider the lap joint, or lap splice, in
Fig. 2.29a, where two rectangular bars are glued together to form a tension
member. (Assume that, because the bars are very thin, the moment Pt caused by
misalignment of the tensile forces, P, may be neglected.) Applying 
to the free-body diagram in Fig. 2.29b, we get V � P. The area on which the shear
V acts is As � Lsw. Therefore, from Eq. 2.19, the average shear stress on the splice
area is

Although the transfer of load from one member to another through a riveted
or bolted joint is not easily analyzed when there are several rows of bolts or rivets
at the joint, the case of load transfer through a single bolt or a single pin can be
treated as direct shear. The following example illustrates the calculation of direct
shear stress in single-shear and double-shear joints.21

tavg �
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PP

(a)  A lap splice.

τavg

(b) The free-body diagram. (c) The average-shear-stress distribution.
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P V
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Ls w Ls

21The book Structures, or Why Things Don’t Fall Down, by J. E. Gordon [Ref. 2-7] contains an interesting
discussion of joints. Composites [Ref. 2-5] contains a chapter on joints that discusses adhesively bonded
lap joints.

FIGURE 2.29 An illustration of direct shear—a lap splice.

E X A M P L E  2 . 8

In Fig. 1a, a bolted lap joint connects together two rectangular bars. In
Fig. 1b, a pin passes through an eye at the end of a rod to connect the rod
to a U-shaped support bracket. The diameter of the bolt is db and of the
pin is dp. If an axial load P is applied in each case, determine expressions
for the average shear stress in the bolt on surface S1 and the average
shear stress in the pin on surfaces S2 and S3.

Plan the Solution By drawing appropriate free-body diagrams, we can
determine the shear force transmitted across S1 from the upper rectan-
gular bar to the bolt in Fig. 1a and the shear forces transmitted across
surfaces S2 and S3 from the rod to the pin in Fig. 1b. Then we can apply
Eq. 2.19, the formula for average shear stress.
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B L

م مربوط به اين موضوع را ببينيد.
فيل
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8-3             بررسی رفتار اتصالات برشی ساده با پیچ یا پرچ 
با توجه به شکل )8-4( به بررسی رفتارهای مختلف این نوع اتصالات می پردازیم:

A (b nd)t= −

8-3-1- تنش کششی حداکثر ایجاد شده در ورق ها

( تنش محوری یا قائم ورق ها وقتی  P
A

σ = با توجه به رابطة )

به حداکثر می رسد که سطح مقطع کاهش یابد لذا در محل پیچ یا پرچ به 

دلیل وجود سوراخ ها، سطح مقطع ورق ضعیف شده و تنش حداکثر در 
آن مقطع ایجاد می شود و امکان گسیختگی در این مقطع وجود دارد1 و 

مطابق شکل خواهیم داشت: شکل )5-8(

بنابراین برای تعیین کمترین سطح مقطع ورق ها )Amin( لازم است 
را  هرکدام  مقطع  و سطح  گرفته  نظر  در  اتصال  در طول  مختلفی  مقاطع 

 قرار دهیم تا مقدار 
P
A

σ = محاسبه نموده و کمترین آن ها را در رابطة 

حداکثر تنش کششی تعیین شود. دررابطه )n )2-8 تعداد پیچ ها در مقطع 
مورد نظر و d قطر پیچ ها یا پرچ ها، b عرض و t ضخامت صفحه ها می باشد.

1- باید توجه داشت که در این گونه اتصالات ممکن است مقاطع دیگری وجود داشته باشند که تنش کششی 
حداکثر در آن ها ایجاد می شود که در مقاطع بالاتر با آن ها آشنا خواهید شد.

شکل 4-8

شکل 5-8

S

t1 t2

S

P

P P

P

b 2b 1

)2-8(
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8-3-2- تنش لهیدگی
نیروی کششی اعمال شده در اتصال شکل )8-6( در محل سوراخ ها به جدارة ورق ها 
توسط پیچ فشار وارد می آورد که باعث لهیدگی سطح تماس آن ها می شود و تنش حاصل، 

تنش لهیدگی نامیده می شود و از رابطة زیر به دست می آید.

شکل 7-8

b
P

Ndt
σ =

bmax
min

P
Ndt

σ =

P
NA

τ =

که  می شود  ایجاد  صفحه ای  (در  maxbσ = ( حداکثر  لهیدگی  تنش  که  است  بدیهی 
(را داشته باشد. یعنی: mint کمترین ضخامت )

8-3-3- تنش برشی در پیچ ها یا پرچ ها
باتوجه به تعریف نیروی برشی )مماسی(، نیروی کششی P در اتصال شکل )8-7( بر 
سطح مقطع پیچ ها یا پرچ ها مماس بوده بنابراین نیروی برشی برای پیچ ها یا پرچ ها محسوب 

می شود:

)3-8(

)4-8(

)5-8(

شکل 6-8

در روابط )8-3( و )N ،)4-8 تعداد کل پیچ ها یا پرچ های اتصال می باشد.

لذا باتوجه به رابطة تنش برشی داریم:

برش پیچ یا پرچ
V=PP

P
V=P

بعد از اعِمال نیروقبل از اعِمال نیرو

در این رابطه N تعداد کل پیچ ها یا پرچ ها و A سطح مقطع یکی از آن ها می باشد.

P P
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شکل 8-8

S d3≥

8-3-4- گسیختگی برشی ورق
هرگاه فاصله مراکز سوراخ ها از یکدیگر و یا از لبه های ورق، از حد معینی کمتر باشد، 

امکان پارگی ورق مطابق شکل )8-8( وجود دارد.
لذا بر اساس آیین نامه باید فاصلة مرکز تا مرکز سوراخ ها و همچنین مرکز سوراخ ها تا 

لبه های ورق از سه برابر قطر پیچ کمتر نباشد. یعنی: 

)6-8(

P

S ≥ 3d

P

S < 3d
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مثال 1
شده اند.  متصل  به هم  مطابق شکل  میلی متر   20 قطر  به  یک  هر  پیچ  سه  توسط  تسمه  دو 

مطلوب است محاسبة:
الف( تنش کششی حداکثر در هر تسمه

ب( تنش برشی پیچ ها
ج( تنش لهیدگی ماکزیمم در تسمه ها

د( کنترل پارگی برشی

75 mm

12 mm 10 mm

75 mm

120 kN

120 kN 120 kN

120 kN

30
0 
m
m

20
0

الف( سطح مقطع هر تسمه را در مقطعی که بیشترین پیچ ها در آن وجود دارند محاسبه سپس 
تنش را در هر تسمه به دست می آوریم:

1 تسمة 

2 تسمة 

تنش

تنش حداکثر در تسمه شمارة )1(

تنش حداکثر در تسمه شمارة )2(

min min

min

min

A (b nd)t A ( )

A mm

P
A

/ MPa

1 1
2

3

1 1

1

200 2 20 12
1920

120 10
1920

62 5

= − ⇒ = − ×

=

×σ = ⇒ σ =

σ =

min min

min

min

A (b nd)t A ( )

A mm

P
A

/ MPa

2

3

2 2

2

300 2 20 10
2600

120 10
2600

46 15

= − ⇒ = − ×

=

×σ = ⇒ σ =

σ =
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S d ok3 75 3 20 75 60≥ ⇒ ≥ × ⇒ >

ب( تنش برشی در پیچ ها:

کمتری  دارای ضخامت  می آید. چون  به وجود   2 تسمه  در  ماکزیمم  لهیدگی  تنش  ج( 

1 می باشد. نسبت به تسمه شماره 

د( کنترل پارگی برشی:

برای جلوگیری از پارگی تسمه باید:

خلاصة فصل
• نیروی برشی یا مماسی به نیرویی گفته می شود که بر سطح مقطع جسم مماس باشد.

V محاسبه می شود.
A

τ = • تنش برشی از رابطة 

• اتصالات برشی ساده با پیچ یا پرچ، در حالات زیر مورد بررسی قرار می گیرند:
1( تنش کششی ایجاد شده در تسمه ها در مقطع ضعیف شده برابر است با:

P
(b nd)t

σ =
−

bmax
min

P
Ndt

σ =

P
NA

τ = dA
2

4
π=

S d3≥

2( تنش لهیدگی حداکثر در محل سوراخ ها و در تسمه نازک تر ایجاد می شود. یعنی:

3( تنش برشی در پیچ ها یا پرچ ها از رابطة زیر به دست می آید:

4( به منظور جلوگیری از گسیختگی برشی تسمه ها باید فاصلة سوراخ ها از یکدیگر و از 
لبة ورق ها از سه برابر قطر پیچ یا پرچ کمتر نباشد. یعنی:

قابل قبول
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1- در شکل زیر مطلوب است محاسبة
c-c و b-b و a-a الف( تنش کششی در مقاطع

ب( تنش برشی پیچ ها
ج( تنش لهیدگی ماکزیمم

د( کنترل پارگی برشی

2- در مسائل 2 و 3 مطلوب است محاسبة:
پارگی  کنترل  و  ماکزیمم  لهیدگی  تنش   - پیچ ها  برشی  تنش   - صفحه ها  ماکزیمم  تنش 
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expressions can then, by the principle of linear superposition, be added to give

(6.30)

The second term on the right corresponds to bending about the z axis of symmetry
and comes directly from Eq. 6.13. The first term is a modification of Eq. 6.13 for
bending about the y axis of symmetry. Note that this My term in Eq. 6.30 is positive.
As illustrated in Fig. 6.25a, a positive My produces tension (i.e., positive �x) where z
is positive. Since the y axis and z axis are both axes of symmetry of the cross section,
their origin is the centroid of the cross section, as indicated in Fig. 6.24b. Figure 6.25
illustrates the superposition of the stresses due to moment components My and Mz

acting on a rectangular cross section.

Orientation of the Neutral Axis: Due to the combined stresses, the beam will
bend about the inclined neutral axis indicated by NA in Figs. 6.25c and 6.25d.
The orientation of the neutral axis in a cross section may be determined by set-
ting �x � 0 in Eq. 6.30. Then, if (y*, z*) are the coordinates of points that lie on
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9-1             تنش خمشی در تیرها با مقطع متقارن 
خم   )2-9( شکل  صورت  به  شده،  داده  نشان  بارگذاری  با  تیر   )1-9( شکل  در 

می گردد.

هدف های رفتاری
پس از آموزش این فصل از فراگیر انتظار می رود بتواند:

1- تنش خمشی را در تیرها بشناسد.
2- تنش خمشی حداکثر در هر مقطع از تیر با مقاطع متقارن را با بار متمرکز محاسبه 

کند.
3- حداکثر تنش خمشی تیرها با مقاطع متقارن را با بار متمرکز به دست آورد.

4- شماره مقطع مورد نیاز تیرها تحت بار متمرکز را به کمک رابطة خمش، با استفاده 
از پروفیل های استاندارد تک یا دوبل به دست آورد.

449Suppose that the member is divided into a large number of 
small cubic elements with faces respectively parallel to the three 
coordinate planes. The property we have established requires that 
these elements be transformed as shown in Fig. 11.9 when the 
 member is subjected to the couples M and M9. Since all the faces 
represented in the two projections of Fig. 11.9 are at 908 to each 
other, we conclude that gxy 5 gzx 5 0 and, thus, that txy 5 txz 5 0. 
Regarding the three stress components that we have not yet dis-
cussed, namely, sy, sz, and tyz, we note that they must be zero on 
the surface of the member. Since, on the other hand, the deforma-
tions involved do not require any interaction between the elements 
of a given transverse cross section, we can assume that these three 
stress components are equal to zero throughout the member. This 
assumption is verified, both from experimental evidence and from 
the theory of elasticity, for slender members undergoing small defor-
mations. We conclude that the only nonzero stress component 
exerted on any of the small cubic elements considered here is the 
normal component sx. Thus, at any point of a slender member in 
pure bending, we have a state of uniaxial stress. Recalling that, for 
M . 0, lines AB and A9B9 are observed, respectively, to decrease 
and increase in length, we note that the strain Px and the stress sx 
are negative in the upper portion of the member (compression) and 
positive in the lower portion (tension).

It follows from the above that there must exist a surface paral-
lel to the upper and lower faces of the member, where Px and sx 
are zero. This surface is called the neutral surface. The neutral 
surface intersects the plane of symmetry along an arc of circle DE 
(Fig. 11.10a), and it intersects a transverse section along a straight 
line called the neutral axis of the section (Fig. 11.10b). The origin 
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of coordinates will now be selected on the neutral surface, rather 
than on the lower face of the member as done earlier, so that the 
distance from any point to the neutral surface will be measured by 
its coordinate y.

11.3 Deformations in a Symmetric Member 
in Pure Bending
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50512.2  SHEAR AND BENDING-MOMENT DIAGRAMS
As indicated in Sec. 12.1, the determination of the maximum abso-
lute values of the shear and of the bending moment in a beam are 
greatly facilitated if V and M are plotted against the distance x mea-
sured from one end of the beam. Besides, as you will see in Chap. 15, 
the knowledge of M as a function of x is essential to the determina-
tion of the deflection of a beam.
 In the examples and sample problems of this section, the shear 
and bending-moment diagrams will be obtained by determining the 
values of V and M at selected points of the beam. These values will 
be found in the usual way, i.e., by passing a section through the point 
where they are to be determined (Fig. 12.5a) and considering the 
equilibrium of the portion of beam located on either side of the sec-
tion (Fig. 12.5b). Since the shear forces V and V9 have opposite 
senses, recording the shear at point C with an up or down arrow 
would be meaningless, unless we indicated at the same time which 
of the free bodies AC and CB we are considering. For this reason, 
the shear V will be recorded with a sign: a plus sign if the shearing 
forces are directed as shown in Fig. 12.5b, and a minus sign other-
wise. A similar convention will apply for the bending moment M. It 
will be considered as positive if the bending couples are directed as 
shown in that figure, and negative otherwise.† Summarizing the sign 
conventions we have presented, we state:
 The shear V and the bending moment M at a given point of a 
beam are said to be positive when the internal forces and couples act-
ing on each portion of the beam are directed as shown in Fig. 12.6a.
 These conventions can be more easily remembered if we 
note that

 1.  The shear at any given point of a beam is positive when the 
external forces (loads and reactions) acting on the beam tend 
to shear off the beam at that point as indicated in Fig. 12.6b.

 2.  The bending moment at any given point of a beam is positive 
when the external forces acting on the beam tend to bend the 
beam at that point as indicated in Fig. 12.6c.

 It is also of help to note that the situation described in Fig. 12.6, 
in which the values of the shear and of the bending moment are 
positive, is precisely the situation that occurs in the left half of a 
simply supported beam carrying a single concentrated load at its mid-
point. This particular case is fully discussed in the next example.
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†Note that this convention is the same that we used earlier in Sec. 11.2.
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note that
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to shear off the beam at that point as indicated in Fig. 12.6b.

 2.  The bending moment at any given point of a beam is positive 
when the external forces acting on the beam tend to bend the 
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As indicated in Sec. 12.1, the determination of the maximum abso-
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greatly facilitated if V and M are plotted against the distance x mea-
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the knowledge of M as a function of x is essential to the determina-
tion of the deflection of a beam.
 In the examples and sample problems of this section, the shear 
and bending-moment diagrams will be obtained by determining the 
values of V and M at selected points of the beam. These values will 
be found in the usual way, i.e., by passing a section through the point 
where they are to be determined (Fig. 12.5a) and considering the 
equilibrium of the portion of beam located on either side of the sec-
tion (Fig. 12.5b). Since the shear forces V and V9 have opposite 
senses, recording the shear at point C with an up or down arrow 
would be meaningless, unless we indicated at the same time which 
of the free bodies AC and CB we are considering. For this reason, 
the shear V will be recorded with a sign: a plus sign if the shearing 
forces are directed as shown in Fig. 12.5b, and a minus sign other-
wise. A similar convention will apply for the bending moment M. It 
will be considered as positive if the bending couples are directed as 
shown in that figure, and negative otherwise.† Summarizing the sign 
conventions we have presented, we state:
 The shear V and the bending moment M at a given point of a 
beam are said to be positive when the internal forces and couples act-
ing on each portion of the beam are directed as shown in Fig. 12.6a.
 These conventions can be more easily remembered if we 
note that

 1.  The shear at any given point of a beam is positive when the 
external forces (loads and reactions) acting on the beam tend 
to shear off the beam at that point as indicated in Fig. 12.6b.

 2.  The bending moment at any given point of a beam is positive 
when the external forces acting on the beam tend to bend the 
beam at that point as indicated in Fig. 12.6c.

 It is also of help to note that the situation described in Fig. 12.6, 
in which the values of the shear and of the bending moment are 
positive, is precisely the situation that occurs in the left half of a 
simply supported beam carrying a single concentrated load at its mid-
point. This particular case is fully discussed in the next example.
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449Suppose that the member is divided into a large number of 
small cubic elements with faces respectively parallel to the three 
coordinate planes. The property we have established requires that 
these elements be transformed as shown in Fig. 11.9 when the 
 member is subjected to the couples M and M9. Since all the faces 
represented in the two projections of Fig. 11.9 are at 908 to each 
other, we conclude that gxy 5 gzx 5 0 and, thus, that txy 5 txz 5 0. 
Regarding the three stress components that we have not yet dis-
cussed, namely, sy, sz, and tyz, we note that they must be zero on 
the surface of the member. Since, on the other hand, the deforma-
tions involved do not require any interaction between the elements 
of a given transverse cross section, we can assume that these three 
stress components are equal to zero throughout the member. This 
assumption is verified, both from experimental evidence and from 
the theory of elasticity, for slender members undergoing small defor-
mations. We conclude that the only nonzero stress component 
exerted on any of the small cubic elements considered here is the 
normal component sx. Thus, at any point of a slender member in 
pure bending, we have a state of uniaxial stress. Recalling that, for 
M . 0, lines AB and A9B9 are observed, respectively, to decrease 
and increase in length, we note that the strain Px and the stress sx 
are negative in the upper portion of the member (compression) and 
positive in the lower portion (tension).

It follows from the above that there must exist a surface paral-
lel to the upper and lower faces of the member, where Px and sx 
are zero. This surface is called the neutral surface. The neutral 
surface intersects the plane of symmetry along an arc of circle DE 
(Fig. 11.10a), and it intersects a transverse section along a straight 
line called the neutral axis of the section (Fig. 11.10b). The origin 
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of coordinates will now be selected on the neutral surface, rather 
than on the lower face of the member as done earlier, so that the 
distance from any point to the neutral surface will be measured by 
its coordinate y.

11.3 Deformations in a Symmetric Member 
in Pure Bending
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50512.2  SHEAR AND BENDING-MOMENT DIAGRAMS
As indicated in Sec. 12.1, the determination of the maximum abso-
lute values of the shear and of the bending moment in a beam are 
greatly facilitated if V and M are plotted against the distance x mea-
sured from one end of the beam. Besides, as you will see in Chap. 15, 
the knowledge of M as a function of x is essential to the determina-
tion of the deflection of a beam.
 In the examples and sample problems of this section, the shear 
and bending-moment diagrams will be obtained by determining the 
values of V and M at selected points of the beam. These values will 
be found in the usual way, i.e., by passing a section through the point 
where they are to be determined (Fig. 12.5a) and considering the 
equilibrium of the portion of beam located on either side of the sec-
tion (Fig. 12.5b). Since the shear forces V and V9 have opposite 
senses, recording the shear at point C with an up or down arrow 
would be meaningless, unless we indicated at the same time which 
of the free bodies AC and CB we are considering. For this reason, 
the shear V will be recorded with a sign: a plus sign if the shearing 
forces are directed as shown in Fig. 12.5b, and a minus sign other-
wise. A similar convention will apply for the bending moment M. It 
will be considered as positive if the bending couples are directed as 
shown in that figure, and negative otherwise.† Summarizing the sign 
conventions we have presented, we state:
 The shear V and the bending moment M at a given point of a 
beam are said to be positive when the internal forces and couples act-
ing on each portion of the beam are directed as shown in Fig. 12.6a.
 These conventions can be more easily remembered if we 
note that

 1.  The shear at any given point of a beam is positive when the 
external forces (loads and reactions) acting on the beam tend 
to shear off the beam at that point as indicated in Fig. 12.6b.

 2.  The bending moment at any given point of a beam is positive 
when the external forces acting on the beam tend to bend the 
beam at that point as indicated in Fig. 12.6c.

 It is also of help to note that the situation described in Fig. 12.6, 
in which the values of the shear and of the bending moment are 
positive, is precisely the situation that occurs in the left half of a 
simply supported beam carrying a single concentrated load at its mid-
point. This particular case is fully discussed in the next example.
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†Note that this convention is the same that we used earlier in Sec. 11.2.
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shown in that figure, and negative otherwise.† Summarizing the sign 
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 The shear V and the bending moment M at a given point of a 
beam are said to be positive when the internal forces and couples act-
ing on each portion of the beam are directed as shown in Fig. 12.6a.
 These conventions can be more easily remembered if we 
note that

 1.  The shear at any given point of a beam is positive when the 
external forces (loads and reactions) acting on the beam tend 
to shear off the beam at that point as indicated in Fig. 12.6b.

 2.  The bending moment at any given point of a beam is positive 
when the external forces acting on the beam tend to bend the 
beam at that point as indicated in Fig. 12.6c.

 It is also of help to note that the situation described in Fig. 12.6, 
in which the values of the shear and of the bending moment are 
positive, is precisely the situation that occurs in the left half of a 
simply supported beam carrying a single concentrated load at its mid-
point. This particular case is fully discussed in the next example.
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فشرده  آن  فوقانی  تارهای  و  شده  کشیده  تیر  تحتانی  تارهای  که  می شود  ملاحظه   
می شود بنابراین در هر مقطع این تیر، ناحیه تحتانی دارای تنش کششی  و ناحیه فوقانی دارای 

تنش فشاری می باشد که به تنش های مذکور تنش های خمشی گفته می شود. 
)c ایجادشده در مقطع تیر مطابق شکل  )σ )t و فشاری  )σ حداکثر تنش های کششی 

)9-3( به ترتیب در تارهای تحتانی و فوقانی خواهد بود. 

شکل 9-2شکل 1-9

شکل 3-9

expressions can then, by the principle of linear superposition, be added to give

(6.30)

The second term on the right corresponds to bending about the z axis of symmetry
and comes directly from Eq. 6.13. The first term is a modification of Eq. 6.13 for
bending about the y axis of symmetry. Note that this My term in Eq. 6.30 is positive.
As illustrated in Fig. 6.25a, a positive My produces tension (i.e., positive �x) where z
is positive. Since the y axis and z axis are both axes of symmetry of the cross section,
their origin is the centroid of the cross section, as indicated in Fig. 6.24b. Figure 6.25
illustrates the superposition of the stresses due to moment components My and Mz

acting on a rectangular cross section.

Orientation of the Neutral Axis: Due to the combined stresses, the beam will
bend about the inclined neutral axis indicated by NA in Figs. 6.25c and 6.25d.
The orientation of the neutral axis in a cross section may be determined by set-
ting �x � 0 in Eq. 6.30. Then, if (y*, z*) are the coordinates of points that lie on
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مقدار این تنش ها از رابطة )9-1( محاسبه می گردد که به رابطة خمش معروف است:

9-1-1- تنش های خمشی حداکثر در تیر
در هر مقطع دلخواه از تیر  max( )σ رابطة )9-1( مقادیر حداکثر تنش کششی یا فشاری 

را تعیین می کند.
برای محاسبه حداکثر تنش کششی یا فشاری در طول تیر لازم است در رابطه )1-9( 

max(M را از نمودار لنگر خمشی تیر جایگزین نمائیم. یعنی: ) لنگر خمشی حداکثر تیر 

MC
I

σ =

max
max

M C
I

σ =

)1-9(

)2-9(

در این رابطه:
M : لنگر خمشی در مقطع مورد نظر

C : فاصلة دورترین تارهای کششی یا فشاری مقطع از محور خمش
I : ممان اینرسی حول محور خمش تیر می باشد.

)c حداکثر، در مقطع مورد نظر می باشد که  )σ )t و یا فشاری  )σ σ : تنش کششی 
در مقاطع متقارن با هم برابرند.

م مربوط به اين موضوع را ببينيد.
فيل
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مثال 1
در تیر شکل مقابل که متشکل از یک IPE 180 mm  می باشد، با توجه به نمودار لنگر 

خمشی تیر مطلوب است محاسبة:
الف( تنش خمشی حداکثر در مقطع a-a به فاصلة 1 متر از تکیه گاه سمت چپ 

ب( تنش خمشی حداکثر تیر

a
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M /M
/ / /
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M N.mm6
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25 10

= ⇒ =
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= ×
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x

M C
I

σ =

construct shear and moment diagrams for any beam with simple loading, once you
have determined the loads and reactions acting on the beam.2 There are also several
MDSolids examples that employ the graphical method.
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Use Eqs. 5.2 through 5.7 to sketch shear and moment diagrams for the
simply-supported beam shown in Fig. 1.

Plan the Solution We can use a free-body diagram of the beam AC to
determine the reactions at A and C. Since there is no distributed load on
the beam, p(x) � 0 everywhere. Because of the concentrated load at B.
we need to consider two spans, 0 � x � a and a � x � L.

Solution

Equilibrium—Reactions: To determine the reactions Ay and Cy, we first
draw the free-body diagram of the entire beam AC (Fig. 2).

Fig. 2 A free-body diagram.

Shear Diagram: Equations 5.2, 5.4, and 5.6 involve the shear. Using
these equations, we can sketch V(x) progressively from x � 0 to x � L.
It is convenient to sketch the shear and moment diagrams directly below
the load diagram (Fig. 3a). Each step involved in sketching V(x) is 
numbered in Fig. 3b.

1. The shear at x � 0� is zero.
2. The shear at x � 0� is determined from Eq. 5.4, that is, �VA �

Ay � . Note that, because of the sign convention for shear,

an upward concentrated force causes an upward jump in the shear 
diagram.

3. For 0 � x � a, p(x) � 0. Therefore, from Eq. 5.2, dV/dx � 0.

P(L � a)
L

Ay �
P(L � a)

L
AyL � P(L � a) � 0,aaMb

C
� 0:

Cy � P a a
L
bPa � CyL � 0,aaMb

A
� 0:

Fig. 3 Shear and moment diagrams.

2The graphical method is most useful when the “areas” in Eqs. 5.6 and 5.7 are simple rectangles or
triangles, that is, when the loads on the beam are either concentrated loads or uniform distributed loads.
The graphical method is also useful in interpreting the results of an equilibrium-method solution.
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حل:
الف( مقدار لنگر خمشی در مقطع a-a به فاصلة 1 متر از تکیه گاه سمت چپ با توجه به 

نمودار لنگر خمشی و استفاده از تناسب به صورت زیر به دست می آید.

تنش خمشی ماکزیمم در مقطع a-a از رابطة خمش به صورت زیر محاسبه می شود.

مقطع تیر

453In the case of structural steel, American standard beams (S-
beams) and wide-flange beams (W-beams), Photo 11.3, are preferred 

to other shapes because a large portion of their cross section is 
located far from the neutral axis (Fig. 11.13). Thus, for a given cross-
sectional area and a given depth, their design provides large values 
of I and, consequently, of S. Values of the elastic section modulus of 
commonly manufactured beams can be obtained from tables listing 
the various geometric properties of such beams. To determine the 
maximum stress sm in a given section of a standard beam, the engi-
neer needs only to read the value of the elastic section modulus S 
in a table and divide the bending moment M in the section by S.

The deformation of the member caused by the bending mo-
ment M is measured by the curvature of the neutral surface. The 
curvature is defined as the reciprocal of the radius of curvature r, 
and can be obtained by solving Eq. (11.9) for 1yr:

 
1
r

5
Pm

c
 (11.20)

But, in the elastic range, we have Pm 5 sm yE. Substituting for Pm into 
(11.20), and recalling (11.15), we write

1
r

5
sm

Ec
5

1
Ec

 
Mc
I

or

 
1
r

5
M
EI

 (11.21)

Photo 11.3 Wide-flange steel beams form the 
frame of many buildings.

c

c

(a) S-beam (b) W-beam

N. A.

Fig. 11.13
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= = ×

× ×σ = ⇒ σ = ⇒ σ =
×

با استخراج مشخصات IPE 18 از جداول پیوست خواهیم داشت:

ب( تنش خمشی حداکثر تیر با توجه به مقدار لنگر ماکزیمم تیر از روی نمودار لنگر خمشی 
به صورت زیر محاسبه می شود.
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9-2             تنش برشی متوسط تیرهای با مقطع I شکل )مطالعه آزاد( 
در فصل پنجم با نمودار های نیروی برشی )V( و لنگر خمشی ) M( تیرها آشنا شدیم. 
بر اساس این نمودارها، هر نقطه از تیر دارای مقدار معینی نیروی برشی و لنگر خمشی می باشد. 
تیرها باید مقادیر حداکثر نیروی برشی )Vmax(و لنگر خمشی )Mmax( ایجادشده را 

تحمل نمایند.
در تیرهای I شکل، جانِ تیر سهم بیشتری در تحمل نیروهای برشی دارد بنابراین برای 

( که در فصل هشتم آمده است، سطح جان  V
A

τ = محاسبة تنش برشی در تیرها، در رابطة )
تیر را قرار می دهیم.

)ave در تیرها از رابطة  )9-3( به دست می آید. )τ لذا تنش برشی متوسط 

ave
w

V
A

τ =

w wA h.t=

max
max

w

V
h.t

τ =

)3-9(

)4-9(

)5-9(

شکل 4-9

که Aw مطابق شکل )9-4( برابر است با:

در این رابطه:
مربوطه  جداول  از  که  می باشد  تیر  جانِ  )tw( ضخامت  و  تیرآهن  مقطع  ارتفاع   )h(

استخراج می گردد.
( در تیر باید به جای V در رابطة )9-3( از  maxτ برای محاسبة تنش برشی حداکثر )

Vmax استفاده شود. 

453In the case of structural steel, American standard beams (S-
beams) and wide-flange beams (W-beams), Photo 11.3, are preferred 

to other shapes because a large portion of their cross section is 
located far from the neutral axis (Fig. 11.13). Thus, for a given cross-
sectional area and a given depth, their design provides large values 
of I and, consequently, of S. Values of the elastic section modulus of 
commonly manufactured beams can be obtained from tables listing 
the various geometric properties of such beams. To determine the 
maximum stress sm in a given section of a standard beam, the engi-
neer needs only to read the value of the elastic section modulus S 
in a table and divide the bending moment M in the section by S.

The deformation of the member caused by the bending mo-
ment M is measured by the curvature of the neutral surface. The 
curvature is defined as the reciprocal of the radius of curvature r, 
and can be obtained by solving Eq. (11.9) for 1yr:

 
1
r

5
Pm

c
 (11.20)

But, in the elastic range, we have Pm 5 sm yE. Substituting for Pm into 
(11.20), and recalling (11.15), we write

1
r

5
sm

Ec
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1
Ec

 
Mc
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or
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r

5
M
EI

 (11.21)

Photo 11.3 Wide-flange steel beams form the 
frame of many buildings.
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w

V
A

τ =

w w w
w

a a

h cm mm
IPE A h.t A mm

t s mm

/ / MPa

2

3

16 160
16 160 5 800

5
1 43 10 1 79

800

 = = ⇒ = ⇒ = × =
= =

×τ = ⇒ τ =

با استخراج سطح مقطع جان تیرآهن IPE 16 از جداول پیوست، داریم:

a-a تنش برشی در مقطع

ب( تنش برشی حداکثر تیر:
maxبا توجه به نمودار نیروی برشی داریم:

max
max max

w

max

V / kN N
V
h.t

/ MPa

18 57 18570
18570

800

23 21

= =

τ = ⇒ τ =

⇒ τ = تنش برشی حداکثر تیر

حل:
الف( با توجه به نمودار نیروی برشی، در مقطع a-a به فاصلة 1/5 متر از تکیه گاه سمت 

aV بنابراین خواهیم داشت: / kN1 43= راست، مقدار نیروی برشی برابر است با 

از  که  مقابل  شکل  تیر  در 
یک تیرآهن IPE 16 تشکیل 
شده است، با توجه به نمودار 
نیروی برشی تیر مطلوب است 

محاسبة:
الف( تنش برشی تیر در مقطع 
از  متر   1/5 فاصلة  به   a-a

تکیه گاه سمت راست؛
ب( تنش برشی حداکثر تیر.

مثال 2 )مطالعه آزاد(

construct shear and moment diagrams for any beam with simple loading, once you
have determined the loads and reactions acting on the beam.2 There are also several
MDSolids examples that employ the graphical method.

328
Equilibrium of Beams

E X A M P L E  5 . 7

Use Eqs. 5.2 through 5.7 to sketch shear and moment diagrams for the
simply-supported beam shown in Fig. 1.

Plan the Solution We can use a free-body diagram of the beam AC to
determine the reactions at A and C. Since there is no distributed load on
the beam, p(x) � 0 everywhere. Because of the concentrated load at B.
we need to consider two spans, 0 � x � a and a � x � L.

Solution

Equilibrium—Reactions: To determine the reactions Ay and Cy, we first
draw the free-body diagram of the entire beam AC (Fig. 2).

Fig. 2 A free-body diagram.

Shear Diagram: Equations 5.2, 5.4, and 5.6 involve the shear. Using
these equations, we can sketch V(x) progressively from x � 0 to x � L.
It is convenient to sketch the shear and moment diagrams directly below
the load diagram (Fig. 3a). Each step involved in sketching V(x) is 
numbered in Fig. 3b.

1. The shear at x � 0� is zero.
2. The shear at x � 0� is determined from Eq. 5.4, that is, �VA �

Ay � . Note that, because of the sign convention for shear,

an upward concentrated force causes an upward jump in the shear 
diagram.

3. For 0 � x � a, p(x) � 0. Therefore, from Eq. 5.2, dV/dx � 0.

P(L � a)
L

Ay �
P(L � a)

L
AyL � P(L � a) � 0,aaMb

C
� 0:

Cy � P a a
L
bPa � CyL � 0,aaMb

A
� 0:

Fig. 3 Shear and moment diagrams.

2The graphical method is most useful when the “areas” in Eqs. 5.6 and 5.7 are simple rectangles or
triangles, that is, when the loads on the beam are either concentrated loads or uniform distributed loads.
The graphical method is also useful in interpreting the results of an equilibrium-method solution.
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triangles, that is, when the loads on the beam are either concentrated loads or uniform distributed loads.
The graphical method is also useful in interpreting the results of an equilibrium-method solution.
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(a) Load diagram.

(b) Shear diagram.
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)V( نمودار نیروی برشی

construct shear and moment diagrams for any beam with simple loading, once you
have determined the loads and reactions acting on the beam.2 There are also several
MDSolids examples that employ the graphical method.
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Use Eqs. 5.2 through 5.7 to sketch shear and moment diagrams for the
simply-supported beam shown in Fig. 1.

Plan the Solution We can use a free-body diagram of the beam AC to
determine the reactions at A and C. Since there is no distributed load on
the beam, p(x) � 0 everywhere. Because of the concentrated load at B.
we need to consider two spans, 0 � x � a and a � x � L.

Solution

Equilibrium—Reactions: To determine the reactions Ay and Cy, we first
draw the free-body diagram of the entire beam AC (Fig. 2).

Fig. 2 A free-body diagram.

Shear Diagram: Equations 5.2, 5.4, and 5.6 involve the shear. Using
these equations, we can sketch V(x) progressively from x � 0 to x � L.
It is convenient to sketch the shear and moment diagrams directly below
the load diagram (Fig. 3a). Each step involved in sketching V(x) is 
numbered in Fig. 3b.

1. The shear at x � 0� is zero.
2. The shear at x � 0� is determined from Eq. 5.4, that is, �VA �

Ay � . Note that, because of the sign convention for shear,

an upward concentrated force causes an upward jump in the shear 
diagram.

3. For 0 � x � a, p(x) � 0. Therefore, from Eq. 5.2, dV/dx � 0.
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Ay �
P(L � a)

L
AyL � P(L � a) � 0,aaMb

C
� 0:

Cy � P a a
L
bPa � CyL � 0,aaMb

A
� 0:

Fig. 3 Shear and moment diagrams.

2The graphical method is most useful when the “areas” in Eqs. 5.6 and 5.7 are simple rectangles or
triangles, that is, when the loads on the beam are either concentrated loads or uniform distributed loads.
The graphical method is also useful in interpreting the results of an equilibrium-method solution.
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1- مقدار تنش مجاز به عوامل مختلفی بستگی دارد که به منظور سادگی و پرهیز از طولانی شدن بحث به طور 
خلاصه آن را معادل MPa 144 در نظر می گیریم.

9-3             تعیین شمارة مقطع تیر فولادی با استفاده از 
                  تنش خمشی ماکزیمم تحت بار متمرکز

به طور کلی طراحی تیر یعنی تعیین مشخصات مقطع مورد نیاز با توجه به بارهای وارده 
و کنترل های لازم مانند کنترل تنش برشی حداکثر، کنترل تغییر شکل و . . . که با استفاده از 

آئین نامه های مربوطه انجام می گیرد. 
در این قسمت با روش تعیین شماره مقطع مورد نیاز تیر فولادی با استفاده از رابطة 

)9-2( آشنا می شوید و کنترل های لازم را در مقاطع بالاتر فرا خواهید گرفت.
تنش خمشی حداکثر تیر که عموماً تعیین کننده شماره مقطع مورد نیاز آن می باشد از 

رابطة )9-2( به دست می آید.
به طور کلی تنش ایجاد شده در هر مصالحی نباید از مقدار معینی تجاوز نماید که این مقدار 

تنش معین را تنش مجاز مصالح مورد نظر می نامند.
allσ نشان داده   مقدار تنش مجاز توسط آئین نامه های مربوطه مشخص  شده و با نماد 
می شود. در این کتاب مقدار تنش مجاز مصالح فولادی در خمش معادل MPa 144 در نظر 

گرفته شده است.1
بنابراین تنش خمشی حداکثر در تیرهای فولادی نباید از MPa 144 تجاوز نماید در 

نتیجه رابطة )9-2( به صورت زیر در خواهد آمد.
max

max
x

M .C MPa
I

144σ = ≤

)4-9(

x
x

max max
max max

x x

max
x

IS
C

M M
I S
C
MS

144 144

144

=

σ = ≤ ⇒ σ = ≤

⇒ ≥

xI ، مدول مقطع یا اساس مقطع تیر یعنی )Sx( می باشد.
C

نسبت 
بنابراین در رابطة )9-3( خواهیم داشت:
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تعیین  برای  بنابراین  از رابطة )9-4( اساس مقطع لازم گویند.«  Sx حاصل  »به مقدار 
شمارة مقطع تیر با استفاده از رابطة )9-4( اساس مقطع لازم تیر،  محاسبه شده و از جداول 
نیاز را که دارای اساس مقطعی معادل یا  پروفیل های ساختمانی می توان شمارة مقطع مورد 

بزرگ تر از مقدار محاسبه شده از رابطة فوق می باشد، استخراج می شود.

مثال 3
 144  MPa معادل  که  تیر  مجاز خمشی  تنش  به  توجه  با  آیا   )1( مثال  در  نمائید  کنترل 
لزوم مقطع  یا خیر و در صورت  بار وارده می باشد  IPE جوابگوی   18 تیرآهن  می باشد 

مورد نیاز را تعیین نمائید.
حل: 

max محاسبه شده که بزرگ تر  / MPa426 14σ = تنش خمشی ماکزیمم در مثال )1( برابر 

all می باشد بنابراین IPE 18 جوابگوی بار  MPa144σ = از تنش مجاز خمشی یعنی 
وارده نمی باشد.

)9-4( خواهیم  رابطة  به  توجه  با  نمائیم.  محاسبه  را  نیاز  مورد  مقطع  اساس  باید  بنابراین 
maxداشت:

x

x

x

x

MS

/S mm cm

S / cm IPE IPE

S cm /

6
3 3 3

3

3

144
62 5 10 434027 434027 10

144
434 03 30

557 434 03

−

≥

×⇒ = = = ×

⇒ = ⇒ ⇒

= >

از جدول

لازم

لازم

لازم

موجود

x

x

/S / cm

IPE IPE S cm / cm

3

3 3

434 03 217 02
2

2 22 252 2 504 434 03

≥ =

⇒ ⇒ = × = >

لازم

از جدول با
موجود

آن  مقطع  باید  نکند  تجاوز  مجاز  حد  از  تیر  ماکزیمم  خمشی  تنش  این که  برای  بنابراین 
حداقل IPE 30 باشد. چنان چه بخواهیم از تیرآهن دوبل به عنوان تیر فوق استفاده نمائیم، 
کافی است اساس مقطع لازم را نصف نموده و بر اساس آن شمارة مقطع مورد نیاز را از 

جدول استخراج و به صورت دوبل مورد استفاده قرار دهیم. خواهیم داشت:
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خلاصة فصل
• در اثر خمش در تیر، تنش های کششی و فشاری ایجاد می شود.

• مقادیر تنش خمشی حداکثر در هر مقطع از تیر در تارهای فوقانی و تحتانی از رابطة زیر 
محاسبه می شود.

MC
I

σ =

max
max

M C
I

σ =

max
x

MS
144

≥

• تنش خمشی حداکثر تیر از رابطة زیر به دست می آید.

• تنش مجاز خمشی تیرهای فولادی برابر MPa 144 در نظر گرفته می شود.

• برای تعیین اساس مقطع تیرآهن لازم از رابطة زیر استفاده می شود.

all MPa144σ =
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خودآزمایی

1- در تیرهای داده شده مطلوب است:
a-a الف( محاسبة تنش خمشی در مقطع

ب( محاسبة تنش خمشی ماکزیمم تیر

Prob. 5.2-4. The shaft in Fig. P5.2-4 is supported by bearings
at B and D that can only exert forces normal to the shaft.
Belts that pass over pulleys at A and E exert parallel forces
of 150 N and 300 N, respectively, as shown. Determine the
transverse shear force VC and the bending moment MC at
section C, midway between the two supports.

Prob. 5.2-1. For the simply supported beam AE in Fig.
P5.2-1, (a) determine and , the internal resultants
just to the left of the 20-kN load at C, and (b) determine 
and , the internal resultants just to the left of the 20-kN
load at D.

MD�

VD�

MC�VC�

SHEAR AND MOMENT IN BEAMS: EQUILIBRIUM
METHOD (METHOD OF SECTIONS)

5.7 PROBLEMS

In Problems 5.2-1 through 5.2.11 you are to determine the
internal resultants (transverse shear force V and bending
moment M) at specific cross sections of beams. Use the
sign conventions for V and M given in Fig. 5.6, p. 314,
and always draw complete and correct free-body dia-
grams. The minus-sign superscript signifies “just to the
left of” the referenced point; the plus-sign superscript
means “just to the right of” the referenced point.

▼

BA C D E

10 kN 20 kN 20 kN

1 m 2 m1 m 1 m

P5.2-1, P5.4-5, P5.5-5, and P5.6-1

Prob. 5.2-2. For the beam AD in Fig. P5.2-2, (a) determine
the transverse shear force and the bending moment 

at a section just to the left of the support at B, and (b)
determine VE and ME at section E.
MB�

VB�

Prob. 5.2-3. Transverse loads are applied to the beam in
Fig. P5.2-3 at A, C, and E, and a concentrated couple 3Pa is
applied to the beam at E. Determine expressions for (a) the
transverse shear force and bending moment at a
section just to the left of the load at C, and (b) shear 
and moment just to the left of the support at D.
Express your answers in terms of P and a.

MD�

VD�

MC�VC�
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2 ft 2 ft 2 ft 2 ft

P5.2-2, P5.4-3, P5.5-3, and P5.6-2
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3a 3a2a

P 2P 2P

3 Pa
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x

P5.2-3, P5.4-2, P5.5-2, and P5.6-3

BA DC E

100 mm100 mm100 mm 150 mm
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300 N

Prob. 5.2-5. Two transverse forces and a couple are applied
as external loads to the cantilever beam AC in Fig. P5.2-5.
Determine the transverse shear force VC and the bending
moment MC at the fixed end C.

P5.2-4, P5.4-4, and P5.5-4

A B C12 kip . ft

6 kips

4 kips 4 ft 4 ft

P5.2-5, P5.4-8, P5.5-8, and P5.6-4

Prob. 5.2-6. For the cantilever beam AD in Fig. P5.2-6, de-
termine the reactions at D; that is determine VD and MD.
Express your answers in terms of P and a.

a

2P

A B C D

aa

2P P

P5.2-6, P5.4-7, and P5.5-7
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Prob. 5.2-4. The shaft in Fig. P5.2-4 is supported by bearings
at B and D that can only exert forces normal to the shaft.
Belts that pass over pulleys at A and E exert parallel forces
of 150 N and 300 N, respectively, as shown. Determine the
transverse shear force VC and the bending moment MC at
section C, midway between the two supports.

Prob. 5.2-1. For the simply supported beam AE in Fig.
P5.2-1, (a) determine and , the internal resultants
just to the left of the 20-kN load at C, and (b) determine 
and , the internal resultants just to the left of the 20-kN
load at D.

MD�

VD�

MC�VC�

SHEAR AND MOMENT IN BEAMS: EQUILIBRIUM
METHOD (METHOD OF SECTIONS)

5.7 PROBLEMS

In Problems 5.2-1 through 5.2.11 you are to determine the
internal resultants (transverse shear force V and bending
moment M) at specific cross sections of beams. Use the
sign conventions for V and M given in Fig. 5.6, p. 314,
and always draw complete and correct free-body dia-
grams. The minus-sign superscript signifies “just to the
left of” the referenced point; the plus-sign superscript
means “just to the right of” the referenced point.

▼

BA C D E
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P5.2-1, P5.4-5, P5.5-5, and P5.6-1

Prob. 5.2-2. For the beam AD in Fig. P5.2-2, (a) determine
the transverse shear force and the bending moment 

at a section just to the left of the support at B, and (b)
determine VE and ME at section E.
MB�

VB�

Prob. 5.2-3. Transverse loads are applied to the beam in
Fig. P5.2-3 at A, C, and E, and a concentrated couple 3Pa is
applied to the beam at E. Determine expressions for (a) the
transverse shear force and bending moment at a
section just to the left of the load at C, and (b) shear 
and moment just to the left of the support at D.
Express your answers in terms of P and a.
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Prob. 5.2-5. Two transverse forces and a couple are applied
as external loads to the cantilever beam AC in Fig. P5.2-5.
Determine the transverse shear force VC and the bending
moment MC at the fixed end C.
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Prob. 5.2-6. For the cantilever beam AD in Fig. P5.2-6, de-
termine the reactions at D; that is determine VD and MD.
Express your answers in terms of P and a.
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Prob. 5.2-4. The shaft in Fig. P5.2-4 is supported by bearings
at B and D that can only exert forces normal to the shaft.
Belts that pass over pulleys at A and E exert parallel forces
of 150 N and 300 N, respectively, as shown. Determine the
transverse shear force VC and the bending moment MC at
section C, midway between the two supports.

Prob. 5.2-1. For the simply supported beam AE in Fig.
P5.2-1, (a) determine and , the internal resultants
just to the left of the 20-kN load at C, and (b) determine 
and , the internal resultants just to the left of the 20-kN
load at D.

MD�

VD�

MC�VC�

SHEAR AND MOMENT IN BEAMS: EQUILIBRIUM
METHOD (METHOD OF SECTIONS)

5.7 PROBLEMS

In Problems 5.2-1 through 5.2.11 you are to determine the
internal resultants (transverse shear force V and bending
moment M) at specific cross sections of beams. Use the
sign conventions for V and M given in Fig. 5.6, p. 314,
and always draw complete and correct free-body dia-
grams. The minus-sign superscript signifies “just to the
left of” the referenced point; the plus-sign superscript
means “just to the right of” the referenced point.

▼

BA C D E

10 kN 20 kN 20 kN

1 m 2 m1 m 1 m

P5.2-1, P5.4-5, P5.5-5, and P5.6-1

Prob. 5.2-2. For the beam AD in Fig. P5.2-2, (a) determine
the transverse shear force and the bending moment 

at a section just to the left of the support at B, and (b)
determine VE and ME at section E.
MB�

VB�

Prob. 5.2-3. Transverse loads are applied to the beam in
Fig. P5.2-3 at A, C, and E, and a concentrated couple 3Pa is
applied to the beam at E. Determine expressions for (a) the
transverse shear force and bending moment at a
section just to the left of the load at C, and (b) shear 
and moment just to the left of the support at D.
Express your answers in terms of P and a.

MD�

VD�

MC�VC�

2 kips1 kip

B

A D

CE

2 ft 2 ft 2 ft 2 ft

P5.2-2, P5.4-3, P5.5-3, and P5.6-2

B D

EA

C

3a 3a2a

P 2P 2P

3 Pa

2a

x

P5.2-3, P5.4-2, P5.5-2, and P5.6-3

BA DC E

100 mm100 mm100 mm 150 mm

150 N

300 N

Prob. 5.2-5. Two transverse forces and a couple are applied
as external loads to the cantilever beam AC in Fig. P5.2-5.
Determine the transverse shear force VC and the bending
moment MC at the fixed end C.

P5.2-4, P5.4-4, and P5.5-4

A B C12 kip . ft

6 kips

4 kips 4 ft 4 ft

P5.2-5, P5.4-8, P5.5-8, and P5.6-4

Prob. 5.2-6. For the cantilever beam AD in Fig. P5.2-6, de-
termine the reactions at D; that is determine VD and MD.
Express your answers in terms of P and a.

a

2P

A B C D

aa

2P P

P5.2-6, P5.4-7, and P5.5-7
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Prob. 5.2-4. The shaft in Fig. P5.2-4 is supported by bearings
at B and D that can only exert forces normal to the shaft.
Belts that pass over pulleys at A and E exert parallel forces
of 150 N and 300 N, respectively, as shown. Determine the
transverse shear force VC and the bending moment MC at
section C, midway between the two supports.

Prob. 5.2-1. For the simply supported beam AE in Fig.
P5.2-1, (a) determine and , the internal resultants
just to the left of the 20-kN load at C, and (b) determine 
and , the internal resultants just to the left of the 20-kN
load at D.

MD
�

VD
�

MC
�VC

�

SHEAR AND MOMENT IN BEAMS: EQUILIBRIUM
METHOD (METHOD OF SECTIONS)

5.7 PROBLEMS

In Problems 5.2-1 through 5.2.11 you are to determine the
internal resultants (transverse shear force V and bending
moment M) at specific cross sections of beams. Use the
sign conventions for V and M given in Fig. 5.6, p. 314,
and always draw complete and correct free-body dia-
grams. The minus-sign superscript signifies “just to the
left of” the referenced point; the plus-sign superscript
means “just to the right of” the referenced point.

▼

BA C D E

10 kN 20 kN 20 kN

1 m 2 m1 m 1 m

P5.2-1, P5.4-5, P5.5-5, and P5.6-1

Prob. 5.2-2. For the beam AD in Fig. P5.2-2, (a) determine
the transverse shear force and the bending moment 

at a section just to the left of the support at B, and (b)
determine VE and ME at section E.
MB

�

VB
�

Prob. 5.2-3. Transverse loads are applied to the beam in
Fig. P5.2-3 at A, C, and E, and a concentrated couple 3Pa is
applied to the beam at E. Determine expressions for (a) the
transverse shear force and bending moment at a
section just to the left of the load at C, and (b) shear 
and moment just to the left of the support at D.
Express your answers in terms of P and a.

MD
�

VD
�

MC
�VC

�

2 kips1 kip

B

A D

CE

2 ft 2 ft 2 ft 2 ft

P5.2-2, P5.4-3, P5.5-3, and P5.6-2

B D

EA

C

3a 3a2a

P 2P 2P

3 Pa

2a

x

P5.2-3, P5.4-2, P5.5-2, and P5.6-3

BA DC E

100 mm100 mm100 mm 150 mm

150 N

300 N

Prob. 5.2-5. Two transverse forces and a couple are applied
as external loads to the cantilever beam AC in Fig. P5.2-5.
Determine the transverse shear force VC and the bending
moment MC at the fixed end C.

P5.2-4, P5.4-4, and P5.5-4

A B C12 kip . ft

6 kips

4 kips 4 ft 4 ft

P5.2-5, P5.4-8, P5.5-8, and P5.6-4

Prob. 5.2-6. For the cantilever beam AD in Fig. P5.2-6, de-
termine the reactions at D; that is determine VD and MD.
Express your answers in terms of P and a.

a

2P

A B C D

aa

2P P

P5.2-6, P5.4-7, and P5.5-7
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PROBLEMS

510

 12.1 through 12.4 For the beam and loading shown, (a) draw the 
shear and bending-moment diagrams, (b) determine the equations 
of the shear and bending-moment curves.

12.5 and 12.6 Draw the shear and bending-moment diagrams for 
the beam and loading shown, and determine the maximum abso-
lute value (a) of the shear, (b) of the bending moment.

12.7 and 12.8 Draw the shear and bending-moment diagrams for 
the beam and loading shown, and determine the maximum abso-
lute value (a) of the shear, (b) of the bending moment.
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PROBLEMS

510

 12.1 through 12.4 For the beam and loading shown, (a) draw the 
shear and bending-moment diagrams, (b) determine the equations 
of the shear and bending-moment curves.

12.5 and 12.6 Draw the shear and bending-moment diagrams for 
the beam and loading shown, and determine the maximum abso-
lute value (a) of the shear, (b) of the bending moment.

12.7 and 12.8 Draw the shear and bending-moment diagrams for 
the beam and loading shown, and determine the maximum abso-
lute value (a) of the shear, (b) of the bending moment.
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Dimensions in mm
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Fig. P12.8
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Prob. 5.2-4. The shaft in Fig. P5.2-4 is supported by bearings
at B and D that can only exert forces normal to the shaft.
Belts that pass over pulleys at A and E exert parallel forces
of 150 N and 300 N, respectively, as shown. Determine the
transverse shear force VC and the bending moment MC at
section C, midway between the two supports.

Prob. 5.2-1. For the simply supported beam AE in Fig.
P5.2-1, (a) determine and , the internal resultants
just to the left of the 20-kN load at C, and (b) determine 
and , the internal resultants just to the left of the 20-kN
load at D.

MD�

VD�

MC�VC�

SHEAR AND MOMENT IN BEAMS: EQUILIBRIUM
METHOD (METHOD OF SECTIONS)

5.7 PROBLEMS

In Problems 5.2-1 through 5.2.11 you are to determine the
internal resultants (transverse shear force V and bending
moment M) at specific cross sections of beams. Use the
sign conventions for V and M given in Fig. 5.6, p. 314,
and always draw complete and correct free-body dia-
grams. The minus-sign superscript signifies “just to the
left of” the referenced point; the plus-sign superscript
means “just to the right of” the referenced point.

▼

BA C D E

10 kN 20 kN 20 kN

1 m 2 m1 m 1 m

P5.2-1, P5.4-5, P5.5-5, and P5.6-1

Prob. 5.2-2. For the beam AD in Fig. P5.2-2, (a) determine
the transverse shear force and the bending moment 

at a section just to the left of the support at B, and (b)
determine VE and ME at section E.
MB�

VB�

Prob. 5.2-3. Transverse loads are applied to the beam in
Fig. P5.2-3 at A, C, and E, and a concentrated couple 3Pa is
applied to the beam at E. Determine expressions for (a) the
transverse shear force and bending moment at a
section just to the left of the load at C, and (b) shear 
and moment just to the left of the support at D.
Express your answers in terms of P and a.

MD�

VD�

MC�VC�

2 kips1 kip

B

A D

CE

2 ft 2 ft 2 ft 2 ft

P5.2-2, P5.4-3, P5.5-3, and P5.6-2

B D
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C

3a 3a2a

P 2P 2P

3 Pa

2a

x

P5.2-3, P5.4-2, P5.5-2, and P5.6-3

BA DC E

100 mm100 mm100 mm 150 mm

150 N

300 N

Prob. 5.2-5. Two transverse forces and a couple are applied
as external loads to the cantilever beam AC in Fig. P5.2-5.
Determine the transverse shear force VC and the bending
moment MC at the fixed end C.

P5.2-4, P5.4-4, and P5.5-4

A B C12 kip . ft

6 kips

4 kips 4 ft 4 ft

P5.2-5, P5.4-8, P5.5-8, and P5.6-4

Prob. 5.2-6. For the cantilever beam AD in Fig. P5.2-6, de-
termine the reactions at D; that is determine VD and MD.
Express your answers in terms of P and a.

a

2P

A B C D

aa

2P P

P5.2-6, P5.4-7, and P5.5-7
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Prob. 5.2-4. The shaft in Fig. P5.2-4 is supported by bearings
at B and D that can only exert forces normal to the shaft.
Belts that pass over pulleys at A and E exert parallel forces
of 150 N and 300 N, respectively, as shown. Determine the
transverse shear force VC and the bending moment MC at
section C, midway between the two supports.

Prob. 5.2-1. For the simply supported beam AE in Fig.
P5.2-1, (a) determine and , the internal resultants
just to the left of the 20-kN load at C, and (b) determine 
and , the internal resultants just to the left of the 20-kN
load at D.

MD�

VD�

MC�VC�

SHEAR AND MOMENT IN BEAMS: EQUILIBRIUM
METHOD (METHOD OF SECTIONS)

5.7 PROBLEMS

In Problems 5.2-1 through 5.2.11 you are to determine the
internal resultants (transverse shear force V and bending
moment M) at specific cross sections of beams. Use the
sign conventions for V and M given in Fig. 5.6, p. 314,
and always draw complete and correct free-body dia-
grams. The minus-sign superscript signifies “just to the
left of” the referenced point; the plus-sign superscript
means “just to the right of” the referenced point.

▼

BA C D E

10 kN 20 kN 20 kN

1 m 2 m1 m 1 m

P5.2-1, P5.4-5, P5.5-5, and P5.6-1

Prob. 5.2-2. For the beam AD in Fig. P5.2-2, (a) determine
the transverse shear force and the bending moment 

at a section just to the left of the support at B, and (b)
determine VE and ME at section E.
MB�

VB�

Prob. 5.2-3. Transverse loads are applied to the beam in
Fig. P5.2-3 at A, C, and E, and a concentrated couple 3Pa is
applied to the beam at E. Determine expressions for (a) the
transverse shear force and bending moment at a
section just to the left of the load at C, and (b) shear 
and moment just to the left of the support at D.
Express your answers in terms of P and a.

MD�

VD�

MC�VC�

2 kips1 kip

B

A D

CE

2 ft 2 ft 2 ft 2 ft

P5.2-2, P5.4-3, P5.5-3, and P5.6-2

B D

EA

C

3a 3a2a

P 2P 2P

3 Pa

2a

x

P5.2-3, P5.4-2, P5.5-2, and P5.6-3

BA DC E

100 mm100 mm100 mm 150 mm

150 N

300 N

Prob. 5.2-5. Two transverse forces and a couple are applied
as external loads to the cantilever beam AC in Fig. P5.2-5.
Determine the transverse shear force VC and the bending
moment MC at the fixed end C.

P5.2-4, P5.4-4, and P5.5-4

A B C12 kip . ft

6 kips

4 kips 4 ft 4 ft

P5.2-5, P5.4-8, P5.5-8, and P5.6-4

Prob. 5.2-6. For the cantilever beam AD in Fig. P5.2-6, de-
termine the reactions at D; that is determine VD and MD.
Express your answers in terms of P and a.

a

2P

A B C D

aa

2P P

P5.2-6, P5.4-7, and P5.5-7
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1 m 2 m 1 m

PROBLEMS

510

 12.1 through 12.4 For the beam and loading shown, (a) draw the 
shear and bending-moment diagrams, (b) determine the equations 
of the shear and bending-moment curves.

12.5 and 12.6 Draw the shear and bending-moment diagrams for 
the beam and loading shown, and determine the maximum abso-
lute value (a) of the shear, (b) of the bending moment.

12.7 and 12.8 Draw the shear and bending-moment diagrams for 
the beam and loading shown, and determine the maximum abso-
lute value (a) of the shear, (b) of the bending moment.
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Prob. 5.2-4. The shaft in Fig. P5.2-4 is supported by bearings
at B and D that can only exert forces normal to the shaft.
Belts that pass over pulleys at A and E exert parallel forces
of 150 N and 300 N, respectively, as shown. Determine the
transverse shear force VC and the bending moment MC at
section C, midway between the two supports.

Prob. 5.2-1. For the simply supported beam AE in Fig.
P5.2-1, (a) determine and , the internal resultants
just to the left of the 20-kN load at C, and (b) determine 
and , the internal resultants just to the left of the 20-kN
load at D.

MD�

VD�

MC�VC�

SHEAR AND MOMENT IN BEAMS: EQUILIBRIUM
METHOD (METHOD OF SECTIONS)

5.7 PROBLEMS

In Problems 5.2-1 through 5.2.11 you are to determine the
internal resultants (transverse shear force V and bending
moment M) at specific cross sections of beams. Use the
sign conventions for V and M given in Fig. 5.6, p. 314,
and always draw complete and correct free-body dia-
grams. The minus-sign superscript signifies “just to the
left of” the referenced point; the plus-sign superscript
means “just to the right of” the referenced point.

▼

BA C D E

10 kN 20 kN 20 kN

1 m 2 m1 m 1 m

P5.2-1, P5.4-5, P5.5-5, and P5.6-1

Prob. 5.2-2. For the beam AD in Fig. P5.2-2, (a) determine
the transverse shear force and the bending moment 

at a section just to the left of the support at B, and (b)
determine VE and ME at section E.
MB�

VB�

Prob. 5.2-3. Transverse loads are applied to the beam in
Fig. P5.2-3 at A, C, and E, and a concentrated couple 3Pa is
applied to the beam at E. Determine expressions for (a) the
transverse shear force and bending moment at a
section just to the left of the load at C, and (b) shear 
and moment just to the left of the support at D.
Express your answers in terms of P and a.

MD�

VD�

MC�VC�

2 kips1 kip

B

A D

CE

2 ft 2 ft 2 ft 2 ft

P5.2-2, P5.4-3, P5.5-3, and P5.6-2

B D
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C

3a 3a2a

P 2P 2P

3 Pa

2a

x

P5.2-3, P5.4-2, P5.5-2, and P5.6-3

BA DC E

100 mm100 mm100 mm 150 mm

150 N

300 N

Prob. 5.2-5. Two transverse forces and a couple are applied
as external loads to the cantilever beam AC in Fig. P5.2-5.
Determine the transverse shear force VC and the bending
moment MC at the fixed end C.

P5.2-4, P5.4-4, and P5.5-4

A B C12 kip . ft

6 kips

4 kips 4 ft 4 ft

P5.2-5, P5.4-8, P5.5-8, and P5.6-4

Prob. 5.2-6. For the cantilever beam AD in Fig. P5.2-6, de-
termine the reactions at D; that is determine VD and MD.
Express your answers in terms of P and a.

a

2P

A B C D

aa

2P P

P5.2-6, P5.4-7, and P5.5-7
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Prob. 5.2-4. The shaft in Fig. P5.2-4 is supported by bearings
at B and D that can only exert forces normal to the shaft.
Belts that pass over pulleys at A and E exert parallel forces
of 150 N and 300 N, respectively, as shown. Determine the
transverse shear force VC and the bending moment MC at
section C, midway between the two supports.

Prob. 5.2-1. For the simply supported beam AE in Fig.
P5.2-1, (a) determine and , the internal resultants
just to the left of the 20-kN load at C, and (b) determine 
and , the internal resultants just to the left of the 20-kN
load at D.

MD�

VD�

MC�VC�

SHEAR AND MOMENT IN BEAMS: EQUILIBRIUM
METHOD (METHOD OF SECTIONS)

5.7 PROBLEMS

In Problems 5.2-1 through 5.2.11 you are to determine the
internal resultants (transverse shear force V and bending
moment M) at specific cross sections of beams. Use the
sign conventions for V and M given in Fig. 5.6, p. 314,
and always draw complete and correct free-body dia-
grams. The minus-sign superscript signifies “just to the
left of” the referenced point; the plus-sign superscript
means “just to the right of” the referenced point.

▼

BA C D E

10 kN 20 kN 20 kN

1 m 2 m1 m 1 m

P5.2-1, P5.4-5, P5.5-5, and P5.6-1

Prob. 5.2-2. For the beam AD in Fig. P5.2-2, (a) determine
the transverse shear force and the bending moment 

at a section just to the left of the support at B, and (b)
determine VE and ME at section E.
MB�

VB�

Prob. 5.2-3. Transverse loads are applied to the beam in
Fig. P5.2-3 at A, C, and E, and a concentrated couple 3Pa is
applied to the beam at E. Determine expressions for (a) the
transverse shear force and bending moment at a
section just to the left of the load at C, and (b) shear 
and moment just to the left of the support at D.
Express your answers in terms of P and a.

MD�

VD�

MC�VC�
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CE

2 ft 2 ft 2 ft 2 ft
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3a 3a2a

P 2P 2P

3 Pa

2a

x

P5.2-3, P5.4-2, P5.5-2, and P5.6-3

BA DC E

100 mm100 mm100 mm 150 mm

150 N

300 N

Prob. 5.2-5. Two transverse forces and a couple are applied
as external loads to the cantilever beam AC in Fig. P5.2-5.
Determine the transverse shear force VC and the bending
moment MC at the fixed end C.

P5.2-4, P5.4-4, and P5.5-4

A B C12 kip . ft

6 kips

4 kips 4 ft 4 ft

P5.2-5, P5.4-8, P5.5-8, and P5.6-4

Prob. 5.2-6. For the cantilever beam AD in Fig. P5.2-6, de-
termine the reactions at D; that is determine VD and MD.
Express your answers in terms of P and a.

a

2P

A B C D

aa

2P P

P5.2-6, P5.4-7, and P5.5-7
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PROBLEMS

510

 12.1 through 12.4 For the beam and loading shown, (a) draw the 
shear and bending-moment diagrams, (b) determine the equations 
of the shear and bending-moment curves.

12.5 and 12.6 Draw the shear and bending-moment diagrams for 
the beam and loading shown, and determine the maximum abso-
lute value (a) of the shear, (b) of the bending moment.

12.7 and 12.8 Draw the shear and bending-moment diagrams for 
the beam and loading shown, and determine the maximum abso-
lute value (a) of the shear, (b) of the bending moment.
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Prob. 5.2-4. The shaft in Fig. P5.2-4 is supported by bearings
at B and D that can only exert forces normal to the shaft.
Belts that pass over pulleys at A and E exert parallel forces
of 150 N and 300 N, respectively, as shown. Determine the
transverse shear force VC and the bending moment MC at
section C, midway between the two supports.

Prob. 5.2-1. For the simply supported beam AE in Fig.
P5.2-1, (a) determine and , the internal resultants
just to the left of the 20-kN load at C, and (b) determine 
and , the internal resultants just to the left of the 20-kN
load at D.

MD�

VD�

MC�VC�

SHEAR AND MOMENT IN BEAMS: EQUILIBRIUM
METHOD (METHOD OF SECTIONS)

5.7 PROBLEMS

In Problems 5.2-1 through 5.2.11 you are to determine the
internal resultants (transverse shear force V and bending
moment M) at specific cross sections of beams. Use the
sign conventions for V and M given in Fig. 5.6, p. 314,
and always draw complete and correct free-body dia-
grams. The minus-sign superscript signifies “just to the
left of” the referenced point; the plus-sign superscript
means “just to the right of” the referenced point.

▼

BA C D E

10 kN 20 kN 20 kN

1 m 2 m1 m 1 m

P5.2-1, P5.4-5, P5.5-5, and P5.6-1

Prob. 5.2-2. For the beam AD in Fig. P5.2-2, (a) determine
the transverse shear force and the bending moment 

at a section just to the left of the support at B, and (b)
determine VE and ME at section E.
MB�

VB�

Prob. 5.2-3. Transverse loads are applied to the beam in
Fig. P5.2-3 at A, C, and E, and a concentrated couple 3Pa is
applied to the beam at E. Determine expressions for (a) the
transverse shear force and bending moment at a
section just to the left of the load at C, and (b) shear 
and moment just to the left of the support at D.
Express your answers in terms of P and a.
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Prob. 5.2-5. Two transverse forces and a couple are applied
as external loads to the cantilever beam AC in Fig. P5.2-5.
Determine the transverse shear force VC and the bending
moment MC at the fixed end C.
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Prob. 5.2-6. For the cantilever beam AD in Fig. P5.2-6, de-
termine the reactions at D; that is determine VD and MD.
Express your answers in terms of P and a.
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A B C D

aa

2P P
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2- شمارة مقطع هر یک از تیرهای زیر را با استفاده از پروفیل IPE تک و دوبل تعیین کنید. 
)تنش مجاز خمشی فولاد را 144 مگاپاسکال در نظر بگیرید.(
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ضمیمه:
جداول مشخصات نیم رخ های فولادی

IPB    نيمرخ بال پهن

سطح مقطع A=
وزن واحد طول G=

اينرس ممان I=ممان اينرسي I=
اساس مقطع S=

شعاع ژيراسيون i=

h b s t r c h‐2c A G Ix Sx ix Iy Sy iy rTIPB h b s t r c h 2c A G x Sx x y Sy y T

mm mm mm mm mm mm mm cm2 kg/m cm4 cm3 cm cm4 cm3 cm mm
100 100 100 6 10 12 22 56 26 20.4 450 89.9 4.16 167 33.5 2.53 27.8
120 120 120 6.5 11 12 23 74 34 26.7 864 144 5.04 318 52.9 3.06 33.4
140 140 140 7 12 12 24 92 43 33.7 1510 216 5.93 550 78.5 3.58 38.9
160 160 160 8 13 15 28 104 54.3 42.6 2490 311 6.78 889 111 4.05 44.4
180 180 180 8.5 14 15 29 122 65.3 51.2 3830 426 7.66 1360 151 4.57 49.9
200 200 200 9 15 18 33 134 78.1 61.3 5700 570 8.54 2000 200 5.07 55.5
220 220 220 9 5 16 18 34 152 91 71 5 8090 736 9 43 2840 258 5 59 61

IPB 

220 220 220 9.5 16 18 34 152 91 71.5 8090 736 9.43 2840 258 5.59 61
240 240 240 10 17 21 38 164 106 83.2 11260 938 10.3 3920 327 6.08 66.6
260 260 260 10 17.5 24 41.5 177 118 93 14920 1150 11.2 5130 395 6.58 72.2
280 280 280 10.5 18 24 42 196 131 103 19270 1380 12.1 6590 471 7.09 77.6
300 300 300 11 19 27 46 208 149 117 25170 1680 13 8560 571 7.58 83.2
320 320 300 11.5 20.5 27 47.5 225 161 127 30820 1930 13.8 9240 616 7.57 83.1
340 340 300 12 21.5 27 48.5 243 171 134 36660 2160 14.6 9690 646 7.53 82.9
360 360 300 12.5 22.5 27 49.5 261 181 142 43190 2400 15.5 10140 676 7.49 82.7
400 400 300 13 5 24 27 51 298 198 155 57680 2880 17 1 10820 721 7 4 82 3400 400 300 13.5 24 27 51 298 198 155 57680 2880 17.1 10820 721 7.4 82.3
450 450 300 14 26 27 53 344 218 171 79890 3550 19.1 11720 781 7.33 81.9
500 500 300 14.5 28 27 55 390 239 187 107200 4290 21.2 12620 842 7.27 81.6
550 550 300 15 29 27 56 438 254 199 136700 4970 23.2 13080 872 7.17 81.1
600 600 300 15.5 30 27 57 486 270 212 171000 5700 25.2 13530 902 7.08 80.7
650 650 300 16 31 27 58 534 286 225 210600 6480 27.1 13980 932 6.99 80.2
700 700 300 17 32 27 59 582 306 241 256900 7340 29 14440 963 6.87 79.6
800 800 300 17.5 33 30 63 674 334 262 359100 8980 32.8 14900 994 6.68 78.7
900 900 300 18 5 35 30 65 770 371 291 494100 10980 36 5 15820 1050 6 53 77 9900 900 300 18.5 35 30 65 770 371 291 494100 10980 36.5 15820 1050 6.53 77.9

1000 1000 300 19 36 30 66 868 400 314 644700 12890 40.1 16280 1090 6.38 77
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IPE    نيمرخ نيم پهن

سطح مقطع A=
وزن واحد طول G=
ممان اينرسي I=ممان اينرسي I

اساس مقطع S=
شعاع ژيراسيون i=

h b s t r c h-2c A G Ix Sx ix Iy Sy iy a1 rTIPE mm mm mm mm mm mm mm cm2 kg/m cm4 cm3 cm cm4 cm3 cm mm mm
80 80 46 3.8 5.2 5 10.2 59 7.64 6 80.1 20 3.24 8.49 3.69 1.05 63 12.2

100 100 55 4.1 5.7 7 12.7 74 10.3 8.1 171 34.2 4.07 15.9 5.79 1.24 79 14.6
120 120 64 4.4 6.3 7 13.3 93 13.2 10.4 318 53 4.9 27.7 8.65 1.45 96 16.9
140 140 73 4.7 6.9 7 13.9 112 16.4 12.9 541 77.3 5.74 44.9 12.3 1.65 112 19.3
160 160 82 5 7.4 9 16.4 127 20.1 15.8 869 109 6.58 68.3 16.7 1.84 129 21.7
180 180 91 5.3 8 9 17 146 23.9 18.8 1320 146 7.42 101 22.2 2.06 145 24
200 200 100 5.6 8.5 12 20.5 159 28.5 22.4 1940 194 8.26 142 28.5 2.24 162 26.4

IPE

200 200 100 5.6 8.5 12 20.5 159 28.5 22.4 1940 194 8.26 142 28.5 2.24 162 26.4
220 220 110 5.9 9.2 12 21.2 177 33.4 26.2 2770 252 9.11 205 37.3 2.48 179 29.1
240 240 120 6.2 9.8 15 24.8 190 39.1 30.7 3890 324 9.97 284 47.3 2.6 196 31.8
270 270 135 6.6 10.2 15 25.2 219 45.9 36.1 5790 429 11.2 420 62.2 3.02 220 35.6
300 300 150 7.1 10.7 15 25.7 248 53.8 42.2 8360 557 12.5 604 80.5 3.35 245 39.5
330 330 160 7.5 11.5 18 29.5 271 62.6 49.1 11770 713 13.7 788 98.5 3.55 270 42.1
360 360 170 8 12.7 18 30.7 298 72.7 57.1 16270 904 15 1040 123 3.79 294 44.7
400 400 180 8.6 13.5 21 34.5 331 84.5 66.3 23130 1160 16.5 1320 146 3.95 326 47.1
450 450 190 9 4 14 6 21 35 6 378 98 8 77 6 33740 1500 18 5 1680 176 4 12 365 49 4450 450 190 9.4 14.6 21 35.6 378 98.8 77.6 33740 1500 18.5 1680 176 4.12 365 49.4
500 500 200 10.2 16 21 37 426 116 90.7 48200 1930 20.4 2140 214 4.31 404 51.8
550 550 210 11.1 17.2 24 41.2 467 134 106 67120 2440 22.3 2670 254 4.45 442 54
600 600 220 12 19 24 43 514 156 122 92080 3070 24.3 3390 308 4.66 481 56.5
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 Cast IPE نيمرخ نيم پهن لانه زنبوري شده   

سطح مقطع A=
وزن واحد طول G=
ممان اينرسي I=
اساس مقطع S=

شعاع ژيراسيون i=

h H s t A G lxa Sxa Fb lxb Sxb

mm mm mm mm cm2 kg/m
(per 1.5h) cm4 cm3 cm2 cm4 cm3

120 80 120 3.8 5.2 9.16 0.718 206 34.3 6.12 189 31.6
150 100 150 4.1 5.7 12.4 1.21 437 58.2 8.25 403 53.7
180 120 180 4 4 6 3 15 8 1 86 809 89 9 10 6 746 82 8

Cast IPE

180 120 180 4.4 6.3 15.8 1.86 809 89.9 10.6 746 82.8
210 140 210 4.7 6.9 19.7 2.7 1370 131 13.1 1270 121
240 160 240 5 7.4 24.1 3.78 2200 184 16.1 2030 169
270 180 270 5.3 8 28.7 5.06 3330 247 19.1 3070 228
300 200 300 5.6 8.5 34.1 6.7 4910 327 22.9 4540 302
330 220 330 5.9 9.2 39.9 8.63 6990 423 26.9 6460 392
360 240 360 6.2 9.8 46.5 11 9790 544 31.7 9070 504
405 270 405 6 6 10 2 54 8 14 6 14550 719 37 13470 665405 270 405 6.6 10.2 54.8 14.6 14550 719 37 13470 665
450 300 450 7.1 10.7 64.5 19 21010 934 43.2 19410 863
495 330 495 7.5 11.5 75 24.3 29580 1200 50.2 27330 1100
540 360 540 8 12.7 87.1 30.8 40890 1510 58.3 37780 1400
600 400 600 8.6 13.5 102 39.7 58290 1940 67.3 53700 1790
675 450 675 9.4 14.6 120 52.2 85430 2530 77.7 78290 2320
750 500 750 10.2 16 142 68.2 122400 3260 90.5 111800 2980
825 550 825 11 1 17 2 165 86 6 171100 4150 103 155700 3770825 550 825 11.1 17.2 165 86.6 171100 4150 103 155700 3770
900 600 900 12 19 192 110 235300 5230 120 213700 4750
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UNP    نيمرخ ناوداني

سطح مقطع A=
وزن واحد طول G=
ممان اينرسي I=
اساس مقطع S=

شعاع ژيراسيون i=

h b s t=r1 r2 c h‐2c A G Ix Sx ix Iy Sy iy ey xM a1
mm mm mm mm mm mm mm cm2 kg/m cm4 cm3 cm cm4 cm3 cm cm cm mm

UNP 
g

30x15 30 15 4 4.5 2 9 12 2.21 1.74 2.53 1.69 1.07 0.38 0.39 0.42 0.52 0.74 --
30 30 33 5 7 3.5 14.5 1 5.44 4.27 6.39 4.26 1.08 5.33 2.68 0.99 1.31 2.22 --

40x20 40 20 5 5.5 2.5 11 18 3.66 2.87 7.58 3.79 1.44 1.14 0.86 0.56 0.67 1.01 --
40 40 35 5 7 3.5 14.5 11 6.21 4.87 14.1 7.05 1.5 6.68 3.08 1.04 1.33 2.32 --

50x25 50 25 5 6 3 12.5 25 4.92 3.86 16.8 6.73 1.85 2.49 1.48 0.71 0.81 1.34 --
50 50 38 5 7 3.5 15 20 7.12 5.59 26.4 10.6 1.92 9.12 3.75 1.13 1.37 2.47 4
60 60 30 6 6 3 12.5 35 6.46 5.07 31.6 10.5 2.21 4.51 2.16 0.84 0.91 1.5 --
65 65 42 5.5 7.5 4 16 33 9.03 7.09 57.5 17.7 2.52 14.1 5.07 1.25 1.42 2.6 16
80 80 45 6 8 4 17 47 11 8 64 106 26 5 3 1 19 4 6 36 1 33 1 45 2 67 2880 80 45 6 8 4 17 47 11 8.64 106 26.5 3.1 19.4 6.36 1.33 1.45 2.67 28

100 100 50 6 8.5 4.5 18 64 13.5 10.6 206 41.2 3.91 29.3 8.49 1.47 1.55 2.93 42
120 120 55 7 9 4.5 19 82 17 13.4 364 60.7 4.62 43.2 11.1 1.59 1.6 3.03 56
140 140 60 7 10 5 21 97 20.4 16 605 86.4 5.45 62.7 14.8 1.75 1.75 3.37 70
160 160 65 7.5 10.5 5.5 22.5 116 24 18.8 925 116 6.21 85.3 18.3 1.89 1.84 3.56 82
180 180 70 8 11 5.5 23.5 133 28 22 1350 150 6.95 114 22.4 2.02 1.92 3.75 96
200 200 75 8.5 11.5 6 24.5 151 32.2 25.3 1910 191 7.7 148 27 2.14 2.01 3.94 108
220 220 80 9 12.5 6.5 26.5 166 37.4 29.4 26900 245 8.48 197 33.6 2.3 2.14 4.2 122
240 240 85 9.5 13 6.5 28 185 42.3 33.2 3600 300 9.22 248 39.6 2.42 2.23 4.39 134
260 260 90 10 14 7 30 201 48.3 37.9 4820 371 9.99 317 47.7 2.56 2.36 4.66 146
280 280 95 10 15 7.5 32 216 53.3 41.8 6280 448 10.9 399 57.2 2.74 2.53 5.02 160
300 300 100 10 16 8 34 232 58.8 46.2 8030 535 11.7 495 67.8 2.9 2.7 5.41 174
320 320 100 14 17.5 8.75 37 247 75.8 59.5 10870 679 12.1 597 80.6 2.81 2.6 4.82 182
350 350 100 14 16 8 34 283 77.3 60.6 12840 734 12.9 570 75 2.72 2.4 4.45 204
380 380 102 13.5 16 8 33.5 313 80.4 63.1 15760 829 14 615 78.7 2.77 2.38 4.58 227
400 400 110 14 18 9 38 325 91.5 71.8 20350 1020 14.9 846 102 3.04 2.65 5.11 240
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Angle  Equal Leg    نيمرخ نبشي با بال مساوي

سطح مقطع A=
وزن واحد طول G=
ممان اينرسي I=ي ر ي ن م
اساس مقطع S=

شعاع ژيراسيون i=

a X s r1 r2 A G e w v1 Ix=Iy Sx=Sy ix=iy Jξ iξ Jη Wη iη
2 4 3 4 3mm mm mm cm2 kg/m cm cm cm cm4 cm3 cm cm4 cm cm cm3 cm

20 X 3 3.5 2 1.12 0.88 0.6 1.41 0.85 0.39 0.28 0.59 0.62 0.74 0.15 0.18 0.37
20 X 4 3.5 2 1.45 1.14 0.64 1.41 0.9 0.48 0.35 0.58 0.77 0.73 0.19 0.21 0.36
25 X 3 3.5 2 1.42 1.12 0.73 1.77 1.03 0.79 0.45 0.75 1.27 0.95 0.31 0.3 0.47
25 X 4 3.5 2 1.85 1.45 0.76 1.77 1.08 1.01 0.58 0.74 1.61 0.93 0.4 0.37 0.47
25 X 5 3.5 2 2.26 1.77 0.8 1.77 1.13 1.18 0.69 0.72 1.87 0.91 0.5 0.44 0.47
30 X 3 5 2.5 1.74 1.36 0.84 2.12 1.18 1.41 0.65 0.9 2.24 1.14 0.57 0.48 0.57
30 X 4 5 2.5 2.27 1.78 0.89 2.12 1.24 1.81 0.86 0.89 2.85 1.12 0.76 0.61 0.58
30 X 5 5 2.5 2.78 2.18 0.92 2.12 1.3 2.16 1.04 0.88 3.41 1.11 0.91 0.7 0.57
35 X 3 5 2.5 2.04 1.6 0.96 2.47 1.36 2.29 0.9 1.06 3.63 1.34 0.95 0.7 0.68
35 X 4 5 2.5 2.67 2.1 1 2.47 1.41 2.96 1.18 1.05 4.68 1.33 1.24 0.88 0.68
35 X 5 5 2.5 3.28 2.57 1.04 2.47 1.47 3.56 1.45 1.04 5.63 1.31 1.49 1.01 0.67
35 X 6 5 2.5 3.87 3.04 1.08 2.47 1.53 4.14 1.71 1.04 6.5 1.3 1.77 1.16 0.68
40 X 3 6 3 2.35 1.84 1.07 2.83 1.52 3.45 1.18 1.21 5.45 1.52 1.44 0.95 0.78
40 X 4 6 3 3.08 2.42 1.12 2.83 1.58 4.48 1.56 1.21 7.09 1.52 1.86 1.18 0.78
40 X 5 6 3 3.79 2.97 1.16 2.83 1.64 5.43 1.91 1.2 8.64 1.51 2.22 1.35 0.77
40 X 6 6 3 4 48 3 52 1 2 2 83 1 7 6 33 2 26 1 19 9 98 1 49 2 67 1 57 0 7740 X 6 6 3 4.48 3.52 1.2 2.83 1.7 6.33 2.26 1.19 9.98 1.49 2.67 1.57 0.77
45 X 4 7 3.5 3.49 2.74 1.23 3.18 1.75 6.43 1.97 1.36 10.2 1.71 2.68 1.53 0.88
45 X 5 7 3.5 4.3 3.38 1.28 3.18 1.81 7.83 2.43 1.35 12.4 1.7 3.25 1.8 0.87
45 X 6 7 3.5 5.09 4 1.32 3.18 1.87 9.16 2.88 1.34 14.5 1.69 3.83 2.05 0.87
45 X 7 7 3.5 5.86 4.6 1.36 3.18 1.92 10.4 3.31 1.33 16.4 1.67 4.39 2.29 0.87
50 X 4 7 3.5 3.89 3.06 1.36 3.54 1.92 8.97 2.46 1.52 14.2 1.91 3.73 1.94 0.98
50 X 5 7 3.5 4.8 3.77 1.4 3.54 1.98 11 3.05 1.51 17.4 1.9 4.59 2.32 0.98
50 X 6 7 3.5 5.69 4.47 1.45 3.54 2.04 12.8 3.61 1.5 20.4 1.89 5.24 2.57 0.96
50 X 7 7 3 5 6 56 5 15 1 49 3 54 2 11 14 6 4 15 1 49 23 1 1 88 6 02 2 85 0 9650 X 7 7 3.5 6.56 5.15 1.49 3.54 2.11 14.6 4.15 1.49 23.1 1.88 6.02 2.85 0.96
50 X 8 7 3.5 7.41 5.82 1.52 3.54 2.16 16.3 4.68 1.48 25.7 1.86 6.87 3.19 0.96
50 X 9 7 3.5 8.24 6.47 1.56 3.54 2.21 17.9 5.2 1.47 28.1 1.85 7.67 3.47 0.97
55 X 5 8 4 5.32 4.18 1.52 3.89 2.15 14.7 3.7 1.66 23.3 2.09 6.11 2.84 1.07
55 X 6 8 4 6.31 4.95 1.56 3.89 2.21 17.3 4.4 1.66 27.4 2.08 7.24 3.28 1.07
55 X 8 8 4 8.23 6.46 1.64 3.89 2.32 22.1 5.72 1.64 34.8 2.06 9.35 4.03 1.07

55 X 10 8 4 10.1 7.9 1.72 3.89 2.43 26.3 6.97 1.62 41.4 2.02 11.3 4.65 1.06
60 X 5 8 4 5.82 4.57 1.64 4.24 2.32 19.4 4.45 1.82 30.7 2.3 8.03 3.46 1.17
60 X 6 8 4 6 91 5 42 1 69 4 24 2 39 22 8 5 29 1 82 36 1 2 29 9 43 3 95 1 1760 X 6 8 4 6.91 5.42 1.69 4.24 2.39 22.8 5.29 1.82 36.1 2.29 9.43 3.95 1.17
60 X 8 8 4 9.03 7.09 1.77 4.24 2.5 29.1 6.88 1.8 46.1 2.26 12.1 4.84 1.16
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 Square Tube    نيمرخ قوطي مربع

سطح مقطع A=
وزن واحد طول G=
ممان اينرسي I=
اساس مقطع S=

شعاع ژيراسيون i=

a X s A G I S i
mm cm2 kg/m cm4 cm3 cm

40 X 2.9 4.23 3.32 9.66 4.83 1.51
40 X 4 5.62 4.41 12.1 6.05 1.47

50 X 2.9 5.39 4.23 19.8 7.94 1.92
50 X 4 7.22 5.67 25.4 10.1 1.87

60 X 2.9 6.55 5.14 35.5 11.8 2.33
60 X 4 8.82 6.93 45.9 15.3 2.28
60 X 5 10.8 8.47 54.1 18 2.24

70 X 3.2 8.46 6.64 62.7 17.9 2.72
70 X 4 10.4 8.18 75.3 21.5 2.69
70 X 5 12.8 10 89.6 25.6 2.65

80 X 3.6 10.9 8.55 106 26.4 3.11
80 X 4.5 13.4 10.5 127 31.7 3.08
80 X 5.6 16.4 12.9 151 37.6 3.03
90 X 3.6 12.3 9.68 153 34 3.52
90 X 4.5 15.2 11.9 185 41 3.48
90 X 5.6 18.6 14.6 220 49 3.44
100 X 4 15.2 12 233 46.6 3.91
100 X 5 18.8 14.7 281 56.3 3.87

100 X 6.3 23.3 18.3 339 67.8 3.82
120 X 4.5 20.5 16.1 452 75.3 4.7
120 X 5.6 25.1 19.7 544 90.6 4.65
120 X 6.3 28 22 598 99.7 4.62
140 X 5.6 29.6 23.3 885 126 5.47
140 X 7.1 37 29 1080 154 5.4
140 X 8.8 45 35.3 1280 182 5.33
160 X 6.3 37.7 29.6 1460 183 6.23
160 X 8 47 36.9 1780 222 6.15

160 X 10 57.4 45.1 2100 263 6.05
180 X 6.3 42.8 33.6 2120 236 7.05
180 X 8 53.4 41.9 2590 288 6.97

180 X 10 65.4 51.4 3090 343 6.87
200 X 6.3 47.8 37.5 2960 296 7.86
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 Round Tube    نيمرخ لوله

سطح مقطع A=
وزن واحد طول G=
ممان اينرسي I=
اساس مقطع S=

شعاع ژيراسيون i=

D X s A G I S ix
mm cm2 kg/m cm4 cm3 cm

21.3 X 2 1.21 0.962 0.571 0.536 0.686
21.3 X 2.6 1.53 1.21 0.681 0.639 0.668
21.3 X 3.2 1.82 1.44 0.768 0.722 0.65
26 9 X 2 1 56 1 24 1 22 0 907 0 88326.9 X 2 1.56 1.24 1.22 0.907 0.883
26.9 X 2.6 1.98 1.57 1.48 1.1 0.864
26.9 X 3.2 2.38 1.89 1.7 1.27 0.846
33.7 X 2.6 2.54 2.01 3.09 1.84 1.1
33.7 X 3.2 3.07 2.42 3.6 2.14 1.08
33.7 X 4 3.73 2.95 4.19 2.49 1.06
42.4 X 2.6 3.25 2.57 6.46 3.05 1.41
42 4 X 3 2 3 94 3 11 7 62 3 59 1 3942.4 X 3.2 3.94 3.11 7.62 3.59 1.39
42.4 X 4 4.83 3.81 8.99 4.24 1.36
48.3 X 2.6 3.73 2.95 9.78 4.05 1.62
48.3 X 3.2 4.53 3.59 11.6 4.8 1.6
48.3 X 4 5.57 4.41 13.8 5.7 1.57
60.3 X 2.9 5.23 4.14 21.6 7.16 2.03
60.3 X 3.6 6.41 5.07 25.9 8.58 2.01
60 3 X 4 7 07 5 59 28 2 9 34 260.3 X 4 7.07 5.59 28.2 9.34 2
60.3 X 5 8.69 6.82 33.5 11.1 1.96
76.1 X 2.9 6.67 5.82 44.7 11.8 2.59
76.1 X 3.6 8.2 6.49 54 14.2 2.57
76.1 X 4 9.06 7.17 59.1 15.5 2.55
76.1 X 5 11.2 8.77 70.9 18.6 2.52
88.9 X 3.2 8.62 6.81 79.2 17.8 3.03
88 9 X 3 6 9 65 7 57 87 9 19 8 3 0288.9 X 3.6 9.65 7.57 87.9 19.8 3.02
88.9 X 4 10.7 8.43 96.3 21.7 3
88.9 X 5 13.2 10.3 116 26.2 2.97
88.9 X 6.3 16.3 12.9 140 31.5 2.93
101.6 X 3.6 11.1 8.76 133 26.2 3.47
101.6 X 4.5 13.7 10.7 162 31.9 3.44
101.6 X 5.6 16.9 13.2 195 38.4 3.4
101 6 X 7 1 21 1 16 6 237 46 6 3 35
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